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We study the effect of anisotropy of the Rashba coupling on the extrinsic spin Hall effect due to spin-orbit active
adatoms on graphene. In addition to the intrinsic spin-orbit coupling, a generalized anisotropic Rashba coupling
arising from the breakdown of both mirror and hexagonal symmetries of pristine graphene is considered. We find
that Rashba anisotropy can strongly modify the dependence of the spin Hall angle on carrier concentration. Our
model provides a simple and general description of the skew scattering mechanism due to the spin-orbit coupling

that is induced by proximity to large adatom clusters.
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I. INTRODUCTION

The spin Hall effect (SHE) [1-5] has been investigated
intensively over the past few decades due to its potential
applications in spintronics [5,6]. Generally speaking, the
microscopic mechanisms of the SHE can be classified into
either intrinsic [7,8] or extrinsic [9,10]. In both cases, the
existence of spin-orbit coupling (SOC) in the material or
heterostructure is required. The intrinsic mechanism is a
consequence of the band structure of the material, whereas
the extrinsic mechanism stems from scattering of the charge
carriers by impurities that locally induce SOC.

Since SOC is a relativistic effect that is typically
strongest in materials containing heavy atoms, the SOC in
graphene [11,12] is expected to be weak [13—15]. Therefore,
graphene has been suggested as an ideal material for passive
spintronics, for which a long spin diffusion length is required,
and SOC in the material is a major limiting factor [16].

However, motivated by the search of materials exhibiting
the quantum spin Hall effect [17], it has been theoretically
predicted [18,19], and experimentally observed [20], that SOC
can be greatly enhanced in graphene by means of adatom
deposition. In the limit of a dilute number of impurities
(i.e., adatoms), in which the excellent charge-carrier mobility
properties of graphene are not strongly modified, heavy adatom
clusters have been predicted to induce a sizable SHE [10]. Ex-
perimentally, a large spin Hall angle (~0.2) has been reported
by Balakrishnan and co-workers [20] in devices made from
chemical-vapor-deposited (CVD) graphene. The phenomenon
was explained [20] by the combination of resonant scattering
and skew scattering by residual Cu clusters resulting from the
CVD process. It was experimentally estimated that the latter
can induce SOC of the order of ~10 meV.

Nevertheless, the nature of the SOC induced by the adatoms
depends on their arrangement relative to a hexagonal unit
cell of graphene. The latter can lower the symmetry from
the hexagonal symmetry of the carbon monolayer. It also
depends on the symmetry of the orbitals that hybridize
with the 7 bands of graphene, since this hybridization is
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ultimately responsible for both the proximity-induced SOC
and the resonant scattering. This also applies to heavy-metal
substrates or large clusters, where certain crystalline ordering
is possible. In this regard, it is worth mentioning, for instance,
the differences between gold intercalation [21], which leads
to a conventional Rashba splitting of graphene bands, and
lead [22], which results in proximity-induced Rashba SOC
where the two terms of the coupling have different weight.
The latter is a consequence of the reduced orthorhombic
symmetry of the composite (graphene + substrate) system.
Such coupling is therefore an anisotropic generalization of the
Rashba SOC, which arises due to the breakdown of both mirror
and sixfold rotation symmetry. Similar features have been
reported recently in graphene intercalated with platinum [23].

In this work, we will investigate the skew scattering mecha-
nism arising from the SOC induced by extrinsic scatterers. Un-
like previous studies [10,20], we will focus on understanding
the effects of Rashba anisotropy on the charge and especially
spin transport properties, and in particular the spin Hall angle.
Toward that end, we will first solve the scattering problem
of an anisotropic SOC-active scatterer [24,25]. From the
single-impurity scattering data, we will derive the relaxation
times that parametrize the collision integral of the linearized
Boltzmann transport equation (BTE) [26], which allows us to
compute the spin Hall angle. Finally, we will also compare
the interplay and interference between different scattering
potentials.

The large SOC induced by absorbates (e.g., the ~10 meV
SOC reported in Ref. [20]) is the result of hybridization
between the 7 orbital of the carbon atoms in the graphene layer
and the orbitals of the adatoms [18,27,28]. This mechanism
is fundamentally different from the one responsible for the
existence of SOC in two-dimensional electron gas (2DEG).
In the latter case, the orbital hybridization between electrons
in a quantum well and the dopants is suppressed by the large
distance between them [29]. As a result, the SOC induced
by absorbates in graphene is not necessarily related to the
gradient of the impurity scattering potential as it is in the case
of 2DEG. This feature sets graphene apart, which added to its

©2016 American Physical Society


http://dx.doi.org/10.1103/PhysRevB.93.085418

YANG, HUANG, OCHOA, AND CAZALILLA

other peculiarities, such as the absence of intrinsic SOC and
its linear density of states, which allows for the formation of
scattering resonances and makes this system unique for the
study of the extrinsic SHE.

The rest of the article is organized as follows. We present
the details of our theoretical model in Sec. II. First, we discuss
the way the symmetries of monolayer graphene decorated with
adatoms constrain the form of the SOC in the k - p Hamiltonian
of the system. Then, the single scatterer problem is solved.
Using the scattering data (i.e., T-matrix) of the single scatterer
problem, the linearized Boltzmann transport equation is also
solved and the transport properties of the system are obtained.
In Sec. III, we discuss the most salient features of our results,
namely the change in the spin Hall angle and the conductivity
of the system as a function of the anisotropy parameter. A
summary of the main results of this work is provided in Sec. I'V.
Finally, the Appendixes contain the most technical details of
the work.

II. MODEL

A. Scattering potentials

In this study, we will consider a dilute ensemble of
scatterers that create a (disorder) potential that is smooth in the
atomic scale of graphene. As a consequence, we will neglect
scattering between the two valleys at the opposite corners of
the hexagonal Brillouin zone (i.e., k = K4 ). Therefore, most
of the discussion below applies to a single valley (i.e., K}),
unless otherwise stated.

To understand the charge and spin transport properties of
the system, we will rely upon the semiclassical Boltzmann
transport equation (BTE). The latter applies to doped graphene
(i.e., when the Fermi energy measured from the Dirac point
Er # 0) in the limit where the distance between scatterers
is much larger than the Fermi wavelength. Therefore, the
results obtained from the BTE should be regarded as providing
some sort of interpolation between the hole-doped Fermi liquid
(EFr « 0) and the electron-doped Fermi liquid (i.e., Er >> 0)
regime.

In the dilute impurity limit, the collision term of the BTE
is determined by the scattering data for a single scatterer [30].
Thus, we first analyze the scattering problem of a single scat-
terer, for which the k - p Hamiltonian describing the electron
dynamics in the long-wavelength limit can be generally written
as follows:

H = hvp(o.py +oypy) + Z Va(r), ey

a=0,I,R

where the sign & applies to the valley at crystal momentum
K., and o, (¢ = x,y,z) are the Pauli matrices associated with
the sublattice degrees of freedom of the wave function. The
Pauli matrices acting on electron spin are denoted by s,. The
first two terms in Eq. (1) correspond to the k - p Hamiltonian
of the pristine graphene, which describes the electronic bands
near the K, points.

Among the possible time-reversal invariant impurity poten-
tials, we will focus on the scalar potential (¢ = 0), the intrinsic
SOC (¢ = I), and the Rashba potential (« = R). These three
are invariant under the point group Cg,, which is generated by
the sixfold rotation axis perpendicular graphene intersecting
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the center of the hexagonal unit cell and six reflection planes
containing such an axis. The latter group describes the rotation
and mirror symmetries of monolayer graphene, excluding
the mirror reflection about the graphene plane, which takes
z — —z. However, the scalar potential (r = |r|),

Vo(r) = vo(r)Zsxa, 2
and the intrinsic or Kane-Mele SOC term [17],
Vi(r) = £A[(r)o;s., 3)

are invariant under the larger point group Dg);,, which includes
the mirror reflection for which z — —z. On the other hand,
Rashba SOC is associated with a lack of mirror reflection
symmetry. Typically, this symmetry is broken and lowered to
Ce, by the presence of a substrate, adatoms, and/or ripples.

