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Linear Velocity-free Visual Servoing Control for
Unmanned Helicopter Landing on a Ship with

Visibility Constraint
Yanting Huang, Ming Zhu, Zewei Zheng, and Kin Huat Low

Abstract—In this paper, a constrained image-based visual
servoing control method for the shipboard landing problem
of unmanned helicopters is proposed. First, the pitch and roll
motion of ship are predicted by an auto-regressive (AR) model
to determine an appropriate period for landing. Subsequently,
a novel robust sliding mode controller without linear velocity
measurements is developed on the basis of the perspective
image feature in a virtual image plane. Meanwhile, a modified
Chebyshev Neural Network (CNN) is proposed to estimate
the uncertainties including the linear acceleration of ship and
translational perturbation, while an adaptive law is employed to
compensate the influence of rotational disturbances. The whole
controller only requires the measurements feedback of a vision
sensor and an inertial measurement unit (IMU). Ulteriorly, to
prevent the visual target on the ship from going beyond the
field of view of camera, the constrained controller is developed
by a control barrier function and a quadratic programming,
where the unknown relative velocity is estimated by a velocity
observer. Finally, simulations are implemented to substantiate the
capability of the presented shipboard landing control method.

Index Terms—unmanned helicopter, shipboard landing, visual
servoing, output-feedback control, visibility constraint.

I. INTRODUCTION

RECENTLY, the unmanned helicopter has received an
increasing interest in the area of maritime operations on

account of its superiority of vertical taking-off and landing,
low-speed flight, low-height hovering and high maneuverabil-
ity [1]. These advantages motivate the offshore application
of the unmanned helicopter such as surveillance, inspections,
search and rescue missions [2]. Therefore, it is crucial but
still challenging for the unmanned helicopter to achieve au-
tonomous shipboard landing [3].
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The first challenge for autonomous shipboard landing of the
helicopter is caused by 6 degree-of-freedom (DOF) motion
characteristics of ship in the complex sea environment. Un-
fortunately, it is impossible to control the relative position and
the relative attitude concurrently because of the under-actuated
property of helicopter. In order to avoid collision, an effective
solution is to utilize a ship motion predictor. With the predicted
information, the landing phase will be switched on only when
there would be a future period in which the ship’s pitch and
roll remain small values [4]. Thus, the necessary controlled
states are reduced to 4 DOF including relative position and
relative yaw. The ship motion prediction information can be
acquired by many methods, like Kalman filter [5], particle
filter [6], and AR model [7]. This paper focuses on AR model
which can provide the prediction information several seconds
ahead in a short calculation time.

The second challenge for autonomous shipboard landing
of the helicopter is to develop an accurate navigation sys-
tem. Some existing technologies including tracking radar [8],
Global Positioning System (GPS) [9], and Inertial Navigation
System [10] all require extra communication subsystems to
send the measured ship pose to the helicopter, which increases
the helicopter’s payload. Alternatively, vision sensors with the
properties of light weight and low cost can directly provide
the relative pose between two vehicles. Visual servoing is gen-
erally divided into two classifications: Position-based Visual
Servoing (PBVS) and Image-based Visual Servoing (IBVS)
[11]. The former reconstructs the relative pose according to
the 3D image information and control the vehicle with the
estimated pose directly [12], while the latter control the vehicle
indirectly by eliminating the image feature errors [11]. In
this case, IBVS can avoid complicated reconstruction and
provide more robustness against camera calibration errors
[13]. The image feature, which can reflect the relative pose
between vehicle and target, plays a significant role in IBVS.
An effective image feature is defined on a virtual image plane
which remains aligned with the visual target plane. Compared
with other image features such as homography matrix [14]
and spherical projection [15], the virtual image feature is
unrelated with pitch and roll channels so as to simplify the
image kinematics.

The third challenge for autonomous shipboard landing of the
helicopter is to design a robust and reliable IBVS controller.
The relative linear velocity between helicopter and ship are
unavailable when only a vision sensor and an inertial mea-
surement unit are equipped on the helicopter. Considering this,
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the optical flow was exploited for the relative velocity mea-
surement in [16], [17], [18]. However, the optical flow method
has limitations to measure the relative velocity between two
moving vehicles that real-time and practicality may not be
guaranteed because of the complicated calculation. Cao et
al. [19] proposed a trajectory observer to estimate the target’s
velocity based on nonlinear tracking-differntiator, but an ac-
celerometer was required to obtain the quadrotor’s velocity. A
translational velocity observer was presented in [20] and [21]
to estimate the relative velocity between quadrotor and target
using actual image features. The aforementioned work did not
address external disturbances, whereas they are necessary to
be considered to improve the robustness of controller in the
shipboard landing. There were a few methods like adaptive
control [22], neural network [23], local filters [24], extended
state observer [25] and adaptive disturbance observer [26] to
handle uncertain external disturbances. Two output-feedback
IBVS algorithms without the linear velocity measurement but
with the assumption of constant disturbances were designed
in [27] and [28], respectively. Another robust visual servoing
control method for the quadrotor tracking a planar moving
target was presented in [29], where an auxiliary system was
introduced to avoid the measurement of linear velocity and
the disturbance term is assumed to have a known constant
boundary. Nevertheless, the IBVS researches which do not
require the linear velocity measurement and consider time-
varying disturbances with unknown bounds are still very
limited.

Furthermore, it is indispensable to guarantee the visual
target on the ship to be confined within the camera’s field
of view (FoV) for all time in the shipboard landing, which
is called the visibility constraint. Losing sight of the target
will lead to landing failure and even crash. Many efforts
have been done to overcome the visibility problem. The
saturated control input was designed in [30] to decrease the
chance of visual features’ loss. The work [31] proposed a
constrained control method for landing UAVs on the basis of a
subtle transformation from the output constraint into the input
constraint. Confining the vehicle’s attitude within small values
is also an optional approach [19], [32]. The control law in
[18] restricted thrust, desired pitch and roll to their predefined
compact sets, which helps the visual target remaining within
the FoV of camera. The work [21] proposed a solution to
ensure that the projection coordinates of the static visual target
on the image plane are within a specified circle by means of
control barrier function (CBF). The underlying idea of CBFs
is to restrict the control input in a linear constraint to ensure
the states stay in the given admissible set by formulating a
quadratic programming. CBFs have been widely investigated
in the constrained control problem [33], [34].

