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SUMMARY 

Fluid-structure-interaction (FSI) occurs whenever relative motion between a 

structure and a fluid medium occurs. Over the last three decades or four, a wealth of 

numerical computational methods have been developed to address the FSI problems, 

including both bounded and unbounded fluid domains. Amongst those available 

numerical computational methods, the most popular ones are the traditional finite 

element method (FEM) and the boundary element method (BEM). This study 

presents the first attempt to extend the scaled boundary finite element method 

(SBFEM) for FSI problems. 

 

In this study, the SBFEM is enhanced and extended for modeling the 

bounded/unbounded acoustic fluid medium, while the FEM is employed to model 

the structure. To enable the SBFEM to be employed in FSI problems, a relationship 

between fluid velocity and fluid pressure corresponding to scattered waves needs to 

be developed. The author developed that new relationship based on the SBFEM and 

acoustic approximations. By combining the fluid velocity-to-pressure relationship, a 

FEM/SBFEM coupling procedure is developed. Its performances are investigated 

through 2-dimensional FSI problems. Satisfactory results are obtained. The results 

demonstrate that the SBFEM is very efficient in modeling both unbounded and 

bounded acoustic fluid. However, the solution of the SBFEM for bounded acoustic 

fluid was found to be sensitive to the dissipation coefficient when applying the 

numerical Newmark time-integration scheme. 

 

In addition, two modified SBFEM formulations are developed for solving problems 

related to infinite beams on visco-elastic-typed fluid foundations and a 

dam-reservoir system with an absorptive reservoir’s bottom. The formulations are 

validated by checking against benchmark results. 
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NOTATIONS 

 

a = acceleration amplitude 

a  = structural accelerations velocity vector 

0a  = dimensionless frequency variable 

ffa  = acceleration vector for incident wave 

infa  = total accelerations vector on wet surface 

1na  = normal acceleration at dam-reservoir Interface 1 

A   = cross-section area of beam 

A = converting matrix 

Â  = modified cross-section area of beam 

B = stain-displacement relationship of a fluid medium 
1B  = sub-matrix of B 
2B  = sub-matrix of B 

cB  =  curvature-displacement matrix 

sB  = shear strain-displacement matrix 

c  = wave speed in fluid 

0c  = the equivalent C0 in time domain 

lc  = wave speed in an elastic rod 

pc  = wave speed in an elastic rod 

sc  = wave speed in fluid or beam 

C  = structural damping matrix 

0C  = coefficient matrix of the SBFEM corresponding to a 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Notations
 

 xvii

foundation 

bC  = damping matrix of a bounded fluid medium 

dC  = damping matrix of dam 

fC  = the damping properties of a visco-elastic foundation 

jlfC  = sub-matrices of Cf (j,l=2,3) 

d  = structural displacement vector 

1d,d  = translational and rotational viscous-damping coefficients, 

respectively 

1rr d,d  = critical translational and rotational viscous-damping 

coefficients, respectively 

sd  = structural displacement at mean radius 

21,ee  = the equivalent forms of E1, E2 in time domain, 

respectively 

E  = Young’s modulus of beam 

210 ,, EEE  = coefficient matrices of the SBFEM 

2E′  = coefficient matrix of the SBFEM for a beam 

2
e

1
e

0
e ,, EEE  = elements’ coefficient matrices of the SBFEM 

2
fE  = coefficient matrix of the SBFEM corresponding to a 

foundation 

sE  = Young’s modulus of shell 

F = force vector of a beam at a spatial position 

Fn = value of force vector of F at time tnt ∆=  

eF  = external force vector 

extF  = external force of a beam; body or traction force vector 
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fF  = force acting underneath a semi-infinite beam; 

hydrodynamic force vector 

ffF  = force vector for incident wave 

jF  = force vector of a beam at spatial position jx  (j=2,3) 

infF  = force vector for unbounded fluid medium 

scF  = force vector for scattered wave 

g  = gravity acceleration 

G  = shear modulus of beam 

h  = height of a beam; thickness of a cylindrical shell 

H  = height of a layered infinite fluid medium 

H(t-0) = Heaviside function 

i  = nodal number; imaginary index 

I = unit matrix 

In = integral term for ∞m  

j  = nodal number; thj  time step; thj  iteration 

mnj  = component of J (m,n=1,2) 

J = second moment of a beam’s cross-sectional area 

J  = component of J  

nJ  = integral term for ∞m  

J  = Jacobian matrix 

1k,k  = translational and rotational spring constants, respectively 

100 k,k  = critical translational and rotational spring constants, 

respectively 

K  = global stiffness matrix of structure or fluid 
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bK  = static-stiffness matrix of a bounded fluid medium 
dK  = stiffness matrix of dam 
eK  = element stiffness matrix of fluid 
fK  = stiffness matrix of a near-field fluid domain 

cK  = the stiffness matrix corresponding to Bc 

fK  = the stiffness of a visco-elastic foundation 

jlfK  = sub-matrices of Kf (j,l=2,3) 

gk  = stiffness of an elastic foundation 

ijk  = sub-matrix of Ke (i,j=1,2) 

0
ijK , 1

ijK , 2
ijK  = components of kij (i,j=1,2);  

  components Kjl (j,l=1,2, or j,l=2,3) 

jlK  = sub-matrices of K (j,l=1,2, or j,l=2,3) 

jlK ′  = sub-matrices of K+Kf (j,l=2,3) 

2
jlK ′  = component of jlK ′  

sK  = the stiffness matrix corresponding to Bs 

l  = the height of a element in a SFE cell 

M  = a dimensionless quantity; bending moment 

M  = global mass matrix of structure or fluid 
1−M  = inverse of fluid-added mass matrix 

0M  = coefficient matrix of the SBFEM 
0m  = the equivalent form of M0 in time domain 

Mb = static-mass matrix of a bounded fluid medium 
dM  = mass matrix of dam 
eM  = element mass matrix of fluid 
fM  = mass matrix of a near-field fluid domain 
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∞M  = dynamic mass matrix of an infinite fluid medium 
∞m  = an equivalent form of ∞M  in time domain 

∞
jm , ∞

jM  = values of ∞m  and ∞M at tjt ∆= , respectively 

(j=1,2,…,n) 

bm  = bending moment acting on a beam from a foundation 

0
eM  = element’s coefficient matrix of the SBFEM 

ijm  = sub-matrix of Me (i,j=1,2) 

2
ijM  = component of mij (i,j=1,2) or Mjl (j,l=1,2) 

Mj = bending moment of a beam at spatial position xj (j=2,3) 

jlM  = sub-matrices of M (j,l=1,2 or j,l=2,3) 

n  = thn time step 

n  = unit normal vector 

N  = shape function for fluid, structure and beam 

( )ηN  = shape function of a surface corresponding to an 

interior/exterior boundary surface 

N1, N2 = shape functions at spatial positions x2, x3 for a beam, 

respectively 

21 ,NN  = shape functions on faces 1 and 2 for a layered medium, 

respectively 

fN  = shape function for fluid element 

Ni, Ne = shape functions on interior and exterior surfaces, 

respectively 

pN  = interpolation function for scattered wave pressure 

O  = scalar center 

p  = pressure acting on a beam from a foundation; fluid 
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pressure 

sp  = prescribed pressure on Sf 

1p  = nodal pressure column vector at Interface 1 

ffp  = fluid pressure on wet surface caused by free-field incident 

wave  

ffp  = fluid pressure vector caused by free-field incident wave 

incp  = fluid pressure on wet surface caused by incident wave 

incp  = fluid pressure vector caused by incident wave 

infp  = total fluid pressure on wet surface 

infp  = total fluid pressure vector 

scp  = fluid pressure on wet surface caused by scattered wave 

scp  = fluid pressure vector caused by scattered wave 

j
scp  = value of scp  at time j t∆ , j=1,2,3,…,n 

Q  = shear force 

jQ  = shear force at spatial position xj (j=2,3) 

r  = radial coordinate; characteristic length 

R  = mean radius of cylindrical shell 

R  = global vector of an integral of normal velocity along fluid 

boundary; acceleration transformation matrix 
eR  = vector of an integral of normal velocity along the fluid 

boundary of an element 

eR  = radius of outer surface of cylindrical shell 

ee ,RR ′  = global vector of an integral of normal velocity along the 
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exterior surface 

ir , er  = characteristic lengths of the interior and exterior surface, 

respectively 

iR  = radius of inner surface of cylindrical shell 

ii ,RR ′  = global vector of an integral of normal velocity along the 

interior surface 

Rn+1 = value of R at time step n+1 

s  = spatial dimension of an acoustic fluid 

S  = dynamic stiffness of a SFE cell 

bS  = dynamic stiffness matrix of a bounded fluid medium 

b
e

b
i ,SS  = bS  at interior and exterior surface, respectively 

∞S  = dynamic stiffness matrix of an infinite fluid medium 

∞∞
21 ,SS  = ∞S  at interior (face1) and exterior (face2) surface, 

respectively 

∞∞
32 ,SS  = dynamic-stiffness matrices of an infinite beam at spatial 

positions x2 and x3, respectively 

∞∞
ei ,SS  = ∞S  at interior and exterior surface, respectively 

∞S  = a function matrix of the dimensionless frequency variable 

a0 

fS  = prescribed pressure boundary 

33322322

22211211

eeeiieii

,,,
,,,

,,,

SSSS
SSSS

SSSS
 = sub-matrices of S  

vS  = prescribed velocity boundary 

t  = time variable 
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T = dimensionless time 

U  = a decomposed matrix of E0; displacement vector of dam 

gU&&  = ground acceleration vector 

u = displacement of a rod 

u  = deformations vector of a beam element 

ju  = deformations of a beam element at spatial positions jx  

(j=2,3) 

ju&  = the first derivative of u2 with respect to time at time 

tjt ∆=  

v  = beam deflection  

v  = velocity vector of a fluid particle or structures 

V  = fluid volume 

ev  = fluid element volume 

ffv  = normal velocity on wet surface caused by free-field 

incident wave 

ffv  = normal velocity vector on wet surface caused by 

free-field incident wave 

incv  = normal velocity vector on wet surface caused by incident 

wave 

infv  = total normal velocity at one point on wet surface 

infv  = total normal velocity vector on wet surface 

vj = beam deflection at spatial position xj (j=2,3) 

nv  = normal velocity on fluid boundary or of structure 

nV  = integral vector of normal velocity along the boundary of 
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fluid medium 

s
nv  = prescribed velocity normal to Sv 

2nv  = normal velocity along the Interface 2 

2nV  = normal velocity integral vector along the Interface 2 

1nV , 2nV′ , 3nV  = sub-matrices of nV   

rv  = normal velocity on wet surface caused by incident wave 

scv  = normal velocity on wet surface caused by scattered wave 

scv  = normal velocity vector on wet surface caused by scattered 

wave 

scV  = efficient normal velocity vector for scattered wave 

n
scV  = value of scV  at time n t∆  

w  = characteristic width of scalar finite element cell 

x  = x coordinate of a node 

x  = x coordinate vector of nodes 

21 , xx  = x coordinates of nodes lying on faces 1 and 2, 

respectively 

ei ,xx  = x coordinates of nodes lying on interior and exterior 

boundary, respectively 

jx  = spatial position (j=2,3) 

y = y coordinate of a node 

y  = y coordinate vector of nodes 

21 , yy  = y coordinates of nodes lying on faces 1 and 2, 

respectively 
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ei ,yy  = y coordinates of nodes lying on interior and exterior 

boundary, respectively 

α  = dissipation coefficient of Newmark scheme; coefficient in 

Newmark scheme; stiffness ratio 

β  = parameter of Newmark scheme; an exponential efficient; 

bulk modulus of an acoustic fluid; shear angle 

δ   = variational symbol; coefficient in Newmark scheme  

ε   = a very small dimensionless quantity 

φ   = fluid velocity potential 

Φ   = nodal velocity potential vector 

2Φ   = vector of nodal velocity potentials along the Interface 2 

ei ,ΦΦ  = velocity potential vector at interior and exterior surfaces, 

respectively 

1n+Φ  = nodal velocity potential vector at time step n+1 

φ   = nodal velocity potential vector 

jϕ   = value of ϕ  at the j t∆ , j=0,1,2,…,n 

γ   = parameter of Newmark scheme; measure of angle 

Γ   = boundary of a fluid volume; wet surface 

1Γ   = Interface 1 

eΓ   = fluid element boundary 

wΓ   = Interface 2 

η   = axis along circumferential direction 

µ   = shear factor 

θ   = bending rotation; measure of angle 
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jθ   = bending rotation at spatial position xj (j=2,3) 

ρ   = beam density; fluid density 

sρ   = density of shell 

e
∑   = assemblage of finite elements 

σ   = stress in a rod 

ν   = Poisson’s ratio 

ω   = frequency variable 

cω   = cut-off frequency 

Ω  = a dimensionless frequency 

aΩ  = analytical solution for Ω  

ξ   = damping ratio; radial axis 

∞     =  infinite 

( )wΟ    =  the order of error (w) 

( )2wΟ    =  the order of error (w2) 

( )ωΟ    =  the order of error ( )ω  

∇   = gradient operator 

t∆   = time increment 

[L], [M], [T] = the dimensions of length, mass and time, respectively 
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OBJECTIVE AND LAYOUT OF THE THESIS 
 

OBJECTIVE OF THE THESIS 
 

The primary objective of this study is to develop a new approach for solving fluid 

structure interaction (FSI) problems. In this approach, the scaled boundary finite 

element method (SBFEM) concept is employed to model the fluid, while the finite 

element method (FEM) is used to model the structure. Particularly, the focus is on 

the dynamic responses of FSI problems in the time domain. This current study is the 

first attempt at extending the SBFEM to solve FSI problems. To ensure that the 

SBFEM could be successfully extended to solve FSI problems, the following two 

tasks must be done. 

 

The first task is to establish a relationship between the normal velocity and pressure 

at the fluid-structure interface or the bounded/unbounded (truncated) boundary 

surfaces. Based on this relationship, an appropriate FEM-SBFEM coupling 

procedure is then developed. 

 

The second task is to verify and validate the procedure developed. The computer 

code is checked against two benchmark problems. The first is the application to the 

dynamic responses of submerged structures subjected to shock waves. The other is 

the dam-reservoir interaction problem subjected to horizontal ground motions. 

 

LAYOUT OF THE THESIS 
 

In Chapter One, introduction of FSI problems are presented and includes 

backgrounds and reviews of FSI problems. 

 

Chapter Two contains detailed SBFEM formulation for a 2-dimensional 

homogeneous infinite acoustic fluid medium. The infinite acoustic fluid medium 

has been discretized into sectors. 
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Chapter Three presents detailed SBFEM formulation for a 2-dimensional infinite 

acoustic fluid medium. The infinite acoustic fluid medium has been discretized into 

layers. 

 

Chapter Four extends the layered SBFEM formulation to beams resting on 

foundation, and an analytical formulation based on the SBFEM concept is derived. 

 

Chapter Five describes a SBFEM formulation for a 2-dimensional bounded acoustic 

fluid medium, and its accuracy and efficiency are evaluated. A Newmark scheme 

with a numerical dissipation coefficient is recommended for obtaining better results. 

 

Chapter Six presents the acoustic formulation for FSI problems with non-layered 

infinite acoustic fluid medium. It includes the implementation of the FEM/SBFEM 

coupling procedure. Applications to responses of submerged structures to shock 

waves are demonstrated. 

 

Chapters Seven and Eight present the FEM/SBFEM coupling procedure for a 

dam-reservoir system with a layered infinite acoustic fluid medium in the frequency 

and time domains respectively, and a new SBFEM formulation for a dam-reservoir 

system with an absorptive reservoir’s bottom. 

 

Finally in Chapter Nine, general conclusions are drawn based on the finding of this 

study. Future works of the SBFEM for FSI problems are recommended. 
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CHAPTER ONE 
 

INTRODUCTION 
 

1.1 BACKGROUND 
 

Current technologies evolved and new techniques are being developed. More 

complex structures have been constructed, and even more complicated structures 

will be designed in future. Sophisticated and traditional structures can be seen on 

land, in the air, floating on or submerged in the sea in increasing numbers. 

Nevertheless, the needs and desires for new structures and function do not stop, and 

this development demands more versatile and efficient tools for structural analyses. 

These tools are required to deal with various kinds of loadings (e.g. fluid pressure, 

shocking waves, seismic and impact) acting on a variety of structures (e.g. 

submerged or floating structures, dam-reservoir system and aerospace structures). 

Many of these problems fall under the category of fluid-structure interaction (FSI) 

problems. For most FSI problems, the associated analytical solutions are scarce, and 

even if they exist, they are difficult to use because of the complexity of the 

structural geometry or loading. Hence, numerical methods turn out to be the only 

viable solution as no easier alternatives are available. 

 

In the past three or four decades, a number of numerical methods had been 

developed to address the FSI problems; examples include the Finite Element 

Method (FEM), the Finite Difference Method (FDM) and the Boundary Element 

Method (BEM). Mechanical models and accurate solutions based on FEM or FDM 

for bounded domain problems are readily available. However, for unbounded 

(infinite) fluid domain problems, adopt the FEM and FDM approaches would 

encounter difficulties. To obtain a satisfactory solution for an infinite fluid domain, 

the FEM and FDM approaches need further developments in the techniques. 

Boundary element method (BEM) was found to be a good candidate for modeling 

an infinite fluid domain, but very often more difficulties occur when coupling with 
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the finite-element model of a structure. Recently, more efficient methods have been 

developed, especially for coupling problems involving unbounded (infinite) 

medium, such as the Scaled Boundary Finite Element Method (SBFEM) and the 

Reflected-afterflow-virtural-source (RAVS) model. The SBFEM is chosen for the 

current study as it combines the advantages of the FEM and the BEM. The FEM 

requires no fundamental solutions and thus has a wide scope of applications, 

whereas the BEM reduces the spatial dimension by one as only the boundary is 

discretized with surface finite elements so that the boundary condition at infinity are 

satisfied exactly. 

 

1.1.1 FLUID-STRUCTURE INTERACTION PROBLEMS 

 

FSI occurs whenever a relative motion of the two media occurs. In a broader sense, 

the treatment of these problems involves all aspects of solid and fluid mechanics. In 

practice however, it is possible to identify different behaviors and categorize them 

into groups so that simplifications may be made. In general, there are 3 categories 

of FSI problems [Zienkiewicz and Bettess (1978)]: 

 

(i) Long-duration FSI problems. They involve long-duration fluid motion such 

as the response of structures to waves or earthquakes. In those cases, the 

fluid wave effects are important. 

