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Abstract: Phase-shifting techniques are extremely important in modern optical metrology. The
advanced iterative algorithm (AIA) is an elegant, flexible and effective phase-shifting algorithm
that can extract phase from fringe patterns with arbitrary unknown phase-shifts. However,
comparing it with traditional phase-shifting algorithms, AIA has not been sufficiently investigated
on (i) its applicability to different types of fringe patterns; (ii) its performance with respect
to different phase-shifts, frame numbers and noise levels and thus the possibility of further
improvement; and (iii) the predictability of its accuracy. To solve these problems, a series of
innovations are proposed in this paper. First, condition numbers are introduced to characterize the
least squares matrices used in AIA, and subsequently a fringe density requirement is suggested
for the success of AIA. Second, the performance of AIA regarding different phase-shifts, frame
numbers and noise levels is thoroughly evaluated by simulations, based on which, an overall
phase error model is established. With such understanding, three individual improvements
of AIA, i.e., controlling phase-shifts, controlling frame numbers and suppressing noise, are
proposed for better performance of AIA. Third, practical methods for estimating the overall phase
errors are developed to make the AIA performance predictable even before AIA is executed. We
then integrate all these three innovations into an enhanced AIA (eAIA), which solves all the
problems we mentioned earlier. The significant contributions of eAIA include the insurability of
the convergence, the controllability of the performance, and achievability of a desired accuracy.
An experiment is carried out to demonstrate the effectiveness of eAIA.

© 2019 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

Phase-shifting interferometry has been widely used to precisely measure physical quantities such
as shape, deformation and refractive index [1–3]. Phase-shifted fringe patterns can be represented
as [4]

Itij = Aij + Bij cos(ϕj + δi), i = 1, 2, . . . ,M; j = 1, 2, . . . ,N, (1)

where the subscript i represents the ith fringe pattern withM as the total number of fringe patterns;
the subscript j represents the jth pixel with N as the total number of pixels; Itij is the theoretical
fringe intensity; Aij and Bij represent the background intensity and fringe amplitude, respectively;
ϕj is the phase information of the jth pixel and is assumed to be independent of i; and δi is the
phase-shift of the ith frame with δ1 = 0, and is assumed to be independent of j. Among these
variables, the phase information ϕj is directly related to the measured quantities [1–3] and thus
need to be extracted from fringe patterns. In practice, as noise is unavoidable, the measured
fringe patterns are normally presented as

Iij = Itij + nij, (2)

where nij is the noise of the jth pixel at ith fringe pattern.
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Due to the extreme importance of phase extraction, many phase-shifting algorithms have been
developed. Based on the prior knowledge about the phase-shifts, they can be classified into two
categories [4]:

(i) Algorithms with known phase-shifts: the least square algorithm (LSA) [1], the N+ 1
bucket algorithm [5] and the windowed digital Fourier transform algorithms [6] are such
examples. Performance evaluation of these algorithms is relatively easy and has been
intensively carried out [6–9];

(ii) Algorithms with unknown phase-shifts: the Carre’s algorithm [10], the Hariharan algo-
rithm [11], the advanced iterative algorithm (AIA) [12], the algorithms based on principal
component analysis [13], Euclidean matrix norm [14] and Gram–Schmidt orthonormaliza-
tion [15] belong to this category. Naturally, the unknown phase-shifts bring uncertainty
and challenge for performance evaluation.

Among all these algorithms, AIA is of particular interest to us. AIA iteratively estimates the
phase and phase-shifts until the stopping criterion is satisfied. It offers the following merits:
(i) the algorithmic simplicity and elegance, (ii) the flexibility of using arbitrary phase-shifts,
and frame numbers (≥3), and (iii) the good performance demonstrated in the literature and our
own testing. However, we also noticed that there is a lack of comprehensive algorithm analysis
and performance evaluation with respect to (w.r.t) different phase distributions, phase-shifts,
frame numbers, and noise, which leaves an obstacle for using AIA in industrial applications.
Specifically, the following aspects of the AIA performance are unclear and should be answered:
(i) Is AIA applicable to any set of phase-shifted fringe patterns and successfully converge? (ii)
How is the performance affected by different phase-shifts, frame numbers and noise levels, and
can the performance be further improved? (iii) Can the accuracy of AIA be predicted? These
questions motivate us to investigate the AIA’s performance thoroughly, through which we can
answer all these questions and propose various improvements accordingly. Finally, by integrating
all our findings and solutions, an enhanced AIA (eAIA) is proposed.
The rest of the paper is arranged as follows. In Section 2, the AIA is briefly described and

