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Complex circuits of cold atoms can be exploited to devise new protocols for the diagnostics of cold-atom
systems. Specifically, we study the quench dynamics of a condensate confined in a ring-shaped potential coupled
with a rectilinear guide of finite size. We find that the dynamics of the atoms inside the guide is distinctive of the
states with different winding numbers in the ring condensate. We also observe that the depletion of the density,
localized around the tunneling region of the ring condensate, can decay in a pair of excitations experiencing a
Sagnac effect. In our approach, the current states of the condensate in the ring can be read out by inspection of
the rectilinear guide only, leaving the ring condensate minimally affected by the measurement. We believe that
our results set the basis for definition of new quantum rotation sensors. At the same time, our scheme can be
employed to explore fundamental questions involving the dynamics of bosonic condensates.
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I. INTRODUCTION

Nowadays, cold-atom systems provide a tunable and flex-
ible platform for studying quantum liquid behavior [1]. With
the advances in quantum technology, remarkable progress has
been achieved in the field. Concomitantly, cold-atom systems
have provided new tools, devices, and perspectives to explore
other branches of physics. And lying deep in this framework
is a new field of atomtronics [2—4]. This field seeks to realize
atomic circuits where ultracold atoms are manipulated in ver-
satile laser-generated or magnetic guides. An important goal
of the field is to enlarge the scope of the cold-atom quantum
simulators to study fundamental aspects of quantum coherent
systems. At the same time, atomtronics aims at fabrication
of new quantum devices and sensors with enhanced control
and flexibility, by exploiting special features of the neutral
cold-atom quantum fluid [5-8].

There has been much interest in the simple circuit made
of a bosonic condensate flowing in ring-shaped guides and
pierced by an effective magnetic field [9-22]. We note, how-
ever, that the recent progress in the field allows us to access
richer scenarios. Indeed, condensates can be loaded in basi-
cally arbitrary potentials with micron-scale resolution [23,24].
In addition, such potentials can be changed in shape and
intensity at timescales of tens to hundreds of microseconds,
and therefore opening the way to modifying the features of the
circuit in the course of the same experiment (typically involv-
ing tens of milliseconds) [25-28]. Remarkable advances on
the flexibility and control of cold-atom quantum technology,
in turn, has opened up exciting possibilities for atomtronics.
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First, microfabricated integrated circuits of cold atoms can be
feasibly realized. Second, the very shape and functionality of
the circuit can be changed dynamically during its operation in
a virtually continuous way.

Here, we study an integrated atomtronic circuit to realize
new protocols for the manipulation of quantum fluids in
complex networks of cold atoms. Schematically, the circuit
is assumed to be divided into two distinct but coupled parts:
primary and secondary. We assume that the quantum fluid
operates in the primary part of the circuit. Then we ask, Is it
possible to gain information on the primary part by manipulat-
ing solely the secondary circuit? To answer this question, we
study the dynamics of a simple setting: A bosonic condensate
flowing in a ring-shaped guide tunnel-coupled to a rectilinear
quantum well. In our circuit, the primary part is the ring-
shaped condensate; the secondary part is the rectilinear guide.
We see that the different current states in the ring correspond
to distinctive dynamics of the condensate in the guide. Such
a protocol could then be used to read out the current states in
a quasicontinuous way, being limited mainly by the quality of
the achieved Bose-Einstein condensate (BEC) that operates in
the primary circuit.

II. CIRCUIT STRUCTURE

The circuit is made of a two-dimensional ring-shaped
condensate coupled to a two-dimensional rectilinear quan-
tum well of finite length. To paint a well-resolved circuit,
we consider sharp potentials defined by step functions. The
ring potential has radius R and width w centered at point
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FIG. 1. Top: schematic drawing of the circuit of cold atoms
consisting of a ring-shaped trap and a rectilinear waveguide in the x
direction. The atoms are absorbed at the two ends of the waveguide.
Bottom: the logarithm of the atomic density in the system when some
atoms have tunneled from ring to waveguide. We consider a ring
potential with width w and radius R = 10.5w in a computational
space spanned over —20w < x < 20w and —15w <y < 15w. In
the x direction, a layer with the width A = 5w is dedicated to
ABC in both sides and therefore, the physical space is limited
to —15w < x < 15w. The ring is centered at (x,,y,) = (0, —w)
and the waveguide, with the same width as the ring, is located
at y, = 10.7w. For such a ring, artificial magnetic field strengths
of Br? =0, £0.02, £0.04, £0.06 result in winding numbers 2 =
0, £1, £2, +£3, respectively. We also consider an initial total parti-
cle number of N = 6 x 10°. Other parameters vary from case to case
and their values are given when required. In the example presented
here, the ring potential and the waveguide have the same width w
and depth Uy = 20. Atoms are stationary inside the ring (2 = 0) and
the atom-atom interaction strength is u = 2 x 107*,

