
1.  Introduction
Seismic traveltime tomography is one of the primary and routine techniques to estimate subsurface mate-
rial properties. It has been contributing significantly to the understanding of heterogeneous structures and 
dynamic processes in the Earth's interior ever since the pioneer work of Aki and Lee (1976). Various seismic 
traveltime tomography methods are rooted in different mathematical physical models. In principle, we can 
categorize them into three major types: Ray-based traveltime tomography, wave equation-based traveltime 
tomography, and eikonal equation-based traveltime tomography.

Ray tracing is the key ingredient for seismic traveltime tomography methods based on ray theory (e.g., Aki & 
Lee, 1976; Thurber, 1983; Zhao et al., 1992). During the past few decades, plenty of seismic ray tracing tech-
niques have been developed, including the widely used two-point ray tracing methods (e.g., Gou et al., 2018; 
Koketsu & Sekine, 1998; Um & Thurber, 1987) and the grid-based approaches (e.g., Liu et al., 2018; Rawl-
inson & Sambridge, 2004; Tong et al., 2017). As pointed out by Rawlinson et al. (2008), those two-point ray 
tracing methods may fail to converge to a true two-point path even in mildly heterogeneous media. The 
grid-based approaches have become popular in recent seismic tomographic inversions (e.g., Li et al., 2020; 
Liu et al., 2019; Zenonos et al., 2020). They first solve the eikonal equation numerically to find the traveltime 
from the source to every grid point, and then trace the raypath from the receiver to source along the negative 
traveltime gradient. The prominent advantage of the grid-based approaches is that accurate traveltime fields 
can be obtained even in complex heterogeneous media (Rawlinson et al., 2010). However, ray paths to be 
predicted do not directly rely on traveltime but traveltime gradient, which is estimated from the numerical 
solution of traveltime.

Abstract  Ray tracing is avoidable in seismic traveltime tomography. In this study, seismic traveltime 
tomography is reformulated as an eikonal equation-constrained optimization problem solved by the 
ray-free adjoint-state method. The resultant approach is called adjoint-state traveltime tomography. 
For completeness, an eikonal equation-based earthquake location method is developed to locate the 
hypocenters of earthquakes when necessary. The multiple-grid model parameterization is adopted to 
discretize the relative slowness perturbation    Δ /s sx x . The step-size-controlled gradient descent 
method, which has an effect of damping regularization, is used to find optimal earthquake hypocenters 
and velocity models. The performances of the earthquake location and adjoint-state traveltime 
tomography methods are tested in the source area of the 2020 Mw 4.9 Anza earthquake, a seismologically 
active place in southern California. The obtained high-resolution P-wave velocity model demonstrates 
that the 2020 Mw 4.9 Anza earthquake and other historic moderate-sized Anza earthquakes occurred 
near or at the boundaries of low VP rocks, a typical seismogenic environment for moderate to large 
crustal earthquakes. Meanwhile, the source zone of the Anza earthquakes is characterized by high VP/
VS, indicating the possible existence of crustal fluids as well as the critical role of fluids in the occurrence 
of those moderated-sized Anza earthquakes. On the whole, the well-performed eikonal equation-based 
earthquake location method and adjoint-state traveltime tomography method provide competent and 
attractive tools for hypocenter and tomographic inversions.
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Wave equation-based traveltime tomography usually inverts cross-correlation traveltime measurements to 
infer subsurface velocity structure (e.g., Tong et al., 2014a; Tromp et al., 2005). Finite-frequency efforts of 
seismic wave propagation and off-ray structure influence on traveltime observations can be properly mod-
eled. In contrast to simplified ray approximation, wave equation-based seismic tomography explores not 
only traveltime information but also amplitude, attenuation, generalized seismological data functionals, 
and even full waveform content to image subsurface structures (e.g., Chen et al., 2007; Fichtner et al., 2006; 
Tromp et al., 2005; Virieux & Operto, 2009). High-resolution images at half a wavelength scale are expected 
(Virieux & Operto, 2009). Although significant progress has been made, this type of seismic tomography 
remains to be computationally expensive and in most cases only uses more stable low-frequency data. Ef-
forts must continue to release the full potential of the promising wave equation-based seismic tomography.

Under the high-frequency assumption, traveltime fields in smoothly varying velocity models can be de-
scribed by the eikonal equation (Rawlinson et al., 2008). There are basically three different kinds of travel-
time tomography methods related to the eikonal equation. The first kind has been mentioned earlier, which 
solves the eikonal equation to obtain the traveltime field and then finds the raypath based on the traveltime 
gradient. The second kind uses the Taylor series expansion to approximate a linear relation between the 
traveltime functional and slowness model (Ammon & Vidale, 1993). By slightly perturbing the slowness of 
one cell and recalculating the traveltime functional, the derivative of the traveltime functional with respect 
to the slowness of that cell is computed using a finite-difference scheme (Ammon & Vidale, 1993). But the 
brute-force way of evaluating the traveltime functional gradient is computationally prohibitive when a large 
number of cells are required to parameterize the model (Lelievre et al., 2011). The eikonal equation-based 
traveltime tomography of the third kind uses the adjoint-state method to compute the derivative of the 
traveltime functional with respect to slowness (or velocity) (e.g., Sei & Symes, 1994; Leung & Qian, 2006; 
Taillandier et al., 2009; Tavakoli et al., 2017). Once the traveltime field is computed, the functional derivative 
can be obtained by additionally solving an adjoint eikonal equation. The adjoint-state method is compu-
tationally favorable and has gained increasing popularity in recent years. Moreover, both the second and 
third kinds of methods advocate the avoidance of ray tracing in seismic tomographic inversions, which is 
attractive.

Seismic traveltime tomography has been widely used in earthquake seismology. To date, it is mainly ray-
based or wave equation-based. To take advantage of the simple but precise mathematical physical model 
described by the eikonal equation and the efficacy of the adjoint-state method, we reformulate seismic 
traveltime tomography as an eikonal equation-constrained optimization problem solved by the adjoint-state 
method. The derivation of sensitivity kernel, multiple-grid model parameterization and optimization algo-
rithm are discussed in details in Section 2 and Appendix A. The reformulated seismic traveltime tomogra-
phy method is named adjoint-state traveltime tomography.

As is known, earthquake hypocenters and velocity structure are coupling factors that affect seismic-wave 
arrival times (Thurber, 1992). To construct an accurate velocity model, earthquake locations should be pre-
cisely determined in advance or simultaneously. As one of the oldest and most fundamental problems in 
seismology, a lot of methods have been developed to locate earthquakes since the beginning of the instru-
mental seismic recording in the late of the nineteenth century (Tong et al., 2016). More detailed reviews 
of earthquake location methods can be found in Tong et al. (2016) and references therein. In particular, 
Geiger's method is one of the most widely used earthquake location methods (e.g., Geiger, 1910; Thurb-
er, 1983, 1992; Tong et al., 2016). To use this technique, the ray direction at the source location needs to 
be correctly measured. Again, the accuracy of raypath affects the performance of the Geiger's earthquake 
location method. To avoid ray tracing and to gain high accuracy in earthquake locations, an eikonal equa-
tion-based earthquake location method is developed in Section 3.

