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ABSTRACT 

The International panel on climate change (IPCC) reported that the impact of climate 

change is considered as one of the major reasons for the increase in the extreme flood 

events especially the intense precipitation. The intense flood in a short period of time 

can cause damage to the properties and affect daily life of human. Singapore has 

witnessed the increased flood events which occurred in a short period of time in the 

recent past and the documental increasing trend in the rainfall amount is in agreement 

with the IPCC report. Thus, the strategies to assist future adaption planning and risk 

mitigation during extreme flood events need to be developed based on the predicted 

future climate conditions. Fine spatial and temporal resolutions in climate data are  

needed to simulate the change in future flood events and to study the climate change 

impact on hydrology. The downscaling model combined with the temporal 

disaggregation can generate high spatial and temporal resolution of future climate data. 

The Statistical Downscaling Model (SDM) is the bridging model which is used to 

downscale the output from the General Circulation Model (GCM) for increasing the 

spatial resolution of future climate scenarios. The temporal disaggregation model 

increases the temporal scale, for example, from daily to hourly or minute scale. The 

information on the expected future change in the precipitation is needed to make 

efficient decisions. However, the predictions obtained from numerical c limate model 

have uncertainties due to the generalized representation of the complex climate system. 

The sources of uncertainty include natural variability, uncertainties in the climate 

model(s), the downscaling model, the disaggregation model and the model inadequacy.  

This research focuses on quantifying the uncertainty in the downscaled and 

disaggregated future climate variables by adopting a full Bayesian updating model 

framework for the statistical downscaling and the data-driven hydrological models. 

Bayesian updating framework provides a principled probabilistic way to quantify 

uncertainty in the model calibration and prediction. This research investigation has 

been carried out in two levels. The first goal was to develop a combined stochastic 



 

xii 

 

statistical downscaling and disaggregation model coupled with uncertainty 

quantification tool that captures both aleatory and epistemic uncertainties in 

downscaled climate variables from large scale climate model data. The second goal 

was to develop a stochastic process based data-driven hydrological model, integrated 

with the uncertainty quantification tool to simulate the river flow using the downscaled 

and disaggregated climate variables as inputs.  

Initially, a single site statistical downscaling model has been considered where a 

stochastic process-based SDM is proposed to couple the uncertainty quantification tool 

with model calibration and model prediction. The classical SDM has three steps such as 

1) precipitation occurrence determination 2) precipitation amount estimation and 3) 

residual fitting. The contemporary regression based SDM assumes different distribution 

for precipitation amount estimation and residual fitting. Two new SDM approaches was 

developed for single site downscaling in this research. The first approach was named 

K-nearest neighbor-Bayesian Uncertainty Quantification for Statistical Downscaling 

Model (KNN-BUQSDM). In KNN-BUQSDM, KNN was used to determine the 

precipitation occurrence and to classify the wet days into different rainfall types based 

on the rainfall magnitude. For each rainfall type, the rainfall amount was estimated 

using a Gaussian Processes (GP) model. The GP model is based on stochastic error 

coupling method wherein the dependency between the residuals were used for 

prediction. The stochastic SDM couples the amount estimation model and the residual 

fitting under same distribution assumption using a Bayesian framework (in this thesis 

Gaussian distribution). The GP model enables to simulate the posterior predictive 

distribution for precipitation amount. The study results demonstrated that the 

classifying rainfall into several types and coupling the precipitation amount estimation 

and residual fitting was helpful to capture the characteristics of precipitation in 

downscaling.  

The second approach proposed for SDM was named Single site Gaussian Process-

Statistical Downscaling Model (SGP-SDM), a methodology to quantify the uncertainty 

in the precipitation occurrence model as well as the precipitation amount estimation 
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model. In SGP-SDM, GP was used for both precipitation occurrence determination and 

amount estimation. SGP-SDM gives the posterior predictive distribution for both the 

precipitation occurrence and the precipitation amount. The rainfall was not classified 

into several types; however, the results were comparable to KNN-BUQSDM without 

classifying rainfall into different types. The local characteristics of the rainfall was also 

captured well by SGP-SDM.  

The extension of the single site SDM to multi-site SDM has been considered as the 

next step to downscale the climate variable observations at multiple sites 

simultaneously. The proposed multisite downscaling model was named MGP-SDM. 

The spatial correlation between the sites and the uncertainty quantification tool was 

coupled with the model calibration and prediction using Bayesian framework in MGP-

SDM. The posterior predictive distribution of the climate variables at multiple sites can 

be estimated using MGP-SDM simultaneously. KNN disaggregation model was then 

integrated with MGP-SDM to simulate hourly precipitation at multiple sites in 

Singapore. The proposed combined multi-site downscaling and disaggregation model 

was used to project hourly precipitation under future climate conditions. From the 

literature study, it is learnt that the data-driven hydrological models are widely used to 

simulate the river flow based on the data rather than using the physical relationship 

between the variables for river flow prediction. A GP data-driven hydrological model 

named BUQ-SDDHM (Bayesian Uncertainty Quantification for Stochastic Data Driven 

Hydrological Model) is the one proposed in this research for the simulation of the river 

flow using the downscaled and disaggregated climate data. This method couples the 

uncertainty quantification tool with model calibration and prediction of streamflow. 

The posterior predictive distribution of the streamflow can be obtained from BUQ-

SDDHM. In the last step, MGP-SDM and BUQ-SDDHM was integrated with the KNN 

disaggregation model to simulate high resolution streamflow under future climate 

conditions. The proposed method for climate change impact studies on hydrology 

makes use of the full Bayesian framework to propagate the uncertainty in projecting 

flood frequencies in future using GCM data.   
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vectors)  

af    Gaussian process posterior of precipitation amount model 

( )c c cf X or f   precipitation occurrence determination model function (or 

vectors) 
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cf 
  posterior mean of the precipitation occurrence model 

DF  Dunn’s index 

DBF  Davies-Bouldin index 

SF  sillouette index 

I   the identity matrix of size n   

( , )a a a cK X X or K or K   n n  Gaussian process covariance matrix without noise 

mK  number of K-means clusters in clustering problem 

yK   n n  Gaussian process covariance matrix with noise 

mc mcy x

mc mcK or K   multi-site between-site (or within-site) covariance matrix 

for precipitation occurrence determination 

a cL or L  single site covariance function lengthscale/correlation 

length matrix (diagonal positive symmetric matrix) 

precipitation amount (or precipitation occurrence) model 

* *

ad cdl or l   single site optimal correlation length value of covariance 

function precipitation amount (or precipitation occurrence) 

model 

a cm ml or l  multi-site covariance function lengthscale precipitation 

amount (or precipitation occurrence) model 

( )am X  Gaussian process mean function 

am  dimension of predictors for precipitation amount 

estimation 

cm   dimension of predictors for precipitation occurrence 

determination 

cgjm   cluster centroids 

( )a aor x μ   Gaussian process mean function (or vectors) for the 

calibration period 

( )a aor  x μ   Gaussian process posterior mean function (or vectors) for 

the prediction period 
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n  number of historical data for calibration 

π( ) πc orx   the sigmoid of the latent value, π( ) ( ( ))c c cfx x , π( )cx is 

stochastic as ( )c cf x is stochastic 

*c  Gaussian process precipitation occurrence prediction 

2 2

fa f cor    signal variance of the covariance function 

2* 2*

fa fcor    optimal signal variance of the covariance function  

j   average distance of data in each clusters to its center cgjm  

2*

na   optimal signal noise values of covariance function  

s   number of downscaling sites 

ma   multi-site block (between-site and within-site) covariance 

matrix for precipitation amount estimation 

dryTP  total number of dry days 

wetTP  total number of wet days 

a corθ θ  vector of hyperparameters of precipitation amount model 

(or precipitation occurrence model) 

*

a cor
θ θ   vector of optimal hyperparameters of precipitation amount 

model (or precipitation occurrence model) 

a maX or X  single site (or multi-site) predictors for precipitation  

amount model calibration 

c mcX orX   single site (or multi-site) predictors for precipitation 

occurrence model calibration 

* *a corx x   future predictors for precipitation amount model (or 

precipitation occurrence model) 

a maory y   single site (or multi-site) precipitation amounts 

c mcory y   single site (or multi-site) precipitation occurrences 
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CHAPTER 1 INTRODUCTION 

Climate change is considered as one of the causes for the increase in d uration and 

intensity of rainfall which in turn causes intense flood events. The fourth assessment 

report on Inter-governmental Panel on Climate Change states that one of the reasons 

for increasing trend of intense rainfall is due to climate change (Pachauri, 2004). 

However, the response of each region to climate change signal varies (Mujumdar and 

Nagesh Kumar, 2012); the increase in the rainfall amount affects the drainage system in 

an urban area like Singapore the most. The expert panel on drainage design and flood 

protection measures of Singapore showed that the trends for rainfall intensities and 

frequency of intensive rainfall have been increasing for the last 30 years (MEWR, 

2012). The complex urban drainage systems are built in the metropolitan cities like 

Singapore to convey urban runoff to protect the city from flood inundation. The city 

becomes vulnerable to flood events when there is excess amount of rainfall than the 

designed capacity of the drainage system (Willems, 2012). The increased amount of 

intense rainfall in the short period of time causes the failure of drainage system to hold 

huge amount of rain water leading to urban inundation which Singapore has been 

experiencing for the past few years. There is an increasing need to assess the impact of 

climate change on hydrology using reliable and accurate fine resolution prediction of 

the change in the future rainfall events for effective mitigation and decision making for 

incorporating new drainage system design in an urban area. 

The climate change impact on hydrology is commonly assessed by integrating the 

emission scenarios from the GCM with the hydrological models to simulate the 

corresponding hydrologic projections. The issue of scale mismatch occurs since the 

spatial and temporal resolution of GCM is designed to operate at a lower resolution 

than the higher resolution required by the hydrological models (Wilby and Wigley, 

1997). The spatial and temporal resolution of the simulated future climate scenario 

from GCM is too coarse (large scale climate variables) that it does not match the 

characteristics of local variables like precipitation for a smaller area. This is because 
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the change in large scale variables happens smoothly; hence large scale variable does 

not account for changes at the local scale (Benestad et al., 2008). This issue is generally 

addressed by combining spatial downscaling model and temporal disaggregation model 

to increase the spatial resolution and the temporal resolution required by the 

hydrological models that simulate hydrological projections (Mezghani and Hingray, 

2009). The assessment of climate change impact on hydrology comprises of huge 

amount of uncertainty due to the choice of GCMs and emission scenarios, downscaling 

models, disaggregation models, hydrological models and the historical data used for 

model calibration (Foley, 2010). The climate system is a complex physical process due 

to the interaction circulation of the atmospheric, ocean, ice and land surface 

components. GCMs represent the dynamics of the climate system using mathematical 

equations and are represented numerically through the computer program (Graham et  

al., 2011). GCMs have been used for simulating future climate scenarios to project 

future climate change and its impact on hydrologic cycle, health and economy (Randall, 

2000). The GCMs which are used for future climate scenarios always consist of 

uncertainties due to incomplete knowledge about the climate system and imperfect 

generalization of the climate by using parameterizations in the model (Woldemeskel et  

al., 2014). The uncertainties are also introduced due to downscaling, disaggregation 

and hydrological model structure and parameters (Dobler et al., 2012; Refsgaard et al., 

2013; Clark et al., 2016). In climate change studies, the uncertainty is cascaded from 

GCM to hydrologic projections as shown in Figure 1-1 (Graham et al., 2007; Oyebode 

et al., 2014).  

As the transfer of climate projections to stream flow simulation is a nonlinear process, 

it is difficult to obtain similar results when different combinations of models are used 

(Chen et al., 2011). Prudhomme and Davies (2009) investigated three main sources of 

uncertainty in river flow projections. Three GCMs (HadCM3, CCGCM2 and CSIRO-

mk2) and two downscaling models (Statistical Downscaling Model (SDSM) and 

dynamic downscaling model, HadRM3) were considered for the analyses. Their study 

results concluded that the GCM is the largest contributor of uncertainty in impact 
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studies compared to statistical downscaling and is greater than the uncertainty from the 

hydrological models. However, the results could not conclude the best performing 

GCM or downscaling model for impact studies. In another study by Prudhomme and 

Davies (2009), the uncertainty due to Green House Gases (GHG) emission scenarios, 

GCM, downscaling model and hydrological model were studied and it is concluded 

that the GCM is the greatest source of uncertainty, the uncertainty from downscaling 

techniques and emission scenarios are of similar magnitude and is smaller than GCM; 

the uncertainty due to hydrological modelling is small. Similar results were also seen in 

the studies by Wilby and Harris (2006) and Kay et al. (2009). The uncertainty from 

GCMs and emission scenarios were investigated in several studies and these studies 

also concluded that the GCM is the major contributor of uncertainty, for example 

(Jenkins and Lowe, 2003; Rowell, 2006). It is recommended in all the studies to use 

multiple GCMs and emission scenarios to quantify the uncertainty in the prediction. 

From the literature studies on assessing the main sources of uncertainty, it is found that 

GCM is the main source of uncertainty (Hawkins and Sutton, 2009), statistical 

downscaling model is the second largest contributor of uncertainty while the 

uncertainty due to hydrological model and its parameters is less significant (Chen et al., 

2011). 

 

Figure 1-1 Cascade of uncertainty in assessment of climate change impacts on hydrology 
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Several downscaling techniques have been proposed in the literature to increase the 

spatial resolution of the GCM scenarios for climate change impact study on hydrology. 

The two types of downscaling techniques are Dynamical Downscaling Model (DDM) 

and Statistical Downscaling Model (SDM). The detailed explanation about the 

downscaling methods can be found in the literature review by Fowler et al. (2007) and 

Maraun et al. (2010). Dynamic downscaling involves nesting regional meteorological 

models into GCM to simulate local variables. As the time slice for DDMs is only 30 

years, it is difficult to do future climate change impact studies as it becomes 

computationally intensive to get output for a longer period. Thus, the projection of 

climate using RCM is computationally intensive which makes it less preferable 

compared to statistical downscaling methods. SDMs use the statistical relationship 

between the large scale predictors and local weather variables to simulate climate 

variables at a station (point) scale (Wilby and Wigley, 1997). The choice of GCM for 

statistical downscaling contributes to the uncertainty in the downscaled variable 

prediction. It is important to acquire adequate knowledge of advantages and 

disadvantages about the applicability of GCM to the corresponding study area to 

facilitate the reduction of uncertainty from GCM (Oyebode et al., 2014). However, the 

assumptions in statistical downscaling are considered as a major cause for uncertainty 

in the downscaled variables; the assumption of stationarity relationship between the 

current and future climatic conditions may not hold true in the future. There are 

numerous studies on assessing inherent uncertainty in the statistical downscaling 

approaches which have been conducted by comparing the downscaling approaches. In 

STARDEX project, the uncertainty from SDM has been analyzed. Twenty two 

statistical downscaling techniques to downscale temperature and precipitation have 

been assessed using ten indices.  It was suggested that a range of downscaling models 

should be used for accurate projections of future scenarios as there is no best 

downscaling model exists (Goodess et al., 2007). Wilby et al. (1998) compared 

Weather Generators (WGEN) and Artificial Neural Network (ANN) in downscaling 

precipitation. The results indicated that the ANN showed poor simulation of wet-day 

occurrences compared to WGEN. Khan et al. (2006) compared SDSM, Long Ashton 
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Research Station Weather Generator (LARS-WG) model and ANN. The results 

showed that the SDSM reproduced the observed statistics with 95% confidence 

intervals compared to ANN and LARS-WG. Two SDMs which were used to 

downscale daily precipitation and temperature and monthly precipitation were 

compared by Schoof and Pryor (2001). It was found out that the regression and ANN 

models yielded similar results. It was also shown that the accuracy of temperature 

downscaling was better than the precipitation downscaling. The detailed review of all 

the uncertainty analyses on the downscaling model can be found in Fowler et al. (2007), 

Maraun et al. (2010) and Quintana Seguí et al. (2010). The choice of model structure 

for the statistical downscaling will impact the amount of uncertainty in the streamflow 

predictions using hydrological models (Oyebode et al., 2014). The assessment of 

uncertainty due to choice of downscaling model in streamflow predictions was studied 

in a number of research works; those works comprise of comparison of several 

downscaling models combined with the hydrological model in simulation of the 

streamflow. Tisseuil et al. (2010) conducted a study to select a suitable downscaling 

technique for predicting river flow by linking the downscaling model to the river flows. 

They compared Generalized Linear Model (GLM), Generalized Additive Model 

(GAM), aggregated boosted trees (ABT) and ANN. The results indicated that the 

nonlinear models such as GAM, ABT, and ANN perform better compared to the linear 

models. Wilby and Harris (2006) suggested probabilistic framework to combine 

ensembles from different models such as four GCMs, two emission scenarios, two 

SDMs, two hydrological models and hydrological parameters for assessing uncertainty 

in climate change impact studies. Each GCMs and hydrological models were assigned 

weights based on the reliability in the predicted results while the emission scenarios 

and the downscaling models were not weighted. It was observed that the GCM and the 

downscaling model contribute more uncertainty compared to hydrological models and 

emission scenarios. Similar results have also been found in other research studies 

(Khan et al., 2006; Maraun et al., 2010; Ghosh and Katkar, 2012). Even with the 

availability of several approaches, the comparison results are inconclusive in choosing 

the best approaches. One of the reasons is that all the classical downscaling approaches 
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have similar assumptions in model structure formulation. The basic flaw in the 

assumptions are 1) there is no consistency between the distribution assumption since 

Gaussian distribution is assumed for model parameter estimation and an extreme value 

distribution for residual fitting 2) the model calibration and the residual parameter 

estimation are implemented separately and 3) the residuals are assumed to be 

independent in model formulation. Modification of these assumptions is necessary to 

improve the confidence in the predictions. The residual can be coupled with the model 

calibration and prediction and residual calibration simultaneously using probabilistic 

approach (Beck and Cheung, 2009). Probabilistic approach has been explored in the 

literature to reduce uncertainty due to statistical downscaling model assumptions  

(Ghosh and Mujumdar, 2008). Further research is needed to find out the applicability 

of probabilistic approach in quantifying uncertainty in SDM. 

The complex and non- linear processes related to climate conditions and water 

resources are explained using hydrological models. The downscaled meteorological 

variables are given as inputs in hydrological models to simulate the required 

hydrological outputs. The hydrological models can be classified based on the model 

function, its objective and their structure (Fung et al., 2011). They are physics based 

models (PBM), conceptual models, process based models (PRBM) and data-driven 

models (DDM). As it is impossible to prevent floods owing to several natural complex 

factors, it is critical to develop a model that is able to predict the hazardous flood 

events with high accuracy. In order to manage flood, the flow prediction is being used 

to assess the duration of flood and spatial extent. The primary area of research in the 

field of hydroinformatics is flood management and forecasting (Abbott, 1991; Price, 

2000; Solomatine and Ostfeld, 2008). In hydrological modelling, the availability of 

large amount of data through information and communication technologies, the number 

of measurement for climate variables opened up new modelling techniques. Data-

driven hydrological modelling is an active area of research. With respect to the data 

driven hydrological models, there are many speculations on their ability to represent 

the flood flows accurately compared to physics based hydrological models (Abrahart 
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and See, 2000; Solomatine and Ostfeld, 2008). The recent advancement in DDM has 

proved that the prediction can be obtained accurately by considering the data driven 

approaches as the alternate models of the physics based hydrological models (Kamp 

and Savenije, 2007). The uncertainty in the streamflow prediction arises from the 

model and the sample size used for training the model (Shrestha and Solomatine, 2008). 

There are two factors that cause model uncertainty. They are 1) the cho ice of model 

used for prediction to capture the sufficient details (Booij, 2005) and 2) model order. 

The uncertainty due to model order in case of ANN can be reduced by using the 

appropriate architecture for the networks (hidden layers and hidden nodes) and careful 

model calibration and validation. The suitability of data-driven hydrological model is 

generally analyzed by utilizing the study results from the application of different 

models in the research works (Bergström et al., 2001). There needs further exploration 

of suitability of advanced data-driven stochastic process models for the river flow 

simulation and climate change impact assessment. 

While there are several studies on uncertainty analysis for statistical downscaling 

models, there are limited studies on uncertainty assessment for integrated statistical 

downscaling, disaggregation and hydrological models for climate change impact 

studies on hydrology. It is critical to provide accurate degree of confidence of the 

predictions obtained from the climate model for efficient mitigation and policy making 

with respect to climate change impact. It is an essential task to develop a combined 

downscaling and disaggregation model coupled with uncertainty quantification 

framework for studying the impact of climate change on hydrology for a smaller urban 

region like Singapore as the climate change impact studies on urban drainage systems 

are limited.  The term ‘coupled’ herein refers to the process of calibrating the model, 

residuals and prediction simultaneously in contrast to the classical methods where these 

steps are implemented separately. In this research study, a full Bayesian updating 

framework developed by Cheung et al. (2011) is proposed to tackle the above 

mentioned problems in cascade of uncertainty in climate change impact studies to 

generate reliable predictions with a more realistic representation of uncertainty. 
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1.1 Bayesian inference framework 

Probabilistic representation of the real world system using Bayesian framework is 

considered as an effective and rational methodology to represent the uncertainty and 

variability in the model calibration and prediction (Beck and Katafygiotis, 1991; Beck 

and Katafygiotis, 1998; Cheung and Beck, 2009). Bayesian framework provides a 

technique to update the model in consideration whenever new knowledge about the 

system is obtained. The objective of Bayesian model updating is to provide accurate 

predictions along with the quantitative estimation of the accuracy of the prediction by 

reducing the discrepancies between the observed and model output. These 

discrepancies are caused by different sources of uncertainties in the model referred as 

model uncertainties.  In the advanced research works on uncertainty quantification in 

the field of structural dynamics (Cheung and Beck, 2009; Cheung et al., 2011) and 

Geostatistics (Isaaks and Srivastava, 1989), Bayesian updating methods have been 

implemented successfully to get accurate and robust predictions along with error bars  

(Beck and Katafygiotis, 1998; Cheung and Beck, 2009). Bayesian approach allows to 

quantify all types of uncertainty such as epistemic and aleatory in the mathematical 

models within a single framework (Cheung, 2007; Cheung and Beck, 2007; Cheung 

and Beck, 2007; Cheung and Beck, 2008; Cheung and Beck, 2008; Cheung and Beck, 

2009; Cheung and Beck, 2009; Cheung and Beck, 2010). The stochastic system 

analysis is considered to be an important step to take into account all the essential types 

of uncertainties in the model formulation for accurate and reliable prediction by 

coupling the residual fitting and model parameter calibration.  

Bayesian framework provides a robust mechanism for model calibration which also 

accounts for uncertainty quantification of the parameter estimation and modelling 

errors (Beck and Cheung, 2009). The prior assumption about the parameters and model 

function is updated by the likelihood function using Bayes’ theorem to obtain the 

posterior probability distribution for the parameters for the given data. Posterior 

probability of the parameters is used to compute the posterior predictive distribution of 

the predictand instead of point estimate for parameters. This posterior probability 
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distribution can be propagated to obtain the updated uncertainty in the model 

predictions (Cheung and Beck, 2008). The predictive probability distribution can be 

used to simulate the ensembles of the predictions to compute the confidence interval  

(Beck and Katafygiotis, 1991). 

 1( | ) ( |, , ) ( | )p D M c p D M p Mθ θ θ  (1.1) 

where θ  is the model parameter, D is the data, M  is the model class, ( ),|p D Mθ  is the 

likelihood to represent the conditional probability of the data given the parameters, the 

prior pdf ( | )p Mθ , ( | ) ( | , ) ( | )c p D M p D M p M d   θ θ θ  is the normalizing constant and 

( | )p D M  is the evidence of the model class M . The posterior pdf ,( | )p D Mθ  is 

proportional to the product of prior pdf and the likelihood function. The initial 

plausibility of the model defined by the parameters is represented by the prior pdf, the 

residual of the model class in consideration is incorporated in the likelihood function 

and the posterior pdf is the updated plausibility of the model class using the 

information from the data D .  

In a lot of cases, the posterior distribution cannot be obtained analytically. Laplace 

asymptotic approximation method (Beck and Katafygiotis, 1998) is used to solve multi-

dimensional integrals numerically. When the availability of the data is less or model 

class is unidentifiable, stochastic simulation of samples from the posterior PDF can be 

used to solve the multi-dimensional integrals. The state of the art Markov chain Monte 

Carlo (MCMC) sampling methods (Cheung and Beck, 2010) can be used for stochastic 

sample simulation to significantly reduce the computation time in evaluating likelihood 

function. Statistical averaging of Markov chain samples is used to estimate the integral. 

The Bayesian analysis also helps in the selection of the plausible model that best 

represents the system. The evidence of the model is used for selecting the best 

performing model thus enabling to consider model uncertainty in choosing the model. 

Bayesian model class averaging can then be used to combine all the models together to 

make combined prediction (Cheung and Beck, 2010).  



 

10 

 

The posterior predictive probability distribution for the test/future data 
fX  is given by 

the total theorem of probability (Cheung and Beck, 2010). 

 ( | , ) ( | , , ) ( | , )f fp X D M p X D M p D M d  θ θ θ  (1.2) 

The posterior probability ( | , )p D Mθ  from each model is used as weight for prediction 

( | , , )fp D MX θ for each model class. 

1.2 Objectives of the thesis 

1.2.1 Single site statistical downscaling model with coupled uncertainty 

quantification 

In the recent years, Gaussian Processes (GPs) have become important for machine 

learning. This methodology is also referred to Kriging in Geostatistics. GP is a non-

parametric Bayesian technique which has been applied for spatial stochastic process 

modelling, robotics and control problems (Rasmussen and Williams, 2006). In those 

fields, the improved accuracy in the prediction has been shown by considering the 

dependencies between the residuals. GP offers flexibility to propagate uncertainty in 

the input variables to the output variables along with the error bars for the prediction of 

the future data. GP has the ability to calibrate model function parameters and error 

parameters simultaneously to propagate uncertainty.  

The first objective of this thesis to develop a stochastic error coupling based rainfall 

occurrence and rainfall amount model to estimate the uncertainty in the binary 

classification model and the downscaling model. In this model, the dependence 

between the residuals will be taken into account by the model with an assumption that 

the residuals are stochastic processes following Gaussian distribution. The idea is to 

consider the uncertainties in the model function, parameters, and residuals and to treat 

them simultaneously within a single framework. This will be achieved by coupling 

model parameter calibration and residual parameter calibration in a Bayesian 
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framework and fitting the data with the same distribution assumption that is, Gaussian 

distribution. The model will be developed by using the state-of-the-art Bayesian 

updating approach to quantify uncertainty (Cheung et al., 2011; Cheung and Bansal, 

2013). This approach will be useful in the characterization of uncertainty in the 

structure of the models and in the projections of future climate.  

1.2.2 Integrated multi-site statistical downscaling and disaggregation models with 

uncertainty quantification tool 

The simulation of rainfall at a single site is not sufficient as the fine resolution spatial 

and temporal meteorological variables at multiple sites are needed for hydrological 

simulations. Single site GP model for downscaling can be extended to multi-site GP 

model for downscaling using multi-output GP. Multi-output GP is also referred as 

dependent GP or Co-kriging in other fields. In robotics and control problems, it is 

proved that by considering the dependencies between multiple outputs the prediction 

accuracy have been improved (Rasmussen and Williams, 2006). In addition, the 

timescale of the downscaled model output such as daily precipitation is not sufficient to 

be used as inputs in hydrological model. The downscaled precipitation also needs to be 

disaggregated to generate hourly or minute by minute rainfall.  

The second objective is to downscale the meteorological variables at multiple sites by 

using multi-output GP. The multi-output GP will automatically capture the spatial 

dependencies between the sites; this eliminates the need to implement the downscaling 

model and the spatial dependencies separately. GP for multi-site downscaling also 

encapsulates the advantages of GP in single site downscaling models mentioned above. 

The third objective is to integrate the multi-site statistical downscaling model with the 

K-nearest neighbor (KNN) disaggregation model to increase the temporal resolution of 

the downscaled results to hourly scale at multiple sites simultaneously.  
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1.2.3 Hydrologic impact studies using integrated downscaling model, disaggregation 

model and data driven hydrologic models 

Empirical models or DDM predict output based on the input data characterizing the 

system such as meteorological parameters rather than the physical process of the 

watershed (Solomatine et al., 2008). The examples are unit hydrograph method, 

regression methods and autoregressive integrated moving average (ARIMA). The 

ability of neural network to capture the nonlinear hydrological applications was 

explored and was successful (Bates and Campbell, 2001; Abrahart and See, 2007). 

There cannot be one model that can best suit the problem due to inadequacies and 

incomplete knowledge.  DDM is not widely accepted among the hydrologic and water 

resources researchers since physics that is the basis for hydrological model is not 

involved for implementing the model. The complex nature of the hydrological model 

errors makes it difficult to parameterize the real world system. This poses a challenge 

in estimating the uncertainty in hydrological models.   

The fourth objective is to develop a nonparametric technique for DDM along with 

uncertainty quantification tool. Over the past years, there has been advancement in 

stochastic model based on GP for uncertainty quantification coupled with prediction. 

The ability of GP to emulate the real world system has been explored in the field of 

climate models and has shown that the results are comparable to the physical models 

(Robin, 2012). The GP model will give point estimates along with the error bars; thus 

there is no need for separate uncertainty analysis methods after calibration and 

prediction of the models. Within this approach, the uncertainty is the model function 

and the model errors are coupled and calibrated simultaneously to predict the 

hydrological outputs such as stream flow. 

The fifth objective is to integrate the multisite statistical downscaling and hydrological 

model developed in this thesis with the disaggregation model to simulate high 

resolution meteorological variables for analyzing future flood events.  
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1.3 Outline of the thesis 

In this thesis, the focus is on developing uncertainty quantification tool for integrated 

statistical downscaling model, disaggregation model and empirical hydrological model 

which have huge uncertainties due to incomplete knowledge about the climate system 

and hydrological processes. New methods are developed to couple uncertainty 

quantification tool with statistical downscaling models and data-driven hydrological 

models. A novel methodology for rainfall occurrence determination and precipitation 

amount estimation (single site and multiple sites) in downscaling is also presented.  

Chapter 2 presents the stochastic error coupling to quantify model and parameter 

uncertainty simultaneously in single site downscaling approaches. This coupled 

stochastic error enables simulation of ensembles as model output instead of point 

estimates. The proposed methodology consists of a two-step classification approach 

where the KNN classification model is used to determine the wet days and the wet days 

are further classified into two classes based on the rainfall amount. Gaussian Process 

Regression (GPR) is then calibrated for each class of rainfall separately to predict 

rainfall amount for each class. The proposed approach is implemented for Singapore 

using Climate Forecast System Reanalysis (CFSR) dataset. The comparison results of 

the proposed approach with the existing models such as Automated Statistical 

Downscaling (ASD) and GLM are also presented.  

In Chapter 3, an approach combining Gaussian Process Classification (GPC) and GPR 

is proposed for rainfall occurrence determination and rainfall amount estimation for 

single site precipitation downscaling. This approach takes uncertainty from the 

classification of wet and dry days into account in downscaling precipitation. This 

approach is used to downscale precipitation from two sets of large scale predictors such 

as CFSR and the Second Generation Earth System Model (CanESM2) data. The 

prediction results from these two data are compared to analyze the uncertainty from 

large scale climate data and emission scenarios in simulating precipitation.  
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Chapter 4 proposes a multisite statistical downscaling model framework based on 

multi-output GPC and multi-output GPR to determine the wet days and the 

precipitation amount along with uncertainty quantification at all sites simultaneously. 

The proposed approach is used to downscale the precipitation at multiple sites in 

Singapore using HadCM3 A2 emission scenarios. The downscaling model is integrated 

with disaggregation model to simulate hourly precipitation at multiple sites. The future 

climate scenarios simulated from the downscaling and the disaggregation models are 

also presented. 

In Chapter 5, GP based DDM for uncertainty quantification is proposed. The 

meteorological variables such as minimum temperature and precipitation are simulated 

using the integrated multisite statistical downscaling methods proposed in Chapter 4 

and disaggregation (KNN) model; the proposed DDM is used to generate future river 

flow for a watershed in Quebec, Canada using disaggregated climate variables. The 

potential impact of climate change on hydrology especially extreme events such as 

flood using the simulated runoff magnitude from the data driven hydrological model is 

assessed. The DDM technique is similar to the GP used for single site downscaling as 

both are regression based downscaling models.   

Chapter 6 presents the conclusions to each chapter. This chapter also presents the future 

directions of this thesis work. 
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CHAPTER 2 KNN-BUQSDM - A Bayesian Updating 

Uncertainty Quantification Framework for Statistical 

Downscaling of Precipitation 

2.1 Abstract 

The content of this chapter is extracted from the submitted journal paper. An approach 

integrating KNN and GPR is developed to quantify uncertainty in regression based 

statistical downscaling model structure and its parameters and residuals within a single 

framework. The proposed method is named as K-nearest neighbor-Bayesian 

Uncertainty Quantification for Statistical Downscaling Model (KNN-BUQSDM). KNN 

is implemented to determine the occurrence of the precipitation. This step is followed 

by classification of rainfall into clusters based on the rainfall magnitude. Subsequently, 

the precipitation amount is determined for each cluster using GPR. GPR is a non-

parametric regression model (developed from Bayesian statistics) which captures 

model inadequacy and quantifies uncertainty in the model structure and the residuals 

simultaneously. In GPR, the modelling function is assumed to be a GP with a mean and 

a covariance function; the model errors are dependent (correlated) and they are treated 

as a stochastic process following Gaussian distribution.  

The uncertainty in the model and the residuals are determined by the prior distribution 

assumption over the functions rather than the model’s parameters. The prior over the 

functions is updated using the likelihood function to obtain the full posterior 

distribution of the function. The marginal likelihood of the model is the objective 

function. The gradient based optimization technique is used to optimize the objective 

function to find the optimal model function and residual parameters. The posterior 

predictive distribution of the function is obtained by integrating over the poster ior 

distribution of the function. Since the model follows multivariate Gaussian distribution, 

the posterior predictive distribution is also the joint distribution of the training and the 

prediction outputs. The significance of GPR over other methods for estimating 
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precipitation amount is the uncertainty quantification of the predictions in the form of 

confidence interval which is essential for climate change impact studies. This enables 

the model to simulate downscaled future precipitation ensembles directly to assess the 

reliability of the predictions for decision making. The precipitation is downscaled from 

the coarse resolution CFSR predictors for Singapore to assess the prediction ability of 

KNN-BUQSDM. The proposed statistical downscaling model is implemented for each 

month in order to capture the monthly variations. It is shown that KNN-BUQSDM 

provides better accuracy in the downscaled precipitation compared to ASD, GLM and 

KNN-BNN. The results show that the statistics such as mean, standard deviation, 

proportion of wet days, 90th percentile and maximum of the predicted ensembles from 

KNN-BUQSDM are closer to the observed monthly statistics for most of the months. 

There is also a significant reduction noticed in the monthly Mean Squared Error (MSE) 

when compared to existing downscaling techniques such as ASD, GLM and K-Nearest 

Neighbour-Bayesian Neural Network (KNN-BNN).  

2.2 Introduction 

One of the major impacts of climate change on hydrological cycle is that there is an 

increase in extreme rainfall in a short period of time (Madsen et al., 2009). The 

Intergovernmental Panel on Climate Change (IPCC) Assessment Report assessed the 

future climate scenarios using different GCM scenarios and concluded that there would 

be a high chance of continuation of increase in extreme rainfall in the future (Solomon 

et al., 2007). Such a huge amount of rainfall water causes flood events that exceed the 

designed drainage capacity which results in large social and economic damage and 

losses (Willems, 2012). The large scale climate predictors (e.g. GCM, Regional 

Climate Model (RCM) and reanalysis data such as National Centers for Environmental 

Prediction (NCEP) or CFSR are utilized in climate change analysis. However, the 

resolution of large scale predictors is so coarse that it cannot be used for planning and 

designing drainage system in an urban area. In an urban area like Singapore, large scale 

predictors which are reliable and have high resolution are required to analyze the 



 

17 

 

change in future precipitation amount. This in turn is critical for studying climate 

change impact on hydrology and decision making accordingly.  

The SDMs are a bridging models between the large scale climate predictors and local 

climate variables such as precipitation to increase the resolution of future precipitation 

predictions. This is needed for decision making and planning in case of extreme events 

(Wilby and Wigley, 1997). The knowledge about the physics that drive and link the 

large scale climate system and the local climate system is not known. This causes 

uncertainty in the downscaled predictions. The challenge in downscaling precipitation 

is that the reliability of future precipitation predictions cannot be verified. A 

comprehensive uncertainty quantification framework to handle such problems is 

needed. In particular, the uncertainty in the calibration of the model, residuals, 

validation of the model and predictions need to be treated simultaneously. In this 

chapter, the development of statistical downscaling technique based on Bayesian 

technique proposed by Cheung et al. (2011) to quantify uncertainty in SDM is 

considered. Due to the limitations in uncertainty quantification methodology and lack 

of availability of a specific uncertainty quantification framework for SDM formulation 

(as presented in Table 2-1), a novel method is proposed in this study to improve the 

confidence and accuracy of the predictions from SDM. The calibration of SDM is 

formulated as a Bayesian inference problem in which a posterior probability 

distribution for model parameters is computed by conditioning the future predictors on 

the historic predictors and predictand using the prior knowledge and the information 

from the observed data. This formulation helps to represent uncertainties arising from 

model inadequacy (or structural uncertainty which arises from the lack of knowledge 

about the underlying physics) by expressing the SDM as a joint probability distribution 

of the predictors and predictand. The ensembles of the downscaled predictions are 

computed by using the posterior predictive distribution of the parameters and the joint 

distribution of the model. The following section explains the issues in the existing 

regression based statistical downscaling techniques followed by the description of 

proposed Bayesian framework for statistical downscaling.  
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2.2.1 Review of regression based SDM 

The detailed review of downscaling methods and uncertainty quantification for 

hydrological applications can be found in Fowler et al. (2007) and Maraun et al. 

(2010). The readers can refer to Hessami et al. (2008) and Chandler and Wheater 

(2002) for detailed discussion about ASD and GLM respectively. The following section 

discusses about the important issues that need to be addressed in the model structure in 

the existing statistical downscaling models. 