(xr,y,) and is defined with the function V,.(x,y) = —U
when R — 5 <r <R+ 5 and is zero elsewhere. Here r =
\/ (x — x,)? + (y — y,)* and U is the depth of the potential. A
nearly resonant tunneling between the ring and waveguide is
achieved for waveguide and ring with the same width w and
depth Uy. The waveguide potential, placed at distance y, from
the x axis, is defined as V(x, y) = —Up when y, — 3 <y <
ye + % and is zero elsewhere (Fig. 1).

We assume that the dynamics of the BEC is governed by
the Gross-Pitaevskii equation (GPE) and we write, in terms of
dimensionless quantities,

GG 1) = (=i — ADP +VE + Nalg G D12 G D,
(1)

where the dimensionless quantities are: F=kF, T = wt, V=
0%+ 0,9)/k, V=V/E, ii = 2mu/K?, and ¥ = ¥ /k (m is
the mass of the particles and 7 is the reduced Planck constant).
The recoil energy E = h*k*/(2m), k™' = w/m, and o' =
h/E serve as the units of the energy, length, and time, respec-

tively. With our choice of the scaling units @ = kw = 7. The

2 . . . .
parameter u = %as is the strength of the interaction in a

two-dimensional system with s-wave scattering length a; and
3D-to-2D scaling factor 4.

The two-dimensional vector A = A /(hk), with X(F) =
g[—(y — y)% + (x — x,)¥], is the artificial gauge field result-
ing in an effective magnetic field with strength B = B/(ik?)
in the 2 direction, and flux ® = Bwr?. With @y = h being the
flux quantum, the winding number for the atoms at radius
r from the center of the ring reads as Q = int(®/Py) =
int(B72/2). Finally, we consider the normalized (scaled and
nonscaled) wave function f d7 |¥|? = 1 in the computational
space and a total number of particles N. Hereafter, we will
work with dimensionless quantities and scaled GPE (1) while
dropping the tilde from the notation for convenience.

The atoms, which tunnel from the ring into the waveguide,
spread in all directions and could reflect from a physical or
computational boundary. Here we are interested in the case
where atoms flow freely in the x direction inside the waveg-
uide. This scenario represents a physical system in which the
atoms are absorbed, by detectors for instance, placed at the
two ends of the waveguide or one in which the waveguide is
sufficiently long so that there is no reflection in the x direction
for the duration of observation. For this purpose we will apply
the absorbing boundary condition (ABC) in the x direction,
minimizing the atoms’ reflection from the endpoints of the
guide.

Indeed, there are different methods to apply ABC. Here we
use a common method that makes use of an extra damping
potential applied in a layer from the boundaries [29,30]: The
absorbing potential is equal to zero in the physical region
where x; < x < xz and is defined as Vapc = —A’XO (x — xL/R)2
when x; — A <x < xp or xg < x < xg + A. Here, Vj is the
strength of the absorbing potential and A is the width of the
solely computational region in which ABC is applied. We do
not apply any ABC in the y direction. We note that the
ABC is applied only during the real time evolution while for
imaginary time evolution (used to compute the ground state of
the system) the layers beyond xz and x;, are treated as the usual
computational and physical space. The waveguide potential
Ve(x,y) is also defined for x;, — A <x < xg + A.

III. RESULTS

We assume that the BEC is initially in the ground state
corresponding to a circulating state of the atoms in the ring-
shaped potential. Then, the gauge potential is switched-off
and the trapping potential is quenched in such a way that the
initially empty waveguide is turned on, next to the ring-shaped
condensate. The atoms then tunnel from the ring into the
waveguide.

