Treatment and effect of noise modelling

in Bayesian operational modal analysis

Xinda Ma*, Zuo Zhu, Siu-Kui Au
School of Civil and Environmental Engineering, Nanyang Technological University, Singapore

* Corresponding author, E-mail: xinda001@e.ntu.edu.sg

Abstract

Operational modal analysis (OMA) identifies the modal properties, e.g., natural frequencies,
damping ratios and mode shapes, of a structure using ‘output-only’ ambient vibration data.
Instrument noise need not be negligible in ambient vibration data, and it is often modelled
statistically. Simple noise models, e.g., independent and identically distributed (i.i.d.) among data
channels, are often used and are found to give reasonable results in typical applications, although
there may be concerns for data with, e.g., low signal-to-noise (s/n) ratio, large difference in noise
intensities or significant correlation among data channels. This work aims at investigating the
effect of noise models on OMA performed with a Bayesian approach in the frequency domain. In
addition to modal identification results, noise models are also assessed from a Bayesian evidence
perspective. To enable the study, algorithms for efficient calculation of Bayesian statistics (most
probable value and covariance matrix) are developed to account for general noise models that
have not been considered in existing algorithms. As a further contribution to OMA theory, it is
shown that, by a suitable transformation of data, an OMA problem with general noise model can
be converted to one with i.i.d. noise model. Based on this analogy, asymptotic formulae for
identification uncertainty of modal parameters, i.e., ‘uncertainty law’, have been developed. The
theory reveals a definition for the modal s/n ratio that is an intuitive yet nontrivial generalisation
of the existing formula for i.i.d. noise. The proposed objectives and methodology are investigated

in a comprehensive study through synthetic, laboratory and field data.
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1. Introduction

Operational modal analysis (OMA) is becoming a popular economical means for identifying the
modal properties (modal frequencies, damping ratios, mode shapes, etc.) of a constructed structure
based on ‘output-only”’ vibration measurements under ambient conditions [1-4]. In the absence of
input excitation information, the theory and computations for modal identification are more
complicated than their counterparts based on ‘free’ or “forced’ vibration data [5], where the
excitation that dominates the measured response is either zero or measured, respectively. Modal
identification using ambient vibration data often requires statistical concepts, in the first place, to
model the unmeasured input excitation. The instrument noise, which arises from the sensor and
data transmission medium (e.g., electronics, cables), also needs to be modelled statistically
because it is no longer negligible especially when the ambient vibration is low. Modelling
assumptions can differ, depending on whether it operates in the time or frequency domain. In
time-domain methods, temporally white noise assumption is often applied to simplify theory and
computation, where the statistics of excitation and noise can be described by a covariance matrix.
Examples include Stochastic Subspace Identification (SSI) [6-8], Second-Order Blind
Identification (SOBI) [9,10], and Bayesian time-domain method [11]. How noise is treated can
differ from one method to another. Noise is assumed to be uncorrelated in SSI so that it can be
averaged out statistically when obtaining the estimate of modal parameters. It also allows
uncertainty to be derived by means of perturbation. Statistical characteristics of noise are
explicitly quantified in SOBI and Bayesian time-domain method. In frequency-domain methods,
the excitation and noise are commonly characterised via the power spectral density (PSD) matrix
[3,12], which is often assumed to be constant at least near the natural frequencies of the modes of
interest. Examples include the Frequency Domain Decomposition (FDD, and variants) methods
[13,14] and Bayesian OMA methods in the frequency domain (BAYOMA) [3], where the noise
is assumed to be independent among data channels. Some OMA methods do not model noise
explicitly, or rather eliminate them by heuristic regression/averaging, e.g., the methods based on
Auto-Regressive (AR) model (see Section 9.2 in [1] and the discussion on AR models in [8]), and

random decrement method [15-17].

While the primary target of OMA is on structural modal properties, the statistical modelling of
excitation and noise may affect the identification results, and hence deserve attention especially
in challenging situations, e.g., 1) when the signal-to-noise (s/n) ratio is low; 2) when there is a

significant ‘disparity’ in noise intensity among different data channels; 3) when the contribution
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from unaccounted modes or unknown dynamics is not negligible. When the s/n ratio is low, the
noise is no longer negligible and hence its statistical properties will influence those of the
measured vibration data. Disparity in noise intensity refers to the difference in the noise level,
e.g., in terms of PSD, between different measured data channels. While it is inevitable and does
not matter in typical situations when the s/n ratio is high, disparity by orders of magnitude can be
a significant violation of modelling assumptions and can lead to bias in modal identification
results. Noise disparity is present in modern sensing networks with a variety of sensors of different
types and noise qualities. For example, the ambient vibration test of Humber Bridge [18] utilised
both piezoelectric and servo-accelerometers, of which the self-noise levels can differ by one or

two orders of magnitude. For the main span and south tower of the Golden Gate Bridge [19], a
low-cost MEMS accelerometer (ADXL 202E, noise 200 pg/vHz) was used to monitor strong
shaking while the SiliconDesigns 1221L accelerometer (MEMS, noise 32ug/+Hz) was used for

capturing low-amplitude responses. Besides accelerometers, data from velocimeters [20—22] and
gyroscopes [23] are sometimes incorporated for analysis, which is another source of noise

disparity, i.e., velocimeters tend to have lower noise for lower frequencies than accelerometers.

Despite the fact that the instrument noise at different data channels can often be considered
statistically uncorrelated, the same cannot be taken for granted for the ‘modelled noise’, i.e., the
residual difference between the measured data and the modelled counterpart. One common source
is unmodelled dynamics. For example, in frequency-domain methods making use of FFT in a
selected frequency band for modal identification (BAYOMA) [3,24], the smearing contributions
from modes not modelled in the band will tend to increase the residual difference between the
data and best fitted response, and hence appear as noise in the identification process and results.
Arising from unaccounted modes with a spatial pattern due to mode shapes, such ‘noise’

contributions are correlated among different measured degrees of freedom (DOFs).

Although not the mainstream topic in OMA, there are studies that investigated issues related to
noise or its modelling. For example, simple methods have been developed for determining
instrument noise PSD in a ‘huddle test’ using three sensors with different requirements on
alignment [25,26]. The effect of noise with different sensors on modal parameters identified by
Eigensystem Realisation Algorithm (ERA) was investigated based on ambient data from the
Golden Gate Bridge [27]. It was reported that lower sensor noise level leads to more accurate
results, which agrees with intuition. In [28], a series of numerical examples based on FDD reveal

that damping ratio estimates can be significantly biased when the s/n ratio is low. Besides noise
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level, [29] investigated the effect of noise disparity in covariance-based SSI and BAYOMA. The
study suggests that the quality of estimates can be affected when the noise disparity is high,

especially for BAYOMA where i.i.d. noise is assumed.

Motivated by the above and related considerations, this paper aims at investigating the effect of
noise model on OMA. The focus is on Bayesian OMA approach in the frequency domain
(BAYOMA) [3,24], where the Fast Fourier Transform (FFT) of data within a selected frequency
band is used for identifying the mode(s) dominating the band. In this context, existing
formulations assume that the instrument noise at different DOFs are independent and identically
distributed (i.i.d.) with a common value of PSD within the selected band around the mode(s) of
interest. Such simple model has been found to be robust in typical applications with reasonable
s/n ratios [30-32], although recent applications [23,29,33] motivated detailed investigation in

potentially challenging situations with regard to the aforementioned issues.

The key contributions and organisation of this work are outlined as follows. Beyond the existing
noise model, we consider in Section 2 two noise models with increasing complexity, i.e., one with
independent but possibly different noise PSDs to account for noise disparity, and another
characterised by a general covariance matrix to account for correlation as well. The noise models
are assessed in terms of modal identification results, as well as from the (abstract) perspective of
Bayesian model selection [34-36] (Section 3.5). As a further contribution to OMA theory, we
establish a mathematical analogy (Section 4) that bridges an OMA problem based on general noise
model with the existing one based on i.i.d. noise. This allows us to obtain explicit analytical
expressions for the asymptotic identification uncertainty of modal parameters in terms of test
configuration, i.e., ‘uncertainty law’, which is otherwise unlikely to be possible based on existing
techniques applicable only for i.i.d. noise [37,38]. Indispensable to this work, efficient algorithms
for Bayesian OMA with the general noise models are developed to enable the investigation of
their identification results and Bayesian evidence, which is otherwise computationally prohibitive.
These include the Expectation-Maximisation (EM) algorithm (Sections 3.1 - 3.3 and Appendix
B) for the most probable values (MPV) of modal parameters; and analytical expressions for the
Hessian of the log-likelihood function (Section 3.4 and Appendix C), and hence the posterior
covariance matrix of modal parameters. The objectives and proposed methodology will be
investigated through a comprehensive study based on synthetic data (Section 5) and

laboratory/field data (Section 6).



2. Noise models for frequency-domain OMA

In this section, we introduce and discuss the noise models that will be focused on in this work. As
an outline, Section 2.1 reviews briefly the context of Bayesian frequency domain OMA, where
the role of the noise model is introduced. Section 2.2 discusses the conventional noise model
based on i.i.d. assumption, which motivates more general ones to be investigated. The
methodology for assessing the noise models is then outlined, which will be in terms of modal
identification results as well as Bayesian model class evidence. Computational tools that enable

the proposed study will be developed in Section 3 later.