 

(ii) Short-duration FSI problems. They involve short-duration fluid motion such 

as explosive waves and impacts. In those cases, fluid inertia usually has 

much greater effect than the structure’s. An example is an incident shock 

wave impinging on a submerged structure. 

 

(iii) Large-relative-motion FSI problems. In those cases, the behavior is usually 

governed by flow characteristics. A typical example is the interaction 

involving fluttering of aircraft wings. 
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In the current study, the scope is limited to the FSI problems of the first and second 

categories. In the first-category problems, dam-reservoir system interactions 

following horizontal ground motions are considered. In the second-category 

problems, the interaction between submerged structures and the surrounding infinite 

fluid medium is considered when it is subjected to an underwater explosive shock. 

In these problems, evaluations of the structural responses are amongst the most 

important objectives of the FSI analyses. Against this background, the author was 

motivated to develop an accurate and efficient tool for modeling the infinite fluid 

domain with the objective of obtaining a good estimation of the structural 

responses. 

 

1.1.2 METHODS AVAILABLE FOR FSI PROBLEMS (CATEGORIES I 

and II) 

 

It has been that reported, traditional methods such as the FEM, FDM and BEM have 

successful solved some FSI problems. For the first-category FSI problems, those 

traditional methods are often employed together with some transmitting boundary 

conditions such as Sommerfeld radiation condition. For the second-category FSI 

problems, those traditional methods are usually employed together with some 

acoustic approximations such as Plane Wave Approximation (PWA), Doubly 

Asymptotic Approximation (DAA). This study presents a first attempt on the use of 

the SBFEM with FEM to solve these two categories of FSI problems. Advantages 

of the SBFEM over the FEM and BEM are shown in Table 1.1. Of note in BEM, 

the resulting matrix is normally asymmetric, but by using some special techniques, 

the asymmetrical matrix can become symmetrical (Chen et al. 2000). 

 

In addition, for the second-category FSI problems, the SBFEM is able to yield more 

accurate results at late time in comparison with Plane Wave Approximation (PWA). 

Furthermore, it is simpler than the Doubly Asymptotic Approximations (DAA) in 

which the fluid mass matrix is fully populated and asymmetric. In the SBFEM, the 

surrounding infinite fluid is modeled by a dynamic mass matrix which is symmetric. 

While for the first-category FSI problems, the transmitting (truncated) boundary can 
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be placed very near to structures and even directly on the structure-fluid interface 

when the SBFEM is used. Other methods can not do so. Further elaboration is 

presented in Chapters 2-6. 

 
Table 1.1 Advantages of SBFEM over FEM and BEM 

 BEM FEM SBFEM

No fundamental solution required × √ √ 

Able to reduce spatial dimension by one √ × √ 

Satisfy radiation condition exactly for unbounded 

medium 
√ × √ 

Suitable for anisotropic material × √ √ 

Formulation leads to symmetric stiffness and mass 

matrices 
× √ √ 

Formulation leads to a dynamic-stiffness matrix × √ √ 

No singular integrals to be evaluated × √ √ 

Boundary conditions on free, fixed and 

inter-material surfaces are satisfied without 

discretization 

× × √ 

Closed-form solution in domain permitting efficient 

calculation of displacements, stresses and 

stress-intensity factors 

× × √ 

Yields no fictitious eigenfrequencies in unbounded 

medium 
× √ √ 

 

1.2 REVIEWS ON MODELING OF INFINITE FLUID 

MEDIUM 
 

In FSI problems where the fluid medium is infinite, it is crucial to model accurately 

and efficiently the infinite fluid medium in order to obtain an accurate solution. In 
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traditional numerical methods, an infinite fluid domain is generally truncated into 

two parts (near- and far-field fluid domains) so that the infinite fluid domain can be 

modeled by the finite near-field domain and a transmitting boundary on the 

truncated surface (the near-far domains interface). This treatment shrinks an infinite 

domain to a bounded (finite) domain. It reduces the calculation cost. However, if 

the transmitting boundary cannot correctly model the effect of far-field fluid 

domain, the truncated (artificial) surface may produce spurious reflections which 

contaminate the solutions. Therefore, the transmitting boundary needs some special 

treatments to eliminate those reflections. A simple way to get rid of the unwanted 

effect of reflections is to extend the near-field fluid domain to a sufficient distance 

so that the crucial response is obtained before the reflections return. However, in 

most practical cases, the near-field domain could become so huge that 

computational cost becomes very expensive when the response at late-time is 

required. 

 

An alternative approach to the above is to put in place a non-radiating boundary 

which is “transparent” to the scattered waves. Available methods which satisfy the 

non-radiating boundary condition are mainly based on one of the following 

approaches: 

 

(i) Infinite element method 

(ii) Boundary element method 

(iii) Reflected-afterflow-virtual-source model 

(iv) Methods based on acoustic approximations 

(v) Boundary finite element method 

 

In the following, brief discussions of the above are presented. A more detailed 

elaboration is given to the methods based on acoustic approximations and the scaled 

boundary finite element method (SBFEM). 
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1.2.1 INFINITE ELEMENT METHOD 

 

This method was originally based on using shape functions analogous to 

Lagrangian polynomials but having an extra exponentially decaying term, which 

diminishes at infinity (Bettess 1977). There is an approach which maps the exterior 

domain onto the interior one through local mapping functions defined for each 

element (Zienkiewicz et al. 1981). In the latter approach, little modification of the 

coding (i.e. the derivation of the appropriate shape functions and the corresponding 

Jacobian matrix) is required. 

 

Saini et al. (1978) employed the infinite element method based on the first approach 

to couple FEM to analyze the frequency response of dam-reservoir systems. 

Nicolas-Vullierme and Blumstein (1984) applied the Bettess-Zienkiewicz approach 

to construct a family of axisymmetric infinite elements. Then they used these 

elements to study the harmonic vibrations of an axisymmetric elastic structure 

submerged in an unbounded incompressible fluid. Buragohain and Agrawal (1981) 

proposed an infinite element with three nodes on a circular arc and two nodeless 

radial rays. In it, the shape functions are periodic in the circumferential direction, 

and depend on a “delay parameter” which is determined by a trial-and-error 

procedure. Simpson’s rule is used for the numerical integration in the infinite 

direction. Nachbin and Wrobel (1984) combined the ideas of Bettess and 

Zienkiewicz (1977) and Buragohain and Agrawal (1981) to devise an infinite 

element with six nodes. The shape functions are periodic in the circumferential 

direction, and depend on a “decay parameter”. They used that element to solve 

fluid-structure interaction problems and reasonable results were obtained. Recently, 

the idea of infinite elements was carried over to the boundary element method. 

 

1.2.2 BOUNDARY ELEMENT METHOD 

 

In BEM formulations, the weighted residual techniques are used to reduce the 

dimension of the problem by one, and thus may lead to reduction on computational 
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cost and the hardware storage requirements. However, it has the following 

disadvantages. 

 

(i) Although the dimension of the problem is reduced, the resulting matrix 

equations are full, and the advantages of banded matrices are lost. 

Eventually, the overall computational cost may not be lower but higher. 

(ii) In the case of geometric and material non-linearity problems, it becomes 

necessary to discretize the domain as well as the boundary. As a result, the 

advantages achieved in reduction of dimensionality are partially offset. 

 

Nevertheless, the BEM is frequently used for modeling infinite medium in the 

frequency and time domain analyses. 

 

Recently, Rajakumar and Ali (1996) used BEM to model the fluid medium and used 

FEM to model the structure, and then coupled them to perform the eigen analysis 

for a fluid-structure interaction system. Berot and Peseux (1998) coupled FEM with 

BEM to study the hydroelastic or vibro acoustic behavior of cylindrical thin shells 

immersed in an unbounded, inviscid and heavy fluid. In it, plane boundary element 

and ring boundary element were employed. Theirs results in the frequency domain 

were found in good agreement with analytical solutions. Chen et al. (2000) 

presented a symmetric formulation for the coupling of BEM with FEM to compute 

responses of submerged elastic structures in a heavy acoustic medium. In it, the 

acoustic loading derived from BEM was formulated in a symmetric complex matrix. 

The symmetry of the acoustic loading matrix had been proven by an acoustic 

reciprocal principle. The computational efficiency of theirs FEM/BEM formulations 

was verified by an example - a constant thickness spherical shell subjected to a 

point alternating force. Chen’s numerical results in the frequency domain were also 

found to be in good agreement with the analytical solutions. Czygan and Estorff 

(2002) used coupled BEM/FEM to analyze the dynamic response of fluid-structure 

interaction systems in the time domain, where the unbounded fluid was modeled by 

BEM and the structure was modeled by nonlinear FEM. Their formulation for the 

transient analysis of fluid-structure systems encountered instability problems. 
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Mansur et al. (2000) employed a linear θ  method to improve the numerical 

stability, and BEM was employed to model the infinite fluid domain while FEM 

was employed to model the solid structure. The linear θ  method was also 

employed in fluid-structure interaction procedure by Yu et al. (2002), who used two 

classical examples to demonstrate the validity of the coupling procedure and stable 

schemes for fluid-structure interaction problems. 

 

1.2.3 REFLECTED-AFTER-FLOW-VIRTUAL-SOURCE (RAVS) 

 

RAVS is a recently developed theoretical approximation for fluid-structure 

interactions used by Lam et al. (1998). Pressures due to scattered and radiated 

waves produced by underwater explosions at the point of interest on the structural 

surface are determined by modeling the waves as if they are emanating from a 

virtual source. The position of the virtual source is determined by the explosion 

position and the geometrical shape of the structure’s surface. The fluid velocity and 

scattered wave velocity at each point have an analytical relationship with fluid 

pressure and scattered wave pressure, respectively. RAVS has been employed in 

transient response of a two-layered elastic cylindrical shell impacted by an 

underwater shock wave. According to published reports, the results are in good 

agreement with those using FDM available in the software USA (Underwater Shock 

Analysis) /LS-DYNA3D. It is also noted that this method does not need truncation 

of the surrounding fluid domain, and the non-radiating boundary based on RAVS is 

placed on the fluid-structure interface. 

 

1.2.4 ACOUSTIC APPROXIMATIONS 

 

In acoustic approximations, the infinite fluid surrounding structures is considered as 

an acoustic medium and modeled as a membrane covering the wet surface of 

structures (fluid-structure interface). The acoustic approximations on the membrane 

are presented in the form of differential equations which are obtained by 

Kirchhoff’s retarded potential formulation. The acoustic approximations can be 

classified into a number of types. Three common types are shown below. 
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(i) Early-time approximations. The response obtained by this method 

approaches the exact one at early time in transient interactions (Felippa 

1977), i.e. this response characterizes the high-frequency behavior of 

fluid-structure systems. Due to the local nature of this formulation, this 

formulation has a simple form. Its implementation in FEM codes is easy and 

does not affect the bandedness of the resulting set of equations. 

 

(ii) Late-time approximations. The response predicted using this method 

approaches the exact one at late time in the transient response. In this 

approach, the infinite fluid medium is represented by an added mass matrix 

produced by using boundary elements (Felippa 1977), but the resulting 

added mass matrix is asymmetric and fully populated, which increases the 

calculation cost. 

 

(iii) Doubly asymptotic approximations. The response calculated from this 

method exhibits the correct asymptotic behavior in both the high-frequency 

(early-time) and low-frequency (late-time) limits.  It has two one-sided 

asymptotic expressions: one for early-time approximation and another for 

late-time approximation. They are added together to form a corresponding 

Doubly Asymptotic Approximation (DeRuntz and Geers 1978, Geers 1978). 

Through using a wet-surface fluid frequency matrix, the responses at a 

particular intermediate-frequency or time can be obtained. However, this 

method inherits the same disadvantage as that of the late-time 

approximations, i.e. the resulting matrices are asymmetric and fully 

populated. 

 

In what follows, these 3 approximations are discussed in details. 
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1.2.4.1 Early-time approximations 

 

The early-time approximations, (i.e. Plane-Wave-Approximation (PWA) methods) 

which have a simple mathematical expression and can obtain accurate early-time 

solutions, were developed by Mindlin and Bleich (1953), Bedrosian and Dimaggio 

(1972a,1972b), Felippa (1980) and others. Mindlin and Bleich (1953) were amongst 

the first researchers to develop the PWA for a submerged cylindrical shell. In it, an 

analytical method was employed. Bedrosian and DiMaggio (1972a, 1972b) 

introduced an analogous approximation for submerged spherical and spheroidal 

shells. Their formulation was implemented in a FDM code and validated by testing 

the response of submerged spherical and spheroidal steel shells. Felippa (1980) 

derived a hierarchical family of early- time surface interaction approximations for a 

structure submerged in an infinite acoustic fluid through using Kirchhoff’s 

retarded-potential method. 

 

Wright et al. (1981) implemented the PWA in a FDM code and applied it to analyze 

the response of a submerged fluid-filled cylindrical shell subjected to a step 

pressure wave. DiMaggio et al. (1981) implemented and applied the PWA to 

determine the response characteristics of submerged structures surrounded by a 

cavitating fluid. The structure and the cavitating fluid were modeled by finite 

elements. In all cases, good agreements with analytical results were reported. Rehak 

et al. (1985) employed the PWA to study the response of a floating structure 

subjected to an exponentially decaying plane wave. Numerical tests showed that 

their formulation was sufficiently accurate in determining the structural response. 

 

More recently, Hamdan and Dowling (1995) developed two-dimensional and 

axi-symmetric elements based on the PWA, which were implemented into the 

general-purpose package ASAS-NL-FSI. These elements were applied to study the 

transient response of several spherical and cylindrical shells submerged in water 

and subjected to various loadings (internal pressures, stepped and exponential plane 

shock waves), respectively. McCoy and Sun (1997) applied the PWA to 

fluid-structure interaction analyses of a thick-section composite cylindrical shell 
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subjected to an underwater blast loading using a commercial finite-element code, 

ABAQUS. A solution approaching exact solution was obtained. Fan et al. (2001) 

used spline shell elements to model structures and used the PWA to model 

unbounded fluid medium for the dynamic analysis of a submerged shell subjected to 

an underwater explosion at far distance. Their solutions are in good agreement with 

analytical solutions at early time. 

 

1.2.4.2 Late-time approximations 

 

Geers (1969) developed an analytical method based on a Virtual Mass 

Approximation of an infinite acoustic medium. The method was validated by 

studying the elastic response of a cylindrical shell excited by a transient acoustic 

wave. Geers (1970) employed the method to study the response of an elastic 

cylindrical shell to a transverse acoustic shock wave submerged in a light fluid 

medium. Compared to the PWA, Geers’ results demonstrate the superior 

performance of his formulation particularly for late-time behaviors and low 

frequencies. However, substantial discrepancies were observed during the early 

times. Chertok (1970) applied the same method to determine the transient flexural 

vibrations of ship-like structures exposed to underwater explosions. Only 

low-frequency motions of the structure were considered. Results were found 

comparative to experimental data in low frequency modes; however, discrepancies 

were observed in high frequency modes. Felippa (1977) presented a top-down 

derivation of late-time approximations based on an exact Retarded Potential 

Formulation. Deruntz and Geers (1978) presented a method to calculate the virtual 

mass by the boundary integral method. However, the resulting mass matrix is 

asymmetric and fully banded. 

 
1.2.4.3 Doubly asymptotic approximations (DAA) 

 

In many instances, when a submerged structure is excited by a shock wave, its 

response peaks at early time. Therefore, it is crucial to have an accurate prediction 

for the early-time behaviour. On the other hand, it has also been recognised that 
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types of loadings and geometries of structures, amongst other factors, also influence 

the peak position, magnitude and general shape of the response. This leads to some 

cases where the peak response occurs at intermediumte or late time. In such cases, 

early-time approximations cannot predict the accurate peak response of structures. 

Against this background, the DAA was developed. It was expected to be able to 

predict the responses both at early time and late time. 

 

The DAA formulation is a superimposition of two one-sided asymptotic expressions. 

One is the early-time approximation and another is the late-time approximation. As 

a result, the resulting solutions would approach the exact ones towards the limit of 

high or low frequency motions. 

 

Everstine (1976) developed a DAA formulation and implemented it into the 

general-purpose finite element code, NASTRAN. The resulting FSI system was 

symmetric and banded through treating the non-symmetric fluid-structure coupling 

terms in an explicit manner. However, the accuracy implications of treating the low 

frequency matrix explicitly were not assessed. 

 

By superimposing the PWA and the Virtual Mass Approximation, Ranlet et al. 

(1977) used the DAA to analyze the elastic response of submerged shells with 

internally attached structures subjected to shock loadings. Modal analysis method 

was employed for the dynamic response and a good agreement with analytical 

results was obtained. 

 

Although the DAA was proved to be accurate for both early and late time behaviors, 

discrepancies with analytical solutions have often been observed at intermediate 

times or frequencies. Geers (1978) proposed an enhanced DAA for the intermediate 

transient range. The enhanced DAA was validated by studying the transient 

response of a submerged spherical shell excited by a step plane wave. Numerical 

results showed that the enhanced DAA is more accurate than other numerical 

methods for intermediate times. However, it demands much higher computational 

cost. 
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Zilliacus et al. (1979) developed a DAA code and implemented it in the 

general-purpose finite element code ADINA. Infinite fluid medium were modeled 

by an added mass matrix which was calculated by a boundary integral approach, 

while axisymmetric finite elements were used to model structures. The response of 

a submerged spherical shell subjected to a step incident plane wave was 

investigated and results showed good agreements with theoretical results. Zilliacus 

(1983) employed the same approach to study the response of a submerged 

fluid-filled cylinder subjected to an incident plane step wave. Results also showed 

good agreements with other numerical results based on finite elements/DAA. 

 

Atkatsh et al. (1983) developed a nonlinear, large deflection, elasto-plastic code 

(EPSA) for the analyses of shells in an acoustic medium subjected to a dynamic 

loading through discretizing the shell using FDM and employing the DAA based on 

orthogonal fluid expansion functions to model infinite fluid medium. They verified 

the EPSA code by studying the transient nonlinear response of stiffened cylindrical 

panels. Results showed good agreements with experimental data. However, the 

effect of the material non-linearity to the solution was not discussed. 

 

Felippa and DeRuntz (1984) developed a DAA formulation based on a boundary 

integral approach and implemented it in an Underwater Shock Analysis (USA) code. 

The responses of FSI problems were resolved by coupling the structural code 

STAGS-C1 and the fluid code CFA. The DAA formulation was validated by 

studying the response of one- and two-dimensional submerged structures excited by 

stepped and exponential plane waves. 

