Downloaded 10/25/18 to 155.69.24.172. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journal s/ojsa.php

SIAM J. FINANCIAL MATH. (©) 2016 Society for Industrial and Applied Mathematics
Vol. 7, pp. 786-811

Resolution of Degeneracy in Merton’s Portfolio Problem*

Chi Seng Pun' and Hoi Ying Wong?

Abstract. The Merton problem determines the optimal intertemporal portfolio choice by maximizing the ex-
pected utility and is the basis of modern portfolio theory in continuous-time finance. However, its
empirical performance is disappointing. The estimation errors of the expected rates of returns make
the optimal policy degenerate, resulting in an extremely low (or unbounded) expected utility value for
a high-dimensional portfolio. We further prove that the estimation error of the variance-covariance
matrix leads to the degenerated policy of solely investing in the risk-free asset. This study proposes a
constrained ¢;-minimization approach to resolve the degeneracy in the high-dimensional setting and
stabilize the performance in the low-dimensional setting. The proposed scheme can be implemented
with simple linear programming and involves negligible additional computational time, compared to
standard estimation. We prove the consistency of our framework that our estimate of the optimal
control tends to be the true one. We also derive the rate of convergence. Simulation studies are
provided to verify the finite-sample properties. An empirical study using S&P 500 component stock
data demonstrates the superiority of the proposed approach.
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1. Introduction. The seminal papers by Merton (1969 and 1971), reprinted in [33], pio-
neered the intertemporal portfolio choice using the expected utility maximization (EUM) in
continuous time. The Merton portfolio problem has been the benchmark for investigating eco-
nomic behavior and investment demands under different market conditions. However, when
optimized portfolios, such as the Merton strategy and others, are tested with real data, their
empirical performance is far from satisfactory.

The crux of the problem is the estimation errors of the model parameters. It is shown
in [18, 24] that plugging the sample estimates of the expected rates of returns (drifts) into
the optimal strategies obtained by maximizing the expected logarithmic and power utilities
leads both strategies to degenerate to solutions leading to an extremely low expected utility
value. The expected utility may tend toward negative infinity in a precise technical term as
the number of risky assets increases, even though the variance-covariance matrix of the asset
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returns is known in advance [18]. In a single-period quadratic program with linear constraints,
sample estimates cause the variance of the optimal policy to be underestimated [19].

One immediate method of reducing the estimation errors is to use a long time series
or high-frequency data. However, estimating the drift alone requires more than a hundred
years of data to achieve a satisfactory result [32], and the accuracy of the mean estimate is
independent of the sampling frequency [18]. The estimation of the covariance matrix for high-
frequency data requires additional treatment [2]. A long estimation window also increases the
likelihood of nonstationarity in the estimated parameters [7].

Another remedy for reducing the estimation errors of the mean vector is to use biased
or shrinkage estimators, pioneered by Stein, James, and Bock [5, 28, 36]. In the context of
portfolio analysis, Jorion [29] suggested using the James—Stein estimator to shrink the sam-
ple mean toward the mean of the minimum-variance portfolio. However, the comprehensive
empirical study in [16] shows that the James—Stein estimator does not improve the portfolio
performance significantly.

Recent improvements in theoretical optimal portfolios impose norm constraints on the
portfolio weights of the original optimization problem. The intention is to limit the gross
exposure in risky assets and therefore reduce the effect of the accumulated estimation errors.
Similar ideas are found in [8, 15, 27]. When the ¢;-norm constraints are applied to the portfolio
weights, as in [18, 24], they can be efficiently implemented in the fashion of least absolute
shrinkage and selection operator (LASSO). In particular, the ¢;-norm constraint eventually
binds the objective value so it does not degenerate to negative infinity [18]. The norm-
constrained approach is, however, restricted to static optimization problems and/or constant
rebalancing portfolios. From an optimization perspective the original Merton portfolio, which
contains no norm constraints, has a larger opportunity set and the solution should perform
better than that with additional constraints, once the model parameter values are known.
The variance of the ¢1-norm-constrained optimal portfolio converges to that of the Merton
strategy under the single period setting [20], but it is still unclear if the constrained strategy
asymptotically converges fully on the underlying true Merton strategy. Our newly proposed
implementation ensures that the estimated policy asymptotically converges to the true Merton
strategy which is free of estimation errors.

The drifts and the variance-covariance matrix (hereafter referred to as the covariance
matrix) among risky asset returns both suffer from serious estimation errors. The latter
hugely distorts the discrete-time mean-variance strategies to become a random stock picking
scheme [35]. This study shows the effect of the accumulated estimation errors in the covariance
matrix for Merton’s problem. To stabilize the variance estimate, a practical solution is to use
information from implied volatilities. Therefore, the EUM problem with a stochastic volatility
has been developed in [3, 22, 38], but implied volatility data is available only for some risky
assets and major financial indices and the estimation of correlations is still a major concern.
An optimal portfolio robust to correlation was recently established in [21], but its extension
to a high-dimensional portfolio is nontrivial. The implementation proposed in this study
is particularly useful in resolving the degeneracy associated with estimation errors in the
covariance matrix.

In this study, we propose a constrained ¢;-minimization approach to directly estimate the
effective parameters in the EUM portfolio for a general class of utility functions, including
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exponential, power, and mixture of powers utilities. The constrained ¢;-minimization is widely
used in high-dimensional statistical problems such as [10, 11, 13]. It not only can address the
curse of dimensionality but also performs well in a low-dimensional setting. Its development is
strongly influenced by the theoretical work of Candes and Tao [13] and the series of discussion
papers attached to this publication, such as [12].

We comprehensively investigate the constrained ¢1-minimization for the Merton portfolio
problem. We derive the oracle property of our proposed estimator for (logp)/n — 0, where
p is the number of risky assets and n is the number of observation time points. The oracle
property means that our approach asymptotically recovers the ideal optimal strategy which
is free of estimation error. The oracle property holds even when both estimation errors in
the drifts and the covariance matrix exist. To the best of our knowledge, this newly proposed
implementation is the first unified framework for the Merton problem that works for p/n — 0,
a constant or infinity (with a reasonable growth in p relative to n). Although we face situations
with a large p in practice, the ratio between p and n can have many possibilities. Yet, our
approach is sufficient for most practical situations about the ratio of p and n. We compare
portfolio performance with plug-in portfolios and norm-constrained portfolios numerically and
empirically.

We would like to highlight some important contributions of this paper in mathematics
and finance. It has been shown in [18, 24] that the total expected utility value degenerates to
negative infinity due to the estimation errors in the drifts for a known covariance matrix and
p/n — 0o. We further clarify the degeneracy of the EUM problem caused by estimation errors
in the drifts and the covariance matrix. We prove that the expected utility conditional on the
historical data degenerates to negative infinity in probability for several widely used utility
functions once the drifts are unknown parameters for p/n — co. Our result is stronger because
the degeneracy in conditional expectation implies the degeneracy in the total expectation, but
the reverse is generally not true. We also prove the degeneracy of the conditional expected
utility associated with the estimation errors in the covariance matrix for p/n — oc.

While the first contribution is more toward mathematics, the second one is relevant to
finance. We propose a new implementation of the EUM portfolios, which is realized with
linear programming, and hence call the resulting portfolio the linear programming optimal
(LPO) portfolio. The LPO portfolio works well for both low- and high-dimensional settings.
More precisely, we mathematically prove the oracle property, in Theorem 4.2, that the LPO
approach asymptotically recovers the true EUM portfolio once (logp)/n — 0. In other words,
our approach is generally applicable for p/n tending to zero, a constant, and infinity. Our
numerical studies verify the theoretical results and demonstrate the finite-sample properties
with the mixture of power utilities, and the norm-constrained strategy for this is not currently
available in the literature.

