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Abstract

Repetitive control and iterative learning control are both learning control schemes

which update and refine control sequence using tracking errors in past trials. With

the superior ability to handle system uncertainty and repetitive disturbance, repeti-

tive control and iterative learning control have been applied to industry successfully

in the past decades. The basic ideas of these two control schemes are similar to each

other, but their analysis methods and applications are quite different.This thesis

is divided into two parts , each of which focuses on the developments of repetitive

control and iterative learning control, respectively.

In PART I, a new parallel structure repetitive control scheme is proposed. This

new repetitive controller realizes selective compensation on the targeted harmonics.

Compared with the conventional methods, it achieves better tracking performance

with less delay and computational burden. Furthermore, correction factors which

modify the poles of conventional repetitive control in fractional cases are intro-

duced. As a result, robust response is achieved in fractional cases where sampling

frequency is not integer multiple of fundamental frequency. As an application, a

high-performance grid simulator controlled by parallel structure fractional repetitive

controller is designed and implemented. Experimental results testify the effective-

ness of the proposed control scheme.

In PART II, combination of neural network and iterative learning control is ex-

ploited to address system uncertainties and zero-error initial condition in nonlinear
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iv Abstract

non-affine iterative learning control systems. In this new control scheme, a radial

basis function neural network is adopted to estimate the effect of initial state on

terminal output. With this estimation included in the control law, the proposed

control method can drive nonlinear non-affine systems to track run-varying refer-

ence point in the presence of initial state variance. Stability and convergence of this

method are proved and simulation results are provided to testify its effectiveness.
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Chapter 1

Introduction

Repetitive control (RC), iterative learning control (ILC) and terminal iterative

learning control (TILC) are all learning control schemes which refine and update

control sequence using errors from previous trials. They take fully advantage of the

repetitive feature and achieve outstanding control performance.

RC is applied to stable periodic systems without the requirement of identical initial

state. While ILC is applied to a system with repeated operations and requires iden-

tical starting point to ensure convergence. When the initial states are not identical,

the tracking performance is affected.

This chapter is constructed as follows. Section 1.1 gives introduction on RC and

ILC. Literature review is provided in section 1.2. Section 1.3 discusses the motivation

of this research work. The contributions of this thesis are stated in section 1.4.

Section 1.5 describes the organization of the thesis.
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2 1.1. Basics of repetitive control and iterative learning control

1.1 Basics of repetitive control and iterative learn-

ing control

1.1.1 Repetitive control

Repetitive control is proposed based on the internal model principle (IMP) [1].

It can be applied to closed-loop systems directly in plug-in style. Structure of a

conventional RC controller is shown in Fig. 1.1, where e(z) is the tracking error, kr

is the learning gain, ur(z) is the control signal, Grc(z) denotes the transfer function

of RC, N = fs
f0

with fs being the sampling rate and f0 being the fundamental

frequency.

Figure 1.1: Conventional RC controller

From Fig. 1.1, the transfer function of the conventional RC can be derived as

Grc(z) =
ur(z)

e(z)
=

krz
−N

1− z−N
. (1.1)

It can be calculated from (1.1) that RC controller locates poles at jω = kjω0,

where ω0 = 2πf0 and k = 0, 1, 2.... From the view of IMP, these poles of RC

guarantee zero-error tracking performance in repetitive operational systems.

Fig. 1.1 shows an ideal RC controller, but high frequency components may lead

the system to instability due to the infinite poles located on the unit circle. There-

fore, filters are adopted after the delay units to achieve better robustness in real
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applications. A typical closed-loop RC system is shown in Fig. 1.2, where R(z) is

the reference, Gc(z) is a state-feedback controller, Gp(z) is the control plant, u(z) is

the final control signal, d(z) is disturbance, y(z) is the output, Q(z) and Gf(z) are

both filters.

Figure 1.2: Typical closed-loop RC system

As shown in Fig. 1.2, RC controller is plugged into a closed-loop feedback system.

The transfer function of the closed-loop system without RC can be calculated as

G(z) =
Gc(z)Gp(z)

1 +Gc(z)Gp(z)
(1.2)
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4 1.1. Basics of repetitive control and iterative learning control

Derived from Fig. 1.2, along with equation (1.2), the transfer function from R(z)

to y(z) with RC is:

y(z)

R(z)
=

[

1 + krGf (z)
Q(z)z−N

1−Q(z)z−N

]

Gc(z)Gp(z)

1 +
[

1 + krGf(z)
Q(z)z−N

1−Q(z)z−N

]

Gc(z)Gp(z)
(1.3)

=

(

1−Q(z)z−N + krGf(z)Q(z)z−N
)

Gc(z)Gp(z)

1−Q(z)z−N + (1−Q(z)z−N + krGf(z)Q(z)z−N )Gc(z)Gp(z)

=
Gc(z)Gp(z)− [1− krGf(z)]Q(z)z−NGc(z)Gp(z)

1 +Gc(z)Gp(z)− [1 +Gc(z)Gp(z)− krGf (z)Gc(z)Gp(z)]Q(z)z−N

=

Gc(z)Gp(z)
1+Gc(z)Gp(z)

− [1− krGf(z)]Q(z)z−N Gc(z)Gp(z)
1+Gc(z)Gp(z)

1−
[

1− krGf (z)
Gc(z)Gp(z)

1+Gc(z)Gp(z)

]

Q(z)z−N

=

[

1−Q(z)z−N [1− krGf(z)]
]

G(z)

1−Q(z)z−N [1− krGf (z)G(z)]

, and the transfer function from d(z) to y(z) can be derived by the same way as

y(z)

d(z)
=

1−Q(z)z−N

1 +Gc(z)Gp(z)

1

1−Q(z)z−N [1− krGf(z)G(z)]
(1.4)

From (1.3) and (1.4), error transfer function of the overall system can be derived

as

e(z)

(R(z)− d(z))
=

(1−Q(z)z−N )(1−G(z))

1−Q(z)z−N (1− krGf(z)G(z))
(1.5)

Then stability criterion for systems in Fig. 1.2 can be derived from (1.5) [2]:

(1) The closed-loop feedback system G(z) is stable, i.e., all the poles of G(z) are

located inside the unit circle;

(2) The following inequality holds:

| Q(z)(1 − krGf(z)G(z)) |≤ 1. (1.6)
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1.1.2 Iterative learning control

In ILC systems, analysis in iteration domain is much more convenient than that

in time domain or frequency domain. A typical ILC system in iteration domain can

be described by Fig. 1.3 [3].

Figure 1.3: Two-dimensional first-order ILC system

Consider a discrete time-invariant linear system as follows,

xk(t + 1) = Axk(t) +Buk(t)

yk(t + 1) = Cxk(t+ 1) (1.7)

where t = 0, 1, 2, ..., N is the sampling index and k is the iteration index, matrices

A, B and C are time invariant with appropriate dimensions; xk(t) ∈ R
p is the state

vector, yk(t) ∈ R
n is the output vector, and uk(t) ∈ R

m is the control vector at the

tth sampling time in the kth iteration.

Expand (1.7) as Markov parameter form and put it into matrix, the system be-

comes












yk(1)

...

yk(N)













=













p1 · · · 0

...
. . .

...

pN · · · p1

























uk(1)

...

uk(N)













+













d(1)

...

d(N)













(1.8)
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6 1.1. Basics of repetitive control and iterative learning control

or in a simplified form as

yk = Puk + d (1.9)

where pn = CAn−1B and d(n) = CAnx(0).

Define error vector Ek as



















ek(1)

ek(2)

...

ek(N)



















=



















yd(1)

yd(2)

...

yd(N)



















−



















yk(1)

yk(2)

...

yk(N)



















(1.10)

From Fig.1.3, ILC controller updates control sequence using error vector in pre-

vious iterations. Let uk+1 and uk be the control vector in two adjacent iterations.

Then a typical iterative P-type learning control law can be constructed for system

(1.9) as



















uk+1(0)

uk+1(1)

...

uk+1(N − 1)



















=



















q0 q−1 · · · q−(N−1)

q1 q0 · · · q−(N−2)

...
...

. . .
...

qN−1 qN−2 . . . q0



















(



















uk(0)

uk(1)

...

uk(N − 1)



















+



















l0 l−1 · · · l−(N−1)

l1 l0 · · · l−(N−2)

...
...

. . .
...

lN−1 lN−2 . . . l0





































ek(1)

ek(2)

...

ek(N)



















)

(1.11)

or in a simplified form as

Uk+1 = Q(Uk + LEk) (1.12)

where the Q and L are defined as the Q-filter and learning function, respectively.
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Combining (1.9), (1.10) and (1.12) yields

uk+1 = Q(I − LP )uk +QL(yd − d) (1.13)

To guarantee that (1.13) is asymptotically stable (AS), all the eigenvalues of Q(I−

LP ) should be within the unit cycle, such that

ρ{Q(I − LP )} < 1 (1.14)

It should be noted that when the Q-filter and the learning function are causal,

the matrix Q(I − LP ) is lower triangular and Toeplitz. As a result, the repeated

eigenvalue will be λ = q0(1− l0p1).

In this case, (1.14) is equivalent to the following scalar condition

|q0(1− l0p1)| < 1 (1.15)

which is equivalent to

|q0(1− l0CB)| < 1 (1.16)

1.1.3 Relationship between RC and ILC

Although analysis methods for RC and ILC are different, the underlying ideas of

these two control methods are the same. The relationship between RC and ILC is

discussed in this section.

The transfer function of a typical repetitive controller has been derived in section

1.1.1 as follows:

Grc(z) =
ur(z)

e(z)
=

krz
−N

1− z−N
. (1.17)
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8 1.1. Basics of repetitive control and iterative learning control

Rearranging the transfer function in (1.17) yields

ur(z) = ur(z)z
−N + kre(z)z

−N (1.18)

In time domain, the updating law in (1.18) is

u(kTs) = u(kTs −NTs) + kre(kTs −NTs) (1.19)

where Ts = 1/fs is the sample period, NTs is the period of the disturbance and

k = 0, 1, 2....

The time domain expression of RC controllers illustrates that RC controllers refine

the control sequence u(kTs) using the tracking error of last period e(kTs −NTs) by

P-type learning. If the time axis is divided into several identical time interval NTs

and denote every time interval as one iteration, the control law can be rewritten to

uj = uj−1 + krej−1 (1.20)

where j = 0, 1, 2... is the iteration index, uj, uj−1 and ej−1 are all vectors contain N

elements.

Equation (1.20) represents a P-type iterative learning control law. Therefore, RC

and ILC share the same basic principle but are applied to different applications.

Detailed comparison between repetitive control and iterative learning control can

be found in [4].
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1.2 Literature Review

1.2.1 Repetitive control

Repetitive control is firstly developed in [5] for periodic disturbance suppression.

The stability condition of RC system was derived in [6] using small gain theorem,

and it was shown that the stability could be guaranteed only when the plants are

proper but not strictly proper. To improve the robustness of repetitive control, [7]

modified repetitive controller introduced a low-pass filter in series with the time-

delay units. Modified repetitive controller is mainly analyzed in frequency domain

and [5,8–10] provide some general design rules. Other synthesis procedures, such as

the state-space approach, factorization approach, and H∞ optimal design approach,

can be found in [11–15]. For systems with uncertain parameters, [16,17] proposed a

graphical frequency domain robust design method in interval plants.

The direction of discrete-time RC is set in [18]. Some successful design method

for discrete time repetitive control systems can be found in [19–22]. In discrete

time repetitive controller, the sampling rate should be chosen high to avoid inter-

sample ripple. But if it is too large, the order of the time-delay model will increase.

Prototype repetitive controller (PRC) based on zero phase error tracking controller

is proposed to address this problem [18]. Based on PRC, [23,24] replace the the

control gain with a real proper function to handle unstable zeros and obtain faster

convergence. In [25], PRC is extended to MIMO systems. Disturbance observer and

adaptive law are adopted in [26–29].

Digital repetitive controller requires large number of delay units and memory

cells. These delay units increase the computational burden and slow down repetitive

controller inevitably. Many faster repetitive controllers are proposed in the past

decades to improve transient performance. One of the solutions is selective repetitive

control. This type of repetitive control is mostly developed for single-phase or three-
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10 1.2. Literature Review

phase AC systems, because the total harmonic distortion (THD) of such systems

are dominated by specific harmonic groups. For single-phase systems, odd harmonic

repetitive control schemes [30] are proposed. Investigations have shown that odd-

harmonic RC is twice faster than conventional RC. Following this idea, 6k ± 1

repetitive control is developed for three-phase AC systems [31–34]. The realization of

6k±1 repetitive control is usually done in dual parallel synchronous frame (positive

and negative). Besides, parallel structure repetitive control [35] separates repetitive

controller into several parallel branches and eliminates those unnecessary branches.

As a result, the compensation and tuning for different harmonic groups become

flexible and selective [36,37].

Moreover, performance of digital repetitive controllers is sensitive to changes of

the system’s fundamental frequency. So fractional and adaptive digital repetitive

controller is required especially when the period of fundamental reference or distur-

bance cannot be divided by sampling period completely. FIR filter based repetitive

control is one of the most straightforward ways to address this issue [38–45]. The

basic idea is to approximate fractional order of delay using filters. Spatial repeti-

tive control and multi-rate repetitive control provide other approaches to solve this

problem [46–49]. These kinds of repetitive controllers are multiple-sampling-rate

controller, in which, the sample rate of RC is adaptive to the changes of fundamen-

tal frequency. In these systems, the number of control actions in one cycle is fixed

for different fundamental frequencies. Position-domain modelling and analysis of

the plant are required. High-order repetitive control is another scheme to improve

the robustness of RC in fractional cases [50–55].

Repetitive controllers was motivated by a power supply regulation problem in

proton synchrotron accelerator and has been widely applied to various other fields

[56–59]. Recently a variety of successful applications of repetitive control have been

investigated, including harmonic distortion elimination in PWM inverters or UPS
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[60–68], current compensation in active filters [69–73], speed control of motors [74–

81], friction compensation [82–88], torque vibration compensation [76,89,90], current

control of photovoltaic generation systems [91–96], position control of piezoelectric

actuators [97–100] and so on.

1.2.2 Iterative learning control

Iterative learning control was firstly proposed by Uchiyama [101] for repetitive

operational systems. It achieves outstanding tracking performance for repetitive

reference trajectory [102]. Besides, system uncertainty and repetitive disturbance

can be handled by ILC [103–105]. In [106–108], the equivalence between ILC and

feedback control is discussed. It is proved that ILC finds the best feedforward gain in

time domain and the best feedback controller in iteration domain. In [109], uniform

convergence of ILC is proved by Arimoto and Naniwa. Discussions on convergence

and robustness of ILC can also be found in [110,111].

ILC updates and refines the control sequence using errors in previous trials by

various updating rules, among which PID-type ILC is the most widely used scheme

[112–116]. Besides, fractional ILC method is also investigated in [117–120]. In [121–

129], adaptive and self-tuning ILC are reported. [130] updates ILC in Hilbert space.

The combination of ILC with intelligent algorithm is investigated in [131–138].

In some special cases such as the control of a oven’s temperature for wafer depo-

sition thickness, it is usual that only the end-point error is measurable. In order

to apply ILC to such cases, Chen et al. [139] developed a terminal iterative learn-

ing control (TILC) method, which adjusts the set point of repetitive system based

only on the terminal errors in previous trials. This method focuses sorely on track-

ing the desired terminal reference point and has been widely applied to different

fields such as the control of thermoforming ovens [140], mobile robots [141], station

stop control of a train [142], multi-agent systems [143] and so on. Investigation-
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s [144,145] have shown that TILC could achieve convergence in iteration domain.

In addition, [146,147] also investigate the TILC for tracking multiple intermediate

pass points.

In both ILC and TILC, repetition of the initial state should be satisfied. In

previous works, some solutions to the problem of zero error initial condition have

been proposed as follows. 1) ILC with initial state learning scheme [148], in which

the controller learns the initial state firstly to make it identical in every iteration;

2) Multi-rate ILC schemes [149], in which the input updating rate is different from

the sampling rate of the feedback system or the input updating rates at low and

high frequency bands are different; 3) Cut-off frequency phase-in profile [150], in

which the cut-off frequency of the filter is time-varying and follows a predefined

profile. [151–159] also provide solutions to initial shift problem.

Besides, [160,161] and [162] proposed a class of controllers for repetitive opera-

tional systems to track iteration-varying trajectory. All these controllers are based

on zero error initial condition. In [163], adaptive ILC was introduced to track

iteration-varying reference beyond initial state variance. To further improve the

robustness of ILC against uncertainty and disturbance, stochastic ILC [164], H∞

approach [165], model-based method [166], backstepping based ILC [167], optimal

ILC [168–172] are proposed. Till then, ILC and TILC are never limited to systems

with repetitive initial state and reference trajectory.

ILC has found its applications successfully in repetitive industrial processes. The

application of ILC in general robotic such as rigid and flexible manipulators can

be found in [173–181]. Besides, ILC is applied to under water robot [182–184],

acrobat robots [185,186], mobile robots [187], gantry robot [188,189] and so on. ILC

is also widely adopted in the control of permanent magnet synchronous motors,

linear motors, induction motors and AC servo motors [190–197]. Examples of ILC

applications to chemical and biomedical applications can be found in [198–209].
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1.3 Motivation

Repetitive control and iterative learning control schemes have been applied to

industrial applications successfully. However, some underlying assumptions limit

their application. Based on the existing challenges in RC and ILC, this section

introduces the motivation of this research work.

1.3.1 Repetitive control

Repetitive control is widely used in the control of power systems due to its out-

standing performance on high-precise tracking and harmonic elimination. But track-

ing performance of RC is quite sensitive to the change of fundamental frequency.