2.1. Bayesian frequency domain OMA

Let {y,-};v‘ol (each n x 1) be the ambient acceleration data measured at n DOFs of a structure,

where N is the number of samples per data channel. Its (one-sided) scaled FFT at frequency f;, =
k/NAt(Hz) (up to Nyquist frequency) is defined as F, = mzy;ol y ;e 2mMIk/N ‘where At
(s) is the sampling time interval and i> = —1. Consider identifying the modes of interest using
the scaled FFT within a selected frequency band, denoted by {?‘k} Within the band, the scaled
FFT is modelled to have contributions from modal response and noise, i.e., ), = ®n; + &,
where &, (n x 1) is the scaled FFT of noise with PSD matrix S,; @ = [@4,..., @] and ¢;
(n x 1) is the i-th mode shape covering the measured DOFs and assumed to have a unit norm, i.e.,
oo, = 1,1, = hypy (m x 1) is a vector of the scaled FFT of modal acceleration responses,
with h, being a diagonal matrix of frequency response functions (FRF) hy, = (1 — B5 —
20 Bu)™Y, B = fi/fx . f; and (; are respectively the natural frequency and damping ratio
(assuming classical damping); p, (m x 1) is a vector of the scaled FFT of modal excitations (per
unit mass, same throughout). The modal excitations are assumed to be stochastic stationary with

a constant PSD matrix of S within the selected band. They are also independent from the noise.

Let@ = {f,{,®,S,S,.} denote the set of modal parameters to be identified; f and ¢ are vectors
collecting the frequencies and damping ratios, respectively. Using Bayes’ theorem and assuming
a uniform prior distribution for @, the posterior probability density function (PDF) of 8 given the

scaled FFT {F,} in the band is proportional to the likelihood function, i.e.,

p(B1(F.)) % p((Fi}10) = =" exp[- 5 FiBr %] (1



where |-| denotes the matrix determinant and a superscribed * denotes a complex conjugate; the

summation and product are over all FFT points in the selected band, whose number is N¢; and
E, = ®H, " + S, )

is the theoretical PSD matrix of data; H, = h,Sh;. The likelihood function p({f—"k}w) in (1)
follows from the long-data asymptotic result that the FFTs of a stationary stochastic process
follow a (circular symmetric) complex Gaussian distribution and are independent at different
frequencies (see, e.g., Section 4.8 in [3]). The centre of the posterior PDF, often called the ‘most
probable value’ (MPV) 8, gives the ‘best estimate’ of modal parameters. The covariance matrix
C of the PDF quantifies the remaining uncertainty of modal parameters. Mathematically, the MPV
maximises the likelihood function; the covariance matrix is equal to the inverse of the Hessian of

the negative log-likelihood function at the MPV.

As a literature note, Bayesian OMA based on FFT of a selected band was first formulated in [24].
Efficient algorithms for determining the MPV and covariance matrix were later developed in a
series of papers for well-separated/closely spaced modes, and single/multiple setups. See the first
paper in the series [39]; and a recent monograph [3] that introduces the topic with rationale for
the context and summarises the major developments. Early algorithms for MPV were based on
iterations with partial solutions derived by taking advantage of the i.i.d. noise model. EM
algorithm [40] has been exploited recently to produce simpler algorithms that are easier to
computer-code, e.g., [41] for multi-modes with single setup data, and [42] for multi-modes with
multi-setup data. Field applications can be found in, e.g., [30-32] for buildings, [43,44] for
footbridges and [45,46] for vehicle bridges. Asymptotic expressions have been derived to provide
insights for how the identification uncertainty of modal parameters depends on test configurations;
see the latest findings in [47].

2.2. Noise models

In the context of Section 2.1, the modelling of noise affects the PSD matrix S, in E;, of (2), which
is the only term through which the modal parameters affect the likelihood function.
Conventionally, the noise at different measured DOFs are assumed to be i.i.d. with the same

(scalar-valued) PSD S., i.e.,
S, =S.1, (Model 0, i.i.d. noise) 3)

where I,, denotes the n x n identity matrix. While the independence among data channels can be
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justified physically, mathematical simplicity is the key reason for a common PSD S,, as it turns
out to simplify theory and computation. In particular, a single parameter model is the simplest
possible form. Having S, as a multiple of the identity matrix allows the determinant and inverse
of E, in (2) to be expressed via an eigenvector expansion, which led to the early iterative
algorithms for MPV [39,48]. It also allows asymptotic expressions for posterior covariance to be
derived in explicit closed form, i.e., ‘uncertainty law’ [37], providing understanding of
identification uncertainty.

Physically, a common PSD S, for all channels is an assumption that is likely to be violated.
Despite this apparent violation, typical applications with moderate to higher s/n ratios reveal that
the identification results of the parameters of primary interest (frequency, damping, mode shape)
are still reasonable and somewhat insensitive to the noise level. Naturally, doubts remain when
the s/n ratio is not high, and more generally, what the effects are on the identification results when
the i.i.d. noise model is violated. For example, when there is a large disparity between the noise
PSDs at different channels, a bias may result when (3) effectively enforces an equality constraint

among the PSDs. Does this bias smear into other modal parameters?

As an illustration, consider acceleration data with two measured DOFs synthetically generated
from a single mode with a natural frequency of 1 Hz and damping ratio of 1%. Channels 1 and 2
are contaminated with noise of PSDs of 500(ug)?/Hz and 100(ug)?/Hz, respectively. The
squared modulus of the scaled FFT of Channels 1 and 2 are plotted as grey lines in Fig. 1 (a) and
(b), respectively. The black line shows the theoretical (‘exact”) PSD values according to (2). It fits
through the grey lines as expected. The dashed line shows the PSD of noise modelled. Using the
FFT in the band 0.9 — 1.1 Hz to identify the modal properties (Section 2.1) with an i.i.d. noise
model in (3), the MPV of modal parameters are calculated. Substituting the MPV into the
theoretical PSD in (2) gives the red line in Fig. 1. The dashed red line shows the noise level
corresponding to the MPV. Visually, the red lines based on a common S, model tend to ‘merge’
the different noise levels, i.e., under-estimating the noise level in Channel 1 and over-estimating
in Channel 2. Of higher relevance is the smearing effect (if any) of this bias on other modal
parameters, i.e., no apparent bias in frequency, but possibly in damping ratio, mode shape and
modal force PSD.



(a) channel 1 (high noise) (b) channel 2 (low noise)
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Fig. 1 lllustration of potential bias with i.i.d. noise model for channels with significant noise
disparity. (a) Channel 1 (high noise); (b) Channel 2 (low noise). Black and red solid lines show
the theoretical (‘exact”) and ‘best fitted” PSD through FFT data (grey lines). Dashed lines show

the noise PSD levels.

To investigate the effect of noise model, in this work we consider two models that may be
considered as successive generalisations of the i.i.d. model. They are summarised in Table 1.

Model 1 allows for non-uniform noise PSDs at different channels, i.e.,

S, = (Model 1, independent noise) 4)
Sen
where S,; is the noise PSD of data channel i. Model 2 further generalises by allowing correlation
among data channels, with a general real-symmetric matrix for the noise PSD matrix:
Sell
S.=| : (Model 2, correlated noise) (5)

Senl Senn

Table 1 Summary of noise models considered in this work; n = number of measured DOFs, m =

number of modes in the selected frequency band

. . No. of parameters Total no. of free parameters
Model  Assumption Noise PSD S, in noise model in Bayesian OMA
0 i.i.d. S, 1 m+1D?2+mmn-1)
1 independent Diagonal matrix of n m+1D)?2+mn—-1)—-1+n
{Sel' ) Sen}
itive-defini i 1
2 correlated Positive derr]lgtlrt&symmetrlc @ m+12+mn—1)—1+ n(n+1)




From first glance, as independence of noise among different channels can be justified physically,
Model 1 seems to be sufficiently general and Model 2 seems unnecessary. Model 2 is considered
rather to allow for the ‘apparent’ noise in the residual (difference) between the theoretical model
and data that may arise from modelling error, besides instrument noise stemming physically from
hardware. In particular, within the selected frequency band around the mode of interest, there can
be contributions from other modes that are not modelled. Such contributions will generally be
smeared as ‘noise’ in the modal identification process. As this ‘noise’ need not be consistent with
the assumed noise statistics, the effect on identification results is generally unknown. Arising from
modal response, this ‘noise’ will have a spatial correlation because of mode shape, hence calling
for a general noise PSD matrix in (5). Note that ‘correlation’ is used in a general context for its
intuitive meaning, as strictly speaking it is the ‘coherence’ (in the frequency domain) that is
introduced in Model 2, rather than the correlation (in the time domain).

As a remark, with a little loss of generality, the noise PSD matrix in Model 2 is assumed to be real
symmetric rather than Hermitian, although theoretically the latter is the most general form. This
Is intended to strike a balance between generality and identifiability. In particular, a Hermitian S,
has additional parameters (the imaginary parts of off-diagonal entries) that may not be identifiable,
depending on the amount and quality of available data. Numerical studies with synthetic and
experimental data revealed that when the parameters are identifiable, i.e., when the iterative
algorithm (see Section 3.1 later) for MPV converges properly, the identification results assuming

a real symmetric S, are qualitatively similar to their counterparts assuming a Hermitian S ..

Towards the scientific objectives of this work, we shall investigate the noise models (0, 1, 2) in
the context of Bayesian OMA (Section 2.1). The appraisal will primarily be in terms of modal
identification results and Bayesian model class evidence. Theoretical background for the latter is
postponed to Section 3.5 later. The first perspective assesses the noise models in a pragmatic way
through case-specific results with a focus on potential bias, which is of direct concern in
applications. The second perspective provides a way to compare the noise models in a more
holistic, though abstract, manner based on probabilistic evidence from data formulated in a
Bayesian context. These two perspectives are complementary. For example, modal identification
results for a particular case, though directly relevant to the parameters of interest, do not alone
provide high level information about the quality of the model that is being used. On the other
hand, Bayesian evidence informs holistically about the model, but not a particular set of modal

identification results, or a particular parameter of interest. For example, one may be more
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concerned about the bias in the estimates of natural frequency than noise PSD, but both (as well

as other) parameters are reflected in the value of Bayesian evidence.

