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Quantum machine learning for multiclass classification beyond kernel methods
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Quantum machine learning is considered one of the current research fields with great potential. In recent
years, Havlíček et al. [Nature (London) 567, 209 (2019)] have proposed a quantum machine learning algorithm
with quantum-enhanced feature spaces, which effectively addressed a binary classification problem and offered
a potential pathway to achieving quantum advantage. However, a straightforward binary classification algorithm
falls short in solving multiclass classification problems. In this paper, we propose a quantum algorithm that
rigorously demonstrates that quantum kernel methods enhance the efficiency of multiclass classification in
real-world applications, providing quantum-enhanced performance. To demonstrate this, we design six distinct
quantum kernels within the quantum algorithm to map input data into quantum state spaces and estimate the
corresponding quantum kernel matrices. The results from quantum simulations reveal that the quantum algorithm
outperforms its classical counterpart in handling six real-world multiclass classification problems. Furthermore,
we leverage a variety of performance metrics to comprehensively evaluate the classification and generalization
performance of the quantum algorithm. The results demonstrate that the quantum algorithm achieves superior
classification and better generalization performance relative to classical counterparts.
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I. INTRODUCTION

Quantum machine learning (QML), as one of the key
applications of quantum computing in recent years [1–3],
seeks to explore the fundamental limits of data analysis as
permitted by the laws of physics. In particular, QML lever-
ages unique quantum mechanical properties—superposition
and entanglement—by encoding data in the inherently high-
dimensional structure of quantum state spaces [4], offering
a potential pathway beyond classical paradigms. As the
number of qubits continues to increase, the demands on
quantum hardware and technology also grow, making the
design of QML algorithms more complex. In the era of noisy
intermediate-scale quantum (NISQ) technology, a range of
innovative methods have been developed to address the lim-
itations imposed by constrained quantum hardware resources
[5–15]. Most of these methods are centered on the clever
integration of parameterized quantum circuits with classical
paradigms to achieve quantum-enhanced performance. The
resulting quantum-classical hybrid approach is thus consid-
ered one of the most promising avenues toward realizing such
enhancement.

Supervised learning, as a classical paradigm in machine
learning, aims to learn the correlation between input feature

*Contact author: shi_wang@hnu.edu.cn
†Contact author: wbgao@ntu.edu.sg

vectors and corresponding output class labels [16]. Interest-
ingly, this learning paradigm can address many real-world
machine learning tasks, from identifying diseases in medical
diagnostics [17–20] to predicting molecular properties in drug
discovery [21–25]. The quantum-classical hybrid approach, as
an emerging and transformative learning paradigm, leverages
parameterized quantum circuits to explore the intricate rela-
tionship between inputs and outputs [4,26–31]. Among these
methods, those based on quantum kernels have attracted atten-
tion for implicitly embedding classical data into exponentially
high-dimensional feature spaces using parameterized quan-
tum circuits [4,26,28–30]. This advantage holds promise for
achieving more expressive classification boundaries than clas-
sical kernel methods in real-world classification tasks.

A support vector machine (SVM) is a well-known su-
pervised learning algorithm designed to find the optimal
hyperplane that separates feature vectors into two distinct
classes in a feature space [32–34]. It typically utilizes
kernel methods [35–37] to implicitly map feature vectors
into a higher-dimensional space, making it well suited for
addressing classification problems that are not linearly sep-
arable. Some previous quantum-classical hybrid approaches
to support vector machines [4,26,28], which explore the
connection between quantum kernels and classical support
vector machines, have made strides on straightforward binary
classification problems. Fundamentally, these methods first
perform a nonlinear mapping of feature vectors to quantum
states through specialized parameterized quantum circuits.
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FIG. 1. Illustration of multiclass classification using a one-
versus-all approach.

Following this mapping, they evaluate the overlap of pairwise
quantum states to construct a kernel matrix. This matrix is
then fed into a classical optimizer, which determines the op-
timal hyperplane by executing a convex quadratic program,
effectively dividing the vectors into two classes. Although
existing research has predominantly addressed binary clas-
sification tasks, multiclass classification problems are more
common in real-world applications and pose greater chal-
lenges in terms of quantum kernel design, classification
effectiveness, and generalization performance.

In this paper, we propose a quantum-enhanced multi-
class SVM (QEM-SVM) that leverages the quantum state
space [4] as its feature space to tackle real-world multiclass
classification tasks and demonstrate quantum-enhanced per-
formance. First, we ensure that quantum kernels, devised
through specific parameterized quantum circuits, meet the
required standards. In addition, quantum kernel matrices must
satisfy the condition of being positive semidefinite matrices.
Building on this foundation, we utilize the unique capabilities

(a) (b)

(c) (d)

FIG. 2. Quantum circuit example with five qubits in the IQP circuit. (a) The matrix representation of single-qubit gates and the imple-
mentation of two-qubit gates. The two-qubit gates are constructed through CNOT and RZ gates. (b) The IQP circuit with a full entanglement
layer. For a full entanglement layer with N qubits, where each qubit qi is entangled with every other qubit qj , there are a total of N (N − 1)/2
two-qubit gates and N (N + 1)/2 training parameters. (c) The IQP circuit with a linear entanglement layer. For a linear entanglement layer
with N qubits, where the qubit qi is entangled with the qubit qi+1 and the index i belongs to the set {0, 1, . . . , N − 2}, there are a total of N − 1
two-qubit gates and 2N − 1 training parameters. (d) The IQP circuit with a circular entanglement layer. For a circular entanglement layer with
N qubits, the qubits are entangled in the same way as in the linear entanglement layer, but with an additional entanglement between the qubit
q0 and the qubit qN−1. There are a total of N two-qubit gates and 2N training parameters.
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(a) (b) (c)

FIG. 3. Quantum circuit example with a trainable single-qubit rotation layer. Each qubit corresponds to each feature of the input classical
state �xi. (a) The trainable single-qubit rotation layer with Pauli-X rotations. A Pauli-X rotation transforms |0〉 into the quantum state |φx (xt )〉 =
cos(xt/2)|0〉 − i sin(xt/2)|1〉. This rotation results in a superposition state of |0〉 and |1〉, significantly changing the probability amplitude
distribution and introducing a phase difference between two basis states. (b) The trainable single-qubit rotation layer with Pauli-Y rotations [46].
A Pauli-Y rotation transforms |0〉 into the quantum state |φy(xt )〉 = cos(xt/2)|0〉 + sin(xt/2)|1〉. Similar to the Pauli-X rotation, this rotation
converts |0〉 into a superposition state of |0〉 and |1〉, altering the probability amplitude distribution of the two basis states and introducing
a phase difference between them. (c) The trainable single-qubit rotation layer with Pauli-Z rotations. A Hadamard gate and Pauli-Z rotation
transform |0〉 into the quantum state |φz(xt )〉 = √

2/2[cos(xt/2) − i sin(xt/2)]|0〉 + √
2/2[cos(xt/2) + i sin(xt/2)]|1〉. As with the Pauli-X and

Pauli-Y rotations, this operation generates a quantum state where the phase and probability amplitude distribution are both affected.

of high-dimensional data representation provided by instan-
taneous quantum polynomial circuits [26] to develop three
types of quantum kernels: full, linear, and circular. In addition,
we utilize parameterized quantum circuits featuring trainable
single-qubit rotation layers to develop three types of quantum
kernels: Pauli X, Pauli Y, and Pauli Z. To compare the perfor-
mance of quantum algorithms with various quantum kernels,
we introduce six distinct real-world datasets, each with unique
feature dimensions and class labels. The results demonstrate
that the optimal quantum kernel is significantly contingent
upon the distribution and structure of the real-world dataset.
Furthermore, a comprehensive suite of performance metrics
is employed to evaluate the quantum algorithm. The results
demonstrate that the quantum algorithm, when equipped with
the optimal quantum kernel, surpasses its classical coun-
terparts in both classification accuracy and generalization
performance. Finally, we examine the effects of exponential
concentration and hardware noise on the quantum algorithm.
The findings reveal no observable impact from exponential

concentration, while depolarizing noise affects the algorithm
to varying degrees.

The paper is organized as follows: Sec. II presents classical
multiclass SVMs and quantum kernel estimation. Section III
elaborates on six distinct quantum kernels, and Sec. IV
proposes a quantum machine learning algorithm termed
QEM-SVM. Section V provides a comprehensive perfor-
mance analysis of the QEM-SVM, and Sec. VI introduces the
effects of exponential concentration and hardware noise on the
QEM-SVM. The paper concludes with Sec. VII, encapsulat-
ing our findings.

II. PRELIMINARIES

A. Notations

The notations used in this paper are outlined as follows.
The dot product is represented as 〈�a, �b〉 = �a · �b. Consider two
quantum states, |τ 〉 and |φ〉, where the inner product is de-
noted by 〈τ |φ〉, the outer product by |τ 〉〈φ|, and the overlap is

TABLE I. Examples of kernel function representations for input feature vectors �xi and �x j , including classical kernels and quantum kernels.