The lack of adaptiveness limits the application of repetitive control. For example, in

renewable energy systems, gird connected converters are required to generate high

quality output voltages adaptive to the grid changes. Besides, because digital repet-

itive controller assumes that the ratio between sampling frequency and fundamental

frequency (N = fs/f0) is an integer, conventional digital repetitive controller can-

not be implemented when the sampling frequency cannot be divided by fundamental

frequency without remainder. Therefore, it is important to develop adaptive and

fractional repetitive controller to overcome these limitations.

Moreover, conventional repetitive controllers compensate all harmonics of the sys-

tem, thus introducing a large number of delay units. But this is reductant in some

special cases, because not all the harmonics exist in particular systems. For ex-

ample, the THD of AC systems are dominated by odd harmonics only. In these

cases, selective or reduced repetitive controller is enough for static tracking perfor-

mance. By doing so, the number of delay units required can be decreased largely

and transient response can also be improved. Since repetitive controllers are actual-

ly periodic signal generators which combine infinite resonant controllers in parallel,
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it is straightforward to rearrange these resonant controllers into different parallel

branches and tune them independently.

1.3.2 Iterative learning control

Conventional iterative learning control assumes that initial state in each iteration

should be identical. The reference trajectory is also required to be fixed. Howev-

er, these underlying assumptions limit the application of iterative learning control

in real industry. Terminal iterative learning control suffers the same problem in

industrial applications. Compared with ILC, TILC aims to track a terminal refer-

ence point and the control input is set to be a constant in the whole iteration. So

it is easier for TILC to include input-output dynamics of the system in the con-

trol scheme thus eliminating the zero-error initial condition. Considering the high

uncertainties in some complicated processes, neural network is quite promising to

estimate the system’s dynamics. Therefore, a Radial Basis Function (RBF) neural

network is adopted in this thesis to improve the performance of terminal iterative

learning control.

1.4 Contribution

This thesis has developed novel repetitive control and terminal iterative learn-

ing control schemes to improve their performance in various applications. Parallel

structure repetitive control is proposed for better selectivity and adaptiveness. Be-

sides, terminal iterative leaning control scheme is combined with neural network

to expand its application beyond the challenges of zero-error initial condition and

tracking iteration-varying references. The main contributions of this thesis are sum-

marized as follows:

1. Performance comparison between repetitive controllers in parallel structure and
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serial structure: an improved parallel structure selective repetitive control scheme

is proposed for PWM converters to compensate any nk ±mth order harmonics se-

lectively. This new control scheme divides conventional repetitive control into two

branches in parallel. This parallel structure avoids connecting filters in series and

achieves higher gains at fundamental and targeted harmonic frequencies. Mean-

while, requirement on memory and computational time are reduced. Stability and

convergence of this approach are proved mathematically. Experiments on a PWM

converter system verify the effectiveness of the proposed control scheme.

2. Development of a novel parallel structure fractional repetitive control (PS-

FRC) scheme: a parallel structure fractional repetitive control scheme is proposed

to improve the performance of PWM inverters in fractional cases where sampling

rate of the digital control system is not an integer multiple of the fundamental fre-

quency. By introducing a correction factor, the new control scheme increases the

control gains for all harmonics and locates poles accurately at targeted harmonic

frequencies. Besides, parallel structure fractional repetitive controller requires less

data memory. Dynamic response is also improved. Stability and convergence of this

method are proved. Experimental results on a single phase PWM inverter illustrate

the advantages of this control scheme.

3. Design and implementation of a high-performance grid simulator using parallel

structure fractional repetitive control: a high-performance grid simulator is proposed

based on parallel structure fractional repetitive control scheme to simulate various

distortions and perturbations in real power distribution systems. PSFRC realizes

the independent tunings and compensations for different harmonic groups. As a

result, this grid simulator is capable to add selective harmonics to the main output

voltages accurately and eliminate unwanted harmonic components. Moreover, faster

transient performance is achieved for simulating sudden changes in grid. Design

process and stability criteria are presented in details.
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4. Development of neural network based terminal iterative learning control for

tracking iteration-varying reference with initial error: a neural network based ter-

minal iterative learning control method is proposed for a class of uncertain nonlinear

non-affine systems to track iteration-varying reference point with initial state vari-

ance. The non-affine terminal dynamics are converted affine in this control scheme.

Besides, the unrealisable recurrent network is simplified to realisable static network.

By neural network, the effect of initial state and control signal on terminal out-

put can be estimated and included in the control signal. As a result, the proposed

control scheme can drive nonlinear non-affine systems to track iteration-varying ref-

erence point in the presence of initial state variance. Stability and convergence of

this approach are analyzed and simulation results are provided to illustrated the

effectiveness of the proposed method.

1.5 Organization of the thesis

The outline of this thesis is shown in Fig. 1.4. The thesis is divided into two parts:

part I and part II for repetitive control and iterative learning control, respectively.

The remainder of the thesis is organized as follows:

Chapter 2 presents an improved parallel structure selective repetitive control (PSS-

RC) scheme and compares this parallel-structure scheme with serial-structure RC

schemes. An experimental setup is introduced, and a set of experimental results are

provided to illustrate the advantages of the proposed approach.

Chapter 3 extends PSSRC to a multi-branches parallel-structure RC. Parallel

structure fractional repetitive control (PSFRC) scheme is proposed to overcome the

limitations on RC in fractional applications.

Chapter 4 introduces a high-performance grid simulator using parallel structure

fractional repetitive control to emulate various operation scenarios of power grids
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for testing power products.

Chapter 5 presents a neural network based terminal iterative learning control

scheme for linear systems with iteration-varying initial states. A RBF neural net-

work is adopted to approximate the dynamics of the systems.

Chapter 6 extends the NNTILC to nonlinear non-affine systems, and case studies

are done on a wafer fabrication system to testify the proposed approach.

Chapter 7 summarizes the contributions of the thesis, and provides the outlines

scope for future work.

Figure 1.4: Outline of the thesis
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Part I

REPETITIVE CONTROL
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Chapter 2

Improved Parallel Structure

Selective Repetitive Control

2.1 Introduction

Repetitive control is an effective control scheme for repetitive operation systems

to suppress periodic disturbance. Conventional repetitive control (CRC) uses an

internal signal generator consisting of N delay units (N is the number of samples

in one period of the repetitive signal) in a plug-in style. Such signal generator can

locate infinite poles at each harmonic frequency of the system and derive infinitely

large gains there. Based on the internal model principle (IMP) [1], RC can achieve

zero-error tracking and harmonic rejection for any signals whose frequencies equal

to integer multiple of the fundamental frequency. Recently, RC has been widely

applied to different industrial applications such as AC power source, servo system of

optical disk drive, three phase active filter, industrial robotic manipulator and so on.

Especially in PWM converters, harmonic distortion caused by switches, non-linear

loads and parameter uncertainties can be compensated effectively by RC. Therefore,

designs and applications of RC in PWM converters have been widely investigated
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in the past decades.

However, RC usually requires a large number of delay units and the dynamic

response is relatively poor. Several new RCs, such as dual-mode-structure plug-in

repetitive controller [35], odd-harmonic digital repetitive controller (ORC) [30,210],

synchronous-frame repetitive controller [33], are proposed in previous works to solve

this problem. These RC controllers emphasize their compensations on particular

dominant harmonics and reduce the gains for non-dominant components. As a

result, the number of delay units is reduced , computation burden is decreased and

transient performance is improved. This is possible because it is not necessary to

compensate all harmonics in PWM converter systems. For example, single phase

converters contain only odd harmonics in their Fourier series expansions, and 6k ±

1th order harmonics dominate the THD in three-phase AC systems. Therefore, a

selective repetitive controller is preferred to provide optimal trade-off among steady

state tracking performance, memory requirement and transient response in different

applications.

In [211], a generic nk ±m RC scheme is proposed and a general structure of RCs

compensating different harmonic groups is constructed. Because this control scheme

is formulated in a serial structure, it is called serial structure selective repetitive con-

trol (SSSRC) here. However, SSSRC needs more delay units than other conventional

RC controllers with similar functionalities. For instance, a 4k± 1 SSSRC controller

in [211] needs 3N/4 delay units, while a conventional odd-harmonic RC [210] which

also compensates 4k ± 1th order harmonics only needs N/2.

Besides, it is known that all the poles generated by RC are located on the unit

circle, so RC systems are easily affected by high-frequency components and led to

instability. In order to improve the robustness of RC systems, filters are introduced

after the delay units. But filters can attenuate the control gains of RC from infinity

to 50 dB. Because SSSRC connects two groups of delay units with filters in series,
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the control gains is attenuated further [211,212].

To address the above problems, an improved parallel structure selective repeti-

tive control (PSSRC) scheme is proposed in this chapter. In this new controller,

selective repetitive controller is constructed in parallel. In PSSRC, harmonics to be

compensated can be selected at will. Besides, the number of delay units required is

reduced to 2/3 of that in SSSRC. Computational burden is also decreased. More-

over, PSSRC adopts parallel structure and avoids connecting filters in series, thus

improving control gains at fundamental and harmonic frequencies.

Stability criteria for PSSRC are derived in this chapter. Experimental results of

applying a 4k ± 1 PSSRC to a single-phase PWM inverter system are presented to

illustrate the advantages of the proposed approach.

The remainder of this chapter is organized as follows. In section 2.2, an improved

parallel structure selective repetitive controller is proposed and stability criteria are

derived; Section 2.3 provides experimental results of a 4k ± 1 PSSRC applied to a

single-phase inverter; Section 2.4 provides some conclusions.

2.2 Parallel structure selective repetitive control

2.2.1 Serial structure selective repetitive control

Selective repetitive control in previous work [211] is realized in serial structure as

shown in Fig. 2.1, where e(z) is the tracking error, kr is the learning gain, N = fs
f0

with fs being the sampling rate and f0 being the fundamental frequency, Gs
RC(z)

is the transfer function of the overall controller, m and n are integers which can be

arbitrarily assigned to target different nk ±mth order harmonic groups.

The signal flow graph can be drawn according to Fig. 2.1 as in Fig. 2.2.
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Figure 2.1: Serial structure selective repetitive controller (SSSRC)

Figure 2.2: Signal flow graph

According to Fig. 2.2, the forward path gains and determinants can be calculated

as:

P1 = −kr cos(
2πm
n

)z−
N
n , ∆1 = 1

P2 = −krz
−

2N
n , ∆2 = 1

P3 = 2kr cos(
2πm
n

)z−
N
n , ∆3 = 1

(2.1)

and the loop gains can be calculated as:

L1 = −z−
2N
n

L2 = 2 cos(2πm
n

)z−
N
n

∆ = 1− L1 − L2

(2.2)
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According to the Mason’s Gain Formula, Gs
RC(z) can be derived as

Gs
RC(z) =

1

∆

3
∑

i=1

Pi∆i

= kr
cos(2mπ

n
)z−

N
n − z−

2N
n

(

1− z−
N
n e−

2mπj
n

)(

1− z−
N
n e

2mπj
n

) . (2.3)

From (2.3), the poles of SSSRC are located at (nk ±m)jω0. From the viewpoint

of the internal model principle (IMP), these poles guarantee zero-error tracking and

rejection for targeted nk ±mth order harmonics.

2.2.2 Improved parallel structure selective repetitive con-

trol

To improve the performance of selective repetitive control, parallel structure se-

lective repetitive control scheme is proposed as shown in Fig. 2.3, where e(z) is the

tracking error; kr is the learning gain; ω0 = 2πf0 = 2π/T0 is the fundamental fre-

quency; N = T0/Ts with Ts being the sample period of the discrete system; Grc(z)

is the transfer function of Block-1 and Block-2; GP
RC(z) is the transfer function of

the overall PSSRC controller; δs and δc are

δs =
j(e−jmω0t − ejmω0t)

2
= sin(ω0t) (2.4)

δc =
ejmω0t + e−jmω0t

2
= cos(ω0t), (2.5)

where j is the imaginary unit and t = κTs with κ ∈ N being the time index.

Comparing Fig. 2.1 and Fig. 2.3 shows that the number of delay units (or memory

cells) required by PSSRC is reduced to 2/3 of that in SSSRC.

In order to investigate the properties of PSSRC controller, its transfer function in

z-domain is derived in the following development.
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Figure 2.3: Parallel structure selective repetitive controller (PSSRC)

Suppose e(t) and ec(t) are the time-domain expressions of e(z) and ec(z) in the

lower branch in Fig. 2.3, then ec(t) can be calculated in time-domain as

ec(t) = krδce(t) = kr
ejmω0t + e−jmω0t

2
e(t), (2.6)

According to the rules of z-transformation, z-domain expression of (2.6), i.e. ec(z),

is

ec(z) =
1

2
kre(ze

−jmω0Ts) +
1

2
kre(ze

jmω0Ts). (2.7)

where Ts is the sample period of the discrete system.

The output of Block-2 in the lower branch is

ecf(z) =
1

2
krGrc(z)e(ze

−jmω0Ts) +
1

2
krGrc(z)e(ze

jmω0Ts). (2.8)

Similar to the derivation from (2.6) to (2.7), the output of the lower branch, uc(z),
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is derived as

uc(z) =
1

2
ecf(ze

−jmω0Ts) +
1

2
ecf(ze

jmω0Ts) (2.9)

=
1

2
kr[

1

2
Grc(ze

−jmω0Ts)e(ze−2jmω0Ts)

+
1

2
Grc(ze

−jmω0Ts)e(z)]

+
1

2
kr[

1

2
Grc(ze

jmω0Ts)e(z)

+
1

2
Grc(ze

jmω0Ts)e(ze2jmω0Ts)].

The output of the upper branch, us(z), can be derived similarly as uc(z) by re-

placing δc with δs =
j(e−jmω0t−ejmω0t)

2
,

us(z) =
j

2
kr[

j

2
Grc(ze

jmω0Ts)e(ze2jmω0Ts) (2.10)

−
j

2
Grc(ze

jmω0Ts)e(z)]

−
j

2
kr[

j

2
Grc(ze

−jmω0Ts)e(z)

−
j

2
Grc(ze

−jmω0Ts)e(ze−2jmω0Ts)].

Combining (2.9) and (2.10) leads to

ur(z) = uc(z) + us(z) (2.11)

=
1

2
krGrc(ze

−jmω0Ts)e(z) +
1

2
krGrc(ze

jmω0Ts)e(z),

and (2.11) leads to the overall PSSRC as

GP
RC(z) =

ur(z)

e(z)
=

kr
2
[Grc(ze

−jmω0Ts) +Grc(ze
jmω0Ts)]. (2.12)
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From Fig.2.3, the transfer function Grc(z) can be obtained as

Grc(z) =
z−

N
n

1− z−
N
n

. (2.13)

Substituting (2.13) into (2.12) leads to the transfer function of the proposed PSS-

RC as

GP
RC(z) =

kr
2
(

z−
N
n e

−2mπj

n

1− z−
N
n e

−2mπj

n

+
z−

N
n e

2mπj

n

1− z−
N
n e

2mπj

n

)

= kr
cos(2mπ

n
)z−

N
n − z−

2N
n

(1− z−
N
n e

−2mπj
n )(1− z−

N
n e

2mπj
n )

. (2.14)

Comparing (2.3) and (2.14) shows that SSSRC and PSSRC have equivalent trans-

fer function, i.e. PSSRC achieves the same selectivity with less delay units and

simpler structure.

But Fig. 2.1 and Fig. 2.3 show ideal SSSRC and PSSRC controllers. In practical

applications, high-frequency components and system uncertainty may lead the sys-

tem to instability due to the infinite poles on the unit circle. In order to solve this

problem, low-pass filters are usually introduced to improve robustness of the whole

system. Typical closed-loop systems with plug-in modified PSSRC or SSSRC are

shown in Fig. 2.4, where R(z) is the reference signal; y(z) is the output; d(z) is the

disturbance; u(z) is the final control signal; Gp(z) is the control plant; Gc(z) is a

feedback controller used to compensate the control plant; Q(z) and Gf(z) are filters

to be designed.

Q(z) is a zero phase moving average filter with the form in (2.15) and it is intro-

duced to suppress the unexpected high frequency repetitive disturbance. The design

of Q(z) is consistent in different types of RC controllers [59].

Q(z) =

(

∑h
l=0 alz

l +
∑h

l=1 alz
−l
)

2
∑h

l=1 al + a0
(2.15)
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Suppose z = ejω, then it can be obtained from (2.15) that |Q(ejω)| ≤ 1 for all ω

and Q(ejω) = 1 only when ω = 0. So low pass filter Q(z) attenuates RC’s gains

at harmonic frequencies. Benefiting from the parallel structure, however, PSSRC

achieves higher gains than SSSRC.

Figure 2.4: Plug-in PSSRC and SSSRC systems

From Fig. 2.4, the transfer function of the modified PSSRC and SSSRC can be

derived as

GP
RC =

kr
2

(

GP+
RC +GP−

RC

)

, (2.16)
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where

GP+
RC =

Q(zejmω0T )z−
N
n e−

2mπj

n

1−Q(zejmω0T )z−
N
n e−

2mπj

n

, (2.17)

GP−

RC =
Q(ze−jmω0T )z−

N
n e

2mπj

n

1−Q(ze−jmω0T )z−
N
n e

2mπj

n

, (2.18)

and

GS
RC =

kr
2

(

GS+
RC +GS−

RC

)

, (2.19)

where

GS+
RC =

Q(z)z−
N
n e−

2mπj

n

1−Q(z)z−
N
n e−

2mπj

n

, (2.20)

GS−
RC =

Q(z)z−
N
n e

2mπj
n

1−Q(z)z−
N
n e

2mπj
n

. (2.21)

Combining (2.15), (2.16), (2.17) and (2.18) yields,

∣

∣GP
RC

∣

∣

z=ejmω0T
=

Q(1)

1−Q(1)
+

Q(e2jmω0T )e−
4mπj

n

1−Q(e2jmω0T )e−
4mπj

n

= inf (2.22)

which means that PSSRC achieves infinite gain at jω = jmω0.