In Section 4, the eikonal equation-based earthquake location method and the adjoint-state traveltime to-
mography method are applied to the April 2020 Mw 4.9 Anza earthquake area in southern California. The 
obtained high-resolution VP and VP/VS models allow us to investigate the relationship between crustal ve-
locity heterogeneity and earthquake occurrence in the source zone of Anza earthquakes and provide some 
hints on such a relationship in other seismologically active areas.
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2.  Adjoint-State Traveltime Tomography
Earthquakes occur inside an Earth volume Ω at the locations xs,n (n = 1, 2, …, N). The traveltime of the wave-
front arriving at any position x corresponding to the n-th earthquake is governed by the eikonal equation 
with a boundary condition as

    2
,( ) ( ) ( ), ( ) 0.n n n s nT T s Tx x x x� (1)

s(x) is the P-wave or S-wave slowness (the reciprocal of wave speed). For the eikonal problem 1, the bound-
ary ∂Ω includes the Earth surface and earthquake location xs,n. M seismic stations xr,m (m = 1, 2, … , M) de-
ployed near the Earth surface record the first P-wave (S-wave) arrival times of these earthquakes. The travel-
time observations ,( )o

n r mT x  allow us to find an optimal slowness model by minimizing the objective function

  
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The weight ωn,m is assigned zero if there is no record of the n-th earthquake at seismic station xr,m or the data 
quality is low. Usually, the derivative of the objective function is required to find its minimum.

2.1.  Fréchet Derivative

To derive an expression for the Fréchet derivative of the objective function   ( )s x  with respect to the slow-
ness, we consider that there is an infinitesimal perturbation δs(x) in slowness s(x). All the second-order 
terms and beyond are ignored in the mathematical derivation below for the first-order Fréchet derivative.

Due to the slowness perturbation δs(x), we observe an infinitesimal perturbation δTn(x) in the traveltime 
field Tn(x); accordingly, the eikonal equation with the boundary condition in the perturbed slowness model 
s(x) + δs(x) becomes
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The traveltime perturbation δTn(x) also causes a change in the objective function of Equation 2, which can 
be expressed by
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Note that δ(x −xr,m) denotes the Dirac delta function, while   ( )s x  and δTn(x) are infinitesimal numbers. 
Subtracting Equation 1 from Equation 3, we obtain

             ,( ) ( ) ( ) ( ), ( ) 0.n n n s nT T s s Tx x x x x� (5)

Multiply an arbitrary test function Pn(x) on both sides of Equation 5 and integrate the Earth volume Ω,

            Ω Ω( ) ( ) ( ) ( ) ( ) ( ) .n n n nP T T d P s s dx x x x x x x x� (6)

The product rule for differentiation implies that

                          ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) .n n n n n n n n nP T T T P T T P Tx x x x x x x x x� (7)

Thus, by using the divergence theorem Equation 6 can be rewritten as

                  Ω Ω Ω( ) ( ) ( ) ( ) ( )( ( )) ( ) ( ) ( ) .n n n n n n nT P T d T P T d P s s dn x x x x x x x x x x x x� (8)
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To relate δχ(s(x)) in Equation 4 with δs(x) in Equation 8, we make an assumption about the test function 
Pn(x) that

   

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M
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m
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If the homogeneous boundary condition is further assumed

  ( ) 0, Ω,nP x x� (10)

then the first integral on the left hand side of Equation 8 vanishes. After that, Equation 8 can be expressed 
by
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Comparing Equations 11 with 4, we can obtain an expression for the Fréchet derivative of the objective 
function in terms of the variation in slowness s(x),
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It is a common practice to invert for the relative slowness (velocity) perturbation δs(x)/s(x) in seismic to-
mographic inversions. According to Equation 12, the perturbation of the objective function is related to the 
relative slowness perturbation as
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Ks(x) is defined as the misfit kernel, representing the Fréchet derivative of the objective function χ(x) with 
respect to the slowness s(x) (Tromp et al., 2005); whereas Ks,n(x) = Pn(x)s2(x) is the event kernel associated 
with the n-th earthquake (Tape et al., 2007). Specifically, if only a pair of the n-th earthquake and m-th 
seismic station is considered, the corresponding sensitivity kernel Ks,n,m(x) = Pn(x)s2(x) is named individual 
kernel.

We now give a physical interpretation of Equation 9. The traveltime residual , ,( ) ( )o
n r m n r mT Tx x  measured 

at every receiver xr,m is caused by the discrepancy between the true velocity model and the velocity model 
where Tn(xr,m) is computed. It is gradually accumulated as the wave propagates outward from the source to 
receiver. The right hand side of Equation 9 is the sum of the traveltime residuals at all the receivers, acting 
as a source term for the equation itself.       ( ) ( )n nP Tx x  on the left hand side describes the transport 
of a substance or quantity. Here is the transport of the traveltime residuals. Sourcing at the receivers, the 
magnitude and direction of the transport follow the vector     ( )nTv x . The density of the transported 
traveltime residuals is modeled by the scalar field Pn(x), while the flux   ( ) ( )n nP Tx x  denotes the back-
ward “loss” of the accumulated traveltime residuals through a unit area that is normal to the direction 

    ( )nTv x . Based on seismic ray theory,    ( )nT x  is the direction opposite to seismic wave propaga-
tion. Thus, Equation 9 describes the transport of traveltime residuals that starts at the receivers and ends at 
the source location xs,n. Solving Equation 9 yields the density function Pn(x), which can also be interpreted 
as the contribution of every single point to the accumulated traveltime residuals at the receivers. The prod-
uct of the density function Pn(x) and slowness squared s2(x) is the sensitivity kernel Ks(x), which measures 
the single point contribution of strength factor for model perturbation. In analogy to adjoint wave equa-
tion which back-projects observational misfits at receivers to the earthquake location (Fichtner et al., 2006; 
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Tromp et al., 2005), Equation 9 is called adjoint eikonal equation, and Pn(x) is an adjoint traveltime field 
sourced by the traveltime residuals at the receivers.