This paper proposes a vision-based output-feedback control
approach for autonomously landing the helicopter on a ma-
neuvering ship, satisfying the visibility constraint. The major
contributions in this paper are summarized as: (i) An IBVS
control scheme for helicopter landing on a 6 DOF ship is
presented based on an output-feedback controller and a ship
motion predictor. (ii) A novel robust sliding mode control
algorithm with two auxiliary systems is presented to track the

desired image feature and conquer the lack of relative linear
velocity measurement. (iii) A modified Chebyshev Neural
Network without the measurement of relative linear velocity
is integrated into the controller to estimate the uncertainties
including time-varying external disturbances and the linear
acceleration of ship. (iv) A constrained controller is developed
via the control barrier function and the quadratic programming
to keep the image target on the ship always in the FoV of
camera, where a velocity estimator is introduced to reckon
the relative translational velocity.

The remaining part of this paper proceeds as follows:
Mathematical preliminaries are listed in Section II; Section
III gives the problem formulation; Section IV is concerned
with the detailed design of IBVS shipboard landing including
ship motion prediction, output-feedback controller and further
constrained controller; In Section V, simulations are executed
to validate the presented method, followed by conclusion in
Section VI.

II. PRELIMINARIES

A. Notations

Through the whole of this paper, Notations are employed
as follows. | · | refers to the absolute value of a scalar. 〈·〉
describe the absolute value of each component in a vector. ‖·‖
means the Euclidean norm of a vector. (·) ◦ (·) refers to the
Hadamard product of two matrices. tr(·) represents the trace.
(·)�(·) is defined as the multiplication operation between two
unit quaternions Q1 = [η01,η

T
1 ]T and Q2 = [η02,η

T
2 ]T ,

Q1 �Q2 =

[
η01η02 − ηT1 η2

η01η2 + η02η1 + S(η1)η2

]
.

For a vector a ∈ Rn, Tanh(a) =
[tanh(a1), tanh(a2), · · · , tanh(an)]T is defined as
a hyperbolic tangent function vector; Satā(a) =
[sat(a1), sat(a2), · · · , sat(an)]T is defined as a saturation
function vector, where ā = [ā1, ā2, · · · , ān]T , and

sat(ai) =


āi ai > āi

ai − āi ≤ ai ≤ āi
− āi ai < −āi

For a vector b = [b1, b2, b3]T , S(b) is the skew-symmetric
matrix defined as

S(b) =

 0 −b3 b2
b3 0 −b1
−b2 b1 0


B. Chebyshev Neural Network

It has been proven that the CNN enable to commonly
approximate any smooth function with any degree of accuracy
on a compact set [23]. Suppose a smooth nonlinear function
vector F (x) : Rm → Rn, it can be estimated by the following
l-order CNN:

F (x) = W ∗Φ(x) + ε (1)
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where ε is the estimation error, Φ(x) is the basis function
vector obtained by

Φ(x) = [1, T1(x1), · · · , Tl(x1), T1(x2), · · · , Tl(x2)

· · · , T1(xm), · · · , Tl(xm)]
T (2)

with the Chebyshev polynomials Ti(xj) generated by the
recursive formula:

Ti+1(xj) = 2xjTi(xj)− Ti−1(xj), T0(xj) = 1 (3)

with i = 1, · · · , l − 1; j = 1, · · · ,m. W ∗ ∈ Rn×(lm+1)

denotes an optimal weight matrix satisfying

W ∗ = arg min
Ŵ∈Ωw

{
sup
x∈Ωx

|F (x)− ŴΦ(x)|
}

(4)

with Ŵ as the approximation of W ∗, Ωx as the set of
appropriate bounds of x, and Ωw denoted as

Ωw =
{
Ŵ |tr{Ŵ TŴ } ≤WM

}
(5)

with WM as a positive constant.

C. Lemmas
Lemma 1: [35] Consider the following system

ξ̈ = −a1Tanh(b1ξ + b2ξ̇)− a2Tanh(b2ξ̇) + ∆ (6)

where ξ ∈ Rn, ∆ ∈ Rn, and ai(i = 1, 2) and bj(j = 1, 2, 3)
are positive constants. If there exists ∆̄ > 0 and t̄ > 0 satis-
fying ‖∆‖ ≤ ∆̄(t > t̄), and the parameters are selected based
on the rules b1/b22 > 2∆̄, a2 > (2∆̄b1/b

2
2)/(b1/b

2
2 − 2∆̄),√

a2b1/b22 ≤ a1 ≤ 1
2 (a2 + b1/b

2
2), then ξ and ξ̇ ultimately

converge to the attractive set

Υ =
{

[ξT , ξ̇T ]T ∈ R2n|‖[b1ξT + b2ξ̇
T , b2ξ̇

T ]T ‖ < ξ̄
}

(7)

where ξ̄ satisfies a2+(b1/b
2
2)

a2b1/b22∆̄
< tanh2(ξ̄)

ξ̄
< 1

2 .
Lemma 2: [36] For any x ∈ R and $ > 0, the following

inequality holds

0 ≤ |x| − x tanh(
x

$
) ≤ κ$ (8)

where κ = 0.2785 satisfying κ = e−(κ+1).
Lemma 3: [37] Consider a system ẋ = f(x) and a defined

set L = {x ∈ Rn|h(x) ≥ 0}, if the following inequality holds,

ḣ(x) ≥ −κ(h(x)), ∀x ∈ N (9)

then the set L is forward invariant, where the function h :
Rn → R is continuously differentiable and named as a zeroing
(control) barrier function, κ(·) is a locally Lipschitz extended
class κ function, and L ⊆ N ⊂ Rn.