analyzed. Condition numbers are introduced to characterize the least squares matrices used in
AIA. In Section 3, simulations of fringe patterns to evaluate AIA are set up. The requirement
on fringe density for the effective use of AIA is also obtained and suggested. In Section 4, the
performance of AIA w.r.t different variables is thoroughly evaluated, resulting in an integrated
general error model. In Section 5, individual improvements w.r.t. different variables in AIA
are proposed. In Section 6, practical error estimation methods are proposed to predict the
performance of AIA for a given set of phase-shifted fringe patterns. In Section 7, the eAIA is
finally proposed and verified in an experiment. Section 8 concludes the paper.

2. Advanced iterative algorithm (AIA) and its analysis

In this section, the AIA is described and analyzed. For clarity, the representations and symbols
largely follow the original AIA in [12].

2.1. Algorithm description

AIA iteratively estimates phase and phase-shifts, until a convergence condition is satisfied. First,
the phase is estimated by treating the phase-shifts as known; and both fringe background and
amplitude are assumed to be constant across frames. Equation (1) is then rewritten as

Itij = aj + bj cos δi + cj sin δi, (3)
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where aj = Aij; bj = Bij cos ϕj and cj = −Bij sin ϕj. The following loss function between the
measured intensity Iij and the theoretical model Itij should be minimized in the least squares sense:

Sj =
∑M

i=1
(Itij−Iij)

2 =
∑M

i=1
(aj + bj cos δi + cj sin δi−Iij)2. (4)

Letting ∂Sj
∂aj =

∂Sj
∂bj =

∂Sj
∂cj = 0 yields:

ApXp,j = Bp,j, (5)

where

Ap =


M

∑M
i=1 cos δi

∑M
i=1 sin δi∑M

i=1 cos δi
∑M

i=1 cos2δi
∑M

i=1 cos δi sin δi∑M
i=1 sin δi

∑M
i=1 cos δi sin δi

∑M
i=1 sin2δi


, (6)

Xp,j =
[
aj bj cj

]T
, and Bp,j =

[ ∑M
i=1 Iij

∑M
i=1 Iij cos δi

∑M
i=1 Iij sin δi

]T
. It is clear that

Ap is a function of phase-shifts. If Ap is nonsingular, we have

Xp,j = A−1p Bp,j, (7)

where the subscript− 1 indicates the matrix inverse. Subsequently, the phase can be extracted as

ϕj = tan−1
(
−
cj
bj

)
. (8)

Similarly, the phase-shifts are estimated by treating the phases of all pixels as known and
both fringe background and amplitude are assumed to be constant across pixels in each frame.
Equation (1) is then rewritten as

Itij = a′i + b
′
i cos ϕj + c′i sin ϕj, (9)

where a′i = Aij; b′i = Bij cos δi and c′i = −Bij sin δi. The following loss function between the
measured intensity Iij and the theoretical model Itij should be minimized in the least squares sense:

S′i =
∑N

j=1
(Itij−Iij)

2 =
∑N

j=1
(a′i + b

′
i cos ϕj + c′i sin ϕj−Iij)2. (10)

Letting ∂S′i
∂a′i
=

∂S′i
∂b′i
=

∂S′i
∂c′i
= 0 yields:

ApsXps,i = Bps,i, (11)

where

Aps =


N

∑N
j=1 cos ϕj

∑N
j=1 sin ϕj∑N

j=1 cos ϕj
∑N

j=1 cos2ϕj
∑N

j=1 cos ϕj sin ϕj∑N
j=1 sin ϕj

∑N
j=1 cos ϕj sin ϕj

∑N
j=1 sin2ϕj


, (12)

Xps,i =
[
a′i b′i c′i

]T
and Bps,i =

[ ∑N
j=1 Iij

∑N
j=1 Iij cos ϕj

∑N
j=1 Iij sin ϕj

]T
. The Aps is a

function of phase distribution. If Aps is nonsingular, we have

Xps,i = A−1ps Bps,i, (13)
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from which, the phase-shifts are calculated,

δi = tan−1
(
−
c′i
b′i

)
. (14)

The above phase calculation and phase-shifts calculation are iteratively executed. AIA starts
with random guessed phase-shifts and stops when the following condition is satisfied for all i:

|(δki − δ
k
1) − (δ

k−1
i − δk−11 )|<ε, (15)

where ε is a pre-set error tolerance and the superscript k is the number of iteration.