We also offer empirical evidence to the application of the LPO approach. Using the
dataset of S&P500 component stocks, we conduct an out-of-sample empirical study to compare
the equally weighted (EW) portfolio, the plug-in EUM portfolio using sample/James—Stein
estimates, the norm-constrained EUM portfolio, and our LPO portfolio. We also compare the
ability of the norm-constrained and the LPO approaches to screen assets. Most results favor
the LPO portfolios or the LPO-based portfolios, especially when the portfolio turnovers are
taken into account.
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The rest of this paper is organized as follows. Section 2 reviews the EUM, sets the no-
tation, and describes the optimal portfolio. Section 3 mathematically proves the pitfalls of
the plug-in EUM portfolios for two cases: the covariance matrix is known but the drifts are
unknowns, and the drifts are known but the covariance matrix is an unknown. Section 4
presents the new approach in implementing the EUM portfolios and proves its oracle prop-
erties. Section 5 verifies our assertions and examines finite-sample properties under different
correlation structures among risky assets through simulation studies. Empirical studies in
section 6 compare the proposed LPO approach against other existing alternatives using the
dataset of S&P500 component stocks. Section 7 concludes the paper.

2. The Merton portfolio problem. Consider the complete filtered (physical) probabil-
ity space (€2, F,{Ft}ejo,r), P), where T' is a constant investment horizon and the filtration
{F}ejo,m is generated by the p-dimensional standard Brownian motion W (t) = (Wi (t),...,
Wy(t)). We denote by L£%(0,T;RP) the set of all {F;};>o-adapted RP-valued measurable
stochastic processes a(t) such that [E[fOT lla(t)|3dt] < .

2.1. Financial market. Consider a securities market with p risky assets (stocks) and one
risk-free asset (bond) traded continuously in time. The price processes of the risky assets
{Si(t)}r_, evolve as follows:

{dSi(t) = Si(t)[pidt + 0:dWi], t € [0, T,
51(0) = s5;>0,

where p; is the appreciation rate and o; = (041, ..., 04p) € RP represents the volatility of the
ith stock, for ¢ = 1,...,p. The risk-free asset price Sp(t) satisfies

dS()(t) = T’fSo(t)dt, tE[O,T],
{50(0) = So>07

where 7y > 0 is the constant risk-free interest rate.

We consider an investor with a self-financing portfolio {N;(¢)}'_, whose total wealth at
time ¢ is denoted by X (t), where N;(t) is the number of shares of the ith asset invested at
time ¢. Then

(2.1)

X(t) =D Ni()Si(t) = Y ui(t), te[0,T],
i=0 i=0

where u;(t) := N;(t)S;(t) is the amount of money invested in the ith asset at time ¢ and the
remaining wealth held in the risk-free asset. Ignoring the transaction costs and consumptions,
the dynamics of the wealth process X (t) is given by

{dX(t) = [rpX(t) + u(t) Bldt + u(t) odWy, te[0,T],
(2.2)

X (0) = x0>0,

where u(t) = (ui(t), ..., up(t)) describes the portfolio of the investor, 8 = (1 — 7, ..., fip —
ry)" is the excess return vector, and o = (07,...,0,)" € RP*™ is the volatility matrix of the p
risky assets. We also assume the following nondegeneracy condition for the covariance matrix
(X) of the risky assets is satisfied:

(2.3) Y := o0’ = &1 for some § > 0,

where A = B for matrices A and B means that A — B is nonnegative-definite.
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2.2. The optimal portfolios. To investigate the degeneracies of the Merton problem with
general utility functions, we review the optimal policy in these terms and standardize the
notation. Consider a utility function U : R — R which is C, increasing, and strictly concave
and satisfies Inada conditions (see [26]):

U'(—o0) = +o0, U'(+c) = 0.

If U: Ry — R, such as power utility and mixture of power utilities, the Inada condition
U'(—o0) = +oo is replaced by U’(0+) = 400 and the asymptotic elasticity condition is
imposed: AE[U] := limy— o0 x% < 1. These are the usual conditions for utility functions.
For these two types of utility functions, the following analyses hold.

Typical EUM problems define the value function of the investor as

V(t,z) = sup E"[U(X™(T))|X(t) = ],
u(t)eLZ(0,T;RP)

where X*%(T'), driven by (2.2), is the wealth of the investor who adopts the portfolio w. If
U: Ry — R, an admissible control u(t) is required to almost completely ensure the positivity
of the wealth, i.e., X*“(t) >0, a.s., t € [0,T]. This should be kept in mind when we investigate
the execution of a portfolio. The EUM problems are well-developed in the literature. The
optimal EUM portfolio takes the form

(2.4) u*(t,z) = R(t, )25,

where R(t,z) := —V(t,z)/Vye(t, x) is the risk-tolerance function. As derived in [22] and [34],
this function solves the following nonlinear partial differential equation (PDE):

G}
Ry + TPRQRM +rixR, —r)R=0, R(T,z)=-U'(z)/U"(z),
where ©, = 3 »~13. For a general utility function, the above PDE can be solved only

numerically. We can also numerically solve for V' with the large wealth asymptotic results:

*

Va(t,x) = Vi(t, z¥) exp (/:E R(tl y)dy) , and V(t,x) = V(t,z") — /m Va(t,y)dy,

®

where x* is large enough that we can use large wealth asymptotics to insert V,(¢,2*) and
V(t, z*).

The risk tolerance function and the value function admit explicit expressions for specific
utility functions. The analytical tractability enables us to draw economic interpretations. For
the log utility Ujog(x) = log x, we have Rjo4(t, ) = x and

(25) uzkog(ta l‘) = $271/87

(2.6) Vieg(t, ) = <'rf + %’) (T —1t);
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for the power (constant relative risk aversion (CRRA)) utility Upow(x) = %, v # 1, we
have Rpow(t, ) = £ and

(2.7) W (t,7) = %2*15,
et 1—x
(2.8) V(t:2) = T exp{ |rs(1=7)+ 528, (T=1) |
for the exponential (constant absolute risk aversion) utility Uegp(z) = —%e_w, we have
Reup(t, ) = eirfvﬁ and
e—T’f(T—t) 1
(29) u:mp(ta .CC) = fzi /87
1 re(T—t) 1
(2.10) Veap(t, z) = - exp ¢ —yxe'f - i@p(T —t) ¢,

where v is a positive constant that represents the degree of risk aversion.

These explicit formulas assist in this particular study, but our proposed approach is also
widely applicable to a general class of utility functions, including the family of mixture of power
utilities, for which the corresponding ¢;-norm-constrained optimal policy is not available.
We thoroughly examine the implementation of the EUM portfolios associated with the log,
power, and exponential utilities in the subsequent section and demonstrate the application
of our approach to the mixture of power utilities in numerical studies, under both low- and
high-dimensional settings.

3. Degeneracy in Merton’s problem. In practice, we need to estimate ¥ and 3 in order
to implement the Merton problem. This section investigates the performance of traditional
plug-in portfolios, in which 8 and ¥ are replaced with their sample estimates in (2.5), (2.7),
and (2.9). The effects of the accumulated estimation errors in the drifts for the log and power
utilities are discussed in [24] and [18], respectively, under the assumption that the ¥ is known.
We establish stronger and novel results for two cases: known ¥ and unknown (3, and known
[ and unknown 3.

In this section, we illustrate the degeneracy in Merton’s problem with p-asymptotic results.
We show that the out-of-sample value function of an EUM portfolio with plug-in sample mean
estimate (for a randomized training dataset) degenerates to the infimum of the corresponding
utility function as the number of assets increases. It generalizes the results in [24, 18], which
show only the total expectation of utility degenerates. Moreover, we show that even the excess
return vector [ is observable (free of estimation error), all the plug-in EUM portfolios tend
to suggest no investment in risky assets under the estimation error of the covariance matrix
Y. It generally deviates from the investors’ expectations.