Assessing the noise models in the proposed framework requires efficient calculation of the
posterior statistics of Bayesian OMA and model class evidence. This will be addressed next in

Section 3.

3. Bayesian OMA and model class evidence for general noise models

In this section, computational tools will be developed for efficient Bayesian OMA and model
class evidence calculation with general noise models (Table 1). Of central focus is the
determination of posterior MPV and covariance matrix. An EM algorithm is developed in Sections
3.1-3.3 for the MPV. Analytical formulae are developed in Section 3.4 (with further details in
Appendix C) for the Hessian matrix of log-likelihood function and hence posterior covariance

matrix. The calculation of Bayesian modal class evidence is also outlined in Section 3.5.

To clarify contributions, the idea of EM for determining MPV is not new, but the new noise
models (1 and 2) demand analytical work and verification to produce a proper algorithm and
computer code that can be applied in a robust manner. The resulting algorithms share similarity
with existing ones based on i.i.d. noise (Model 0) [41], but it has important modifications and
generalisations, e.g., (17) and (18), that make it applicable for general noise models (1 and 2).
Similar comments apply to the formulae for the derivatives of the log-likelihood function in
Section 3.4 and Appendix C.

3.1. EM algorithm for MPV

EM algorithm [40,49] is an iterative approach in statistical inference for determining the MPV
that maximises the likelihood function. In OMA, EM algorithms have been previously developed
in the time-domain [50] (based on white noise) and in the frequency domain [41,42] (based on
Model 0). The EM algorithm to be developed here generalises over [41] to be applicable for
general noise models (1 and 2). The theory and algorithm are outlined for completeness, but
otherwise the focus will be on new contributions that are necessary to accommodate the general

noise models.

Starting from an initial guess 8(®), the EM algorithm finds the MPV 8 by iterative updates 8,

0@, ..., until convergence. Given the current estimate 8® at iteration ¢ (an integer), the next
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estimate 8+1) s determined as the one that maximises the so-called Q-function:

Q(816™) = Ep vic7,3,00 [L(B1{F i, mi})] (6)

As indicated in the notation, this is the conditional expectation of the ‘complete-data log-
likelihood” L(8|{F ., mx}) = Inp({Fy, mi}10) where {n,} is distributed conditional on {F,} and
0™ Here, 1, is a ‘latent’ variable which has been chosen so that the Q-function can be calculated
efficiently (preferably in analytical form) and reasonable convergence pace can be achieved. The
former is important because each iteration requires optimisation of the Q-function with respect to
(w.r.t.) 8. In addition to basic iterations, ‘parabolic extrapolation’ [51,52] is used to speed up

convergence.

3.2. Q-function and update formulae

Indispensable to the EM algorithm is the formulation of the Q-function as well as an efficient
maximisation strategy to give the next iterative estimate. The basic logic to be presented here
follows that for i.i.d. noise [41]. Key formulae in the algorithm will be outlined first. New
contributions for general noise models beyond the previous work for i.i.d. noise will be
highlighted later.

As suggested by (6), deriving the Q-function involves first obtaining the complete-data likelihood
and then taking conditional distribution. Using p({F, 1, }10) = p({Fi}1{ni3, 8)p({n,}6) and
analysing the individual conditional distributions, the complete-data log-likelihood can be
obtained in the following form that separates the effects of mode shapes (@) from those of the

remaining parameters (see Appendix B.1)

L(8[{Frmc}) = np({Fr, ni}(0)
= —ZanlnT[ - Nf ln|Se| - Zk nl*(lelnk + Zk lanlzll (7)

— Yk Fi — q’ﬂk]*se?l[?k — @1, ]

On the other hand, given {F,, 8}, it can be shown that (see Appendix B.1) the conditional mean

and covariance matrix of latent variable i, are given by, respectively:

By 700 M) = P @S Fy (8)

Cov, 1700 [M] = Pt 9)

where
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P, =H;'+d7S;'d (10)
Taking conditional expectation Enklfpk,g@[-] on (7), expanding the quadratic terms and using (8)

to (10) gives the Q-function:

Q(616®) = —2nNfInm — N¢In|S,| — Q,(0]0©) + Q,(0|6®) (11)
where

©:(8189) = tr[$;1[Ze Fi Py — 20 Ty Re(w1 F) + @ Ty Re(wy) 07| (12)

Qz(ew(t)) = Zk1n|H1;1| - tr(Zk HI;1W2k) (13)

Here, wy, = E, 7, o0[Mi] and wy, = E, 2 o [mm;] are respectively the first and second

conditional moments of 1, given F,, and 8®: w,, can be obtained directly from (8); w,, can be

obtained as the sum of covariance in (9) and w;wi.

The update formulae for S, @ and S, can be obtained analytically by zeroing the corresponding

partial derivatives of the Q-function in (11). The resulting formulae for & and S are given by

@ = Y Re(Fwiy) [Re(Twor)] ™ (14)

1 - —
S = N—ka hi;'wychy (15)

For S, it should be updated as S, = S, where i = 0, 1 or 2, depending on the noise model (see

Appendix B.2 for proof):

Seo = - tr(Se) (Model 0, i.i.d. noise) (16)

Se1 =801, (Model 1, independent noise)  (17)

S,y = Ni [Xx Re(F . F;) — PRe(T) Wy )@ | (Model 2, correlated noise) (18)
f

where ‘o’ in (17) denotes the Hadamard (elementwise) product. In (16) to (18), the update
formulae for different models have been written in a way that highlights their relationship.
Equation (18) for correlated noise (Model 2) is the most general one, which is always real
symmetric. Equation (17) for independent noise (Model 1) only retains the diagonal entries of

(18). Equation (16) for i.i.d. noise (Model 0) takes the average of diagonal entries in Model 1.
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As the natural frequencies and damping ratios appear in the Q-function in a nontrivial nonlinear
manner, their updated values need to be obtained by numerical optimisation, e.g., ‘fminsearch’ in
Matlab. Unit norm constraints on the mode shapes are enforced by dividing each updated mode
shape in (14) by its Euclidean norm, i.e., square root of the sum of squares. Correspondingly, the
(i,)) entry of S in (15) is multiplied by the product of the norms in (14) of the i-th and j-th mode

shape (before scaling).

Some remarks are in order on the difference that general noise models make in the above formulae
and derivation. Equations (11) to (13), (17) and (18) are intuitive generalisations of their
counterparts in [41] for i.i.d. models, where S, now needs to be retained as a general matrix;
simplification that took advantage of the identity matrix in S.I,, of i.i.d. noise (Model 0) before is
no longer possible. The matrix P, in (10) is defined differently from that in [41], essentially
because the inverse and determinant of the data PSD matrix Ej in (2) now involves the Matrix-
Inverse Lemma in (56) with no further simplification possible. Equation (13) is the same as before
as it does not depend on S,., and so are the update formulae for @ and S in (14) and (15),
respectively. Regarding the update formulae of S, (16) for i.i.d. noise (Model 0) is the same as
before and recalled for completeness. Equations (17) for independent noise (Model 1) and (18)
for correlated noise (Model 2) are nontrivial new formulae. They are derived in Appendix B.2,
where matrix algebra identities (Appendix A) have been used to produce compact expressions.

The derivation also needs to account for the fact that S, is a real-symmetric matrix.

3.3. Initial guess of S,

In principle, the initial guess of modal parameters for the EM algorithm can be assigned in the
same manner as the existing work for i.i.d. noise (Model 0), e.g., [3] (Section 13.6.1), or [48],
where the common noise PSD S, is estimated in an averaged manner from all measured channels.
For general noise models, an initial guess that accounts for noise disparity in the diagonal entries
of S, is developed here, by estimating the noise PSD of each channel separately. The same initial

guess can be used for Model 2 (correlated noise).

Consider the case when only the j-th channel is used for modal identification. Then ®; =
[®)1, ..., Pjm] and the data PSD is now a real-valued scalar given by Ej, = d>]-de>]-T + Sej, Where

Sej is the j-th diagonal entry in S,. Using (1), the log-likelihood for the j-th channel data is

13



L;(8) = —nNflnm — Yy In(@;Hy @] + S, ;) — (P H P + S )7 Fjpe| (19)
Zeroing the derivative of L; w.r.t. S,; and simplifying using the approximation d),-HktDjT > Sej
(high s/n ratio) gives

ch(‘l’;'ch<1’]T)_2(|3'A’jk|2 —d’ijd’,T-)

S .~
¢ Yk(®jHrdT)~2

(initial guess for S;) (20)

This is an explicit expression that can be used as an initial guess for S, ;, given the data and initial

guess of other parameters. Intuitively, it is a weighted sum of the difference between the

experimental PSD (|f"jk|2) and theoretical PSD (@;H, @] ), with a weight proportional to the

latter.

3.4. Posterior covariance matrix

The posterior covariance matrix of modal parameters is equal to the inverse of the Hessian matrix
of negative log-likelihood function (NLLF) at the MPV. The latter requires the derivatives of the
NLLF. For i.i.d. noise (Model 0), analytical formulae for the derivatives can be found in existing
work, e.g., [3] (Section 13.7), or [53]. For general noise models (1 and 2), in view of the remarks
in Section 3.2, the derivation of the derivatives of NLLF has been revisited, which results in new
formulae applicable for the general noise models. The key results will be outlined first, followed
by remarks on the similarity and difference.

For the purpose of calculating derivatives, the NLLF is written as

where
Lg = nNInmw + NeIn|S| + Xy Fr.S2 1 Fy (22)
Ly = Yy In|Hy| (23)
Lp = Xy In|Py]| (24)
LQ = Zk r,*(Plzlrk (25)
rk = ¢TS;1:7\:k (26)

Except for Ly, all terms on the RHS of (21) depend on S,. The derivatives of L can be obtained
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from previous work; see Table 13.3 of [3] or Appendix I of [53]. The derivatives of other terms

are outlined as follows.