2.2. Condition numbers of least squares matrices

As can be seen from Eqs. (7) and (13), the performance of AIA directly relies on the two least
squares matrices Ap and Aps, thus phase distribution and phase-shifts. AIA works poorly when
Ap and Aps are singular or nearly singular. Since condition number is a good indicator of matrix
singularity [16], we propose to adopt it to qualify these matrices. Given a linear equation system
Hx=F, the condition number of matrix H is calculated as follows [17],

κ(H) = σmax(H)
σmin(H)

, (16)

where σmin(H) and σmax(H) are the minimal and maximal singular values of H, respectively.
Consider matrix Aps first. For any vector x with real components, the dot product of Apsx and

x is 〈
Apsx, x

〉
= xTApsx =

∑N

j=1
(x1 + cos ϕjx2 + sin ϕjx3)2 ≥ 0, (17)

which implies that Aps is positive semidefinite [17]. Since Aps is a symmetrical positive
semidefinite real matrix, based on the property of the Rayleigh quotient [18] and the fact that
eigenvalues of Aps equal to its singular values [17], for any vector x with nonzero real component,
we have,

σmin(Aps) ≤
xTApsx

xTx
≤ σmax(Aps). (18)

Substituting different values of x, e.g.
[
1 0 0

]T
,
[
0 1 0

]T
and

[
0 0 1

]T
, into

Eq. (18) yields
σmax(Aps) ≥ N, (19)

σmin(Aps) ≤ min
(∑N

j=1
cos2ϕj,

∑N

j=1
sin2ϕj

)
. (20)

Thus following Eq. (16), we have

κ(Aps) ≥
N

min
(∑N

j=1 cos2ϕj,
∑N

j=1 sin2ϕj
) . (21)

Based on Pythagorean trigonometric identity,

cos2ϕ + sin2ϕ = 1, (22)

it is not difficult to find that

min
(∑N

j=1
cos2ϕj,

∑N

j=1
sin2ϕj

)
≤

N
2
. (23)

Hence the inequality Eq. (21) becomes

κ(Aps) ≥ 2, (24)

where κ(Aps) = 2 is achievable when σmin(Aps) =
∑N

j=1 cos2ϕj =
∑N

j=1 sin2ϕj = N
2 , i.e., the phase

evenly distributed among 2π. In the meantime, Aps could be singular in special cases, e.g. ϕj = 0,
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for j= 1, 2, . . . , N. Thus, we have 2≤κ(Aps)<∞. Similarly, we also have 2≤κ(Ap)<∞, where
κ(Ap) = 2 is achievable when δi = (i-1)×2π/M.

3. Fringe pattern simulation and fringe density requirement for AIA

In this section, the fringe pattern simulation strategies which are used throughout the paper are
introduced first. Based on simulations, a fringe density requirement for using AIA is established.

3.1. Fringe pattern simulation

Our main tool for AIA evaluation in this paper is simulation, which provides us the ground true
values for comparison and enables us to run tests thousands of times easily. Nevertheless, an
experimental example will be provided at the end of the paper.
The fringe patterns are simulated according to Eq. (2) with the following settings:

(i) M = 3 ∼ 40;

(ii) N =Nx (horizontal)×Ny (vertical)= 256×256;

(iii) the background intensity A and fringe amplitude B are constant across both frames and
pixels;

(iv) three typical phase distributions, linear for straight fringe patterns (ϕ1), quadratic for
circular fringe patterns (ϕ2), and a “peaks” function for complex fringe patterns (ϕ3), are
used as represented below,

ϕ1(x, y) =
2Npπ

Nx
x, (25)

ϕ2(x, y) =
2Npπ(

Nx
2

)2
+

(
Ny
2

)2 r2, (26)

ϕ3(x, y) = Np × peakss(Nx,Ny) + ωcx (27)

where Np is number of fringes over ROI, r2 =
(
x − Nx

2

)2
+

(
y − Ny

2

)2
, “peaks_s” uses the

MATLAB function “peaks”, linearly scaled it into the range of [0, 2π] and ωc represents
the carrier frequency;

(v) phase-shifts are either randomly drawn from [0, 2π] or specially set as δi = (i-1)×2π/M so
that κ(Aps) is minimal;

(vi) additive white noises have a zero mean and different standard deviations relative to the
fringe amplitude B, i.e., σ/B= 0% ∼ 100% [19].