Similarly, SSSRC’s gain at jω = jmω0 can be derived from (2.19) as

∣

∣GS
RC

∣

∣

z=ejmω0T
=

Q(ejmω0T )

1−Q(ejmω0T )
+

Q(ejmω0T )e−
4mπj

n

1−Q(ejmω0T )e−
4mπj

n

(2.23)

Comparing (2.22) and (2.23) shows that PSSRC’s control gain at jω = jmω0 is

largely improved to infinity with the same low pass filter Q(z) as in SSSRC. When

m = 1, this gain is for fundamental frequency which guarantees better tracking

performance, while this gain is for particular harmonic frequency when m > 1. It is

noted that in single phase or three-phase converter systems, m usually equals to 1

because 4k±1th and 6k±1th order harmonics dominate the THD in these two kinds
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of systems. Besides, instead of connecting two low-pass filters in series as in Fig.

2.4, PSSRC adopts parallel structure to improve the control gains at harmonics.

The calculated gains by Matlab from (2.16) and (2.19) when n = 4, m = 1, h = 1,

a0 = 0.5 and a1 = 0.25 are shown in Fig. 2.5. The circles and triangles mark

the control gains at fundamental and odd-harmonic frequencies. Fig. 2.5 shows

that both PSSRC and SSSRC achieves high gains at the system’s fundamental and

odd-harmonic frequencies. But comparing the control gains of these two schemes,

PSSRC offers higher gains especially at fundamental frequency.
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Figure 2.5: Comparison of control gains of different RCs with the same Q(z)

Remark 2.1. PSSRC constructs a selective repetitive controller in a relatively sim-

pler and more effective way. The delay units (or memory cells) required is reduced

to 2/3 of that in SSSRC. Besides, PSSRC improves the control gains at the system’s

fundamental and harmonic frequencies, thus offering better static tracking perfor-

mance.
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2.2.3 Stability analysis

In this section, stability criteria are developed for the proposed digital PSSRC

systems.

In Fig. 2.4, Gc(z) is designed to stabilize the closed-loop system without the plug-

in PSSRC controller. This means that all the poles of the following transfer function

must locate inside the unit circle:

H(z) =
Gc(z)Gp(z)

1 +Gc(z)Gp(z)
. (2.24)

After plugging the PSSRC controller into the closed-loop system, output of the

overall system can be derived from Fig. 2.4 as

y(z)

R(z)
=

[1 +GP
RC(z)]H(z)

1 +GP
RC(z)H(z)

, (2.25)

and

y(z)

d(z)
=

1

[1 +GP
RC(z)H(z)][1 +Gc(z)Gp(z)]

(2.26)

In order to guarantee the stability of the overall plug-in PSSRC system, all the

poles of (2.25) and (2.26) must be inside the unit circle. For (2.26), the roots of

1 + Gc(z)Gp(z) = 0 can be located inside the unit circle by choosing appropriate

Gc(z) from (2.24). Therefore, in order to ensure stability, it must hold that

1 +GP
RC(z)H(z) 6= 0 for ∀ |z| > 1. (2.27)

Substituting (2.17) and (2.18) into (2.27) leads to that

kr
2
[GP+

RC(z) +GP−

RC(z)] 6= −
1

Gf (z)H(z)
for ∀ |z| > 1. (2.28)

Therefore, Gf (z) must be carefully chosen. Without losing generality, H(z) is
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rewritten to

H(z) =
z−dB(z)

A(z)
(2.29)

where d represents the delay of the system, then Gf(z) is designed as [59]

Gf(z) =
zdA(z)B−(z−1)

B+(z)b
(2.30)

where B− represents the noncancellable portion of B, B+ represents the cancellable

portion, and b ≥| B−(z) |2 for all z. It should be noted that the delay z−N/n

introduced by PSSRC with N/n > d can help to implement the noncausal part zd

in Gf(z).

From (2.30), it is straightforward to derive that

0 < Gf(z)H(z) =
B−(z)B−(z−1)

b
≤ 1. (2.31)

With further manipulation on (2.31), it is easy to get

−
1

Gf(z)H(z)
≤ −1. (2.32)

It has been proved in [211] that the following inequalities hold

Re[GP+
rc (z)] ≥ −

1

2
for ∀ |z| > 1 (2.33)

Re[GP−

RC(z)] ≥ −
1

2
for ∀ |z| > 1. (2.34)

Combine (2.33), (2.34) and if kr satisfies 0 < kr < 2, then

Re[
kr
2
[GP+

RC(z) +GP−

RC(z)]] > −1. (2.35)

Equation (2.32), along with (2.35), guarantees that (2.28) holds, which means that
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no poles of the overall system are outside the unit circle.

From the above analysis, the closed-loop PSSRC systems as shown in Fig. 2.4 are

asymptotically stable if the following conditions are satisfied:

1. The closed-loop system without the plug-in PSSRC controller is stable, or all

the roots of 1 +Gc(z)Gp(z) = 0 are inside the unit circle;

2. Gf (z) is chosen as in the form of (2.30) and satisfies (2.31);

3. kr is in the range of (0,2).

2.3 Case study

In this section, the proposed PSSRC is applied to a single-phase DC/AC PWM

inverter to illustrate its effectiveness. Fig. 2.6 shows the plug-in PSSRC-controlled

system. In Fig. 2.6, E is the DC bus voltage; L and C are LC filter; io is the

output current; vo is the output voltage. The load bank consists of two kinds of

loads: (a) resister load with R and (b) rectifier load with Lr, Cr and Rr. The

detailed system parameters are listed in Table 2.1. The controller is programmed in

Matlab/Simulink and realized in realtime by a Dspace 1104.

2.3.1 System modelling and controller design

In the system shown in Fig. 2.6, vin is the input PWM voltage defined by the

following pattern:

vin =











E whenS1 and S4 are on, S2 and S3 are off ;

−E whenS2 andS3 are on, S1 and S4 are off.

(2.36)
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Figure 2.6: Plug-in PSSRC controlled single phase inverter system

Table 2.1: System parameters of single phase PWM inverter (PSSRC)

Meaning and symbol Value

DC bus voltage E 400 V
Output filter inductance Lf 7 mH
Output filter capacitance Cf 50 uF
Resistor load R 20 Ω
Rectifier load Lr 5 mH
Rectifier load Cr 1100 uF
Rectifier load Rr 30 Ω
Fundamental frequency f0 50 Hz
Sampling frequency fs 10 kHz
Switching frequency 10 kHz
Amplitude of reference R 270 V
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Then the discrete single phase PWM DC/AC inverter system can be expressed by











x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k)
(2.37)

where x(k) =







vo(k)

v̇0(k)






, u(k) = vin(k), y(k) = vo(k), A =







ϕ11 ϕ12

ϕ21 ϕ22






, B =







g1

g2






with

ϕ11 = 1− (1/2LCf 2
s ),

ϕ12 = 1/fs − (1/2CRf 2
s ),

ϕ21 = −(1/LCfs) + (1/2LC2Rf 2
s ),

ϕ22 = 1− (1/CRfs)− (1/2LCf 2
s ) + (1/2C2R2f 2

s ),

g1 = 1/2LCf 2
s and g2 = (1/LCfs)(1− (1/2CRfs)).

Following the analysis in section 2.2.3 and stability criterion 1, Gc(z) should be

designed to make (2.24) stable. Suppose the following state feedback controller is

adopted in discrete domain

u(k) =

[

−k1 −k2

]

x(k) + hvref(k), (2.38)

and substitute (2.38) into (2.37), then state equation of the system with only the

state feedback controller can be derived as

x(k + 1) =







ϕ11 − k1g1 ϕ12 − k1g2

ϕ21 − k2g1 ϕ22 − k2g2






x(k)

+







g1h

g2h






vref(k)

. (2.39)
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Finding the transfer function of (2.39), the system without the plug-in PSSRC

can be expressed by

H(z) =
m1z +m2

z2 + p1z + p2
(2.40)

where

p1 = −(ϕ11 − g1k1 + ϕ22 − g2k2),

p2 = (ϕ11 − g1k1)(ϕ22 − g2k2)− (ϕ12 − g1k2)(ϕ21 − g2k1),

m1 = g1h and m2 = (ϕ12 − g1k2)g2h− (ϕ22 − g2k2)g1h.

From (2.40), it is clear that the poles can be arbitrarily assigned by designing the

state feedback controller (2.38).

Suppose a state feedback controller is designed as

u(k) =

[

−1.6255 −1.0224× 10−3

]

x(k) + 2.0vref(k), (2.41)

then (2.40) can be calculated as

H(z) =
0.0029z − 0.187

z2 − 1.048z + 0.2022
. (2.42)

It is quite straightforward to verify that all the poles of H(z) are inside the unit

circle.

From (2.30), filter Gf(z) is chosen as

Gf (z) =
z6

H(z)
(2.43)

where z6 is used to compensate the phase lag and unmodelled delay of the system.

The number of delays used is determined from the experiment by trial and error.

Since odd harmonics dominate the THD in a single phase AC system, n is set to

be 4 and m is set to be 1. Detailed parameters of the controller are listed in Table

2.2.
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Table 2.2: Controller design for single phase system (parameters)

k1 = 1.6255 k2 = 1.0224× 10−3

h = 2.0 kr = 0.0015
Q(z) = 0.25z−1 + 0.5 + 0.25z m = 1, n = 4

2.3.2 Experimental results

The capability of the proposed PSSRC to reject harmonics under different loads

is verified by experimental results shown in Fig. 2.7. Fig. 2.7(a) and Fig. 2.7(c)

show the output voltage vo, reference voltage vref and current io under two different

loads. Fig. 2.7(b) and Fig. 2.7(d) are the corresponding harmonic spectrums of the

output voltage vo. Fig. 2.7 shows that PSSRC can drive the output to track the

reference with very low THD of 0.55% under resistor load and 1.39% under rectifier

load.

Besides, in order to illustrate the advantages of the proposed PSSRC, SSSRC and

CRC controlled experimental results are provided in Fig. 2.8 and Fig. 2.9. The same

parameters and filters as in Table 2.2 are applied in these two cases. Comparing

Fig. 2.7 and Fig. 2.8, PSSRC gets better static tracking and rejection performance

than SSSRC under both linear and nonlinear loads. This is because 4k ± 1 PSSRC

achieves higher gains at fundamental frequency and harmonic frequencies than 4k±

1 SSSRC (refer to Fig. 2.5). Meanwhile, the performance of PSSRC is slightly

worse than CRC because PSSRC rejects only odd-harmonics while CRC works on

all the harmonics. But PSSRC gets much better convergence rate and transient

performance than CRC. This can be illustrated by the experimental results in Fig.

2.10 and Fig. 2.11.

Fig. 2.10 shows the tracking error of PSSRC, SSSRC and CRC after plugging in

the RCs at t = 1s. It is shown that CRC takes nearly 0.4s to converge while PSSRC

converges within 0.2s. The convergence rate is largely improved compared with

CRC. Besides, Fig. 2.10 shows that PSSRC and SSSRC offer similar convergence
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Figure 2.7: Steady performance of PSSRC. Output voltage & current under: (a)
resistor load; (c) rectifier load. Harmonic spectrum of the output voltage under: (b)
resistor load; (d) rectifier load.
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Figure 2.8: Steady performance of SSSRC. Output voltage & current under: (a)
resistor load; (c) rectifier load. Harmonic spectrum of the output voltage under: (b)
resistor load; (d) rectifier load.
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Figure 2.9: Steady performance of CRC. Output voltage & current under: (a)
resistor load; (c) rectifier load. Harmonic spectrum of the output voltage under: (b)
resistor load; (d) rectifier load.

rates.

Comparison of transient performance between PSSRC and CRC when load changes

occur is made in Fig. 2.11. It shows that step load change between rectifier load

and no load can be handled well by PSSRC. The PSSRC controlled output voltage

recovers within three cycles, while it takes much more time for the CRC controlled

output voltage to recover.

Detailed comparisons of performance between PSSRC and other RCs are listed

in Table 2.3. It is noted that the number of delay units (or memory cells) required

in PSSRC is the least among the three RC controllers. Besides, the computational

time of PSSRC in real-time is decreased by 10% compared to SSSRC while the

steady tracking performance is improved against SSSRC. It should be noted that
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Figure 2.10: Convergence rate with different RC controllers plugged into the system
at t = 1.0s. (a) PSSRC; (b) SSSRC; (c) CRC.
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Table 2.3: Performance comparison between PSSRC and other RCs

PSSRC SSSRC CRC

THD under resistor load 0.55% 0.70% 0.49%
THD under rectifier load 1.39% 1.49% 1.09%
Convergence time About 0.2 s About 0.2 s About 0.4 s
Flexibility Selective Selective None
Delay units required 2× 50 3× 50 200
Turnaround time 36.55 µs 41.75 µs 38.94 µs

δc and δs are generated by software in the controller in this experiment, so the

computational burden can be further decreased if they are generated by hardware

circuits. Moreover, PSSRC achieves flexible selectivity by assigning appropriate

values to m and n.

2.4 Summary

This chapter proposes a parallel structure selective repetitive control scheme for

PWM converters. It is proved in this chapter that PSSRC achieves zero-error track-

ing and rejection at any nk ± mth order harmonics by selecting m and n at will.

Besides, a simpler parallel structure is adopted in PSSRC to avoid connecting filters

in series. As a result, the control gains are improved against SSSRC and better

static tracking performance is guaranteed. Moreover, both the number of delay u-

nits required and computational burden are decreased in PSSRC. Experiments on

a single-phase PWM DC/AC inverter system are carried out and the experimental

results verify the advantages of PSSRC successfully.
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Figure 2.11: Transient performance: (a) From no load to rectifier load (PSSRC);
(b) From no load to rectifier load (CRC)
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Chapter 3

Parallel Structure Fractional

Repetitive Control

3.1 Introduction

In the last chapter, digital selective repetitive controller is realized in parallel

structure and achieves better flexibility and transient response. Digital repetitive

controller is mostly realized by N delay units as shown in Fig. 3.1. This config-

uration works perfectly when N is an integer, i.e., the sampling frequency can be

divided by fundamental frequency completely without remainder. However, N is not

always an integer in real applications. For example, conventional repetitive control

(CRC) requires 166.67 delay units to accurately compensate a 60Hz output voltage

when the sampling rate of the system fs = 10kHz. In these cases, CRC usually

rounds N to its nearest integer. But because the poles of CRC are no longer lo-

cated accurately at harmonic frequencies, the gains of CRC can be attenuated from

250dB to 40dB. Recently, several RC controllers have been proposed to improve

the performance of RC in fractional cases. In [51,52] , high-order RC decreases the

partial derivative of RC’s control gains with respect to the fundamental frequency to
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achieve better robustness. [45,213] solve this problem by approximating fractional

order of delay using filters. [46] proposes a spatial repetitive controller (SRC) to

address this problem in phase sample position domain.

In this chapter, THD of CRC controlled output is analyzed to investigate the func-

tionalities and limitations of CRC in fractional cases. It is found that CRC works

well for high-order harmonics. Low-order odd components dominate the THD, al-

though all the gains of CRC are attenuated substantially. Therefore, a new parallel

structure fractional repetitive control (PSFRC) scheme is proposed to enhance the

compensation on low-order odd harmonics. This control scheme locates poles ac-

curately at every targeted low-order harmonic frequency and derives infinite high

gains. Meanwhile, control gains for higher-order components are improved to guar-

antee better rejection performance. As a result, PSFRC suppresses all dominant

harmonics in fractional cases effectively. Besides, transient performance is improved

by focusing PSFRC’s compensation on odd harmonics. Furthermore, the number of

required delay units in PSFRC is reduced to half of that in CRC.

Stability criteria are derived for plug-in PSFRC systems in this chapter. Experi-

mental results of applying PSFRC to a single-phase DC/AC inverter are presented

to verify the advantages of the proposed method.

The remainder of this chapter is organized as follows. In section 3.2, parallel

structure fractional repetitive control scheme is proposed with stability analysis.

Section 3.3 provides experimental results applying PSFRC to a single-phase PWM

inverter to illustrate the effectiveness of this scheme. Section 3.4 summarizes this

chapter.
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Figure 3.1: Conventional plug-in RC controller

3.2 Parallel structure fractional repetitive control

3.2.1 Conventional RC and its limitations in fractional cases

A typical closed-loop system controlled by plug-in CRC is shown in Fig. 3.2, where

R(z) is the reference signal; y(z) is the output; e(z) is the tracking error; d(z) is the

disturbance; kr is the learning gain of CRC; ur(z) is the control signal from CRC;

u(z) is the overall control signal; Gc(z) is a state-feedback (SFB) controller; Gp(z)

is the objective plant; N = fs/f0 with fs being the sampling rate and f0 = ω0/2π

being the fundamental frequency; Gcrc(z) is the transfer function of CRC; Q(z) and

Gf(z) are filters to improve robustness of the whole system.

Figure 3.2: CRC controlled closed-loop system
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48 3.2. Parallel structure fractional repetitive control

From Fig. 3.2, transfer function of CRC can be obtained as

Gcrc(z) = Gf (z)
krz

−NQ(z)

1− z−NQ(z)
. (3.1)

Equation (3.1) shows that CRC has poles located at fundamental frequency and

all harmonics whose frequencies equal to kω0 with k = 0, 1, 2, 3.... However, CRC

is realizable only in discrete systems whose sampling rates fs can be divided by

fundamental frequency f0 without remainder. In fractional cases, N has to be

rounded to its nearest integer N∗ = round(N), however, the gains for all frequencies

are attenuated. For example, N1 = 150 in a discrete system with fs = 9kHz and

f0 = 60Hz. In this case, CRC controller can be implemented directly as in Fig.