Type Name Kernel function Hyperparameters

Classical [35] Linear kernel (LK) κ(�xi, �x j ) = 〈�xi, �x j〉 None
Polynomial kernel (PK) κ (�xi, �x j ) = (κ〈�xi, �x j〉)d

κ > 0, d � 1
Sigmoid kernel (SK) κ (�xi, �x j ) = tanh(κ〈�xi, �x j〉 + c) κ > 0, c < 0
Gaussian kernel (GK) κ (�xi, �x j ) = exp(−κ · ‖�xi − �x j‖2) κ > 0

Quantum Full quantum kernel (FQK) κ (�xi, �x j ) = Tr[(|0〉〈0|)⊗N (U †
f (�x j )Uf (�xi )(|0〉〈0|)⊗NU †

f (�xi )Uf (�x j ))] None
Linear quantum kernel (LQK) κ (�xi, �x j ) = Tr[(|0〉〈0|)⊗N (U †

l (�x j )Ul (�xi )(|0〉〈0|)⊗NU †
l (�xi )Ul (�x j ))] None

Circular quantum kernel (CQK) κ (�xi, �x j ) = Tr[(|0〉〈0|)⊗N (U †
c (�x j )Uc(�xi )(|0〉〈0|)⊗NU †

c (�xi )Uc(�x j ))] None
Pauli-X quantum kernel (XQK) κ (�xi, �x j ) = Tr[(|0〉〈0|)⊗N (U †

x (�x j )Ux (�xi )(|0〉〈0|)⊗NU †
x (�xi )Ux (�x j ))] None

Pauli-Y quantum kernel (YQK) κ (�xi, �x j ) = Tr[(|0〉〈0|)⊗N (U †
y (�x j )Uy(�xi )(|0〉〈0|)⊗NU †

y (�xi )Uy(�x j ))] None
Pauli-Z quantum kernel (ZQK) κ (�xi, �x j ) = Tr[(|0〉〈0|)⊗N (U †

z (�x j )Uz(�xi )(|0〉〈0|)⊗NU †
z (�xi )Uz(�x j ))] None
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FIG. 4. Schematic diagram of the QEM-SVM, constructed
by integrating quantum kernels with classical multiclass
SVMs, where Ki j = |〈0|⊗NS†(�x j )S(�xi )|0〉⊗N |2. The quantum
feature mapping S(�xi ) is constrained to elements of the set
{Uf (�xi ),Ul (�xi ),Uc(�xi ),Ux (�xi ),Uy(�xi ),Uz(�xi )}.

defined as |〈τ |φ〉|2. In addition, we define

δi,p =
{

1, if yi = p
0, otherwise, (1)

where both i and p serve as indices. Finally, three canonical
rotations around the axes, corresponding to the Pauli matrices
(σx, σy, σz), are denoted as

Rx(2α) = σ0 cos α − iσx sin α, (2)

Ry(2α) = σ0 cos α − iσy sin α, (3)

Rz(2α) = σ0 cos α − iσz sin α, (4)

where

σ0 =
[

1 0
0 1

]
, σx =

[
0 1
1 0

]
,

σy =
[

0 −i
i 0

]
, σz =

[
1 0
0 −1

]
.

(5)

The above summarizes the key notations used in this paper.

B. Multiclass SVMs

One approach to address multiclass classification is by de-
composing it into multiple binary classification tasks [38–40].
Multiclass SVMs typically adopt a one-versus-all approach
[41–45], illustrated in Fig. 1, wherein three binary classifiers
are employed to address the classification task involving three
classes. Suppose that there are a set of data points {(�xi, yi ) :
�xi ∈ RN , yi ∈ Y }i=1,...,m, where Y = {1, . . . , l}, yi is the class
label, and �xi is the feature vector. The task of the sth binary

TABLE II. Real-world datasets used in experimental result analysis.

Dataset No. instances No. features No. class

Iris [52] 150 4 3
Tae [53] 151 5 3
Penguin [54] 344 5 3
Glass [55] 214 9 6
Ecoli [56] 336 7 8
Vowel [57] 528 10 11

FIG. 5. Cumulative explained variance analysis.

classifier is to differentiate data points into two classes: the
sth class, which is assigned a positive label, and the combined
class of all remaining classes, which receive a negative label.
For the sth binary classifier, there exists a normal vector
�θs ∈ RN and a bias term bs ∈ R. In this case, we define the
decision function f̃s(�x) = 〈�θs, �x〉 + bs, where �x is the feature
vector of unknown data points.

To achieve optimal classification performance, it is essen-
tial to address the following optimization problem:

min
�θ,b,�ξ

L(�θ, b, �ξ ) = 1

2
〈�θs, �θs〉 + C

m∑
i=1

ξ s
i , (6)

subject to the constraints: yi[〈�θs, �xi〉 + bs] � 1 − ξ s
i , yi = ±1,

ξ s
i � 0, and ∀i = 1, . . . , m. The dual formulation to this opti-

mization problem can be expressed as

max
�α

L(�α) =
m∑

i=1

αs
i − 1

2

∑
i, j

αs
i α

s
jyiy j〈�xi, �x j〉, (7)
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FIG. 6. Runtime comparison of different quantum simulators.
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(a) (b) (c)

(d) (e) (f)

FIG. 7. Performance comparison across datasets: (a) Iris, (b) Tae, (c) Penguin, (d) Glass, (e) Ecoli, and (f) Vowel. The bar chart shows
the mean accuracy comparison between classical and quantum kernels, and the scatter plot illustrates the accuracy distribution for each cross-
validation iteration.

subject to the constraints C � αs
i � 0, and

∑m
i=1 yiα

s
i = 0.

The Lagrange multipliers αs
i here are used to determine sup-

port vectors, and the index set of the support vectors is
denoted by 
. Therefore, the decision function of the sth
binary classifier is redefined as f̃s(�x) = ∑

i∈
 αs
i yi〈�xi, �x〉 + bs.

As there are l binary classifiers, the corresponding l deci-
sion functions are expressed as follows: f̃1(�x) = 〈�θ1, �x〉 + b1,
. . ., f̃l (�x) = 〈�θl , �x〉 + bl . This yields the resulting decision
function:

f̃ (�x) = arg max
s=1,...,l

[〈�θs, �x〉 + bs]. (8)

The class with the highest decision function is selected.

C. Quantum kernel estimation

Suppose that a feature vector �x is mapped to a quantum
state |φ(�x)〉 = S(�x)|0〉⊗N , the density matrix of |φ(�x)〉 is rep-
resented as ρ(�x) = |φ(�x)〉〈φ(�x)| ∈ C2N ×2N

. For |φ(�xi)〉 and
|φ(�x)〉, we define the quantum kernel [46–50] using their over-
lap, i.e., κ (�xi, �x) = |〈φ(�xi )|φ(�x)〉|2. Given a set of data points
{(�xi, yi ) : �xi ∈ RN , yi ∈ Y }i=0,...,N−1, we generalize the quan-
tum kernel κ (�xi, �x j ) to a quantum kernel matrix K ∈ RN×N ,
with the individual elements given by Ki j = |〈φ(�xi )|φ(�x j )〉|2.
Therefore, we simulate and compute each element Ki j of the
quantum kernel matrix K on an NISQ device. Furthermore,
in accordance with Mercer condition [51], it is imperative to
establish that the quantum kernel matrix K satisfies the criteria
of being a positive semidefinite matrix. Here we demonstrate
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TABLE III. Data description following a 70–30 training-testing
split.

Dataset

Iris Tae Penguin Glass Ecoli Vowel

Ntrain 105 105 233 149 235 369
Ntest 45 46 100 65 101 159

that the quantum kernel κ (�xi, �x j ) is an admissible kernel based
on the straightforward inference from Ki j = Kji and Ki j � 0.

III. QUANTUM KERNELS WITH LEARNABLE
ROTATIONS

In this section, we develop six quantum kernels for mul-
ticlass classification, each featuring learnable rotations and
built from distinct parameterized quantum circuits.

A. Full, linear, and circular quantum kernels

To give rise to quantum kernels, we utilize an instantaneous
quantum polynomial (IQP) circuit [26]. The IQP circuit in-
cludes a Hadamard layer, a single-qubit rotation layer, and a
two-qubit entanglement layer, with its performance influenced
by the quantum circuit structure. To explore this, we examine
three distinct quantum circuit structures in the IQP circuit:
full, linear, and circular entanglement layers, illustrated in
Figs. 2(b)–2(d), respectively. Furthermore, three unique quan-
tum circuit structures yield three distinct quantum kernels:
full, linear, and circular. Quantum kernels map the classical
input state �xi = (x0, x1, . . . , xN−1)T ∈ RN to a quantum state
space.