It is worth mentioning that the mathematical derivation of the sensitivity kernel Ks,n(x) in Equation 14 
provides an alternative to the common Lagrangian formulation or penalization technique used by previous 
similar studies (e.g., Sei & Symes, 1994; Taillandier et al., 2009; Tavakoli et al., 2017). Different from Leung 
and Qian (2006), Taillandier et al. (2009) and some others, who obtained a homogeneous adjoint eikonal 
equation but assumed that all the receivers were exactly on the boundary, we derived an inhomogeneous 
adjoint eikonal equation allowing the receivers to be anywhere in the study area. The strong requirement 
for the receivers to be located on the boundary limits the wide applications of the corresponding seismic 
tomography method. On the contrary, the inhomogeneous adjoint eikonal equation can be applied to any 
configurations of seismic stations, indicating the possible wide applications in the future.

We show examples of individual kernel, event kernel, and misfit kernel in Figure 1. To compute the ker-
nels, we use the fast sweeping method to solve the eikonal Equation 1 first to get the traveltime field Tn(x) 
and the adjoint eikonal Equation 9 then to obtain the adjoint traveltime field Pn(x) (Zhao, 2004; Leung & 
Qian, 2006). All the kernels are computed in a simple vertically increasing velocity model v(x) (Figure 1a). 
This is achieved after computing the observed traveltimes in a velocity model that has alternating positive 
and negative perturbations (Figure 1b) from the simple velocity model. It is observable that every individ-
ual kernel is perpendicular to the wavefronts all the way from the source to receiver (Figures 1c and 1d). 
The sign of each individual kernel depends on the positive or negative traveltime residual measured at 
the seismic station. Theoretically, individual kernel is infinitely thin. Due to the numerical approximation 
on a discretized spatial grid, the individual kernel is typically a few times as wide as the grid interval. The 
event kernel is simply the sum of all the individual kernels corresponding to the same event (Figure 1e). 
Further, the sum of all the event kernels is the misfit kernel (Figure 1f), which suggests the proper direction 
to update the slowness model. A comparison between Figures 1b and 1f clearly illustrates the relationship 
between the misfit kernel and the velocity perturbation.

2.2.  Model Parameterization

Model parameterization is one of the key steps in seismic tomographic inversion (Rawlinson et al., 2010; 
Tong et al., 2019). Among various options including the grid approach, block approach, spectral parame-
terization and irregular parameterization (Thurber & Eberhart-Philips, 1999; Tong et al., 2019), we use the 
trilinear interpolation on a regular grid to represent the relative slowness perturbation δs(x)/s(x), consider-
ing its easy implementation and wide applications in previous studies (e.g., Thurber, 1983; Zhao et al., 1992; 
Tong et  al.,  2019). The regular grid is called the inversion grid, whose nodes are denoted by (Xi, Yj, Zk) 
(1 ≤ i ≤ Nx, 1 ≤ j ≤ Ny, 1 ≤ k ≤ Nz) (Figure 2). Due to the limited resolving ability of seismic data, the inver-
sion grid is usually set to be coarser than the forward grid on which both the eikonal equation and adjoint 
eikonal equation are solved. Every grid node (Xi, Yj, Zk) is associated with one basis function Bl(x) = Bl(x, y, 
z) (l = (k − 1)NxNy + (j − 1)Nx + i) and vice versa (Figure 2a). In detail, the basis function Bl(x) = Bl(x, y, z) 
is defined as

( , , ) ( ) ( ) ( ),l i j kB x y z w x w y w z� (15)
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and similarly for wj(y) and wk(z).
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The relative slowness perturbation δs(x)/s(x) can be written as a linear combination of the basis functions 
Bl(x) (l = 1, …, L; L = NxNyNz)

 


 
1

( ) ( ),
( )

L

l l
l

s C B
s

x x
x

� (17)

where the coefficients δCl are to be determined. Equations 15–17 indicate that the relative slowness per-
turbation at any point x = (x, y, z) is a weighted average of the values at the eight grid points surrounding 
x (Figure 2b).
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Figure 1.  (a) The vertically increasing velocity model v(x). Mathematically it can be expressed by v(x) = v(x, y, 
z) = min(6.0 + 0.05z, 7.5). The red stars and blue inverse triangles represent 47 earthquakes and 24 seismic stations, 
respectively. (b) The relative velocity perturbation Δv(x)/v(x). The observed traveltimes are computed in the perturbed 
velocity model v(x) + Δv(x). (c) and (d) Two individual kernels corresponding to the same earthquake but two different 
seismic stations. (e) An example of event kernel. (f) The misfit kernel related to all the 47 earthquakes and 24 seismic 
stations. The white curves in (c), (d) and (e) are traveltime isochrones at an interval of 1 s. All the sensitivity kernels 
with respect to slowness in (c)–(f) are computed in v(x). The color scales for velocity, relative velocity perturbation and 
sensitivity kernels are on the right hand side of the respective plots. (c)–(e) share the same color scale.
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The selection of the inversion grid involves subjectivity, which in turn affects the final results. In comparison 
with the commonly used grid approach, the multiple-grid model parameterization has been proven to be able 
to produce better or at least comparable results (Tong et al., 2019). Hence, rather than using a single regular 
inversion grid as most previous studies did, we approximate the relative slowness perturbation δs(x)/s(x)  
on multiple sets of regular grids placed in a staggered way (Figure 2c). Considering that the relative slow-
ness perturbation δs(x)/s(x) can be interpolated on every regular grid without preference, we simply use the 
average of all the interpolated functions. That is,

 
 

   , ,
1 1

( ) 1 ( ),
( )

LH h

l h l h
h l

s C B
s H

x x
x

� (18)

where Bl,h(x) is the l-th basis function (l = 1, … , Lh) defined on the h-th regular grid (h = 1, … , H). Plugging 
Equation 18 in Equation 13, we obtain

 



  


2

Ω ,
1,

( ) 1 ( ) ( ) ( ) .
N

n l h
nl h

s
P s B d

C H
x

x x x x� (19)

So far, the optimization problem 2 in an infinite-dimensional space has been reduced to a minimization 
problem in a finite-dimensional space. Given the gradient function (19), a set of optimal coefficients 

 1,1 2,1 ,1 1,2 ,1( , , , , , , )L L HHC C C C C  can be found by using the method of gradient descent, conjugate 
gradient method or some other variants. A slightly modified gradient descent method which prefers a 
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Figure 2.  The grid approach for model parameterization. (a) A single regular grid. The red grid point (Xi, Yj, Zk) is 
associated with the basis function Bl(x). (b) An arbitrary point x (in purple) and the eight surrounding points. (c) An 
example of multiple-grid. Two regular grids are placed in a staggered way to form the multiple-grid.
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magnitude-controlled step size is used in this study (Appendix A). As a whole, the eikonal equation-based in-
version method described in this and the previous subsection is named adjoint-state traveltime tomography.

3.  Eikonal Equation-Based Earthquake Location
Inaccuracy in earthquake locations may distort dramatically seismic velocity model (Thurber,  1992). To 
provide accurate earthquake locations for adjoint-state traveltime tomography, an eikonal equation-based 
earthquake location method is developed in this section.

