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ABSTRACT
Materials incorporating covalent adaptive networks (CAN), e.g., vitrimers, have received significant scientific attention due to their distinc-
tive attributes of self-healing and stimuli-responsive properties. Different from direct crosslinked systems, bivalent and multivalent systems
require a bond swap algorithm that respects detailed balance, considering the multiple equilibria in the system. Here, we propose a simple and
robust algorithm to handle bond swap in multivalent and multi-species CAN systems. By including a bias term in the acceptance of Monte
Carlo moves, we eliminate the imbalance from the bond swap site selection and multivalency effects, ensuring the detailed balance for all
species in the system.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0186553

I. INTRODUCTION

Covalent adaptive networks (CANs) or dynamic covalent net-
works (DCNs) in polymeric materials have been widely studied for
their promising applications in self-healing,1,2 stimuli-responsive,1,3

and shape-memory4,5 materials. A novel CAN system, vitrimer,
recently emerged, exhibiting great potential across material and
biological domains.6,7 Vitrimers not only exhibit superior mechan-
ical properties likewise thermosets but also retain plasticity and
reprocessability, thanks to their exchangeable covalent crosslinking
network.8 The interlinking covalent bonds can swap between differ-
ent polymer chains, leading to the dynamic topological change in
the system. Therefore, they behave like thermosets at low tempera-
tures due to slow bond exchanges but become viscoelastic at higher
temperatures due to rapid bond swapping.

Studies of CAN systems call for algorithms to simulate
dynamic bond swaps in coarse-grained models. Besides the mod-
ified Kern–Frenkel model9,10 and three-body potential,11 hybrid
Monte Carlo (MC) molecular dynamics methods based on the
Metropolis–Hastings algorithm12,13 have been primarily used for
simulating CAN systems. Such algorithms propose potential bond
swap sites randomly and execute swaps based on a preset prob-
ability, which is controlled by the bond swap rate. When gen-
eralizing those algorithms to multivalent, multi-species systems,

such as linker-mediated vitrimers,14–16 it is essential to respect
the detailed balance. Beyond the MC algorithm commonly han-
dling multivalent hybridization in DNA-coated colloids,17 the algo-
rithm handling multivalent CAN systems requires to consider the
combinatorial entropy in each MC move to respect the detailed
balance.15,16 Although one can use a three-body potential to ensure
the detailed balance, to model bond swaps using an elaborated
continuous three-body potential, designing a proper three-body or
multi-body potential for a multivalent systems remains challeng-
ing. In addition, the three-body potential method may misbehave
at high density, where interactions between more than two particles
are frequent. The continuous three-body potential may introduce
an effective repulsion, which can affect the thermodynamics of
the system.

In this work, we propose an algorithm that can model bond
swaps not only in monovalent and bivalent systems but also in mul-
tivalent systems while respecting the detailed balance.15,16 We verify
our algorithm in both monovalent and multivalent ideal scenarios
and demonstrate the accuracy and robustness of the algorithm.

II. ALGORITHM
A typical bond swap coarse-grained model consists of two pri-

mary particle types: pivot species P and residue species R. These
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FIG. 1. A general bond swap schematic. Top: A pivot P is attacked by a residue
Ra and forms a new bond while breaking an existing bond and releasing a leav-
ing residue Rl . Through the whole process, the bond is swapped from Rl to
Ra, and the total valences are conserved. Bottom: A typical chemical realization
(dioxaborolane vitrimer crosslinking14) of the model.

particles reversibly bond with each other in the system, with each
pivot maintaining a fixed valence vp, and each residue varying its
valence from 0 to the maximum vr . As shown in Fig. 1, in a typi-
cal bond swap MC move, an attacking residue Ra, with at least one
unoccupied valence, forms a new bond with a pivot particle P, mean-
while, P breaks one bond with a leaving residue Rl. A typical chemi-
cal realization of this model (dioxaborolane vitrimer crosslinking14)
is shown in Fig. 1. In this process, Ra gains one valence while the
Rl loses one, thus preserving the overall valences in the system. A
typical Metropolis–Hastings MC bond swap algorithm randomly
proposes a potential bond swap pair (P–Rl, Ra) in the system with a
proposal probability p and executes a bond swap trial move with an
acceptance acc.12,13