3.1. However, N2 = 166.67 if the system’s sampling rate fs = 10kHz. In order to

implement CRC, N2 has to be rounded to N∗

2 = 167. The control gains of CRC

for odd harmonics in these two scenarios are shown in Fig. 3.3(a) and Fig. 3.3(b),

respectively. It is noted here that Q(z) is omitted in this comparison to show the

difference because it affects CRC in the same way in both normal and fractional

cases. The following transfer function is used to calculate the gains by Matlab:

G∗

crc(z) =
z−N

1− z−N
. (3.2)

Fig.3.3 shows that the control gains of CRC are very large around 250dB when N

is an integer, while the control gains reduce to lower than 40dB when N is rounded

to its nearest integer in fractional cases. This is because that all the poles of CRC

are shifted from jω = kjω0 (fundamental harmonics) to jω = kjω∗

0 after rounding

N to N∗, where ω0 = 2πf0 = 2πfs/N , ω∗

0 = 2πfs/N
∗ and k = 0, 1, 2...

Next the functionalities and limitations of CRC in fractional cases are analyzed

using real experimental data. Fig. 3.4 shows the output voltage of SFB controlled
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Figure 3.3: Control gains of CRC with different fs (a) fs = 9kHz, N1 = 150,
f0 = 60Hz; (b) fs = 10kHz, N∗

2 = round(166.67) = 167, f0 = 60Hz.

and plug-in CRC controlled single-phase PWM inverters. Fig. 3.5 and Fig. 3.6

are the spectrums of the corresponding output voltages. The sampling rate of the

system fs = 10kHz and the fundamental frequency f0 = 60Hz. It is straightforward

to calculate that N = 166.7 and the controller as shown in Fig. 3.2 is applied with

N∗ = 167.

Fig. 3.4 shows that plug-in CRC achieves better tracking performance than SFB

control. The THD of SFB controlled output and plug-in CRC controlled output are

4.95% and 2.48%, respectively.

Comparing Fig. 3.5 and Fig. 3.6, it can be seen that harmonics higher than

10th order are effectively rejected by CRC in fractional case. From Fig. 3.6(b),

the magnitude of high-order harmonics are suppressed to lower than 0.02% which is

very small and only make minor contributions to the THD. Meanwhile, Fig. 3.6(a)
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Figure 3.4: Tracking performance of different control schemes in single phase PWM
inverter. (a) with SFB control only; (b) with plug-in CRC control.
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Figure 3.5: Spectrum of output voltage controlled by SFB only. (a) spectrum under
10th order; (b) spectrum over 10th order.
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Figure 3.6: Spectrum of output voltage controlled by plug-in CRC. (a) spectrum
under 10th order; (b) spectrum over 10th order.

shows that low-order odd harmonics dominate the THD. In other words, unpleas-

ant distortions in CRC controlled output are caused by the weak compensation on

low-order odd harmonics, and the compensation from CRC is satisfiable for high-

order harmonic rejection. Therefore, the key point to improve RC’s performance in

fractional cases is to improve the control gains for dominant low-order harmonics.

3.2.2 Digital PSFRC controller

Based on the analysis in section 3.2.1, a novel parallel structure fractional repet-

itive control (PSFRC) scheme is proposed as shown in Fig. 3.7, where e(z) is the

tracking error; ki is the learning gain with i = 1, 3, 5... and i ≤ n; f0 = ω0/2π is the

fundamental frequency; fs is the sampling rate; δ is a correction factor that will be

defined later; ur(z) is the control signal from PSFRC; Gi(z) is the transfer function

of the ith branch and GRC(z) is the transfer function of the overall PSFRC.
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52 3.2. Parallel structure fractional repetitive control

Figure 3.7: Parallel structure fractional repetitive controller (PSFRC)

From Fig. 3.7, Gi(z) can be obtained as

Gi(z) =
ej(i×2πδ/n)z−N∗

1− ej(i×2πδ/n)z−N∗
(3.3)

where N∗ = round(N/n) with N = fs/f0, and the poles of (3.3) are located at

jω = (nk + i× δ)jω∗

0 (3.4)

with k = 0, 1, 2... and ω∗

0 =
2πfs
nN∗

.

Set the correction factor δ as

δ =
ω0nN

∗

2πfs
=

nN∗

N
, (3.5)

and substitute (3.5) into (3.4), it can be obtained that (3.3) has a pole at jω = ijω0

when k = 0. Adding the output of all the branches in Fig. 3.7 together, PSFRC

locates poles accurately at fundamental frequency and each dominant odd-harmonic
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frequency under nth order at ijω0. Besides, PSFRC improves the gains for higher-

order harmonics to further guarantee tracking performance. This is realized by

shifting all the poles at (nk + i)jω∗

0 (k ≥ 1) to (nk + i × δ)jω∗

0 which are closer to

fundamental harmonic frequencies.

The control gains of CRC and PSFRC with n = 10 are shown in Fig. 3.8. Fig.

3.8 shows that PSFRC achieves very high gains at fundamental frequency and dom-

inant low-order harmonics under 10th order. The gains of PSFRC for high-order

harmonics are also larger than that of CRC.
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Figure 3.8: Gain comparison between CRC and PSFRC (n=10) at odd harmonics
(f0 = 60Hz, fs = 10kHz)

Remark 3.1. The PSFRC in Fig. 3.7 provides a universal model for different RCs.

For example, PSFRC becomes conventional repetitive control by setting δ = 1, n = 1;

it can also be used as an odd harmonic repetitive controller when δ = 1, n = 2; and

PSFRC provides a parallel structure odd harmonic repetitive control scheme with

δ = 1, n = 4.
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Remark 3.2. The main difference between PSFRC and existing high-order RC or

FIR based fractional RC is that PSFRC does not approximate fractional order of

delay units for low order harmonics but locates poles accurately for them. Because

it has been shown in section 3.2.1 that low-order harmonics dominate the THD of

CRC controlled output in fractional cases, it is better to emphasize the improvement

of compensations on them. Besides, PSFRC offers a very simple way to address

this adaptive problem without the complex interpolations in FIR based fractional

RCs. On the other hand, different from the position-domain design as in SRC,

PSFRC is based on fixed sampling frequency which is consistent with CRC. But it

should be noted that since more than one branches are needed in PSFRC, the com-

putational burden increases. To reduce computational burden and improve transient

performance, unnecessary branches in PSFRC can be eliminated in particular appli-

cations. For example, in three-phase AC systems, the branches which compensate

harmonics other than 6k ± 1th order can be abandoned.

Fig. 3.7 shows an ideal PSFRC controller, but high frequency components and

system uncertainty may lead the system to instability due to the infinite poles on

the unit circle. So filters are usually introduced to improve the robustness of the

whole systems in real applications. Fig. 3.9 shows a modified PSFRC controlled

system, where R(z) is the reference signal; e(z) is the tracking error; y(z) is the

output; d(z) is the disturbance; ur(z) is the control signal from PSFRC; u(z) is the

overall control signal; Gc(z) is a state feedback controller and Gp(z) is the control

plant. Q(z) and Gf(z) are filters.

Nanyang Technological University Singapore



Chapter 3. Parallel Structure Fractional Repetitive Control 55

Figure 3.9: Digital modified PSFRC system

3.2.3 Stability analysis

In Fig. 3.9, Gc(z) is designed to stabilize the closed-loop system without the

plug-in PSFRC controller. This means that all the poles of the following transfer

function must fall inside the unit circle:

H(z) =
Gc(z)Gp(z)

1 +Gc(z)Gp(z)
. (3.6)

After plugging the PSFRC controller into the system, output of the overall system

can be derived from Fig. 3.9 as

y(z)

R(z)
=

[1 +GRC(z)]H(z)

1 +GRC(z)H(z)
(3.7)

and

y(z)

d(z)
=

1

[1 +GRC(z)H(z)][1 +Gc(z)Gp(z)]
(3.8)
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where GRC(z) =
∑

kiGf(z)Gi(z) with

Gi(z) =
ej(i×2πδ/n)Q(z)z−N∗

1− ej(i×2πδ/n)Q(z)z−N∗
. (3.9)

Q(z) is a zero phase moving average filter with the form in (3.10). It is introduced

to suppress the unexpected high-frequency repetitive disturbance.

Q(z) =

(

∑j
i=0 aiz

i +
∑j

i=1 aiz
−i
)

2
∑j

i=1 ai + a0
(3.10)

In order to guarantee the stability of the overall plug-in PSFRC system, all the

poles of (3.7) and (3.8) must be inside the unit circle. From (3.6), the roots of

1 + Gc(z)Gp(z) = 0 can be located inside the unit circle by choosing appropriate

Gc(z) . Therefore, it must be true that

1 +GRC(z)H(z) 6= 0 for ∀ |z| > 1 (3.11)

or
∑

kiGi(z) 6= −
1

Gf (z)H(z)
for ∀ |z| > 1. (3.12)

Without loss of generality, H(z) is rewritten to

H(z) =
z−dB(z)

A(z)
(3.13)

where d represents the delay of the system, then Gf(z) is designed as [59]

Gf(z) =
zdA(z)B−(z−1)

B+(z)b
(3.14)

where B− represents the noncancellable portion of B; B+ represents the cancellable

portion, and b ≥| B−(z) |2 for all z.
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From (3.14), it can be derived that

0 < Gf(z)H(z) =
B−(z−1)B−(z)

b
≤ 1, (3.15)

and (3.15) leads to that

−
1

Gf(z)H(z)
≤ −1. (3.16)

It has been proved in [211] that

Re[Gi(z)] ≥ −
1

2
for ∀ |z| > 1. (3.17)

From (3.17), and if ki satisfy 0 <
∑

ki < 2, then

Re[
∑

kiGi(z)] > −1 (3.18)

Inequality (3.16), along with (3.18), guarantees that (3.12) holds, which means

that no poles of the overall system are outside the unit circle.

From the above analysis, the closed-loop PSFRC system as shown in Fig. 3.9 is

asymptotically stable if the following conditions are satisfied.

1. the closed-loop system without plug-in PSFRC controller is stable, or all the

roots of 1 +Gc(z)Gp(z) = 0 are inside the unit circle;

2. Gf (z) is chosen as in the format of (3.14) and satisfies (3.16);

3. 0 <
∑

ki < 2 .
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Table 3.1: System parameters of single-phase PWM inverter (PSFRC)

Meaning and symbol Value

DC bus voltage E 400V
Output filter inductance Lf 7mH
Output filter capacitance Cf 50uF
Resistor load R 20Ω
Rectifier load Lr 5mH
Rectifier load Cr 1100uF
Rectifier load Rr 30Ω
Fundamental frequency f0 60Hz
Sampling frequency fs 10kHz
Switching frequency 10kHz
Amplitude of reference R 240V

3.3 Case study: PSFRC on a single-phase PWM

inverter system

Fig. 3.10 shows a plug-in PSFRC controlled single-phase DC/AC inverter system

where E is the DC bus voltage; L and C are inductor-capacitor (LC) filter; io is

the output current; vo is the output voltage; The load bank consists of two kinds

of load: (a) resister load with R and (b) rectifier load with Lr, Cr and Rr. The

detailed system parameters are listed in Table 3.1. The output LC filter is designed

to eliminate high-order harmonics by circuit. It is modelled in Gp(z) and can be

compensated by the design of feedback controller Gc(z) from (3.6). But an appro-

priate cut-off frequency, which is usually chosen lower than 0.1fs, should be selected.

Because n is set to be 10 for PSFRC in the following experiments, the control gains

for harmonics higher than 10th order is relatively low. Thus, it is better to design

the cut-off frequency of the LC filter around 10f0. In this case, the cut-off frequency

850 Hz of output LC filter allows the inverter to efficiently produce output voltages

of frequency 60Hz and eliminate high-order harmonics.
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Figure 3.10: Plug-in PSFRC controlled single-phase inverter system

Experiments in this section are carried out on the PWM DC/AC experimental

system as shown in Fig. 3.10. The controller is programmed in Matlab/Simulink

and realized in real time by a Dspase1104 at 10kHz.

3.3.1 System modelling and controller design

The discrete single-phase PWM DC/AC inverter system used to testify PSFRC

in this section is the same as in section 2.3.1. Based on the former modelling

process, the transfer function of the state-feedback closed-loop system without plug-

in PSSRC can be derived as

H(z) =
m1z +m2

z2 + p1z + p2
(3.19)

where

p1 = −(ϕ11 − g1k1 + ϕ22 − g2k2),

p2 = (ϕ11 − g1k1)(ϕ22 − g2k2)− (ϕ12 − g1k2)(ϕ21 − g2k1),

m1 = g1h and m2 = (ϕ12− g1k2)g2h− (ϕ22− g2k2)g1h, and the poles of (3.19) can
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be arbitrarily assigned by designing the state-feedback controller Gc(z) .

To stabilize the closed-loop system without PSFRC, the state feedback controller

in section 2.3.1 is adopted.

u(k) =

[

−1.6255 −1.0224× 10−3

]

x(k) + 2.0vref(k), (3.20)

and H(z) as in (3.19) can be calculated as

H(z) =
0.0029z − 0.187

z2 − 1.048z + 0.2022
. (3.21)

It is quite straightforward to verify that all the poles of H(z) are inside the unit

circle, which satisfies stability criterion 1.

From (3.14), filter Gf(z) is chosen as

Gf (z) =
z6

H(z)
(3.22)

where z6 is used to compensate the phase lag and unmodelled delay of the system.

The number of delays used is determined from the experiment by trial and error.

From Table 3.1, it can be calculated that N = fs/f0 = 166.67, so the CRC is

implemented with rounding N to 167 and the learning gain kr for CRC is set as

0.0014. PSFRC locates poles at odd-harmonics under 10th order by setting n = 10.

Because the learning gain kr and ki affect the convergence rate of repetitive control,

the learning gain of PSFRC is set as ki = 2kr/n which makes
∑

ki = kr. It should be

noted that N∗ = round(fs/f0/n) and δ in (4.2) for PSFRC controller is calculated

in real time using the information from the reference f0. Detailed parameters of the

controllers are listed in Table 3.2.
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Table 3.2: Parameters of SFB, PSFRC and CRC controller

Controller Parameters

SFB k1 = 1.6255, k2 = 1.0224× 10−3, h = 2.0
PSFRC n = 10, ki = 0.0014/5, Q(z) = 0.25z−1 + 0.5 + 0.25z
CRC kr = 0.0014, Q(z) = 0.25z−1 + 0.5 + 0.25z

3.3.2 Experimental results

The capabilities of the proposed PSFRC to track periodic reference and to reject

harmonics in fractional case are verified in this section. Fig. 3.11, Fig. 3.12 and Fig.

3.13 show the tracking performance of PSFRC and CRC plugging into a closed-loop

single-phase inverter system under different loads.

Fig. 3.11(a) and Fig. 3.11(c) show the output voltage vo and reference vref of

PSFRC and CRC under no load. Fig. 3.11(b) and Fig. 3.11(d) are the spectrums

of corresponding vo. From Fig. 3.11(a), PSFRC achieves outstanding tracking

performance with very low THD of 0.7526% under no load. Comparing Fig. 3.11(b)

with Fig. 3.11(d), it can be seen that the dominant harmonics in CRC controlled

output are effectively suppressed by PSFRC. In Fig. 3.11(d), the magnitude of all

the odd-harmonics under 10th order are higher than 1%, while these components

are suppressed to under 0.5% by PSFRC as shown in Fig. 3.11(a).

Moreover, PSFRC is testified under resistor load. Fig. 3.12 are the experimen-

tal results of both PSFRC and CRC. Fig. 3.12(d) shows that the THD of CRC

controlled output voltage is dominated by low-order odd harmonics and THD=

2.6585%. Compared with Fig. 3.12(d), Fig. 3.12(b) shows that all harmonic-

s in PSFRC controlled output voltage are suppressed to lower than 0.5% with

THD= 1.0830%.

Similar results are also shown in Fig. 3.13 to illustrate the effectiveness of PSFRC

under rectifier load. Fig. 3.13 shows that PSFRC achieves very low THD= 1.5249%
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Figure 3.11: Static tracking performance of PSFRC and CRC under no load: (a)
PSFRC controlled output and reference; (b) spectrum of the output in (a); (c) CRC
controlled output and reference; (d) spectrum of the output in (c).
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Figure 3.12: Static tracking performance of PSFRC and CRC under resistor load:
(a) PSFRC controlled output and reference; (b) spectrum of the output in (a); (c)
CRC controlled output and reference; (d) spectrum of the output in (c).
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under rectifier load, while THD of CRC controlled output is much higher with

THD= 3.3463%.

Besides, Fig. 3.14(a) and Fig. 3.14(b) show the convergence of tracking error with

PSFRC and CRC, respectively. Both PSFRC and CRC controllers are plugged into

the SFB closed-loop system at t = 1.0s. From Fig. 3.14(a), PSFRC converges

fast within 0.1s (within 6 cycles), while CRC takes about 0.2s to converge which is

twice slower than PSFRC. But compared with PI controller, the convergence time

of PSFRC is still relatively longer. Moreover, it is shown in Fig. 3.14 that PSFRC

offers better static tracking performance than CRC. After convergence, the root

mean square (RMS) value of tracking error in PSFRC is 1.6033V , while the RMS

static tracking error in CRC is 5.6325V .

Detailed comparisons of tracking performance between PSFRC and CRC are listed

in Table 3.3. It should be noted that the turnaround time of the proposed PSFRC

is longer than that of CRC. This is because multiple branches are added. But the

number of delay units required in PSFRC is reduced as many as possible to release

computational burden. Besides, unnecessary branches in PSFRC can be eliminated

to further improve transient performance and reduce turnaround time as stated in

Remark 3.2.

