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Abstract

Abstract

Traffic and transportation are crucial to the sustainable development of most metropolitan

cities, where the stochastic shortest path (SSP) problem for vehicle routing is a challenging

topic. For this problem, optimization-based methods and multiagent-based methods are usu-

ally adopted to compute the optimal path for a single vehicle and multiple cooperative vehicles,

respectively. Most of these methods take into account various uncertainties in traffic and yields

route recommendations dynamically, leading to a better solution to the development of sustain-

able transportation systems. At the same time, various criteria for the optimal paths have been

proposed for the SSP problem. Among them, the probability tail (PT) model aims to find a path

that maximizes the probability of arriving on time. It is promising in that, it integrates travel

time, risk (associated with the variance in the probability) and deadline. Therefore, this thesis

focuses on solving this arriving on time problem, for a single vehicle and multiple cooperative

vehicles. Regarding the former, an optimal path for a single vehicle is independently computed

using the travel time data of the road links. Regarding the latter, the optimal paths for multiple

vehicles are cooperatively computed by exploring their intentions.

To circumvent the unrealistic assumptions in the current solutions to the arriving on time prob-

lem for a single vehicle, such as Gaussian distribution of travel time, independence among

travel time on different road links, and relatively large deadlines, a data-driven approach is

developed. More specifically, the PT model based SSP problem is first reformulated as a car-

dinality minimization problem by directly utilizing travel time data on each road link. Then,

this minimization problem is approximately solved via relaxing the cardinality by `1-norm and

its variants, and further formulating it as a mixed integer linear programming (MILP) problem.

Consequently, this arriving on time problem becomes solvable via an existing MILP solver,

e.g., branch and bound (B&B) method.

To improve the computation efficiency of the data-driven approach, the property of total uni-

modularity (TU) that exists in the equality constraint of the MILP-based arriving on time prob-

lem is further explored. This nice property can guarantee integer solutions by solving the
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Abstract

corresponding linear programming (LP) problem if there is no inequality constraint. In view

of this, the partial Lagrange multiplier method is employed to relax the undesired inequality

constraints in the MILP problem by shifting them to the objective function. After that, this

relaxed problem is solved using the subgradient method in an iterative manner, and only LP

problems need to be solved in each iteration, which saves computation cost significantly.

To increase the accuracy of finding the real optimal path (i.e., considering that `1-norm relax-

ation is an approximation to the cardinality minimization), a practical Q-learning method is

developed. In particular, this Q-learning method aims to maximize the expected reward re-

garding whether the vehicle can arrive on time or not on a specified path. At the same time,

the expected reward has the meaning of probability of arriving on time from a current location

to destination. To address the issues of continuous deadlines and large-scale road networks,

a practical value function approximation method is further proposed. Specifically, it adopts

dynamic neural network to directly learn the optimal Q-value in each iteration, which which

represents the probability of arriving at the destination on time.

To address the arriving on time problem for multiple cooperative vehicles, a decentralized

multiagent-based approach is proposed. It aims to increase the chances of arriving on time for

all relevant vehicles. In this approach, two types of agents are involved, i.e., vehicle agent and

infrastructure agent. Each vehicle agent follows the route guidance by the local infrastructure

agent, and the infrastructure agent collects intentions (i.e., destinations and preferred deadlines)

from local vehicle agents. The infrastructure agent formulates the guidance as a route assign-

ment problem, the objective of which is to minimize the cardinality of any possible delays for

all local vehicle agents. At the same time, the route assignment problem for each infrastruc-

ture agent is solved by existing solvers. Additionally, the proposed route guidance approach is

also improved in the aspects of travel time prediction for the assigned road link, computational

efficiency of solving route assignment, and acquirement of real-time traffic condition.

Extensive experiments on both artificial and real road networks are conducted to evaluate all

the above proposed methods. The experimental results confirm the desirable advantages of

the proposed methods over others. Therefore, the research in this thesis provides important

contributions to the development of intelligent transportation systems.
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Chapter 1

Introduction

Cars can facilitate people’s travel, but can also cause heavy burden to traffic,

which may in turn cause the delay and decrease the quality of people’s life. To

reduce the traffic delay, stochastic shortest path (SSP) problems are extensively

studied. In this chapter, the existing solutions to the SSP problems regarding

a single vehicle and multiple cooperative vehicles are briefly analyzed, respec-

tively. After that, the proposed approaches in this thesis are listed to solve the

limitations and disadvantages of the existing solutions. At last, the organiza-

tion of the whole thesis is presented.

1
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1.1 Background and Motivation

The last twenty years have seen a great increase in the number of cars as the technology de-

velops and the society evolves forward. Nowadays, it is common for people to commute by

driving a car and many families even own more than one car, which is very popular in the USA,

Europe and China [1]. It is reported that in 2010, the global number of cars surpassed 1.015

billion, which was jumped from about 980 million in the year of 2009. It is also predicted that

by 2035, the number of cars on the road worldwide will be up to 1.7 billion [2]. Cars can facil-

itate people’s travel, but can also cause heavy burden to traffic, which may in turn decrease the

quality of people’s life. In fact, a great amount of drivers or other commuters are experiencing

traffic congestion because of the increasing traffic level [3]. The Urban Mobility Report [4]

pointed out that 498 urban areas in USA would have suffered an additional 865 million hours

of delay in 2011. It also mentioned that in the same year, Americans spend 14.5 million hours

every day stuck in traffic, trying to commute or move goods to market, and 2.9 billion gallons

of fuel that summed up to $121 billion was wasted. Moreover, it is estimated that the costs of

congestion in Britain, France, and Germany, had amounted to $200 billion in 2013. And this

figure is expected to increase to $300 billion by 2030 [5]. Additionally, in Singapore, accord-

ing to a study in 2012 by TomTom, a provider of in-car location and navigation products and

services, it was revealed that the travel time of some congested roads was increased by 147%

compared with the non-congestion situation [6], which caused inconvenience to people’s life.

Therefore, it is extremely important to reduce traffic delays and allow people to arrive on time,

for the sake of both economy, environment and people’s comfort.

Typically, there are two major ways to alleviate traffic delay: 1) constructing more road infras-

tructures in the crowded area to hold more vehicles, such as large overpass; 2) collecting more

traffic data and exploring them more efficiently to provide high quality route guidance through

navigation system [7]. Apparently, the latter is more economical and viable due to lower in-

vestment required in comparison with the former. On the other hand, although nowadays it is

not challenging for a navigation system to find an optimal path in terms of shortest distance,

shortest distance does not always guarantee reliable and acceptable travel time because traffic

2
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Figure 1.1: Uncertain Factors for the Traffic on Roads

is always random [8, 9, 10, 11, 12, 13, 3]. There are many uncertain factors on roads, e.g., un-

expected road work, undesirable traffic lights, bad weather and traffic accident (see Fig. 1.1),

which may cause longer travel time on a path of short distance. Therefore, more and more

attentions are given to the stochastic shortest path (SSP) problem with respect to the vehicle

routing, which aims to find an optimal path considering uncertainties on roads [14]. It attracts

broad and extensive attentions from both industry and academia [15, 16, 17].

1.2 Stochastic Shortest Path Problem

The SSP problem for vehicle routing aims to find an optimal route in the random traffic, and the

optimality criteria can vary due to the uncertain nature of traffic and user demands. Moreover,

those criteria also depend on whether they are specified for a single vehicle independently,

or multiple vehicles cooperatively. In particular, the major difference between SSP problems

regarding an independent vehicle and multiple cooperative vehicles is whether they collect and

explore the intentions (e.g., origin, destination and desired deadline to arrive at the destination)

of others when calculating an optimal path for each vehicle [18, 19, 20].
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1.2.1 SSP Problem for a Single Vehicle

Optimization methods have often been employed to solve the SSP problem for a single inde-

pendent vehicle, where the optimal path solution for a vehicle usually does not explicitly rely

on the intentions of other individuals [21]. In most of the optimization methods, the driver sim-

ply inputs the origin and destination1, then a complete path would be returned to the driver [22].

The optimal path is usually achieved by utilizing the stochastic traffic data of road links, and

minimizing certain costs or maximizing certain utilities [23, 24]. Moreover, in the SSP problem

for a single independent vehicle, there are five typical criteria for the optimal path [17]:

• Least expected travel time (LET) - a path is optimal if it guarantees the minimum

expected travel time.

• Mean-risk model - a path is optimal if it minimizes the sum of a linear combination of

mean and variance regarding the travel time.

• User-defined utility or penalty function - a path is optimal if it maximizes the desirable

utilities or minimizes relevant penalties for undesirable results.

• Faster criterion - a path is optimal if it guarantees a higher probability of reaching

destination earlier than all the alternatives.

• Probability tail model (PT model) - a path is optimal if it maximizes the probability of

reaching destination before the user-defined deadline.

The five optimal criteria have their own merits and demerits. The LET criterion is widely

studied and applied mainly due to its high efficiency of computation. This is from the fact

that LET-based SSP problem can be directly solved by the deterministic shortest path finding

algorithms (e.g., the Dijkstra algorithm), where the weight on each arc refers to the mean of

travel time [25], and the road network is expressed as a directed graph. However, the LET path

may fail to meet drivers’ expectation if there is a large variance (i.e., associated with the risk)

of travel time. On the other hand, the criterion of mean-risk model is able to alleviate the risk

issue since it incorporates the variance into the objective [26]. However, there are some other
1It may also include the desired deadline, which depends on the real user demand.
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limitations with respect to the mean-risk model. In particular, there is no physical meaning

of the weighted combination of expectation and variance, especially it lacks a dominate rule

to decide the combination coefficients. Therefore, drivers may not be able to understand and

gain actual expectation from the optimization solution. The criterion of user-defined utility or

penalty function is flexible in providing various preferences to drivers, as those functions can

be linear, quadratic, exponential and step, to express the desired and undesired expectations

of drivers [27]. However, there is no dominated utility and penalty regarding this criterion,

and the drivers are likely to be lost since they do not know which one is the most appropriate.

In addition, normal drivers may not be able to understand the real meaning of these linear,

quadratic, exponential and step functions. The faster criterion seems desirable since the chosen

path is better than all the alternatives in the metric of probabilistic comparison [28]. How-

ever, to get the optimal solution, all possible comparisons are always needed, which renders it

prohibitively inefficient, especially for enumerating all the probabilistic comparisons. The PT

model is practical and promising in that it integrates travel time, risk (i.e., variance or standard

deviation in the probability) and deadlines. Moreover, in many cases of route planning, driver

utilities are always governed by deadlines [15, 29, 30], e.g., business meeting, fire rescue, or-

gan delivery and catching up flight, all of which need arriving on time with the maximum

chance. These critical cases, which are mainly driven by deadlines, render the SSP problem

based on the other four criteria impractical [15]. Therefore, this thesis focuses on the PT model

based SSP problem for a single independent vehicle, where the utilities are mainly governed

by deadlines2.

Unfortunately, the principle of optimality breaks down in the PT model based SSP problem,

precluding dynamic programming approaches, which is NP-hard in nature [31]. A number

of algorithms have been proposed to address this problem [32, 33, 29, 34], but are limited by

strong assumptions. Those strong assumptions include Gaussian distribution of travel time,

independence among travel time on different road links, and relatively large deadlines. How-

ever, they may not hold in real traffic, thus prevent the wide applications of those algorithms.

Therefore, this thesis aim to address those limitations in the existing solutions. Note that, the
2The author does not claim that the PT model is dominantly better than the other four criteria. However,

regarding the deadline driven scenarios, the PT model is much more promising.
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PT model based SSP problem is also referred as the arriving on time problem by taking into

account the definition of the PT model.

1.2.2 SSP Problem for Multiple Cooperative Vehicles

Quite a few multiagent-based computational methods have been applied to solve the SSP prob-

lem for multiple cooperative vehicles [35, 36, 37, 38, 39], because the agent metaphor for mod-

eling a participant or decision-maker can capture complex constraints connecting all problem-

solving phases [40, 41, 42], especially in cooperative vehicle routing [43]. In particular, a

transportation system can be modeled as a large, distributed and dynamic multiagent system

where vehicles represented as agents move on the road network following their own routes,

which are determined by themselves or infrastructure agents at road intersections [42]. More

importantly, intentions (e.g., origin, destination, time of route request and desired deadline)

of the vehicles can be specifically and cooperatively explored in the context of multiagent,

so as to efficiently respond to traffic dynamics and determine optimal route guidance for all

relevant vehicle agents [44]. Here is a simple scenario to justify the importance of intention

exploration in multiagent-based approaches. Assuming that 1,000 vehicle agents all request

routes from the same origin to the same destination at the same time, the solution based on

each independent vehicle may return the same route to all of them, which may cause traffic

congestion when they are en-route. To the contrary, multiagent-based solutions are likely to

distribute them to different routes to avoid the potential traffic congestion, by cooperatively

exploring their intentions [45, 46].

In multiagent-based route guidance, LET paths are always provided to vehicle agents [47, 48,

49, 50, 51, 42, 52]. They consider LET paths mainly because the LET path for an individual

vehicle is likely to result in less total travel time for all vehicles in the whole transportation

system, which is environment friendly, considering that fuel consumption and air pollution

are directly related with total travel time of vehicles [51, 42]. However, as mentioned earlier,

drivers usually have deadlines in real traffic, and even the same driver may have different dead-

lines in various scenarios [15]. For instance, if they want to catch up important appointments,
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their deadlines might be tight; if they go shopping, deadlines might be loose. Simply seeking

LET paths for all drivers is not necessary and may cause some drivers with tight deadlines

to miss their deadlines due to the influence from other drivers, especially those with loose

deadlines. This will then increase the drivers’ frustration and impatience, and, as a conse-

quence, the accident rate [53]. Therefore, it is significant to consider arriving on time for all

relevant vehicles cooperatively. On the other hand, although the PT model is promising as

described in Section 1.2.1, current solutions always independently compute a path before the

vehicle departs. Since traffic is always dynamic, optimality of a pre-computed path may not

hold any more when all vehicles are en-route due to the influences from each other [54]. It

is thus desirable to leverage both the advantages of decentralized multiagent-based approach

(that deals with traffic dynamics by considering intentions of vehicle agents) [55] and the PT

model (that considers different deadlines), by incorporating the latter into multiagent-based

route guidance.

1.3 The Objectives and Proposed Approaches

In view of the above limitations and challenges for the SSP problem, the objectives of this

thesis come to: (1) generalize the solution to the PT model based SSP problem regarding a sin-

gle vehicle (i.e., circumvent the unrealistic assumptions in existing solutions) while preserving

satisfactory performance with respect to the accuracy and computational efficiency; (2) in-

corporate the arriving on time criterion into the SSP problem regarding multiple cooperative

vehicles, which should handle the traffic dynamics well and increase the chances of arriving on

time for all relevant vehicles. To achieve these, this thesis develops novel optimization meth-

ods to maximize the probability of arriving on time for a single vehicle. Specifically, it firstly

uses cardinality minimization to reformulate the arriving on time problem, then employs partial

Lagrange multiplier method to improve computation efficiency of the reformulated problem,

and finally adopts Q-learning method to increase the accuracy of finding the real optimal path.

Additionally, a novel multiagent-based method is also proposed to address the arriving on time

problem for multiple cooperative vehicles.
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1.3.1 A Data-Driven Approach

The general solutions to the PT model based SSP problem suffer from several unrealistic as-

sumptions: Gaussian distribution of travel time, independence among travel time on different

road links, and relatively large deadlines [31, 56]. To get rid of these assumptions, this thesis

proposes a data-driven approach [14, 17], which directly utilizes the travel time data of each

road link. In particular, it formulates the optimal path finding as a cardinality minimization

problem, which aims to minimize the frequency of being late on the optimal path regarding

the desired deadline. This minimization problem is approximately solved by relaxing the car-

dinality via using `1-norm, which is further formulated as a mixed integer linear programming

(MILP) problem. Thus, the arriving on time problem is solved using existing MILP solvers,

e.g., the branch and bound (B&B) method [57]), and the desired path is naturally included in

the MILP solution.

1.3.2 Improving Computation Efficiency via Partial Lagrange Multiplier

The above data-driven approach circumvents the unrealistic assumptions, but the existing MILP

solver, i.e., the B&B method, is computationally inefficient if the sizes of travel time data and

road network scale up. Therefore, this thesis takes the advantage of the total unimodularity

(TU) [58] in the equality constraints of the reformulated MILP problem, which can return an in-

teger solution even if the integer constraint is relaxed (i.e., it will become a linear programming

(LP) problem), under the condition that there is no additional inequality constraint(s) [16].

Therefore, the partial Lagrange multiplier method [59] is employed, in which it shifts the in-

equality constraint to the objective function, and solves the corresponding problem using the

sub-gradient method [60]. Consequently, an LP problem is solved in each iteration, which

guarantees an integer solution, thus significantly improving the computation efficiency.

1.3.3 Increasing Accuracy via Q-learning

The `1-norm relaxation is only an approximation to the cardinality minimization. In order

to further improve the accuracy of finding the real optimal path, while keeping satisfactory
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computation efficiency, this thesis proposes a practical Q-learning method [61]. It is designed

to maximize the probability of arriving on time regarding the user-defined deadline, which

is approximated as the ratio between the number of times in which the vehicle reaches the

destination before deadline, i.e., success, and the total number of travels. Specifically, each

success event is considered as a reward, each pair of intersection and time-to-deadline (i.e.,

the remaining time to deadline) are considered as a state, and the driving direction at each

intersection is considered as an action. Thus, the travel time data of road links could be directly

utilized to calculate the reward, and the complete optimal path can be found by deciding a best

action at each intersection. To handle the continuous deadlines and large-scale road networks, a

practical value function approximation method [62] is developed based on the dynamic neural

network [63] to directly learn the optimal Q-value, which represents the probability of arriving

at the destination on time. Thus, the accuracy of returning the real optimal path would be

improved.

1.3.4 A Multiagent-based Method

To adopt the PT model into the SSP problem for multiple cooperative vehicles, this thesis

proposes a decentralized multiagent-based approach [53], which includes two types of agents:

vehicle agent and infrastructure agent. Particularly, infrastructure agents locally collect in-

tentions of concerned vehicle agents and formulate the route guidance as a route assignment

problem [64], the objective of which is to increase the chances of arriving on time for all

relevant vehicles. Moreover, the predicted travel time on each assigned road link is refined

by iteratively linearizing a non-linear function to achieve more accurate approximation; the

computational efficiency is enhanced by introducing additional variables and reformulating the

route assignment as an MILP problem; and the overall performance is improved by allowing

communication between neighboring infrastructure agents.

Note that, generally, the solution to the SSP problem regarding multiple cooperative vehicles

can achieve better performance from the perspective of the whole transportation system than

that of a single independent vehicle [65, 66]. This is because the former collaboratively calcu-

lates the optimal routes by exploring the collective information from individual vehicles, which
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can better respond to the traffic dynamics when they are en-route [67]. However, although the

V2X communication technique significantly advances [68], the solutions of SSP for multiple

cooperative vehicles are still not ready for wide application. The major reason is that not every

driver would like to share his/her intention to others, or follow the route guidance assigned

by some infrastructures, especially in the case of making sacrifice (even tiny) to others [43].

Therefore, the solution to the SSP problem regarding a single independent vehicle is still in

real demand by recent navigation systems, while the solution to multiple cooperative vehicles

is likely to be applied in (near) future navigation systems.

In view of all the proposed approaches, the major contribution of the thesis is summarized as

follows: (1) it relaxes the strong assumptions in the existing solutions to a single vehicle, such

as Gaussian distribution of travel time, independence among travel time on different road links,

and relatively large deadlines. At the same time, novel methods are developed to improve

the accuracy and computation efficiency for the proposed approach. (2) Regarding the SSP

problem for multiple cooperative vehicles, to the best knowledge of the author, it is the first

time to integrate the arriving on time criterion into the multiagent based route guidance, which

aims to increase the chance of arriving on time cooperatively for all relevant vehicles.

1.4 Organization

The organization of the whole thesis is as follows: Chapters 1 and 2 introduce the research

topic of SSP problems and discuss related work. Then, three methods are proposed to solve

the arriving on time problem for a single independent vehicle, and improve its performance

in Chapters 3, 4 and 5, respectively. After that, a multiagent-based approach is proposed to

solve the arriving on time problem for multiple cooperative vehicles in Chapter 6. At last, the

conclusions and future work are given in Chapter 7. More specifically, the rest of this thesis

is organized as follows:

• Chapter 2 reviews related work on the general SSP problems for independent single

vehicle and cooperative multiple vehicles, respectively. Regarding the former, it mainly

discusses five criteria for the optimal path, among which the main focus is given to the
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PT model (i.e., arriving on time). Regarding the latter, it mainly reviews the multiagent-

based route guidance, which is popular in the cooperative vehicle route guidance.

• Chapter 3 presents the data-driven approach to solve the PT model based SSP prob-

lem for an independent vehicle, which circumvents the three unrealistic assumptions

described in Chapter 2. More specifically, this approach reformulates the path finding

problem considering PT model as a cardinality minimization problem by directly uti-

lizing the travel time data of each road link, the objective of which is to minimize the

frequency of being late on the optimal path with respect to the user-defined deadline.

Then, this cardinality minimization is approximately solved through `1-norm relaxation

and its variants, which is further reformulated as an MILP problem. Thus, the arriving

on time becomes solvable through the existing MILP solver. This data-driven approach

is tested on an artificial network and part of the Munich road network, and the results

show that the proposed approach can solve the arriving on time problem without the

three unrealistic assumptions.

• Chapter 4 proposes a partial Lagrange multiplier method, which aims to improve the

computation efficiency of the PT model reformulated in Chapter 3. The proposed method

explores the feature of total unimodularity that exists in the equality constraint of the

above MILP problem, which guarantees integer solutions by solving the correspond-

ing LP problem if there are no inequality constraints. Thus, the Lagrange multipliers

are adopted to relax the existing inequality constraints by shifting them to the objec-

tive function, and only LP problems are solved afterwards, which guarantees polynomial

computation, significantly saving computation time. To show desirable generalization,

the proposed method is also applied to solve the SSPD model (i.e., the SSP problem with

delay excess penalty) based problem. This method is tested on various artificial and real

road networks, and the results verify the desired improvements of the proposed method

regarding the computation efficiency.

• Chapter 5 develops a practical Q-learning method, which mainly aims to improve the

accuracy of finding the real optimal path, considering that the `1-norm relaxation is only

approximation to the cardinality minimization in Chapter 3. This Q-learning method
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is intended to maximize the probability of arriving on time, which is expressed as the

ratio between the number of times in which, the vehicle reaches the destination before

deadline, i.e., success, and the total number of travels. To address the issues of continu-

ous deadlines and large-scale road networks, a value function approximation method is

devised based on the dynamic neural network, to directly learn the probability of arriv-

ing on time regarding different deadlines and locations, which improves the accuracy of

the returned solution. Simultaneously, desirable computation efficiency is also achieved.

This Q-learning method is applied to three real road networks, i.e., Munich, Singapore

and Beijing, and the results confirm the improvements on the accuracy.

• Chapter 6 devises a decentralized multiagent-based method, which solves the arriving

on time problem for multiple cooperative vehicles. In this approach, two types of agents

are involved, i.e., vehicle agent and infrastructure agent, where each vehicle agent fol-

lows the route guidance by the local infrastructure agent, and the infrastructure agent

formulates the local route guidance as an route assignment problem, which aims to in-

crease the chances of arriving on time for all relevant vehicle agents. Moreover, the

route assignment problem at each infrastructure agent is solved efficiently through exist-

ing solvers and the overall performance is enhanced through communications between

neighboring infrastructure agents. This method is implemented into a traffic simulator

based on some areas of two cities, i.e., Singapore and New York, and the results justify

that the proposed multiagent-based method can increase the chances of arriving on time

for cooperative vehicles.

• Chapter 7 concludes the present research and outlines the future work for better solu-

tions to the arriving on time problem. Briefly, regarding the single independent vehicle,

there is still room to improve the accuracy and computation efficiency. In addition, more

practical issues should be considered, e.g., transition time at intersections (including the

time waiting for traffic lights), passing through fixed locations before reaching destina-

tion, and reducing turnings (at intersections) for the whole route. And extensive test-

ing on real vehicles should be conducted. Regarding the multiple cooperative vehicles,

incentive schemes should be investigated in order to encourage vehicles to follow the

provided route guidance.
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Chapter 2

Literature Review

In this chapter, an overview of related research on the general stochastic short-

est path (SSP) problem regarding vehicle routing is presented, which helps to

justify the direction and importance of the research work. In particular, Sec-

tion 2.1 reviews and analyzes five optimal criteria pertaining to the SSP prob-

lem for a single vehicle, where more focus is given to the PT model; Section 2.2

reviews related work on the SSP problem for multiple cooperative vehicles; and

Section 2.3 summarizes the limitations and unsolved issues in existing solu-

tions. More specifically, the limitations regarding the SSP problem for a single

vehicle include several unrealistic assumptions, such as Gaussian distribution

of travel time, independence among travel time on different road links, and rel-

atively large deadlines. Regarding the SSP problem for multiple cooperative

vehicles, arriving on time is not considered in existing solutions. Consequently,

this thesis is developed to address those problems.
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2.1 SSP Problem for a Single Vehicle

The SSP problem for a single vehicle has been studied widely in the fields of operations re-

search and traffic engineering, especially in the application of emergency response and disaster

management [15]. In this problem, the objective is to determine an optimal path considering

the uncertainties on roads. The corresponding solutions usually rely on the traffic data detected

by roadside sensors [69, 70] or recorded by GPS devices of vehicles [71], and do not explicitly

explore the intentions of other vehicles [21]. At the same time, in real applications, criteria

for the optimal path are not unique because traffic is usually random, and different criteria are

likely to result in different routing performance [8, 72, 73].

2.1.1 Least Expected Travel Time

In the SSP problem for a single vehicle, least expected time (LET) is often adopted as a criterion

for path finding [9, 10, 11]. In particular, a path is optimal only if it guarantees minimum

expected travel time. The travel time of each road link is assumed to always follow a certain

type of distribution, e.g., normal, log-normal or bi-normal, where the mean travel time of each

road link can be expressed by a fix value. In this case, finding the optimal path with the

least expected travel time is equal to solving a deterministic shortest path problem on a graph

(i.e, the underlying road network), where the weight for each arc (i.e., the road link) is its

expected travel time. Therefore, the A∗ or Dijkstra algorithm can be employed as a solution

to find the optimal path. And there have been many researchers studying this problem and its

variants [9, 10, 11].

Hooks and Mahmassani [9] address a problem of finding the LET path in a stochastic trans-

portation network, where the travel times on all road links are denoted by random variables.