 

Rehak et al. (1985) studied the response of floating structures subjected to shock 

waves using the PWA and DAA. The PWA and DAA were applied on the wet 

surface of the structure and on a fluid boundary surrounding the structure, 

respectively. Numerical results showed that the PWA is sufficient to determine the 

response characteristics for this class of problems. It was also found that the DAA 

offered no additional accuracy in this case. 
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Huang (1986) used the DAA to study the response of a submerged spherical shell 

excited by plane step waves. Numerical results showed good agreements with those 

of analytical methods. However, the comparison revealed that Huang’s method 

overestimates the fluid damping force such that the responsive oscillations damped 

out prematurely. It was concluded that by augmenting this method with an 

intermediate frequency matrix, DAA method might be able to alleviate the 

deficiency. 

 

O’Reagan and DiMaggio (1990) compared the performance of the DAA with the 

PWA by studying the dynamic response of an infinite circular cylindrical shell with 

plate appendages excited by plane waves. Numerical results showed that both 

methods yielded good results only if the waves were applied on the convex surface 

of a structure. It attributed to the occurrence of multiple reflections between the 

structure and the external appendages. 

  

Recently, various formulations had been reported for the first and second order 

DAA non-reflecting boundaries (Nicolas 1991, Geers and Zhang 1994a, Geers and 

Zhang 1994b, Geers and Lewis 1997). The second-order approximations were 

derived from the corresponding first-order by employing the method of operator 

matching. 

 

Ergin (1996) used the DAA non-reflecting boundary to study the response of a 

flexible steel cylindrical shell subjected to an impulsive excitation. Two cases for 

the unbounded medium were considered, i.e. air and water. Good agreements of 

theoretical and experimental results were observed. 

 

More recently, Gong and Lam (1998, 1999) employed FEM and BEM based on the 

DAA to resolve the transient responses of a stiffened composite submersible hull 

and a floating composite ship section subjected to underwater explosion shocks, 

respectively. Gong et al. (2000) used FEM to couple the DAA to execute structural 

analyses of a submarine pipeline subjected to underwater shocks. In these works, 
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the shock pressure generated by underwater explosions was determined by an 

empirical equation, and the fluid-structure interaction was solved by 

USA/LS-DYNA3D, in which USA (Underwater Shock Analysis) was based on a 

DAA while LS-DYNA3D was based on the FDM. Shin and Hooker (1996) and 

Shin (2004) employed the USA/LS-DYNA3D to analyze the responses of 

submerged imperfect cylindrical structures and floating ships subjected to 

underwater explosions again, respectively. The LS-DYNA simulation results were 

close to the ship shock test data. 

 

1.2.5 SCALED BOUNDARY FINITE ELEMENT METHOD 

 

Wolf and Song (1996a) developed a so-called “consistent infinitesimal boundary 

finite element method”. They applied it to solve soil-structure interaction problems. 

The characteristics of unbounded soil medium were described by scalar or vector 

wave equations (Wolf and Song (1996b), Song and Wolf (1996)). They derived a 

series of displacement dynamic-stiffness matrix in frequency domain and a 

displacement unit-impulse response matrix in time domain for unbounded medium. 

The displacement dynamic-stiffness matrix and unit-impulse response matrix were 

expressed in terms of some coefficient matrices, which depended only on the 

geometry of the infinitesimal finite element in unbounded medium in contact with 

the structure surface. They derived these coefficient matrices for 2D/3D 

scalar/vector wave equations. Making use of those coefficient matrices and a 

dimensional analysis led to a differential equation at a fixed characteristic length 

surface in frequency domain. Furthermore, applying the inverse Fourier 

transformation to the differential equation yielded an integral equation at a fixed 

characteristic length surface in the time domain. The above derivation is referred to 

as the “mechanically-based” derivation. Deeks and Wolf (2002a) proposed a virtual 

work derivation of the SBFEM for elastostatics. Subsequently, coupling the 

differential equation or the integral equation with the conventional FE model for the 

structure yields solutions for the dynamic response of soil-structure interaction 

problems. 
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Wolf and Song (1996a) verified the accuracy of their solutions in the frequency 

domain and in the time domain through an example, in which spherical cavity is 

embedded in a full-space medium with a uniform normal displacement prescribed 

on the structure-medium interface. They showed that the dynamic-stiffness 

coefficient for the spherical cavity and the acceleration unit-impulse response 

coefficient were in good agreement with the exact solutions. In addition, they 

demonstrated the robustness of the method with applications in other cases (e.g. 

spherical cavity embedded in full-space medium with varying material properties in 

radial direction; out-of-plane motion of circular cavity embedded in full-plane 

medium with varying shear modulus in radius direction; circular cavity embedded 

in full-plane medium etc.). The results were found in good agreement with exact 

solution or BEM solutions. 

 

Wolf and Song (1996a) further extended the application of the consistent 

infinitesimal finite-element cell method to solve incompressible elasticity problems, 

statics problems, diffusion problems and bounded medium problems. The basic 

procedures are the same as those for soil-structure interaction problems. The results 

were also found in good agreement with analytical solutions. Later, Wolf and Song 

renamed it as the “scaled boundary element method”, or SBFEM. 

 

Song and Wolf (1997) proposed the SBFEM formulation for elasto-dynamics. The 

formulation was validated by some benchmarks in which a stress singularity with 

crack problems was considered. Song and Wolf (1998) presented the analytical 

solution of the SBFEM in the frequency domain through applying a series 

expansion. An eigenvalue problem of a Hamiltonian matrix was solved. 

Applications to bounded and unbounded domains validated the accuracy of the 

formulation. Song and Wolf (1999) enhanced the performance of the SBFEM. The 

solution of the SBFEM equations in displacement with body loads was derived. 

Wolf and Song (2000) presented two derivations of the SBFEM. The first was 

named after the “scaled boundary transformation based derivation”, the other was 

named after the “mechanically based derivation”. Song and Wolf (2000) presented a 

solution procedure of the SBFEM based on a single line finite element with two 
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nodes. Deeks and Wolf (2002b) presented an h-hierarchical adaptive procedure for 

the SBFEM. Deeks and Wolf (2002c) proposed a stress recovery and error 

estimation procedure for the SBFEM.  

 

By far, the SBFEM have been applied in many research fields widely. Song and 

Wolf (2002) applied the SBFEM to solve stress singularities problems. Genes and 

Kocak (2002) used a combination of FEM and the SBFEM to model large-scale 

soil-structure interaction systems. Ekevid and Wiberg (2002) coupled the FEM and 

the SBFEM to analyze a wave propagation problem related to a high-speed train. 

Deeks and Wolf (2003) employed the SBFEM to present a semi-analytical solution 

of a Laplace’s equation in non-equilibrating unbounded problems. Doherty and 

Deeks (2003a-c) used the SBFEM to solve the non-homogeneous half-space 

problems. However, few investigations have been reported on using the SBFEM 

concept together with the finite element method to solve FSI problems. 

 

1.3 Review of FSI coupling numerical techniques 
 

1.3.1 Coupling numerical techniques for short-duration FSI problems 

 

Since analytical solutions are difficult to obtain for a general FSI problem, 

numerical techniques for FSI problem are developed. Normally, the numerical 

techniques for FSI problem are obtained through coupling two or more numerical 

methods. 

 

Amongst the prevailing numerical techniques, the finite element method (FEM) and 

boundary element method (BEM) are commonly used. Very often, the FEM is 

employed to model the structure, while either FEM or BEM is used to model the 

fluid domain. In those numerical simulations, FEM-to-FEM domain coupling 

procedures or FEM-to-BEM domain coupling procedures are necessary. 

Nevertheless, both FEM-FEM and FEM-BEM simulations exhibit some pitfalls. 

 

When both the structure and fluid domain are bounded, FEM-FEM simulations 
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have been shown to be efficient and able to yield reasonably accurate dynamic 

responses for FSI problems as reported in some literatures (Hamdan (1999), 

Belytschko (1980), Bathe et al. (1995), Morand and Ohayon (1979), Mellado and 

Rodriguez (2001), Biswal et al. (2003), Olson and Bathe (1985), Pal et al. (2003), 

Nitikitpaiboon and Bathe (1993) and others). In those FEM-FEM analyses, various 

formulations were presented with regard to the acoustic fluid domain: Lagrangian 

fluid finite elements formulation in Hamdan (1999); a generic displacement 

formulation in Belytschko (1980); a mixed displacement-based finite element 

formulation in Bathe et al. (1995); displacement and pressure mixed formulation in 

Morand and Ohayon (1979), Mellado and Rodriguez (2001) and Biswal et al. 

(2003); and the velocity potential formulation in Olson and Bathe (1985), Pal et al. 

(2003), and Nitikitpaiboon and Bathe (1993). All these formulations demonstrated 

their robustness in coupling with the conventional solid structural elements. 

According to their characteristics, those formulations can be classified into two 

major categories, namely: the displacement-based formulations and the 

potential-based formulations. In the displacement-based formulations, the fluid 

motion is described by the nodal displacements. The coupling responses between 

fluid and structures are ensured by equating the normal displacement components 

along the fluid-structure interface. This type of formulation is identical with the 

displacement formulation for continuum mechanics but with zero shear modulus at 

the interface. However, this pure displacement formulation for an inviscid fluid will 

exhibit spurious circulation modes. On the other hand, the potential-based 

formulations can avoid these spurious circulation modes because the fluid motion is 

represented by some form of scalar potential functions. In it, both the compatibility 

and the equilibrium conditions along the interface are explicitly enforced. 

 

When the FEM is employed to model an unbounded fluid domain, the size of the 

numerical model is limited and thereby the unbounded fluid domain has to be 

truncated but at a sufficiently far distance such that all major responses are not 

distorted. It requires the domain to be stretched beyond where the scattered waves 

can reach. By doing so, the effects of the scattered waves will be implicitly taken 

into account and no further complications will arise. However, in most practical 
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cases, the FE mesh discretization for such a huge fluid domain will become 

prohibitively expensive in terms of computational cost. Practically, a compromised 

solution is to truncate the unbounded fluid domain at a reasonable not-too-far 

distance away from the structure. Consequently, some scattered waves will reach 

the truncated (artificial) boundary before the termination of the analysis. It results in 

artificial waves reflecting back into the fluid mesh and contaminating the responses. 

To overcome or minimize these undesired wave reflections from the artificial 

boundary, an alternative is to put in place a kind of non-radiating boundary which is 

‘transparent’ to the scattered waves. 

 

In modeling a fluid domain with a non-radiating boundary, many researchers have 

been heralding the approach described without using FEM. Mindlin and Bleich 

(1953) are among the pioneers. They developed an early-time approximation 

technique, namely plane wave approximation (PWA). Successful applications of the 

PWA technique for the analyses of submerged spherical and spheroidal shells were 

reported by DiMaggio et al. (1981), Hamdan and Dowling (1995) and Fan et al. 

(2001). Very often, the early-time responses obtained from the PWA method agree 

well with the exact solution, but it is not so for the late-time responses. Geers (1969) 

developed an analytical method based on the virtual mass approximation (VMA) of 

the infinite acoustic medium. The validity of the VMA was illustrated through a 

study of the elastic response of a cylindrical shell excited by a transient acoustic 

wave. Compared to the results obtained from PWA, the VMA results demonstrated 

its superior performance, in particular the late-time behaviors and the low frequency 

response. By superimposing the PWA and the VMA, Ranlet et al. (1977) developed 

the doubly asymptotic approximation (DAA), which was used to model the infinite 

fluid medium, while modal analysis was employed for the structure. The DAA 

method had been proven to be accurate to model both early- and late- time behavior. 

Zilliacus (1983) used the DAA method to analyze the response of a submerged 

fluid-filled cylinder subjected to an incident plane step wave. It is worth noting that, 

in the DAA formulation, the mass matrix for the fluid medium is fully populated. 

More comprehensive reviews of the non-radiation boundary can be found in Givoli 
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(1991). Normally, the PWA and DAA are called acoustic approximations together. 

The detail reviews about the acoustic approximations are described in section 1.2.4. 

 

In solving the general FSI problems, the exact or analytical non-radiating boundary 

is difficult to implement. With the emergence of the BEM which has been gradually 

recognized to have advantages in modeling infinite domain, FEM-BEM coupling 

procedures had been developed. Estorff and Antes (1991), Czygan and Estorff 

(2002) and Yu et al. (2002) demonstrated the advantages of using FEM-BEM 

procedures for FSI problems. In their numerical simulations, no artificial boundaries 

or wave reflections were present. Moreover, the FEM-BEM procedures are able to 

gain computational advantages derived from its BEM formulation, which reduces 

the spatial dimension by one. However, it inherits the disadvantages of the BEM 

which demands for pre-requisite fundamental solutions, which can be very 

complicated or may not be available. Furthermore, it leads to asymmetric 

coefficient matrices in its formulation. Not only it increases the requirement for 

memory storage, but also compromises (if not nullifies) its other computational 

efficiency. 

 

1.3.2 Coupling numerical techniques for long-duration FSI problems 

 
To build a structurally sound dam-reservoir system which belongs to long-duration 

FSI problem, the hydrodynamic forces acting on the upstream side of the dam is of 

the major concern, particularly due to earthquake ground motions. The interactive 

hydrodynamic forces can be obtained using analytical methods or numerical 

solutions. For the simplistic rigid dam with one vertical or sloping upstream face, a 

number of analytical solutions are available. Westergaard (1933) first presented 

rigorous analytical solutions of hydrodynamic pressures acting on vertical rigid 

dams; Chopra (1967) obtained solutions for hydrodynamic pressures on vertical 

rigid dams under horizontal and vertical ground motions analytically; and Chwang 

(1978), Chwang and Housner (1978) reported analytical solutions of the 

hydrodynamic pressures for sloping dams. Nevertheless, these solutions are not 

suitable to analyse dam structures with even slightly more complex upstream face, 

such as dams with multi-sloping upstream faces or arch dams. For dams with 
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complex geometries, Tsai (1992) presented a semi-analytical solution based on the 

least square method or the Galerkin method, but reportedly, inferior solutions were 

obtained near the base of a dam which has a large sloping angle. On the other hand, 

the advent of computer technology enables numerical solutions to be an alternative 

if not a better choice. Amongst the numerical solutions, Finite-Element-Method 

(FEM) solutions, Boundary-Element-Method (BEM) solutions or their combination 

solutions are the popular ones. 

 

In most of the numerical models, the semi-infinite fluid domain is often divided into 

two sub-domains: a near-field and a far-field domain. This is to ensure the analysis 

to be valid over a manageable computational domain. Usually, the near-field 

domain is modeled by FEM or BEM, while the far-field domain is modeled by 

imposing a kind of transmitting boundary conditions (TBC), or using BEM or some 

kinds of tailor-made infinite elements. Regarding the TBC, a variety of techniques 

are available. Sommerfeld (1949) derived a technique called “Sommerfeld radiation 

condition”. Sharan (1985) presented another called “Sharan’s boundary condition”. 

Tsai and Lee (1989) presented an analytical frequency solution. Maity and 

Bhattacharyya (1999) proposed a novel far-boundary condition. Solutions for the 

whole dam-reservoir system were subsequently obtained by coupling either FEM or 

BEM with their TBC. In their solutions, some pitfalls were identified. To obtain 

good results, Sommerfeld radiation condition and Sharan’s condition demanded a 

large extent of the near-field domain; the analytical frequency solution of Tsai and 

Lee (1989) needed full eigen-values and eigen-modes of the interface between the 

near- and far-field. The novel far-boundary condition by Maity and Bhattacharyya 

(1999) was only suitable for curtain low frequencies cases. Another approach was 

adopted by Saini et al. (1978), who tailor made a kind of specialized infinite 

elements to model the far-field domain, but it still required a large near-field 

domain. Other researches such as Felippa (1981), Hanna and Humar (1982) and 

Tsai and Lee (1987) used BEM to model the far-field domain. Although the BEM 

allows one to deploy a smaller near-field domain, the BEM’s unfavourable 

characteristics of singular integral and asymmetrical matrices remains. 
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The above reviews are about the steady analysis for a dam-reservoir system. The 

following is about the time-domain analysis for a dam-reservoir system. 

 

In time-domain analysis, the analytic or semi-analytic solutions of hydrodynamic 

pressures on dams are much more difficult to obtain than those in frequency-domain 

analysis. To alleviate the difficulties, the semi-infinite fluid in a reservoir is usually 

modeled by dividing the domain into two parts: a near-field and a far-field domain. 

The effect of the far-field domain can be represented by some kind of transmitting 

boundary conditions (TBC) at the interface between the near-field and the far-field 

domain. The most commonly-used TBC is Sommerfeld (1949) radiation condition, 

which was used by Zienkiewicz and Bettess (1978) but precautions have to be taken 

as the approach may introduce significant errors when the near-field domain is 

small. Another TBC was developed by Sharan (1985). Although Sharan’s TBC 

produced better results than Sommerfeld’s, it does not represent the behaviour of 

the far-field domain well when the near-to-far-field interface is too near to the 

dam-reservoir interface. Tsai et al. (1990) developed an efficient semi-analytical 

TBC and later, its application by Tsai and Lee (1991) exhibited good results, but it 

required the full eigen-modes of the near-to-far-field interface. In order to get rid of 

this requirement, Yang et al. (1993) developed an explicit time-domain TBC which 

only needs curtain eigen-modes. However, these two types of TBC have complex 

forms, which further increase the complexities of the problem. Recently, Maity and 

Bhattacharyya (1999), Cetin and Mengi (2003) and Kucukarslan (2005) developed 

a novel far-boundary condition, a TBC based on spectral properties of radiating 

waves and an exact truncation boundary condition at the near-to-far-field interface, 

respectively. Although these TBC’s have simple forms, they are only fit for 

2-dimensional problems. On the other hand, instead of using a TBC to represent the 

far-field domain, Lotfi et al. (1987) developed the fluid hyper-element and 

Valliapan and Zhao (1992) tailor-made an infinite element to model the far-field 

domain, respectively, but the shape function of the fluid hyper-element or infinite 

element will effect results when they cannot represent efficiently far-field domain. 
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Against all of the above reviews, it can be easy to find that the SBFEM is very 

necessary to extend or develop further to solve FSI problem. One reason is that the 

SBFEM is a semi-analytic method in radial direction and very efficient to model an 

infinite domain. Another reason is that no investigations have been reported on 

using the SBFEM concept together with the finite element method to solve FSI 

problem so far. 
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CHAPTER TWO 

 

SBFEM FORMULATION FOR INFINITE ACOUSTIC 

FLUID MEDIUM 

 

Originally developed by Wolf and Song (1996a) for soil-structure interaction 

problems, the SBFEM formulas are only suitable for soil-structure interaction 

systems, and not applicable to the fluid-structure interaction (FSI) problems. 