The term L only depends on §,. Direct differentiation accounting for the symmetry of S, gives

ngeijsers) — thr[_sglse (Seij)sglse(Sers)] + Zk :’]\;';Sgl(seij'sers) i:k (27)
Se(seij) = eij + (1 - 611)33} (28)
Sgl(Seij.Sers) — Se—l [Se (Seij)S; 1Se (Sers) + Se (Sers)Sglse (Seij)]Sgl (29)

where tr[-] denotes the trace (sum of diagonal entries) of the argument matrix; a superscribed
symbol in parenthesis denotes a differentiation w.r.t. it; §;; denotes the Kronecker delta, i.e., equal
to 1 when i = j and zero otherwise; S,;; is the (i, j) entry of S., and e;; denotes a square matrix
(with appropriate dimension) with the (i, j) entry being the only nonzero entry equal to 1. Note
that the second term (1 — Sij)eiTj in (28) stems from the symmetry of §,, i.e., an off-diagonal

variable appears twice, above and below the diagonal.

The derivatives of Lp can be obtained in terms of those of P,:

LgSeijSers) — z tr [Plzlpl(cseijsers) _ P;lpl(cseij)Plzlpl(csers)] (30)
k

The derivatives P, w.r.t. S, are summarised in Table 3 of Appendix C.

The term L, depends on all parameters, through P, and r,. Table 4 in Appendix C gives the
derivatives of L, in terms of those of P, and 7, whose derivatives in turn can be found in Table

3 and Table 5, respectively.

Some remarks are in order on the difference that general noise models make in the above formulae.
Except for Ly, the terms in (22) to (26) are different from those in existing work, i.e., [3] (Section
13.7), or [53]. This change arises from the different definition of P, in (10) from before, and the
need to retain S, as a matrix without further simplification, which was possible before with i.i.d.
noise model. As a result, (27) to (29), and the derivatives in Table 3 to Table 5 in Appendix C are

newly derived and different from existing formulae for i.i.d. noise.
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3.5. Bayesian model class selection

Besides direct investigation of modal identification results, the noise models can also be assessed
from the perspective of Bayesian model class evidence [34]. The basic theory and computation

are outlined here; detailed investigation is presented later in Sections 5 and 6.

A ‘model class’ refers to a set of modelling assumptions, based on which the set of parameters is
defined. From a model selection perspective, given the data D, a model M is quantified by the
conditional probability p(M|D). This probability is difficult to obtain from first principle, but
Bayes’ theorem allows one to approach it by swapping the roles of M and D, i.e., p(M|D) =
p(D|M)p(M)/p(D). Here, p(D) is the probability of data without any model. As it is difficult to
quantify, it is often not possible to assess the plausibility of a model in an absolute sense [54].
However, it is possible to compare different models, because then p(D) cancels out in the ratio of
p(M|D) for different models. Assuming no prior preference over models, i.e., p(M) = constant,
one obtains p(M|D) « p(D|M). The probability p(D|M) is called the ‘evidence’. For globally
identifiable problems where the posterior PDF can be approximated by a Gaussian PDF (Section

2.1), the evidence can be approximated in terms of the posterior MPV 8 and covariance matrix C:
p(D|M) ~ (2m)"»/*|C|**p(8|M)p(D|6, M) (31)

where n,, is the number of free parameters (see the last column in Table 1). The terms in (31)
reveal a combined effect of data fit and model complexity. The former is reflected by the
likelihood term p(D|§, M), which is higher for models that can give a better fit to data. Model
complexity is reflected by the term (2m)"™/2|C|/2p(@|M), which is often called the ‘Ockham
factor’ [55]. This term tends to decrease exponentially with the number of model parameters,
representing a penalty to more complex models [34]. Without much loss of generality, the prior
PDF is taken to be a constant, as typically it is the terms that depend on data that matters. Due to
the high-dimensional PDF nature of the evidence, its values for different models can differ by
orders of magnitude. For this reason, communication is often based on the log of the evidence

value, i.e., ‘log-evidence’.

4. Equivalent i.i.d. noise OMA analogy and uncertainty law

The previous sections provide the theoretical and computational framework for OMA with general
noise models, where a study based on various types of data will be presented later in Sections 5
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and 6. This section develops an additional dimension to the understanding of the effect of general
noise models (1 and 2) in OMA, by establishing a mathematical analogy with the i.i.d. noise
(Model 0), which is the simplest possible model with much experience already generated from

previous studies.

As a scientific contribution, we show in Section 4.1 that, by a suitable linear transformation of
data, an OMA problem with general noise PSD can be mathematically converted to an equivalent
OMA problem with i.i.d. noise. Although in reality such transformation (which depends on noise
PSD) is unknown a priori, the mathematical equivalence allows the theory and experience
accumulated with i.i.d. noise model to be shared for general noise models. In particular, based on
the ‘uncertainty law’ [37] already developed for OMA with i.i.d. models, the equivalence allows
us to obtain asymptotic formulae for the identification uncertainty of modal parameters with

general noise models, which is otherwise nontrivial. That will be presented in Section 4.2.

4.1. Mathematical equivalence

Let R be a given n x n real invertible matrix. Given the measured acceleration data {yj}jtol,

consider a transformed set of data given by y; = R™'y; (j = 0, ..., N — 1). Correspondingly, the
scaled FFT and PSD of the transformed data are respectively given by

j\:;( = R_li'k = R_1¢hkpk + R_lfk (32)

E, = R"'®h,Sh,®"R " + R"'S,RT (33)

The mathematical equivalence to be established is essentially concerned with a special choice of
R (see (43) later) so that the noise PSD term R™1S,R~T in (33) can be reduced to a matrix
proportional to the identity matrix. Mode shapes and modal force PSD will also need to be rescaled

in a consistent manner.
To proceed, we first rewrite E}, in (33) in the following form that is analogous to (2):

E, =®'hS'h.®'" + RIS, RT (34)
where

! ! 12 — _ ’ R—li
® = [ps,...,¢'n] = RIOB o=

T IR eyl (35)

IS a matrix containing the transformed mode shapes scaled to have unit norm; and
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S' = BSB (36)
is the corresponding transformed modal force PSD matrix, with

IR ||
B = (37)

IR @m]|

Equation (34) can be verified by substituting (36) and (37) to give (33), noting that h, B = Bh;,
because the two matrices are diagonal. It indicates that OMA with the original data with noise
PSD S., mode shape matrix @ and modal force PSD §, is mathematically equivalent to OMA
with the transformed data, where the counterparts are now R~1S,R~T (noise PSD), @' (mode
shape) and S’ (modal force PSD). We will next show how R can be chosen so that the transformed
noise PSD is proportional to the identity matrix, thereby establishing the equivalence with the

case of i.i.d. noise.

Let the eigenvector representation of the real symmetric positive definite matrix S, be
S, =Vs,yT (38)

where S, is a n x n diagonal matrix of eigenvalues {S;;}i-,, and V (n x n) contains in its
columns the corresponding orthonormal eigenvectors. It is then clear that choosing R = V will
give R-1S,R~T = S, a diagonal matrix, i.e., the transformed problem has independent noise. To
further transform the problem to have i.i.d. noise, let S, be a chosen reference noise PSD, based

on which the diagonal entries {S;;}-, in S are written as

Sei = 1*Séo (39)
where r# are the corresponding ratios. Correspondingly, S, can be written as

S, =S,rrT (40)

where

r= (41)

Substituting (40) into (38) gives
Se = Seo(V)(VT)T (42)

It is now clear that choosing
18



R=Vr (condition for equivalence) (43)
will reduce the noise PSD term R™*S,R™T in (34) to S_,1,, so that
E', = ®h,Sh.®T + 5.1, (44)

That is, the OMA problem with transformed data now has i.i.d. noise with a common noise PSD

of S;,, hence establishing the mathematical equivalence.

The role of reference noise PSD S,

As a remark, in the transformed problem the common reference noise PSD S, is arbitrary and its
choice is up to the analyst. Conceptually, S, affects r by a scalar multiplication through S, =
SLo(Wr)(Wr)T in (42) (S, is fixed), which in turn affects R = Vr in (43). This will affect the
modal force PSD S’ = BSB in (36), as B in (37) is a diagonal matrix of ||R™1¢;||. The mode
shape ¢’ = R ¢@/||R 1¢|| is not affected, however, because it is invariant to scalar
multiplication of R. Clearly, the natural frequencies and damping ratios are not affected. See the
end of Section 4.2, which reveals that identification uncertainty (at least under asymptotic
conditions) is not affected either. These observations indicate that the value of S, is immaterial
to the quality of identification results. In applications it may be chosen to be some nominal value

for convenience.

4.2. Uncertainty law for general noise models

One empirical use of the mathematical analogy established in the last section is that, if one knew
S. and hence R in (43), the OMA problem for general noise can be approached via the
transformed problem that can make use of existing theory and computational tools developed for
I.1.d. noise. In reality, S, is unknown a priori, but this idea allows an approximate treatment based
on an educated guess, e.g., a diagonal matrix of noise PSDs estimated from individual data

channels. See, e.g., an illustration with laboratory data in Section 6.1 later.

Beyond the basic objective of OMA, we will next make use of the analogy and existing
‘uncertainty law’ for i.i.d. noise model to derive explicit formulae for the identification uncertainty
of modal parameters. The resulting formulae allow one to understand and plan ambient vibration
tests taking into account potential effects from noise disparity and correlation. As a background,
‘uncertainty law’ in OMA aims at explicit formulae for the posterior coefficient of variation (i.e.,

standard deviation/mean, abbreviated as ‘c.0.v.”) of modal parameters, which turns out to be
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possible under asymptotic conditions of long data, high s/n ratio and small damping. See [56] for
well-separated modes, [47] for close modes, and [57] for multiple setups. The presentation here
focuses on the case of well-separated modes, where the effect of noise is encapsulated by the

modal s/n ratio.