To solve this problem in a time-dependent manner, two steps are proposed. Particularly, in the

first step, considering each departure time during the peak hour, they compute the LET paths

which originate from all origins to a fixed destination. In the second step, they calculate the

lower bounds for the expected travel times of those paths obtained in the first step. After that,
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the exact solution to the optimal path is easily derived based on this lower bound. Dean [10]

solves a time-dependent LET path problem with waiting policy. He first studies the problem

of searching the minimum-cost paths in a time-varying network, where the travel time of each

road link is denoted by a function of departure time. He concludes that the waiting ability at

some junctions may guarantee desired paths with less cost. This ability is directly associated

with the time span that the driver may wait and the corresponding waiting cost at each intersec-

tion. In the case of discrete time, the general dynamic programming methods can be employed

to efficiently solve this time-dependent SSP problem, which takes into account the waiting con-

straints. Waller and Ziliaskopoulos [11] address an online LET path problem which considers

correlation between travel time of the road links. The correlation is characterized by spatial

and temporal dependency, respectively. With respect to the spatial dependency, they propose

an SD-OSP (Spatially Dependent Online Shortest Path) algorithm that takes into account one-

step dependency regarding the location. With respect to the temporal dependency, similarly,

they develop a TD-OSP (Temporally Dependent Online Shortest Path) algorithm that consid-

ers one-step dependency regarding the time. To solve the spatial and temporal road link cost

dependencies together, they come up with a TSD-OSP (Temporally Spatially Dependent On-

line Shortest Path) algorithm by combining both the SD-OSP and TD-OSP algorithms. Then

this solution is adopted to find the online optimal path in an iterative manner, which considers

correlated traffic on different road links.

A major reason for researchers to adopt the LET path as optimal is that, under this criterion, the

SSP problem or its sub-problem can be transformed into a deterministic path finding problem,

which can be further solved by classic path finding algorithms. However, a route with minimum

expected travel time may have a comparatively large variance of travel time, which is always

associated with high risk. This can be illustrated by the two paths displayed in Fig. 2.1, where

path 1 has a smaller mean with respect to travel time, and it is better than path 2 according to

the LET criterion. However, path 1 has a higher variance, and compared with path 2, the driver

on path 1 rarely traverses it with the expected travel time. Moreover, traveling on path 1 is also

likely to result in longer travel time. Therefore, the LET criterion might be unreliable.
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Figure 2.1: Probability Density Functions for Two Paths under LET Criterion

2.1.2 Mean-Risk Model

The mean-risk model is developed to solve the risk issue that appeared in the LET path [26,

74, 75]. This criterion seeks a path which minimizes the weighted combination of mean and

variance of travel time (i.e., minimize E(~x) + γV ar(~x)) regarding the path ~x. To find the

optimal solution, it can be converted into a deterministic shortest path problem with arc weight

being the combination of corresponding mean and variance of travel time.

Nikolova [26] discusses the mean-risk model in an application of driving to the airport under

stochastic traffic. It is concluded through experimentation that the path purely minimizing ex-

pected travel time does not necessarily result in a satisfactory solution due to the large travel

time variance (i.e., risk) on the LET path. Nikolova also theoretically proves that the objec-

tive to minimize the mean plus weighted standard deviation of a route can address the risk

issue well. Then a quasi-convex optimization technique is proposed, which guarantees log-

polynomial computation complexity to find a solution. Hutson and Shier [74] aim to find an

optimal path in a stochastic road network, the optimality of which is defined as certain combi-

nation of mean and variance of travel cost, namely z(P ) = f(m(P )) + g(v(P )). In particular,

f(·) is an increasing convex function, g(·) is an increasing concave function, and P is a path.

Both the mean and variance of travel cost (i.e., travel time) are additive functions if they are
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assumed as independent distributions for relevant road links. The traditional labeling algo-

rithm is not able to solve this problem since Bellman’s principle of optimality does not hold

in this case [76]. To address this issue, Hutson and Shier propose the concept of “extended

dominance” based on the objective function, which satisfies a certain form of Bellman’s opti-

mality principle. Thus, a modified labeling algorithm could be adopted to compute the optimal

path.

To some extent, the mean-risk model is able to address the risk issue in the SSP problem.

However, it still has an obvious limitation: normal drivers may not be able to understand the

physical meaning of this model and they probably have no idea about what the suitable weight

coefficient is regarding the mean and variance of travel time.

2.1.3 User-defined Utility or Penalty Function

With respect to this criterion, the researchers usually define some utility or penalty functions of

the travel cost (e.g., travel time). These functions can be linear, quadratic, exponential or step,

which aim to maximize the desirable utilities or minimize the relevant penalty for undesirable

results [77, 27, 78, 79, 80, 81].

Murthy and Sarkar [77, 27, 78] aim to solve a class of shortest path problems that maximize

an expected user-defined utility. This utility function describes a situation where the utility of

a path decreases at certain rate, until travel time on this path exceeds a predefined threshold.

To find such an optimal path, they develop an efficient algorithm to achieve the exact solution,

rather than using the monte-carlo based simulation technique to get an approximated solu-

tion. More specifically, they propose two different path pruning techniques incorporated in an

enumeration scheme, which can find the desirable path with efficient computation. Nikolova,

Brand and Karger [80] present an efficient approach for optimal route planning dealing with

uncertainty, the objective of which is to minimize the value of an user-defined penalty func-

tion. In that approach, they adopt a decision theoretic framework to determine the optimal

path. In particular, considering an origin O and a destination D in a road network, they seek

an O-D path with the least expected travel time cost. And the road link travel time is pre-

sented by random variables and the cost is calculated by a nonlinear function of total travel
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time. Then, based on the combinatorial optimization technique, they demonstrate an efficient

solution through dynamic programming with polynomial computation. Cheng, Kosuch and

Lisser [81] aim to address an SSP problem with delay excess penalty (SSPD) that minimizes

the sum of a deterministic cost and an expected delay cost. More specifically, the delay cost

is a function with respect to a user-defined deadline. To solve the problem without losing gen-

erality, they employ a branch-and-bound (B&B) framework to evaluate all the feasible paths

between the O-D pair. In so doing, it helps to determine the lower bounds of optimum by solv-

ing a corresponding problem with a relaxed objective function. After that, this problem in turn

is addressed by using a stochastic projected gradient algorithm, where an active set method is

adopted to speed up the computation.

Pertaining to this criterion, a number of types of utility functions or penalty functions have

been proposed. However, none of them can dominate each other, and drivers may not know

which criterion is more appropriate. In addition, normal drivers may not even understand the

physical meaning of those linear, quadratic, exponential or step functions.

2.1.4 Faster Criterion

The faster criterion is developed based on comparison, and a path is optimal if it guarantees

faster arrival than all the other alternatives [28, 82, 83]. Moreover, the comparison is usually

conducted based on some probabilistic metrics.

Sigal, Protsker and Solberg [28] aim to solve an SSP problem under the faster criterion. In

particular, they conclude that it is often inadequate to only consider the expected travel time.

On the other hand, it is desirable to make probabilistic statements regarding the comparison of

candidate paths. In view of this, they define the optimal path as the one with highest probability

that it is faster than all the other alternatives regarding the same O-D. More specifically, Sigal,

Protsker and Solberg propose the concept of “path optimality index” to evaluate the quality of

candidate paths. However, the way to compute the “path optimality index” in their approach

is prohibitively time-consuming, because each candidate path needs to be explicitly compared

with all the alternatives. Fastenrath and Becker [83] develop a new method to find the optimal
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path considering the faster criterion, where they assume that only two traffic situations exist on

each road link: congest or congestion-free. To compare two paths, they first figure out which

path has a higher probability of being faster than the other, taking into account the situations of

congestion and congestion-free. Then the winner is preserved to further compare with another

candidate path in a similar way, and the loser will be discarded. This process is repeated until

only one path is remained, which is considered as optimal.

The faster criterion seems desirable since the chosen path at the last step is better than all

the other candidates according to a probabilistic metric. However, to get such an optimal

solution, all possible comparisons are needed, which are prohibitively time-consuming. Thus,

the inefficiency in computation renders this criterion impractical in real applications.

2.1.5 Probability Tail (PT) Model

To overcome the above limitations and demerits, the probability tail (PT) model, which con-

siders travel time, risk and user-defined deadline, is proposed as an optimality criterion [84].

It defines the optimal path to be the one that maximizes the probability of arriving at destina-

tion before deadline (i.e., arriving on time). This criterion is reasonable in that it is consistent

with people’s route planning behavior. For example, people would like to request that “I plan

to arrive at the airport in 40 minutes, please find a path with the maximum chance”. Many

researchers investigate this problem and various solutions have been subsequently achieved as

in [15, 8, 32, 31, 56, 85].

Fan, Kalaba and Moore [15] address an SSP problem based on the PT model, where the direct

goal is to achieve a policy which determines the next road intersection to visit instead of a

prior complete path. To solve this problem, they use a class of unknown functions to indicate

the maximum probability of arriving at destination before deadline, which are estimated by

the Picard method of successive approximations. Thus the maximum probability is able to be

evaluated without enumerating all possible paths. To evaluate the computation complexity of

this approach, they introduce the Laplace transform and its numerical inversion to reduce the

computation for evaluating the convolution integrals, which result from the successive approx-

imation steps. Nie and Wu [32] solve a shortest path problem with on-time arrival reliability
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(SPOTAR). They propose that SPOTAR can be addressed efficiently via identifying all local

reliable paths, which are non-dominated under the stochastic dominance of first order. Then

they demonstrate that SPOTAR could be formulated and solved via general dynamic program-

ming. Further, Nie and Wu demonstrate that the dynamic problems are decomposable pertain-

ing to certain desirable arrival times. Consequently, they conclude that introducing the time

dimension (i.e., deadline) may not increase the computation complexity, although more data

are required to specify the time-varying distributions. Nikolova et al. [31] consider a problem

of finding the shortest path in a graph with independent randomly distributed arc lengths. The

goal is to maximize the probability that the path length does not exceed a given threshold value

t (i.e., it can also be a deadline if the length is travel time cost, thus same with the PT model).

They develop an efficient algorithm using the quasi-convex maximization, which is based on

the assumption that travel time follows an independent Gaussian distribution and t is not less

than the mean of the smallest-mean path. In particular, when the departure time is closer to the

deadline, so that any shortest path has the mean greater than t, the objective function will not

be quasi-convex any more. In that case, the computation to get an optimum would be much

time-consuming. Lim et al. [56] present a stochastic motion planning algorithm and its appli-

cation to traffic navigation. The algorithm aims to determine a path between two points that

optimizes a cost function of the delay probability distribution, which is equal to finding a path

that maximizes the probability of reaching destination before deadline. For such a problem,

classic shortest path algorithms do not work because the optimal substructure property does

not hold. Consequently, they develop a novel approach based on the quasi-convex optimiza-

tion technique to address this issue, which incorporates a cutting technique by exploring the

means and variances of travel time for all relevant paths. Lim et al. evaluate the algorithm using

both simulations and real-world driving data, which are gathered from a set of taxis equipped

with GPS sensors and a wireless network. In comparison with the work in [31], the proposed

algorithm by Lim et al. [56] saves much computation cost.

In comparison with other criteria, the PT model is more attractive. This thesis focuses on

this criterion in the SSP problem for a single vehicle, basically due to two aspects: (1) it is

easy for a normal driver to understand, and the general meaning of this model is to maximize

the chance of arriving at destination before a user-defined deadline; (2) it is more consistent
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with real world travel planning, i.e., people usually request that “I want to reach the airport

by 08:00 pm. Please find a most reliable path”. Among the aforementioned work to solve

this arriving on time problem, the methods in [31] and [56] seem more desirable since they

can efficiently find the accurate solutions. However, their high computation efficiency relies

on several strong assumptions: (1) the travel time for each road link must follow a normal

distribution; (2) the travel time distributions on different road links are independent from each

other; (3) the deadline should be large enough, i.e., at least larger than the mean of the path with

the least expected travel time. The first two assumptions are made to simplify the computation.

However, in real world, the travel time on road links may not necessarily follow a normal

distribution, and they might not be independent either. In fact, there are many studies in the

literature challenging these assumptions, e.g., travel time following a skewed distribution is

identified in [86]; travel time fitting a gamma distribution is concluded in [87]; a log-normal

fitting for travel time is derived in [88], [89], [90] and [91]; a bi-normal distribution of travel

time is claimed in [83], where one is for congestion situation and the other is for non-congestion

situation; correlation for travel time on adjacent road links is also claimed in [89] and [90]. The

third assumption is made to guarantee the quasi-convexity of the problem so as to speed up

the computation. However, in real-world travel planning, people may not know whether their

values of deadline are sufficiently large or not, especially when they are traveling on unfamiliar

paths.

2.2 SSP Problem for Multiple Cooperative Vehicles

In the SSP problem for multiple cooperative vehicles, multiagent-based approaches have often

been employed, where the intentions of vehicles can be explored in a sophisticated and coop-

erative manner [35, 36, 37]. An extreme but convincing motivation for intention exploration

is the simultaneous route requests by a large number of vehicles, who request routes from the

same origin to the same destination. The solution based on a single independent vehicle will al-

locate the same path to all of them, which is likely to cause traffic congestion. To the contrary,

the solution based on the intention exploration may allocate them to different routes, which

helps to avoid the potential congestion.
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Most of the existing multiagent-based approaches rely on the LET paths for route guidance,

which aims to reduce the total travel time of all vehicles in the whole transportation system.

In one of the early multiagent-based approaches for route guidance [47], a global server agent

constantly collects intentions of routes from all vehicle agents. It then computes a predicted

LET path for each individual vehicle agent by cooperatively exploring the collected intentions,

and all vehicle agents update their routes at each intersection accordingly. Based on the work

in [47], Li et al. [48] predict the potential traffic on each road link at different time slots accord-

ing to the collected intentions, then a corresponding LET path is constantly computed for each

individual vehicle. Similarly, a modified A∗ algorithm [50] incorporates a repulsion scheme

into the expression of weights on all road links. Then each vehicle agent recursively computes

a LET path in a centralized manner, to avoid the situation where too many vehicle agents rush

into a same route. Liang et al. [51] propose a personalized rerouting strategy by first ranking

vehicles and then calculating a predicted LET path for a vehicle according to the decision of

those who are ranked higher. In another centralized approach [66], each vehicle agent is as-

sumed to know real-time traffic condition on all road links, and dynamically travels along the

latest LET path. Centralized approaches often suffer from low computational efficiency.

Jiang et al. [42, 92] propose a decentralized pheromone-based vehicle rerouting approach, in

which whenever congestion is predicted by a local infrastructure agent, the concerned vehi-

cle agents will update their routes by choosing one of the best k LET paths. In another de-

centralized approach, Weerdt et al. [93] aim to minimize the delays at charging stations for

electric vehicles, which incorporates the intentions into the probabilistic arrival time of those

vehicles to each road link. To find the best location to charge, they maximize the expected

utility function for each vehicle. Nevertheless, the results are only verified by the measure-

ment of total expected travel time rather than whether vehicles arrive on time. Decentralized

multiagent-based approaches have the capability of adaptively updating routes according to

dynamic traffic.

However, the dominated multiagent-based methods do not consider specific demands of vehi-

cle agents, i.e., preferred deadlines. As described previously, drivers may often have different

deadlines for various traveling scenario, and it is important to take into account the criterion
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of arriving on time in the multiagent-based route guidance. Nevertheless, most of the existing

approaches incorporating the PT model presented in Section 2.1.5 independently pre-calculate

a path for each individual vehicle before it departs, without considering the intentions of oth-

ers. Since traffic is always dynamic, optimality of a pre-computed path may not hold any

more when all vehicles are en-route due to the influences from each other [66]. It is thus de-

sirable to leverage both the advantages of a decentralized multiagent-based approach and the

PT model, and facilitate all the vehicles to arrive on time regarding their respective desirable

deadlines.

The author would like to note that, the SSP problem for multiple cooperative vehicles is similar

to the stochastic vehicle routing problem (SVRP) [94], considering that the optimal route for

each vehicle can be cooperatively determined in both of the two problems. However, they are

different in nature. The objective of the general SVRP is to minimize a vehicle fleet and the

sum of travel cost, where the vehicle fleet are supposed to depart from their current locations to

pick up a set of customers or goods at different locations, and then deliver them to their desti-

nations [95]. Usually, in SVRP, each vehicle has a specified capacity that cannot be exceeded,

and the amount of customers or goods at each location might be random, based on which the

vehicle cooperatives with each other. Those characters essentially differentiate it from the gen-

eral SSP problem for multiple cooperative vehicles. Although numerous solutions (e.g., exact,

heuristic and meta-heuristic) to the SVRP have been proposed in the literature and are com-

mercially available [95, 96, 97, 98], they are beyond the interest of this thesis. Therefore, the

literature for the SVRP are not elaborated in this section.

2.3 Summary

With respect to the SSP problem for a single vehicle, the PT model is promising in that it

integrates travel time, risk and deadline. However, the typical solutions to this problem are

limited by several unrealistic assumptions. Consequently, a data-driven approach will be de-

veloped to eliminate these unrealistic assumptions in Chapter 3; its computation efficiency will

be improved in Chapter 4; and its accuracy will be further increased in Chapter 5.
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With respect to the SSP problem for multiple cooperative vehicles, a decentralized multiagent-

based approach is desired. Although intentions of vehicle agents are cooperatively explored

in the existing multiagent-based solutions, purely pursuing LET paths for all vehicle agents

may cause undesirable results. Especially, in the scenario where deadlines are more valued,

vehicle agents with tight deadlines are more likely to be delayed due to the influence of others.

Therefore, the PT model will be adopted into the multiagent-based route guidance in Chapter 6,

where a decentralized route assignment is proposed, with the objective to increase the chances

of reaching destination before deadline for all vehicle agents.
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Chapter 3

Arriving on Time for a Single Vehicle

In this chapter1, a data-driven approach is proposed to solve the arriving on

time problem for a single vehicle. In order to circumvent the three unrealistic

assumptions in the existing solutions, the arriving on time problem is reformu-

lated as a cardinality minimization problem. After that, the `1-norm is adopted

to relax the cardinality, which further converts the original path finding prob-

lem into an MILP problem. Thus, this arriving on time problem becomes solv-

able via using an existing MILP solver (the B&B method). In particular, this

approach does not need to assume a fixed distribution of travel time for each

road link, which can also work well when travel time on different road links is

correlated with each other. In addition, the proposed approach can efficiently

handle different deadlines as well.

1This chapter is developed based on my publications:1- Zhiguang Cao, Hongliang Guo, Jie Zhang, Dusit Niy-
ato and Ulrich Fastenrath. A Data-Driven Method for Stochastic Shortest Path Problem. 17th IEEE International
Conference on Intelligent Transportation Systems (ITSC), pp. 1045-1052, 2014; 2- Zhiguang Cao, Hongliang
Guo, Jie Zhang, Dusit Niyato and Ulrich Fastenrath. Finding the Shortest Path in Stochastic Vehicle Routing: A
Cardinality Minimization Approach. IEEE Transactions on Intelligent Transportation Systems (T-ITS), vol. 17,
no. 6, pp. 1688-1702, 2016.
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The remainder of this chapter is organized as follows. In Section 3.1, the arriving on time

problem is mathematically described and formulated, and then is further transformed into a

cardinality minimization problem. In Section 3.2, the `1-norm is employed to solve the cardi-

nality minimization problem, two variants of which are also proposed. Then all of them are

further reformulated as MILP problems. In Section 3.3, extensive experiments are performed

on a simple network to justify the three advantages of the proposed approach. In Section 3.4,

analysis for important parameters that may affect the performance of the proposed approach

are provided. In Section 3.5, the proposed approach is further tested on a real road network

with real traffic data. Section 3.6 states the summary for this Chapter.

3.1 Problem Formulation and Reformulation

In this section, a road network is first defined as a graph, based on which, the PT model based

SSP problem (i.e., the arriving on time problem) is formulated. Note that, to find the optimal

path, the proposed approach mainly relies on the travel time samples of road links, e.g., a

vehicle took 100 seconds to traverse a road link, and another vehicle took 120 seconds to

traverse the same road link. Generally, it is not easy to directly obtain those travel time samples

(i.e., travel speed samples are much common). However, they can be achieved by analyzing

the GPS trajectory data when vehicles travel on those road links [71, 99, 100].

3.1.1 Original Problem Formulation

A road network is modeled as a graph. Let G = (V,Ar) be a directed graph, where V =

{1, 2, . . . , n} represents the set of nodes and Ar ⊆ {(v, w) : v, w ∈ V, v 6= w} represents

the set of arcs, which also refer to the road links. More specifically, (v, w) means an arc

from node v to node w. Then the SSP problem to maximize the probability of arriving at the

destination d from the origin o not later than deadline T (i.e., T is actually the remaining time

to deadline, and deadline is adopted for simplification in the whole thesis) can be formulated

26



Arriving on Time for a Single Vehicle Chapter 3

as follows:
max
~x

Prob(~w>~x ≤ T )

s.t.∀v ∈ V :
∑

w∈V,(v,w)∈Ar

x(v, w)−
∑

w∈V,(w,v)∈Ar

x(w, v) =


1, if v = o,

−1, if v = d,

0, otherwise,

(3.1)

where ~w denotes travel time samples for each arc, which can be obtained from GPS trajectories

of vehicles [71, 99, 100]; ~x ∈ {0, 1}|Ar|, and its each component refers to an arc, e.g., (w, v) ∈
Ar is on the concerned path if x(v, w)=1, and not on it if x(v, w)=0. Then this problem can be

compactly written as follows [14]:

max
~x

Prob(~w>~x ≤ T )
∣∣∣M~x = ~b; ~x ∈ {0, 1}|Ar|, (3.2)

where M ∈ Rn×|Ar| is node-arc incidence matrix; b ∈ Rn, whose elements are zeros except

the sth and tth element, which are 1 and -1 (i.e., for o and d, respectively).

In general, the optimization problem in Eq. (3.2) is not convex or quasi-convex if further

assumptions on travel time distribution, correlation and deadlines are not made. This means

that there is no efficient method to solve this problem optimally. Alternatively, this chapter

seeks to approximate the probability by using frequency based on the cardinality minimization

problem. The proposed approach first rewrites the “maximizing” problem in Eq. (3.2) as

“minimizing”, which is expressed as follows:

min
~x
Prob(~w>~x > T )

∣∣∣M~x = ~b; ~x ∈ {0, 1}|Ar|. (3.3)

3.1.2 Problem Reformulation as Cardinality Minimization

Definition 1 Cardinality is the number of non-zero elements in a vector or matrix [101], e.g.,

if ~x = [x1, x2, x3] = [0, 0, 4], then the cardinality of ~x is 1.

In the routing problem, the objective is to minimize probability of arriving at destination later

than deadline (i.e., as in Eq. (3.3)). Therefore, it is equivalent to minimizing number of times
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of arriving at destination later than deadline if size of travel time samples for each path is

sufficiently large. For instance, if a driver travels 1000 times on two paths (e.g., path 1 and

path 2) from o to d, and the frequency of arriving at d after deadline is 20 on path 1 and 10

on path 2, then path 2 is considered to be optimal. Thus, it formulates original problem as a

cardinality minimization problem, which aims to minimize the cardinality of vector, i.e., C(·),

defined as follows:

C(~x)= (c1, c2, . . . , cS)

=
(

[~w>1 ~x− T ]+, [~w>2 ~x− T ]+, . . . , [~w>S ~x− T ]+
)
,

(3.4)

where [·]+ = max{0, ·}; each component in ~wi denotes the ith travel time sample on corre-

sponding arc (i.e., it can simply assume that ~wi is the travel time of a vehicle who traverse the

road network for the ith time); S is size of travel time samples on each arc. Note that the cardi-

nality minimization approach does not require any specific travel time distribution, correlation

or deadline. Consequently, the objective to minimize probability of arriving at destination later

than deadline can be reformulated as follows:

min
~x
Card(C(~x))

∣∣∣M~x = ~b; ~x ∈ {0, 1}|Ar|, (3.5)

where ~x is decision variable, denoting the optimal path. Thus, original problem to find an opti-

mal path that maximizes probability of arriving at destination not later than deadline becomes

a cardinality minimization problem. It is important to highlight that in this problem, travel time

samples on arcs are adopted instead of probability distribution. When sampling size S is large

enough, the frequency of not being late can be used to accurately approximate the probability

of arriving on time.

3.2 Solution Method for Cardinality Minimization

In this section, the `1-norm minimization (and its variants) and mixed integer linear program-

ming are presented. The former is used to transform the cardinality minimization problem

while the latter is used to solve the transformed problem.
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3.2.1 `1-norm Minimization to Solve Cardinality Minimization

Generally, cardinality minimization is neither classified as convex nor quasi-convex optimiza-

tion, and a typical approach to solve it is to relax the problem by `1-norm. The relaxed problem

can be solved efficiently, where `1-norm is usually known as convex envelop of the function

Card(~x) [102, 103].

`1-norm of a vector is denoted by ‖·‖1, which is absolute sum of all its elements. For instance,

`1-norm of the vector ~x can be expressed as follows:

‖~x‖1 = |x1|+ · · ·+ |xn|, (3.6)

where n is size of ~x. Accordingly, minimization of `1-norm for ~x can be expressed as fol-

lows:

min
~x
‖~x‖1

∣∣∣ ~x ∈ F , (3.7)

where F is a feasible set.

3.2.2 Iterated Weighted `1-norm Algorithm

Inspired by the typical `1-norm minimization, another approximation of Card(~x) can be ex-

pressed as follows [104]:

Card(~x) = lim
ε→0

n∑
i=1

log(1 + |xi|
ε

)

log(1 + 1
ε
)
, (3.8)

with ε ≥ 0 and ~x =
[
x1 · · · xn

]>
. Without loss of generality, ~x is decomposed and

written as follows:

~x = ~x+ − ~x−, where ~x+, ~x− ≥ 0. (3.9)

Thus it has Card(~x) = Card(~x+) + Card(~x−). Then, it reformulates the cardinality mini-

mization as follows:

min
~x

n∑
i=1

log(1 +
xi
ε

)
∣∣∣~x ∈ F , ~x ≥ 0. (3.10)
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This approximation is closer to the real cardinality. Although Eq. (3.10) is still not a convex

problem, it can be solved by ‘difference of convex’ programming [105]. Therefore, it further

linearizes the objective function at current x(k)i :

n∑
i=1

log(1 +
xi
ε

) ≈
n∑
i=1

log(1 +
x
(k)
i

ε
) +

n∑
i=1

xi − x(k)i
ε+ x

(k)
i

. (3.11)

This objective function can be solved in an iterative manner, and can be further expressed as

follows [104]:

min
~x

n∑
i=1

wixi

∣∣∣ ~x ∈ F , ~x ≥ 0, (3.12)

where wi = 1/(ε + xi), which will be used as weight in next iteration until it converges to a

local solution.

3.2.3 Reweighted `1-norm Algorithm

In Eq. (3.12), weight is updated in each iteration. Alternatively, to obtain a better weight for

`1-norm, it can use the merit function [106].

Definition 2 For any ε > 0, a merit function Fε(~x): Rn → R is separable and coercive of the

form Fε(~x) =
∑n

i=1 ψi(|xi|+ ε) for approximating the cardinality, where the functions ψi are

strictly concave, i.e., strictly increasing and twice differentiable.