Let the historic data for the precipitation occurrence determination model be,
cD of n

observations, {( , ) | 1,..., }c ci ciD y i n x where 
cx represents the GCM predictors with 

dimension
cm and 

cy is the binary classification output (wet/dry day). In vector form, 

the historic data can be represented as a matrix cX with dimension cm n  and the 

wet/dry day classification output vector is denoted as cy . The historic data aD for the 

precipitation amount estimation model of n observations is represented as

{( , ) | 1,..., }a ai aiD y i n x  where ax are the GCM predictors with dimension am and ay

represents the rainfall amount. In vector form, the predictor data can be represented as a 

matrix aX with dimension am n  and the wet/dry day classification output vector is 

denoted as ay . The regression model can be written as (2.1): 

 ( )a a af Xy  (2.1) 

where
af is modelling function which can be linear/non-linear which links the predictors 

and predictand. In traditional regression models, the function describes the mean of the 

predictand, which can be written as (2.2). 

 T( )a a af X X b  (2.2) 

where 
ab represents the coefficient of the regression model.  
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Table 2-1 Comparison of ASD, GLM and KNN-BUQSDM statistical downscaling model 

 ASD GLM KNN-BUQSDM 

Assumptions Linear relationship between 
the predictor and predictand 

Linear relationship between 
the predictor and predictand  

Linear or non-linear 
relationship between the 
predictors and predictand can 
be captured. 

Predictand is assumed to 

follow Gaussian distribution 

 

Predictand can be of any 

distribution (e.g., Gamma 
(continuous) or Bernoulli 
(discrete))  

Predictand is assumed to follow 

Gaussian distribution 

 

Residuals are assumed to 
follow Gaussian distribution. 
Errors are independent. 

Pearson residuals are 
obtained. Errors are 
independent. 

Residuals are assumed to 
follow GP. Errors are 
dependent.  

Least square fitting to 
estimate the model 

parameters 

 

Iterative reweighted least 
squares (IWLS)  to estimate 

the model parameters 

 

Bayesian inference to estimate 
model function parameters and 

residual parameters 
simultaneously 

Parametric model Parametric model 

 

Non-parametric model 

Precipitation occurrence and 
precipitation amount are 

computed using Linear 
regression. 

 

 

Precipitation occurrence is 
determined by assuming 

Bernoulli distribution to 
cy

and precipitation amount is 
estimated by assuming 

Gamma distribution to
cy . 

Precipitation amount is 
estimated by assuming 
Gamma distribution. 

Hybrid model of weather types 
and regression to reduce 

uncertainty. 

KNN (non-parametric) is used 
to determine the precipitation 
occurrence and classifying 

rainfall types.  

GPR is used to estimate the 
precipitation amount which is a 

predictive posterior 
distribution. 

Predictions are not 
probabilistic 

Predictions are not 
probabilistic 

 

 

Prior is assumed over the 
model function. Thus, the 
posterior distribution of the 
model function is obtained. The 

posterior predictive mean and 
variance are used to simulate 
the downscaled precipitation 

ensembles 

Ensemble simulations Errors are simulated by 

fitt ing the residual with an 
extreme value distribution 
(random part) and added to 

systematic part to get 
realisations 

Errors are simulated by 

fitt ing the residual with an 
extreme value distribution 
(random part) and added to 

systematic part to get 
realisations 

No need to implement separate 

error fitt ing as the output of the 
model is the predictive mean 
and predictive variance which 

can be used to simulate 
ensembles 
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Limitations Assumes different 
distribution for model 
parameter calibration and 

error simulation. 

Model parameter and Model 
errors are calibrated 

separately 

Model parameter and Model 
errors are calibrated with 
different distribution 

assumptions (that is, 
Gaussian for the former and 
Extreme Value distribution 
for the latter) 

Predictands must be 
independent 

Only linear model function 
can be used.  

Predictand need to be 
transformed to make the 
distribution to follow 

Gaussian distribution. 

Assumes different 
distribution for model 
parameter calibration and 

error simulation. 

Model parameter and Model 
errors are calibrated 

separately 

Model parameter and Model 
errors are calibrated with 
different distribution 

assumptions (that is, 
Gaussian for the former and 
Extreme Value distribution 
for the latter) 

Predictands and errors are 
independent 

Only linear function can be 
used 

 

 

 

The precipitation needs to be 
transformed before using for 
downscaling. This can be 

solved by assuming non-
Gaussian likelihood to compute 
posterior distribution for the 

systematic and random part. 
(see discussion section) 

In large scale computation, 
sparse approximation is needed 

to reduce the computation cost 
(Banerjee et al., 2012). 

 

The function in (2.1) is assumed to be deterministic (that is, it yields ‘point estimates’ 

to the output 
ay when the model function parameters are known). As the downscaled 

precipitation only using the function (2.1) cannot reproduce the variance and the 

extreme values, Karl et al. (1990) suggested ‘inflated regression method’ (to scale the 

variation). The inflated regression method could not represent the local variation 

completely leading to the development of additive randomized error approach by Zorita 

and Storch (1999). In this approach, the error is added to the modelling function as 

shown in (2.3): 

 ( )a a a a

aleatoryepistemic

f X y ε  (2.3) 

where 
aε  is the random error (that is, stochastic) or residual noise in the model and the 

error is assumed to follow zero mean and Gaussian noise 2~ (0, )a nN ε . In linear 

regression model for statistical downscaling, the functional form in (2.3) describes the 

linear relationship between the predictor and predictand. Multiple Linear Regression 
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(MLR) is an example for linear function which is being used in SDSM (Wilby et al., 

2002) and ASD model (Hessami et al., 2008). The example for non-linear regression 

function is ANN (McCulloch and Pitts, 1943) which was first proposed by Cavazos and 

Hewitson (2005) for downscaling and since then has been widely used for downscaling 

(Olsson et al., 2001).  

The function and the residual of SDM are calibrated separately to estimate the 

parameter values. At first, the precipitation is modelled in two steps 1) Precipitation 

occurrence determination (determining wet or dry days) and 2) precipitation amount 

estimation. After determining the future wet-days using a classification method, the 

downscaling model function is calibrated using the wet days of historical data to obtain 

the optimal parameter values of the function. The point estimates of the predictand for 

the wet days in future are then obtained using optimized parameters in the model 

function. In the downscaling model (2.3), the daily precipitation is assumed to follow 

Gaussian distribution. The problem with this assumption is that the precipitation at a 

smaller time scale such as monthly or daily does not follow Gaussian distribution. 

Anscombe transformation is suggested as one of the solutions to this issue (Yang et al., 

2005) to make the distribution of precipitation closer to the normal distribution. This 

transformation was applied in Multivariate Multiple Linear Regression (MMLR) for 

downscaling precipitation at multiple sites (Jeong et al., 2012). SDSM facilitates other 

transformations such as Fourth root, Natural log and Inverse normal (Wilby et al., 

2002). In ASD, fourth root transformation is used to make the precipitation closer to 

Gaussian (Hessami et al., 2008).  

GLM was proposed to model precipitation using Gamma distribution instead of 

assuming Gaussian distribution (Katz, 1977). GLM is generalized representation of the 

linear models (Dobson, 2001) and it has been implemented as statistical downscaling 

model in many research studies (Yang et al., 2005). Capturing the non-normal error 

distribution in the model is possible with the availability of GLM. The GLM can be 

modelled using the link function that relates the predictand and the predictors through 

appropriate distribution. The precipitation is modelled in two steps, determining the 



 

22 

 

precipitation occurrence using Bernoulli distribution with logit link and estimating the 

amount of precipitation using Gamma distribution with logarithmic link function 

(Chandler and Wheater, 2002). 

The ‘Residue Analysis’ is performed as a second step in SDM to simulate ensembles of 

random noise which is then added to the point estimates of the function ( )a af X obtained 

from regression to compensate for the discrepancies in the observed precipitation 

versus predicted precipitation; this step helps to simulate reasonable extreme values 

(Chandler and Wheater, 2002; Wilby et al., 2002; Hessami et al., 2008; Lu and Qin, 

2014). The residual obtained in the calibration stage is fitted by using an extreme value 

distribution for example, Generalized Extreme Value (GEV) distribution (Lu and Qin, 

2014) to estimate the parameters for the residuals fitting. This step can also be referred 

to Uncertainty Quantification (UQ) since the simulation of errors helps to obtain the 

confidence interval of the model predictions. The confidence interval also helps to 

evaluate the reliability of SDM predictions. 

There are mainly two drawbacks in the aforementioned regression based statistical 

downscaling models formulation. The covariance of the errors is expressed as (2.4): 
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 (2.4) 

In the equation (2.4), the off-diagonal terms of the error matrix are zero since the errors 

are assumed to be independent. However in real situations, the errors are not 

independent and this is referred as ‘serial correlation’ or ‘autocorrelation’. Chandler 

and Wheater (2002) proposed GLM in which the autocorrelation is modelled by 

including the covariates of the previous days’ within the model that determines the 

precipitation occurrence and estimates the precipitation amount. This makes the 

assumption of independently distributed errors (e.g., Pearson residuals) in GLM valid. 
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In the advanced statistical models developed in the machine learning (Williams, 1999; 

Rasmussen and Williams, 2006) and Geostatistics (Krige, 1951; Isaaks and Srivastava, 

1989) it has been proved that the regression model can be implemented by assuming 

correlated errors and also the accuracy of the results can be improved. When the errors 

are assumed to be dependent, the cross-covariance terms are represented in the off-

diagonal elements of the error matrix in equation (2.4). The dependent error assumption 

gives the flexibility to include the serial correlation implicitly in the model calibration 

as mentioned before. The cross-covariance terms are estimated by using a covariance 

function (e.g. squared exponential covariance function) in equation (2.21). The 

assumption and representation of errors in SDM need to be modified to quantify 

uncertainty by coupling the uncertainty quantification tool with the downscaling model 

function.  

The second issue is that the different distribution is assumed for function parameter 

estimation, ( )a af X (Gaussian distribution or Gamma distribution) and residual 

parameter estimation,
aε  (Generalized Extreme Value distribution) to simulate 

ensembles. The challenge with this assumption is that there is a need to calibrate twice 

to estimate the function parameters and the residual fitting parameters. The 

underestimation of extreme precipitation values predicted by the regression based SDM 

are compensated by adding the random errors simulated using GEV. There is also lack 

of consistency in the distribution assumption between the model function and the error 

function. The statistical downscaling model needs to be implemented with same 

distribution assumption for the model function as well as for the residual analysis (that 

is, ensemble simulation) (Beck and Katafygiotis, 1991; Beck and Katafygiotis, 1998; 

Rasmussen and Williams, 2006; Cheung et al., 2011) to improve the model 

performance. An efficient framework to treat the above mentioned issues in SDM 

requires methodology and ideas from other disciplines such as structural dynamics  

(Beck and Katafygiotis, 1991; Beck and Katafygiotis, 1998; Beck and Cheung, 2009) 

and machine learning (Rasmussen and Williams, 2006). The following section 

describes the sources of uncertainties in SDM and the Bayesian inference based SDM 
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framework that resolves the above mentioned issues along with uncertainty 

quantification. 

2.2.2 Sources of uncertainty in SDM 

The purpose of UQ is to develop a methodology to characterize and reduce the 

uncertainty and variability on the model output from the model input. UQ helps to 

determine the probability of the outcomes even with the less available information 

about the real world system that is being modelled. In the case of SDM, the uncertainty 

in the model structure and random noise in the data causes variations in the predictions. 

There are two types of uncertainties namely aleatory and epistemic uncertainties  

(Matthies, 2007; Kiureghian and Ditlevsen, 2009).  

Aleatory uncertainty is also called irreducible uncertainty or inherent uncertainty or in 

some instances as stochastic uncertainty and is due to natural variability and 

randomness. This type of uncertainty cannot be reduced. The noise in the data causes 

aleatory uncertainty which is described by
aε in (2.3) (Rasmussen and Williams, 2006; 

Hermkes et al., 2014). A residue analysis is used to simulate random noise as explained 

in the previous section. There are limited studies on reducing aleatory uncertainty in 

downscaling due to noise in the data as the similar error structure is assumed in all the 

regression based SDM.  

In order to reduce aleatory uncertainty and to improve the downscaling model 

performance for studying the impact of climate change on hydrology, Ghosh and 

Katkar (2012) proposed multiple downscaling methods and implemented for the 

climate data from North-east India. They classified monthly rainfall into three groups 

based on the magnitude (that is, low, medium and high) using Classification and 

Regression Tree method (CART) and compared the estimated the precipitation amount 

using three regression methods such as linear regression, ANN and Support Vector 

Machines (SVM). Their results showed that SVM predicted high magnitude rainfall 

better and ANN was better in predicting the low and medium monthly rainfall. Since 
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the applicability of multiple downscaling methods by Ghosh and Katkar (2012) was not 

explored for daily rainfall, Lu and Qin (2014) proposed KNN-BNN for multi-class 

downscaling to improve predictions and reduce uncertainty for da ily precipitation. In 

their work, they found out that the drawback of using residue fitting to compensate for 

model errors in regression-based statistical downscaling was that the extreme values 

were over- or under-estimated as the whole range of rainfall had been used for 

downscaling. This issue was resolved by classifying the rainfall into eight groups using 

KNN and the precipitation amount for each group of rainfall was estimated using BNN 

along with residue fitting. They also compared downscaling results using daily 

precipitation data for all the years and daily precipitation data for each month; the 

results showed that the downscaling model implemented for each month separately 

showed good performance. Their results also proved that multiclass downscaling using 

KNN-BNN approach reduced uncertainty and improved the extreme value prediction 

(Lu and Qin, 2014). However, their approach suffered from reduced sample size for 

some of the rainfall classes as the number of classes was high especially when 

implemented for daily precipitation for each month. Even though the classification of 

the rainfall types may improve the prediction results, the large number of classes in 

climate change impact study application is not desirable. An approach with reduced 

number of classes while being efficient in improving the predictions at the same time 

for statistical downscaling is needed.  

Epistemic uncertainty is also called systematic uncertainty and can be caused by 

inaccurate or incorrect measurements, model structure and parameters, generalization 

of the real world and lack of knowledge. This type of uncertainty can be reduced with 

the new knowledge about the system being modelled. The epistemic uncertainty arises 

from the functional form ( )a af X in (2.3) which is used to represent the relationship 

between the predictor and predictand. Since there are several types of the model 

function available, it is difficult to choose one function as the best for downscaling. 

There are many research studies on inter-comparison of the statistical downscaling 

models to analyze the uncertainty. Khan et al. (2006) compared SDSM, Long-Ashton 
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Research Station Weather Generator (LARS-WG) (Semenov et al., 2002) and ANN to 

analyze the uncertainty contributed by each model. SDSM reproduced the observed 

statistics well compared to LASRS-WG and ANN. ANN showed poor performance 

when compared to other models (Khan et al., 2006). Samadi et al. (2013) compared 

SDSM and ANN to downscale precipitation and temperature. Their study results 

showed that the uncertainty in the downscaled precipitation was high compared to 

temperature. It was also concluded that SDSM was efficient in reproducing the 

observed data of both temperature and precipitation compared to ANN. This study 

results are also in agreement with the results from ASD that there is a large uncertainty 

in the downscaled precipitation results. The Statistical and Regional dynamical 

Downscaling of Extremes for European regions (STARDEX) project compared the 

statistical downscaling models, dynamical models and statistical-dynamical 

downscaling methods to assess the downscaling model’s ability in downscaling 

extremes (Goodess, 2003). The results of comparison of the STARDEX project 

suggested that there was no single method that can be chosen as the best model for 

downscaling. Thus, it is necessary to use a range of downscaling to get a wide range of 

uncertainties in the prediction results.  All of the comparison results concluded that the 

performance of the statistical downscaling model in prediction varies with different 

GCM predictors, geographic location and modeling function used.  Despite all these 

attempts to quantify uncertainty in SDM, the uncertainty contributed by the 

downscaling model function structure remains unaccounted. Fitting of residuals to 

generate ensembles has a direct consequence in the prediction results. The 

quantification of aleatory uncertainty needs to be given equal importance as epistemic 

uncertainty. Thus it is essential to develop a framework which estimates the amount of 

uncertainty contributed to downscaled precipitation by the choice of downscaling 

function and its parameters along with noise simultaneously. In summary, the three 

important issues in statistical downscaling that need to be improved are 1) Assumption 

of independency between the residuals 2) Implementation of the downscaling and error 

analysis separately and 3) The distribution for downscaling and residuals are assumed 

differently.  
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2.2.3 Uncertainty Quantification using GPR 

GPR has several advantages to solve the issues with the precipitation amount 

estimation in regression based statistical downscaling models which have been 

mentioned above. The advantages of GPR (Rasmussen and Williams, 2006) are 

1. It is possible to quantify uncertainty in the predictions both from the parameters 

and in the error terms. Hermkes et al. (2014) implemented GPR in Ground 

Motion Prediction Equation (GMPE) problem and showed that the GPR was 

efficient in quantifying aleatory and epistemic uncertainty simultaneously. 

Another issue with the large scale predictors is that the climate model grids of 

GCMs do not even cover the study area or the rain gauge station under 

consideration. GPR is proved to predict good results even with the availability 

of less calibration data (Rasmussen and Williams, 2006).  

2. The errors in GPR are assumed to dependent and are assumed to be a stochastic 

process following Gaussian distribution. When the dependency between the 

errors is captured, the prediction accuracy can be improved.  

3. The predictions from GPR are probabilistic which help to simulate ensembles to 

represent empirical confidence interval.  

4. GPR is a non-parametric model. The examples for parametric models are linear 

regression models, GLM and non- linear regression models. When the 

functional form that defines the relationship between the predictors and 

predictand are known, the parametric models are efficient. In the case of SDM, 

the relationship that links the large scale predictors and local climate variables 

are not known. A model that is flexible and captures the non- linear relationship 

and the unknown function can be obtained by using non-parametric regression 

model. Non-parametric regression model does not predetermine the 

fundamental relationship between the predictors and predictand but adjusts the 

model to capture the non-linear features in the data. 
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The two types of computational problems involved are forward problem and inverse 

problem. In forward problem, the uncertainties in the input are propagated through the 

model to represent the uncertainty in the output given the parameters. The forward 

problem more is straightforward to implement as the parameters and the model 

function are known. In inverse problem, the unknown function and its parameters that 

best fit the output are estimated given the noisy observed data/inputs. Inverse problems 

are ill-posed as the small variation in the input may cause error in the estimates. The 

estimation of parameters is referred as Model calibration or Model updating  (Cheung 

et al., 2011).  

SDM is considered as an inverse problem as the parameters that link the large scale 

GCM predictors and the local precipitation cannot be measured directly. A number of 

approaches have been developed to quantify uncertainty in the inverse problem and 

proved to be efficient in quantifying uncertainty in model calibration and prediction 

(Biegler et al., 2011). Bayesian inference is adopted in this research study to solve the 

statistical inverse problem (that is, SDM) to obtain the posterior distribution of the 

model parameters and the output (MacKay, 1992). By Bayes’ theorem (MacKay, 

1992), the posterior pdf ( | )a ap θ y  of the model given the data aD is expressed in (2.5): 

 
( | ) ( )

( | )
( )

a a a
a a

a

p p
p

p


y θ θ
θ y

y
 (2.5) 

where ( | )a ap y θ is the likelihood of the model, ( )ap θ is the prior and ( )ap y is the 

marginal likelihood (evidence). The prior probability distribution accounts for the 

uncertainty in the model parameters (Beck and Katafygiotis, 1998; Cheung et al., 

2011). The expression (2.5) describes the posterior distribution of the parameters by 

utilizing the prior information along with the data provid ing a mechanism to deal with 

uncertainties in the model even though it can be computationally costly if not handled 

properly. The posterior predictive distribution represents the uncertainty in the 

predictions. The Bayesian framework provides an intuitive approach for uncertainty 

quantification where the prior belief about the system is updated using the new 
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knowledge from the data resulting in posterior distribution for the prediction coupled 

with uncertainty information. Hence, the application of Bayesian uncertainty 

quantification tool is critical in downscaling to project future climate scenarios and 

impact studies.   

The probabilistic uncertainty quantification approach has gained interest in statistical 

downscaling recently. Ghosh and Mujumdar (2008) proposed a Principle Component 

Analysis (PCA) and fuzzy clustering integrated with Relevance Vector Machine 

(RVM) to downscale precipitation and to capture non- linear relationship between the 

climate variables and streamflow. Their approach can be considered as a hybrid of 

weather typing and transfer function. PCA was used to reduce the dimensions and the 

principle components were classified into clusters using fuzzy clustering. They used ten 

principle components and two clusters for downscaling using SVM and RVM 

respectively. Their research study compared RVM prediction results with SVM results. 

The results showed that RVM with fewer relevant vectors had lesser chance for over-

fitting compared to SVM. An important property of RVM is the predictive distribution 

from which the uncertainty range of the predictions can be obtained. The precipitation 

distribution accounts for aleatory and epistemic uncertainty simultaneously. However, 

the RVM model was not efficient in capturing the extreme events. Rasmussen and 

Williams (2006) showed that the uncertainty in the future data prediction increases 

when the future data and the training data are far away. These problems can be solved 

by adopting advanced Bayesian technique to solve the above mentioned issues in 

statistical downscaling.  

A comprehensive state of the art Bayesian uncertainty representation approach was 

implemented in the other fields (Vanik et al., 2000). Cheung et al. (2011) proposed a 

Bayesian statistical framework in which model calibration, prediction and uncertainty 

quantification were coupled in a single framework and treated simultaneously. They 

also showed that the different errors for example, additive or multiplicative could be 

incorporated in the modelling. 
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The concept of GPR will be difficult to understand without the understanding of the 

fundamentals of Bayesian Linear Regression Model (BLRM). The readers can refer to 

Rasmussen and Williams (2006) for more details on the relationship of BRLM to GPR 

and the detailed explanation of GPR. In GPR, a kernel function is used to capture the 

non- linear relationship between the predictand and predictors (predictors refer to large 

scale predictors throughout this thesis) implicitly, instead of using high dimensional 

basis function in the model explicitly. This makes it easy to implement the non- linear 

regression using large dimensional kernel efficiently without computational difficulty. 

This is known as kernel trick and this idea has been implemented in machine learning 

widely. A natural method to get the full posterior predictive distribution along with 

kernel trick is also possible by placing the prior over the functions. This technique is 

called GPR.  

GPs are defined as a collection of random variables based on the property that the joint 

distribution of any of its subset is joint Gaussian distribution (Gibbs, 1998; Rasmussen 

and Williams, 2006). The distinction between Gaussian distribution and GP is that the 

Gaussian distribution is a continuous probability distribution characterized by a mean 

vector and a covariance matrix. A GP is a generalization of the Gaussian probability 

distribution to infinitely many random variables. GP are stochastic processes 

characterized by their mean function and covariance function. In GPR, the prior is 

placed directly over the statistical model functions (O'Hagan and Kingman, 1978; 

MacKay, 1992; Neal, 1996; Bernardo et al., 1998; Rasmussen and Williams, 2006). GP 

can also be considered as multilayer perceptron (neural network) with infinitely many 

hidden units and Gaussian priors on the weights (Neal, 1996). RVM can be viewed as a 

special case of GP; the correlations between the errors are not present in RVM 

(Tipping, 2003). The relationship between GP and RVM can be found in (Rasmussen 

and Williams, 2006): 

 ( ) ~ ( ( ), ( , ))a a a a af X GP m X K X X   (2.6) 
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The representation in (2.6) means that ( )a af X  is a GP with mean function, ( )am X  and 

covariance function, ( , )a aK X X  . One needs to specify the mean and the covariance 

function to define GP. Generally, in a lot of applications the mean function is assumed 

to be zero for simplicity and also because there is no prior knowledge about the mean 

function (Bishop, 2006). The mean function can be specified explicitly if there is any 

information about the process being modelled. O'Hagan and Kingman (1978) extended 

developed GPR with mean function and this research follows their framework for 

implementing GPR. A linear mean function is adopted for downscaling in this study.  

The covariance function is chosen based on the underlying assumption about the model 

such as smoothness, periodicity and stationarity. The covariance function ( , )a aK X X 

generates a positive definite covariance matrix. The squared exponential covariance 

function (2.21) is the most commonly used covariance function. The parameters of the 

covariance function are called hyperparameters and can be learned from the data. It can 

be seen that from the equation (2.21) that the covariance between any two inputs is 

closer to one, if the inputs are closer to each other and the covariance decreases 

exponentially when the distance between the inputs decreases. The parameters of the 

covariance function have significant effect on the performance of GP. The use of 

squared exponential covariance function is equivalent to the use of infinitely many 

Gaussian basis function located everywhere not just at the training data in regression.  

A brief introduction to implement Gaussian Process for statistical downscaling was 

presented in (Rajendran and Cheung, 2015). In this study, KNN and GPR are integrated 

to develop statistical downscaling model named K-Nearest Neighbour-Bayesian 

Uncertainty Quantification Statistical Downscaling Model (KNN-BUQSDM). A case 

study to downscale daily rainfall using KNN-BUQSDM to rain gauge station scale in 

Singapore using CFSR will be presented for demonstration. A comparison of the 

proposed method with three existing statistical downscaling approaches ASD, GLM 

and KNN-BNN will be provided. The results for ASD, GLM, KNN-BNN are obtained 
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from (Lu and Qin, 2014) for comparison since the study area and the data are the same 

in this research.  

2.3 Data and Study area 

Singapore is located near equator and is classified as a tropical climate between 1  N 

and 2 N latitudes and E and 104 E  longitudes. There is abundant rainfall with 

an average of 2331.2 mm, high and uniform temperature, and high humidity throughout 

the year. Singapore’s climate is represented by two monsoon seasons - Northeast 

monsoon (December to early March) and southwest monsoon (June to September). 

Based on the historical rainfall record, December is the wettest month (average rainfall 

is 230 mm) and February is the driest month (average rainfall of 160 mm) (MSS, 2016; 

NEA, 2016). The rainfall is higher in the western parts compared to the eastern part of 

Singapore. Thus, two rain gauge stations located at the western part (S44) and eastern 

part (S24) are chosen for assessing the performance of KNN-BUQSDM. The selected 

rain gauge stations for downscaling had good quality of data for the study period 

(1980-2010). At S44 station, the percentage of missing dataset is 0.09% and at S24 

station, the dataset is complete. Since the western region of rainfall has complex pattern 

of rainfall, the downscaling for precipitation for S44 is completely presented. Partial 

results of S24 are presented for comparison and to assess the consistency in the 

performance of the model. The observed precipitation data for the years from 1980 to 

2010 are obtained from National Environmental Agency, Singapore. The calibration 

data period is from 1980 to 2004 and the validation data is from 2005 to 2010. The 

location of rain gauge stations and the CFSR grid is shown in Figure 2-1. The cubic 

root is used to transform the daily precipitation to make it closer to normal distribution 

(Yang et al., 2005). The wet-day threshold is set to 0.1 mm. The prediction was tested 

with various threshold values. The results best agreed with the observed data when the 

threshold is set to 0.1 mm. The same threshold 0.1 mm was used in other studies such 

as (Liu et al., 2011; Lindau and Simmer, 2013; Taye and Willems, 2013; Pervez and 

Henebry, 2014). 

103.8
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The large scale predictors which are obtained from the CFSR (Saha et al., 2010) are 

used as climate predictors for downscaling precipitation in Singapore to capture the 

complexity in the climate. CFSR gives an estimate of coupled atmosphere-ocean- land 

surface-sea ice system with the spatial resolution of CFSR is  and a globa l 

high-resolution 31-year period data. In terms of spatial and temporal resolution, the 

CFSR predictors (1-h instantaneous and ) are superior to National Center for 

Atmospheric Research (NCEP/NCAR) reanalysis data set (6-h instantaneous and 

) (Liléo and Petrik, 2011; Wang et al., 2011).  Singapore is covered by two 

CFSR grids (that is, CFSR-East and CFSR-west). The central point coordinates of the 

grid are  (east) and (west). The available CFSR predictors 

for Singapore are listed in Table 2-2. CFSR grid predictors in the east are used for 

downscaling the precipitation for S24 rain gauge station and the CFSR grid predictors 

in the west are used for downscaling the precipitation for S44 rain gauge station.  

 

Figure 2-1 Rain gauge location and CFSR data for Singapore 

0.5 0.5

0.5 0.5

2.5 2.5

1.5 ,103.5N E 1.5 ,104N E



 

34 

 

The CFSR predictors are standardized before using it for classification and regression 

using (2.7): 

 
min

max min

i
i

r r
z

r r





 (2.7) 

where  is the ith input variable; and are the minimum and maximum values o f 

the input variables, respectively. 

Table 2-2 List of CFSR predictors for Singapore 

CFSR predictors Symbol 

Mean sea level pressure  prmsl 

Specific humidity at 500 hPa  q500 

Specific humidity at 850 hPa  q850 

Specific humidity at 925 hPa  q925 

Geopotential at 500 hPa  z500 

Geopotential at 850 hPa  z850 

Geopotential at hPa  z1000 

Zonal wind at 500 hPa  u-w 500 

Meridional wind at 500 hPa  v-w 500 

Zonal wind at 850 hPa  u-w 850 

Meridional wind at 850 hPa  v-w 850 

The selection of predictors is important to develop a reliable downscaling model and to 

get accurate prediction results (Wilby, 1998; Fowler et al., 2007; Maraun et al., 2010).  

The methods employed for selecting the predictors for determining the rainfall 

occurrence and estimating the rainfall amount are Two-sample Kolmogorov-Smirnov 

test and backward stepwise regression, respectively. The predictor that shows the 

significant difference between a dry day and a wet day is chosen in the Two-sample 

ir minr maxr
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Kolmogorov-Smirnov test by analyzing the sensitivity of the predictor to a wet day and 

a dry day in the model (Chen et al., 2010). The selection of predictors using backward 

stepwise regression (Hocking, 1976) is similar to the predictor selection method in 

ASD. In this study, the predictors for regression need to be selected for each group of 

rainfall for implementing KNN-BUQSDM. The types of stepwise regression include 

forward selection, backward elimination and bidirectional elimination. Backward 

stepwise regression is used in this study to select predictors for rainfall amount 

estimation. As a first step, the selection methodology includes all the predictors in the 

large scale predictors in the model. This is followed by eliminating the predictors 

which are not significant step by step until the predictors that are significant in the 

model remain (Hessami et al., 2008). The elimination of predictors is based on F-test 

which can be accomplished using (2.8): 

 
  2 2

1

2

1

1

p p

p

R R n p
F

R

  



 (2.8) 

where n is the number of observed data; p is the number of predictors; qR is the 

correlation coefficient between the criterion variables and the predictions with p

predictors. The predictors should be removed, if the F values are smaller than a 

threshold. The threshold for the test is calculated by using equation (2.9) (Hessami et  

al., 2008). 

 

/

1 1

1 p
a

a
2

 
   

 
 (2.9) 

where a  is the significance level which is 95% in this study. 

In GLM, the likelihood ratio test (or comparison of deviances) is used to select the 

input predictors (or covariates) (Chandler and Wheater, 2002). The comparative results 

for predictor selection by Lu and Qin (2014), show that the backward stepwise 

regression, ASD and GLM method of predictor selection lead to the same set of 
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predictors for regression. The similar performance in choosing the predictors by all the 

three methods is due to complex rainfall pattern and the availability of limited number 

of predictors in CFSR database for Singapore.  

The predictor that holds relevant information and is efficient in predicting precipitation 

is necessary to be included in implementing the downscaling model. Since the 

downscaled precipitation is used to project climate change, the predictors that capture 

the variation in global warming should be selected (Wilby, 1998). The humidity 

predictor contains the information about the capacity of the atmosphere to hold water 

under global warming and the temperature predictor contains the information about the 

long-term changes in the precipitation (Wilby and Wigley, 1997). Xoplaki et al. (2000) 

and Cavazos and Hewitson (2005) found that the precipitation and the large scale 500 

hPa geopotential height were correlated in separated studies. The relationship between 

sea-level pressure and precipitation consistently link in different time scales such as 

seasonal, monthly and daily scales in the study conducted by Thompson and Green 

(2004). In order to downscale precipitation in Taiwan, Chen et al. (2010) used the 

predictors such as humidity predictors (R500, R850, Rhum), vorticity predictors (P8_z 

and P_z) and  850 hPa Geopotential height (P850), velocity (P5_v) and divergence 

(P5zh). The study by Lu and Qin (2014) used Mean sea level pressure, Specific 

humidity at 500 hPa, Specific humidity at 850 hPa, Specific humidity at 925 hPa,  

Geopotential at 500 hPa and Zonal wind at 500 hPa for downscaling precipitation in 

Singapore. Based on the studies that analyze the physics based relationship between 

large scale predictors and precipitation, the predictors selected for our investigation are 

highlighted in the Table 2-2. As the results of this investigation are compared with Lu 

and Qin (2014) care is taken to use almost similar predictors as theirs for fair 

comparison of the model performance. 
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2.4 K-Nearest Neighbour – Bayesian Uncertainty Quantification Statistical 

Downscaling Model (KNN-BUQSDM) 

The objective of this study is to develop an uncertainty quantification approach for 

SDM. The proposed approach integrates the KNN, K-means clustering technique and 

GPR to improve the prediction ability of the model. Figure 2-2 depicts the flowchart 

for KNN-BUQSDM. The implementation algorithm of KNN-BUQSDM is explained in 

Algorithm 1 and Algorithm 2. The various steps involved in the predicting and 

quantifying future rainfall are as follows:  

Step 1: Use KNN classification technique to determine the occurrence of rainfall (dry 

and wet days). This chapter uses KNN for occurrence determination and classification 

of rainfall types. The choice of model for occurrence determination is based on the 

previous research literature which used the same study area and the data as in the paper 

by Lu and Qin (2014). In their study, they compared ANN, Linear Classification (LC) 

and KNN to determine the wet and dry days. The prediction is assessed based on the 

accuracy and the dry day proportion. Their results show that KNN gives better 

accuracy and dry day proportion compared to ANN and LC. 

Step 2: Perform K-means clustering to identify the threshold for classifying the wet 

days (determined in the previous step) into rainfall types. The number of rainfall types 

and a threshold for each group of rainfall are computed using K-means algorithm. KNN 

classification is then used to classify the wet days into groups using the threshold from 

the K-means algorithm.  

Step 3: Calibrate the GPR model for each rainfall group corresponding to the wet days 

to estimate the hyperparameters of the model. The calibrated hyperparameters are then 

used to compute the prediction ensembles for the future climate predictors for each 

rainfall type. The dry days and the ensembles of predicted rainfall types are then 

combined to get the downscaled precipitation realisations. The detailed description of 



 

38 

 

ASD, GLM and KNN-BNN can be found in Hessami et al. (2008), Chandler and 

Wheater (2002) and Lu and Qin (2014), respectively.  

2.4.1 K-Nearest Neighbour (KNN) for occurrence modelling 

KNN was first implemented for precipitation occurrence determination and rainfall 

type classification in statistical downscaling by Lu and Qin (2014). KNN based 

simulator was also used by Rajagopalan and Lall (1999) to simulate daily precipitation 

and other weather variables. KNN classification is a supervised and non-parametric 

classification method (Altman, 1992). KNN approach uses the training data directly to 

classify the future data. It is based on the assumption that the data are related to each 

other. In order to classify the unknown data, the algorithm searches for its K-nearest 

neighbors based on the distance in the training data to assess the similarity metric. The  

 

Figure 2-2 KNN-BUQSDM Framework  

class to which the majority of the K-nearest neighbors belong in the training data is 

assigned to the future data. There are three types of distance functions used such as 
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Euclidean, Manhattan and Minkowski (Celisse and Mary-Huard, 2012). Let
cix be an 

input training data with the dimension ,cm where ( 1,..., )i n . The Euclidean distance 

between
cix and

cjx ( 1,..., )j n is used in this study and is expressed in (2.10):   

 2 2 2

1 1 2 2( ) ( ) ... ( )
c cEUC c c c c cm cmD x x x x x x        (2.10) 

KNN is used to determine the precipitation occurrence (wet/dry) as well as the 

classification of rainfall types. The choice of k affects the performance of the 

classification algorithm. If k is too small, the noise in the data causes over fit of the 

KNN classifier. The classifier may not classify the data accurately when k is too large; 

as the nearest neighbour contains the data that are far away from their neighbour 

(Celisse and Mary-Huard, 2012). The values of k that are suitable to this study lies 

between 1 to 20 (Nieminen et al., 2012). The steps to identify the proper k values as 

summarised in Lu and Qin (2014) are as follows.  

The k value can be estimated using two approaches such as 1) by estimating expected 

proportion and 2) by trial and error method. As the first step, 1) compute the Expected 

Proportion Interval (EPI) using ‘simple moving average (SMA)’ (Bali et al., 2007). 

SMA given in (2.11) is used in this study to calculate EPI; 2) using the observed 

precipitation in the calibration period, compute an Expected average proportion of 

rainfall number (EPRN) for each rainfall type; 3) calculate the ratio of the calculated 

rainfall number in a class to the total number of rainfall events over the required time 

period which is referred as Calculated Proportion of Rainfall Number (CPRN). In 

single K- scheme, the k value that produces the closest distance between CPRN and 

EPRN is selected and also single K- scheme gives lesser uncertainty in the results (Lu 

and Qin, 2014). Thus, single K- scheme is used in this study to classify wet/dry days 

and rainfall types. The expressions for EPI, EPRN and CPRN are given in (2.12), 

(2.13) and (2.14), respectively.   



 

40 

 

 1

1

SMA(e )

vn

yr i

i
yr

v

o

n










 (2.11) 

 
1 2 1 2EPI {min( , ,..., ),max( , ,..., )}

v vyr yr yr n yr yr yr ne e e e e e       (2.12) 

 1EPRN

vn

yr i

i

v

e

n






 (2.13) 

 1CPRN

vn

yr i

i

v

c

n






 (2.14) 

where  is the number of years in the validation period,  is the proportion of wet days in 

the observed data,  is the wet days proportion in the KNN classification results,  is the 

proportion of wet days in yr
th

 year and  is the expected proportion at the (yr+1)
th

 year, 

(i=1,...,nv). 

2.4.2 K-means clustering 

K-means clustering is a non-hierarchical clustering algorithm and was first used by 

MacQueen (1967) to classify similar data points together. The advantage of k-means is 

its ease of implementation to find clusters. This algorithm classifies the data into  

clusters in a way that each data point in the clusters looks similar to each other and 

dissimilar to the data in other clusters. Each cluster is defined by its mean (or center or 

centroid). K-means is an unsupervised classification method; it requires the number of 

clusters (or classes) to be specified in advance.  