For the full quantum kernel, �xi is mapped to
|φ f (�xi )〉 = Uf (�xi )|0〉⊗N , where |0〉⊗N is the initial state.
As illustrated in Fig. 2(b), implementing a Hadamard
gate on each qubit yields the following state: |φ1〉 =
(1/

√
2)N

∑1
q0=0

∑1
q1=0 . . .

∑1
qN−1=0 |q0, q1, . . . , qN−1〉, where

qi describes the state of the ith qubit, which can be either 0
or 1. Due to q = qN−120 + qN−221 + · · · + q02N−1, |φ1〉 sim-
plifies to (1/

√
2)N

∑2N −1
q=0 |q〉. Based on Rz(αi )|0〉 = |0〉 and

Rz(αi )|1〉 = eiαi |1〉, we apply the Pauli-Z rotation gate to each
qubit to obtain |φ2〉 = (1/

√
2)N

∑2N −1
q=0 exp (i

∑N−1
i=0 αiqi )|q〉.

There are two two-qubit gates, Rzz(α) and R̃zz(α), in Fig. 2(a),
where Rzz(α) = R̃zz(α) = diag(e−iα/2, eiα/2, eiα/2, e−iα/2)
and α = αi, j = αiα j . Based on Rzz(α)|00〉 = e−iα/2|00〉,

Rzz(α)|01〉 = eiα/2|01〉, Rzz(α)|11〉 = e−iα/2|11〉, and
Rzz(α)|10〉 = eiα/2|10〉, we apply the two-qubit gates to
the quantum circuit given in Fig. 2(b) to obtain

|φ3〉 =
(

1√
2

)N 2N −1∑
q=0

exp

(
i

N−1∑
i=0

αiqi

) ∏
(i, j)∈I

�(i, j)|q〉 (9)

with �(i, j) =exp(i −αiα j

2 (−1)qi⊕q j ) and I = {(i, j) | 0 � i <

j � N − 1}. Here the feature xi corresponds to αi, and xix j

corresponds to αiα j . The final quantum state |φ f (�xi )〉 is ex-

pressed as (1/
√

2)N
∑2N −1

q=0 exp (i
∑N−1

i=0 xiqi )
∏

(i, j)∈I �
′
(i, j)|q〉

with �
′
(i, j) = exp(i −xix j

2 (−1)qi⊕q j ]. For the linear quan-
tum kernel, the feature �xi is mapped to |φl (�xi )〉 =
Ul (�xi )|0〉⊗N . Similar to the full quantum kernel,
the resulting quantum state |φl (�xi )〉 is defined by
(1/

√
2)N

∑2N −1
q=0 exp (i

∑N−1
i=0 xiqi )

∏
(i, j)∈Ī �

′
(i, j)|q〉 with

Ī = {(i, j) | 0 � i < j � N − 1, j = i + 1}. For the
circular quantum kernel, the feature �xi is mapped to
|φc(�xi )〉 = Uc(�xi )|0〉⊗N . Similar to the full and linear quantum
kernels, the obtained quantum state |φc(�xi )〉 is denoted
as (1/

√
2)N

∑2N −1
q=0 exp (i

∑N−1
i=0 xiqi )

∏
(i, j)∈Î �

′
(i, j)|q〉 with

Î = {(i, j) | 0 � i � N − 1, j = (i + 1) mod N}. The above
are the three types of quantum kernels generated by the IQP
circuit.

B. Pauli-X , Pauli-Y , and Pauli-Z quantum kernels

In addition to IQP circuits, we utilize a parameterized
quantum circuit featuring a trainable single-qubit rotation
layer to implement quantum kernels. In terms of the single-
qubit rotation layer, we employ three distinct quantum
circuit structures: Pauli-X , -Y, and -Z rotations, illustrated in
Figs. 3(a)–3(c), respectively. Similarly, these quantum circuit
structures give rise to three unique quantum kernels: Pauli
X , Pauli Y , and Pauli Z . For the Pauli-X quantum kernel,
the feature �xi is mapped to |φx(�xi )〉 = Ux(�xi )|0〉⊗N , where
Ux(�xi ) = Rx(x0) ⊗ · · · ⊗ Rx(xN−1). Therefore, the quantum
state |φx(�xi )〉 is reformulated as

|φx(�xi )〉=
1∑

q0=0

. . .

1∑
qN−1=0

N−1∏
i=0

(
cos

xi

2

)1−qi
(

− i sin
xi

2

)qi

|q〉.

(10)
For the Pauli-Y quantum kernel, the feature �xi is mapped
to |φy(�xi )〉 = Uy(�xi )|0〉⊗N , where Uy(�xi ) = Ry(x0) ⊗ · · · ⊗
Ry(xN−1). Similar to Eq. (10), this results in the following

TABLE IV. Performance analysis of the proposed quantum algorithm using optimal kernels across various real-world datasets.

Macroaverage Microaverage Weighted average

Dataset Kernel function Precision Recall F1 score Precision Recall F1 score Precision Recall F1 score Accuracy

Iris XQK, YQK, ZQK 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Tae FQK 0.5926 0.5875 0.5827 0.5870 0.5870 0.5870 0.5919 0.5870 0.5822 0.5870
Penguin CQK 0.9932 0.9815 0.9870 0.9900 0.9900 0.9900 0.9902 0.9900 0.9899 0.9900
Glass XQK, YQK, ZQK 0.7357 0.6562 0.6796 0.7692 0.7692 0.7692 0.7451 0.7692 0.7406 0.7692
Ecoli LQK 0.7584 0.6925 0.7141 0.8515 0.8515 0.8515 0.8423 0.8515 0.8437 0.8515
Vowel FQK 0.9299 0.9331 0.9267 0.9308 0.9308 0.9308 0.9355 0.9308 0.9278 0.9308
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(a) (b) (c)

(d) (e) (f)

FIG. 8. ROC curve and confusion matrix for each dataset: (a), (d) for the Iris dataset, (b), (e) for the Tae dataset, and (c), (f) for the Penguin
dataset. The ROC curve illustrates the trade-off between true positive rate (TPR) and false positive rate (FPR) for each class, and the confusion
matrix shows classification accuracy, highlighting correct and incorrect predictions among classes.

quantum state:

|φy(�xi )〉 =
1∑

q0=0

. . .

1∑
qN−1=0

N−1∏
i=0

(
cos

xi

2

)1−qi
(

sin
xi

2

)qi

|q〉.

(11)
For the Pauli-Z quantum kernel, we observe that Pauli-
Z rotations affect only the phase of the quantum state.
Therefore, we introduce a Hadamard layer before the
Pauli-Z rotation layer to optimize this quantum feature map-
ping. As illustrated in Fig. 3(c), the feature �xi is mapped
to |φz(�xi )〉 = Uz(�xi )|0〉⊗N , where Uz(�xi ) = Rz(x0)H ⊗ · · · ⊗
Rz(xN−1)H . The Pauli-Z rotation gate is represented as
Rz(xi ) = e−ixi/2|0〉〈0| + eixi/2|1〉〈1|. Thus, the quantum state
|φz(�xi )〉 has the form

|φz(�xi )〉 =
(

1√
2

)N 2N −1∑
q=0

exp

(
i

N−1∑
i=0

xiqi

)
|q〉. (12)

Note that the quantum kernels we used for multiclass classifi-
cation are detailed in Table I.

IV. QEM-SVM

In this section, we provide a detailed description of QEM-
SVM. The QEM-SVM includes two main stages, as illustrated
in Fig. 4. In the first stage, it calculates the quantum ker-
nel matrix on an NISQ device to evaluate the similarity
between quantum states. This includes performing multiple

measurements on a parameterized quantum circuit to derive
the elements of the quantum kernel matrix. In the following
stage, the quantum kernel matrix is utilized to formulate and
solve a quadratic programming problem [32] for multiclass
classification. This includes generalizing the quadratic pro-
gramming problem presented in Eq. (6) to the following form:

min
�θ,b,�ξ

L̃(�θ, b, �ξ ) = 1

2

l∑
s=1

〈�θs, �θs〉 + C
m∑

i=1

l∑
s �=yi

ξ s
i , (13)

with the following constraints: ξ s
i � 0, 〈�θyi , �xi〉 + byi � 〈�θs,

�xi〉 + bs + 2 − ξ s
i , ∀s �= yi, and ∀i = 1, . . . , m. In addition, ξ s

i
and C are slack variables and penalty parameters, respectively.
To address this quadratic programming problem, we formu-
late the following generalized Lagrangian function:

L̃ = −
∑

i,s

αs
i

[〈�θyi − �θs, �xi
〉 + byi − bs − 2 + ξ s

i

]

−
∑

i,s

μs
i ξ

s
i + 1

2

l∑
s=1

〈�θs, �θs〉 + C
∑
i,s

ξ s
i , (14)

with the following constraints: αs
i , μs

i , ξ s
i � 0 and ∀s �= yi,

where αs
i and μs

i are Lagrange multipliers. Additionally,
we have α

yi
i = 0, μ

yi
i = 0, and ξ

yi
i = 2. Then, the optimal
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(a)

(b)

FIG. 9. ROC curve (a) and confusion matrix (b) for the Glass
dataset.

parameter set can be obtained through min-max optimization:

arg max
�α,�μ

arg min
�θ,b,�ξ

L̃. (15)

The partial derivatives of Eq. (14) with respect to the primal
variables (�θs′ , bs′ , ξ s′

i ) are denoted by ∂L̃/∂�θs′ = ∑m
i=1 αs′

i �xi −∑
i,s αs

i δi,s′ �xi + �θs′ , ∂L̃/∂bs′ =∑m
i=1 αs′

i −∑
i,s αs

i δi,s′ , and
∂L̃/∂ξ s′

i =C−αs′
i −μs′

i . Finally, the resulting decision function
is given by

f̃ (�x, �α) = arg max
s′

m∑
i=1

(
δi,s′

l∑
s=1

αs
i − αs′

i

)
κ (�xi, �x) + bs′ .