We first recall briefly the existing results for i.i.d. noise [56]. Consider a single mode with natural
frequency f, damping ratio {, mode shape ¢ (scaled to unit norm), modal force PSD S and i.i.d.
noise PSD S,. The mode is identified using FFT in the frequency band f (1 + (), where k is a
bandwidth factor, e.g., k = 1 for half-power band. Then it has been shown that, for long data,
high modal s/n ratio and small damping, the posterior c.o.v. of f, { and S are given by,

respectively,

5f2 = ﬁ (1 T (;/_f) 652 271'(11\/53{ (1 + %) 5 = Nles (1 * %) (49)

The posterior covariance matrix of ¢ and the posteiorr c.o.v. of S, are given by, respectively,

Cp=-25_(I,—pp™) &2 = (46)

TIN:SBy se — (n-1)Ng

In the above, N, = (data duration)/(natural period) is a dimensionless measure of data length;
Ny = 2k{N_ is the number of FFT points in the band f (1 + k{); By, B; and Bg are ‘data length
factors’ that reflect the amount of usable information in data for identifying the mode; ay, a; and
ag are sensitivity coefficients associated with the ‘modal s/n ratio’ y. The B’s and a’s above are
a function of «; detailed expressions are referred to (7)-(9) and (14)-(16) of [56]. The modal s/n
ratio y is defined as the ratio of modal response PSD at resonance (S/4{?) to the noise PSD (S,),
which turns out to encapsulate the effect of noise and environment:

s
T 45,02

y (i.i.d. noise) (47)

Empirically, moderate to high modal s/n ratio may be referred as y > 100. In applications, the
c.0.v. of damping ratio is often the most critical one to control, although the expressions for other
parameters have been presented here for completeness. In (45) to (47), the parameters represent
the ‘actual’ value of the structure. When the formulae are used for planning ambient vibration

tests in the absence of data, the parameters are substituted by best guess.

Equations (45) and (46) were derived based on i.i.d. noise. In what follows, we will apply them

with the analogy established in Section 4.1 to derive the uncertainty law for general noise model
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so that noise disparity and correlation can be accounted for in ambient vibration test planning. For
this purpose, we assign the noise PSD matrix S, and hence R in (43) based on prior knowledge
or some pre-test calibration. Using the analogy, the c.o.v. of f and { can be assessed by simply
replacing y in the first two formulae of (45) by the modal s/n ratio ¥’ (say) of the (conceptually)
transformed OMA problem:

r_ S
4S¢0¢?

4 (general noise) (48)

where, for the transformed OMA problem, S’ is the modal force PSD and S;, is the common
reference noise PSD; see (36) and (39), respectively. Equation (48) reveals the correct but
nontrivial way to quantify the modal s/n ratio for the general noise models, without going through
the tedious derivation of uncertainty law (if possible). Note that ' is invariant to any scalar

!

multiplication of R because the scaling appears in both S and S;,, and hence is cancelled out.

4

For the mode shape, replacing S, by S¢,, and ¢ by ¢’, in the first formula of (46) gives the
covariance matrix of ¢, i.e., Cy,, for the transformed problem. The covariance matrix of ¢ in the
original problem can be obtained by perturbation in terms of C,, as follows. Recall that ¢ =

R'/||R¢@’||. Applying chain rule gives

O¢ _ 0p O(Rer) -1 _ T
90— 3(Re") Ol = ||[Re@'||"(I, — @@ )R (49)

where we have used the result that, for unit vector uw = u/||u||, the derivative is du/ou =

|lu||~1(I,, — uu”). The uncertain perturbations A¢ and A¢' are then related by

6 Vi ry1— !
Ap = a—q‘f,Afp = ||R@'||*(I, — ppT)RAQ (50)

Taking covariance gives

Co = |IRQ'||*(In — @@ )RCH,R™ (I, — @o") (51)
It can be verified that C,, is invariant to any scaling of R.
For the modal force PSD, replacing y by y' in the third formulae of (45) yields the c.o.v. of S’ for
the transformed problem. Similar to ¢, the c.0.v. of S in the original OMA problem can be
obtained by perturbation as follows. From (36), for a single mode we have S = ||R™1¢ || 725".

This can be written as S = ||R¢’||?S’, where we have used ||[R™1¢ |71 = ||R¢’||. The latter can

be verified by multiplying both sides of ¢’ = R~1¢/||R 1¢]|| by R, taking norm and noting that
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llpll = 1. For small perturbations AS’ and A¢’, we have AS =~ ||R¢’||>AS’ + 25’A¢@'"R"R¢’.

Taken expectation of the square over uncertainties AS’ and A¢' gives:
o ~ |R@'l|*a% + 45"°¢'"R"RC yR" R’ (52)

where ¢ and 052, denote the variances of S (original problem) and S’ (transformed problem),
respectively; €, is the covariance matrix of ¢'; and we have made use of the fact that S" and ¢’
are asymptotically uncorrelated (see Table 1 of [37]). Dividing both sides of (52) by §2 =
IR@'||*s"* gives

6% ~ 8% +4llR'|"*¢'"R"RC yR" R’ (53)

where &g and &5 denote the c.o.v. of S (original problem) and S’ (transformed problem),
respectively. It can be shown further that 652~6§,(1 + b/y"), where b > 0, with b = 0 if there is
no noise disparity (r; = constant). See Appendix D for details. This suggests theoretically that the
c.o0.v. of S is higher when there is noise disparity, although the effect is negligible for high modal

s/n ratio.

As a note, the uncertainty law formulae developed here for general noise models have not
accounted for the uncertainty (lack of knowledge) in the disparity or correlation in the noise PSD,
as evidenced by the fact that the transformation matrix R has been assumed to be fixed.
Nevertheless, in ambient vibration test planning one is often concerned with the order of the
magnitude of the uncertainty given a particular test configuration rather than the uncertainty in a
precise form (which cannot be computed without data), so this treatment is often sufficient,
providing a simple way to account for noise disparity and correlation in the assessment of
identification uncertainty before the actual test.

The role of S,,, and alternative forms of y'

Complementing the remark near the end of Section 4.1, in the transformed problem the choice of
the common reference noise PSD S;,, does not affect the modal s/n ratio y'. To see this, note that
S" = IR 1|72 = [@" (RRT) 1 ¢]S = S.,("S: )S, where the last equality follows from
S. = S,oRRT. Substittuting into (48) gives

, _ (9TSz1e)s
y - 4{2

(general noise) (54)
This formula depends only on the quantities in the original problem, and hence is invariant to the
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choice of S;,. As the c.0.v.s of natural frequency and damping ratio in (45) depends on S;, only
through y’, they are invariant to S;,. The invariance also applies to the covariance matrix of ¢ in

(51) and the c.o.v. of S in (53), which can be reasoned from the cancelling of the scaling effect.

For the case of independent noise (Model 1), (54) can be expressed in an intuitive form in terms
of the s/n ratio of individual channels. In this case, @7S;1@ = Y™, ¢?/S.; where g; is the i-th
entry of ¢. Equation (54) then reduces to

S 2
45@1{2 L

(Independent noise) (55)

o n
Y = Li=1

Since Y1, 7 = 1, this formula shows that ¥’ can be considered a weighted average of the modal
s/n ratio of individual channels (S/4S,;{?), where the weight is proportional to the square of mode

shape value.

5. Investigation with synthetic data

In this section, the proposed methodology and the effect of noise models (see Table 1) are
investigated using synthetic data. Section 5.1 investigates the effect of noise disparity by
considering data generated from a single mode and contaminated with independent noise with
different PSDs. Section 5.2 investigates the effect of noise correlation arising from unaccounted
modal dynamics, based on synthetic data from a ten-storey shear building. For both examples, in
addition to basic modal identification results, the noise models are also assessed in terms of
Bayesian model class evidence. The analogy of OMA with transformed data (Section 4.1) and the

resulting uncertainty law (Section 4.2) will also be illustrated in Section 5.1.
5.1. Single mode data (noise disparity)

Consider synthetic acceleration data generated from a single mode with natural frequency f =1
Hz, damping ratio { = 1%, mode shape ¢ = [1 11 1]7/2, and subjected to white noise modal
force with PSD S = 1 (ug)?/Hz. The data is 1000 seconds long and sampled at 100 Hz. It is
contaminated by white noise with PSD matrix S, = S,,rrT, where S.,, is a reference PSD and r
is a diagonal matrix of {r,r,1,1}. In other words, the noise is independent among different
channels, but the ratio of noise PSD of the first two channels are 2 times that of the last two, i.e.,
a noise disparity when r # 1. This corresponds to Model 1 in Table 1. The value of r will be
varied to investigate the effect of noise disparity. Fig. 2 shows the PSD and SV (singular value)
spectrum of a typical set of data when S, = 1 (ug)?/Hz and r? = 300.
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Fig. 2 PSD (left) and SV spectrum (right) of a typical dataset when S., = 1 (ug)?/Hzand r2 =
300. Synthetic single mode data. The bracket in the SV plot shows the frequency band for modal

identification

Potential bias (histogram of MPV)

We first investigate the effect of noise disparity on potential bias in MPV of modal parameters.
For this purpose, we fix S}, = 1 (ug)?/Hz and vary 2 = {1,100,300}. In each case, 1000 i.i.d.
datasets are generated. For each dataset, the posterior MPV (Sections 3.1 to 3.3) and covariance
matrix (Section 3.4) are determined assuming a particular noise model. Fig. 3 shows in the first
two columns the histograms of MPVs of the natural frequency and damping ratio. The histograms
of the MAC (modal assurance criterion) between the MPV of mode shape and the exact value are
also shown in the third column. As r? increases from 1 (top row, no disparity) to 100 and 300
(bottom row), noise disparity increases. It can be seen from the first three columns that, regardless
of noise disparity, the histograms for Models 1 and 2 generally overlap and gather around the
exact value (f =1, { = 1%, MAC = 1), and there is no evidence of bias. This is expected,
because the data is generated with a noise PSD of Model 1 (independent noise), which is a special
case of Model 2 (correlated noise). The histograms of Model 0 (i.i.d. noise) agree with those of
Model 1 and 2 when 2 = 1 (no disparity). As disparity increases, however, they depart with a

shift (bias) and larger spread in the damping ratio (bias high) and MAC.