The transient performance of PSFRC when step load changes occur is shown in

Fig. 3.15. Step load change between resistor load and no load are applied to the

system. It can be seen from Fig. 3.15 that PSFRC can handle step load change well

and drive the output voltage back within 6 cycles.

Moreover, the transient performance of PSFRC, when the frequency of the ref-

erence (or fundamental frequency) f0 changes, is investigated. In this case, f0 is

changed from 60Hz to 40Hz. The experimental results are shown in Fig. 3.16.

Fig. 3.16(a) shows the output voltage v0 and current i0, and Fig. 3.16(b) shows the

tracking error of v0. From Fig. 3.16(b), PSFRC can drive the output back to the
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Figure 3.13: Static tracking performance of PSFRC and CRC under rectifier load:
(a) PSFRC controlled output and reference; (b) spectrum of the output in (a); (c)
CRC controlled output and reference; (d) spectrum of the output in (c).
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Figure 3.14: Convergence of error in PSFRC and CRC: (a) PSFRC; (b) CRC.
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Figure 3.15: Transient performance of PSFRC under load change: (a) from resistor
load to no load; (b) from no load to resistor load.
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Figure 3.16: Transient performance of PSFRC under frequency change: (a) output
voltage and current; (b) tracking error.

new reference fast within 0.1s when the fundamental frequency changes. On the

other hand, CRC’s response to this change of f0 is shown in Fig. 3.17. It shows

that CRC needs much more time to track the new reference.

3.4 Summary

This chapter proposes a novel parallel structure fractional repetitive control scheme

for PWM inverters. Using a correction factor and adopting parallel structure, PSFR-

C moves all poles of repetitive controller closer to harmonic frequencies in fractional

cases. Most importantly, it locates poles precisely at targeted harmonic frequencies.

As a result, the proposed control scheme achieves infinite high gains for targeted

harmonics and improves the control gains for others. Compared with CRC, PSFRC

offers both better tracking performance and faster transient performance in fraction-
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Figure 3.17: Transient performance of CRC under frequency change: (a) output
voltage and current; (b) tracking error.

Table 3.3: Performance comparison between PSFRC and CRC

Items PSFRC CRC

THD under no load 0.7526% 2.4875%
THD under resistor load 1.0830% 2.6585%
THD under rectifier load 1.5249% 3.3463%
Tracking error (RMS) 1.6033V 5.6325V
Convergence time About 0.1s About 0.2s
Number of delay units used 85 167
Turnaround time in DSP 62.5 µ s 45.3 µ s
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70 3.4. Summary

al cases. Furthermore, the number of delay units required is reduced to half of that

in CRC. Stability of this control scheme is proved. Experiments on a single-phase

PWM inverter are carried out and the experimental results verify the advantages of

PSFRC.
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Chapter 4

Grid Simulator using PSFRC

4.1 Introduction

Chapter 3 introduces the basic idea of PSFRC and proves its stability. This

chapter will further investigate the advantages of PSFRC compared with other types

of RCs. A grid simulator based on PSFRC to address power quality problem is

developed in this chapter.

Power quality (PQ) issues have attracted a lot attention from researchers in re-

cent years to provide high-quality source voltages for different electrical equipmen-

t [214–221]. But some PQ uncertainties, especially those caused by short circuit,

earth faults, transformer energizing, motor starting and so on, are hardly predictable

in real power distribution systems. So grid simulators are needed to emulate var-

ious operation scenarios to test electrical equipment. Several grid simulators have

been proposed so far: [45] proposes a programmable AC source to generate AC

voltages with various frequencies; [222] simulates voltage sag, swell and flicker with

series injected inverter; [223] presents a single phase grid simulator controlled by

proportional-integral (PI) controllers; [224] presents an algorithm for transient sim-

ulation of power grids using waveform relaxation (WR) technique; [225] designs
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a grid simulator using resonant controllers; [226] designs grid-simulator controlled

by basic PI controller for a transient analysis of grid-connected renewable energy

system; [227] proposes a grid simulator to evaluate control performance of grid-

connected inverters; [228] presents a high-performance controller handling nonlinear

load; and [229] proposes a multiple-loop control system in 400Hz inverter power sup-

ply based on unipolar sinusoidal pulse width modulation(SPWM). However, most

of these grid simulators are designed for particular perturbations only. Besides, grid

simulators based on three-phase four-leg converters are also proposed [230]. Four-leg

inverters avoid bulky capacitors or transformers for three-phase four-wire systems

and have been investigated widely recently [231–233]. But the control of four-leg

converters are more complex compared with conventional three-leg converters. De-

tailed comparisons between the control of four-leg and three-leg inverters are made

in [234].

Repetitive control is a control scheme designed for tracking repetitive references.

Besides, digital RC controllers have simple structures formulated by N delay units

(N is the number of samples in one period of the repetitive reference), and can

be applied in a plug-in style. Therefore, RC is one of the most promising control

schemes for grid simulators.

However, limitations on transient response, selectivity and flexibility limit the per-

formance of conventional repetitive control (CRC) in grid simulators. Besides, con-

ventional repetitive controllers compensate all the system’s harmonics equivalently.

But it is better for grid simulators to achieve independent tunings and controls for

different harmonic components.

In this case, parallel structure fractional repetitive control (PSFRC) scheme pro-

vides a solution to address the above problems faced by conventional repetitive

control. Remind the analysis in chapter 3, PSFRC locates poles at fundamental

and dominant harmonic frequencies in fractional case. Besides, it adopts parallel
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Figure 4.1: PSFRC based grid simulator

structure to separate the tunings and controls of different harmonics. Therefore,

PSFRC-controlled grid simulator offers better capability to generate accurate out-

puts with wanted harmonic distortions. Moreover, the number of delay units re-

quired in PSFRC can be reduced to at least half of that in CRC. Transient response

is also improved for the simulations of sudden voltage drops and voltage flickers.

Stability analysis and detailed design of controllers are provided in this chapter. A

reference generator is designed to provide various references. Moreover, experiments

are carried out to verify the effectiveness of the proposed grid simulator.

The remainder of this chapter is organized as follows. In section 4.2, a new design

of grid simulator is proposed based on PSFRC. Its topology structure, controller

design, stability analysis and reference generator, are described in detail. Section 4.3

provides experimental results to illustrate the effectiveness of this scheme. Section

4.4 concludes this chapter.
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4.2 Grid simulator system

The proposed grid simulator is shown in Fig. 4.1, where a three-phase H-bridge

PWM inverter with LC type output filters is used to generate voltages with different

types of disturbances and distortions. The control scheme of the grid simulator

consists of two parts: a state feedback controller and a parallel structure fractional

repetitive controller (PSFRC). Besides, a reference generator is designed to provide

reference for the whole system. Details of the proposed grid simulator are presented

in this section.

4.2.1 System modeling and analysis

The proposed grid simulator can also be described by Fig. 4.2, where R(z) is the

reference from the reference generator; e(z) is the tracking error; u(z) is the control

signal; d(z) is the disturbance; y(z) is the output; GRC(z), Gc(z) and Gp(z) are

the transfer function of the PSFRC controller, the state feedback controller and the

control plant, respectively.

Figure 4.2: Digital PSFRC based grid simulator
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In this grid simulator, the three-phase PWM inverter, i.e. Gp(z), is decoupled into

two identical single-phase systems as follows:











x(k + 1) = Ax(k) +Bu(k)

y(k) = Cx(k)
(4.1)

where x(k) =







vα(k)

iα(k)






or







vβ(k)

iβ(k)






, u(k) = uα(k) or uβ(k), y(k) = vo(k),

A =







ϕ11 ϕ12

ϕ21 ϕ22






, B =







g1

g2






with

ϕ11 = 1− (1/RCfs) + (1/2R2C2f 2
s )− (1/6LCf 2

s ),

ϕ12 = (1/3Cfs)− (1/6RC2f 2
s ),

ϕ21 = −(1/Lfs) + (1/2LCRf 2
s ),

ϕ22 = 1− (1/6LCf 2
s ),

g1 = E/6LCf 2
s and g2 = E/Lfs.

Remark 4.1. It should be noted here that the three-phase inverter is reduced to

two identical single-phase ones. Therefore, all the designs in this section are also

applicable to single phase grid simulators.

The structure of the proposed PSFRC controller is shown in Fig. 4.3, where e(z)

is the tracking error; ki is the learning gain with i = 1, 3, 5... and i ≤ n; N = fs/f0

with f0 = ω0/2π being the fundamental frequency and fs being the sampling rate;

ur(z) is the control signal from PSFRC; Gi(z) is the transfer function of the ith

branch; GRC(z) is the transfer function of the overall PSFRC; Q(z), Gf (z) are both

filters to improve the robustness of the whole system and δ is a correction factor

defined by

δ =
ω0nN

∗

2πfs
=

nN∗

N
, (4.2)
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where N∗ = round(N/n).

Figure 4.3: Parallel structure fractional repetitive controller (PSFRC)

From Fig. 4.3, Gi(z) can be obtained as

Gi(z) =
ej(i×2πδ/n)Q(z)z−N∗

1− ej(i×2πδ/n)Q(z)z−N∗
. (4.3)

In order to explore the properties of PSFRC controller in grid simulator, Q(z) is

regarded as an ideal zero-phase filter with uniform gain, then it can be derived from

(4.3) that the poles of Gi(z) are located at

jω = (nk + i× δ)jω∗

0, (4.4)

where k = 0, 1, 2... and ω∗

0 = 2πfs
nN∗

.

The properties of PSFRC controller in grid simulator application under different

scenarios can be analyzed based on (4.4) as follows:
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Normal cases where N∗ is an integer

In this case, δ = 1, N∗ = N and ω∗

0 = ω0. From (4.4), the poles of PSFRC’s ith

branch are located at jω = (nk + i)jω0. Adding the output of all the branches in

Fig. 4.3 together, PSFRC locates poles at jω = (2k + 1)jω0, which correspond to

the system’s fundamental frequency and all the odd-harmonic frequencies. Because

odd harmonics dominate the THD in PWM AC systems, these poles guarantee

zero-error tracking of periodic reference with its fundamental frequency being f0.

Fractional cases where N∗ is not an integer

In this case, δ 6= 1 and ω∗

0 6= ω0. Substituting (4.2) into (4.4), it can be obtained

that (4.3) has a pole at jω = ijω0 when k = 0. Adding the output of all the

branches in Fig. 4.3 together, PSFRC locates poles accurately at fundamental

frequency and each dominant odd-harmonic under nth order at ijω0. Besides, since

δ 6= 1, (4.4) indicates that PSFRC shifts all the poles at (nk+ i)jω∗

0 (poles of CRC)

to (nk + i× δ)jω∗

0 (k ≥ 1) which are closer to harmonic frequencies. It means that

the gains for higher order harmonics are improved. Therefore, PSFRC proposed in

this chapter achieves higher gains compared with CRC in fractional cases.

Remark 4.2. PSFRC controller shown in Fig. 4.3 provides a flexible and selec-

tive repetitive control scheme for grid simulators. The correction factor δ offers

a very simple and adaptive way to provide high-accuracy tracking performance in

both normal and fractional cases from the above analysis. Each branch of PSFR-

C compensates one harmonic group at jω = (nk + i)jω0. So it is convenient to

tune different harmonics independently. Moreover, the unnecessary branches can

be removed to further improve transient performance and to reduce computational

burden. For example, the branches with k3 and k9 are not needed for three-phase

AC systems.
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4.2.2 Controller design

As shown in Fig. 4.2, a plug-in PSFRC controller combined with a state-feedback

controller is adopted in this grid simulator. The state feedback controller, Gc(z),

is designed to stabilize and compensate the PWM inverter. The plug-in PSFRC

controller, GRC(z), offers precise tracking performance and harmonic elimination.

In this chapter, a state-feedback controller as in (4.5) is adopted,

u(k) =

[

−k1 −k2

]

x(k) + hvref(k). (4.5)

Substituting (4.5) into (4.1), state equation of the system with state feedback

controller only can be derived as

x(k + 1) =







ϕ11 − k1g1 ϕ12 − k1g2

ϕ21 − k2g1 ϕ22 − k2g2






x(k)

+







g1h

g2h






vref(k)

. (4.6)

Finding the transfer function of state equation (4.6) in z-domain, the system

without the plug-in PSFRC can be expressed by

H(z) =
Gc(z)Gp(z)

1 +Gc(z)Gp(z)
=

m1z +m2

z2 + p1z + p2
(4.7)

where

p1 = −(ϕ11 − g1k1 + ϕ22 − g2k2),

p2 = (ϕ11 − g1k1)(ϕ22 − g2k2)− (ϕ12 − g1k2)(ϕ21 − g2k1),

m1 = g1h and m2 = (ϕ12 − g1k2)g2h− (ϕ22 − g2k2)g1h.

From (4.7), poles of H(z) can be arbitrarily assigned by designing appropriate

state-feedback controller.
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Table 4.1: System parameters of three phase PWM inverter

Meaning and symbol Value

DC bus voltage E 500V
Output filter inductance L1,2,3 7mH
Output filter capacitance C1,2,3 50uF
Load resistance R 50Ω
Sampling frequency fs 6kHz
Switching frequency 6kHz

Choose u(k) as

u(k) =

[

−0.7 −0.1

]

x(k) + 2.0vref(k), (4.8)

then H(z) can be derived from the detailed parameters listed in Table 4.1 as,

H(z) =
1.323z + 1.316

z2 − 0.3373z + 0.2713
. (4.9)

It is straightforward to verify that all the poles of H(z) are inside the unit circle,

which means that the system is stable without plug-in PSFRC controller.

As analyzed in Chapter 3, the sum of ki, i.e.
∑

ki, should fall in the range

of (0, 2). It should be noted that ki can be tuned independently to improve the

compensation on dominant harmonics. For three-phase grid simulators, k5 and k7

should be larger to guarantee better tracking performance since 5th and 7th order

harmonic groups dominant the THD. In this case, the settings of PSFRC are as

follows: k1 = k9 = 0.02, k3 = 0.01, k5 = 0.05, k7 = 0.3, n = 10, and the values are

determined by trial and error.

4.2.3 Hardware description

The hardware equipments and prototype of the grid simulator are shown in Fig.

4.4 and the system is depicted in Fig. 4.5.
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Figure 4.4: Experimental setups

In this grid simulator, the diode rectifier is a SKD 51 rectifier module as shown

in Fig. 4.6. This is a three-phase uncontrolled diode rectifier module. This rectifier

can be used in single phase configuration also, by leaving one branch of the rectifier

disconnected. The filtering capacitors after the rectifier are electrolytic capacitors,

their individual value is 2200 µF/400 V, 2 connected in series, 2 in parallel. The

equivalent capacitor of the complete DC bus is 1100 µF/800 V.

As shown in Fig. 4.7 , a two-level PWM inverter is connected after the DC bus.

The PWM inverter is implemented by three IGBT modules SKM 50 GB 123 D as

in Fig. 4.8. Each of these modules is an inverter leg, and is made of 2 IGBTs with
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Figure 4.5: Grid simulator system

Figure 4.6: Rectifier module

an anti-parallel diode, connected in series, of which the middle point is at terminal

1. The top IGBT collector is at terminal 3 and the bottom IGBT emitter is at

terminal 2. The IGBTs are forced closed by a 15V signal between the gate and the
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associated emitter and forced open by a −15 V order on the same terminals.

Figure 4.7: AC-DC-AC converter: (a) Diode rectifier; (b) Capacitor bank; (c) PWM
inverter

Figure 4.8: IGBT module

The IGBT drivers are based on three SKHI 22 A-R cores as in Fig. 4.9, each

one controlling an inverter leg (both Top and Bottom IGBTs of one single module).

The SKHI 22 A-R must be powered with 0/15 V, and the power supply must be
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able to deliver a current above the drivers’ consumption (160 mA / driver max). It

is equipped with an internal 10 kΩ pull-up resistor versus Vs. The error signal is

negative logic, i.e. it gives a +15 V signal when no error has occurred.

Figure 4.9: IGBT driver

The controller is programmed in Matlab/Simulink and realized in real time by a

Dspase1104 at 6kHz. The slave DSP in the DS1104 are used to generate PWM

signals for IGBT drivers. It provides 3 output channels (phases) for 3-phase PWM

signal generation (PWM3) in the frequency range 1.25 Hz to 5 MHz. For PWM3,

the DS1104 (and the optional connector panels CP1104/ CLP1104) provides the

signals for both the non-inverted and the inverted PWM3 phases.

The output filters are LC type with parameters listed in Table 4.1. Voltage sensors

are LEM 25-P and LEM current transducer HX-50P is used for current measure-

ments. The DC voltage at the capacitor bank of the rectifier is always set to be

500V by adjusting the variable transformer.

4.2.4 Reference generator

Grid simulator generates output voltages with various perturbations by tracking

different references from the reference generator. A fast and high-organized reference
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generator improves the performance of grid simulators. In this section, a general

reference generator is designed.

Voltage dips

Voltage dips in three-phase systems can be classified into three typical categories:

[235]

• type A: an equal drop in all the three phases;

• type B: a drop in two phases only;

• type C: a large drop in one phase with small drops in the other two phases.

and all these three types of voltage dips can be depicted in Fig. 4.10.

Figure 4.10: Voltage phaser representation of phase-to-phase voltage dips
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Suppose the amplitude of balanced three-phase voltages is Vref , i.e.
∣

∣

∣

~Va

∣

∣

∣
=
∣

∣

∣

~Vb

∣

∣

∣
=

∣

∣

∣

~Vc

∣

∣

∣
= Vref , then drops of AC voltage’s amplitude in each phase in Fig. 4.10 can be

represented by

∣

∣

∣

~V ∗

c

∣

∣

∣
= ξVref (4.10)

∣

∣

∣

~V ∗

a

∣

∣

∣
=

∣

∣

∣

~V ∗

b

∣

∣

∣
= ΦVref (4.11)

where Φ, ξ are real constant and 0 < Φ ≤ 1, 0 < ξ ≤ 1.