As examples, a noiseless straight fringe pattern with Np = 1, a circular fringe pattern with Np = 2
and additive noise with σ/B= 10% and a complex fringe pattern with Np = 3, ωc = 0 and additive
noise with σ/B= 20% are shown in Figs. 1(a)–1(c), respectively.

3.2. Fringe density requirement

AIA is not a panacea that can work with any set of fringe patterns. If the fringe patterns have
low density, the Aps will be singular or nearly singular, making AIA simply fail. Finding the
requirement of fringe density to make AIA successful is our first task.

Two groups of fringe patterns are simulated according to Section 3.1 with M = 4; phase-shifts
are specially set as δi = (i-1)×2π/M; Np = 0.1 ∼ 3 for ϕ1, ϕ2 and ϕ3 and ωc = 0 for ϕ3; σ/B= 0%
for noiseless group and σ/B= 10% for noisy group. Both groups of simulations are repeated for
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Fig. 1. Typical fringe patterns used for simulation. (a) A noiseless straight fringe pattern
with Np = 1. (b) A circular fringe pattern with Np = 2 and additive noise with σ/B= 10%. (c)
A complex fringe pattern with Np = 3 and ωc = 0 and additive white noise with σ/B= 20%

1,000 times to reduce the influence of randomly guessed initial phase-shift values. The phases
are calculated by AIA from these fringe patterns, where AIA is coded according to Section 2.1
with an error tolerance of 1e-4 rad. The κ(Aps) of these fringe patterns are plotted against Np in
Fig. 2(a). Since the mean phase error is not significantly smaller than the standard deviation in
AIA, the root-mean-square error (RMSE) is chosen as a convenient phase error measure and
used throughout this paper. Here, the maximum RMSEs of the phases of fringe patterns with
different Np values are calculated and plotted in Figs. 2(b) and 2(c) for noiseless and noisy cases,
respectively. From these results, we consider Np = 0.5 as a critical point of AIA performance.
When Np < 0.5, Aps is nearly singular, and the performance of AIA cannot be guaranteed in both
noiseless and noisy tests. Conservatively, we suggest capturing at least one fringe over ROI (i.e.,
Np ≥ 1) as the fringe density requirement for using AIA so that κ(Aps) approaches 2 to achieve
good performance. We then further generate a total of 60,000 sets of fringe patterns satisfying
the fringe density requirement, i.e., Np ≥ 1, and test AIA on them. All tests converge. We thus
consider our suggested fringe density requirement valid and will satisfy this requirement in the
rest of the paper.

Fig. 2. Fringe density requirement. (a) κ(Aps) of ϕ1, ϕ2 and ϕ3 w.r.t Np. (b) RMSEs of
phases from noiseless fringe pattern with ϕ1, ϕ2 and ϕ3 w.r.t Np. (c) RMSEs of phases from
noisy fringe pattern with ϕ1, ϕ2 and ϕ3 w.r.t Np.
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4. Performance evaluation of AIA

In this section, the performance of AIA w.r.t phase-shifts, frame numbers and noise will be
evaluated separately, based on which, an integrated error model for AIA is obtained.

4.1. Influence of phase-shifts

Since the phase-shifts can be characterized by the κ(Ap), we examine how κ(Ap) affects the AIA
performance. The fringe patterns are simulated according to Section 3.1 with M = 4; Np = 1 for
ϕ1, Np = 2 for ϕ2 and Np = 10 and ωc = 0.25 for ϕ3 to satisfy the phase requirement with κ(Aps)
≈ 2; random phase-shifts with κ(Ap)= 2 ∼ 500; and σ/B= 10%. One fringe pattern with ϕ3 is
shown in the Fig. 3 as an example.

Fig. 3. A complex fringe pattern with ϕ3 (Np = 10 and ωc = 0.25) as phase and additive
white noise with σ/B= 10%

Phases are then calculated by AIA and LSA with the simulated known phase-shifts [1]. The
RMSEs of ϕ3 by both AIA and LSA w.r.t κ(Ap)1/2 are shown in Fig. 4(a), where κ(Ap)1/2
have been grouped into different bins with a bin size of 1. The mean values of RMSEs in
Fig. 4(a) are also calculated and plotted against mean value of κ(Ap)1/2 in Fig. 4(b), where a
linear relationship between RMSE and κ(Ap)1/2 is observed. As expected, a smaller κ(Ap) is
desired for a better performance of AIA. AIA without the knowledge of the phase-shifts has a
comparable performance to LSA with known phase-shifts. More interestingly, the performance

Fig. 4. Influence of phase-shifts. (a) RMSEs of phases w.r.t κ(Ap)1/2. (b) Mean RMSEs of
phases w.r.t κ(Ap)1/2.
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of AIA could even be slightly better when κ(Ap)1/2 > 10, which is an interesting point for future
investigation. Readers may note that the results of ϕ1 and ϕ2 are not shown. This is because
they are very similar to the result of ϕ3. We mention in advance that the same phenomenon will
happen in all the rest of the simulations, showing that the AIA performance is insensitive to
different types of fringe patterns, as long as the fringe density requirement is satisfied. We thus
highlight that, in the rest of the paper, we test all three phase distributions, but only the results of
ϕ3 are illustrated by default without specification.