The Rashba SOC is invariant under the Cg, group of pristine
graphene and takes the following form:

Vr(r) = Ar(r)(Foxsy, — oysy). 4

However, in general, the planar symmetry Cg, can be broken,
for example due to the different symmetries of a graphene
lattice and the substrate, or the arrangement (relative to
the hexagonal unit cell of graphene) of the adatoms in a
large cluster in proximity to the carbon layer. As a result,
the symmetry can be lowered from hexagonal (i.e., Cg,) to
rectangular (i.e., Cy,), for instance. This can be achieved
by deposition or intercalation of a metal with either cubic
or orthorhombic symmetry [22]. In Ref. [22], it was shown
from symmetry arguments and first-principles calculations
that the two terms of the Rashba SOC can acquire different
weights, which leads to an anisotropic form of the Rashba
SOC potential:

Vr(r) = £A1(r)o,sy, — Ax(r)oysy. 5)

In this work, we will study the effect of this anisotropy on
the skew scattering mechanism and its contribution to the spin
Hall effect.

Before turning our attention to the study of the scattering
problem by such an anisotropic Rashba potential, it is useful to
analyze the symmetries of (1) in the presence of the anisotropic
Rashba SOC potential, Eq. (5). For reasons that will become
clear below, it is convenient to write the anisotropic Rashba
SOC as the sum of two terms, Vgr(r) = Vsr(r) + Var(r),
where

Vsr(r) = Asr(r)(0xSy — 0y5y), (6)
WNr(F) = ANR(")(O')cSy + O'ny), )
with
A + A
ANrssr(r) = M, (8)

where + (—) applies to Anxgr (Asr), respectively. For A; = A,
we recover the standard Rashba SOC. In the opposite limit,
A; = —A,, a SOC to be termed “nonstandard” Rashba is
obtained. This representation enables us to display more
clearly how the anisotropy in the Rashba SOC violates the
conservation of the angular momentum projected onto the z
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axis. Let us recall the definition of the z component of angular
momentum operator:

I Oz | Sz
J.o=1+ > + 53 C))
Notice that since A, (r) are functions of » = |r|, as we have
assumed, the scalar potential, intrinsic, and standard Rashba
SOC commute with J,. However, when the Rashba SOC is
anisotropic, J, is no longer conserved and the culprit for this
violation is the nonstandard Rashba SOC introduced above.
Nevertheless, in the special case in which A = —A; (i.e,,
Agr = 0), the quantity

M=l +Z % 10

=l (10)

is conserved instead of J,. This will become useful in our
investigation of this special limit for a more general type
of scatterers than those considered in the following (see
Appendix C 1).

Note that the lack of conservation of J, by the anisotropic
Rashba SOC makes it impossible to employ a partial wave
expansion to solve the scattering problem as was done in
Ref. [10]. Nonetheless, since we are interested in the scattering
by clusters of adatoms of characteristic size R > a (a =
2.46 A being the interatomic distance in graphene), and for
typical experimental parameters in doped graphene, R < k;'
(where kr is the Fermi wave vector), we will approximate the
cluster potentials by Dirac § functions, i.e.,

vo(r) = A8 (r), (11
A(r) = A82(r), (12)
Ay(r) = 1 8P(r), (13)
Ax(r) = 228P(r). (14)

Let us also define vo = Ag/R?, A; =A;/R? and A, =
A1.2/R? as the strength of the potentials in units of energy. In
passing, we also note that a similar model (with only intrinsic
SOC) was successfully employed to account for the giant SHE
observed in CVD graphene and attributed to the SOC induced
by residual Cu atom clusters [20]. Thus, the potentials in
Eq. (1) take the form

Vo (r) = Ag Ag8P(r), @ = {0,1,SR,NR}, (15)

where X, is the strength of the potential and A, are 4 x 4
matrices acting upon the sublattice-spin degrees of freedom.
Explicitly, the A matrices are

Ao = I4><47 A= 08z, (16)

Asr = 0ySy — OySy = i(c7st —otsT), (17)

ANR = 0,5y + 0ysy = i(07 s~ —oTs™). (18)

When written in terms of o* and s*, the conservation of J;

by Vsr and the failure to do so by Vg becomes apparent.
Interestingly, the A matrices form a closed group under

(matrix) multiplication. This means that the product of two of
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TABLE 1. The A matrices span an order-four group under
matrix multiplication. Note that Agg is orthogonal to Ang, i.e.,
the probability amplitude of being scattered consecutively by both
standard Rashba SOC and nonstandard Rashba SOC is zero.

Ao A Asr ANr
Ao Ao Ag Asr AnNr
A[ A[ A() _ASR ANR
Asr Asr —Asr 2(Ao— A)) 0
Axr Anr ANR 0 2(Ao + Ap)

these matrices can be written as a linear combination of

AiAj :ZCUIAI' (19)
[

The coefficients ¢;j; can be read off from Table I. As a
mathematical curiosity, it is worth noting that the group is
Abelian, as can be expected for a group of order 4. Out of
the two possible order-4 groups, this corresponds to the Klein

group.

B. Single scatterer problem

In this subsection, the Lippmann-Schwinger (LS) equation
for the single impurity problem with the choice of potentials
discussed in the previous section will be solved. The LS wave
equation reads

(rllﬁp)=(r|¢k,a)+/d2r/ Gr(r =)' V@)IYyp),  (20)

where
vm = Y V), 1)
@=0,1,SR,NR
— l 1 ik-r 22
(rlgxqs) = E it e Mo, (22)

and V,(r) given by Eq. (15). In the LS equation, (r|¢x.)
is the incident wave function from a conduction band with
momentum p and a spin state described by the spinor 7, , where
n = (1,007, n, = (O, 1)T. The spin quantization axis is taken
to be the z axis, which is perpendicular to the graphene plane.
The angle of incidence is 6; = tan™! (%); the normalization
area of the system is taken to be unityf The scattered wave
function is (r|yp). Note that (r|y,) does not carry a spin index
because it is not an eigenstate of s, in general. The (retarded)
Green’s function Gg(r — r’) is a4 x 4 matrix acting both in the
sublattice pseudospin and electron-spin space (see Appendix A
for details).

The Dirac é§ function potential allows us to express the
solution to the LS equation in terms of the A matrices,

(r|¥p) =(Flpro) + Gr(r) Y AiAi(0]y)

=(r|¢x.c) + Gr(r) Z LiBiAiN;(Oldko),  (23)

ij
where {i, j} = {I,0,SR,NR}. The coefficients §; are functions
of the couplings A, that appear when we solve for (0|y,)
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(see Appendix A for details). In particular, it can be seen that
for Ang — 0, Bnr — 0, and it then follows that the scattered
wave function is an eigenstate of J, because the expression
for the scattered wave no longer contains Ang. On the other
hand, when Asg — 0, then Bsg — 0, and the scattered wave
function becomes an eigenstate of M, [cf. Eq. (10)].

Using Eq. (19) and introducing the coefficients

= E Cijihi By,
ij

the solution to the LS equation (20) takes the following
compact form:

(24)

(r|¥p) = (Flpno) + Gr® Y A Olgis). (25
!