3.1.  Method

We treat seismic stations as virtual sources and earthquakes as virtual receivers. Every virtual source oc-
curs at the same reference time τ0 (the time on an accurate clock) and a respective known location xr,m  
(m = 1, 2, … , M). The locations of the virtual receivers xs,n (n = 1, 2, … , N) need to be determined. We assume 
that there is a clock at every virtual receiver xs,n, which reads τn at the reference time τ0. But τn is unknown. 
When the seismic wave originating from the virtual source xr,m arrives at the virtual receiver xs,n, the clock 
reads  ,

o
m n. Given the validity of the reciprocity principle (Aki & Richards, 2002), the above scenario is equiv-

alent to that the first arrival from an unknown hypocenter (xs,n, τn) arrives at the seismic station xr,m at the 
time  ,

o
m n. To relocate the n-th virtual receiver, we attempt to minimize the objective function

   
   



      

2
,

, , ,
1

, ( ) ,
2

M
m n o

s n n m s n m n n
m

Tx x� (20)

where Tm(x) is the solution of the eikonal equation

    2
,( ) ( ) ( ), ( ) 0.m m m r mT T s Tx x x x� (21)

If there is an infinitesimal perturbation (δxs,n, δτn) in (xs,n, τn), then the corresponding perturbation in the 
objective function is

         

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o
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m
T Tx x x x� (22)

At the minimizer ,( , )ˆ ˆs n nx  the partial derivative of the objective function with respect to the origin time is 
zero, that is,
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Accordingly, at an estimated location xs,n the optimal origin time can be approximated by

 








   


1 , , ,

1 ,

ˆ .
( )M o

m m n m n m s n
n M

m m n

T x
� (24)

Substituting Equation 24 into Equation 22, we further have
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m
T Tx x x x� (25)

Equations 24 and 25 define the eikonal equation-based earthquake location method, which uses the global 
optimization to find the origin time τn and resorts to the local search for the spatial location xs,n. The optimi-
zation algorithm presented in Appendix A is adopted to find xs,n in this study.

Theoretically, the eikonal equation-based earthquake location method has no difference from the common-
ly used Geiger's earthquake location method (e.g., Geiger, 1910; Tong et al., 2016). The latter is based on 
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the following relationship between the traveltime residual δt at a particular receiver xr,m and the causing 
perturbation δxs,n in earthquake location xs,n,

  
 

, ,
,

( ) .r m s n
s n

tt x x
x� (26)

In Equation 25, if only one seismic station is considered, then
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A direct comparison between Equations 26 and 28 shows that the eikonal equation-based earthquake loca-
tion method and Geiger's method are rooted in the same theory. In order to compute ∂t/∂xs,n or ∇Tm(xs,n), 
Geiger's method needs to determine the raypath connecting the earthquake xs,n and seismic station xr,m 
beforehand. On the contrary, no ray paths are required for the eikonal equation-based earthquake location 
method.

3.2.  Synthetic Earthquake Location Test

We relocate 47 earthquakes simultaneously in a simple vertically increasing velocity model (Figure 3a) to 
demonstrate the performances of the eikonal equation-based earthquake location method and Geiger's 
method. The location of each earthquake is determined by its 24 seismic arrivals recorded by 24 seismic sta-
tions on the surface. If we know exactly the velocity model, all the 47 earthquakes can be precisely located 
by either earthquake location method (Figures 3a and 3b). However, the real situation is not so ideal. Model 
inaccuracy has to be taken into account in earthquake location. We assume that all the earthquakes occur 
in a model (Figure 3c) which has alternative velocity perturbations with a maximum amplitude of 6% from 
the vertically increasing velocity model (Figure 3a). But we determine the locations of the 47 earthquakes 
still in the vertically increasing velocity model. The final locations of all the earthquakes have errors in 
horizontal position, focal depth and origin time, especially the ones around the boundaries of the compu-
tational domain (Figures 3c and 3d). The eikonal equation-based earthquake location method and Geiger's 
method also have very similar and satisfactory performances in the second example with an inaccurate 
velocity model.

4.  Application: Tomography of the 2020 Mw 4.9 Anza Earthquake Area
We propose an integrated workflow for the development of seismic velocity models in real practice (Fig-
ure 4). In detail, the velocity model is obtained in an iterative fashion. The iterative process consists of two 
steps: (a) eikonal equation-based earthquake location and (b) adjoint-state traveltime tomography. In this 
study the objective function of the eikonal equation-based earthquake location method measures the same 
quantity as that of the adjoint-state traveltime tomography. The iteration stops when both objective func-
tions become stable.

We choose the April 2020 Mw 4.9 Anza earthquake area in the San Jacinto Fault zone (SJFZ) as the test field 
to assess the real-world performance of the integrated workflow (Figure 5). Both VP and VP/VS models are 
developed. On the one hand, we can verify the reliability of the VP model to be produced by comparing it 
with velocity models of previous studies such as the SCEC Community Velocity Model (CVM-H 15.1.0) 
(Shaw et al., 2015). Meanwhile, most earthquakes in southern California have been precisely located by ad-
vanced techniques like the double-difference earthquake location method (Waldhauser & Ellsworth, 2000). 
This allows us to construct an accurate velocity model by using traveltime data of those accurately located 
earthquakes. On the other hand, the methods developed in the present study provide the necessary tools to 
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investigate the relationship between velocity heterogeneities and seismic activities. The right-lateral strike-
slip SJFZ is one of the most seismologically active areas in the world. In particular, more than 10% of seis-
micity in southern California since 2000 took place in the trifurcation area of the SJFZ (Ross et al., 2017), 
including the April 2020 Mw 4.9 Anza earthquake (Figures 5a and 5b ). There is an interesting observation 
that at least one earthquake with magnitude >4.0 occurs in the trifurcation area every 3–4 years during the 
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Figure 3.  Earthquake locations determined by the eikonal equation-based earthquake location method and Geiger's 
method. (a) The velocity model for locating earthquakes. The “observed” traveltimes are also computed in this 
model. The color bar on the right is in km/s. The 24 blue inverse triangles are seismic stations. The initial and true 
locations of the 47 earthquakes are denoted by white stars and blue squares, respectively. Red squares are the locations 
determined by the method of this study, while black crosses are the locations given by Geiger's method. (b) The red 
squares determined by the eikonal equation-based method and black crosses given by Geiger's method are the final 
origin times of the 47 earthquakes. The true origin times are denoted by blue squares. The initial origin times of all 
the earthquakes are 0.0 s. In (a)–(b) all the blue squares are overlain by red squares and black crosses. (c) The relative 
velocity perturbation of the true velocity model from the velocity model in (a). The color bar for the relative velocity 
perturbation is included on the right. The “observed” traveltimes are computed in the true model. Earthquake locations 
are determined in the velocity model of (a). All the others in (c) and (d) are the same as those displayed in (a) and (b). 
For demonstration purpose, both (a) and (c) have a vertical exaggeration of 3:1.
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past two decades (Figure 5b). Thus, the source area of the April 2020 Mw 
4.9 Anza earthquake as well as the hosting SJFZ is an ideal place to test 
the performances of the newly developed earthquake location and trav-
eltime tomography methods. In addition to that, the tomographic results 
can provide new insight into the relationship between earthquake occur-
rence and structural heterogeneities.