3.1. Sample estimates of B and X. Suppose we have the daily log returns of p risky
assets as {r(!) = (ry), .. ,7“/}(,[))’, 1 <1 < n}, where n is the number of observations and the

time-step is defined as 6t = 1/252 for 252 trading days a year. Denote D = o(r() ... r(®)
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as the o-field generated by the historical data. Clearly, the maximum likelihood estimators
(MLEs) for 8 and X are, respectively,

~ . . 1 _ 1 .. ~
(3.1) Bn = fin — rilp, fn = gr + §d1ag(2n),
n

- 1
- O _ & (r®O — Y
(32 = i 2 P .
where 1, = (1,...,1) € RP and 7 = 2 31" | r (.
According to the plug-in strategies of (2.5), (2.7), and (2.9) with the MLEs (3.1) and
(3.2), the corresponding out-of-sample terminal wealths from (2.2) conditional on information

at t are solved by It0’s lemma as

AL A ~ ~

SIS 3) Vniy M

n n

2

XYoo (T) = z exp { v BE B — (T —t)+ 3.5 o(Wy — Wt)} ;

BE B BpSatEi B
gl 22

X"E;U(T)::Uexp{ rr+ (T —1t)+

14 e

;ﬁ;EnIU(WT - Wt)} ;
wr, re(T—=t) , L=t a1 Lo et

X EZP(T) =uxe' s + Tﬁ Z:n ﬁn + ;/ann J(WT - Wt)?

and the computation of the corresponding out-of-sample value functions is straightforward:

Viog (1, 2) 1= Ep[Usgg (X ios (T)

A si—1y5—1 7

63 g+ [ﬁﬁ SR oy,

@;(t,l‘) = [ED[Upow(Xu;mw (T))]

217 err (1= (1) A=NT =) [ e ys BEANSIB

a4 _ expd I TY [ grp-1p  PnFn =5n Pog L
(34) 1—v gl 2

Veap(t, ) := Ep[Uep(X“er (T))]

Al —1vv—1 A4

(3.5) = —i’ exp {—’yxer,f(T—t) _ <B’Zglﬂn _ W) (T — t)} ’

which are the conditional expectations of the utilities given the data set D.

Many empirical studies, such as [14, 17, 32], show that the estimation errors seriously
distort the optimality of the Merton problem, particularly for a high-dimensional portfolio.
We therefore offer a mathematics explanation to thoroughly investigate the performance of
plug-in portfolios for a large p. Such an asymptotic analysis has been conducted in [18] for
the extreme case of p/n — oco.

3.2. Known X, unknown 3. In this case, we replace ¥, by the background covariance
matrix X in (3.3)-(3.5). Then we study the asymptotic performance of the plug-in portfolios
when the number of assets (p) increases.
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Theorem 3.1. If O, = o(2) and Sn =%, we have as p/n — oo,
1. Vlog(t,a;) LN —00,

S P 0 for0 <~y <1,
2. ‘/pow(t’x> —>{ —oo  for vy >1,

3. @(t x) L .
Proof. Notice that Bn ~ N(B, - —572). Let (; be the jth entry of Z_%ﬁ. Then ©, = Z?Zl CJZ

and the jth entry of X~ 3 3, can be written as G+ (n6t)_1/26j, where {¢; }1;:1 are independent
standard normal random variables. Therefore,

p

j=1
R R P 1L 12
BRE B = 3G+ (000 G) = Oy o ST+ o= e
j=1 j=1 ti4
=0,+ — 1)].
+ &[ + op(1)]
The quantities of our interest can be expressed as
. / -14 [e)
(36) ety - =B =B Py (1) = — 2P 4o (1),
Then we have as p/n — oo, #/¥7! By — Bu=thn Z LBn Ty — 0. Direct application of the continuous
mapping theorem to (3.3)—(3.5) yields the desn"ed results. [ ]

Straightforward corollaries under the conditions of Theorem 3.1 are

—

E[Viog(t, )] = —o00 and E[Vpow(t, 2)] = —00

for v > 1 as p/n — oo. This is consistent with the results proven in [24] for log utility and
[18] for power utility. Notice that the sufficient condition in Theorem 3.1 is weaker than those
n [18, 24].

Theorem 3.1 asserts that the plug-in optimal EUM portfolio tends to be the worst, in the
sense of objective function (conditional expected utility) for p/n — co. We noted in [18, 24]
that the loss in expected utility is linear for log utility and exponential for power utility as the
number of assets grows. However, there is hardly any improvement in the estimation of the
mean vector, as only a marginal estimate is required. The empirical study in [16] shows that
using the James—Stein estimator [28] for the mean does not improve the empirical performance
of the optimal portfolio. Our empirical study draws the same conclusion. Many researchers
thus consider trading strategies that are robust to the mean estimate, as in [27] and [23].

3.3. Known 3, unknown X. We now turn to the problems in the plug-in portfolios, due
to the accumulated estimation errors of the high-dimensional covariance matrix. The number
of parameters in ¥ increases quadratically as p increases and contributes to the instability of
the sample estimate under the high-dimensional setting. When p > n, (3.2) is singular and we
must consider its generalized inverse or Moore-Penrose pseudoinverse (ﬁ); ), which is a biased
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estimator, for estimating the precision matrix Q = £~!. The unexpected outcomes produced
by the bias are often studied in the statistical literature; see [4]. We assume £ is known (i.e.,
B =B in (3.3)-(3.5)) to investigate the marginal effect of the ¥ estimate.

To study the random matrix theory associated with our problem, the following lemma is
useful.

Lemmzj 3.2. R
1. /2. 3% B/8'% 8 %0 as p/n — 0.

2. IfG)p—o( ) thenB’E B/ 1030 3) 3 B—>O(andm£2) as p/n — 0o.

3. If &, =0 (2), then \/ SR ESn B 220 and B'e-B o as p/n — oo.

Proof. The third assertion is a direct consequence of the first and second assertions ac-
cording to Slutsky’s theorem. Hence, we only prove the first and second assertions.

We first consider a simpler case that the covariance matrix is an identity matrix: ¥ =
I. The eigenvectors of 3, denoted as 51, e ,én, which correspond to nonzero eigenvalues
A > - >\, of 3,, span a subspace of RP. Moreover, (5\1,---,5\11) and (f1,-..,én) are
independent, while éj are identically distributed uniformly on the unit p-sphere. The Moore—
Penrose pseudoinverse of 3, can then be expressed as ¥ = =>", X 5,5’

1. As proven in the Theorem 1(ii) in [31], A\; = Op ( ) for all i as £ — oo. We recognize
that -
ons el BEPOIES I CLOL o <n>
2 = — < —=0p|—|.
BXnf Yy (B&)? AR P

Hence, 3’5 3/8'S B converges to 0 in probability as p/n — co.
2. According to the Cauchy—Schwarz inequality,

>’>‘>~
P
=

2
7

2=

3

2
3-8 [2oim )\ (B
Vﬁ'igi;ﬂ Ez 132 (/8/@ i:l
The expectation of the right-hand side in the above inequality is equal to (n/p)||3||%.
Hence, 8'fn/+/M,7n converges to 0 in £2 once [|B]|> = o ().

Yet, consider the general positive definite . We take §* = 7%ﬂ and i; = EféinEfé,
where fl; is a Gram matrix of pseudosamples {T*El?}?:} and ) = (6t%)"2r® has th/eA identity
t BE. T8, 8 _ B E/Zfzfﬂ* 858 — B ¥n B

B'S, B B S5 B \/mT B S SN B
According to the results of the case of the identity covariance matrix, if the condition for
16|12 = ©, is satisfied, then 'S, Y5 3/8'S 5 and §'3; 8/1/ 5/ Sn X5, 8 converges to 0 in
probability as p/n — oc. [ |

covariance matrix. Notice tha an

Lemma 3.2 and the continuous mapping theorem result in the following theorem about
the performance of the plug-in portfolios subject to the accumulated estimation errors of ¥,
in p-asymptotics.

Theorem 3.3. If ©, = o(2) and B, = B, we have as p/n — oo,
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L. ‘710\9(757*%) E} log z + Tf(T —t),
2. Vooult,z) 5> (aerrT=0)1=7/(1 — ),
3. ‘Zx\p(t,l') E) —%exp {—’beerf(T_t)},

The limiting functions in Theorem 3.3 are the value functions, with all money going into
the bank account. Here, all the plug-in optimal portfolios suggest no investment in risky assets
under the estimation errors of the covariance matrix. In terms of risk exposure, the effect of
the estimation in the mean is more serious than that in the covariance matrix, as the latter
is completely risk-free.

It has been proven in [35] that the accumulated estimation errors of the covariance matrix
make the optimal mean-variance portfolio degenerate to a random stock picking strategy.
Interestingly, its effect on the Merton problem is rather different, which deserves separate
analysis.

When both § and ¥ are unknown, intuitively the asymptotic performance of the plug-in
portfolios cannot be better than the marginal case in either Theorem 3.1 or Theorem 3.3.
Hence, the plug-in optimal portfolio should be used in the worst case. Both the sample
estimates of S and X can be seen as overestimations. However, the accumulated effect of
these estimations poses an analytical challenge, which we examine in our numerical studies.