It can be derived from Fig. 4.10 that

tan θ =
2ξ

√

4Φ2 − ξ2
, (4.12)

∣

∣

∣

~V ∗

ab

∣

∣

∣
= Vref

√

4Φ2 − ξ2, (4.13)
∣

∣

∣

~V ∗

bc

∣

∣

∣
=

∣

∣

∣

~V ∗

ca

∣

∣

∣
= Vref

√

Φ2 + 2ξ2, (4.14)

then the three types of voltage dips can be obtained by assigning appropriate values

to Φ and ξ: type A can be obtained when 0 < Φ = ξ < 1; type B can be obtained

when Φ = 1 and 0 < ξ < 1; type C can be obtained when 0 < Φ 6= ξ < 1. θ can be

calculated according to (4.12).

Given Φ and ξ, reference for three-phase voltages with voltage dip can be generated

by the following equations:

V ∗

ab =
∣

∣

∣

~V ∗

ab

∣

∣

∣
sin(2πf0t), (4.15)

V ∗

bc =
∣

∣

∣

~V ∗

bc

∣

∣

∣
sin(2πf0t− π + θ), (4.16)

V ∗

ca =
∣

∣

∣

~V ∗

ca

∣

∣

∣
sin(2πf0t+ π − θ). (4.17)
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Harmonic distortion and voltage flicker

Harmonic distortion are generated from the following functions and added to the

main reference voltages,

vhab = Vhsin(2hπf0t),

vhbc = Vhsin(2hπf0t+
2π

3
),

vhca = Vhsin(2hπf0t+
4π

3
), (4.18)

where Vh is the amplitude of the harmonic component and h is the harmonic order.

Different order harmonics are generated independently from (4.18), thus they can

be added simultaneously.

Voltage flicker is realized by modulating the amplitude of main reference voltage

as

V f
ref = σVref (4.19)

where σ is a time-varying modulation factor that can be either square wave or

sinusoidal wave. The amplitude variation is limited to 10%.

4.3 Experimental results

4.3.1 High-quality three-phase AC voltages with various fre-

quencies

The PSFRC-controlled grid simulator proposed in this chapter is capable to gen-

erate three-phase AC voltages with various frequencies. In this section, 50Hz and

60Hz AC voltages are simulated to verify the effectiveness of the grid simulator.

Fig. 4.11 shows the experimental results of generating 200V, 50Hz three-phase

voltages feeding a balanced ∆-connected resistor load. Fig. 4.11(a) shows the output
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line-to-line voltages, Fig. 4.11(b) shows the output currents and Fig. 4.11(c) are

the spectrums of Uab. The experimental results show that the grid simulator can

generate high-quality three-phase voltages with very low THD= 0.61%.

Besides, the PSFRC-controlled grid simulator is also testified to generate 200V,

60Hz output voltages and is connected to a rectifier load as shown in Fig. 4.12. The

experimental results are shown in Fig. 4.13. Fig. 4.13 shows that nonlinearities in

load side do not affect the output of the proposed grid simulator a lot. It can be

seen that a very low THD of 1.53% is achieved.

The capability of the grid simulator to generate high-quality output voltages in

fractional cases is also verified by the following experiments. In this case, 200V,

49.5Hz three-phase reference voltages, which correspond to a reasonable frequency

disturbance range in E.ON grid code, are set in the reference generator. In this

case, N = fs/f0 = 121.2 and it can be calculated that δ = 0.99. The output of the

PSFRC-controlled grid simulator feeding nonlinear rectifier load is shown in Fig.

4.14. Fig. 4.14(a), Fig. 4.14(b) and Fig. 4.14(c) are the line-to-line output voltages,

output currents and spectrums of output Uab, respectively. From the experimental

results, a very low THD= 1.54% is achieved in fractional cases.

Moreover, a CRC-controlled grid simulator is also implemented, and Fig. 4.15

shows the structure of the CRC used. It should be noted that the learning gain of

CRC kr has an identical stable range with
∑

ki in PSFRC [31]. CRC’s kr is set

to be
∑

ki = 0.39 in this experiment because the choice of kr affects the tracking

performance of RCs. Fig. 4.16 shows the experimental results, and it shows that

the proposed PSFRC-controlled grid simulator achieves better tracking performance

than CRC-controlled one whose THD is 2.28%.
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Figure 4.11: 50Hz three-phase voltages with linear load (proposed grid simulator).
(a) Output voltage; (b) output current; (c) spectrum of Uab.
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Figure 4.12: Rectifier load

The convergence of PSFRC and second-order odd-harmonic RC (ORC) are shown

in Fig. 4.17. Second-order odd-harmonic RC is an improved robust and fast RC

controller designed for fractional applications [52]. Both the PSFRC and the ORC

are plugged into the state-feedback system at t=1.0s. Fig. 4.17 shows that PSFRC

converges within 0.2s and faster than ORC. Besides, the grid simulator’s transient

response to a frequency change of reference from 50Hz to 60Hz are shown in Fig.

4.18. It shows that PSFRC controlled grid simulator tracks the new reference within

0.12s.

4.3.2 Harmonic distortion

In this section, the proposed grid simulator is testified to generate three-phase

voltages with specific harmonic distortions. 200V, 50Hz three-phase voltages are

generated with 10% of 5th and 5% of 7th order harmonic components. The pro-

posed grid simulator is connected to a rectifier load as in Fig. 4.12. The line-to-line

output voltages, output currents and the spectrum of Uab are shown in Fig. 4.19.

Spectrum analysis in Fig. 4.19(c) shows that the 5th order and the 7th order har-

monic components takes up 9.91% and 5.21% of fundamental voltage, respectively.

Comparing with the proposed grid simulator, a CRC-controlled grid simulator is

also used to generate the same output voltages. kr is set to be 0.39 which equals

to
∑

ki in this case, and the experimental results are shown in Fig. 4.20. The

spectrum analysis in Fig. 4.20(c) shows that big error exists in the tracking of
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Figure 4.13: 60Hz three-phase voltages with nonlinear load (proposed grid simula-
tor). (a) Output voltage; (b) output current; (c) spectrum of Uab.
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Figure 4.14: 49.5Hz three-phase voltages with nonlinear load (proposed grid simu-
lator). (a) Output voltage; (b) output current; (c) spectrum of Uab.
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Figure 4.15: Conventional repetitive controller

harmonic components. The 5th and 7th order harmonics takes up only 3.26% and

1.23%, respectively.

4.3.3 Voltage dips

In this section, different types of voltage dips are simulated by the proposed grid

simulator.

Firstly, a 10% voltage drop is added to each phase of 200V, 50Hz output voltages

simultaneously. Stable voltage drop last for 1s and then go back to 200V. This

experiment simulates normal grid voltage dips correspond to voltage dip type A in

section 4.2. Fig. 4.21(a) shows that the proposed grid simulator can simulate such

voltage dips successfully.

Besides, the tracking error of line-to-line voltage Uab is shown in Fig. 4.21(b). Fig.

4.21(b) shows that only 0.05s (less than 3 cycles) are needed to finish the transient

progress.

Secondly, the grid simulator is testified to simulate sudden short interruption of

grid with a magnitude drop to its 1%. The experimental results are shown in Fig.

4.22.

Furthermore, voltage dips of type B and type C are simulated by the proposed

grid simulator. Fig. 4.23 shows a voltage dip type B generated by the grid simulator

feeding nonlinear rectifier load. In this case, Φ = 1 and ξ = 0.8 in the reference

generator. Fig. 4.24 shows the experimental results for voltage dip type C with
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Figure 4.16: 49.5Hz three-phase voltages with nonlinear load (CRC-controlled grid
simulator). (a) Output voltage; (b) output current; (c) spectrum of Uab.
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Figure 4.17: Convergence of RCs. (a) PSFRC; (b) ORC.

Φ = 0.8 and ξ = 1. The grid simulator is connected with a nonlinear load as in

Fig. 4.12 too. The experimental results verify the capability of the proposed grid

simulator to simulate different types of voltage dips.

4.3.4 Voltage flicker

In this section, the capability of the proposed grid simulator to generate low-

frequency oscillations in voltage amplitude is testified. 200V, 50Hz three-phase

voltages with sinusoidal flicker is generated. The amplitude variance is 5% of main

voltage and the frequency of flicker is 4Hz. Fig. 4.25 shows the generated output

voltage and verifies the effectiveness of the proposed grid simulator to generate

voltage flickers.
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Figure 4.18: Transient performance when frequency changes from 50Hz to 60Hz.
(a) Output voltage; (b) Tracking error.
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Figure 4.19: Three-phase voltages with harmonic distortion (proposed grid simula-
tor). (a) Output voltage; (b) output currents; (c) spectrum of Uab.
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Figure 4.20: Three-phase voltage with harmonic distortion (CRC-controlled grid
simulator). (a) Output voltage; (b) output currents; (c) spectrum of Uab.
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Figure 4.21: Balanced three-phase voltage dip (Type A) . (a) Output voltage; (b)
Tracking error of Uab.
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Figure 4.22: Simulation of short interruption in grid . (a) Output voltage; (b)
Tracking error of Uab.
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Figure 4.23: Unbalanced three-phase voltage dip (Type B) . (a) Output voltage; (b)
Output current.
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Figure 4.24: Unbalanced three-phase voltage dip (Type C) . (a) Output voltage; (b)
Output current.
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4.3.5 Hybrid disturbance

In order to further illustrate the effectiveness of the proposed grid simulator, hy-

brid disturbance contains multiple types of disturbance is generated in this section.

In this case, both voltage dips (type B) and harmonic distortion are added to the

main voltage. As shown in Fig. 4.26, the grid simulator tracks a 200V, 50Hz voltage

reference suffers from voltage dip type B with Φ = 1, ξ = 0.8. Besides, a 10% 5th

order and a 5% 7th order harmonic distortion are required in Uab; a 7% of 5th order

harmonic component is required in Ubc; and Uca is set to contain 5% of 5th order

harmonics. The grid simulator is connected to an nonlinear rectifier load. Fig. 4.26

shows the output voltages and currents.
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Figure 4.25: Voltage flicker
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Figure 4.26: Hybrid disturbance. (a) Output voltage; (b) Output current.
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4.4 Summary

This chapter applies the parallel structure fractional repetitive control scheme to

grid simulators. The new control scheme provides independent tunings for differen-

t harmonic groups, thus offering more flexible compensations. Besides, correction

factors are introduced in each branch of PSFRC to improve the control gains at

dominant harmonics in fractional cases. As a result, PSFRC largely improves the

tracking accuracy of the grid simulator in both normal and fractional cases. Tran-

sient response is also improved. Therefore, the proposed PSFRC-controlled grid

simulator is flexible, fast and accurate. Experimental results are provided to verify

the effectiveness of the proposed scheme.
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Part II

ITERATIVE LEARNING

CONTROL
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Chapter 5

Neural Network Based Terminal

Iterative Learning Control (Linear

Case)

5.1 Introduction

Terminal iterative learning control focuses on tracking the desired terminal ref-

erence point. Previous research works mostly consider tracking iteration-invariant

reference point with identical initial state [236]. These assumptions simplify the

control designs but make the tracking performance depend on the invariance of ref-

erence and initial state. In other words, once the reference or initial state changes,

a fresh learning process is required. Thus, it is desirable to develop new ILC and

TILC controllers to handle iteration-varying reference and initial state.

Several methods to handle non-identical initial state have been proposed in pre-

vious works. ILC in [148] solves this problem by learning the initial state before

each iteration. Multi-rate ILC scheme in [149] sets the input updating rate different

from the sampling rate. Cut-off frequency phase-in profile [150] adopts filter with
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time-varying cut-off frequency following a predefined profile for better performance.

As for the difficulty faced by conventional ILC to track iteration-varying reference,

[160,161] and [162] propose a class of controllers but are all based on the assumption

that zero-error initial condition is satisfied. In [163], adaptive ILC is introduced to

track iteration-varying reference beyond initial state variance.

In this chapter, a neural network based terminal iterative learning control (N-

NTILC) method is proposed to solve the above problems. It is known that neural

network is efficient in function approximation and parameter estimation [237]. Us-

ing this feature, NNTILC approximates the effect of initial state and reference on

the terminal output by a RBF neural network. Then by conducting the control law

involving the estimation and the reference signal, it can drive the system to track

iteration-varying reference point fast and precisely beyond initial state variance.

Besides, since the system’s dynamics are included in the control scheme, NNTILC

works without any extra learning process even when the reference changes. Con-

vergence analysis of the proposed method is derived mathematically. Simulation

results confirm the effectiveness of this method.

The remainder of this chapter is organized as follows. In section 2, the formulation

of the problem is introduced. In section 3, a new NNTILC controller is designed

for a class of uncertain discrete-time linear systems. Convergence analysis is also

provided in section 3. Section 4 provides computer simulation results to illustrate

the effectiveness of NNTILC. Section 5 draws some conclusions.
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5.2 Problem formulation

Consider a class of MIMO discrete time dynamical linear systems as follows:

xk(t+ 1) = Axk(t) +Buk(t)

yk(t+ 1) = Cxk(t+ 1) (5.1)

where t = 0, 1, 2, ..., T is the sampling index and k is the iteration index. Matrices A,

B and C are unknown and time invariant with appropriate dimensions; xk(t) ∈ R
p

is the state vector, yk(t) ∈ R
n is the output vector, and uk(t) ∈ R

m is the control

vector. In terminal iterative learning control, the control input is set as a constant

at all sampling times in the same iteration, i.e., uk(t) = uk for all t = 0, 1, 2, ..., T .

The controller proposed in this chapter aims to track iteration-varying terminal

point rk at time instant T in the kth iteration when initial state variance exists.

From (5.1), the relationship between the system’s terminal output yk(T ) and initial

state xk(0) can be developed as

yk(T ) = Fk +B∗uk (5.2)

where Fk = CATxk(0) is the effect of initial state on the terminal output and

B∗ =
T−1
∑

m=0

CAT−1−mB.

The tracking error of the system is defined as

ek = rk − yk (5.3)

where rk = f(k) is the iteration-varying reference. f(k) can be any value that the

system can reach.
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Substitute (5.2) into (5.3), the tracking error of the system becomes

ek = rk − Fk −B∗uk (5.4)

The following assumptions are imposed on the MIMO system (5.1):

Assumption 1: The system is both controllable and observable, n ≤ m, and

B∗ ∈ R
n×m is of full rank.

Assumption 2: The initial state is accessible in every iteration.

Remark 5.1. The assumption that B∗ is of full rank indicates that the output of

the system at terminal time instant T is controllable. It is commonly used in control

theory; As for assumption 2, TILC is applied to systems, in which the initial state

will be reset before every iteration, so it is reasonable to assume that the initial state

is accessible.

5.3 NNTILC controller design with convergence

analysis

In this proposed NNTILC, the controller is designed to adjust the input such

that the terminal output in different iterations approach different desired reference

values. From (5.4), it can be calculated that the desired input in the kth iteration,

which makes the tracking error 0, is

uD
k = B∗−1(rk − Fk) (5.5)

However, neither B∗ nor Fk is known. Besides, B∗ is a system parameter while

Fk is a function of initial state. In order to make the estimation simpler, they are
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estimated together in a new parameter θk, and the controller is constructed as:

uk = Γ(rk − θk) (5.6)

where Γ ∈ R
m×n is a self-define control gain matrix and θk is a new parameter which

combines both the information of B∗ and Fk.

Next, the ideal value of the new parameter θk in (5.6), which is denoted as θDk , is

identified.

Substitute θDk into (5.6), we have

uD
k = Γ(rk − θDk ) (5.7)

Combine (5.5) and (5.7), it can be derived that

θDk = (B∗ · Γ)−1[Fk − (I − B∗ · Γ)rk] (5.8)

Remark 5.2. From assumption 1, it can be calculated that rank(B∗) = n. If Γ is

of full rank, i.e. rank(Γ) = n, then rank(B∗ · Γ) ≤ min[rank(B∗), rank(Γ)] = n.

So there exists such a Γ which guarantees that B∗ · Γ is of full rank. Therefore, the

ideal θDk in equation (5.8) exists.

To avoid estimating every parameter, a RBF neural network is introduced to model

the relationship in (5.8). Then all the estimations are converted to estimating the

weight matrix of the neural network.

It is assumed that there exists an ideal function of xk(0) and rk and an ideal RBF
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neural network which make

θDk = g













xk(0)

rk













= (B∗ · Γ)−1[Fk − (I − B∗ · Γ)rk] (5.9)

= (B∗ · Γ)−1[CATxk(0)− (I − B∗ · Γ)rk]

= W T
Dφ













xk(0)

rk












+ ν(k)

where g(·) denotes the ideal function, W T
D ∈ R

n×L is an unknown ideal weight

matrix, L denotes the number of neurons in the hidden layer, φ(·) denotes a known

vector of basis activation function,







xk(0)

rk






∈ R

p+n is the input vector of the

neural network and φ













xk(0)

rk












∈ R

L is the output of the neural network’s

hidden layer, ν(k) is the modelling noise.

The basis activation function is chosen as

φi(x) = exp

(

−
‖x− µi‖

2

2σ2
i

)

(5.10)

where µi ∈ R
p+n and σi are the centre and width of the ith hidden neuron, i =

1, 2, ..., L. In this chapter, only the weight matrix is updated iteratively.

