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Abstract

Disordered many-particle systems have remarkable mechanical and transport prop-

erties, whose theoretical description is made di�cult by the absence of crystalline-

like periodicity. In this thesis, I investigate two aspects of the physics of these

systems.

In the first part of the thesis, I consider how confinement influences the physi-

cal properties of many-particle systems to rationalise the crossover from a two- to

three-dimensional physics. Previous works have shown that confinement may in-

duce layering, a slowdown of the dynamics and a series of ordering transition. These

confinement induced e↵ects made di�cult to rationalize how a three-dimensional

system becomes e↵ectively two-dimensional as the confinement increases. I demon-

strated that the confinement dependence of the dynamical properties clearly reveals

the dimensionality crossover. This result builds on recent works that have shown

that Mermin-Wagner long-wavelength fluctuations influences the dynamical prop-

erties of two-dimensional solids and liquids and make them distinct from those of

three-dimensional systems. I developed a theoretical model to rationalise the con-

finement dependence of the long-wavelength fluctuations, and used it to predict the

confinement dependence of the dynamics. This model allowed me to make predic-

tions on the dimensionality crossover, which I have verified via detailed numerical

simulations.

In the second part of the thesis, I consider disordered many-particle systems of

repulsive particles that move as able to self-propel rather than because of ther-

mal e↵ects. Self-propelling particles are attracting much interest in the literature

as model biological systems and as a playground to explore the physics of driven

non-equilibrium systems. The prototypical motility induced out-of-equilibrium ef-

fect is a phase coexistence of a liquid- and a gas-like phase (MIPS), which occurs

at high enough density and motile forces dominating over other stochastic forces

possibly acting on the particles and promoting an homogeneous phase. Besides

MIPS, on increasing the density systems of active particles also present a phase
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transition from a flowing to an arrested state, or jamming transitions. In my thesis,

I considered the interplay between these two out-of-equilibrium transitions, MIPS

and jamming. Via extensive numerical simulations I have shown that these two

transitions, believed to be unrelated in the literature, do actually occur together

in the limit of small self-propelled forces in systems of persistent active particles,

each self-propelling in a fixed direction.
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Chapter 1

Introduction

1.1 Motivation and background

Disordered systems comprising many particles are ubiquitous around us and are

found in various natural and engineered materials. These systems exhibit a range

of physical and chemical properties that give rise to unique behaviors and func-

tions. Examples of such disordered systems include foams, which are formed by a

network of gas bubbles within a liquid matrix, granular assemblies, which consist of

a collection of macroscopic particles, glasses, which are amorphous materials with

no long-range structural order, and active systems, which comprise self-propelling

particles that exhibit non-equilibrium behavior.

In addition to these, disordered systems may also include liquid crystals, which

are materials with intermediate structural order between liquids and solids, colloids,

which consist of small particles suspended in a fluid, polymers, which are large

molecules made up of repeating subunits, and cell tissues, which are biological

structures composed of cells and extracellular matrix.

These disordered systems exist on varying length scales and exhibit remarkable

mechanical and transport properties, which are not understood with the assistance

of traditional approaches. On the one side, it is because these systems do not have

ordered arrangement of atoms i.e. they lack crystalline-like periodicity in their

structure. Additionally, some disordered systems, e.g., biological systems with
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2 1.1. Motivation and background

self-driven force, are out-of-equilibrium so that their properties defy traditional

statistical mechanics and depend on their preparation protocol.

Confined liquids and active liquids are two types of disordered systems, which

can be further categorized into non-active and active systems. Specifically, ac-

tive systems are considered to be out-of-equilibrium due to the presence of self-

propelling forces that act on individual particles, enabling them to move by con-

suming their internal energy.

In this thesis, we focus our attention on two broad classes of disordered sys-

tems: 1. Confined liquids 2. Active liquids. In the following, I briefly discuss the

interesting physical properties of these systems that motivated my study.

1.1.1 Confined liquids

Liquids confined between two plates exhibit a variety of properties depending on

the confining width, the roughness of the confining boundaries, and the interaction

between liquids molecules and the boundaries. From a structural perspective, con-

finement induces particles’ layering [1], and crystallization due to stacking [2, 3].

Confinement might also influence the dynamical properties by slowing-down or

speeding-up the dynamics [4, 5]. Further, confinement may lead to the emergence

of novel phases, e.g., a quasi-crystalline phase with 20-fold bond order [6], and a↵ect

the glass transition from liquids to disordered solids [1, 7]. A proper description of

these complex phenomena requires a fundamental understanding on the behavior

of liquids. Furthermore, this understanding is precious in all applications involv-

ing the flow of confining liquids, including material manufacturing lubrication, and

many biological instances where the flow of liquids occurs in spatially restricted

regions.

Confined liquids also o↵er the unique opportunity to investigate the crossover

from a three- to a two-dimensional physics. This crossover occurs as the confining

width decreases until a liquid is confined to a monolayer and is de-facto a two-

dimensional system. The melting transition of strongly confined liquid have been

found to involve the hexatic phase [8, 9], which demonstrates how confinement

induces a unique two-dimensional feature. However, it has also been clarified that

confinement strongly a↵ects the phase behavior inducing novel phases [6] that are
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not observed in 2D and 3D bulk systems. As such, the study of the dependence of

the phase behavior on the confining width did not result useful to characterize the

dimensionality crossover. It is still unclear how a liquid crossovers from a three to

a two-dimensional behavior as it is increasingly confined.

Recent works have demonstrated that two dimensional systems di↵er from their

three-dimensional counterpart in the dependence of their dynamical properties on

the system size. Specifically, while the relaxation dynamics of three dimensional

systems has a negligible size dependence, long-wavelength Mermin-Wagner fluctu-

ations make the dynamics of two-dimensional solids and liquids dependent on their

lateral size [10]. In my work, I have thus explored the possibility of resolving the

crossover from a two- to a three-dimensional physics by investigating how the later

size dependence of the relaxation dynamical properties varies with the degree of

confining.

1.1.2 Active liquids

Fish schools, bird flocks and herd of animals are examples of systems comprising

many “particles” that self-propel by consuming their stored energy [11]. We behave

similarly. In the synthetic world, colloidal particles with a similar self-propelling

ability can be fabricated [12]. All these so-called active systems exhibit collec-

tive properties that cannot be described using the traditional tools of statistical

mechanics.

To assess how self-propulsion influence the behavior of these systems, in the

last few years researcher have been focused on a model system in which each par-

ticle self-propel along its own polar direction. This polar direction may evolve in

time, usually via rotational di↵usion. The correlation time of the self-propelling

direction defines the persistent time, which equals to the inverse rotational dif-

fusion coe�cient [13]. This so-called Active Brownian Particle model allows us

to identify what features of the complex phenomenology exhibited by systems of

active particles can be ascribed to their ability to self-propel.



4 1.2. Thesis organization

These model systems have been shown to exhibit two non-equilibrium phase

transitions. One is a so-called motility-induced phase transition, whereby the sys-

tem phase separates into a lower density gas-like phase and a higher density liquid-

like phase [14]. The occurrence of this transition depends on the magnitude of

self-propelled velocity and on the rotational di↵usivity of the polarity, and possi-

bly, on other parameters characterizing the dynamics. The other out-of-equilibrium

transition is a jamming transition [15] from a liquid to a dynamically arrested state.

The jammed phase occurs at high density and low self-propelling forces.

Previous works have investigated experimentally and numerically these two

transitions. When the persistence time of the polarity (inverse rotational di↵usion)

is small, motility-induced phase separation and active jamming occur in di↵erent

regions of the activity-density plane [16]. On increasing the persistence time, these

two transitions appear to approach [17]. This suggest a possible interplay between

these two non-equilibrium transitions, which is however controversial.

As a second aim of my thesis, I address the possible connection between MIPS

and jamming in active systems in the limit of infinite persistent time. My results

clarified that these two transitions occur together in the limit of infinite persistent

time, and unveiled the rich dynamics that characterize this limit.

1.2 Thesis organization

In this thesis, we undertake a comprehensive investigation of the dynamics and the

phase behavior of confined and active systems. To facilitate these work, Chapter 2

provides a review of the theoretical concepts and previous research findings that

are relevant to our work.

In Chapter 3, we focus on the dynamics of confined systems and investigate the

dependence of the dynamics on the confinement gap width. Our numerical simu-

lations reveal a crossover from a two-dimensional to a three-dimensional physics,

in addition, we develop a theoretical model for the density of vibrational states in

confined systems, based on the Debye model. We validate this model by perform-

ing large molecular dynamics simulations, further considering both schematic and

realistic conditions for confining a liquid in slab geometry.
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Moving on to Chapter 4, we explore the phase behavior of out-of-equilibrium

active systems and investigate the possible connection between the motility-induced

phase separation (MIPS) and the active jamming. Our numerical findings shed

light on the complex interplay between jamming and phase separation in these

active systems.

Finally, in Chapter 5, we discuss our main research findings and propose rel-

evant future research directions. Overall, this thesis might make a contribution

to our understanding of the phase behavior and dynamics of confined and active

systems and provides important insights into the physics of disordered systems.

The findings from this work have the potential to impact a range of disciplines,

from materials science to biology and beyond.
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Chapter 2

State of the art

This chapter aims to provide a comprehensive overview of the previous studies

that have reported and motivated my investigations, as well as to introduce the

theoretical concepts and models that I have adopted in this thesis. It also serves

as an important foundation for the subsequent analysis and discussion in my work,

providing the necessary context and theoretical framework for the reader to fully

understand the research question and the methods used to address it.

Previous studies investigated the dimensionality crossover considering how con-

finement influences the phase behavior. I take a di↵erent approach by investigat-

ing how confinement influences the dynamical properties. My original approach is

motivated by recent results demonstrating that long-wavelength Mermin-Wagner

fluctuations influence the dynamical properties of two-dimensional systems. In

Section 2.2 I introduce these long-wavelength fluctuations and review the previous

works [1–3] that have demonstrated their influence on the dynamical properties of

two-dimensional solids and liquids.

The chapter is structured as follows. In Section 2.1, I review recent experimen-

tal and numerical studies on the behaviour of liquids confined in a gap geometry.

Confinement means that the particle motion is restricted in one of the spatial direc-

tions, and unconstrained in the other transverse directions. When the gap width

H is larger than all other relevant length scales, e.g. particle size and structural

correlation length, confinement is expected to play a minor role, and the liquid to

behave as a bulk 3D system, if not very close to the confining walls. Conversely,

when the gap width becomes of the order of the particle size the liquid is confined

9
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to a monolayer, and behaves as a two-dimensional system. As such, tuning the

gap width o↵ers us the opportunity to investigate the crossover from a two- to a

three-dimensional system.

In this chapter, I also review physical properties of model systems of particles

able to self-propel (SPPs). These models schematically describe the behavior of

biological and colloidal systems and exhibit two out-of-equilibrium transitions. One

is a jamming transition from a flowing to an arrested state, discussed in Section 2.3.

The other is the transition from a homogeneous to a phase-separated state, known

as motility-induced phase separation, which I review in Section 2.4. These sections

serve as an introduction to my results of Chapter 4, where I investigate the interplay

between motility-induced phase separation (MIPS) and jamming.

2.1 Confined liquid

Confined liquids are common in real-life applications [4, 5], like microfabricated

integrated circuits, early embryogenesis, and nano-flow technology, to name a few.

The simplest confined liquid one can think of, is a liquid confined between two

plates. Confinement has been reported to influence liquid’s properties [6, 7]. For

example, confining a liquid makes the dynamics di↵erent from that observed in the

bulk [8], renders the local structure inhomogeneous [9, 10], and may also induce a

series of ordering transitions [11, 12].

I am interested in unveiling the crossover from a 3D to a 2D physics in a

liquid confined in a gap geometry as the distance H between the confining plates

decreases. Previous works [13, 14] considered that the melting transition may

be strongly dimensionality dependent due to the possible existence of an hexatic

phase intermediate between a solid and a liquid one, in two dimensional systems.

Henceforth, they studied the confinement dependence of the phase behavior to

unveil the dimensionality crossover. The interpretation of the obtained results

are di�cult, because, on increasing confinement, one does not simply observe a

crossover from a 3D to a 2D melting scenario. Rather, confinement induces a variety

of ordering transitions as a consequence of the competition between the confining

length H, the structural correlation length of 3D systems, and the particle size.
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H

Figure 2.1: The schematic diagram of confined liquid with gap width H. This

figure is reproduced from Ref. [15].

The issue is intricate as confinement introduces not only a length scale H

measuring the distance between the confining boundaries, but also a length scale

related to their roughness, and an energy scale related to an interaction between the

confining boundaries and the confined molecules. It is currently unclear what is the

underlying mechanism through which a three dimensional systems transforms into a

two-dimensional one as particle motion in a spatial direction becomes increasingly

confined. In the following, I briefly review the di↵erences observed in terms of

structural and dynamical properties in these previous works.

2.1.1 Experimental studies on confined systems

A variety of experimental studies have been performed on confined molecular and

colloidal systems. The fundamental distinction between these two systems is in

terms of the typical particle size and the interaction potential. In the colloidal

models and experiments considered in the literature, particles only interact via

repulsive forces. Conversely, in molecular systems, the interparticle interaction

potential also has an attractive tail. In the following, I highlight the major dif-

ferences observed between these two systems in terms of their dynamics, structure

and phase transition.

In Ref. [16], Weeks et. al. studied the influence of tuning the gap width H

on dynamical properties, the mean square displacements of a bi-disperse colloidal
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mixture confined between rough walls and observed the dynamics to slow down with

decreasing H. They also observed that the motion in the direction perpendicular to

the confining walls is markedly slower than that in the parallel direction [17]. This

decoupled dynamics of a confined liquid are due to the restriction of particle motion

perpendicular to the confining walls. The presence of walls impedes particles close

to them from moving toward the walls, whereas the motion parallel to the walls

remains relatively less restricted.