In statistical downscaling, K-means was first introduced and implemented by Kannan 

and Ghosh (2011) to identify rainfall states. The k-means clustering is also used to 

extract the spatial pattern of rainfall (Pelczer and Cisneros-Iturbe, 2008). Let the 

observations be 1 2, ,...,c c cnx x x
 
and each observation can be a cm dimensional real 

vn yre

yrc yro

1yro 

cK



 

41 

 

vector. The aim of K-means clustering (or classification) is to divide n observations 

into 
mK clusters. The clusters

1 2{ , ,..., }
mKC C C C are obtained by minimizing the sum 

of distances of each observed data point in the cluster to the 
mK cluster center. 

Mathematically it is represented as (2.15): 

 ( ) 2

1 1

|| ||
cK n

l

ci cgl

l i

J m
 

  x  (2.15) 

where cgjm is the cluster centroid, 
mK  is the number of clusters, n  is the number o f 

observations, . is the Euclidean distance function and J is the function to be 

minimized. 

K-means is an iterative algorithm where the data points (or feature vectors) move from 

one cluster to another by minimizing the objective function (2.15). The final results of 

the algorithm are sensitive to the initial number of clusters. The function (2.15) is 

minimized by alternating between two steps to obtain c lusters (MacKay, 1992). The 

steps involved in implementing k-means clustering and validation are summarized in 

Kannan and Ghosh (2011) as follows: 

1) Initialize cluster centroids 1,..., mcg cgKm m . Assign each observed data point to the 

cluster with nearest centroid. This is achieved by calculating the Euclidean distance 

between the observed data and the cluster mean. The data are assigned to the cluster to 

which the strength of the similarity is the highest compared to the other cluster.  

2) Recalculate the new clusters as the centroids of the new clusters using the observed 

data and compute the function value J using (2.15). For each iteration, compute the 

difference in the function value J . If there is a change in the function value, iterate 

steps 1 and 2, else terminate the iteration.  
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2.4.3 Cluster validation 

The problem with clustering is that the number of clusters in the data is not known. 

This issue is solved by checking the validity of the number of clusters using indices to 

assess the quality of clustering. These indices give the measure of compactness, 

connectedness and separation of cluster partitions. In order to identify the correct 

number of clusters, the k-means algorithm is run with different number of clusters (for 

example, 2 to 10). The validation indices are computed for each cluster. The cluster 

number that yields the best indices is considered as the final number. The three 

commonly used cluster validation indices (Kannan and Ghosh, 2011) are 1) Dunn’s 

index (Dunn, 1973) 2) the Davies- Bouldin index (Davies and Bouldin, 1979) and 3) 

Silhouette index (Rousseeuw, 1987). 

a) Dunn’s index 

Dunn’s index DF is defined by the ratio between the minimum distance between the 

clusters to the maximum distance within the clusters. The Euclidean distance is used in 

this cluster. The Dunn’s index is given by (2.16):  

 min

max

D

s
F

s
  (2.16) 

where 
mins the smallest distance between two data points from different clusters and 

maxs is the largest distance between two data points from the same cluster. Dunn’s index 

lies between . The cluster number for which the Dun’s index is high is considered 

to be the best cluster.   

 

 

 

[0 ]
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b) Davies-Bouldin index 

The Davies-Bouldin index, 
DBF  is defined as the function of the ratio of the sum of 

scatters within the cluster to the separation between the cluster and is given by (2.17). 

The Euclidean distance is used to calculate the distance in this study.  
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1
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 
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  

 
 

  (2.17) 

where 
cK is the number of clusters, 

i is the average distance of all scatters in cluster i   

to the cluster center cgim , j is the average distance of all scatters in cluster j to the 

cluster center cgjm and ( , )cgi cgjs m m is the separation between clusters cgim and cgjm . The 

value of 
DBF represents the compactness. When the 

DBF values are small, the 

corresponding clusters are compact and their centers are far away from each other. The 

clusters that give smaller 
DBF  are considered the best.   

c) Sillhoutte index 

Sillhoutte index, 
SF in equation (2.18) measures the similarity of the data in its own 

cluster (that is, cohesion) when compared to other cluster separation. The value ranges 

from -1 to +1.  +1 for 
SF represents that the data in the cluster match with the ir own 

cluster and are less matched to neighboring clusters. When 0 is assigned to
SF , it 

indicates that the data cannot be classified in one cluster. When the value of 
SF is -1, 

then the corresponding number of clusters is not appropriate for the data.   
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For the ith data point, the average distance to all other data points is given by
ia , the 

minimum of the average distance to all data points in all the clusters except the cluster 

containing the data points i  is given by 
ib . The distance is calculated using squared 

Euclidean index in this study. The Silhouette coefficient for the ith data point is given 

by
SF . These three indices give an idea about how well the clusters are divided for the 

given number of classes. 

2.5 Precipitation amount estimation using GPR 

The proposed framework for precipitation amount estimation follows the methodology 

developed by Rasmussen and Williams (2006). As expressed in (2.6), the model 

function ( )a af X is assumed to be a GP with mean function ( )aX and covariance 

function ( , )a aK X X  . ( )a af X  is also referred as latent function at the input points ax in 

GP. The matrix form of ( )am X  and ( , )a aK X X   are aμ  and aK  respectively.  

 2( ) , ~ (0, )a a a a a naf N  y x ε ε  (2.19) 

where aε is normally distributed with zero mean and variance, 2

na . In Gaussian 

Process view, the model function ( )a af x is assumed to follow GP with a mean function 

(2.20). 

 T( )a a aμ x β  (2.20) 

where aμ is vector form of mean function, ( )a x is the linear or non- linear basis 

function and aβ are the coefficients for each of the vectors in the basis function. The 

relationship between the predictors and predictand is not always linear. Thus, the 

complicated non- linear mean functions can capture the non- linear relationship between 

the predictors and predictand to improve the prediction results. The basis function can 

be linear or for example, any order of polynomial function (O'Hagan and Kingman, 

1978). The central tendency of the mean function is represented by the mean function.   
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The covariance matrix corresponding to the covariance function should be positive 

semi-definite. The shape and structure of the covariance between the predictors are 

described by the covariance function. The commonly used one is the Squared 

Exponential (SE) covariance function expressed in (2.21). The SE kernel depends on 

the distance for the dimension
am ,

2

2a ax x
 
between the inputs, where

2
. is the 

Euclidean Norm. 

2 2 2 21
( , ) exp{ ( ) ( )} , 0; 0;

2

( ) 0

T

a a fa a a a a a na ij fa na

a

L

diag L

            



k x x x x x x
               (2.21)  

where 
2

fa is the signal variance, 2

na is the noise variance, is kronecker delta 

function and aL is the diagonal positive symmetric matrix consisting of the 

characteristic correlation length, al . The lengthscale characterizes the distance between 

inputs that change the function value significantly. The predictive variance moves away 

from the data points when the lengthscale is shorter and the predictions are correlated 

with each other. If the same characteristic lengthscale is assumed for all the 

dimensions, then aL  is expressed as (2.22). In this case, the contribution from each 

predictor is considered equal.  
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where I is the identity matrix. When different characteristic length scale is assumed for 

each dimension, aL is expressed as (2.23).  
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This type of lengthscale definition is also called automatic relevance determination 

(ARD), where the covariance function automatically computes input predictors for the 

model. This also gives the idea of suitable predictors for precipitation amount 

estimation. The detailed description of various covariance functions, its formulation, 

properties and derivatives can be found in Rasmussen and Williams (2006). The noise 

term 2

na is added to the covariance function to model the noise in the output. The noise 

variance is present only in the diagonals of the covariance matrix as the noise process 

that affects the model predictions are random. The squared exponential kernel (SE) 

captures the uncertainty (epistemic) contributed by the predictors to the output. The 

noise variance captures the aleatory uncertainty in the model.  

 ( ) ~ ( , ( , ))a a a a af GP x μ k x x  (2.24) 

The GP prior has parameters called hyperparameters associated with the mean and 

covariance function. These hyperparameters are not known apriori and they need to be 

optimized. The hyperparameters that are needed to be learnt are

2 2{ , , , }, 1,...,
aa a fa na ad ml d l  θ β .  

In Bayesian inference, the important step is to choose the priors. The choice of priors 

over the parameters aβ  affects the posterior distribution. Generally, the information 

about the prior is not known and is vague; in this case a non- informative and/or flat 

prior is assumed (Beck and Katafygiotis, 1998). In this chapter, a uniform prior is 

assumed to reduce the effect of the prior distribution on aβ  over the posterior 

distribution. By Bayes’ theorem, the integral likelihood multiplied by the prior yields 

the marginal likelihood of the model (2.25). For notational convenience, the vector 

form of ( )a af X  is represented as af . 

 ( | ) ( | , ) ( | )da a a a a a a ap X p X p X y y f f f  (2.25) 
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As the Gaussian prior is placed on the modelling function the log of the prior is 

expressed as (2.26):  

T 2 1 21 1
log ( | ) ( ) log | | log 2

2 2 2
a a a a na a a na

n
p X K K       f f f  (2.26) 

The likelihood |a ay f  follows 2( , ).a naN If The log marginal likelihood is given in   

(2.27): 

 

2 1 21 1
Q log ( | ) ( ) ( ) ( ) log | |

2 2

log 2
2

T

a a a a a na a a a nap X K I K I

N

 



       



y y μ y μ

        (2.27) 

The posterior distribution in equation (2.27) is the objective function. The values of the 

hyperparameters which maximize (2.27) are the optimal parameters of the model which 

means that they are the most probable parameters.  

2.5.1 Parameter optimization  

It is straightforward to simulate predictions for the future data once the covariance 

function and its parameters are known. The ability of GP to learn hyperparameters from 

the training data directly is considered as one of the major advantages of GP. This is 

possible because GP is a full probabilistic model. In order to learn the optimal values of 

hyperparameters, a principled method for inferring them from the data is needed. 

The maximization of log marginal likelihood called type-II maximum likelihood 

method (Berger, 1985) is generally used to find the optimal parameter values. In 

several cases, the prior belief about the hyperparameters are known; this information is 

incorporated in modelling by placing the prior belief over the hyperparameters. The 

prior belief placed on the hyperparameters changes the posterior inference output 

(Snelson, 2008; Cheung et al., 2011). In case of precipitation amount estimation, the 

prior information is not known. In this case, the prior information on the parameters 
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should have minimal influence on the Bayesian inference. Thus a non- informative 

uniform prior is placed over hyperparameters of model mean function. The uniform 

prior means that all possible values of hyperparameters have equal probability. The 

negative log marginal likelihood is minimized to give optimal estimates of the 

parameters. The expression for 
aβ can be obtained analytically by differentiating 

negative of (2.27) with respect to 
aβ and equating to zero.  

 T 1 1 T 1( ) ( )a a a a a a aX K X X K  β y  (2.28) 

The optimal parameters corresponding to the covariance function does not have 

analytical expression similar to the mean function and it is obtained by minimizing 

negative log marginal likelihood (2.27) using gradient based optimization methods 

until convergence. The optimization needs the partial derivative of the marginal 

likelihood with respect to the covariance hyperparameters. The gradient of the log 

marginal likelihood with respect to 
2 2{ , , }, 1,...,

aa fa na ad ml d l  θ is expressed in (2.29).

   1 1 11 1
( ) ( )( ) ( )

2 2

y yT

a a y y a a y

a a a

K KQ
K K tr K  

 
    

  
y μ y μ

θ θ θ
                   (2.29) 

where
2

y a naK K I   

In order to alleviate the problem of obtaining local maxima as optimal values, in this 

paper, the optimization needs to be repeated with different initial values. Gradient 

Descent is commonly used to find the optimal hyperparameters that maximizes the log 

marginal likelihood (Rasmussen and Williams, 2006). The cross-validation or 

generalized cross-validation algorithm is an alternative to gradient descent for 

optimization. However, the cross-validation is difficult to use when there is a large 

number of parameters (Williams, 1999).  
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2.5.2 Predictive distribution 

Bayesian model updating can be applied to make robust predictions for the future 

events conditioned on the past data. By the Theorem of Total Probability, the 

information for future prediction of the model is given by weighting the predictive pdf,

* *( | , , )a a a ap f X y x using the posterior probability, ( | , )a a ap Xf y  and the future large 

predictor data 
*ax . The future predictive pdf is given by (2.30). 

 
* * *( | , , ) ( | , , ) ( | , )a a a a a a a a a a a ap f X p f X p X d y x x f f y f  (2.30) 

The predictions for the future data obtained are conditioned on the past data using the 

property of the conditional Gaussian distribution is given in (2.31).  

 
*

*

T

** * *

( )
~ ,

( )

a aa a

aa a a

K K
N

K K





     
      

      

f x

f x
 (2.31) 

 * * **( ) ( ) ( ( , ))a a a a a a a a a aM f K K f  -1
x x ,θ y x θ  (2.32) 

 * ** * *( ) T

a a a a aCov K K K K  -1
x  (2.33) 

where **aK  is the covariance between the future predictors and *aK  between the 

covariance between the calibration predictors data and the future predictors data. The 

ensembles can be simulated using the mean vector (2.32) and the covariance matrix 

(2.33) following the multivariate normal distribution. The simulated ensembles in the 

previous step are transformed to the real precipitation values by taking cubic power.  

Algorithm 1 and Algorithm 2 explain the implementation of GPR in KNN-BUQSDM 

model calibration and prediction. 

2.5.3 Algorithm 1 – SGP-SDM model selection 

1. INTPUTS: aX  (Predictors), ay (Predictand). 
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2. OUTPUTS: Optimal hyperparameters (estimates of the 
2 2{ , , , }, 1,...,

aa a fa na ad ml d l  θ β ). 

3. Initialize the hyperparameters value. 

4. Compute covariance matrix using (2.21) and mean function coefficients using 

(2.28). 

5. Estimate the negative marginal likelihood using (2.27). 

6. Obtain the derivatives of the negative log marginal likelihood with respect to 

the hyperparameters using (2.29). 

7. The conjugate gradient optimization routine can be used to find the optimal 

hyperparameters using the negative log marginal likelihood and the gradient.  

2.5.4 Algorithm 2 – SGP-SDM prediction 

1. INPUT:
aX (Training Predictors), *

aX (Future Predictors), 
ay (Predictand), 

optimal hyperparameters (
* 2* 2* *{ , , , }, 1,...,

aa a fa na ad ml d l  θ β ). 

2. OUTPUT: predictive mean *( )aM x , prediction covariance, *( )aCov x and *

ay

(future predictand). 

3. Compute 
*

**

T

* *

a a

a

a a

K K
K

K K

 
  
 

using both 
aX and *

aX . 

4. Obtain the predictive mean and predictive covariance using the (2.32) and 

(2.33) 

5. Simulate ensembles using the predictive mean and predictive covariance 

obtained in the previous step. 

2.6 Results and Discussion 

2.6.1 Evaluation criteria for SDM 

The downscaled precipitation using the large scale predictors needs to be evaluated in 

comparison with the observed precipitation for the validation period. In this study, the 

results are evaluated based on the precipitation intensity metrics and the temporal 

characteristics of the downscaled precipitation. The KNN, K-means algorithm and GPR 

are implemented in MATLAB (The MathWorks; Martinez et al., 2011; Ramos, 2012). 

The evaluations statistics such as mean (Mean) and standard deviation (STD) are used 

to assess the precipitation (Hessami et al., 2008; Fowler and Ekström, 2009; Maraun et  
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al., 2010). The extreme values in the precipitation are assessed by the 90 th percentile 

(PERC90) of the precipitation on wet days (Haylock et al., 2006; Goodess et al., 2007). 

The maximum amount (Max) (Hessami et al., 2008) and the proportion of wet days 

(Pwet) can be used to assess the temporal metrics (Semenov et al., 1998). These five 

evaluation metrics were used to compare the downscaled precipitation with the 

observed data. The distribution of the observed and the downscaled precipitation is 

evaluated using Kolmogorov-Smirnov nonparametric goodness of fit test to assess 

whether the two distribution has the same distribution (Khan et al., 2006). The 

accuracy of the downscaled precipitation can be evaluated using the MSE (Armstrong 

and Collopy, 1992) given in (2.34): 

 
12

2

, ,

1

1
= [ ( ) ]m obs m sim

m

MSE y y
N 

  (2.34) 

where N is the data length, ,m obsy represents the daily precipitation observed for the 

month, m  and ,m simy represents the daily precipitation simulated for the month, m . 

The accuracy (acc) of the wet and the dry day classification (Chen et al., 2010) is given 

in (2.35): 

 
dry wet

dry wet

C C
acc

TP TP





 (2.35) 

where dryC is the total number of is correctly classified dry days, 
wetC is the total number 

of correctly classified wet days, dryTP is the total number of dry days and 
wetTP is the 

total number of wet days.  

APE is the Absolute Percentage Error (Ghosh and Katkar, 2012) which represents the 

accuracy of the evaluation statistics indicators. APE is given by (2.36): 
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, ,

,

| |
APE

i obs i sim

i obs

P P

P


  (2.36) 

where 
,i obsP is the observed precipitation for the thi month and 

,i simP is the simulated 

precipitation for the thi month. The uncertainty range of the downscaled results is 

assessed by a mean absolute percentage boundary error (MAPBE) (Lu and Qin, 2014) 

which is given by (2.37): 

 
, ,

1
MAPBE (APE APE )L i U i

mn
   (2.37) 

where 
mn is the number of months, the lower boundary APE for the thi  month is given 

by 
,APEL i

and the upper boundary APE for the thi month is given by 
,APEU i

.  

2.6.2 Precipitation occurrence determination and K-means clustering 

Using KNN, the occurrence of precipitation (wet days) is determined first. The choice 

for occurrence determination is based on the previous literature study which used the 

same study area and the data of our research work, by Lu and Qin (2014). They 

compared ANN, LC and KNN to determine the wet and dry days based on accuracy 

and dry day proportion. Their results showed that KNN gave better accuracy and dry 

day proportion compared to ANN and LC. Also since the objective of this study is to 

develop an uncertainty quantification tool for precipitation amount estimation, the 

comparison of classification models is not considered. The percentage of correct wet 

and dry day classification is used to assess the performance of the KNN occurrence 

determination. Table 2-3 shows the correct wet day and dry percentage predicted by 

KNN. The results in the table show that the wet days are predicted better than the dry 

days. The average classification success rate for the dry days is 45.96% and for the wet 

days is 56.30%. In the next step, the rainfall is classified into two (medium and high) 

rainfall types. Due to complex nature of precipitation, it is difficult to classify wet and 

dry days more accurately than the presented results. Olsson et al. (2001) used ANN to 

downscale precipitation and their results showed that the ANN underestimated low 
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intensity rainfall. Since ANN is a special case of GPR, the occurrence determination 

and wet day classification steps are implemented in two steps to improve prediction 

accuracy; otherwise the GPR may not predict dry days and low intensity rainfall 

efficiently.  

The K-means cluster algorithm is used to identify the number of clusters in the wet 

days. The validation of the algorithm is not possible and not required as it is the 

unsupervised classification without any output (Kannan and Ghosh, 2011). The 

objective function in (2.15) is minimized by the algorithm to identify the 

clusters/classes. The K-means algorithm is executed many times for various numbers of 

clusters (Km) in each run. The cluster validation indices are computed for each of the 

identified rainfall clusters along with the centroid of each class which are obtained as 

the output for K-means algorithm.  The optimum numbers of clusters are found based 

on the validation indices such as Dunn’s index, Davies-Bouldin index and Silhoutte 

index. These indices are computed for each cluster obtained from the algorithm for the 

wet days. The aim of this work is to implement the downscaling model with lesser 

number of rainfall clusters while still achieving better accuracy in the predictions. 

Thus, class numbers from two to four were tested for each month. 

Table 2-3 Correct wet day and dry day classification by KNN 

Month Correct wet day (%) Correct dry day (%) 

January 68.97 57.58 

February 42.25 60.20 

March 59.22 44.58 

April 60.53 31.82 

May 47.62 32.10 

June 41.86 46.81 

July 52.63 47.25 

August 46.51 52.04 

September 54.12 54.74 

October 59.62 43.90 

November 71.77 35.77 

December 70.59 44.78 
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The clusters with high Dunn’s index are considered as good number, the clusters that 

give high Sillouette values are considered desirable and the clusters with the smallest 

Davies-Bouldin index are considered as good number. For illustration, the number of 

classes and the validation indices for the months of December (wet month) and 

February (dry month) are shown in Table 2-4 and Table 2-5. From the table results, it 

can be seen that Dunn’s index and Sillouette values are high for the two clusters while 

Davies-Bouldin index for two clusters is high. Davies-Bouldin index with four clusters 

is the smallest. The number of rainfall days in each cluster is also considered as a factor 

in classifying the rainfall. If the cluster number is chosen to be high for the month of 

December, then there is less number of data in each cluster. Thus the optimal number 

based on validation indices for the month of December is two. Similarly for the month 

of February and the other months, the number of clusters is found to be two. Thus there 

are three rainfall classes such as dry, medium and high similar to number of the rainfall 

types classified by Kannan and Ghosh (2011) based on the rainfall intensity. KNN is 

then implemented to classify the wet days into several rainfall types in the future data 

and the precipitation amount is estimated for the two rainfall types for each month 

using GPR.  

Table 2-4 Cluster validation index for the month of February 

Classes Dunn’s index Sillouette values Davies-Bouldin index 

2 0.0433 0.8909 0.4521 

3 0.0088 0.8520 0.5133 

4 0.0021 0.8130 0.4887 

Table 2-5 Cluster validation index for the month of December 

Classes Dunn’s index Sillouette values Davies-Bouldin index 

2 0.0055 0.8527 0.5226 

3 0.0034 0.8407 0.5231 

4 0.0028 0.8024 0.5067 
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Figure 2-3 shows the comparison of the Quantile-Quantile (QQ) plot of the observed 

and the downscaled precipitation with one class and two classes. It depicts that the 

downscaled precipitation is underestimated with only one class whereas the 

downscaled precipitation is predicted well when two classes are used for downscaling. 

The results indicate that the performance of the downscaling model is improved when 

two classes are used. 

  

Figure 2-3 Quantile-Quantile plot for the month of December to compare the observed and 

downscaled precipitation with one and two classes  

2.6.3 Precipitation amount estimation using GPR 

The downscaling results are obtained by fitting KNN-BUQSDM for individual monthly 

data to capture the seasonal variation. The GPR is calibrated for each of the clusters 

identified in the previous step to find the optimal hyperparameters and the prediction is 

obtained for each rainfall type as shown in Figure 2-3. As the predictive mean and the 

predictive variance follow Gaussian distribution, there is a high possibility that the 

predictions will have negative values. The proportion of negative values simulated by 

GPR is checked by comparing the dry-day proportion simulated by KNN and the dry-

day proportion in the precipitation amount estimation as shown in Table 2-6. It shows 

that the proportion of negative values from GPR is relatively less as the values from 

GPR is closer to the classification model (KNN). The dry-day proportion of KNN and 

GPR is also closer to the observed dry-day proportion. This result shows the ability of 
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GPR to simulate precipitation effectively. The days for which the model gives negative 

value are considered as dry days (Chen et al., 2010). The accuracy of the rainfall 

occurrence determination for the month of December is 66.67%. Table 2-7 shows the 

accuracy of the downscaled precipitation amount for the month of December. The 

accuracy of the downscaled results is assessed by using equation (2.35). The results 

show that the accuracy of KNN-BUQSDM is higher than the accuracy of the other 

downscaling models such as ASD, GLM and KNN-BNN in comparison. Additionally, 

it proves that the KNN-BUQSDM preserves the accuracy of the classification model by 

predicting lesser number of negative values. It is also shown that KNN-BUQSDM is 

able to achieve better accuracy even with lesser number for rainfall types compared to 

KNN-BNN. It remains important to consider the misclassification rate (probability that 

the model simulates type 2 (high) rainfall when calibrated for type 1 (medium) and vice 

versa) by GPR as data are fitted for two rainfall types. The probability that the high 

rainfall is predicted in the medium rainfall class for the month of April and December 

is 0.0002% and 0.01% respectively. The results for these two months are shown 

because the month of December is wet period and the month of April is both dry and 

wet. The probability is the average misclassification rate of the 50 ensembles. Similarly 

the probability that the medium rainfall is predicted in the high rainfall type for the 

month of April and December is 0.1% and 0.0003% respectively. The misclassification 

rate for the other months is also very small which makes GPR desirable for 

precipitation prediction. The lower misclassification rate is attributed to several factors 

such as the use of correlation between the predictors in prediction and the accuracy of 

the precipitation occurrence determination and the correct rainfall type classification. 

Several previous studies used different number of downscaled ensembles for example, 

40 ensembles were used by Segond et al. (2007), 20 ensembles by Samadi et al. (2013) 

and Mezghani and Hingray (2009) used 50. Based on literature study and the 

comparison of different number of ensembles in this work, the number of downscaled 

precipitation ensembles is chosen as 50 to represent the confidence interval and 

evaluate the monthly statistics. 
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Table 2-8 lists the envelops (minimum and maximum) and the average evaluation 

statistical indicators obtained using 50 ensemble simulated by KNN-BUQSDM for the 

month of December. Compared with those results for ASD, GLM, the proposed KNN-

BUQSDM demonstrates notable improvement and is on par with KNN-BNN in terms 

of envelop and average statistics. The 90th percentile is underestimated by ASD, GLM 

and KNN-BNN while KNN-BUQSDM is able to capture the 90th percentile well. This 

is attributed to the fact that the GPR is adaptable and can capture aleatory and 

epistemic uncertainty in the model structure simultaneously to improve the prediction. 

In general, the performance of KNN-BUQSDM model in reproducing all the required 

statistics is better in terms of mean value of the statistics. The uncertainty range of all 

the statistics is better than ASD, GLM and comparable to KNN-BNN. However in 

KNN-BNN, the number of cluster used was six. 

Table 2-6 Comparison of dry-day proportion estimated by KNN and GPR with the observed dry 

day proportion 

Month Dry-day proportion 

from KNN 

(precipitation 

occurrence 

determination) 

Dry-day proportion 

from GPR 

(precipitation amount 

estimation) 

Observed Dry-day 

proportion 

January 0.45 0.46 0.53 

February 0.59 0.60 0.57 

March 0.42 0.44 0.44 

April 0.37 0.37 0.36 

May 0.44 0.45 0.43 

June 0.52 0.53 0.52 

July 0.47 0.49 0.48 

August 0.53 0.55 0.52 

September 0.52 0.51 0.53 

October 0.42 0.43 0.44 

November 0.30 0.33 0.31 

December 0.34 0.34 0.36 
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Table 2-7 Accuracy of downscaled precipitation for the month of December 

SDM Min Max Average 

ASD
1 

0.560 0.605 0.582 

GLM
1 

0.550 0.591 0.566 

KNN-BNN
1 

0.582 0.597 0.591 

KNN-BUQSDM 0.656 0.672 0.666 

1
Results obtained from (Lu and Qin, 2014) 

Table 2-8 Comparison of evaluation statistics of ASD, GLM, KN-BNN and KNN-BUQSDM for the month of December 

Statistics ASD 

2(min, avg, max) 

GLM 

2(min, avg, max) 

KNN-BNN 

2(min, avg, max) 

KNN-BUQSDM 

2(min, avg, max) 

OBS 

Mean 6.28, 9.25, 11.65 6.29, 9.96, 12.12 9.85, 10.19, 10.49 9.43, 10.54, 11.95 10.39 

SD 10.39, 16.06, 25.34 12.46, 17.34, 24.89 19.80, 20.74, 22.12 17.52, 20.76, 25.62 21.31 

Pwet 0.66, 0.71, 0.76 0.55, 0.65, 0.73 0.63, 0.66, 0.68 0.64, 0.65, 0.66 0.64 

PERC90 27.54, 33.69, 48.77 26.11, 38.42, 48.61 41.74, 44.84, 48.52 36.78, 46.30, 56.66 50.40 

Max 58.84, 109.45, 224.68 68.66, 115.54, 282.27 121.03, 139.39, 158.76 93.77, 141.67, 211.93 141.40 

1
Results obtained from (Lu and Qin, 2014).

2
The three numbers represent the minimum (min), average (avg) and maximum (max) value of the evaluation 

statistics calculated from 50 ensembles .  
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When more number of rainfall types used, there was a problem of insufficient data to 

fit the regression model (Lu and Qin, 2014). This issue is resolved by using two rainfall 

types in KNN-BUQSDM. Figure 2-4 shows the average evaluation statistics of all the 

ensembles along with the two uncertainty ranges such as Envelop Range (ER) which 

represents the lower and the upper range and the 5th and the 95th percentile range 

(P95R) marked as grey region compared to the observed evaluation statistics. The 

Mean, STD, Pwet, PERC90 and Max of the simulated precipitation by KNN-

BUQSDM corresponding to S44 rain gauge station are presented in Figure 2-4 (2-4a-

2.4e) respectively. When the average evaluation statistics are compared with the 

observed one, the MSE of KNN-BUQSDM is significantly less than that of ASD, GLM 

and KNN-BNN as shown in Table 2-9. The MSE values for ASD, GLM and KNN-

BNN are obtained from the results presented by Lu and Qin (2014). The MSE is 

calculated using equation (2.34). The MSE of the Mean, STD, Pwet, PERC90 and Max 

simulated by KNN-BUQSDM is 41.6%, 34.33%, 86%, 55.13% less than ASD, 

58.23%, 39.87%, 91.43%, 48.32% and 53.82% less than GLM and 1.49%, 33.91%, 

70%, 18.03%, 24.76% less than KNN-BNN. The KNN-BUQSDM method shows that 

the average of the statistics for the predicted precipitation is closer to the observed one 

for all the months. This indicates that there is less variability in predicting the rainfall 

by KNN-BUQSDM. 

Table 2-9 Monthly mean squared error 

Statistics MSE-ASD1 MSE-GLM1 MSE-KNN-BNN1 MSE-KNN-BSDM-UQ 

Mean 1.13 1.58 0.67 0.65    

Std 4.69 4.95 4.66 3.08 

Pwet 0.004 0.007 0.002 0.0007 

Perc90 33.54 29.12 18.36 16.96 

Max 869.33 652.42 400.38 301.26 
1
Results obtained from (Lu and Qin, 2014) 

In the results obtained by Lu and Qin (2014), they showed that the prediction 

uncertainty range by KNN-BNN was less for Southwest monsoon (June –Sep) 

compared to Northeast monsoon (Nov-Feb). This was attributed to the fact that there 

was rainfall pattern variability in Singapore. As shown in Figure 2-4, the KNN-
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BUQSDM is able to capture the rainfall variability for all the months effectively. This 

proves the ability of GPR to predict the precipitation even if there is a variation in the 

rainfall pattern. From Figure 2-4a, the average value of the mean indicator is closer to 

the observed one and is reproduced well by KNN-BUQSDM.  In Figure 2-4c, it can be 

seen that for the month of January, the Pwet is underestimated. This is due to the 

availability of less observed data in all the range of rainfall for downscaling. Similar 

deviation was reported by Lu and Qin (2014). It can be understood that better 

downscaling results can be obtained even with the Gaussian distribution assumption for 

model function (epistemic uncertainty) and residual fitting (aleatory uncertainty). Thus 

by treating the epistemic and aleatory uncertainty simultaneously the prediction results 

can be improved.  

Table 2-10 shows the MAPBE for KNN-BUQSDM to represent the quantitative levels 

of uncertainty in the downscaled predictions. It is calculated using ER and P95R 

values. MAPBE calculated using full range of data is represented as ER; when the 5 th 

and 95th percentile of the data are used for calculating MAPBE, it is represented as 

P95R. The MAPBE is estimated using (2.37). The recorded values in table show 

reduced uncertainty compared to ASD, GLM while the results are comparable with the 

KNN-BNN. It should be noted that the KNN-BUQSDM is able to achieve similar 

results to KNN-BNN with fewer number of classes than KNN-BNN. This study has 

demonstrated that KNN-BUQSDM has better prediction accuracy and smaller 

uncertainty range. Figure 2-5 shows the downscaled daily precipitation simulated by 

KNN-BUQSDM. Only one random sequence from the 50 ensembles in comparison 

with the observed daily precipitation for the month of December (wet period) and 

February (dry period) is presented. This figure analyses the ability of KNN-BUQSDM 

to reproduce the extreme events.   
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Table 2-10 MAPBE values of the downscaled results using ASD, GLM, KNN-BNN and KNN-

BUQSDM at S44 

MAPBE ASD
1 

GLM
1 

KNN-BNN
1 

KNN-BUQSDM                 
 

ER                  P95R ER                   P95R ER                  P95R ER                  P95R 

Mean 0.66 0.53 0.67 0.52 0.22 0.21 0.53 0.38 

STD 0.94 0.70 0.83 0.60 0.30 0.28 0.69 0.46 

Pwet 0.28 0.25 0.67 0.32 0.13 0.13 0.09 0.08 

PERC90 0.80 0.60 0.74 0.58 0.29 0.24 0.66 0.48 

Max 1.83 1.26 1.58 1.
 
21 0.61 0.52 1.25 0.89 

1Results obtained from (Lu and Qin, 2014) 

The rainfall magnitude greater than 50 mmday-1 is set as the threshold for extreme 

rainfall. The number of extreme events (NEE) in the observed daily precipitation for 

the month of December and February is 12 and 3 respectively. In, the NEE for 

December is 11 and for February it is 3. The average NEE for all the 50 ensembles for 

December and February are 10.76 and 2.32 respectively.  The maximum amount of 

daily rainfall observed for December and February is 141.4 mm and 76.5 mm 

respectively. The average maximum amount of daily rainfall simulated by KNN-

BUQSDM for December and February is 141.67 and 76.96 respectively.  In the results 

presented by Lu and Qin (2014) it was shown that the NEE simulated by ASD and 

GLM were 7.3 and 7.9 respectively whereas the NEE simulated by KNN-BNN was 

10.2. These results prove that KNN-BUQSDM has the ability to simulate extreme 

events well compared to ASD, GLM and it is comparable to KNN-BNN. The results 

presented in our research also show that KNN-BUQSDM can capture rainfall 

variability as the performance is good for both wet and dry months. The downscaled 

results for station S24 are also presented in order to verify the robustness of the 

proposed downscaling approach. The distribution of the observed and downscaled daily 

precipitation is investigated for the validation period. The cumulative distributions of 

the observed and downscaled daily precipitation have been estimated for each month 

and are presented in Figure 2-6. The graphical representation of the ensemble 

distribution from the proposed downscaling model captures the observed distribution of 

the precipitation well. It can also be seen that the downscaled precipitation ensembles 

closer to the observed data even though there are some deviations from the observed 
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data distribution. Thus the uncertainty range in the prediction is narrower for all the 

months. The Kolmogorov-Smrinov nonparametric goodness of fit test (ks-test) is used 

to assess whether the observed and the downscaled precipitation are from the same 

distribution. The ks-test value is computed between the observed data and each of the 

downscaled ensembles. The average of the p-values for downscaled precipitation at two 

stations (S44 and S24) for each month is presented in Table 2-11. The results indicate 

that the p-value is found greater than 0.05 (95% confidence level) for all the months at 

two stations. Thus the p-values show that the KNN-BUQSDM model reproduces the 

distribution of the daily precipitation well at a 95% confidence level consistently for all 

the months at two stations (S44 and S24).  

Table 2-11 p-values of ks-test value of the distribution of the precipitation 

 P-Value at S44 P-Value at S24 

January 0.0892 0.6248 

February 0.7088 0.9670 

March 0.8334 0.6982 

April 0.7341 0.7615 

May 0.8363 0.4018 

June 0.8141 0.3925 

July 0.8182 0.8184 

August 0.8443 0.7658 

September 0.8113 0.8164 

October 0.7762 0.6078 

November 0.4012 0.3505 

December 0.5072 0.2021 

Table 2-12 MAPBE values of the simulated results using three methods at S24 

MAPBE ASD
1 

GLM
1 

KNN-BNN
1 

KNN-BUQSDM                 
 

ER                  P95R ER                   P95R ER                  P95R ER                  P95R 

Mean 0.736 0.613 0.825 0.672 0.313 0.308 0.4951 0.3732 

STD 0.786 0.566 0.914 0.732 0.369 0.361 0.6097 0.4404 

Pwet 0.430 0.392 0.391 0.307 0.116 0.114 0.1136 0.1050 

PERC90 0.855 0.744 0.946 0.789 0.456 0.416 0.6783 0.5024 

Max 1.414 1.046 1.777 1.315 0.654 0.598 1.0268 0.7616 
1
Results obtained from (Lu and Qin, 2014) 
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Figure 2-4 Monthly mean evaluation statistics for the rain gauge station at S44. The shaded area 

represents the 5th and 9th percentile of the ensembles. The dashed line represents the minimum 

and maximum values of the ensemble statistics
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Figure 2-5 Observed and downscaled precipitation at S44 for the month of February and 

December 

Figure 2-7 shows the evaluation statistics indicators for all the months at S24. The 

weather pattern is drier in the east compared to the west. Thus S24 station which is 

located at the eastern side is chosen to assess the model performance. The number of 

rainfall types is identified as two using K-means algorithm for all the months at S24 

rain gauge station. From Figure 2-7, it is proved that the average of all the evaluation 

statistics obtained by KNN-BUQSDM is closer to the observed data as well as within 

the confidence number of rainfall types for downscaling precipitation using KNN-BNN 

at S24, the results showed deviations in the average values of the indicators such as 

mean, STD and maximum rainfall amount interval. This shows the robustness and the 

consistently good performance of KNN-BUQSDM for statistical downscaling of the 

precipitation. 
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Figure 2-6 Comparison of CDF of the observed and downscaled precipitation for all the months  at 

station S44 
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The MAPBE values of the downscaled precipitation at S24 based on monthly data are 

illustrated in Table 2-12. The performance of the model is similar to S44 station. KNN-

BUQSDM shows narrower confidence interval for all the indicators compared to ASD, 

GLM and is comparable to KNN-BUQSDM. When Lu and Qin (2014) used more It is 

observed that the model also suffered from insufficient data for each rainfall type. 

2.6.4 Discussions on KNN-BUQSDM structure 

The proposed KNN-BUQSDM can be considered as a hybrid model since it 

encompasses the features of regression based downscaling method and weather typing. 

KNN-BUQSDM also couples the uncertainty analysis (residual fitting) within the 

model framework. The details of KNN-BUQSDM model structure are as follows:  

1. The rainfall is classified into different types to reflect the local precipitation 

distribution in downscaling. This concept is similar to weather typing which is 

modelled based on classifying local climate occurrence (Fowler et al., 2007; 

Maraun et al., 2010). 