4.2. Influence of frame number

We now look at the frame number M. The fringe patterns are simulated according to Section
3.1 with Np = 1 for ϕ1, Np = 2 for ϕ2 and Np = 10 and ωc = 0.25 for ϕ3; the phase-shifts set as
δi=(i-1)×2π/M; and σ/B= 10%. The corresponding RMSEs of phases extracted by AIA are
calculated and plotted against M and M−1/2 in Figs. 5(a) and 5(b), respectively. The RMSE
decreases w.r.t M and increases linearly w.r.t M−1/2, meaning that using more phase-shifted
fringe patterns is benificial.

Fig. 5. Influence of frame number. (a) RMSEs of phases w.r.t M. (b) RMSEs of phases
w.r.t M−1/2.

4.3. Influence of noise

In AIA, noise affects Bp,j in Eq. (7) and Bps,i in Eq. (13), and consequently affects the phase
extraction accuracy. The fringe patterns are simulated according to Section 3.1 with M = 4;
Np = 1 for ϕ1, Np = 2 for ϕ2 and Np = 10 and ωc = 0.25 for ϕ3; and δi=(i-1)×2π/M. RMSEs of
phases extracted by AIA is plotted against σ/B as shown in Fig. 6. The RMSE linearly increases
w.r.t σ.

4.4. The integrated general error model of AIA

Similar relationships between RMSEs with M and σ have been found in non-iterative algorithms
[8,20,21], but are introduced for the first time in the context of AIA. These relationships between
RMSEs with κ(Ap),M and σ motivated us to fit an integrated general error model for AIA (EAIA)
as follow:

EAIA = 0.42
(√

κ(Ap) + 2
)
×
σ/B
√
M

(28)

To verify the error model, fringe patterns are simulated according to Section 3.1 withM= 3 ∼ 10;
random phase-shifts with κ(Ap)= 2 ∼ 50; Np = 1 for ϕ1, Np = 2 for ϕ2 and Np = 10 and ωc = 0.25
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Fig. 6. RMSE of phases w.r.t σ/B.

for ϕ3; and σ/B= 10% ∼ 50%. The RMSEs of phases are calculated and plotted against EAIA in
Fig. 7. Excellent agreement is observed, and thus EAIA can be used as an indicator for accuracy
of the phase calculated by AIA.

Fig. 7. Error model validation. (a) RMSEs of phases w.r.t EAIA with different M. (b)
RMSEs of phases w.r.t EAIA with different σ/B.

5. Improvements of AIA

The above section shows the relationships between the accuracy of AIA with κ(Ap),M and σ. In
this section, we turn to improve the performance of AIA by reducing σ or κ(Ap) or increasing M.

5.1. Improvement by phase-shifts control

The unique advantage of AIA is to extract phase from any randomly phase-shifted fringe patterns.
Thus, controlling the phase-shifts has been ignored in the literature. However, as shown in
Section 4.1, smaller κ(Ap) leads to better performance. Phase-shifts evenly or nearly evenly
distributed within [0, 2π] result in a small κ(Ap), thus leading to better phase accuracy. We
propose that phase-shifts control should be the first improvement of AIA, which is practical
as it have been widely implemented in phase-shifting interferometry [3]. We highlight that, in
contrast to the traditional phase-shifting algorithm, the control of phase-shifts in AIA does not
need to be precise.
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For verification, two groups of fringe patterns are simulated as same as in Section 4.1 except that
for the controlled group, phase-shifts are set nearly evenly distributed within [0, 2π], simulated
as δi = (i-1)×2π/M + nδ where nδ is a random phase-shift error with a mean of zero and standard
deviation of 5 degree, resulting in κ(Ap) ≈ 2; while for the random group, phase-shifts are
randomly taken from [0, 2π]. Each group includes 1,000 sets of fringe patterns. Then, the phases
are extracted by AIA where the initial phase-shifts set as δi = (i-1)×2π/M for the controlled group
and random values for the random group. The RMSEs of phases are shown in Fig. 8 with the
y-axis shown in log scale, which demonstrates the improvement of the accuracy of AIA. In
addition, the convergence is also accelerated with the phase-shift control. The average iteration
number for the controlled group with δi = (i-1)×2π/M as initial phase-shifts is 9.3, compared
with 13.3 for the random group with random initial phase-shifts. Both accuracy and speed results
clearly show the advantages of using controlled phase-shifts. Thus, using controlled phase-shifts
is encouraged in AIA.