Although the effect of improved estimators, such as the Stein-type biased estimators, is
not analyzed in this section, the James—Stein estimator for the drifts has shown no empirical
improvement in [16] and we draw the same conclusion for the Merton problem in a later
section. One may also consider Stein-type shrinkage estimator for the correlation matrix.
However, it has been detailed in [25] that the computational cost could be huge and the
shrinking method has to be chosen carefully among many possibilities for a specific purpose.
To the best of our knowledge, there is no shrinkage estimator for the correlation matrix that
is shown to have the oracle property for dynamic EUM in the literature. In other words, it is
not clear if Stein-type shrinkage estimate of the correlation matrix helps recovering the true
background optimal strategy asymptotically.

We admit that although the number of risky assets p could be large, p/n may be far from
infinity in practice.' In the following section, we propose a novel approach which asymptoti-
cally recovers the background true optimal policy which is free of estimation error for all cases
of £ — 0, a constant, or infinity as long as 10% — 0.

4. Resolution: Constrained £;-minimization. In practice, traditional estimation meth-
ods often fail, as described in section 3 and in many empirical studies. To remedy this, we take
into account an important observation: the effective parameters in the optimal portfolios (2.4)
are X1 3. We view this as a whole unknown vector 7. Instead of separate estimation, we aim
to directly control the estimation errors of 7, which clearly reduces the number of parameters
to be estimated from p(p + 3)/2 (in ©Q and B) to p (in n and /) and avoids the computation
of an inverse of a large (singular) matrix. We denote by 7 and B 7) the estimates of n and ©,,
respectively, which are substituted into the optimal portfolios for implementation.

We adopted the constrained ¢;-minimization (or LPO) approach, proposed in [35], to
directly estimate n = X713:

"We thank an anonymous referee of pointing this out.
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(4.1) 7 € arg mi[Rn {Wl subject t0 [$n1 — Balso < )\n},
neR?P

where 3, and 3, are defined in (3.1) and (3.2), A, is a tunning parameter, |a|; = > adl,
and |a|o, = sup; |a;| for a € RP. This approach still requires the sample-based estimates of (3
and X, but it is not limited to these and any other improved estimators could be substituted.
The ¢1-norm appears in (4.1), but we do not amend the Merton problem by imposing
norm constraints, as in [15, 18, 20]. We instead construct a novel direct estimation method
with oracle properties, which can be applied to various optimal portfolios derived from the
optimization theory in the literature. The extension of this approach to robust portfolios is
discussed in Appendix A. The proposed approach essentially renders a data-driven portfolio
policy under a particular structure. The tuning parameter \,, is determined by cross-validation
(CV) in practice; hence the proposed approach is execution-oriented and based on the current
information. We use 7 as the LPO estimator, as its computation can be realized with a linear
programming procedure, given in section 5.1. The resulting optimal EUM portfolios (2.4) are
then referred to as the LPO portfolios. Using the notation of 7, the LPO portfolios read

u*(t,z) = R(t,z)n, where R(t,x) solves

~ /\/ " ~ ~ ~ —~ o~
(42) R+ %RQRM +rixR, —rfR=0, R(T,z)=-U'(x)/U" (),
— e~ T e~ e—’r‘f(T—t)
and specifically uz“og(t,x) =21, Uhyy(t, ) = =1, ul,,(t,2) = ———17).
v v

Their corresponding performance measures are given by (3.3)~(3.5) with 14, replaced by

7 and are denoted by Vg, Vpow, and Veyy, respectively.

The LPO approach finds the n estimate that best approximates the background one, with
the least cost in terms of the ¢;-norm. The optimal EUM portfolios (2.4) are all proportional
to 1, so the resulting LPO portfolios exhibit sparsity, where the cardinality agrees with that
of the n estimate. A natural concern is the comparison between the LPO portfolio and the
¢1-norm-constrained portfolios, discussed in [18, 24], as both solutions generate sparse optimal
policies.

The ¢1-norm-constrained portfolios are essentially LASSO-type problems requiring the in-
verse of the covariance matrix estimate (Cholesky decomposition of f]n) as an input. If, due
to estimation errors, the inverse does not exist, the generalized inverse is indispensable in the
implementation phase. In spite of the expensive computational cost of the generalized matrix
inverse, our numerical examples show that it fails to work for a large p. The LPO approach,
inspired by the Dantzig selector [13], is slightly more sparse than the norm-constrained portfo-
lio. This eventually dilutes the effect associated with the estimation errors in the mean vector
more effectively. More importantly, it does not require the 3, to be invertible and guarantees
the existence of the LPO estimator. Being an enhanced estimator, the LPO approach still
needs the (sample) estimates of ¥ and (3 as inputs. Therefore, the sample size should be
reasonably large (n > logp) to rule out data deficiency. We refer readers to [10, 11, 13] for
the application of the ¢;-minimization methods in other statistics disciplines.

When Ap, > [Bnlos, the optimal solution becomes 7 = 0, which infers a noninvestment
strategy. The cardinality of 77 increases as A, decreases. The lower boundary of the feature
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region for A, (Amin) is determined by decreasing the A, from |Bn|Oo until it reaches zero, or until
the corresponding feasible set for the problem (4.1) is empty. Consequently, we are interested
in A\, € [Amin, | Bn|oo] If Amin = 0, then the problem (4.1) with \,, = 0 has a feasible solution in
the separate estimation method: n = ﬁ); 1 Bn Therefore, the LPO approach nests the separate
estimate as a solution candidate when we empirically cross-validate the A,,. However, Anin
is generally nonzero for a high-dimensional portfolio and particularly for p > n, due to the
possible singularity of $,. It turns out that the LPO approach will only select k assets (k < p)
into the optimal portfolio, resulting in a genuine portfolio selection.

4.1. Oracle properties. We study the oracle properties of the LPO approach to the in-
vestment problems in section 2.2. The oracle benchmarks are defined as the optimal value
functions with known parameters, specified in (2.6), (2.8), and (2.10). Notice that the his-
torical daily returns D under the model (2.1) follow the normal distribution with the mean
dt(n — diag(X)/2) and the covariance matrix 6tX. It is clear that the daily return vectors
satisfy the moment condition (M1) in [35]:

(M1) logp < n, Eexp(c;¥?) < Ky, and Eexp(c;¥? /oY) < Ky, Vi,
for some constants ¢, K1 > 0,
where in our case ¥; = o;Wi, ¥ = (¥y,...,¥,) = oWy, ¥ = ¥QB/,/6, and we read

Y= {U%}lgi,jgp. To examine under a high-dimensional setting, we introduce a condition
which is also imposed in [10, 11, 35]:

(C1) logp <mn, max oY < M and ©, > K for some constants M, K > 0.
<i<p

The following lemma is crucial in the derivation of the oracle properties of the LPO
approach.

Lemma 4.1. Suppose that the historical daily return data satisfies (2.1) and condition (C1)
holds. With probability greater than 1 — O(p~1), we have

for a sufficiently large constant C, where B, and 3, are defined in (3.1) and (3.2), andn = Qf
1s the background effective parametric vector.

Remark. Hereafter, C represents a large constant and can be varied from place to place.
Proof. This is similar to the Lemma 2 in [11] with ny = n, ¥, =0, X; = r — ril, =
5t(B — 3diag(%)) + VoreW 1 =1,...,p. We notice that

1 n n

. ;o o~ - -~ - 1
By =~ > w0 — 9P = %, — UV, where ¥ = - > wl,
=1 =1

) 1 . 1 -
= B+ ~diag(>, — ¥) + —— .
Bn =0 21g( ) NGT
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Then we have
‘27177 - Bn‘oo = ’inn - B - \ij\iﬂn - /én + B|oo
- . 1 - 1
< |X.n - Uo'p— —W =
< B = Bloo + [V 75 oo + 5
The first two terms are handled similarly to [11]. To control the last term, we use a lemma
proven in [10]: under condition (M1) with a probability greater than 1 — O(p~!), we have

2, — Eloe < Cy/log p/n.
Then the result follows. ]

This lemma implies that if we set A\, = C'\/©,logp/n, then the background 7 is a can-
didate in the feasible set of (4.1), which is useful to prove the oracle properties. The idea of
proving oracle properties is to show the convergence of the featured quantities in the out-of-
sample measures with the LPO estimators.