Proposition 1: Consider a system ẋ = f(x) and a defined
set L = {x ∈ Rn|h(x) ≥ 0}, if the following inequality holds,

Ḣ(x) ≥ −κ2(H(x)), ∀x ∈ N (10)

then the set L is forward invariant, where H(x) = ḣ(x) +
κ1(h(x)) is named as an extended zeroing barrier function,
and κ1(·) and κ2(·) are locally Lipschitz extended class κ
functions.
proof: According to Lemma 3, it can be proved with ease that
the set L∗ = {x ∈ Rn|H(x) ≥ 0} is forward invariant, that
is, ḣ(x) ≥ −κ1(h(x)) always holds. Thus, the set L is also
forward invariant.

III. PROBLEM FORMULATION

A. Reference frames

The established reference frames are shown in Fig.1. The
frame Fe = {Oe,xe,ye, ze} is regarded as the inertial
frame. The frame Fq = {Oq,xq,yq, zq} denotes the body
frame for the helicopter, where Oq is the geometric center
point of the helicopter. We assume the camera frame Fc =
{Oc,xc,yc, zc} (adhered to the projection center of camera)
is accordant with the body frame Fq to facilitate the controller
design. To release this assumption, two frames can be related
by a constant translation transformation. The virtual image
frame Fv = {Ov,xv,yv, zv} only inherits the translational
motion of the helicopter and has no rotational motion, whose
corresponding plane is the virtual image plane.

B. Helicopter Model

Using ’Newton-Euler’ formulae, the helicopter model is
established as [38]

ξ̇ = V

V̇ = −Tm
m
Re3 + ge3 + dt

Q̇ = GΩ

JΩ̇ = −S(Ω)JΩ + τ + dτ

(11)

where ξ and V denote the position and the linear velocity
of helicopter in Fe, respectively; Q = [η0,η

T ]T is the unit
quaternion satisfying η2

0 +ηTη = 1; Ω represents the angular
velocity vector in Fq; m is the total mass of helicopter; g is

the gravity constant; G = G(Q) = 1
2

[
−ηT

η0I3 + S(η)

]
; J =

diag{Jx, Jy, Jz} is the inertial moment matrix; e3 = [0; 0; 1].
The matrix R is a coordinate transition matrix from the body
frame Fq to the inertial frame Fe, which is given by

R = R(Q) = (η2
0 − ηTη)I3 + 2ηηT + 2η0S(η)

Tm and τ are respectively the main rotor thrust and the torque
of helicopter. dt and dτ include unmodeled dynamics and
external disturbances.

C. Image Feature and Visual Dynamics

Consider a visual point P on the deck of ship, which can
be seen in Fig.1, its coordinate defined in the virtual camera
frame Fv and the camera frame Fc are vp = [vx, vy, vz] and
cp = [cx, cy, cz], respectively. Then, its perspective projections
on the virtual image plane and the actual image plane are
denoted as (vu, vn) and (cu, cn), where{

cu = λ
cx
cz

cn = λ
cy
cz

{
vu = λ

vx
vz

vn = λ
vy
vz

where λ is the focal length of camera. Then, their derivatives
are given by[

vu̇
vṅ

]
=

[
− λ
vz 0

vu
vz

0 − λ
vz

vn
vz

]
(vV − vVt) (12)
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[
cu̇
cṅ

]
=

[
− λ
cz 0

cu
cz

0 − λ
cz

cn
cz

]
RT (vV − vVt)

+

[
cucn
λ −λ−

cu2

λ
cn

λ+
cn2

λ −
cucn
λ −cu

]
Ω

(13)

where vV and vVt are the translational velocities of helicopter
and ship in Fv , respectively.

In term of the visual target’s perspective projection on the
virtual image plane, the following image features are extracted
to describe the translational motion of helicopter.

qx = qz
vug
λ
, qy = qz

vng
λ
, qz = z∗

√
a∗

a
(14)

where vug = 1
N

∑N
k=1

vuk and vng = 1
N

∑N
k=1

vnk stand
for the barycenter of visual target in the virtual image plane,
(vuk,

vnk) is the coordinate of the kth visual point, a = vµ20+
vµ02, vµij =

∑N
k=1(vuk − vug)

i(vnk − vng)
j is the centered

moment, a∗ is the desired value of a with the property of
z∗
√
a∗ = z

√
a, and z∗ is the desired vertical position.

Define an image feature vector as q = [qx, qy, qz]
T , then

the error dynamic model of the image feature is considered as{
˙̄q = −Va
V̇a = −Tmm Rce3 + ge3 −D

(15)

perturbed by R̄ = Tm
m (Rc −R)e3, where q̄ = q − qd, Va =

vV − vVt, D = vV̇t − dt, Rc = R(Qc), Qc is the desired
attitude, and qd is the desired image feature.

Assumption 1: The linear acceleration of ship vV̇t, the
translational disturbances dt, and the rotational disturbances
dτ are all bounded, and 〈dτ 〉 ≤ d̄τ , where d̄τ ∈ R3 are
unknown positive constant vectors.

D. Control Objective

The control objective is to devise a control thrust Tm and a
control torque τ without linear velocity measurements, which
can converge the image feature vector q to the desired value
qd = [0, 0, z∗]T satisfying the visibility constraint, so that the
ship landing of the helicopter can be accomplished safely and
reliably.

Remark 1: It’s worthwhile to noting that z∗ is selected
as the vertical distance between the camera and the bottom
bracket of the helicopter.

IV. IBVS SHIPBOARD LANDING DESIGN

The IBVS shipboard landing procedure is summarized as
follows and its block diagram is displayed in Fig.2.

1. The pitch and roll motion of ship are forecast online.
When it is predicted that they will remain small values during
a future period, the landing phase will be switched on.

2. Based on the hierarchical control strategy, an output-
feedback controller is devised with a novel sliding mode
control technique. In the translational motion loop, a control
command U = Tm

m Rce3 satisfying the non-singular condition
is designed to track the desired image feature (equivalently
track the desired relative position). In the rotational motion
loop, a control torque τ is devised to track the desired attitude,
which is extracted from U .

3. Consider the visibility constraint, the command control
U is adjusted by a control barrier function and a quadratic
programming.

Assumption 2: There exists a period during which the pitch
and roll of ship are both small. In this period, the target plane
can be considered as parallel with the virtual camera plane in
the controller design.