Starting from the ground state of the atoms (see
Appendix A) inside the ring potential with the depth Uy =
20 and atom-atom interaction strength u = 2 x 10~4, for
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Q=0,=%1,+£2,+3 and an ABC with V, =20, we let the
atoms tunnel from the ring into the waveguide which has
the same depth and width. We specifically monitor three
quantities inside the waveguide in time: the total number of
atoms N = N [ dy [ dx|yr(x, y, 1)|?, the net flux of particles
in the x direction [[J, = [dy [dxJ.(x,y, 1) where J, =
—IN(Y* oy — Yo, ™) is the x component of the atomic
current, and finally, the position of center of mass in the x
direction (x) = [dy [dxy*(x,y, t)xy(x, y,1). All integrals
are taken over the waveguide area.

Notice that, largely due to atom-atom interaction inside the
ring, the geometric resonance between ring and guide may
be lifted. Accordingly, we find that the density profile of the
atoms in the y direction of the waveguide clearly displays that
the first excited state in the waveguide with energy E, (bottom
panel in Fig. 1) is occupied.

Following the dynamics of the atoms inside the waveguide,
we do not observe any reflection from the boundaries in the
x direction. However, the distribution of the atoms in the x
direction is not continuous in time due to the fluctuation of
the number of atoms which tunnel from the ring into the
waveguide. For all 2, we observe very similar number of
atoms inside the waveguide (top panel in Fig. 2) indicating
very similar tunneling rates (chemical potential  in the ring
has a very weak dependence on €2). Nevertheless, the current
state inside the ring can be clearly read out by looking at
the imbalance between the right- and left-moving atoms as
well as the center of mass position of the atomic density in
the waveguide (middle and bottom panels of Fig. 2). While
the sign of these quantities reveals the direction of rotation
inside the ring, their absolute value can be used to probe the
magnitude of the winding number.

By inspection of Fig. 2, we notice a marked dip (around
t ~ 110-120) in all plotted quantities. Such a feature traces
back to a specific collective phenomenon occurring in the
ring condensate: The tunneling process results in perturbation
of the density of the condensate. Such a perturbation decays
in a pair of density modulations which counterpropagate
along the ring with negligible dispersion; given the very
small magnitude of the perturbations, the excitations can be
of phononic-type. Analyzing our results further, we see that
the dip occurs shortly after the time at which the density
modulations recombine around the tunneling region. For the
nonrotating case the counterpropagating excitations with the
same frequency move with the same speed to meet again at
the same point where they were produced. For the flowing
currents, instead, the frequency of excitations, and therefore
the velocity of the density perturbations, are affected by the
Doppler effect (see Appendix B and [31]), implying that the
recombination point of the density perturbations is dragged
along the superfluid current.

A simple Bogoliubov analysis of the idealized 1d ring con-
densate (Appendix B) gives results which quantitatively agree
with the numerical outcome. In particular, the modulation of
the density propagate as 8|1/|> o cos(q¢ F w*t) where ¢ is
the angular coordinate along the ring and ¢ is the angular
wave number of excitation. Here, o = wy £ 2gQ/R? are
the enhanced and reduced frequencies (due to the Doppler
effect) of the two counterpropagating excitations and wy is
the frequency of excitations in the absence of rotation. The

FIG. 2. Dynamics of the total number of atoms N, (top), the
net particle flux in the x direction [ dx [ dyJ, (middle), and the
x component of the center of mass of atomic cloud (x) (bottom)
inside the waveguide, for nonrotating, 2 = 0, and rotating cases with
Q = =+1, +£2, £3. Value of Q is indicated next to the corresponding
curve in the middle and bottom panels. The ring potential and the
waveguide have the same width w and depth U, = 20. Atom-atom
interaction strength is u = 2 x 10~ and ABC potential strength is
Vo = 20.

density perturbations produced by these excitations then travel
with enhanced and reduced velocities v = vy & /R, with
vo being the velocity of density perturbations in absence of
rotation, and reach their original place at times T*, where
Tt < T~. We note that in Fig. 2, for Q = £2 and +£3, there
are two dips in Ny around the time ¢ &~ 120 which indicate
the time difference between the arrival of the fast and slow
moving density perturbations at the tunneling point. This time
difference has not been resolved in our numerical data for
2 = %1 due to the finite length of the density perturbations
and small velocity shift. However, the dip in N for this case
is shallower and wider than the one for the nonrotating case.
It is remarkable that such a Doppler effect of the excitations
implies clear signatures in all quantities measured in the
waveguide. As a result of the Doppler shift, the meeting point
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TABLE I. Difference between the chemical potential of atoms in
the ring © and three lowest energy levels inside the waveguide for
three different values of the atom-atom interaction strength u. All
other parameters are the same as those in Fig. 2. Rotation does not
change the first two decimal digits of the u given here. The case with
u = 2 x 107* has the highest resonance with the second level inside
the waveguide.