2. The predictions are probabilistic by treating the residuals as stochastic processes 

(Rasmussen and Williams, 2006); there is no need to calibrate residual fitting 

separately to simulate ensembles. This feature can also be viewed as coupled 

weather generator and regression model. 

3. The predictive posterior distribution is the joint conditional distribution of the 

training data and the future data. This model takes the correlation between the 

past and future data to improve the model performance. The conditional 

distribution of KNN-BUQSDM model helps to consider the extent to which the 

past data can affect the performance of the model in the predictions (2.31). It is 

also pointed out in many research studies that the stationary relationship 

between the past and the future data is questionable (Dixon et al., 2016).  

Non-stationary covariance functions can be used to capture the non-stationary 

relationship between the historic and the future data.  The proposed model framework is 
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similar to those of GLM and ASD. The major difference is that it predicts the 

occurrence of rainfall as well as the rainfall type and the precipitation amount is 

predicted for each class of rainfall. The advantage of KNN-BUQSDM are 1) KNN is a 

non-parametric supervised classification model which is flexible and can be 

implemented directly (He and Wang, 2007); 2) The k-means clustering is an 

unsupervised clustering method which helps to identify the threshold for dividing the 

rainfall into types (Kannan and Ghosh, 2011) and 3) GPR is the state-of-the-art full 

probabilistic stochastic model which gives the full posterior distribution of the model 

parameters for prediction. The over- fitting and under-fitting problem can be solved 

using Bayesian inference. The relationship of the KNN-BUQSDM with SDSM, ASD 

and GLM is discussed in the following part. The assumptions, advantages and 

limitations of the linear regression model, GLM and KNN-BUQSDM are presented in 

Table 2-1. SDSM/ASD and KNN-BUQSDM follow Gaussian error structure; the 

contrast between the two is that in KNN-BUQSDM, the errors/residuals are dependent 

and are assumed to be stochastic processes. The advantages of GLM compared to ASD 

are that GLM includes features such as autocorrelation, nonlinearities, transformation 

and spatial structure in the model structure (Chandler and Wheater, 2002). These 

features are included in GLM through high dimension basis function.  The basis 

function includes constant model, linear model, cyclic trend (to capture periodicity), 

autocorrelation covariates indicator and seasonal effect (sine and cosine component), 

Legendre polynomial (Yang et al., 2005) in precipitation occurrence model as well as 

the precipitation amount model. These features can also be included in GPR through 

different covariance structure (Rasmussen and Williams, 2006) in the model instead of 

using complex basis function which is referred as kernel trick. The different types of 

covariance function can be found in (Rasmussen and Williams, 2006; Roberts et al., 

2013).  For example, Rasmussen and Williams (2006) used several combinations of 

covariance function to predict atmospheric CO2 concentration (Wilson and Adams, 

2013). In their study, they utilized the fact that the product/addition of the covariance 

function is also a covariance function. In their work, 1) Radial Basis kernel was used to 

model the long term smoothing trend; 2) the periodic exponential sine squared kernel 
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was used to model the periodic component in the data; 3) the smaller, medium term 

irregularities were explained by a Rational Quadratic kernel component and 4) noise 

term to represent the noise components. Their results proved that prediction accuracy 

had improved with the use of several covariance functions to capture different data 

properties. The flexible features of GP also enable its use in multi-dimensional weather 

sensor data (Osborne et al., 2012), the lighting curve modelling of transiting exoplanets 

(Gibson et al., 2012) and Gaussian Process for predicting climate network discovery 

(Das and Srivastava, 2011). The non-stationary nature of the climate processes can be 

captured by using non-stationary covariance function to capture the changing 

relationship between the past and the future data in the model (Dixon et al., 2016). 

Linear covariance function, neural network covariance function are few examples of 

non-stationary covariance function. As GPR uses covariance matrices, there is a 

possibility that the covariance matrices become ill-conditioned when large dataset are 

used. Since the climate change field involves large dataset, the usage of sparse 

approximation techniques can solve the computational issues (Das and Srivastava, 

2011). Several research studies have been done to improve the applicability of GPR to 

handle large data (Vasudevan et al., 2009). The Gaussian Process model can also be 

used for precipitation amount determination by using logistic likelihood (Rasmussen 

and Williams, 2006). Thus Gaussian Process Classification (GPC) can also adopt the 

features of GLM similar to GPR as explained previously in this section. The results 

from KNN-BUQSDM also indicate that the ensembles simulated by assuming the same 

distribution for traditional residual analysis, model calibration and the predictions are 

better than SDMs. The improvement in the results attributes to several factors such as 

classification accuracy, partitioning into rainfall types before predicting rainfall 

amount, GPR model structure and Bayesian inference. However, the need to classify 

the rainfall into different types may not be applicable to all geographical locations and 

is subjected to vary with data and study areas. Further research is needed to assess 

whether the classification of rainfall improves prediction for all climate conditions.  
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Figure 2-7 Monthly mean evaluation statistics of the downscaled precipitation at the rain gauge 

station S24. The shaded area represents the 5th and 9th percentile of the ensembles. The dashed 

line represents the minimum and maximum values of the ensemble statistics.  
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CHAPTER 3 SGP-SDM – An advanced statistical downscaling 

model with uncertainty assessment of coupled classification 

and precipitation amount estimation using Gaussian Process 

Error Coupling 

3.1 Abstract 

The content of this chapter is extracted from the submitted journal paper. SGP-SDM 

(Single site Gaussian Processes-Statistical Downscaling Model) is developed in this 

chapter to provide a principled way to quantify and propagate uncertainty in statistical 

downscaling model calibration and prediction within a single framework. This is 

achieved by coupling the residual error with the model instead of calibrating the model 

parameters and residual parameters separately. The GP assumes that the residuals are 

dependent and is modelled as stochastic processes following Gaussian distribution. 

Gaussian Process Classification (GPC) is adopted to determine the wet day occurrence 

and GPR is adopted to estimate the wet day rainfall amount. GP facilitates to capture 

the model adequacy using Bayes’ theorem. A GP prior is placed over the modelling 

function instead of model parameters; thus GP is a non-parametric model. By using 

Bayes’ theorem, the prior over the model function is updated using the likelihood 

function to obtain the posterior distribution of the model. In case of precipitation 

occurrence model, the likelihood is logistic distribution; thus the posterior does not 

follow Gaussian distribution and is analytically intractable. Laplace approximation is 

adopted to obtain the solution for the posterior distribution of the occurrence model. In 

the case of precipitation amount estimation, the likelihood is also Gaussian distribution. 

Thus the posterior distribution follows Gaussian distribution and it can be solved 

analytically. The marginal likelihood is the objective function and a gradient based 

optimization technique is used to find the optimal model and residual parameters. This 

assumption helps to quantify the uncertainty in the model function and in the residuals 

simultaneously.  The posterior predictive distribution of the model function is 
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computed by integrating over the posterior distribution; the predictive distribution is 

the joint distribution of the historic and future data. The ensembles of the downscaled 

precipitation are directly generated by using the predictive distribution instead of point 

estimates. The efficiency of the proposed model is assessed by downscaling 

precipitation from two large scale predictors such as CFSR and CanESM2 for 

Singapore. SGP-SDM is implemented for each month to capture the monthly 

variations. The result shows that the SGP-SDM captures the observed statistics such as 

Mean, standard deviation, proportion of wet days, 90th percentile of rainfall and 

maximum rainfall well compared to ASD, GLM and KNN-BNN for CFSR data. The 

results for the validation show that downscaled precipitation has less mean square error 

for CanESM2 data compared to CFSR data. The results cannot conclude the best 

emission scenarios between RCP 4.5 and 8.5 RCP. 

3.2 Introduction 

There has been an increase in extreme flood events in the recent years due to climate 

change. The increased amount of flood in a short duration of time causes huge social 

and economic losses especially in an urban area (Willems, 2012). Due to various 

natural complex factors, the future climate is uncertain, leading to the development of 

several GCMs and GHG emission scenarios (Nakićenović, 2000). In order to 

understand the hydrological processes that cause flooding, several hydrological models 

available in (Solomatine et al., 2008; Refsgaard et al., 2013) can be referred. However, 

the GCMs climate projection cannot be used to represent the local urban climate due to 

limitations in understanding the complex geophysical process that links the large-scale 

climate pattern with the local climate as well as the difficulty in representing the fine 

scale natural processes computationally (Wilby and Wigley, 1997). This makes it 

difficult to use the GCMs data directly in hydrological models. The simulation of high 

resolution future climate projection from a coarse resolution GCM is necessary to 

assess the impact of climate change on hydrology at a smaller urban area for decision 

making and mitigation planning (Willems et al.; Arnbjerg-Nielsen et al., 2013; Taye 
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and Willems, 2013). Several statistical downscaling models based on regression to act 

as a link between global climate and local climate variables such as precipitation and 

temperature are being developed to simulate high resolution climate projections for 

impact studies. Since the GCM and statistical downscaling model involves numerical 

computations and simulations, the presence and the cascade of uncertainty is a natural 

and inevitable part in the downscaled climate predictions due to complex climate 

interactions, parameterizations in GCM, structure of statistical downscaling model and 

its parameters as shown in Figure 1-1 (Reilly et al., 2001; Kay et al., 2009; Chen et al., 

2011). It is therefore necessary to quantify, represent and propagate such uncertainties 

in the predictions with an effective mechanism as the predictions with less uncertainty 

play an important role in decision making. This research study aims to develop a new 

stochastic process based statistical downscaling model to simulate probabilistic 

projections of fine scale future climate variables to assess the impact of climate change 

on hydrology. The proposed method also aims to map uncertainty from GCM outputs 

to the downscaled high resolution precipitation.  

3.2.1 Uncertainty in statistical downscaling models 

Quantification of uncertainty in the statistical downscaling models has received a lot of 

attention recently (Wilby and Harris, 2006; Clark et al., 2016). There are mainly three 

sources of uncertainty in the climate projections (Foley, 2010; Environmnet and 

Heritage, 2016).  The future emissions of greenhouse gases and aerosols are considered 

as one of the largest sources of uncertainty. Since the knowledge about them is 

unknown, it is not possible to quantify this uncertainty mathematically. This 

uncertainty can be represented by a number of plausible future emission scenarios or 

projections in GCM simulations to assess the climate change impact. The second 

source of uncertainty is the response of the climate systems due to changes in the 

constituents of the atmosphere. This is represented by using diffe rent GCM simulations 

which reflect the model structural and parametric uncertainties. The uncertainty from 

the emission scenario can be assessed by simulating the high resolution climate 

projections from several scenarios. The model structural and parametric uncertainties in 
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the GCM are assessed by using ensembles of possible future climate simulations from 

many GCMs (Environmnet and Heritage, 2016). The probability of future simulations 

from each GCM was estimated by combining them in a Bayesian framework (Tebaldi 

et al., 2005; Buser et al., 2009; Mani and Tsai, 2017) or multi-model ensemble 

techniques and this is an active area of research. The third source of uncertainty is the 

response in the local climate due to climate change. This uncertainty is also associated 

with the techniques used for statistical downscaling of future climate. The confidence 

in the predictions of future local climate variables is affected by the above mentioned 

sources of uncertainty (Fowler et al., 2007; Maraun et al., 2010).  

Prudhomme and Davies (2009) investigated three main sources of uncertainty in river 

flow projections. Three GCMs (HadCM3, CCGCM2 and CSIRO-mk2) and two 

downscaling models (SDSM and HadRM3) were considered for the analyses. Their 

study results concluded that the GCM was the largest contributor of uncertainty in 

impact studies compared to statistical downscaling and was greater than the uncertainty 

from the hydrological models. However, they couldn’t conclude the best performing 

GCM or downscaling model for impact studies. From the literature review on assessing 

the main sources of uncertainty, it is found that GCM stands to be the main source 

(Hawkins and Sutton, 2009) whereas the statistical downscaling model is the second 

largest contributor of uncertainty while the uncertainty due to hydrological model and 

its parameters is less significant (Chen et al., 2011). Similar results were concluded in 

the other studies by Wilby and Harris (2006) and Kay et al. (2009). This research study 

focuses on assessing uncertainty due to SDMs.  

All the past comparison studies concluded that the statistical downscaling model is the 

second largest sources of uncertainty in impact studies. From the past studies, it is 

noted the quantification of uncertainty in the statistical downscaling models is a major 

concern in impact studies. Each statistical downscaling model has unique advantages 

and disadvantages which results in variations in the future climate projections. There 

exists a plethora of comparison studies on the downscaling methods to characterize the 

uncertainties underlying in the predictions.  Weather generators (WGEN) and ANN 
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were used by Wilby et al. (1998) to downscale precipitation. Their results showed that 

WGEN performed better in simulating wet-day occurrences compared to ANN. Three 

statistical downscaling models including SDSM, LARS-WG and ANN were compared 

by Khan et al. (2006). The observed statistics were reproduced well by SDSM with 

95% confidence interval compared to ANN and LARS-WG. The daily precipitation, 

daily temperature and monthly precipitation were downscaled using several 

downscaling methods by Schoof and Pryor (2001). It was shown that the regression 

models and ANN model yielded similar results. The temperature was downscaled 

accurately compared to precipitation. Ghosh and Mujumdar (2009) suggested some 

imprecise probability to represent uncertainty band from several GCMs including GCM 

with missing output. In their work, it was mentioned that the confidence band from one 

GCM may not be sufficient to make decisions and the confidence bands from several 

GCMs were needed. Giorgi and Mearns (2002) proposed Reliability Ensemble 

Averaging (REA) method that calculated average, uncertainty range and a reliability 

measure of simulated climate change ensembles. Similar comparison studies can be 

found in Schoof and Pryor (2001), Haylock et al. (2006), Wetterhall et al. (2006), 

Dibike et al. (2008) and Chen et al. (2011). Fowler et al. (2007), Maraun et al. (2010) 

and Quintana Seguí et al. (2010) presented a detailed review of all the uncertainty 

analysis studies on the downscaling model. In order to obtain the robust precipitation 

downscaling results, it was recommended in all their studies to use different statistical 

downscaling models rather than one model as the predictions from only one statistical 

downscaling model since it is not reliable as the performance varies for the different 

seasons and GCM predictors (Chen et al., 2012; Sunyer et al., 2012; Sunyer Pinya et  

al., 2015). 

All the comparison results are inconclusive as a single model cannot be chosen as the 

best model for downscaling as the performance varies with the location and seasons. 

Fowler et al. (2007) suggested that further research was needed to characterize 

uncertainty in statistical downscaling models. While there are many methods for 

uncertainty quantification, there are very limited number of studies on coupling the 
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uncertainty quantification tool with the SDM model structure. The first reason for this 

can be attributed to the fact that the assumptions of statistical downscaling model 

structure remain the same even though there are many types of regression based models 

available. The second reason is that a general uncertainty quantification framework for 

downscaling model to propagate and represent the uncertainty is not available yet.  

The two types of downscaling techniques are DDM and SDM. The detailed explanation 

about the downscaling methods can be found in the literature review by (Wilby and 

Wigley, 1997; Fowler et al., 2007; Maraun et al., 2010). The projection of climate 

using RCM is computationally intensive which makes it less preferable compared to 

statistical downscaling methods (Giorgi and Mearns, 1991; Tang et al., 2016). As 

regression based statistical downscaling methods are easier to implement and required 

less computational time, they are considered in this study (Fowler et al., 2007).  The 

statistical downscaling model for precipitation is a two-step process where the 

precipitation amount is conditioned on the occurrence of the rainfall. Thus the 

precipitation occurrence is determined as the first step and the amount of precipitation 

is then estimated as the second step. The commonly used regression based statistical 

downscaling models are Generalized Linear Model (GLM) in which the wet days are 

determined using logistic regression (Coe and Stern, 1982; Chandler and Wheater, 

2002) and the rainfall amount is estimated using gamma regression, Statistical 

Downscaling Model (SDSM) and Automated Statistical Downscaling (ASD) where the 

wet days and the amount of rainfall are estimated using multiple linear regression 

(Wilby et al., 2002; Hessami et al., 2008). Several other downscaling approaches such 

as ANN (Hewitson and Crane, 1996), SVM (Tripathi et al., 2006) and RVM (Ghosh 

and Mujumdar, 2008) have been proposed in the literature.  

3.2.2 Uncertainty quantification in precipitation occurrence determination 

Precipitation occurrence depends on the regional climate predictors such as mean sea 

level pressure, specific humidity and geopotential height. The precipitation occurrence 

is downscaled by relating the daily precipitation occurrence with the large scale climate 
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predictors (Wilby and Wigley, 1997; Wilby et al., 2002). The determination of correct 

number of wet and dry days is very important for estimating the rainfall amo unt with 

improved accuracy.  

Let the historic data for the precipitation occurrence determination model be 
cD of n

observations, that is, {( , ) | 1,..., }c ci ciD i n x y where 
cx represents the GCM predictors 

with dimension
cm and 

cy is the binary classification output (wet/dry day). The rainfall 

occurrence model in SDSM is expressed as follows (3.1) (Wilby et al., 2002; 

Wetterhall et al., 2006): 

 ( )

0 1 1

1

ˆ
cm

j

d j c d d

j

O a a x a O 



    (3.1) 

where d  is the number of days, 
dO  is the conditional probabilities of the rainfall 

occurrence on day d , ( )ˆ j

cx is the GCM predictors which are normalized, ja is the 

regression parameters which are inferred by using least square method and 1d   and 

1dO 
 are the regression parameters of lag-1 data and the conditional probabilities of rain 

occurrence on day 1,d   respectively. The last two parameters can be optional and it 

depends on the area of study and predictand. A uniform dis tribution random number 

(0 1)d dr r   is used to determine the occurrence of rainfall
cy , if 

d dO r .     

In ASD, the occurrence of rainfall is expressed as (3.2): 

 0

1

ˆ
cm

d j ci

i

O a a x


   (3.2) 

where d  is the number of days, 
cm is the number of predictors, 

dO  is the conditional 

probabilities of the rainfall occurrence on day d , ˆ
cix is the GCM predictors which are 

normalized, ja is the regression parameters which are inferred by using least square 

method (Hessami et al., 2008).  
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The drawbacks with the linear classification methods in SDSM and ASD are 1) it lacks 

strength to detect outliers 2) cannot be used with all types of data and 3) the decision 

boundary is based on the assumption that follows Gaussian distribution; however, the 

binary output does not follow Gaussian. The above mentioned issues were solved by 

using logistic regression as proposed in GLM (Chandler and Wheater, 2002). The 

logistic regression used to determine the precipitation occurrence in GLM model is 

represented as (3.3): 

 
0 1 1ln

1 c cc p cp

P
B B x B x

P

 
    

 
 (3.3) 

Equation (3.3) can be represented in terms of probability by rearranging as given in 

equation (3.4): 

 
0 1

1

c p cp c pc c
B B x B xP

e
P
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


 (3.4) 

where the probability of the event is represented by P (the values of P  lies between 0 

and 1), e  represents the base of the natural logarithms, 
pc

cx  is the predictors, cp  refers 

to the predictors used in the model and 0 1, ,...,
cpB B B  are the model coefficients. The 

model parameters are estimated using maximum likelihood method. The logistic 

regression model is an improvement over the multiple linear regression model since the 

probability of wet day occurrence could be obtained.  The logistic regression model 

assumes linear relationship between the predictor and the predictand; the predictions 

from the model are transformed using logit link function.  

Lu and Qin (2014) compared the ability of KNN, ANN and LC approaches to 

determine the precipitation occurrences based on accuracy of determination and dry 

day proportion. Their results showed that the performance of KNN was better than the 

other models in comparison. In Chapter 2, KNN-BUQSDM is proposed to downscale 

precipitation. In KNN-BUQSDM, GPR is integrated with KNN model for downscaling 
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precipitation in Singapore. In KNN-BUQSDM, KNN is used to determine the wet 

days; the wet days are in turn classified into two rainfall classes using KNN. Then GPR 

is used to estimate the precipitation amount for each rainfall class. It is shown that the 

KNN-BUQSDM shows better performance in terms of reproducing observed statistics 

and accuracy compared to ASD, GLM and KNN-BNN.  

It is noticed that in all the research works on statistical downscaling, the uncertainty 

due to choice precipitation occurrence model was not given much attention. The 

standard binary classification methods for rainfall occurrence determination described 

above do not capture the uncertainty in the model. The predictive probabilities obtained 

as the softmax output in logistic regression (3.3) are misinterpreted as the model 

confidence. Even if the softmax output is high, the model predictions can still be 

uncertain (Gal and Ghahramani, 2015). In their study, it was shown that if a point 

estimate of a function is passed through softmax function then that gave high 

confidence for the prediction points which were far away from the training points. In 

contrast if the distribution of a function is passed through the softmax function, then the 

output reflects the classification uncertainty for the predictions points. The readers are 

referred to the illustrated figure in a research study by (Gal and Ghahramani, 2015). 

The difficulty with KNN classification is the selection of K values and quantification of 

uncertainty. Thus, developing statistical downscaling model that takes the uncertainty 

from wet days determination is critical for the determination of correct number of wet 

days in future projections for decision making. 

It was shown in a number of researches in the field of machine learning that GPC could 

circumvent the drawbacks in the traditional classification methods which rely on kernel 

trick to circumvent the curse of dimensionality and uncertainty quantification using 

Bayesian inference. GPC are considered as a potential approach for classification along 

with uncertainty quantification in machine learning (Rasmussen and Williams, 2006). 

In a research study by Zhao et al. (2008), GPC and KNN were applied to classify the 

Infrared Imaging Spectroradiometer image. The results proved that GPC performed 

better than KNN and SVM. They showed that GPC was a competitive tool in 
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classification for remote sensing applications (Yang et al., 2015). GPC has been 

implemented in other fields such as medical imaging (Challis et al., 2015) to quantify 

uncertainty and to improve accuracy. GPC is a full Bayesian statistical kernel based 

classification model in which the probability of an input belonging to a certain class is 

related to the value of latent function at the corresponding input. The statistical 

inference is implemented systematically using the Bayesian framework to estimate the 

binary class output type along with uncertainty. GPC involves the use of the Gaussian 

process prior and the logistic likelihood function for the Bayesian inference which 

involves integration over the latent function values to compute the posterior 

distribution. An analytical Laplace approximation is needed as the posterior 

distribution of GPC is non-Gaussian and cannot be solved analytically. Laplace 

approximation technique is needed to solve the marginal likelihood analytically (Kuss 

and Rasmussen, 2006).  Thus, in our study GPC is adopted to address the above 

mentioned drawback in the rainfall occurrence determination model.  

3.2.3 Uncertainty quantification in precipitation amount estimation 

The historic data aD for the precipitation amount estimation model of n observations 

are represented as {( , ) | 1,..., }a ai aiD y i n x  where ax are the GCM predictors with 

dimension am and ay represents the rainfall amount. The simplest form of regression 

based precipitation amount estimation is given in (3.5): 

 ( )a a a af y x ε  (3.5) 

where 
ay represents local precipitation, 

ax  represents the predictors from 

GCM/reanalysis model output,
af is the downscaling function which can be linear or 

non- linear and 
aε  is the additive model error/residual. A range of regression based such 

as multiple linear regression, gamma regression in Generalized Linear Model (GLM) 

and non- linear models such as Artificial Neural Network (ANN) have been proposed 
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for estimating the precipitation amount to assess the climate change impact on urban 

hydrology.  

In a regression model, the function ( )a af x  contributes to the epistemic uncertainty and 

the residual 
aε contributes to the aleatory uncertainty to the downscaled precipitation as 

shown in Section 2.5 of Chapter 2 of this thesis. The parameters of the model function 

( )a af x  are obtained using the historic 
ax  and 

ay  data. The optimized parameters are 

used to obtain the point estimates of the model function. In order to simulate ensembles 

to represent the uncertainty in the point estimates, the error is fitted with the GEV 

distribution. The simulated error ensembles are then added to the point estimates of the 

precipitation prediction obtained using ( )a af x . These enable to simulate ensembles of 

the error in the future to represent the variability in the prediction. In all the existing 

regression based downscaling techniques, the above method is followed regardless of 

the type of downscaling model function ( )a af x used.  

The flaw in this model assumption is explained in detail in Chapter 2.5. The flaws 

pointed out in their paper are 1) the model function and the error are calibrated 

separately 2) the distribution assumption for the model function and the residual are 

different and 3) there is no specified framework for quantifying uncertainty in 

precipitation amount estimation.  

The probabilistic uncertainty quantification approach for statistical downscaling has 

been explored in the past literature studies to compute predictive distribution. RVM 

integrated with Principle Component Analysis (PCA) and fuzzy clustering was 

proposed by Ghosh and Mujumdar (2008) to downscale precipitation. Their method 

was able to capture the non-linear relationship between the climate variables and  

streamflow. The downscaled precipitation results were compared with downscaled 

precipitation from SVM. The results showed that the performance of RVM was better 

than SVM. Another advantage of RVM is that the aleatory and epistemic uncertainty is 

quantified simultaneously and the distribution assumption for model function and 
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residual is Gaussian. However, RVM introduced by (Tipping, 2003) has some 

disadvantages as pointed out in (Rasmussen and Williams, 2006). In RVM, when the 

future prediction point is away from the relevance vectors, the model finds it difficult 

to draw conclusion about the output in extrapolation. The predictive uncertainty at the 

test points becomes small (Rasmussen and Williams, 2006). RVM is also considered as 

a special case of GP; the errors in RVM are assumed to be independent. The ability of 

GPR to estimate precipitation amount by assuming dependency between the errors is 

shown in Chapter 2 by comparing the downscaled precipitation results with ASD, 

GLM and KNN-BNN. The results have shown that GPR performs better in reproducing 

the statistics such as mean, standard deviation, proportion of wet days, 90th percentile 

and maximum values. The accuracy of the downscaled precipitation is high compared 

with other models. In a study by Rajendran and Cheung (2015), the above mentioned 

problem was addressed by using BUASCSDSEC (Bayesian uncertainty analysis for 

stochastic classification and statistical downscaling with stochastic dependent error 

coupling), a GPR model in which the residual and model calibration are coupled 

together with Gaussian distribution assumption. A simpler version of GPC and GPR 

was used for quantifying uncertainty in the statistical downscaling model. Their results 

proved that by using the dependency information between the residuals, the model 

prediction accuracy and confidence interval could be improved significantly. Elaborate 

use of GP for statistical downscaling is presented in Chapter 2 Section 2.2.3. of this 

thesis. In this chapter, an advanced version of KNN-BUQSDM developed in Chapter 2 

is proposed. GPC is used for precipitation occurrence determination and GPR is used 

for precipitation amount determination. The proposed idea is also the advancement of 

BUASCSDSEC technique by Rajendran and Cheung (2015). The proposed approach is 

named as ‘K-Nearest Neighbor-Bayesian Uncertainty Quantification Statistical 

Downscaling Model (KNN-BUQSDM).’  

The objective of this study is to implement the state-of-the-art statistical approaches to 

develop a framework to quantify uncertainty in statistical downscaling techniques at 

single site. In this work, a stochastic process based Bayesian inference model proposed 
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by Cheung et al. (2011) is adopted for quantifying uncertainty statistical downscaling 

framework. The key idea in this model is that the uncertainty in the model parameters 

and the structures are propagated from precipitation occurrence determination 

prediction to precipitation amount estimation prediction. A significant aspect of the 

proposed method is that the model function and the model errors are coupled by 

assuming that the residuals are stochastic processes following Gaussian distribution. In 

this research study, the main focus is on downscaling precipitation from large scale 

climate predictors such as CFSR and CanESM2. Two large scale predictors are used to 

assess the uncertainty due to different scenarios and different GCMs. One specific 

aspect of this research work is to develop precipitation occurrence determination model 

using GPC and to investigate the applicability of different covariance function in wet 

day determination. The methodology also includes a method to select the model using 

marginal likelihood.  

Chapter 3 is organized as follows. The study area and the data for this study are 

explained in the data and study area section. The proposed SGP-SDM methodology is 

explained in detail in the methodology section. The performance the proposed approach 

is assessed using three datasets such as CFSR and CanESM2. The precipitation is first 

downscaled using CFSR data and is compared with the classical downscaling 

approaches such as ASD, GLM and KNN-BNN; the corresponding results are 

presented in the results and discussion section. The downscaled results for ASD, GLM 

and KNN-BNN using CFSR are obtained from the research study by Lu and Qin 

(2014) since the CFSR data and study of their work are the same as the ones in Chapter 

2. CanESM2 (RCP4.5 and RCP8.5) are used as GCM predictors for assessing the 

model’s ability in downscaling precipitation from GCM predictors in Singapore. 

3.3 Data and study area 

The study area for this research work is Singapore which lies between 1 N and 2 N 

latitudes and 103.8 E and 104  E longitudes. It covers an area of 719.1 square 

kilometers.  The climate of Singapore is classified as a tropical climate and has two 
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monsoon seasons namely Northeast monsoon (December to early March) and 

southwest monsoon (June to September). From the historical rainfall record, it is 

observed that the wettest month is December with the average rainfall of 230 mm and 

the driest month with the average rainfall of about 160 mm). There is a variation in the 

spatial distribution of rainfall where the rainfall is higher in the western parts compared 

to the eastern parts of Singapore. Thus a rain gauge station in the west (S44) is 

considered in this study to evaluate the performance of the proposed statistical 

downscaling model. The historically observed precipitation data for Singapore was 

obtained from (NEA, 2016). The meteorological station (S44) selected in this study 

have good quality of the data for the period from 1980 to 2010. At S44 station, the 

missing dataset is 0.09%. The western region of Singapore has complex rainfall 

pattern; thus the results for precipitation downscaling at S44 is completely presented. 

Figure 3-1 shows the location of the rain gauge stations along with CFSR and 

CanESM2 grids.  

In order to capture the complexity in the climate of Singapore, the large scale 

predictors from CFSR are used to downscale precipitation in Singapore (Saha et al., 

2010; Dile and Srinivasan, 2014). CFSR data are chosen to compare the proposed 

downscaling approach with other downscaling model such as ASD, GLM and KNN-

BNN. The spatial resolution of CFSR is 0.5 0.5 and the temporal resolution of the 

predictors is 1-h instantaneous. The resolution of CFSR is superior to National Center 

for Atmospheric Research (NCEP/NCAR) reanalysis data set (6-h instantaneous and

2.5 2.5 ). CFSR is a global high-resolution data and is available for 31-year period 

(Liléo and Petrik, 2011; Wang et al., 2011). Mean sea level pressure (prmsl), Specific 

humidity at 500 hPa (q500), Specific humidity at 850 hPa (q850), Specific humidity at 

925 hPa (q925), Geopotential at 500 hPa (z500), Geopotential at 850 hPa (z850), 

Geopotential at hPa (z1000), Zonal wind at 500 hPa (u-w 500), Meridional wind at 500 

hPa (v-w 500), Zonal wind at 850 hPa (u-w 850) and Meridional wind at 850 hPa (v-w 

850). For downscaling precipitation at S44 station, CFSR-West is used. 
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Figure 3-1 Study area and rain gauge location in Singapore 

The CFSR predictors need to be standardized using (3.6) before using it for 

precipitation amount estimation and precipitation occurrence determination.  

 
min

max min

i
i

r r
z

r r





 (3.6) 

where  is the ith input variable; and are the minimum and maximum values o f 

the input variables, respectively.  

The uncertainty is high in studying the climate change impact using single GCM as the 

spatial and temporal resolution of each GCM is different due to model assumptions  

(Kim and Kaluarachchi, 2009). The availability of several of large scale climate 

predictors provides an opportunity to evaluate the statistical downscaling model 

performance and to analyze the uncertainties of the downscaled precipitation 

corresponding to the different GCMs and emission scenarios. However, it is difficult to 

ir minr maxr
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compare all the 13 GCMs performance in downscaling in this study as the objective is 

to develop a downscaling model coupled with the uncertainty framework. The 

performance of different GCMs to downscale precipitation in Singapore for climate 

change analyses were studied by Singapore 2nd National Climate Change Study – 

Phase 1 based on the presence of biases in the predictions 

(http://ccrs.weather.gov.sg/publications-second-national-climate-change-study-science-

reports/). CanESM2 is a second generation Canadian Earth System Model developed 

by Environmental Canada of Canadian Center for Climate Modelling and Analysis 

(CCCma) for IPCC Fifth Assessment Report (AR5) (Chylek et al., 2011). The 

horizontal resolution of the model is nearly uniform of 2.8125 . CanESM2 output has 

26 daily predictors which are listed in the Table 3-1 and the predictors are obtained 

from (http://ccds-dscc.ec.gc.ca/?page=pred-canesm2). National Centre for 

Environmental Prediction (NCEP) (Kalnay et al., 1996) reanalysis data set is used as 

atmospheric large scale predictor variables for representing the present condition. The 

NCEP-derived predictor data have been interpolated onto the same grid as the GCM. 

The selection of predictors is an important step in developing a reliable statistical 

downscaling model and also to improve the accuracy of the prediction results (Wilby, 

1998; Fowler et al., 2007; Maraun et al., 2010). The predictors that are relevant for 

downscaling precipitation are necessary to be included in developing the downscaling 

model (Wilby et al., 2004). It is also important to select the predictors that can capture 

the variation in global warming to project the future climate change (Wilby, 1998). The 

humidity predictors represent the water holding ability of the atmosphere under global 

warming and the information about the changes in precipitation in a long-term is 

represented by the temperature predictor (Wilby and Wigley, 1997). The circulation 

predictors are also selected as predictors for downscaling precipitation (Cavazos and 

Hewitson, 2005). It is also shown in other research studies that the circulation variables 

may not be sufficient to capture the mechanisms that generate precipitation such as 

thermodynamics and moisture content. Thus, Karl et al. (1990) and  Wilby and Wigley 

(1997) used humidity as an important predictor in downscaling precipitation in a 
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changing climate. The relationship between sea- level pressure and precipitation was 

studied by Thompson and Green (2004) and shown that there was a link between them 

at different time scales which include seasonal, monthly and daily scales. The 

predictors selected in this study are also based on the important predictors for 

downscaling precipitation in the previous studies.  

The wet-day threshold is set to 0.1 mm. The prediction is tested with various threshold 

values. The results are in the best agreement with the observed data when the threshold 

is set to 0.1 mm. The same threshold level was used in other studies such as (Liu et al., 

2011; Lindau and Simmer, 2013; Taye and Willems, 2013; Pervez and Henebry, 2014). 

As the daily precipitation does not follow normal distribution, cubic root/fourth root 

transformation is applied to make the distribution of the precipitation closer to the 

normal distribution (Jeong et al., 2012). 

Two-sample Kolmogorov-Smirnov test is employed to select predictors for 

determining the rainfall occurrence and backward stepwise regression is employed to 

select predictors for estimating the rainfall amount. The Two-sample Kolmogorov-

Smirnov test chooses the predictors that show significant difference between a dry day 

and a wet day; this is based on the fact that the predictors are sensitive to a wet and a 

dry day in the model (Chen et al., 2010).  

Three types of stepwise regression are available such as backward elimination, forward 

selection and bidirectional elimination. For estimating the precipitation amount, 

backward stepwise regression (Hocking, 1976) similar to ASD is adopted in our study. 

This regression can choose the predictors for rainfall amount estimation. In the first 

step, all the large scale predictors are considered in the model. The predictors that are 

not significant are eliminated in each step until the predictors that are significant in the 

model remain at the end (Hessami et al., 2008).  F-test is used to eliminate the 

predictors and is given in (3.7): 
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where the number of observed data is represented by n, the number of predictors is 

represented by p, the correlation coefficient between the criterion variables and the 

predictions with p  predictors is qR . If the F values are less than the threshold defined 

by (3.7), the predictors need to be eliminated (Hessami et al., 2008). The threshold for 

the test can be calculated using equation (2.9).  

3.4 Methodology 

An uncertainty quantification framework for statistical downscaling model is 

developed in our research. In the method developed, the downscaling model function is 

coupled with the modelling error/residual; the error is assumed to be dependent and it is 

a stochastic process following Gaussian distribution. The dependency between the 

errors is utilized to capture the uncertainty in the prediction of precipitation occurrence 

determination and rainfall estimation. For precipitation occurrence determination, a 

zero-mean function and logistic likelihood with the combination of linear or squared 

exponential covariance function is used. A linear mean function and squared 

exponential covariance are used for precipitation amount estimation. The mean 

function is assumed only for the precipitation amount estimation. As the computational 

time increases when the mean function is used for precipitation occurrence 

determination, a zero-mean function is adopted.  

The methodology for implementing the model consists of two stages such as rainfall 

occurrence determination and rainfall amount determination. The framework for 

implementing SGP-SDM is shown in Figure 3-2. The precipitation occurrence 

determination implementation algorithm for SGP-SDM consists of implementing three 

algorithms such as hyperparameter optimization algorithm, computation of model of 

the model function and prediction.  



 

89 

  

Table 3-1 CanESM2 predictors 

CanESM2 Predictors Symbol 

Mean sea level pressure Ceshmslpgl 

1000 hPa wind speed ceshp1fpgl 

1000 hPa zonal velocity ceshp1 upgl 

1000 hPa meridional velocity ceshp1 vpgl 

1000 hPa vorticity ceshp1 zpgl 

1000 hPa wind direction ceshp1thpgl 

1000 hPa divergence ceshp1zhpgl 

500 hPa wind speed ceshp5 fpgl 

500 hPa zonal velocity ceshp5 upgl 

500 hPa meridional velocity ceshp5 vpgl 

500 hPa vorticity ceshp5 zpgl 

500 hPa wind direction ceshp5thpgl 

500 hPa divergence ceshp5zhpgl 

800 hPa wind speed ceshp8 fpgl 

800 hPa zonal velocity ceshp8 upgl 

800 hPa meridional velocity ceshp8 vpgl 

800 hPa vorticity ceshp8 zpgl 

800 hPa wind direction ceshp8thpgl 

800 hPa divergence ceshp8zhpgl 

Relative humidity at 500 hPa ceshp500pgl 

Relative humidity at 850 hPa ceshp850pgl 

Total rainfall  Ceshprcppgl 

Specific humidity at 500 hPa ceshs500pgl 

Specific humidity at 850 hPa ceshs850pgl 

Surface-specific humidity ceshshumpgl 

Mean temperature at 2 m height ceshtemppgl 

The algorithms from the book by Rasmussen and Williams (2005) are adopted; they 

can be found in algorithm 5.1, algorithm 3.1 and algorithm 3.2 respectively in the book  

(Rasmussen and Williams, 2005). The readers are suggested to refer to the book to get 

the detailed information regarding the algorithms. The detailed implementation 

algorithm for precipitation amount estimation using GPR can be found in Chapter 2 

(Algorithm 1 and Algorithm 2). The methodology also includes a technique to select 

the model using marginal likelihood.  
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3.4.1 Bayesian updating framework 

This section presents the generalized Bayesian framework for GPC and GPR. In 

Bayesian optimization, the known knowledge about the functions is presented as prior. 