Note that the right-hand side of the above expression contains
only known quantities. After expanding the Green function
asymptotically at large distances, the scattered wave can be
written as the sum of an incident and an outgoing wave:

(r[yrp) ~ (rldr.o)

ikr
+ Y fpoliko) J_( }ak)ng/. 26)

o'=t{

In the above expression, we have introduced the scattering
amplitudes given by f(k,o;p,1)and f(k,o;p,| ). From them,
the differential scattering cross section can be calculated using

d
=Y Ifpoiko)] @7
o'=1.}
=Y foe®P (28)
o=t

where 6 = cos™! ('%) is the scattering angle. We refer the
reader to Appendix A for the detailed form of the scattering
amplitude and how it is related with the scattering T-matrix
that enters in the collision term of the Boltzmann transport
equation.

C. Transport properties

To compute the charge and spin transport properties of a
dilute random ensemble of identical clusters of areal density
Nimp, We use the semiclassical BTE [10,26]. The details of
its solution in the linearized approximation are reviewed in
Appendix B. The exact solution of this equation [10] allows
us to obtain the charge and spin Hall conductivities (o} and
o1, respectively):

2 *
o = e—/df'( )”"—k’ (29)
h h \0€ ) Tyt + Tty
o __/ le] ( ) Tok Ty T 30)
s T Tl + TuT

where n(e) = (e©~W/*%T 1 1)~ is the Fermi-Dirac distribu-
tion. The different scattering times—1, T, T, and 7,,—are
defined in Appendix B and can be derived from the differential
scattering cross section. In particular, we would like to point
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out that
1
= iogvr 3 [~ arcosd) o @)
T =N
= NimpVF Ztr? (3D

where niy, and vy are the areal density of the impurities and
the Fermi velocity of pristine graphene, respectively. Here, the
notation 7y, =1, 4+ = —1 and 4y =1, = +1. X is the
single-scatterer transport cross section, which exhibits sharp
peaks at the resonance energies of the single scatterer.

The figure of merit determining the efficiency in the charge
current to spin current conversion, known as spin Hall “angle,”
is defined as the ratio

o
y =2 (32)

Otr

At zero temperature, the spin Hall angle reduces to the ratio
(see Appendix B)

y =—-t (33)
Tsk

III. RESULTS AND DISCUSSION

The following discussion is about the effects of anisotropy
in Rashba SOC. The degree of anisotropy in Rashba SOC will
be phrased in terms of the anisotropy parameter:

A A
B = tan~! 22) —tan (22).
A A

Note that for the standard (“isotropic”) Rashba SOC,
B=7%. For Bp=—7%, the Rashba-like SOC is of the
form ~(toys, + oys,) (with v ==+ for K.), which has
been termed nonstandard Rashba in Sec. II A. In the range
—% <B < %, B is a measure of the degree to which the Cg,
symmetry is broken by the adatom arrangement within the
clusters. Close to 8 = %, the deviation from Rashba and the
perfect Cg, symmetric situation is small. On the other hand,
having —7 < B < 0 requires a strong breaking of the Cg,
symmetry. The latter depends on several factors, such as
the chemical nature of the adatoms or their arrangement
with respect to the hexagonal lattice of graphene. In the
particular case of lead intercalations that motivated this work,
the experiments suggest that 8 can take very small values [22].

In Fig. 1, we show the dependence of the spin Hall angle y
and the transport cross section X at zero temperature on the
carrier energy E for different values of strength of the scalar
potential vy = Ao/R? [cf. Eq. (11)] for a rather anisotropic
Rashba-like SOC corresponding to § = —m/8. It can be seen
that the enhancement of the spin Hall angle still takes place
around the values of E for which X (E) exhibits a peak, that
is, a scattering resonance. This is in agreement with what
was already pointed out in Ref. [10] for the isotropic Rashba
SOC. Physically this is also expected, because at resonance
the scattering electron or hole spends most of its time near the
scatterer, and therefore it can also experience the effect of the
locally induced SOC. The enhancement of y is suppressed at
large values of vy. To understand this effect qualitatively, let
us recall that y and X are both determined by the T-matrix,

(34)
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FIG. 1. (a) Spin Hall angle y vs energy of the carrier (E) for
different values of the strength of scalar potential vy = Ag/R>. We
set R=20nm, T=0K, A; =2,/R* =15 meV, = —%, and
A‘Mz = (*‘ZJIEQZ) 15 meV. The location of resonances gradually
approaches the Dirac point when vy increases, illustrating the general
feature of resonant scattering even for the anisotropic case. (b)
Corresponding starred transport cross sections of each case. See

Appendix B for the definition of starred transport cross section.

which obeys the LS equation

T(E)=V + VGr(E)T(E), (35)

where Ggr(E) is the retarded Green’s function and
V=Wy+Vsoc, where Vy x vy is the scalar potential and
Vsoc=V;+ Vg is the SOC part of the potential. In the limit
where V(> Vsoc, the solution to Eq. (35) can be (loosely)
written as

Vo + Vi -1
T(E) = o+ Vsoc N |:1

~ Vsoci|
1 — (Vo + Vsoc)Gr(E)  Gr(E) '

Vo
(36)

where the last expression applies to the large-V, limit. Thus,
to leading order, the cross section X is determined by the
first term on the right-hand side, whereas y is determined by
the the second term. Hence, y is expected to decrease at large
Vo o vg, as shown in Fig. 1.

For a given set of vy, A, and Agg, Fig. 2 shows the behavior
of y and X as a function of the incident electron energy E
at different values of anisotropy parameter 8. For the values
of B close to those corresponding to the nonstandard Rashba
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Z*ir (unitof R)

-02 -0.1 0.0 0.1 02
E (eV)

FIG. 2. (a) Spin Hall angle y vs the energy of the scattered
electron E for different anisotropy values of the Rashba SOC
anisotropy parameter 8 = tan~! (A,/A). We have chosen the strength
of the scalar part of the potential, vy = Ao/R> = 0.1 eV, and other
parameters are the same as in Fig. 1. The magnitude of the spin Hall
angle y is enhanced near the position of the scattering resonance,
which is signaled by a peak in the transport scattering cross section.
(b) Corresponding starred transport cross sections X of each case.
The curves for the transport cross section and the spin Hall angle
are asymmetric about E = 0 because the Rashba SOC breaks the
particle-hole symmetry of the k - p Hamiltonian.

SOC (i.e., for B ~ —7), the energy dependence is strongly
modified. On the other hand, for the case of a §-function
potential, the anisotropy has a less pronounced effect on the
cross section X\

The observations made above remain largely unchanged
when the effect of finite temperature is taken into account; see
Fig. 3. As shown there, thermal fluctuations and the associated
smearing of the Fermi distribution smooth out the sharper
features of the (Fermi) energy dependence Ef of y found at
T =0 and suppress the magnitude of y. This can be seen
in the left panel in Fig. 3 for the case of pure (i.e., A; = 0)
anisotropic Rashba SOC and on the right for A; # 0. The plots
in the left panel also illustrate that for 8 = 0 (i.e., A, = 0),
the spin current as well as the spin Hall angle vanish (cf. the
second plot from the bottom on the left). This is because the
quantization axis for the spin current is aligned along the z axis,
whereas for f =0, s, commutes with the Hamiltonian. As
pointed out above for T = 0, the energy dependence (relative
to the isotropic case) is most strongly affected as 8 approaches
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FIG. 3. (a)-(d) Temperature dependence of y vs Ep plotat A; =
0 meV and four different . (e)—(h) Temperature dependence of y
vs Ep plot at A; = 15 meV and four different 8. vp = 0.1 eV in
all eight plots. Other parameters are the same as in Figs. 1 and 2.
(Especially, % = % = 15 meV). Note that, as mentioned in
the Introduction, our semiclassical approach is not accurate near the
Ep =~ (O regime.