The approximation of θDk in the kth iteration can be represented as

θk = ĝk













xk(0)

rk












= Ŵ T

k φ













xk(0)

rk












(5.11)

where ĝk(·) denotes the approximation of the ideal function g(·) and Ŵ T
k is the

estimation of the ideal weight matrix in the kth iteration.
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From equation (5.10), it can be obtained that

Fk = B∗ · ΓθDk + (I − B∗ · Γ)rk (5.12)

Combining (5.2), (5.4), (5.6), (5.11) and (5.12), the tracking error becomes

ek = rk − [B∗ · ΓθDk + (I − B∗ · Γ)rk]− B∗ · Γ(rk − θk)

= rk − [B∗ · ΓW T
Dφ













xk(0)

rk












+ ν(k) + (I −B∗ · Γ)rk]

− B∗ · Γ[rk − Ŵ T
k φ













xk(0)

rk












]

= rk −B∗ · ΓW T
Dφ













xk(0)

rk












− ν(k)− (I −B∗ · Γ)rk

− B∗ · Γrk +B∗ · ΓŴ T
k φ













xk(0)

rk













= B∗ · ΓW̃ T
k φ













xk(0)

rk












− ν(k) (5.13)

where W̃ T
k = Ŵ T

k −W T
D is the weight estimation error.

Define the noise-free a priori error in the kth iteration as

ea(k) = B∗ · ΓW̃ T
k φ













xk(0)

rk












(5.14)

The tracking error becomes

ek = ea(k)− ν(k) (5.15)
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Assumption 3: The noise ν(k) is zero-mean, independent, identically distributed

and independent of the a priori error ea(k).

Remark 5.3. Assumption 3 is commonly used in convergence analysis of most

adaptive or kernel algorithms [238].

To train the neural network, a neural network updating law is introduced as

Ŵ T
k+1 = Ŵ T

k − αekφ
T













xk(0)

rk












(5.16)

where α ∈ R is a learning gain, which affects the convergence of the proposed

method.

The NNTILC controller is proposed based on the control law (5.6) and the neural

network updating law (5.16). The overall scheme of the proposed NNTILC controller

is shown in Fig. 5.1.

Figure 5.1: Overall scheme of the proposed NNTILC

Theorem 5.1. For MIMO uncertain discrete-time linear system (5.1), suppose that

the control gain Γ in (5.6) and neural network updating gain α in (5.16) satisfy that
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(1) α > 0;

(2) B∗ · Γ is of full rank;

(3) B∗ · Γ and (2I − αLB∗ · Γ) are positive definite, where L is the number of

neurons in the hidden layer of the neural network and I is an identity matrix.

Then NNTILC can guarantee that

(1) the weight matrix Wk of the RBF neural network is convergent in the sense of

Lyapunov function (W̃ T
k+1W̃k+1 − W̃ T

k W̃k) ≤ 0);

(2) the terminal tracking error ek converges to zero asymptotically as k approaches

infinity.

Proof. Subtract W T
D from both sides of the neural network updating law (5.16), it

can be derived that

W̃ T
k+1 = W̃ T

k − αekφ
T













xk(0)

rk












(5.17)

From (5.10), φ(·) satisfies

0 ≤ φi(·) ≤ 1, i = 1, 2, ..., L (5.18)

where φi(·) is the ith entry of φ(·).

Since there are L neurons in the hidden layer, i.e., φ(·) ∈ R
L×1, together with
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(5.18), it can be derived that

0 ≤ φT













xk(0)

rk












φ













xk(0)

rk












≤ L (5.19)

.

Choose a candidate Lyapunov function as follows:

J = trace(W̃ T
k+1(B

∗ · Γ)W̃k+1) (5.20)

= trace(B∗ · ΓW̃ T
k+1W̃k+1),

then the incremental change of the candidate Lyapunov function is

∆J = trace[B∗ · Γ(W̃ T
k+1W̃k+1 − W̃ T

k W̃k)] (5.21)

From (5.17), along with the property of trace calculation trace(XTY ) = trace(XY T ),

(5.21) can be rewritten to
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∆J = trace[B∗ · Γ(W̃ T
k+1W̃k+1 − W̃ T

k W̃k)]

= trace{B∗ · Γ






W̃ T

k − aekΦ
T













xk(0)

rk



















T 




W̃ T

k − aekΦ
T













xk(0)

rk



















−B∗ · ΓW̃ T
k W̃k}

= trace{B∗ · Γ






W̃k − aΦ













xk(0)

rk












eTk












W̃ T

k − aekΦ
T













xk(0)

rk



















−B∗ · ΓW̃ T
k W̃k}

= trace{B∗ · Γ[W̃ T
k W̃k − αW̃ T

k Φ













xk(0)

rk












eTk − αekΦ

T













xk(0)

rk












W̃k

+α2ekΦ
T













xk(0)

rk












Φ













xk(0)

rk












eTk − W̃ T

k W̃k]}

(5.22)

Simplify (5.22), we get

∆J = trace[B∗ · Γ(W̃ T
k+1W̃k+1 − W̃ T

k W̃k)]

= trace{B∗ · Γ[−2αW̃ T
k φ













xk(0)

rk












eTk

+α2ekφ
T













xk(0)

rk












φ













xk(0)

rk












eTk ]}

(5.23)

From (5.19), it can be obtained that

∆J ≤ trace[−2αB∗ · ΓW̃ T
k φ













xk(0)

rk












eTk + α2LB∗ · Γeke

T
k ] (5.24)

Nanyang Technological University Singapore



118 5.3. NNTILC controller design with convergence analysis

Substitute (5.14) and (5.15) into (5.24), it yields

∆J ≤ trace(−2αeke
T
k + α2LB∗Γeke

T
k − 2αv(k)v(k)T − 2αv(k)eTa (k))

= trace[α(αLB∗ · Γ− 2I)eke
T
k − 2αv(k)v(k)T − 2αv(k)eTa (k)]

≤ trace[αeTk (αLB
∗ · Γ− 2I)Tek − 2αv(k)eTa (k)]

= −αeTk (2I − αLB∗ · Γ)T ek − 2αvT (k)ea(k)

(5.25)

We are interested in the mean square behaviour of the NNTILC. Take expectation

of both side of (5.25), it yields

E(∆J) ≤ E(αeTk (2I − αLB∗ · Γ)T ek − 2αvT (k)ea(k)) (5.26)

Combine assumption 3 and (5.26), we have

E(∆J) ≤ E(αeTk (2I − αLB∗ · Γ)T ek) (5.27)

From (5.27), if α > 0 and Γ satisfy that (2I − αLΓB∗) is positive definite, then

E(∆J) < 0 (5.28)

Using (5.27) repetitively, it can be derived that

E{trace[W̃ T
k+1(B

∗ · Γ)W̃k+1]}

≤ tarce[W̃ T
0 (B

∗ · Γ)W̃0]−
k
∑

i=0

E[eTi (2I − αLB∗ · Γ)T ei]
(5.29)

Because the factor B∗ · Γ is positive definite, along with equation (5.21), J is

non-negative and bounded. Together with (5.28), it leads that

lim
k→∞

eTk (2I − αLB∗ · Γ)T ek = 0 (5.30)
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Since the factor (2I − αLB∗ · Γ)T is positive definite, we have

lim
k→∞

eTk ek = 0 (5.31)

Remark 5.4. In this NNTILC scheme, two control gains Γ and α are introduced. Γ

affects the control effort of the controller, while the neural network updating gain α

decides the convergence rate of the system, i.e., larger α leads to faster convergence

rate, but overshoot may be introduced. From Theorem 5.1, Γ can help to loosen the

constraint on α.

Remark 5.5. In NNTILC, zero error initial condition is not required. Besides,

it can be derived from the proof that once the neural network converges, no extra

learning is required when the initial state or the reference changes.

5.4 Simulation studies

To illustrate the effectiveness of the proposed NNTILC scheme, simulations on

SISO system and MIMO system are done in this section. The performance of the

proposed NNTILC method is compared with conventional TILC method. Conven-

tional TILC is constructed as,

uk+1 = uk + l · ek (5.32)

where uk+1 and uk are control input in the (k + 1)th and kth iteration, ek is the

terminal tracking error, and l is the learning gain.
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5.4.1 Case study on SISO system

Consider the following discrete time SISO system

xk(t+ 1) =













0.5 0.035 0.025

0.255 0.6 −0.99

0.75 0.03 0.025













xk(t) (5.33)

+

(

0.2 0.2 0.0

)T

uk(t)

yk(t) =

(

1.0 0.0 1.0

)

xk(t),

and the system operates on time interval [0, 20] in every iteration.

In this simulation, the NNTILC scheme and the conventional TILC method are

used to track iteration-varying reference points as shown in Fig. 5.3. The reference

points in different iterations are given as

rk = f(k) = 2 + sin(
4π

k
) (5.34)

In SISO systems, α and Γ are both real numbers. α affects the convergence rate

of the neural network’s weight matrix, while Γ decides the control effort. A larger

α leads to faster convergence but may introduce overshoot. Usually α is set in the

range of [0, 1]. Γ should be adjusted to guarantee the stability of the controller,

i.e. to satisfy condition (3) in theorem 5.1. In this simulation, the neural network

is initialized randomly with 3 neurons in the hidden layer, the centres are chosen

properly around the reference trajectory. The activation function in (5.10) is used.

The neural network updating gain α is set as 0.4 and the control gain Γ is chosen

as 1.43 by trial and error.

The learning gain of conventional TILC l is 1.2. Initial state in this simulation is

shown in Fig. 5.2.
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Fig. 5.3 shows the terminal output and the tracking error in iteration domain.

It shows that the tracking error of NNTILC converges to zero very fast within

five iterations. However, the tracking error of conventional TILC performs periodic

property without convergence.
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)

Figure 5.2: Initial state in different runs (SISO case).

5.4.2 Case study on MIMO system

Consider a MIMO system, which can be represented as
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Figure 5.3: Performance for tracking run-varying reference (on SISO system) in
iteration domain.

xk(t+ 1) =













0.5 0.035 0.025

0.255 0.6 −0.99

0.75 0.03 0.025













xk(t) (5.35)

+







0.2 0.03 0.025

0.2 0.2 0







T

uk(t)

yk(t) =







1.0 0 1.0

0 2.0 1.0







T

xk(t),

the system operates on time interval [0, 20] in every iteration.

For MIMO systems, the selection of control factors α and Γ is more complicated.

In general, the elements on the diagonal of Γ affect the corresponding output. So

these elements can be adjusted firstly with all the other elements as 0. In practice,
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an upper triangular matrix is enough. In this simulation, the NNTILC controller

works with α = 0.8 and Γ =







0.1250 −0.4167

0 0.8333






. The RBF neuron network works

with 3 hidden neurons.

The reference points in different iterations are shown in Fig. 5.5 and the mathe-

matical representation is as below,











r1,k = f1(k) = 2 + 3 sin(4π
k
)

r2,k = f2(k) = 1 + 4 sin(4π
k
)

(5.36)

Initial states in every iteration are shown in Fig. 5.4.

The terminal output and the tracking error of NNTILC are shown in Fig. 5.5

and Fig. 5.6, respectively. It shows that the NNTILC converges quite fast for every

output.
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Figure 5.4: Initial state in different runs (MIMO case).

Nanyang Technological University Singapore



124 5.4. Simulation studies

0 10 20 30 40 50 60 70 80 90 100
−15

−10

−5

0

5

10

run number (k)

y 1an
d 

r 1

 

 
output of NNTILC
desired output

0 10 20 30 40 50 60 70 80 90 100
−15

−10

−5

0

5

10

run number (k)

y 2an
d 

r 2

 

 
output of NNTILC
desired output

Figure 5.5: Performance for tracking run-varying reference (on MIMO system) in
iteration domain.
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Figure 5.6: Tracking error of NNTILC in iteration domain.
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5.5 Summary

For uncertain linear systems, a new neural network based terminal iterative learn-

ing control (NNTILC) method is proposed to track iteration-varying reference point

with initial state variance. This method uses a RBF neural network to approximate

the effect of initial state and reference on the terminal output. It involves both this

estimation and the reference signal in the control law. As a result, NNTILC can

converge very fast, and no extra learning is required when the initial state and ref-

erence change. Convergence of the method is proved, and simulation results confirm

the effectiveness of the proposed NNTILC method.
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Chapter 6

Neural Network Based Terminal

Iterative Learning Control

(Nonlinear Case)

6.1 Introduction

In this chapter, the novel neural network based terminal iterative learning con-

trol (NNTILC) method is extended to nonlinear non-affine systems. In order to

overcome the difficulties faced in the control of non-affine systems, the non-affine

terminal output dynamics are converted affine. Besides, an unrealisable recurrent

network is simplified to a static realizable one. Because neural network has been

proved to be efficient in function approximation and parameter estimation [237],

the simplified network is approximated by a RBF neural network iteratively. The

proposed NNTILC can track the reference point fast and precisely in the presence

of initial state variance. Besides, no fresh learning process is required when the

reference changes after convergence.

Convergence of the proposed method is derived mathematically. Simulations on a
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thickness control system for wafer fabrication with quartz window effect verify the

effectiveness of this method.

The remainder of this chapter is organized as follows. In section 6.2, the formu-

lation of the problem is introduced. In section 6.3, a new NNTILC controller is

designed for a class of uncertain nonlinear non-affine systems. Section 6.4 proves

the convergence and stability of NNTILC in nonlinear cases. Numerical simulation

results compared with conventional TILC are presented in section 6.5. Section 6.6

summarizes this chapter.

6.2 Problem formulation

For a bunch of single input single output (SISO) nonlinear non-affine systems as

follows:










ẋ(t) = f{x(t), u(t)}

y(t) = h{x(t)}
(6.1)

where x(t) ∈ R
P represents the state vector, y(t) ∈ R is the output of the system,

u(t) ∈ R is the control vector, f (·) and h(·) are both unknown nonlinear functions.

The system runs on time interval [0, T ] in every iteration. In this chapter, the

proposed controller aims to drive the system’s terminal output to track a given

iteration-varying reference.

In TILC, the control signal is usually set as a constant in each iteration, such that

u(t) = uk for all t ∈ [0, T ] (6.2)

where k is the iteration index. So the system’s dynamics can be represented as











ẋk(t) = f{xk(t), uk}

yk(t) = h{xk(t)}
. (6.3)
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The relationship of terminal output to initial state and control signal is expressed

by

yk(T ) = yk = F{xk(0), uk} (6.4)

where F (·) denotes a function that maps the initial state and control signal to the

terminal output of the system. In nonlinear systems, F (·) is complex but the exact

format of F (·) is not required. For simplicity, yk(T ) is denoted by yk in the rest of

this chapter.

The tracking error of the system is defined as

ek = rk − yk (6.5)

where rk is the iteration-varying reference and it is iteration-dependent and bounded.

The following assumptions are imposed on the SISO non-linear non-affine system

(6.1).

Assumption 1: The partial derivative of (6.4) with respect to uk satisfies

∂F (xk(0), uk)

∂uk

> 0 (6.6)

Remark 6.1. Assumption 1 states that the terminal output of the system is con-

trollable and the control direction is known. Without losing generality, the partial

derivative is assumed positive in this chapter.

Assumption 2: The initial states are measurable and can be used to construct

the control signal in every iteration.
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Remark 6.2. Both ILC and TILC are used in repetitive operation systems, in which

the initial states will be reset before every iteration. The reset values are usually fixed

or follows some fixed pattern in practice. So it is reasonable to assume that the initial

states are known in ILC and TILC.

6.3 NNTILC controller

In this section, a novel NNTILC controller is designed for uncertain nonlinear

non-affine systems to track iteration-varying reference with initial state variance.

Equation (6.4) is not affine to uk, and is rewritten to

yk = F{xk(0), uk} = F{xk(0), uk} − ηuk + ηuk (6.7)

where η ∈ R is a constant to be defined later.

Define

θk = ∆(xk(0), uk) = F{xk(0), uk} − ηuk (6.8)

where ∆(·) is a function to represent the relationship between xk(0), uk and θk, then

the system’s terminal output becomes

yk = θk + ηuk. (6.9)

The control law is constructed as

uk =
1

η
(rk − θ̂Dk ) (6.10)

where rk ∈ R is the iteration-dependent terminal tracking reference, θDk corresponds

to the desired input uD
k which makes the output of the system track the reference,

and θ̂Dk is the estimation of θDk in the kth iteration.
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Submitting (6.10) into (6.9) yields

yk = rk + θk − θ̂Dk , (6.11)

and (6.11) leads the terminal tracking error, ek ∈ R, to

ek = rk − yk = rk − (rk + θk − θ̂Dk ) = θ̂Dk − θk

= θ̂Dk −∆(xk(0), uk)

= θ̂Dk −∆
[

xk(0),
1
η
(rk − θ̂Dk )

]

. (6.12)

From (6.10) and (6.12), the desired control signal, which makes the tracking error

in (6.12) to be 0, should be

uD
k =

1

η
(rk − θDk ) (6.13)

where θDk is a solution to the following function

h(xk(0), rk, θ̂
D
k )

∆
= ∆

[

xk(0),
1

η
(rk − θ̂Dk )

]

− θ̂Dk = 0 (6.14)

or

θ̂Dk = ∆

[

xk(0),
1

η
(rk − θ̂Dk )

]

. (6.15)

It should be noted that (6.15) is a recurrent network with a feedback of θ̂Dk .

This makes the approximation of θDk unrealisable in iteration domain because θ̂Dk is

unavailable in the kth iteration to estimate itself. In order to overcome this problem,

Lemma 1 helps to reduce the recurrent network to a realisable static one.

Lemma 1: If Assumption 1 holds and the constant η in (6.10) satisfies the condi-

tion

η >
∂F (xk(0), uk)

∂uk
, (6.16)

then there exists a set Ωx ⊂ R
n and unique θDk , which is a function of rk and xk(0)
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such that θDk = g(xk(0), rk), satisfies (6.14) for all (xk(0), rk) ∈ Ωx × R.