Moreover, when dealing FSI problems involving infinite fluid medium, most 

traditional numerical methods encounter difficulties. Against this background, the 

writer recognizes the possibility and necessity to extend the SBFEM to model an 

infinite fluid field. It was inspired by the SBFEM’s accuracy and efficiency when 

modeling an infinite soil domain reported by Wolf and Song (1996a). In this chapter, 

the SBFEM formulation for infinite acoustic fluid medium will be presented and 

described, while its accuracy and efficiency will be validated in chapter 6. 

 

2.1 FEM FORMULATION FOR ACOUSTIC FLUID MEDIUM 

 

Essentially, SBFEM and FEM share the same idea of discretization of a continuum 

but differ entirely in their approaches. Prior to the presentation of the SBFEM 

formulation, it is necessary to describe the FEM discretization of acoustic fluid 

medium. The detailed derivation has been described in the literature (Bathe (1996)). 

The basic derivation is shown in section below. 

 

The acoustic fluid medium is treated as an inviscid isentropic fluid with the fluid 

particles undergoing only small displacements. Not including body force effects, the 
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equation governing the response of the fluid is an acoustic equation as follows: 

 φ=φ∇ &&
2

2

c
1  (2.1)

where φ  and c denotes a fluid velocity potential and the wave speed in fluid, 

respectively. The velocity of a fluid particle satisfies 

 φ∇=v  (2.2)

where v  is the velocity vector of fluid particles, while the fluid pressure p  

satisfies 

 φρ−= &p  (2.3)

where ρ  denotes the fluid density. The boundary conditions for acoustic fluid 

problems include two types. One is a prescribed velocity boundary vS , and the 

other is a prescribed pressure boundary fS . 

 

On the boundary vS , a prescribed velocity s
nv  in the direction of the unit normal 

vector n  (pointing outward) to the fluid boundary satisfies 

 
vs

s
n n

v
∂
φ∂

==•nv  (2.4)

On the boundary fS , a prescribed pressure sp  satisfies 

 
ff S

s
S

pp φρ−== &  (2.5)

Eqs.(2.1) (2.4) and (2.5) together describe a boundary-value problem. The 

corresponding variational form of Eq.(2.1) is expressed as 

 0dV
c
1

V 2
2 =δφ






 φ−φ∇∫ &&  (2.6a)

Eq.(2.6a) is re-written as 

 ( ) 0dV
c
1dV

V 2V
=δφφ−δφφ∇•∇ ∫∫ &&  (2.6b)
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where δφ  is a scalar quantity and V  denotes the fluid volume. Appling the 

divergence theorem to Eq.(2.6b) leads to the following equation: 

 ( ) Γφδ=Γ•φ∇φδ=





 φφ+φ∇δ ∫∫∫ ΓΓ

dvddV
c
1

n2
2 n&&  (2.6c)

where Γ  denotes the boundary of the fluid volume and nv  is normal velocity on 

the boundary Γ . The finite element equation of Eq.(2.6c) is expressed as 

 RKM =Φ+Φ&&  (2.7)

where Φ  denotes the nodal velocity potential vector; M , K  and R  denote the 

global mass matrix, stiffness matrix and the vector of an integral of the normal 

velocity along the boundary Γ , respectively. The corresponding element mass and 

stiffness matrices eM , eK  and the element’s vector eR  are as follows. 

 ∫= ev

eT
2

e dv
c
1 NNM  (2.8a)

 ∫= ev

eTe dvBBK  (2.8b)

 ∫Γ Γ=
e

e
n

Te dvNR  (2.8c)

where ev , eΓ  denotes the element volume and boundary, respectively; N  and 

B  are the shape function and the derivative of N  with respect to spatial 

dimensions, respectively. M , K  and R  can be obtained by assembling all eM , 
eK  and eR , respectively. Note that Eq.(2.8c) appears on the right hand side of the 

SBFEM equation in Section 2.2. 

 

2.2 SBFEM MODELING FOR INFINITE FLUID MEDIUM 

 

When the SBFEM is employed to model infinite fluid medium as shown in Fig.2.1a, 

the infinite fluid medium is discretized into sectors. In this sense, it is similar to the 

concept of BEM, in which the infinite fluid medium is discretized only along the 

fluid-structure interface. Each element ij on the fluid-structure interface denotes its 
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associated sector as shown in Fig.2.1b. Along the fluid-structure interface, the 

relationship between a normal velocity nv  and the associated velocity potential φ  

in frequency domain can be expressed as 

 ( ) ( ) ( )ωΦω=ω ∞SR  (2.9a)

 ( ) ( ) ( )ωΦω=ω ∞ &&MR  (2.9b)

where ( )ωR  is expressed in the form of Eq.(2.8c); ( )ωΦ  denotes the nodal 

velocity potential vector; ( )ω∞S  and ( )ω∞M  are called the “dynamic stiffness” 

and “dynamic mass” of the infinite fluid medium, respectively, and satisfy the 

relationship: 

 ( ) ( ) ( )ωω=ω ∞∞ MS 2i  (2.10)

Applying inverse Fourier transformation to Eqs.(2.9a) and (2.9b) and using the zero 

initial conditions below 

 ( ) 0==Φ 0t  (2.11a)

 ( ) 0==Φ 0t&  (2.11b)

yields 

 ( ) ( ) ( )∫ ττΦτ−= ∞t

0
dtt SR  (2.12a)

 ( ) ( ) ( )∫ ττΦτ−= ∞t

0
dtt &&MR  (2.12b)

where ( )ω∞S  and ( )t∞S , ( )ω∞M  and ( )t∞M , ( )ωR  and ( )tR  are Fourier 

transform pairs, respectively. The superscript ∞  denotes an infinite medium. Both 

the “dynamic stiffness” ( )ω∞S  and the “dynamic mass” ( )ω∞M  are dependant 

on the geometry of the fluid-structure interface, so that ( )ω∞S  and ( )ω∞M  are 

normally written as ( )ω∞ ,rS  and ( )ω∞ ,rM , respectively, with a characteristic 

length r . The expression for ( )ω∞S  can be derived from a scalar-finite-element 
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(SFE) cell. 

 

 

 

Fig.2.1a Sectorial discretization of an infinite fluid domain 

 

 

Fig.2.1b A typical SBFEM element of an infinite domain 

 

2.3 SCALAR-FINITE-ELEMENT CELL 

 

Consider a fluid-structure interaction system as shown in Fig.2.2a. The inside part 

indicates a submerged structure. An infinite fluid medium surrounds the structure. 

The outside fluid medium is discretized into finite sectors with a characteristic 

length ir  as shown in Fig.2.2b, and it can be also discretized into some sectors 

with another characteristic length er  as shown in Fig.2.2c, and a section between 

ir  and er . This section is called a scalar-finite-element (SFE) cell as shown in 

O

∞→

i
j

infinite fluid medium

fluid-structure 
interface 

∞ in radial 
direction 

i  

j  

O φ,nv  
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Fig.2.2a, which is bounded by two similar surfaces, each characterized by a nominal 

distance r  (namely ir  and er ), radiating from an origin O  (scalar center) as 

shown in Figs.2.2a-d. The finite-element discretization of the SFE cell is shown in 

Fig.2.2d. The outward unit normal vectors n  of the corresponding boundaries are 

shown in Figs.2.2b-d, as well. 

 

∞
↓

←∞  

SFE cell 

ir
er

er   surface 

ir surface 

infinite fluid medium 

submerged structure 

submerged structure surface 

O 

 

Fig.2.2a A fluid-structure interaction system 

 

 

n

O 

ir  

∞
↓  

 

O 

er

∞
↓

n

 
Fig.2.2b A sector of the infinite bounded 

domain defined by characteristic length ir  

Fig.2.2c A sector of the infinite bounded 

domain defined by characteristic length er  
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Interior surface  ir  

Exterior surface  er  

O  

SFE cell 

n 

n 

 

Fig.2.2d FE discretization of SFE cell bounded by surfaces ir  and er  

 

2.3.1 RELATIONSHIP BETWEEN THE INTERIOR AND EXTERIOR 

BOUNDED SURFACES 

 

On the interior surface ir  and exterior surface er  shown in Fig.2.2a, Eq.(2.9a) is 

re-written as 

 ( ) ( ) ( )ωΦω=ω ∞ ,r,r,r iii SR  (2.13a)

 ( ) ( ) ( )ωΦω=ω ∞ ,r,r,r eee SR  (2.13b)

For simplicity, Eqs.(2.13a) and (2.13b) are re-written as 

 ( ) ( ) ( )ωΦω=ω ∞
iii SR  (2.14a)

 ( ) ( ) ( )ωΦω=ω ∞
eee SR  (2.14b)

The finite element equation (2.7) of the SFE cell for a harmonic type response is 

re-written as 

 ( ) ( ) ( ) ( ) ( )ωΦω=ωΦω−=ω SMKR 2  (2.15)

where  

 ( ) MKS 2ω−=ω  (2.16)
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Through partitioning ( )ωR , ( )ωΦ  and ( )ωS  with respect to the interior and 

exterior surfaces, Eq.(2.15) becomes 

 
( ) ( )
( ) ( )

( )
( )

( )
( )








ω′
ω′

=








ωΦ
ωΦ









ωω
ωω

e

i

e

i

eeei

ieii

R
R

SS
SS

(2.17)

On the interior surface ir , the unit normal vectors n  shown in Figs.2.2b and 2.2d 

are identical, while those on the exterior surface er  shown in Figs.2.2c and 2.2d 

are in the opposite direction. Using Eq.(2.8c) and Eqs.(2.14a,b) yields 

 
( )
( )

( )
( )

( )
( )

( )
( )








ωΦ
ωΦ










ω−
ω

=








ω−
ω

=








ω′
ω′

∞

∞

e

i

e

i

e

i

e

i

S0
0S

R
R

R
R

(2.18)

Substituting Eq.(2.18) into Eq.(2.17) leads to 

 
( ) ( )
( ) ( )

( )
( )

( )
( )

( )
( )








ωΦ
ωΦ










ω−
ω

=








ωΦ
ωΦ









ωω
ωω

∞

∞

e

i

e

i

e

i

eeei

ieii

S0
0S

SS
SS

(2.19)

By eliminating ( )ωΦ e  from Eq.(2.19), the relationship between ( )ω∞
iS  and 

( )ω∞
eS  can be obtained as follows 

 ( ) ( ) ( ) ( ) ( )( ) ( )( ) ( ) 0SSSSSS =ωΦωω+ωω+ω−ω
−∞∞

iei
1

eeeieiii (2.20)

where ( )ωΦ i  becomes arbitrary, and thus the associated coefficient matrix must 

vanish, i.e. 

 ( ) ( ) ( ) ( ) ( )( ) ( )ωω+ωω−ω=ω
−∞∞

ei
1

eeeieiii SSSSSS (2.21)

which describes the relationship of the dynamic stiffness ( )ω∞S  between the 

interior surface ir  and the exterior surface er . In order to determine the 

relationship, the coefficient matrices ( )ωiiS , ( )ωieS , ( )ωeiS  and ( )ωeeS  must be 

solved. These coefficients can be obtained through using Eqs.(2.8a) and (2.8b). In 

what follows, derivations for these coefficient matrices are given in details with 

respect to an element of the 2-dimensional SFE cell shown in Fig.2.2d. 
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2.3.2 FINITE-ELEMENT FORMULATION FOR AN ELEMENT IN A SFE 

CELL 

 

An element in the SFE cell is shown in Fig.2.3, which is assumed 6 nodes, of which 

3 nodes lie on the interior surface and 3 nodes on exterior surface. 

 

Fig.2.3 An element of the SFE cell 

The shape function N for the element is chosen as 

 [ ] ( ) ( ) ( ) ( )



 ηξ+ηξ−== NNNNN 1

2
11

2
1

ei (2.22)

where ( )ηN  denotes the shape function of a surface corresponding to the 

interior/exterior bounding surface; the ξ  axis corresponds to the radial direction 

which points from the fluid-structure interface towards infinity and the η  axis 

corresponds to the circumferential direction. For a 3-node element, 

 ( ) ( ) ( )



 η+ηη−η−η=η 222

2
11

2
1N (2.23)

Due to radial similarity, the coordinates ex , ey  of a node lying on the exterior 

boundary er  can be expressed in terms of nodal coordinates ix , iy  of its 

associated node lying on the interior boundary ir  and the characteristic width of 

the SFE w  as follows. 

 ( ) ie w1 xx +=  (2.24a)

 ( ) ie w1 yy +=  (2.24b)

y 

x O 

η

ξir

er
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where  

 1
r
r

w
i

e −=  (2.24c)

By using an isoparametric mapping technique, the geometrical interpolation for the 

position of an arbitrary point ( )y,x  inside the element can be expressed as follows. 

 [ ] 







=









ee

ii
ei

T

y
x

yx
yx

NN  (2.25a)

Substituting Eq.(2.22) and Eqs.(2.24a) and (2.24b) into Eq.(2.25a) leads to 

 ( ) ( )[ ]ii

T

1
2
w1

y
x

yxN η





 ξ++=









 (2.25b)

The relation between the differentials of the two mapped coordinate systems is the 

called “Jacobian” matrix J , i.e. 

 



















η∂
∂

η∂
∂

ξ∂
∂

ξ∂
∂

= yx

yx

J  (2.26a)

Substituting Eq.(2.25b) into Eq.(2.26a) yields 

 
( )

JJ
















ξ++
=

1
2
w10

0
2
w

 (2.26b)

where  

 
( ) ( )
( ) ( )















η
η

η
η

ηη
=

ii

ii

d
d

d
d yNxN

yNxN
J  (2.26c)

The determinant of the “Jacobian” matrix J  is 

 ( ) JJ 





 ξ++= 1

2
w1

2
w  (2.27)

The inverse of the “Jacobian” matrix J  is 
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( )



















ξ++

= −−

1
2
w1

10

0
w
2

11 JJ  (2.28)

Denoting the components of 1−J  as mnj , i.e. 

 







=−

2221

12111

jj
jj

J  (2.29)

we have the derivatives of the shape functions as follows. 

 

( ) ( )[ ]

( )
( ) ( ) ( ) ( )









η
η

ξ+
η
η

ξ−








ξ++

+ηη−








=



















η∂
∂
ξ∂

∂

=



















∂
∂
∂
∂

−

d
d1

2
1

d
d1

2
1

j
j

1
2
w1

1

j
j

w
1

y

x

22

12

21

111

NN

NNN

N

JN

N

 (2.30a)

Eq.(2.30a) is the strain-displacement relationship matrix B of a fluid medium, 

which is re-written as 

 [ ]
( )

( ) ( ) 



 ξ+ξ−

ξ++
+−= 2211 1

2
11

2
1

1
2
w1

1
w
1 BBBBB  (2.30b)

where  

 ( )η








= NB
21

111

j
j

 (2.31a)

 ( )
η
η









=
d

d
j
j

22

122 NB  (2.31b)

Note that 1B  and 2B  are functions of η  only. 

 

Now, rewrite Eq.(2.8b) for an element stiffness matrix in terms of ξ  and η  as 

 ∫ ∫∫ − −
ηξ==

1

1

1

1

T

v

eTe dddv
e

JBBBBK  (2.32)

Note that eK  can be integrated analytically. Partitioning eK  into sub-matrices 
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with respect to the interior and exterior surfaces leads to 

 







=

2221

1211e

kk
kk

K  (2.33)

of which, each sub-matrix ijk  ( )2,1j,i =  can be written as 

 ( )22
ij

1
ij

0
ijij wOw

w
1

+++= KKKk  (2.34)

where  

 0
ji

0
ij EK ξξ=  (2.35a)

 T1i1j0ji1
ij 222

EEEK ξ
+

ξ
+

ξξ
=  (2.35b)

 2ji2
ij 3

1
4
1 EK 







 ξξ
+=  (2.35c)

in which 

 ∫− η=
1

1

1T10 dJBBE  (2.36a)

 ∫− η=
1

1

1T21 dJBBE  (2.36b)

 ∫− η=
1

1

2T22 dJBBE  (2.36c)

and 11 −=ξ , 12 =ξ . 0E , 1E  and 2E  can be conveniently determined by an 

approximate numerical integration scheme. Note that 0E , 1E  and 2E  are 

functions of η  only and thus associated with the discretization of the interior 

surface of the SFE cell. In addition, 0E  is positive definite and symmetric; 2E  is 

semi-infinite definite and symmetric. The last tem on the right hand side of Eq.(2.34) 

represents the order of error ( )2w . 

 

Similar to the element stiffness matrix, the element mass matrix eM  (Eq.(2.8a)) 

can be partitioned into sub-matrices accordingly, i.e. 
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 







=

2221

1211e

mm
mm

M  (2.37)

in which 

 ( ) ( )20ji22
ijij wO

3
1

4
wwOw +







 ξξ
+=+= MMm  (2.38)

where 

 ( ) ( )∫− ηηη=
1

1

T
2

0 d
c
1 JNNM  (2.39)

which is positive definite and symmetric. Note that the last term on the right hand 

side of Eq.(2.38) stands for the order of error ( )2w . When w  tends to zero, the 

error term ( )2wO  on the right hand side of Eqs.(2.34) and (2.38) vanish. 

 

2.4 SBFEM FORMULATION IN FREQUENCY DOMAIN 

 

Assembling all elements in the SFE cell, i.e. assembling all of coefficients matrices 
0E , 1E , 2E and 0M  yields the global stiffness matrix K  and mass matrix M  

in Eqs.(2.7) and (2.16). For the sake of simplicity, the coefficient matrices for the 

K  and M  will adopt the same symbols as those for individual elements. 

 

2.4.1 DERIVATION OF SBFEM FORMULATION 

 

Firstly, in order to be consistent with the matrix nomination, the subscripts i and e 

for the interior and exterior surface are renamed as 1 and 2, respectively. Re-write 

Eq.(2.21) as follows 

 ( ) ( ) ( ) ( ) ( )( ) ( )ωω+ωω−ω=ω
−∞∞

21
1

22212111 SSSSSS  (2.40a)

Re-arranging leads to 

 ( ) ( )( ) ( ) ( ) ( )( ) ( ) 021111
1

12222 =ω+ω−ωωω+ω ∞−∞ SSSSSS  (2.40b)
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Secondly, partitioning the global matrices S , M  and K  in Eq.(2.16) with 

respect to the interior and exterior surfaces leads to 

 







ω−








=








=

2221

12112

2221

1211

2221

1211

MM
MM

KK
KK

SS
SS

S  (2.41)

Now consider 11S , i.e. 