Theorem 4.2. Let A\, = Cy/Oylogp/n with C > 0 being a sufficiently large constant,
n = |Sp — Zloo, and by, := |By — Bloo. Suppose that condition (C1) holds and

13, — oo

(4.4) dp = (Ao + bn) 11 + anlnl} = op(1).
Then wg\@ave .
L. Vigg(t,x) = Vzog‘{i;lﬁn:ﬁ} (t, @) = Vigg(t, z) — Op(dn),

— —— Vioow(t,2)(1 — O
2 Voou(t:2) = Voowl 575, (1) = { vﬁigmigl - OEE

3. Verp(t, ) = Veapl 5215,y (8 2) = Veap(t, @) (1 + Op (d)).
Proof. Using (4.3), we have

n)) for0 <~y <1,
n)) fory>1,

d
d

7' Endi = Bl < (An A+ 1Bn = Bloo) il < (An +ba) [nl1-
By the definition of 7, we have

7' Endi = 0Bl < (a4 1Bn = Bloo)Inh < (An +ba) 1

Hence, combining the above two inequalities, we have
(4.5) 181 — ©p| < 2(An +bn) It < C (An + ba) [nl1-
Next, we notice that
277 = Buloo < 12 = Snlooliils + A < anlithy + An,

and thus

|7 S0 = Bt < anlnl} + Anlnly < dn,
(4.6) 7507 — 6] < anmﬁ + (BAn + bn)Inli < Cdy.
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Now, we investigate the asymptotic performance of the LPO portfolios:

— . 1,
|Wog - Vznow| = (T - t) 5/77 - ®p - 5(7]/277 - ®p)

. 1,
< (1) 197~ 0,1 + 5177 - ©,]] = Or (e

Voow 1= )T =), 1, .,
Viow—lzexp{,y B = 0p = (157 = 6p)| o 1
1—~)T . 1 -

<o (U -6yl + 5lirsi - 0,l] ) = Os(an)
Ver | _ 5 Lo
V——l—exp —(T —1) /377—@19—5(77277—911) -1

erp
. 1 s
<0r (=019~ 0]+ 12 - 6| ) = Or),
where (4.5) and (4.6) are used. Then the results follow. [ ]

The oracle properties assert that the LPO portfolios enable the corresponding out-of-
sample value functions to approach their true values for a small d,,. In fact, the errors of
B and ¥ estimates are normally of order /logp/n, and thus the rate of convergence d,, is
minimal when /logp/n is small. We can expect the LPO portfolios perform as well as the
theoretically optimal portfolios when log p/n is small. Together with the results in section 3,
Theorem 4.2 shows that the LPO portfolios have dominating performance over the traditional
plug-in portfolios when p/n is large and logp/n is small. In the later section on numerical
and empirical studies, we will also show that the LPO portfolios are superior in the small p
case t0o.

The magnitude of d,, depends on the precision of the estimations in ¥ and S and the
cardinality of 7. If the estimation contains minimal error, then a large cardinality for n
is allowed. Alternatively, large estimation errors in ¥ and [ can be compensated for by
shrinking the cardinality of n. The proof is independent of the choice of estimators for ¥
and . Therefore, the oracle properties hold true for any estimators of ¥ and S that satisfy
the inequality (4.3). In fact, the LPO approach is general enough to include the separate
estimation and the shrinkage method in [30] as special cases.

If we replace condition (C1) by

(C2) logp <ny, M~ < Apin(2) € Apax(E) < M and 0, > K,

for some constants M, K > 0,

where Apin(X) and A\pax(X) are the smallest and largest eigenvalues of X, respectively, The-
orem 4.2 is still true and we have |n|3 < M?3|n|¢©,, where |n|o is the cardinality of 1. In
other words, the larger the ©, the slower the convergence rate of the LPO estimates. This is
reasonable, because if the oracle portfolios perform extraordinarily well it is difficult for any
data-driven method to achieve a similarly high standard of performance.
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It is noteworthy from the sufficient condition (4.4) that if the estimation errors in the
mean vector b, are large, additional sparsity of the optimal EUM portfolio is required, to
ensure convergence. The nature of the LPO approach is to effectively control the utility loss
due to the mean estimation errors.

5. Numerical studies. To compare continuous-time strategies under different implemen-
tation and/or estimation schemes, we rebalance the portfolios daily, though this suffers from
mild but unavoidable discretization errors. Based on out-of-sample statistics, we examine the
finite-sample performance of our LPO approach, verify our theoretical results, and compare
them with alternative approaches through simulation studies.

5.1. Implementation. We detail the implementation of the LPO estimator here. The
LPO estimator of 7 is the solution of the minimization problem:

min |n);  subject to: |27 — Buloo < A

By combining ¢; and /., norms we attempt to apply linear programming, and our theoretical
results can be generalized to the combination of ¢, and ¢, norms where 1/p +1/q = 1. The
convenient linear programming formulation allows us to solve the problem using the parametric
simplex method, which is efficient and guarantees machine precision with a primal-dual gap.
More details can be found in [37]. To reformulate our problem into the parametric simplex
problem in [37], let n = n — 1™, where n* = max(%+n, 0) and one of 7, n~ be 0. The target
minimization problem can be rewritten as

+ o ¢ . R
max (-1, —1p) <Z_) subject to (_Eg 22") (Z_) < (inipi’gn> )
n n ndp n

For a given \,, the parametric simplex method computes the optimal (n*,n~) so that we
recover the optimal 7j as 7 =n" —n~.

As discussed in section 4, the feasible set of A\, is A := [Amin, | Bn|oo], where Apin is deter-
mined through the trials using historical data. We select the optimal tuning parameter A,
among A by CV, which is a standard approach in machine learning. Specifically, we order the
data D = {T(l), ey 7’(")} into f groups, where f is the number of folds of CV, as the data are
ordered in time. For each iteration, the groups with sizes n/f and n — n/f act as test data
and training data, respectively. For each \,, we run our program using the training data and

then examine the corresponding LPO portfolios (u} (¢,7)) using the test data of sample size
n/f. The optimal \,, has the portfolio that optimizes the investor’s objective across all folds
of the test data.

For a given utility function, we denote the objective function value at the kth iteration
as @]k(kn) Specifically, @]k()\n) = U(X:*” (T)), where X;:A" (T') is the terminal wealth

—_—

found by adopting the LPO portfolio u3 (¢, ), computed using the test data. For example,
U(z) = —e 7%/~ for an exponential utility and U(z) = 2'77/(1 — 7) for a power utility. To
match the investment horizon, f should be set as n/n.test, where n.test is the number of
days within the investment horizon. We suffer from a large computational burden as n/n.test
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is usually large, so we instead aim to find an optimal LPO estimator 7(A*) that maximizes
(3.3)=(3.5) or equivalently maximizes

B'i1(An) = 1(An) Sl (An) /2

with respect to A,. Hence, we use training data with size n — n/f to compute the LPO
estimate 77(\,) and use test data with size n/f to compute the proxies (sample estimates) of

B and X: [Biest and itest. In this study, we choose f = 5. Specifically, we take
Objk()‘n) - Blgestﬁ(A'IJ - ﬁ(An)/itestﬁ(An)/Q-
Then the CV choice of A, is given by

f
Aoy = max kZZI Obji(An)-
If the maximum is attained at several As, we select the smallest.

A distinct advantage of the LPO approach is its applicability to the general utility function.
Given the LPO estimate of ©,: ©, = ,5’;117, I:Z(t,:v) can be solved numerically from the PDE
(4.2), using the implicit finite difference method; see [6]. However, the utility function must
be specified to offer the boundary conditions. For instance, we introduce a family of utility
functions that allows for nonlinear risk tolerance (nonconstant relative risk aversion): mixture
of power utilities. They are specified as follows.

x1_71 xl_')/?

1 =
(5.1) U(z) 011_71—1-021_72,

c1,2>0, 1272 >0, 1,72 # 1.