Similar experimental studies have also been made for molecular systems. In

confined molecular liquids, tuning the gap width H might slow-down or accelerate

the dynamics of molecular system depending on the wall-particle interaction poten-

tial [18]. The experiment investigated the dynamics of polymer PMMA molecules

confined between plates of di↵erent kinds. When this liquid is confined in silica

plates, there is a strong attractive interaction between the confined molecules and

the confining plates. This is because PMMA make hydrogen bonds with the hy-

droxyl groups naturally occurring on the silica. In this instance, the dynamics

has been observed to slow down on increasing the confinement. Conversely, when

a PMMA layer is confined by gold plates, molecules are not strongly attracted

to the walls, because there is no hydroxyl groups on the gold. In this instance,

confinement accelerate the dynamics [18].

That confinement may slow down or speed up the dynamics has also been

suggested by other works [19–21]. The study conducted by Schuller et al. [19]

presents a novel finding regarding the dynamics of confined liquid. The researchers

observed that the liquid, which was confined within the pore-shaped glass with a

strong attraction caused by hydrogen bonding, exhibited a slow-down in dynamics.

This slow-down can be attributed to the attractive potential of the wall-particle

interaction. On the other hand, a study of organic liquids under pore-shaped con-

finement [20] has suggested that the dynamics can be enhanced with increased

confinement. In addition, an experimental study of dense hard-sphere suspen-

sions under confinement [21] observed that the mean square displacements were

notably di↵erent at the smooth and rough walls. This suggests that the dynamics

of confined liquids of hard-sphere suspensions are sensitive to the interparticle and

particle-wall interactions.

Confinement have also been observed to influence the glass transition of col-

loidal and molecular systems. Weeks et al. [16] introduced a bi-disperse mixture
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to prevent crystallization in a confined colloidal liquid. They confined the colloidal

system in a wedge geometry and fix the volume fraction to 0.42, a value which

is far below the volume fraction � = 0.6, at which the glass transition occurs in

a 3D bulk system. By investigating the mean square displacement at di↵erent

values of H, they found the particle motion starts to slow down at a thickness of

H ' 10 particle diameters, and that the glass transition happens at H ' 5 particle

diameters.

In Ref. [22], Zanten et al. investigated a liquid of poly-(2)-vinylpyridine molecules

confined by silicon oxide plates. In this configuration, there is an attractive molecule-

plate interaction. They observed the glass transition temperature to increase by

⇠ 50 �
C over the value of 3D bulk systems. This is because the attractive wall-

particle interaction lead to an increase in the number of contacts between the

particles and confining walls, and thus shifts the glass transition temperatures to

higher values [23, 24]. On the contrary, polystyrene molecules confined by the

polystyrene plates, the glass transition temperature is reduced [18].

Besides a↵ecting the dynamics and glass transition, confinement have also been

observed to influence the structure of colloidal and molecular systems.

To probe the e↵ect of confinement on the structure of colloidal systems, Ed-

mond et al. and Nugent et al. [16, 17] resorted to a wedge geometry, where the

confinement gap vary along the transverse direction. A wedge-shaped confinement

is frequently adopted in experimental studies [16, 17] to realise a continuous range

of confining gap sizes. The reduction of the gap distance induced layering close to

the wall suggesting that stronger interaction with the boundary induces structural

changes. It is worth noting that this layering observed close to the wall is not re-

sponsible for the slow down of the dynamics observed in Ref. [16]. Rather, it was

observed that some of the particles in their system stick to the confining glass walls,

making them rough on the particle length scale. It is this roughness that possibly

induces the slowing down of the dynamics. Numerical studies (see Section 2.1.2)

do indeed suggest that rough walls slow down the relaxation dynamics of confined

liquids, as I will discuss in Section 2.1.2.

In molecular systems with silica as a confining boundary, weak attractive forces

have been found to induce liquid-like layers closer to the wall, which co-exist along

with the crystalline layers in the bulk. However, as the attractive interactions
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become stronger, as in a system of particles confined by mica surfaces, crystalline

layers adjacent to the confining walls could coexist with a liquid in the bulk [25].

The above results suggest that the presence of confinement is responsible for

the structural inhomogeneities in confined systems. Moreover, confinement induced

crystallization and layering depends on interaction from walls and wall textures.

These complex behaviors of confined liquids makes it challenging to unveil the

dimensionality crossover from 3D to 2D with decreasing confined gap width.

2.1.2 Numerical studies

In addition to experimental research, numerical studies have been conducted to un-

derstand the dimensionality crossover in confined systems by modifying the width

of the confinement gap. The findings suggest that as the confinement gap width

decreases, a crossover occurs in the melting behavior. For large gap widths, a

solid-liquid first-order transition occurs, while for small gap widths, such as in a

monolayer system, a continuous transition with an intermediate hexatic phase is

expected.

Previous works have addressed the dimensionality crossover focusing on the

gap-width dependence of the phase behaviour, which may di↵er in two and three

spatial dimensions. For example, a numerical work on an assembly of hard spheres

by Lowen et al. [12], modified the degree of confinement by tuning the separation

gap width between two parallel walls forcing the system to transition from a multi-

to a mono-layer structure and investigated the phases of the system as its density

and confinement width are varied. As a function of these two control parameters,

they found a variety of equilibrium structures, including a liquid one and several

di↵erent crystalline phases, with bucked, layered and rhombic symmetry.

As an alternative method to modify separation gap width, a numerical study

by Gerhard et al. [26] tilted one of the parallel walls by a small angle ↵, keeping

it fixed, to create a wedge-shaped confinement, following an approach also used

in experiments (see Section 2.1.1). They observed di↵erent crystalline structures

in their wedge-shaped system, demonstrating that these structures are dictated

by the separation between the walls. Jabbarzadeh et al. [27] studied a standard
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Lennard-Jones (LJ) model of a dodecane molecular liquid and found that confin-

ing walls with di↵erent roughness influence di↵erently its dynamics. With rough

confining walls, the dynamics continuously slows down with decreasing gap width.

Conversely, smooth confining walls speed-up the dynamics.

Scheidler et al. [28] also investigated the role of the roughness of the confining

walls via molecular dynamics simulations of a bi-disperse mixture of LJ particles.

Smooth and rough confining walls result in di↵erent liquid dynamics. Below figure

represents the relaxation dynamics as a function of the distance z from the confining

walls, as illustrated in Figure 2.2.

They investigate the relaxation dynamical property as a function of a distance

z from the confining walls via the introduction of a z-conditioned intermediate

self-scattering function,

Fs(q, z, t) =
1

Np

NpX

k=1

hexp [iq · (rk(t)� rk(0))] � (zk(0)� z)i , (2.1)

where Np is the number of particles in the particular layer with a distance z from

the confining wall, q is the wave vector of the first peak of the structure factor,

and rk(t) indicates the particle displacement at t. The relaxation behavior at a

specific distance z from the confinement wall of a system can be characterized by

the decay of the above self-scattering function. From the decay of this function,

they extracted a z-dependent relaxation time.

Figure 2.2 (left panel) considers the case of rough walls. In this case, the re-

laxation time decreases on increasing z, until it reaches the typical value of bulk

systems. Henceforth, confinement slows down the dynamics of particles located

close to the wall. In contrast, in the presence of flat walls (right panel), the

relaxation time decreases from the bulk value as z decreases. Henceforth, flat

walls speed-up the relaxation dynamics [28, 29] as evaluated from the decay of the

self-intermediate scattering function. For both rough and flat walls, the e↵ect of

confinement on the dynamics weakens on increasing the temperature (from top to

bottom in Figure 2.2).

They also estimated the temperature dependence of the typical distance ⇠0(T )
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Figure 2.2: Structural relaxation time ⌧q(z) as a function of a distance z in

the unit of particle size from confining walls. In panel (a), the confining wall is

rough, while in panel (b) it is smooth. This figure is reproduced from Ref. [28].

above which the e↵ect of the confinement disappears by approximating the z-

dependence of the relaxation time with [28]

ln [⌧q(z)] = B exp

✓
� z

⇠0(T )

◆
+ ln (⌧q,1) , (2.2)

with B a constant, and ⌧q,1 the structural relaxation time of a bulk system. The

typical distance ⇠0(T ) grows as e
Ea/T for both rough and flat wall cases. The

activation energy Ea is independent on the types of confining walls which implies

this activation energy is an intrinsic properties of the considered liquid. The length

⇠0(T ) decreases on increasing the temperature.

Hocky et al. [30] prepared a system with confining rough walls by first bringing

to equilibrium a large system, and then freezing the positions of the particles not

included in a rectangular slab, placed in the bulk. They considered a bi-disperse

system of particles interacting via the Kob-Andersen potential (a Lennard-Jones

potential truncated in its minimum), harmonic potential, and WCA potential.

They revealed a decoupling between the dynamics in the directions parallel and

transverse to the confining walls.

Via decomposing the motion of each particle in components parallel and per-

pendicular to the walls, they extracted a parallel ⌧ k(z) and a perpendicular ⌧?(z)

relaxation time. They found these two relaxation times to decouple.
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Figure 2.3: (a-c) Dependence of the ratio between the relaxation time in di-

rection parallel and perpendicular to a confining wall, on the distance from the

wall, for di↵erent interaction potential. (d) The identified profiles of the curves

to highlight the maximum ratio at z in the di↵erent regimes. This figure is re-

produced from Ref. [30].

One would expect these two times to be equal in bulk i.e., far away from the

walls, which is indeed observed at high temperature. At lower temperature, they

found the transverse and perpendicular dynamics to di↵er up to the largest wall-

distance separation they investigated. The perpendicular dynamics is suppressed

(larger relaxation time), and the z dependence of the ratio between the two time

scales does not depend monotonically on z.

These results concern the relaxation time as evaluated from the decay of the

self-scattering function. In the following paragraph, I discuss recent works that

have shown that in two-dimensional systems this relaxation time is a↵ected by

long-wavelength fluctuations. In other words, the decay of the relaxation time



18 2.2. Long-wavelength fluctuations

does not imply that particles are changing their neighbors. This suggests the need

of focusing on diverse measures of structural relaxation, which is what I will do in

my study.

2.2 Long-wavelength fluctuations

Long wavelength fluctuations (LWs) are the low frequency extended (plane waves)

excitations occurring in solids. According to the Debye’s model for the vibrational

spectrum, the distribution in frequency ! of these excitations scale as !D�1, with

D the dimensionality. As such, the influence of these excitations on a system’s

physical properties depends on its dimensionality. LWs have no influence on the

amplitude of the vibrational motion of the particles in D = 3. Conversely, they

make this amplitude to diverge with the system size both in D = 1 and D = 2.

They are known as Peierls instability [31] (D = 1) and Mermin-Wagner (MW)

theorem [1, 32] (D = 2). In particular, the MW theorem states that in 2D solids

with short-range interactions, LWs prevent the presence of long-range translational

order, at finite temperatures, at variance with their three dimensional counter-

parts [13, 33].

Recent results have demonstrated that LWs not only influence the phase be-

haviour of two-dimensional systems, but also the dynamical one. This influence

occurs in amorphous solids [2], supercooled liquids [3, 34, 35] as well as high-

temperature liquids [36]. In this section, I briefly introduce LWs and highlight

their important influence on the physics of 2D crystals, glasses and liquids.

2.2.1 Mermin-Wagner theorem

The early arguments for the non-existence of long-range order in 1D and 2D go back

to as far as the 1930s, notably the works by Bloch [37], Peierls [38], and Landau

[39]. In 1966, D. Mermin and H.Wagner [1], and P. Hohenberg [40] independently

gave a rigorous proof that in D  2, spontaneous symmetry breaking does not

occur at finite temperature in systems with continuous symmetry and short-range

interactions. The impossibility of reaching ordered states has so far been verified

in various two dimensional systems, including xy and Heisenberg models for spin
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systems [1], 2D Bose or Fermi liquids [40], and 2D glass systems [2, 3, 34, 41]. In

this section, I describe the e↵ect of LW fluctuations in solids.

Let’s consider a 2D solid as described within the framework of linear continuum

elasticity. If a material point is in position R at zero temperature, then it will be

in position r(t) = R+u(R, t), at time t and at finite temperature. Here u(R, t) is

the displacement caused by thermal fluctuations, which is the superpositions of the

contribution of the plane waves of wavevector k. The displacement field is defined

as

u(R, t) =

✓
L

2⇡

◆D Z
uk(t) exp(ik ·R)dD

k. (2.3)

Here, D is the dimensionality and L is the system size.

Plane waves follow the linear dispersion relation !k = csk where cs is the sound

velocity. Making use of the equipartition theorem, we can thus evaluate the mean

square displacement as an integral over the frequencies,

h|u|2i = DkBT

m

Z
D(!)

!2
d!. (2.4)

Here, m is the mass of a particle, kB is the Boltzmann constant, and D(!) repre-

sents the vibrational density of states (VDOS). In Debye’s model, D(!) is propor-

tional to !
D�1 for acoustic plane waves. For 2D systems,

D(!) = c1!, ! > !min =
2⇡cs
L

, (2.5)

where c1 ' 2/!2

D
depends on the Debye frequency !D = 2⇡cs/�D, and !min is the

minimum phonon frequency compatible with the linear size L of system. One can

thus estimate mean square thermal displacement,

h|u|2i ' �DkBT

⇡2c2
s

ln

✓
L

�D

◆
. (2.6)

This result demonstrates that, in 2D, fluctuations diverge with logarithm of L.