 11
2

1111 MKS ω−=  (2.42)

Substituting Eqs.(2.34) and (2.38) into Eq.(2.42) yields 

 ( )22
11

22
11

1
11

0
1111 wOww

w
1

+ω−++= MKKKS  (2.43)

Substituting Eq.(2.35a) into Eq.(2.43) and re-arranging lead to 

 ( ) ( )22
11

22
11

1
11

0
11 wOw

w
1

+ω−++= MKKES  (2.44a)

Analogously, we can have 

 ( ) ( )22
12

22
12

1
12

0
12 wOw

w
1

+ω−++−= MKKES  (2.44b)

 ( ) ( )22
21

22
21

1
21

0
21 wOw

w
1

+ω−++−= MKKES  (2.44c)

 ( ) ( )22
22

22
22

1
22

0
22 wOw

w
1

+ω−++= MKKES  (2.44d)

By using Eqs.(2.35a-c), the relationships between component matrices in 

Eqs.(2.44a-d) can be written as follows. 

 00
22

0
21

0
12

0
11 EKKKK ==−=−=  (2.45a)

 ( ) 1T1
12

1
11

1
22

1
21 EKKKK =+−=+  (2.45b)

 22
22

2
21

2
12

2
11 EKKKK =+++  (2.45c)

 02
22

2
21

2
12

2
11 MMMMM =+++  (2.45d)

 

Thirdly, upon inspecting Eq.(2.40b), we notice that there exists the inverse term 

( ) 1
12

−ωS  which is difficult to evaluate. Hence, it is approximated as a polynomial 

in term of w  with the unknown coefficient matrices A  and B  as follows. 
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 ( ) ( )432101
12 wOwww +++−=ω

−− BAES  (2.46)

Note that 10−E  can be evaluated via Eq.(2.36a). A  and B  can be obtained as 

follows. Consider the identity, 

 
( ) ( ) ( )

( )( ) ( )301
12

102
12

22
12

2

0101
12

1
1212

wOw

w

++−ω−−

+−=ωω=
−

−−

ΒEAKEMK

AEEKISSI
 (2.47)

The coefficient matrices of w  and 2w  must vanish, such that 

 101
12

10 −−
−= EKEA  (2.48a)

 ( )( ) 102
12

22
12

1
12

101
12

10 −−−
ω−+−= EMKKEKEΒ  (2.48b)

Substituting Eqs.(2.48a) and (2.48b) into Eq.(2.46) and then the result with 

Eqs.(2.44a-d) into Eq.(2.40b) lead to 

 ( )( ) ( )( ) ( ) ( )
( ) ( )( ) ( )22

22
2
21

2
12

2
11

22
22

2
21

2
12

2
11

12
1
11

1
121

101
22

1
212

1
22

1
21

1
12

1
11

wOw

w

=+++ω−++++

ω−ω+−−ω++ω−

+++
∞∞∞−∞

MMMMKKKK

SSKKSEKKS

KKKK

 (2.49)

Substituting Eqs.(2.45a-d) into Eq.(2.49) and then dividing the whole resulting 

equation by w  leads to 

 ( )( ) ( )( ) ( ) ( ) ( )wO
w

02212T1
1

101
2 =ω+−

ω−ω
−+ω+ω

∞∞
∞−∞ MESSESEES  (2.50)

 

Fourthly, to obtain the frequency equation for the discretized surface at ir , we have 

to condense the SFE cell by taking limit 0w → . Taking limit 0w →  for the 

second term in Eq.(2.50), i.e. 

 
( ) ( ) ( ) ( )

ie

12
irr

12

0w rr
rlim

w
lim

ie −
ω−ω

=
ω−ω ∞∞

→

∞∞

→

SSSS  (2.51a)

By writing ( ) ( )ω=ω ∞∞
1SS  and irr = , Eq.(2.51a) is re-formulated as 

 
( ) ( ) ( )

r
r

rr
rlim

ie

12
irr ie ∂

ω∂
=

−
ω−ω ∞∞∞

→

SSS  (2.51b)
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Note that when 0w → , the exterior surface and interior surface will fully overlap 

with each other. Therefore, we have 

 ( ) ( ) ( ) ( ) ( )ω+ω=ω+ω=ω ∞∞∞ OO12 SSS  (2.52)

where ( )ωO  stands for the order of error ( )ω . Taking limit 0w →  for the whole 

Eq.(2.50) and substituting Eq.(2.52) into Eq.(2.50) yield 

 ( )( ) ( )( ) ( ) ( )wO
r

r 022T1101 =ω+−
∂
ω∂

−+ω+ω
∞

∞−∞ MESESEES  (2.53)

Note that in Eq.(2.53), there is still a term containing the derivative of the “dynamic 

stiffness” ( )ω∞S  with respect to r . In next section, a dimensional analysis is 

employed to derive its equivalent in term of ω . 

 

2.4.2 DERIVATIVE OF “DYNAMIC STIFFNESS” 

 

As mentioned above in section 2.2, ( )ω∞S  is dependant of the geometry of the 

fluid-structure interface, so that ( )ω∞S  can be also written as ( )ω∞ ,rS  with a 

characteristic length r . In what follows, a dimensional analysis is employed to 

obtain the relationship between the derivative ( )
r
,r

∂
ω∂ ∞S  and the derivative 

( )
ω∂
ω∂ ∞ ,rS . 

 

Re-write Eq.(2.13a) as follows 

 ( ) ( ) ( )ωΦω=ω ∞ ,r,r,r SR  (2.54)

The dimension of the right-hand-side term ( )ω,rR , which is evaluated from 

Eq.(2.8c), is [ ] [ ] 1s TL − , where s  (=2 for 2-D problems or =3 for 3-D problems) is 

the spatial dimension of an acoustic fluid. The dimension of ( )ωΦ ,r , which 
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satisfies Eq.(2.2), is [ ] [ ] 12 TL − , and thus the dimension of ( )ω∞ ,rS  should be 

[ ] 2sL −  (= [ ] [ ] [ ] [ ] 121s TLTL −− ). In addition, the dynamic stiffness ( )ω∞ ,rS  is a 

function of acoustic fluid density ρ , a characteristic length r , a frequency ω  and 

the bulk modulus of an acoustic fluid β . The dimension of ρ , r , ω  and β  are 

[ ] [ ]ML 3− , [ ]L , [ ] 1T −  and [ ] [ ] [ ] 21 TML −− , respectively. [ ]L , [ ]M  and [ ]T  are 

the dimensions of length, mass and time, respectively. 

 

Assume that the quantity ( )( ) 54321 nnnnn r,r ωρβω∞S  is dimensionless. By 

substituting associated dimensions of the dimensionless quantities into it, the 

equations can be produced as follows. 

 ( ) 0n3nnn2s 4321 =−−+−  (2.55a)

 0nn 43 =+  (2.55b)

 0nn2 53 =−−  (2.55c)

The rank of the coefficient matrix in Eqs.(2.55a-c) having 3 equations but 5 

unknown variables is 3. Thus, it permits the two unknown variables 1n , 5n  to be 

chosen arbitrarily. Setting 1n1 =  and 0n5 =  yields s2n,0n,0n 243 −=== . 

By substituting these coefficients into the above dimensionless quantity, the 

dimensionless quantity becomes ( ) s2r,r −∞ ωS . When setting  0n1 =  and 1n5 = , 

1n,5.0n,5.0n 243 ==−=  and the dimensionless quantity becomes ωρβ− 5.05.0r . If 

it is denoted by 0a , s0 cra ω=  which stands for a dimensionless frequency with 

ρβ=sc  which represents the wave velocity in fluid medium. Note that 0a  

varies with r  and ω . Hence, the first dimensionless expression ( ) s2r,r −∞ ωS  can 

be equated to ( )0a∞S  which is defined as a function of the second dimensionless 
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variable 0a  as follows. 

 ( ) ( )0
2s ar,r ∞−∞ =ω SS  (2.56)

Based on the dimensional analysis alone, the arbitrary function ( )0a∞S  can not be 

determined. Note that ω  and r  do not appear explicitly in ( )0a∞S , but always in 

a product of ω  and r . For different characteristic lengths r  and different 

frequencies ω , the term ( )ω∞ ,rS  has different value. 

 

Consider two interfaces at ir  (interior) and er  (exterior) as shown in Fig.2.2a and 

assume that ( )ω∞ ,riS  is known. The dynamic-stiffness matrix at er  can be 

calculated using ( ) ( )seeisi0 crrrcra ω=ω= . It means that the frequency at er  is 

( )ωei rr  while the frequency at ir  is ω  corresponding to the same dimensionless 

frequency 0a . From Eq.(2.56), we have 

 ( ) ( )0i

2s

ie

i
e

2s

e

a,r
r
1

r
r,r

r
1 ∞∞

−

∞

−

=ω







=








ω








SSS  (2.57)

Re-arranging Eq.(2.57) leads to 

 ( )ω







=








ω ∞

−

∞ ,r
r
r

r
r,r i

2s

i

e

e

i
e SS  (2.58)

Eq.(2.58) is a form of the relationship between two dynamic-stiffness matrices of 

similar interfaces in an unbounded fluid medium. For the analysis in frequency 

domain, another form is often used. Note that the dynamic-stiffness matrix is as a 

function of the characteristic length r  and of the excitation frequency ω . By 

virtue of chain rule, the derivatives of  ( )0a∞S  with respect to r  and ω  can be 

written as: 

 
( ) ( ) ( )

0

0

s

0

0

00

a
a

c
ra

a
aa

∂
∂

=
ω∂

∂
∂

∂
=

ω∂
∂ ∞∞∞ SSS

 (2.59a)
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( ) ( ) ( )

0

0

s

0

0

00

a
a

cr
a

a
a

r
a

∂
∂ω

=
∂
∂

∂
∂

=
∂

∂ ∞∞∞ SSS
 (2.59b)

Thus, 

 
( ) ( )

r
a

r
a 00

∂
∂

=
ω∂

∂
ω

∞∞ SS
 (2.59c)

From Eq.(2.56), we have 

 
( ) ( ) ( )









∂

ω∂
+ω

−
=

∂
∂ ∞

∞
−

∞

r
,r,r

r
s2

r
1

r
a

2s
0 SS

S
 (2.60a)

 
( ) ( )

ω∂
ω∂

=
ω∂

∂ ∞

−

∞ ,r
r
1a

2s
0 SS  (2.60b)

Substituting Eqs.(2.60a) and (2.60b) into Eq.(2.59c) yields 

 ( ) ( ) ( ) ( )
ω∂
ω∂

ω+ω−=
∂

ω∂ ∞
∞

∞ ,r,r2s
r
,rr SSS  (2.61)

Note that the left hand side of Eq.(2.61) is the term appeared in Eq.(2.53) and the 

right hand side of Eq.(2.61) consists of the terms ( )ω∞ ,rS  and it is derivative with 

respect to ω  only. 

 

2.4.3 FINAL FREQUENCY EQUATION 

 

Substituting Eq.(2.61) into Eq.(2.53) leads to 

 
( )( ) ( )( ) ( ) ( )

( ) 0,r
,r2s,r,r

022

T1101

=ω+−
ω∂
ω∂

ω−

ω−−+ω+ω
∞

∞∞−∞

MES
SESEES

 (2.62)

Eq.(2.62) is the SBFEM equation for the frequency-domain analysis. It is a system 

of non-linear ordinary differential equations of first order. Note that the coefficient 

matrices 0E , 1E , 2E  and 0M  which have the form of Eqs.(2.36a-c) and (2.39) 

are functions of the characteristic length r  only. When the characteristic length r  

is chosen, (for example, the fluid-structure interface is chosen as the surface with 
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the characteristic length r ), Eq.(2.62) has only one independent variable which is 

the frequency ω  and is re-formulated as 

 
( )( ) ( )( ) ( ) ( )

( ) 0

2s

022

T1101

=ω+−
ω∂
ω∂

ω−

ω−−+ω+ω
∞

∞∞−∞

MES
SESEES

 (2.63)

Note that the form of the SBFEM equation (2.63) is identical to that for soil infinite 

medium but their coefficient matrices are totally different. 

 

2.5 SBFEM FORMULATION IN TIME DOMAIN 

 

The SBFEM equation in time domain can be obtained easily by applying the 

inverse Fourier transformation to Eq.(2.63). By comparing the SBFEM equation in 

Eq.(2.63) with that for soil infinite medium developed by Wolf and Song (1996a), it 

can be found that both of them are identical. Because the inverse Fourier 

transformation is a pure mathematic transformation and is independent of material 

properties of an infinite medium, the SBFEM equations in time domain for an 

infinite fluid and a soil medium are the same, which are in the form of 

 
( ) ( ) ( ) ( )

( ) ( ) ( ) 0tHttH
6
tdt

dddddt

02
3t

0

T1t

0 0

t

0 0

1t

0

=−−ττ+

ττ′τ′+ττ′τ′+τττ−

∫

∫ ∫∫ ∫∫
∞

τ ∞τ ∞∞∞

mem

emmemm
 (2.64)

where  

 ( ) ( ) 1T1 tt −∞−∞ = UMUm  (2.65)

and 

 IUEUe
2

1s11T11 +
−= −−  (2.66a)

 ( ) 1T11012T12 −−− −= UEEEEUe  (2.66b)

 10T10 −−= UMUm  (2.66c)

in which U  can be obtained by decomposing 0E  via a Cholesky’s method such 
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that 

 UUE T0 =  (2.67)

and ( )t∞M  satisfies Eq.(2.12b). Note that 2e  is symmetric and 0m  is positive 

definite and symmetric. After determining ( )t∞m  from Eq.(2.64), the matrix 

( )t∞M  can be obtained as 

 ( ) ( )UmUM tt T ∞∞ =  (2.68)

Hence, the velocity-to-velocity-potential relationship in Eq.(2.12b) is determined. 

Details of the inverse Fourier transformation can be found in the literature (Wolf 

and Song (1996a)). The numerical solution for Eq.(2.64) is described in next 

section. 

 

2.6 NUMERICAL SOLUTION FOR ( )t∞M  

 

For the discretization of Eq.(2.64) with respect to time, ( )t∞m  is assumed to be 

constant within each of the time steps. As a consequence, integral terms in Eq.(2.64) 

at time t  ( tn∆= ) are approximated as follows. 

 ( ) ∞
−

∆ ∞ ∆+=ττ= ∫ n1n

tn

0n td mImI  (2.69a)

 ( ) ∞
−−

∆ τ ∞ ∆
+∆+=ττ′τ′= ∫ ∫ n

2

1n1n

tn

0 0n 2
ttdd mIJmJ  (2.69b)

 ( ) ( ) ∑∫
=

∞∞
+−

∞∞ ∆=τττ−
n

1j
j1jn

t

0
tdt mmmm  (2.69c)

where t∆  denotes time increment and ( )tjj ∆= ∞∞ mm . 

 

For 1n = , i.e. the first time-step, substituting Eqs.(2.69a-c) into Eq.(2.64) yields 
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 ( ) ( ) 0
6
t

2
t

2
t 02

2
T1

11
12

1 =−
∆

−+
∆

++
∆

+ ∞∞∞ meIemmIem  (2.70)

Eq.(2.70) is the algebraic Riccati equation, which can be computed by an algorithm 

based on Schur factorization of an extended matrix of size twice the order ∞
1m  and 

has a unique symmetric semi-positive definite solution. Upon determining ∞
1m , 

∞
1M  can be obtained by the transformation 

 UmUM ∞∞ = 1
T

1  (2.71)

Note that by taking the limit 0t →∆ , Eq.(2.70) results in 

 02
1 mm =∞  (2.72)

Substituting Eq.(2.72) into Eq.(2.71) yields the value of ( )0t =∞M . 

 

For 2n ≥ , Eq.(2.64) is discretized as follows. 

 

( )1n
02

23
T1

1n
1n

1n
1n1

1n

2j
j1jnn

T1
1nn

1
1

n
6

tn
tt

t
2
t

2
t

−−
−

−
−

−

=

∞∞
+−

∞∞∞∞∞

−+
∆

+





 +
∆

−





 +
∆

−

−=+





 ∆

++





 ∆

+ ∑

ImeeIJIJe

mmmemmmem
 (2.73)

Eq.(2.73) is a Lyapunov equation in the form of  

 CXXAAX =++ tT  (2.74)

which can be solved. Upon determining ∞
nm , ∞

nM  can be obtained by the 

transformation 

 UmUM ∞∞ = n
T

n  (2.75)

Note that all matrices ∞
jm , ∞

jM ( n,...,2,1j = ) are symmetric. It can be proved 

through Eq.(2.73) minus the transpose of Eq.(2.73). 

 

For short-duration cases, using Eqs.(2.69)-(2.75) can work out ( )t∞M  with ease, 
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but using Eqs.(2.69)-(2.75) to solve ( )t∞M  becomes expensive in computational 

cost for long-duration cases. In next section, a new approximate numerical method 

for ( )t∞M  is proposed. 

 

2.7 ANOTHER NUMERICAL SOLUTION FOR ( )t∞M  

 

To achieve ( )t∞M , the ( )t∞M  is decomposed as 

 ( ) ( ) ( ) ( )ttHttHt f
∞∞∞ ++= MKCM  (2.76)

with the static-stiffness matrix of an unbounded medium ∞K  and an coefficient 

matrix C chosen in such a way as to achieve ( ) 0M =∞→∞ tf . For a 2D 

axisymmetrical problem with an unbounded fluid medium, the dimension of 

( )t∞M  is 1x1, because the coefficients matrices E0, E1, and E2 equal to π2 , 0 and 

0, respectively. The corresponding ( )t∞M  can be obtained quickly by using 

Eqs.(2.69)-(2.75) and the time-history profile of ( )t∞M  is shown in Fig.2.4. 

 

Fig.2.4 The time-history of a 1x1 ( )t∞M  

From Fig.2.4, one can see that the slope of the curve becomes smaller and smaller 

t 

( )tf
∞M

( )t∞M  

tc ti 
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when time increases; the slope tends to zero when time ∞→  and the slopes of the 

curve at time “tc” (called cut-off time) and time infinity “ti” are very small, so the 

slope of the curve (the first derivative of ( )t∞M  with respect to time) between 

time “tc” and time infinity “ti” can be assumed to compose an arithmetical 

progression. After discretization of the ( )t∞M  with respect to time, the ( )t∞M  is 

assumed to be constant within each of the time steps and assume that 

 tntt ci ∆=−  (2.77)

where n is the number of time step t∆  between time tc and time ti. Such that, the 

arithmetical progression can be expressed as follows 

 
( ) ( )

dt
tdkn

dt
td ic

∞∞

=∆−
MM

 (2.78)

with an arithmetical mean k∆  and 
( )

0
dt

td i =
∞M  when time “ti” tends to infinity. 

When time tc, time ti and time step t∆  are chosen, the k∆  and n are easy to 

determine, so how to choose the “cut-off” time “tc” and the time infinity “ti” 

becomes important. A numerical method is proposed to determine the “cut-off” time 

“tc” and the time infinity “ti” in the following sections. 