—7 (see the plot for B = —%). However, the effect of the
anisotropy is less pronounced for 8 > 0. This conclusion still
holds true when the scatterer also induces intrinsic SOC on
the graphene layer (i.e., for A; # 0), as is shown in the right
panel of Fig. 3.

Finally, it is also worth mentioning that the observation
of a very different energy dependence from g — —7% is
independent of the assumption of a Dirac § potential. This is
investigated in detail in Appendix C, where a circular (i.e.,
“pill-box™ shaped) scatterer is assumed and the scattering
properties in the case of standard and nonstandard Rashba are
obtained. The results for the energy dependence of y and X
are displayed in Fig. 4. The more complicated internal structure
of the finite-radius circular scatter, whose wave functions are
distorted in different ways by the standard and nonstandard
Rashba SOC, shows up in a very different resonant peak
structure exhibited by the transport cross section X% and the
spin Hall angle y .

IV. SUMMARY AND CONCLUSIONS

We have analyzed a simple model in order to understand
the effects of the anisotropy of proximity-induced Rashba spin-
orbit coupling (SOC) on the spin Hall effect. The anisotropy
arises as a consequence of the arrangement of adatoms in the
clusters decorating a single layer of graphene, and it takes the
form

Vi = A1(r)ocsy, — Ao(r)oysy. (37)
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FIG. 4. (a) Comparison between the spin Hall angle (y) of a
standard Rashba (SR) and nonstandard Rashba (NS) SOC for a
circular (i.e., “pill-box”) scattering potential. (b) Transport cross
section. We have assumed the radius of the scatterer R = 4 nm,
vo = 0.1 eV, and Aggr = Ang =25 meV. The same asymmetric
resonant property as that discussed in the main context recurs in
the finite-disk modeling.

On symmetry grounds, such SOC is effectively generated
when the arrangement lowers the symmetry of the system from
the hexagonal symmetry (i.e., the Cg, group) of graphene.

From our analysis, we conclude that the anisotropy in
the Rashba SOC does not modify the observation that the
spin Hall angle in graphene is enhanced by the scattering
resonances [10] that appear near the Dirac point. In addition,
the dependence on the carrier concentration (or equivalently
the Fermi energy) of the spin Hall angle is also not strongly
modified for weak anisotropy. However, when the parameter
B =tan"'(A;/A;) < 0, and especially when 8 approaches
—7» we have found that the Fermi energy dependence
deviates strongly from that observed in the isotropic case
(corresponding to A; = A, or B = 7). This conclusion is
robust against finite-temperature effects, which smoothes out
somewhat the Fermi energy dependence and suppresses the
value of y. It is also not modified by relaxing our assumption
of zero-range (i.e., Dirac-4) potentials.

In our study, we have assumed a single type of scatterer. In
a realistic experiment (such as the one reported in Ref. [20]),
several kinds of scatterers may be present, some of which do
not induce SOC. However, we expect that the above qualitative
features will remain unchanged. Experimentally, it would be
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interesting to study the differences in the Fermi energy (i.e.,
doping) dependence of the spin Hall angle for clusters of dif-
ferent atomic species, which can lead to different anisotropic
Rashba couplings. Indeed, experimental evidence for interca-
lated Pb islands obtained in Ref. [22] seems to indicate that
this metal can induce a rather anisotropic Rashba coupling with
A, > Aj. Similar deviations from the standard Rashba split-
ting of graphene bands have been reported recently in platinum
intercalated devices [23]. Our study identifies the signatures
of such deviations in the carriers’ skew scattering properties,
providing a way to probe different spin textures in transport.
Lastly, we would like to point out that the skew scattering
mechanism on spin transport has also been studied in connec-
tion with the extrinsic sources of the anomalous Hall effect
in the surface states of three-dimensional topological insula-
tors [31]. However, in such systems, unlike graphene, there
is no pseudospin related to the sublattice degree of freedom.
Therefore, in graphene we expect an interesting interplay be-
tween the electron spin and the pseudospin degrees of freedom.
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APPENDIX A: SINGLE SCATTERER PROBLEM

In this Appendix, we will provide the details of the solution
of the Lippmann-Schwinger (LS) equation. Toward that end,
we first recall the form of the retarded Green’s function in

J

—k [HSD (ke — 1)) + iog HV (k| — ¥/])]
[~HP (ke — ')+ iog HP (k|x — ¥'])]  for E < 0.

Gr(r—r) = {4?1?
4hvp

To simplify the discussion, in what follows we will limit
ourselves to the study of the scattering of electrons within
the conduction band (i.e., for £ > 0), although in the main
text both the valence (E < 0) and conduction (E > 0) bands
have been considered.

As described in Sec. II B, in order to obtain the asymptotic
wave function describing the outgoing scattered wave, we need
to consider the limit |r| >> |r’|, in which the Green’s function
becomes

—ik 2wy o1 e i
G o(r — I‘/ ~ itkr—7%) ,—ipr . ,
RO Va0 e

(A7)

pzkl,

(A8)
||
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the continuum limit of single-layer graphene, Gg(r — r') =
Gr(r —r)® I wherel = Zo:ml N1 is the identity matrix
in spin space. The function G g(r — r’) is given by

1

Gr(r,y) = (r|———|r).
e AL

(AD)
Hence,
Gr(r,Y') =(E — ihvpo - Vy)
eik’-(r—r’)

d*k
x Qrhve)? (ZE- 4 ;0+)2 2
FY (2 +i0%)" — |K|

(A2)

The integral in the above expression is the Green’s function
for the two-dimensional Helmholtz equation, which reads

. Elr —v
l H(l)( |l‘ r |>7 (A3)

Glr—r)=—
K 4h202 0 hvp

where HV is the Hankel function of the first kind. Inserting
this result in the expression for G g(r,r’) and using d%Hrﬁll)(z) =
b’ @ _ g (2) yields
z m—+1
Grr—r) = —IIE] [ sgn(E)H." <M)
4h2U%: 0 hvp

Ejr—v
F

0 e—i@
Oy = ei9 O .

Due to translational invariance, the Green’s function is only
a function of the difference in position. Here 6, with cos 8 =
(r —1') - £, is the angle between the vector r — r’ and the x
axis. Note that we have chosen the retarded Green’s function
for both electrons (i.e., E > 0) and holes (i.e., E < 0). Setting
|E| = hvrpk, we arrive at

(AD)
where

(A5)

for E > 0,
(A6)

(

where p is the momentum of the scattered wave, and cos 6, =
cosf, = I:_\ - X is the angle subtended between the scattered
momentum with the x axis.

Accounting for the spin degree of freedom, the asymptotic
form of the Green’s function reads

—ik 2 . z 1
—r) ~ = pitkr=%) ;
Gr(r—7) 4th‘/ e ; (e,e,,)na

X nj, (1 e 0r)e P

(A9)

Thus, we are equipped to solve the LS equation of the
scattering problem. Assuming an incident electron from the
conduction band with momentum p and o means that (we
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work assuming a normalization area equal to unity)

L (1) i

Thus, the LS equation [Eq. (20)] becomes

t(krfz) ; ,
4thV Tk ( "ﬂ)”"

X /dzr’(le_igf’)nz,e_ip'r,(F/|T|¢k,a>

(rlpk.o) = (A10)

= (rlfko) +

(r|¥p)

(e + 3 JBo'ike) ¢_<,10,))na,

=t
(Al1)

where we have introduced the T-matrix, which can be defined
by the equation T'|¢y 5) = V|vp). Note that the scattered wave
does not carry a spin index because it is not an eigenstate of .
Indeed, for a non-spin-conserving potential such as Rashba,
the scattered wave is a combination of the incident wave
with momentum k and spin o and a scattered radial spin-
up (spin-down) wave with amplitude given by f(k,o;p,?1)
Lf(k,o5p, )]

From the above result, the scattering amplitude can be
related to the T-matrix by the following expression:

e K o Tioo)
hvp 27 e kol

Recalling that the impurity potential is given by Eq. (15), the
T-matrix can be written as follows:

f(p.o' ko) = (A12)

(.o | T 1h.o) = / dr (g, )TV (0)] ) (A13)
—ZA (bp.o’10) A (O]y7p) (Al4)
=) 2iBj{dpo 0NN (Olpr,),  (ALS)

iJj
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where we have used (see below) (0[vp) = Z BiNi{0lpko).