(16)
Based on Eq. (16), we determine the output by calculating the
values of each decision function and selecting the class with
the highest value. The core derivation of Eq. (16) can be found
in Appendix B.

(a)

(b)

FIG. 10. ROC curve (a) and confusion matrix (b) for the Ecoli
dataset.

FIG. 11. ROC curve for Vowel dataset. The AUCs all exceed
0.9000.
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FIG. 12. Confusion matrix for Vowel dataset. C0–C10,
Class 0–10.

V. EXPERIMENTS

A. Experimental datasets and simulation platforms

In this part, we introduce the real-world datasets and
simulation platforms; details of the datasets are provided in
Table II. Notably, the Penguin dataset includes 11 instances
with missing values, which have been removed prior to the
experiment. Then, we apply z-score normalization [58] to
standardize the six real-world datasets during a preprocessing
stage. For the latter three datasets, we utilize the cumulative
explained variance in principal component analysis (PCA)
[59–61] to select principal components. Analysis of Fig. 5

FIG. 13. Effect of exponential concentration on generalization
performance. In alignment with the parameters in Ref. [71], we adopt
the following settings: 150 data points, 1000 measurement shots, and
20 testing data points. The random seed is set to 15. Each data point is
randomly generated in the interval [0, 2π ). The main plot illustrates
how the relative testing loss changes with increasing training size,
while the inset shows the variation in absolute training loss as the
training size increases.

indicates that achieving 85% cumulative explained variance
requires five principal components for the Glass and Ecoli
datasets, and six principal components for the Vowel dataset.
Therefore, features are adjusted from 9 to 5, 7 to 5, and 10 to
6 for the Glass, Ecoli, and Vowel datasets, respectively.

To validate feasibility and efficiency, the proposed quan-
tum algorithm is implemented with a quantum simulator and
applied to the six real-world multiclass datasets. Here are
some well-known quantum simulators from various providers:
QISKIT.AER [62], CIRQ.SIMULATOR [63], LIGHTNING.QUBIT

[64], BRAKET.LOCAL.QUBIT [65], PROJECTQ.SIMULATOR [66],
and RIGETTI.NUMPY_WAVEFUNCTION [67]. As illustrated in
Fig. 6, the LIGHTNING.QUBIT quantum simulator outperforms
other quantum simulators in speed. Therefore, all noise-free
quantum simulations for training and testing in this paper
are performed using the LIGHTNING.QUBIT quantum simulator.
Moreover, noisy quantum simulations are conducted with the
DEFAULT.MIXED quantum simulator.

B. Classification performance analysis

The classification performance analysis of the proposed
quantum algorithm are detailed in this part, which includes
two stages. First, we analyze and compare the performance
of various kernels across six different multiclass real-world
datasets to choose the optimal kernel for each dataset. Second,
we assess the performance of the quantum algorithm—using
the optimal kernel for each dataset—based on a set of perfor-
mance metrics, which are detailed in Appendix A.

In the first stage, we employ a stratified k-fold cross-
validation method [68–70] to evaluate the proposed quantum
algorithm. For each dataset, we divide it into five folds, ensur-
ing that the class label proportions in each fold are consistent
with those in the entire dataset.

Based on the comparative analysis in Fig. 7, we obtain
the optimal kernel for each dataset. For the Iris and Glass
datasets, the Pauli-X , Pauli-Y , and Pauli-Z quantum kernels
perform equally well, with the proof of their equivalence
provided in the Appendix D. For the Tae and Vowel datasets,
the full quantum kernel is optimal. The Penguin dataset ben-
efits most from the circular quantum kernel, and the Ecoli
dataset is best served by the linear quantum kernel. There-
fore, the optimal quantum kernel is significantly contingent
upon the distribution and structure of real-world datasets. In
addition, the proposed quantum algorithm with the optimal
quantum kernel exhibits superior classification performance
compared to its classical counterparts across all six real-world
datasets.

In the following stage, we split each dataset into a 70–
30 training and testing set, as shown in Table III. We then
train and test the proposed quantum algorithm with optimal
kernels. Analysis of Table IV reveals that the accuracy values
are consistent with the precision, recall, and F1 score values
computed using microaverage methods. Moreover, they also
match the recall values derived from weighted average meth-
ods. Therefore, these five performance metrics serve the same
function in evaluating the quantum algorithm.

Further analysis indicates that the quantum algorithm
achieves satisfactory classification accuracy, along with ro-
bust precision, recall, and F1 score across macroaverage,
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(a) (b) (c)

(d) (e) (f)

FIG. 14. Learning curves for the proposed quantum algorithm utilizing optimal quantum kernels on the following datasets: (a) Iris, (b) Tae,
(c) Penguin, (d) Glass, (e) Ecoli, and (f) Vowel. The learning curve of training illustrates how the training accuracy evolves as the training
size increases, and the learning curve of testing depicts the variation in testing accuracy with the growing training size. The blue and purple
shaded areas represent the variability in training and testing accuracy, respectively. The generalization performance of the quantum algorithm
is assessed on six real-world datasets using a stratified fivefold cross-validation method.

microaverage, and weighted average evaluations. Specifically,
the quantum algorithm achieves a perfect classification accu-
racy of 100% for the Iris dataset and an impressive 99.00%
accuracy for the Penguin dataset. It also demonstrates strong
performance on the Vowel dataset with an accuracy of 93.08%
and the Ecoli dataset with 85.15%. For the Glass dataset, it

FIG. 15. Parameterized quantum circuit to generate noisy quan-
tum kernels for feature vectors �xi and �x j . The implementation of
the circuit consists of the following steps: first, applying the unitary
operation S(�xi ), followed by a depolarizing noise channel Np̄. Then
the inverse operation S†(�x j ) is performed, followed again by a depo-
larizing noise channel. Finally, a projector � is employed to measure
the resulting quantum state.

achieves an accuracy of 76.92%, while for the Tae dataset, it
attains a satisfactory accuracy of 58.70%.

To evaluate the proposed quantum algorithm with optimal
quantum kernels, we also employ receiver operating charac-
teristic (ROC) curves and confusion matrices. Drawing from a
comprehensive analysis of Figs. 8–12, we evaluate the classifi-
cation performance of quantum algorithms employing optimal
quantum kernels across various classes in each dataset, as well
as the overall performance using macroaverage, microaver-
age, and weighted average methods.

For the Iris dataset, the area under the ROC curve (AUC)
for each class, as well as the macroaverage, microaverage,
and weighted average AUCs, are all 1.0000, demonstrating
that the quantum algorithm achieves perfect classification.
For the Tae dataset, Class 2 exhibits the strongest classifi-
cation performance, while Class 1 is relatively weaker; the
macroaverage, microaverage, and weighted average AUCs
confirm robust overall performance. For the Penguin dataset,
the AUC for each class, as well as the macroaverage, mi-
croaverage, and weighted average AUCs, are either 1.0000
or close to 1.0000, indicating near-perfect classification per-
formance. For the Glass dataset, Class 3 shows the highest
performance, while Class 1 is the lowest; the macroaver-
age, microaverage, and weighted average AUCs reflect solid
overall performance. For the Ecoli dataset, Class 5 achieves
the best classification performance, while Class 1 is the
worst; the macroaverage, microaverage, and weighted average
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TABLE V. Examples of representing noisy quantum kernel functions for input feature vectors �xi and �x j .