u m n—E w—E w— E;
1x107* —18.11 1.13 —1.15 —4.89
2 x 107 —17.07 2.17 —0.11 —3.85
4x 10 —15.12 4.12 1.84 -1.9

of the density perturbations is dragged along the supercurrent,
and when the perturbations meet around the tunneling region
for the first time at + = wR/vy there is a Sagnac phase shift
of kywsA/vo [32]. Here k, = q/R is the wave number of the
excitations, A is the area of the circle, and w, = 2Q /R2 is the
angular velocity of the supercurrent.

After the density perturbations reach back to the tunneling
point the atom distribution in the waveguide becomes more
complicated: The rotating states are still detectable from the
nonrotating state through the asymmetry in the net particle
flux in the waveguide given by [dx [ dyJ,; the states with
different winding numbers, however, seem not to be distin-
guishable through the quantities shown in Fig. 2. Such time
depends on the interaction strength through the group velocity
of the rotating density perturbation (see Appendix B for
details). Therefore, with weaker interactions, the maximum
time for which the rotating states are well differentiated from
each other is extended. On the other hand, the interaction
reshuffles the configuration of the energy levels (through the
chemical potential of ring condensate), affecting in turn the
ring-guide tunneling rate.

Table I summarizes the difference between the chemical
potential of atoms in the ring and three lowest discrete energy
levels in the waveguide for three different values of atom-
atom interaction strength u. The three top panels of Fig. 3
show the total number of particles inside the waveguide for
the rotating states with & = 1 and the three different values
of the interaction strength displayed in Table I. We observe
that the highest resonance case, with u = 2 X 10~4, corre-
sponding to the highest tunneling rate, is characterized by a
“clean” time dependence. For larger detuning, in contrast, the
tunneling is much more erratic. This behavior suggests that
while the off-resonant ring-guide tunneling involves differ-
ent frequencies, the near-resonant tunneling involves mostly
a single level (the resonant one). Indeed, we see that the
second discrete state (due to confinement in the y direction)
is involved in this case (bottom panel of Fig. 3). We note
that despite the small number of atoms in the waveguide for
the off-resonant cases, the asymmetry due to rotation is still
observed in the quantities plotted in Fig. 4. The resonant cases
correspond to a large number of atoms tunneling from the ring
to the waveguide, causing a substantial decrease of the density
in the ring condensate. Indeed, the resonance condition can be
controlled by tuning the waveguide parameters.
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FIG. 3. Three top panels: the total number of particles inside the
waveguide in time, for the rotating states with = +1 and three
different values of the atom-atom interaction strength u. The ring
potential and the waveguide have the same width w and depth U, =
20 and the state in the ring with u = 2 x 10~* (top-right panel) is in
better resonance with the energy levels of the waveguide compared
to other cases. ABC potential strength is V; = 20. Bottom panel: the
logarithm of the atomic density in the waveguide and top side of the
ring in vicinity of waveguide at time # = 13 for the case with Q =
+1 and u = 2 x 107*. The density profile in the y direction inside
the waveguide indicates that the second discrete level is occupied as
expected.

IV. NOTES ON EXPERIMENTAL IMPLEMENTATION

Here we briefly discuss the feasibility of the proposed
system in the experiment. First we note that the step-function
potentials are considered in this work for convenience in
order to make it easier to tune the distance between the
ring potential and the waveguide. Even though with the use
of new technologies, such as the spatial light modulator,
the fabrication of versatile forms of optical potentials has
been made possible, we emphasize that what actually mat-
ters is the tunneling rate between the ring potential and the
waveguide. Therefore, depending on the experimental setup,
either the distance or the resonance between the energy levels
of the two potentials can be used to control the tunneling
rate. The resonance can also be controlled by either the depth
or width of each potential. One could imagine that tuning
and changing the geometrical parameters of the rectilinear
waveguide is more convenient than changing the parameters
of the ring potential.
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FIG. 4. Dynamics of the net particle flux in the x direction
Jdx [dyJ; (left panels) and the x component of the center of
mass of atomic cloud (x) (right panels) inside the waveguide, for
three different values of the atom-atom interaction strength u = 1 x
107%, 2 x 107%, and 4 x 10~ from top to bottom. Other parameters
are the same as those in Fig. 3. The blue/solid lines correspond
to the case with Q = 0, the red/dark circles to 2 = +1, and the
yellow/light squares to 2 = —1.