A. Ship Motion Prediction

Generally, the AR model is established to estimate the
current motion information by a linear combination of the
known past motion information [39], shown as follows:

y(t) =

k∑
i=1

aiy(t− i) + ye(t) (16)

where k is the order of model, ai is the coefficient of model,
and ye(t) is the estimation error.

Define a vector y = [y(k + 1), y(k + 2), · · · , y(N)]T with
N the sampled amount of the past motion information, then
a vector-form AR prediction model can be expressed as

y = Bac + ye (17)

where ac = [a1, a2, · · · , ak]T , ye =
[ye(k + 1), ye(k + 2), · · · , ye(N)]T , B =

y(k) y(k − 1) · · · y(1)
y(k + 1) y(k) · · · y(2)
· · · · · · · · · · · ·

y(N − 1) y(N − 2) · · · y(N − k)

.

In the sequel, the coefficient vector ac can be estimated
as âc =

[
BTB

]−1
BTy by virtue of minimizing J = (y −

Bâc)
T (y−Bâc). The optimal order k is specified according

to the following Akaike Information Criterion (AIC) method:

AIC(k) = ln

(
(y −Bâc)T (y −Bâc)

N
+

2k

N

)
(18)

k∗ = arg min
k

AIC(k) (19)

where k = 1, 2, 3...M . To avoid distortion of the AR model,
the max order is normally set as N/3.

Therefore, the subsequent motion is predicted by

y(N+c)=



k∗∑
i=1

âiy(N+c−i) c = 1

c∑
i=1

âiy(N+c−i)+
k∗∑

i=c+1

âiŷ(N+c−i) 1<c≤k∗

k∗∑
i=1

âiŷ(N+c−i) c > k∗

(20)

where c is the prediction step.
The roll motion and the pitch motion of ship can be regarded

as the combination of sinusoidal functions [40]. Therefore,
the AR model can be adopted to forecast the ship motion by
simply replacing y in (17)-(20) with φs and θs. The specific
prediction process is illustrated in Fig.3.
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Remark 2: The roll and the pitch of ship are available
with the measurements of camera and IMU. The relative
attitude between the helicopter and the ship can be retrieved by
decomposing the homography matrix [41], while the attitude
of helicopter can be directly measured by the IMU. Therefore,
it is simple to obtain the attitude of ship.

Remark 3: If there exists an time interval [t1, t1 + ∆t]
satisfying the following condition

(φs, θs) ∈

{∑t1+∆t
t1

|φs|
∆t

≤ φ̄,
∑t1+∆t
t1

|θs|
∆t

≤ θ̄

}
(21)

where φ̄ and θ̄ are small constants, the landing phase should
be switched on at t1 and completed in the interval [t1, t1+∆t].

B. Output-feedback Controller

1) Translational motion Control: Define an error variable
δ1 = q−qd−ζ1−ζ2 with two auxiliary states ζ1 and ζ2, and
a novel sliding mode surface s1 = δ̇1 + αδ1 with a positive
constant α > 0. Then the derivative of s1 is

ṡ1 =
Tm
m
Rce3 − ge3 +D − ζ̈1 − ζ̈2 + α(s1 − αδ1) (22)

Design an auxiliary system

ζ̈1 = −kαtanh(kmζ1 + knζ̇1)− kβtanh(knζ̇1) + l1ζ2 + l2ζ̇2

(23)
where kα,kβ , l1, and l2 are positive constants; ζ2 and ζ̇2 are
outputs of the following another auxiliary system.{

ζ̇2 = ρ+ kγδ1

ρ̇ = kγαδ1 − l1ζ2 − l2(ρ+ kγδ1)− α2δ1

(24)

where ρ(0) = −kγδ1(0), kγ > 0. Then, we have

ζ̈2 = kγs1 − l1ζ2 − l2ζ̇2 − α2δ1 (25)

Therefore, (22) can be rewritten as

ṡ1 =
Tm
m
Rce3 − ge3 +D + kαtanh(kmζ1 + knζ̇1)

+ kβtanh(knζ̇1)− kγs1 + αs1

(26)

As claimed by subsection B in Section II, the uncertain term
D can be approximated by

D = WΦ(ζ1, ζ2) + ε (27)

where W is an adjustable weight matrix with tr{W TW } ≤
WM .

Design the control input

U =
Tm
m
Rce3 = ge3 − kαtanh(kmζ1 + knζ̇1)

− kβtanh(knζ̇1)− D̂
(28)

where D̂ is the estimation of D defined by

D̂ = SatΘD
(ŴΦ) (29)

where Ŵ is the estimation of NN weight matrix, whose update
law is given by

Ŵ =
χ

kγ

∫ t

0

[
(l1ζ2 + l2ζ̇2 + α2δ1)ΦT (ν)− ζ̇2Φ̇

T (ν)
]
dν

+
χ

kγ
ζ̇2Φ

T − σχ
∫ t

0

Ŵ (ν)dν if〈D̂〉 < ΘD

˙̂
W =0 if〈D̂〉 ≥ ΘD

(30)

where χ and σ are positive constants.
Due to ‖Rce3‖ = 1, the rotor thrust Tm is derived as

Tm = m‖U‖ (31)

Remark 4: The order of Chebyshev polynomial basis func-
tion is set as 3 in this paper, that is, Φ(ζ1, ζ2) is obtained
by

Φ=
[
1, ζT1, (2ζ

2
1−1)T, (4ζ3

1−3ζ1)T, ζ2
T , (2ζ2

2−1)T ,

(4ζ3
2 − 3ζ2)T

]T (32)

Φ̇ in (30) can be computed as follows:

Φ̇ =
[
0, ζ̇

T

1 , (4ζ1 ◦ ζ̇1)T , (12ζ2
1 ◦ ζ̇1 − 3ζ̇1)T , ζ̇

T

2 ,

(4ζ2 ◦ ζ̇2)T , (12ζ2
2 ◦ ζ̇2 − 3ζ̇2)T

]T (33)

where ζ̇1 and ζ̇2 are from the auxiliary systems (23) and (24).
Theorem 1: Consider the translational subsystem (15) under