This family of utilities has recently been of great interest [9]. Quantitative treatments of
related problems can be found in [22, 34]. Due to the analytical intractability, the norm-
constrained solution associated with the mixture of power utilities is not available in the
literature, but the application of the LPO approach to this class of utility functions is straight-
forward. A typical mixture of power utilities combines an unbounded above-positive utility
(v2 < 1) and an unbounded below-negative utility (v; > 1), producing a nonlinear risk aver-
sion. In such a situation, the risk-tolerance function at time T is

! —(n1—2)
R(T,z) = _U<5L') __ar +C2 7~ x/v2 as x — 00,
U'(z)  cma~=72) 4+ oy x/m asx — 0,

from which the boundary conditions for the numerical scheme are deduced as

CllE—(’yl —72) + c2

R(t,0) =0, R(t,z") =2" /v, R(T,z) =
(1:0) =0, R(t,") = oz, BT,2) =

for a sufficiently large z*.
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5.2. Simulation design. Numerical studies are constructed to compare the LPO portfolio
with the oracle portfolio, and the plug-in portfolio with the ¢; norm-constrained portfolio
in [18, 24] for the power utility and the mixture of power utilities. The results for the log
and exponential utilities are similar, though not reported here. Three correlation structures
among the risky asset returns are used to accommodate sparse, nonsparse, and even random
correlation matrices. This choice of correlation matrices is similar to those of [11, 35].

The numerical experiments are designed as follows. Using the discretized model (2.1) for
p stocks, we simulate two-year daily prices (n = 504) as training data for estimation and
two-week daily prices (n.test = 10,7 = 1/25) as test data for the out-of-sample evaluation.
The risk-free interest rate is vy = 0.01. All the p stocks have the same initial price of s; = 40.
The excess mean return rates are § = (0.3,...,0.3,0,...,0)" with ¢y = 10 as the number of
nonzeros, in spite of the value of p. The covariance matrix of the risky asset returns takes
the form ¥ = 0.22T", where I' = (7;;)pxp is the correlation matrix of the following three
possibilities:

Model 1. 7;; = 0.8l for 1 <4, < p.

Model 2. v;; =1 for 1 <7 < p and ;; = 0.5 for 7 # j.

Model 3. I'™! = (B + 6I)/(1 + ), where B = (b;j)pxp with independent b;; = bj; =

0.5 x Ber(1,0.2) for 1 < i < ¢p,i < j < p; bjyj = bj; =05 forcg+1 <0 <
Jj < p;bi; =1 for 1 <i<p. Here Ber(1,0.2) is a Bernoulli random variable that
takes a value of 1 with a probability of 0.2 and 0 with a probability of 0.8, and
§ = max(—Amin(B),0) + 0.05 to ensure that I'! is a positive definite matrix. The
matrix is finally standardized to unit diagonals.
In Model 1, ¥ is approximately sparse and its inverse () is a 3-sparse matrix. In Model 2,
Q and n = Qp are approximately sparse. In Model 3, the first ¢y rows and columns of
are sparse but the rest of the matrix is not sparse. Therefore, ¥ is not sparse and contains
random elements.

The initial wealth of the investor is xg = 1. The risk aversion coefficient of CRRA investor
is Ypow = 2. For the investor with the mixture of power utilities, we assume c¢; = c3 = 0.5,
v = 1.2 and 72 = 0.25 in (5.1).

5.3. Numerical results. We consider different levels of p (100, 200, 400, 600) and conduct
100 simulations in each case. In each simulation, we compute the terminal utility values
and report the mean and standard deviation from the 100 simulation runs. In the following
tables, OC represents the oracle portfolio; LPO represents the LPO portfolio; NC represents
the ¢1-norm constrained portfolio of [18]; and PI represents the traditional plug-in portfolio.

The numerical results for the power utility and the mixture of powers utility are reported
in Table 1. For the optimal policy of the power utility maximization, the portfolio wealth
must theoretically stay nonnegative. However, the data-driven portfolio may go negative due
to discretization errors and potential estimation errors. We record the number of portfolios
experiencing negative wealth during the investment period and show this in square brackets,
[no.]. A negative portfolio leads the terminal wealth to a complex number, so this situation
is eliminated from the mean and standard deviation estimates. A large number of negative
portfolio wealths indicates highly distorted statistics. The NC portfolios cannot be imple-
mented for n < p as the inverse of the covariance matrix does not exist, and the numerical
generalized inverse computation fails to render a numerical value.
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Table 1
Mean (standard deviation) of the terminal utility values over 100 simulations. Negative wealth is shown in
brackets. N.A. stands for “not applicable” for an undefined value.

Model 1
Power utility Mixture of power utilities
p oC LPO NC PI OoC LPO PI
100 | -0.91 -0.98 -16.89 -2.71 [3] -1.64  -1.78  -1.89 [13]
(0.23) (0.19) (157) (5.63) (0.76)  (0.51) (1.16)
200 | -0.92  -0.98 -39.02 [2] -365 [54] -1.63  -1.78 -1.93 [5]
(0.25) (0.15) (337) (2400) (0.80) (0.40) (0.34)
400 | -0.94 -1.00 -14.69 [6] N.A. [100] -1.70  -1.85 N.A. [100]
(0.27)  (0.12) (106) (N.A)) (0.89) (0.34) (N.A))
600 | -0.90 -1.00 0 [99] -1.51 -1.81  N.A. [100]
(0.32) (0.14) (N.A)) (0.89) (0.41) (N.A))
Model 2
Power utility Mixture of power utilities
P ocC LPO NC PI ocC LPO PI
100 | -0.64 -0.85 -0.90 [1] -2.14 [4] -1.11 -1.42 -1.58
(0.37)  (0.33) (0.82) (4.05) (0.75)  (0.66) (0.49)
200 | -0.70  -0.90 -80.11 [3] -4.68 [62] -1.19  -1.56  -1.90 [18]
(0.55)  (0.37) (756) (9.97) (0.78)  (0.71) (0.76)
400 | -0.73  -0.91 -5.79 [6] 0 [99] -1.25  -1.60 N.A. [100]
(0.67) (0.34) (29.23) (N.A)) (1.00) (0.64) (N.AY)
600 | -0.59 -0.91 0 [99] -1.11 -1.61  N.A. [100]
(0.42)  (0.30) (N.A)) (0.73)  (0.61) (N.A))
Model 3
Power utility Mixture of power utilities
P ocC LPO NC PI ocC LPO PI
100 | -0.78  -1.17 -1.18 -74.31 [23] -1.23  -1.81 -1.95 [9]
(1.69) (0.70) (1.94) (487) (0.95) (0.58) (0.42)
200 | -0.81 -1.02  -4.18 [11]  -3.22 [86] -1.24  -1.87  -1.99 [61]
(0.57)  (0.16) (16.65) (8.31) (1.04)  (0.36) (2.75)
400 | -0.70  -1.02 -2.78 [§] 0 [98] -1.16  -1.87 N.A. [100]
(0.39) (0.13) (5.89) (0) (0.82) (0.35) (N.A)
600 | -0.85  -1.00 N.A. [100] -1.39  -1.83  N.A. [100]
(0.47)  (0.11) (N.A)) (0.95) (0.32) (N.A))

It can be seen from Table 1 that the plug-in method is the clear loser in all cases. It
generates the smallest averaged utility values and the largest variance for the terminal utility.
It also produces negative wealth, bankrupting the investor. The situation gets worse when
the p (or p/n) increases. This is consistent with our assertions regarding the Merton problem
degeneracy with traditional implementation, when plugging in the sample estimates.

The NC portfolio that corresponds to the mixture of power utilities is not available in the
literature, so it does not show up on the right panel of Table 1. Its applicability therefore seems
restrictive in relation to the plug-in and LPO approaches. In the left panel, the NC portfolio
does improve significantly compared with the plug-in approach but is still not satisfactory. A
negative wealth can still be generated for all correlation matrices for n < p and it no longer
works for p > n. When it does work, the sample objective value is still much less than that
of the oracle portfolio, which contains no estimation errors.
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Table 2
Mean (standard deviation) of the RC (defined below) values over 100 simulations.