As a note, the equivalent modal s/n ratio in (54) is calculated to be y' = {2500,1263,1254} for
2 ={1,100,300}, respectively. These values are of the same order of magnitude and hence the

effect of modal s/n ratio in the results discussed above is considered negligible.
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Bayesian evidence

The last column of Fig. 3 shows the histogram of the log-evidence of different models (the higher
the better); see Section 3.5 for background theory. When there is no disparity (r? = 1, top row),
the values rank as Model 0 (100%) > Model 1 (0%) > Model 2 (0%), where the number in
parenthesis indicates the percentage of time the log-evidence of the model is highest. This is
expected, because in this case the three noise models are capable of producing a similar fit to data,
and hence their log-evidence is governed by the number of parameters (the lower the better). With
significant noise disparity (r? = 100,300), the log-evidence values rank as Model 1 (100%) >
Model 2 (0%) > Model 0 (0%). This is also expected, and can be reasoned as follows. Model 0 is
worse because it scores low on data fit, despite the smallest number of parameters, i.e., model is
too simple. Model 1 can produce a similar fit to data as Model 2, but it has a smaller number of

parameters, and hence becomes the preferred one based on log-evidence.
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Fig. 3 Histogram of MPVs identified assuming different noise models in Table 1. Synthetic
single mode data. Blue: Model 0 (i.i.d. noise), red: Model 1 (independent noise), yellow: Model
2 (correlated noise). A different value of 72 corresponds to different noise disparity. Dashed

line: exact value of parameter



Empirical bias correction through transformed data
The results just presented suggested that using the existing Bayesian OMA algorithms based on
I.i.d. noise (Model 0) may lead to potential bias when the noise disparity is significant. Here, we
demonstrate how the bias can be reduced empirically via the transformed OMA problem as
discussed in Section 4.1. For a given set of data, we can estimate the ratios of noise PSDs among
different channels. Together with a nominal (otherwise arbitrary) choice of reference noise PSD
20, We can set r in (41). Assuming zero correlation, (43) gives R = r because V = I,,. We can
then apply existing Bayesian OMA algorithm (Model 0) to the transformed data {y} = R™*y;}
and convert the results back to the original problem. As an illustration, consider the dataset for

r? = 300, whose PSD and SV have been shown in Fig. 2. For purpose here, we take S., =
1 (pg)?/Hz and R as the diagonal matrix of {+/300,v/300, 1,1}, i.e., same as the ones that
generated the data. This is perhaps the best one can do, although trial results with ratios actually
estimated from PSD plots are qualitatively similar. This choice is considered as the results can

serve as a verification of the mathematical analogy established in Section 4.1.

Fig. 4 shows the PSD and SV of the transformed data, which should be compared with Fig. 2 for
the original data (before transformation). The SV plot in Fig. 4 now exhibits features similar to
that of a single mode with i.i.d. noise, i.e., a single line exhibiting dynamic amplification, and the
remaining ones staying at the common noise level. Fig. 5 shows the histograms of MPVs
identified assuming Model 0 and based on the transformed data (1000 sets), which may be
compared with Fig. 3. The histograms are now clustered around the exact values and with a spread
similar to those of Models 1 and 2 in Fig. 3. The bias due to noise disparity has been avoided by
OMA on the transformed data.
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Fig. 4 PSD (left) and SV (right) of data after transformation. Synthetic single mode data. See

Fig. 2 for the plots of the original data (before transformation)
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Fig. 5 Histograms of MPV identified using Model 0 from transformed data (1000 sets).

Synthetic single mode data. Dashed line: exact value of parameter

Verification of uncertainty law

We next verify the uncertainty law developed in Section 4.2 for general noise models. For this
purpose, we consider 11 data sets generated with S, = 100 (ug)?/Hz and r2 ranging from 1073
to 10. These values are considered so that the datasets span over a wide range of modal s/n ratios.
For each dataset, two sets of c.0.v.s of modal parameters are calculated, one based on uncertainty
law ((45) and (46) substituted with ‘dashed’ parameters, meanwhile use (51) and (53); all
parameters set to theoretical values) and the other based on the posterior covariance matrix
calculated from OMA with the original data (Section 3.4), assuming independent noise (Model
1). The results are plotted in Fig. 6 (f, ¢, S) and Fig. 7 (¢) versus the modal s/n ratio y'. The latter
is calculated using (54) with parameters set to theoretical values. It can be seen from the figures
that the two sets of c.o.v. (circle and asterisk) generally agree with each other especially for
moderate to high s/n ratios (y’ > 100), verifying the mathematical correctness of the uncertainty

law. As expected, the c.0.v.s converge to a constant non-zero value for high s/n ratio (e.g., y' >
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5.2. Ten-storey building with multi-mode data (noise correlation)

This example investigates the effect of noise correlation that arises from unmodelled dynamics.
Consider the horizontal vibration of a ten-storey shear building with a uniform mass of 1000

tonnes per floor, inter-storey stiffness of 3678 kN/mm and classical damping ratio of 1% for all
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modes. The structure is subjected to i.i.d. white noise excitation at all floors, each with PSD S,, =
96.2 N2 /Hz. The accelerations on 1/F, 4/F, 7/F and the roof are measured for 1000 seconds at 256
Hz. The data is contaminated by i.i.d. noise with a common PSD S, = 1 (ug)?/Hz. Fig. 8 shows
the PSD and SV of a typical dataset. The study here focuses on Modes 1, 7 and 10, which are near
1.5 Hz, 16 Hz and 19 Hz, respectively. They are identified using the FFT in the selected band
indicated in Fig. 8. Although the data is generated with i.i.d. instrument noise, the frequency bands
in Fig. 8 may contain contributions from unmodelled neighbouring modes, which will appear as

correlated noise in the OMA process.
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Fig. 8 PSD and SV spectrum. Synthetic ten-storey shear building data. Bracket in SV plot

indicates the frequency band for modal identification.

Potential bias in MPV

The potential bias on MPV from noise correlation and Bayesian evidence of different noised
models are investigated in a manner similar to Section 5.1, based on 1000 datasets. Fig. 9 shows
the results for the damping ratio, which is the most affected parameter. It is seen that the
histograms of different models are similar for Mode 1, somewhat different for Mode 7, and quite
different for Mode 10. This is consistent with the SV plot in Fig. 8, where the mode to the left of
Mode 10 is seen to have a significant contribution to the band indicated, smearing in the OMA
process as a correlated noise. For Mode 10, the histogram of Model O (i.i.d.) is biased low (-17%
in the mean), while the histogram of Model 1 (independent noise) is biased high (+10% in the
mean). The histogram of Model 2 (correlated noise) is comparatively unbiased (+1% in the mean),
although there is some distortion of the bell shape. The histograms for natural frequencies and
mode shapes have been examined, which indicate that there is no significant bias. Details are

omitted.
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Bayesian evidence

The right column of Fig. 9 provides another perspective on the noise models in terms of log-
evidence. For Mode 1, the log-evidence ranks Model 0 (100%) > Model 1 (0%) > Model 2 (0%),
justifying the use of existing Bayesian OMA algorithms with i.i.d. noise. For Mode 7, Model 2
(100%) > Model 1 (0%) > Model 0 (0%). Clearly, the log-evidence favours Model 2 (correlated
noise), although this is not trivial from the SV in Fig. 8 near 16 Hz. Model 1 performs better than
Model 0 in the log-evidence values, which is likely attributed to its better data fitting capability.
For Mode 10, the log-evidence values tell clearly that Model 2 (100%) > Model 1 (0%) > Model
0 (0%), indicating a strong preference for a model that can account for noise correlation at the

expense of a larger number of parameters.
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Fig. 9 Histograms of MPVs of damping ratio (left) and log-evidence (right). Synthetic ten-storey
shear building data. Blue: Model O (i.i.d. noise), red: Model 1 (independent noise), yellow:

Model 2 (correlated noise).
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6. Investigation with laboratory and field data

In this section, we extend the investigation of noise models to laboratory and field data. The
former introduces complications from real experiments in a controlled manner, while the latter
provides a context for full-scale structures under complex environment. Noise disparity is
investigated in the laboratory data using sensors with different noise levels. In the field data,
potential noise correlation arising from unaccounted modes or unknown dynamics will be

investigated.

6.1. Laboratory data of SDOF model (noise disparity)

Consider an SDOF aluminium model made with a ‘roof” mass of 1.6 kg supported on four
columns measuring 148mm x 30mm, as shown in Fig. 10. To investigate noise disparity, the
vibration of the roof mass is measured by four tri-axial piezoelectric accelerometers, i.e., K1, K2,
P1, P2, where the letter indicates the sensor model. The investigation here is based on a set of
ambient data measured for 600 seconds sampled at 2048Hz. Fig. 11 shows the PSD and SV
spectrum of the data, which is similar to Fig. 2. As seen from the y-direction data which receives
little contribution from the x-direction resonance, the noise PSD drops with frequency. Near 15
Hz the noise PSDs of the K and P sensors are about 700 (ug)?/Hz and 20 (ug)?/Hz,

respectively.