A likelihood function ( | )p y f  needs to be specified in order to get the posterior 

distribution. , , ,D Xf y here represent the data, model function, predictand and predictor 

that can belong to GPC or GPR and   represents the hyperparameters.  By Bayes’ 

theorem, the posterior distribution of the latent function f , ( | , )p X yf  given the data D  

is (3.8): 

 
( | , ) ( | , )

( | , )
( | )

p X p X
p D

p D







y f f
f  (3.8) 

where ( | , )p X f is the GP prior and ( | )p D   is the marginal likelihood (model 

evidence). The marginal likelihood is also called the normalizing constant of the 

Bayesian posterior distribution. The integral of the likelihood times the prior yields the 

marginal likelihood of the model: 

 ( | ) ( | , ) ( | )p X p X p X d y y f f f  (3.9) 

The marginal likelihood (3.9) gives a measure of how well a model fits the data. The 

integral does not have analytical form and an approximation is needed to solve the 

integral (Anzai, 2012; Barber, 2012). The uncertainty in the model parameters is 

accounted using prior probability (Beck and Katafygiotis, 1998). The posterior pdf 

changes with the different prior pdf (Cheung et al., 2011). The values of the 

hyperparameters   cannot be determined a priori; the optimal value of ̂  based on the 

training data can be learnt by maximizing the marginal likelihood ( | )p D  with respect  
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Figure 3-2 SGP-SDM statistical downscaling framework 

to  . As soon as the posterior ˆ( | , )p D f  is available, the prediction at a future 

predictor *x  can be obtained by (3.10): 

 
* * * *

ˆ( | , , ) ( | , . ) ( | , )p f x D p f x p y d θ X f f X f  (3.10) 

The predictive distribution of *y  is given by (3.11): 

 
* * * * * * *

ˆ ˆ( | , , ) ( | ) ( | , , )p y x D p y f p f x D df θ θ  (3.11) 

Equations (3.8) to (3.11) represent the generalized formulation of GP models which can 

be used in precipitation occurrence and amount estimation problems by choosing the 

appropriate likelihood model ( | )p y f .  
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3.4.2 Precipitation occurrence determination model using GPC 

GPC is a nonparametric classification method based on a Bayesian methodology. In 

this section, an introduction and overview of the GPC is presented to solve wet day 

determination binary classification problem. The derivation follows GPC presented in 

Rasmussen and Williams (2006). GPC assumes Gaussian prior distribution on the 

model function to guarantee smoothness properties. This helps to determine the final 

classification that provides a good fit for the observed data while preserving the 

smoothness in the prediction. The uncertainty in determining wet or dry days is 

reflected in the posterior probability. In GPC, {1, 1}cy   denotes the class labels (wet 

(+1) and dry (-1) day) corresponding to input predictors 
cx . A zero mean Gaussian 

process prior is assumed as prior function over the latent function ( )c cf x  or 
cf .  

 T1 1
( | , ) exp( )

2| 2 |
c c c c c c

c

p X K
K

 f θ f f  (3.12) 

where ( | , ) ~ ( | 0, )c c c c cp X N Kf θ f is the multivariate Gaussian with zero mean vector 

0 nR  and symmetric positive-semidefinite covariance matrix n n

cK R  . The 

Gaussian process prior with zero mean and covariance function,
cK which depends on 

the hyperparameters 2

1{ ,{ } }cm

c fc cd dl   . There are several choices of covariance 

functions that can used in Gaussian process models. Moreover, the sum or product of 

covariance functions is also a covariance function. This study explores three types of 

covariance function such as linear covariance function, squared exponential covariance 

function and the addition of the linear and the squared exponential kernels to obtain a 

new covariance function to improve the wet days determination accuracy for a dataset 

which has nonlinearities. Since the linear and squared exponential covariance function 

are commonly used (Rasmussen and Williams, 2006), they are chosen for occurrence 

determination. Similarly other types of covariance functions and their combinatio ns 

using sum or products can be used for the model implementation. Readers are referred 

to Rasmussen and Williams (2006) to get more details about the covariance functions.    
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The covariance functions used in GP is analogous to the kernel function used in SVM 

or RVM. The covariance function defines a non-linear and high dimensional 

relationship between the predictors 
cX . The squared exponential covariance function is 

a stationary covariance function as it depends on the relative locations of the inputs. On 

the other hand, the linear kernel is a non-stationary function where it allows the 

smoothness to vary with the inputs. For some data, the two covariance functions can be 

added together to improve the classification accuracy (Rasmussen and Williams, 2006). 

The linear Automatic Relevance Determination (ARD) covariance function is 

expressed in (3.13). 

 2

1

( , )
cm

clin c c c cd cd

d

x x



 k x x l  (3.13) 

where ( , )clin c c
k x x is the linear covariance between the input

cx  and 
c
x , 

cm is the 

dimension of the data and 1( ,..., ) , 0c

c

m

c c cm cl diag l l R l   is the correlation length 

between the inputs to control the contribution of each predictor 
cx to the model output. 

In matrix form, ( , )clin c c
k x x is represented as

clinK . By definition, the ARD function 

automatically determines the predictors that are relevant for the model. This process 

acts as an additional step to select predictors, after using Two-sample Kolmogorov-

Smirnov test for choosing predictors. The linear ARD covariance function is non-

stationary.  

The Squared Exponential (SE) ARD covariance function is expressed in (3.14). The SE 

kernel depends on the distance for the dimension cm ,
2

2a ax x between the inputs, 

where
2

.  is the Euclidean Norm.  

2 21
( , ) exp{ ( ) ( )}, 0; ( ) 0

2

T

cSE c c fc c c c c fcL diag L        c ck x x x x x x                     (3.14) 

where 
2

fa is the signal variance and Lc
is the diagonal positive symmetric matrix 
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consisting of the characteristic correlation length, 
cl . The matrix form of ( , )cSE c c

k x x is 

written as
cSEK . In squared exponential covariance function, the smoothness of the 

model function prediction is controlled by lengthscale of the covariance function; 
cl

lengthscale determines how far two points are separated; if the lengthscale is small, the 

correlation between the predictors is high and vice versa. If the predictors are far away 

from each other, they are less correlated. This implies that if the predictors are highly 

correlated, the output of the model will be similar and vice versa.  The variance of the 

function values is determined by the 
2

fc ; it therefore controls the relation between the 

latent function and the classification results. Thus, the hyperparameters for this 

covariance function is  
12 T

1[ , ,.., ] c

c

m

c fc ml l R  
  . The two covariance functions can 

also be combined by addition or multiplication to utilize the advantages of both 

covariance functions. For precipitation occurrence determination, the linear ARD and 

SE ARD are added to improve the prediction accuracy. 
                        

 

In the case of GPC, there are many possible forms of likelihood function; thus the 

posterior does not follow Gaussian distribution anymore. Two commonly used 

functions are logistic and probit likelihood function. Thus, the posterior of GPC needs 

to be approximated using Laplace approximation. This study uses the most commonly 

used logistic function to show the applicability of GPC for wet days determination. The 

expression for log likelihood of the logistic function and its first and second order 

derivatives are presented in the equation (3.15): 

 
1

( 1| )
1 c

c cp y
e


 


f
f  (3.15) 

and  

 
1

( 1| )
1 c

c cp y
e

  


f
f  (3.16) 

 log ( | ) log(1 exp( ))ci ci ci cip y f y f    (3.17) 
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 log ( | ) πci ci i i

i

p y f t
f


 


 (3.18) 

 
2

2
log ( | ) π (1 π )ci ci i i

i

p y f
f


 


 (3.19) 

where π ( 1| )ci ci cip y f   and ( ) / 2c t y 1
.
 

The posterior over the latent function is expressed using Bayes’ rule. The marginal 

likelihood is the un-normalized posterior and can be written as (3.20). 

 ( | ) ( | ) ( | )c c c c c cp X p p Xy y f f  (3.20) 

The logarithm of the marginal likelihood is (3.21): 

 
T

( ) ~ log ( | ) log ( | )

1 1
log ( | ) log | | log 2

2 2 2

c c c c c

c c c c c c

p p X

n
p K K 

 

   

f y f f

y f f f
 (3.21) 

The marginal likelihood does not follow Gaussian distribution and cannot be solved 

analytically. The marginal likelihood needs to be minimized using ML-II 

hyperparameter optimization to estimate the values of the optimal hyperparameters.  

The inference can be obtained using approximation methods such as Laplace 

approximation (Williams and Barber, 1998), Expectation propagation (Minka, 2001; 

Seeger, 2005), MCMC, variational (Gibbs, 1998) and Kullback- leibler divergence (KL) 

minimization (Kuss and Rasmussen, 2005) to compute the approximate marginal 

likelihood.  In practice, Laplace approximation is quick to implement and commonly 

used in several researches (Challis et al., 2015) and is chosen in this study. 

3.4.2.1 Newton update iteration for finding mode of the latent function ˆ
cf  

The mode of the latent function ˆ
cf and the Hessian matrix at the mode is needed to do 

Laplace approximation described in the next section. The Newton’s method is 
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generally used to find the mode and the Hessian matrix. The Newton’s method needs 

the first and the second order derivative of (3.21) to estimate the mode and the Hessian 

(Rasmussen and Williams, 2006).  

The first and second derivative of (3.21) with respect to ˆ
cf is 

 1( ) log ( | )c c c c cp K   f y f f  (3.22) 

 1 1( ) log ( | )c c c c cp K S K      f y f  (3.23) 

where S≜ log ( | )c cp y f  is diagonal, as the factorization of likelihood distribution 

depends only on 
if  and j if  .   

The maximum of ( )c f is computed by equating  (3.22) to zero: 

 ˆ( ) 0 log ( | )c c c c cK p    f f y f  (3.24) 

As log ( | )c cp y f  is a non- linear function of ˆ
cf , it cannot be solved directly. Newton’s 

method of iteration is used to find the maximum; the iteration is given in (3.25): 

 

1

1 1

1 1

( )

( ) ( log ( | ) )

( ) ( log ( | ))

new

c c

c c c c c c

c c c c

f f

K S p K

K S S p



 

 

   

    

  

f y f f

f y f

 (3.25) 

Once the mode is found, the Laplace approximation to the posterior as a Gaussian 

distribution following mean ˆ
cf and covariance matrix as the negative of the inverse 

Hessian of ( )c f can be expressed as in(3.26): 

 
1 1ˆ( | ) ( , ( ) )c c c c cq X N K S  f ,y f  (3.26) 
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The algorithm for implementing the Newton’s method to find mode ˆ
cf is presented in 

Chapter 3, Algorithm 3.1 of the book Rasmussen and Williams (2006). The same is 

followed in this work.  

3.4.2.2 Laplace approximation for marginal likelihood  

In Laplace approximation method, a Gaussian approximation ( | , )c c cq Xf y  is computed 

for the posterior ( | , )c c cp Xf y  to evaluate the Gaussian integral of the marginal 

likelihood. The computation of Laplace approximation method requires to determine 

the maximum a posteriori (MAP) probability which is generally done using a gradient 

search.  

 ( | ) ( | ) ( | ) exp( ( ))c c c c c c c c cp X p p X d d   y y f f f f f  (3.27) 

A second order Taylor expansion of the un-normalized posterior ( )c f  around ˆ
cf is

( )c f ≃ T1ˆ ˆ ˆ( ) ( ) ( )
2

c c c c c   f f f f f .  Thus, the approximated posterior is a Gaussian 

with mean ˆ
cf  is placed at the mode (MAP) and the covariance 

cH equals the negative 

inverse Hessian of the log posterior density at ˆ
cf . 

 T1 ˆ ˆ( | ) ( | ) exp( ( )) exp( ( ) ( ))
2

c c c c c c c c c c cp X q X d     y f ,y f f f f f f  (3.28) 

where ˆ arg max ( | )c c c cp X
f

f f ,y  and ˆlog ( | ) |
c c

c c cH p X


 
f f

f ,y .  

The Gaussian integral in equation (3.28) can be solved analytically once the mode f̂  

and the Hessian, H  are obtained to determine the approximation for log margina l 

likelihood.  
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1 T

T 1

1ˆ ˆ ˆ( | ) ( | , ) exp( ( ) ( ))
2

1 1ˆ ˆ ˆlog ( | ) log ( | ) log | |
2 2

c c c c c c c c c

c c c c c c c c c

q X N H

q X K p





    

   

f , y f f f f f f

f , y f f y f B

 (3.29) 

where
1 1

1 2 2| | | | . | | | |c c n cK K I K   B S S S  and 
cθ is a vector of hyperparameters of the 

covariance function. The GPC model calibration involves deriving the gradients of the 

approximate marginal likelihood as in equation (3.29) with respect to each of the 

hyperparameters. The gradient of the marginal likelihood with respect to 

hyperparameters depends on the hyperparameters explicitly and on the mode ˆ
cf  and S

implicitly because the change in the value of hyperparaemeter 
cθ  affects the variation 

in the optimum value of the posterior mode ˆ
cf  and S . Thus, the gradient is expressed 

using chain rule as shown in equation (3.30). The detailed explanation of the derivation 

of the gradient with respect to hyperparameters and its implementation algorithm can 

be found in Chapter 5 and Algorithm 5.1 in Rasmussen and Williams (2006). 

 
1

explicit

ˆlog ( | , ) log ( | , ) log ( | , )

ˆ

n
c c c c c c c c c ci

icj cj cjci

q X q X q X f

f  

   
 

  


y θ y θ y θ
 (3.30) 

 
T 1 1 1 1

explicit

log ( | , ) 1 1ˆ ˆ ( )
2 2

c c c c c
c c c c c

cj cj cj

q X K K
K K tr S K

  

   
   

       

y θ
f f  (3.31) 

 
3

1 1

3

log ( | , ) 1 ˆ[( ) ] log( | )
ˆ 2

c c c
c ii c c

cici

q X
K S

ff

  
  



y θ
y f  (3.32) 

 1
ˆ

ˆ( ) log ( | )ci c
c c c

cj j

f K
I K S p

 

 
  

 
y f  (3.33) 
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3.4.2.3 Prediction 

The conditional distribution of the training data
cf and the future data 

*cf , given the input

cX  and 
*cX , is expressed as (3.34): 

 *

* * T

* * **

( | , , , ) | 0,
c c c

c c c c c

c c c

K K
p X X N

K K


    

     
    

f
f f θ

f
 (3.34) 

By marginalizing over the latent function corresponding to the training data
cX , the 

prediction can be shown as in equation (3.35): 

 
* * *

*

* *

( | , , , ) ( , | , , , )

( | , , , ) ( , , )

c c c c c c c c c c c c

c c c c c c c c c c

p X X p X X d

p X X p X d

 











f y θ f f y θ f

f f θ f y θ f
 (3.35) 

where T 1 T 1

* * * * ** * *( | , , , ) ( | , )c c c c c c c c c c c c cp X X N K K K K K K   f f θ f f  

The posterior predictive mean for the future latent function *cf  can be expressed as 

(3.36): 

 
T 1

* * *
ˆ[ | , , ] ( )q c c c c c c cE f X K y x k x f  (3.36) 

By using the GP predictive mean using (3.24) in (3.37):  

 
T

* * *
ˆ[ | , , ] ( ) log ( | )q c c c c c c cE f X p y x k x y f  (3.37) 

The variance of the future latent function prediction is (3.38): 

 
T 1 1

* * * * * *[ | , , ] ( , ) ( )q c c c c c c c c cV f X K S   y x k x x k k  (3.38) 

The predictive probability * *( 1| , , , )c c c c cp X X y y θ of the day being classified as wet is 

obtained by averaging out the latent function of the data as shown in equation (3.39): 
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* * * * * * *

* * * * *

( | , , , ) ( | ) ( | , , , )

( , ) ( | , , , )

c c c c c c c c c c c c c

c c c c c c c c

p X X p p X X d

sig p X X d









y y θ y f f y θ f

y f f y θ f
 (3.39) 

The predictions of 
cy  are given by (3.40): 

 
* * * * * *~ [ | , , ] ( ) ( | , )c q c c c c c c c c cE f X f q f X  y x ,y x  (3.40) 

where 
* *( | , )c c c cq f X ,y x  is Gaussian with mean in (3.37) and variance in (3.38), 

* is 

averaged predictions for the determination of precipitation occurrence. The  equation 

(3.40) cannot be solved directly; logistic sigmoid function can be approximated using 

the inverse probit function 
*( )cf . The probit function needs to be rescaled to find the 

best approximation to the logistic function (MacKay, 1992). The rescaled inverse 

probit function is equation (3.41): 

 2

*( );
8

cf


    (3.41) 

By using the convolution property, (3.41) can be solved analytically as given in (3.42). 

The derivation to solve this integral can be found in Rasmussen and Williams (2006): 

 
* * * * *( ) ( | , ) ( ( | ) )c c c c c c c cf q f X f f   ,y x y  (3.42) 

where 

1
2

2

*( | ) 1
8

c cf






 
  
 

y  

The predictions *πc will have predictions with the probability values ranging from 0 to  

1. The decision boundary to divide the classes is 0.5. If the probability is greater than 

0.5, it belongs to wet days and the other values belong to dry days.  
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3.4.3 Precipitation amount determination using GPR 

GPR framework for precipitation framework follows the similar derivations presented 

in Section 2.5 of Chapter 2 where precipitation amount estimation follows the 

methodology developed by Rasmussen and Williams (2006). As expressed in (3.5), the 

model function ( )a af x is assumed to be a GP with mean function ( )a x and covariance 

function ( , )a ak x x . ( )a af x  is also referred as latent function at the input points 
ax in 

GP. The matrix form of ( )am x  and ( , )a ak x x are 
aμ  and

aK  respectively.  

 2( ) , ~ (0, )a a a a a naf N  y x ε ε  (3.43) 

where 
aε is normally distributed with zero mean and variance, 2

na . In Gaussian Process 

view, the model function ( )a af x is assumed to follow GP with a mean function (3.44): 

 T( )a a aμ x β  (3.44) 

where ( )a x is the linear or non-linear basis function and aβ are the coefficients for 

each of the vectors in the basis function. The relationship between the predictors and 

predictand is not always linear. Thus, the complicated non- linear mean functions can 

capture the non- linear relationship between the predictors and predictand to improve 

the prediction results. The basis function can be linear or  for example, any order of 

polynomial function (O'Hagan and Kingman, 1978). The central tendency of the model 

function is represented by the mean function.   

The covariance matrix corresponding to the covariance function should be positive 

semi-definite. The shape and structure of the covariance between the predictors are 

described by the covariance function. The commonly used one is the Squared 

Exponential (SE) covariance function expressed in (3.45). The SE kernel depends on 

the distance for the dimension am ,
2

2a ax x between the inputs, where
2

.  is the 

Euclidean Norm. 
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2 2

2 2

1
( , ) exp{ ( ) ( )} ,

2

0; 0; ( ) 0

T

a a fa a a a a a na ij

fa na a

L

diag L

  

 

      

  

k x x x x x x
                                          (3.45) 

where 
2

fa is the signal variance, 2

na is the noise variance, is kronecker delta 

function and 
aL is the diagonal positive symmetric matrix consisting of the 

characteristic correlation length, 
al . The lengthscale characterizes the distance between 

inputs that change the function value significantly. The predictive variance moves away 

from the data points when the lengthscale is shorter and the predictions are correlated 

with each other. If the same characteristic lengthscale is assumed for all the 

dimensions, then 
aL  is expressed as (3.46). In this case, the contribution from each 

predictor is considered equal.  

 

2

2

2

0

0

a

a a

a

l

L l I

l







 
 

  
 
 

 (3.46) 

where I is the identity matrix. When different characteristic length scale is assumed for 

each dimension, aL  is expressed as (3.47):  

 

2

1

2

0

0

a

a

ad

l

L

l





 
 

  
 
 

 (3.47) 

This type of lengthscale definition is also called automatic relevance determination 

(ARD) (MacKay, 1992; Neal, 1996; Rasmussen and Williams, 2006), where the 

covariance function automatically computes input predictors for the model. This also 

gives the idea of suitable predictors for precipitation amount estimation. The detailed 

description of various covariance functions, its formulation, propert ies and derivatives 

can be found in Rasmussen and Williams (2006). The noise term 
2

na is added to the 

ij
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covariance function to model the noise in the output. The noise variance is present only 

in the diagonals of the covariance matrix as the noise process that affects the model 

predictions is random. The squared exponential kernel (SE) captures the uncertainty 

(epistemic) contributed by the predictors to the output. The noise variance captures the 

aleatory uncertainty in the model.  

 ( ) ~ ( , ( , ))a a a a af GP k x μ x x  (3.48) 

The GP prior has parameters called hyperparameters associated with the mean and 

covariance function. These hyperparameters are not known a priori and they need to be 

optimized. The hyperparameters that are needed to be learnt are

2 2{ , , , }, 1,...,
aa a fa na d ml d l  θ β .  

In Bayesian inference, the important step is to choose the priors. The choice of priors 

over the parameters aβ  affects the posterior distribution. Generally, the information 

about the prior is not known and is vague; in this case a non- informative and/or flat 

prior is assumed (Beck and Katafygiotis, 1998).  In this chapter, a uniform prior is 

assumed to reduce the effect of the prior distribution on aβ  over the posterior 

distribution. By Bayes’ theorem, the integral likelihood multiplied by the prior yields 

the marginal likelihood of the model (3.49). For notational convenience, the vector 

form of ( )a af x  is represented as af . 

 ( | ) ( | , ) ( | )da a a a a a a ap X p X p X y y f f f  (3.49) 

As the Gaussian prior is placed on the modelling function, the log of the prior is 

expressed as (3.50):  

 
T 2 1 21 1

log ( | ) ( ) log | | log 2
2 2 2

a a a a na a a na

n
p X K K       f f f  (3.50) 
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The likelihood |a ay f  follows 2( , )a naN If . The log marginal likelihood is given in 

equation (3.51): 

 

2 1

2

1
Q log ( | ) ( ) ( ) ( )

2

1
log | | log 2

2 2

T

a a a a a na a a

a n

p X K

N
K



 

     

  

y y μ I y μ

I

 (3.51) 

The marginal likelihood in (3.51) is the objective function. The values of the 

hyperparameters which maximize (3.51) are the optimal parameters of the model. This 

means that they are the most probable parameters. The Gaussian process regression 

algorithm is optimized by following the Algorithm 1and Algorithm 2 in Section 2.5 of 

Chapter 2. The optimization steps are presented in Section 2.5.1 of Chapter 2.  

By the Theorem of Total Probability, the information for future prediction of the model 

is given by weighting the predictive pdf, * *( | , , )a a a ap f X y x using the posterior 

probability, ( | , )a a ap Xf y . The future predictive pdf is given by (3.52):  

 
* * *( | , , ) ( | , , ) ( | , )a a a a a a a a a a a ap f X p f X p X d y x x f f y f  (3.52) 

The predictions for the future data, *ax  obtained are conditioned on the past data using 

the property of the conditional Gaussian distribution as in equation  (3.53):  

 
**

*

T

** *

( )
~ ,

( )

a aa a

aa a a

K K
N

K K





     
      

      

f x

f x
 (3.53) 

 * * *( ) ( ) ( ( , ))a d a a a a a a a aM f K K f  -1
x x ,θ y x θ  (3.54) 

 
T

* ** * *( )a a a a aCov K K K K  -1
x  (3.55) 

The ensembles of 
*ay can be simulated using the mean function (3.54) and the 

covariance matrix (3.55) following the multivariate normal distribution.  
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The posterior predictive distribution for the future rainfall prediction 
*ay given the data 

cD  and 
aD is derived by using the theorem of Total probability as shown in equation 

(3.56): 

 
* * * * * * * *( | , , , ) ( | , , , ) ( | , )a a c a c a a a a c c c c ap D D X X p X D D p X D d y y y y y  (3.56) 

 where
* * * *( | , , , ) ( | , , , , ) ( | )a a a a c a c a a c a c a a a cp X D D p X D D p D d d y y y y θ θ θ θ θ in which 

* *( | , , , , )a c a a c a cp X D Dy y θ θ  is obtained from the (3.52) for the future wet days and 

* *( | , )c c cp X Dy  is from GPC (3.39).The simulated ensembles 
*ay in the previous step are 

transformed to the real precipitation values by taking cubic or fourth power.  

3.5 Results and discussion 

The downscaled precipitation using CFSR reanalysis predictors and CanESM2 

predictors are evaluated by comparing it with the observed precipitation for the 

validation periods. In this chapter, the results are evaluated based on the model’s ability 

to predict precipitation amount and the temporal characteristics of the downscaled 

precipitation. The GPC is implemented using GPML toolbox (Rasmussen and 

Nickisch, 2010) in MATLAB for determining the precipitation occurrence. A code for 

GPR is written in MATLAB for precipitation amount estimation (The MathWorks; 

Martinez et al., 2011; Ramos, 2012). The downscaled results of SGP-SDM are 

compared with the results obtained by Lu and Qin (2014) for ASD, GLM and KNN-

BNN since the data and study area are the same as those in this study.  

The downscaled precipitation is assessed using evaluation statistics such as mean 

(Mean) and standard deviation (STD) are used to assess the precipitation (Hessami et  

al., 2008; Fowler and Ekström, 2009; Maraun et al., 2010); maximum amount (Max) 

(Hessami et al., 2008) and the 90th percentile (PERC90) of the precipitation on wet 

days are used to evaluate the model’s ability to predict extreme precipitation values 

(Haylock et al., 2006; Goodess et al., 2007). The temporal metrics are assessed using 
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the proportion of wet days (Pwet) (Semenov et al., 1998). In this chapter, these five 

evaluation metrics are used to compare the downscaled precipitation with the observed 

data. The Mean Square Error (MSE) of the downscaled precipitation can be evaluated 

using (Armstrong and Collopy, 1992). This is expressed as equation in (3.57): 

 
12

2

, ,

1

1
= [ ( ) ]m obs m sim

m

MSE y y
N 

  (3.57) 

where N is the data length, ,m obsy represents the daily precipitation observed for the 

month, m  and ,m simy represents the daily precipitation simulated for the month, m . The 

accuracy (acc) of the wet and the dry day classification (Chen et al., 2010) is (3.58): 

 
dry wet

dry wet

C C
acc

TP TP





 (3.58) 

where dryC
 
is the total number of correctly classified dry days, wetC is the total number 

of correctly classified wet days, dryTP is the total number of dry days and wetTP is the 

total number of wet days.  

APE is the Absolute Percentage Error (Ghosh and Katkar, 2012) which represents the 

accuracy of the evaluation statistics indicators. APE is given by equation  (3.59): 

 
, ,

,

| |
APE

i obs i sim

i obs

P P

P


  (3.59) 

where ,i obsP is the observed evaluation statistics of daily precipitation for the thi month 

and ,i simP is the simulated evaluation statistics of daily precipitation for the thi month. 

The uncertainty range of the downscaled results is assessed by a mean absolute 

percentage boundary error (MAPBE) (Lu and Qin, 2014) which is given in equation 

(3.60): 



 

107 

  

 
, ,

1
MAPBE (APE APE )L i U i

mn
   (3.60) 

where 
mn is the number of months, the lower boundary APE for the thi  month is given 

by 
,APEL i
and the upper boundary APE for the thi month is given by 

,APEU i
.  

3.5.1 Validation period result (2005-2010) using CFSR reanalysis data 

The proposed SGP-SDM is implemented for each month separately to capture the 

monthly variations. As the first step, the precipitation occurrence (wet days) is 

determined using GPC. The performance of GPC in determining wet days is assessed 

using the percentage of wet and dry days correctly classified by the model. As 

mentioned in the methodology, GPC is tested with three covariance functions such as 

linear ARD covariance function including squared exponential ARD covariance 

function and combined squared exponential and linear ARD covariance function. For 

each month, the suitability of the covariance function is tested using log marginal 

likelihood.  

Table 3-2 presents the log marginal likelihood of the model combination with three 

covariance functions for each month computed using CFSR data. The model that gives 

the highest marginal likelihood is chosen for predicting future wet days. The results in 

the table show that the linear ARD covariance function is favored for most of the 

months while few months favor squared exponential ARD covariance function and 

linear and squared exponential ARD covariance function.  

Table 3-3 shows the correct wet day and dry percentage and accuracy predicted by 

GPC for the CFSR reanalysis dataset validation period (2005 to 2010). The results in 

the table show that the wet days are predicted better than the dry days. However, for 

both dry and wet days, the percentage of correct classification is less. The average 

success rate for the dry days is 30.77% and it is 22.38% for the wet days. The average 

accuracy of the wet day determination is 53.21%.  
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GPR is then used to estimate the precipitation amount for the wet days determined 

using GPC. GPR is calibrated for the wet days to estimate the optimal hyperparameters 

for prediction. The optimal hyperparameters are then used to compute the posterior 

predictive mean and variance. The posterior predictive distribution follows Gaussian 

distribution and thus the predictions may contain negative values. It is important to 

have fewer number of negative values predicted for more reliability of the model. In 

Chapter 2, it was shown that GPR predicted with fewer negative values (Chen et al., 

2010). The negative values predicted by the model are treated as dry days by making 

them zero. The proportion of negative values simulated by GPR is checked by 

comparing the dry-day proportion simulated by GPC and the dry-day proportion by 

GPR is shown in Table 3-4.  

Table 3-2 Log marginal likelihood for the models with different covariance functions calculated 

using CFSR reanalysis data for the validation period 

Month Linear ARD covariance 

function 

 

Squared exponential 

ARD covariance function 

Linear and squared 

exponential ARD 

covariance function 

January -127.0790 -127.2356 -126.1863 

February -117.1155 -116.5801 -117.1154 

March -124.1504 -124.1503 -124.1504 

April -121.4213 -121.7965 -121.7965 

May -130.2378 -127.9593 -128.2134 

June -124.9134 -125.4688 -125.6507 

July -129.4154 -130.6238 -130.4086 

August -128.7064 -131.7404 -130.2558 

September -124.7665 -125.9205 -125.4779 

October -124.0414 -129.3241 -129.3054 

November -124.7860 -113.9057 -113.8800 

December -112.7226 -113.7003 -113.1148 

The dry-day proportion of GPC and GPR is also closer to the observed dry-day 

proportion. This result shows the ability of GPR to preserve dry day proportion by 

simulating fewer number of negative values. The number of ensembles to be simulated 

from GPR is decided based on the previous studies. The investigators (Segond et al., 

2007) used 40 ensembles, (Samadi et al., 2013) used 20 ensembles and (Mezghani and 
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Hingray, 2009) used 50. In this chapter, by comparing various number of ensembles 

and also based on literature study, 50 ensembles are chosen to represent the confidence 

interval and to evaluate the monthly statistics. Figure 3-3 shows the average evaluation 

statistics of all the ensembles (Ghosh and Katkar, 2012) along with the two uncertainty 

ranges such as Envelop Range (ER) which represents the lower and the upper range 

and the 5th and the 95th percentile range (P95R) represented as grey region which is 

compared to the observed evaluation statistics. The figure also presents the evaluation 

statistics of Mean, STD, Pwet, PERC90 and Max of downscaled precipitation by SGP-

SDM corresponding to S44 rain gauge station. It can be seen in the figure that the 

average of the statistics such as Mean, STD, PERC90 and Max lies within the P95R 

range and is closer to the observed values. However, the proportion of wet days does 

not lie within P95R range for all the months and the deviations are seen. This is due to 

classification error in GPC.  

Table 3-3 Accuracy, correct percentage of wet and dry days calculated by GPC using the CFSR 

reanalysis data for the validation period 

Month Accuracy Correct dry day  Correct wet day  

January 52.69% 25.27% 27.42% 

February 45.56% 30.18% 15.38% 

March 50.54% 23.66% 26.88% 

April 56.11 %    6.67% 49.44% 

May 47.31% 16.13% 31.18% 

June 51.11% 28.89% 22.22% 

July 61.83% 31.72% 30.11% 

August 47.85% 22.04% 25.081 

September 56.11% 30.56% 25.56% 

October 48.39% 26.34% 22.04% 

November 53.89% 8.33% 45.56% 

December 67.20% 18.82% 48.39% 

The MSE comparison of the evaluation statistics of the ensemble average obtained 

from ASD1, GLM1, KNN-BNN1 (1Results obtained from (Lu and Qin, 2014)) and 

SGP-SDM is shown in Table 3-5. The MSE is calculated using equation (3.57). The 

MSE for SGP-SDM presented in the Table 3-5 is obtained from three datasets 

including CFSR reanalysis data, CanESM2 scenarios from two representative pathways 
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such as 4.5 and 8.5. The table results show that the MSE of Mean from SGP-SDM 

using CFSR data is significantly less than that of ASD and GLM and is slightly higher 

than that of KNN-BNN. Similar observation is seen for PERC90 MSE. The MSE of 

other statistics are significantly less in SGP-SDM (CFSR) compared to ASD, GLM and 

KNN-BNN. The important aspect is that SGP-SDM is implemented with one class (wet 

days) instead of predicting rainfall for 8 classes of rainfall. Thus, it is shown that the 

SGP-SDM predicts rainfall with improved accuracy even with one class compared to 

KNN-BNN. The Mean, STD, PERC90 and Max simulated by SGP-SDM is 19%,  

46.7%, 18.16% and 75.84% less than ASD and Pwet is 25% greater than ASD; 

compared to GLM, the Mean, STD, Pwet, PERC90 and Max is 42.42%,  49.49%, 28%, 

5.73% and 67.8% less; the Mean, Pwet and PERC90 is 35.82%, 60%, 49% greater than 

KNN-BNN and the STD and Max is 46.35% and 47.54% less than KNN-BNN.  

Table 3-4 Comparison of dry-day proportion estimated by GPC and GPR with the observed 

proportion 

Month Dry-day proportion 

from GPC  

Dry-day proportion 

from GPR  

Observed Dry-day 

proportion 

January 0.4462     0.4510 0.5323 

February 0.5680     0.5852 0.5799 

March 0.5215     0.5352 0.4462 

April 0.2056  0.2356 0.3667 

May 0.4140     0.4353 0.4355 

June 0.5444     0.5460 0.5222 

July 0.5269     0.5448 0.4892 

August 0.5108     0.5435 0.5269 

September 0.5222     0.5353 0.5278 

October 0.6022     0.6120 0.4409 

November 0.3167     0.3363 0.3111 

December 0.3441     0.3477 0.3602 

The MSE is even less than the MSE from KNN-BNN; KNN-BNN uses 8 rainfall 

classes for downscaling. SGP-SDM is able to downscale the precipitation with one 

class of rainfall and also with the low resolution GCM predictors. The MSE is even less 

than SGP-SDM precipitation prediction with CFSR reanalysis data. MSE of the Max 

statistics from CanESM2 is significantly lower than CFSR reanalysis data. The MSE 
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from CanESM2 4.5 RCP is 77.11% lower than ASD, 69.5% lower than that from 

GLM, 50.30% less than KNN-BNN, 5.36% less than SGP-SDM (CFSR). It is also seen 

that MSE of Max statistics from CanESM2 4.5 RCP is higher than the MSE for 

CanESM2 8.5 RCP for all statistics except Mean although the values are close. The 

MSE from CanESM2 8.5 RCP is 80.97% less than ASD, 74.64% less than GLM, 

58.68% less than KNN-BNN, 21.24 % less than SGP-SDM (CFSR) and 16.86% less 

than CanESM2 8.5 predictors. 

Table 3-6 presents the comparison of observed and downscaled Number of Extreme 

Events (NEE) using CFSR data; the average NEE calculated using 50 ensembles for all 

the months is presented. The magnitude of rainfall greater than 50 mmday-1 is set as the 

threshold for extreme rainfall. The results show that the NEE is predicted well for the 

months of March, July, August, September and October. For the wet months such as 

November, December and January, NEE is underestimated. It cannot be concluded 

about the ability of SGP-SDM in simulating NEE as the variability in the performance 

is seen for all the months. 

The accuracy of the rainfall occurrence determination for the month of December is 

67.2%. The comparison of accuracy of the downscaled precipitation amount for the 

month of December from the models ASD, GLM, KNN-BNN and SGP-SDM is shown 

in Table 3-7. For SGP-SDM, three datasets such as CFSR, CanESM2 (4.5 and 8.5) are 

presented. The accuracy results for CanESM2 (4.5 and 8.5) are discussed in the next 

section of this chapter. Equation (3.58) is used to assess the accuracy of the downscaled 

results. The accuracy of the precipitation downscaled by SGP-SDM (CFSR) is higher 

than the accuracy of the precipitation downscaled using ASD, GLM and KNN-BNN. It 

can also be seen that the accuracy of precipitation downscaling using GPR is closer to 

the accuracy of the wet days classification from GPC. Thus, the number of negative  

values simulated by SGP-SDM (CFSR) is small preserving the accuracy of occurrence 

determination. When compared to the accuracy of KNN-BUQSDM which is presented 

in Table 2-7, the accuracy of SGP-SDM precipitation downscaling is slightly higher 

even with the use of single class compared to two classes in the KNN-BUQSDM. Thus, 
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SGP-SDM (CFSR) shows better prediction accuracy. The accuracy of the precipitation 

downscaled by SGP-SDM (CanESM2 4.5 and 8.5) is higher than the accuracy of the 

precipitation downscaled using ASD and GLM. The accuracy of downscaled 

precipitation from CanESM2 4.5 is comparable to KNN-BNN; downscaled 

precipitation from CanESM2 8.5 is higher than CanESM2 4.5 and KNN-BNN. The 

results show that CanESM2 8.5 performs slightly better than CanESM2 4.5 in terms of 

accuracy.  

Table 3-8 presents the MAPBE of the confidence interval of the ensembles to assess 

the quantitative levels of uncertainty in the downscaled predictions.  Two values such as 

ER and P95R MAPBE are presented in the table. ER values are calculated using the 

full range of data (that is, using the minimum and maximum of the ensembles) and 

P95R values are calculated using the 5th and 95th percentile range of the data to 

calculate MAPE It is calculated using ER and P95R values. The MAPBE is calculates 

using (3.60). For Mean, STD and Pwet MAPBE, the ER and P95R values from SGP-

SDM (CFSR) are less than the ER and P95R MAPBE values from the ASD and GLM 

and are slightly greater than those from KNN-BNN. The MAPBE values of PERC90 

from SGP-SDM (CFSR) are less than ASD and slightly less than those from GLM; 

when compared with KNN-BNN, the MAPBE values of SGP-SDM (CFSR) are large. 