Name Kernel function Hyperparameters

Noisy full quantum kernel (NFQK) κ ′(�xi, �x j ) = Tr[(|0〉〈0|)⊗N (N p̄ ◦ U †
f (�x j ) ◦N p̄ ◦ Uf (�xi ))(|0〉〈0|)⊗N ] p̄ ∈ [0, 1]

Noisy linear quantum kernel (NLQK) κ ′(�xi, �x j ) = Tr[(|0〉〈0|)⊗N (N p̄ ◦ U †
l (�x j ) ◦N p̄ ◦ Ul (�xi ))(|0〉〈0|)⊗N ] p̄ ∈ [0, 1]

Noisy circular quantum kernel (NCQK) κ ′(�xi, �x j ) = Tr[(|0〉〈0|)⊗N (N p̄ ◦ U †
c (�x j ) ◦N p̄ ◦ Uc(�xi ))(|0〉〈0|)⊗N ] p̄ ∈ [0, 1]

Noisy Pauli-X quantum kernel (NXQK) κ ′(�xi, �x j ) = Tr[(|0〉〈0|)⊗N (Np̄ ◦ U †
x (�x j ) ◦N p̄ ◦ Ux (�xi ))(|0〉〈0|)⊗N ] p̄ ∈ [0, 1]

Noisy Pauli-Y quantum kernel (NYQK) κ ′(�xi, �x j ) = Tr[(|0〉〈0|)⊗N (Np̄ ◦ U †
y (�x j ) ◦N p̄ ◦ Uy(�xi ))(|0〉〈0|)⊗N ] p̄ ∈ [0, 1]

Noisy Pauli-Z quantum kernel (NZQK) κ ′(�xi, �x j ) = Tr[(|0〉〈0|)⊗N (N p̄ ◦ U †
z (�x j ) ◦N p̄ ◦ Uz(�xi ))(|0〉〈0|)⊗N ] p̄ ∈ [0, 1]

AUCs demonstrate strong overall performance. Finally, for
the Vowel dataset, Class 0 exhibits the strongest classification
performance, while Class 5 is the weakest; the macroav-
erage, microaverage, and weighted average AUCs indicate
near-optimal overall performance. Interestingly, as illustrated
in Fig. 10, the quantum algorithm classifies only five classes
in the Ecoli dataset, despite it containing eight classes. This is
due to a class imbalance in the dataset, with Classes 2, 3, and 6
having insufficient instances, resulting in their exclusion from
prediction.

C. Generalization performance analysis

To rigorously evaluate the generalization performance of
QEM-SVM, we focus on deriving generalization error bounds
for quantum kernels. As noted in Ref. [2], we derive an
upper bound on the empirical Rademacher complexity to
obtain a generalization error bound for quantum kernels. In
other words, investigating the empirical Rademacher com-
plexity R̂E(F) of quantum kernels provides insights into the
generalization capabilities of QEM-SVM. As shown in Ap-
pendix C, the quantum kernels used in this work exhibit a
lower Frobenius norm and empirical Rademacher complexity
compared to classical kernels across all datasets. As a result,
the findings indicate that QEM-SVM outperforms its classi-
cal counterparts in terms of generalization performance. A
detailed derivation of R̂E(F) is presented in Appendix C.

VI. IN-DEPTH PERFORMANCE ANALYSIS

Up to now, we only consider the ideal, noise-free scenarios,
focusing on the evaluation of parameterized quantum circuits
for quantum kernels under perfect scenarios. In fact, when
implementing quantum kernels on quantum devices, we also
need to consider the effects of exponential concentration and
hardware noise on the quantum kernel. In this section, we
first evaluate the effect of exponential concentration on the

performance of the proposed quantum algorithm, followed by
an assessment of the effect of hardware noise.

A. Effect of exponential concentration

Exponential concentration in quantum kernel methods cap-
tures the effect where, as the problem size grows, the kernel
values between data points mapped by quantum feature map-
ping progressively approach a fixed constant [71]. Due to the
inherent uncertainty of measurements on quantum devices, we
must conduct repeated measurements to ensure an accurate es-
timation of the quantum kernel. Therefore, more measurement
shots are essential to distinguish between different kernel val-
ues. However, under the constraints of a polynomial number
of measurement shots, exponential concentration reduces the
distinguishability of kernel values, preventing the proposed
quantum algorithm from effectively capturing the patterns of
the input data. That is, the trained quantum algorithm may
make incorrect predictions on unseen inputs, resulting in poor
generalization performance.

To assess the effect of exponential concentration on gen-
eralization performance, we employ a relative testing loss ϑ

relative to its initial values (Ninit = 10). As stated in Ref. [71],
if Ninit > 10 and ϑ < 1, it signifies superior generalization
with larger training size. Figure 13 depicts the effects of expo-
nential concentration on four-qubit to ten-qubit simulations,
with the solid red line representing the 40-qubit simula-
tion that achieves exponential concentration as detailed in
Ref. [71]. It is found from Fig. 13 that for simulations ranging
from four to ten qubits, the condition Ninit > 10 and ϑ < 1
holds, with generalization performance progressively improv-
ing as the training size increases. In addition, zero training
loss is attained in all simulations. As shown in Table II, this
paper utilizes six real-world datasets, with feature dimensions
ranging from four to ten. As each feature is mapped to a
qubit, the number of qubits in our simulations also ranges

TABLE VI. Performance analysis of the proposed quantum algorithm across various real-world datasets under depolarizing noise.

Macroaverage Microaverage Weighted average

Dataset Kernel function Precision Recall F1 score Precision Recall F1 score Precision Recall F1 score Accuracy

Iris NXQK, NYQK, NZQK 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000
Tae NFQK 0.6380 0.6319 0.6295 0.6304 0.6304 0.6304 0.6392 0.6304 0.6293 0.6304
Penguin NCQK 0.9932 0.9815 0.9870 0.9900 0.9900 0.9900 0.9902 0.9900 0.9899 0.9900
Glass NXQK, NYQK, NZQK 0.7289 0.5895 0.6218 0.7385 0.7385 0.7385 0.7312 0.7385 0.7064 0.7385
Ecoli NLQK 0.7515 0.6841 0.7074 0.8416 0.8416 0.8416 0.8355 0.8416 0.8357 0.8416
Vowel NFQK 0.8676 0.8676 0.8536 0.8616 0.8616 0.8616 0.8779 0.8616 0.8535 0.8616
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(a) (b) (c)

(d) (e) (f)

FIG. 16. ROC curve and confusion matrix for each dataset, evaluated under depolarizing noise: (a), (d) for the Iris dataset, (b), (e) for the
Tae dataset, and (c), (f) for the Penguin dataset.

from four to ten. Therefore, such exponential concentration
does not occur in the six real-world datasets used in this
paper. To rigorously preclude the potential for exponential
concentration, we further evaluate generalization performance
using learning curves derived from six real-world datasets. As
illustrated in Fig. 14, the testing accuracy on all six real-world
datasets improves with the increasing training size, indicat-
ing a progressive improvement in generalization performance.
Undoubtedly, the effects of exponential concentration are not
observed.

B. Effect of hardware noise

Given the constraints of NISQ devices, hardware noise
may disrupt quantum kernels constructed with parameterized
quantum circuits, reducing the accuracy of similarity metrics.
That is, hardware noise may bias the kernel values away
from their true values, potentially affecting the classification
accuracy of the proposed quantum algorithm. Here we focus
on depolarizing noise and conduct an analytical study of its
effect on the quantum algorithm. To investigate the effect of
depolarizing noise, we employ the noise model described in
Refs. [71,72]. Suppose each layer of an ideal parameterized
quantum circuit is followed by a depolarizing noise channel
with a probability p̄. The model for the depolarizing noise
channel is denoted by N p̄ = N1

p̄⊗ · · ·⊗NN
p̄ . For any quantum

state η, we have

NI
p̄(η) = (1 − p̄)η + p̄

3
(σxησx + σyησy + σzησz ) (17)

with the corresponding Kraus matrices M0 = √
1 − p̄σ0,

M1 = √
p̄/3σx, M2 = √

p̄/3σy, and M3 = √
p̄/3σz. As shown

in Fig. 15, the quantum kernel with depolarizing noise is
expressed as

κ ′(�xi, �x j ) = Tr[�(Np̄ ◦ S†(�x j ) ◦Np̄ ◦ S(�xi ))�], (18)

where � = (|0〉〈0|)⊗N . From Eqs. (17) and (18), it is evident
that the channel is noise-free only when the condition p̄ = 0 is
met. Therefore, hardware noise may inevitably introduce bias,
causing kernel values to shift from their true values.