Accordingly, the cardinality minimization problem can be more closely approximated as fol-

lows:

min
~x
Fε(~x)

∣∣∣ ~x ∈ F . (3.13)

The merit functions are not unique. A typical merit function to approximate the cardinality is

defined as follows [106]:

Fε(~x) =
n∑
i=1

log(|xi|+ ε) +
n∑
i=1

log(|xi|+ ε)p, (3.14)
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where 0 < p < 1. Similarly, to solve this merit function, the linearization technique can still

be used. Then, it can reach the same formulation as in Eq. (3.12). The only difference is the

way to compute the weight, which is described as follows [106]:

wi =
1 + (|xi|+ ε)pp

|xi|+ ε
, i = 1, . . . , n. (3.15)

3.2.4 Further Reformulated as an MILP Problem

The three algorithms in Sections 3.2.1, 3.2.2, and 3.2.3 can be further reformulated as typical

mathematical programming, e.g., MILP. Only `1-norm minimization is taken as an example.

For iterated weighted `1-norm algorithm and reweighted `1-norm algorithm, the only difference

is that they are computed in an iterative manner with different weights as stated in Eq. (3.12)

and Eq. (3.15), respectively.

The optimization problem in Eq. (3.5) is aimed to be solved, whose cardinality is defined in

Eq. (3.4). Since `1-norm can be used to minimize the cardinality, it means that the sum of(
[~w>1 ~x − T ]+, [~w>2 ~x − T ]+, . . . , [~w>S ~x − T ]+

)
can be minimized instead. To make this ob-

jective function more compact, a non-negative intermediate variable ξi and some inequality

constraints are introduced. Incorporating all above considerations, Eq. (3.5) can be reformu-

lated as follows:

min
~x

S∑
i=1

ξi

∣∣∣∣∣∣
~w>i ~x− T ≤ ξi; M~x = ~b;

ξi ≥ 0; ~x ∈ {0, 1}|Ar|,
(3.16)

where ξi is the intermediate variable associated with [~w>i ~x − T ]+ in Eq. (3.4), and ~x is deci-

sion variable which refers to optimal path. By analyzing the optimization in Eq. (3.16), it is

found that the `1-norm minimization can be easily transformed to an MILP problem, which is

expressed as follows:

min
~y
~c>~y

∣∣∣∣∣∣ A~y ≤ B; Ae~y = Be;

~l ≤ ~y ≤ ~u; ~y(1:|Ar|) ∈ Z|Ar|,
(3.17)
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where

~y =
[
x1 · · · x|Ar| ξ1 · · · ξS

]>
, (3.18)

~c =
[

01 · · · 0|Ar| 11 · · · 1S

]>
, (3.19)

A =


W11 W12 · · · W1|Ar| −1 0 · · · 0

W21 W22 · · · W2|Ar| 0 −1 · · · 0
...

... . . . ...
...

... . . . ...

WS1 WS2 · · ·WS|Ar| 0 0 · · · −1

 , (3.20)

B =
[
T · · · T

]>
, (3.21)

Ae =
[

M 0|V |×S)
]>
, (3.22)

Be = ~b, (3.23)

~l = 0(|Ar|+S)×1, (3.24)

~u =
[

11×|Ar| ∞1×S

]>
. (3.25)

Note that Wij in Eq. (3.20) is the ith travel time sample on arc j and B in Eq. (3.21) has the

size of S × 1.

In this MILP problem, ~y is decision variable, and ~x in Eq. (3.18) is optimal path. To solve this

MILP problem efficiently, the intlinprog function in Matlab (version: R2014a) is used, which

is based on the B&B method [107]. The steps are stated as follows [108]:

(i) Initially reduce the problem size: Linear program pre-processing is performed on dual

problem, the purpose of which is to eliminate redundant variables or constraints.

(ii) Solve the relaxed linear programming: Interior point method [109] is employed to de-

termine an optimal solution to the relaxed problem, which guarantees polynomial com-

putation complexity.

(iii) Tighten the LP relaxation of the mixed-integer problem: Mixed-integer program pre-

processing is conducted to analyze linear inequalities and determine whether some bounds

can be tightened.
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(iv) Further tighten the LP relaxation: Cut generation is implemented to restrict feasible re-

gion of the linear programming relaxations, to ensure that solutions are closer to integers.

(v) Compute the integer-feasible solutions: Heuristics are used to find feasible points for the

branch and bound step below so that an upper bound on the objective functions can be

determined [110].

(vi) Systematically search for the optimal solution: Branch and bound method [111] is con-

structed as a sequence of sub-problems that attempt to converge to a solution of the

MILP, where sub-problems give a sequence of upper and lower bounds on the solution.

The intlinprog function can solve the MILP problem in any of the steps. In that case, intlinprog

does not execute the latter steps once it finds optimal solution. More details about these steps

can be found in [108].

3.2.5 Analysis of Accuracy and Computation Complexity

Before analyzing performance of the proposed approach, its flow is summarized as follows: It

originally aims to determine the path that maximizes probability of arriving at destination be-

fore deadline, but that optimization problem is neither convex nor quasi-convex without strong

assumption, i.e, independent normal distribution for the travel time, which is usually contrary

to the conclusions by many researchers. To solve this problem without such strong assumption,

it uses frequency of arriving at destination before deadline to approximate corresponding prob-

ability. However, the frequency can be exactly represented by cardinality. Further, the typical

way to solve cardinality minimization is `1-norm minimization or its variants. It is pointed out

that, they only provide approximated solutions, because they are trying to approximate cardi-

nality by `1-norm, and different variants may have different degrees of approximation. Despite

these differences, each of the `1-norm based algorithms can be further exactly reformulated as

a MILP problem, which can be solved by standard solvers.

Based on this summary, there are two critical issues that should be discussed with emphasis

because they impact the performance of the proposed approach, i.e., accuracy and computation
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complexity. It uses `1-norm based algorithms to approximately solve cardinality minimization

problem, which results in the accuracy issue. Take iterated weighted `1-norm algorithm as

an example. When ε is infinitely close to 0, Eq. (3.8) can provide 100%-accuracy solution to

cardinality minimization. However, Eq. (3.8) cannot be solved directly. Thus, it is linearized in

Eq. (3.11), which can be solved iteratively. Moreover, it may converge to a sub-optimal solution

as iteration number becomes large [112], which also depends on the input data. However,

higher accuracy usually comes at the cost of more iterations. Thus, in an actual application, it

can seek the satisfactory balance.

The other important issue comes from MILP problem, which mainly affects computation time.

As stated in Section 3.2.4, it employs the B&B framework to solve the MILP problem. In this

framework, it iteratively branches at a new point, and the worst computation complexity to

finish the branching is Θ(2|Ar|) [113], where |Ar| is number of arcs. In each branch, there is a

bounding problem, which involves a relaxed linear programming, and its averaged computation

complexity is Θ((|Ar|+ S)3) [114], where S is number of inequality constraints in Eq. (3.17).

Therefore, the worst complexity for the whole algorithm will be Θ(2|Ar|(|Ar|+S)3). However,

the real computation time also depends on input data because it may affect the number of

branching in MILP problem.

Since both accuracy and computation time depend on input data (e.g., travel time samples on

each road link) and those data are always random in traffic, in the following sections, it first

tests the proposed approach on an artificial road network with artificial data. Then, it analyzes

various parameters that may influence the accuracy and computation time. Finally, it further

tests the proposed approach in the real road network of partial Munich city with real traffic data

and compare it with the state of the art approach.

3.3 Experimentation

In this section, performance of the proposed approach is evaluated through simulation. Par-

ticularly, it first divides travel time samples on all road links into training data set and test-

ing data. Then it uses the proposed approach to compute an optimal path based on training
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data, and compares it with exact solution. The exact solution is obtained by enumerating all

possible paths and computing corresponding probabilities on testing data. The accuracy is

then measured by comparing the exact solution with solutions derived from the proposed ap-

proach.

Note that, by ‘training data’, it is referred to the historic travel time samples on road links, e.g.,

collected from 5 days backwards till the current moment, and by ‘testing data’, it refers to the

future traffic data, e.g., 24 hours from the current moment onwards. For a typical prediction

problem in machine learning, it always uses training data to build a classifier and measures the

accuracy based on the ground truth label of testing data. Similarly, in the stochastic shortest

path problem, it plans to predict an optimal path for the upcoming driving. However, the

metric of this optimal solution is the probability rather than a class label. In real applications, it

is more reasonable to find the ground truth optimal path out of both the training data and testing

data, instead of only testing data, and then compare it with the path obtained out of training

data by the proposed approach. Moreover, also note that the accuracy obtained based only on

testing data is usually not higher than that of on whole data set. This is the case in this Chapter,

i.e., results in Table 3.1, Table 3.2 and Table 3.3. However, in order to show the lower bound

accuracy of the proposed approach, it only uses testing data to find the ground truth optimal

path and compare it with the solution computed by the proposed approach.

Moreover, the impacts of probability distributions, correlation and different deadlines are eval-

uated, which constitute three major advantages of the proposed approach over existing algo-

rithms. In particular, the experiment are classified into three cases with respect to travel time

on arc. In Case 1, it considers independent probability distributions. In Case 2, it considers

combination of independent probability distributions. Then, in Case 3, it considers correlated

probability distributions. While Case 1 and Case 2 help to show that the proposed approach

is able to handle diverse or even unknown distributions, Case 3 can show that the proposed

approach is able to address the correlation issue with respect to travel time. In all cases, the

tests are performed with various of deadlines to show that the proposed approach works well

for different deadlines.

It is highlighted that, for the sake of convenience of justifying the proposed approach, all exper-

iments in Sections 3.3−3.5 are performed on a general PC with Intel Core i7-3540M processor
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and 8.00 GB RAM. However, in real use cases, computation of the optimal path would be done

by a powerful central routing engine server, which means that the computation speed in real

use cases can be faster than that of the experiments in Sections 3.3−3.5. Additionally, all the

optimal paths would be computed in an online manner because the traffic data on each arc may

change dynamically.

3.3.1 Test Scenario: A Simple Network

The proposed approach is first tested on a simple road network to validate accuracy of the

solution and to gain useful insights of the solution. Consider the 65-node, 123-arc network

in Fig. 3.1, which is a directed graph. This is a fairly representative spatial network with the

following features. Firstly, the graph contains cycles, and some arcs between two nodes are

bi-directional. Secondly, there are some clusters in this graph which are connected with each

other. The two features make the graph closely imitating real traffic networks.
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Figure 3.1: A 65-Node, 123-Arc Road Network.

The proposed approach is data-driven, which needs travel time samples on each arc as input

(i.e., Wij in Eq. (3.20)), and it adopts some random distribution functions to generate them. In

the following experiments, it considers Normal, Bi-Normal, Gamma and Log-normal distribu-

tions and their combinations. It randomly selects an O-D pair out of ten: {(3, 7), (7, 3), (1, 8),

(8, 1), (10, 2), (2, 10), (1, 10), (10, 1), (3, 10), (10, 3)}.
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3.3.2 Description of Symbols and Settings

• S − size of training data for travel time samples on each arc. It takes values of 100, 500,

and 1000.

• S1 − size of testing data for travel time samples on each arc. It takes values of 40, 200

and 400.

• α − deadline coefficient with respect to T : T = T1 +α ∗ (T2−T1), where T is deadline,

T2 is the minimum longest travel time for all paths connecting origin and destination,

and T1 is the shortest travel time with respect to the same path. It takes α=0.2, 0.4, 0.6,

0.8, 1.0 and 1.2.

• NE − number of times to run the proposed approach to reach target accuracy, which is

1000 in this experiment.

• N − denotes Normal distribution.

• Bi − denotes Bi-normal distribution.

• G − denotes Gamma distribution.

• L − denotes Log-normal distribution.

• N +Bi − denotes Normal distribution combined with Bi-normal distribution.

• N +G − denotes Normal distribution combined with Gamma distribution.

• N + L − denotes Normal distribution combined with Log-normal distribution.

• O-D pair − denotes origin and destination pair.

• rtsots − denotes ratio of training size over testing size.

• `1-norm − denotes `1-norm minimization algorithm.

• iterated `1-norm − denotes iterated weighted `1-norm minimization algorithm.

• reweighted `1-norm − denotes reweighted `1-norm minimization algorithm.

• Both iterated `1-norm and reweighted `1-norm algorithms apply 10 iterations.
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3.3.3 Case Study 1: Single Independent Distribution

For each arc, S training data and S1 testing data are generated according to the four probabil-

ity distributions. For each distribution, the data are generated with different parameters, and

independent from each other. Then the S training data for each arc will be incorporated into

Eq. (3.20) to compute the optimal path using three `1-norm based algorithms. Then, this path

will be compared with the real optimal path which is obtained based on the S1 testing data for

each arc. To show that this result is only the lower bound accuracy, the accuracy measured on

both training and testing data together is also computed for the `1-norm algorithm, as stated

previously at the beginning of Section 3.3. Moreover, this process will repeat NE times and

the four corresponding accuracy results are shown in Table 3.1, structure of which is stated as

follows:

(i) 1st column stands for types of distributions;

(ii) 2nd column stands for values of deadline coefficient α;

(iii) In each of the 3rd − 5th columns, there are four sub-columns. The first sub-column is

accuracy for the `1-norm based on both training and testing data, the second to the fourth

sub-column are respectively accuracy for `1-norm, iterated `1-norm and reweighted `1-

norm based on only testing data.

From Table 3.1, it is observed that the minimum accuracy for three `1-norm based algorithms

is above 92%, and most of them are higher than 95%. The overall accuracy is sufficiently high

considering the following facts. Firstly, optimal path is computed from the training data, while

it evaluates the optimal path by testing data, and higher accuracy means better prediction. Sec-

ondly, `1-norm based algorithms are only approximations of cardinality minimization.

Comparing three `1-norm based algorithms with each other, it is observed that reweighted

`1-norm always has higher accuracy than that of iterated `1-norm. Furthermore, iterated `1-

norm has higher accuracy than that of `1-norm. Although there are some exceptions, which

are highlighted with bold font in Table 3.1, they are already sufficiently high. Therefore, it

is concluded that reweighted `1-norm is better than iterated `1-norm, and iterated `1-norm is
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Table 3.1: Case 1: Accuracy for Independent Single Distribution (%)
α S=100, S1=40 S=500, S1=200 S=1000, S1=400

0.2 95.8, 95.5, 96.3, 97.2 96.8, 96.6, 96.9, 97.7 98.6, 98.3, 98.7, 99.1
0.4 97.6, 97.3, 97.9, 98.1 99.5, 99.3, 99.5, 99.8 98.8, 98.6, 98.9, 99.3

N 0.6 97.0, 96.9, 97.2, 97.9 98.1, 97.8, 97.9, 98.5 98.9, 98.7, 99.4, 99.2
0.8 96.7, 96.3, 96.9, 98.4 97.7, 97.6, 98.2, 98.9 99.0, 98.5, 98.9, 99.3
1.0 95.9, 95.6, 97.7, 98.2 96.3, 95.7, 97.9, 98.4 95.9, 95.7, 96.9, 98.4
1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 92.9, 92.7, 93,8, 96.1 96.0, 95.7, 96.3, 97.5 97.5, 97.1, 97.4, 97.9
0.4 95.5, 95.1, 95.8, 96.3 98.9, 98.3, 98.6, 99.2 98.9, 98.5, 98.6, 98.9

Bi 0.6 96.0, 95.4, 96.2, 97.3 98.6, 98.1, 98.7, 99.1 98.8, 98.3, 98.8, 99.1
0.8 93.9, 93.0, 94.5, 96.2 97.6, 97.0, 98.1, 98.6 97.3, 96.8, 97.1, 97.5
1.0 93.2, 92.7, 93.8, 95.3 94.1, 93.3, 95.1, 95.8 96.2, 95.0, 95.8, 98.3
1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 96.0, 95.7, 96.2, 97.1 97.8, 97.4, 97.9, 98.2 99.1, 98.7, 98.9, 99.4
0.4 97.8, 97.4, 97.6, 98.2 99.3, 99.5, 99.2, 99.1 99.5, 99.4, 99.2, 99.7

G 0.6 97.8, 97.2, 97.5, 98.2 98.5, 98.2, 98.7, 99.1 99.1, 99.3, 99.5, 99.7
0.8 95.1, 94.8, 95.3, 96.2 97.9, 97.3, 97.9, 98.2 98.1, 97.9, 98.4, 98.9
1.0 96.0, 95.8, 96.4 96.9 96.2, 95.9, 96.5, 97.3 96.4, 96.0, 96.7, 97.3
1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 95.9, 95.6, 96.3, 98.1 97.8, 97.1, 97.9, 98.4 98.1, 97.5, 97.9, 98.4
0.4 95.4, 95.0, 95.8, 97.2 98.3, 98.1, 98.3, 98.9 99.3, 99.1, 99.3, 99.6

L 0.6 97.2, 96.8, 97.2, 97.8 98.5, 98.3, 98.7, 99.0 98.9, 98.6, 98.8, 99.3
0.8 94.5, 94.0, 95.5, 96.2 97.2 96.9, 97.1, 97.8 98.6, 98.0, 98.4, 99.0
1.0 94.2, 93.9, 94.6, 96.7 94.8, 94.1, 94.9, 97.1 95.3, 94.6, 95.4, 96.7
1.2 100, 100, 100, 100 100, 100 , 100, 100 100, 100, 100, 100

better than `1-norm in terms of accuracy. It is straightforward to understand this because of

their different degrees of cardinality approximation.

It is observed that when deadline coefficient α is larger than 1, i.e., 1.2, which corresponds

to the situation that there exists at least one path guaranteeing arriving on time with 100%

probability, the proposed approach can always correctly find the actual optimal path. It is

expected since `1-norm minimization in the proposed approach is to minimize total delay with

respect to deadline T . If T is large enough, there always exists at least one path with zero

probability of being late. When α is not larger than 1, i.e., 0.2, 0.4, 0.6, 0.8, 1.0, which

corresponds to the situation that there is no path that can guarantee arriving on time with 100%

probability, the accuracy always falls between 92%-100%. Regarding data size, it is observed

that accuracy increases when data size S increases from 100 to 500. This is because that more

data sampled, the closer frequency is to real probability. However, limited similar increase is
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observed when S increases from 500 to 1000. One possible reason is that data size of 500 is

already large enough and further more data does not enhance the accuracy.

Another notable result is that four different probability distributions share a similar pattern for

the accuracy under different deadlines and data sizes. The main reason is that the proposed

approach is directly based on data, and Eq. (3.17) only takes the sampled data into account,

and it is not affected by the probability distribution used.

Last but not least, comparing the first sub-column with the second sub-column of the 3rd− 5th

columns, it is observed that, most of the accuracy results measured on both training data and

testing data together are higher than that of only on testing data. This is because in-sample test

usually achieves higher accuracy than the out-of-sample test [115]. Although there are some

exceptions, which are highlighted with underlines, they are still acceptable since accuracy in

first sub-column and second sub-column are both high.

Based on above analysis, it can be basically concluded that the proposed approach is able to

handle different independent distributions with different deadlines. Especially, when data size

is large (i.e., S=500), the proposed approach can achieve high accuracy.

3.3.4 Case Study 2: Blended Distributions

For each arc, combinations of probability distributions are adopted to generate S training data

and S1 testing data. It first uses the sequence in incidence matrix M to order the arcs. Then, at

each time, odd arcs use a probability distribution, and even arcs will use a different distribution.

The combinations of probability distributions are set as follows: N+Bi, N+G, and N+L. It is

also assumed that data on different arcs is independent from each other. Similar with Case

Study 1, corresponding results are shown in Table 3.2.

From Table 3.2, it is observed that the minimum accuracy for three `1-norm based algorithms

is above 89%, and most of them are higher than 93%. It is sufficiently high considering that

the traffic data are mixture of different distributions. Besides, it is observed that reweighted `1-

norm always has higher accuracy than that of iterated `1-norm, and iterated `1-norm has higher
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Table 3.2: Case 2: Accuracy for Combined Independent Probability Distribution (%)
α S=100, S1=40 S=500, S1=200 S=1000, S1=400

0.2 94.1, 93.6, 94.4, 95.2 97.3, 97.0, 97.6, 98.1 96.5, 96.2, 97.1, 97.8
0.4 95.6, 95.0, 95.4, 95.9 99.1, 98.8, 99.1, 99.4 98.6, 98.2, 98.3, 99.1

N 0.6 96.4, 95.9, 96.8, 97.2 98.9, 98.8, 98.9, 99.2 98.9 98.9, 99.2, 98.9
+ 0.8 96.1, 95.4, 96.3, 97.0 97.2, 96.4, 96.9, 98.0 97.6, 97.1, 97.4, 98.9
Bi 1.0 96.2, 95.5, 96.2, 96.9 95.2, 94.7, 95.2, 96.7 96.3 95.5, 96.3, 97.1

1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 93.1, 91.1, 92.6, 94.7 95.1, 94.6, 95.4, 96.2 96.0, 95.5, 96.3, 97.8
0.4 93.4, 92.8, 93.8, 94.9 98.3, 97.6, 98.1, 98.5 98.2, 98.4, 98.9, 99.3

N 0.6 95.1, 94.0, 95.5, 96.3 96.9, 96.5, 97.2, 97.9 97.9, 97.5, 97.8, 98.5
+ 0.8 91.2, 89.4, 92.4, 94.7 95.2, 94.8, 95.4, 96.1 96.3, 95.8, 96.2, 97.3
G 1.0 92.1, 89.5, 92.9, 92.4 91.3, 90.4, 91.9, 93.4 91.5, 90.6, 91.3, 92.7

1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 94.7, 94.2, 95.1, 96.0 97.2, 96.6, 97.1, 98.0 98.0, 97.3, 97.8, 98.1
0.4 96.1, 95.7, 96.6, 97.2 98.3, 97.8, 98.3, 98.4 98.1, 97.7, 98.2, 99.0

N 0.6 96.0, 95.6, 96.3, 97.1 98.0, 97.5, 97.8, 98.9 98.5, 98.0, 98.6, 98.9
+ 0.8 93.1, 92.5, 93.2, 94.7 96.3, 95.7, 96.0, 96.7 95.5, 95.4, 96.1, 96.8
L 1.0 92.0, 91.4, 92.7, 93.3 93.9, 93.2, 94.3, 95.0 91.4, 90.9, 92.1, 94.2

1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

accuracy than that of `1-norm. There are also very few exceptions highlighted with bold font,

which are acceptable. Similarly, the accuracy results for `1-norm measured on both training and

testing data together are higher than that of only on testing data. Although there is exception

highlighted with underline, it is also acceptable. Comparing the results with Case 1, accuracy

for Case 2 shares similar pattern under different deadlines and data size. From Table 3.2, the

data-driven approach can accommodate blended distributions with different deadlines because

the proposed approach is data driven, which is not affected by distribution types.

3.3.5 Case Study 3: Correlated Distributions

For each arc, S training data and S1 testing data are first generated according to the four proba-

bility distributions. Then, it randomly chooses some adjacent arc pairs, the travel time on which

are correlated with each other, i.e., the data on an arc is proportional to the other. Similar with

the first two cases, corresponding results are shown in Table 3.3.

From Table 3.3, it is observed that the minimum accuracy for three `1-norm based algorithms

is above 94%, and most of them are higher than 96%. The overall accuracy is sufficiently high
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Table 3.3: Case 3: Accuracy for Correlated Probability Distribution (%)
α S=100, S1=40 S=500, S1=200 S=1000, S1=400

0.2 98.0, 97.6, 98.2, 98.7 97.9, 97.9, 98.3, 98.9 99.3, 98.8, 99.2, 99.5
0.4 98.6, 98.1, 98.4, 99.2 99.3, 99.0, 99.2, 99.6 99.2, 99.0, 99.2, 99.7

N 0.6 98.3, 98.0, 98.2, 99.0 99.5, 99.3, 99.6, 99.8 99.0, 98.8, 99.0, 99.4
0.8 97.6, 97.1, 97.5, 98.2 98.6, 98.1, 98.4, 99.0 99.3, 99.0, 99.2, 99.5
1.0 97.2, 96.6, 96.8, 97.4 97.2, 96.9, 97.2, 98.1 96.9, 96.5, 97.1, 98.2
1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 96.8, 96.2, 96.8, 97.5 97.3, 96.8, 97.3, 98.5 98.1, 97.7, 98.0, 98.6
0.4 97.6, 97.4, 97.8, 98.7 99.4, 99.2, 99.3, 99.6 99.5, 99.3, 99.0, 99.1

Bi 0.6 96.5, 96.2, 96.9, 97.5 98.4, 98.1, 98.5, 99.1 99.3, 99.5, 99.7, 99.7
0.8 97.2, 96.9, 97.4, 98.3 98.9, 98.3, 98.9, 99.2 99.4, 99.3, 99.5, 99.5
1.0 96.2, 95.9, 96.1, 97.4 96.4, 96.1, 96.7, 97.9 98.0, 96.9, 97.2, 98.1
1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 98.2, 97.6, 98.2, 98.7 98.5, 98.2, 98.4, 98.9 98.9, 98.5, 98.8, 99.5
0.4 98.6,98.4, 98.1, 98.3 99.5, 99.3, 99.4, 99.8 99.7, 99.7, 99.3, 99.4

G 0.6 98.7, 98.5, 98.7, 99.2 99.3, 99.2, 99.4, 99.5 99.5, 99.5, 99.7, 99.6
0.8 97.5, 97.2, 97.8, 98.3 98.6, 98.2, 98.7, 99.3 98.9, 98.5, 98.9, 99.3
1.0 96.5, 95.9, 96.2, 97.3 98.1, 97.4, 98.1, 98.7 97.8, 97.4, 98.2, 99.0
1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

0.2 97.0, 96.6, 96.7, 97.2 98.4, 98.1, 98.3, 98.8 98.7, 98.1, 98.5, 98.9
0.4 97.6, 97.4, 97.7, 98.1 98.9, 98.6, 99.1, 99.3 99.3, 99.2, 99.3, 99.7

L 0.6 97.9, 97.3, 97.5, 97.9 99.3, 99.1, 99.3, 99.4 98.9, 98.8, 98.9, 99.3
0.8 96.2, 95.8, 96.4, 97.5 96.5, 95.9, 96.2, 97.3 98.2, 97.8, 98.2, 98.8
1.0 95.3, 94.6, 95.3, 95.9 96.1, 95.3, 95.7, 96.5 96.3, 95.7, 96.1, 96.8
1.2 100, 100 , 100, 100 100, 100 , 100, 100 100, 100, 100, 100

considering that existing methods cannot address the correlation in probability distribution.

Comparing the results with Case 1 and Case 2, Case 3 share similar pattern with them. How-

ever, accuracy for Case 3 is slightly higher than that of Case 2 on average. This is because,

in general, compared with correlated distribution, the blended distributions always generate

larger variance for travel time samples on a path. Since accuracy results in Case 2 and Case

3 are obtained based on a learning scheme, training data and testing data might not be sim-

ilar with each other if the variance is too large, which generally is not desirable to achieve

high accuracy. Thus, higher accuracy for Case 3 is observed compared with Case 2. Similar

explanation can also be applied in analysis of distribution parameters in Section 3.4.1. From

Table 3.3, the proposed approach can address correlation issue well.
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3.3.6 Computation Time

In all previous cases, to determine whether the proposed approach can achieve an optimal path,

it uses enumeration method to compute the actual optimal path. To evaluate the overall compu-

tation complexity, it records all the running time for the above experiments. Additionally, the

average running times for different sizes of travel time data and different algorithms are shown

in Table 3.4.