In a generic scheme as shown in Fig. 2, a random bond
swap pair (P0–R0, R1) is selected with a proposal probability p
using an ergodic stochastic algorithm. Here, R1 is the attack-
ing residue with unoccupied valences vu, and R0 is the leaving

residue. Once chosen, the pair (P0–R0, R1) is given a specific
acceptance acc to react to form (P0–R1, R0). For the correspond-
ing inverse process, where now R0 is the attacking residue and
R1 is the leaving residue with unoccupied valences v′u, the pair
(P0–R1, R0) is selected with a reverse proposal probability p′. This
pair is given a specific reverse acceptance acc′ to react back to
form (P0–R0, R1). The detailed balance condition in the scheme
implies18

p/vu acc
p′/v′u acc′

= exp (−βΔG0), (1)

where ΔG0 is the reaction free energy change, and β = 1/kBT with
kB and T being the Boltzmann constant and the temperature of the
system, respectively. Here, we divide p and p′ by the total unoc-
cupied valences of the attacking residue vu and v′u, respectively,
as we consider each unoccupied valence having the same proba-
bility to react with the pivot. Most existing bond swap algorithms
assume the bond swap pair proposal process is symmetric, imply-
ing (p/(vu))/(p′/(v′u)) = 1.12,13 However, this may not be true in
multivalent and multi-species systems. Therefore, we cannot simply
have acc/acc′ = exp(−βΔG0). To comply with Eq. (1), we introduce
a bias term to the acceptance of each MC move, and accord-
ing to the Metropolis–Hastings rule,19,20 the acceptance of an MC
move is

acc = min(1,
p′/v′u
p/vu exp (−βΔG0)). (2)

A. Bond swap pair proposal algorithm
It is important to note that any ergodic bond swap pair proposal

algorithm can be employed in the MC move, provided the proposal
probabilities p and p′ are known. Here, we propose a symmetric pro-
posal algorithm with p = p′ to simplify the acceptance in Eq. (2),

FIG. 2. Schematic of the bond swap algorithm. The algorithm first chooses a random pivot (P0) from the sampling space with the probability π(P0). Then, it searches for
all residues with vacant valences within rb and randomly selects one as the attacking residue (R1) with the probability λ(R1∣P0). At the same time, it randomly chooses a
leaving residue (R0) from P0 with the probability γ(R0∣P0). The probability p to choose (P0–R0, R1) is π(P0)λ(R1∣P0)γ(R2∣P0), and the acceptance can be calculated
through Eq. (3).
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and the schematic of the algorithm is illustrated in Fig. 2. A cova-
lent bond is treated as an infinitely deep square well potential with
the bond length rb,15,16 and a bond swap move can occur only if the
center-to-center distance between a pivot and an attacking residue
is less than rb. In each bond swap pair proposal, the algorithm first
chooses a random pivot P0 from all pivots in the system with the
probability π(P0). It then searches for all potential attacking residue
candidates with any unoccupied valence near P0 within rb, and ran-
domly selects an attacking residue R1 with unoccupied valences vu

1
with the probability λ(R1∣P0). Finally, it selects a leaving residue R0
with unoccupied valence vu

0 with the probability γ(R0∣P0) from P0.
Similarly, π′(P0), λ′(R0∣P0), and γ′(R1∣P0) are the probabilities of
the inverse proposal, with the unoccupied valences v′u of the inverse
attacking residue R0, which is equal to vu

0 + 1. Given that the total
pivot number NP in the system, the total number of potential attack-
ing residue candidates Natt , and the total number of potential leaving
residue candidates N lv are the same for both forward and inverse
proposals, π(P0) = π′(P0) = 1/NP, λ(R0∣P0) = λ′(R1∣P0) = 1/Natt ,
and γ(R1∣P0) = γ′(R0∣P0) = 1/N lv. Therefore, Eq. (2) can be
rewritten as

acc = min(1,
vu

1

vu
0 + 1

exp (−βΔG0)). (3)

To offer an overview of our algorithm, a pseudo-code is shown
in Algorithm 1.

III. ALGORITHM VALIDATION
In the following, we verify our algorithm in various systems,

including an ideal monovalent diatomic system, an ideal multiva-
lent linker system, and an ideal binary chain system, in which we
compare the simulation results with theoretical predictions.