We have A; A = Zz cijiAAr, where the coefﬁment c, j1 can be
read off from a group multiplication table (cf. Table I). In
addition, let us define

vi= Y cijikiB;.
i,j
The T-matrix can be obtained as follows:

(bp.o’ | TIbro) = Y V1($p.or |0V A1 (Ol ).
1

(A16)

(A17)

In the above equations, it is understood that the indices i, j,/
run over the set {0,/,SR,NR}. Explicitly, the T-matrix is given
by

0 . .0
<¢p,(r’|T|¢k,a> = VO(k) Ccos 580’,0 + l]/[(k) s E(Sz)zr/xr
.
+ [VNR(k) + ySR(k)] s E(sx)a,’a
+ /R (k) — ysr(k)] cos %(Sy)a/,a- (A18)
For elastic scattering (i.e., |p| = |k|), the T-matrix (and

hence the scattering amplitude) is a function not only of

the scattering angle 6 = 6, — 6, but also ¢ = 6 + 6,,. Here

6, = arccos(k - X/k) is the angle subtended by k and the x

axis. In this article, we use the convention where the incident

momentum is aligned with the x axis (i.e., 6; = 0), hence the

T-matrix and the scattering amplitude are functions of 6 only.
Upon setting r = 0 in Eq. (20),

(O1Yp) = Oldro) + Y GrOAA;(0Y).  (AL9)
J
Hence,
1
Olyp) = — S G OMA, (Olgo)  (A20)
:Zﬁ, (0l¢no)- (A21)

The coefficients B; are obtained by inverting the matrix 1 —
» i Gr(0)A;A; and (exactly) projecting onto the basis of A
matrices, which yields

_1 Z ( ! ) (A22)
4= i\ + GrO)s + 2nAsr — 10'A0)
1 n
== , A23
Pr=il ,]2 (1 T GrO)(y + 2nhse — 77%)) (A23)
G r(O)A
Bsr = — r(0)Asr ’ (A24)
[14+ GrO)A; —2hsr — A1 + Gr(O)(A; 4 2Asr — Ap)]
Brr = — GO (A25)

[1— Gr(O)2,

= 2ANR + 2011 = GR(0)(hs + 2ANR + 20)]
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In the above expressions, Gg(0) is a scalar and Gg(0) =
Gr(0) ®I is the matrix Green’s function at the origin. The
Gr(0) is obtained by imposing a cutoff at high momenta.
Setting r = r’ = 0 in Eq. (A2), we have

dk’ k sgn(E)
Gr(0) =
#(©) / 2w hvp k2 — k2 4+ i sgn(E) Ot
ik
= E log|kR| — ——. A26
sgn( )271hvp og [kR| Aoy (A26)

The integral is cut off at momenta k' ~ R~!, where R is of the
order of the actual spatial range of the scatterer potential.

APPENDIX B: SOLUTION OF
THE BOLTZMANN EQUATION

In this Appendix, in order to make the article self-contained,
we review the solution of the linearized Boltzmann transport
equation (BTE) obtained in Ref. [10]. For an external dc
electric field, the linearized BTE takes the form [26]

(—e)E - vi 3:n°(ex) = — 3,115 (K)|con, (B1)

where E = |E|X s the applied electric field, (—e) is the electron
charge, n%(e) = (e W/ksT 4 )" is the equilibrium Fermi-
Dirac distribution, and

vk = {vr(cos ¢(K), sin ¢(k)) (B2)

is the carrier velocity in graphene with the angle ¢(k) =
arctank,/k, (not to be confused with the free Hamiltonian
eigenstate |¢x )); ¢ = =£1 is the band index (41 for electrons,
—1 for holes) and n, (k) is the distribution function for
electrons with spin projection ¢ = 1/} and Bloch wave
vector k. The spin quantization axis is chosen to be the axis
perpendicular to the graphene plane, which we take to be the
z axis. The term 0,1, (K)|con denotes the collision integral [10]

—0ne®lcon = Y [15(K) — 1o (p)]Woro (p.K).  (B3)
p.o'="1.{
W, (p,K) is the scattering rate [30] from state (k,o) to (p,o”)
due to the presence of impurities:
27T Rimp
h

Here T'(¢) is the T-matrix that has been explicitly obtained
in Appendix A, and njn, is the density of impurities. The
linearized BTE can be solved exactly by the following ansatz
for 8ny (k) = ny(K) — n°(ey):

no(K) = fvp[Ag (k) cos ¢(K) + By (k)sin (k)] (B5)

Woro(p.K) = [(Bpo' | T (ep) ko) I*8(exc — €p).  (B4)

Introducing this ansatz in (B1) and setting ¢(k) =0 and
¢(k) = 7 for the longitudinal and transverse response, respec-
tively, we obtain the following system of algebraic equations
for A, and B,:

> AT, + BT, — A, TL, = —X, (B6)
o'=1.
> BoTS, —AgTS, — A, TL, =0, (BY)
o'=1d

PHYSICAL REVIEW B 93, 085418 (2016)

where X = —e|E|(a”;+")) and the coefficients I' are defined

as

d’p
Foo = / (2m)? Woro (p.K), (B8)

re, - [ &P P — p®IWou(@k). (B9
oo — (27_[)2 COS[¢p _¢( ] oo pv 5

N dzp .
I = / —— sin[¢(p) — ¢(K) W, 5 (p,K), (B10)

(2m)?
where ¢(p) — ¢ (k) = 6 is the scattering angle.
Note that time-reversal symmetry imposes several con-
straints on Eqgs. (B6) and (B7). In particular, it requires

thatT!, =r!_,1¢ =r¢,,5 =-TS., A, =As,and
B, = —B;, where we further denote & as the opposite spin

of o to make the notation more compact. These relations are
used to simplify the above system of equations. Using these
coefficients I', Eqs. (B6) and (B7) take the following form in
terms of four relaxation times:

T ThHT,
Ay = Ay = — kU _y (B11)
Tsktsk + Tu T
*
B, = —By = ——kTuTr (B12)

Tk Top + Tu Ty

The four relaxation times—7y, 7., Ty, and 7;,—are defined
as follows:

1
R o R CIE)
Ttr
1
= F(Ira - F(?ﬂ + F(Ir(? + rf&’ (B14)
Tir
1
=TS, 4T, B15)
Tsk
1
— =T -T%.. (B16)
T

The physical meaning of the relaxation times becomes more
transparent if we use Eq. (A12) to express the scattering rate
W, +(p,K) in terms of the scattering amplitude:

4n2hv%nimp

Wor o (pK) = o fors @18 (e — &), (BI7)
where 6 = arccos % is the scattering angle. Hence,
1
— = NimpVF Y / (1 = cos 0)]| fors (6)I°d6
Tir —
o'=1]
= NimpVF 2[1’5 (B18)
1_, vE Y /(1 — Noor €08 O)| fore (0)dO
T{: imp / oo oo
=14
= nimvaE:;, (B19)
1 , 5
— =nimpvr Y | sin6]forq(0)1’d0
Tsk
o'=t1
= NimpVF Eskv (BZO)
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1 .
— = TimpVr ) f Noor SN 6| fo10(0)*d0
sk o=t

= NimpVF 2y (B21)

where X, X5, X, and X7, are the single-scatterer scattering

cross sections corresponding to the four different scattering
rates, and
1
Noo' = —1

Having solved the linearized BTE, we are ready to compute
the longitudinal current j, (assumed to be along the x axis)
and spin Hall current j;z (assumed to be along the y axis):

ifo’ = o,
ifo! =¢.