Table 3.4: Computation Time for the Enumeration Method and `1-Norm Based Algorithms
S=100, S1=40 S=500, S1=200 S=1000, S1=400

enumeration method 0.6419 0.6389 0.6124

`1-norm 0.0546 0.2042 0.4052

iterated `1-norm 0.3412 0.7308 1.7123

reweighted `1-norm 0.4020 0.8736 1.9052

From Table 3.4, it is observed that the average running time for `1-norm is always shorter than

that of enumeration method under different sizes of travel time data. The important reason is

that MILP can be solved more efficiently than enumeration method. In this table, computation

time for enumeration method is relatively constant because it depends mainly on the network

size. Although running time always increases with size of travel time data for `1-norm algo-

rithm, a very large size of travel time data is not needed to obtain satisfactory solutions based

on conclusions for the 3 cases that studied. This means that it can obtain an optimal path faster

than enumeration method.

Comparing iterated `1-norm and reweighted `1-norm algorithms with enumeration method, it

is observed that when size of training data is 100, the running times for iterated `1-norm and

reweighted `1-norm algorithms are shorter than that of enumeration method. When data size

increases to 500 and 1000, it has a reverse effect. However, one fact is that when network

size increases, the running time and storage space will become prohibitively large for enumer-

ation method (see Section 3.4.4). By contrast, the computation time for iterated `1-norm and

reweighted `1-norm algorithms will also increase as network scales up. Nevertheless, they are
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still acceptable since the two algorithms are still more efficient with respect to computation

time in that case (see Section 3.4.4).

Comparing three `1-norm based algorithms with each other, it is observed that iterated `1-norm

and reweighted `1-norm algorithms have higher computation time. This is because the two al-

gorithms involve 10 iterations for each optimal path. For `1-norm, it inherently solves only

one MILP problem. For iterated `1-norm and reweighted `1-norm, they compute 9 relaxed

MILP (linear programming in nature) problems before the last real MILP. Since the computa-

tion complexity for linear programming is much less than that of MILP, it is much less than 10

times of computation time of `1-norm algorithm.

The accuracy of `1-norm algorithm in all 3 cases is sufficiently high (although not the highest)

and iterated `1-norm and reweighted `1-norm algorithms have much higher computation time,

although they have comparatively higher accuracy. Therefore, it is concluded that `1-norm has

better overall performance.

3.4 Parameter Analysis

In Section 3.3, simulations are performed to evaluate the accuracy and computation time of

the proposed approach, which involve various parameters. In this section, influences on the

performance of the proposed approach are investigated, i.e., accuracy and computation time.

The iterated `1-norm and reweighted `1-norm algorithms are comparatively complicated, but

they are both developed based on `1-norm. Therefore, it only takes the latter as an example.

For all experiments in this section, at each time, it randomly generates travel time samples for

each arc. To obtain accuracy and averaged running time, it repeats the experiment for 1000

times. Moreover, note that in this section, the accuracy are measured only based on testing

data, which usually results in the lower bound, as justified in Section 3.3.
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Figure 3.2: Accuracy with Respect to Different Standard Deviations

3.4.1 Distribution Parameters

Generally, two parameters are very important in the probability distributions, i.e., mean and

standard deviation. To investigate their influence on the performance, only normal distribution

is taken as an example. The proposed approach varies the standard deviation, i.e., 10, 30, 50

and 70, while keeping other parameters fixed (e.g., O-D pair and ratio between the sizes of

training and testing data). The accuracy results are shown in Fig. 3.2.

From Fig. 3.2, it is observed that most of accuracy is still above 90% (except one instance at

89%) for standard deviation of 70. It is also observed that as standard deviation increases, ac-

curacy decreases under same deadline coefficient and data size. It is not difficult to understand

that if standard deviation is 0, the accuracy by `1-norm will be 100% because it becomes a

deterministic problem. If standard deviation is large, the similarity between training data and

testing data greatly decreases, and accordingly, the accuracy will be detrimental. Addition-

ally, the averaged running time is shown in Table 3.5 for different standard deviations and data

sizes.

From Table 3.5, it is observed that computation time increases as standard deviation increases

from 10 to 50. This is due to the fact that when standard deviation is 0, there is only one

effective inequality constraint in the MILP problem. Thus, computation complexity is small.

However, computation complexity may not always increase as standard deviation continues

to increase, which can be observed when standard deviation changes from 50 to 70. This is
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Table 3.5: Averaged Running Time for Different Standard Deviations
S=100, S1=40 S=500, S1=200 S=1000, S1=400

10 0.0403 0.1993 0.4018

30 0.0546 0.2042 0.4052

50 0.0599 0.2436 0.4872

70 0.0571 0.2630 0.4659
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Figure 3.3: Accuracy under Different Values of Rtsots

because that the input data also affects computation time, but there is an upper bound for the

complexity to solve MILP problem (see Section 3.2.5).

3.4.2 Ratio of Training Size over Testing Size

In the proposed approach, the accuracy is computed based on prediction, which is similar to the

prediction problem in machine learning. In machine learning, ratio of training size over testing

size (rtsots) is an important parameter to evaluate the accuracy. Accordingly, its influence

on the proposed approach is investigated. It varies the value of rtsots from 5:2 to 5:4 while

keeping other parameters fixed. The results are shown in Fig. 3.3.

From Fig. 3.3, it is observed that there is no clear trend that accuracy will be affected by rtsots.

This can be explained by combining two points. Firstly, the problem is similar to the prediction

in machine learning, and according to the machine learning theory, more training data and less

testing data usually lead to higher accuracy. This means that, in the problem, higher rtsots
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may achieve better accuracy. Secondly, on the other hand, the question is not exactly same as

the machine learning problem, because metric of this stochastic optimal solution is probability.

When testing data size is comparatively large, it approximates the probability better and share

a similar pattern with training data (i.e., similar probability of not being later than deadline).

It means that lower rtsots may achieve comparatively higher accuracy, especially when traffic

data size is large enough. When these two points compromise with each other, a clear pattern

regarding accuracy and rtsots may not be observed. Meanwhile, it also records the averaged

running time with respect to different rtsots in Table 3.6.

Table 3.6: Averaged Running Time for Different Rtsots
S=100, S1=40 S=500, S1=200 S=1000, S1=400

5:2 0.0395 0.1836 0.3769

5:3 0.0382 0.1963 0.3721

5:4 0.0419 0.1880 0.3694

As expected, obvious patterns between rtsots and computation time are not observed in Ta-

ble 3.6, because optimal path is obtained from training data while it is validated on testing data.

Thus, the running time will not be influenced by rtsots.

3.4.3 O-D Pair

The locations of O-D pair are also important parameters that may impact accuracy. The in-

fluence is investigated by changing O-D pair while keeping other parameters unchanged. It

chooses following O-D pairs: 1-8, 1-10, 1-3 and 1-48, and there are respectively 8, 1168, 2384

and 2784 different connected paths between them. The results are shown in Fig. 3.4.

From Fig. 3.4, it is not observed that for most cases, as number of connected paths increases,

the accuracy decreases except deadline coefficient of 0.8 in Fig. 3.4(b) and 0.6 in Fig. 3.4(c). It

is reasonable considering that if there is only one possible path between O-D pair, the accuracy

will always be 100%. Since the proposed approach is an approximation and traffic data is all

random, if there are a large number of candidate paths, the chance that the proposed solution
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Figure 3.4: Accuracy with Respect to Different O-D Pairs

is the actual optimal path will decrease. However, in real world road networks, there may not

be too many connected paths between the concerned O-D pair for driver to choose. Therefore,

accuracy will not be degraded significantly. Moreover, the averaged running time for different

O-D pairs is recorded in Table 3.7.

From the first three O-D pairs in Table 3.7, it is observed that when number of connected paths

between O-D pair becomes large, averaged running time accordingly increases. It is reasonable

because if there is only one path between the pair, running time should be very short. If the

number is large, it will take longer time to search the best path. However, computation time

may not constantly increase, because MILP solver adopts efficient algorithms to find optimal

solution although the worst case (exponential computation complexity) is possible to happen.

Table 3.7: Averaged Running Time for Different O-D Pairs
S=100, S1=40 S=500, S1=200 S=1000, S1=400

1-8 (8) 0.0280 0.1352 0.3102

1-10 (1168) 0.0390 0.1958 0.3798

1-3 (2384) 0.0452 0.2210 0.3941

1-48 (2784) 0.0443 0.2324 0.3886
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3.4.4 Graph Scale and Data Size

To analyze the influence brought by graph scale and data size, the proposed approach is im-

plemented on another comparatively large artificial network with 100 nodes and 220 arcs. For

this large network, as shown in Fig. 3.5, it randomly selects O-D pairs out of (40, 43) and (40,

51), whose numbers of connected paths are respectively 2,403,060 and 4,529,052. Regarding

other settings, they are the same as previous simulations for the small road network in Fig. 3.1.

Accordingly, the accuracy for these two graphs are plotted in Fig. 3.6.

1

2

3

45

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

2930

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81

82

83

84

85

86

87

88

89

90

91

9293

94

95

96

97

98

99

100

Figure 3.5: A 100-node, 220-arc road network.

From Fig. 3.6, it can be seen that graph scale affects accuracy and small graph can achieve

comparatively higher accuracy. Note that the average number of connected paths for small

graph is around 2,000 while large graph is around 3,000,000. Moreover, the reason for different

accuracy can be explained by the same analysis for O-D pair. As for the influence caused

by data size, it has been analyzed previously, and the accuracy could improve as data size

becomes large, i.e., from 100 to 500. However, it becomes saturated, i.e., from 500 to 1000.

Additionally, more obvious impact on the proposed approach caused by graph scale and data

size is computation time, which is recorded in Table 3.8.

From Table 3.8 it can be seen that enumeration method becomes prohibitively time con-

suming as graph scales up, which uses more than 4,000 seconds to compute optimal path.
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Figure 3.6: Accuracy with Respect to Different Graph Scale and Data Size

Table 3.8: Averaged Running Time for Different Graph Scale and Data Size
S=100,

S1=40

S=500,

S1=200

S=1000,

S1=400

enumeration for large graph 4670.5 4830.1 4781.5

`1-norm for large graph 0.7207 0.9816 1.3198

enumeration for small graph 0.6980 0.6932 0.6970

`1-norm for small graph 0.0539 0.2267 0.3996

The obvious reason is that the number of connected paths between O-D pair is huge on this

large graph and enumeration does not work efficiently. By contrast, computation time of

`1-norm on large graph is only around 1 second, which is considerably efficient because it

uses smart optimization techniques to search the desired path. However, considering `1-norm

alone, computation time also increases as graph and data size scale up. This is reasonable

as analyzed in Section 3.2.5, the proposed approach is based on MILP, which is solved by

branch-and-bound method. Additionally, the worst complexity for branch-and-bound method

is Θ(2|Ar|(|Ar|+S)3), which increases as network and data size scale up. However, as observed

from all previous experiments, the worst case seldom happens.

3.4.5 Deadline Coefficients

Deadline coefficient impacts accuracy, which can be justified from Fig. 3.2 - Fig. 3.4 and

Fig. 3.6. Especially, for coefficient larger than 1, i.e., 1.2, accuracy always reaches 100%. The
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Table 3.9: Averaged Running Time for Different Deadline Coefficients
100, 40 500, 200 1000, 400

0.2 0.0240 0.1561 0.2983

0.4 0.0367 0.1683 0.2836

0.6 0.0344 0.1625 0.3041

0.8 0.0436 0.1438 0.3249

1.0 0.0359 0.1583 0.3039

1.2 0.0408 0.1469 0.3329

detailed reason can be found in the case studies presented in Section 3.3. As to coefficients

between 0 and 1, there is no regular pattern for the accuracy. Moreover, to show the impact on

computation time, it also records the averaged running time in Table 3.9 for different deadline

coefficients while keeping other parameters unchanged. From Table 3.9 it is observed that,

computation time does not change with deadline coefficients regularly. This is reasonable

because in the MILP problem, deadline coefficient impacts only inequality constraints, but

does not change the number of these constraints. By contrast, it may impact the branching

operation in MILP, which can be evaluated only by the worst case scenario.

3.5 Testing on Real World Road Network

Figure 3.7: An area of the Munich city, Germany

In this section, the proposed approach is evaluated using an area of Munich city, which is shown

in Fig. 3.7. The underlying graph includes 170 nodes and 277 arcs. The travel time samples
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on each road link are extracted from real GPS trajectories of BMW vehicles2. The numbers of

those samples on each road link are not same, the minimum of which is 880 and the maximum

is 41,256. Other settings are similar to that in Section 3.3. Since the input data is from real

GPS trajectories, there are no assumptions of probability distribution or correlation. Morevoer,

it synthesizes the input data as follows:

(i) Sort the data for each arc according to the time when they were generated;

(ii) Divide the data for each arc into two parts: the first 80% forms training data set, and the

remaining forms testing data set;

(iii) For each arc, randomly sample S data from first part as training data and S1 data from

second part as testing data, and set S : S1 = 5 : 3;

(iv) Repeat 1000 times to obtain accuracy measure.

Note that it measures accuracy based only on testing data instead of training data and test-

ing data together, which usually results in lower bound accuracy, as justified in Section 3.3.

Additionally, it implements the state-of-the-art algorithm in the same network. The algorithm

assumes that travel time for each road link follows an independent normal distribution. If there

exists at least one path whose expected travel time is no longer than deadline, this problem can

be solved by quasi-convex optimization technique efficiently. Otherwise, it can only find an

optimal solution by an inefficient enumeration method. Its details are described in [56]. For

better comparison, this method is adopted according to the following settings:

(i) Fit the best normal distribution for each arc based on the S training data;

(ii) Use state-of-the-art algorithm to find the optimal path;

(iii) Validate this optimal path using the testing data, and repeat 1,000 times to obtain the

accuracy measure.

Based on above settings, the accuracy results are obtained, which are shown in Fig. 3.8. Com-

paring the three sub-figures, it is observed that, as expected, reweighted `1-norm algorithm

2The dataset is provided by the BMW Group.
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Figure 3.8: Accuracy for the `1-Norm Based Algorithm and State-of-the-Art Algorithm

always achieves higher accuracy than that of iterated `1-norm algorithm, and iterated `1-norm

obtains higher accuracy than that of `1-norm algorithm. The reason has been previous ana-

lyzed. Considering the accuracy for data size of 100, `1-norm always has better accuracy than

that of the state-of-the-art algorithm. As data size increases to 500 and 1000, accuracy of the

state-of-the-art algorithm for some coefficients exceeds that of `1-norm algorithm. This is be-

cause the state-of-the-art algorithm can work well only for normal distribution. When size of

the data is small, such as 100, the fitting between normal distribution and real data is usually

poor. As data size becomes large, the sampled data will become close to the distribution. How-

ever, its accuracy is significantly affected by probability distribution and data size. By contrast,

the `1-norm based algorithms are not strictly impacted by them, which has been previously

analyzed. However, regarding the accuracy for large deadline coefficients, i.e., 1.2 or larger,

the proposed approach always achieves 100% accuracy, which clearly outperforms the state-

of-the-art algorithm. Moreover, it is also important to note that, the accuracy measured for

`1-norm algorithm in Fig. 3.8 is only the lower bound.

One important observation is that, the overall accuracy for three `1-norm based algorithms is

not as high as those in Sections 3.3 and 3.4. This is because it made some assumptions there to

analyze the factors that may impact the performance of the proposed approach (e.g., keeping

the same distribution, standard deviation or O-D pairs). By contrast, the traffic data in this

section is collected from real vehicle trajectories, and there are consequently no such assump-

tions. However, considering that the real traffic data is always random and most of accuracy

is above 85%, the `1-norm based algorithms achieve good performance for the real world road
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Table 3.10: Computation Time for the `1-Norm Based Algorithms and State-of-the-Art Algo-

rithm
α 0.2 0.4 0.6 0.8 1.0 1.2

`1-norm 0.454 0.435 0.465 0.476 0.472 0.464

iterated `1-norm 1.541 1.730 1.712 1.860 1.687 1.702

reweighted `1-norm 1.602 1.873 1.914 1.937 1.837 1.821

state-of-the-art 0.808 0.721 0.554 0.443 0.453 0.450

network and traffic. Additionally, the deadline is an important parameter for the state-of-the-

art algorithm. To show the impact on computation time caused by deadline coefficients, the

averaged running time is recorded in Table 3.10. From Table 3.10, it is observed that `1-norm

algorithm is more efficient than iterated `1-norm algorithm, and iterated `1-norm algorithm is

more efficient than reweighted `1-norm algorithm in terms of computation time. This efficiency

is obtained at price of accuracy. Comparing `1-norm and the state-of-the-art algorithm, it is ob-

served that, when deadline coefficient is small, averaged running time for the state-of-the-art

algorithm is comparatively longer. The underlying reason is that only if there exists the path

whose expected travel time is not longer than deadline, the state-of-the-art algorithm can work

efficiently. Otherwise, it will employ an enumeration method to determine the optimal path,

which is inefficient. Since at each time, the travel time is randomly sampled from the real data,

if deadline coefficient is small, the chance that the smallest expected travel time is larger than

deadline increases. Consequently, higher running time for small coefficient is observed. As co-

efficient becomes larger, that chance will decrease. Consequently, the corresponding running

time will also become short. However, it is not always becoming shorter for the state-of-the-art

algorithm, because once there exists the path whose expected travel time is not longer than

deadline, the computation time will not change, which can be observed from Table 3.10.

Combining both accuracy and computation time together, it is found that `1-norm algorithm

and the state-of-the-art algorithm have their own advantages. When data size is comparatively

small, i.e., 100 and 500, the accuracy of `1-norm algorithm is always higher (at least not lower)

than that of the state-of-the-art algorithm. When data size is large, i.e., 1,000, and deadline

coefficient is small, i.e., 0.2 and 0.4, accuracy for the state-of-the-art algorithm is higher. How-

ever, for all different data sizes, as long as deadline coefficient is large, i.e., not less than 1.2,
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accuracy for the `1-norm algorithm is always 100%, which is much higher than that of the

state-of-the-art algorithm. It is also highlighted that, the deadline coefficient is determined by

driver, and it can be any positive values. It only considers the range of 0.2-1.2 for the sake of

conveniently analyzing the factors that may affect accuracy. More importantly, as stated in Sec-

tions 3.3 and 3.4, accuracy obtained for `1-norm algorithm in Fig. 3.8 is only the lower bound.

By contrast, computation time of the state-of-the-art algorithm is obviously affected by dead-

line coefficient. When deadline coefficient is small, its computation time is much higher than

that of `1-norm algorithm. Furthermore, as deadline coefficient increases, its computation time

approximately converges, which is slightly lower than that of `1-norm algorithm. Taking all

these into account, it can be concluded that `1-norm algorithm is better than the state-of-the-art

algorithm. Additionally, comparing `1-norm algorithm with iterated `1-norm and reweighted

`1-norm algorithms, it is concluded that `1-norm algorithm is better considering both accuracy

and computation time.

Note that the proposed approach is data-driven. It largely relies on travel time samples of each

road link, which can be obtained by processing the GPS trajectories of vehicles. In a metropoli-

tan city, daily traffic may involve millions of vehicles, almost all of which are equipped with

GPS devices. Therefore, it is easy and feasible to deploy the proposed approach into realistic

vehicle routing by exploring the big traffic data. Generally, as analyzed previously, if the pro-

posed approach adopts huge amount of the traffic data, accuracy is expected to be higher, but

running time is also accordingly longer. On the other hand, if the size of traffic data is small in

the proposed approach, accuracy may decrease although running time is shorter. Therefore, it

is needed to seek an optimal balance between them.

3.6 Summary

This chapter aims at solving the arriving on time problem for a single vehicle, and the direct

objective is to determine an optimal path that maximizes the probability of reaching destination

before deadline. Generally, this problem is difficult to solve unless it applies some strong as-

sumptions on travel time distribution, correlation or deadline. To eliminate these assumptions,
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it has transformed the problem into a cardinality minimization problem, and further used an

`1-norm algorithm and its variants to solve the problem. The simulation results on an artificial

road network have shown that the algorithm works well under a variety of probability distri-

butions. The performance is not affected even when travel time dependencies are considered.

Moreover, it can solve the problem with various deadlines. When tested on the real world

road network with real traffic data, the results show that the `1-norm algorithm outperforms

the state-of-the-art algorithm. Comparing the `1-norm algorithm with its two variants, it has

been concluded that the `1-norm algorithm is a better choice by considering both accuracy and

computation time.

Note that, with the `1-norm relaxation, searching an optimal path in this arriving on time prob-

lem finally becomes solving an MILP problem, where the decision variable size is the sum of

arc amount in the graph and traffic data size for each arc. Moreover, the traffic data size is also

the number of inequality constraints, and node amount is the number of equality constraints.

Generally, the worst computation complexity of this MILP problem will exponentially increase

as the graph or traffic data size scale up. Although a central routing engine server might be pow-

erful, the computation may still become prohibitively time-consuming, especially, real road

network scale and traffic data size are generally huge. Accordingly, the computation efficiency

of this MILP-based arriving on time problem will be improved by exploring some favorable

features: different from the general MILP problem, the equality constraint in the arriving on

time problem satisfies the total unimodularity property [116, 58], and a more efficient solution

will be seek by exploring its advantage in the next chapter.
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Chapter 4

Improving the Computation Efficiency

To improve the computation efficiency of the MILP-based arriving on time

problem in Chapter 3, a partial Lagrange multiplier method is proposed in

this chapter1. The proposed approach explores the total unimodularity of an

incidence matrix in the equality constraint [116]. In particular, if it is the only

constraint in this MILP problem apart from the lower bound and upper bound

constraints, then the optimal solution to the corresponding linear programming

(LP) problem will naturally yield integer values (i.e., the part corresponding

to the path). At the same time, solving an LP problem only incurs polyno-

mial computation [117], which is more efficient than an MILP solver, i.e., the

B&B method. However, the existence of the inequality constraints in the MILP

problem is likely to impede us from utilizing the advantage of this total uni-

modularity property. Thus, the partial Lagrange multiplier method is adopted

to relax those inequality constraints [118]. More specifically, it reformulates

the inequality constraints by shifting them into the objective function as addi-

tional terms. Then the subgradient method is employed to solve this partial

Lagrange multiplier problem iteratively [119], and in each iteration the total

unimodularity property is efficiently exploited.

1This chapter is developed based on my publication: Zhiguang Cao, Hongliang Guo, Jie Zhang, Dusit Niyato
and Ulrich Fastenrath. Improving the Efficiency of Stochastic Vehicle Routing: A Partial Lagrange Multiplier
Method. IEEE Transactions on Vehicular Technology (TVT), vol. 65, no. 6, pp. 3993-4005, 2016.
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The proposed approach in this chapter has two advantages. Firstly, the partial Lagrange mul-

tiplier method can significantly improve the computation efficiency, in comparison with the

traditional B&B method. Secondly, the proposed approach has attractive generalization, be-

cause it can be easily applied to many other problems that can be expressed as some specified

convex integer programming forms (linear or nonlinear). To demonstrate this desirable gen-

eralization, it is also applied to solve the SSPD model (Stochastic Shortest Path Problem with

Delay Excess Penalty, as described in Section 2.1.3 of Chapter 2) based SSP problem.

The remainder of this chapter is structured as follows. Section 4.1 briefly introduces the two

representative models in the SSP problem, i.e., the PT model and the SSPD model, and the

total unimodularity of the incidence matrix. Section 4.2 proposes a partial Lagrange multiplier

method to efficiently solve the SSP problems based on the two models. Moreover, it elab-

orates the potential improvement and generalizes the proposed method to other applications.

Section 4.3 provides the convergence analysis and scalability analysis of the proposed method.

Section 4.4 reports the experimental results. Section 4.5 discusses several key issues regarding

the proposed method, and concludes this chapter.

4.1 The Two Models and Total Unimodularity

In order to demonstrate the desirable generalization of the proposed method, the SSPD model

as well as the PT model are considered. For better comparison of the two models from the

mathematical perspective, the PT model is presented again in this section, which is the same

with Eq. (3.16).

4.1.1 The Two Models

To solve the PT model based SSP problem, the cardinality minimization and `1-norm relaxation

are explored to reformulate it as an MILP problem in Chapter 3, which is expressed as:

min
~x

S∑
i=1

ξi

∣∣∣∣∣∣
~w>i ~x− T ≤ ξi; M~x = ~b;

ξi ≥ 0; ~x ∈ {0, 1}|Ar|.
(4.1)
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In the SSPD model based SSP problem, each arc has a deterministic travel fee and a random

travel time. It aims to obtain an optimal path that minimizes the sum of these two types of cost,

i.e., the total travel fee and the expected penalty for arriving at the destination later than the

predefined deadline [81]. This problem can be formulated as follows:

min
~x
~c>~x +

d

S

S∑
i=1

ξi

∣∣∣∣∣∣
~w>i ~x− T ≤ ξi; M~x = ~b;

ξi ≥ 0; ~x ∈ {0, 1}|Ar|,
(4.2)

where ~c denotes the vector of the deterministic travel fees on arcs and d is the penalty for each

unit delay with respect to the deadline T . Note that, with ~w>i ~x − T ≤ ξi and ξi ≥ 0, the

penalty is only effective when the delay happens. The other variables share the same meaning

with those of the PT model.

4.1.2 Total Unimodularity of the Incidence Matrix

The two optimization models in Eq. (4.1) and Eq. (4.2) can be further formulated as a stan-

dard MILP problem, and then solved by existing solvers. The solvers typically employ the

B&B method and suffer from exponential computation complexity. Because M is the inci-

dence matrix of a directed graph, it satisfies the total unimodularity property [120, 121, 58].

Additionally, considering that there are only integer elements in ~b, the optimal solution to the

corresponding LP problem in Eq. (4.3), where the SSPD model is taken as an example, would

be integer if M~x = ~b is the only constraint with or without the lower bound and upper bound

constraints [122]. Therefore, the solution to the MILP problem can be obtained by solving

only the corresponding LP problem without using the B&B method, which will greatly reduce

computation complexity.

min
~x
~c>~x +

d

S

S∑
i=1

ξi

∣∣∣∣∣∣
~w>i ~x− T ≤ ξi; M~x = ~b;

ξi ≥ 0; 0 ≤ xi ≤ 1.
(4.3)

Unfortunately, in the arriving on time problem, the inequality constraints always exist, e.g.,

~w>i ~x − T ≤ ξi in the two models. The inequality constraint will undermine the advantages

brought by the total unimodularity in the equality constraint and consequently the B&B method

is still required.
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4.2 Partial Lagrange Multiplier Method

The total unimodularity property in the two models is attractive as it ensures that an optimal

integer solution can be found by solving the LP problem. Therefore, the partial Lagrange mul-

tiplier is introduced to the LP problem (e.g., Eq. (4.3)) of the two aforementioned optimization

models. Here, the SSPD model is taken to explain the method. The similar procedure can be

applied to the PT model.