As a consequence, LWs prevent the presence of long-range translational order in

D = 2.
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2.2.2 Long-wavelength fluctuations: dynamical e↵ects

At very low temperature, liquids exhibit a glassy dynamics whose main feature

is an extended solid-like transient, whose duration increases as the temperature

decreases. Common measure of the relaxation dynamics are the self scattering

function,

Fs(k, t) =
1

ni

niX

i=1

hexp [�ik · (ri(t)� ri(0))]i . (2.7)

where k denotes the wave vector of the first peak in static structure factor, and

the mean square displacement,

⌦
�r2(t)

↵
=

*
1

ni

niX

i=1

|ri(t)� ri(0)|2
+

= 2dDt, t ! 1, (2.8)

where d denotes the system dimensionality and D represents the di↵usion coe�-

cient.

I illustrate the emergence of a glassy dynamics in Figure 2.4, by showing how

the self-scattering function and the mean square displacement evolves on cooling,

for a 3D system.

At low temperature, Fs(k, t) develops a plateau as particles spend a large

fraction of their time confined by their neighbors. Fs(k, t) decreases at longer time

as particles change neighbors, moving over a distance larger that 1/k, inducing

structural relaxation. Similarly, Figure 2.4 (b) shows that the MSD saturates

to a Debye-Waller factor, as in solids, before eventually growing as the system

enters a di↵usive regime. This phenomenology was long tough to be dimensionality

independent [42].

By studying the size dependence of the relaxation dynamics of two dimen-

sional systems, Flenner and Szamenl [35] recently showed that this glass transition

phenomenology is dimensionality dependent. In particular, they showed that the

transient solid-like response characterizing the dynamics of supercooled liquids dis-

appears in two dimensional systems as the linear size L increases.

Subsequent works by Illing et al. [2], and Vivek et al. [34], clarified that this

di↵erence is an influence of LWs. Indeed, the linear size L of a system sets a lower
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Figure 2.4: Plot of (a) self scattering function and (b) mean square displace-

ment at di↵erent temperatures for a bidisperse LJ system in 3D. For lower tem-

peratures, the system exhibits the solid-like transient behavior, illustrated as

plateaus in Fs(k, t) and
⌦
�r2(t)

↵
.

bound for the frequency ! of its LWs, which scales as cs/L whit cs the sound veloc-

ity (see Equation 2.5). This lower-bound and the dimensionality dependence of the

low-frequency excitation distribution in frequency, which scales as !D�1 according

to Debye’s model, makes the amplitude of particle’s vibrational motion dimension-

ality dependent. In solids, this amplitude saturates to a constant value, known as

Debey-Waller factor, which in 2D systems LWs make to grow as log(L). As we

have shown in the prevision section (see Equation 2.6), it is this size dependence

that wash out the typical glassy dynamics in two-dimensional systems.

To prove that the dimensionality dependence of the relaxation dynamics is

an e↵ect of the LWs, Ref. [43] and Ref. [2] probed the relaxation dynamics using

a measure that filters out the e↵ect of the LWs. In a extended plane wave, the

displacement of a particle and that of its neighbor are similar. Instead, these

displacements are di↵erent when one of the particle changes neighbors through an

activated event. Henceforth, to filter out the e↵ect on the LWs it is convenient to

introduce a cage-relative measure that compares the displacement of a particle i

with that of its immediate nj neighbors.

If ri(t) indicates the position of particle i at time t, its displacement is defined

as

�ri(t) = ri(t)� ri(0). (2.9)
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The cage-relative displacement of particle i equals to its displacement minus

the average displacement of its nj neighbors:

�rCR

i
(t) = �ri(t)�

1

ni

niX

j=1

�rj(t). (2.10)

Recall that the MSD is defined as,

⌦
�r2(t)

↵
=

*
1

N

NX

i=1

|ri(t)� ri(0)|2
+
. (2.11)

The cage-relative displacements allow us to introduce a cage relative mean

square displacement,

⌦
�CRr

2(t)
↵
=

*
1

N

NX

i=1

���rCR

i
(t)

��2
+
, (2.12)

and, in a similar way, a cage-relative intermediate scattering function.

Via numerical simulations, Illing et al. [2] studied the size dependence of the

dynamics of a 2D system of hard disks. Figure 2.5 demonstrates that the plateau

value of the mean square displacement grows with the number of particles N in the

systems. As predicted for a solid in Equation 2.6, the MSD in the plateau grows

as log(L) = log(
p
N) as demonstrated in the inset. Conversely, the cage-relative

MSD is size independent. This finding connects the reported anomalous dynamics

of 2D supercooled liquids [35] to MW fluctuations. The CR method unmasks the

local relaxation events and makes the relaxation dynamics of 2D liquids analogous

to that of 3D systems.

Analogous results were also found by Shiba et al. [43], that unmasked the

2D structural relaxation covered by LW fluctuations via cage-relative MSD. Their

study also suggested that cage-relative MSD is an e↵ective method to separate LW

from 2D glassy dynamics.

By combining numerical and experimental results, Li et al. [36] clarified that

LWs also influence the relaxation dynamics of 2D system in the liquids regime.

As in the supercooled regime, also in the liquid one LWs induce a speed-up of the

dynamics.
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Figure 2.5: MSD and cage-relative MSD of 2D hard disk. Normal MSD illus-

trate a divergence with increasing system size. The inset reveals a logarithmic

enhancement of asymptotic MSD with the growth of system lateral size L or al-

ternatively
p
N . After introducing cage-relative into the system, the MSD shows

no finite size e↵ect. The figure is reproduced from Ref. [2]

These previous works suggest that the LW fluctuations influence the relaxation

dynamics of 2D systems. In particular, in 2D Mermin-Wagner LW fluctuations

make the relaxation dynamics size dependent. Overall, these works suggests that

the dimensionality crossover could be revealed by studying how the lateral (L) size

dependence of the relaxation dynamics vary with the confining width (H).

It is on the basis on these previous results that in my thesis I study the size-

dependent dynamics of confined systems varies with the degree of confinement and

temperature.

2.3 Jamming

2.3.1 Jamming phase diagram

The relaxation dynamics of liquids slows down as the temperature decreases, as

we have seen in Figure 2.4. This slows down can be tracked by investigating the

temperature dependence of the viscosity or relaxation time, which is the time at
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which the self-scattering function (Equation 2.7) acquires a small value. Conceptu-

ally, at the relaxation time a large fraction of the molecules has moved a distance

comparable to the typical interparticle spacing. The relaxation time sharply grows

as the temperature decreases.

The temperature dependence of the relaxation time and its divergence at a

finite or zero temperature are longstanding questions in the glass transition litera-

ture [44]. They are di�cult to address as experiments have a maximum duration

of the order of days. Regardless, the viscosity increases so dramatically as the tem-

perature decreases that at some point liquids become so viscous that they cannot

be equilibrated on experimental timescales and can be considered as disordered

solid. This loosely defined liquid to disordered solid crossover temperature defines

the glass transition.

Density is an alternative control parameter that influences the dynamics of

liquids. The role of density is best elucidated by referring to systems of particles

interacting via purely repulsive forces where inhomogeneities due to the formations

of attractive clusters are absent. The same way the relaxation time decreases on

cooling, so it does on increasing the density. Henceforth, in the temperature-density

plane a line separates a liquid and an arrested or jammed state, the former occurring

at low densities and high temperatures. The transition from the liquid to the

jammed state has been investigated extensively in the limit of zero temperature [45,

46].

Thermal motion can be seen as one of the many factors promoting an unjam-

ming transition from a solid to a flowing state. Another relevant control parameter

is the shear stress applied to the system. Solid to fluid transitions driven by an

increase in the shear stress are common in the geophysical world, as they drive

the occurrence of earthquakes and avalanches [48]. Liu and Nagel [47] proposed a

unifying description of the e↵ect of temperature and density via the introduction

of a jamming phase diagram, reproduced in Figure 2.6, with axis inverse density,

temperature and shear stress, so that the jammed phase occurs close to the ori-

gin. A number of variants of this original phase diagram have been introduced in

the literature, e.g. to account for the e↵ect of friction [49], of the attraction [50]

between the particles, and so on.



Chapter 2. State of the art 25

Figure 2.6: Jamming transition phase diagram, reproduced from Ref. [47].

In my thesis, I consider the jamming transition of systems of particles that

self-propel, I introduce in the next section. Henceforth, rather that temperature

or shear stress, the magnitude of the self-propelling forces is the control parameter

driving the jammed to fluid transition [51–53].

2.4 Self-propelled particles

Nature is full of examples of living objects that move, such as ourselves. By con-

suming energy internally stored, living objects exert forces on their surroundings

to self-propel. They could walk, fly, swim or propel via diverse actions [54, 55].

Such self-propelling objects can even be manufactured in a laboratory [56].

In the natural world, self-propelling animals could be extremely complex as we

are, and perform movement according to their internal states and the sensing of the

environment [57]. Examples could be biological systems [58], cell tissues [59, 60],

fish flock [61], bird aggregation [62], and ants [63]. Engineering self-propelling
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(a) (b)

Figure 2.7: Diagram of the minimal model for active Brownian particles. (a)

The particle i is self-propelled at velocity v0 in the direction ni (also noted as

the unit vector ei = (cos ✓i, sin ✓i)). (b) The repulsive force Fij = Fji between

particle i and j is proportional to the overlap �. The figure is reproduced from

Ref. [69].

particles may require to mimic this complexity, e.g. in autonomous vehicles and

robots, or might implement simpler propelling forces [64–67].

From a fundamental perspective it is of interest to consider the limiting case

of “dull” self-propelling particles, that are not able to sense the environment and

whose movement (motility) is guided by simple rules. The study of these simple

models clarify what features of the complex phenomenology exhibited by active

particles could be ascribed to their motility.

The rest of this section is organized as follows. In Section 2.4.1, I introduce

the typical models used to investigate these phenomenologies. In Section 2.4.2

and Section 2.4.3, I first review the main feature of Active Brownian Particles

(ABPs), which is their motility induced phase separation in a gas-like and a liquid-

like phase, and then describe recent results on the relation between jamming and

self-propulsion.

2.4.1 Numerical models

Several models have been introduced to describe biological and synthetic systems

of self-propelled (active) particles. Here, I consider the simplest one, the ABPs

model [68, 69].

ABPs describe spherical active Brownian particles. Each particle has a polarity

êi = (cos ✓i, sin ✓i) that di↵uses with rotational di↵usion coe�cient Dr.
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Consider a system with N ABPs. In its most general formulation, three forces

act on the translational degrees of freedom of a particle i. One force is the resultant

of the interaction forces fij of particle i with other particles j. A second force

is an active force, FA, that acts in the direction of the polarity of the particle.

The last force is a stochastic one, which would induce a Brownian dynamics with

translational di↵usion coe�cient Dt. In the absence of any other forces and in the

overdamped limit (where inertia e↵ects are negligible), the equation of motion is

(
ṙi(t) =

1

�

P
N

j=1,j 6=i
f

ij
+ vAêi +

p
2Dt⌘i,

✓̇i =
p
2Dr⌘i,

(2.13)

with translational di↵usion coe�cient Dt = kBT/6⇡⌘r, rotational di↵usion coe�-

cient Dr = kBT/8⇡⌘r3, constant � a damping parameter, variable vA = FA/� the

self-propelling velocity, and ⌘ a Gaussian white noise with zero mean. In general,

Boltzmann’s constant kB is set to 1 in the simulations.

The rotational di↵usion coe�cient fixes the persistent time ⌧p, which is the

decay time of the time-autocorrelation function of the polarities, C(t) = hê(t)ê(0)i.
In the zero rotational di↵usion limit, where Dr ! 0, the orientation of active force

remains fixed over time.

2.4.2 Motility induced phase separation

The most surprising phenomenon occurring in the systems of active particles is

a phase separation between a gas-like and a liquid-like phase, known as motility

induced phase separation (MIPS) [70–73]. Importantly, MIPS occurs in ABPs

model in which particles interact via purely repulsive forces. Henceforth, this phase

separation is not driven by interparticle attraction as for the standard gas-liquid

coexistence.

MIPS has been observed both in simulations and experiments. Here I review a

few numerical and theoretical results, which qualitatively reproduce the experimen-

tal observations. Before comparing numerical and experimental results, it needs to

be highlighted that numerical simulations generally neglects hydrodynamic e↵ects

that could be experimentally relevant. Secondly, simulations most frequently use
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periodic boundary conditions, while experiments do not. Finally, a detailed experi-

mental investigation of MIPS as a function of the main control parameters, density

and strength of the active forces, has not yet been carried out. It is noteworthy

to mention that a recent study employed a machine learning model to e↵ectively

extract active and two-body forces from experiments of electrophoretic Janus par-

ticles. This development represents a significant step forward in comprehending

the underlying physics of MIPS [74].

Fily et al. [71] first numerically investigated MIPS in ABPs systems. They

considered a 2D systems of repulsive disks in the presence of active forces. At

constant values of the noise and magnitude of the active forces, they observed the

coexistence of a gas and a fluid phase on increasing the density, as illustrated in

Figure 2.8.

Figure 2.8: Snapshots of MIPS phase in active systems. With a constant

active force, MIPS occurs at an active system with higher density. The densities

of active systems are (a) � = 0.39 and (b) � = 0.7, respectively. This figure is

reproduced from Ref. [71].