To evaluate the proposed quantum algorithm under de-
polarizing noise, we construct six distinct noisy quantum
kernels, detailed in Table V. Then, we evaluate the classi-
fication performance of the quantum algorithm with noisy
quantum kernels using confusion matrices and ROC curves
(see Figs. 16–20). In this paper, we set the depolarizing
noise probability to p̄ = 0.05 to emulate realistic NISQ-level
hardware noise. As shown in Table VI, the noisy Pauli-X ,
Pauli-Y , and Pauli-Z quantum kernels exhibit identical per-
formance, with their equivalence proven in the Appendix E.
From the comparative analysis in Tables IV and VI, we fur-
ther obtain the following results: for the Iris and Penguin
datasets, the presence of depolarizing noise does not affect
the classification performance of the quantum algorithm. In-
terestingly, for the Tae datasets, depolarizing noise appears to
improve the quantum algorithm’s classification accuracy. In
contrast, for the Glass, Ecoli, and Vowel datasets, depolarizing
noise negatively affects the quantum algorithm’s classification
performance.
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(a)

(b)

FIG. 17. ROC curve (a) and confusion matrix (b) for the Glass
dataset under depolarizing noise.

The negative effect can be further analyzed in detail
through Figs. 9(b), 10(b), 12, 17(b), 18(b), and 20. It is evident
that depolarizing noise mainly affects the classification of
Class 3 in the Glass dataset, Class 1 in the Ecoli dataset, and
Classes 1, 2, 4, 5, 6, and 10 in the Vowel dataset. To analyze
the effects of depolarizing noise on overall performance, we
also adopt ROC curves. It is found from Figs. 9(a), 10(a),
11, 17(a), 18(a), and 19 that the overall performance of the
quantum algorithm is affected to varying extents under depo-
larizing noise.

Building on the analysis above, hardware noise introduces
bias to kernel values, leading to varied outcomes: it may
enhance category separation and boost classification perfor-
mance, blur boundaries and diminish accuracy, or have no
effect at all. Therefore, future work should focus on exploring
nontrivial quantum kernels, particularly those with entangled
structures, to further improve generalization and classification
performance. We should also investigate the trade-off between
kernel complexity and hardware noise, with a focus on real-
world applications constrained by limited resources.

(a)

(b)

FIG. 18. ROC curve (a) and confusion matrix (b) for the Ecoli
dataset under depolarizing noise.

FIG. 19. ROC curve for the Vowel dataset under depolarizing
noise. The AUCs also all exceed 0.9000.
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FIG. 20. Confusion matrix for the Vowel dataset under depolar-
izing noise. C0–C10, Class 0 to 10.

VII. CONCLUSION

In the current NISQ era, it is crucial to develop quantum
machine learning algorithms tailored for effective operation
on NISQ devices. This paper proposed a quantum machine
learning algorithm for multiclass classification problems on
NISQ devices, termed QEM-SVM. The results from quantum
simulations demonstrated that the proposed quantum algo-
rithm surpasses its classical counterparts in both classification
accuracy and generalization performance. The quantum sim-
ulations further illuminated the effects of quantum kernel
methods on classification and generalization performance,
demonstrating their potential in advancing quantum machine
learning. Furthermore, this paper successfully addressed the
future work proposed by Havlíček et al. [26] and further
expanded upon their research.
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APPENDIX A: PERFORMANCE METRICS

In this Appendix, we provide a comprehensive set of
performance metrics [73,74] for evaluating the effective-
ness of the proposed quantum-enhanced multiclass SVM.
These metrics are meticulously designed to precisely eval-
uate the predictive capability, accuracy, and other key
aspects of the quantum algorithm in multiclass classification
tasks.
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FIG. 21. Schematic diagram of the confusion matrix for Class
t (ct ).

As illustrated in Fig. 21, the precision Mφ
t , recall Mθ

t ,
and F1 score Mτ

t for Class t can be denoted as follows:
Mφ

t = Ctp
t /(Ctp

t + C fp
t ), Mθ

t = Ctp
t /(Ctp

t + C fn
t ), and Mτ

t =
2Ctp

t /(2Ctp
t + C fn

t + C fp
t ). As shown in Fig. 21, Ctp

t represents
testing instances correctly predicted as Class t ; C fn

t denotes
testing instances incorrectly predicted as not Class t despite
belonging to it; C fp

t is testing instances incorrectly predicted
as Class t despite not belonging to it; Ctn

t describes testing
instances correctly predicted as not Class t . Given a classifi-
cation task with l classes, calculating the performance metrics
for each class is essential.

To achieve a thorough evaluation of algorithm per-
formance within such multiclass classification tasks, we
integrate macroaverage, microaverage, and weighted average
approaches. In the macroaverage approach, the computational
expressions for macroaverage precision Mφ

mac, macroaverage
recall Mθ

mac, and macroaverage F1 score Mτ
mac are given

by Mφ
mac =1/l

∑l
i=1 Mφ

i , Mθ
mac =1/l

∑l
i=1 Mθ

i , and Mτ
mac =

1/l
∑l

i=1 Mτ
i . In the weighted average approach, the com-

putational expressions for weighted average precision Mφ
wgt,

weighted average recall Mθ
wgt, and weighted average F1

score Mτ
wgt can be expressed as follows: Mφ

wgt = ∑l
i=1 γiM

φ
i ,

Mθ
wgt = ∑l

i=1 γiMθ
i , and Mτ

wgt = ∑l
i=1 γiMτ

i , where γi is
the weight of Class i. In the microaverage approach, the
computational expressions for microaverage precision Mφ

mic,
microaverage recall Mθ

mic, and microaverage F1 score Mτ
mic

are described as follows: Mφ

mic = ∑l
i=1 Ctp

i /
∑l

i=1(Ctp
i + C fp

i ),
Mθ

mic =∑l
i=1 Ctp

i /
∑l

i=1(Ctp
i + C fn

i ), and Mτ
mic = ∑l

i=1 2Ctp
i /∑l

i=1(2Ctp
i + C fn

i + C fp
i ), where Mτ

mic is the harmonic mean
of Mφ

mic and Mθ
mic. Furthermore, overall accuracy is regarded

as a performance metric, expressed as M ′ = 1/C′ ∑l
i=1 Ctp

i ,
where C′ denotes all testing instances. According to the
performance metrics discussed above, a higher metric value
signifies a stronger classification performance of the proposed
quantum algorithm, whereas a lower value indicates inferior
classification performance.
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APPENDIX B: DERIVATION OF THE FINAL
DECISION FUNCTION

In this Appendix, we present the step-by-step deriva-
tion from Eqs. (15) to (16). Derived from the Karush-
Kuhn-Tucker (KKT) conditions [75] and Eq. (15), we
have ∂L̃/∂�θs′ = 0, ∂L̃/∂bs′ = 0, and ∂L̃/∂ξ s′

i = 0. There-
fore, the optimal conditions we obtain can be expressed
as

�θs′ =
m∑

i=1

(
δi,s′

l∑
s=1

αs
i − αs′

i

)
�xi, (B1)

m∑
i=1

αs′
i =

∑
i,s

αs
i δi,s′ , (B2)

C � αs′
i � 0, C = αs′

i + μs′
i . (B3)

Then we define the following expressions:⎛
⎝∑

i,s

αs
i

⎞
⎠byi =

l∑
s=1

bs

(
m∑

i=1

δi,s

l∑
s=1

αs
i

)
=

l∑
s=1

bs

∑
i,s

αs
i δi,s

(B4)
and

∑
i,s

αs
i bs =

l∑
s=1

bs

m∑
i=1

αs
i . (B5)

Given that
∑m

i=1 αs′
i = ∑

i,s αs
i δi,s′ , we obtain (

∑
i,s αs

i )byi =∑
i,s αs

i bs. Therefore, the dual formulation is expressed as

max
�α

L̃(�α) = 2
∑
s,i

αs
i + 1

2

∑
s,i, j

(
δi,s

l∑
s=1

αs
i · δ j,s

l∑
s=1

αs
j

−αs
jδi,s

l∑
s=1

αs
i + αs

i δ j,s

l∑
s=1

αs
j

−2αs
i δ j,yi

l∑
s=1

αs
j + 2αs

i α
yi
j − αs

i α
s
j

)
〈�xi, �x j〉,

(B6)

with the following constraints: α
yi
i =0,

∑m
i=1 αs′

i =∑
i,s αs

i δi,s′ ,
C �αs′

i �0, ∀s �=yi, and ∀s′ =1, . . . , l . Practically speaking,
the solution to Eq. (B6) demonstrates greater simplicity
compared with that of Eq. (13). To enhance this inherent
simplicity, we simplify the dual formulation in two steps.
First, we attempt to simplify the middle two terms. Given
that

∑
s,i, j α

s
j (δi,s

∑l
s=1 αs

i ) = ∑
s,i, j α

s
i (δ j,s

∑l
s=1 αs

j ),
the dual formulation can be expressed as 2

∑
s,i α

s
i +

1/2
∑

s,i, j (δi,s
∑l

s=1 αs
i · δ j,s

∑l
s=1 αs

j − 2αs
i δ j,yi

∑l
s=1 αs

j +
2αs

i α
yi
j − αs

i α
s
j )〈�xi, �x j〉. Second, based on

∑l
s=1 δi,sδ j,s =

δi,y j = δ j,yi = 1 if yi = y j and
∑l

s=1 δi,sδ j,s = δi,y j = δ j,yi = 0
otherwise, the dual formulation can be simplified to
2

∑
s,i α

s
i + 1/2

∑
s,i, j[−δ j,yi (

∑l
s=1 αs

i )(
∑l

s=1 αs
j ) + 2αs

i α
yi
j −

αs
i α

s
j]〈�xi, �x j〉.