Fig. 8. RMSEs of phases of controlled phase-shifts group and random phase-shifts group.

Furthermore, for the controlled group, we also test LSA for phase extraction using the nominal
values of phase-shifts, δi = (i-1)×2π/M, as true phase-shifts. The RMSE distribution is also
inserted in Fig. 8 which is inferior to the AIA result for the same group. It demonstrates the
advantage of using AIA when the phase-shift control is not precise, a situation often encountered
in real practice [22].

5.2. Improvement by frame number control

When the phase-shifts cannot be well controlled, random phase-shifts between [0, 2π] are
expected. Increasing the frame number is useful for decreasing κ(Ap) and proposed as the second
improvement of AIA. To verify it, fringe patterns are simulated as same as in Section 4.2 except
that M = 4 ∼ 20 and the phase-shifts are random values between [0, 2π]. There are 1,000 sets of
fringe patterns for each frame number. The phases are calculated by AIA. The mean values κ(Ap)
and RMSEs of phases with sameM are shown in Figs. 9(a) and 9(b), respectively. Both the mean
value of κ(Ap) and RMSE decrease w.r.t M. Although we only consider random phase-shifts in
this section, increasing frame number with controlled phase-shifts will also improve the accuracy
of AIA as shown in Section 4.2.

5.3. Improvement by fringe denoising

Since AIA performs better with lower noise level, we suggest adding a pre-filtering step to the
fringe patterns as the third improvement of AIA. In the meantime, pre-filtering should not distort
the fringe patterns. Based on these considerations, we selected two filters, a 3×3 median filter
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Fig. 9. Improvement by frame number control. (a) Mean values of κ(Ap) w.r.t M.(b) Mean
values of RMSEs of phases w.r.tM.

(MF) for its known simplicity and effectiveness for general images and a windowed Fourier filter
(WFF) for its effectiveness for fringe denoising [23]. Fringe patterns are simulated as same as in
Section 4.3. Before the phase calculation by AIA, the fringe patterns are filtered by the MF and
WFF. The RMSEs of phases calculated by AIA from unfiltered and filtered fringe patterns are
plotted against σ/B as shown in Fig. 10. Both MF and WFF significantly improve the accuracy
of the phase calculated by AIA. WFF performs better than MF.

Fig. 10. RMSEs of phases from unfiltered fringe patterns, MF filtered fringe patterns and
WFF filtered fringe patterns w.r.t σ/B.

6. Practical error estimation

Although EAIA in Section 4.4 can indicate the performance of AIA, it cannot be directly used in
practice, as none of the phase-shifts, noise amplitude and fringe amplitude are known in advance.
Estimation of these parameters and subsequently the phase error (ÊAIA) is the main topic of this
section.



Research Article Vol. 27, No. 26 / 23 December 2019 / Optics Express 37645

6.1. Estimation of phase-shifts

There are multiple phase-shifts estimation methods such as the ellipse fitting method [24] and
windowed Fourier ridges (WFR) method [25]. In this paper, we estimate the phase-shifts in the
Fourier domain.
First, the fringe pattern expressed by Eq. (1) is rewritten as

Itij = Aij + Cij + C∗ij, (29)

with
Cij =

1
2
Bij exp[j(ϕj + δi)] =

1
2
Bij exp(jδi) exp(jϕj), (30)

where the superscript * is the complex conjugate and j is an imaginary unit. Since δ1 = 0, it is
clear from Eq. (30),

Cij = C1j exp(jδi), (31)

showing that δi can be extracted from Cij.
However, in practice, Cij has to be separated from Ci j* and Aij, for which we rely on the

Fourier transform. The 2D Fourier transform of Eq. (29) is

F[I(ξx, ξy; i)] = F[A] + F[C(ξx, ξy; i)] + F[C∗(ξx, ξy; i)], (32)

where ξx and ξy are the frequency coordinates in the Fourier domain among row and column
directions, respectively. Each of the items on the right hand of Eq. (32) gives a spectrum lobe.
We identify the spectrum lobe of F[C(ξx, ξx; i)], and find its ridge as