Assumption 1, if there exists d̄ζ > 0, and the controller
parameters are chosen by

km
k2
n

> 2d̄ζ

kβ > (2d̄ζ
km
k2
n

)/(
km
k2
n

− 2d̄ζ)√
kβ
km
k2
n

≤ kα ≤
1

2
(kβ +

km
k2
n

)

kγ − α >
1

2
kα + kβ + ΘD3 < g

(34)

then the designed control input (28) with the adaptive law (30)
can guarantee that U satisfies Uz > 0 and the tracking error
q̄ is uniformly ultimately bounded.
proof: Consider a Lyapunov function candidate as

V1 =
1

2
sT1 s1 +

1

2χ
tr{W̃ TW̃ } (35)

where W̃ = W − Ŵ is the estimation error of CNN weight
matrix. By substituting (28) into (26), the derivation of (35)
can be obtained as

V̇1 = −(kγ − α)sT1 s1 + sT1 (D − D̂)− 1

χ
tr{W̃ T ˙̂

W } (36)
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According to (30), if 〈D̂〉 < ΘD, then

V̇1 =− (kγ − α)sT1 s1 + sT1 (D − D̂)− tr
{
W̃ T

(
1

kr
(l1ζ2

+l2ζ̇2 + α2δ1

)
ΦT − 1

kr
ζ̇2Φ̇

T +
1

kr
(ζ̇2Φ̇

T + ζ̈2Φ
T )

−σŴ
)}

=− (kγ − α)sT1 s1 + sT1 ε+ σtr{W̃ T (W − W̃ )}

≤ − (kγ − α−
1

2
)sT1 s1 + σtr

{
1

2
W̃ TW̃ +

1

2
W TW

}
− σtr{W TW }+

1

2
ε2

≤− (kγ − α−
1

2
)sT1 s1 −

1

2
σtr
{
W̃ TW̃

}
+

1

2
σWM +

1

2
ε2

≤− bpV1 + cp1
(37)

where bp = min{2(kγ−α)−1, σχ}, and cp1 = 1
2σWM+ 1

2ε
2.

Thus, s is bounded and ultimately converges to the set

Zs1 =

{
s1 ∈ R3|‖s1‖ <

√
cp1
bp

}
(38)

If 〈D̂〉 ≥ ΘD, then D̂ = ΘD, and (36) is simplified as

V̇1 = −(kr − α)sT1 s1 + sT1 (D −ΘD) (39)

With the Assumption 1, ‖D − ΘD‖ is also bounded by an
constant D̄e. Then, we have

V̇1 = −(kγ − α−
1

2
)sT1 s1 + cp2 (40)

where cp2 = 1
2D̄e

2. Thus, s1 is bounded and ultimately
converges to the set

Zs2 =

{
s1 ∈ R3|‖s1‖ <

√
cp2
bp

}
(41)

Overall, s1 is ultimately converges to the set Zs = Zs1∨Zs2.

Define ζ∗2 =
[
ζT2 , ζ̇

T
2

]T
. From (25), we can obtain

ζ̇∗2 = −
[

0 −I3

l1I3 l2I3

]
ζ∗2 +

[
0
ds

]
= −Aζ∗2 +

[
0
ds

] (42)

where ds = kγs1 − α2δ1, satisfying ‖ds‖ ≤ d̄s, when
t > t̄(t̄ > 0). It is simple to certify that ζ∗2 is bounded and
converges to a small set

Zζ2 =

[ζT2 , ζ̇T2 ]T ∈ R6|‖[ζT2 , ζ̇T2 ‖ <

√
d̄2
s

λmin(A)

 (43)

.
Then, the convergence set of l1ζ2 + l2ζ̇2 is

‖l1ζ2 + l2ζ̇2‖ ≤ max{l1, l2}‖ζ2 + ζ̇2‖
≤
√

2 max{l1, l2}‖[ζT2 , ζ̇T2 ‖

≤ max{l1, l2}

√
2d̄2
s

λmin(A)

= d̄ζ

(44)

According to Lemma 1 and (23), ζ1 and ζ̇1 ultimately
converge to the set

Zζ1 =
{

[ζT1 , ζ̇
T
1 ]T ∈ R6|‖[kmζT1 + knζ̇

T
1 , knζ̇

T
1 ]T ‖ < ζ̄1

}
(45)

where ζ̄ satisfies kβ+(km/k
2
n)

kβkm/kn
2d̄ζ

< tanh2(ζ̄)

ζ̄
< 1

2 .
Therefore, the tracking error q̄ is ultimately bounded.
2) Command attitude extractions: Obviously, the designed

controller satisfies Uz 6= 0, then the desired attitude of the
inner loop Qc = [η0c,η

T
c ]T can be calculated as

η0c =

√
1

2
+

Uz
2‖U‖

ηc =
1

2‖U‖η0c
[−Uy, Ux, 0]T

(46)

According to (11), the desired angular velocity Ωc and its
derivative Ω̇c are obtained as

Ωc = 4GT
c Q̇c (47)

Ω̇c = 4GT
c

(
Q̈c − ĠcΩc

)
(48)

where Gc = G(Qc) with GT
c Gc = 1

4I3, and Ġc = G(Q̇c).
For the sake of avoiding the complicated computation, a
second-order command filter is employed to acquire Q̇c and
Q̈c. {

Ẋ1 = X2

Ẋ2 = −2λnωnX2 − ω2
n(X1 −Qc)

(49)

where λn and ωn are the damping ratio and the damping
frequency, respectively.

3) Attitude control: Define the attitude tracking error vari-
able Qe = [η0e,η

T
e ]T = Q−1

c �Q, with Q−1
c = [η0c,−ηTc ]T .