Second point to consider is the ratio of the ring’s radius R
with respect to its width w. In this work we have considered a
rather tight ring potential such that, for all values of the gauge
field which are used, only one winding number is permitted
in the ring. In other words, the winding number does not
change from the inner radius to the outer radius of the ring.
This condition is imposed mainly to avoid complications in
numerical simulations. The aim has been to avoid excitation
of unwanted states with higher winding numbers. Depending
on the method used in the experiment to bring the atoms into
rotation the R/w ratio may not be of any concern.

As for the measurement time restrictions, if we consider
87Rb atoms, for instance, in a ring potential with a width
w = 1 pm, the unit of time becomes w~' ~ 277.45 us. This
means that the measurement must be performed within a
time of ¢ ~ 100 w~! &~ 27.7 ms. We have also worked with
dimensionless atom-atom interaction strengths &t = 1, 2, 4 x
10~* which are equivalent to scaled scattering lengths a,/8 =
4, 8, 16 x 1076 for 8’Rb atoms. In a rough approximation
the 3D-to-2D scaling factor § is equal to the size of the system
in the transverse (z) dimension [33]. Therefore, for a system

with tight confinement in the third dimension these values of
it represent very weak interactions.

V. CONCLUSION

We provided a numerical analysis of the quench dynamics
of a specific atomic circuit made of a ring-shaped bosonic con-
densate coupled with a rectilinear waveguide of finite length.
We demonstrated that both the magnitude and direction of
the current flowing through the ring can be detected through
the inspection of the very small number of atoms tunneling
from the ring into the waveguide. The protocol we conceived
is minimally destructive on the ring condensate and allows
one to carry out the measurements of the flowing states in a
virtually continuous way while the ring operates. Interestingly
enough, we find that the dynamics in the circuit is charac-
terized by a peculiar effect: The depletion of the condensate
density, caused by the ring condensate-waveguide tunneling,
decays into a pair of phonon-type excitations. These excita-
tions meet again, after they have traveled along the loop, in
a position that is fixed by the Doppler effect induced by the
persistent current and characterized by a Sagnac phase shift.
Such effect plays a key role for the readout protocols. At the
same time, it could be exploited to access the predictions im-
plied in the quasiparticle decay in Bose condensates [34-38].
In particular the crossover in the spatial dimension (from 3d
down to 1d) and interaction can be explored. In addition, by
playing with the ring-guide coupling, one could produce den-
sity excitations of more substantial magnitudes (soliton-like),
with a different pair formation mechanism [39,40]. We believe
that our work will play an instrumental role in the diagnostics
of cold-atom systems with nontrivial winding numbers. We
have also shown that fundamental physics is implied in the
dynamics of the system. Finally, our circuit provides the basis
for a new architecture of rotation sensors.
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APPENDIX A: NUMERICAL METHOD

To compute the dynamics of the system governed by
Eq. (1) of the main text, in real or imaginary time, we use a
generalized version of the split-step method developed in [41],
where a gauge field of the form fT(x, y) =A()X+A(x)P is
considered. This method covers the gauge field that we have
used in this work as long as B is constant everywhere. For
the numerical results presented in this paper, we first compute
the ground state of the ring potential, with different values
of magnetic field B, by integrating (1) in imaginary time. In
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this case V (¥) = V,.(x, y) while V,(x, y) = 0. For the real time
dynamics, beginning with the obtained ground state, we turn
on the waveguide potential by considering V (¥) = V,.(x, y) +
V,(x, y) while, at the same time, setting the gauge field to zero
in order to avoid any effect of gauge field on the dynamics of
the atoms which tunnel from the ring to the waveguide.