(B22)

- K k K K
Jtr—_e/W[na( ) + ns(K)J¢vr cos p(k)

ed
= ) deecAs X

T TS Ty anO(e
= —L/d6|€|¢ —e|E| n(€x)
27 2 Tk T + TuTor de

2 0 *
€| on’(e Tk T T
_ e_/deu n(6) Tt g R (B23)
h h e Tuth + TeTy

oy = 4K K k in ¢ (k
JsH ——efm[na( ) — ns(K)]¢ v sin ¢(k)

es
= _W de EB(,(k)X

*
Tk Ty Ttr

e
= | deje|—Kwfr
27 h? / T T + TuTor

62/ le] an°(ex)
=—— | de—
h h  0e Tuth + TeTy

0
|:—e|E| 8n8(eek)i|

*
Tk Ty Tir

|E|

= o,u|E|. (B24)

From the above expressions, we can read off the expressions
for the longitudinal transport and spin Hall conductivities,
Egs. (29) and (30), respectively. The spin Hall angle measures
the fraction of the charge current transformed into spin
current, i.e.,

_ jsH _ OsH

Jtr Otr

(B25)
In the zero-temperature limit, the spin Hall angle can be

further simplified to yield the following expression:
5k

- * * "
Our Tsk ZTI

*
OsH _ Ttr _

Yy = (B26)

APPENDIX C: CIRCULAR SCATTERER

In this Appendix, we consider the extreme case for which
the couplings in the Rashba potential have opposite sign,
that is, A,/A; = —1, which has been termed “nonstandard”
Rashba in the main text. We show that, in this case, under
the assumption of a circular (i.e., “pill-box” shaped) scatterer,

PHYSICAL REVIEW B 93, 085418 (2016)

a solution of the scattering problem in terms of partial wave
waves is still possible.

However, what makes “nonstandard” Rashba different from
the “standard” Rashba SOC (i.e., Ay/A; = 1) is that the
conserved quantity is no longer the total angular momentum
projection along the z axis, J, =1, £0,/2 4+ 5,/2 (where +
applies to K, respectively), but M, = [, + 0,/2 — s5,/2, with
l; =xpy — ypy.

Below we consider in parallel the two cases, and we study
the scattering solutions for the following potentials:

VSR(r) = [VO + ASR(tzaxSy - Uysx)]®(R - I"), (Cl)

WR(r) = [vo + ANr(T;048y +0,5)]O(R — 1),  (C2)

where R is the radius of the circular scatterer potential. Note
that we have also considered a scalar potential vy in addition
to the standard Rashba/nonstandard Rashba-type spin-orbit
coupling potential.

1. Nonstandard Rashba case

As mentioned in Sec. IT A, the conserved quantity that plays
the role of angular momentum when the Rashba coupling is of
the nonstandard kind is M, = [, + 0,/2 — s, /2. Therefore, the
scattering waves can be expanded on the basis of eigenstates
of M,

Am im0 Cm— i(m—1)0
Y (r,0) N<Bm+l((rr)):i.(m+l)0)nT + ( Din(zr))eei’”g )w
(C3)

This wave function is an eigenstate of M,, where M, ,,(r,0) =
mhr,, (r,0). A, B, C,and D are the unknowns to be determined
by solving the Schrodinger equation. The real-space angle
6 = arctan % here should not be confused with the scattering
angle defined in the previous Appendix.

For r > R, the Hamiltonian reduces to the kinetic term
Hy = vp(Fo,p, + o,p,). In this region, the wave function
can be expanded as follows:

v, (r,0)
_ I (kr)e™” 11 H,, (kr)e™®
- <ijm+1(kr)ei(m+l)0 n + iy i Hypyr (k1) m 10 Ny
H,_(kr)eim=10
+ t;j;il ( lI‘II,,(,(kI)')elme )m, (C4)

where we have assumed that the incident electron is from the
conduction band with spinor 4. J,,(kr) is the Bessel function
of the first kind and H,,(kr) is the Hankel function of the first
kind. 7.} (t,I,i) is related to the non-spin-flip (spin-flip) partial
wave scattering amplitude, which must be the case if there is
no scattering potential.

For r < R, we have to solve for the Dirac equation

(Ho + VNp)¥,, (r.0) = E(k)Y,, (,0). (C5)

The eigenvalue E(k) is obtained by diagonalizing the
Schrodinger equation in momentum space,

E(k) = vo + EANR + A/ Adp + K2 (C6)
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A ==l and £ = £1 are two band indices. Only elastic scat-
terings are considered, therefore the scattered wave function
must also be in the conduction band, i.e., . = +1. Substituting

J

PHYSICAL REVIEW B 93, 085418 (2016)

Eq. (C3) into Eq. (CS5), we have to solve for a system
of differential equations (on the basis of {A1,B?1,Al,

Bl}):

: e —i[L +1m+1)] 0 —2i ANR Ap(r)

i i + ;m) —€¢ 0 0 Bm+|(r) C7
0 0 —€; —i(L 4 Im) [| Cor(1) ©n
2i ANr 0 i[—4L 4+ 1m - 1] —€ Dy (r)

Here €; =
equations can be solved as

Y0 = ag[(l.
E=+1

Jn(gsr)e

where g =

m irf19 + Sz_jjm—l(qér)ei(mil)e
Z—ngH(q;r)e’(m“w " i&Ju(gsr)e™? T

«/e‘g2 — 2&e: Angr and o are some linear combination weights to be determined from boundary conditions. By

E(k) — vo. Let A,,(r) = J,,(qr), where g is some wave number to be determined. The system of differential

(C8)

equating the wave function at the boundary of the circular potential, v,;(R,0) = v, (R,0), we can derive the partial wave

scattering amplitudes, t,fﬁ and I,LT

Finally, we will establish the relationship between partial wave amplitudes #,, defined in this section and the scattering amplitude
f(p,o’;k,o0) defined in Appendix A. The total scattered wave function (r,0) is obtained by taking a linear combination over

all the partial waves, ¥ (r,0) =

Ju(kr)et™?

o= Z im[(lJm+1(kr)e’(m+1)0>nT +t;lT(

m=—0Q

_ zkrcosﬁ( >
~ zkrc059< )

= Win + 1//sc-

m=—00

In the third line, we used the asymptotic form (kr > 1) of the

Hankel function, H,,(kr) ~ / 2-¢ikr=m7/2=7/4 We have also

introduced the non-spin-flip (spm flip) scattering amplitude
f14(0) [ f1,(0)], which will be shown to be identical to the one
defined in Eq. (A12),

fTT(Q)Z Z \/%e_i(z_@t)t’l?eimé"
o =3 \/ie Gy

m=—0oQ

(C10)

(C11)

The first term in Eq. (C9) is the incident wave propagating
in the x direction, and the second term is the scattered radial
wave, which contains a spin-up and a spin-down component.