Moving towards a more dense active suspension, Marchetti et al. developed

a model of active colloids for spherical Brownian active particles interacting via

isotropic purely repulsive interactions [69, 75]. In their work, they numerically

varied both the density � and the active velocity ṽ and observed a MIPS and

jamming transition. They obtained the phase diagram I reproduce in Figure 2.9,

where the red region represents the separated liquid and gas phases, and occurs at
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large volume fraction and active velocity. A homogeneous glassy phase is observed

at very high volume fraction and small velocities, represented by blue region in

the diagram. The MIPS region is indeed enclosed by a liquid one suggesting that

MIPS and jamming are disconnected.

Figure 2.9: The phase diagram for system of polydisperse active particles. In

a dense active suspension, the MIPS and active jammed phase are observed in

distinct regions of a �� ṽ phase plane. The figure is reproduced from Ref. [75].

Redner et al. [72] numerically studied the phase diagram of ABPs and proposed

a kinetic theory to describe the low-density MIPS coexistence line. They studied

how an homogeneous state becomes unstable as clusters of particles form and break

apart. They considered that the size of a cluster varies as there is a flux of gas

particles that join the cluster, and an opposite flux of particles that leave the

cluster and join the gas phase. The system phase separates when the former flux

dominate. In their work, they suggested that the flux of particles joining a cluster

from the gas phase is Kin = ⇢Gasva/⇡, where ⇢Gas denotes the gas density and va

is active velocity. Once a particle join a cluster, the typical time it needs to leave

depends on the rotation of its self-propelling direction: the particle will leave the

cluster when its direction of self-propulsion points away from the cluster. As such,

they approximated the flux of particles leaving a cluster with Kout = kDr/�.
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In the steady state, Kin = Kout. This balance allows predicting the density of

the gas on the phase separating boundary,

⇢Gas = ⇡kDr/�va, (2.14)

with a fitting constant k representing the probability of several particles escaping

the cluster at the same time.

Figure 2.10: Phase diagram of homogeneous phase and MIPS in 2D ABPs.

Left panel shows the predicted separated phase boundary in dashed curve and

right panel shows the predicted cluster by the kinetic theory. This figure is

reproduced from Ref. [72]

Based on their theory, the successfully predicted the low-density boundary of

the MIPS in the Peclet number density phase diagram, as illustrated in Figure 2.10.

While certainly able to make some correct predictions, this theory fails in

describing other features of the phase diagram. For instance, the theory predicts

MIPS to occur in the large ⌧p limit regardless of the density. Numerical simulations

show that this is not the case. Furthermore, this theory does not predict a critical

point. To address this point, Nie et al. [76] extended this model to incorporate a

novel mechanism allowing particles to escape a cluster.

Besides the kinetic models, other continuous approaches have been introduced

to try to rationalize the physics driving MIPS, as reviewed in Ref. [77]. I do not

discuss them here as the study of the mechanism inducing MIPS is beyond the

scope of this thesis.
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2.4.3 Active jamming

In systems of self-propelling particles, the magnitude of the active forces and den-

sity control the jamming and glass transition. The system flows at low density and

large motile forces, while it is in an arrested state in the opposite limit of high

density and small active forces.

The jamming transition of active systems has received considerable interest

due to its occurrence in biological systems. For instance, cells in tissue [78, 79]

transition from a solid to a flowing state, e.g., during morphogenesis or wound

healing.

Besides undergoing a jamming transitions, ABPs may also undergo a crystal-

lization transition. This occurs if particles are monodisperse, or if their size poly-

dispersity is small. Recent works have investigated the interplay between MIPS

and crystallization [80]. In three dimensions, Omar et al. [80] suggested that MIPS

is a metastable state enroute crystallization. That is, the MIPS coexistence curve

occurs within the liquid-crystal coexistence curve. In two dimensions the situa-

tion is more complex, as in the absence of activity the melting transition follows a

so-called mixed scenario [81].

In Ref. [13, 14, 82], disks were reported to first undergo a discontinuous liquid-

hexatic transition, and then a continuous hexatic/triangular lattice transitions,

with increasing density. Ref. [83] investigated how this scenario varies on changing

the activity, and clarified the presence of motility shifted the hexatic order towards

higher packing fractions. Meanwhile, the phase coexistence region is expanded by

increasing motility and eventually passes the phase boundary of solid and hexatic

phase.

Henceforth, in line with the focus of my thesis, we will limit our discussion to

ABPs, in which size polydispersity suppresses crystallization.

Marchetti et al. [84] studied ABPs as a function of volume fraction and active

velocity in a system of 2D repulsive disks and observed a jammed phase at high

density and small active velocity. Their work do not consider MIPS, but clearly in

their system jamming does not interfere with any phase-separated region even in

this system (analogous to Figure 2.9).
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Figure 2.11: Active jamming in self-propelled dense system. The left panel

shows mean square displacement for systems at di↵erent densities for fixed active

velocity. The right panel shows a resulting density-motility phase plane. This

figure is reproduced from Ref. [84]

In the presence of motility, Ran et al. [85] noticed a speed-up in the relaxation

dynamics of an active system of hard particles. They also found that in the limit

of low rotational di↵usion, the self-propelled force has a more noticeable e↵ect on

dynamics. On the other hand, in the limit of infinite high rotational di↵usion, the

dynamical properties of active hard particles become Brownian. The influence of

self-propulsion on the zero-temperature jamming transition, however, is not the

major focus of their research.

Indeed, Liao et al. [52] numerically investigated a self-propelled dense repul-

sive system of ABPs focusing on the influence of mobility on zero-temperature

jamming transition. They found self-propulsion to increase the volume fraction

of the jamming transition. A similar observation is reported in Ref. [85], but the

latter focuses on finite persistence time scale.

Recent works have also studied how the persistence time (inverse rotational

di↵usion) influences the transition from a fluid to a jammed/glassy phase [86–88].

Mandal et. al [89] investigated the dependence of the phase behavior of ABPs on

the persistent time, at constant density. At short persistent times, a transition

from a liquid to a disordered jammed phase occurs with decreasing active forces,

as displayed in Figure 2.12. At intermediate persistent times, the liquid and a

disordered jammed phase can be separated by a new intermittent phase. However,

in the limit of infinite persistent time, the active system undergoes transition to a

jammed configuration at small active forces.
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Figure 2.12: Motility-persistence phase plane for fixed dense active glassy

system. The liquid, intermittent, and disordered solid phases are colored. The

red circles are indicating the liquid-solid phase boundary, blue circles indicates

the phase transition from liquid to for dynamically arrested phase. This figure

is reproduced from Ref. [89]

These findings suggest that dense active amorphous systems with di↵erent

values of persistent times have qualitatively distinct behavior [87]. In the limit of

infinite persistence, a fluid and a jammed phase are observed. However, at finite

persistence the dynamics could also be intermittent. Indeed, recent research [75, 90]

explored ABPs models with di↵erent ranges of persistent time and came up with

contradictory conclusions: at small persistent times, the MIPS and disordered

solid phases appear in well distinct regions [75]. Conversely, Ref. [90] suggests

these two transitions approach one another with increasing persistent times. This

results clarify that the connection between MIPS and jamming is still elusive. In

second part focus of my thesis, I investigate MIPS and jamming, in systems of

self-propelled particles and clarify their relation in the limit of infinite persistent

time.
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Chapter 3

Long-wavelength fluctuations and

dimensionality crossover in

confined liquids

In this chapter, we demonstrate that the dimensionality crossover is apparent in

the lateral size dependence of the relaxation dynamics of confined liquids, devel-

oping a Debye model for the density of vibrational states of confined systems and

performing extensive numerical simulations. In confined systems, Mermin-Wagner

fluctuations enhance the amplitude of vibrational motion or Debye-Waller factor

by a quantity scaling as the inverse gap width and proportional to the logarithm of

the aspect ratio. This is a clear signature of a two-dimensional behaviour. As the

temperature or lateral system size increases, the crossover to a size-independent

relaxation dynamics occurs when structural relaxation takes place before the vi-

brational modes with the longest wavelength develop.

3.1 Introduction

The phase behaviour and dynamics of liquids confined in slit geometries are a↵ected

by the competition of several length scales.

The confined slab geometry introduces an additional length scale, denoted as

H, into the system. H represents the distance between the two confining walls and

43
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H

L
L

Figure 3.1: Schematic configuration of the system confined in slit of dimension

L⇥L⇥H. Particles are colored based on their types in Kob-Andersen Lennard-

Jones mixture [1].

determines the degree of confinement of the liquid in the gap between the walls. As

a result, in a confined system, the lateral length of the gap L, and the gap width

H are two control parameters that can govern the behavior of the system.

We illustrate in Figure 3.1 a liquid confined in a slab geometry. We recognize

the presence of two confining length scales, the lateral length L and the width H.

These length scale may interfere with bulk-liquid length scales, such as the typical

distance between the particles, a0 = ⇢
�1/3, and the structural correlation length,

⇠bulk ' 10, e.g., as estimated from the decay of the radial distribution function [2–

4]. The competition between H and ⇠bulk induces a cascade of confinement-induced

ordering transitions [3, 5–7], and a solid like behaviour interpreted as a signal of a

first-order transition [8, 9] or, more recently [10–12], as a continuous glass transi-

tion. For molecular liquids in very narrow confinements, length scales associated

with the anisotropic molecular structure [2, 13–15] and the details of the interaction

between the molecules and the confining walls also play a role.

The rich and system-dependent phase behaviour of confined systems makes

di�cult rationalizing the crossover from three to two dimensions focusing on its

gap size dependence. Indeed the hexatic phase, which is a phase with short-ranged
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translational order and long-ranged bond-orientational order only occurring in two-

dimensional systems, has been only reported for H ' a0 in Lennard-Jones sys-

tems [16]. In this extremely confined limit, the occurrence of a two-dimensional

behaviour is in line with the observed decoupling of the lateral and transverse

degrees of freedom [17, 18].

The size dependence of the relaxation dynamics of confined liquids o↵ers an

alternative and unexplored approach to investigate the dimensionality crossover.

Indeed, two-dimensional systems di↵er from their three-dimensional counterpart

because Mermin-Wagner [19] long-wavelength (LW) fluctuations make their relax-

ation dynamics size dependent [20–26]. This alternative approach is also convenient

as Mermin-Wagner fluctuations are always present in two-dimensional systems;

conversely, the two- and the three-dimensional phase behaviour do not qualita-

tively di↵er in all systems [27–29].

We demonstrate that confined systems have a relaxation dynamics depending

on the lateral size L, as two-dimensional ones, and rationalize the dimensionality

crossover clarifying how this L dependence varies with the gap width H and relax-

ation time. We find that, in the solid regime, confinement enhances the asymptotic

value of the mean-square displacement, or Debye-Waller factor, by a factor scal-

ing as (1/H) ln(L/H). A similar enhancement of the mean square displacement

occurs in the liquid phase. Liquids, however, exhibit a dimensionality crossover as

size-e↵ects vanish above a characteristic H-independent system size fixed by sound

velocity and relaxation time. We further clarify that our predictions apply to both

molecular and colloidal liquids through the investigation of experimentally relevant

confinement settings.

The rest of this chapter is build up as follows. In Section 3.2.1, we develop a

theoretical model for the vibrational density of states of confined systems, extend-

ing Debye’s model. In Section 3.3.1, we detail our numerical approach. In Sec-

tion 3.3.2, we validate our theoretical model via numerical simulations of confined

solids. The Section 3.3.3 provides a further discussion about the the LWs influence

on liquids and a quantitative investigation about dimensionality crossover focusing

on the mean square displacement. In addition, we broaden our study to di↵erent

boundary conditions and discussed the e↵ect of smooth and rough walls on the

dynamics of confined liquids in Section 3.4. In the last section of this chapter, we

summary and conclude our study in the Section 3.5.
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3.2 Theoretical model and predictions

3.2.1 Debye’s DOS model in confinement

We develop a Debye-like model for the vibrational density of states (DOS) of con-

fined amorphous solids to rationalize the size dependence of their dynamical prop-

erties. In confinement, the length scales L and H and the transverse sound velocity

cs fix two characteristic frequencies, shown as,

8
<

:
!L = 2⇡cs/L

!H = 2⇡cs/H,

(3.1)

where !L is the smallest possible phonon frequency. The physical role of !H is

understood considering that phonons with ! < !H, which have a wavelength larger

than H, do not fit along the transverse direction. Hence !H separates the spectrum

into a low-frequency region, !L < ! < !H where excitations are essentially two

dimensional, and in a high frequency region, !H < ! < !D, with !D the Debye’

frequency, where excitations are three dimensional.

Debye’s approximation is a theoretical model used to describe a solid as a

collection of harmonic oscillators. According to this model, each vibrational mode

of the solid has a specific frequency, denoted by !.

The Debye density of states describes the distribution of vibrational modes

within a solid. It is proportional to ! to the power of d� 1, where d represents the

dimensionality of the system.

In the Debye’ approximation, the density of states of confined solid is

D(!) =

8
>><

>>:

c
!

!
2

D

!L  !  !H

c
!
2

!H!
2

D

!H  !  !D,

(3.2)

with c non-dimensional normalization constant,

c
�1 =

1

2

"✓
!H

!D

◆2

�
✓
!L

!D

◆2
#
� 1

3

"
!D

!H

�
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!H

!D

◆3
#
. (3.3)
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We remark that we have restricted the above investigation to the transverse modes,

which are of greater relevance to our purposes as having a smaller frequency. The

longitudinal modes can be similarly described.

The vibrational density of states allows us to evaluate the asymptotic value

of the mean square displacement, or the Debye-Waller factor, averaging the con-

tributions kBT/m!
2 of the di↵erent modes. To highlight the dependence on the

di↵erent length scales involved, we write !D = 2⇡cs/�D, finding

DW =
kBT

m!
2

D

ln
�
L

H

�
+ H

�D
� 1

1

2

h�
�D
H

�2 �
�
�D
L

�2i
+ 1

3

h
H

�D
�

�
�D
H

�2i . (3.4)

The three dimensional limit, DW3D ' 3kBT

m!
2
D
, and the two-dimensional one, DW2D =

2kBT

m!
2
D
ln
�
L

H

�
, are recovered for H ! L � �D and for H ! �D ⌧ L, respectively.