Proof. Firstly, it is shown here that the solution θDk to (6.14) exists. The sufficient

condition for the existence is that the mapping ∆(·) is a contraction over the entire

input domain, that is, the following inequality must hold [239]

∣

∣

∣

∣

∣

∂∆

∂θ̂Dk

∣

∣

∣

∣

∣

< 1 (6.17)

which can be rewritten to

∣

∣

∣

∂∆

∂θ̂D
k

∣

∣

∣
=
∣

∣

∣

∂[F (xk(0),uk)−ηuk ]
∂uk

· ∂uk

∂θ̂D
k

∣

∣

∣

=
∣

∣

∣

(

∂F (xk(0),uk)
∂uk

− η
)

·
(

− 1
η

)∣

∣

∣

=
∣

∣

∣
1− 1

η
· ∂F (xk(0),uk)

∂uk

∣

∣

∣

. (6.18)

It can be seen from (6.18) that if (6.16) is satisfied, inequality (6.17) holds under

assumption 1.

Secondly, the function h(·) is proved nonsingular around θDk . Differentiating the

left hand side of (6.14) with respect to θ̂Dk yields

∂

∂θ̂D
k

h(xk(0), rk, θ̂
D
k )
∣

∣

∣

θ̂D
k
=θD

k

= ∂

∂θ̂D
k

{

∆[xk(0), uk]− θ̂Dk

}∣

∣

∣

θ̂D
k
=θD

k

= ∂

∂θ̂D
k

∆[xk(0), uk]
∣

∣

∣

θ̂D
k
=θD

k

− 1

= ∂

∂θ̂D
k

{F (xk(0), uk)− ηuk}
∣

∣

∣

θ̂D
k
=θD

k

− 1 = ∂
∂uk

{F (xk(0), uk)− ηuk}
∂uk

∂θ̂D
k

∣

∣

∣

θ̂D
k
=θD

k

− 1

=

{

∂
∂uk

F (xk(0), uk)
∣

∣

∣

θ̂D
k
=θD

k

− η

}

·
(

− 1
η

)

− 1 = − 1
η

∂
∂uk

F (xk(0), uk)
∣

∣

∣

θ̂D
k
=θD

k

.

(6.19)
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Under assumption 1, equation (6.19) is nonzero. Thus, there exists a unique

g(xk(0), rk) satisfying (6.14) for all (xk(0), rk) according to the implicit function

theory.

Lemma 1 leads to an ideal function g(·) such that

θDk = g(xk(0), rk). (6.20)

Assume there exists an ideal neural network which makes

θDk = g













xk(0)

rk












= W T

Dφ













xk(0)

rk












+ ν(k) (6.21)

where W T
D ∈ R

L is an ideal weight matrix, L is the number of neurons in the hidden

layer of the neural network, φ(·) is a known basis function, and ν(k) ∈ R stands for

the modelling noise.

The basis activation function is chosen as

φi(x) = exp

(

−
‖x− µi‖

2

2σ2
i

)

(6.22)

where µi ∈ R
p+1 and σi are the centre and width of the ith hidden neuron with

i = 1, 2, ..., L. Only the weight matrix is updated iteratively. The center and width

of the hidden neurons are chosen from the input domain properly.

In this chapter, a RBF neural network is introduced to approximate θDk in (6.21)

as

θ̂Dk = ĝk(xk(0), rk) = Ŵ T
k φ













xk(0)

rk












(6.23)

where θ̂Dk , ĝk(·) and Ŵ T
k are the estimations of θDk , g(·) and W T

D in the kth iteration,

respectively.
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Subtract (6.21) from (6.23), the estimation error of θDk can be obtained as

θ̃Dk = Ŵ T
k φ













xk(0)

rk












−W T

Dφ













xk(0)

rk












− ν(k)

= W̃ T
Dφ













xk(0)

rk












− ν(k)

= ea(k)− ν(k) (6.24)

where W̃ T
D = Ŵ T

k −W T
D is the estimation error ofW T

D and ea(k) = W̃ T
Dφ













xk(0)

rk













is the noise-free a priori error.

Assumption 3: The noise ν(k) is bounded, zero-mean, identically distributed

and independent of the a priori error ea(k).

Remark 6.3. Assumption 3 is commonly used in convergence analysis of most

adaptive or kernel algorithms [238]. Equation (6.12) and (6.24) imply that both ek

and ea(k) are functions of θ̂Dk , so ek and ea(k) are dependent on each other. Under

assumption 3, ν(k) and ek are independent.

A neural network updating law is introduced to train the RBF neural network as

Ŵ T
k+1 = Ŵ T

k − αekφ
T













xk(0)

rk












(6.25)

where α ∈ R is a learning gain.

The overall scheme of the proposed NNTILC controller is shown in Fig. 6.1.
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Figure 6.1: Overall scheme of the proposed NNTILC

6.4 Convergence analysis

In this section, the convergence of NNTILC systems is proved.

Theorem 6.1. For SISO nonlinear non-affine system (6.1), suppose the neural

network learning gain α in (6.25) satisfies that

0 ≤ α ≤
2

L
(6.26)

where L is the number of neurons in the hidden layer, then the NNTILC controller

(6.10) with neural network updating law (6.25) can achieve that

1. the weight matrix Wk of the RBF neural network is convergent in the sense of

Lyapunov function (W̃ T
k+1W̃k+1 − W̃ T

k W̃k) ≤ 0.

2. the terminal tracking error ek converges to zero asymptotically as k increases.

Proof. Subtracting W T
D from both sides of (6.25) yields

W̃ T
k+1 = W̃ T

k − αekφ
T













xk(0)

rk












(6.27)

where W̃ T
k = Ŵ T

k −W T
D is the estimation error of W T

D in the kth iteration.
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Choose a candidate Lyapunov function as follows:

J = trace(W̃ T
k W̃k), (6.28)

then the incremental change of the candidate lyapunov function is

∆J = trace(W̃ T
k+1W̃k+1 − W̃ T

k W̃k). (6.29)

Substituting (6.27) into (6.29) yields

∆J = trace[(W̃ T
k+1W̃k+1 − W̃ T

k W̃k)]

= trace{






W̃ T

k − aekΦ
T













xk(0)

rk


















×






W̃ T

k − aekΦ
T













xk(0)

rk



















T

−W̃ T
k W̃k}

= trace{W̃ T
k W̃k − αekW̃kΦ

T













xk(0)

rk












W̃ T

k − αekW̃
T
k Φ













xk(0)

rk













+α2e2kΦ
T













xk(0)

rk












Φ













xk(0)

rk












− W̃ T

k W̃k]}

= α2e2kΦ
T













xk(0)

rk












Φ













xk(0)

rk












− 2αekW̃

T
k Φ













xk(0)

rk













(6.30)

It is clear that the basis function φi(·), defined in (6.22), is bounded by [0, 1].

Since φ(·) ∈ RL, it can be derived that

0 ≤ φT (·)φ(·) ≤ L (6.31)

where L is the number of neurons in the hidden layer.
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From (6.24), (6.30) and (6.31), it can be derived that

∆J ≤ α2Le2k − 2αekW̃
T
k φ













xk(0)

rk













= α2Le2k − 2αek[θ̃
D
k + ν(k)]

(6.32)

where θ̃Dk = θ̂Dk − θDk is the estimation error of θDk .

Taking partial differentiation of (6.12) with respect to θ̂Dk yields

∂ek
∂θ̂D

k

= 1−
∂∆(xk(0),

1

η
(rk−θ̂D

k
))

∂θ̂D
k

= 1− ∂[F (xk(0),uk)−ηuk ]
∂uk

· ∂uk

∂θ̂D
k

= 1−
(

∂F (xk(0),uk)
∂uk

− η
)

·
(

− 1
η

)

= 1
η
· ∂F (xk(0),uk)

∂uk

. (6.33)

It can be calculated that

∂ek

∂θ̃Dk
=

∂ek

∂(θ̂Dk − θDk )
=

∂ek

∂θ̂Dk
·

∂θ̂Dk

∂(θ̂Dk − θDk )
=

∂ek

∂θ̂Dk
, (6.34)

so

∂ek

∂θ̃Dk
=

1

η
·
∂F (xk(0), uk)

∂uk

(6.35)

From (6.16) and (6.35), it can be derived that

0 <
∂ek

∂θ̃Dk
< 1. (6.36)

Equation (6.12) and (6.14) show that if θ̂Dk → θDk or θ̃Dk → 0, then ek → 0. So the

curve ek versus θ̃Dk passes through the point (0, 0). Therefore, (6.36) leads to

|ek| =

∣

∣

∣

∣

∣

∫

∂ek

θ̃Dk
dθ̃Dk

∣

∣

∣

∣

∣

<
∣

∣

∣
θ̃Dk

∣

∣

∣
(6.37)
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and

sgn(ek) = sgn(θ̃Dk ). (6.38)

Substituting (6.37) and (6.38) into (6.32) yields

∆J ≤ α2Le2k − 2αekθ̃
D
k − 2αekν(k)

≤ α2Le2k − 2αe2k − 2αekν(k)

= α(αL− 2)e2k − 2αekν(k). (6.39)

Taking expectation of (6.39) yields

E(∆J) ≤ E[α(αL− 2)e2k − 2αekν(k)]. (6.40)

Noting Assumption 3 and Remark 6.3, (6.40) can be simplified to

E(∆J) ≤ E[α(αL− 2)e2k] (6.41)

From (6.41), if α satisfies

0 ≤ α ≤
2

L
, (6.42)

then

E(∆J) ≤ 0, (6.43)

and statement 1 in theorem 6.1 is proved.

By using (6.41) repetitively, it can be obtained that

E[trace(W̃ T
k+1W̃k+1)]

≤ E[trace(W̃ T
0 W̃0)]−

k
∑

i=0

E(α(αL− 2)e2i ).
(6.44)

Because (6.42) indicates that the factor α(αL − 2) is positive, together with the
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fact that W̃ T
k+1W̃k+1 is positive,

lim
k→∞

eTk ek = 0, (6.45)

and statement 2 in theorem 6.1 is proved.

Remark 6.4. In Theorem 6.1, L denotes the number of neurons in the hidden layer.

Smaller L leads to more flexible choices of learning gain α, so it is better to diminish

the number of neurons in the hidden layer to its minimum in real applications.

6.5 Simulation studies

The effectiveness of the proposed NNTILC approach is illustrated by simulations

on a nonlinear system in this section. A thickness control system in the wafer

fabrication with quartz window effect as shown in (6.46) is used [240],



















































dTw

dt
=

σAwEw(T 4
q −T 4

w)+fEwQP

Mw

dTq

dt
= QP+hAq(Tamb−Tq)

Mw

dS
dt

= k0 exp
(

γ
RTw

)

(6.46)

where hAq
∆
= 1.84cal/s/K and the other related parameters are listed in Table 1.

The system runs on time interval [0, 200]s.

The iteration-varying reference is given as

rk = 0.5 + 0.1 ·

(

2kπ

50

)

(6.47)
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and the initial states are set as (6.48) in different iterations as shown in Fig. 6.2.















































x1,k(0) = 300 + 100 · sin(20kπ)
50

x1,k(0) = 300 + 100 · sin(16kπ)
50

x3,k(0) = 0

(6.48)
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Figure 6.2: Initial state in different iterations

In NNTILC, α and η are two important factors that require careful adjusting.

α affects the convergence time of the controller, that is, larger α leads to faster

convergence. But too large a α may introduce overshoot to the system. From

Theorem 1, α can be selected in [0, 2
L
]. That means the number of neurons in the

hidden layer should be set as small as possible to guarantee more flexible choices

of α. In this simulation, 6 hidden neurons are used, so α should be chosen from
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[0, 0.33]. The centre of the neuron network is set randomly around the reference

trajectory.

η is very important because it decides the existence of the the function in (6.20).

It can be set large firstly to guarantee the condition specified in Lemma 1, and then

adjusted accordingly by trial and error. In this simulation, η = 6.5 and α = 0.3.

Besides, the conventional terminal iterative learning control (CTILC) method is

simulated on the same system. Its control law is constructed as

uk+1 = uk + l · ek (6.49)

where uk+1 and uk represent the control signal in the (k + 1)th and kth iteration,

ek represents the terminal tracking error and l is a learning gain. In this section, l

is set as 0.37.

Fig. 6.3 and Fig. 6.4 show that NNTILC method can be applied to nonlinear

non-affine systems successfully. It can be seen from Fig. 6.4 that the tracking

error converges within 5 iterations. However, it can be seen from Fig. 6.4 that the

tracking error of the conventional TILC exhibits an oscillation and the average error

is much larger than that of NNTILC.

Moreover, a trade-off between overshoot oscillation and average error exists in

conventional TILC. Fig. 6.5 shows that the overshoot oscillation is evident with

l = 0.5, although the final average tracking error with l = 0.5 is smaller than that

when l = 0.27. By contrast, NNTILC offers better tracking performance and conver-

gence rate compared with CTILC. It should be noted that initial state variance and

reference change have no effect on the tracking performance of NNTILC. The de-

tailed comparison between different controllers’ performance can be found in Table

6.1.
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Figure 6.3: Terminal output and reference in iteration domain
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Figure 6.5: Tracking error with different l

Table 6.1: Performance comparison of different controllers

CTILC

Item NNTILC l = 0.27 l = 0.37 l = 0.5

Convergence time (iterations) 3 9 7 15
Average tracking error×10−3(µm) 6.3 17 14 10
Highest overshoot×10−3(µm) - - - 90

6.6 Summary

This chapter extends the application of neural network based terminal iterative

learning control scheme to nonlinear non-affine systems. The new control scheme

estimates the system’s dynamics by a simplified static RBF neuron network. As a

result, NNTILC releases the requirement of identical initial condition. Besides, it

handles iteration-varying reference effectively. Compared with conventional TILC,

NNTILC achieves both better convergence rate and static tracking performance in

the presence of initial states variance and reference changes. The convergence of

NNTILC is proved and numerical simulation results confirm the effectiveness of the
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proposed method.
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Table 6.2: Parameters in the thickness control system

Symbol Value Meaning Unit

Aq Quartz window area cm2

Aw 400 Wafer area cm2

Ew 0.8 wafer emissivity no unit
f 0.5 Lamp power absorbed by wafer no unit
ǫ Heat transfer coefficient for forced convection cal/cm2/s/K
P ∈ [0, 1] Lamp power control factor no unit
Q 1076 Lamp power constant cal/s
R 1.98 Gas constant cal/(gmolK)
S Polysilicon deposition thickness µm
Tw Wafer temperature K
Tq Quartz window temperature K
Tabm Ambient temperature K
Mw 1 Wafer thermal mass cal/K
Mq 100 Quartz window thermal mass cal/K
k0 591000 Pre-exponential constant of polysilicon deposition µm/s
γ 39200 Activation energy of polysilicon deposition cal/g/mol
σ 1.356× 10−12 Boltzmann constant cal/(s · cm2 ·K2)
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Chapter 7

Conclusion and Future Research

7.1 Conclusion

Repetitive control and iterative learning control are both powerful control schemes

for repetitive operational systems. This thesis aims to improve the performance of

RC and TILC in the following aspects: better adaptiveness, better robustness, more

flexible selectivity and faster transient response. Some conclusions of this thesis are

summarized as follows:

(i) Parallel structure selective repetitive control scheme is developed. RC controller

is implemented in two parallel branches. PSFRC realizes the selective compensation

of any nk±mth harmonics with less memory and faster transient response. Besides,

because the two groups of delay units are structured in parallel, connecting filters

in series is avoided.

(ii) The parallel-structure scheme is further extended to any n branches. This

extension further improves the flexibility of repetitive control and realizes the in-

dependent tuning and compensation for different harmonic groups. Besides, the

correction factor introduced in each branch corrects the location of poles in frac-

tional cases. As a result, the new parallel structure fractional repetitive control
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approach achieves outstanding tracking performance even when the sampling fre-

quency cannot be divided by fundamental frequency without remainder.

(iii) The proposed parallel structure fractional repetitive control is used to control

a grid simulator to emulate various grid scenarios. An AC-DC-AC IGBT based setup

is designed and implemented. Controlled by PSFRC, the proposed grid simulator

emulate different types of voltage dips, voltages with wanted harmonics, voltage

flickers and so on successfully.

(iv) Neural network is combined with terminal iterative learning control to over-

come the problem of zero-error initial condition and tracking iteration-varying refer-

ence in ILC systems. The neural network approximates the dynamics of repetitive

operational systems and estimates the output. Using the estimation from neural

network, the propose NNTILC can drive the system to track iteration-varying ref-

erence with the presence of initial error.

(v) The NNTILC scheme is extended to nonlinear non-affine systems. The non-

affine output dynamics of the system are converted affine and approximated by

a static RBF neural network. The existence of the unique ideal input is proved

and the convergence is analyzed mathematically. Simulation results are provided to

illustrate the effectiveness of NNTILC in nonlinear non-affine systems.

7.2 Future research

Some future research works and possible extensions are identified as follows.

(i) Parallel structure fractional repetitive control can be adaptive to the changes of

fundamental frequency without the limitation on N . It can be applied to converters

connected to the grid in renewable power systems like wind turbines and PV systems.

By tuning the correction factor according to the grid’s fundamental frequency in

real-time, PSFRC is capable to guarantee high-quality power.
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(ii) The development of new topologies of converters is blooming in recent decades.

The harmonic spectrum may be different from each other. Parallel structure selec-

tive repetitive control scheme provides more flexible solutions to the control problem

in such applications. By analyzing the behavior of different types of converters, op-

timal parallel structure selective repetitive control schemes can be designed to offer

faster and more robust control scheme.

(iii) In this thesis, the neural network based terminal iterative learning control

scheme is discussed for SISO nonlinear non-affine systems only. As for MIMO sys-

tems, the dynamics will be more complex. In these cases, more powerful neural

network may be required and this is another possible further research work.
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