APPENDIX B: EXCITATIONS IN PRESENCE OF
SUPERCURRENT

As mentioned in the main text, the weak tunneling of
atoms from the ring to the waveguide produces excitations
in the wave function of the BEC inside the ring. To better
understand the dynamics of these excitations in the presence
of the supercurrent, we present some calculations by applying
Bogoliubov excitations on the condensate. Since the density
modulations are very small and appear on the tip of the
density in the ring, we consider a one-dimensional system,
essentially a ring with a fixed radius R and azimuthal angle
¢, for simplicity. The ground-state wave function of N atoms
on such a ring will have a form of ¥y(¢) = /ne'®? with
n = N/(2nR) being the density of the atoms and ®(¢) the
phase of the wave function. For a nonrotating condensate
®(¢) = const, while for a rotating condensate the gradient
of this phase is proportional to the supercurrent velocity v;:
0p®(¢) = mRv,;/h. This wave function satisfies the time-
independent GPE

1Yo(@) = —5— R28 Yo(¢) + Uol¥ ()P Yo(#),  (B1)

with the chemical potential
2

1
= (83®)* + nly = Emuf + nl, (B2)

2mR2
where we have assumed a constant supercurrent velocity,
meaning that 9, = const and 8;<I> = 0. Therefore, the time-
dependent wave function of the ground state reads yo(¢, 1) =
e /R /ne'®@® which satisfies the time-dependent GPE:

"2
ihd, Yoo, 1) = TR RZB Yo(@, 1) + Uol¥ (@, D) Yo(g, 1).
(B3)

We consider Bogoliubov excitations on top of the ground
state and introduce the perturbed wave function ¥ (¢, ) =
Yo(g, t) + 8. Assuming that ¥ (¢, t) also satisfies GPE, and
keeping only the terms which are linear in §v, the linearized
dynamical equation reads

2
a8y = —

7 938 + 2nUo8 + UgWrg (¢, 1SY*. (B4

By inserting excitations of the form
8y = e M u(@)e™ + v ()] (BS)

into (B4), and using the value of the chemical potential given
in (B2) we find

hz 21<I>
hou = “omR? [84, + (0p D) ] + nUy |u + nUpe

i 4
—hov = [<_W) [a; + (0,@)*] + nU0:| v + nUpe %%u

(B6)
With a steady supercurrent (9, ® = const), Eqs. (B6) have
the solutions

U = Aei@9+®)

v = Bell49=®), (B7)

The quantities ¢, A, and B are related by

2
how =

A
2
2 Ul 1+ =
2mR2(q +2gc)+n 0( +B>’

2
—how =

) B
(g —2qc) + nU, 1+Z , (BY)

where ¢ = 94,® = mRuv,/h is the constant phase gradient of
the ground state. One can solve (B8) for the dispersion relation
of the excitations:

Wqc
mR2
where fiwy = /€,(e, + 2nUj) and €, = h*q*/(2mR?). In the
absence of supercurrent (¢ = 0), the excitations have a single
frequency wy. However, in the presence of the supercurrent
the frequency is shifted by igc/(mR*) = qu,/R.
Assuming that ®(¢) = c¢ and substituting (B7) into (B5)
results in

ho =

(B9)

3,(// — e—i/Ll/h(Ae—iwt+i(q+C)¢ + B*eiwt_i(q_c)¢), (BIO)

and therefore, the linearized perturbation of the density

S|y 12 = 1w1* — [Yol* = Yoy + Y8y reads as
81Y|* = 2J/nRe[(A + B)e 't
= /n(A 4+ B)cos(gp —wt), A,Be R, (BIl)

which has the form of a sound wave with

A+B= (EC:,:L’?)B’ ©=a, (B12)
—( LE:")B, w=—-w.

The excitation with frequency @ = ™ produces density per-
turbations of the form cos(g¢ — w*t), while the other one
with w = —@™ causes perturbations with a cos(—g¢ — w™t)
profile. Therefore, the density perturbation which moves
along the supercurrent has higher velocity and smaller am-
plitude and is the result of the excitation with enhanced
frequency while the one in the opposite direction has smaller
velocity with larger amplitude and is caused by excitations
with lowered frequency. The group velocity of these density
perturbations are given by