4.2.1 Partial Lagrange Multiplier

The (full) Lagrange multiplier [123] is usually used to solve the optimization problem:

min
~x
f0(~x)

∣∣∣∣∣∣ fi(
~x) ≤ 0, i = 1, . . . ,m;

hi(~x) = 0, i = 1, . . . , p,
(4.4)

where ~x ∈ Rn. The basic idea in the Lagrange multiplier is to relax the constraints in Eq. (4.4)

by augmenting the objective function with a weighted sum of the constraint functions. Then

the Lagrange function becomes:

L(~x, ~λ, ~ν) = f0(~x) +
m∑
i=1

λifi(~x) +

p∑
i=1

νihi(~x), (4.5)

where ~λ and ~ν are the Lagrange multipliers. Its dual function g(~λ, ~ν) can be expressed as

follows:

g(~λ, ~ν) = min
~x∈Rn

L(~x, ~λ, ~ν). (4.6)

Finally, with ~λ ≥ 0, the dual problem for Eq. (4.4) can be expressed as follows:

max
~λ,~ν

g(~λ, ~ν)
∣∣∣ ~λ ≥ 0. (4.7)

If the problem in Eq. (4.4) is convex, then the problem in Eq. (4.7) will be concave, and the

two problems usually have the same optimal solution with respect to ~x. Moreover, this dual
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problem can be efficiently solved by the subgradient method [119] which iteratively updates ~x,
~λ and ~ν until they converge.

To take advantage of the total unimodularity in Eq. (4.3), which is also called the primal

problem, it utilizes the partial Lagrange multiplier. This relaxes the inequality constraint by

transforming and placing the constraint in the objective function with the corresponding La-

grange multiplier [118, 124]. Thus, the dual function g(~λ) of the SSPD model in Eq. (4.3)

becomes:

min
~x
~c>~x +

S∑
i=1

d

S
ξi + λi(~w

>
i ~x− T − ξi)

∣∣∣∣∣∣M
~x = ~b;

ξi ≥ 0; 0≤ xi ≤ 1,
(4.8)

where λi ≥ 0.

4.2.2 Solution to the Partial Lagrange Multiplier

Eq. (4.8) is only the dual function. To find the real solution to the primal problem, its dual

problem should be solved, which has a similar form to that in Eq. (4.7). It first transforms the

dual function g(~λ) in Eq. (4.8) as follows:

min
~x

(~c>+W>~λ)~x−~λ>~T+(
d

S
~1− ~λ)>~ξ

∣∣∣∣∣∣M
~x = ~b;

ξi≥0; 0≤ xi≤1,
(4.9)

where λi ≥ 0. W is the traffic data matrix consisting of ~wi. ~T is the deadline vector, each

element of which is T . ~1 is a vector of ones. The solution of the corresponding dual problem of

Eq. (4.9) can be obtained using the subgradient method which iteratively solves two linear sub-

problems, referred to as Sub-problem I and Sub-problem II, to obtain ~x and ~ξ, respectively.

Then it updates the multiplier ~λ. Although the subgradient method usually involves more

than one iteration, as long as the number of iterations is bounded by a linear or polynomial

function of the problem scale, i.e., graph size and traffic data size on each arc, the complexity

for the method is still polynomial. This is because the two linear sub-problems need at most

polynomial computation.
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4.2.2.1 Sub-problem I

Sub-problem I is an LP problem with ~x, which should be solved in each iteration with updated
~λ, i.e.,

min
~x

(~c> + W>~λ)~x− ~λ>~T

∣∣∣∣∣∣M
~x = ~b;

0 ≤ xi ≤ 1,
(4.10)

where λi ≥ 0. Since Eq. (4.10) is an LP problem, the incidence matrix M satisfies the total

unimodularity property and the O-D vector ~b is an integer, its optimal solution is always inte-

ger. Moreover, this LP problem can be efficiently solved by the interior point method (IPM),

which guarantees polynomial computation complexity [125].

4.2.2.2 Sub-problem II

Sub-problem II is an LP problem with ~ξ, which should also be solved in each iteration with

updated ~λ, i.e.,

min
~ξ

(
d

S
~I− ~λ)>~ξ

∣∣∣ ξi ≥ 0, (4.11)

where λi ≥ 0. Since this objective function is linear and the constraint is to guarantee the

lower bound, it can be solved with linear computation complexity. Specifically, in real imple-

mentation, if ( d
S
− λi) > 0, ξi = 0. If ( d

S
− λi) < 0, ξi = +∞, and a big value of Λ (i.e.,

107) is used to replace +∞. If ( d
S
− λi) = 0 and according to the KKT condition [123], it has

λi(~w
>
i ~x− T − ξi) = 0. Since λi 6= 0 due to ( d

S
− λi) = 0, then it has ξi = ~w>i ~x

∗ − T , where

~x∗ is the optimal solution to Eq. (4.10) at the same iteration.

4.2.2.3 Updating ~λ

The Sub-problems I and II are connected by the mutual partial Lagrange multiplier ~λ. In each

iteration, ~λ will be updated as follows:

~λ(k+1) = ~λ(k) + αk · ∇g(~λ(k)), (4.12)

where αk and∇g(~λ(k)) are step size and subgradient of ~λ at the kth iteration, respectively.
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More specifically, for αk, the diminishing step rule is applied into an optimal version, and it

has αk = (R/G)/
√
k, where R and G are relevant to the bound of ~λ and ∇g(~λ) respectively

(more details will be presented in Section 4.3.1 and Section 4.3.2). Regarding the subgradient,

it has∇g(~λ(k)) = (W~x(k) − ~T− ~ξ(k)), which can be easily derived from Eq. (4.8), where ~x(k)

and ~ξ(k) are the optimal solutions to Eq. (4.10) and Eq. (4.11), respectively. Further, to keep

that each element of ~λ(k+1) is non-negative, it has

λk+1
i = max{λk+1

i , 0}. (4.13)

4.2.2.4 Stopping Criterion

The subgradient method is different from the descent method [126], and there is usually no

dominating stopping criterion. In real applications, the proposed method always keeps track of

the best solution, which is expressed as g(k)best = max
i=1,...,k

g(~λ(i)), where g(~λ) is the dual function

in Eq. (4.9). Here, the iteration is terminated if g(k)best has no significant improvement within Φ

iterations [127, 128] (i.e., g(k+1)
best − g

(k)
best ≥ ε1, where ε1 is a small positive value). The overall

procedure of the partial Lagrange multiplier method is summarized in Algorithm 1.

4.2.3 Improvement

Sub-problem I in Eq. (4.10) is an LP problem with respect to ~x, and it can be efficiently solved

with polynomial computation complexity by the IPM. Due to the total unimodularity, ~x will

be a 0-1 vector by default, which represents a path connecting the origin and the destination.

Therefore, considering the objective function in Eq. (4.10), Sub-problem I is also a shortest

path problem in nature, the objective of which is to minimize certain cost, i.e., ~c> + W>~λ.

Since in Sub-problem I, ~λ is a constant and the output which will be utilized in the subsequent

steps is only ~x, the traditional shortest path algorithm can also employed, i.e., the Dijkstra

algorithm, to solve it. To find this optimal path ~x with respect to Eq. (4.10), the Dijkstra

algorithm only needs logarithmic computation complexity [129]. Hence, as the problem scales

up, the Dijkstra algorithm is much more efficient than the IPM. Note that, generally, an LP
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Algorithm 1: Partial Lagrange Multiplier Method

Input : W, M, ~c, ~b, d and Φ;

Output: ~x∗;
1 Initialize g(0)best = −∞;

2 Set the iteration index k = 1, kx = 0;

3 Randomly initialize λi and ensures that 0 ≤ λ
(k)
i ≤ d

S
;

4 do
5 Get optimal solution ~x(k) [Sub-problem I in Eq.(4.10)];

6 Get optimal solution ~ξ(k) [Sub-problem II in Eq.(4.11)];

7 if g(k)best − g
(k−1)
best ≥ ε1 then

8 kx = k;

9 k = k + 1;

10 Compute the step size αk;

11 Compute the gradient∇g(~λ(k));

12 Update multiplier ~λ(k) using Eq. (4.12) and Eq. (4.13);

13 while k − kx > Φ;

14 Output optimal path ~x∗ = ~x(kx).

problem cannot be solved by the shortest path algorithm. But in Eq. (4.10), M is the node-arc

incidence matrix of a graph, and ~b is a O-D vector, so the Dijkstra algorithm is able to solve

it.

However, it is natural to write Sub-problem I as an LP problem because the SSPD model is

an MILP problem, and this LP is part of it, which is helpful to analyze the partial Lagrange

multiplier method. But in real applications, it may employ shortest path algorithm, i.e., Dijkstra

algorithm, to solve Eq. (4.10) to further improve efficiency.

4.2.4 Generalization

The proposed partial Lagrange multiplier method has attractive generalization, because it can

be easily extended to other problems besides the SSP problem. More specifically, based on the
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descriptions in Section 4.2.2, these problems should have the following form:

min
~x
ρ(~x, ~ξ)

∣∣∣∣∣∣ W~x− ~T ≤ ψ(~ξ); M~x = ~b;

ξi ≥ 0; ~x ∈ {0, 1}|Ar|,
(4.14)

where ρ(~x, ~ξ) should be a linear function with respect to ~x, and convex function (linear or

nonlinear) with respect to ~ξ. ψ(~ξ) should be a concave function (linear or nonlinear) with

respect to ~ξ. M should satisfy the total unimodularity and ~b should be an integer vector.

Generally, most of the SSP problems satisfy these conditions [120] and therefore the partial

Lagrange multiplier method is applicable. As for other problems of this form, the B&B method

is subject to the exponential computation complexity. For the proposed method, regarding

Eq. (4.14), Sub-problem I is an LP problem with respect to ~x which always generates an integer

solution. Sub-problem II is a convex optimization problem (linear or nonlinear) with respect

to ~ξ. Both of them can be solved with at most polynomial computation complexity. Here, Sub-

problem I can be solved with logarithmic computation complexity as stated in Section 4.2.3.

Therefore, as long as the number of iterations is bounded by a linear or polynomial function of

the problem, its computation complexity would be determined as polynomial at most.

4.3 Theoretical Performance Analysis

In this section, the convergence of the partial Lagrange multiplier method for the PT model

and the SSPD model is analyzed. Then the scalability analysis is performed.

4.3.1 Convergence Analysis

To demonstrate theoretically that the proposed method can efficiently solve the two optimiza-

tion models, it first proves that the dual function g(~λ) is concave. Then, it proves that g(~λ)

can converge within a limited number of iterations. Finally, it proves the strong duality that

when g(~λ) converges, the corresponding ~x∗ is the optimal solution to the MILP problem of the

two optmization models. Again, for the sake of better illustration, the PT model is taken as an

example. The same procedure can be applied for the SSPD model.
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4.3.1.1 Concavity

The dual function of the PT model is formulated as follows:

g(~λ) = min
~x

S∑
i=1

ξi + λi(~w
>
i ~x− T − ξi), (4.15)

where the domain of ~x is defined by the constraint in Eq. (4.8). To show the concavity, the

parameter θ (0 ≤ θ ≤ 1) is introduced, and it has

θ · g(~λ1) = min
~x

S∑
i=1

θξi + θλ1i (~w
>
i ~x− T − ξi), (4.16)

(1− θ) · g(~λ2) = min
~x

S∑
i=1

(1− θ)ξi + (1− θ)λ2i (~w>i ~x− T − ξi), (4.17)

and
g(θ~λ1 + (1− θ)~λ2)

= min
~x

S∑
i=1

ξi + (θλ1i + (1− θ)λ2i )(~w>i ~x− T − ξi)

= min
~x

S∑
i=1

(θ+(1−θ))ξi+(θλ1i +(1−θ)λ2i )(~w>i ~x−T−ξi)

= min
~x

S∑
i=1

θ(ξi + λ1i (~w
>
i ~x− T − ξi))+

S∑
i=1

(1− θ)(ξi + λ2i (~w
>
i ~x− T − ξi)).

(4.18)

Because minpi∈~p{pi}+minqi∈~q{qi} is always no larger than minei∈~e=~p+~q{ei} [123], consider-

ing Eq. (4.16), Eq. (4.17) and Eq. (4.18) together, it can derive that θ · g(~λ1) + (1− θ) · g(~λ2) ≤
g(θ~λ1 + (1− θ)~λ2). Therefore, g(~λ) is concave.

4.3.1.2 Convergence

It has been proved that g(~λ) is concave. Then, that it can converge to the optimum by updating
~λ iteratively will be shown. Because ∇g(~λ(k)) = (W~x(k) − ~T − ~ξ(k)), where W is the real

world travel time data, ~T is the user defined deadline and ~ξ is a non-negative decision variable
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of the minimization problem in Eq. (4.11), ‖∇g(~λ)‖2 ≤ G can be assumed where its details can

be found in Section 4.3.2. From Eq. (4.11), it derives that λi ≤ d
S

. Additionally, considering

that λi ≥ 0 is an intrinsic constraint, therefore ‖~λ(1) − ~λ∗‖2 is bounded, and it can assume

‖~λ(1) − ~λ∗‖2 ≤ R (details can be found in Section 4.3.2). Then it has:

‖~λ(k+1) − ~λ∗‖22 = ‖~λ(k) + αk∇g(~λ(k))− ~λ∗‖22
= ‖~λ(k) − ~λ∗‖22 + 2αk∇g(~λ(k))(~λ(k) − ~λ∗)+

α2
k‖∇g(~λ(k))‖22
≤ ‖~λ(k) − ~λ∗‖22 + 2αk(g(~λ(k))− g(~λ∗))+

α2
k‖∇g(~λ(k))‖22.

(4.19)

The inequality in Eq. (4.19) is derived based on the fact that for a concave function it has

g(~λ∗)) ≤ g(~λ(k))) + ∇g(~λ(k))(~λ∗ − ~λ(k)) [130]. Then, applying it recursively, the following

result can be obtained:

‖~λ(k+1) − ~λ∗‖22 ≤ ‖~λ(1) − ~λ∗‖22+

2
k∑
i=1

αi(g(~λ(i))− g(~λ∗)) +
k∑
i=1

α2
i ‖∇g(~λ(i))‖22

≤ R2 + 2
k∑
i=1

αi(g(~λ(i))− g(~λ∗)) +G
k∑
i=1

α2
i .

(4.20)

Because g(~λ) is concave and it always keeps the current best function value, then the following

relationship can be derived:

k∑
i=1

αi(g(~λ(i))− g(~λ∗)) ≤ (g
(k)
best − g(~λ∗))(

k∑
i=1

αi). (4.21)

Further, the following result can be obtained:

g
(k)
best − g(~λ∗) ≤ R2 +G2

∑k
i=1 α

2
i

2
∑k

i=1 αi
. (4.22)

For the optimal version of the diminishing rule αk = (R/G)/
√
k, as k increases, g(k)best will

converge to g(~λ∗). Furthermore, the number of iterations required is K ≤ (RG/ε2)
2, where ε2

is the error tolerance.
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4.3.1.3 Strong Duality

It will be shown that when g(~λ) is maximized, the corresponding ~x∗ is the optimal solution to

the respective primal problem. According to the Slater’s constraint qualification, if the original

optimization problem is convex and it is strictly feasible that there exists at least one feasible

solution guaranteeing that “ < ” holds for the inequality constraint, then the optimal solution

to the dual problem is also optimal to the primal problem [131]. The LP version of the SSPD

model is convex, and it is easy to find at least one strictly feasible solution as long as the

destination is reachable from the origin and that each λi is large enough. Consequently, it is

concluded that if ~λ∗ is the optimal solution to the dual problem, then the corresponding ~x∗ is

also the optimal integer solution to its primal problem and hence the SSPD model.

As for the PT model, its convergence analysis can be easily deducted in a similar way with that

of the SSPD model.

4.3.2 Scalability Analysis

Section 4.3.1 has proved that the proposed method will converge within K ≤ (RG/ε2)
2 it-

erations. Regarding R, because it has 0 ≤ λi ≤ 1 for the PT model and 0 ≤ λi ≤ d
S

for

the SSPD model, considering ‖~λ(1) − ~λ∗‖2 ≤ R, it is valid to assume R =
√
S for the PT

model, where S is the length of ~λ and also the number of the traffic data samples on each arc.

For the SSPD model, it is safe to assume R =
√
d. Regarding G, it has ‖∇g(~λ)‖2 ≤ G and

∇g(~λ(k)) = (W~x(k) − ~T − ~ξ(k)) for both models. On one hand, if (~w>i ~x
(k) − T − ξ(k)i ) ≥ 0,

considering ‖∇g(~λ)‖2 ≤ ‖W~x‖2 ≤ ‖W~I(|Ar|×1)‖2, it is reasonable to assume G = Q1

√
|Ar|,

where Q1 is a constant associated with the traffic data and |Ar| is the length of ~x and also the

total number of arcs in the graph. On the other hand, if (~w>i ~x
(k) − T − ξ

(k)
i ) < 0, consid-

ering ξi = 0 or ξi = ~w>i ~x
(k) in Sub-problem II, it has ‖∇g(~λ)‖2 ≤ ‖~T‖2. Since T is the

user-defined deadline, which usually increases with the number of arcs connecting the origin

and destination, it is reasonable to assume that G = Q2

√
|Ar|, where Q2 is also a constant

associated with the traffic data. Combing the two cases, it is safe to assume G = Q
√
|Ar|,

where Q = max{Q1, Q2}.
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Incorporating them intoK ≤ (RG/ε2)
2, it can be concluded that for the PT model the required

number of iterations is K ≤ Q2 × S × |Ar|/(ε2)2. It is basically bounded by a linear function

of the traffic data size on each arc and the graph size. For the SSPD model, the required

number of iterations is K ≤ Q2 × d × |Ar|/(ε2)2, where d is the penalty for the unit delay,

hence a constant. Thus, the required number of iterations is bounded by the linear function of

the graph size. Within each iteration, the major computation complexity comes from the LP

problem in Sub-problem I, which can guarantee polynomial computation complexity using the

IPM. Consequently, considering both optimization models, the overall computation complexity

for the proposed partial Lagrange multiplier method can be measured as polynomial.

Note that the above conclusion is drawn based on the assumption that Sub-problem I is solved

by the IPM. In real applications, the Dijkstra algorithm may be employed instead, which can

guarantee logarithmic computation complexity. Therefore, the above conclusion of polynomial

computation complexity is only an upper bound.

4.4 Experimental Analysis

It has been theoretically concluded in Section 4.3.1 and Section 4.3.2 that the proposed partial

Lagrange multiplier method can solve the two optimization models of SSP problems efficiently.

Here, it provides comparison with traditional B&B method (i.e., adopted in Chapter 3) to

further justify the advantages of the proposed method. Moreover, to comprehensively evaluate

the improvement brought by the Dijkstra algorithm in the proposed partial Lagrange multiplier

method, the Sub-problem I are solved using both the IPM and the Dijkstra algorithm. In

particular, for each experimental setting, it will utilize three methods to solve the SSPD model

and the PT model, i.e., B&B method, PLM IPM method (partial Lagrange multiplier method

with IPM) and PLM Dijkstra method (partial Lagrange multiplier method with the Dijkstra

algorithm).

For each method, it solves the optimization models on three different scales of graphs: small

scale, medium scale and large scale. For each scale, different traffic data sizes are applied.

Additionally, for the large scale graph, the proposed method is implemented into a simulator,

which is used in a commercial navigation system.
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4.1.a 65-node,123-arc 4.1.b 256-node,668-arc 4.1.c 538-node,1450-arc

Figure 4.1: Three Graphs of Small Scale

4.4.1 Small Scale: Three Different Graphs

The experimental setting for both optimization models is stated as follows:

• It implements the methods on MATLAB (version: 2014a), which is installed in a PC

with Intel Core i7-3540M processor and 8.00 GB RAM.

• It generates three graphs with different size: 1) 65-node and 123-arc, which is an ar-

tificial graph; 2) 256-node and 668-arc, which is extracted from the road network of

Pennsylvania; and 3) 538-node and 1450-arc, which is extracted from the road network

of California. The three graphs are shown in Fig. 4.1. Note that their topologies are

described by the node-arc incidence matrix, which is M respectively in Eq. (4.1) and

Eq. (4.2).

• It uses different traffic data size: 500, 1,000, 1,500 and 2,000, and all the traffic data

(travel time) for each arc is randomly generated according to the normal distribution2.

The unit of the travel time is second. Note that the data size is S, and the travel time data

is ~wi in Eq. (4.1) and Eq. (4.2). For the SSPD model, is randomly generates the travel

fee on each arc, which is ~c in Eq. (4.2).

• It randomly chooses the origin-destination (O-D) pair, which is described by ~b in Eq. (4.1)

and Eq. (4.2), as long as D is reachable from O.
2In real-world scenarios, travel time may follow arbitrary distributions [132, 133]. Here, it uses normal distri-

bution for simplification.
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Figure 4.2: Average f (k)
best Over the Iterations

• It randomly chooses the deadline T . In most of the cases, it imposes the condition that,

for the optimal path, the probability of arriving at the destination before the deadline is

larger than 0% and smaller than 100%.

• For each setting, it runs experiments for 1000 times.

More specifically, the B&B method uses the intlinprog function of the MATLAB optimization

toolbox to directly solve the MILP problem. The PLM IPM method uses the linprog function

of the same toolbox to solve the LP problem in Sub-problem I. The PLM Dijkstra method uses

the graphshortestpath function in the MATLAB bioinformatics toolbox. The convergence of

the partial Lagrange multiplier method is shown in Fig. 4.2, and the average computation time

of the three methods is shown in Fig. 4.3 and Fig. 4.4.

In Figs. 4.2(a), (b), and (c), ‘O.F.V’ on vertical axis refers to the objective function value.

Regarding the proposed partial Lagrange multiplier method, the values of the best objective

function f (k)
best are plotted for each graph as the number of iterations increases, and these values

are averaged over different data sizes. Additionally, it plots the average of the actual optimal

values f ∗. From these curves, it is observed that all the objective functions on different graphs

can converge to the real optimal solutions. Although the number of iterations required slightly

increases as graph size scales up, the number of iterations for convergence is still no larger than

25 on the largest graph.

Comparing Figs. 4.3(a), (b), and (c), with respect to the PT model and the SSPD model, it can

be easily observed that computation time of the PLM IPM method is always less than that of
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Figure 4.3: Computation Time with Respect to the B&B Method and the PLM IPM Method

B&B method for most cases except for traffic data size of 500 in Fig. 4.3(a). As graph becomes

larger, computation time of B&B method increases significantly, especially in Figs. 4.3(b) and

(c). The computation time only slightly increases for the PLM IPM method. Again, almost no

increase in computation time can be noticeably found for the PLM IPM method.

Before analyzing the causes for the observed effects of the computation time, note that the

variable ~x represents the arcs of the graph. The length of ~ξ is the traffic data size of each arc,

which is also the number of the inequality constraints in the PT model and the SSPD model.

To solve the standard MILP problem of the optimization models, the B&B method will solve

the corresponding LP problem of the same size in each branch, where ~x and ~ξ together form

the decision variables. Consequently, this LP problem becomes bigger as the graph size or

the traffic data size becomes larger. Moreover, the number of the inequality constraints also

becomes larger if the traffic data size is increased. Although this LP problem can be solved with

polynomial computation using the IPM, its scale is relatively large and the number of branches

might be exponential. In the PLM IPM method, in each iteration, the major computation

is from the LP problem of Sub-problem I, whose decision variable is only ~x. Additionally,

considering that there is no inequality constraint, this LP problem is only subject to the scale

of the graph. Thus, it is simpler than the B&B method. Although the decision variable ~ξ in

Sub-problem II is associated with the traffic data size, it can be efficiently solved with linear

computation because there is only a lower bound constraint. Its computation time can be

nearly neglected. More importantly, the number of iterations is bounded by a linear function
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Figure 4.4: Computation Time with Respect to the PLM IPM Method and the PLM Dijkstra

Method

of the graph scale or the traffic data size. By contrast, because of the total unimodularity,

Sub-problem I always results in integer solutions, which also increases the convergence speed.

Thus this number of iterations is more desirable than the number of branches in the B&B

method. Taking all the analysis into consideration, it can postulate that the computation time

slightly increases as the graph scales up while almost does not change as the traffic data size

becomes larger within each graph. However, this advantage is not evident if graph size and

traffic data size are both small, e.g., traffic data size of 500 on the 65-node and 123-arc graph.

This is reasonable because the B&B method can also solve the MILP problem efficiently in

this case.

Comparing Figs. 4.4(a), (b), and (c), with respect to the PT model and the SSPD model, it can

be easily observed that computation time of PLM Dijkstra method is always less than that of

PLM IPM method for each case, and computation time of the former is always around 0.1s.

As the graph scales up, the computation time of the two methods only increases slightly.

Before analyzing the underlying causes of this result, note that the computation time of the

three methods were not shown in the same figure because it is obvious that, the PLM Dijkstra

method is far more efficient than the B&B method, and the bar almost cannot be seen if it

is plotted against that of the B&B method in the same figure. In the proposed partial La-

grange multiplier method, there are three major steps: solving Sub-problems I, solving Sub-

problems II and updating Lagrange multiplier. As stated previously, the first step is more
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Figure 4.5: Comprehensive Results on the Graph of Medium Scale

time-consuming although the IPM method is efficient. On the other hand, from the function-

ality aspect, PLM IPM method and PLM Dijkstra method are the same. Nonetheless, the

Dijkstra algorithm is more efficient to solve the Sub-problems I because it can guarantee log-

arithmic computation complexity. Therefore, it can be observed that computation time of the

PLM Dijkstra method is much less than that of the PLM IPM method. Furthermore, it is far

more efficient than the B&B method.

4.4.2 Medium Scale: Graph of Singapore Main Roads

The proposed method is further tested on a relatively large graph: Singapore main road net-

work. To create this graph, it first extracts all nodes and arcs of the whole Singapore road

network from OpenStreetMap [134]. Then it removes some small roads, and keep only the

major ones. Thus, it has the Singapore main road graph with 6,476 nodes and 10,253 arcs. The

experiment setting is exactly the same as the one in Section 4.4.1. The convergence curve of

the partial Lagrange multiplier method is shown in Fig. 4.5(a), and the average computation

time of the three methods are shown in Figs. 4.5(b) and (c).

From Fig. 4.5(a), it can be observed that although the graph scale is large, the proposed method

can still guarantee convergence for the SSPD and PT models. Furthermore, the maximum

number of iterations required for convergence is less than 30.
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From Fig. 4.5(b), it can be observed that the computation time of the B&B method increases

significantly as the data size increases. It is longer than 450s for the data size of 2,000, and

longer than 100s even for the data size of 500, which is prohibitively time-consuming. While

the computation time of the PLM IPM method almost does not increase, which is always

around 9s. Therefore, the PLM IPM method is more efficient than the B&B method. From

Fig. 4.5(c), it can be seen that, the computation time of the PLM Dijkstra method only slightly

increases as the data size scales up, which is always less than 1s, and also less than that of the

PLM IPM method. Therefore, it is far more efficient than the B&B method. Moreover, the

outcomes of the analysis in Section 4.4.1 still holds for these observations.