(b)
Fig. 10 Laboratory SDOF model (left) and sensor layout (right)
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Fig. 11 PSD and SV spectrum. Laboratory data. Bracket in SV plot indicates the frequency band
for modal identification

Effect of noise model on modal identification results

Table 2 summarises the modal identification results in terms of posterior MPV and c.o.v. (in
parenthesis), and log-evidence based on different noise models. From the MPV and c.o.v., it is
seen that the identification results for {f, ¢, S} are generally similar for different models, although
a slight difference is seen in S. In particular, the differences between the MPVs (including S) for
different models are within two posterior standard deviations of Model 0. The mode shapes
identified based on different noise models are all very close, with a MAC of 0.9999 (M0 & M1),
0.9998 (M0 & M2) and 1.0000 (M1 & M2). The similarity of results based on different models
may be explained by the fact that the modal s/n ratio is sufficiently high, as evidenced from the
SV plot in Fig. 11.

Bayesian evidence

In terms of log-evidence, the last column of Table 2 shows that Model 1 > Model 2 > Model 0.
The preference over Model 1 is intuitive because the K and P sensors have quite different levels
of noise PSD. This noise disparity is also significant enough to prefer Model 2 over Model 0,
despite the fact that Model 2 has a lot more parameters than Model 0. To supplement, when only
the channels from P sensor are used, the log-evidence values rank as Model 0 (6.1982 x 10%) >
Model 1 (6.1878 x 10*) > Model 2 (6.1735 x 10%). This is intuitive, as in this case a reasonable
data fit can already be attained with i.i.d. noise (Model 0), and so the ranking basically follows a

descending order of the number of parameters (the more the worse).
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Table 2 Summary of identification results (MPV, c.o.v. in parenthesis) and log-evidence.
Laboratory data

Model f [Hz] { [%] S [(ug)?/Hz] | log-evidence [x 10°]
0 14.624 (0.02%) | 0.19 (10.8%) | 3.2512 (4.9%) 1.1214
1 14.624 (0.02%) | 0.19 (10.5%) | 3.2246 (4.2%) 1.1688
2 14.625 (0.02%) | 0.18 (12.0%) | 2.9477 (7.1%) 1.1622

Transformed data OMA and Uncertainty law

We next investigate modal identification based on i.i.d. noise (Model 0) using transformed data
in Section 4.1. For this purpose, the reference noise PSD in (39) is set to be S., = 1(ug)?/Hz.
Based on a rough estimate of noise PSDs from Fig. 11 for the P channels (20(ug)?/Hz) and K
channels (700(ug)?/Hz), we set r in (39) to be 20 for the P channels and 700 for the K channels.
Fig. 12 shows the PSD and SV plot of the transformed data, which may be compared with Fig. 11

for the original laboratory data. The SV plot is now similar to the one with identical noise PSD.

Based on i.i.d. noise (Model 0) and applied to the transformed data, the identification results are
(MPV, followed by c.o0.v. in parenthesis), 14.624 Hz (0.02%) for frequency f, 0.19% (10.5%) for
damping ¢ and 3.2181 (ug)?/Hz (4.2%) for modal force PSD S (after transforming back to the
original problem). The MAC of mode shape ¢ with its counterpart based on original data is also
very high (0.9999). It is seen that the results for f and ¢ are almost identical to their counterparts
for Model 0 before transformation (see the second row of Table 2). The results for S is now closer
to those for Model 1 (see the third row of Table 2). Of course, this is just for the sake of
comparison. As mentioned before, the results in Table 2 for the three noise models do not make a

practical difference, because the modal s/n ratio is high.

Finally, based on MPV, the modal s/n ratio of the transformed data in (48) is y' = 5269.
Correspondingly, the c.o.v.s based on uncertainty law in (45) with y replaced by y’ are 0.019%
for f, 10.5% for ¢ and 4.1% for S. These values are quite close to those for Model 1 in the third

row of Table 2.
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Fig. 12 PSD and SV spectrum. Transformed laboratory data. Bracket in SV plot indicates the
frequency band for modal identification. See Fig. 11 for the plots of the original data (before

transformation)

6.2. Queen’s Park suspension footbridge (noise correlation)

Consider a series of ambient vibration data from multiple setups collected from Queen’s Park
footbridge across the River Dee in Chester, UK. The data is available for public access in [58].
The test series covered 66 locations distributed on two sides of the bridge in 16 setups with two
reference sensors and four roving sensors. Details of the test and its investigation on multi-setup
OMA can be found in [42]. All sensors are tri-axial servo-accelerometers and their data are

synchronised by GPS. The data in each setup is 15 minutes long and sampled at 200 Hz.

The present study considers the data measured at the two reference sensors. Since an additional
single setup was performed at the end of the multiple-setup test with the measurement time being
30 minutes, there are total 18 datasets (15 minutes each) available from the reference sensors,
whose locations were fixed near the quarter and mid-span in all setups. Focusing on the band
below 4Hz, the PSD and SV spectra of the data are shown in Fig. 13. Although the noise PSDs of
the sensors in a laboratory environment were calibrated to be in the order of 1 (ug)?/Hz, the PSD
and SV plots suggest a higher noise floor with possible disparity. The brackets in the SV plot
indicate the frequency bands around the modes that will be investigated here. These modes are
selected as their SV display a reasonable dynamic amplification that allows proper modal
identification, but at the same time their noise floors, i.e., lines below the top SV line, display

complications (deviating from i.i.d. noise) that serve the intended scope of the study.
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Fig. 13 PSD and SV of data in Setup 16. Queen’s Park bridge data. Bracket in SV plot indicates

frequency band for modal identification

Effect of noise model on MPV

Using the data in each setup, the posterior MPV and covariance matrix of modal parameters have
been calculated for different noise models (0, 1, 2). Fig. 14 shows the MPVs based on Model 0
(blue dot) and Model 1 (red dot) versus those based on Model 2 (x-axis). The (dashed) 1:1 line is
shown to facilitate comparison. The values from Model 2 are shown on the x-axis to serve as a
reference for comparison, as it turns out to have the highest log-evidence (see later) for the modes
investigated here. For the natural frequency of Mode 1, it is seen that the MPVs of Models 0 and
1 are slightly above the 1:1 line, i.e., higher than those of Model 2. For Modes 2 and 3, the values
of Models 0 and 1 are scattered around the 1:1 line with no significant offset. For damping ratios,
the MPVs tend to lie off the 1:1 line, noticeable in Modes 1 and 2 for Model 0, Modes 1 and 3 for
Model 1. Roughly speaking, the damping ratios are more significantly affected by noise models

than the frequencies.
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Fig. 14 MPV of Model 0 (blue dot) and Model 1 (red dot) versus those of Model 2 (x-axis).

Queen’s Park bridge data. Each dot represents the result of a setup.

Bayesian evidence

Fig. 15 shows the log-evidence of different models. Similar to Fig. 14, the values of Model 0 (blue
dot) and Model 1 (red dot) are plotted on the y-axis; the values of Model 2 are plotted on the x-
axis as a reference for comparison. It is seen that for these three modes the ranking is, consistently
for all setups, Model 2 > Model 1 > Model 0. This is not surprising, considering the complications
in the ‘noise floors’ (lines other than the top line) in the SV plot of Fig. 13 near the modes. The
margin by which Model 1 (independent noise) is preferred over Model 0 (i.i.d. noise) is bigger
than that of Model 2 (correlated noise) over Model 1. This may suggest that, on the basis of log-
evidence, the complicated noise floors demand at least a model to account for noise disparity
(Model 1). A further complication in Model 2 to account for correlation is still justified, although

marginally.
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Fig. 15 Log-evidence of Model 0 (blue dot) and Model 1 (red dot) versus those of Model 2 (x-
axis). Queen’s Park bridge data. Each dot represents the result of a setup.

7. Conclusions

This work has presented a comprehensive investigation on the effect of noise models in Bayesian
frequency-domain OMA. Key contributions are multi-folded in terms of theory, computation and
insights. Beyond the i.i.d. noise model that is conventionally used, two generalised noise models
(see Table 1) have been considered to account for noise disparity and correlation that may be
encountered in applications. To enable the study, new efficient computational algorithms
applicable for general noise models have been developed for the posterior (i.e., given data) most
probable value (Section 3.1) and covariance matrix (Section 3.4; quantifying uncertainty). In
addition to basic modal identification results, the noise models have been assessed from the
perspective of Bayesian model class evidence (Section 3.5). As a contribution to OMA theory, it
has been discovered (Section 4.1) that by a suitable transformation of data, OMA with general
noise model is mathematically equivalent to OMA with i.i.d. noise model. Besides allowing one
to empirically account for general noise model based on existing tools of i.i.d. noise (see, e.g.,
Section 5.1), this analogy allows the development of asymptotic formulae for identification
uncertainty, i.e., ‘uncertainty law’, of OMA for general noise models (Section 4.2), which is
otherwise nontrivial and has not been obtained so far. The results reveal that for general noise
models the modal s/n ratio can be quantified by (48), which is an intuitive yet nontrivial extension

of the existing formula (47) for i.i.d. noise.

The proposed objectives and methodology have been investigated and verified using synthetic
(Section 5), laboratory (Section 6.1) and field data (Section 6.2). Some comments on the effects

of noise and their practical treatment are in order. Generally, whether a noise model matters to the
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modal identification results depend on the modal s/n ratio (the higher the less), the extent of
deviation (e.g., disparity and correlation), as well as the parameter of interest. The study reveals
that the noise models do not have a material effect on the identification result of natural frequency,
but the same cannot be taken for granted for damping ratio; see, e.g., Fig. 3 (with noise disparity)
and Fig. 9 (with noise correlation). The laboratory data example in Section 6.1 reveals that, when
the modal s/n ratio is sufficiently high (y’ > 5000 in the example), the modal identification

results may not be significantly affected.