= Rd,w™ = vy £ fic/(mR), (B13)

where vy = [2¢?/(2m>R?) 4+ 21/ E2G* | (4m*R?) + ¢ is
the velocity in the absence of supercurrent and depends on the
wave number of the excitations g as well as the sound velocity
¢s = /nUy/m. However, the shift in the velocity %/ic/(mR)
only depends on the gradient of the phase ¢ due to supercur-
rent. Dependence on radius R appears here only because we
have considered a circle and the gradient is defined in the ¢
direction [see Eq. (B1)]. For the case of a straight line, ¢ — x
and R — 1.
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FIG. 5. Dynamics of the perturbative density modulations (lighter regions on the ring) for the nonrotating case (top panels) and rotating
case with = +1 (bottom panels). From left to right # = 16, 48, and 110. In the nonrotating case the modulations move with the same speed
in the ring and meet at the tunneling point where they were produced. For the rotating case, the modulation which moves counterclockwise
is faster. It passes the tunneling point and reaches the slower modulation on the left side of the tunneling point before the slow one can reach
the tunneling region. Here only the tip of the atomic density with values between 0.0212 and 0.022 (0.022 being the maximum of density) are
plotted. The white area has a density lower than 0.0212. Perturbations are around 3%-4% of the maximum density.

In summary, due to the Doppler effect, there is a phase
shift of +Agct /(mR*) = £qu,t /R for the two counterprop-
agating density perturbations. With a simple calculation
one can show that the excitations meet for the first time
at t =2nR/vy and therefore the resulting Sagnac phase
shift is equal to 2k, Aws/vy where A= rmR? is the area
of the circle, wy; = v;/R is the angular velocity of the su-
percurrent, and k, = g/R is the linear wave number of the
excitations.

For the system studied in the main text, the gradient of
the phase in the ¢ direction is equivalent to the winding
number 2. Using the dimensionless quantities of the main
text, one can rewrite the frequencies of the excitations as
ot = wy +2gQ/R?. Therefore at time ¢ = mR/v,, when the
two density modulations meet for the first time, the corre-
sponding Sagnac phase shift is equal to k,w;.4/vo. The dimen-
sionless sound and group velocities read as ¢, = +/Nu|yr|?/2,
vo = (¢*/(2R*) + ¢2)/\/q?/(4R?) + c%, and v* = vy + Q/R.
Therefore on a circle with radius R, one would expect the
fast and slow excitations to make a full circle and return to
the their production point at times 7% = 7R/v* = [1/T) £
Q/(@R*)]™!, with Ty = 7R/ vy being the returning time in the
absence of supercurrent.

As an example of the evolution of density perturbations in
the system studied in the main text, Fig. 5 shows the location
of the density modulations for the cases with 2 =0 (top
panels) and Q = 41 (bottom panels) at times t = 16, 48 and
t = 110 when the two counter-rotating density modulations

have met. The meeting point for the rotating case is clearly
dragged along the supercurrent in the ring. For Q = %1, the
two meeting points are symmetrically tilted with respect to the
one for Q2 = 0.

The exact value of vy and therefore Ty and T+ depend
on the details of the excitations and the sound velocity in
the system and we are not able to calculate them exactly
for our system. However, having an estimation of the T
makes it possible to calculate 7% and have an estimation of
time delay between the fast and slow moving perturbations.
In Fig. 2, for the case with 2 = 0, the time when the first
large dip in MV takes place is an approximate value of Tp.
In our system this time is 7o = 116. Table II summarizes the
analytical prediction of 7%, based on Bogoliubov calculations
and numerical estimation of 7j, as well as numerical values
extracted from Fig. 2.

TABLE II. Analytical estimation of 7%, based on Bogoliubov
calculations and numerical estimation of 7j, compared with the
values estimated from numerical results plotted in Fig. 2.

Analytical Numerical
Q T+ T- T+ T-
+1 112.193 120.075
+2 108.628 124.446 110 125
+3 105.282 129.147 108 129
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In conclusion, the one-dimensional calculations based on
Bogoliubov excitations together with our rough estimation of
the value of Tj predict a time delay of 15.818 and 23.865,
for cases with 2 = 2 and Q2 = +£3 respectively, between the
first arrival of the slow and fast density perturbations at the
tunneling point. Our numerical data show delays of 15 and
21 respectively. The predicted values of 7+ for the case with
Q2 = %1 have not been resolved in our numerical data, due
to the finite length of the density perturbations and limited

time resolution of our saved data. However, the minimum
in Ny for this case takes place around ¢ = 115 which is
still earlier than 7y and moreover the dip is much shallower
and slightly wider than the nonrotating case. We attribute
the discrepancy between the analytical and the (estimated)
numerical Ty to the finite residing time (time in which the
suppression of the density stays localized, before the pair ex-
citations start) that we observe to characterize the decay of the
excitations.
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