A. Ideal monovalent diatomic system
We first consider a system of ideal monovalent diatomic

molecules, in which vp = 1 and vr = 1. The system consists of one
type of pivot P with vp = 1 and two other types of residues RB and
RC with vr = 1. Initially, each pivot P is bonded with either RB or
RC, and these bonds can interchange through the algorithm above
as shown in Fig. 3(a). Given that there are just two kinds of residues,
the only reaction in the system is

PRB + RC⇌PRC + RB. (4)

Besides the bonding interactions, the interaction between all par-
ticles is modeled as an ideal gas, and the equilibrium state
of the system can be described via the chemical equilibrium
relationship as

fPRC

fPRB

= exp (−βΔG + βμC − βμB), (5)

where fPRB and fPRC are the fractions of P in those molecules over
all P particles, and μB and μC are the chemical potentials of species
RB and RC, respectively. Substituting Eq. (5) into fPRB + fPRC = 1
yields the equilibrium fraction of each component. To compare
with the theoretical prediction, we perform grand canonical Monte-
Carlo (GCMC) simulations, and the simulation results are presented

in Fig. 3. The number of pivot particles is fixed at NP = 400. The
obtained fraction of P in fPRC in systems at different tempera-
tures kBT/ε of various chemical potential differences μC − μB from
computer simulations (symbols) in comparison with theoretical pre-
dictions (solid curves) is shown in Figs. 3(b) and 3(c), in which one
can find an excellent agreement. Here, ε is the energy unit in the
system.

B. Ideal multivalent linker system
Next, we test the bond swap algorithm in systems of multivalent

linkers, in which vp = 1 but vr > 1, and we consider no interaction
between the linkers except bonding. As shown in Fig. 4(a), star
molecules PiRB and PjRC, where i, j < vr , can form in the system. In
each reaction, a residue particle with any unoccupied valance can
seize a pivot particle from another residue particle, and the general
reaction can be written as

PiRB + PjRC⇌Pi−1RB + Pj+1RC. (6)

Under the ideal condition, the equilibrium fraction of those species
can be represented as

fPiRB

f i
PRB

=
( vrB

i )
( vrB

1 )
i exp (−(i − 1)βμB),

fPj RC

f j
PRB

=
( vrC

i )
( vrC

1 )
i exp (−jβΔG + βμC − jβμB),

(7)

where fPiRB and fP j RC are the fraction of species over all P particles,
and vrB , vrC are the maximum valences of RB and RC, with i ≤ vrB

and j ≤ vrC . Terms ( vrB
1 ), (

vrB
i ), and ( vrB

i ) are binomial coefficients
describing the possible combinations of molecules PRB, PiRB, and
PjRC, respectively. Substituting Eq. (7) into ∑vrB

i=1 fPiRB +∑
vrC
j=1 fP j RC

= 1 yields the equilibrium fraction of each component by solving a
polynomial equation. To compare with the theoretical prediction,
we perform GCMC simulations for systems consisting of one type
of pivot P (vp = 1) and two types of residues of RB (vrB = 2) and RC
(vrC = 3) at various temperatures kBT/ε and chemical potential dif-
ferences μC − μB, of which the results are plotted in Fig. 4. One can
see that the theoretical prediction [solid curves, Eq. (7)] agrees quan-
titatively with the fractions of different species obtained in computer
simulations (symbols). This verifies our bond swap algorithm in
determining the equilibrium fractions of reactants in systems with
complex reaction equilibria.

C. Ideal binary chain system
Finally, we test our bond swap algorithm in a general system

where vp > 1 and vr > 1. Pivots and residues can form large clus-
ters in the system since both of them are multivalent. For simplicity,
we consider the system, in which vp = 2 and vr = 2. The pivots and
residues can form AB type long chains as illustrated in Fig. 5(a). The
general chain elongation reactions are

PiRi+1 + PjRj+1⇌Pi+jRi+j+1 + R. (8)