4.1.  Data and Initial Models

All the first P- and S-wave arrival times used in the present study are 
from Southern California Earthquake Data Center (SCEDC, 2013). But 
the hypocenters of almost all earthquakes are further updated according 
to the high-quality 1981–2019 waveform relocated earthquake catalog for 
southern California (Hauksson et al.,  2012). The very few earthquakes 
that are not included in the waveform relocated catalog are removed.

A total of 1,101,212 first P-wave arrivals during the period from January 
2000 to December 2019 with the corresponding earthquakes and seismic 
stations located in the study area (Figure 5a) are inverted to construct an 
initial model for seismic tomographic inversions. Starting at the standard 
southern California velocity model which is separated by discontinuities 
at 5.5, 16.0 and 32.0 km depth (Wald et al., 1995), the velocities of the 3 
crustal layers are inverted to be 5.616, 6.263, and 6.702 km/s, respectively. 

The P-wave velocity in the mantle is fixed to 7.8  km/s. The flat discontinuity at 32.0  km depth is then  
replaced by a curved surface embedded in the CVM-H 15.1.0 model to honor the Moho topography (Shaw 
et al., 2015). The sharp velocity contrasts across the 3 discontinuities are smoothed by convolving the veloci-
ty model with a one-dimensional Gaussian function in the depth direction (Tong et al., 2019). The smoothed 
velocity model is the initial model for seismic P-wave tomography, denoted by m0.

The P-wave arrivals mentioned above are filtered for the subsequent P-wave tomography. First, to avoid 
event clustering only one earthquake is selected from every 0.4 × 0.4 × 0.4 km block. The earthquake is 
required to have at least 6 and the maximum number of picks among all the earthquakes in that containing 
block. Second, the study area has a landscape size of 190 × 190 km, but we only choose the earthquakes 
occurring in a smaller domain (5, 185 km) × (5, 185 km), so that seismic stations in the study area are more 
likely to have a full azimuthal coverage over the selected earthquakes (Figure 5c). In the end, we have select-
ed 629,281 first P-wave arrivals of 31,815 earthquakes recorded by 315 seismic stations. Following the same 
criteria except that every earthquake must have at least 12 picks, 629, 381 first S-wave arrivals of 22, 409 
earthquakes recorded by 308 seismic stations are selected for S-wave tomography (Fig. S1). The large and 
almost the same amounts of first P- and S-wave arrivals have fully covered the study area; that is necessary 
for the reliability of the VP/VS model to be produced. The initial model for S-wave tomography is the final 
VP model divided by a factor of 1.73.

4.2.  Multiscale Checkerboard Resolution Test

In real practice of seismic tomographic inversions, we have to deal with imprecisely located earthquakes 
and noisy observations. A challenging checkerboard resolution test is conducted to verify the reliability of 
the inversion workflow and the resolving ability of the chosen P-wave data. Firstly, none of the 31,815 earth-
quakes are placed at their true locations. For the i-th earthquake in chronological order (i = 1, … , 31,815), 
its initial errors in spatial location xs,i and origin time τi are
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Figure 4.  An integrated workflow performing eikonal equation-based 
earthquake location and adjoint-state traveltime tomography alternatively.
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Figure 5.  (a) The tectonic setting and surface topography in southern California. The gray curves denote the surface 
traces of active faults including the San Andreas Fault (SAF), San Jacinto Fault (SJF) and Elsinore Fault (EF) (Jennings 
& Bryant, 2010). The stars except the red one are Mw ≥ 4.0 earthquakes during the period from 2000 to 2019. The red 
and purple stars are earthquakes occurring in the trifurcation area of the San Jacinto Fault Zone. The focal mechanism 
of the 2020 Mw 4.9 Anza earthquake (red star) is displayed by the beach ball. SBB is short for San Bernardino Basin. SJB 
is for San Jacinto Basin. The blue box outlines the present study area. (b) The 11 Mw ≥ 4.0 Anza earthquakes occurring 
in the trifurcation area in the San Jacinto Fault Zone since 2000. (c) The spatial distributions of the 31,815 earthquakes 
(red dots) and 315 seismic stations (blue inverse triangles) selected for P-wave tomography. The Coachella Valley and 
Salton Sea are labeled.
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Secondly, the relative velocity perturbation of the checkerboard velocity model with respect to the initial 
model m0 has a multiscale feature, which can be expressed by
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Thirdly, the synthetic traveltime data calculated in the checkerboard velocity model are deliberately pol-
luted by Gaussian noise to mimic the picking errors in real data. The mean and standard deviation of the 
noise are 0.0 and 0.05 s, respectively. Lastly, one multiple-grid formed by 5 sets of regular grids is used to 
discretize the relative slowness perturbation. The lateral spacing of each regular grid is 15.0 km, and the 
vertical spacing varies from 3.0 km near the surface to 7.5 km around 25 km depth (Figure S2). Each of the 5 
regular grids adequately samples the velocity anomalies. But none of the grid nodes coincide with any peaks 
or troughs of the checkerboard velocity model, making it difficult to fully recover the anomalous structures 
in amplitude.

We follow the steps of the integrated workflow described in Figure 4 to recover the multiscale checkerboard 
velocity anomalies. During the iterative process of earthquake location, an upper bound of 1.0% is set for 
the non-dimensionalized variables (Δx/Dx, Δy/Dy, and Δz/Dz) by choosing Dx = Dy = Dz = 20 km. Similarly, 
the relative slowness perturbation Δs(x)/s(x) is bounded by 1.5% at every update. Earthquake location and 
adjoint-state traveltime tomography are both iteratively performed four times during each iteration. The 
workflow process stops after six iterations when the reduction in the objective function is less than 5% of 
the reduction amount at the first iteration.