The kinematic and dynamic model of the attitude error can be
obtained as{
Q̇e = GeΩe

JΩ̇e = −S(Ω)JΩ + τ + dτ + JS(Ωe)ReΩc − JReΩ̇c

(50)

where Ge = 1
2

[
−ηTe

η0eI3 + S(ηe)

]
, Ωe = Ω − ReΩc, and

Re = RTRc with the property Ṙe = −S(Ωe)Re.
Define a sliding mode surface s2 = ηe+βΩe with a positive

constant β. The derivative of s2 is

Jṡ2 =
1

2
(η0eI3 + S(ηe)) Ωe + β (−S(Ω)JΩ + τ

+dτ + JS(Ωe)ReΩc − JReΩ̇c

) (51)

Design the control input as

τ =− 1

β
kss2 + S(Ω)JΩ− JS(Ωe)ReΩc + JReΩ̇c

− 1

2β
J (η0eI3 + S(ηe)) Ωe − d̂τ ◦ tanh

(s2

$

)
(52)

with the adaptive law

˙̂
dτ = γβ

(
s2 ◦ tanh

(s2

$

)
− kdd̂τ

)
(53)

where ks, γ, and kd are positive constants.
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Theorem 2: Consider the rotational subsystem in (11) under
Assumption 1, if the controller parameter is chosen by ks >
1

4β , the designed control input (52) with adaptive law (53)
can ensure that the tracking error ηe is uniformly ultimately
bounded.
proof: Consider a Lyapunov function candidate as

V2 =
1

2
sT2 Js2 +

1

2
ηTe ηe +

1

2
(1− η0e)

2 +
1

2γ
d̃τ

T
d̃τ

=
1

2
sT2 Js2 + (1− η0e) +

1

2γ
d̃τ

T
d̃τ

(54)

where d̃τ = d̄τ − d̂τ is the approximation error. Differentiate
V2, we obtain

V̇2 =sT2 Jṡ2 +
1

2β
ηTe (s2 − ηe)−

1

γ
d̃τ

T ˙̂
dτ

≤sT2 Jṡ2 −
1

4β
ηTe ηe +

1

4β
sT2 s2 −

1

γ
d̃τ

T ˙̂
dτ

(55)

Substituting (51) and (52) into (55) yields

V̇2 ≤− (ks −
1

4β
)sT2 s2 + βsT2

(
dτ − d̂τ ◦ tanh

(s2

ε

))
− 1

4β
ηTe ηe − βd̃τ

T
(
s2 ◦ tanh

(s2

ε

)
− kdd̂τ

)
(56)

As stated by Lemma 2, the following inequality holds:

sT2 dτ ≤ sT2 d̄τ ≤ sT2 d̄τ ◦ tanh(
s2

ε
) + σd

where σd =
3∑
i=1

εκd̄τi. Then, with the adaptive law (53), (56)

becomes

V̇2 ≤− (ks −
1

4β
)sT2 s2 −

1

4β
ηTe ηe −

1

2
βkdd̃τ

T
d̃τ

+
1

2
βkdd̄τ

T
d̄τ

≤− ba‖Ξ‖2 + ca

(57)

where Ξ = [sT2 ,η
T
e , d̃τ

T
]T , ba =

min
{(
ks − 1

4β

)
, 1

4β ,
1
2βkd

}
, and ca = 1

2βkdd̄τ
T
d̄τ .

Under these conditions, V̇2 is strictly negative outside the
compact set

ZΞ =

{
Ξ ∈ R9|‖Ξ‖ <

√
ca
ba

}
(58)

Thus, ηe is bounded and ultimately converges to a small
neighbour set of zero.

4) Stability of the whole system:
Theorem 3: For the cascaded error system composed of (15)

and (50), if the rotor trust Tm and the torque τ are designed by
(31) and (52) with update laws (30) and (53), then the whole
closed loop system is uniformly ultimately bounded.
proof: In the opinion of [42], if the following conditions are
achieved simultaneously, then the closed-loop cascaded system
is uniformly ultimately bounded.

(a) The translational motion error subsystem (15) is uni-
formly ultimately bounded;

(b) The rotational motion error subsystem (50) is uniformly
ultimately bounded;

(c) The error term R̄ = Tm
m (Rc − R)e3 satisfies ‖R̄‖ ≤

w‖ηe‖, with w as a positive constant.
The items (a) and (b) have been certified by Theorem 1 and
Theorem 2. As for (c), the following formula holds:

‖R̄‖ = ‖Rc(I3 −RT
e )e3

Tm
m
‖

=
(
(Rc(I3 −RT

e )e3)T (Rc(I3 −RT
e )e3)

) 1
2
Tm
m

=
(
eT3
(
Re +RT

e − 2I3

)
e3

) 1
2
Tm
m

= 2
Tm
m

√
η2
e1 + η2

e2

≤ w‖ηe‖

(59)

where w = max(Tm)/m, ηe1 and ηe2 are elements of ηe.
Therefore, we can deduce that the whole closed loop system
is uniformly ultimately bounded.

C. Controller with Visibility Constraint

In order to guarantee a visual point always in the FoV of
camera, its projected coordinate on the virtual image plane
should be imposed in the following forward invariant set.

L =
{

(vu,v n)|vu2 +v n2 ≤ ι2
}

(60)

where ι is the visible radius of virtual image plane.
Remark 5: To ensure all visual points of visual target in

the FoV of camera, vu and vn in (60) should be selected as
the coordinate of a point with the max value of vu2 +v n2 in
every control step, namely

(vu,v n) =
{

(vui,
v ni)|max(vu2

i +v n2
i )
}

where i = 1, 2, · · · , r, r is the number of pixels of the visual
target.

Define a zeroing barrier function as

H = ḣ+ k1h (61)

where h = ι2−v u2−v n2. According to Proposition 1, if the
constraint Ḣ ≥ −k2H is satisfied, then the set (60) is forward
invariant. In other words,

ḧ+ (k1 + k2)ḣ+ k1k2h ≥ 0 (62)

should be guaranteed, where k1 and k2 are positive constants.
For convenience, the superscripts v in vu, vn and vz are
omitted in the following derivation. According to (12), the
derivative and the second-order derivative of h are given by

ḣ = 2
[

λu
z

λn
z −u

2+n2

z

]
Va (63)