(u, v) = argmax
ξx,ξy

∑M

i=1
|F[C(ξx, ξy; i)]|. (33)

Based on Eq. (31), phase-shifts can be estimated as

δ̂i = ∠F[C(u, v; i)] − ∠F[C(u, v; 1)]. (34)

This method is a similar concept to WFR but with a worse estimation accuracy. However, it
indeed provides a satisfactory accuracy and fast estimation of phase-shifts. The condition number
of the estimated least squares matrix for phase calculation κ(Âp) can subsequently be calculated
from the estimated phase-shifts.

6.2. Estimation of fringe amplitude

The fringe amplitude can be calculated by the LSA [2] or window Fourier ridge method [21].
Since we have just estimated the phase-shifts, we can calculate Ap and Bp,j used in Eq. (7), and
subsequently Xp,j can be computed. The pixel-wise fringe amplitude is calculated as

B̂j =
√
b2j + c

2
j , (35)

and the mean fringe amplitude B̂ is then estimated as an average across all pixel,

B̂ =
1
N

∑N

j=1
B̂j. (36)
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6.3. Estimation of noise standard deviation

The noise standard deviation can be estimated by hardware calibration process [26] or noise
estimation algorithms. A modified fast noise estimation algorithm using a 3×3 Laplacian mask
is adopted in this work, due to its high speed and satisfactory accuracy [27]. It can estimate the
noise standard deviation of an unfiltered or 3×3 MF filtered fringe pattern, as follows,

σ̂i =

√
2
π

1
6(Nx − 2)(Ny − 2)

∑
Idi
|Idi ⊗ N|, (37)

where | · | takes the absolute value, ⊗ is the convolution operator and N is a convolution kernel,

N =


1 −2 1

−2 4 −2

1 −2 1


, (38)

and Iid is a down sampled image of Ii by skipping adjacent 2 pixel in both x and y direction to
reduce influence from neighboring pixels caused by the 3×3 MF. The noise standard deviation of
the test is estimated based on the mean noise standard deviation value of all frames,

σ̂ =
1
M

∑M

i=1
σ̂i (39)

6.4. Practical overall error estimation

With all the estimated parameters, the overall error of AIA can now be obtained as

ÊAIA = 0.42
(√

κ(Âp) + 2
)
×
σ̂/B̂
√
M

. (40)

To verify the effectiveness of the estimation, fringe patterns as same as in Section 4.4 are
simulated. The RMSEs of phases have been calculated and plotted against ÊAIA as shown in
Fig. 11. Excellent agreement is observed. The error model can not only estimate accuracy of
AIA, but also be used for fringe pattern parameter control to achieve a desired accuracy, as will
be described soon.

In the case that the phase-shifts are controllable, δi = (i-1)×2π/M will be used so that κ(Ap)= 2.
From Eq. (40), we can estimate the required frame number as

M = ceil

[
2
(
σ̂/B̂
τ

)2]
, (41)

where τ is the threshold of ÊAIA. In order to conservatively and thus safely determine anM value,
one may use a smaller τ, or directly increase the M value.
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Fig. 11. Validation of AIA error prediction. (a) RMSEs of phases w.r.t ÊAIA with different
M. (b) RMSEs of phases w.r.t ÊAIA with different σ.

7. Enhanced AIA (eAIA)

In this section, based on the fringe density requirement (Section 3.2), the individual improvements
of AIA (Section 5) and the practical error estimation (Section 6), eAIA is proposed and verified
by an experiment.

7.1. Structure of eAIA

Unlike the traditional phase-shifting algorithms, AIA has higher uncertainty of phase extraction
accuracy or could even fail, which is a serious obstacle of practical use. The main feature of
the proposed eAIA is the integration of fringe acquisition with phase extraction to guarantee
AIA’s success with a desired accuracy. The flowchart of eAIA is shown in Fig. 12. The blue, red
and green color codes correspond to fringe density requirement, performance improvements and
performance prediction, respectively. The detailed highlights are as follows:

(i) AIA has unsatisfactory performance when fringes are sparse. Thus, the fringe density
requirements are integrated into eAIA. The fringe density can be increased by adjusting
the optical system such as adjusting a mirror. Note that since only one fringe is required in
the field of view, the adjustment is very little;

(ii) Although AIA is known for its merits of using arbitrary phase-shifts, controlling phase-
shifts makes phase extraction more accurate and faster, and is encouraged. Note that the
phase-shift control does not need to be precise, and thus it is easy to implement;

(iii) The error model and its effective estimation enable us to predict the AIA performance,
with which, the original AIA system is modified into an adaptive algorithm until a desired
accuracy is achieved. Note that this process is recursive without human intervention and
thus is automatic.