The obtained velocity model at six representative depths, the initial hypocenter errors, the final hypocenter 
errors and the Gaussian noise added to the synthetic data are shown in Figure 6. From the surface to less 
than 7 km depth (Figures 6a–6d), almost all the fast and slow velocity anomalies of different sizes are recov-
ered. Below 7 km depth (Figures 6e–6h), the velocity structure between the Elsinore Fault and San Andreas 
Fault is properly revealed, including the hypocentral zone of the 2020 Mw 4.9 Anza earthquake. The initial 
maximum hypocenter errors in horizontal place, depth and origin time are 2 km, 4 km, and 0.4 s, respec-
tively; whereas the majority of the corresponding final hypocenter errors are less than 1 km, 2 km, and 0.2 s 
(Figures 6i–6k). The accuracy of earthquake locations has been greatly improved. However, the amplitudes 
of velocity anomalies are slightly underestimated. This is partly due to the adding noise and still existent 
errors in earthquake locations. Undoubtedly, the pattens and spatial distributions of fast and slow velocity 
anomalies are accurately determined, allowing us to interpret velocity heterogeneities revealed by the real 
data. A similar multiscale checkerboard resolution test is performed for S-wave tomography. The results 
included in Figure S3 show that the S-wave data have the same resolving ability as the P-wave data. Since 
both P- and S-wave data can well resolve the structure between the Elsinore Fault and San Andreas Fault, 
we claim that the VP/VS structure of this specific region can be reliably resolved.

4.3.  Tomographic Results

By only replacing the noisy synthetic data with the real data and inheriting all other parameters from the 
P-wave and S-wave checkerboard resolution tests, we obtain the optimal VP and VS models. The VP/VS model 
is subsequently computed by taking the ratio of the final VP to the final VS. Both VP and VP/VS models reveal 
strong crustal heterogeneities in the study area (Figure 7).

In the upper crust, low-VP high-VP/VS anomalies are related to basins and faults (Figures 7a–7c, 7g–7i). The 
low-VP high-VP/VS anomaly beneath the Salton Sea and the elongated Coachella Valley in the north (both 
are parts of the Salton Trough) correlates with the sedimentary basin structure of the Salton Trough. This 
anomaly extends from the surface to about 6 km depth; its southeastward shortening indicates the asym-
metry of the Coachella Valley basin (Ajala et al., 2019). Low-VP high-VP/VS anomalies are also observable 
beneath the San Bernardino Basin and the San Jacinto Basin. There exists another low-VP zone west of the 
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trifurcation area of the San Jacinto Fault. The about-9-km-thick low-velocity zone has been reported by 
Allam and Ben-Zion (2012) as well. Low-to-normal VP and high-VP/VS anomalies are revealed beneath the 
surface traces of the Elsinore Fault, San Jacinto Fault and San Andreas Fault, suggesting the presence of 
high pore fluid pressure (e.g., Moretti et al., 2009; Wang et al., 2012). Attenuation models also suggest that 
the southern California crust is generally partially fluid-saturated and areas around the San Jacinto Fault 
are almost completely fluid-saturated (Hauksson & Shearer, 2006).

The vast high-velocity structure west of the San Jacinto Fault is related to the mafic part of the Western 
Peninsular Ranges batholith that is dense, magnetic, and characterized with relatively sparse seismicity 
(Figures 7a–7f) (Langenheim et al., 2014). The high-velocity rocks east of the San Jacinto Fault at shallow 
depths reflect the Eastern Peninsular Ranges batholith (Figures 7a–7c), which provide evidence for dis-
placement of the Peninsular Ranges batholith across the San Jacinto Fault (Ajala et al., 2019). The tomo-
graphic images also show strong velocity contrasts and reversal in contrast polarity across the San Jacinto 
Fault. As depth increases, the near-surface low-velocity anomaly beneath Salton Trough Basin is replaced 
by a pronounced high-velocity structure (Figures 7d–7f). In contrast, a low-velocity body roughly bounded 
by the Elsinore Fault in the south and the San Andreas Fault in the north emerges in the middle crust at 
9–15 km depths. We can also observe that the trifurcation area of the San Jacinto Fault is occupied by a high 
VP/VS structure in the middle crust (Figures 7j–7l).

Figure 7 displays that the 2020 Mw 4.9 Anza earthquake and other moderate-sized Anza earthquakes took 
place near or at the boundaries of low-velocity anomalies, while the cross-sectional views in Figure 8 show 
that those earthquakes occurred in normal-VP rocks with nearby low-velocity anomalies or at the boundaries 
of low-VP anomalies. The boundary areas of low-velocity anomalies or normal-VP areas with low-velocity 
anomalies surrounded are related to brittle and strong parts of the fault zone that are suitable for the genesis 
of earthquakes (Zhao & Kanamori, 1995). The same observations were made in source areas of some other 
large crustal earthquakes. For instance, the 1994 Mw 6.7 Northridge earthquake in southern California, the 
2008 Mw 7.9 Wenchuan earthquake in Sichuan, and the 2014 Mw 6.0 South Napa earthquake in northern 
California all occurred near the boundaries of low-velocity anomalies (Li et al., 2020; Tong et al., 2017; Zhao 
& Kanamori, 1995). In addition, the hypocenters of the 11 moderate-sized Anza earthquakes after 2000 
are located on the top side of a broad high-VP/VS body (Figures 7j–7l and Figures 8a2–8d2). Regions with 
high-VP/VS ratios are usually assumed to have a high density of fluid-saturated cracks (e.g., Doi et al., 2013; 
Moretti et al., 2009). Hence, we infer that the high-VP/VS rocks are composed of water-rich materials, which 
may provide fluids to reduce fault-zone friction and consequently lead to the occurrence of the moder-
ate-sized Anza earthquakes (e.g., Tong et al., 2021; Zhao et al., 2015).

All the findings regarding seismic P-wave velocity heterogeneities reported above are consistent with the 
features of previous models derived from different types of data, including first-arrival traveltimes (e.g., Aja-
la et al., 2019; Allam & Ben-Zion, 2012; Fang et al., 2016; Share et al., 2019; Tong et al., 2014b), traveltimes 
of reflected waves (Huang et al., 2016) and ambient noise (e.g., Qiu et al., 2019; Wang et al., 2018; Zigone 
et al., 2015). The consistence supports the validity of the adjoint-state traveltime tomography method and 
the integrated workflow.