4.4.3 Large Scale: Graph of All Roads in Beijing

The experiments in Sections 4.4.1 and 4.4.2 showed promising results regarding the proposed

partial Lagrange multiplier method, and it is continued to be tested on large scale road network,

which is extracted from the map of Beijing city, as shown in Fig. 4.6. In [132, 135, 136], a

popular set of real trajectory data of 10,357 taxis in Beijing is provided, which mainly records

the taxi coordinates in terms of longitude and latitude at one moment3. However, it is not

easy to incorporate them into the routing algorithms where travel time on each road link is

directly needed. To make it more applicable, another set of GPS trajectory data generated by

32,670 taxicabs in Beijing is provided in [71], which includes the travel time on each road link

structured in time slots and the underlying graph. To be more specific, there are 48 slots for

one day and each slot spans 30 minutes. The graph contains 148,068 nodes and 329,148 arcs.

Note that it treats bidirection road link as two different arcs in the graph.

The PLM Dijkstra method is the most efficient in Sections 4.4.1 and 4.4.2, which is also the

focus of this Chapter. It will further justify its feasibility and efficiency by solving real world

routing on the Beijing road network with the real traffic data. Moreover, experiments will be

performed on three different time dependent scenarios, i.e, 1am-4am, 7am-10am and 5pm-

8pm. To achieve this, it only needs to query the traffic data which are generated within the

3The dataset is available at: https://www.microsoft.com/en-us/research/people/yuzheng/
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Figure 4.6: Beijing Road Network
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Figure 4.7: The Average Minimum Number of Road Links between O-D for Each Scenario

specified slots, and then apply them into the algorithm. The travel time data can be easily

extracted according to the ‘time slots’ attribute in [71]. For each time dependent scenario, it

again samples 500, 1000, 1500 and 2000 data on each road link, and then incorporates them

into the matrix W in Eq. (4.1) and Eq. (4.2). Generally, finding a longer path will be more

difficult in terms of computation. To better justify the proposed method, it randomly chooses

reachable O-D pairs and only keep those which contain at least 150 road links on its ‘shortest’

path. Here, ‘shortest’ refers to minimum number of road links, and it can be easily achieved by

setting each arc weight as 1. Other experiment settings are the same with those of Sections 4.4.1

and 4.4.2. Then, the average number is recorded in Fig. 4.7.

From Fig. 4.7 it can be observed that the average number of road links is around 200 for

each O-D under the three time dependent scenarios, which means that on average, the driver

should traverse at least 200 roads links to reach destination. With those O-D pairs, it then

performs the PLM Dijkstra method to solve the SSPD model and the PT model. The average
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Figure 4.8: Average f (k)
best Over the Iterations for Different Time Slots
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Figure 4.9: Computation Time with Respect to Different Time Slots

objective function for each iteration is shown in Fig. 4.8, and the average computation time of

the PLM Dijkstra method with respect to three different scenarios is shown in Fig. 4.9.

From Fig. 4.8 it can be observed that the average value of objective function f
(k)
best always

converges to optimal value f ∗ for the two models, within 30 iterations. The convergence is

not as smooth as those in Fig. 4.2 and Fig. 4.5(a). The major reason is that in Sections 4.4.1

and 4.4.2, all traffic data is generated following normal distributions. Conversely, travel time

data used in Section 4.4.3 is from real traffic, which is more chaotic and may not follow certain

distribution. Another noticeable phenomenon is that the traffic is time dependent. The values

of objective function, which is correlated with the potential delay, of 7pm-10pm and 5pm-8pm

are much larger than that of 1am-4am. This is because 7am-10am and 5pm-8pm are peak

hours, and more delay will be experienced.
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From Fig. 4.9 it can be observed that, the computation time slightly increases as the traffic data

size becomes larger for the two models, roughly from 9 to 14 seconds. It is much longer than

that of Fig. 4.5(c), which is around one second. This is because the size of the Beijing road

network (148,068 nodes and 329,148 arcs) is significantly larger. From this evaluation scenario

which is considered to be realistic, the performance of the PLM Dijkstra method on the Beijing

road network is satisfactory. It is also highlighted that the B&B method in this case cannot be

applied because it needs thousands of seconds to compute one path, which is impractical in

practice.

Comparing Figs. 4.9(a), (b), and (c), it is also observed that different from the objective func-

tion, the computation time is independent of the time slots. This is because although the pro-

posed method is data driven in nature, the computation complexity mainly depends on the size

of the problem, which is up to polynomial, as analyzed in Section 4.3.2. In particular, the travel

time will not significantly affect the computation.

Note that the largest graph that considered in Section 4.4 is Beijing city. The proposed method

was not tested on continental level graphs. This is because the the arriving on time problem

targets on the users in a city, where road traffic uncertainties often exist due to various factors.

Nonetheless, if the driver plans to travel, e.g., from New York to San Francisco, the recom-

mended approach is to first find a path by conventional deterministic path finding (i.e., the

shortest distance). Then upon reaching San Francisco city, the driver can switch to the arriving

on time solution to further find an optimal path.

4.4.4 Implementation on Real Navigation System

The experiments in Sections 4.4.1, 4.4.2 and 4.4.3 have justified convergence and efficiency of

the proposed partial Lagrange multiplier method. Since the PLM Dijkstra method is the most

efficient, which is also the focus of this Chapter, its feasibility to solve real world SSP problem

will be further assessed. Here, it implements the PLM Dijkstra method into a vehicle routing

simulator, i.e., Qtrip, which is a front-end user interface of the BMW’s traffic routing system.

To the best knowledge of the author, searching a path in Qtrip is the same as finding a path in

a real commercial navigation system.
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For the underlying graph, the whole Singapore road map (Fig. 4.10) is loaded into the simulator.

In the graph, there are 18,246 nodes and 37,225 arcs. Each time it reads the travel time data

on each road link from a database instead of directly generating them. The data size is still

500, 1,000, 1,500 and 2,000. Other experiment settings are the same as those of Sections 4.4.1

and 4.4.2.

Figure 4.10: Singapore Road Network

The PLM Dijkstra method is used to solve SSPD model and PT model for 1,000 times. For

each model, the average time of the overall application processing or response time, and al-

gorithm computation time are recorded in Table 4.1. The overall response time refers to the

time duration from the moment when the user clicks “Search” button in the software to the

moment when an optimal path is returned. This overall response time includes the time taken

for extracting the graph information, reading traffic data from the database for each road link,

and displaying the optimal path on the map. The algorithm computation time refers to the time

duration to execute all the steps in Algorithm 1.

Table 4.1: Computation Time Complexity for the Real World Road Network
500 1000 1500 2000

SSPD (Algorithm Computation) 2.31 2.39 2.37 2.42

SSPD (Overall Response) 6.32 7.39 8.53 9.73

PT (Algorithm Computation) 2.46 2.51 2.49 2.57

PT (Overall Response) 6.58 7.62 8.77 9.89

From Table 4.1, it is observeed that, on this large scale graph, the algorithm computation time

of the PLM Dijkstra is always smaller than 3s, and almost does not increase as the data size
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increases. It is significantly efficient considering that the average computation time of the

B&B method is always longer than 100s even for the medium scale graph as presented in

Section 4.4.2. The overall response time is much longer than the algorithm computation time.

This is because it includes additional system overhead, e.g., extracting the graph information

from the map and displaying the optimal path on the map. It is also observed an increase for the

overall response time as the data size scales up, and it is expected since the system needs more

time to read the data from the database and needs more memory space to store them. However,

the longest average overall response time for data size of 2,000 is still shorter than 10s, and

it is acceptable considering that the routing is done for the whole city. Moreover, the optimal

path of the two optimization models takes the stochastic nature of the traffic into consideration,

and is more promising than the traditional shortest distance path or the least expected travel

time path. Besides, in the real application, it may need less data for each road link, which will

further reduce the overall response time. Therefore, it is concluded that the proposed partial

Lagrange multiplier method, especially the PLM Dijkstra method, can solve the real world

vehicle routing problem with high efficiency. Note that it is easy to make the routing on Qtrip

time dependent because the proposed method is data driven in nature. As long as traffic data

matrix W in the two models is extracted according to the specific time slots, as described in

Section 4.4.3, it is able to solve the time-dependent routing problem.

4.5 Summary

The PT model and SSPD model based SSP problems can be approximately solved by express-

ing them as MILP problems. The traditional way to solve these MILP problems is the B&B

method, which is subject to exponential computation complexity. The incidence matrix in the

equality constraint of these MILP problems satisfies the total unimodularity property, which

helps to obtain an optimal solution by only solving a linear programming (LP) problem. How-

ever, the existence of inequality constraints always undermines this advantage. To fully utilize

the benefit of the total unimodularity property, the partial Lagrange multiplier method have

been proposed to relax the inequality constraints, which can be further efficiently solved using
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the subgradient method. The proposed method can guarantee polynomial computation com-

plexity. It has theoretically proved the convergence and the efficiency, which are also assessed

by the experiments on the small, medium, and large scale graphs. Additionally, the experi-

mental results on the Beijing road network with real traffic data have shown that the proposed

method can efficiently solve the time-dependent arriving on time problem. The implementa-

tion on a navigation system based on the Singapore road network has further confirmed that

the proposed method can be applied to efficiently solve the real world arriving on time prob-

lem. However, the polynomial computation complexity is not claimed for all general MILP

problems because they are NP-hard [137]. The achievable efficiency only holds for problems

with specific conditions as stated in Section 4.2.4, and the PT model and SSPD model based

SSP problems happen to comply with them.

The proposed method significantly improves the computation efficiency in comparison with

the B&B method in Chapter 3. The solution regarding the PT model based SSP problem

in this chapter is accurate to the `1-norm relaxation in Chapter 3, but still an approximation

to the cardinality minimization, thus also an approximation to the arriving on time problem.

Therefore, there is still room to improve the accuracy of finding the real optimal path for the

arriving on time problem.
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Chapter 5

Improving the Accuracy

In Chapter 3, the arriving on time problem is expressed as a cardinality min-

imization problem, and it is relaxed using the `1-norm, which is further refor-

mulated as an MILP problem. Consequently, the solution to the MILP problem

is an approximation to the arriving on time problem. Although the computa-

tion efficiency is significantly improved in Chapter 4, the solution is directly

targeting at the MILP problem, thus, still an approximation to the arriving on

time problem. Therefore, there is still much room for improving the accuracy.

To improve the accuracy of finding the real optimal path for the arriving on

time problem, in this chapter1, a practical Q-learning method is proposed. In

particular, rather than treating the arriving on time problem as a monolithic

non-convex optimization problem, it can also be treated as a sequential deci-

sion making problem. The proposed Q-learning method is based on the key

insight that the arriving on time problem can be reformulated in such a way

that dynamic programming approaches do apply. To overcome the disadvan-

tage that the reformulation may blow up the state space, a neural network is

proposed to approximate the value function, which generalizes over the contin-

uous space of deadlines.

1This chapter is developed based on my publication: Zhiguang Cao, Hongliang Guo, Jie Zhang, Frans
Oliehoek and Ulrich Fastenrath. Maximizing the Probability of Arriving on Time: A Practical Q-Learning
Method. 31th AAAI Conference on Artificial Intelligence (AAAI), 2017.
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The proposed Q-learning method in this chapter is designed to maximize the probability of ar-

riving on time, which is expressed as the ratio between the number of times in which the vehicle

reaches destination before deadline, i.e., success, and the total number of travels. Specifically,

each success event is considered as a reward, each pair of intersection and deadline are consid-

ered as a state, and the driving direction at each intersection is considered as an action. Thus,

the travel time data of road links could be directly utilized to calculate the reward, and the com-

plete optimal path can be found by deciding a best action at each intersection. In so doing, the

main benefit of the proposed method is its practicality, in that it can be readily applied in the

real world. Specifically, 1) it is interpretable by normal drivers: the converged Q-values have

the practical meaning as the actual probabilities of reaching destination before deadline, thus

the accuracy of finding the real optimal path gets improved; 2) it is computationally feasible

even for large road networks; 3) it enables the capability of providing time-dependent path rec-

ommendations; 4) it directly utilizes available travel time data, so does not require any strong

assumptions. Extensive experiments on both artificial and real road networks are conducted,

and the results justify the significant advantages of the proposed method over others. Thus, the

solution has high potential to be deployed in real vehicles for field test.

The remainder of this chapter is organized as follows. Section 5.1 introduces the background

of the Q-learning method. Section 5.2 elaborates the basic Q-learning method which is used

to handle the case of discrete deadlines. Section 5.3 develops a practical Q-learning method

which handles the continuous deadlines and large scale network, where the dynamic neural

network is adopted to learn a value function. Section 5.4 verifies the Q-learning method by

conducting experiments both on artificial and real road networks. Section 5.5 summaries this

chapter.

5.1 Background on Q-learning

To better illustrate that the Q-learning method can solve the arriving on time problem, the PT

model is first re-interpreted in a simplified manner. Particularly, the problem can be mathemat-

ically described as follows: in a directed graph G = (V ,L), V is a set of nodes representing
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road intersections, L is a set of arcs representing road links, and o,d ∈ V represent the origin

and destination, respectively. The objective is to maximize Prob(~w>~x ≤ τ), where ~w is a ran-

dom vector containing the travel time for each road link, τ is the deadline (i.e., τ is the same

with T in Eq. 3.2, which actually represents the time to deadline), and ~x is a set of road links

in which an element is “1” if the road link is on the corresponding path [17]. This problem is

difficult to solve efficiently as it does not follow any typical optimization forms, e.g., convex

optimization.

Rather than treating the problem as a monolithic non-convex optimization problem, it can also

be treated as a sequential decision making problem. In particular, in the next section it will

describe how the problem can be modeled as a Markov decision process (MDP) [138]. An

MDP is defined by a five-tuple (S, A, P s′
s,a, R(s), γ ∈ [0, 1]), where S represents the state space

(s, s′ ∈ S), A represents the set of actions, P s′
s,a represents the transition distribution from s

to s′ by action a (a ∈ A), R(s) represents the reward at s, and γ is the discount factor. The

MDP aims to find an optimal policy π∗ which maps states to actions in such a way that the

expected cumulative discounted reward is maximized. In cases where the MDP is not known

in advance, reinforcement learning (RL) methods can be used to learn the optimal policy [61].

For instance, Q-learning [139] repeatedly applies the following equation to sampled transitions

(s, a, s′, r):

Q(s, a)←Q(s, a)+α[R(s′)+γmax
a
Q(s′, a)−Q(s, a)], (5.1)

with learning rate α ∈ (0, 1]. This can be shown to converge to an optimal Q-function:

the converged Q-values represent the expected summation of discounted future reward, i.e.,

Q∗(s, a) = E
(∑∞

k=0 γ
kRk

)
. From Q∗, the optimal policy can be extracted by taking the

greedy action in each state. (Please refer to [61] for more details.)

5.2 Basic Q-Learning for Discrete Deadlines

Before dealing with the more complex and realistic case of continuous time-to-deadline, the

case where each time-to-deadline takes a value from a discrete finite set is treated. This allows

for a relatively straightforward, but effective formulation of the problem as a discrete MDP,

and thus the application of canonical RL algorithms, e.g., Q-learning.
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5.2.1 MDP Formulation for PT Model

To solve the PT model based SSP problem by the Q-learning method, naturally, s = 〈v, τ〉,
s′ = 〈v′, τ ′〉, v, v′ ∈ V , and v′ be the succeeding intersection of v. Γ (τ, τ ′ ∈ Γ) is the set of

time-to-deadlines, and it has τ − tv,v′ = τ ′, where tv,v′ is the random travel time on road link

lv,v′ (lv,v′ ∈ L), and τ ′ is the remaining deadline at v′. Note that, τ at origin o is determined

by the user, and the remaining deadline τ ′ at intermediate intersection v′ between origin o

and destination d is determined by τ and travel time cost tv,v′ on the associated road links.

A represents driving directions. P s′
s,a = Pr(st+1 = s′|st = s, at = a) is the distribution of

tv,v′ by action a such that the vehicle will move from intersection v with time-to-deadline τ at

step t, to intersection v′ with time-to-deadline τ ′ at step t + 1. R(s′) is the immediate reward

received after transiting to intersection v′ with time-to-deadline τ ′ from intersection v with

time-to-deadline τ . The reward depends on whether the vehicle arrives on time.

5.2.2 Q-Value Representation and Path Planning

The just defined MDP has a particularly nice property: the reward and discount factor can be

defined in such a way that the converged Q-value represents the probability of arriving on time.

Specifically, it denotes the immediate reward as R(s′) ∈ {0, 1} with R(s′) = 1 if and only if

v′ = d and τ−tv,v′ ≥ 0. Thus, the immediate reward is 1 only at the intersection node preceding

d if the vehicle can arrive at the destination before the deadline; otherwise, R(s′) = 0. The

discount factor γ is set to be 1. (General Q-learning with γ = 1 does not necessarily ensure

convergence, but for SSP problem, convergence can be guaranteed with γ = 1 [140]).

In this case, after an o-d pair is determined, Q-value is updated using Eq. (5.1) for each in-

tersection, starting with v (i.e., v = o) in each iteration. To transit to next intersection v′, it

employs the action selection policy, i.e., Softmax strategy [61]. This strategy balances between

exploration and exploitation for the candidate succeeding intersections. Then, it uses P s′
s,a to

sample tv,v′ to decide τ ′ at v′. These steps are repeated until all Q-values converge.

The converged Q-values in the problem can be shown to be the probabilities of arriving on

time in the following. From Eq. (5.1), Q-value converges when Qk+1(s, a) = Qk(s, a), ∀s
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and ∀a. After the convergence, it has the Q-value defined as Q∗(s, a) given by Q∗(s, a) =

Q∗(s, a)+αk[R(s′)+ γmaxaQ
∗(s′, a)−Q∗(s, a)]. After a simple combination and elimination,

it has

Q∗(s, a) = R(s′) + γmax
a
Q∗(s′, a). (5.2)

As this equation will be executed for a large number of times given different samples of

rewards, in essence, it is the averaged/expected reward. Thus, Eq (5.2) can be written as

Q∗(s, a) = E (R(s′)) + γmaxaQ
∗(s′, a), which is exactly the probability of arriving on

time.

When Q-learning has converged, it can obtain an optimal path by first stopping the Softmax

strategy and then determining the best action a∗ at a specified intersection with a certain dead-

line as a∗(〈v, τ〉) = arg maxaQ(〈v, τ〉, a). It first computes a∗(〈o, τ〉) to determine the optimal

driving direction at origin o, i.e., the current state, with a user-defined deadline. The direction

will determine the next intersection and the remaining deadline, i.e., next state. Then, the

second intersection with the remaining deadline is inputted, to find the next intersection. The

same process is repeated until the destination is reached. Thus, the complete optimal path can

be found.

5.3 Q-Learning for Continuous Deadlines

The basic version of the proposed Q-learning method introduced in the previous section will

become prohibitively time-consuming in the case of continuous deadlines (i.e., the time-to-

deadline is also continuous) and large-scale road networks due to the huge size of state space.

To address those challenges, a practical value function approximation method is developed

based on the dynamic neural network to directly learn the optimal Q-values, which approxi-

mates the probability of arriving at the destination on time. In the following, the value func-

tion update scheme, function approximation method and the deployment steps will be intro-

duced.
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5.3.1 Value Function Update Scheme

In order to deal with continuous deadlines and large scale networks, the proposed approach

uses approximator f(·) to represent the value function V (s), where V (s) = maxaQ(s, a).

The special structure of the problem is proposed to be exploited: even for large networks with

thousands of nodes, the locations can still be easily enumerated. Therefore, the value function

fitting operator is applied by enumerating all the locations, but sampling from the travel time

distributions. This means that all locations get the same amount of coverage, leading to a

good approximation in entire network2. The value function with any time-to-deadline for any

intersection is represented as:

Vk+1(s) = max
a

{∑
P s′

s,a[Vk(s
′) +R(s′)]

}
, (5.3)

where 0 ≤ V (s′) ≤ 1, V (s′) = 0 if v′ = d, s = 〈v, τ〉, and s′ = 〈v′, τ ′〉. Eq. (5.3) uses

the expected function value at s′ (for the succeeding location) in the kth iteration to compute

the function value at s in the (k+1)th iteration. In particular, Vk(s′) on the right hand side of

Eq. (5.3) is computed through the approximator fk(·) in that iteration.

5.3.2 Function Approximation through Neural Network

To approximate Vk(·), the proposed approach adopts a two-layer dynamic neural network3 to

learn function fk(·) in each iteration as the probability of arriving on time for a given intersec-

tion with a given deadline. Specifically, fk(·) is expressed as follows:

fk(~z) = g2(g1(~z · ~w1 + u1) · ~w2 + u2), (5.4)

where ~z is the feature; ~w1, u1, ~w2, and u2 are parameters of the neural network; g1(·) and g2(·)
are activation functions.

2To save computation time, utilizing a subset of locations is also feasible, which is shown in the experiments,
i.e., Fig. 5.4(a).

3Other supervised machine learning methods, such as support vector regression, can also be employed for
function approximation. It uses the dynamic neural network here because it can naturally output values between
zero and one (due to its sigmoid function) for representing the probabilities of arriving on time.
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The feature ~z used to represent s is defined as follows: ~z(s) = 〈τ, ~µ(v), ~σ(v)〉, where τ and

v are the time-to-deadline and location in s; ~µ and ~σ are the means and standard deviations

of travel time for the K-shortest paths from current location to destination. The rationale for

~µ(v) and ~σ(v) is that the probability of arriving on time is highly associated with the mean and

standard deviation of travel time. ~µ(v) and ~σ(v) can be easily computed based on the travel time

data on each road link. Consequently, the feature of a training sample for s can be expressed

as ~z = [τ, ~µ(v), ~σ(v)]>, where the length of ~µ(v) and ~σ(v) is K. Since f(~z) will be applied

for continuous deadlines, τ in training samples should cover extensive values. Therefore, N
deadlines are randomly selected, each of which is denoted by τi, and it has τi = β · Te, where

β is the deadline parameter, and β ∈ [0, 2]. Te is the least expected travel time from v to d.

Note that larger β implies loose deadlines, and vice versa. Thus, the entire feature vector of an

individual intersection v is expressed as:

~Zs = [τ1, ~µ(v), ~σ(v); · · · ; τN , ~µ(v), ~σ(v)]>. (5.5)

To dynamically train the neural network at the (k+1)th iteration, the proposed method sets Vk(s)

on the right-hand side of Eq. (5.3) by the learned fk(~z), and Vk+1(s) on the left-hand side can

then be updated accordingly. This value will be adopted as the new label to train fk+1(~z) in the

next iteration through back propagation. This process is repeated until convergence.

5.3.3 Core Deployment

Considering both the value function update scheme and function approximation method, it de-

ploys the core part (i.e., training value function) of the proposed method as shown in Alg. 2.

Specifically, Lines 1-2 initialize parameters and prepare feature values. Lines 3-20 dynami-

cally learn value functions for each intersection using the neural network. In particular, for

each intersection, the trained neural network from the preceding iteration computes the value

functions of the succeeding intersections, which are then used to update the value function of

the current intersection (Lines 5-14). In Lines 15-16, convergence errors of all intersections are

accumulated. In Lines 17-18, the average convergence error is updated to determine the loop
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Algorithm 2: Value Function Training
input : G = (V, E), road network;

Ωv,v′ , set of travel time data on lv,v′ ;

N , size of travel time data on each road link;

N, the configured neural network; o-d pair;

ε1, the convergence error; k, the iteration number.

1 Initialize V0(s) via warm start; and set ε1 = 1; ε2 = 0; k = 0; N = 1000; ζ = 0.025;

2 Import feature data ~Zs for each s by Eq. (5.5);

3 while ε1 > 0.01 do
4 foreach v ∈ V do
5 foreach v′ that succeeds v do
6 Sample N travel time tv,v′ out of Ωv,v′ ;

7 if v′ 6= d then
8 if k ≥ 1 then
9 Calculate Vk(s′) in Eq. (5.3) through the trained fk(~z) in Eq. (5.4);

10 else
11 Vk(s

′) = initial values V0(s′);

12 else
13 Compute Rk(s′) in Eq. (5.3);

14 Update Vk+1(s) in Eq. (5.3);

15 if k ≥ 1 then
16 Update ε2 = ε2 + |Vk+1(s)− Vk(s)|;

17 if k ≥ 1 then
18 Update ε1 = ε2/|V|; Reset ε2 = 0;

19 Learn fk+1(~z) by incorporating feature ~Zs and new label Vk+1(〈v, τ〉) for each v into N;

20 Update iteration number: k = k + 1;

output: Converged V ∗(s) for each 〈v, τ〉.

termination. In Lines 19-20, the neural network is trained using feature values and updated

labels.

To find the optimal path before departure (which is preferred in a real application), the best
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action at a certain intersection with a given deadline is determined by:

a∗(s)=arg max
a

{∑
P s′

s,a[V
∗(s′) +R(s′)]

}
, (5.6)

where P s′
s,a is represented by travel time data on corresponding road link. The next state s′

(which consists of v′ and τ ′) can be decided as follows: v′ is the succeeding intersection, and

τ ′ = τ − E(tv,v′), where E(tv,v′) is the expected travel time over the previously chosen road

link. Then it iteratively uses the same equation to compute the next action until the complete

path is achieved.

5.3.4 Other Practical Considerations

Here, some other practical features considered in the proposed method would be discussed, in-

cluding time-dependent path recommendation, simultaneous training for multiple destinations

and accelerating the training process.

If the data P s′
s,a is collected according to a specified time period, such as peak hour of 7am-9am,

the proposed Q-learning method is able to provide time-dependent path recommendation. Also

note that the Q-learning method adopts Alg. 2 to dynamically learn the value function for a

specified destination from all nodes. If the destination is changed, Alg. 2 needs to run again

to learn a new value function. To better generalize the proposed Q-learning method, multiple

destinations are randomly selected on the road network, and concatenate their feature values

to the same matrix (i.e., ~Zs in Eq. (5.5)). Then it only needs to run Alg. 2 once, and the

learned value function will be applied to any other destinations on the same road network.

When the destination is changed, it just changes the input features (i.e., ~µ and ~σ of the K-

shortest paths to the new destination) to the trained neural network. In this way, the proposed

Q-learning method is able to calculate the probability of arriving on time from any origin(s) to

any destination(s).

Traditionally, value function V0(〈v, τ〉) is initialized as 0, which may slow down the conver-

gence speed [141]. Therefore, a warm start strategy4 that approximates the probability of
4This warm start strategy is also applicable to the basic version of the Q-learning method for discrete deadlines

as long as the Q0 is calculated in the same way.
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arriving on time for vehicles at intersection v with time-to-deadline τ is proposed as follows:

V0(〈v, τ〉) = 1/(1 + e−ζ(τ−Te)), where ζ is the coefficient. The rationale is that it needs to

increase the probability from 0 to 1 (that is why sigmoid function is used) as τ increases.