ḧ =2
[
λ u̇z−użz2 λ ṅz−nżz2 − 2(uu̇+nṅ)z+(u2+n2)ż

z2

]
Va

+ 2
[

λu
z

λn
z −u

2+n2

z

]
V̇a

(64)
where Va can be estimated via the following velocity observer

V̂a = vo − Λ1q̃

v̇o = −U + ge3 − D̂ − Λ1Λ2q̃ − q̃
˙̂q = −V̂a + Λ2q̃

(65)
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with q̃ = q − q̂, Λ1 > 0, Λ2 > 0, and D̂ obtained from (29).
A quadratic programming is employed to minimally adjust

the desired control input U in (28), such that U is replaced
by the constrained control input

U∗con = arg min
Ucon

‖Ucon −U‖2

s.t. zUcon ≤ E
(66)

where
z = 2

[
λu
z

λn
z −u

2+n2

z

]
E =2

[
λ u̇z−użz2 λ ṅz−nżz2 − 2(uu̇+nṅ)z+(u2+n2)ż

z2

]
V̂a

+2(k1+k2)
[

λu
z

λn
z −u

2+n2

z

]
V̂a+k1k2(ι2−u2−n2)

+ 2
[

λu
z

λn
z −u

2+n2

z

]
(ge3 − D̂)

Remark 6: It should be mentioned that the projected
coordinate of visual point in (60) is on the virtual image
plane, because it is assumed that the helicopter is equipped
with a pan-tilt-zoom camera, which is popularly employed in
practice. In this case, the image plane is consistent with the
virtual image plane, thus the problem of visibility constraint
is simplified. In another case, if the camera is strictly attached
on the helicopter without rotation, the visible requirement is
modified as hc= ι2−cu2−cn2 ≥ 0. With (13), its derivatives
are

ḣc =− 2
[
−λuz −λnz

u2+n2

z

]
RTVa

− 2
[

u2n+n3

λ + nλ −un
2+u3

λ − uλ 0
]

Ω
(67)

ḧc = −2
[
u n

] [ ü
n̈

]
− 2

[
u̇ ṅ

] [ u̇
ṅ

]
(68)

[
ü
n̈

]
=

[
−λz 0 u

z

0 −λz
n
z

](
RT V̇a − S(Ω)RTVa

)
+

[
λż
z2 0 u̇z−żu

z2

0 λż
z2

ṅz−żn
z2

]
RTVa

+

[
un
λ −λ− u2

λ n

λ+ n2

λ −unλ −u

]
Ω̇

+

[
u̇n+uṅ
λ −1− 2uu̇

λ ṅ
1 + 2nṅ

λ − u̇n+uṅ
λ u̇

]
Ω

(69)

where the superscript c in cu, cn and cz is also omitted. In this
case, the measurement of angular acceleration of the helicopter
Ω̇ is required as well.

V. SIMULATIONS

In this section, we perform several numerical simulations on
MATLAB to evaluate the presented IBVS shipboard landing
method.

The model parameters of helicopter are selected as m =
7.4(kg), J = diag{0.16, 0.3, 0.31}(kgm2) [43]. The focal
length of camera is settled as 3.2(mm). The visual targets
attached on the ship are assumed as four vertexes of a rectangle
with a side length of 0.2(m) (P1,P2,P3,P4). The center of
this rectangle is the desired landing point. The desired image

feature is settled as qd = [0, 0, 0.1](m), where 0.1(m) is
the vertical distance between the camera and the bottom
bracket of the helicopter. a∗ is calculated as 8.192 × 10−5

when the camera is 0.1m above the target. To be close to
the practical landing system, the measurement noises and
actuator saturation are considered in the simulation. The
attitude measurement error of ship and helicopter is given
by 0.01rand(0, 1)(rad). The measurement error of extracted
image feature is assumed as 0.01rand(1, 2). The control inputs
are limited by Tm ∈ [0, 85](N) and τi ∈ [−20, 20](Nm)(i =
1, 2, 3).

To exemplify the reliability of the proposed IBVS controller
in different conditions, we specify two different landing sce-
narios.

1) Scenario A: In this scenario, the autonomous shipboard
landing is carried out in a relatively peaceful environment,
which means that the ship motion and the external disturbances
are relatively small. The ship motion is assumed as

xs(t) = 0.5(t− t0)(m)

ys(t) = 0.2 sin(0.6(t− t0)) + 0.6 sin(0.4(t− t0))(m)

zs(t) = 0.12 sin(0.8(t− t0)) + 0.2 sin(0.7(t− t0))(m)

φs(t)=10−2×(2.1 sin(0.46t)+4.3 sin(0.54t)+2.9 sin(0.62t)

+2.2 sin(0.7t)) (rad)

θs(t)=10−3×(0.5 sin(0.46t)+9.64 sin(0.54t)+7.25 sin(0.7t)

+8.45 sin(0.82t)) (rad)

ψs(t) = arctan(ys(t), xs(t))(rad)

where t0 is the switching time of the landing
phase. The external disturbances are described as
dt = [−0.44 sin(0.5t) + 0.45 cos(0.5t), 0.45 sin(0.5t) −
0.44 cos(0.5t),−0.23 sin(0.5t) + 0.23 cos(0.5t)]T (N)
and dτ = [0.3 − 0.04 sin(0.5t) + 0.05 cos(0.5t), 0.3 +
0.05 sin(0.5t) − 0.04 cos(0.5t), 0.3 − 0.03 sin(0.5t) +
0.03 cos(0.5t)]T (Nm). The initial conditions of the
helicopter are set as ξ(0) = [−3, 3,−4]T (m),
Q(0) = angle2quat(10π/180,−10π/180, 0(rad))T ,
V (0) = [0, 0, 0]T (m/s), Ω(0) = [0, 0, 0]T (rad/s), where
angle2quat is a transformation function from Euler angle to
quaternion. Besides, The switching parameters of landing
phase in Remark 3 is φ̄ = θ̄ = π/180(rad) and ∆t = 10(s).