To compare the performances of different seismic tomography methods, we continue to invert the first 
P-wave arrivals by separately using the adjoint-state traveltime tomography method of the present study 
and the eikonal ray-based traveltime tomography method (Tong et al., 2017, 2019). The two new VP mod-
els are compared against the velocity model generated by the integrated workflow and the CVM-H 15.1.0 
model (Figure 9). All the 4 models have the following features in common: (1) The high-velocity Western 
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Figure 6.  The results of the multiscale checkerboard resolution test for P-wave tomography. (a) The relative velocity perturbation of the checkerboard velocity 
model with respect to the initial model m0 at a depth of 3 km. As described by Equation 31, the pattern of the relative velocity perturbation from the surface to 
7 km depth is the same but the amplitude increases from 0 (0 km) to 6.6% (3 km) and then decreases back to 0 (7 km). (b)–(d) The recovered relative velocity 
perturbations at 2, 4 and 6 km, respectively. (e) The relative velocity perturbation of the checkerboard velocity model at 12 km depth. The pattern of the relative 
velocity perturbation from 7 km depth to 18 km depth is the same but the amplitude increases from 0 (7 km) to 6.6% (12 km) and then returns to 0 (18 km). 
(f)–(h) The recovered relative velocity perturbations at 9, 12 and 15 km, respectively. In (b)–(d) and (f)–(h) stars denote Mw ≥ 4.0 Anza earthquakes occurring 
after 2000 and every earthquake is projected to its nearest horizontal slice. The color scale for the relative velocity perturbations shown in (a)–(h) is included at 
the bottom. (i)–(k) The blue and red dots display the hypocenter errors of the 31,815 earthquakes before and after the multiscale checkerboard resolution test, 
respectively. (i) Shows the horizontal location errors. The errors in depth are illustrated in (j). The errors of origin time are included in (k). (l) Random errors 
added to the synthetic data. The errors have a mean value of 0.0 s and a standard deviation of 0.05 s.
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Peninsular Ranges; (2) Existence of low-velocity anomalies beneath the San Bernardino Basin and the San 
Jacinto Basin and along the San Andreas Fault; (3) Strong velocity contrasts and reversal in contrast polarity 
across the San Jacinto Fault; (4) The near-surface high-velocity body between the San Jacinto Fault and the 
San Andreas Fault; (6) Significant low-velocity anomalies around the trifurcation area of the San Jacinto 
Fault from the near-surface to middle crust; (6) A low-velocity structure atop of high-velocity rocks beneath 
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Figure 7.  (a)–(f) The obtained P-wave velocity model after iteratively executing the integrated workflow (Figure 4) six times. Horizontal slices at 6 
representative depths are displayed. Red and blue colors denote low- and high-velocity structures, respectively. The color scale for the relative velocity 
perturbation is below (e). (g)–(l) The VP/VS model at 6 representative depths. It is generated by computing the ratio of the final VP to the final VS. The final VP 
divided by 1.73 is the starting model for S-wave tomography. The final VS is obtained after executing the integrated workflow (Figure 4) six times. The color scale 
for VP/VS is included at the bottom. In (a)–(l) gray curves are active faults (Jennings & Bryant, 2010), the stars represent the moderate-sized Anza earthquakes 
(Mw ≥ 4.0) after 2000, and in particular the red star denotes the 2020 April Mw 4.9 Anza earthquake.

Figure 8.  Cross-section views of the VP (a1–d1) and VP/VS (a2–d2) models along 4 profiles. The locations of the 4 
vertical profiles are displayed on the inset map (e). Red color denotes low-VP or high-VP/VS structures, and blue color 
represents high-VP or low-VP/VS anomalies. The respective color scales for VP and VP/VS are shown below (d1) and (d2). 
The white curves are the Moho discontinuity (Shaw et al., 2015). All the others are the same as Figure 7.
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Salton Trough. The differences between the VP models generated by adjoint-state traveltime tomography 
and eikonal ray-based traveltime tomography are minor and can be ignored (Figures 9b and 9c). There are 
two main reasons for the nearly identical results: (1) The same data set and same model parameterization 
are used by the two tomography methods; (2) The using eikonal ray-based traveltime tomography meth-
od is able to accurately determine seismic ray paths in complex media by solving the eikonal equation 
with a highly accurate numerical solver first and then tracing along the negative traveltime gradient di-
rection (Tong et al., 2017). The community velocity model CVM-H 15.1.0 has larger variations or stronger 

TONG

10.1029/2021JB021818

18 of 22

Figure 9.  Comparisons of the P-wave velocity models generated by different methods. The velocity models at 4 representative depths (3, 7, 10, and 14 km) are 
displayed. Each color scale inset on the right is for the absolute velocity at the same depth. The horizontal slices of (a1)–(a4) are generated by the integrated 
workflow. (b1)–(b4) are the results of the adjoint-state traveltime tomography (ATT) method. Tomographic images in (c1)–(c4) are produced by the eikonal 
ray-based traveltime tomography method (Tong et al., 2017, 2019). (d1)–(d4) are extracted from the SCEC Community Velocity Model (CVM-H 15.1.0) (Shaw 
et al., 2015). All the others are the same as Figure 7.
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heterogeneities than the other three models. The results of the integrated workflow, adjoint-state traveltime 
tomography and eikonal ray-based traveltime tomography all suggest that the moderate-sized Anza earth-
quakes after 2000 took place near or at the boundaries of low-velocity rocks. However, the CVM-H 15.1.0 
model reveals that the hypocenters of those Anza earthquakes are within a wide low-velocity structure. We 
speculate that the minor discrepancy is mainly caused by the relatively low frequency data that were used 
to develop the community velocity model. As described by Shaw et al. (2015), waveform adjoint tomography 
was the final stage for the development of the community velocity model CVM-H 15.1.0, and three-compo-
nent seismograms filtered between 2 and 30 s were used to refine the crustal model. Considering that only 
velocity anomalies at or above the wavelength scale can be resolved by waveform adjoint tomography, the 
community velocity model may not contain the small-scale details of the Anza earthquake source zone as 
revealed by the other three tomographic models.

5.  Discussion and Conclusions
Seismic traveltime tomography is a data-fitting procedure that minimizes some form of the difference meas-
urement between observed and theoretical traveltimes (the objective function) to obtain an optimal sub-
surface velocity model. Since the pioneer work of Aki and Lee (1976) to present, it is usually necessary to 
trace seismic wave paths in a certain velocity model so that the theoretical traveltimes and the derivative 
of the objective function can be computed. In contrast, the adjoint-state traveltime tomography method of 
this study avoids the cumbersome step of ray tracing but the theoretical traveltimes and the derivative of 
the objective function still can be computed with high accuracy. If all the involving seismic ray paths can 
be accurately traced, traditional ray-based seismic tomography methods can produce similar results as the 
adjoint-state traveltime tomography. Given the fact that common ray tracing schemes such as shooting, 
bending and pseudo bending may fail even in mildly heterogeneous models (Rawlinson et al., 2008), while 
the eikonal equation precisely describes the traveltime field in a medium with any level of complexity, it 
is a technical advance to develop the ray-free eikonal equation-based adjoint-state traveltime tomography 
method. One can obtain stable and reliable tomographic results by using the new adjoint-state traveltime 
tomography method.