5.4 Experimentation

Extensive experiments are conducted to evaluate the proposed Q-learning method and compare

with other methods on various road networks. All experiments are performed on a typical PC

with Intel Core i7-3540M processor and 16GB RAM.

5.4.1 Artificial Network with Discrete Deadlines

The basic version of the proposed Q-learning method for discrete deadlines is first tested on

an artificial road network – a grid with 20×20 intersections. It uses m1 = 15 as mean and

σ1 = 3 as standard deviation to randomly generate the mean travel time m2 for each individual

road link. It then adopts m2 and σ2 = 0.3m2 to generate 200 instances of travel time data

for corresponding links to represent P s′
s,a. All travel time is rounded up as positive integers in

seconds. At each intersection, there are four travel directions (north, south, west and east).

Three methods are compared: (1) LET based method computes a path of the least expected

travel time based on the travel time data; (2) Mean-Risk based method computes a path with

minimal value of µp +λνp, where µp is the expected travel time, νp is the variance, and λ is the

coefficient [75]; and (3) Cardinality method approximates and computes a path of the PT model

by formulating it as the MILP problem, which is solved using the partial Lagrange multiplier

method proposed in Chapter 4. It randomly selects 100 o-d pairs and use deadline parameters

β = 0.85, 0.90, . . . , 1.10, 1.15. For each o-d pair and specified deadline, it defines the ground-

truth path (achieved through enumerating all the paths) as the one having the maximal number

of times of not being late, given the 200 instances of data on each link.

The accuracy of finding the ground-truth path is plotted in Fig. 5.1(a). For all deadlines, the Q-

learning method always achieves average accuracy of 100%, confirming that the converged Q-

values are able to represent probabilities of arriving on time. The cardinality method obtains the
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Figure 5.1: Artificial Network with Discrete Deadlines

average accuracy of about 95% as it adopts `1-norm to approximately minimize the frequency

of not being late. The LET and Mean-Risk based methods obtain the average accuracy of

around 88%. The high accuracy of the proposed method also shows that the recommended path

guarantees arriving on time more often than others. This advantage comes from the fact that the

proposed method incorporates the event of arriving on time in the reward and objective.

The accuracy of the proposed method can also be demonstrated by the plot of converged

Q-values for an intersection which is two grids to the north of the destination as shown in

Fig. 5.1(b). The converged Q-values in [0, 1] denote the probabilities of arriving on time from

the current location by taking a corresponding action. Meanwhile, the optimal action usually

changes with deadlines, e.g., traveling west is optimal when the time-to-deadline is between

10 and 20 and traveling east is optimal when the time-to-deadline is larger than 20. The Q-

value for traveling south is not higher than that of traveling west and east although the current

location is north to the destination. This is because the cost of traveling south is always large

according to the generated traffic data. So, traveling south yields a lower chance of arriving

on time. It is also observed that the Q-values for all actions are 0 when time-to-deadline is

less than 4, which is too tight. Thus, it is concluded that an optimal path depends strongly on

deadline even though an origin is fixed. This factor is not incorporated in LET or Mean-Risk

based methods, which is why their average accuracy fluctuates when deadline is varied.

93



Improving the Accuracy Chapter 5

5.4.2 Real Networks with Continuous Deadlines

To verify the proposed Q-learning method for the PT model with continuous deadlines, exper-

iments on three large road networks extracted from the city maps of Munich, Singapore, and

Beijing are performed, as summarized in Table 5.1. It randomly selects 200 o-d pairs on each

network, and the average minimal number of road links between each origin and destination is

given in the third row. 1,000 instances of travel time data for each road link are prepared: (1)

On Munich network, it uses actual length of each road link to divide the collected real travel

speed of vehicles from July 2014 to March 20155; (2) On Singapore network, it uses actual

length of each road link as the mean to randomly generate travel time data, and the standard

deviation is 0.3 times of the length; (3) On Beijing network, it directly uses the travel time data

collected from real travel trajectories of taxi from September to October 2013 [71]6. For the

proposed method, 100 destinations on a network are randomly selected and their feature values

are concatenated to a same matrix (i.e., ~Zs in Eq. (5.5)). Note that the author did not explicitly

investigate the dependence or correlation of travel time on different road links, because it will

be naturally included in the real-world data set if there is any, and the travel time data is the

direct input to the proposed method.

Table 5.1: Settings of the Three Real Road Networks
Munich Singapore Beijing

#Nodes 51,517 6,476 129,607

#Links 115,651 10,225 294,868

#Links between o-d 221 86 358

5.4.2.1 Accuracy

The accuracy of each method on the three networks are plotted in Figs. 5.2(a-c). The pro-

posed Q-learning method achieves around 95% accuracy, higher than all other methods for

5The dataset is provided by the BMW Group.
6The dataset is available at: https://www.microsoft.com/en-us/research/people/yuzheng/
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Figure 5.2: Accuracy Results on the Three Real Road Networks with Continuous Deadlines

each deadline. Compared with the results in Fig. 5.2(a), the proposed method achieves slightly

lower accuracy, because, to handle continuous deadlines, a neural network is used to learn

value functions in which learning error may exist. Besides, the three real networks are consid-

erably larger than the grid. The accuracy of the cardinality method is higher than the LET and

Mean-Risk based methods. Moreover, the accuracy of all methods becomes lower as dead-

line becomes tighter. The proposed method is less affected because it dynamically updates

Q-values for each specified deadline.

The overall accuracy of all methods is also plotted in Fig. 5.2(d), as well as the 2%-tolerance

accuracy7 of the proposed Q-learning method. The overall accuracy on Munich and Beijing

is slightly lower than that on Singapore for most of the methods. This is because the sizes of

Munich and Beijing networks are much larger, so as the number of possible paths between an o-

d pair, thus making it more difficult to achieve the ground-truth path. In particular, the proposed

7If the difference between the probability of arriving on time for the path returned by the proposed method
and the probability for the ground-truth path is less than 2%, then the returned path is considered the same as the
ground-truth path as the difference is very marginal.
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Figure 5.3: Accuracy Changes with Data Size and Iterations

method will determine a road link to traverse according to Eq. (5.6) at each intersection. Even if

only one road link is not on the ground-truth path, the returned path is not counted as accurate.

In the case with at least 358 intersections on average (Table 5.1) for each path finding on

Beijing network, the overall accuracy of around 95% is sufficiently high. Moreover, the 2%-

tolerance accuracy of the proposed method is nearly 100%, indicating that the paths found by

the proposed method is of high quality even if they might not be the ground-truth path.

The accuracy against the quantity of travel time data on each road link is also tested by taking

Beijing network as an example since its size is largest. As shown in Fig. 5.3(a), the proposed

method is almost not affected by the quantity of travel time data. By contrast, the accuracy

of other methods is reduced when data size is small. Moreover, in each iteration of the value

function learning, it records the mean absolute error (i.e., the difference between the neural

network output and the target value) on the three road networks, shown in Fig. 5.3(b). The

average absolute error becomes smaller as the iteration increases. This clearly justifies the

efficacy of the dynamic neural network to learn accurate value functions.

The proposed Q-learning method is data-driven and easy to execute in a time-dependent man-

ner, which further improves the performance of routing service, i.e., avoiding frequent value

function learning while maintaining an acceptable level of accuracy. To justify, it explores the

travel time data of eight continuous weeks (July-August 2014) on Munich network and further

extract eight segments according to different time units: (1) week, it divides the data into eight

weeks, and each segment represents a week, (2) day, it extracts the data of eight Mondays

separately, and each segment represents a Monday, (3) hour, it extracts the data of 7am-9am
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(i.e., peak hours) on each Monday separately, and each segment represents a span of peak hour.

For all of the three units, the proposed method is applied only on the first segment of the traffic

data and then use the learned value functions to perform routing service based on all of the

eight segments accordingly. The accuracy results are recorded in Table 5.2.

Table 5.2: Accuracy of Time-Dependent Q-learning (%)
1 2 3 4 5 6 7 8

week 94.8 93.7 95.1 93.3 94.5 92.9 90.8 91.6

day 96.1 95.0 94.2 95.5 95.8 96.3 94.1 93.2

hour 97.4 97.7 97.0 96.2 97.3 98.2 96.5 96.1

It can be observed that, segment 1 usually achieves higher accuracy than that of the other seven

segments. This is because the training data and testing data are the same for segment 1. Gen-

erally, as the segment index increases, the accuracy will decrease, but the deterioration is very

slight, especially for the hour, which achieves the accuracy higher than 96% even for week

8. Another remarkable observation is that the higher the time resolution, the better the accu-

racy. This happens because the high time resolution usually captures the traffic characteristics

better, i.e., the peak hour pattern captured by the hour unit. Thus, it can conclude that the time-

dependent Q-learning method helps to avoid frequent value function learning while achieving

good accuracy, especially for the time unit hour.

5.4.2.2 Computation Time

Normally, the computation time in each iteration of the dynamic neural network is associated

with the size of training samples. Previously, training samples of all nodes are used to learn the

value function. To improve computation efficiency, it may only use samples from some nodes,

while maintaining an acceptable level of accuracy. Thus, the average computation time of the

proposed method in each iteration and its accuracy with respect to different sizes of training

samples are evaluated, as plotted in Fig. 5.4(a). As expected, the computation time and the

accuracy decrease as the training sample size reduces. On Beijing network, the deterioration
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of accuracy is only around 1% while the reduction of computation time is about 360 seconds

(i.e., almost half) as it uses no less than 1/3 of the training samples.

The average computation time of each routing for all methods is also recorded in Fig. 5.4(b). It

only counts the time of path finding for the Q-learning method since learning value function can

be done offline. The LET and Mean-Risk based methods have the shortest average computation

time, which slightly increases as network size increases. Although the computation efficiency

of the cardinality method is improved using partial Lagrange multiplier method in Chapter 4,

it still needs the longest time (around 15 seconds) to compute a path on Beijing network in

comparison with other three methods. By contrast, the proposed Q-learning method takes

slightly longer than the LET and Mean-Risk based methods. It takes only 1.216 seconds to

obtain an optimal path on Beijing network, which is efficient.

5.5 Summary

In this chapter, a practical Q-learning method is designed to more accurately solve the arriv-

ing on time problem. Compared with the partial Lagrange multiplier method in Chapter 4,

the accuracy and computation efficiency of finding the real optimal path are further improved.

Additionally, in comparison with other baselines in this chapter, the proposed method offers

several important practical features: 1) It considers travel time, risk and deadlines simulta-

neously when computing an optimal path; 2) It can easily provide the probability of arriving

98



Improving the Accuracy Chapter 5

on time from any origin(s) to any destination(s) once the value function is learned; 3) It can

flexibly provide the time-dependent path recommendation and avoid frequent training even if

the travel time data changes. The extensive experimental results for both artificial and real

road networks justify the significant advantages of the proposed method over others. Thus, the

proposed Q-learning solution has the high potential to be deployed in real vehicles for the field

test.

99



Improving the Accuracy Chapter 5

100



Arriving on Time for Multiple Cooperative Vehicles Chapter 6

Chapter 6

Arriving on Time for Multiple Cooperative
Vehicles

In this chapter1, a decentralized multiagent-based approach is proposed to

solve the arriving on time problem for multiple cooperative vehicles, which

aims to increase the chances of arriving on time for all vehicles. The moti-

vation is stated as follows: (1) On one hand, the multiagent-based approach

can handle the traffic dynamics well by exploring the intentions of vehicles.

However, most of multiagent-based route guidance purely provide LET paths

to vehicles. Although it helps to reduce the total travel time, the driver utili-

ties are often governed by deadlines, which cannot be fully met by LET paths.

(2) On the other hand, the arriving on time problem for a single vehicle con-

siders deadlines. However, most of existing approaches incorporating the PT

model independently pre-calculate a path for each individual vehicle before it

departs, without considering the intentions of others. Since traffic is always

dynamic, optimality of a pre-computed path may not hold any more when all

vehicles are en-route due to the influence from each other. Combining the above

two aspects, it is desirable to leverage both the advantages of a decentralized

multiagent-based approach and the PT model.
1This chapter is developed based on my publication: Zhiguang Cao, Hongliang Guo, Jie Zhang and Ulrich Fas-

tenrath. Multiagent-based Route Guidance for Increasing the Chance of Arrival on Time. 30th AAAI Conference
on Artificial Intelligence (AAAI), pp. 3814-3820, 2016.
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The decentralized multiagent-based approach in this chapter is characterized by two types of

agents, i.e., vehicle agents and infrastructure agents. Infrastructure agents locally collect in-

tentions of concerned vehicle agents and transform the route guidance problem into a route

assignment problem, to guarantee their arrival on time. In addition, the predicted travel time

on each assigned road link is refined by iteratively linearizing a non-linear function to achieve

more accurate approximation; the computational efficiency is enhanced by introducing addi-

tional variables and reformulating the route assignment from an MIQP (mixed integer quadratic

programming) problem [142] to an MILP problem; and the overall performance is improved

by allowing communication between neighboring infrastructure agents. Accordingly, in this

chapter, it makes two major contributions: 1) To the best knowledge of the author, it is the

first one to consider arriving on time for all vehicles in the multiagent-based route guidance.

2) The proposed approach is decentralized and provides local immediate route guidance at

each intersection by solving a route assignment problem, which can save computation cost in

comparison with the centralized route guidance.

The remainder of this chapter is organized as follows. Section 6.1 introduces the framework of

the proposed multiagent-based route guidance. Section 6.2 elaborates the proposed approach

that considers arriving on time for all vehicles, which is expressed as a route assignment prob-

lem. Section 6.3 proposes three improvements to the route guidance approach. Section 6.4

presents experimental settings, comparative results and corresponding analysis. Section 6.5

gives the summary for this chapter.

6.1 Multiagent-based Route Guidance

In this section, the scheme of the proposed decentralized multiagent-based approach for vehicle

route guidance is briefly introduced, which involves two types of agents, i.e., vehicle agents

and infrastructure agents. Vehicle agents representing drivers, travel on a road network by

following route guidance. Infrastructure agents, located at road intersections, collect intentions

(i.e., deadlines and destinations) from vehicle agents.
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In traffic, vehicles may influence each other due to limited road capacity and rush hour effect.

To consider such influence, intention collection is necessary [47, 48, 49]. In the proposed ap-

proach, each vehicle agent determines a destination and a preferred deadline before departure,

and travels along an initial route given by the probability tail model in Eq. (4.1). Each infras-

tructure agent is associated with all traffic lights at a road intersection. It collects intentions

from vehicle agents, which are (1) located on road links directly connected to that infrastruc-

ture agent; and (2) facing red lights. The motivation for the latter is to avoid unnecessary

and frequent route change. Facing green lights may imply that the current route is sufficiently

satisfactory.
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Figure 6.1: Two Types of Agents and Intention Collection

Take a one-way road network in Fig. 6.1 as an example, where ri is an infrastructure agent, vj

is a vehicle agent, and pk is a road link. Assume that at this moment, the traffic light associated

with r1 shows red color to p1 and p2. Then r1 collects intentions of v1, v2 and v3. Since this

red color will last for a while, r1 will also collect intentions of other vehicle agents if they later

enter p1 or p2 during the same red color period. Other infrastructure agents also work in the

same manner.

Once the intentions are collected, the infrastructure agent at each road intersection will compute

and provide route guidance, to increase the chance of arrival on time for all concerned vehicle

agents. Then the vehicle agents update routes accordingly. Vehicles generally have different

types of deadlines. Simply seeking LET paths for all vehicles may cause some vehicles with

tight deadlines to miss their deadlines due to the influences from other vehicles with loose
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deadlines. Motivated by this concern, a desirable approach is to distribute vehicles with loose

deadlines to detour crowded paths, to make ways to those with tight deadlines. On the other

hand, vehicles always face choices at an intersection: go straight, turn left, turn right or turn

back to enter the next road link. Thus, in the proposed approach, the infrastructure agent at

each road intersection provides route guidance to vehicle agents by formulating it as a route

assignment problem [143], which incorporates the collected intentions.

6.2 Route Assignment

In this Section, the proposed multiagent-based approach to solve the problem of arriving on

time for all vehicle agents is elaborated, which formulates the route guidance at each intersec-

tion as a route assignment problem.

6.2.1 Route Assignment Formulation

Take infrastructure agent r1 and vehicle agents v1, v2 and v3 in Fig. 6.1 as an example, and

focus on the route assignment for v1. Assume that: (1) destination of v1 is d2, and its preferred

deadline is T1; (2) v1, v2 and v3 are currently facing red light, and will next enter p3 or p9.

Assignment for an vehicle agent always influences others. Suppose that the predicted travel

time of v1 on p3 and p9 are T p13 and T p19, which linearly depend on the number of assigned

vehicle agents to the road links and their lengths. Besides, it needs to consider traffic conditions

from r2 and r4 to d1 or d2, where historical expected travel time is used because r2 and r4 are

comparatively far away from r1. Assume that the expected travel time from r2 and r4 to d2
are T e22 and T e42. Hence, if v1 is assigned to p3 or p9, there would be relative deadlines on p3
and p9 for v1, denoted as T r13 and T r19. Since deadlines should always be non-negative, it has

T r13 = max{0, T1 − T e22}, and T r19 = max{0, T1 − T e42}. Thus there would be a potential delay

ξ1 for v1, satisfying T p13 − T r13 ≤ ξ1 and T p19 − T r19 ≤ ξ1 (i.e., ξ1 is non-negative, and there is

no delay only if ξi = 0). To guarantee arrival on time for the three vehicle agents, r1 should

minimize the cardinality2 of ~ξ whose components are ξi (i = 1, 2, 3).
2Cardinality is the number of non-zero components in a vector.
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In view of the above example, the route assignment performed by each infrastructure agent can

be generalized. First introduce several symbols: (1) lj , choices of road links to enter next, such

as p3 and p9 in Fig. 6.1; (2) xij ∈ {0, 1}, xij = 1 means that vi is assigned to lj , otherwise

xij = 0; (3) I = {1, ..., Q} and J = {1, ..., L}, indices of vehicle agents and road link choices

associated with the infrastructure agent. Then the problem of maximizing the chance of arrival

on time for all concerned vehicle agents can be expressed as minimizing the cardinality of the

potential delay ~ξ, as follows:

min
~x
Card(~ξ)

∣∣∣∣∣∣∣∣∣
∑
j∈J

(fj(~x)− T rij) · xij ≤ ξi,∀i ∈ I;∑
j∈J

xij = 1,∀i ∈ I; ξi ≥ 0;xij∈{0, 1},
(6.1)

where ~ξ = {ξ1, ...ξQ}, and delay occurs for vi if ξi > 0; ~xj = (x1j, ..., xQj), indicates assign-

ments to lj; fj(~x), a linear function, denotes predicted travel time on lj; T rij is relative deadline

for vi on lj;
∑

j∈J xij = 1 ensures that vi can only enter one road link, thus only one potential

delay takes effect in
∑

j∈J(fj(~x) − T rij) · xij . Particularly, the linear function fj(~x) for lj is

expressed as:

fj(~x) = cj
∑
i

xij + γj (6.2)

where
∑

i xij is amount of vehicle agents assigned to lj , cj and γj are coefficients. The car-

dinality minimization in Eq. (6.1) is difficult to be directly solved. It thus uses `1-norm to

approximately solve it [104], which can be further expressed as:

min
~x

Q∑
i=1

ξi

∣∣∣∣∣∣∣∣∣
∑
j∈J

(fj(~x)− T rij) · xij ≤ ξi,∀i ∈ I;∑
j∈J

xij = 1,∀i ∈ I; ξi ≥ 0;xij ∈ {0, 1}.
(6.3)

Eq. (6.3) is a mixed integer quadratic programming (MIQP) problem in nature, which can be

solved by existing solvers.

Note that: (1) Eq. (6.3) only outputs a road link for a vehicle agent to enter next, but the

remaining path from assigned road link to destination is also available due to the computation of

relative deadline T rij . The vehicle agent can then follow this complete route if it does not receive
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any further guidance after an route assignment, which may happen if afterwards it always faces

green light; (2) As time elapses, deadline Tj will decrease, and it always uses the latest Tj
when route guidance is performed; (3) It previously takes a simple one-way road network as an

example, and double-way road links can also be easily applied, as long as infrastructure agents

dynamically recognize on which road links vehicle agents are facing red light, and which road

links are available to be assigned to those vehicle agents.

6.2.2 Bound Analysis

The `1-norm minimization in Eq. (6.3) is an approximation to the cardinality minimization in

Eq. (6.1), and its bounds is analyzed in this subsection. It is assumed that regarding Eq. (6.3),

~x∗1 and ~ξ∗1 are optimal solution to the primal problem, and p∗1 is the optimal value of objective

function. It is also assumed that the optimal value of objective function in Eq. (6.1) is p∗2.

Since Eq. (6.1) and Eq. (6.3) share the same constraints, ~x∗1 and ~ξ∗1 are feasible solution to the

cardinality minimization problem in Eq. (6.1). Therefore p∗1 is an upper bound to p∗2. The dual

function of Eq. (6.1) can be expressed as g(~λ, ~ν) = min~x,~ξ Card(~ξ)+
∑

i∈I(νi(
∑

j∈J xij−1))+∑
i∈I(λi(

∑
j∈J(fj(~x) − T rij) · xij − ξi)). Since any feasible solution to the dual problem is a

lower bound to the primal problem [144], it is assumed that ~ν = ~0, thus the lower bound can be

easily calculated by solving g(~λ,~0) = min~x,~ξ Card(~ξ)+
∑

i∈I(λi(
∑

j∈J(fj(~x)−T rij) ·xij−ξi))
(the second term can be expressed as linear functions, see Section 6.3.2), where λi is known

and λi ≥ 0. In addition, the accuracy for solving the general cardinality minimization problem

can be improved by some variants of `1-norm minimization, e.g., iterated weighted `1-norm

heuristic [145]. The details are not elaborated here since they are beyond the interests of this

thesis.

6.2.3 Pseudo-Code Summary

The proposed multiagent-based route guidance is summarized in Algorithm 3. Lines 1-2 ini-

tialize infrastructure agents and vehicle agents. In Lines 3-23, each infrastructure agent recur-

sively assigns paths to vehicle agents who need route guidance at intersections, until they all
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Algorithm 3: Multiagent-based Route Guidance
Input : V = {v1, ..., vQ}, a set of vehicle agents; R = {r1, ..., rG}, a set of

infrastructure agents; V i=∅, vehicle agents that need guidance at ri; TLi,

traffic lights associated with ri; Tg, Tr, green light and red light

duration;flg = 0, indicator of route guidance computation;

1 Each ri ∈ R turns on its associated traffic lights TLi;

2 Each vj ∈ V determines destination dj and deadline Tj , and computes an initial path

Pj using Eq. (4.1);

3 while |V | > 0 do
4 foreach vj ∈ V do
5 if vj reaches dj then
6 Deletes itself from V : V = V − vj;

7 else
8 Travels along Pj;

9 Updates deadline Tj;

10 foreach ri ∈ R do
11 foreach tlk ∈ TLi do
12 Runs according to Tg and Tr;

13 if tlk is in red color phase then
14 ri finds vk facing tlk: V i = V i + vk;

15 ri collects dk and Tk from vk;

16 if tlk is at end of red color phase then
17 flg = 1;

18 if flg == 1 then
19 foreach vj ∈ V i do
20 Computes relative deadline for vj based on the latest Tj;

21 Computes its new path P ′
j via Eq. (6.3);

22 Updates its route: Pj = P
′
j ;

23 Resets parameters: V i = ∅, flg = 0;

107



Arriving on Time for Multiple Cooperative Vehicles Chapter 6

reach destinations. Particularly, in Lines 4-9, each vehicle agent travels along a current route

and updates its deadline if it has not reached destination. In Lines 11-17, during the red-color

phase, each infrastructure agent recursively finds the set of vehicle agents who need route guid-

ance and collects their intentions including deadlines and destinations. In Lines 18-22, upon

the completion of the red-color phase, each infrastructure agent computes the optimal road

links for all concerned vehicle agents to enter next based on route assignment in Eq. (6.3), and

accordingly updates theirs routes.

6.3 Further Improvements

In this Section, the proposed route guidance approach is further improved, in the following

aspects: (1) predicted travel time on assigned road links, through iterative linearization for

more accurate prediction function; (2) computational efficiency of the proposed approach, by

introducing new variables and additional linear constraints; (3) real-time traffic information

acquirement, by allowing communications between infrastructure agents.

6.3.1 Refinement of Predicted Travel Time

In view of analysis in Section 6.2, it is beneficial to assume that fj(~x) in Eq. (6.2) is linear,

because route assignment in Eq. (6.3) can be formulated as a canonical optimization problem,

i.e., MIQP, which enables tractable computation. However, by visualizing the statistical rela-

tionship between amount of vehicle agents and expected travel time on some road links (i.e.,

Fig 6.2.(a)), it is obvious that non-linear function fits the relationship better than that of linear

function. Therefore, to guarantee both tractable computation and accurate route assignment,

it adopts the non-linear function to predict the travel time on assigned road link, but solve the

optimization problem in Eq. (6.3) by iterative linearization.

To be more specific, it takes the two functions in Fig 6.2 (b) as an example, and denote the

linear and non-linear functions as Fj(~x) and Fj(~x) respectively. In the first iteration, it uses
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Figure 6.2: Illustration of Refinement of Predicted Travel Time Function.
Fj(~x) to replace fj(~x), and it gets a solution, i.e., ~x(1) to Eq. (6.3). In the next iteration, it uses

the first order Taylor expansion of Fj(~x) at ~x(1) to replace fj(~x), which is expressed as:

f
(k)
j (~x) = Fj(~x(k−1)) +∇Fj(~x(k−1))(~x− ~x(k−1)), (6.4)

where ∇Fj(~x(k−1)) refers to the first order derivative of Fj(~x) at ~x(k−1), and k is the iteration

number (k is equal to 2 in this context). Consequently, an optimal solution to Eq. (6.3) can be

obtained, i.e., ~x(2). A better solution around ~x(2) on Fj(~x) is continued to be searched, until

the objective function value in Eq. (6.3) does not significantly decrease. To guarantee that the

algorithm locally searches for the optimum on the linearized straight line in each iteration, it

limits the searching area by adding a constraint. Therefore, the optimization problem in the

k-th iteration is formulated as:

min
~x

Q∑
i=1

ξi

∣∣∣∣∣∣∣∣∣∣∣∣

∑
j∈J

(f
(k)
j (~x)− T rij) · xij ≤ ξi,∀i ∈ I;∑

j∈J

xij = 1, ∀i ∈ I; ξi ≥ 0;xij ∈ {0, 1};

− ε2 ≤
∑
i∈I

xij−
∑
i∈I

x
(k−1)
ij ≤ ε2,∀j ∈ J,

(6.5)

where ε2 is a positive integer, denoting local search range.