The current operator in the direction n = 7 is

n 0 e—i@
(&)

where 6 = arctan 2. Using Eq. (C9), the incident current is

(C12)

given by Ji, = ¥iho ¥, = 2 while the scattered current is
given by

7 2 2 2
Jse = VeI Pse = “U@OF +1/1,.O)7. (C13)

> em¥, (r,0). Setting ¢, = i™
leH(kr)ez(mH)e)’M + tm 1 (
H,y, (kr)e™” H,y_q (kr)eim=1¢
it 1y (Hno '
|:l <l Hm+1(kr)el(m+1)9 M+ 1, iHm(kr)e”"9 ny

L@y + fru O] ( ! )%

and summing Eq. (C4) over m yields

H,, (kr)ei™? H,,_(kr)em=10
i Hy(kryem? )T

ikr

(€9
(
Thus, the differential cross section is given by
do _ rJs
o Iy
= 1fm@OF + 1O (C14)

The above form is clearly identical to Eq. (27), and the
relationship between the partial wave amplitude and the
scattering amplitude is established in Egs. (C10) and (C11).

2. Standard Rashba case

In the SR case, the conservation of angular momentum is
restored. Therefore, the wave function in real space must be
of the form

i(n+1)6
An(r)e?

n+1(r)e
Y(r,0) ~ < (r)el(n+1)9)'7¢ + | Duga(r)e' ™7 I,

(C15)
where A, B, C, and D are the unknowns to be determined

from the Schrodinger equation. Following similar methods to
solve for the NR case, we expand the wave function for r > R

085418-11



YANG, HUANG, OCHOA, AND CAZALILLA

as follows:
J,(kr)ei"®

H,(kr)e"? 1y { Hpy1(kr)el+19
oy , 14 A + )
wn“ﬁ)"CJmlwmewHW>”T+% (Hﬂ+dkmd““” M e Hy ke 0420 )
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(C16)

where we have assumed that the incident electron is from the conduction band with spinor n4. For r < R, we solve the

corresponding Schrodinger equation:

(Ho + Vsp)¥,, (r.0) = E(k)y,(r,0),

where the energy eigenvalue E (k) is diagonalized to be

E(k) = vo + nAsr + A/ Al + k2.

(C17)

(C18)

Here A and & are the two band indices. Note that the energy spectra of SR and NR are the same. Following the same convention
in the NR case, we choose A = +1. To solve for the coefficients A,,, B,, C,, and D,,, we substitute Eq. (C15) into Eq. (C17),

—e, —i[4 4+ Ln+ 1) 0 An(r)
i(—4 +1n) —€, —2i Asg 0 Bin() [ _ €19
0 2i Asr —€y —l[dd—r + %(l’l + 2)] Cn+1(r)
0 0 i[—&+ 1+ D] —e, Dy y2(r)

Here €; = E(k) — vo. Setting A, = J,,(g¢r), the system of differential equations can be solved and the solution reads

B Ju(ggr)e™”
Y, (r,0) = Z aé[(-e (416

Py I£Jn+1(61§")e

The wave number g: = v'€; — 2£€; Asr and o are linear
combination weights to be determined from the bound-
ary conditions. Using the boundary condition at the
boundary of the circular potential ¥, (R,0) = ¥,~(R,0),
the partial wave amplitudes (i.e., t,,T t

be determined, hence the

and tnT l) can
scattering amplitudes can

_55_§J’l+l(qsr)ei(n+l)9
)m + ( —ingn+2(qgr)ei(" Lo |- (C20)

(

be determined as well [ie., f31(0) and f3,(0)]; see
Eq. (C9).

Using the solution of the Boltzmann equation described in
Appendix B, the spin Hall angle y for both the SR and the
NR case can be computed using the scattering amplitudes. We
have plotted the results in Fig. 4 showing the vy dependence
of y for both the SR and NR cases.

[1] M. L. Dyakonov and V. I. Perel, Pis’ma Zh. Eksp. Teor. Fiz. 13,
657 (1971).
[2] M. I. Dyakonov and V. I. Perel, Phys. Lett. A 35, 459 (1971).
[3] J. E. Hirsch, Phys. Rev. Lett. 83, 1834 (1999).
[4] S. Zhang, Phys. Rev. Lett. 85, 393 (2000).
[5] N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, and N. P.
Ong, Rev. Mod. Phys. 82, 1539 (2010).
[6] L. Zutié, J. Fabian, and S. D. Sarma, Rev. Mod. Phys. 76, 323
(2004).
[7] J. Sinova, D. Culcer, Q. Niu, N. A. Sinitsyn, T. Jungwirth, and
A. H. MacDonald, Phys. Rev. Lett. 92, 126603 (2004).
[8] T. Tanaka, H. Kontani, M. Naito, T. Naito, D. S. Hirashima, K.
Yamada, and J. Inoue, Phys. Rev. B 77, 165117 (2008).
[9] W.-K. Tse and S. Das Sarma, Phys. Rev. Lett. 96, 056601 (2006).
[10] A. Ferreira, T. G. Rappoport, M. A. Cazalilla, and A. H. Castro
Neto, Phys. Rev. Lett. 112, 066601 (2014).
[11] K. Novoselov, A. K. Geim, S. Morozov, D. Jiang, M. Katsnelson,
I. Grigorieva, S. Dubonos, and A. Firsov, Nature (London) 438,
197 (2005).
[12] A. H. Castro Neto, F. Guinea, N. Peres, K. S. Novoselov, and
A. K. Geim, Rev. Mod. Phys. 81, 109 (2009).
[13] D. Huertas-Hernando, F. Guinea, and A. Brataas, Phys. Rev. B
74, 155426 (2006).

[14] H. Min, J. E. Hill, N. A. Sinitsyn, B. R. Sahu, L. Kleinman, and
A. H. MacDonald, Phys. Rev. B 74, 165310 (2006).

[15] M. Gmitra, S. Konschuh, C. Ertler, C. Ambrosch-Draxl, and J.
Fabian, Phys. Rev. B 80, 235431 (2009).

[16] J.-S. You, D.-W. Wang, and M. A. Cazalilla, Phys. Rev. B 92,
035421 (2015).

[17] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 226801 (2005).

[18] C. Weeks, J. Hu, J. Alicea, M. Franz, and R. Wu, Phys. Rev. X
1, 021001 (2011).

[19] J. Hu, J. Alicea, R. Wu, and M. Franz, Phys. Rev. Lett. 109,
266801 (2012).

[20] J. Balakrishnan, G. K. W. Koon, A. Avsar, Y. Ho, J. H. Lee,
M. Jaiswal, S.-J. Baeck, J.-H. Ahn, A. Ferreira, M. A. Cazalilla,
A. H. C. Neto, and B. Ozyilmaz, Nat. Commun. 5, 4748 (2014).

[21] D. Marchenko, A. Varykhalov, M. Scholz, G. Bihlmayer, E.
Rashba, A. Rybkin, A. Shikin, and O. Rader, Nat. Commun. 3,
1232 (2012).

[22] F. Calleja, H. Ochoa, M. Garnica, S. Barja, J. J. Navarro, A.
Black, M. M. Otrokov, E. V. Chulkov, A. Arnau, A. L. Vazquez
de Parga, F. Guinea, and R. Miranda, Nat. Phys. 11, 43 (2015).

[23] I. I. Klimovskikh, O. Vilkov, D. Y. Usachov, A. G. Rybkin,
S. S. Tsirkin, M. V. Filianina, K. Bokai, E. V. Chulkov, and A.
M. Shikin, Phys. Rev. B 92, 165402 (2015).