In quasi-2D systems, L � H � �D, Eq. 3.4 is approximated by

DW ' DW3D


1 +

�D

H

✓
ln

✓
L

H

◆
� 1

◆�
. (3.5)

Hence, we predict that in confined systems the DW grows logarithmically with

L, as in 2D, with a slope decreasing as 1/H. We remark here that, as long as

H � �D, the DW factor grows as H decreases at constant L, e.g., as the system

becomes more confined. This occurs because, as H decreases, a larger fraction of

the phonon spectrum becomes e↵ectively two-dimensional.

3.2.2 Analytical details

There is a broad agreement on the existence of Debye approximation for low-

frequency excitations. Unlike 3D bulk, the slab geometry expected to have di↵erent

length scales in the lateral and transverse directions. To show a detailed analytical

demonstration of Eq. 3.4, we proposed our theoretical model to describe confined

vibrational density of stateD(!). It has three characteristic frequencies and follows

!L < !H < !D with a cuto↵ Debye frequency !D, detailed in the Figure 3.2. We

model the D(!) as a piecewise function, where !H separates the spectrum into the

low and high ranges of frequencies. The density of states for confined solid thus
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can be defined as,

D(!) =

8
<

:
c1! !L  !  !H

c2!
2

!H  !  !D

(3.6)

D(ω)

~C
1
ω

~C
2
ω2

ω
L

ω
W

ω
D

2D 3D

ω

Figure 3.2: Schematic illustration of the Debye-like model of confined system.

The prefactor c1 and c2 of D(!) can be evaluated as requiring the density of

state to be continuous, and normalized to 1. For the continuity of density of states,

at ! = !H we have,

c1!H = c2!
2

H
, (3.7)

so that the constant c2 = c1/!H.

After the normalization,

Z
!D

!L

D(!)d! = 1, (3.8)

the density of states at the given range of frequencies is

c1

Z
!H

!L

!d! +
c1

!H

Z
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!H

!
2
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2
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2

H
� !

2

L

⇤
+

c1

3!H
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!
3

D
� !

3

H

⇤
= 1. (3.9)

The frequencies dependent constant c1 is therefore given by

c
�1

1
=

1

2
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2

H
� !

2

L
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3

D
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3
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⇤
. (3.10)

To non-dimensionalize, we define
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8
<

:
!H = aH!D

!L = aL!D,

(3.11)

at the given condition !L  !H  1, the relevant range of parameters is aL  aH 
1.

Note that if aH = 1 or equivalently !H = !D, the system is in the strictly

confined geometry, in this scenario, the system is e↵ective 2D-like. If aH = aL

or equivalently !H = !L, there is no confinement introduced to the system, the

system is e↵ective 3D-like. This allows us to introduce an increasing confinement

by increasing aH .

We thus have
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D
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3
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⇤◆ (3.12)

In general, a vibrational mode with eigenfrequency ! has an amplitude A(!) =
kBT

!2 apart from a constant.

Hence, the mean square displacement for a confined solid can be described as

r2 =

Z
!D

!L

kBT

!2
D(!)d!

=

Z
!H

!L

kBT

!2
D(!)d! +

Z
!D

!H

kBT

!2
D(!)d!.

(3.13)

By considering averaged contributions of all vibrational modes,

Z
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!L

kBT

!2
D(!)d! =

Z
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kBT
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= kBTc1 ln

✓
!H
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◆

= kBTc1 ln
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aH
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◆
,

(3.14)
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and Z
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kBT
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kBT
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kBTc1
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the overall mean square displacement is described as

r2 (!D, aL, aH) =
kBT

!
2

D
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(3.16)

The final expression of thermal mean square displacement thus can be evalu-

ated in units of the contribution of the Debye mode,

er2 (aL, aH) =
r2 (!D, aL, aH)!2

D

kBT
=

ln
⇣

aH

aL

⌘
+ 1

aH
(1� aH)

1

2
[a2

H
� a

2

L
] + 1

3aH
[1� a

3

H
]
, (3.17)

where r2 (!D, aL, aH) is demonstrated analytically to appear a monotonously in-

creasing behavior with larger aH or equivalently smaller H (the analytical plot

shown in Figure 3.3). This suggests that more LW thermal modes have contribu-

tion to MSD in stronger confining geometries.

Figure 3.3: The plot of analytical function of r2 (!D, aL, aH) as a function of

aH .
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3.3 Numerical validations and simulation details

3.3.1 Numerical details

We validate our theoretical prediction, and explore the e↵ect of confinement on the

liquid phase, via extensive molecular dynamics simulations [30] of the standard A:B

80:20 Kob-Andersen (KA) Lennard-Jones (LJ) mixture [1] to avoid crystallization.

The particles interact via the potential,

V↵� (r) = 4✏↵�

⇣
�↵�

r

⌘12

�
⇣
�↵�

r

⌘6

+ C↵�

�
(3.18)

where ✏AB = 1.5✏AA, ✏BB = 0.5✏AA, �AB = 0.8�AA, �BB = 0.88�AA, ↵, � 2 {A,B}.
The potential is truncated at rc = 2.5�↵�, and C↵� enforces V (rc) = 0. The

mass of the particles m, ✏AA, and �AA are our unit of mass, energy and distance,

respectively. We first thermalize the system in the NPT ensemble, at P = 1.0,

allowing the box size to vary only in the lateral dimensions. Production runs are

then performed in the NVE ensemble. The number of particles depends on L and

H, and varies between 103 to 106 million. We average the dynamical data over at

least four independent runs.

We monitor the relaxation dynamics studying the mean square displacement,

h�r2(t)i = 1

N

X
�r2

i
(t), (3.19)

where �ri is the displacement of particle i at time t, and the self-scattering func-

tion,

Fs (k, t) =
1

N

*
NX

j=1

e
ik ·�rj(t)

+
, (3.20)

where k the wavevector of the first peak of the static structure factor of bulk

systems. The relaxation time ⌧ is defined by Fs (k, ⌧) = 1/e.

We further investigate the dynamics using the cage-relative mean square dis-

placement and self-scattering function [21–23, 31]. These are defined as above,

with the displacement of particle i replaced by its cage-relative counterpart,

�CRri = �ri �
1

ni

X

j

�rj, (3.21)
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where the sum is over all neighbors of particle i at time t = 0. We identify the

neighbors via the Voronoi construction.
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Figure 3.4: The dependence of the average density on the gap width, at T =

0.35, when periodic boundary conditions are used in the confining direction.

Confinement does not strongly influence the average density, in the range of gap

widths we have considered. The radial distribution function, shown in the inset

for H = 20 and L = 20 at T = 0.35, approaches one at the correlation length

⇠bulk/2 ' 5.

We consider three di↵erent confinement approaches. First, we use periodic

boundary conditions in the confining direction, which is an approach that is useful

to avoid layering as well as to compare with the theoretical predictions. When

using this approach, the number density is essentially constant, ⇢ = 1.1775(5), as

we illustrate in the main panel of Figure 3.4. In the figure we also show that, for

larger H values representative of the bulk limit, the radial distribution function

becomes constant for r ' ⇠bulk/2 ' 5.

Secondly, we confine the system between flat walls. In this case, the interaction

between particles of type i = A,B and the walls is given by a LJ potential with

energy scale ✏ii and length scale �ii, truncated in its minimum. In the presence of

flat walls, the density sensibly decreases with H, and layering occurs, as shown in

the inset of Figure 3.5.

Finally, we perform simulations of systems confined between rough walls. In

this case, we first thermalize at the desired state pressure large samples, using

periodic boundary conditions in all directions, and then freeze the positions of all
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Figure 3.5: Dependence of the average density on the gap width, at T = 0.35,

for a system confined in between flat walls at a separation H. The density

decreases as the gap width decreases. Flat walls, furthermore, induce layering, as

we illustrate in the inset by plotting the density at a distance h from a confining

wall. The inset shows particle number density as a function of distance from

confinement in the unit of particle size.

particles whose height is outside the interval [0 : H] with confinement gap width

H. When using rough walls, we work at fixed density rather than at fixed pressure.

3.3.2 Confined amorphous solids

We study the density of states of confined amorphous solid configurations generated

by minimizing the energy of configurations equilibrated at low temperature. We

fix the pressure of these low-temperature configurations to P = 1.0 by adjusting

the lateral size, which slightly fluctuates around L = 80. We considered several H

values, so that the number of particles ranges from 36000 to 150000. We further

use periodic boundary conditions in all spatial directions to prevent structural

inhomogeneities due to layering, hence allowing for a more transparent comparison

with the theoretical predictions. The e↵ect of walls is discussed in Section 3.4.

We evaluate the low-frequency end of the vibrational spectrum of the gener-

ated energy minima via the direct diagonalization of their Hessian matrix. To

compare the numerical results with our theoretical prediction of Eq. 3.2, schemat-

ically illustrated in Figure 3.6(a), we focus on the frequency dependence of the
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Figure 3.6: (a) Schematic illustration of the Debye’s density of states of quasi-

2D systems, Eq. 3.2. (b) Low-frequency cumulative density of states of confined

solids with lateral length L = 80 and di↵erent gap sizes H. (c) The data in a
collapses when plotted vs. !H and vertically scaled, for H > ⇠bulk ' 10.

cumulative distribution C(!) =
R
D(!)d!. Due to the large lateral size of our

systems [32], we observe gaps at low frequency, as predicted by linear elasticity.

We have verified that these gaps are not an artefact of the discontinuity of the force

at the cuto↵ distance [33], as they persist when the interaction potential is appro-

priately smoothed. Figure 3.6(b) also demonstrates that C(!)/!2 is constant at

small frequencies, and increases above an H dependent crossover frequency which,

according to Eq. 3.2, should scale as !H / cs/H. Indeed, when plotted versus !H,

and vertically scaled, the data collapse up to their crossover point, as we illustrate

in Figure 3.6(c). The figure also supports the !2 to !
3 crossover for the cumulative

distribution suggested by the theoretical model.
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dash lines indicate the asymptotic DW values.

We remark that the data collapse of Figure 3.6(c) breaks for small H. To ratio-

nalize this observation, we investigate in Figure 3.4 the gap size dependence of the

density and the radial correlation function of a low-temperature solid configuration.

We observe that the density is almost H independent, for H � 5, and that the

radial correlation function approaches the ideal gas limit at r ' 5. This allows us

to estimate the structural correlation length of the bulk solid, ⇠bulk ' 10. We thus

understand that, in Figure 3.6(c), no collapse occurs for small H as confinement

interferes with the structural correlation length of the system.

We further validate our theoretical prediction for the dependence of the DW

factor of amorphous solids on the relevant length scales L and H, Eq. 3.5, per-

forming simulations at a low-temperature value at which structural relaxation is

negligible. In this limit, the mean-square displacement approaches a constant DW

value at long times, as illustrated in Figure 3.7 for H = 10. Figure 3.8(a) shows

that this limiting DW factor grows as the logarithm of the lateral size L, with a

slope scaling as 1/H, in agreement with the predictions of Eq. 3.5.
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3.3.3 Confined liquids

Having ascertained that LWs influence the behaviour of confined solids, we now

demonstrate that they similarly a↵ect the relaxation dynamics of quasi-2D supercooled-

liquids. To this end, we investigate the size and temperature dependence of the

mean square displacement and self-scattering function at the wave vector of the

peak of the static structure factor of bulk systems. Figures 3.9(a) and (b) show

that the transient solid-like response in which particles are temporary tracked in

cages formed by their neighbors, revealed by the mean square displacement and the

self-scattering function becomes less apparent as the system size decreases. This

size dependence is more apparent at low temperature, where the transient solid

like behaviour is manifest.

We prove that this observed size dependence originates from LW fluctuations

by comparing the L dependence of the relaxation time ⌧ and of the cage-relative

(CR) relaxation time ⌧CR. Cage-relative quantities, indeed, are insensitive to col-

lective particle displacements and hence filter out the e↵ect of LWs [21–23]. In

Figure 3.11(a), we observe that, while the standard relaxation time decreases log-

arithmically with L, the CR one is L independent. These results closely parallel

those observed in strictly two-dimensional systems [20–26] and demonstrate that
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Figure 3.9: Long-wavelength fluctuations in confined amorphous supercooled

liquids. (a) Mean square displacement, and (b), self-scattering function, at three

di↵erent values of the temperature. We fix H = 10 and show, at each temper-

ature, results for 10  L  320. The dashed circles indicate the distinction of

size e↵ect at two di↵erent temperatures which are zoomed in as Figure 3.10.

LW fluctuations sensibly a↵ect the structural relaxation dynamics of confined liq-

uids. In Figure 3.11(b), we further show that the relaxation time ⌧ decreases as

the gap width is reduced and a larger fraction of the vibrational spectrum becomes

e↵ectively two-dimensional. This dynamical speed up is particularly relevant for

H < ⇠bulk, indicating that the structural changes induced by such strong con-

finement promote LW fluctuations. This is consistent with the observation of a
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laxation time. (a) The relaxation time decreases as the lateral size increases,

while the cage-relative relaxation time is L-independent. (b) The relaxation

time decreases as the gap-size decreases, particularly for H  ⇠bulk, while the

cage-relative relaxation time is H-independent. The relaxation times in (a) and

(b) are divided by their respective values at L = 10 and at H = 30, to facilitate

their comparison. In (a) and (b), errors are smaller than the symbol size.
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Figure 3.12: Dimensionality crossover in confined liquids. The mean square

displacement exhibits a crossover between two di↵erent regimes at a time tLW '
0.3L (dash-dotted line). Dashed lines are polynomial fits used to estimate the

mean square displacement at the crossover time (circles). Data are for T = 0.35,

and di↵erent L values. The panel refers to H = 10.

significant increment in the density of low-frequency modes for H = 5, in Fig-

ure 3.6(b). The gap independence of the cage-relative relaxation time, also illus-

trated in Figure 3.11(b), confirms our interpretation, namely that the H-induced

speed-up originates from LW fluctuations.