Since 8 classes were used for KNN-BNN, the uncertainty range was very less.  

However, the MAPBE values of Max from GLM and KNN-BNN are less than SGP-

SDM (CFSR). The uncertainty range for SGP-SDM (CFSR) is less than the one for 

ASD. While the uncertainty range for Max is comparable with GLM and KNN-BNN, 

the MSE is less compared to all other models. The higher uncertainty range is 

attributed to the dataset used. The MAPBE values of all the statistics for both 

CanESM2 4.5 and CanESM2 8.5 are comparable to MAPBE values from ASD and 

GLM. It should be noticed that the results downscaled from low resolution GCM 

predictors are comparable to the results downscaled using high resolution CFSR data 

using ASD and GLM. This shows the ability of SGP-SDM in downscaling climate 

variables from low resolution GCM predictors.  
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Table 3-9 presents minimum, average and maximum of the evaluation statistics 

calculated using 50 ensembles from ASD, GLM, KNN-BNN and SGP-SDM using 

CFSR data for the month of December. The table also presents the results for SGP-

SDM results obtained from CanESM2 (4.5 and 8.5 data). The 90th percentile is 

underestimated by all the models. The Mean and Pwet statistics simulated by SGP-

SDM (CFSR) is closer to the observed mean value. Notable prediction results are 

obtained for Max statistics from SGP-SDM (CFSR); the maximum value predicted by 

SGP-SDM is 141.37 which is very close to observed value 141.4. The STD is 

underestimated by SGP-SDM (CFSR) data. As the prediction of extreme value is very 

important in impact studies, SGP-SDM can be a viable statistical downscaling 

approach for climate change impact studies. The results show notable improvement in 

the average evaluation statistics prediction by SGP-SDM. The 90th percentile is 

underestimated by all other models; however, SGP-SDM (CanESM2 4.5 and 8.5) 

simulates 90th percentile value that is slightly closer to the observed values. The Mean 

statistics simulated by SGP-SDM (CanESM2 4.5) is closer to the observed values 

compared with SGP-SDM (CanESM2 8.5) Mean statistics. Notable prediction results 

are obtained for Max statistics from SGP-SDM (CanESM2 4.5 and 8.5); the predicted 

maximum value is very close to the observed value. The STD is slightly 

underestimated by SGP-SDM (CanESM2 4.5 and 8.5) data while the performance from 

both models are similar. Pwet is underestimated by CanESM2 4.5 compared to 

CanEMS2 8.5 predictors. 

3.5.2 Comparison of results from CanESM2 RCP 4.4 and 8.5 

One rain gauge station (S44) is chosen to illustrate the ability from SGP-SDM in 

downscaling GCM predictors. The NCEP predictors are re-gridded to CanESM2 grid 

are used for model calibration. The calibration period is from 1980-2005. For model 

validation, GCM predictors from two representative pathways such as 8.5 and 4.5 are 

considered. The validation period is from 2006 to 2010. Figure 3-4 (a-e) presents the 

Mean, STD, Pwet, PERC90 and Max of the downscaled precipitation using CanESM2  
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Table 3-5 Mean Square Error (MSE) of the average of the evaluation statistics  

Statistics MSE-ASD1 MSE-

GLM1 

MSE-KNN-

BNN1 

MSE-SGP-

SDM 

(CFSR) 

MSE-SGP-

SDM 

(CanESM2-

4.5) 

MSE-SGP-

SDM 

(CanESM2-

8.5) 

Mean 1.13 1.58 0.67 0.91    0.52 0.81 

STD 4.69 4.95 4.66 2.50 2.02 2.01 

Pwet 0.004 0.007 0.002 0.005 0.0007 0.002 

PERC90 33.54 29.12 18.36 27.45 17.55 17.35 

Max 869.33 652.42 400.38 210.05 199.00 165.44 
1
Results obtained from (Lu and Qin, 2014) 

Table 3-6 Comparison of observed and simulated NEE for validation period (2005-2010) using 

CFSR data 

Month SGP-SDM Avg NEE (CFSR) Observed NEE 

January 4.38 6 

February 2.1 3 

March 3.94 3 

April 6.52 8 

May 4.7 3 

June 4.76 6 

July 4.12 4 

August 3.28 4 

September 5.14 5 

October 3.38 3 

November 3.94 5 

December 8.12 12 

Table 3-7 Accuracy of downscaled precipitation for the month of December 

SDM Min Max Average 

ASD
1 

0.560 0.605 0.582 

GLM
1 

0.550 0.591 0.566 

KNN-BNN
1 

0.582 0.597 0.591 

SGP-SDM (CFSR) 0.661 0.672 0.683 

SGP-SDM (CanESM2 4.5) 0.587 0.597 0.607 

SGP-SDM (CanESM2 8.5) 0.60 0.614 0.626 
1
Results obtained from (Lu and Qin, 2014) 

 



 

115 

  

 

Figure 3-3 Monthly mean evaluation statistics for the rain gauge stations S44. The shaded area represents 
the 5th and 9th percentile of the ensembles. The dashed line represents the minimum and maximum values of 

the ensemble statistic 
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Figure 3-4 Monthly mean evaluation statistics for the rain gauge stations S44 using CanESM2 RCP 4.5 

scenarios. The shaded area represents the 5th and 9th percentile of the ensembles. The dashed line represents 

the minimum and maximum values of the ensemble statistics 



 

117 

  

 

Figure 3-5 Monthly mean evaluation statistics for the rain gauge stations S44 using CanESM2 RCP 8.5 

scenarios. The shaded area represents the 5th and 9th percentile of the ensembles. The dashed line represents 

the minimum and maximum values of the ensemble statistics 



 

 

 

1
1
8

 

 

Table 3-8 MAPBE value of downscaled precipitation envelop obtained from 50 ensembles 

MAPBE ASD
1 

GLM
1 

KNN-BNN
1 

SGP-SDM (CFSR)                 SGP-SDM (CanESM2 4.5 

RCP)                 

SGP-SDM (CanESM2 8.5 

RCP)                 

ER                  P95R ER                   P95R ER                  P95R ER                      P95R ER                P95R ER                P95R 

Mean 0.66 0.53 0.67 0.52 0.22 0.21 0.58 0.45 0.64 0.49 0.67 0.51 

STD 0.94 0.70 0.83 0.60 0.30 0.28 0.77 0.50 0.85 0.63 0.97 0.66 

Pwet 0.28 0.25 0.67 0.32 0.13 0.13 0.21 0.19 0.08 0.08 0.15 0.14 

PERC90 0.80 0.60 0.74 0.58 0.29 0.24 0.73 0.55 0.81 0.58 0.84 0.62 

Max 1.83 1.26 1.58 1.21 0.61 0.52 1.69 0.98 1.68 1.21 1.74 1.11 

1
Results obtained from (Lu and Qin, 2014) 
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Table 3-9 Minimum, average and maximum evaluation statistical indicators obtained using 50 ensemble simulated by SGP-SDM for the month of 

December 

 ASD1 

2(min, avg, max) 

GLM 1 

2(min, avg, max) 

KNN-BNN1 

2(min, avg, max) 

SGP-SDM (CFSR) 

2(min, avg, max) 

SGP-SDM 

(CanESM2 8.5 

RCP) 

2(min, avg, max) 

SGP-SDM 

(CanESM2 4.5 

RCP) 

2(min, avg, max) 

OBS 

Mean 6.28, 9.25, 11.65 6.29, 9.96, 12.12 9.85, 10.19, 10.49 7.91, 10.53, 12.82 7.96, 10.80, 13.83 8.41, 11.28, 15.51 10.39 

SD 10.39, 16.06, 25.34 12.46, 17.34, 24.89 19.80, 20.74, 22.12 14.84, 19.24, 25.58 12.06, 20.78, 33.70 13.65, 20.73, 36.12 21.31 

Pwet 0.66, 0.71, 0.76 0.55, 0.65, 0.73 0.63, 0.66, 0.68 0.63, 0.65, 0.66 0.57, 0.58, 0.59 0.62, 0.63, 0.63 0.64 

PERC90 27.54, 33.69, 48.77 26.11, 38.42, 48.61 41.74, 44.84, 48.52 29.37, 41.26, 53.17 34.46, 46.48, 76.06 27.91, 46.31, 64.89 50.40 

Max 58.84,109.45,224.68 68.66,115.54,282.27 121.03,139.39,158.76 81.63,141.37,261.86 55.48,42.57,254.57 68.11,140.76,385.77 141.40 

1
Results obtained from (Lu and Qin, 2014). 

2
 (Minimum, average and maximum values of 50 ensembles)
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RCP 4.5 predictors by SGP-SDM corresponding to S44 rain gauge station. It can be 

seen in the figure that the average of the statistics such as Mean, STD, PERC90 and 

Max lies within the P95R range and is closer to the observed values. However, Pwet 

does not lie within P95R range for 5 months and the deviations are seen. For the 

remaining months, Pwet is predicted well. This is due to classification errors in GPC. 

When compared with the downscaling results using CFSR, the evaluation statistics are 

predicted well by the model. This can be attributed to the predictors’ ability in 

representing the rainfall. Also there is a large number of CanESM2 predictors available 

for Singapore compared to CFSR predictors. Figure 3-5(a-e) presents the Mean, STD, 

Pwet, PERC90 and Max of the downscaled precipitation using CanESM2 RCP 8.5 

predictors by SGP-SDM corresponding to S44 rain gauge station. It can be seen in the 

figure that the average of the statistics such as Mean, STD, PERC90 and Max lies 

within the P95R range and is closer to the observed values. The average evaluation 

statistics for Pwet Figure 3-5c is simulated well for 9 months except for February, 

September and November. However, the results are inconclusive to find out the best 

scenarios to represent Singapore climate from RCP 4.5 and 8.5. Error! Not a valid  

bookmark self-reference. presents the comparison of observed and downscaled Number of 

Extreme Events (NEE) using CanESM2 predictors; the average NEE for all the 50 

ensembles for all the months is presented. The magnitude of rainfall greater than 50 

mmday-1 is set as the threshold for extreme rainfall. The results show that the NEE is 

predicted well for the months of January, February, June and July by CanESM2 4.5 

predictors. NEE is slightly underestimated for the months of April, November and 

December; however, the predicted NEE values are closer to the observed NEE. For the 

months of May, August, September and October, NEE is overestimated. For CanESM2 

8.5 predictors, NEE is underestimated for the months of April, November and 

December whereas for the months January, February, July and August, NEE is 

predicted well. From the results, the best CanESM2 predictors cannot be concluded for 

NEE estimation as the performance is similar. 
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3.5.3 Discussions on SGP-SDM structure 

Probabilistic quantification of uncertainty in downscaling precipitation is one of the 

most crucial steps in climate change impact studies. SGP-SDM provides a mechanism 

to quantify uncertainty (both in precipitation occurrence determination and 

precipitation amount estimation), calibrate and validate the model in a single step by 

coupling the model function and residual function within a Bayesian framework. The 

advantages of SGP-SDM are 1) its flexibility in implementation 2) confidence interval 

in predictions and 3) improved prediction accuracy with less number of calibration 

data. 

Table 3-10 Comparison of observed and simulated NEE for validation period (2006-2010) using 

CanESM2 data 

Months SGP-SDM Avg NEE 

(4.5 RCP) 

SGP-SDM Avg NEE 

(8.5 RCP) 

Observed NEE 

January 4.98 5.7 5 

February 1.84 1.84 2 

March 4.36 4.62 3 

April 5.16 5.52 7 

May 3.66 4.26 2 

June 5.42 4.96 6 

July 4.2 3.82 4 

August 3.7 3.34 3 

September 3.9 4.66 3 

October 3.74 3.7 2 

November 2.72 2.98 5 

December 7.88 7.72 10 

The limitations of SGP-SDM are 1) they are not sparse that is, they use the whole data 

for model calibration and prediction 2) when the dimension is high, the model may not 

be efficient and 3) increase in computational time when a large amount of data is used 

owing to the need of covariance matrix computation (Rasmussen and Williams, 2006). 

The residuals of SGP-SDM are assumed to be correlated and follow Gaussian 

distribution. In reality, the precipitation does not follow normal distribution; the 

assumption of Gaussian distribution is not valid to model precipitation. In order to 

model precipitation, SGP-SDM transforms the precipitation data using cubic/fourth 
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root to make it closer to normal distribution similar to SDSM and ASD model. 

However, transformation may not solve the distribution problem entire ly. Thus, the 

residual should be modelled by assuming a non-Gaussian distribution. There are 

several ongoing research studies on non-Gaussian Processes model (Gurley, 1997). As 

SGP-SDM serves as basic step in using GP for downscaling, SGP-SDM can be 

extended easily to incorporate non-GP models.    
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CHAPTER 4 Integrated MGP-SDM (A Bayesian uncertainty 

quantification framework for multisite statistical downscaling 

with residual coupling) and disaggregation to generate hourly 

precipitation at a station scale 

4.1 Abstract 

The content of this Chapter is extracted from the article that will be submitted to a 

journal. An integrated multi-site SDM and temporal disaggregation model is proposed 

in this Chapter to simulate fine spatial and temporal resolution precipitation for 

studying the impact of climate change on hydrology. A multi-site regression based 

statistical downscaling model coupled with both uncertainty quantification tool and 

spatial dependency function using stochastic processes to downscale precipitation at 

multiple sites simultaneously is developed and it is named as MGP-SDM (Multi-site 

Gaussian Processes-Statistical Downscaling Model). MGP-SDM is a full Bayesian 

inference model in which the multi-output GP classification and regression are used for 

precipitation occurrence determination and precipitation amount estimation 

respectively. The between-site spatial dependency is modeled by specifying a cross-

covariance function and the dependency between the residuals within each site is 

captured by specifying an auto-covariance function implicitly in MGP-SDM. The 

residuals of the model are assumed to be dependent and are treated as the stochastic 

processes following Gaussian distribution. MGP-SDM is a non-parametric model by 

assuming GP prior over the model function instead of model parameters for Bayesian 

inference; MGP-SDM gives joint posterior predictive distribution of precipitation as 

outputs at all the sites. The precipitation ensembles can be simulated directly from the 

predictive distribution. MGP-SDM is then integrated with the KNN disaggregation 

model to increase the temporal resolution of the precipitation required by the 

hydrological models. The daily precipitation series at the three sites are downscaled 

jointly in Singapore using NCEP reanalysis data for model calibration and HadCM3 
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GCM scenarios for generating future daily precipitation ensembles. The performance 

of the downscaling model is assessed by comparing the downscaled daily precipitation 

with the observed daily precipitation at three stations. The hourly precipitation obtained 

from KNN disaggregation model is also compared with the hourly observed rainfall to 

assess the performance of the disaggregation model. The statistics such as mean, 

standard deviation, proportion of wet days, 90th percentile of the rainfall and maximum 

amount are compared for both downscaled and disaggregated precipitation series at 

three sites. The hourly and daily precipitation is also projected for the future periods 

2011-2040, 2041-2070 and 2071-2099.  

4.2 Introduction 

Precipitation plays an important role in hydrological cycle in the climate system. The 

change in the climate system affects the occurrence of rainfall pattern and its intensity 

which in turn affects the hydrological systems at a global and a regional level  

(Solomon, 2007; Schmocker-Fackel and Naef, 2010). These changes will indirectly 

impact the management of water resources causing huge social and economic losses in 

case of extreme weather events especially in an urban area (Grum et al., 2006; De 

Toffol et al., 2009; Willems, 2012). The assessment of impact of changing climate on 

water resources has gained a significant interest in the past few years (Chen et al., 

2010). As the spatial resolution of GCM is too coarse, SDMs are designed to generate 

local climate variables such as precipitation, temperature and humidity at station scale 

from large scale GCM predictors (Wilby and Wigley, 1997; Wilby et al., 1998). There 

is plethora of SDMs available to downscale the precipitation at a single site. However, 

in hydrology, the precipitation modelling is considered as a challenge in terms its 

spatiotemporal intermittence (that is, the precipitation amount at a given site also 

depends on the precipitation occurrence at the rain gauge stations surrounding it), 

highly skewed distribution and its complex stochastic dependencies. The stream flow 

also depends on the spatial distribution of the precipitation within the watershed (Xu, 

1999). Many research studies shown that if the spatial dependence is ignored, 
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significant errors were presented in the impact assessment results (Srikanthan and 

McMahon, 2001; Qian et al., 2002; Khalili et al., 2013). It is important to consider 

precipitation at multiple sites to simulate flood events as the downscaled precipitation 

is used in the hydrological model to simulate stream flow for impact assessment (Xu, 

1999). The downscaling of precipitation at multiple sites always consists of 

uncertainties due to GCM, emission scenarios, downscaling model structure and natural 

complex process. In addition to the above drawbacks, the daily rainfall downscaled at 

multiple sites cannot be directly used as input in hydrological models, as the 

hydrological model requires high temporal resolution such as hourly precipitation for 

stream flow simulation. The three limitations in the simulating hourly precipitation 

from GCM predictors are 1) existing multi-site downscaling method do not consider 

spatial correlation automatically in the model 2) there is no generalized uncertainty 

quantification framework for multi-site statistical downscaling and 3) there are limited 

number of studies on integrating downscaling and the disaggregation model for 

simulating hourly precipitation. In this study, a multi-site SDM based on stochastic 

processes integrated with disaggregation model is proposed to solve the above 

mentioned issues.  

Statistical downscaling methods can be considered as an alternative to dynamic 

downscaling methods because of their ease of implementation and less computational 

requirements (Benestad et al., 2008). Several multisite statistical downscaling 

approaches have been presented to downscale precipitation at multiple sites. The 

commonly-used regression based approaches for multisite statistical downscaling are 

GLM (Generalized Linear Model) (Chandler and Wheater, 2002) and Multivariate 

Multisite Statistical Downscaling Model (MMSDM) (Jeong et al., 2012). 

Let the historic data for the precipitation occurrence determination model, mcD of n

observations, {( , ) | 1,..., }mc mci mciD i n x y where mcx represents the GCM predictors 

with dimension mcm and mcy is the binary classification output (wet/dry day). In vector 

form, the predictor data can be represented as a matrix mcX with dimension mcm n  and 
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the wet/dry day classification output vector is denoted as
mcy . The historic data 

maD for 

the precipitation amount estimation model of n observations are represented as

{( , ) | 1,..., }ma mai maiD y i n x  where 
max is the GCM predictors with dimension

mam and

may represents the rainfall amount. The number of sites is represented as s .  

MMSDM is a multi-site hybrid statistical downscaling technique which is developed 

by integrating the multivariate regression and stochastic weather generator to simulate 

daily precipitation at several sites. In MMSDM, the multivariate multiple linear 

regression is used for both precipitation occurrence determination and precipitation 

amount estimation at multiple sites.  Let the precipitation occurrence at s number of 

multiple sites is represented as O with dimension n s . The deterministic series o f 

precipitation amount is modelled by (4.1): 

 0
ˆ ˆˆ

mca X O a  (4.1) 

where Ô is the downscaled deterministic series of precipitation occurrence matrix 

which has elements ˆ
ijO , where (1,2,..., )i n  represents the day at the site 

(1,2,..., )j s .  

The model parameters including the constant 0â and the parameter matrix â with 

dimension mcm s  are estimated using Ordinary Least Square (OLS) estimation. Let 

the precipitation amount may
 
is transformed to follow normal distribution 

1/3

maij maijR y

on a day i  at a site j . The determinant series precipitation amount is expressed as (4.2): 

 0
ˆˆ ˆ

a mab X R b  (4.2) 

where ˆ
aR  with dimension n s  is the downscaled deterministic precipitation amount 

series; the model parameters such as constant term 0b̂ and the parameter coefficients b̂  

with dimension n s are determined using OLS estimation.  
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Although regression based statistical downscaling models have been implemented in 

several studies, they have major drawbacks in simulating observed variability (von 

Storch, 1999). In MMSDM, all the days including wet and dry are also used for 

training since all the stations cannot be wet or dry at the same time. The results from 

MMSDM showed that the downscaled precipitation amount series were underestimated 

as zero values were used for training the model. This bias was removed by using a 

statistical adjusting technique called probability distribution mapping. The precipitation 

occurrence and amount are obtained by (4.1) and (4.2) where precipitation is a 

deterministic series; in order to simulate the ensembles of the precipitation series, a 

residual matrix with a multivariate normal distribution matrix is added separately as a 

stochastic component to the deterministic precipitation series. The multivariate normal 

distribution matrix helps to reproduce the temporal variability, spatial dependency and 

to reproduce the variability in the predictions. The detailed explanation of MMSDM 

can be found in (Jeong et al., 2012). Another drawback is that the spatial dependence 

between multi-sites cannot be preserved well in regression-based approaches; the 

interstation correlations of the precipitation amounts are underestimated and the time-

domain variability cannot be reproduced well (Wilby et al., 2003). In addition, the 

precipitation does not follow normal distribution as there can be varying number of dry 

and heavy rainfall days; this causes difficulty to model precipitation by assuming 

normal distribution SDM. The daily precipitation is skewed and normality assumptions 

may not hold for downscaling (Chandler and Wheater, 2002; Segond, 2006). GLM is 

employed to extend the linear regression to assume logistic regression for precipitation 

occurrence determination and gamma regression for precipitation amount estimation 

(Coe and Stern, 1982; Stern and Coe, 1984; Chandler and Wheater, 2002). GLM has 

been implemented in several research studies to generate precipitation at multiple sites  

(Yang et al., 2005; Frost, 2007; Frost et al., 2011; Liu et al., 2011). The advantage of 

GLM is that it can model precipitation even when there are scarce data (Kigobe and 

Van Griensven, 2010). The Generalized Linear Modelling of daily CLIMate sequences 

(GLIMCLIM) is a GLM based downscaling model (Chandler and Wheater, 2002). In 

GLM, the spatial dependence in precipitation occurrence determination using logistic 
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inter-site correlation and the empirical correlation between each pair of sites is used to 

model the precipitation amount. The residual is fitted with extreme value distribution to 

simulate downscaled ensembles. Thus the model parameters, the residual parameters 

and the spatial correlation need to be computed separately. The disadvantage of fitting 

the model and residual parameters separately is shown in the Chapters 2 and Chapter 3. 

Thus, a model that combines the model parameter and the residuals is needed for multi-

site statistical downscaling. This can be achieved by using probabilistic downscaling 

model. 

The probabilistic approach is developed to downscale variables at multiple sites namely 

expanded downscaling (Bürger, 1996). In probabilistic regression approaches, the 

distribution parameters of the predictand are computed to generate the predictive 

precipitation distribution directly. This eliminates the need to add the residuals to 

reproduce the observed variability in the prediction model.  However, the disadvantage 

of placing constraint for preserving covariance in expanded downscaling led to the 

development of Probabilistic Gaussian Copula Regression (PGCR) for downscaling 

precipitation and temperature (Alaya et al., 2014). In this framework, the probabilistic 

regression is used for downscaling precipitation and temperature. The dependence 

between the climate variables at multiple sites is described by Gaussian Copula in the 

climate variable simulation step. The PGCR is further improved by utilizing advanced 

Quantile Regression with Gaussian Copula (QRGC) to overcome the disadvantages of 

the traditional regression techniques (Alaya et al., 2015). This methodology is 

implemented to downscale temperature and precipitation in the province of Quebec, 

Canada. The results of QRGC were compared with the traditional MMSDM and shown 

that QRGC performed well. In PGCR and QRGC, probabilistic regression and quantile 

regression are used to obtain the precipitation distribution at each site respectively. The 

dependence is incorporated using Gaussian Copula in both of these methods. In a 

previous research study, it is noticed that GLM produced heavy tail at some of the sites 

causing difficulty in capturing all types of behavior of rainfall amount (Alaya et al., 

2015). Alaya et al. (2015) proposed a multi-site downscaling model named Bernoulli–
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generalized Pareto multivariate autoregressive (BMAR) model in which Bernoulli-

generalized Pareto distribution is used to capture all types of variability in prediction. 

In their work, they considered several distributions for rainfall amount estimation such 

as gamma, mixed exponential, generalized Pareto and Weibull (WEI) distribution. 

Based on the test for applicability of different distributions, they found that generalized 

Pareto distribution was suited for modelling precipitation amount at all stations. The 

distribution of the precipitation obtained at each site by using probabilistic regression; 

the spatial dependence structure is estimated using the conditional sampling using the 

latent variable. The model output gave the simulation of precipitation amount 

cumulative probabilities ranging from 0 to 1. The cumulative probability was then 

transformed using multivariate first-order autoregressive (MAR(1)) to capture the 

spatial dependence structure between the sites for each day. However, the dependency 

between each day was not considered in downscaling. Some of the earlier research 

studies compared the performance of multi-site statistical downscaling techniques 

(Frost et al., 2011; Liu et al., 2013); none of the model is reported as the best model for 

multi-site downscaling of precipitation at multiple sites. This is because it is noted that 

in all these approaches the spatial dependence was not included in model calibration for 

precipitation amount estimation. The between-site correlation is incorporated after 

computing the parameters for determining the precipitation occurrence and estimating 

the precipitation amount. A multi-site downscaling model that simultaneously estimates 

the spatial correlation and residual fitting with model calibration is needed.  

Another challenge is that downscaling models do not have a principled way to quantify 

and propagate uncertainty in GCM scenarios and in the model structure. The 

uncertainty propagates from GCM to downscaling model and then eventually to 

hydrological models. There are limited studies on quantifying uncertainty in multi-site 

statistical downscaling model. Typically the uncertainty in multisite downscaling is 

handled by analyzing the sensitivity of the different multisite statistical downscaling 

models in simulating future precipitation. The regression-based multi-site statistical 

downscaling model also has epistemic uncertainty coming from the model function and 
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aleatory uncertainty emerging from the residuals (2.3) similar to the single site SDM. 

The contemporary multi-site statistical downscaling techniques have not been able to 

couple the uncertainty quantification tool with the multisite statistical downscaling 

model. A multisite statistical downscaling model that addresses aforementioned issues  

in model structure and uncertainty quantification is needed.  

Multi-site SDM can be considered as a problem of downscaling correlated precipitation 

from multiple sites. In other fields, this type of problem is also referred as multi-output 

regression. In Geostatistics, this is known as cokriging (Isaaks and Srivastava, 1989). 

GP is a non-parametric Bayesian approach where the model function is represented by 

covariance and mean functions (2.6). Multi-output GP is particularly useful when data 

from several rainfall sites are available. Since the precipitation at all the sites will be 

different, so pooling all the data within the model may not be appropriate. The 

advantage of multi-output GP is that dry days need not to be included in the model 

calibration; the model framework of the multi-output GP can handle different lengths 

of data at multiple sites. The wet days at multiple sites can be given as inputs for model 

calibration. In multi-output GP, the between-site spatial correlation is modeled using 

cross-covariance function and the correlation within precipitation for each site is 

modelled using auto-covariance function. As explained in equation (2.6) in Chapter 2, 

the errors are dependent and assumed to follow a stochastic process following Gaussian 

distribution. The main challenge in extending the single site GP-SDM presented in the 

Chapter 2 to multi-site downscaling is the requirement to compute between site cross 

covariance. The advantage is that the prediction accuracy can be improved by using 

cross covariance between the sites (Boyle and Frean, 2004). Other than specifying the 

covariance matrix with the model, the residual parameter calibration is also coupled 

within the model framework using Bayesian framework. The multisite statistical 

downscaling model developed using multi output GP classification and regression is 

named as MGP-SDM.  

The hydrological studies need high temporal resolution future precipitation data which 

can be obtained by integrating the downscaled precipitation at multiple sites with the 
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multisite disaggregation model. Segond et al. (2007) proposed to combined 

downscaling and disaggregation approach to increase the spatial and temporal 

resolution of the climate variables. They have integrated GLM, HYETOS (temporal 

disaggregation) and multisite transformation using an artificial profile to downscale 

climate variables at multiple sites. In another study, Mezghani and Hingray (2009) 

combined downscaling and disaggregation to downscale temperature and rainfall. They 

used GLM for downscaling and KNN for disaggregation. The results from both of the 

above mentioned framework showed good performances and reproduced the statistical 

properties of the climate variables. Lu and Qin (2014) performed inter-comparison of 

different disaggregation methods integrated with multi-site GLM downscaling model to 

generate high resolution precipitation in Singapore. They used master station based 

approach to generate high resolution rainfall. In master station approach, the 

downscaled rainfall is disaggregated to hourly scale at single site (master station). The 

rainfall at single site was disaggregated using two approaches including HYETOS and 

KNN. The hourly rainfall was then simulated at the remaining stations using two 

approaches such as MuDRain and KNN disaggregation models. The test results showed 

that the hourly rainfall generated using multi-site GLM integrated with KNN for single 

site disaggregation and MuDRain for multisite disaggregation reproduced observed 

statistics and spatial correlation well at multiple sites. In this study, KNN is chosen for 

disaggregation for ease of implementation based on previous literature study results.  

The objective of this study is to develop a coupled uncertainty quantification tool with 

multi-site SDM for downscaling precipitation in Singapore (an urban area with tropical 

climate). The novel contributions of this chapter work are as follows: 

1) Development of multi-site regression based statistical downscaling model 

(MGP-SDM) using stochastic process where the spatial dependence, residual 

and model function parameters are estimated simultaneously using a Bayesian 

framework. The model structure couples model calibration, site correlation 

information, uncertainty quantification and prediction together. This Chapter 

uses a multi output Gaussian process (GP) to couple the uncertainty 
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quantification tool with the multisite downscaling model to predict the 

precipitation at all sites jointly. MGP-SDM is implemented to downscale 

precipitation at multiple sites in Singapore. This framework is implemented for 

each month to capture monthly variations in precipitation.  

2) The proposed multi-site SDM consists of generalized uncertainty quantification 

framework to give the posterior predictive distribution of precipitation at all 

sites as the model output. 

3) MGP-SDM is integrated with KNN temporal disaggregation model to simulate 

the hourly precipitation for climate change impact assessment on hydrology.  

4.3 Data and study area 

The study area is Singapore as in Figure 4-1 and is located between 1°N and 2°N 

latitudes and E and 104°E longitudes. The three rainfall stations for multi-site 

downscaling are presented in Figure 4-1. Singapore has a land area of 716.1 km2 with 

an average annual precipitation of about 2340 mm. There are two monsoon periods in 

Singapore which starts from December to March and from June to September (NEA, 

2016). The observed rainfall data is available at all the stations shown. The observed 

precipitation data for Singapore for the period of 1980-2000 are obtained from S46, 

S55 and S69 rain gauge station for this study and the records for the stations considered 

are complete (NEA, 2016). The observed precipitation greater than 0.1 mm is 

considered as wet day for precipitation occurrence determination and precipitation 

amount estimation (Liu et al., 2011; Lindau and Simmer, 2013; Taye and Willems, 

2013; Pervez and Henebry, 2014). 

HadCM3 represents the IPCC 4th Assessment Report (AR4) scenarios data. There are 

eight predictors available for future climate scenarios in Singapore; they are mean sea 

level pressure (mslp), 500 hPa geopotential (p500), 850 hPa geopotential (p850), near 

surface relative humidity (rhum), relative humidity at 500 hPa height (r500), relative 

humidity at 850 hPa height (r850), and near surface specific humidity (shum) and 

temperature at 2 m (temp) (Pope et al., 2000; Collins et al., 2001).The HadCM3 data 

103.8
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freely available in http://ccds-dscc.ec.gc.ca/?page=pred-canesm2 is obtained for 

downscaling. The grid that corresponds to Singapore was chosen. The NCEP reanalysis 

data (Kalnay et al., 1996) are chosen as atmospheric large scale predictors for model 

calibration. As the grid size is different for NCEP and HadCM3 predictors, the NCEP 

predictors are interpolated on to the same grid of 2.5 3.75  latitude and longitude as 

the GCM. The NCEP and HadCM3 dataset are normalized using the historic data 

ranging from 1961-1990 period data (Dibike et al., 2008). The period from 1980-1994 

is chosen as the calibration period and the period from 1995-2000 is chosen as the 

validation period. As the main aim is to present a new methodology for multi-site 

SDM, HadCM3 A2 scenarios are chosen for future prediction.  

 

Figure 4-1 Location of rain gauge stations at Singapore used in the study 

Selection of predictors is an important step in establishing a statistical downscaling 

model since the characteristics of the downscaled scenarios largely depend on the 

predictors for downscaling (Wilby et al., 2004). Generally, the basic requirements for 

predictor selection are 1) the predictors must be strongly correlated with the predictand, 

2) captures the multiyear variability and 3) also physically sensible (Wilby et al., 

2004). GCMs simulate circulation predictors with some skill and they are commonly 

http://ccds-dscc.ec.gc.ca/?page=pred-canesm2
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used as predictors for statistical downscaling (Cavazos and Hewitson, 2005). In order 

to capture the precipitation driving mechanisms such as thermodynamics and moisture 

content, humidity predictors have been increasingly used in statistical downscaling 

(Karl et al., 1990; Wilby and Wigley, 1997). Along with the above predictors selection, 

the predictors are also chosen based on the Two-sample Kolmogorov-Smirnov test and 

stepwise regression as explained in the Chapter.2  

4.4 Multi-site precipitation occurrence determination using multi-output GPC 

The multi-output GPC is also referred as multi-task GPC or dependent GPC (Boyle and 

Frean, 2004; Bonilla et al., 2008). The relationship between outputs 
mcy  and the 

auxiliary variable 
mcg  is deterministic which is given by (4.3): 

 
( ) ( ) 1

( | )
( ) ( ) 1

mcj mcj mcj

mcj mcj

mcj mcj mcj

g if
p g

g if

 

 

 
 

   

y y
y

y y
 (4.3) 

where   is 1, if the argument of   is positive; zero otherwise. The mcjg is a normal 

distribution with mean mcf and variance 1. This is a probit model for classification. The 

posterior distribution ( | )mc mcp f y  is a non-Gaussian as the probit likelihood function is 

coupled with the GP prior placed over the latent function. This makes the inference not 

analytically tractable. Similar to the single site GPC, the analytical marginalization is 

not possible in multi-site GPC since the non-Gaussian likelihood is used. Multi- task 

Gaussian process classification using Expectation Propagation (EP) is adopted for 

implementing the model (Skolidis and Sanguinetti, 2011).  

The joint likelihood is given by Bayes’ theorem (4.4): 
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where 
mcg  is auxiliary latent variable following normal distribution with the mean 

given by
mcf  and variance 1, 

mcf is a latent function which combines the information 

from the data and the tasks; 
mcf  is assumed to follow normal distribution with zero 

mean and covariance matrix given by mc mcy x

mc mcK  , mcy

mc represents the between-site 

spatial dependence covariance matrix with dimension s s ,
mcx

mcK is the within-site 

covariance matrix with dimension n n , mcy

mcθ is the prior distribution parameters for 

dependence covariance matrix covariance matrix, mcx

mcθ  is the prior distribution of the 

within-site covariance matrix and 
mcα is the hyperparameters of the within-site 

covariance function.  

The spatial dependence structure is learnt through optimization of hyperparameters 

using EP approximation. The covariance can be obtained through a covariance function 

or using free form covariance matrix. In this work, a free covariance matrix is chosen 

(Skolidis and Sanguinetti, 2011). The correlation function mcy

mc captures the spatia l 

dependence between the sites s . The matrix mcy

mc  must be positive semidefinite. The 

detailed description of spatial correlation function implementation is presented in 

(Skolidis and Sanguinetti, 2011). There are several other within site covariance 

functions available as well. The commonly used within site covariance function is 

squared exponential ARD covariance function (2.21) which is similar to the covariance 

function used in single site GP-SDM. In multi-site occurrence determination, only one 

covariance function and the corresponding hyperparameters are shared for all the sites 

to capture the at-site residual dependence.  

4.4.1 Expectation Propagation (EP) approximation for inference 

The exact inference for non-Gaussian posterior distribution obtained by coupling the 

probit likelihood with a GP prior is impossible. There are several approximate 

inference approaches available such as Gibbs sampling, EP approximation (Opper and 

Winther, 2000; Minka, 2001; Rasmussen and Williams, 2006), variational expectation- 
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maximization (EM) algorithm (Girolami and Rogers, 2006). In this Chapter, EP is 

followed and the hyperparameters are estimated using type II maximum likelihood 

(ML). The detailed explanation for EP approximation for multitask classification can 

be found in Skolidis and Sanguinetti (2011).  

The product of the prior and the factorized non-Gaussian likelihoods is proportional to 

the posterior ( | )mc mcp f y  over the latent variables. The non-Gaussian likelihoods are 

approximated by a product of unnormalized Gaussians ( )i mcit y  using EP and is given by 

(4.5): 

 2

1 1 1

( | ) ~ ( | , , ) ( , )
n n n

mci mci i mci mci mci mci mc mc mci

i i i

p y f t f Z N Z 
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   μ  (4.5) 

where mcμ is avector of mci and mc is diagonal with
2

mcii mci  . The approximated 

distribution of the latent variables ( | )mc mcq f y is (4.6): 
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where
1

mc mc   and
1 1 1[( ) ]mc mcy x

mc mc mc mcK         

In EP, the likelihood is updated termwise where the current it is removed and the cavity 

distribution ( )i iq t is combined with the true likelihood ( | )mci mcip y f to obtain a non-

Gaussian distribution.  

The parameters of it  are then computed by matching the moments between the 

Gaussian approximations of the non-Gaussian from the previous step. The log marginal 

likelihood is used to estimate the hyperparameters and the gradient with respect to the 

hyperparameters mcx

mcθ and mcy

mcθ is given by (4.7): 
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The task covariance matrix helps to transfer/infer the knowledge between the sites  

(Bonilla et al., 2008).  