 

2.7.1 Cut-off time “tc” 

 

From Fig.2.4, one can find that the value of the ( )
dt

td ∞M  is very small at late time, 

so the “cut-off” time “tc” can be determined through using the following formula 

 
( ) ( )

tol1
dt

ttd
dt

td cc ≤−






 ∆+







 ∞∞ MM
(2.79)

with an error tolerance “tol”. The first derivatives 
( )

dt
td c

∞M
 and 

( )
dt

ttd c ∆+∞M
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can be solved approximately by using the following formulas, repectively. 

 
( ) ( ) ( )

t
tt-t

dt
td ccc

∆
∆−

≈
∞∞∞ MMM

 (2.80a)

 
( ) ( ) ( )

t
t-tt

dt
ttd ccc

∆
∆+

≈
∆+ ∞∞∞ MMM (2.80b)

After choosing the error tolerance “tol” and determining these ( )tt c ∆−∞M , 

( )ct∞M , ( )tt c ∆+∞M , the “cut-off” time “tc” can be determined by using 

Eqs.(2.79-80). 

 

2.7.2 Time infinity “ti” 

 

In principle, the time infinity “ti” can be chosen as any time more than the final time 

“te” of an analysis. However, from Eq.(2.78), one can see that the arithmetical mean 

k∆  will be too large or too small when the time infinity “ti” is too small or too 

large. Obviously, these too large or too small k∆  will induce an incorrect solution 

of ( )t∞M . So it is necessary to choose an appropriate time infinity “ti”. A process 

for determining the time infinity “ti” is presented in the following. 

 

Firstly, use the method presented in section 2.6 to determine all 1x1 ( )t∞M  from 

time zero to final time “te”. 

 

Secondly, employ the method presented in section 2.7.1 to determine the “cut-off” 

time “tc”.  

 

Thirdly, choose an initial time infinity “ti” and use the initial “ti” to calculate the 

( )t∞M  between the “cut-off” time “tc” and final time “te”. Re-formulate Eq.(2.77) 

as follows. 
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 ( ) tttn ci ∆−=  (2.81)

Substituting Eq.(2.81) and 
( )

0
dt

td i =
∞M

 into Eq.(2.78) yields 

 
( )

0k
t
tt

dt
td cic =∆

∆
−

−
∞M

 (2. 82a)

Substituting Eq.(2.80a) into Eq.(2.82a) leads to 

 
( ) ( )

0k
t
tt

t
tt-t cicc =∆

∆
−

−
∆

∆−∞∞ MM (2. 82b)

So the k∆  satisfies 

 ( ) ( )( ) ( )cicc tttt-tk −∆−=∆ ∞∞ MM (2. 82c)

After determining the k∆ , the ( )
dt

td ∞M  at time tjt c ∆+  can be expressed 

approximately as  

 
( ) ( )

k
dt

t-tjtd
dt

tjtd cc ∆−
∆∆+

=
∆+ ∞∞ MM (2. 83)

where j denotes the jth time step after the “cut-off” time tc. As the 
( )
dt

tjtd c ∆+∞M
 

can be expressed as follows, 

 
( ) ( ) ( )

t
t-tjttjt

dt
tjtd ccc

∆
∆∆+−∆+

≈
∆+ ∞∞∞ MMM

 (2. 84)

Eq.(2.83) is re-written as 

 ( ) ( ) ( )
tk-

dt
t-tjtd

t-tjttjt c
cc ∆








∆

∆∆+
+∆∆+=∆+

∞
∞∞ M

MM  (2. 85)

Through substituting Eq.(2.78) into Eq.(2.85) and as Eq.(2.78) is a arithmetical 

progression, Eq.(2.85) can be re-formulated as 

 ( ) ( ) ( )
tkj-

dt
td

t-tjttjt c
cc ∆








∆+∆∆+=∆+

∞
∞∞ M

MM (2. 86)
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Eq.(2.86) is a recurrence formula. Therefore, all the ( )tjtc ∆+∞M  can be 

calculated by using Eq.(2.86) when knowing the k∆ , ( )ct∞M , and ( )
dt

td c
∞M

. 

 

Fourthly, determine a proper time infinity “ti”. To judge whether the chosen initial 

time “ti” is proper or not, a comparison between the two values of ( )et∞M  at final 

time “te” obtained by using the above two methods, respectively, must be made. 

Here use the symbol ( )cet∞M  to denote the value of ( )et∞M  obtained by using 

the method presented in section 2.6, while use the symbol ( )ret∞M  to denote the 

value of ( )et∞M  obtained by using the recurrence formula in Eq.(2.86). When 

( ) ( ) 0tt cere >− ∞∞ MM , that means that the time “ti” is too large so that the k∆  is 

too small. Reversely, when ( ) ( ) 0tt cere <− ∞∞ MM , that means that the time “ti” is 

too small so that the k∆  is too large. When ( ) ( )cere tt ∞∞ ≈ MM , that means that 

the time “ti” is proper. Therefore, the time infinity “ti” is determined. As the 

dimension of the ( )t∞M  is 1x1, the process of determining the proper “ti” is fast. 

 

Note that all characteristics and formulations of the 1x1 ( )t∞M  in the section 2.7 

are corresponding to a 2D axisymmetrical problem with an unbounded fluid 

medium. That is to say, all characteristics and formulations of the 1x1 ( )t∞M  in 

the section 2.7 are corresponding to a 2D axisymmetrical surface with an 

unbounded fluid medium. Obviously, a 2D axisymmetrical problem can be modeled 

by some non-axisymmetrical elements, which induces that the dimension of the 

( )t∞M  for an unbounded medium is not 1x1 any more. But the 1x1 ( )t∞M  and 

the non-1x1 ( )t∞M  must have same characteristics because the ( )t∞M  only 
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depends on the geometry of the surface with a characteristic length ri as shown in 

Fig.2.2a. That means that the 1x1 ( )t∞M  and the non-1x1 ( )t∞M  have the same 

“cut-off” time “tc”, the time infinity “ti” and the same recurrence formula in 

Eq.(2.86) . Such that, the “cut-off” time “tc” and time infinity “ti” of the non-1x1 

( )t∞M  for a non-axisymmetrical problem with a 2D axisymmetrical surface can be 

determined by those of an axisymmetrical problem with the same 2D 

axisymmetrical surface. The non-1x1 ( )t∞M  can be determined through using 

Eq.(2.86) after knowing the k∆  obtained by using Eq.(2.82c). These operations 

will save lots of computational efforts for the ( )t∞M  and their correctness is 

verified in Chapter 6. 
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CHAPTER THREE 
 

SBFEM FORMULATION FOR LAYERED INFINITE 

FLUID MEDIUM 

 

In practice, certain fluid-structure interaction problems such as dam-reservoir 

interaction problems including a layered infinite fluid medium are often 

encountered. Although these dam-reservoir interaction problems have been solved 

using traditional numerical methods (FEM or BEM) in combination with a 

transmitting boundary, the traditional method’s efficiency and universality are still 

dubious. In this chapter, a SBFEM formulation for a layered infinite fluid medium 

is presented. Its accuracy, efficiency and universality are described in chapters 7 and 

8. 

 

3.1 SBFEM MODELING FOR LAYERED SEMI-INFINITE 

FLUID MEDIUM 

 

Recall Fig.2.1b, in which a semi-infinite fluid medium is bounded by two surfaces 

Oj  and Oi . When these two surfaces are parallel to each other, the semi-infinite 

fluid becomes a layered semi-infinite medium as shown in Fig.3.1 and the scalar 

center O  is located at infinity on the left-hand side. Note that in a submerged 

structure-fluid system, surfaces Oj  and Oi  do not serve as the boundaries of the 

semi-infinite fluid medium because the unique boundary of the infinite fluid 

medium is the fluid-structure interface. However, in a layered semi-infinite system, 

the surfaces Oj  and Oi  serve as the boundaries of the layered semi-infinite fluid 
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medium. In the following formulation, the boundary conditions on these surfaces 

are taken as zero-displacement or zero-pressure. The corresponding formulations 

for a solid medium derived by Wolf and Song (1996a) have the same assumption. 

For some special cases where these boundary conditions are not zero displacement, 

SBFEM formulations are derived in chapter 4. 

 

 

Fig.3.1 A layered semi-infinite medium 

 

Consider a layered semi-infinite fluid medium shown in Fig.3.1 which is bounded 

by two surfaces Oj , Oi  and the side surface ij . When using the SBFEM to 

model the layered semi-infinite fluid medium, only the surface ij  needs to be 

discretized. A typical SBFEM mesh is shown in Fig.3.2. (Here, the surface ij  is 

assumed to be perpendicular to the two surfaces Oj  and Oi , in order to reduce the 

effect of the reflection waves.) Each element ji ′′&  represents the region ijL′ , so that 

the whole layered semi-infinite medium is represented by an assembly of elements 

along the surface ij . 

 

 

∞  

i 

j 

O 

O 

∞  
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Fig.3.2 SBFEM mesh of the layered semi-infinite medium 

 

On the surface ij , the relationship between velocity potential and normal velocity 

in frequency domain can be written as 

 ( ) ( ) ( )ωΦω=ω ∞SR  (3.1a)

 ( ) ( ) ( )ωΦω=ω ∞ &&MR  (3.1b)

where ( )ωR  has the form of Eq.(2.8c); ( )ωΦ  denotes the nodal velocity potential 

vector; ( )ω∞S  and ( )ω∞M  are called the “dynamic stiffness” and “dynamic 

mass” , respectively, of the layered semi-infinite fluid medium. They satisfy 

 ( ) ( ) ( )ωω=ω ∞∞ MS 2i  (3.2)

By applying inverse Fourier transformation to Eqs.(3.1a) and (3.1b) and imposing 

the following zero initial conditions, 

 ( ) 0==Φ 0t  (3.3a)

 ( ) 0==Φ 0t&  (3.3b)

Eqs.(3.1a) and (3.1b) are re-formulated in time domain as 

 ( ) ( ) ( )∫ ττΦτ−= ∞t

0
dtt SR  (3.4a)

 ( ) ( ) ( )∫ ττΦτ−= ∞t

0
dtt &&MR  (3.4b)

where ( )t∞S  and ( )ω∞S , ( )t∞M  and ( )ω∞M , ( )t∞R  and ( )ω∞R  are Fourier 

transform pairs, respectively. The superscript ∞  denotes infinite medium. Note 

∞  

i 

j 

O 

O 

∞  
i′  

j′  

ijL′  

( )
( )ω
ω

Φ
R
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that the “dynamic stiffness” ( )ω∞S  and the “dynamic mass” ( )ω∞M  are both 

dependant of the geometry of the surface ij. Therefore ( )ω∞S  and ( )ω∞M  can be 

written as ( )ω∞ ,rS  and ( )ω∞ ,rM  with a characteristic length r . The expression 

for ( )ω∞S  can be derived from a scalar-finite-element (SFE) cell bounded by face 

1 and face 2 shown in Fig.3.3. 

 
Fig.3.3 Scalar-finite-element cell 

 

3.2 SBFEM FORMULATION FOR LAYERED INFINITE 

MEDIUM 

 

The “dynamic stiffness” relationship between face 1 and face 2 has the same form 

of Eq.(2.21), which is rewritten as 

 ( ) ( ) ( ) ( ) ( )( ) ( )ωω+ωω−ω=ω
−∞∞

21
1

22212111 SSSSSS  (3.5a)

According to Eq.(2.58), we have ( ) ( ) ( )ω=ω=ω ∞∞∞ SSS 21  because the 

characteristic lengths ∞== 21 rr . Hence, Eq.(3.5a) can be rewritten as 

 ( ) ( ) ( ) ( ) ( )( ) ( )ωω+ωω−ω=ω
−∞∞

21
1

221211 SSSSSS  (3.5b)

The solution for ( )ω∞S  in Eq.(3.5b) can be determined after all coefficient 

matrices are known. The coefficient matrices ( )ω11S , ( )ω12S , ( )ω21S  and 
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( )ω22S  are the sub-matrices of the global dynamic stiffness ( )ωS  of the SFE cell 

corresponding to the face 1 and the face 2, respectively. The global dynamic 

stiffness ( )ωS  satisfies 

 







ω−








=








=

2221

12112

2221

1211

2221

1211

MM
MM

KK
KK

SS
SS

S  (3.6)

where jlK , jlM  ( )2,1l,j =  are the sub-matrices of the global stiffness and mass 

matrices of the SFE cell corresponding to the face 1 and the face 2 and can be 

obtained by assembling all element stiffness matrices eK  and mass matrices eM  

in the SFE cell. What follows will show how to determine the element stiffness 

matrix eK  and mass matrix eM  in the SFE cell. 

 

3.2.1 ELEMENT STIFFNESS AND MASS MATRICES 

 

To determine the element stiffness and mass matrices, a 2-dimensional SFE cell is 

considered and a 6-node element in the SFE cell is analyzed as shown in Fig.3.4. 

For other types of elements, the same procedure can be used to obtain the matrices. 

 

 
Fig.3.4 A finite element of a SFE cell 

 

The shape function N of the element is chosen as 
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 [ ] ( ) ( ) ( ) ( )



 ηξ+ηξ−== NNNNN 1

2
11

2
1

21  (3.7)

where ( )ηN  denotes the shape function in the direction η ; the ξ  axis 

corresponds to the radial direction which points from the face 1 towards the infinity 

on the right side and the η  axis corresponds to the circumferential direction. 

1−=ξ  corresponds to the face 1, while 1=ξ  corresponds to the face 2. For a 

3-node element in the η-direction, 1,0,1−=η  corresponds to the nodes 1,2 and 3, 

respectively. Hence, the function ( )ηN  is expressed as 

 ( ) ( ) ( )



 η+ηη−η−η=η 222

2
11

2
1N  (3.8)

The coordinate vectors 2x  and 2y  of nodes lying on the face 2 can be expressed 

in terms of the nodal coordinate vector 1x  and 1y  of nodes lying on the face 1 

and the characteristic width of the SFE w  as follows. 

 [ ]T12 wHwHwH+= xx  (3.9a)

 12 yy =  (3.9b)

where w  is a very small constant; wH  denotes the width of the SFE cell and H  

denotes the height of the whole layered infinite medium. By using isoparametric 

mapping technique, the geometrical interpolation for the position of an arbitrary 

point ( )y,x  inside the element can be expressed as follows. 

 [ ] 







=









22

11
21

T

y
x

yx
yx

NN  (3.10a)

Substituting Eq.(3.7) and Eqs.(3.9a,b) into Eq.(3.10a) leads to 

 ( )[ ] ( ) 



 ξ++η=









01
2

wH
y
x

11

T

yxN  (3.10b)

The “Jacobian” matrix J , i.e. the differentials of the two mapped coordinate 
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system is 

 



















η∂
∂

η∂
∂

ξ∂
∂

ξ∂
∂

= yx

yx

J  (3.11a)

Substituting Eq.(3.10b) into Eq.(3.11a) yields  

 JJ













=

10

0
2
w

 (3.11b)

where  

 ( ) ( )














η
η

η∂
η=

11 d
d

d
d

0H

yNxNJ  (3.11c)

The determinant of “Jacobian” matrix J  is 

 JJ
2
w

=  (3.12)

The inverse of the “Jacobian” matrix J  is 

 













= −−

10

0
w
2

11 JJ  (3.13)

Denoting the components of 1−J  as mnj , i.e. 

 ( )

( )

( )


















η
η

−

η
η

η
η

=







=−

H
d

d

0
d

d

d
dH

1
jj
jj

1

1

1
2221

12111

xN

yN

yN
J  (3.14)

We have the derivatives of the shape functions as follows. 
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( ) ( ) ( ) ( )
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 (3.15a)
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Eq.(3.15a) is the strain-displacement relationship matrix B of the fluid medium, 

which is re-written as 

 [ ] ( ) ( ) 



 ξ+ξ−+−= 2211 1

2
11

2
1

w
1 BBBBB  (3.15b)

where  

 ( ) ( )

( )

( ) ( )η


















η
η

−

η
η

η
η

=η








= N
xN

yN

yN
NB

1

1

1
21

111

d
d
d

d

d
dH

1
j
j

 (3.16a)

 ( )
( )

( )
η
η










η
η

=
η
η









=
d

d
H
0

d
dH

1
d

d
j
j

1
22

122 N

yN
NB  

(3.16b)

Note that 1B  and 2B  are functions of η  only. 

 

The formula for an element stiffness matrix, Eq.(2.8b) is re-written as 

 ∫ ∫∫ − −
ηξ==

1

1

1

1

T

v

eTe dddv
e

JBBBBK  (3.17)

Note that eK  can be integrated analytically. Partitioning eK  into sub-matrices 

with respect to the face 1 and the face 2 leads to 

 







=

2221

1211e

kk
kk

K  (3.18)

of which, each sub-matrix ijk  ( )2,1j,i =  can be written as 

 2
ij

1
ij

0
ijij w

w
1 KKKk ++=  (3.19)

where  

 0
ji

0
ij EK ξξ=  (3.20a)

 T1i1j1
ij 22

EEK ξ
+

ξ
=  (3.20b)

 2ji2
ij 3

1
4
1 EK 







 ξξ
+=  (3.20c)
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in which 

 ∫− η=
1

1

1T10 dJBBE  (3.21a)

 ∫− η=
1

1

1T21 dJBBE  (3.21b)

 ∫− η=
1

1

2T22 dJBBE  (3.21c)

and 11 −=ξ , 12 =ξ . 0E , 1E  and 2E  can be conveniently determined by 

numerical integrations. Note that 0E , 1E  and 2E  are functions of η  only and 

thus associated with the discretization of the face 1 of the SFE cell. In addition, 0E  

is positive definite and symmetric. 2E  is semi-infinite definite and symmetric. 

 

Similar to the element stiffness matrix, the element mass matrix eM  (Eq.(2.8a)) 

can be partitioned into sub-matrices accordingly, i.e. 

 







=

2221

1211e

mm
mm

M  (3.22)

in which 

 ( ) ( )20ji22
ijij wO

3
1

4
wwOw +







 ξξ
+=+= MMm  (3.23)

where 

 ( ) ( )∫− ηηη=
1

1

T
2

0 d
c
1 JNNM  (3.24)

which is positive definite and symmetric. Note that the last term on the right hand 

side of Eq.(3.23) stands for the order of error ( )2w . When w  tends to zero, the 

error ( )2wO  on the right hand side of Eq.(3.23) will vanish. 