J. Chem. Phys. 160, 061102 (2024); doi: 10.1063/5.0186553 160, 061102-3

Published under an exclusive license by AIP Publishing

 09 April 2024 08:15:22

https://pubs.aip.org/aip/jcp


The Journal
of Chemical Physics COMMUNICATION pubs.aip.org/aip/jcp

ALGORITHM 1. Bond swap Monte Carlo for coarse-grained models.
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FIG. 3. Monovalent diatomic system. (a) Schematic of a monovalent diatomic system, incorporating one species of pivot P and two species of residues RB and RC. (b) and
(c) fPRC as the functions of temperature kBT/ε and the chemical potential difference of RC and RB, μC − μB, where P is the pivot with a fixed valence vp = 1, RB and RC
are residues with a maximal valence vr = 1. The solid curves represent the theoretical predictions in Eq. (5), and the symbols are the simulation results. In all simulation and
theoretical results, except their independent variables, μB = μC = −0.916, NP = 400, ΔG/ε = −1. The size of the simulation box is 20rb. Each simulation requires 5 × 105

MC moves to equilibrate and 1 × 108 MC moves to sample.

FIG. 4. Multivalent linker system. (a) Schematic of a multivalent linker system, incorporating one species of pivot P and two species of residues RB, RC, with polyatomic
molecules P2RB, P2RC, and P3RC. (b) and (c) Pivot particle fraction in each pivot-residue molecule fPRB , fPRC , T fP2RB , fP2RC , and fP3RC as functions of temperature kB/ε,
the chemical potential difference of RC and RB, μC − μB, where P is the pivot with a fixed valence vp = 1, RB and RC are residues with maximal valence vrB = 2, vrC = 3.
The solid curves represent the theoretical predictions in Eq. (7), and the symbols are the simulation results. In all simulation and theoretical results, except their independent
variables, μB = μC = −2.133, NP = 2400, ΔG/ε = −1. The size of the simulation box is 30rb. Each simulation requires 5 × 105 MC moves to equilibrate and 1 × 108 MC
moves to sample.
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FIG. 5. Binary chain system. (a) Schematic of a binary chain system, incorporating one species of pivot P and one species of residues R, with binary AB type long chain
PiRi+1. (b) Densities of binary chains of different lengths ρPi Ri+1

as the functions of chain length i (the number of pivots per chain) at different residue chemical potentials
βμR, and (c) densities of binary chains ρPi Ri+1

and rings ρPi Ri
of different length as the functions of chain length i when βμR = −2, where P is the pivot with a fixed valence vp

= 2 and R is residue with maximal valence vr = 2. The solid curves represent the theoretical predictions in Eqs. (9) and (17), and the symbols are the simulation results. The
inset shows theoretical predictions of total entropy loss (configurational and combinatorial) ΔS/kB of chains forming rings with increasing chain length i. In all simulation and
theoretical results, except their independent variables, T = 1, NP = 800, and ΔG = 0. The size of the simulation box is 20rb. Each simulation requires 5 × 105 MC moves to
equilibrate and 5 × 108 MC moves to sample.

The system is similar to the polymer linear condensation problem,
where the density of i-mers follows a geometric series,21 and the
densities of different long chains can be represented as

ρPiRi+1

ρi
PR2

= exp (−(i − 1)βμR), (9)

where ρPiRi+1 and ρPR2 are the densities of long chains PiRi+1 and
monomer, respectively, and μR represents the chemical potential
of residue R. We substitute the ρPR2 obtained from the simulation
in Eq. (9) to obtain the densities of longer chains. Accordingly,
the slope of logarithm density vs chain length is d ln (ρPiRi+1)/di
= ln (ρPR2) − βμR and decreases with increasing μR. Furthermore,
rings may form in the system with the general reaction as

PiRi+1(chain)⇌PjRj(ring) + Pi−jRi−j+1(chain). (10)

Different from Eq. (9), the ring formation causes both configura-
tional and combinatorial entropy loss, and ρPiRi , the density of ring
PiRi, can be written as

ρPiRi

ρi
PR2

= exp (−iβμR + (ΔSi
conf + ΔSi

comb)/kB) (i > 1), (11)

where ΔSi
conf and ΔSi

comb are the configurational and combinatorial
entropy losses of a ring PiRi forming from a chain PiRi, respectively.
ΔSi

conf can be calculated by the configurational free volume of chains
and rings, which can be obtained by integrating the end-to-end

distance distribution of the chain PiRi,21

ΔSi
conf/kB = ln( Ωring

i

Ωchain
i
)