6.3.2 Improvement on Computational Efficiency

Route assignment in Eq. (6.3) is a MIQP problem mainly due to (fj(~x)− T rij) · xij in the first

constraint. After unfolding, quadratic part comes from the term xkj · xij (k ∈ I , and xkj is
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a component of ~xj). Since both xkj, xij ∈ {0, 1}, xkj · xij can be replaced by xij if k = i.

Therefore, the term xkj · xij is quadratic only if k 6= i. However, xkj · xij (k 6= i) can also be

replaced by a binary variable with two additional linear constraints.

There are four correct permutations for vector (xkj , xij , xkj · xij), i.e., (0,0,0), (0,1,0), (1,0,0)

and (1,1,1). And a new variable ykij ∈ {0, 1} is introduced to replace xkj · xij (k 6= i), where

eight permutations for vector (xkj , xij , ykij) exist. Therefore two linear cuts are added, i.e.,

xkj +xij +ykij ≤ 1 and−xkj−xij +2ykij ≤ 0, to filter out the four faulty permutations [146].

Then it reformulates the MIQP problem in Eq. (6.3) as follows:

min
~x

Q∑
i=1

ξi

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

∑
j∈J

(gj(~z)+(γj−T rij)xij)≤ ξi,∀i∈ I;

− xkj − xij + 2ykij ≤ 0, ...,

xkj+xij+ykij ≤ 1,∀i, k∈ I, k < i, ∀j ∈J ;∑
j∈J

xij = 1, ∀i ∈ I; ξi ≥ 0;xij ∈ {0, 1},

(6.6)

where gj(~z) = cj
∑

i∈I zij; size of ~z is same with that of ~x; zkj is equal to xij if k = i, and

ykij if k 6= i; ykij is equal to yikj in this scenario. Thus, Eq. (6.6) is reduced to a mixed integer

linear programming (MILP) problem, which can be solved much more efficiently than MIQP

of similar scale [142].

6.3.3 Performance Improvement via Communication

In the proposed approach, the historical expected travel time is used to evaluate the remain-

ing path from the assigned road link to destination. Since the infrastructure agent is always

located at an intersection, it can obtain real-time traffic conditions (i.e., travel time) on directly

connected road links. It is thus reasonable for an infrastructure agent to communicate with

neighboring infrastructure agents to obtain real-time traffic conditions further away. The ex-

pectation is that real-time traffic condition can better evaluate a route than the historical traffic

condition. It uses E (i.e., E ∈ Z+
0 ) to denote the number of communication hops, and there is

no communication if E = 0. In Fig. 6.1, if E = 1, r1 only communicates with its neighbors,
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6.3.a Singapore 6.3.b New York

Figure 6.3: Two Testing Road Networks

e.g., r2 and r4. Thus it can obtain real-time traffic conditions on p4, p5, p12, p10 and p8, which

can be used to evaluate the paths from r2 and r4 to destinations when r1 performs route assign-

ment for v1, v2 and v3. AsE increases to 2, r1 is able to communicate with infrastructure agents

one more hop away, e.g., r3, thus r1 can obtain real-time traffic conditions on p6, p7 and r14
as well. However, as the number of communication hops becomes larger, additional commu-

nication and storage costs also incur. The dynamics of traffic may also cause real-time traffic

information to be outdated by the time vehicle agents reach the intersection, if the location is

far away.

6.4 Experimentation

In this section, experiments in various settings are conducted to extensively compare the pro-

posed route guidance approach with existing methods, showing its advantages of increasing

the chances of reaching destination before deadline for all vehicles. In addition, it verifies all

the proposed improvements through experimentation, and investigate its extended flexibility of

leveraging arrival on time and total travel time.

6.4.1 Road Networks and Parameter Settings

All experiments are conducted on the urban mobility simulator, SUMO [147]. The two testing

road networks are parts of two very dense cities, Singapore and New York respectively. Each
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road has 2 lanes, and their maps are given in Fig. 6.3, with the following properties summarized

by SUMO: (1) network areas are 65,300m2 and 218,000m2; (2) numbers of road links are 507

and 1,121; (3) numbers of intersections are 98 and 352.

The configurations of vehicles are as follows: length is 5m; minimal gap is 2.5m; car following

model is Krauss [147]; origins and destinations are randomly generated; traffic light duration:

Tg = Tr = 20s; vehicles will park and not occupy road resources when reaching destinations.

In addition, the positive deadline parameter α is introduced to denote different levels of dead-

lines. Specifically, once O-D are determined, an expected travel time Te can be derived based

on historical traffic data. Thus, T = α · Te implies a tight deadline if α < 1, and a loose dead-

line if α > 1. Once origin and destination of a vehicle are determined, an expected travel time

Te can be derived based on historical traffic data, which can help to describe different levels of

deadlines. Moreover, the proposed approach needs historical expected travel time to evaluate

some parts of a route. Therefore, before testing the proposed approach, it first randomly runs

the simulation for 250 times to get an expected travel time of each road link, where vehicles

simply travel along the shortest distance routes. Additionally, it also uses SVR (i.e., support

vector regression) [148] to learn the linear and non-linear functions of predicted travel time

through those random simulations, which are described in Section 6.3.1. Particularly, all ex-

periments in this Chapter are conducted on an ordinary PC with Intel Core i7-3540M processor

and 8.00 GB RAM.

6.4.2 Comparative Performance

The proposed algorithm are compared with five different route guidance methods: (1) SD (i.e.,

shortest distance) based method, which pre-computes a path of shortest distance; (2) LET-

based method, which pre-computes a path of least expected travel time based on historical

traffic conditions; (3) PTM-based method, which pre-computes a path of PT model by Eq. (4.1)

in Chapter 4; (4) RIS (i.e., route information sharing) method, which constantly computes

LET paths for vehicles at each intersection by cooperatively exploring their latest intentions

of routes [47]; (5) τ -rerouting method, claimed to be the best-performing vehicle rerouting
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Figure 6.4: Different Types of Deadlines on Singapore Map.

strategy [42]. Note that the first three methods pre-compute route guidance before vehicle

departure, while the last two and the proposed approach adaptively provide route guidance for

vehicles en-route. Although O-D pairs are randomly generated, for each specified O-D pair, it

respectively adopts the six methods to provide route guidance.

6.4.2.1 Different Levels of Deadlines

This experiment varies different levels of deadlines α: 0.4, 0.6, 0.8, 1.0, 1.2 and 1.4, with

different numbers of vehicles: 400, 800, 1,200 and 1,600 on both networks. The simulation

are run for 500 times under each setting, the probability of arrival on time for each vehicle is

recorded, and the average is plotted in Fig. 6.4 and Fig. 6.5 respectively. It can be observed that

on both networks, the average probabilities always increase with α for all six methods. It is

natural because a vehicle with a very loose deadline has higher chance to arrive on time even if

it does not follow any smart route guidance. Generally, the three pre-computation methods are
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Figure 6.5: Different Types of Deadlines on New York Map.

inferior to the three adaptive methods, because the optimality of pre-computed paths may not

hold, especially in highly dynamic traffic, e.g., New York network with 1,600 vehicles. How-

ever, the inferiority is not obvious in extremely sparse or saturated traffic, such as Fig. 6.4 (a),

(d) and Fig. 6.5 (a). In sparse traffic, vehicles rarely influence each other, and shortest distance

path is sufficiently satisfactory. In over-saturated traffic, vehicles almost cannot proceed even

if they receive adaptive guidance. Among the three pre-computation methods, PTM-based

method achieves the highest overall performance because it takes deadline into account, al-

though in an independent manner. As for the three adaptive methods, the proposed approach is

always better than the other two in terms of overall probabilities of arriving on time, especially

in Fig. 6.4 (b), (c), Fig. 6.5 (b), (c) and (d), where the traffic densities are moderate. In most

cases, RIS method is better than τ -rerouting method, because it is centralized, where a global

server constantly predicts the LET path for each individual vehicle, based on latest intentions

of routes. This superiority does not hold for New York network with 1,600 vehicles, because

the traffic density is comparatively high, and τ -rerouting method is especially effective where

congestion is likely to occur. However, both methods do not care about whether vehicles would
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Figure 6.6: Different Penetration Rates.

be late regarding their preferred deadlines. On the other hand, the proposed approach cooper-

atively explores the deadlines of other vehicles, and recursively provides guidance by solving

an optimization problem, which aims to guarantee arrival at destination before deadline for all

concerned vehicles, thus achieving the best overall performance.

6.4.2.2 Different Penetration Rates

The three adaptive approaches3 are tested with different penetration rates λ defined as the per-

centage of vehicles sharing their intentions. It takes both networks with 1,200 vehicles as study

cases, and adopts two penetration rates, λ=0.8 and 0.4. From Fig. 6.6, it is noticed that average

probabilities for the three methods decrease as λ becomes smaller. It is natural since route

guidance in them all rely on intentions. Particularly, RIS method is centralized, and missing

intentions of routes may globally influence route guidance of others, so τ -rerouting method
3The three pre-computation methods do not involve intention sharing, and it makes no sense to test penetration

rates for them.
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Figure 6.7: Different Compliance Rates and Different Percentages of Tight Deadlines.

and the proposed approach achieve better performance regarding λ=0.4, especially for tight

deadlines on both networks, i.e., from α = 0.6 to 0.8. Although τ -rerouting method is decen-

tralized, missing intentions may make infrastructure agents unable to report congestion timely,

which causes more vehicles to miss their deadlines. On the other hand, in the proposed ap-

proach, predicted travel time on assigned road link relies on both vehicle amount and road link

length. Missing intentions only partially influences the proposed approach. Moreover, the pro-

posed approach always takes deadline into account, thus it achieves best overall performance

for different penetration rates.

6.4.2.3 Different Compliance Rates

The three adaptive approaches are further tested with different compliance rates ρ defined as

the percentage of vehicles following the route guidance by infrastructure agent. It takes both

networks with 1,200 vehicles as study cases, and adopts two compliance rates, ρ=0.8 and 0.4,
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the results of which are plotted in Fig. 6.7 (a) and (b) respectively. Note that the three adaptive

approaches in Fig. 6.4 (c) and Fig. 6.5 (c) refer to ρ=1. Combining those figures together,

it is noticed that average probabilities for the three methods on both networks decrease as ρ

becomes smaller. However, the proposed approach achieves highest overall performance for

each setting because it takes arrival on time into account, although some of vehicles may not

follow the guidance. It is also observed that, τ -rerouting method in Fig. 6.7 (a) has lower prob-

ability, especially for α=0.8 and ρ=0.4. It happens because vehicle density is comparatively

higher on Singapore network, where congestion is likely to happen. If most of vehicles do

not follow the rerouting, they may have to stay in congestion for a longer time. Generally,

the proposed approach will achieve higher probability of arrival on time as ρ increases, which

provides convincing incentives for vehicles to follow the route guidance.

6.4.2.4 Different Percentages of Tight Deadlines

It takes both networks with 1,200 vehicles as study cases to further test the proposed approach

against different percentages of tight deadlines. In this situation, α is set as 0.8 for tight dead-

line, and 1.2 for loose deadline. Their percentages are Ptight and 1-Ptight. In Fig. 6.7 (c) and

(d), as Ptight increases, the average probabilities for the three pre-computation methods drop

more quickly on Singapore network because its traffic density is comparatively high, where ve-

hicles always influence each other. There is only slight decrease for the proposed approach on

both networks, which is better than the other two adaptive methods. Although RIS method on

Singapore network is competitive to the proposed approach, it is highlighted that RIS method is

centralized, becoming prohibitively time-consuming as network size and vehicle number scale

up.

6.4.3 Improved Performance

Experiments are also conducted to verify the improvements on travel time prediction, compu-

tation efficiency and real-time traffic condition acquirement proposed in Section 6.3.
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Figure 6.8: Refinement of Prediction and Improvement via Communication.

6.4.3.1 Refinement of Travel Time Prediction

Iteratively linearizing a more accurate function is proposed to refine the predicted travel time

on assigned road link. It adopts Singapore network and New York network with 1,200 vehicles

as study cases, to investigate this improvement to route assignment in Eq. (6.3), and all the

results are plotted in Fig. 6.8 (a) and (b) respectively.

From Fig. 6.8 (a) and (b) it is observed that, refinement of travel time prediction improves the

average probability of arrival on time for both networks in most cases (except for Ptight = 0.8

on New York network. Nevertheless, the difference is not significant, which is acceptable).

This advantage comes from the fact that the proposed method approximates a non-linear func-

tion, which is more accurate than the previous linear prediction. It is also noticed that, com-

pared with other values, the improvement for Ptight = 0 and Ptight = 0.2 are not that obvious.

It happens because most vehicles have loose deadlines for Ptight = 0 and Ptight = 0.2, and they

still have higher chances of arrival on time although the route assignment is performed based on
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the inaccurate linear prediction of travel time. However, as Ptight increases, this improvement

becomes more obvious.

6.4.3.2 Improvement of Computation Efficiency

Original route assignment is formulated as an MIQP problem in Eq. (6.3), and it is reformu-

lated as an MILP problem in Eq. (6.6). To show the efficiency improvement, it uses Pyomo

(www.pyomo.org) to respectively solve the two problems regarding the same route assign-

ment at each intersection, and records the average computation time for both networks in Ta-

ble 6.1.

Table 6.1: Average Computation Time (s)
Singapore New York

400 800 1,200 1,600 400 800 1,200 1,600

MIQP 2.31 3.19 7.42 11.61 1.16 1.96 3.29 6.98

MILP 0.38 0.58 0.95 1.19 0.21 0.34 0.62 0.72

From Table 6.1 it is observed that as vehicle number increases, the average computation time

becomes longer for both problems. This happens because more vehicles are likely to request

for route guidance at an intersection if traffic density is larger, thus the scales of the two opti-

mization problems both increase, and longer computation time is needed. That also explains

why the computation time on Singapore network is longer than that of New York network.

However, for both, MILP problem can be more efficiently solved than MIQP problem of sim-

ilar scale, especially for Singapore network with 1,600 vehicles, which is around 10 times

faster.

6.4.3.3 Improvement via Communication

To evaluate the benefits brought by communication, the proposed approach is tested against

different communication hops (i.e., E). It again studies both networks with 1,200 vehicles for

different percentages of tight deadlines. From Fig. 6.8 (c) and (d), it is found that, E = 1, 2
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on Singapore network, and E = 1, 2, 3 on New York network always achieve higher overall

probabilities than that of E = 0, this is reasonable in that, if E > 0, the proposed approach

uses real-time traffic conditions to evaluate the first E road link(s) of the path from assigned

road link to destination. If E = 0, it only uses historical traffic conditions. As E increases

to, e.g., 3 and 4 on Singapore network, and 4 on New York network, they do not achieve

dominant performances over that ofE = 0, because the traffic is always dynamic, and knowing

real-time traffic conditions far away may not yield desirable route guidance [66]. Moreover,

large communication hop also incurs additional cost to dynamically obtain and store traffic

information. Therefore, E = 1 and E = 2 are sufficient to achieve satisfactory route guidance

in the proposed approach.

6.5 Summary

In this chapter, a decentralized multiagent-based route guidance approach has been proposed

to solve the arriving on time problem for multiple cooperative vehicles. The route guidance is

formulated as a route assignment problem at each road intersection by leveraging intentions of

the vehicles, which aims to increase the chances of arriving on time. Additionally, the proposed

route guidance approach has been improved in the aspects of travel time prediction, computa-

tional efficiency and real-time traffic condition acquirement respectively. Experimental results

confirm its superior performance over existing methods. As the chances of vehicles’ arriving

on time is increased, drivers’ satisfaction gets improved. Thus, it also reduces the accident

rate due to drivers’ frustration and impatience, which is an important mission of the intelligent

transportation and sustainable urban development.
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Chapter 7

Conclusions and Future Work

In this chapter, the proposed approaches to the stochastic shortest path (SSP)

problems for a single vehicle and multiple cooperative vehicles in the whole

thesis are first concluded. Regarding the former, the unrealistic assumptions

have been circumvented by reformulating the problem using a data-driven ap-

proach. Then the computation efficiency and accuracy have been improved by

the partial Lagrange multiplier method and the Q-learning method, respec-

tively. Regarding the latter, the chances of arriving on time for all relevant

vehicle agents have been increased by a multiagent-based approach. Besides,

the future research direction for the two problems are pointed out. Regarding

the former, better solutions with respect to both computation efficiency and ac-

curacy should be investigated, and more practical factors should be considered

as well. Regarding the latter, incentive schemes should be devised, and more

personalized route guidance should also be studied.
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7.1 Conclusions

This section concludes the proposed studies to solve the arriving on time problem for a single

vehicle and multiple cooperative vehicles, respectively. Regarding the former, a data-driven

approach is developed to circumvent the unrealistic assumptions in the existing solutions, by

reformulating the PT model based SSP problem as a cardinality minimization problem. This

problem is solved by further relaxing it into an MILP problem. Then, the computation effi-

ciency and accuracy of finding the real optimal path are improved, through the partial Lagrange

multiplier method and Q-learning method, respectively. Regarding the latter, the criterion of

arriving on time is incorporated into the multiagent-based route guidance, which increases the

chances of reaching destination before deadline for all relevant vehicles. In particular, the

multiagent-based approach is decentralized, and each infrastructure agent only provides local

route guidance by formulating it as a route assignment problem.

More specifically, Chapter 3 presents a data-driven approach regarding the arriving on time

problem for a single independent vehicle, which addresses the issues of the three unrealistic

assumptions. In particular, this approach reformulates the path finding as a cardinality min-

imization problem by directly employing travel time data of each road link, which aims to

minimize the cardinality of being late on the optimal path. Then, this cardinality minimization

is approximately solved via the `1-norm relaxation and its variants, which is further reformu-

lated as an MILP problem. Thus, the arriving on time problem becomes solvable via using an

existing MILP solver, i.e., the B&B method. Experimental results on the artificial and real road

networks show that, compared with other methods in Chapter 3, the basic `1-norm algorithm

is a satisfactory solution considering both accuracy and computation. However, there is still

room for its computation efficiency to be improved.

Chapter 4 proposes a partial Lagrange multiplier method, to improve the computation effi-

ciency of the MILP based arriving on time problem in Chapter 3. The proposed approach

explores the property of total unimodularity that exists in the equality constraint of the MILP

problem, which guarantees integer solutions by solving a corresponding LP problem if there

122



Conclusions and Future Work Chapter 7

are no inequality constraints. Thus, the partial Lagrange multipliers are used to relax the exist-

ing inequality constraints by shifting them to the objective function. After that, the subgradient

method is employed to address the reformulated problem, and only a LP problem is solved in

each iteration, which significantly saves computation time. To show the desirable generaliza-

tion of the proposed method, it is also applied to solve the SSPD model based SSP problem.

The experimental results on the Beijing road network with real traffic data have shown that

the proposed method can efficiently solve the time-dependent vehicle routing problem, and

significantly save computation time compared with the method in Chapter 3. Besides, the im-

plementation into a navigation system based on the Singapore road network further confirmed

that the proposed method can be applied to solve the real world arriving on time problem.

However, the `1-norm is still only an approximation to the cardinality minimization problem

in Chapter 3.

Chapter 5 develops a practical Q-learning method, to improve the accuracy of finding the

real optimal path. This Q-learning method aims to maximize the expected reward regarding

whether the vehicle can arrive on time or not on a specified path. At the same time, the expected

reward has the meaning of probability of arriving on time from a current location to destina-

tion. To address the issues of continuous deadlines and large-scale road networks, a practical

value function approximation method is developed based on the dynamic neural networks, to

directly learn the optimal Q-value, which represents the probability of arriving on time. Exper-

imental results on one artificial and three real road networks demonstrate that the Q-learning

method is practical for real world application, which improves the accuracy and computation

efficiency compared with the methods in Chapter 3 and Chapter 4, and some other baselines.

To summarize, the proposed Q-learning method offers several important practical features: 1)

It considers travel time, risk and deadlines simultaneously when computing an optimal path;

2) It provides probability of arriving on time from any origin(s) to any destination(s) once the

value function is learned; 3) It can flexibly provide time-dependent path recommendation and

avoid frequent training even if travel time data changes.

Chapter 6 proposes a decentralized multiagent-based method, which solves the arriving on

time problem for multiple cooperative vehicles. In this approach, two types of agents are
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involved, i.e., vehicle agents and infrastructure agents. Particularly, each vehicle agent follows

the route guidance by the local infrastructure agent, and the infrastructure agent formulates

the local route guidance as a route assignment problem, which aims to increase the chances

of arriving on time for all relevant vehicle agents. Moreover, the route assignment problem

at each infrastructure agent is efficiently solved through existing solvers. Experimental results

on part of the Singapore and New York road networks show that, in comparison with other

baselines in Chapter 6, the proposed method can significantly improve the average probabilities

of arriving on time for all vehicles agents in the system, especially for the case of high traffic

densities.

7.2 Future Work

In view of the current studies and conclusions, the future research will be conducted in the

following two aspects.

7.2.1 Further Study of Arriving on Time for a Single Vehicle

The proposed solutions to the arriving on time problem for a single vehicle, has successfully

circumvented the three unrealistic assumptions, and improved the computation efficiency and

accuracy as well. However, besides the on-field test using the real car in future, there are still

some other practical issues that can be considered in this arriving on time problem.

• Develop More Accurate Solution to the Cardinality Minimization. In Chapter 3, the

PT model based SSP problem is reformulated as a cardinality minimization problem to

circumvent the strong assumptions. Then this problem is approximately solved using the

`1-norm relaxation based algorithms, which are easy and simple to implement. How-

ever, other types of relaxation methods are also feasible, e.g., using a group of sigmoid

functions [103] to approximate the cardinality. Although it needs more computation time

regarding the same problem, higher accuracy usually can be achieved. Therefore, it is

worth to investigate a balance between the accuracy and computation time regarding this
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sigmoid function based method. At the same time, the delay might be unacceptably long

if the user, who relies on the PT model, arrives at the destination after the deadline. And

it is crucial to balance the probability of arriving on time and the worst case of delay.

• Further Improve the Computation Efficiency. In Chapter 4, a partial Lagrange mul-

tiplier method is proposed to improve the computation efficiency, which explores the

advantage of the total unimodularity property of the incidence matrix. In order to get

more desirable results, the incidence matrix of the whole road network is utilized. How-

ever, in most cases, the optimal path lies in a small area containing the O-D pair, and

the incidence matrix of the whole road network is not necessary. At the same time, a

smaller incidence matrix implies an optimization problem of smaller size, which accord-

ingly leads to less computation. Therefore, it is beneficial to investigate a strategy to

extract a suitable sub-network, the incidence matrix of which would be used to compute

the optimal path. In view of this, a simple strategy could be drawing a suitable circle

or rectangle that contains the O-D pair. Besides, in some cases, only several meaning-

ful routes (e.g., different expressways) may exist, where the maximum probability of

arriving on time may be obtained by simply enumerating all the meaningful routes. Al-

though recognizing those meaningful routes may incur additional computational cost, it

is worth to investigate whether this alternative approach can save the total computation

in comparison with the original solution.

• Consider More Practical Factors. In Chapter 5 the location and deadline are adopted as

a state in the Q-learning method. To be more practical, it can also include other factors,

such as weather (e.g., sunny, rainy, windy and snowy) and width of the road (e.g., narrow,

medium and wide), both of which are likely to influence the traffic on roads. Besides,

regarding the arriving on time problem for a single vehicle, several other practical issues

can also be incorporated: 1) transition time at intersections, such as waiting time for

the desired traffic lights; 2) passing through fixed locations before destination, which

is suitable for parents to drop children to the school before going to work; 3) reducing

turnings at intersections, which satisfies the preferences of most drivers. All of the three

practical issues can be naturally incorporated into the optimization method, which would

nourish the solutions to the arriving on time problem.
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7.2.2 Further Study of Arriving on Time for Multiple Cooperative Vehi-
cles

In the multiagent-based approach, to guarantee most of vehicle agents arriving on time, it for-

mulates the route guidance as a route assignment problem. In this problem, some vehicle

agents with loose deadlines might be assigned to detoured routes to give ways to those with

tight deadlines. Consequently, an equity issue is involved, because those “sacrifices” might be

unfair to some of them, which is worth to be investigated in future. At the same time, some

incentive schemes should be devised, to encourage vehicle agents to follow the provided route

guidance. In addition, it is also worth to explicitly consider the potential route assignment at

neighboring (or further) intersections when a local infrastructure agent performing the route

assignment. On the other hand, in the current method, only arriving on time is considered, and

it is desirable to also incorporate the total travel time, which is important to the environment

impact. Therefore, in future, more personalized route guidance will be considered by integrat-

ing both arriving on time and total travel time into the objective function, the weights of which

would be decided by drivers themselves.
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[137] J. J. Júdice, A. M. Faustino, and I. M. Ribeiro, “On the solution of np-hard linear com-

plementarity problems,” Top, vol. 10, no. 1, pp. 125–145, 2002.

[138] M. L. Puterman, Markov Decision Processes: Discrete Stochastic Dynamic Program-

ming. John Wiley & Sons, Inc., 1994.

[139] C. J. C. H. Watkins and P. Dayan, “Technical note: Q-learning,” Machine Learning,

vol. 8, no. 3-4, pp. 279–292, 1992.

[140] H. Yu and D. P. Bertsekas, “On boundedness of q-learning iterates for stochastic shortest

path problems,” Mathematics of Operations Research, vol. 38, no. 2, pp. 209–227, 2013.

[141] S. Carden, “Convergence of a q-learning variant for continuous states and actions,” Jour-

nal of Artificial Intelligence Research, pp. 705–731, 2014.

[142] A. Fuchs, D. Axehill, and M. Morari, “Efficient evaluation of mp-miqp solutions using

lifting,” arXiv preprint arXiv:1311.4752, 2013.

142



References

[143] M. Papageorgiou, “Dynamic modeling, assignment, and route guidance in traffic net-

works,” Transportation Research Part B: Methodological, vol. 24, no. 6, pp. 471–495,

1990.

[144] S. Boyd and L. Vandenberghe, Convex optimization. Cambridge university press, 2004.

[145] E. J. Candes, M. B. Wakin, and S. P. Boyd, “Enhancing sparsity by reweighted 1 min-

imization,” Journal of Fourier analysis and applications, vol. 14, no. 5-6, pp. 877–905,

2008.

[146] R. Yang, A. X. Jiang, M. Tambe, and F. Ordonez, “Scaling-up security games with

boundedly rational adversaries: A cutting-plane approach,” in Proceedings of the

Twenty-Third international joint conference on Artificial Intelligence (IJCAI), pp. 404–

410, 2013.

[147] M. Behrisch, L. Bieker, J. Erdmann, and D. Krajzewicz, “Sumo–simulation of urban

mobility: an overview,” in Proceedings of the Third International Conference on Ad-

vances in System Simulation, pp. 55–60, 2011.

[148] C.-C. Chang and C.-J. Lin, “LIBSVM: A library for support vector machines,” ACM

Transactions on Intelligent Systems and Technology, vol. 2, pp. 27:1–27:27, 2011.

143


	Zhiguang_Cover_NS
	main_thesis