We quantitatively investigate the dimensionality crossover focusing on the

mean square displacement, h�r
2(t)i. In the solid phase, h�r

2(t)i approaches an

asymptotic DW factor value on a time scale tLW / !
�1

L
/ L. The asymptotic value

of the DW factor grows as lnL/f(L), with f(L) a slowing increasing function of

L, corresponding to the denominator of Eq. 3.4. In the liquid phase, therefore,

we expect a crossover in the time dependence of the mean square displacement

at a time tLW. Figures 3.12 and 3.13(a) demonstrate that such a crossover occurs

at tLW ' 0.3L, for T = 0.38. At the same tLW similar crossovers occur at all

temperatures.

When LW fluctuations dominate the dynamics, as in the solid phase, h�r
2
(tLW)

lnL
i /

1/f(L) decreases with L. We therefore assume LW fluctuations to become negli-

gible at L values at which h�r
2(tLW)i grows faster than lnL. When this occurs,
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faster that lnL (open symbols), above a characteristic T dependent lateral sys-

tem size. When this occurs, structural relaxation rather than LWs dominate

the di↵usivity, and hence the system has a 3D-like behaviour. (b) State points

with an e↵ective two-dimensional behaviour according to the analysis in (a),

are illustrated as open circles. Diamonds, conversely, identify those having a

three-dimensional behaviour. Stars correspond to the prediction of Eq. 3.22,

L = ↵cs⌧CR(T ), with ↵ ' 0.018. The interpolating solid line is a guide to the

eye. Both panels refer to H = 10.

irreversible relaxation events rather than large-amplitude oscillations dominate the

di↵usivity. In Figure 3.13(a) we indeed observe that h�r
2(tLW)i/ lnL is not mono-

tonic in L, decreasing with L when LWs are relevant (solid symbols), and increasing

when they are not (open symbols). This behavior allows us to identify crossover

L values, which we have verified not to depend on the gap width. This study

leads to the L-T diagram of Figure 3.13(b). The system-size dependent dynamics

characteristic of two-dimensional behaviour occurs at low temperature and small

lateral size and disappears as either the lateral length or the temperature increase.

We remark that while this diagram does not depend on the confinement width H,

size e↵ects gradually fade away as 1/H, as in the solid phase, and hence become

not appreciable at large H.

We exploit the size independence of the cage-relative relaxation time to ra-

tionalize this observed dimensionality crossover. Indeed, vibrational excitations

cannot last more than the cage-relative relaxation time, as on this time scale the

structure of the system sensibly changes, as particles change neighbours. Since

the vibrational modes influencing the structural relaxation dynamics are those
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Figure 3.14: The dependence of hr2(tLW)i/ logL on L.

that have time to develop, we expect the crossover between a two-dimensional

size-dependent relaxation dynamics and a three-dimensional size-independent re-

laxation dynamics to occur at

L

⌧CR(T )
= ↵cs, (3.22)

with cs being the transverse sound velocity and ↵ being a constant. In other words,

size e↵ects disappear for L > ↵cs⌧CR(T ), as the system relaxes before the lowest

size-dependent mode develops. This theoretical prediction well describes the data

of Figure 3.13(d). Figure 3.14 shows that the results are insensitive to changes

in the gap width. We use to mark the crossover from a two-dimensional regime

where LWs dominate the di↵usivity, to a three-dimensional one where they do

not, is qualitatively the same for di↵erent H values. The dimensionality crossover,

therefore, does not depend on H.

We remark, however, that the quantitative e↵ect of the LWs fluctuations on

the relaxation dynamics fades away as H increases, suggesting that the crossover

should become undetectable for large enough gap width. This large-gap regime is

not accessible in our simulations; already for H = 20, indeed, we need to simulate

systems with up 2M particles. But this trend can be seen at T = 0.35, the growths

of the Debye-Waller factor due to the LW modes are visually revealed by di↵erent

wall separations H.
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Figure 3.15: Dynamical quantities of time dependent MSD with di↵erent wall
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320, for T = 0.35.

3.4 E↵ect of smooth and rough walls

3.4.1 Smooth walls confinement

L

H

Type A Type B

Figure 3.16: A schematic diagram of the confining smooth walls.

Our theoretical analysis and numerical simulations demonstrate that LW fluc-

tuations a↵ect the dynamics of confined liquids. However, so far we have described
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320 at the same perpendicular length scale H = 10.

simulations obtained using periodic boundary conditions in all spatial directions;

one might wonder, therefore, whether LWs also play a role in the experimentally

relevant set up of liquids confined between two parallel walls at a separation H.

To address this question, we investigate the relaxation dynamics of the KA LJ

binary mixture confined between two atomically-smooth flat walls, as illustrated

in Figure 3.16.

Since the walls prevent di↵usion along the transverse direction, we focus on

particle motion in the lateral directions, e↵ectively defining two-dimensional mean-

square displacement and self-scattering function. We find that, under wall confine-

ment, the relaxation dynamics has the typical size dependence induced by LW
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fluctuations, the caging regime becoming less apparent as L increases, as we illus-

trate in Figure 3.17(a) and Figure 3.17(b).

The structural changes induced by the walls, however, strongly a↵ect the re-

laxation dynamics, as evidenced by the H dependence of the standard and CR

relaxation times, which we illustrate in Figure 3.18. For H � ⇠bulk, both relax-

ation times decrease as the system becomes more confined; this is, we believe, the

combined e↵ect of layering and the reduction in the average density induced by

the confinement.

Importantly, we observe in Fig. 3.17(c) that for H  ⇠bulk, while the relaxation

time decreases as the gap width is reduced, the cage-relative relaxation sharply

increases. This increase in the CR-relaxation time is in qualitative agreement

with the many previous investigations reporting an increase in the viscosity of

molecular liquids under confinement [2, 10, 12, 34, 35]. Indeed, we remind the

reader that viscosity and cage-relative relaxation time are related [26, 36]. This

observed decoupling demonstrates that smooth walls do not kill the LWs, but

rather make their e↵ect more apparent.
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3.4.2 Rough walls confinement

While smooth walls do not kill LWs, rough walls strongly suppress them. Here

we perform the numerical simulations to rationalize the liquids confined between

two rough walls condition. The particles are first placed randomly in a 3D sim-

ulation box and then the system is equilibrated at di↵erent temperatures using

periodic boundary conditions in all three directions. To construct the rough wall

confined system, we pin particles placed at z < �H/2 and z > H/2, resulting in

two symmetric rough walls at z = ±H/2 and a region of free particles with the

separation H (see Figure 3.19). This confined system is again equilibrated with

periodic boundary conditions only in x and y directions, so that the free particles

have time to relax. The free particles are therefore confined by rough walls. The

thickness of the free particles region H set the strength of the spatial separation

and thus the degree of confinement. By tuning this thickness, we investigate the

system-size dependence of the dynamics at di↵erent degrees of confinement.

H

(gap width)

(lateral length)
L

Figure 3.19: Schematic configuration of the rough-wall confined system with

freely evolving particles (colored solid circles) sandwiched by two rough walls,

which is composed of pinned particles (gray open circles).

Indeed, we show in Figure 3.20 that the relaxation dynamics of liquids confined

between rough walls does not depend on the lateral system size.

For the studied range of the separation H, the system size dependence of the

MSD and the ISF is very small, which is strikingly di↵erent from the observation

in the case of smooth walls, as we illustrate in Figure 3.17. The above observations

including the obvious plateau region in both MSD and ISF even at large system size

as well as the absence of system size dependence of the dynamics implies that the

e↵ect the LW fluctuations is unobservable at given rough-wall separation condition.
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Figure 3.20: Mean-square displacement (a) and self-scattering function (b) of

systems confined between rough walls, at H = 2 and H = 4. These quantities

are evaluated focusing on the behavior of the central layer of particles. The

relaxation dynamics does not depend on the lateral length, or system size N ,

indicating that the rough walls kill the LW fluctuations.

We remark that for very large gap widths the e↵ect of the boundary should

become negligible, and hence LW fluctuations should play a role. Since the influence

of LWs on the dynamics scales as 1/H, however, their e↵ect in this large-H limit

may be not easily appreciated. We expect variations [14] in the roughness of the

confining walls and the wall-liquid interaction potential to only qualitatively a↵ect

the observed phenomenology.

3.5 Conclusions and discussions

3.5.1 Conclusions

The confinement-induced enhancement of the DW factor described Eq. 3.4 is an

equilibrium property not a↵ected by the underlying microscopic dynamics, equally
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valid for molecular and colloidal solids. In the supercooled regime, the signatures

of LW fluctuations conversely depend on how much the system moves along the

phase-space directions of the low-frequency modes before particles rearrange. Since

the size of this displacement depends on the microscopic dynamics and it is smaller

if the system moves di↵usively, rather than ballistically, we expect the influence of

confinement to be more relevant at the molecular scale rather than at the colloidal

scale. Nevertheless, we remind the reader that LWs are observed in experiments [23,

24, 26] and simulations [26] of two-dimensional colloidal systems; our predictions

concerning the role of LW fluctuations in confined systems therefore apply to both

molecular and colloidal systems.

3.5.2 Experimental relevance

For the e↵ect of LW fluctuations to be experimentally visible, however, the rough-

ness scale of the confining walls must be smaller than the size of the particles.

Rough walls, indeed, a↵ect the motion in the lateral dimensions and kill the LW

fluctuations, as we have shown in Figure 3.20. The requirement of smooth confin-

ing walls is not a technical limitation. Walls that are de facto flat at the molecular

scale exist [11], and it is undoubtedly possible to confine large colloidal particles

between walls that are flat at the particle scale. In colloidal experiments, however,

one should ascertain that no particles stick irreversibly to the walls, e↵ectively

making them rough, e.g., as observed in Refs. [37, 38]. Hence our predictions

are experimentally testable both in confined molecular liquids, e.g., comparing the

size dependence of the viscosity and of structural relaxation time, and in confined

colloidal systems, comparing, e.g. the standard and cage-relative relaxation times.

Our results show that confined systems exhibit a gradual dimensionality crossover

controlled by the gap width and the temperature, which is appreciable when in-

vestigating the lateral size dependence of the dynamics. The physics of confined

liquids is thus richer than previously realised. These findings might be relevant

to a variety of applications involving micro- and nanofluidics, e.g., lab-on-a-chip

devices, where particles flow in confined geometries.
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Chapter 4

Extreme mobility induced phase

separation and jamming transition

in self-propelling particles

In this chapter, we numerically study the phase behaviour and dynamics of two

dimensional systems of persistent self-propelled particles, meaning that each par-

ticle self-propels in a fixed direction. The particles interact via short-ranged sti↵

repulsive forces. We demonstrate that, in this system, there is an interplay between

the motility induced phase separation and jamming. The coexistence and jamming

lines in the activity-density plane meet at the jamming transition point in the limit

of hard particles or zero activity. This interplay induces an anomalous dynamic in

the liquid phase and hysteresis at the active jamming transition.

4.1 Introduction

Giant density fluctuations and collective phenomena reminiscent of equilibrium

phase transitions such as flocking [1], motility induced phase separation (MIPS) [2–

5] and active crystallization [6] characterize living and engineered systems of parti-

cles able to self-propel. These phenomena emerge on increasing the strength of the

self-propelling forces at the expense of other collective phenomena. For instance, in

the prototypical hard-disk system, active forces a↵ect equilibrium melting by first

73
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suppressing liquid/hexatic coexistence and then inducing a MIPS between a low-

density gas-like phase and a higher density liquid, hexatic or crystalline phase [7–9].

In three dimensions, the motility induced gas/liquid transition occurs within the

gas/crystal MIPS coexistence region [10].

Active forces influence the glass and jamming transitions in systems that do not

crystallize due to structural or energetic disorder, including cell aggregates [11–19],

bacteria colonies [20–22] and polydisperse active Brownian particles [11, 23–25].

The interplay between MIPS and jamming depends on the persistence time of the

active force, that influences MIPS [26]. In two dimensional systems of soft, bi-

disperse active Brownian disks [11, 27] with a ‘small’ persistence time, jamming

and MIPS appears unrelated as occurring in di↵erent regions of the density/activity

plane. Recent works [25, 28] investigated the limit of high persistence in models

di↵ering in polydispersity, thermal noise and active velocity dynamics, reporting

contrasting results. In [25], MIPS and jamming (glass) stay separate in the limit of

high persistence, while in [28], they approach each other. The possible connection

between MIPS and jamming thus remain elusive.

We demonstrate an interplay between MIPS and jamming in a two-dimensional

system of active, purely repulsive particles via numerical simulation. We focus on

the limit of persistent particles [29–31] and investigate MIPS and jamming as active

forces, density, and sti↵ness of the particles vary. We find that the high-density

gas/liquid MIPS coexistence curve and the jamming line are separated by a small

volume fraction range of liquid phase that vanishes in the limits of small activities

or hard particles. In these limits, MIPS and jamming occur together. In the liquid

phase, particle motion is correlated over the whole system for a long, size-dependent

transient, during which particles do not preferentially move along the direction of

their self-propelling force. Correlations in the direction of the active forces that

build up in the liquid phase induce hysteresis at the jamming transition.