P Model 1 | Model 2 | Model 3
100 1.83 7.10 9.81
(0.57) (1.59) (2.55)
200 1.80 7.59 7.34
(0.41) (1.53) (0.63)
400 1.73 8.15 6.76
(0.32) (1.64) (0.85)
600 1.70 8.29 6.32
(0.40) (1.48) (0.49)

The LPO approach is the best of the three implementations. Its performance is comparable
to the oracle portfolios. The corresponding variance is even smaller than that of the oracle
portfolio, as the LPO approach selects fewer risky assets. This agrees with the proof in the
previous section, where the LPO portfolio is as optimally diversified as the oracle but uses
a subset of assets for a finite p. This eventually lowers the variation of the LPO portfolio,
and for the same reason, the LPO portfolio almost certainly ensures the nonnegativity of
the portfolio wealth. Regardless of n > p or n < p, LPO portfolios always exist and offer
stable performance. The objective values of the LPO approach are close to those of the
oracle portfolio. As the establishment of convergence is in the sense of probability, and the
rate of convergence is not typically fast, the LPO convergence trend is not obvious from this
simulation exercise. We stress that the oracle objective values still suffer from simulation
errors. Given the relatively large variance of the oracle portfolio, it is difficult to distinguish
the oracle and LPO objective values statistically.

In order to numerically validate Theorem 4.2, Table 2 investigates the rate of convergence
of our LPO portfolio with power utility. To this end, we first note that d,, in (4.4) is of order
\/log p/n and we examine the error bound of the LPO portfolio scaled by \/log p/n, which is

given by
ow l
RC = (Vp - 1) / 08D

Viow n

Theorem 4.2 shows that RC' should converge to a constant in probability. Table 2 reports
the mean and standard deviation of RCs over all simulations for each model and p. We can
observe that as p increases, the standard deviation and the increment or decrement of the
mean generally decrease. This numerical result supports Theorem 4.2.

6. Empirical studies. Our numerical studies provide us with insights into the finite-sample
performance of the LPO portfolios under different correlation structures and the normality
assumption of the asset returns distribution. However, the empirical data may not fit all of
these. It is important to empirically test the LPO approach with the financial data. Our
empirical studies are also out-of-sample.

The aim of this section is to compare the aforementioned portfolios, including the LPO
portfolio, with the EW portfolios, which invest in all assets equally. It is suggested in [16]
that the EW portfolio has a high out-of-sample performance and should serve as a benchmark
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for optimal asset allocation in empirical studies. We consider the following portfolios, with
further improvements:
1. AdpLPO refers to the adaptive LPO portfolio that applies the plug-in portfolio to
the assets selected by the LPO approach.
2. LPO-EW refers to the portfolio that applies the EW portfolio to the assets selected
by the LPO approach.
3. NC-EW refers to the portfolio that applies the EW portfolio to the assets selected
by the norm-constrained approach.
4. EWE refers to the portfolio that applies the EW portfolio to |0.1p] assets with the
most extreme variance-adjusted returns; see [24].
5. JS refers to the estimated portfolio using the James—Stein estimator of the mean.
6. LPO-JS refers to the LPO portfolio using the James—Stein estimator of the mean.
The first two portfolios are also considered in [35]. The third one is included in [24] for the
expected log-utility maximization portfolio. The last two portfolios are similar to PI and LPO
portfolios but use the James—Stein estimator of the mean proposed by Jorion [29], which takes
the form

Brs = fizs — 1p, p1s = (1 — @) fin + Pfimin,
¢E . p+2
p+ 24+ n(,&n - ﬂmzn),zr_bl(/ln - ,amm),

where 0 < ¢ < 1, fi, and £, are given in (3.1)~(3.2), and fimin = fil,33-11, is the average excess
return on the global minimum-variance portfolio. Notice that X! may not be computable
when n < p.

6.1. Data description and empirical design. Our empirical studies use the daily historical
data of S&P500 components, downloaded from Yahoo Finance for the period January 3, 2005,
to December 31, 2014. The S&P500 component list is current as of June 30, 2015. For
simplicity, we eliminate the assets with incomplete data. The dataset contains p = 448 assets.
We conduct two empirical studies with one-year (n = 252) and five-year (n = 1260) estimation
windows, respectively. Consequently, we test the aforementioned portfolios between 2006 and
2014 for the one-year estimation window and between 2010 and 2014 for the five-year window.

We use a power utility with the risk aversion coefficient v = 2. We assume that the
investor trades his initial wealth x¢g = 1 on the S&P500 components over two-week intervals
(n.test = 10). We use the one-month Treasury constant maturity rate at the beginning of each
biweekly investment as a proxy of the risk-free interest rate over the coming two weeks. This
choice better reflects the running economic situation. At the beginning of each investment,
we use the previous M-year (M =1 or 5) historical data to estimate the parameters in EUM
portfolios, or design the norm-constrained portfolios for the coming two weeks. Eventually, we
have 25 biweekly investments each year. We record the utilities of those 25 resulting terminal
wealths and report the mean and standard deviation of the utilities to evaluate the portfolio
performance of the year. Similar to the previous section, we also record the frequency of
negative portfolio wealth.

A noteworthy feature of the LPO approach is that it selects a subset of the assets to invest.
Hence, the cost of rebalancing a LPO portfolio is less than for other portfolios. To illustrate
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this, we introduce a measure, called portfolio turnover,

n.test p
1

To= n.test Zl Zl (Wj,ti - ﬁj,t;‘) ,
i=1 j=

where ;¢ is the money amount invested in asset j at time ¢;, 12].

+— is the money amount
invested in asset j before rebalancing at time t;, and {1, ...ty test} allre the trading days. The
portfolio turnover measures the average wealth traded for a particular strategy. Therefore,
the portfolio turnover can be used to measure the possible effects associated with transaction
costs, and the smaller the T'O, the lower the costs. We report the mean and standard deviation
of T'Os over all biweekly investments for each portfolio. Our studies abstract the contribution

of transaction costs, but the T'O may give some insight into their effect.

6.2. Empirical results. We report only the results with a five-year rolling estimation
window here, giving the results with a one-year rolling estimation window in Appendix B, as
the NC and JC type strategies are infeasible for the one-year scenarios due to the singular
sample covariance matrices (p > n). We are primarily interested in the comparison between
NC and LPO portfolios. However, the one-year rolling estimation window has many practical
applications.

Table 3 summarizes the empirical results. It is again clear that the plug-in approach is
really very poor, as it generates many negative wealths, produces the smallest objective value,
and suffers from a high variance. The norm-constrained strategy again improves the portfolio
performance, as shown in [18]. However, compared to the EW, the NC portfolio underperforms

Table 3
Mean (standard deviation) of the terminal values of the power utility over the year (25 times) with the
five-year rolling estimation window. The frequency of negative wealth is given in brackets.

Year 2010 2011 2012 2013 2014 TO

EW -0.993 -1.001 -0.993 -0.988 -0.994 0.00902
(0.028)  (0.053) (0.026) (0.022)  (0.021) || (0.00168)

LPO -0.992 -1.008 -0.998 -0.992 -0.936 0.0123
(0.026)  (0.062) (0.008) (0.018)  (0.083) (0.0332)

NC -1.001 -1.258 -3.359 -1.494 -1.260 29.230
(0.378)  (0.985)  (10.669)  (1.124)  (0.915) || (129.170)

PI -13.784  -4.523 [3] -22.005 [3] -7.391 [2] -4.166 [4] || 173.197
(51.944)  (9.538)  (72.147)  (17.615)  (5.878) || (183.871)

AdpLPO | -0.919 -1.044 -0.988 -0.964 -1.042 0.183
(0.113)  (0.209) (0.084) (0.061)  (0.534) (0.401)

LPO-EW | -0.934 -1.000 -0.992 -0.990 -0.991 0.00520
(0.089)  (0.044) (0.026) (0.008)  (0.023) || (0.00497)

NC-EW | -0.990 -1.001 -0.994 -0.988 -0.995 0.00902
(0.026)  (0.045) (0.025) (0.022)  (0.021) || (0.00293)

EWE -0.991 -1.001 -0.995 -0.988 -0.993 0.00879
(0.029)  (0.054) (0.028) (0.021)  (0.020) || (0.00172)

JS -12.949  -4.330 [3] -19.604 [3] -7.028 [2] -4.036 [4] || 170.940
(48.297)  (9.012)  (63.037)  (16.365)  (5.646) || (180.475)

LPO-JS | -0.992 -1.008 -0.998 -0.992 -0.987 0.0122
(0.026)  (0.061) (0.008) (0.018)  (0.082) (0.0330)
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in all cases and suffers from a huge T'O, implying that in practice the transaction cost becomes
a critical concern.

The LPO approach outperforms the plug-in and NC approaches in all cases, in terms of
objective value, variance, and the turnover rate. However, it cannot consistently outperform
the EW portfolio. It beats it two out of five times, while in the remaining three cases both
strategies perform very similarly. The EW strategy has a smaller turnover rate, and the fact
that it is free of estimation error is a well-known advantage.