 

In order to have an insight into the coefficient matrices 0E , 1E , 2E  in Eq.(3.21) 

and 0M  in Eq.(3.24), a special 2-dimensional element shown in Fig.3.4 is 

considered here. In it, the face 1 is parallel with the axis x and perpendicular to the 

y axis and the node 2 is assumed to be located at the center of the line between the 
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node 1 and the node 3, i.e.  

 ( )312 yy
2
1y +=  (3.25)

Substituting Eq.(3.25) into the coordinate vectors [ ]T1111 xxx=x  and 

[ ]T3211 yyy=y  and then the results into Eq.(3.11c) and Eqs.(3.16a,b) yields  

 











=

2
0

0H
lJ  (3.26a)
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
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
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
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

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
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
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1
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122 NN
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NB
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(3.26c)

where l denotes the height of the element ( )13 yy −=l . Substituting Eqs.(3.26a-c) 

into Eqs.(3.21a-c) and integrating the results with respective to η  from -1 to 1 

yield the following coefficient matrices for the element. 

 
















−

−
=η= ∫−
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2162
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d
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1
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





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d
1

1
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















−
−−

−
=η= ∫−

781
8168
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3
Hd

1

1

2T22

l
JBBE  (3.27c)

Substituting Eq.(3.26a) into Eq.(3.24) and then integrating the result yields the 

following coefficient matrix for the element 
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 ( ) ( )
















−

−
=ηηη= ∫−

421
2162
124

c30
Hd

c
1

2

1

1

T
2

0 lJNNM  (3.27d)

Note that the solutions in Eqs.(3.27a-d) are exact. Upon determining the coefficient 

matrices 0E , 1E , 2E  and 0M , the element stiffness matrix eK  and mass 

matrix eM  can be obtained by Eq.(3.18) and Eq.(3.22), respectively. 

  

3.2.2 FINAL SBFEM FORMULATION FOR LAYERED INFINITE 

MEDIUM 

 

The final SBFEM formulation for a layered infinite medium can be obtained 

through taking limit 0w →  as described in section 2.4 and the final frequency 

formulation is expressed as follows. 

 ( )( ) ( )( ) 0022T1101 =ω+−+ω+ω ∞−∞ MEESEES  (3.28)

where the global coefficient matrices 0E , 1E , 2E  and 0M  are obtained through 

assembling all element 0E , 1E , 2E  and 0M  evaluated from Eqs.(3.21a-c, 3.24) 

for a SFE cell. Appling the inverse Fourier transformation to Eq.(3.28) yields the 

final time formulation as follows. 

 
( ) ( ) ( ) ( )

( ) ( ) 0tHttH
6
t

dddddt

02
3

T1t

0 0

t

0 0

1t

0

=−−

ττ′τ′+ττ′τ′+τττ− ∫ ∫∫ ∫∫
τ ∞τ ∞∞∞

me

emmemm
 (3.29)

where  

 ( ) ( ) 1T1 tt −∞−∞ = UMUm  (3.30)

and 

 11T11 −−= UEUe  (3.31a)

 ( ) 1T11012T12 −−− −= UEEEEUe  (3.31b)

 10T10 −−= UMUm  (3.31c)
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in which U  can be obtained by decomposing 0E  via Cholesky’s method such 

that 

 UUE T0 =  (3.31d)

and ( )t∞M  satisfies Eq.(3.4b). Note that 2e  is symmetric and 0m  is positive 

definite and symmetric. Upon determining ( )t∞m , the matrix ( )t∞M  can be 

obtained as 

 ( ) ( )UmUM tt T ∞∞ =  (3.32)

Hence, the velocity-to-velocity-potential relationship in Eq.(3.4b) can be solved. 

Details of the inverse Fourier transformation can be found in the literature (Wolf 

and Song (1996a)). The numerical solution for Eq.(3.29) is similar to those in 

section 2.6. The accuracies and efficiencies of Eqs.(3.28) and (3.29) will be shown 

through checking against some dam-reservoir interaction problems in chapters 7 

and 8 in both frequency domain and time domain. It is worth mentioning that 

Eq.(3.28) is difficult to solve when the coefficient matrix 1E  is present, but when 
1E  vanishes, Eq.(3.28) can be easily solved. 
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CHAPTER FOUR 

 

SBFEM FORMULATION EXTENSION FOR BEAM ON 

VISCO-ELASTIC-TYPE FLUID FOUNDATION 

PROBLEMS 

 

The writer extends the SBFEM to solve semi-infinite Timoshenko beam on 

visco-elastic-type fluid foundation problems. The SBFEM formulations described 

in chapters 2-3 are only suitable for cases where the boundary conditions along the 

non-discretized surfaces have zero-displacement. It is similar to the formulations for 

a semi-infinite soil medium as derived by Wolf and Song (1996a). For the soil 

medium, either the displacement or the force equals to zero along the 

non-discretized boundary; whereas for the fluid medium, either the pressure or the 

normal velocity equals to zero along the non-discretized boundary. In this chapter, a 

beam resting on visco-elastic foundation which has non-zero boundary conditions, 

is considered. An analytical formulation based on the techniques of the SBFEM for 

a semi-infinite Timoshenko beam on visco-elastic-type fluid foundation is derived. 

It is an extension of those for layered semi-infinite medium. Compared to the 

SBFEM formulations for zero boundary condition along the non-dicretized 

boundary, this formulation has one coefficient matrix modified and one new 

coefficient matrix produced. The two new matrices describe the effect of the 

visco-elastic foundation and are applicable to general cases. Note that here the 

analytical formulation is employed for the solid beam, not the fluid foundation. By 

setting the damping coefficients of the visco-elastic foundation equal to zero, the 

formulation is applicable for cases of elastic foundations. By setting both the 

damping coefficients and stiffness of visco-elastic foundations equal to zero, the 
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formulation describes the cases of a beam not resting on a foundation. Benchmark 

examples are presented to verify the accuracy and efficiency of the analytical 

formulation. Good results are obtained. 

 

4.1 INTRODUCTION 

 

Relatively very long beam resting on elastic and visco-elastic foundations are often 

encountered. It is a classical problem, and has attracted many attentions. 

 

For beam-on-foundation systems, either the Bernoulli-Euler or the Timoshenko 

beam theory is often employed to model the beam, while the underlying foundation 

is often modeled as the simplest Winkler foundation (Feng and Cook, 1983). As 

Bernoulli-Euler beam theory has a simple mathematical form, some analytical 

solutions are available for homogeneous infinite beam-foundation systems (Kenney, 

1954; Stadler and Shreeves, 1970; McGhie, 1990; Sun, 2001), where only flexural 

waves are considered and shear waves have been ignored. For cases where shear 

waves can not be ignored, Timoshenko beam theory has been employed 

(Achenbach and Sun, 1965; Wang and Gagnon, 1978; Felszeghy, 1996a,b; Billger 

and Folkow, 1998; Folkow et al., 1998; Chen et al.2001) and closed-form solutions 

have been derived for ideal homogeneous beam and foundation models. 

 

Other than those analytical solutions, a powerful alternative is to employ numerical 

methods. The numerical methods are suitable for beam-foundation systems with 

inhomogeneous and complicated character. Wang et al. (1984) reported to use the 

Finite element method (FEM) to model an infinite beam. The infinite beam was 

truncated into a finite beam with fixed boundary conditions at the truncated 

boundaries. However, results were contaminated by reflected waves from the 

truncated boundaries. In order to avoid the effect of the reflected waves, an artificial 
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boundary condition along the truncated boundaries was developed (Tsynkov 1998, 

Givoli 1999), but it was too complicated to be implemented numerically due to the 

involvement of special functions and convolution integrals. Recently, Liu and Xu 

(2002) and Liu and Li (2003) developed high-order accurate artificial boundary 

conditions on truncated boundaries by using the residual radiation method, which 

could be easily incorporated into a conventional FEM. The residual radiation 

method transferred a second-order partial differential equation into a linear 

first-order ordinary differential equation by factorizing the partial differential 

equation and introducing a set of residual radiation functions. In order to obtain 

accurate results, many residual radiation functions must be produced, which 

increased the complexity of the residual radiation method. 

 

In this chapter, an analytical formulation based on the techniques of the SBFEM for 

a semi-infinite Timoshenko beam on visco-elastic-type fluid foundation problems is 

derived. It is an extension of the traditional SBFEM formulation for layered infinite 

medium. To keep its derivation simple and clear, the derivation is only limited to 

Timoshenko beams on visco-elastic-typed fluid foundation problems. Actually, the 

methodology covers the general cases. It is also applicable to cases of elastic 

foundations or no foundations by changing some of the coefficient matrices. Its 

accuracy and efficiency are validated by some benchmark examples. The first one is 

a semi-infinite rod resting on an elastic foundation or no foundation. The second 

one is a semi-infinite Timoshenko beam resting on visco-elastic foundations. 

Parametric analyses for various foundations are carried out as well. 
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4.2 AN ANLYTICAL FORMULATION BASED ON THE 

SBFEM TECHNIQUES FOR A SEMI-INFINITE TIMOSHENKO 

BEAM ON A VISCO-ELASTIC FOUNDATION 

 

An infinite elastic beam on a visco-elastic foundation as shown in Fig.4.1a is 

considered. It is treated as a plain-strain problem. The infinite beam is taken as a 

Timoshenko beam, while the visco-elastic foundation is modeled by continuous 

springs and dashpots uniformly distributed beneath the infinite beam. In order to 

obtain the response of the infinite beam, the infinite beam and the foundation are 

divided into two fields, as shown in Figs.4.1b and 4.1c, by two artificial (truncated) 

boundaries at 1xx =  and 2xx = . The near field segment is a finite beam resting 

on a foundation, while the far field segment consists of two semi-infinite beams 

resting on a foundation. This formulation permits the near-field beam to be modeled 

by FEM and coupled with the far-field semi-infinite beam. However, in order to 

derive and validate the analytical formulation based on the SBFEM techniques for 

semi-infinite beams, the near-field is dropped. Taking advantage of the symmetry, 

only half of the far-field is considered. The semi-infinite beam is modeled by the 

SBFEM. The semi-infinite beam on the right hand side whose artificial boundary is 

located at 2xx =  is considered. 

Fig.4.1a An infinite beam on a foundation 
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Fig.4.1b Finite beam after truncation 

 

Fig.4.1c Semi-infinite beams after truncation 

 

 

Fig.4.2 Forces of an infinitesimal beam element on foundations 

 

The forces and the deformations of an infinitesimal beam element on a visco-elastic 

foundation are shown in Fig.4.2. The motion equilibrium equations of the 

infinitesimal beam element are expressed as (Hu, 1984) 

 kvvdvA
x
Q

−−ρ−=
∂
∂

&&&  (4.1a)

dx
x

MM
∂
∂

+  

y 

kvvdvA ++ &&&ρ

θθθρ 11 kdJ ++ &&&

dx 

M 

Q
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x
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∂
∂

+

x 

v

θ

O 
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 θ+θ+θρ+=
∂
∂

11 kdJQ
x
M &&&  (4.1b)

where v  and θ  denote the beam deflection in the y direction and the bending 

rotation, respectively; ρ , A  and J  represent the density, the cross-section area, 

and the second moment of the beam’s cross-sectional area, respectively; d and d1 

are the translational and rotational viscous-damping coefficients, respectively; k and 

k1 are the translational and rotational spring constants, respectively; Q  and M  

denote the shear force and the bending moment, respectively, and are related to their 

corresponding deformations as follows. 

 ( ) βµ= AGt,xQ  (4.2a)

 ( )
x

EJt,xM
∂
θ∂

=  (4.2b)

where β  and µ  denote the shear angle and shear factor, respectively; and E  and 

G   are the Young’s and shear moduli of the beam, respectively. The bending 

rotation θ   and shear angle β  have a relationship in the form of 

 β+
∂
∂

=θ
x
v  (4.3)

Substituting Eqs.(4.2a,b,4.3) into Eqs.(4.1a,b) yields the motion equilibrium 

equations at any location x  as follows. 

 vdvAkv
x

AG
x

vAG 2

2

&&& +ρ=−
∂
θ∂

µ−
∂
∂

µ  (4.4a)

 ( ) θ+θρ=θ+µ−
∂
∂

µ+
∂
θ∂ &&&

112

2

dJkAG
x
vAG

x
EJ  (4.4b)

The direction coordinates of ( )t,xQ , ( )t,xM , v  and θ  are shown in Fig.4.2. 
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4.2.1 FINITE-ELEMENT ANALYSIS 

 

Consider an infinitesimal isoparametric linear element put in place between 2x  

and 3x  at the end of the semi-infinite Timoshenko beam on a visco-elastic 

foundation as shown in Fig.4.3a, in which h  denotes the height of the beam, and 

hw ×  represents the length of the linear element having a very small 

dimensionless quantity w  times h. The equivalent finite element equation of 

Eqs.(4.4a,b) for the element is 

 fext2

2

t
FFKuuM +=+

∂
∂  (4.5)

where M  and K  denote the mass and stiffness matrices of the element, 

respectively; no damping is considered; extF  denotes the external force which can 

be easily obtained and fF  denotes the force from foundations acting on the 

element; u  denotes the deformations of the element. Of note, the external force 

extF  is assumed to be applicable on the surface 2xx = . In other words, there is no 

force except the force fF  acting underneath the semi-infinite beam. What follows 

are the details of the evaluation for the terms M , K  and fF . 

 

The deformations 
( )
( )







θ x

xv
 at the spatial position x  as shown in Fig.4.3a are 

linearly interpolated between the nodal values 







θ2

2v
 at 2x  and 








θ3

3v
 at 3x  as 

follows. 

 
( )
( ) Nu=





















θ

θ








=








θ

3

3

2

2

21

21

v

v

N0N0
0N0N

x
xv

 (4.6)
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where x  denotes the distance away from the end 2x ; ( )xv  and ( )xθ  denote the 

deflection and the bending rotation of the Timoshenko beam at the spatial position 

x , respectively; ( )ξ−= 1
2
1N1 , ( )ξ+= 1

2
1N2  with 






 ×

−−
×

=ξ
2

hwxx
hw

2
2  , 









=

21

21

N0N0
0N0N

N  and [ ]T3322 vv θθ=u . The positive directions of 

the deflection v  and rotation θ  are shown in Fig.4.3d. 

 

 
Fig.4.3a A 2-node element taken out from a Timoshenko beam  

 

 

Fig.4.3b A semi-infinite Timoshenko beam from 2x  to infinity 

 

h  

hw×

2x  3x

∞
x

foundation 

beam 

x axis 

y axis 

x axis 

y axis 

2M
2x  ∞

foundation

beam 

2Q  

2v  2θ  

( ) ( )t∞∞ MS ,2 ω
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Fig.4.3c A semi-infinite Timoshenko beam from 3x  to infinity 

 

 

Fig.4.3d The part ( a 2-node element ) between 2x  and 3x  

 

The curvature-displacement relationship is expressed as 

 ( ) uB c

3

3

2

2

21

v

v

dx
dN

0
dx

dN
0

dx
xd

=





















θ

θ




−=

θ
−  (4.7a)

where cB  denotes the curvature-displacement matrix, while the shear 

strain-displacement relationship is given as 

3x ∞

foundation

beam 

3Q  

3M

3v 3θ

( )ω∞
3S

x axis 

y axis 

2x 3x

2M

2Q 3Q′

3M ′

2v 2θ 3v 3θ

p bm

x
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 ( ) ( ) uB s

3

3

2

2

2
2

1
1

v

v

N
dx

dN
N

dx
dN

x
dx

xdv
=





















θ

θ




 −−=θ−  (4.7b)

where sB  denotes the shear strain-displacement matrix. By virtue of the principle 

of virtual work and the conventional finite element method, the stiffness matrix K  

of the linear Timoshenko beam element can be written as 

 cs KKK +=  (4.8a)

where 

 ( ) dxEJ3

2

x

x c
T
cc ∫= BBK  (4.8b)

 ( )∫=
3

2

x

x s
T
ss dxÂG BBK  (4.8c)

in which AÂ µ= . The mass matrix M  of the element can be expressed as 

 dx
J0

0A3

2

x

x

T NNM ∫ 







ρ

ρ
=  (4.8d)

Partitioning K  and M  into sub-matrices corresponding to the spatial positions 

2x , 3x  leads to 

 







=

3332

2322

KK
KK

K  (4.9a)

 







=

3332

2322

MM
MM

M  (4.9b)

By substituting the shape function N  in Eq.(4.6), the curvature-displacement 

matrix cB  in Eq.(4.7a) and the shear strain-displacement matrix sB  in Eq.(4.7b) 

into Eqs.(4.8a-d), the sub-matrices jlK  and jlM  of the stiffness matrix K  and 

mass matrix M  in Eqs.(4.9a,b) can be written as 

 2
jl

1
jl

0
jljl w

w
1 KKKK ++=  (4.10a)
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 0lj
jl 3

1
4
w MM 







 ξξ
+=  (4.10b)

where the subscripts 3,2l,j = , and the corresponding 1,1 32 =ξ−=ξ ; the matrix 

 0
lj

0
jl EK ξξ=  (4.11a)

in which 

 



















=

h
EJ0

0
h
ÂG

0E  (4.11b)

and 

 T1
j

1
l

1
jl 2

1
2
1 EEK ξ+ξ=  (4.11c)

in which 

 







−

=
0ˆ
001

AG
E  (4.11d)

and 

 2lj2
jl 124

1 EK 






 ξξ
+=  (4.11e)

in which 

 







=

hÂG0
002E  (4.11f)

and 

 







ρ

ρ
=

Jh0
0Ah0M  (4.11g)

 

The pressure p  and the bending moment bm  at the spatial position x  acting on 

the Timoshenko beam from the visco-elastic foundation shown in Fig.4.3d can be 

expressed as 
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 ( ) ( )
t
xvdxkvp

∂
∂

−−=  (4.12a)

 ( ) ( )
t
xdxkm 11b ∂

θ∂
−θ−=  (4.12b)

By using the conventional finite element technique, the equivalent force fF  in 

Eq.(4.5) can be expressed in terms of the pressure p  and the moment bm  as 

follows. 

 ∫








= 3

2

x

x
b

T
f dx

m
p

NF  (4.13a)

Substituting Eq.(4.6) into Eqs.(4.12a,b) and then re-writing the results in matrix 

form leads to 

 
td0

0d
k0
0k

m
p

11b ∂
∂









−








−=







 uNNu (4.13b)

Substituting Eq.(4.13b) into Eq.(4.13a) yields 

 
tt

dx
d0
0d

dx
k0
0k

ff

x

x
1

Tx

x
1

T
f

3

2

3

2 ∂
∂

−−=
∂
∂









−








−= ∫∫

uCuKuNNuNNF  (4.13c)

where 

 dx
k0
0k3

2

x

x
1

T
f NNK ∫ 








=  (4.14a)

 dx
d0
0d3

2

x

x
1

T
f NNC ∫ 








=  (4.14b)

Of note, fK  and fC  describe the stiffness and damping properties of the 

visco-elastic foundation. They are partitioned into sub-matrices corresponding to 

the spatial positions 2x  and 3x  as follows. 