2) Scenario B: This scenario is to simulate the autonomous
shipboard landing in a relatively harsh environment. The ship
motion is modeled as

xs(t) = 0.3(t− t0)(m)

ys(t) = 0.1(t− t0)(m)

zs(t) = 0.2 sin(0.8(t− t0)) + 0.32 sin(0.7(t− t0))(m)

φs(t)=10−1×(1.02 sin(0.4t)+1.06 sin(0.52t)+0.58 sin(0.6t)

+0.24 sin(0.45t)) (rad)

θs(t)=10−2×(0.18 sin(0.44t)+3.37 sin(0.58t)+2.19 sin(0.7t)

+2.96 sin(0.82t)) (rad)

ψs(t) = arctan(ys(t), xs(t))(rad)

The external disturbances in this scenario are 1.5 times bigger
than that in scenario A. The initial position of the helicopter
is ξ(0) = [−2, 4,−5]T (m). Other initial conditions are the
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same with that in scenario A. The switching parameters of
landing phase in Remark 3 is φ̄ = θ̄ = 1.2π/180(rad) and
∆t = 10(s).

A. Simulations of IBVS controller without visibility constraint

First, the IBVS controller without the consideration of visi-
bility constraint is validated in two different landing scenarios.
The control parameters are listed as α = 4.5, kα = 1.5,
kβ = 2, km = kn = 1, kγ = 95, l1 = 10, l2 = 22,
χ = 100, σ = 0.028, ΘD = [1.2, 1.2, 1.2]T , β = 0.3, γ = 1.5,
ks = 25, δ = 0.01, kd = 0.85. The parameters of command
filter are λn = 25, ωn = 1.5. The initial weight matrix is set
as Ŵ (0) = 03×19.

The simulation results of two scenarios are presented in
Figs.4-11. The ship motion prediction results are displayed
in Fig. 4, where the prediction starts from 80s. From the
comparison between the predicted motion and the actual mo-
tion, it is obvious that the AR model method has satisfactory
prediction accuracy. On the basis of Remark 2 in Section IV,
Fig. 5 is shown to decide the switching time of landing phase
explicitly. It should be mentioned that the prediction range
of each step is the ship motion in the next 10s (∆t), and
the interval between two predictions step is 5s Intuitively, the
landing phase should be switched on at 95s in Scenario A and
130s in Scenario B. Fig.6 illustrates 3D and 2D XOY-plane
trajectories of the helicopter and the ship in the landing phase.
The time histories of image feature and two auxiliary variables
in Fig.7 indicates that the helicopter can successfully complete
the shipboard landing within 10s with good performance in
spite of different initial error condition, ship motion and
external disturbances in two scenarios. Fig.8 describes the
actual attitude and desired attitude in quaternion form. It can
be seen that a good attitude tracking performance is also
ensured. Fig.9 depicts the comparison between the estimated
value and the actual value of the uncertain term D, which
indicates that the modified Chebyshev neural network method
provides high approximation precision after 3s. Fig.10 shows
estimated upper bounds of torque disturbances. The control
input signals are collected in Fig.11. Therefore, it indicates that
the proposed IBVS controller can complete the autonomous
shipboard landing in different scenarios.

In addition, Fig.12 shows projections of visual points on the
virtual image plane, where square points represent the initial
locations, quinquangular points represent the final locations,
and the green circle is presumed as the camera’s FoV. It
is apparent that the visibility constraint is violated in this
situation (shown as the arrows in Fig.12). This problem will
be addressed in the next simulation.

B. Simulations of IBVS controller with visibility constraint

In this subsection, the visibility constraint is taken into
consideration and the control command is modified by (66).
The radius of the visible image plane is specified as ι =
7∗10−3(m). The parameters of velocity estimator are selected
as Λ1 = Λ2 = 15. The gains of zero barrier function
are k1 = k2 = 10. The simulation results can be viewed
in Figs.13-18. The 3D trajectories of helicopter and ship

are summarized in Fig.13. The control command signals are
shown in Fig.14. Specially, Fig.15 demonstrates that all visual
points can be restricted inside the camera’s FoV. Meanwhile,
the visibility constraint function h is always bigger than zero
(see Fig.16). Fig.17 shows that the relative linear velocity can
be estimated accurately with the velocity observer.

Furthermore, a host of stochastic simulations are performed
under different external disturbances within a certain range.
In these simulations, external disturbances in Scenario A
are modified as dti = rand(−0.5, 0.5) sin(rand(0, 1)t) +
rand(−0.5, 0.5) cos(rand(0, 1)t)(N) and dτi =
0.3 + rand(−0.05, 0.05) sin(rand(0, 1)t) +
rand(−0.05, 0.05) cos(rand(0, 1)t)(Nm), (i = 1, 2, 3),
while disturbances in Scenario B are still set as 1.5 times
bigger than Scenario A. We can observe from Fig.18 that
the statistical landing points are all within the desired zone,
which demonstrates the reliability and robustness of the
proposed control method.

It can be well illustrated from the simulation results that
the proposed constrained IBVS controller can not only achieve
the autonomous shipboard landing with high robustness and
high accuracy, but also guarantee the visibility of the visual
target, despite the 6-DOF moving ship, unknown relative linear
velocity, disturbances and measurement noises.

VI. CONCLUSION

A shipboard landing control method of the helicopter con-
sisting of a novel constrained image-based visual servoing
output-feedback control algorithm and a ship motion predictor
is proposed. Based on the perspective projection of visual
target on the virtual image plane, the image feature instead of
relative position between helicopter and ship is extracted as the
feedback of controller. In the translational motion control loop,
a robust sliding mode control approach with two auxiliary
systems is designed to track the desired image feature in the
premise of the lack of relative linear velocity. Likewise, the
Chebyshev Neural Network is modified to estimate uncertain
term resulting from unknown ship motion and perturbations
without the requirement of linear velocity. In the attitude
control loop, a sliding mode control approach with an adaptive
law is employed to track the desired attitude and compensate
for the influence of perturbations. After the nominal control
design, the control barrier function with a quadratic program-
ming is added to confirm the visual target always inside the
visible range of camera, where the unknown relative velocity is
estimated by a velocity observer. Additionally, the pitch and
roll motion of ship is forecast by the auto-regressive model
to determine the start time of landing phase. The stability and
effectiveness of the shipboard landing control system has been
proven by theoretical analysis and simulations.
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Fig. 6. Simulation A: 3D and 2D XOY-plane trajectories.
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Fig. 13. Simulation B: 3D and 2D XOY-plane trajectories.
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