= ln(∫
rb

0
D2i−1(r)4πr2dr) (12)

= ln
⎛
⎜⎜
⎝
∫

rb

0
(D1∗D1∗ ⋅ ⋅ ⋅ ∗D1
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

2i−1

)(r)4πr2dr
⎞
⎟⎟
⎠

, (13)

where Ωring
i and Ωchain

i are the configurational free volumes of a
ring and a chain of i length, respectively. DN(r) is the probability
density function of the end-to-end distance distribution of N-chain
and is exactly the N-time convolution of D1(r), which is a uniform
distribution in a sphere with a variance σ2 = 5r2

b . The multiple con-
volutions can be estimated by the central limit theorem, and the
integral becomes χ3 distribution form (Maxwell distribution),

ΔSi
conf/kB ≈ ln(∫

rb

0
fχ3(

r√
2i − 1σ

)/(
√

2i − 1σ)dr) (14)

≈ ln(P(3
2

,
5

4i − 2
)), (15)

where fχ3(x) is the probability density function of χ3 distribution
and P(s, x) is the regularized gamma function originating from the
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cumulative distribution function of χ3 distribution. As the permuta-
tion number of a n particle ring is 2/n of that of a n particle chain
due to the ring symmetry,

ΔSi
comb/kB = ln (1/i). (16)

Therefore, Eq. (11) can be rewritten to

ρPiRi

ρi
PR2

= exp (−iβμR)P(
3
2

,
5

4i − 2
)1

i
. (17)

With increasing chain length i, the total entropy change ΔS
= ΔSi

conf + ΔSi
comb of ring forming declines [Fig. 5(c) inset]. More-

over, P( 3
2 , 5

4i−2) is asymptotic to 4
3
√

π (
5

4i−2)
3/2 at large i, and the

slope of the logarithm ring density vs i is, thus, approximately
d ln (ρPiRi)/di ≈ ln (ρPR2) − βμR − 3/(2i − 1) − 1/i when i is large,
which is smaller than that of the chain density. As a result, the
ring density declines faster than the chain density with increas-
ing i. We plot the theoretical predictions [Eqs. (9) and (11)] in
comparison with results obtained in GCMC simulations of chain
densities at three different μR in Fig. 5(b) and chain and ring
densities at βμR = −2 in Fig. 5(c). Despite a small discrepancy
between ring density predictions and simulation results due to the
approximation of ΔSi

conf, one can see that the theoretical predic-
tion (solid curves) agrees quantitatively with GCMC simulations
(symbols). This proves that our algorithm can handle polymeriza-
tion or aggregation problems for various polymeric and biological
systems.

IV. DISCUSSION AND CONCLUSION
In this paper, we have developed a simple and robust algo-

rithm for simulating dynamic bond swapping in multivalent and
multi-species systems. The algorithm respects the detailed balance
by introducing a bias term in the acceptance of MC move. More-
over, we provide universal guidelines for determining the bias term
for any designed algorithm. Through calculating the bias term, our
algorithm can be tailored to simulate any bond swapping systems,
with a detailed balance. It is worth mentioning that when the rigid-
ity of the bond increases, the efficiency of the bond swap algorithm
decreases, which can be resolved by using biased MC methods.22 To
simulate large and dense systems, the algorithm can be accelerated
and adapted to most MC parallel schemes23,24 with ease since the
bond swap move is as normal as other local MC moves. Neverthe-
less, one must guarantee a detailed balance during the parallelization
and customize the bias term if necessary. In addition, our algo-
rithm can be also implemented in molecular dynamics (MD) by
performing bond swap MC moves at a random time interval in
MD simulations. In such hybrid-MC-MD simulation, an activation
energy barrier ΔGa can be introduced to control the kinetics of bond
swaps, and

acc = exp (−βΔGa)min(1,
p′/v′u
p/vu exp (−βΔG0)). (18)

A higher ΔGa implies a lower bond swap rate, and vice versa. Not
like the three-body potential method that may misbehave at high
density, the hybrid-MC-MD algorithm does not introduce any arti-
ficial potential in MD simulations,15,16 and thus may get a more

accurate representation of the structural information. By tuning
the activation energy barrier ΔGa, our algorithm can efficiently
capture the kinetic information of dynamic crosslinking systems.16

Beyond these applications, the algorithm holds promise for simulat-
ing more complex multivalent soft matter systems, including DNA-
coated colloids,25,26 nanocrystal assembly,27,28 and some biological
systems.29–31
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