4.4.2 Predictive distribution 

The predictive distribution of the thj  site is given by (4.8): 
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The observations from the site i  are weighed by the thi element of mcy

mcjk . Therefore the 

variance of the predictive distribution is given by  (4.9): 

 
* * * *
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4.5 Multisite Precipitation amount estimation using multi-output GPR 

The precipitation measured at multiple sites is correlated and the challenge is to 

downscale precipitation jointly. Multi output Gaussian process regression has been 

implemented in many fields to predict the multiple outputs jointly. This method is also 

referred as multi-task Gaussian process regression in machine learning or Co-Krigingin 

Geostatistics. The Gaussian process regression is represented by the mean function and 

the covariance function. When the Gaussian process is extended for multiple outputs, 

the covariance matrix also consists of cross-covariance between the outputs. Ensuring 
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that the covariance matrix as positive definite is a challenging task; thus, the property 

of the convolution is used to obtain the positive definite matrix in the machine learning 

literature. Dependent Gaussian process was proposed to predict multiple outputs using 

a single model (Boyle and Frean, 2004). The GP requires positive definite symmetric 

covariance matrix for modelling. However, in multiple output modelling, there is no 

direct function that computes positive semi definite symmetric cross-covariance matrix. 

This problem is solved by employing a convolution process where each output is 

represented as the convolution between a smoothing kernel function and a Gaussian 

white noise (Bilionis and Zabaras, 2012). This approach will yield positive definite 

covariance and cross-covariance.  

GP is a non-parametric Bayesian inference which provides efficient way to quantify 

uncertainty, model calibration and prediction simultaneously. In GPR, the Gaussian 

probability distribution is placed on the modelling functions instead of placing on the 

parameters. GP is represented by a mean function and the covariance function. The 

mean function can be linear, polynomial or any non- linear function. The covariance 

function defines the relationship between the inputs and measures the correlation 

between the predictions. It is assumed that similar inputs give similar outputs. The 

covariance structure is modified from the ordinary GP to take into account the auto- 

and cross- correlation between the input predictors and the different outputs.  

Multi-task GP is viewed as learning multiple outputs given the inputs and outputs. GP 

provides a principled framework from specific priors over functions. The multi-task GP 

differs from single GP by construction of covariance function. The crucial step to 

encode the dependence structure of multiple outputs is by constructing the covariance 

function. The covariance matrix consists of auto- and cross-covariance matrix of 

different outputs and inputs. The number of hyperparameters to learn is increased. The 

constraint is that the covariance matrix should be positive semidefinite. This is 

achieved by convolution process.  
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This Chapter presents the derivation for rainfall amount estimation for multi-site SGP-

SDM model. This type of modelling improves the prediction accuracy of one output 

using the correlation between the other outputs. Multi-output Gaussian process is a 

non-parametric Bayesian framework to predict multiple correlated outputs 

simultaneously. The advantage of this method is that the spatial correlation of all the 

outputs is considered in model calibration and the uncertainty quantification tool is 

coupled with the multi-site downscaling model.  

The MGP-SDM modelling considers the spatial correlation between the datasets at 

different locations using the cross-covariances and the spatial correlation within the 

datasets using the auto-covariances. The cross-covariances are represented by 

convolving GP with a smoothing kernel by assuming GP being a white noise (Boyle 

and Frean, 2004; Vasudevan et al., 2011; Robin, 2012). In this Chapter, the Gaussian 

process based multivator framework developed by (Robin, 2012) is adopted for 

implementing multisite downscaling. Multivator is a combined term used for 

multivariate emulator. Complex computer models need to be used in many scientific 

disciplines. Emulators are softwares developed to replace the complex computer 

models to generate similar outputs as the complex computer models. The mean 

function and the covariance matrix for the multi-output GP can then be specified by 

(4.10): 
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where T( )s

ma mag X is the downscaling model mean function for the site m which can be 

either linear or non-linear, 
maβ are the coefficients of the mean function corresponding 

to each site s , pq

ma
  

is the cross-covariance between the dataset s

maX corresponding to 

the site   and , the diagonal entries of ss

ma refers to the auto-covariance. The 

derivation of cross-covariance using convolution was presented in the work by Robin 

(2012). They used non-separable covariance matrix to derive the cross covariance for 

multi-output GP. The covariance function is given in equation (4.11): 
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where
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p
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l

Β and pl is the correlation length corresponding to each dimension of the 

output and d  is the distance 
2|| ||mai maj

p q
x - x . The covariance function is then multiplied 

with the matrix mapqM  ( s s ) that comprises of covariance between the observations at 

multiple sites.  

 ( ) ( )ma mapq mapqd M K d   (4.12) 

where ma is a positive definite function.  

The marginal likelihood equation is represented by (4.13): 

p q
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However, the likelihood cannot be optimized directly. Thus multi-stage approach is 

proposed to estimate the optimal parameter values. The steps for multi-stage approach 

are as follows: 

1) The single task GP methodology is used to estimate the correlation length for 

each of the observations.  

2) The posterior mode is used calculate the diagonal elements of the marginal 

variance terms
maM  

3) The off-diagonal elements of maM are determined numerically using the 

posterior mode.   

With the optimal value of the hyperparameters, the predictive mean and the predictive 

covariance for the future data *

max can be estimated using the conditional Gaussian 

distribution property (4.14).  The predictions are conditional on the historic data.  
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where *( )mam x  and *( )maCov x are predictive mean and predictive covariance respectively.  
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4.6 KNN Disaggregation 

K-Nearest Neighbor (KNN) resampling is a non-parametric approach to disaggregate 

rainfall into the required time scale. KNN resampling approach has been implemented 

(Lall and Sharma, 1996; Prairie et al., 2007; Nowak et al., 2010) to disaggregate annual 

river flow into monthly flow. The KNN disaggregation algorithm described in this 

section is based on the algorithm proposed by Nowak et al. (2010).  

Each of the ensembles obtained from MGP-SDM is disaggregated into hourly 

precipitation at multiple sites using KNN resampling. Thus, the uncertainty ranges for 

the disaggregation of daily rainfall to hourly rainfall at multiple sites simultaneously. 

The algorithm is as follows: 

Let nQ  is a 24n matrix where n  is number of days and 24 is the hours/day. The 

elements in the matrix nQ are divided by the total daily flow and thus the each row 

sums to unity. Let *

dQ
 
be the daily precipitation which needs to be disaggregated. The 

K-nearest neighbors of *

dQ is identified from the historical daily precipitation dQ .  

The K neighbors are computed using the Euclidean distance distE between *

dQ
 
and all 

the historical daily precipitation. A weight is assigned to the K-nearest neighbors using 

the weight scheme proposed by Lall and Sharma (1996) as (4.15): 
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( )
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i

iW i

i





 (4.15) 

where K is the number of nearest neighbors, i  is the index of the neighbor and 1i  is 

the nearest neighbor. The weight is used to pick one of the K-nearest neighbors which 

is ranked high. The corresponding hourly precipitation, 
k

hQ  for the chosen daily 
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precipitation using k-nearest neighbors is selected. The disaggregation for *

dQ  is 

obtained by multiplying *

dQ with k

hQ  hourly proportion (4.16): 

 * * k

h d h Q Q Q  (4.16) 

The disaggregated k

hQ vector sums to daily precipitation. The above steps are repeated 

for all the days which need to be disaggregated. For multisite disaggregation, the daily 

values are summation of the rainfall observed at all the s tations considered and the 

hourly matrix consists of hourly rainfall from all the stations concatenated. The 

selection of best K is obtained by the optimization steps presented in Lu and Qin 

(2014). The first 10 closest neighbors are selected using the weight schemes and 10 

selected neighbors are considered as ensembles. The optimal neighbor is estimated by 

minimizing the object function (4.17): 

 1
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MAPE

K
N




 (4.17) 

where MAPE is Mean Absolute Percentage Error, 
kN is number of statistical properties 

used for objective function, and i represents the statistical properties such as mean, 

standard deviation, lag-1 autocorrelation, lag-2 autocorrelation, probability of wet hour, 

skewness and cross-correlation for multi-site disaggregation. 

4.7 Results and Discussions 

The climate change impact studies require the future precipitation to be projected 

accurately. In this regard, the performances of MGP-SDM and KNN disaggregation 

model in reproducing the observed precipitation statistical properties that capture the 

spatial and temporal dependence are analyzed. The downscaled daily precipitation and 

disaggregated hourly precipitation are compared with the observed daily and hourly 

precipitation respectively. The statistical properties that are compared are mean (daily 

objK
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and hourly), standard deviation of rainfall (daily and hourly) (Hessami et al., 2008; 

Fowler and Ekström, 2009; Maraun et al., 2010), the 90th percentile of daily 

precipitation (PERC90) of the precipitation on wet days (Haylock et al., 2006; Goodess 

et al., 2007), maximum daily rainfall (Max) (Hessami et al., 2008), lag-1 

autocorrelation of hourly rainfall (AC1h), probability of wet day (Pwet), probability of 

wet hour (Pweth) (Semenov et al., 1998), skewness of hourly rainfall (skewnessh) and 

cross-correlation coefficients as in (4.18) (CCd/CCh) (Ying et al., 2011).  
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 (4.18) 

where ,obs ic is the observed rainfall, ,sim ic is the simulated rainfall data, ,obs ic  is the mean 

of the observed data, ,sim ic is the mean of the simulated rainfall data. The accuracy (acc) 

of the wet and the dry day classification (Chen et al., 2010) is given in (4.19):  

 
dry wet

dry wet

C C
acc

TP TP





 (4.19) 

where dryC is the total number of correctly classified dry days, wetC is the total number of 

correctly classified wet days, dryTP is the total number of dry days and wetTP is the total 

number of wet days.  

4.7.1 MGP-SDM precipitation occurrence determination 

The multisite precipitation occurrence model is calibrated for the period of 1980 to 

1987 using NCEP reanalysis data. HadCM3 predictors for 1980 to 2010 are used for 

validating the classification model. The mean of the 100 occurrence determination 

ensembles generated from the classification step is used to choose the wet days for the 

precipitation amount estimation. The precipitation occurrence is determined using 
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averaged predictive distribution.  The prediction itself is averaged and thus there is no 

uncertainty range in precipitation occurrence. Three criteria including dry day 

proportion, accuracy and wet and dry transition probability are used to assess the 

performance of MGP-SDM in downscaling precipitation at the three sites for all the 

months (Jeong et al., 2012).  

Figure 4-2 shows the dry day proportion compared with the observed data at the three 

stations for all the months. At station S46, it is observed that for the months of 

February, May, September and October, the dry day proportion is underestimated; large 

deviations are seen in the month of May. For the months of March and June, the dry 

day proportion is overestimated. The dry day proportion for the remaining months is 

close to the observed proportion. Similar results are seen at the other stations (S55 and 

S69) as well. The purpose of this chapter is to show the ability of the multisite 

precipitation occurrence model in wet and dry determination at all the sites 

simultaneously. With the increase in the data size, the computation cost increases in the 

multisite classification model; large data sizes involve large size of covariance matrices 

which causes memory issues. Thus, large size of training data cannot be used for 

calibration which leads to poor results for some months (Skolidis and Sanguinetti, 

2011). This issue can be solved by using the advanced approximation technique for 

classification model implementation. Due to computational complexity, research scope 

and time factor, the approximation technique is not applied in this thesis. This needs to 

be explored in the future study.  

Table 4-1 shows the average of the accuracy of the simulated precipitation occurrence 

ensembles at the three stations S46, S55 and S69 for the validation period. The average 

accuracy is around 50% at all the stations for all the months. The table shows that the 

model’s classification accuracy for all the stations does not vary significantly. As part 

of future works, the performance of the model needs to be further assessed by 

comparing the results from MGP-SDM with the other multi-site statistical downscaling 

models.  
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Figure 4-3 and Figure 4-2 show the dry and wet day transition probability for the 

simulated occurrence series compared with the observed wet and dry day transition 

probability for the validation period respectively. At S46 and S55 station, the dry day 

transition probability is overestimated for the month of June and April; for the 

remaining months, dry day transition probability is underestimated. At S69, the dry day 

transition probability of June is closer to the observed data; however, for all the other 

months, the dry day transition probability is underestimated. Compared to dry day 

transition probability, the wet day transition probability is predicted well by MGP-

SDM at all the three stations for all the months. The wet day transition probability for 

the month of May is overestimated and for the month of March, the wet day transition 

probability is underestimated compared to all the other months. The proposed method 

of multi-site precipitation occurrence determination needs to be further refined to 

improve the prediction of dry day proportion and the transition probabilities.  

4.7.2 MGP-SDM precipitation amount estimation 

The MGP-SDM downscaling is calibrated for the period from 1980-2000 using NCEP 

reanalysis predictors. The HadCM3 predictors from 1980-2010 are used as the 

validation period for downscaling. Twenty ensembles are simulated for the prediction 

period to assess the performance statistics and uncertainty range in the model 

simulations. The precipitation is downscaled at the three stations simultaneously. The 

MGP-SDM model is calibrated with different initial values to avoid local minimum as 

the optimal points.  

The comparison of cumulative distribution of the generated ensembles and the 

observed data for each month during the validation period at the three stations (S46, 

S55 and S69) is shown in Figure 4-5, Figure 4-6 and Figure 4-7 respectively. The cdf 

of the downscaled precipitation shows that the ensembles from the model predictions 

cover the observed data for some months while it is over/underestimated for most of 

the months. The figures also prove that the model performance is consistent for all the 
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months at all the stations. However, for the month of May the ensembles are slightly 

overestimated.  

This is attributed to the inaccurate classification model results for most of the months. 

The evaluation statistics for the all the months at the three stations (S46, S55 and S69) 

are presented in Figure 4-8, Figure 4-9 and Figure 4-10 respectively. The MGP-SDM 

shows better performance in simulating the mean daily precipitation for each month.  

For the month of May, the prediction results are overestimated. It can also be seen that 

the uncertainty in the classification results is propagated to the downscaling results. For 

the other statistical properties, the observed and the mean of the simulated ensembles 

are closer to each other and are within the range of the ensembles. In the maximum 

evaluation statistics from GLM, the mean daily maximum for the month of the 

December and March are not within the simulated ensembles. However, in MGP-SDM 

the statistics for all the months are captured well. The results prove that the model is 

superior even with fewer number of stations used for downscaling. The performance of 

the model is also consistent with all other stations.   

Table 4-2 provides the comparison of the spatial correlation coefficient of the 

downscaled and observed precipitation between the three stations during the validation 

period. The interstation correlations are computed between the pairs of the predicted 

and observed precipitation at the three rain gauge locations. The table shows that the 

interstation correlation is underestimated for all the station pairs. This may be because  

of the uncertainty from the precipitation occurrence determination step due to the less 

amount of calibration used.  

4.7.3 KNN disaggregation 

In this section, the observed hourly rainfall from 1980 to 2000 is used for calibrating 

the disaggregation model and the observed data from 1980 to 2010 (baseline period) is 

used for model validation. The validation period is the same as the downscaling model 

since the precipitation from downscaling model is used for disaggregation for the future 
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period. Figure 4-11, Figure 4-12 and Figure 4-13 show the statistical properties of the 

disaggregated hourly data from the daily precipitation downscaled from MGP-SDM at 

the three stations S46, S55 and S69 respectively. At the station S44, KNN can keep 

track of the statistical properties for a few months and there is a deviation from the 

observed statistical properties for the remaining months. There is a notable 

underestimation of AC1 for the months of February, May, June, July and September; 

for the months of January, October and November, AC1 is overestimated. Similarly for 

Pweth, all the months are underestimated except for October and December. The 

skewnessh is estimated well for the months of January, February, April, June and 

August to October. The standard deviation is also not predicted well for at S44 station. 

At S55 station, the statistical properties are predicted well compared to S46; however, 

there are several months for which the statistical properties are underestimated or 

overestimated. The deviations of the statistical properties from the observed data are 

less at S69 station. The underestimation of precipitation can be because the seasonal 

effects are not considered in KNN. Also only limited number of data is available for 

each month and the seasonal effects are not considered. Even though KNN predicts 

some of the properties for some of the months, still there is a notable underestimation. 

Table 4-3 provides the comparison of the spatial correlation coefficient of the 

disaggregated and observed precipitation between the three stations during the 

validation period. The interstation correlation between the pairs of the disaggregation 

rainfall at the three locations is captured well compared to downscaled rainfall.  

However, the rainfall correlations are still underestimated as KNN does not take spatial 

correlation into account. 

4.7.4 HadCM3 A2 scenarios future precipitation projection (2011-2099)  

The daily precipitation downscaled using MGP-SDM is disaggregated using KNN to 

the hourly timescale for the future periods. The hourly precipitation is then used for 

analyzing the change in the intensity of future precipitation due to climate change. The 

projected precipitation for the next century is presented by using the HadCM3 

predictors for 2011-2099. The HadCM3 scenarios are used for assessing the change in 
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the future periods. Figure 4-14 shows the comparison of the average, minimum and 

maximum of the mean hourly precipitation downscaled from HadCM3 A2 scenarios 

for the three periods 2011-2040, 2041-2070 and 2071-2099 with the baseline period. 

Figure 4-15 shows the comparison of the average, minimum and maximum of the 

maximum hourly precipitation downscaled from HadCM3 A2 scenarios for the three 

periods 2011-2040, 2041-2070 and 2071-2099 with the baseline period. The prediction 

results show that the mean hourly rainfall is increasing compared to the baseline period 

in 2011-2040 and the precipitation trend is increasing for the period from 2041-2099. 

The results show the highest increase in rainfall for the month February, March, May, 

July and December from 2011-2099.  

 

Figure 4-2 Comparison of observed and simulated dry day proportion by MGP-SDM at three 

stations a) S46, b) S55 and c) S69 for the validation period (1980-2010) 
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Table 4-1 Accuracy of the MGP-SDM classification ensembles at three stations  

Accuracy (%) S46 S55 S69 

January 59.14 56.13 56.77 

February 47.10 49.03 47.85 

March 50.75  47.74 50.97 

April 52.26  51.61 53.12 

May 52.04 52.80 50.75 

June 48.71  48. 28 50.75 

July 47.85  49.46 50.65 

August 50.97 50.75 48.60 

September 50.40 52.47 49.25 

October 52.80 51.29 55.16 

November 58.39 58.17 56.77 

December 59.68 57.63 58.92 

Table 4-2 Cross-correlation of the downscaled rainfall between the sites  

 MGP-SDM OBS 

S46-S55 0.19 0.58 

S55-S69 0.17 0.58 

S69-S46 0.2 0.7 

Table 4-3 Cross-correlation of the disaggregated rainfall between the sites  

 KNN OBS 

S46 –S55 0.25 0.36 

S55 –S69 0.25 0.34 

S69-S46 0.46 0.55 
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Figure 4-3 Comparison of observed and simulated dry day transition probability at three stations 

a) S46, b) S55 and c) S69 for the validation period (1980-2010) 

The model shows decrease in mean hourly rainfall in the months of January and 

September. The maximum hourly prediction for the month of September shows the 

highest decreasing trend for all the three periods considered. The overall results show 

that the average precipitation prediction is decreasing for most of the months. The 

highest increase in mean hourly precipitation is seen in the month May. The fourth 

IPCC assessment report is also in agreement with the prediction results presented in 

this chapter (Solomon, 2007). However, the maximum hourly rainfall for each month 

shows an increasing trend. The maximum precipitation is predicted to increase in 

February. In summary, the mean hourly precipitation is predicted to increase in the next 

century for Singapore. The integrated multisite downscaling and disaggregation model 

with uncertainty quantification tool presents the first step to simulate future 
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precipitation for urban hydrological analysis. The projected future scenarios are based 

on the predictions only from one GCM scenario. It is necessary to run the proposed 

framework with various model results and with various emission scenarios for decision 

making and planning adaption measures in the future. The future precipitation results 

are obtained based on the stationarity relationship assessment between the current and 

the future period. In order to reduce uncertainty due to stationarity assumptions, it is 

necessary to develop non-stationary models for downscaling.  

 

Figure 4-4 Comparison of observed and simulated wet-day transition probability at three stations 

a) S46, b) S55 and c) S69 for the validation period (1980-2010) 
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Figure 4-5 Comparison of cdf of the downscaled precipitation ensembles  with observed cdf for all 

the months at  Station S46 
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Figure 4-6 Comparison of cdf of the downscaled precipitation ensembles with observed cdf for all 

the months at station S55 
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Figure 4-7 Comparison of cdf of the downscaled precipitation ensembles with observed cdf for all 

the months at station S69 
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Figure 4-8 Evaluation Statistics for the station S46. The line with square represents the observed 

data. The shaded region shows the 5
th

 and 95
th

 percentile of the prediction ensembles. The dotted 

lines represent the maximum and minimum range.
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Figure 4-9 Evaluation Statistics for the station S55. The line with square represents the observed 

data. The shaded region shows the 5
th

 and 95
th

 percentile of the prediction ensembles. The dotted 

lines represent the maximum and minimum range. 
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Figure 4-10 Evaluation Statistics for the station S69. The line with square represents the observed 

data. The shaded region shows the 5
th

 and 95
th

 percentile of the prediction ensembles. The dotted 

lines represent the maximum and minimum range. 
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Figure 4-11 Disaggregated precipitation projection at station S46 for the validation period 1980 -

2010. The average hourly disaggregated data for the baseline period calculated from 20 ensembles  
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Figure 4-12 Disaggregated precipitation projection at station S55  for the validation period 1980 -

2010. The average hourly disaggregated data for the baseline period calculated from 20 ensembles. 
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Figure 4-13 Disaggregated precipitation projection at station S69 (4-13a-4-13d) for the validation 

period 1980 -2010. The average hourly disaggregated data for the baseline period calculated from 

20 ensembles.
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Figure 4-14 Mean hourly precipitation projection for future periods (2011-2099) 
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Figure 4-15 Maximum hourly precipitation projection for future periods (2011-2099) 
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CHAPTER 5 Integrated MGP-SDM and BUQ-SDDHM for 

uncertainty quantification to study the impact of climate 

change on future flood events 

5.1 Introduction 

The content of this Chapter is extracted from a manuscript that is to be submitted to a 

journal. There has been an increase in the frequency and intensity of flood events in 

many parts of the world due to the change in climate conditions (Solomatine et al., 

2008). This is evident in Quebec where it witnessed frequent flood events in the past 

(Gagnon et al., 2005; Jones, 2008). Thus, it is important to understand the impact of 

climate change on the future flood events for robust planning and effective decision 

making. The GCM scenarios do not give accurate predictions at local level due to 

coarse spatial resolution. Accurate predictions for finer spatial resolution are needed for 

studying the impact of climate change on water resources (Tisseuil et al., 2010). The 

hydrological models require high resolution precipitation than the downscaled climate 

variables for simulating stream flow. The multisite downscaling technique has to be 

implemented to simulate climate scenarios that represent the local conditions as the 

river flow depends on the rainfall occurrences at multiple sites in the watershed. 

Several downscaling models based on statistical relationship between the GCM 

predictors and local climate variables have been developed previously as it is 

computationally less intensive and easy to implement (Wilby and Wigley, 1997; 

Fowler et al., 2007). The integration of multisite downscaling techniques and the 

multisite disaggregation model is proposed in the recent studies to simulate high spatial 

and temporal resolution climate variables at a local level (Mezghani, 2009). These 

downscaled and disaggregated climate variables are used as input in hydrological 

models to simulate high resolution runoff which is very useful in urban planning 

especially urban drainage design planning. It is found that there are very limited studies 

on integrated downscaling model, hydrological model and disaggregation model 

approach to assess the impact of climate change on hydrology.  
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The uncertainty in studying the impact of climate change on hydrology (rainfall, runoff 

and water resources) has gained interest recently (Xu, 1999). It is important to have the 

knowledge about the uncertainty of the change in future climate variables for decision 

making and planning. The uncertainty is encapsulated in each stage of future 

hydrological flow simulation (GCM predictors downscaling model disaggregation 

model hydrological model) as all of them are numerical models which are 

generalized representation of reality. The uncertainty in the predictions is also due to 

factors such as anthropogenic greenhouse gas emissions and natural climate processes  

(Foley, 2010). The sources of uncertainty in GCM are dynamic climate system, 

generalization of climate in the numerical model, the parameterizations used for 

representing the natural process, initial boundary conditions of the climate model and 

incomplete knowledge about the system being modelled. The uncertainty in the SDM is 

introduced by the GCM predictions which are used as inputs, model structure, 

parameters, random variations and numerical errors (Rajendran and Cheung, 2015). It 

is also noted that no generalized uncertainty quantification framework exists for 

quantifying uncertainty in the above mentioned integrated approach. This study focuses 

on developing an integrated downscaling, disaggregation and hydrological model 

coupled with Bayesian uncertainty quantification framework. Development of a 

stochastic data-driven hydrological model is also considered in this study. 

5.1.1 Integrated multi-site SDM and DDHM for runoff simulation 

Tisseuil et al. (2010) used the statistical downscaling model directly to simulate river 

flows instead of downscaling climate variables. In another study, SDSM was used to 

simulate climate data for streamflow modelling in Quebec (Gagnon et al., 2005). It was 

shown that the use of downscaling prior to the use in hydrological models improved the 

flow prediction. Grouillet et al. (2016) analyzed the sensitivity of a hydrological model 

to different statistical downscaling models that downscaled precipitation and 

temperature. The outputs from the three statistical downscaling models such as an 

analog method (ANALOG), a Stochastic Weather Generator (SWG) and a cumulative 

distribution function-transform approach (CDFt) were used as inputs to the GR4j 

 


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conceptual model to simulate a streamflow. Their results showed that there was 

improvement in simulation of streamflow when a high resolution downscaled climate 

variables were used to simulate streamflow compared to using low resolution climate 

model outputs. Their results also concluded that the ANALOG and CDFt models 

performed better than SWG model. Chen et al. (2010) compared Smooth Support 

Vector Machine (SSVM), SDSM for statistical downscaling of climate variables; the 

downscaled future scenarios were used as input in Xin-anjiang and HBV hydrological 

models for runoff simulation. The results showed that the SDSM performed well in 

simulating the rainfall and the runoff was simulated well by SSVM downscaled 

scenarios. The suitability of statistical downscaling models for runoff simulation was 

studied by Samadi et al. (2013). They integrated downscaling techniques such as 

SDSM, ANN (Artificial Neural Network) with a hybrid conceptual hydrological model 

to generate future runoff. Their results showed that the choice of the model used for 

downscaling had a major impact of the simulated streamflow ensembles. Fowler et al. 

(2007) also stated that downscaling model was one of the sources of uncertainty and it 

played a critical role in hydrological studies. Liu et al. (2016) proposed Bayesian 

model averaging to combine the downscaled precipitation from three downscaling 

models such as SVM, BCC/RCG-Weather Generators (BCC/RCC-WG) and SDSM. 

The ensembles combined using BMA were then used as input in Soil and Water 

Assessment Tool (SWAT) for runoff modelling. Their result showed that ensemble 

downscaling method performed well in runoff simulation compared to runoff 

simulation using separate downscaling methods. Lu et al. (2016) developed an 

integrated statistical and data-driven (ISD) framework to simulate river flow for 

analyzing flood frequencies under climate change in the Duhe River, China. In ISD, 

ASD and KNN was integrated to downscale rainfall and Conditional Density Estimate 

Network (CDEN) was used to downscale minimum temperature and relative humidity 

at multiple local weather stations. In the next step, a data-driven Bayesian Neural 

Network (BNN) was used to generate monthly future streamflows using downscaled 

climate variables. KNN were then used to disaggregate the monthly streamflow to daily 

streamflow for flood frequency analysis.  ISD approach gave a generalized framework 
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for analyzing future flood frequency analysis. The drawback of their framework is that 

several models need to be run to simulate high resolution flow time series for assessing 

the impact. Another drawback is that it does not have uncertainty framework for ISD. 

There are several other studies that analyzed the major sources of uncertainty in 

streamflow simulation from GCM scenarios (Khan et al., 2006). Their results 

concluded that GCM and emission scenarios were the major sources of uncertainty, 

statistical downscaling models were second major sources of uncertainty whereas the 

hydrological model and its parameters contributed less uncertainty to the output. These 

studies provided a generalized framework to compare the performance of the model. 

However, there requires a generalized uncertainty quantification framework that can 

propagate uncertainty from GCM to hydrological simulations.  

5.1.2 Hydrological models 

The commonly used streamflow simulation models can be divided into categories such 

as statistics or stochastic model data-driven model and conceptual or physics based 

model (Price, 2000; Refsgaard et al., 2013).  The statistics or stochastic data-driven 

model is based on precipitation, temperature and relative humidity (Solomatine and 

Price, 2004). Several stochastic time series model such as Autoregressive (AR), 

Moving Average (MA), Autoregressive Moving Average (ARMA) and Autoregressive 

Integrated Moving Average (ARIMA) are used as data-driven hydrological models. 

These models do not consider the physical processes and are based on the linear 

relationship between the input and output (Tokar and Johnson, 1999; Riad et al., 2004). 

In a study by Tisseuil et al. (2010), Generalized Linear Model (GLM) and Generalized 

Additive Model (GAM), Aggregated Boosted Trees (ABT) and multi- layer preceptor 

neural networks (ANN) were used to downscale the river flow directly. Their study 

results showed that the non- linear models performed better in flow simulation 

compared to GLM downscaling models. Thus, artificial intelligence based Artificial 

Neural Network (ANN) for streamflow prediction was proposed to capture the 

nonlinearity (Govindaraju and Rao, 2000). For hydrological studies, ANN has been in 

use to simulate river flows (Wei et al., 2012). The ANN models have also been applied 
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in various hydrological applications and the results showed that the ANN model had 

better prediction capability (Govindaraju and Rao, 2000). In the research work of Khan 

et al. (2006), they compared the ability of BNN and ANN to simulate streamflows. 

Their results showed that BNN performed better than ANN model in simulating mean 

and extreme flows. The applicability of BNN have been explored by Lu et al. (2016). 

Oyebode et al. (2014) compared the performance of Genetic Programming and 

differential equation-trained artificial neural networks for streamflow prediction. Their 

results showed that the Genetic Programming performance was superior to ANNs 

especially for the non-linear variations of the hydro-meteorological parameters. The 

drawback of ANN in streamflow simulation such as overfitting and instability of the 

model when the training data was less was noticed by Hsieh and Tang (1998). The 

kernel based SVM method was introduced to address the overfitting issues in ANN 

models. The advantage of SVM is that the non-linear relationship between the predictor 

and the predictand can be represented using a kernel implicitly. This is referred as 

‘kernel trick’ (Bishop, 2006). However, all these data-driven models are deterministic 

and the prediction uncertainty cannot be obtained directly. 

5.1.3 Uncertainty analysis in hydrological models 

In case of hydrological models, the uncertainty arises from the numerical hydrological 

models and the incomplete knowledge about the hydrological processes (Mirzaei et al., 

2015). In hydrological models, a statistical generalized likelihood uncertainty 

estimation (GLUE) has been commonly used to characterize the uncertainty in the 

future predictions using the posterior distribution of the parameters (Beven and Binley, 

1992; Freer et al., 1996). The plausibility of the possible outcomes of the hydrological 

model is obtained by Monte Carlo simulations. The effect of uncertainties in the 

physical process based hydrological models was studied by many researchers 

(Engeland et al., 2005; Kavetski et al., 2006; Chowdhury and Sharma, 2007; Marshall 

et al., 2007; Srivastav et al., 2007; Jin et al., 2010). The uncertainty quantification 

methodologies for hydrologic modelling consider only the parameter uncertainty. The 

uncertainty quantification techniques is modified to consider all types of uncertainty in 
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several studies (Schaefli et al., 2007; Yang et al., 2008). In addition, these studies were 

based on the assumption that the model errors were independent. Let the historic data 

for simulating streamflow be 
hD of 

hn observations, {( , ) | 1,..., }h hi hi hD i n x y where 

hx represents the climate variables such as precipitation, temperature and relative 

humidity with dimension
hm and 

hy is the binary classification output (wet/dry day). In 

vector form, the predictor data can be represented as a matrix 
hX with dimension

h hm n and the wet/dry day classification output vector is denoted as
hy . Let the data-

driven hydrological model be represented as equation (5.1): 

 ( )h h h h

aleatoryepistemic

f y x ε  (5.1) 

where hy is the flow data, ( )h hf x is the hydrological modeling function which is a 

source of epistemic uncertainty in the predictions, hθ is the model parameters and hε is 

the residual/error of the data-driven hydrological model and is also a source of aleatory 

uncertainty in the predictions.  Generally, ANN and SVM are deterministic models; 

they predict only the ( )h hf x . The model error, hε is calculated using the training and the 

validation data. The error is then fitted separately with normal or lognormal-3 

distribution to estimate the confidence interval of the prediction (Salas et al., 2000). 

This is a drawback since the model function and the error are fitted separately with 

different distribution assumption. RVM was developed to generate probabilistic 

predictions where the posterior distributions of the runoff can be simulated directly 

instead of deterministic predictions. RVM uses Bayesian framework to determine the 

posterior distribution of the model weights; the model weights are assumed to be 

random variables. RVM was used for long-term forecasting of streamflow by Liu et al. 

(2017). However, the applicability of RVM in hydrological applications is very limited. 

RVM has been successfully implemented in statistical downscaling of the precipitation 

(Ghosh and Mujumdar, 2008). The disadvantages of RVM are that if a future data point 

is located far from the relevance vectors in RVM, the predictive results are unreliable; 
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in this case, the predictive distribution follows a Gaussian distribution with mean and 

variance zero (Rasmussen and Williams, 2006). This issue was overcome by using 

GPR. Gaussian Process (GP) is a stochastic process models and it proves to be efficient 

in quantifying uncertainty in the models by capturing the dependency between the 

errors (Rasmussen and Williams, 2005). GP is non-parametric models in which the 

prior is placed over the model function rather than over the parameters; thus, GP 

captures all types of uncertainty. GP enables a principled way to quantify the 

uncertainty by coupling the uncertainty tool with the model calibration. GP uses 

Bayesian updating framework to calibrate the model and the uncertainty parameters 

simultaneously. Thus, the Bayesian updating framework gives both the posterior 

distribution of the model parameters along with the predictive mean and the predictive 

variance.  Gaussian process models have been used in several other fields such as 

Geostatistics (Isaaks and Srivastava, 1989) and structural mechanics (Cheung and 

Beck, 2009). GPR was used by Sun et al. (2014) to simulate monthly streamflow 

probabilistically. Their method was not implemented for daily streamflow. In addition, 

their GPR framework assumed zero mean. GPR with mean function (linear/non- linear) 

needs to be developed for simulating daily streamflow. In the recent study, the 

uncertainty in SDM is the Bayesian updating model framework using GP for single site 

statistical downscaling named SGP-SDM (Rajendran and Cheung, 2015). In their work, 

the uncertainty quantification tool was coupled with the downscaling model framework 

to obtain the predictive mean and variance instead of point estimates. This method is 

shown to be efficient over the classical methods such ASD and GLM for single site 

downscaling in the Chapter 2 and Chapter 3 of this thesis. GP has also been used to 

downscale precipitation at multiple-site respectively in the Chapter 4 of this thesis.  

The methodology developed by Lu et al. (2016), the precipitation was first downscaled 

using ASD and KNN; the Conditional Density Estimation Network (CDEN) was 

employed to simulate other climate variables such as minimum and maximum 

temperature and relative humidity conditioned on the downscaled precipitation. The 

runoff was generated using the monthly meteorological data as input in BNN data-
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driven hydrological model. The drawback of their framework is that several models 

need to be run to simulate high resolution flow time series for assessing the impact. The 

proposed framework can downscale climate variables at multiple sites simultaneously 

using MGP-SDM thus eliminating the need to use CDEN and KNN for downscaling 

other climate variables and spatial disaggregation respectively. The river flow is then 

simulated using the BUQ-SDDHM and KNN is used for disaggregation of river flow to 

a finer time scale. The precipitation occurrence determination is not used since the 

monthly data is chosen for downscaling.   

The main objective of this Chapter is twofold. An integrated multi-site statistical 

downscaling and data-driven hydrological model is proposed to simulate river flow in 

future from climate model output. The integrated framework implicitly couples the 

Bayesian uncertainty quantification tool with the downscaling model and the 

hydrological model. First, multi-site MGP-SDM developed in Chapter 4 is applied to 

downscale monthly precipitation, temperature at multiple sites simultaneously. In order 

to generate future runoff using downscaled climate variables, a data-driven 

hydrological model using GP is developed as the second step. The downscaled high 

resolution climate variables are used as inputs in data-driven hydrological models to 

simulate posterior predictive distribution of the runoff. Flood frequency analysis of the 

simulated runoff is performed to estimate the return time in future periods 2011-2040, 

2041-2070 and 2071-2099. 

5.2 Data and Study area 

Vermillon river basin located in the province of Quebec, Canada is chosen for studying 

the impact of climate change on hydrology shown in Figure 5-1. The impact of climate 

change on water resources in province of Quebec has gained attention recently. As 

there is hydroelectric power production in Vermillon river basin, the prediction of the 

impact of climate change on water resources is important (Robinson, 1997). The 

predictors such as the precipitation, temperature and relative humidity are obtained 

from the Environment Canada climate database. The large-scale atmospheric variables 
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from HaDCM3 A2 GCM scenarios are used for validating and projecting the future 

climate scenarios. The HadCM3 predictors are downloaded from Canadian Climate 

Data and Sceanrios (http://www.cccsn.ec.gc.ca/?page=pred-hadcm3). The NCEP 

reanalysis climate data re-gridded to HaDCM3 A2 scenario data are used for model 

calibration (Kalnay et al., 1996). The available predictors for Quebec province are 

mean sea level pressure (mslp), mean temperature at 2m (temp), relative humidity 

(rhum), specific humidity (shum), geopotential height at 500m (p500), geopotential 

height at 850 (p850), airflow strength at 500m (s500), airflow strength at 850m (p850), 

zonal velocity, meridional velocity, vorticity, wind direction and divergence. The 

hydrologic data of the observed streamflow data are obtained from the hydrometric 

stations in the HYDAT database given by Environment Canada. The hydrometric 

stations are located at the outlet of all the river basin. The locations of the climate 

stations and hydrometric station are shown in Figure 5-1. Table 5-1 and Table 5-2 

describe the Vermillon climate station and hydrometric station. 

 

Figure 5-1 Climate station and hydrometric data location for Vermillon watershed, Quebec, 

Canada 
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The predictors need to be standardized using (5.2) before using it for precipitation 

amount estimation and precipitation occurrence determination: 

 min

max min

i
i

r r
z

r r





 (5.2) 

where  is the ith input variable; and are the minimum and maximum values o f 

the input variables, respectively.  