In the examples, the ranking of noise models based on Bayesian model class evidence generally
agree with observations of identification results and PSD/SV spectra. While it provides a sound
scientific perspective, it should be noted that the model ranking need not have a direct bearing on
the quality of modal identification results of parameters of interest. In reality the choice of a noise
model may be decided by more practical considerations such as experience gained with existing
noise model and computational effort/robustness. For the former, modal identification results are
not “fool-proof’ and still need to be interpreted by knowledgeable personnel. For the latter, a
complex noise model may take longer time for identification, or its MPV may not even converge
when there is not enough information in data. When existing algorithm based on i.i.d. noise model
is adopted, an OMA based on transformed data (Section 4) may provide a simple way to

empirically account for noise disparity and correlation.
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Appendix A Matrix identities used in this work

This appendix summarises the matrix identities that are useful in developing the paper. A good
reference can be found in [59].

Matrix Inverse Lemma
A+Ucv)T'UCc=A"tU(Ct +va o)™ (56)
A+ucv)yt=a1-au(ct+vatu)-tvat (57)
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Derivatives of Trace

When X (n x m) has functionally independent elements (i.e., X is not symmetric, etc.)

otr(XA)
ox

AT (58)

when X is symmetric

otr(XA)
0X

=24—Ao1 (59)

where ‘o’ represents Hadamard (elementwise) product.
Derivatives of log-determinant
For nonsingular X with functionally independent elements

dln|X| r
= - 60
5 =X (60)

If X is symmetric

dln|X| B

X 2X 1 —Xx1og (61)

Appendix B Derivations related to EM algorithm

B.1 Complete-data likelihood and conditional statistics in (7) - (9)

This appendix provides the proof of the equations in the section title for general noise models (1
and 2). It is similar to the one in previous work for i.i.d. noise (Model 0) [41], except that the noise

PSD matrix S, now needs to be retained without further simplification that was possible before.

For (7), we first write p({Fy, 1 }10) = p({Fi}1{ni}, 0)p({n,}|0). Given @ (hence @) and 7y,
F, is complex Gaussian with mean &n, and covariance matrix S,. Also, given 0, n,, is complex

Gaussian with mean zero and covariance matrix Hy. These give
L(OI{Fi 1)) = np((Fiome}16) = D (Pl 0) + ) 1np(el0)
k k
= —2nNplnm = NylnlS,| = > wH'ne + ) InlHZ| (62)
k k

_Z[?k - d)nk]*sgl[i'k — oy
X
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For (8) and (9), we make use of the standard results of conditional Gaussian variates. Let X; and
X, be jointly complex Gaussian vectors with respectively auto-covariance matrices C,; and C,,
and cross covariance matrix E[X;X5] = C,,. Then, given X;, the conditional mean and
covariance matrix of X, are respectively C,;C71X; and C,,C7LC,. Applying this result with
X, =F and X, =y, Cyy = E[F,F}|0] = @H, ®T +S,, and Cy, = €y, = E[Fymy|0] =

®@H,, the conditional mean and covariance matrix of n;, are given by

Ep 7.0l = H @ (PH @7 + S.) 7' F),

. 63
= (Hy' + 7S 1) 1TSS 1F, (63)

Covyyi7y.0(Me] = Hi — Hi®" (PH D" + S.) "' PH,,

64
= (Hy' + 7S, 1) ! (64)

The identities in (56) and (57) have been used in arriving at the last equalities in (63) and (64),

respectively.

B.2 Update formulae for S, in (17) and (18)

Here, we derive the update formula for S, in the EM algorithm for general noise models. The case
of Model 2 where S, is a general real-symmetric matrix is considered first. The case of Model 1

where S, is a diagonal matrix will be considered later.

In principle, the update formula for S, can be derived by solving 0Q/dS, = 0, where the Q-
function is from (11). To facilitate derivation, we let X = S;* and consider the stationary
condition dQ/dX = 0, which is equivalent to dQ /0S8, = 0 as long as S, is invertible. Also, let G
denote the term in the inner bracket of (12) that does not depend on S,, so that Q1(0|0(t)) =

tr(S;1G). Then we can write
Q(0169) = N¢In|X| — tr(XG) + constant of S, (65)

Using (59) and (61) respectively for the derivatives of trace and log-determinant for symmetric
X1

0Q
% =V @XT =X e l) - (26 -Gely) (66)

where ‘o’ denotes the Hadamard (element-wise) product. By observation, dQ /X = 0 when

X! = G/N; and so, after substituting G, the update formula for real-symmetric S, is given by

40



1 . o~
S, = % z FF; - 2"’2 Re(wy, Fp) + ¢Z Re(w;) ‘DT] (67)
X k k

Substituting the update formula for @ from (14) into (67) and simplifying gives the final update
formula for S, in (18).

For independent noise (Model 1), S, is a diagonal matrix and so is X. In this case, only the
equations corresponding to the diagonal entries of dQ/0X =0 in (66) are relevant.
Correspondingly, diagonal entries of S, that solve these equations are simply given by the

diagonal entries in (67). Writing it in terms of Hadamard product gives the update formula in (17).
Appendix C  Derivatives of Py, Ly and ry

The derivatives of Py in (10), L, in (25) and 7, in (26), are given in Table 3, Table 4 and Table
5, respectively. A superscribed variable in parenthesis denotes a derivative w.r.t. it. The
derivatives w.r.t. the entries of S, have already taken account of its symmetry. As such, the double

derivatives (-/9S,;;0Srs) should not be used for (i, j) = (s,7) for an off-diagonal entry (i, j).

For independent noise (Model 1), only the derivatives w.r.t. the off-diagonal entries of S, are

irrelevant.

Table 3 Derivatives of P, = Hy' + @7S;'d

pk(xy) y =
fi»$j» Sjj» Urs: Vis Sors o
x= | fiSuSiu Ui Vi (H;H) 0 5
" 0’5o | o5 Pe (7
PDy; Sym. el S lers + ()
Pk(y) (H;l)(y) (DTS;l(Y)(D o’S>le. + ()T

See Table 13.3 in [3] for derivatives of Hy'. @;; isthe (i, /) entry in @, U;; = ReS;;, V;; = ImS;;,

and (-)T denotes a term equal to the transpose of the previous one.
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Table 4 Derivatives of L, = X, 7Py

(xy) =

Le™ y

f}’ $ivSjjp Urs) Vrs Sers) Prs
x=| fuSuSiw | Tk PO S (P ®r, + 2Re [Zk ri(y)Pﬁl(x)rk]
Uij, Vij
Seuj» Pi Sk Tk (P r + 2Re[ 5y P (PR Or| +
Sym. ZRe[Zk r;}(xy)PElrk] + ZRe[Zk r;(y)(P,zl)(")rk]
+2Re[Zk r,’;(y)P,;lrk(x)]
Lo Tk Tk (P HP1y, Yk Te(PRH)Or) + 2Re[Zk r;(y)P,glrk]

Table 5 Derivatives of r, = ®TS;1F,,

r, oY) y =
Sers @y
x= Seyj ®7S; 1 VF, el,s:'VF,
Dy Sym. 0
r o751V F, el S; ' Fy

Appendix D Further uncertainty law expression for 83

In this appendix we show that the uncertainty law expression for §2 in (53) can be further

expressed as
2 2 b
0 ~ o (1+ 7) (68)

Here, for the equivalent problem (indicated by a dash), ¥’ = S’/4{2S, is the modal s/n ratio in
(48);

62 = - (1+ﬁ) (69)
S NfBS }/,

is the uncertainty law c.o.v. (squared) of S’ obtained by replacing y with y’ in the rightmost

expression in (45); and
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B8 A e
i=1

where ¢/ is the mode shape value at measured DOF i; {r?}", are the ratios of noise PSD defined
in (39), and

= Zr 012 (71)

is their ¢; -Welghted mean (recall that };7- 1<pl = 1). Itis clear from (70) that b > 0,and b = 0
if r, = constant, because then r? = u for all i = 1, ..., n. This verifies the claim mentioned after
(53).

For convenience, let

F =4||R¢'|*¢'"R"RC /R"Rg' (2nd term in (53)) (72)

be the second term in (53), so that 62 = 8% + F = 8%(1 + F/8% ). The proof of (68) then

essentially involves showing

F b

6_5?, = )7 (to show) (73)
To begin the proof, first note from (43) that R = Vr, where V is a matrix of orthonormal basis
(VTV =1, see (38)) and r is a diagonal matrix of {r;}l-, (see (39)). This gives RTR =
rTVTVr = rTr, which is a diagonal matrix of {r#}I~,. On the other hand, using (46) for the
equivalent problem gives €, = (25.¢/nN:S'B,)(I, — @'¢'"). Substituting these into (72) and
noting that ||R@'|12 = @' r"VTVre' = Y% r2¢)> = (see (71)), one obtains, after

simplification,

8s’ npdp?
F = e{ i=1"i Pi -1 (74)
nN.S'B,, u?

By viewing {(p{z}t as weights (Q/- 1(pl = 1), thesums X7, r;* (pl andpu = Y0, r? (pl can be
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viewed respectively as the <p§2-weighted second moment and mean of {r*} ,. Using the standard

result that the second moment is equal to the sum of variance and square of mean,

n n n 2 n
D et =Y - el + (Z ri2<p;2> = ) 07 - el + i (75)
i=1 i=1

i=1 i=1

Substituting into (74) and simplifying gives

n

_ 850 AN 2 e

= ST #ZZ(ri W; (76)
l=

Dividing F in (76) by 63?, in (69) with Ny = 2k{N, gives, after simplification,

n

F 16KS;(ZBS( as\~ 11 2

=1+ —) — E (r? — 1)?g; (77)
2 ! ! 2 l 4

81 nS'B, y O

Equation (73) then follows by recognising y' = S’ /4¢2S} and the definition of b in (70).
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