The solution to the dual formulation can be ob-
tained through the sequential minimal optimization (SMO)

ALGORITHM 1. QEM-SVM.

Require: Training dataset X = {(�x1, y1), . . . , (�xm, ym )}, where
�xi = (x1, x2, . . . , xN )T is the feature vector of the ith data point
and yi is the corresponding label; Label matrix L; Testing
instance �xt

Ensure: Predicted class label ỹ
1: Initialization:
2: Initialize parameters: �α, �θ , b
3: Set C as the penalty parameter
4: Set M as the resulting bit strings
5: Set Z as the number of measurements
6: Prepare quantum registers for initial states |0〉⊗N

7: Calibrate the NISQ device to construct the quantum circuit
8: Quantum kernel estimation:
9: for each pair of data points (�xi, �x j ) do

10: Set the counter R = r(0, . . . , 0) = 0
11: for z ← 1 to Z do
12: Apply S(�xi ) to prepare quantum state |φ(�xi )〉
13: Apply S†(�x j ) to the prepared quantum state |φ(�xi )〉
14: Measure the resulting state S†(�x j )S(�xi )|0〉⊗N

15: if M = 0N then
16: R = R + 1
17: else
18: R = R
19: Use the frequency RZ−1 to estimate Ki j

20: Store Ki j in the quantum kernel matrix K
21: Return: Quantum kernel matrix K
22: Training:
23: for s ← 1 to l do
24: Construct the binary label vector Ls

25: for i ← 1 to m do
26: if L[i] = s then
27: Ls[i] = 1
28: else
29: Ls[i] = −1
30: Update to optimal parameters:
31: �αs, �θs, bs ← SMO(K, Ls,C)
32: Return: Trained parameters (�α, �θ, b)
33: Prediction:
34: for s ← 1 to l do
35: Calculate the sth decision function using the trained

parameters (�α, �θ, b) and the testing instance �xt :
f̃s(�xt ) = ∑

i∈
 αs
i yiKit + bs

36: Return: ỹ = arg maxs=1,...,l f̃s(�xt )

algorithm [76–78]. This yields the decision function

f̃ (�x, �α) = arg max
s′

⎛
⎝ ∑

i:yi=s′

l∑
s=1

αs
i −

∑
i:yi �=s′

αs′
i

⎞
⎠〈�xi, �x〉 + bs′ .

(B7)
Here we replace 〈�xi, �x j〉 with a quantum kernel κ (�xi, �x j ) to
leverage the expressive power of quantum state spaces [4].
Thus, the resulting decision function is given by

f̃ (�x, �α) = arg max
s′

m∑
i=1

(
δi,s′

l∑
s=1

αs
i − αs′

i

)
κ (�xi, �x) + bs′ .

(B8)
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The pseudocode for the QEM-SVM can be found in Algo-
rithm 1.

APPENDIX C: GENERALIZATION ERROR BOUNDS

Given a sample E = {�x1, �x2, . . . , �xD}, where �xi ∈ RN . Let
κ : RN × RN → R denote a quantum kernel function, and let
Ki j = κ (�xi, �x j ) be the corresponding quantum kernel matrix.
Furthermore, a class of functions can be denoted by

F =
{

f (x) =
D∑

i=1

Oiκ (�x, �xi ) | ‖ �O‖2 � �

}
(C1)

with �O = (O1, . . . , OD)T ∈ RD. From the description in
Ref. [79], the empirical Rademacher complexity of F is de-
fined as

R̂E(F) = E�

⎡
⎣ sup

‖ �O‖2��

1

D

D∑
i=1

�i

D∑
j=1

Ojκ (�xi, �x j )

⎤
⎦, (C2)

where �1,�2, . . . ,�D are i.i.d. Rademacher random vari-
ables uniformly drawn from {−1, 1}. Reordering the summa-
tion, Eq. (C2) becomes

R̂E(F) = E�

⎡
⎣ sup

‖ �O‖2��

1

D

D∑
j=1

Oj �υ j

⎤
⎦, (C3)

where

�υ j :=
D∑

i=1

�iκ (�xi, �x j ). (C4)

Given that ‖ �O‖2 � �, we employ the Cauchy–Schwarz in-
equality to deduce

D∑
j=1

Oj �υ j � ‖ �O‖‖�υ‖ � �‖�υ‖. (C5)

Substituting Eq. (C5) results in a simplification of Eq. (C3),
yielding

R̂E(F) = �

D
E� [‖�υ‖]. (C6)

By the Cauchy-Schwarz inequality, we have

(E� [‖�υ‖])2 � E� [‖�υ‖2]. (C7)

Therefore, �
D

√
E� [‖�υ‖2] denotes the upper bound of R̂E(F):

R̂E(F) � �

D

√
E� [‖�υ‖2]. (C8)

To determine the upper bound of R̂E(F), we first analyze
‖�υ‖2, where

‖�υ‖2 =
D∑

j=1

�υ2
j

=
D∑

j=1

(
D∑

i=1

�iκ (�xi, �x j )

)2

=
D∑

j=1

D∑
i=1

D∑
i′=1

�i�i′κ (�xi, �x j )κ (�xi′ , �x j ). (C9)

Given that the Rademacher random variables satisfy
E� [�i�i′ ] = {1, i = i′

0, i �= i′, we have

E� [‖�υ‖2] =
D∑
i, j

κ (�xi, �x j )
2 = ‖K‖2

F , (C10)

where ‖K‖F is the Frobenius norm of the quantum kernel ma-
trix K . By substituting Eq. (C10) into Eq. (C8), we conclude
that R̂E(F) satisfies the condition

R̂E(F) � �

D
‖K‖F . (C11)

Therefore, the upper bound of the empirical Rademacher com-
plexity is proportional to the Frobenius norm of the quantum
kernel matrix. The generalization analysis results are listed
in Table VII. It can be inferred from Table VII that quantum
kernel methods exhibit better generalization performance than
classical kernel methods.

APPENDIX D: PROOF OF EQUIVALENCE AMONG
PAULI-X , PAULI-Y , AND PAULI-Z QUANTUM KERNELS

Remarkably, Pauli-X , Pauli-Y , and Pauli-Z quantum ker-
nels achieve identical mean accuracy in multiclass classifi-
cation tasks on various real-world datasets. Although these
quantum kernels exhibit different physical properties and
mechanisms, our experimental results reveal that their clas-
sification performance is remarkably consistent on various
multiclass classification tasks. This consistency has prompted
further investigation into the potential theoretical equivalence
of these quantum kernels.

1. Mathematical analysis of Pauli-X quantum kernels

For any input classical state �xi = (2x0, 2x1, . . . , 2xN−1)T ∈
RN , the Pauli-X quantum kernel has the form

κx(�xi, �x′
i ) = |〈φx(�xi )|φx(�x′

i )〉|2. (D1)

Let us first consider the process of encoding �xi as a quantum
state, which we denote by

|φx(�xi )〉 =
[

cos x0

−i sin x0

]
⊗ · · · ⊗

[
cos xN−1

−i sin xN−1

]
. (D2)

Substituting Eq. (D2) into Eq. (D1), we have

κx(�xi, �x′
i ) =

N−1∏
i=0

| cos(xi − x′
i )|2. (D3)

Here we utilize 〈0|0〉 = 〈1|1〉 = 1 and 〈0|1〉 = 〈1|0〉 = 0.

2. Mathematical analysis of Pauli-Y quantum kernels

Similar to the Pauli-X quantum kernel, the Pauli-Y quan-
tum kernel is denoted as

κy(�xi, �x′
i ) = |〈φy(�xi )|φy(�x′

i )〉|2. (D4)

Then we encode �xi as a quantum state, given by

|φy(�xi )〉 =
[

cos x0

sin x0

]
⊗ · · · ⊗

[
cos xN−1

sin xN−1

]
. (D5)
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TABLE VII. Generalization analysis of various kernel functions.