The rest of this chapter is built up as follows. In Section 4.2, we introduce the

detailed numerical model in this work. In the Section 4.3.1, we validate the numer-

ical model by investigating and reproduce the jamming transition in the absence

of motility. The Section 4.3.2 provides a thorough investigation of phase behavior

in the presence self-propelled force and demonstrates the non-trivial interplay as

jamming transition and MIPS converge. In Section 4.4.1, we unveil the anomalous

dynamics in homogeneous liquid states. In the Section 4.4.2, we show di↵erent
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transition thresholds at jamming/unjamming transition controlled by preparation

protocols. In the last section of this chapter, we summary and conclude our study.

4.2 Numerical model

4.2.1 Model details

We simulate a 2D system with A:B 65 : 35 binary mixture [32] of N = 16000

particles of unit mass m and diameters dAA and dBB = dAA/1.4, interacting via a

LJ-like n-m potential with m = n/2,

Vn,m(r) =
✏↵�

n�m


m

✓
d↵�

r

◆n

� n

✓
d↵�

r

◆m�
(4.1)

truncated in its minimum d↵�. Hence, the interaction is purely repulsive. We

fix the energy length scale ✏AA = 1, ✏BB = 0.5✏AA and ✏AB = 1.5✏AA, and set

dAB = 1/2(dAA + dBB) and n = 12 if not otherwise stated. The area fraction is

� = NL
�2hai, with hai the average particle area 1 and L the linear size of our

square simulation domain.

The equation of motion for particle i is

mr̈i =
X

j

fij � �ṙi + FA,i, (4.2)

where fij is the interaction force between particles i and j, � = 1 is a damping

parameter, and FA,i = FAei the self-propelling force acting on the particle. In

the range of parameters we consider, the damping parameter � is large enough for

inertial e↵ect to be negligible, as we will explicitly demonstrate.

The active forces have magnitude FA and fixed random orientations ei which

we chose with the constraint
P

ei = 0 to avoid the motion of the centre of mass.

We indicate with vA = FA/� and ⌧A = dAA/vA the typical velocity and time scale

set by the active force dynamics and particle size.

1hai = ⇡
4 [0.64d

2
AA + 0.35d

2
BB])
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4.3 MIPS and active jamming

4.3.1 Zero-activity jamming transition
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Figure 4.1: The zero-activity jamming transition. We assume the system to

transition from a fluid to a jammed phase when the pressure of the system

becomes non-zero as the packing fraction increases.

Our model reproduces the jamming phenomenology in the absence of active

forces: energy minimal configurations acquire mechanical rigidity above a jamming

area fraction that depends on their preparation protocol [33, 34]. We investigate

the jamming transition by minimizing the energy of random configurations of area

fraction � via the conjugate-gradient method [35], using a protocol that is not

a↵ected by inertia in our active particle simulations. We estimate the jamming

volume fraction to be �J ' 0.828, as illustrated in Figure 4.1.

4.3.2 Interplay between MIPS and jamming

In the presence of active forces, the system transitions from a flowing to a jammed

regime as the density increases or the magnitude of the active forces decreases. We

locate this transition by determining the state point (�, FA)J at which the kinetic

energy of the system vanishes as FA slowly decreases at a constant �, as illustrated
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Figure 4.2: The velocity fluctuation as a function of a range of self-propelled

force FA at a fixed volume fraction � = 0.98. The blue arrow and the red

arrow indicate the decreasing and increasing active force, respectively. The force

rates are ranging from 10
�6

(shown as circles), 5 ⇥ 10
�7

(shown as triangles)

to 2 ⇥ 10
�6

(shown as squares). We assume the system to transition from a

fluid to a jammed phase when the fluctuations vanish as the force decreases.

Conversely, the system unjams as the fluctuations become non zero. The inset

shown suddenly drop in kinetic energy indicates where the jamming/unjamming

transition occurs.

in Figure 4.2. We repeat this study four times at each considered � to estimate

the average active force at jamming.

Besides controlling the jamming transition, active forces also induce MIPS

between a gas and a liquid-like phase. As illustrated in Figure 4.3, an obvious

MIPS occurs in a range of densities, where a dilute gas state and a fluid-like state

coexistence.

Here, we cannot determine the MIPS phase boundary via the study of the

equation of state as the pressure is not well defined for persistent self-propelling

particles [36]. Henceforth, we assess phase separation by investigating the distri-

bution of the local volume fraction �l obtained by coarse-graining the system on a

square grid with edge length 4�AA. We summarize the result of this standard in-

vestigation [8, 26, 37] in Figure 4.4. This figure indicates local volume distribution

for given � = 0.89 at di↵erent active forces.
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(a)

(c)

Figure 4.3: The MIPS occurs in the presence of active force where a dilute

gas state and a fluid-like state coexistence. From panel (a) to (d), the system

is prepared with a range of increasing densities at fixed active force. The bi-

disperse mixture of particles is colored in red and blue.

We consider the system to be phase-separated when P (�l) has a bimodal distri-

bution or has a long tail extending to low densities. Indeed, the direct visualization

of the system clarifies that long tails occur in the presence of tiny ‘gas bubbles’

within the system, as in Figure 4.5.

In Figure 4.5, the phase separation starts to appear as the active force increased

to 0.31 at fixed packing fraction � = 0.89. By considering the local volume fraction

for each particle, ai/si, we are allowed to get the clear visualization of the phase

coexistence. ai indicates the area of particle i and si indicates the Voronoi cell

for the given particle i by a radical Voronoi tessellation. In large enough systems,

one would observe many such cavities or bubbles at short times; these cavities

or bubbles would then slowly converge via a slow coarsening process [8, 26, 37],

making the volume fraction probability distribution bimodal shape.

Thus, we consider these bubbles a signal of phase separation as we expect them

to merge and make the area fraction distribution bimodal via a coarsening process.

At the considered high-density values, this coarsening dynamics is too slow to be

numerically followed.
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Figure 4.4: Probability distribution of the local volume fraction at � = 0.89

and di↵erent FA values. We consider the system as phase separated when this

distribution is bimodal, e.g., FA = 0.485 or when it possesses an extended left

tails, e.g., FA = 0.31. Conversely, the system in in the homogeneous phase, e.g.,

FA = 0.30.

The investigation of the jamming transition and the motility induced phase

separation leads to the FA�� phase diagram of Figure 4.6. We use full and empty

markers to indicate the state points in the homogeneous and coexistence phases,

which are color-coded according to the value of a scaled kinetic energy. The black

diamond marks the packing fraction at the zero-activity jamming, �J , and the

white circles marks the phase states in jamming.

The jamming line FJ(�) separating the fluid and the jammed phase and the

high-density branch of the coexistence line FC(�) � FJ(�) are well described by

power-law functional forms vanishing at the jamming volume fraction �J,

8
<

:
FJ = AJ(�� �J)

�J

FC = AC(�� �J)
�C .

(4.3)

We find AJ < AC and �J ' �C ' 2.

Within the coexistence region the system phase separates in a dilute and a

dense phase. This phase diagram suggests that the coexisting phases are always

of gas and a liquid type, rather than of gas and jam type [23]. In mono-disperse
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(a) (b)

0.2

0.9

ϕl(c) (d)

FA=0.29 FA=0.30

FA=0.31 FA=0.485

Figure 4.5: The visualization of phase separation in dense-active system at

� = 0.89. The system starts to exhibit a phase coexistence at active force

FA = 0.31, where the long-tail expansion emerges in Figure 4.4. Particles are

color coded according to their local volume fraction, ai/si, where ai is the particle

area, and si the area of its Voronoi cell evaluated via a radical tessellation of the

system. The peak in zero of P (�l) (Figure 4.4) and the system’s illustrations

clarify that the coexisting phases are a dense liquid and an empty gas with � = 0.

systems of active persistent particle, previous results showed the dense phase of

coexistence region to be crystalline [31].

We have investigated the dynamics of the dense phase and found it to be

of liquid type. To this end, we identify the particles of the dense phase via a

threshold criterion on a particle-defined local density, at time t = 0. An example

of this approach is in Figure 4.7, where particles are color coded if belonging to

dense phase, and gray if belonging to the gas phase. The snapshots are at volume

fraction � = 0.41, at di↵erent FA values.

We have then investigated the cage-relative mean square displacement of the

particles of the dense phase and observed that the high density clusters have a finite

lifetime. The cage-relative mean square displacement is to filter out the collective
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Figure 4.6: Phase diagram for sti↵ness exponent n = 12. Squares identifying

phase separated (full) and homogeneous (empty) states are coloured according to

the value of a scaled kinetic energy. White circles identify jammed configurations,

and the black diamond marks the jamming volume fraction, �J. The jamming

transition and the high-density branch of the coexistence line scales as (���J)
2
.

The MIPS low-density branch (not shown) is at � ' 0.2 and depends weakly on

FA.

particle motions, 8
>><

>>:

⌦
�CRr

2

i
(t)

↵
=
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X
�CRr
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i

�CRri = �ri �
1
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X

j

�rj.

(4.4)

Here, �ri is the displacement of particle i, and ni is its neighbors at t = 0. We

identify the neighbors via a Voronoi tessellation.

Figure 4.8 illustrates results at � = 0.41, for di↵erent values of the active force

(see inset) in the coexistence region. Time is in unit of the characteristic time scale

fixed by the active velocity, ⌧A. The mean square displacement exhibits a crossover

towards an asymptotic ballistic behavior, which is apparent at large enough FA.

This crossover signals the disruption of the dense cluster. The behavior of the

mean square displacement proves that the dense phase is of liquid type.

Figure 4.8 further shows that the active force does not simply set the time scale

of the system. Indeed, if FA were only a↵ecting the typical time scale ⌧A, then data

for di↵erent FA values would collapse when plotted versus t/⌧AA. In Figure 4.8, we

see that this occurs at large enough FA. Conversely, as FA decreases, the slowing
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Figure 4.7: The snapshots of the system in the coexistence region, at � = 0.41

and increasing FA values from panel (a) to (d). The particles belonging to the

core of high density cluster at time t = 0 are identified by thresholding local

density of individual particle, and then colour-mapped according to the cage-

relative mean square displacement at time t = 10⌧A. Particles are colored in

gray represent the dilute phase.

down of the dynamics is faster than that of 1/⌧A. This result is apparent from the

FA dependence of the mean square displacement evaluated at t = 10⌧A illustrated

in the inset. The direct visualization of the magnitude of the cage-relative square

displacements at t = 10⌧A and di↵erent values of the active force in Figure 4.7

confirms this finding.

4.3.3 Role of potential sti↵ness

To assess the role of particles’ sti↵ness we determine the activity/volume fraction

phase diagram for interaction potentials di↵ering in their sti↵ness exponent n. We

identify the jamming density as that at which the kinetic energy drops to zero as

the active force slowly decreases in magnitude, and the coexistence density as the

highest density at which the local volume fraction distribution is unimodal, at the

considered FA value. To compare these potentials, we evaluate the relative particle

deformation induced by the active forces, which in the harmonic approximation
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Figure 4.8: Cage-relative mean square displacement as a function of t/⌧A, for

a range of active force values (see inset). Note the values of
⌦
�CRr2i (t)

↵
are

averaged among the particles within the high density region. The curve collapse

at large FA, as clarified by the active force dependence of their values at t = 10⌧A,

illustrated in the inset.

is � / FAd

✏n2
. In the limit of small �, the harmonic approximation holds, and the

coexistence and jamming curve of potentials with di↵erent sti↵ness collapse in the

�-� plane, as shown in Figure 4.9. As � increases, the harmonic approximation

breaks down, leading to an increase of the volume fraction range where the liquid

phase occurs as the potential softens (n decreases).

Our investigation demonstrates that, for persistent particles, the fluid phase

vanishes at the jamming point in the FA ! 0 limit, or equivalently, in the limit of

hard spheres, n ! 1. In these limits, MIPS and jamming meet at the jamming

transition point. To explain this result, we consider in the high-density coexistence

region our system appears as a dense liquid punctuated by empty cavities, as

in Figure 4.5. This is in agreement with previous observations reported in Ref. [38]

and Ref. [39]. The shrinking of these cavities with the active force’s magnitude

drives the convergence of the high-density coexistence curve to the jamming point

�J.

Another numerical evidence is illustrated as Figure 4.10. We clarify how a

phase-separated system becomes unjammed or jammed as the magnitude of the

active force decreases by illustrating the force dependence of the distribution of
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Figure 4.9: The �� � phase diagram for di↵erent potentials with their expo-

nents n. The plane demonstrates the jamming and MIPS phase as a function

of the non-dimensional particle compression in the Harmonic approximation, �,

and the area fraction �, for potential di↵ering in their sti↵ness exponent n. The

red and blue symbols are state points on jamming and phase separation lines,

respectively. The dashed and full lines are those estimated separated phase and

jamming transition for n = 12, respectively. In the considered range of parame-

ters, data for di↵erent potential collapse for large n and small forces.

the local volume fraction for densities below and above the jamming transition,

respectively in Figure 4.10 (a) and (b).

Regardless of the density value, at high values of the active force in the MIPS

region, the density distribution is bimodal and in the gas phase � ' 0. At the

considered densities, the system appears as a liquid with cavities, e.g., like the one

illustrated in Figure 4.5 for FA = 0.485.

For � < �J, the system reaches the hard-sphere limit as the magnitude of

the active force decreases. Consistently, the density distributions of Figure 4.10

become active-force independent, and in the FA ! 0 limit, the system converges

to an unjammed inhomogeneous state.