085418-12


http://dx.doi.org/10.1016/0375-9601(71)90196-4
http://dx.doi.org/10.1016/0375-9601(71)90196-4
http://dx.doi.org/10.1016/0375-9601(71)90196-4
http://dx.doi.org/10.1016/0375-9601(71)90196-4
http://dx.doi.org/10.1103/PhysRevLett.83.1834
http://dx.doi.org/10.1103/PhysRevLett.83.1834
http://dx.doi.org/10.1103/PhysRevLett.83.1834
http://dx.doi.org/10.1103/PhysRevLett.83.1834
http://dx.doi.org/10.1103/PhysRevLett.85.393
http://dx.doi.org/10.1103/PhysRevLett.85.393
http://dx.doi.org/10.1103/PhysRevLett.85.393
http://dx.doi.org/10.1103/PhysRevLett.85.393
http://dx.doi.org/10.1103/RevModPhys.82.1539
http://dx.doi.org/10.1103/RevModPhys.82.1539
http://dx.doi.org/10.1103/RevModPhys.82.1539
http://dx.doi.org/10.1103/RevModPhys.82.1539
http://dx.doi.org/10.1103/RevModPhys.76.323
http://dx.doi.org/10.1103/RevModPhys.76.323
http://dx.doi.org/10.1103/RevModPhys.76.323
http://dx.doi.org/10.1103/RevModPhys.76.323
http://dx.doi.org/10.1103/PhysRevLett.92.126603
http://dx.doi.org/10.1103/PhysRevLett.92.126603
http://dx.doi.org/10.1103/PhysRevLett.92.126603
http://dx.doi.org/10.1103/PhysRevLett.92.126603
http://dx.doi.org/10.1103/PhysRevB.77.165117
http://dx.doi.org/10.1103/PhysRevB.77.165117
http://dx.doi.org/10.1103/PhysRevB.77.165117
http://dx.doi.org/10.1103/PhysRevB.77.165117
http://dx.doi.org/10.1103/PhysRevLett.96.056601
http://dx.doi.org/10.1103/PhysRevLett.96.056601
http://dx.doi.org/10.1103/PhysRevLett.96.056601
http://dx.doi.org/10.1103/PhysRevLett.96.056601
http://dx.doi.org/10.1103/PhysRevLett.112.066601
http://dx.doi.org/10.1103/PhysRevLett.112.066601
http://dx.doi.org/10.1103/PhysRevLett.112.066601
http://dx.doi.org/10.1103/PhysRevLett.112.066601
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1038/nature04233
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/RevModPhys.81.109
http://dx.doi.org/10.1103/PhysRevB.74.155426
http://dx.doi.org/10.1103/PhysRevB.74.155426
http://dx.doi.org/10.1103/PhysRevB.74.155426
http://dx.doi.org/10.1103/PhysRevB.74.155426
http://dx.doi.org/10.1103/PhysRevB.74.165310
http://dx.doi.org/10.1103/PhysRevB.74.165310
http://dx.doi.org/10.1103/PhysRevB.74.165310
http://dx.doi.org/10.1103/PhysRevB.74.165310
http://dx.doi.org/10.1103/PhysRevB.80.235431
http://dx.doi.org/10.1103/PhysRevB.80.235431
http://dx.doi.org/10.1103/PhysRevB.80.235431
http://dx.doi.org/10.1103/PhysRevB.80.235431
http://dx.doi.org/10.1103/PhysRevB.92.035421
http://dx.doi.org/10.1103/PhysRevB.92.035421
http://dx.doi.org/10.1103/PhysRevB.92.035421
http://dx.doi.org/10.1103/PhysRevB.92.035421
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevLett.95.226801
http://dx.doi.org/10.1103/PhysRevX.1.021001
http://dx.doi.org/10.1103/PhysRevX.1.021001
http://dx.doi.org/10.1103/PhysRevX.1.021001
http://dx.doi.org/10.1103/PhysRevX.1.021001
http://dx.doi.org/10.1103/PhysRevLett.109.266801
http://dx.doi.org/10.1103/PhysRevLett.109.266801
http://dx.doi.org/10.1103/PhysRevLett.109.266801
http://dx.doi.org/10.1103/PhysRevLett.109.266801
http://dx.doi.org/10.1038/ncomms5748
http://dx.doi.org/10.1038/ncomms5748
http://dx.doi.org/10.1038/ncomms5748
http://dx.doi.org/10.1038/ncomms5748
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/ncomms2227
http://dx.doi.org/10.1038/nphys3173
http://dx.doi.org/10.1038/nphys3173
http://dx.doi.org/10.1038/nphys3173
http://dx.doi.org/10.1038/nphys3173
http://dx.doi.org/10.1103/PhysRevB.92.165402
http://dx.doi.org/10.1103/PhysRevB.92.165402
http://dx.doi.org/10.1103/PhysRevB.92.165402
http://dx.doi.org/10.1103/PhysRevB.92.165402

EXTRINSIC SPIN HALL EFFECT FROM ANISOTROPIC ...

[24] T. Stauber, N. M. R. Peres, and F. Guinea, Phys. Rev. B 76,
205423 (2007).

[25] A. Ferreira, J. Viana-Gomes, J. Nilsson, E. R. Mucciolo,
N. M. R. Peres, and A. H. Castro Neto, Phys. Rev. B 83, 165402
(2011).

[26] J. M. Ziman, Principles of the Theory of Solids (Cambridge
University Press, Cambridge, 1972).

PHYSICAL REVIEW B 93, 085418 (2016)

[27] A. Pachoud, A. Ferreira, B. ()zyilmaz, and A. H. Castro Neto,
Phys. Rev. B 90, 035444 (2014).

[28] L. Brey, Phys. Rev. B 92, 235444 (2015).

[29] M. Glazov, E. Y. Sherman, and V. Dugaev, Physica E 42, 2157
(2010).

[30] J. M. Luttinger and W. Kohn, Phys. Rev. 109, 1892 (1958).

[31] D. Culcer and S. Das Sarma, Phys. Rev. B 83, 245441 (2011).

085418-13


http://dx.doi.org/10.1103/PhysRevB.76.205423
http://dx.doi.org/10.1103/PhysRevB.76.205423
http://dx.doi.org/10.1103/PhysRevB.76.205423
http://dx.doi.org/10.1103/PhysRevB.76.205423
http://dx.doi.org/10.1103/PhysRevB.83.165402
http://dx.doi.org/10.1103/PhysRevB.83.165402
http://dx.doi.org/10.1103/PhysRevB.83.165402
http://dx.doi.org/10.1103/PhysRevB.83.165402
http://dx.doi.org/10.1103/PhysRevB.90.035444
http://dx.doi.org/10.1103/PhysRevB.90.035444
http://dx.doi.org/10.1103/PhysRevB.90.035444
http://dx.doi.org/10.1103/PhysRevB.90.035444
http://dx.doi.org/10.1103/PhysRevB.92.235444
http://dx.doi.org/10.1103/PhysRevB.92.235444
http://dx.doi.org/10.1103/PhysRevB.92.235444
http://dx.doi.org/10.1103/PhysRevB.92.235444
http://dx.doi.org/10.1016/j.physe.2010.04.021
http://dx.doi.org/10.1016/j.physe.2010.04.021
http://dx.doi.org/10.1016/j.physe.2010.04.021
http://dx.doi.org/10.1016/j.physe.2010.04.021
http://dx.doi.org/10.1103/PhysRev.109.1892
http://dx.doi.org/10.1103/PhysRev.109.1892
http://dx.doi.org/10.1103/PhysRev.109.1892
http://dx.doi.org/10.1103/PhysRev.109.1892
http://dx.doi.org/10.1103/PhysRevB.83.245441
http://dx.doi.org/10.1103/PhysRevB.83.245441
http://dx.doi.org/10.1103/PhysRevB.83.245441
http://dx.doi.org/10.1103/PhysRevB.83.245441