To further improve the LPO and NC portfolios, we apply the EW strategy to assets selected
by these two methods and consider the adaptive LPO approaches previously described and
the EWE strategy introduced in [24]. It can be seen from Table 3 that the adaptive LPO
manages to beat the EW strategy three out of five times, but the turnover rate also increases.
The NC-EW is much improved and has almost the same performance as the EW strategy, in
terms of the objective value, variance, and turnover rate. The performance of the NC-EW,
EWE, and EW approaches is very similar, as the NC portfolio does not filter out too many
stocks from the original sample.

The LPO-EW also improves, beating the EW strategy four out of five times. The turnover
rate is also much smaller. In fact, it has the best performance, and though LPO and NC
approaches will filter out unfavored stocks, in this empirical study our preference is for the
selection from the LPO approach.

To examine other improved estimators rather than the MLEs, we consider the estimated
and LPO-JS portfolios using the James—Stein estimator of the mean. Although the JS results
are improvements over the PI results, their difference is not significant, so is not the difference
between LPO-JS and LPO portfolios. However, we remark here that incorporating the LPO
approach with other improved estimators is straightforward. The best candidate estimator is
yet to be found and it is interesting to study the corresponding statistical and oracle properties
of the improved LPO portfolio.

Our empirical reasons, given in the appendix, are also in favor of the LPO and LPO-EW
approaches. We empirically show that the LPO portfolio outperforms other existing data-
driven portfolios under the cases of n < p and n > p. The rebalancing cost of a LPO portfolio
is also relatively low.

7. Conclusion and future works. We have shown that the Merton problem, implemented
with the plug-in approach, degenerates to negative infinity in probability for unknown drifts
and a known covariance matrix. It degenerates to zero risky investment once the covariance
matrix is unknown and the drifts are known. To resolve the degeneracy, we propose a con-
strained ¢; minimization approach and prove its oracle properties for %log p — 0. We also
demonstrate the wider application of the proposed approach with the mixture of power utili-
ties. Empirical studies show that the LPO approach is better than the norm-constrained and
plug-in approaches. It can also be seen from the empirical results that the LPO approach
is able to select favorable risky assets according to the expected utility maximization objec-
tive. This eventually offers a portfolio strategy that combines the advantages of the Merton
problem and the EW portfolio.

Although our discussion is based on the normality assumption on stock returns, the ex-
tension to a heavy-tailed distribution seems possible (see [35]) but is nontrivial. A promising
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future work may consider jump-diffusion models. According to [1], a suitable choice of the
joint jump distribution and the Poisson arrival times decomposes the optimal EUM policy un-
der a jump-diffusion model into a Brownian component and its orthogonal component. The
Brownian component is exactly the same as the Merton solution considered in this paper.
Hence, the LPO approach can be straightforwardly applied to the Brownian component. The
orthogonal component is, however, a low-dimensional solution that has less concern in esti-
mation error. Future research can investigate the degeneracy issue and the oracle property of
the LPO framework applied to the jump-diffusion models in [1].

Appendix A. Extension to robust portfolio optimization. A popular topic in portfolio
theory is robust portfolio optimization, which takes model uncertainty into account; see [21,
34]. One simple formulation is to consider alternative measures equivalent to the original P:
Q = {Q: Q ~ P}. By Girsanov’s theorem, for each Q € Q, there is a stochastic process p®(t),
which can be regarded as the model misspecification factors, so that

), —vo=eo (] - 3 [ s ).

The value function is then modified with a penalty function for choosing an alternative
measure:

g 1 [T P(s)
V(t,z) = sup inf EX |U(X(T)) + = ds| X(t) = x|,
ueg%((),T;Rp)QGQ §Sr o(s)
where ¢ is a measure of ambiguity aversion, P(t) := ©®(t)/¢®(t)/2 measures the relative

entropy between P and , and ¢(t) is a preference parameter related to the ambiguity aversion,
which is suggested by [34] to take the form
1 Ve (t, )

o2 = vt - Vet 2

Then the optimal controls are given by

() =~ 70'= 18, ' lte) =

R(t,x)

-1
er1> P

and R(t,z) is now driven by

©p
Ry + 2+ 1)
The LPO approach can therefore be applied to the robust optimal portfolios, and its oracle
properties can be obtained without much extra effort.

Once we solve for the risk-tolerance function R(t,z) and estimate ¥ '3 with the LPO
approach, the estimated robust optimal portfolios are ready for implementation. In addition
to log, power, and exponential utilities, the mixture of power utilities can be considered: see
[9, 22, 34]. The guidelines for using the LPO approach are clear and simple, so it is widely
applicable.

R?’Ryy +r2R, — TR =0, R(T,z)=-U'(z)/U"(z).
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Table 4
Mean (standard deviation) of the terminal values of the power utility over a year (25 investments) with the
one-year rolling estimation window.

Year 2006 2007 2008 2009 2010
EW -0.99 -1.00 -1.02 -0.98 -0.99
(0.02) (0.02) (0.05) (0.06) (0.04)
LPO -1.01 -0.98 -1.60 -1.00 -0.99
(0.11) (0.22) (3.03) (0.01) (0.12)
PI -137.05 [20] -2.27 [22] -0.83 [23] -3.56 [22] -5.40 [1§]
(302.33) (3.51) (1.16) (4.03) (9.07)
AdpLPO -1.09 1041 772 (1] -0.98 111
(0.69) (0.91) (31.29) (0.09) (0.53)
LPO-EW -0.87 -0.88 -0.97 -1.00 -0.99
(0.19) (0.18) (0.09) (0.06) (0.03)
EWE -0.99 -0.99 -1.02 -0.98 -0.99
(0.02) (0.02) (0.05) (0.06) (0.04)
Year 2011 2012 2013 2014 TO
EW -1.00 -0.99 -0.99 -0.99 0.011
(0.04) (0.02) (0.02) (0.02) (0.005)
LPO -1.05 -1.01 -1.03 -1.01 0.18
(0.30) (0.08) (0.20) (0.18) (0.59)
PI NA [25]  -0.35 [23] -1.88 [21] NA [25] 4.65¢4
(NA) (0.41) (3.17) (NA) (4.15e5)
AdpLPO | -1.06 [1] -1.37 -1.20 -1.69 3.48
(0.39) (1.00) (0.53) (2.04) (14.01)
LPO-EW -1.01 -0.99 -1.00 -1.00 0.005
(0.05) (0.02) (0.02) (0.03) (0.006)
EWE -1.00 -0.99 -0.99 -0.99 0.011
(0.04) (0.03) (0.02) (0.02) (0.005)

Appendix B. Supplementary empirical study. Table 4 shows the empirical results using
the one-year rolling windows for estimation. In this case, the norm-constrained portfolios are
unavailable.

The results for the plug-in portfolios can be ignored because they always lead to bankruptcy.
It can be seen that the LPO and EWE portfolios are comparable to the EW portfolio. The
LPO-EW portfolio performs slightly better than the EW portfolio, demonstrating that the
assets selected by the LPO approach are favorable. The AdpLPO portfolio also improves
compared to the plug-in portfolio, but it still has a relatively large variance of the utility
compared to others.

The EW portfolio is very robust to economic situations. Hence, it is consistent with
the conclusion in [35] that the LPO-EW portfolio empirically performs well, as selecting the
key assets using the LPO approach and applying the EW portfolio to them can avoid the
effects of estimation errors. During the financial crisis of 2007-2008 and the Greek debt
crisis of 2011-2012, the data-driven portfolios can be seen to have performed poorly, as there
are obviously structural breaks in those periods. The LPO portfolios in 2009 invest less in
risky assets because the CV procedure uses the past one-year (2008) data, which suggests
no risky investment. Notice that all data-driven portfolios have the same problem, in that
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the historical data may not be able to reflect the future movement of the market. A shorter
period of training data would give more stationary information but lead to large estimation
errors. This is a reasonable trade-off.

As for the portfolio turnovers, it can be seen that the volatile plug-in portfolio has very
large TO. The LPO-EW, EWE, and EW portfolios have minimal T'Os, while the T'Os of the
LPO and AdpLPO portfolio are moderate, as they suffer from estimation errors.
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