For � > �J, cavities shrink as the active force decreases. Indeed, we see a

drop in the � ' 0 peak of the density distribution as FA varies from 0.15 to 0.10.
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Figure 4.10: The evolution of the local density distribution with decreasing

active force at densities slightly below jamming, panel (a) and slightly above it,

panel (b).

Cavities disappear for small enough forces, and the system becomes jammed and

homogeneous (FA = 0.05).

The convergence of jamming and MIPS has significant consequences for the

speculated analogy [30, 40, 41] between sheared amorphous solids and dense active

matter. While both the increase of shear stress and activity induces an unjam-

ming transition, the unjammed phase is homogeneous in the case of shear forces

while it is phase-separated in the limit of small persistent active forces. Further-

more, in the case of shear [42] the jamming transition line scales linearly with the

overcompression � � �J , in the harmonic regime, while we find it here to scale

quadratically.

4.4 Anomalous dynamics

4.4.1 Anomalous dynamics in homogeneous fluid state

The fluid phase enclosed between the coexistence and the jamming line exhibits

anomalous dynamical features which we highlight by decomposing a particle’s dis-

placement in components parallel and orthogonal to its active force,

�ri = �riui = �ri,nei +�ri,ooi (4.5)
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Figure 4.11: The dynamics in parallel and in orthogonal to the active force.

The number of particles is N = 4000. (a, upper) The parallel and orthogo-

nal MSD decomposed in the direction of active force, marked as open and full

symbols, respectively. The dynamics is investigated in the dilute gas state (red

markers) with � = 0.08 and in the fluid state (blue markers) � = 0.9 at ac-

tive force FA = 0.5. Panel (a, lower) indicates the alignment in displacements

along the active force direction in fluid state after a long transient. Panels (b-d)

demonstrate the scaled displacement field via a coarse-grain method, at increas-

ing times.

where �ri,nei and �ri,ooi are components parallel and orthogonal to active force

on particle i, respectively.

This decomposition allows us to investigate the parallel h�r
2

i,n
(t)i and h�r

2

i,o
(t)i

orthogonal mean square displacements (MSD). In the gas phase, the parallel MSD

reflects ballistic dynamics with an e↵ective volume fraction dependent velocity,

while the orthogonal MSD reveals di↵usive dynamics induced by the interparticle

collisions [26], as we illustrate in Figure 4.11 (a).

Surprisingly, in the high-density liquid phase parallel and orthogonal dynamics

are ballistic and identical for a long transient. During this transient, displacements
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are not aligned to the self-propelling forces and hui · eii < 1, as in Figure 4.11 (a,

bottom). The orthogonal MSD transitions to a di↵usive regime only after reaching

order L
2, as we verified via a finite-size investigation. These results originate

from the transient organization of the flow pattern in large structures with a size

comparable to that of the system, as in Figure 4.11 (b)-(d). These structures are not

the turbulent-like vortices of other active matter systems [43], as their dimension

is fixed by the system size rather than by motility and interaction parameters.

4.4.2 Jamming vs unjamming

Figure 4.12: The phase plane of jamming transition of Figure 3.13, with sti↵-

ness exponent n = 12, after adding unjamming transition curve. Within the

yellow area, the systems could behave as liquid or jammed state determined by

di↵erent preparation protocols.

A liquid configuration jams as the magnitude of the active forces becomes

smaller than a threshold. Similarly, a jammed configuration starts flowing if the

magnitude of randomly oriented active forces overcomes an unjamming threshold.

Surprisingly, the unjamming threshold is larger than the jamming one, as apparent

in Figure 4.2.

The di↵erence between these two thresholds decreases with the volume frac-

tion and vanishes at the jamming point, where the jamming and unjamming lines

meet, as illustrated in Figure 4.12. While this distinction between jamming and
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Figure 4.13: Force chain plots at jamming (panel (a)), and unjamming (panel

(b)) transition points. The color bar is normalized strength of pair forces f by

its averaged value.

unjamming resembles the inertia induced hysteresis occurring in sheared granular

media [42], inertia in our system is negligible. Henceforth, the observed distinc-

tion implies di↵erences in the configurations on the jamming and unjamming lines,

which we unveil by investigating the features of their force network.

The visualization of the force network of configurations at the jamming and

unjamming transition line does not exhibit obvious di↵erences, as illustrated in

Figure 4.13. Indeed, We find that configurations on the jamming and unjamming

line have the same interparticle forces distribution, once the forces are scaled by

their average magnitude, as we illustrate in Figure 4.14.

(a) (b)

P
(f)

0.02

0.06

0.1

0 1 2 3
f/<f>

ϕ=0.98
FA=0.98

ϕ=0.98
FA=1.24

10-1

10-2

10-3

10-4

10-5
0 1 2 3 4

P
(f)

f/<f>

Figure 4.14: Probability distribution of the interparticle forces at the unjam-

ming curve (blue circles: � = 0.98, FA = 1.24) and on the jamming line (red

squares: � = 0.98, FA = 0.98). Panel b is a zoomed P (f) in log-linear scale.
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Active forces do not influence the force distribution as their value on the jam-

ming/unjamming lines is a small fraction (' 1/10) of the typical interparticle force.

We investigate correlations in the interparticle forces by considering that each

force f act at the contact point rc of our extended interacting particles. We then

study the correlation function between interaction forces at a distance r = |rc�r
0
c
|,

given by the following equation,

Cf (r) = h|f(rc)|q|f(r0c)|q cos(2✓)i, (4.6)

where ✓ the angle between the two forces and q a parameter used to weight the

contribution of forces of di↵erent magnitude to the correlation function. The factor

of 2 in the cosine accounts for the fact that a contact force f(r) is defined up to

a sign, as it could act on one of the two interacting particles. For q = 0, Cf (r)

reduces to the two-dimensional nematic correlation function.

The panel (b) of Figure 4.15 reveals that Cf (r) for q = 1 is the same on

the jamming and unjamming lines. Analogous results occur at di↵erent q values,

proving the absence of two-body correlations between the interaction forces.
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Figure 4.15: The correlation functions at the unjamming curve (blue circles:

� = 0.98, FA = 1.24) and on the jamming line (red squares: � = 0.98, FA = 0.98).

We illustrate (a) the correlation functions of active force and (b) the correlation

function of the inter-particle forces.

We rationalize the di↵erence between configurations on the jamming and un-

jamming lines considering that spatial correlations between the active forces build

up in the liquid phase [28, 38]. If these correlations persist as the system jams, then
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they induce correlations in the interparticle forces as in a jammed configuration,

FA,i = �
X

j

fij. (4.7)

We check this possibility by investigating the correlation function of the active

force direction,

C(r) = hei(0) · ej(r)i. (4.8)

The numerical results are in Figure 4.15.
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Figure 4.16: Panel (a) demonstrates the fluctuations after scaling �
2

l
l
2
of the

active force averaged over grid regions with a linear length l. Panel (b) illustrates

the extracted correlation length, suggesting no clear variations of this range.

At the unjamming threshold, forces are uncorrelated, so that C(r) = 0. Con-

versely, on the jamming line C(r) only approaches zero at large distances. As an

alternative measure of correlations of the interparticle forces, we investigate the

fluctuations �2

l
of |

P
i2l2 FA,i|, where the sum is over all particles located in square

regions of linear size l. At the unjamming threshold, forces are uncorrelated, and

in Figure 4.16, we find �
2

l
/ l

2 at all l, as dictated by the central limit theorem.

Conversely, on the jamming line the above scaling signaling the absence of correla-

tions only occurs for large l. The results of Figure 4.15 and Figure 4.16 consistently

show the existence of many-body [44] correlations extending up to r ' 30 in the

considered configuration. We have not observed clear variations of this correlation
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length along the jamming line. Henceforth, while forces on the unjamming line are

uncorrelated, those on the jamming line possess many-body correlations.

4.5 Conclusions

Our results demonstrate an interplay between jamming and motility induced phase

separation in systems of persistent self-propelling particles. In the �-� plane, with

� a measure of the relative particle deformation induced by the active force, the

MIPS and jamming lines meet in the � ! 0 limit (hard sphere or zero activity) at

the jamming point.

This interplay induces surprising size e↵ects in the dynamics of the liquid

phase separating MIPS and jamming at finite �. Particle motion is collective on a

length comparable to that of the system for a long transient also scaling with the

system size. During this transient, particle displacements do not correlate with the

directions of the self-propelling forces. In this liquid phase, active forces develop

spatial correlations that persist as the system jam, inducing many-body correlations

in the interparticle forces of jammed configurations. In the presence of a finite and

large persistent time, at high density the system evolves through an intermittent

avalanche dynamics [23]. The huge many-body correlations in the interparticle

forces we have reported may explain why these avalanches are extensive.
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Chapter 5

Discussion and future works

This thesis addresses and clarifies emerging phenomena occurring in many-particles

disordered systems. The primary objective of this thesis is to comprehend the fun-

damental principles governing the physics of a system, through an investigation of

the dynamics. In confined systems, the dynamics are influenced by Mermin-Wagner

long-wavelength fluctuations, leading to a crossover from a three-dimensional to a

two-dimensional physical behavior. In the system of active particles, the presence

of activity induces two non-equilibrium transitions. The first is a transition from

a homogeneous state to a phase-separated state, which is observed as the active

force increases. This phenomenon represents an out-of-equilibrium phase transition

that is frequently observed in biological systems. The second is an active jamming

transition, which we found it occurs with the non-equilibrium phase-separated

transition, resulting in anomalous dynamics.

Through my research, I explored both active and non-active models and their

complex dynamics, seeking to deepen our understanding of the underlying physics.

In this concluding chapter, I summarize my investigations and suggest future re-

search directions.

LWs fluctuations in confined liquids

Part of my research work addressed the long-standing question of how liquids

confined in narrow gaps crossover from a two- to a three-dimensional behavior

97
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as the confinement width increases. This is a question of fundamental theoretical

interest related to biological and engineering problems wherein confined liquids are

often present.

Upon observation, it has come to my attention that the behavior of two-

dimensional systems is influenced by their long-wavelength fluctuations, whereas

such fluctuations do not a↵ect the behavior of three-dimensional systems. As such,

investigating the influence of these fluctuations on the dynamics of confined sys-

tem emerges as a novel strategy to unveil the dimensionality crossover. To pursue

this approach, I first developed a novel Debye-like model to describe the density

of vibrational modes of confined systems, and validated it via extensive numerical

simulations in the solid phase. My novel model interpolates between the two- and

the three-dimensional limit as the confinement width increases.

I investigated the dynamics of confined systems at di↵erent temperatures,

changing both the confining width, the lateral length, and the confining mech-

anisms (periodic boundary conditions, flat walls, rough walls). These studies re-

vealed a size-dependence of the relaxation dynamics that depends on the confining

width, a result I was able to rationalise making use of the novel model for the

density of vibrational states of confined systems.

Overall, this result represent a conceptual breakthrough in the current under-

standing of the physical behaviour of confined liquids, whose physical properties

have challenged physicists and engineers for the past 30 years. Given the critical

role of dimensionality, our findings may be relevant to rationalize the mechanical

and transport properties of confined liquids, which play a prominent role in natural

and engineering environments. Our results are relevant to a variety of applications

involving micro and small-scale devices in which particles flow in confined geome-

tries.

In the context of passive systems under confinement, further studies could

concentrate on exploring the impact of di↵erent shapes of confinement geometries,

e.g., systems confined in a ring shape geometry or other asymmetrical geometries.

Furthermore, given that the current study has primarily focused on a de facto two-

dimensional system with confinement, it would be worthwhile to explore how the

density of states (DOS) behaves in a one-dimensional confined channel.
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Future work could also investigate the dynamics of a 1D confined liquid, i.e.,

to understand how does a liquid flow in a narrow channel. Furthermore, previous

results have demonstrated that confining may both speed up or slow down the

liquid dynamics, depending on the interaction between the confined molecules and

the confining boundaries. However, these work used as a measure of the relaxation

dynamics the relaxation time extracted from the decay of the self-scattering func-

tion. It remains to be understood how these observations are a↵ected by LWs. It is

indeed possible that no such di↵erence is observed when the dynamics is probed via

cage-relative measures, or equivalently, focusing on the confinement dependence of

the viscosity.

Out of equilibrium transitions in self-propelled par-

ticle systems

In this thesis, I further investigated the physics of self-propelling particles. Sys-

tems of self-propelling particles exhibit two out-of-equilibrium transitions, motility

induced phase separation (MIPS) and active jamming. The scope of my research

was to understand if and how these two transitions relate.

I have demonstrated that these transitions are related if each particle self pro-

pels in a fixed direction. When this is the case, these two transitions occur together

in the limit of hard particles or small self-propelling forces.

I have further unveiled anomalous dynamical features that occur in systems of

persistent self-propelling particles. The dynamics in fluid phase involves transient

system spanning vortex-like structures. Correlations in the directions of the self-

propelling particles that build up in the flowing phase make the jamming transition

hysteretic.

The model considered in this work mimics specific biological systems with long

persistence active force. It would be worthwhile to further investigate the system

with a range of finite persistence and under more realistic conditions, such as taking

into account the impact of friction on a system of long persistent active particles.

In addition, it would be of great interest to rationalize how interplay between

jamming and MIPS gradually evolves as the persistence time decreases.
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Although my thesis primarily focuses on either confinement or activity in disor-

dered systems, it would be intriguing to include both active forces and confinement

in future research. Studying the dynamics of such systems would enable us to ad-

dress issues such as crowd control.

Last but not the least, given the real-time dynamics, the integration of com-

puter vision technology could be explored to predict and potentially prevent any

potential stampede incidents.
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