In this study, first-arrival traveltime is assumed to be governed by the eikonal equation |∇T(x)| = s(x). It is 
usually mentioned that the eikonal equation is derived from the wave equation under the high-frequency 
approximation (e.g., Aki & Richards, 2002; Rawlinson et al., 2008). Intuitively, it can be viewed as the differ-
entiation expression of the relation: Traveltime/Distance = 1/Velocity. The eikonal equation actually states 
a precise mathematical physical model for traveltime without considering the finite-frequency effects of 
wave propagation (e.g., Dahlen et al., 2000; Liu & Tromp, 2006). Accordingly, we reformulate seismic travel-
time tomography as an eikonal equation-constrained optimization problem and solve it by using the effec-
tive adjoint-state method. An auxiliary adjoint-state equation is introduced to facilitate the computation of 
the gradient of the objective function or the sensitivity kernel. It is common to add damping and smoothing 
regularization to the objective function, which is an efficient way to control the amplitude and wavelength 
of the retrieved model (e.g., Rawlinson et al., 2010; Tape et al., 2007; Tong et al., 2014a). But we do not add 
regularization terms to the objective function in all the examples of the present study. The two main reasons 
are: (1) The step-size-controlled gradient descent method can efficiently constrain the amplitude of the 
model; (2) The coarse inversion grid has a smoothing effect on the inverted model.

The computational cost of the adjoint-state traveltime tomography method is moderate and proportional to 
the number of earthquakes. If there are more earthquakes than seismic stations, just like the P-wave tomog-
raphy example which involves 31,815 earthquakes and 315 seismic stations, we consider all the receivers 
as virtual sources and all the earthquakes as virtual receivers. This strategy can save a lot of computational 
time. In comparison with wave equation-based adjoint tomography, eikonal equation-based adjoint-state 
traveltime tomography is computationally inexpensive and can be carried out on a moderately equipped 
desktop workstation of nowadays. But compared with seismic tomography methods using pseudo-bending 
approach for ray tracing (e.g., Zhao et al., 1992; Zhang & Thurber, 2003), the adjoint-state traveltime tomog-
raphy method of this study is computationally costly.
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An eikonal equation-based earthquake location method using first-arrival traveltimes has been developed 
to locate earthquakes when needed. Using this method, the number of eikonal equations to be solved equals 
the number of seismic stations. This method is quite efficient if there are more earthquakes than seismic 
stations. Although the eikonal equation-based earthquake location method updates earthquake locations 
iteratively, one can prefer to solve the eikonal equations only once if there is enough space to store the trav-
eltime fields. Theoretically, the new earthquake location method is identical to Geiger's method but no ray 
tracing is required.

The efficacy of the adjoint-state traveltime tomography and eikonal equation-based earthquake location 
methods has been demonstrated through a series of tests. An integrated workflow that performs eikonal 
equation-based earthquake location and adjoint-state traveltime tomography alternatively has been de-
signed and applied to the 2020 Mw 4.9 Anza earthquake source area. High-resolution VP and VP/VS mod-
els are generated. The main features of the P-wave velocity model are consistent with those discovered in 
previous studies. The obtained P-wave velocity model shows that the 2020 Mw 4.9 Anza earthquake and 
other moderate-sized Anza earthquakes after 2000 occurred near or at the boundaries of low-velocity rocks, 
regions that are considered to be prone to crustal earthquakes. Moreover, the source zone of the Anza earth-
quakes is characterized by high-VP/VS, suggesting the existence of water-rich materials and hence indicat-
ing the critical role of fluids in the genesis of the frequent moderate-sized Anza earthquakes.

In conclusion, the developed adjoint-state traveltime tomography method and eikonal equation-based earth-
quake location method provide alternatives to ray-based traveltime tomography and ray-based earthquake 
location methods. They have the potential to become routine tools in future seismic tomographic studies.

Appendix A:  Optimization Algorithm
The gradient descent method with a magnitude-controlled step size is designed to iteratively find the min-
imum of the objective function   1,1 2,1 ,( ( )) ( , , , )L HHs C C Cx  in a finite-dimensional vector space. Let 

 1,1 2,1 ,( , , , )L HHC C CX  and set an upper bound γ for the L∞ norm of its perturbation ‖ΔX‖∞ at every itera-
tion. The step-by-step process of the algorithm is given below, which starts from k = 0 and X0 = 0.

1.	 �Compute the objective function χ(Xk) and gradient vector gk = ∂χ/∂Xk. When k > 0, divide the upper 
bound γ by a factor of κ > 1 as γ → γ/κ if χ(Xk) > χ(Xk−1)

2.	 �Let f = χ(Xk) and g = gk⋅ gk, compute the step size λk = f/(2g)
3.	 �Compute αk = γ/‖λkgk‖∞ if ‖λkgk‖∞ > γ, otherwise αk = 1
4.	 �Compute ΔX = −αkλkgk, and update the model Xk+1 = Xk + ΔX
5.	 �If g ≤ ϵ, the tolerance level, or k exceeds the pre-defined maximum iteration number, or the objective 

function value becomes stable as |χ(Xk) − χ(Xk−1)|/|χ(X1) − χ(X0)| ≤ θ (θ is relatively small), then Xk+1 is 
the optimal solution; otherwise go back to the first step with k + 1

For the gradient descent method, there is no such a uniform expression for the optimal step size λk that 
works for all the objective functions. If the objective function is quadratic and has a close-to-zero minimum, 
then λk = f/(2g) is a good approximation to the optimal step size when the function value is about twice its 
minimum. That is to say, one can roughly get the current objective function value halved by setting λk = f/
(2g). However, in real practice the objective function χ(Xk) always involves noisy observed data, making it 
even more difficult to estimate the optimal step size. Thus, we prefer to choose a relatively small step size so 
that the updated model is close to the previous one. This is achieved by setting an upper bound γ in advance 
for the L∞ norm of the model perturbation ‖ΔX‖∞. Eventually, the model is updated in the negative gradient 
direction with a magnitude-controlled step size of αkλk. When there is no reduction or even an increase in 
the objective function, it is likely that the solution is around the local minimum. A smaller upper bound 
γ/κ (κ > 1) is required to further constrain the step size. This conservative strategy can be considered as an 
implicit implementation of the damping regularization. Liu et al. (2019) reported that an upper bound of 
about 1% for the relative velocity perturbation has the same effect as the optimal damping parameter.

Of note, some other more sophisticated optimization algorithms such as the nonlinear conjugate gradient 
method (e.g., Fletcher & Reeves, 1964; Tromp et al., 2005; Tong et al., 2014a) and the Gauss-Newton meth-
od (e.g., Virieux & Operto, 2009; Tavakoli et al., 2017) can be utilized to find a minimizer for the objective 
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function as well. These algorithms attempt to find the optimal model update at each iteration so that fewer 
iterations are required to reach the minimum, while the gradient descent method with a magnitude-con-
trolled step size usually takes more iterations to converge. But a smaller step size is more likely to get a stable 
solution.

Data Availability Statement
The seismic data are downloaded from Southern California Earthquake Data Center (SCEDC, 2013). Some 
figures are made with the Generic Mapping Tool (GMT) (Wessel & Smith, 1991).
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