Dataset Kernel function ‖K‖F R̂E(F) Upper bound

Iris LK 303.5553 2.5593 2.8910
PK 527.1340 4.8091 5.0203
SK 76.3759 0.6851 0.7274
GK 50.4150 0.4601 0.4801

FQK 39.9393 0.3589 0.3804
LQK 41.9019 0.3814 0.3991
CQK 40.4679 0.3683 0.3854

XQK, YQK, ZQK 49.4697 0.4519 0.4711
Tae LK 266.1292 2.4115 2.5346

PK 445.2876 4.1964 4.2408
SK 76.4926 0.6603 0.7285
GK 37.7070 0.3385 0.3591

FQK 26.2685 0.2370 0.2502
LQK 28.5439 0.2559 0.2718
CQK 27.5773 0.2491 0.2626

XQK, YQK, ZQK 32.2922 0.2928 0.3075
Penguin LK 778.3569 2.6868 3.3406

PK 1074.1190 4.0841 4.6100
SK 168.8427 0.6911 0.7246
GK 92.4048 0.3862 0.3966

FQK 54.5493 0.2353 0.2341
LQK 62.1466 0.2649 0.2667
CQK 58.5630 0.2501 0.2513

XQK, YQK, ZQK 81.9560 0.3430 0.3517
Glass LK 573.0572 3.3799 3.8460

PK 10762.2241 69.6747 72.2297
SK 109.0790 0.6680 0.7321
GK 66.5629 0.4125 0.4467

FQK 49.7011 0.3135 0.3336
LQK 54.1024 0.3412 0.3631
CQK 53.1684 0.3361 0.3568

XQK, YQK, ZQK 60.8262 0.3812 0.4082
Ecoli LK 795.9544 3.1618 3.3870

PK 424827.4131 1807.6520 1807.7762
SK 169.9102 0.7020 0.7230
GK 97.1009 0.4020 0.4132

FQK 62.1455 0.2549 0.2644
LQK 70.9959 0.2872 0.3021
CQK 69.5493 0.2822 0.2960

XQK, YQK, ZQK 86.7654 0.3574 0.3692
Vowel LK 1443.9961 3.3813 3.9133

PK 2169.7484 5.3771 5.8801
SK 268.2608 0.6948 0.7270
GK 87.5059 0.2337 0.2371

FQK 40.6547 0.1107 0.1102
LQK 47.2345 0.1259 0.1280
CQK 43.8518 0.1176 0.1188

XQK, YQK, ZQK 63.6651 0.1700 0.1725

Substituting Eq. (D5) into Eq. (D4), we have

κy(�xi, �x′
i ) =

N−1∏
i=0

| cos(xi − x′
i )|2. (D6)

3. Mathematical analysis of Pauli-Z quantum kernels

Following the approach for deriving the Pauli-X and Pauli-
Y quantum kernels, the Pauli-Z quantum kernel is expressed
as

κz(�xi, �x′
i ) = |〈φz(�xi )|φz(�x′

i )〉|2. (D7)

Then we encode �xi as a quantum state, denoted by

|φz(�xi )〉 =
(√

2

2

)N[
M(x0 )

N(x0 )

]
⊗ · · · ⊗

[
M(xN−1 )

N(xN−1 )

]
(D8)

with M(x) = cos x − i sin x, N(x) = cos x + i sin x. The com-
plex conjugate transpose of |φz(�xi )〉 is thus given by

〈φz(�x′
i )| =

(√
2

2

)N[
N(x′

0 )

M(x′
0 )

]T

⊗ · · ·⊗
[
N(x′

N−1 )

M(x′
N−1 )

]T

. (D9)

Substituting Eqs. (D8) and (D9) into Eq. (D7), we have

κz(�xi, �x′
i ) =

(
1

4

)N N−1∏
i=0

∣∣N(xi )M(x′
i ) +M(xi )N(x′

i )

∣∣2

=
N−1∏
i=0

| cos(xi − x′
i )|2. (D10)

From Eqs. (D3), (D6), and (D10), we conclude that Pauli-X ,
Pauli-Y , and Pauli-Z quantum kernels are equivalent.

APPENDIX E: PROOF OF EQUIVALENCE AMONG NOISY
PAULI-X , PAULI-Y , AND PAULI-Z QUANTUM KERNELS

The noisy Pauli-X , Pauli-Y , and Pauli-Z quantum kernels
achieve identical accuracy in multiclass classification tasks
across various real-world datasets. This raises the question: do
these noisy quantum kernels remain theoretically equivalent?
To address this, we further investigate their theoretical equiv-
alence. As indicated in Eq. (17) of Sec. VI, the depolarizing
noise channel for a single qubit can be equivalently expressed
as

NI
p̄(η) =

(
1 − 4 p̄

3

)
η + 2 p̄

3
I. (E1)

In noisy Pauli-X and Pauli-Y quantum kernels, we first con-
sider the case of a single-qubit system, where

�k =
(

1 − 4 p̄

3

)2

R†

(
x′

k

2

)
R

(
xk

2

)
|0〉〈0|R†

(
xk

2

)
R

(
x′

k

2

)

+
(

1 − 4 p̄

3

)
2 p̄

3
I + 2 p̄

3
I (E2)

with R ∈ {Rx, Ry}. Similarly, in noisy Pauli-Z quantum ker-
nels, we also first explore the case of a single-qubit system,
where

�k =
(

1 − 4 p̄

3

)2

HRz
†

(
x′

k

2

)
Rz

(
xk

2

)
H |0〉〈0|HRz

†

(
xk

2

)

× Rz

(
x′

k

2

)
H +

(
1 − 4 p̄

3

)
2 p̄

3
I + 2 p̄

3
I. (E3)
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Let � represent the density matrix of an N-qubit system. In this case, � = �0 ⊗ �1 ⊗ · · · ⊗ �N−1. Given that the projector
� = (|0〉〈0|)⊗N , the noisy quantum kernel is given by

κ ′(�xi, �x′
i ) = Tr [�(�0 ⊗ �1 ⊗ · · · ⊗ �N−1)] =

N−1∏
k=0

〈0|�k|0〉. (E4)

The following mathematical analysis studies the noisy Pauli-X , Pauli-Y , and Pauli-Z quantum kernels individually.

1. Mathematical analysis of noisy Pauli-X quantum kernels

For any input classical state �xi = (2x0, 2x1, . . . , 2xN−1)T ∈ RN , the noisy Pauli-X quantum kernel is given by

κ ′
x(�xi, �x′

i ) = Tr [�(Np̄ ◦ Ux
†(�x′

i ) ◦Np̄ ◦ Ux(�xi ))�]. (E5)

Combining Eqs. (E2) and (E4), Eq. (E5) can be expanded as

κ ′
x(�xi, �x′

i ) =
N−1∏
k=0

[(
1 − 4 p̄

3

)2

|〈0|Rx
†(x′

k )Rx(xk )|0〉|2 +
(

2 − 4 p̄

3

)
2 p̄

3

]
. (E6)

Substituting Eq. (2) leads to a simplification, yielding

κ ′
x(�xi, �x′

i ) =
N−1∏
k=0

[(
1 − 4 p̄

3

)2

| cos(xk − x′
k )|2 +

(
2 − 4 p̄

3

)
2 p̄

3

]
. (E7)

2. Mathematical analysis of noisy Pauli-Y quantum kernels

Similar to the noisy Pauli-X quantum kernel, the noisy Pauli-Y quantum kernel is expressed as

κ ′
y(�xi, �x′

i ) = Tr[�(Np̄ ◦ Uy
†(�x′

i ) ◦Np̄ ◦ Uy(�xi ))�]. (E8)

Combining Eqs. (E2) and (E4), Eq. (E8) can be expanded as

κ ′
y(�xi, �x′

i ) =
N−1∏
k=0

[(
1 − 4 p̄

3

)2

|〈0|Ry
†(x′

k )Ry(xk )|0〉|2 +
(

2 − 4 p̄

3

)
2 p̄

3

]
. (E9)

Substituting Eq. (3) results in a simplification, yielding

κ ′
y(�xi, �x′

i ) =
N−1∏
k=0

[(
1 − 4 p̄

3

)2

| cos(xk − x′
k )|2 +

(
2 − 4 p̄

3

)
2 p̄

3

]
. (E10)

3. Mathematical analysis of noisy Pauli-Z quantum kernels

Building on the approach used to derive the noisy Pauli-X and Pauli-Y quantum kernels, the noisy Pauli-Z quantum kernel is
described as

κ ′
z(�xi, �x′

i ) = Tr[�(Np̄ ◦ Uz
†(�x′

i ) ◦N p̄ ◦ Uz(�xi ))�]. (E11)

Combining Eqs. (E3) and (E4), Eq. (E11) can be expanded as

κ ′
z(�xi, �x′

i ) =
N−1∏
k=0

[(
1 − 4 p̄

3

)2

|〈0|HRz
†(x′

k )Rz(xk )H |0〉|2 +
(

2 − 4 p̄

3

)
2 p̄

3

]
. (E12)

Substituting Eq. (4) simplifies to

κ ′
z(�xi, �x′

i ) =
N−1∏
k=0

[(
1 − 4 p̄

3

)2

| cos(xk − x′
k )|2 +

(
2 − 4 p̄

3

)
2 p̄

3

]
. (E13)

From Eqs. (E7), (E10), and (E13), we conclude that noisy Pauli-X , Pauli-Y , and Pauli-Z quantum kernels are also equivalent.
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