In Fig. 12, a 3×3 MF is used as the fringe filter due to its high speed, but other filters can also
be used if it is effective for denoising and the noise level after filtering can be well estimated.

7.2. Experimental verification of eAIA

To verify the effectiveness of eAIA, we conducted an experiment with a Fizeau interferometer.
We used a wedged optical window as the reference and another wedged optical window as the
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Fig. 12. Flowchart of eAIA.
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test object. In total, 160 fringe patterns with phase-shifts randomly distributed within [0, 2π]
and an image size of N =Nx×Ny = 1000×992 have been acquired. One of the fringe patterns is
shown in Fig. 13(a). AIA is applied to all 160 fringe patterns to extract the phase, as shown in
Fig. 13(b). This phase is treated as the ground truth phase of the test object.

Fig. 13. Fringe patterns and ground true phase. (a) One of acquired fringe patterns. (b)
The ground true phase.

We set the phase-shift of the first fringe pattern as 0 and randomly selected 2 more frames to
start eAIA. The accuracy tolerance τ is set as 0.04 rad. The desired phase accuracy is reached
when 7 fringe patterns are used. According to the eAIA flowchart, ÊAIA will be calculated when
a new fringe pattern is added, but AIA is only applied once in the end. However, to monitor the
progress of phase error reduction in this experiment, AIA is also repeatedly applied to fringe
patterns. Both ÊAIA and RMSEs of phase calculated by AIA are plotted against frame number in
Fig. 14(a). The estimated phase-shifts of the 7 frames are shown in Fig. 14(b) where the bold
numbers are the fringe pattern indices. We observe that, (i) using ÊAIA to predict RMSE of
phase is effective; (ii) a new fringe pattern with a phase-shift contributing to the evenness of the
phase-shift distribution on the unit circle can significantly reduce the phase error. Frames 4 and
5 are such examples; (iii) on the contrary, if a new fringe pattern does not improve the evenness
of the phase-shift distribution, the phase error reduction is limited. Frames 6 and 7 are such
examples. These observations are valid in our multiple trials with different sets of fringe patterns.

Fig. 14. Performance of eAIA. (a) RMSE of phases and ÊAIA w.r.t frame number. (b)
Estimated phase-shifts of the 7 frames.
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Finally, the phases obtained from eAIA using 3 frames and 7 frames are shown in Figs. 15(a) and
15(b), respectively, which visually show the improvement of the phase quality.

Fig. 15. Phase calculated with different number of frames. (a) Phase calculated with 3
frames. (b) Phase calculated with 7 frames.

The proposed eAIA is suitable for interferometers with inaccurate phase-shifts or unknown
phase-shifts. It provides possibility to extract phase even without the phase-shifts calibrations
processes of interferometers.

8. Conclusions

Advanced Iterative Algorithm (AIA) as an elegant, flexible, effective and convenient algorithm
which can extract phase from fringe patterns with arbitrary unknown phase-shifts. However, it
was confronted with (i) unknown capability in dealing with different types of fringe patterns, (ii)
unknown performance with different phase-shifts, frame number and noise (iii) un-predictable
performance in practice. To clear these obstacles, we carried out large amount simulations
to evaluate the accuracy and convergence of AIA under different conditions and subsequently
suggested enhancement of AIA. Condition numbers of least squares matrices used in AIA, κ(Aps)
and κ(Ap), have been proposed to qualify phase and phase-shifts. Simulations show that AIA
cannot perform well when κ(Aps) is large. Hence, we suggest to keep the fringe density above
one fringe over ROI to make κ(Aps) close to 2 for the successful application of AIA. Further
simulations show that the RMSE of the phase calculated by AIA has a linear relationship w.r.t
κ(Ap)1/2,M −1/2 and σ, with which, an integrated error model is fit, and improvements of AIA
by controlling phase-shifts and frame numbers and suppressing noise are proposed. As κ(Ap), σ
and B are unknown in practice, estimation methods of these parameters are presented. Finally,
enhanced eAIA is proposed by incorporating all our findings and improvements. An experiment
has been carried out to demonstrate the effectiveness of eAIA.
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