Table 5-1 Vermillon climate station information 

Vermillon Climate 

Station 

Station Number Latitude Longitude 

La Turque 7074340 47°24’N 72°47’W 

Barrage Mattawin 7040456 46°51’N 73°39’W 

St-Michel-des-Saints 7077570 46°41’N 73°55’W 

Table 5-2 Vermillon hydrometric station information 

Vermillon Hydrometric 

Station 

Station Number Latitude Longitude 

Vermillon 02ND001 47°39’N 72°57’W 

5.3 Methodology 

The integrated multisite SDM and data-driven hydrological model framework is 

proposed for river flow simulation and flood frequency analysis under climate change.  

The workflow is represented in Figure 5-2. 

5.3.1 MGP-SDM 

The MGP-SDM proposed in Chapter 4 for downscaling precipitation at multiple sites 

jointly is adopted for downscaling the climate variables such as precipitation, 

temperature and relative humidity. The MGP-SDM, the spatial correlation and the 

dependency between the residuals are coupled with the model calibration, thus enabling 

estimation of the model parameters, the spatial correlation parameters and the residual 

parameters simultaneously. The model is formulated based on the assumption that the 

residuals are stochastic processes following Gaussian distribution as the dependencies 

ir minr maxr
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between the residuals affect the model predictions. The output from the model itself is 

the predictive mean and the predictive variance as the residual are coupled with the 

model. The difference between the single site downscaling  

 

Figure 5-2 Integrated MGP-SDM and BUQ-SDDHM workflow framework for hydrological 

impact studies 

and the multisite downscaling is that there is a change in the mean function matrix and 

covariance function matrix representation. Let the historic data be mhD for the 

precipitation amount estimation model of mhn observations represented as

{( , ) | 1,..., },mh mhi mhi hD y i n x  where mhx is the GCM predictor with dimension mhm

and mhy represents the rainfall amount. The number of sites is represented as hs . The 

mean function and the covariance matrix for the multi-output GP are then specified by 

equation  (5.3): 
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 ~ ( , )mh mh mhGP y μ  (5.3)  
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where T( )hs

mh mhg X is the downscaling model mean function for the site 
hs  which can be 

either linear or non- linear, mhβ represents the coefficients of the mean function 

corresponding to each site hs , pq

mh  is the cross-covariance between the datasets mhx

corresponding to the sites   and , the diagonal entries of ss

mh  refer to the auto-

covariance. The derivation of cross-covariance using convolution was presented in the 

work by Robin (2012). They used non-separable covariance matrix to derive the cross-

covariance for multi-output GP (Higdon, 2002). The challenging part is to define a 

positive definite covariance matrix since there are no direct func tions for defining the 

positive-definite cross-covariance. Auto-and cross-covariance function described by 

Boyle and Frean (2004) using the convolution property for handling multiple outputs is 

given in (5.4). 
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where 

1

2

p

hp




l

Β
 
and 

pl
 
is the correlation length corresponding to each dimension of the 

output, 
hd is the distance and 

2|| ||p q

mhi mhjx - x . ( ) ( )mh h mhpq mhpq hd M K d  is the covariance 

matrix that accounts for the covariance between the observations at the multiple sites 

whereas 
mhpqM is 

h hs s the positive-definite matrix between the sites.  

The estimation of joint likelihood of mhpqM  and hpΒ simultaneously by optimizing the 

following marginal likelihood is given in equation (5.5):  

1 1 2
1

1 T 1 1 2

| | 1
( , ) exp( ( )

| | 2

( ))

Tmha
mha ha has mha mha mhamha

mha mha mha

mha mha mha

L M







   



B ,...,B y G β
G Σ G

y G β

           (5.5) 

Estimation of this marginal likelihood function is impractical (Boyle and Frean, 2004). 

Thus, a multi-stage optimization procedure is used for finding the optimal 

hyperparameter values. The procedure for estimation of the hyperparameter was 

explained in detail by Robin (2012) and followed in multivariate emulator package in 

R. The steps for multi-stage optimization are as follows: 

1) Estimate the correlation length for each observation using the single task GP 

procedure. 

2) Calculate diagonal elements of the marginal variance terms mhaM using the 

posterior mode. 

3) Determine off-diagonal elements of mhaM numerically using the posterior mode.   

Once the hyperparameters are optimized, the predictive mean and the predictive 

covariance for the future data *

mhx can be estimated using the conditional Gaussian 

distribution property (5.6):  
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 (5.6) 

where *( )mhm x  and *( )mhCov x are predictive mean and covariance respectively.  

5.3.2 Bayesian Uncertainty Quantification framework for Stochastic Data-Driven 

Hydrological Model (BUQ-SDDHM) 

BUQ-SDDHM is the stochastic data-driven hydrological model. Bayesian framework 

has gained recent attention to quantify all types of uncertainty in the numerical models. 

The GPR can be used to approximate the statistical downscaling function by taking the 

system and parameter uncertainties into account while calibrating the model, thus 

representing the model stochastically (Williams, 1999). The advantage of GPR is that it 

provides Bayesian framework where the posterior distribution of the para meters 

consists of  the information about the observed data. This framework is also referred to 

Bayesian model updating in which the prior assumption about the parameters is 

updated using the information in the observed data. The posterior distribution of GPR 

can be solved analytically as it also follows Gaussian distribution.  

In contrast to other methods, the uncertainties including both the model uncertainty and 

the residual uncertainty in the input data, are propagated to the output. The predictive 

mean and the predictive variance can be obtained directly from the posterior 

distribution of the model. GPR was used for rainfall amount estimation in a statistical 

downscaling proposed by Rajendran and Cheung (2015) and their results have showed  

the superiority of GP models over classical downscaling techniques to generate 

posterior predictive distribution of river flow to quantify uncertainty in the predictions.  

This GP framework is similar to statistical downscaling methodology presented in 

Chapter 2 for precipitation amount estimation.  
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The prediction of the flow and the uncertainty in the predicted flow can be estimated as 

the output from the GPR model.  Since the posterior of the parameters itself is 

Gaussian, the maximum likelihood-II parameter estimation techniques can be used to 

find the optimal estimates of the parameter. The proposed methodology for data-driven 

hydrological approach follows the same method of model framework, optimization and 

prediction used in precipitation amount estimation in SGP-SDM. Each element of 

model function is assumed to be a realization of stochastic process as in (5.7): 

 ~ ( , )h h hGP Ky μ  (5.7) 

where T( , )h h h h hfμ x θ B is the mean function,
hB is the mean function coefficient 

vector and 
hK is the covariance function to represent the mean and covariance of the 

predictions respectively. The uncertainty of the predictions can be obtained by using 

the simulations of the predictive mean and covariance. The performance of the GPR is 

affected by the choice of the mean function and the covariance function used for model 

formulation (Rasmussen and Williams, 2006). For the development of BUQ-SDDHM, 

the linear/quadratic mean function and the squared exponential covariance function is 

used. The mean and the covariance functions are estimated using the input data points

hx . The computational costs increase with the increase in the covariance function. 

When a flat prior is assumed, the posterior distribution of the parameters given the data 

is proportional to the marginal likelihood ( | , ) ( | , )h h h h h hp X p Xθ y y θ . Based on 

Bayes’ theorem and the Total theorem of probability, the log marginal likelihood is 

represented by the equation (5.8):  
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The marginal likelihood is optimized by using maximum likelihood II estimates to 

obtain mean and covariance function hyperparameters. Once the hyperparameters are 
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obtained, the predictive mean and variance can be computed using the conditional 

Gaussian distribution property. The predictive mean *

hM
 
in (5.10) and the predictive 

variance, *

hC  in (5.11) for the future data, *

hX  conditioned on the historic data
hX are 

shown in (5.9): 
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5.3.3 KNN runoff disaggregation model 

KNN disaggregation model is a non-parametric model used to generate precipitation 

time series at a finer time scale at a site by preserving the statistics such as standard 

deviation, skewness, minimum and maximum value, lag-1 and lag-2 autocorrelation. 

The model can be easily thought of as the disaggregation model which can be easily 

implemented. The KNN disaggregation model can be thought of as a disaggregation 

precipitation from a conditional probability distribution ( | )d mp Q Q where mQ is the 

monthly rainfall and dQ is the disaggregated daily rainfall which can be added up to

mQ (Prairie et al., 2007; Nowak et al., 2010) and they have shown that KNN 

methodology is efficient in capturing nonlinear and non-Normal features.  

Let the matrix 24NZ represent the proportion of observed hourly rainfall to the observed 

daily rainfall where N is the total number of observed data and 24 is the number of 

hours. Each row of the matrix Z sums to unity. dQ is the monthly flow which needs to 

be disaggregated to daily scale. The K-nearest neighbor of dQ is identified from the 
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historical month flow vector 
mQ by utilizing the distance between

dQ and each element 

in the
mQ vector.  

A weight is assigned for each of the selected neighbors using the equation (5.12). 

 

1

1

( )
1

k K

j

j
W j

j




 (5.12) 

where K is the nearest neighbors and j refers to the index of the neighbor in which 1j   

represents the nearest neighbors. The weights are normalized. 

Based on the weight, one of the K-nearest neighbors (one of the observed monthly 

data) is chosen. The proportion vector corresponding to the selected monthly observed 

data of the K-nearest neighbor is multiplied by the streamflow which needs to be 

disaggregated. 

 d m mz Q Q  (5.13) 

where the disaggregated dQ adds up to unity. To generate ensembles, the different K-

nearest neighbors are chosen and the steps are repeated. In this study, N nearest 

neighbors are chosen. Thus, for each of the monthly ensembles of flow from BUQ-

SDDHM, daily flow time series is obtained using KNN disaggregation. 

5.4 Results and Discussion 

5.4.1 Multi-site downscaling using MGP-SDM 

The hydrological impact studies require accurate future precipitation projection along 

with spatial and temporal variability for the prediction of runoff in the river basin. The 

downscaling model is analyzed in terms of its ability to simulate the climate variables 

at multiple sites. In this section, the results of rainfall amount and minimum 
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temperature at three locations downscaled simultaneously by MGP-SDM at monthly 

timescale is presented. The MGP-SDM is calibrated using NCEP reanalysis predictors 

and observed climate variables (precipitation and minimum temperature) at the three 

climate stations considered in this study. The data availability at the three stations has 

different time period. Thus, the calibration data period is different for each station.  

MGP-SDM allows having different predictand length for downscaling. The calibration 

period for the station La Turque and the station Barrage Mattawin is from 1961 to 1975 

and for the station St-Michel-des-Saints the calibration period is from 1976 to 1982. 

The validation period for all the three stations is from 1976 to 1982. The posterior 

predictive distribution of the precipitation and the minimum temperature at the three 

stations are downscaled simultaneously. The uncertainty is represented by generating 

20 ensembles of precipitation and minimum temperature. The 20 ensembles are chosen 

based on the previous literature studies (Lu et al., 2016); their studies have shown that 

the uncertainty range is large when a large number of ensembles are simulated. In this 

study also 20 ensembles of climate variables are enough to cover the observed data. 

The downscaled precipitation and minimum temperature are compared with the 

observed climate variables at the three stations during the validation period to assess 

the performance of MGP-SDM in downscaling multiple climate variables at multiple 

sites simultaneously. The downscaled precipitation and temperature for all the three 

stations for the validation period are shown in Figure 5-3, Figure 5-4 and Figure 5-5. It 

can also be seen that the dark line is not continuous because of the missing observed 

data. The results indicate that the downscaled ensembles of precipitation can well cover 

the observed data for most of the years at La Turque. However, there are a few months 

where the downscaled ensembles are slightly overestimated. The extreme data for few 

years are not predicted well by BUQ-SDDHM model for a couple of months in 1978 at 

La Turque. However, for the other two stations, the downscaled ensembles of 

precipitation can well cover the observed data for all the months except for few months 

in 1981 at Barrage Mattawin and at St-Michel-des-Saints. With respect to minimum 

temperature, at La Turque station, the observed minimum temperature is well covered 

by downscaled ensembles for most of the months in all the years. However, for the 
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months from January to March in the years 1976-79 and 1981-82, the downscaled 

minimum temperature is overestimated. At the Barrage Mattawin, the months from 

January to March in the year 1982 is overestimated. At St-Michel-des-Saints, for the 

months from January to March in the year 1976, 1978, 1980 and 1981, the temperature 

is overestimated; from September to December in the year 1982, the temperature 

prediction is underestimated.  

Table 5-3 Comparison of simulated minimum, average and maximum monthly rainfall with the 

observed rainfall at three stations during the validation period (1976-1980) 

Station Minimum Average Maximum Observed 

La Turque 49.3134    75.9879   139.7532 67.8440    

Barrage Mattawin 45.8102    72.7902   103.0413 63.3536    

St-Michel-des-

Saints 

5.6314     69.0322    97.0147 75.2810     

Table 5-3 compares the mean statistics for the observed rainfall with the simulated 

ensembles of rainfall by MGP-SDM. In Table 5-3, the average of 20 rainfall ensembles 

at all the three stations is overestimated. This can be due to fewer monthly training data 

at all the three stations. The observed rainfall lies within the minimum and maximum 

average rainfall. It can be seen in the table that the predicted minimum rainfall is very 

small at St-Michel-des-Saints compared to the other two stations. The number of 

minimum rainfall months with less than 30 mm/month is only one at St-Michel-des-

Saints and that with less than 40 mm/month rainfall is three. Thus, a major percentage 

of rainfall in the simulated ensembles is above 40 mm/month. The main reason for this 

can be the data availability for the calibration period at St-Michel-des-Saints.  

Table 5-4 compares the mean statistics for the minimum temperature with the 

simulated ensembles of minimum temperature by MGP-SDM. In Table 5-4, the 

average of 20 minimum temperature ensembles at all the three stations is closer to the 

observed temperature. The observed minimum temperature can be well covered by the 

minimum and maximum average rainfall. It can be seen in the table that the predicted 

range of minimum and maximum monthly minimum temperature is wide. With the 

availability of more data, the prediction can be improved. The downscaled results 
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demonstrate that the future predictions simulated from MGP-SDM is closer to the 

observed climate variables. The results also show that the simultaneous downscaling of 

the climate variables removes the need to use conditional downscaling of climate 

variables as in the classical MGP-SDM techniques. There is no need to consider the 

statistical correlations between the climate variables at different sites separately. 

5.4.2 Future Climate Projections for the period 2011-2099 

The validation results show that the proposed GP based multisite downscaling is 

efficient in downscaling the precipitation and minimum temperature at multiple sites 

simultaneously. For the future scenarios projection (2011-2099), the predictors from 

HadCM3 A2 scenarios are used. The climate variables are also downscaled for the 

future period using HadCM3 A2 future scenarios form 2011 to 2099. The downscaled 

monthly precipitation (a) and monthly minimum temperature (b) corresponding to 

future scenarios at the three climate stations are shown in the Figure 5-6, Figure 5-7, 

Figure 5-8, Figure 5-9, Figure 5-10, Figure 5-11, Figure 5-12, Figure 5-13 and Figure 

5-14. The variations in the climate variables under future conditions can be assessed 

using the downscaled scenarios. The minimum temperature for the future scenarios 

shows decreasing tendencies. Overall, the results show both increasing and decreasing 

trends.  

Table 5-4 Comparison of simulated minimum, average and maximum monthly minimum 

temperature with the observed minimum temperature at three stations during the validation 

period (1976-1980) 

Station Minimum Average Maximum Observed 

La Turque -22.1146    -2.9460    14.3486 -1.8524   

Barrage Mattawin -21.3362    -3.6091    12.8555 -3.2238   

St-Michel-des-

Saints 

-28.6187    -4.5407    14.1136 -3.3571   
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Figure 5-3 Comparison of (a) observed and downscaled precipitation ensembles and (b) observed 

and downscaled minimum temperature ensembles at La Turque 

 

Figure 5-4 Comparison of (a) observed and downscaled precipitation ensembles and (b) observed 

and downscaled minimum temperature ensembles at Barrage Mattawin 
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Figure 5-5 Comparison of (a) observed and downscaled precipitation ensembles and (b) observed 

and downscaled minimum temperature ensembles at St-Michel-des-Saints 

 

Figure 5-6 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2011-2040) at La Turque 
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Figure 5-7 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2011-2040) at Barrage Mattawin 

 

Figure 5-8 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2011-2040) at St-Michel-des-

Saints 
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Figure 5-9 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2041-2070) at La Turque 

 

Figure 5-10 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2041-2070) at Barrage Mattawin 
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Figure 5-11 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2041-2070) at St-Michel-des-

Saints 

 

Figure 5-12 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2071-2099) at La Turque 
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Figure 5-13 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2071-2099) at Barrage Mattawin 

 

Figure 5-14 Downscaled precipitation ensembles of downscaled (a) monthly rainfall and (b) 

minimum temperature ensembles for future HadCM3 scenarios (2071-2099) at St-Michel-des-

Saints 
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5.4.3 BUQ-SDDHM flow simulation 

Since only two variables are downscaled, the inputs for the data driven model BUQ-

SDDHM are not enough for the river flow simulation. The meteorological data that will 

affect the river flow of the hydrological processes are chosen as inputs for 

implementing the proposed hydrological models. Thus, the high resolution gridded 

meteorological data are needed other than the downscaled variables for the river flow 

prediction. In this chapter, the relative humidity from the GCM is directly used as one 

of the inputs for river flow prediction using BUQ-SDDHM for testing the proposed 

hydrological model’s ability in simulating the flow. The meteorological variables such 

as rainfall, relative humidity, temperature and their time series at different lag times are 

used as inputs for data-driven hydrological models in the previous literatures (Gao et 

al., 2010). As the usage of both the maximum temperature and minimum temperature 

would not have a significant impact in the prediction of the river flows, only the 

minimum temperature is chosen in this study. The downscaled precipitation, minimum 

temperature and the monthly relative humidity extracted from the NCEP reanalysis 

data are used for calibrating, validating and predicting the river flow for the study area. 

Twenty ensembles are generated from the model to represent the uncertainty in the 

prediction. However, from the downscaling model, there are already 20 ensembles of 

monthly precipitation and temperature. For hydrological simulation, 20 ensembles of 

runoff are simulated for each of the 20 ensembles of climate variables from 

downscaling. Thus, there are 400 ensembles of runoff to represent the uncertainty from 

downscaling model as well as the hydrological model. The monthly runoff is simulated 

by using the monthly downscaled climate variables from SGP-SDM. The monthly 

runoff is then disaggregated to daily timescale for flood frequency analysis.  

The BUQ-SDDHM model is calibrated for the period from 1966 to 1975 on monthly 

runoff data for the study area. The observed data from 1976 to 1982 (similar to 

downscaling model) are used as validation data for BUQ-SDDHM. Figure 5-15 shows 

the comparison of the observed and mean and maximum of simulated river flows for 

the validation period 1976 to 1982 using the proposed BUQ-SDDHM model. The blue 
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lines represent the mean of the 400 ensembles of runoff and the grey lines represent the 

maximum values of the 400 ensembles. It can be observed from the figure that the 

simulated ensembles for the river flow are close to the observed river flow. The 

simulated ensembles can well cover the observed data including the most of the 

extreme values. There is a slight overestimation of river flow during the low flow 

months. Overall, the proposed BUQ-SDDHM simulated ensembles match the observed 

data reasonably well. Figure 5-16, Figure 5-17 and Figure 5-18 show the mean and the 

maximum of the simulated monthly runoff under HadCM3 A2 scenarios for the three 

future periods including 2011-2041, 2040-2071 and 2071-2099. The blue lines 

represent the average of runoff ensembles and the grey lines represent the maximum of 

the runoff ensembles. The average of the observed runoff for the verification period is 

40.68 3 /m s  and the simulated runoff is 45.13 3 /m s . The average runoff during the 

validation period from BUQ-SDDHM is overestimated. The average runoff simulated 

during 2011-2040 is 46.47 3 /m s , during 2041-2070 is 45.4 3 /m s  and during 2071-

2099 is 45.38 3 /m s . It is observed that for future conditions, HadCM3 A2 scenarios 

results show an increasing trend from 2011 to 2070 and from 2071 to 2099, the rainfall 

trend is decreasing. 

Figure 5-19 shows the predicted flow by BUQ-SDDHM. Only one random sequence 

from the total of 400 ensembles in comparison with the observed runoff for the 

validation period is presented. Figure 5-19 analyzes the ability of BUQ-SDDHM to 

reproduce the extreme values of runoff. The threshold for extreme runoff is set as 100

3 /m s . The number of extreme runoff events in the observed data during the validation 

period is 9. The number of extreme runoff events simulated in the predicted flow 

shown in Figure 5-19 is 10. The average number of extreme events of 400 ensembles 

simulated by BUQ-SDDHM for the validation period is 7.7. The maximum extreme 

runoff value for the observed runoff is 192 3 /m s and the simulated runoff sample 

shown in the figure is 196.15 3 /m s . The average maximum runoff values calculated 

from 400 ensembles is 195.39 3 /m s . The statistics show that the simulated runoff from 
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the proposed BUQ-SDDHM is close to the observed runoff. Thus, the performance of 

BUQ-SDDHM in simulating extreme flow events is appreciable.  

The distribution of the observed and downscaled monthly runoff is investigated for the 

validation period. The cumulative distributions of the observed and downscaled 

monthly runoff for all the 20 ensembles of runoff of BUQ-SDDHM generated from 

each of the 20 ensembles from MGP-SDM are shown in Figure 5-20. The graphical 

representation of the ensemble distribution from the proposed hydrological model 

captures the observed distribution of the runoff well for the study area. However, it can 

be seen that there are fewer number of distribution samples with the runoff at 50 3 /m s

even though it is covered well by the ensembles. It can be seen that all the 400 

ensembles capture the uncertainty from the multi-site downscaling model and the data-

driven hydrological model. It is also observed that the uncertainty range is wider for the 

runoff above 40 3 /m s and less than 60 3 /m s . In the calibration period, only 11% of 

data is available between 40 3 /m s and 60 3 /m s  which is the reason for wider 

uncertainty range. 

 

Figure 5-15 Comparison of observed and simulated monthly river flows for the validation period 

1976-1982 using BUQ-SDDHM 
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Figure 5-16 Simulated monthly river flows for future HadCM3 A2 scenarios 2011-2040 using BUQ-

SDDHM 

 

Figure 5-17 Simulated monthly river flows for future HadCM3 A2 scenarios 2041-2070 using BUQ-

SDDHM 
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Figure 5-18 Simulated monthly river flows for future HadCM3 A2 scenarios 2071-2099 using BUQ-

SDDHM 

 

Figure 5-19 Comparison of observed runoff with one of the simulated runoffs from SGP-SDM 

5.4.4 Flood frequency analysis 

In order to analyze the daily runoff, the monthly runoff needs to be disaggregated to 

daily timescale. KNN disaggregation method is used for simulating the daily runoff 

from the monthly runoff. In hydrology, the normal or extreme value distribution is used 
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to predict the return periods of the extreme flood events in the future. It is necessary to 

simulate flood frequency estimates to minimize the damage costs due to flood events. 

In this study, the Gumbel distribution is fitted to the annual maximum of the daily 

runoff simulated from the disaggregation model for the validation period (1976-1982), 

2011-2040, 2041-2070 and 2071-2099.  

Figure 5-21 presents the box plot for the observed versus simulated flood frequencies 

ensembles of the validation period and future conditions. The flood frequency 

estimated for the validation period using observed runoff data is used as benchmark for 

comparison. For the validation period, Figure 5-21 shows that the return period for the 

flood frequencies is underestimated even though the frequencies fall within the 

maximum and minimum range. The return period for the future years 2011-2099 shows 

 

Figure 5-20 Comparison of CDF of observed runoff with simulated runoff from BUQ-SDDHM 
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Figure 5-21 Flood frequency analysis of the flows predicted using BUQ-SDDHM for the validation period 
(1976-1982). The median of the results is represented as middle line of the box, the 25th and 75th percentile is 

presented at the top and bottom lines and the whiskers are represented as the bars at the top and the bottom 

a decreasing trend in comparison with the return period for the baseline validation 

period. However, the presented results cannot be used directly for future planning as 

only one scenario from GCM is used for analysis. The prediction results from the other 

GCM scenarios need to be compared with the HadCM3 A2 scenarios simulation 

results. Figure 5-22 presents the box plot for the flood frequencies estimated of the 

daily runoff for the 2011-2040, 2041-2070 and 2071-2099 compared with the baseline 

period. The line with star represents the return period for the observed data. The 

median of the results is represented as the middle line of the box, the 25th and 75th 

percentile is presented at the top and bottom lines and the whiskers are represented as 

the bars at the top and the bottom.  The results also show that the uncertainty increases 

with the increased in the return period years. However, the uncertainty range for the 

validation period is very high as there are only 7 years in the validation period. Less 

number of years is used for validation period because of the unavailability of the flow 

data for a longer period. The uncertainty range is less for the periods from 2011-2099 

since many years are considered for prediction. The uncertainty in the validation period 

can be reduced when the number of years is increased. The results also show the 
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decrease in the return period of all the flood events in the future especially in the 

extreme flow amount. 

 

Figure 5-22 Flood frequency analysis of the flows predicted using BUQ-SDDHM for 2011-2040. 

The median of the results is represented as middle line of the box, the 25
th

 and 75
th

 percentile is 

presented at the top and bottom lines and the whiskers are represented as the bars at the top and 

the bottom 
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CHAPTER 6 Conclusions and future directions 

This thesis focuses on developing the uncertainty quantification tool for single site 

statistical downscaling model, combined multi-site statistical downscaling model and 

disaggregation model, data-driven hydrological model for studying the climate change 

impact on streamflow. The thesis pays special attention to the coupling of the 

uncertainty quantification tool with the SDM and data-driven hydrological model to 

propagate and characterize the important types of uncertainty using Bayesian updating 

model framework. The conclusions of the main contributions of all the chapters in this 

thesis are presented as follows.  

6.1 Chapter 2 conclusions 

This chapter has shown that KNN-BUQSDM can be an alternate tool for statistical 

downscaling of precipitation and quantifying uncertainty in the model structure 

(epistemic uncertainty) and residuals (aleatory uncertainty) simultaneously. The 

proposed model can be considered as a hybrid model of weather typing and regression 

based SDM as KNN-BUQSDM is a combination of classification and regression. 

Another advantage of KNN-BUQSDM is that it can provide uncertainty information 

along with prediction in the form of error bars or confidence interval; this is achieved 

by assuming the residuals are dependent and the covariance function is used to capture 

dependency. This information is needed to make drainage design planning in an urban 

area and decision making for adaption measures.  

In KNN-BUQSDM, KNN is used for determination of occurrence of dry and wet days 

and for stratification of rainfall types. K-means is used for finding the threshold for 

classifying the data into rainfall types. GPR is used to estimate the precipitation amount 

for the wet days in each rainfall type and to quantify uncertainty. This is achieved by 

coupling the uncertainty quantification tool with the statistical downscaling model 

using GPR which is a Bayesian statistical and machine learning technique. A Gaussian 

prior with a mean and a covariance function is assumed over the model function; the 
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errors of the model are assumed to be dependent and are modelled as a stochastic 

process following Gaussian distribution. The posterior predictive distribution of SDM 

function that relates the predictors and the model parameters to the predictand is 

computed using Bayes’ theorem. The posterior distribution of the SDM function 

represents the important types of uncertainty in the downscaling process in terms of the 

predictive variance. The predictive distribution constitutes of the model function 

parameters and data noise which makes it straightforward to predict the future data that 

lies within and outside the training data range. The predictive mean and the variance 

not only depend on the optimal parameters and the future data but also the training 

data. The conditional distribution of the training data and the prediction data is used to 

capture the correlation between them in the predictive distribution to improve the 

accuracy of the prediction. 

The effectiveness of the KNN-BUQSDM is demonstrated by downscaling daily 

precipitation for each month to a rain gauge station scale in Singapore using CFSR 

reanalysis data (0.5 X 0.5 spatial resolution) as the large scale predictors. The results 

show that it is possible to capture all the uncertainty in modelling such as model 

structure uncertainty (or epistemic) and residual uncertainty (or aleatory uncertainty). 

In addition to providing confidence interval through full posterior distribution of the 

predictive distribution, it is shown that KNN-BUQSDM yields better predictive 

performance compared to ASD, GLM and KNN-BNN in terms of accuracy and 

evaluation statistics such as mean, standard deviation, proportion of wet days, 90th 

percentile and maximum. However in Table 8, it can be seen that the uncertainty range 

of KNN-BUQSDM is slightly greater than that of KNN-BNN. This is because KNN-

BNN uses eight or six rainfall types for downscaling and KNN-BUQSDM uses only 

two rainfall classes. KNN-BUQSDM outperforms KNN-BNN in other evaluation 

statistics even with less number of classes. It is also shown that there is lower 

misclassification rate by GPR and fewer negative values in the prediction by GPR. It 

confirms that the assumption of GP does not simulate more negative values. 
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This research study does not include the predictions for the future period as the scope 

of this work is to demonstrate and verify the KNN-BUQSDM for statistical 

downscaling. The application of the proposed method to downscale GCM scenarios 

integrated with advanced Bayesian classification model is an ongoing research work. 

Further research is needed to extend the proposed methodology to downscale other 

climate variables such as temperature and humidity for climate change impact studies. 

As explained in the discussion section that some of the features such as trend, 

periodicity and seasonality features in the GLM can be represented implicitly in 

Gaussian Process models using covariance function; further research is needed to 

assess the performance using different covariance functions.  

6.2 Chapter 3 conclusions 

This chapter has shown that SGP-SDM can be an alternate tool for downscaling the 

precipitation statistically; this method is also efficient in quantifying the important 

types of uncertainty (epistemic and aleatory) in the statistical downscaling model 

structure. The proposed method uses GPC and GPR for rainfall occurrence 

determination and rainfall amount estimation respectively. SGP-SDM couples the 

uncertainty quantification tool within a Bayesian framework by assuming the residuals 

of the model are dependent and are stochastic processes following Gaussian 

distribution. This enables simulation of posterior probabilistic prediction ensembles 

directly from the downscaling model for both occurrence determination and amount 

estimation instead of getting point estimates thus eliminating the need to add residuals 

to simulate the ensembles. 

The effectiveness of the GPC model in predicting wet and dry days is evaluated using 

two datasets including CFSR and CanESM2. The GPC model is then integrated with 

the GPR model to estimate the precipitation amount. First, the theoretical formulation 

of Bayesian GPC and GPR is provided; then the Laplace’s algorithm to approximate 

the analytically intractable GPC model is described; the Bayesian method to learn the 

hyperparameters of GPC is also presented. The practical implementation issues with 
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the GPC model have also been described. The results in this chapter are downscaled 

using CFSR reanalysis data. When compared to other SDMs for precipitation, the 

results from SGP-SDM show better results in terms of accuracy, monthly mean square 

error and the monthly evaluation statistics such as the mean, the standard deviation, the 

proportion of wet days, the 90th percentile and the maximum. The results indicate that 

the SGP-SDM consistently compared to other models such as ASD, GLM, KNN-BNN 

and KNN-BUQSDM outperforms for two rain gauge stations.  

SGP-SDM is a kernel based SDM. The advantage of SGP-SDM over other kernel 

methods such as RVM and SVM is their ability to infer the latent model function by 

placing GP prior using the natural Bayesian formulation to yield the downscaled output 

probabilistically. The hyperparameters are optimized by maximizing the marginal 

likelihood using the gradient-based optimizers. It is also possible to determine the 

relevant importance of large scale predictors automatically using ARD kernel.  

Despite the advantages mentioned above, training of SGP-SDM requires large 

computation efforts especially when huge training historic data are used. This 

drawback is compensated since the GP models require fewer iterations in learning 

model. The computational cost can also be reduced by using sparse GP models 

(Lawrence et al., 2003). In sparse approximation technique, the number of calibration 

data size can be reduced; sparse approximation selects important training data that are 

relevant to the predictand. With the computational advancement research works, the 

computational time difficulties can also be reduced. Future research works are also 

suggested to automatically select the appropriate models among the different 

combination of models (for example combination of covariance function and mean 

functions) for the given data similar to GLM (Cheung and Beck, 2010). 

This study exploits the potential of SGP-SDM only for downscaling precipitation for 

future scenarios. The SGP-SDM is suggested to be useful for downscaling other 

climate variables such as temperature and humidity mainly due to the advantages 

offered by Bayesian model selection using log marginal likelihood, automatic selection 
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of predictors using ARD kernels and estimation of confidence interval for the 

prediction. Hence, it is recommended that future studies can analyze the use of GP in 

improving the uncertainty quantification methodology for downscaling.   

6.3 Chapter 4 conclusions 

For multi-site downscaling of daily precipitation along with uncertainty quantification 

tool, this research study develops a robust stochastic statistical downscaling framework 

named as MGP-SDM. The MGP-SDM is a Bayesian updating framework to capture 

the correlated information among the precipitation at multiple sites simultaneously with 

the model calibration. The proposed framework consists of two stages: multi-site 

rainfall occurrence and multi-site rainfall amount estimation using multi-task Gaussian 

process classification and multi-output GPR respectively. In MGP-SDM, the spatial 

cross-correlation between the sites and the residual fitting is captured in the model 

calibration simultaneously to enable simulation of future scenario ensembles at all the 

sites jointly. In summary, 

(i) MGP-SDM provides a principled way to quantify all important types of 

uncertainty using Bayesian framework in determining precipitation 

occurrence and estimating precipitation amount at multiple sites. 

(ii) The predictive mean and the predictive variance for all the sites are obtained 

jointly by considering the spatial cross-correlation and the dependency 

between the residuals. The predictions are conditioned on the historic data.  

(iii) The integrated MGP-SDM with KNN disaggregation model yields high 

temporal resolution (e.g., hourly) precipitation at multiple sites. The 

advantage is that the uncertainty in disaggregation model can also be 

computed by using the ensembles generated using MGP-SDM. The 

disaggregated ensembles can be used for analysing the impact of climate 

change on the water resources. 
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The stochastic MGP-SDM is implemented for each month separately and the 

results show that the mean of the simulated monthly statistics such as mean, 

standard deviation, proportion of wet days and max are close to the observed 

monthly statistics at all three selected stations. The proposed Bayesian framework 

for multi-site downscaling can be used for studying the impact of the climate 

change such as extreme events in the tropical areas. In order to make effective 

decision making, different GCM scenarios need to be downscaled and compared. 

The accuracy of the model can also be improved by utilizing more advanced 

covariance function and mean function respectively. 

6.4 Chapter 5 conclusions 

A robust stochastic uncertainty quantification tool for the integrated SDM, 

disaggregation model and data-driven hydrological model for studying the impact of 

climate change on hydrology is proposed in this study. This study also proposes a data-

driven hydrological model based on Bayesian updating framework and stochastic error 

coupling named BUQ-SDDHM. In this framework, 1) MGP-SDM is used for 

downscaling monthly climate variables such as precipitation, minimum and maximum 

temperature and relative humidity at multiple sites simultaneously along with 

uncertainty information; 2) BUQ-SDDHM is used for simulating monthly river flows 

for the future; 3) KNN disaggregation model is used for converting monthly to daily 

flow time series. 

The combined MGP-SDM and BUQ-SDDHM framework provides the stochastic 

methodology to propagate and quantify uncertainty in each stage of climate change 

impact studies on water resources. This methodology helps to capture the major source 

of uncertainty in the GCM predictors, the SDM model structure and the data-driven 

hydrological model structure and the random noise. The proposed methodology 

reduces computational complexity of using several models for studying the climate 

change impact on the future events and is easy to implement.  However, the BUQ-

SDDHM can be tested with other high resolution gridded data in future studies to 
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assess the proposed model performance. The prediction results can be compared with 

the contemporary data-driven hydrological models for assessing the model’s ability in 

simulating the river flows. 

6.5 Suggested future works 

The possible future extension works of this thesis are explained in this section.  

1. This study focuses on application of the model for downscaling CFSR 

predictors and has not attempted to predict future scenarios and there is an on-

going work to predict future scenarios using GCM predictors. The research 

study has opened potentially useful areas to apply the state-of-the-art Bayesian 

framework for uncertainty quantification of the current and future work related 

to the downscaling techniques. As the precipitation does not follow Gaussian 

distribution, there is a need to take cubic transform of the predictand before 

using it for regression. The results can further be improved by utilizing the non-

Gaussian process in the model and also there is no need to transform the data.  

2. While the works in Chapters 2-4 serves as beginning step in developing 

uncertainty quantification tool specifically for statistical downscaling, further 

research is needed for the investigation of downscaling climate variables such 

as minimum temperature, maximum temperature and relative humidity. 

3. The proposed framework for single site and multi-site statistical downscaling 

model in Chapters 2-4 consists of two steps including precipitation occurrence 

determination and precipitation amount estimation. In occurrence determination 

using GP model, the mean function is assumed to be zero while the 

precipitation amount estimation uses linear and quadratic mean functions. The 

accuracy of the classification model can be further improved by implementing 

GP classification model with a non-zero mean function. The precipitation 

amount can be estimated more accurately by using more complicated non- linear 

mean function.  
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4. The proposed method of SDM uses the classical predictor selection methods 

such as stepwise regression for precipitation amount estimation and Two-

sample Kolmogorov-Smirnov test (Chapter 2, Chapter 3 and Chapter 4) for 

precipitation occurrence determination. This research study also uses the 

predictors that have strong relationship with the climate variables that are being 

downscaled. A SDM framework that automatically selects the relevant 

predictors is needed. While Automated Statistical Downscaling (ASD) 

incorporated this idea, the predictors were chosen based on the statistical tests. 

In most of the cases, the statistical test based results are misleading since there 

is no principle way to select the predictors. Thus, another area of research based 

on Bayesian updating framework to choose the relevant predictors 

automatically needs to be developed for SGP-SDM, MGP-SDM and BUQ-

SDDHM. 

5. The efficiency of the proposed approximation with large size dataset needs to 

be assessed in future works. The SGP-SDM and MGP-SDM are complicated 

and computationally intensive models as the large size of covariance matrix is 

used in the model. Thus, a sparse approximation technique should be adopted if 

the large dataset is used for downscaling.  

6. Even though there are many recent studies on data-driven hydrological models, 

the hydrological researchers are sceptical about the efficiency of the data-driven 

models in simulating the real world scenarios compared to the physical 

hydrological models. In Chapter 5, BUQ-SDDHM is proposed to predict river 

flow along with uncertainty quantification. There needs to be a study which 

compares the BUQ-SDDHM with the physics-based hydrological models.   

7. All the statistical downscaling models are developed based on the assumption 

that the present and the future scenarios are stationary. A statistical downscaling 

model that can capture non-stationary relationship between the present and the 

future climate conditions can be developed. 

8. It is also important to develop a statistical downscaling model that 

automatically incorporates the model selection within the framework.  
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