 







=

3332

2322

ff

ff
f KK

KK
K  (4.15a)

 







=

3332

2322

ff

ff
f CC

CC
C  (4.15b)
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By substituting N  in Eq.(4.6) into Eqs.(4.14a,b), the sub-matrices in Eqs.(4.15a,b) 

can be expressed as 

 2
flj

1
ljjlf 3

11
4
w

hk0
0kh

3
11

4
w EK 






 ξξ+=














 ξξ+=  (4.16a)

where 

 







=

hk0
0kh

1

2
fE  (4.16b)

and 

 0
ljjlf 3

11
4
w CC 






 ξξ+=  (4.16c)

in which 

 







=

hd0
0dh

1

0C  (4.16d)

The subscripts 3,2l,j = , and the corresponding 1,1 32 =ξ−=ξ . Substituting 

Eq.(4.13c) into Eq.(4.5) and re-arranging leads to 

 ( ) extff2

2

tt
FuKKuCuM =++

∂
∂

+
∂
∂  (4.17)

Similar to Eq.(4.9a), sub-matrices jlK′  of the stiffness matrix fKK +  for the 

element shown in Fig.4.3d can be expressed as 

 2
jl

1
jl

0
jljl w

w
1 KKKK ′++=′  (4.18a)

where 

 ( ) 2lj2
f

2lj2
jl 124

1
124

1 EEEK ′






 ξξ
+=+







 ξξ
+=′  (4.18b)

in which 

 







+

=+=′
hkhÂG0

0kh

1

2
f

22 EEE  (4.18c)

From Eq.(4.16d) and Eq.(4.18c), one can see that the coefficient matrices 0C  and 
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2E′  depend not only on the geometry of the end of the Timoshenko beam, but also 

on the properties of the visco-elastic foundation. 

 

4.2.2 THE ANLYTICAL SOLUTION BASED ON THE SBFEM 

TECHNIQUES 

 

Since the semi-infinite beam on a foundation shown in Fig.4.3a is a single-layered 

semi-infinite medium, the SBFEM concept is employed to model the semi-infinite 

Timoshenko beam. The response equations at the spatial positions 2x  and 3x  in 

frequency domain are formulated as 

 ( ) ( ) ( )ωω=ω ∞
222 uSF  (4.19a)

 ( ) ( ) ( )ωω=ω ∞
333 uSF  (4.19b)

where ( ) ( )
( )








ω−
ω

=ω
j

j
j M

Q
F  is the force vector; ( ) ( )

( )







ωθ
ω

=ω
j

j
j

v
u  with 3,2j =  is 

the deformation vector; and ( )ω∞
jS  denotes the dynamic stiffness matrix of the 

semi-infinite beam from jx  to infinity;  ( )ωjQ  and ( )ωjM  denote the shear 

force and the bending moment at jx , respectively. The positive directions of 

( )ωjQ  and ( )ωjM  are shown in Figs.4.3b and 4.3c. Note that for a layered 

semi-infinite medium, the dynamic stiffness matrices ( )ω∞
2S  and ( )ω∞

3S  satisfy 

 ( ) ( ) ( )ω=ω=ω ∞∞∞
32 SSS  (4.19c)

because of the same geometry of the end at the spatial position 2x , 3x , where 

( )ω∞S  denotes the dynamic stiffness matrix of the semi-infinite beam. In order to 

obtain an equation for the ( )ω∞S , the finite element equation Eq.(4.17) for the 

element shown in Fig.4.3d is re-written in a frequency-analysis form as follows. 
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 ( ) ( ) ( )( ) ( ) ( ) ( )ωω=ωω+ω++=ω uSuMCKKF 2
ffext ii  (4.20a)

where 

 ( ) ( ) ( ) MCKKS 2
ff ii ω+ω++=ω  (4.20b)

Note that compatibility is enforced at 2x  and 3x . Hence, ( )ωextF  is expressed as 

 ( ) ( )
( )

[ ]
[ ]

[ ]
[ ]

( )
( )








ω−
ω

=








−
−

=








′−′
−

=








ω′
ω

=ω
3

2
T

33

T
22

T
33

T
22

3

2
ext MQ

MQ
MQ
MQ

F
F

F
F

F  (4.21)

Partition Eq.(4.20a) into sub-matrices corresponding to the spatial positions 2x  

and 3x . Substituting Eqs.(4.19a,b) into Eq.(4.21), and then the result into Eq.(4.20a) 

yields 

 
( ) ( )
( ) ( )

( )
( )

( )
( )

( )
( )








ω
ω










ω−
ω

=








ω
ω









ωω
ωω

∞

∞

3

2

3

2

3

2

3332

2322

0
0

u
u

S
S

u
u

SS
SS

 (4.22)

Solving Eq.(4.22) and substituting Eq.(4.19c) into the result leads to 

 ( ) ( ) ( ) ( ) ( )( ) ( )ωω+ωω−ω=ω
−∞∞

32
1

332322 SSSSSS  (4.23)

By re-arranging Eq.(4.23) and employing the same technique presented by Song 

and Wolf (1996), ( )ω∞S  satisfies 

 ( )( ) ( )( ) ( ) 0ii 0202T1101 =ω−ω−′−+ω+ω ∞−∞ MCEESEES  (4.24)

in which the coefficient matrices 0E , 1E , 2E′ , 0C  and 0M  are as expressed in 

Eqs.(4.11b, 4.11d, 4.18c, 4.16d, 4.11g), respectively. Upon obtaining ( )ω∞S , the 

relationship between the force and the deformation in Eq.(4.19a) can be determined. 

The corresponding equation of Eq.(4.19a) in the time domain with zero initial 

conditions  (i.e. the layered semi-infinite beam is initially at rest) can be 

formulated as 

 ( ) ( ) ( )
∫ τ

∂
τ∂

τ−= ∞t

0 2
2

2

d
t

tt uMF  (4.25)
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where ( ) ( )
( )






−

=
tM

tQ
tF , ( ) ( )

( )






θ

=
t
tv

t
2

2
2u  and ( )t∞M  denote the force vector, the 

deformation vector and the acceleration unit-impulse response matrix at 2x  of the 

Timoshenko beam, respectively; ( )tQ  and ( )tM  denote the shear force and the 

bending moment at 2x , respectively; ( )tF  and ( )ω2F , ( )t2u  and ( )ω2u , and 

( )t∞M  and ( )ω∞M  form the Fourier transform pairs, respectively. The 

acceleration unit-impulse response matrix ( )ω∞M  is defined as 

 ( ) ( )
( )2iω

ω
=ω

∞
∞ SM  (4.26)

Substituting Eq.(4.26) into Eq.(4.24) and applying the inverse Fourier 

transformation to the results yields 

 ( ) ( ) ( )∫ ∫∫ ττ′τ′+τττ−
τ ∞∞∞ t

0 0

1t

0
dddt memm  

  ( ) ( ) ( ) ( ) 0tHttH
2
ttH

6
tdd 00

2
2

3
T1t

0 0
=−−−ττ′τ′+ ∫ ∫

τ ∞ mceem  
(4.27)

where 

 11T11 −−= UEUe  (4.28a)

 ( ) 1T11012T12 −−− −′= UEEEEUe  (4.28b)

 10T10 −−= UCUc  (4.28c)

 10T10 −−= UMUm  (4.28d)

and 0E  is decomposed by Cholesky’s method as follows. 

 UUE T0 =  (4.28e)

The ( )t∞M  in Eq.(4.25) satisfies 

 ( ) ( )UmUM tt T ∞∞ =  (4.29)

Upon knowing ( )t∞m , the matrix ( )t∞M  is then determined and subsequently the 
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relationship in Eq.(4.25) can be established. Here, Eq.(4.24) and Eq.(4.27) are 

called the “consistent infinitesimal finite-element cell” equation in frequency and 

time domain, respectively. In comparison with those derived by Song and Wolf 

(1996), a new term ( 0C  or 0c ) accounting for the damping of a visco-elastic 

foundation is added. Similarly the coefficient 2E′  is introduced to account for the 

stiffness of a viscoelastic foundation. Of note, 2E′  replaces 2E  in the derivation 

by Song and Wolf (1996). It is worth mentioning that the earlier formulation 

derived by Song and Wolf (1996) is only suitable for cases where the boundary 

conditions are zero along the non-discretized boundaries (i.e. the top and bottom 

surface of the layered medium). Therefore, their formulation is not suitable for 

beams on foundations. The present modified formulation works. Since all terms in 

Eqs.(4.24,27) are exact, Eqs.(4.24,27) are analytical, not approximate. 

 

Although Eqs.(4.24,27) are derived for a Timoshenko beam resting on 

visco-elastic-type fluid foundations, the corresponding equations for any 

semi-infinite beam resting on an elastic foundation or without foundation has 

similar form of Eqs.(4.24,27) except for 0C  and 2
fE . For the cases not resting on a 

foundation, all the visco-elastic parameters ( k , 1k  and d , 1d ) in Eqs.(4.12a,b) 

vanish, i.e. 

 







=

00
000C  (4.30a)

 







=

00
002

fE  (4.30b)

For the case of beam on an elastic foundation, the damping parameters ( d , 1d ) in 

Eqs.(4.12a,b) vanish, i.e. 

 







=

00
000C  (4.31a)
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 







=

hk0
0kh

1

2
fE  (4.31b)

For the case of a 1-dimensional semi-infinite rod resting on an elastic foundation, 

the SBFEM formulation also has the similar forms of Eqs.(4.24,27) since the 

derivation process is the same as the above, but the degree of freedom 

corresponding to the bending rotation must be dropped. As such, the coefficient 

matrices are reduced to 1x1 matrices, i.e., hEA0 =E  , ,01 =E  02 =E , 00 =C , 

Ah0 ρ=M  and hk g
2
f =E , where gk  denotes the stiffness of the elastic 

foundation. When gk  equals zero, no foundation is present. Substituting these 

coefficient matrices for the cases of 1-dimensional semi-infinite rod without 

foundation into Eq.(4.24) leads to 

 ( ) ( ) 200002 EAiii ρω=ω=ω=ω∞ MEMES  (4.32)

The corresponding Eq.(4.25) is re-written as 

 ( ) ( ) t

0
00 t0tHt ∂∂−= uMEF  (4.33)

where ( )0tH −  denotes a Heaviside function. Initial conditions for the 

semi-infinite rod are 

 ;0
0t
=

=
u  0

t 0t

=
∂
∂

=

u
 (4.34)

Substituting these initial conditions into Eq (4.33) and then integrating leads to 

 ( ) ( )
( )

( )
∫∫ τ

ρ

τ
=τ

−

τ
=

t

0 2

t

0 00
d

EA
d

0tH
t F

ME
Fu  (4.35)

where ( )tu  and ( )tF  represent the displacement and the force at the near-end of 

the semi-infinite rod, respectively. Hence, Eq (4.35) actually describes the 

relationship between the displacement and the force at the near-end of the 

semi-infinite rod without foundations. Of note, it yields an exact solution. In other 
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words, the SBFEM techniques provide an alternate route for an analytical solution 

of the semi-infinite rod without foundations. 

 

Although the analytical solution for a 1-dimensional rod can be easily obtained by 

the SBFEM techniques, the analytical solutions for most cases are difficult to obtain. 

Normally, numerical solutions are adopted. In order to obtain the numerical solution, 

∞
jM  at time tjt ∆=  (where t∆  denotes an increment in time) of Eq.(4.27), 

Eq.(4.27) can be discretized with respect to time. The solution procedure is similar 

to those in section 2.6. Upon determining ∞
jM  and by assuming 2uu = , Eq.(4.25) 

is discretized with respect to time as follows. 

 ( )∑
=

−
∞

+− −=
n

1j
1jj1jn

n uuMF &&  (4.36a)

where ( )tnn ∆= FF , and 
tjt

j t ∆=∂
∂

=
uu& . Re-arranging Eq (4.36a) to present n1 uM &∞  

appeared on the left hand side leads to 

 ( ) 0nj

1n

1j
jn1jn

n
n1 uMuMMFuM &&& ∞

−

=

∞
−

∞
+−

∞ +−−= ∑  (4.36b)

where the zero initial conditions for Eq.(4.25) are expressed as 

 0uu === )0t(0  (4.37a)

 0uu =
∂
∂

=
=0t

0 t
&  (4.37b)

Note that Eq.(4.36b) can be used to determine the deformation u  at any time when 

( )tF  is known and Eq.(4.36a) can be used to determine the force ( )tF  when the 

deformation u  is known because ∞
jM  is independent of ( )tF  and u . 

 

Of note, all formulas shown in Eq.(4.5) through Eq.(4.37) are based on the 

coordinate system domain in Fig.4.3a which is different from the coordinate system 
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in Fig.4.2. In order to compare the results obtained from these two coordinate 

systems, a transform has to be implemented. Here, the subscript 1 denotes the 

quantities in Fig.4.2, while the subscript 2 is for the quantities in Fig.4.3a. The 

relationship between the bending and shear angle in these two coordinate systems is 

 1
1

1 x
v

β+
∂
∂

=θ  (4.38a)

 2
2

2 x
v

β−
∂
∂

=θ  (4.38b)

For any cross section, the bending angle must be the same, i.e. 

 21 θ=θ=θ  (4.39)

As 
x
v

x
v 21

∂
∂

−=
∂
∂ , combining Eqs.(4.38a,b) and Eq.(4.39) yields 

 21 2 β+θ=β  (4.40)

By substituting Eq.(4.40) into Eq.(4.2a), the shear force can be expressed as 

 ( ) ( ) 221 Q2AGAG2AGQ −θµ=βµ+θµ=  (4.41a)

Through observing the positive direction of the bending moment, the bending 

moment satisfies 

 21 MM −=  (4.41b)

 

4.3 EXAMPLES 
 

Two examples are used to verify the accuracy of the present SBFEM formulation 

shown in Eqs.(4.24,27) for a beam resting on a visco-elastic foundation.. 
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4.3.1 A SEMI-INFINITE ROD ON ELASTIC FOUNDATIONS 
 

 

Fig.4.4 A semi-infinite rod on elastic foundations 

 

This example is to test the accuracy of the coefficient 2E′  which involves the 

effect of an elastic foundation. An axial rod on elastic foundations as shown in 

Fig.4.4 is considered. In it, ρ  and E  denote the density and Young’s modulus of 

the rod, respectively; A  and h  denote the cross-section area and the height of the 

rod, respectively; gk  denotes the stiffness of the elastic foundation. Using the 

present SBFEM formulation and dropping the degree of freedom corresponding to 

the bending rotation yield the coefficient matrices for the rod on an elastic 

foundation as follows. hEA0 =E  , ,01 =E  02 =E  and Ah0 ρ=M ; the 

coefficient hk g
2 =′E  and the damping coefficient 00 =C . Substituting these 

coefficients into Eq.(4.24) yields ( ) 22
g AEEAk ρω−=ω∞S . This result is 

identical to the exact solution derived by Wolf and Song (1996a). By substituting 

these coefficients into Eq.(4.27), ( )t∞M  is solved and plotted in Fig.4.5, in which 

( )t∞M  is normalized by Aclρ  with ρ= Ecl , and the time *t  is normalized 

as 0l rct*t =  with g0 kEAr = . The numerical results are completely identical 

to the exact solution of Wolf and Song (1996a). Upon determining ( )t∞M , the 

dynamic response of the rod can be obtained by Eq.(4.25). The numerical solution 

for the interaction force ( )tF  at the end of the rod caused by a rounded triangular 

displacement pulse, which is determined by  

 
∞  

gk

EA ρ( )tF
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 ( )








>

ρ
=≤≤


















π−

=

0

g
00

0

0

2

tt0

k
A2t,tt0

t
t2cos1

2
u

tu  (4.42)

is shown in Fig.4.6. The parameter is normalized by 0g uEAk . Of note, the exact 

solutions are not indicated in Figs.4.5 and 4.6, because the numerical solutions from 

the present method coincide with them. By comparing with the exact solution, it can 

be concluded that the coefficient 2E′  in the present method is correct.  

 

 

 

Fig.4.5 ( )t∞M  of the semi-infinite rod on elastic foundations 
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Fig.4.6 Interaction force caused by a rounded triangular displacement pulse applied to the 

semi-infinite rod on elastic foundations 

 

In order to verify the efficiency of the present SBFEM, a 1-dimensional 

semi-infinite rod as shown in Fig.4.7 is considered. The rod is subjected to an 

impulse 00 tp  (pressure 0p  over a short duration 0t ). The time history of the 

pressure p and the material properties of the rod are shown in Fig.4.7 as well. 

Fig.4.7 A semi-infinite rod subjected to an impulse p0t0 

Force ( )tF  acting at the near-end boundary is 

t0=45ms 

p0 

t 

p p0 = 100 N/m2 
Young’s Modulus: E = 10 000 N/m2 
Cross-sectional area: A = 1x1 m2 
Density: ρ = 1.0 kg/m3 
Wave Speed: cP = √(E / ρ) = 100 m/s 

h p ∞  

x
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 ( ) [ ]
( )




∞∈
∈

=
0

00

tt,0
t0t,Ap

tF  (4.43)

Substituting Eq.(4.43) into Eq.(4.35) leads to 

 ( )






>ρ

≤ρ
=

000

00

tt,Ept

tt,Ept
tu  (4.44)

The displacement ( )t,xu  at a location x measured from the near-end satisfies the 

following 1-dimensional wave equation. 

 ( ) ( ) 0t,0x,xt,xuctt,xu 222
p

22 >>∂∂=∂∂  (4.45)

With the initial condition ( ) 00t,xu ==  and the boundary condition (at x=0) as 

specified in Eq (4.37a), the solution of Eq.(4.45) is 

 ( )
















+>
ρ

+≤≤





 −

ρ

<

=

c
xtt,t

E
p

c
xtt

c
x,

c
xt

E
p

c
xt,0

t,xu

00
0

0
0  (4.46)

Hence, the stress at location x is 

 ( )















+>

+≤≤−

<

=
∂
∂

=σ

0

00

t
c
xt,0

c
xtt

c
x,p

c
xt,0

x
uEt,x  (4.47)

Note that the solution Eq.(4.47) obtained from the present SBFEM formulation is 

exact and is the analytical solution. For easy visualization, the solutions at time 

t=160ms are plotted in Fig.4.8. The same problem was previously discussed by 

Ponthot and Belytschko (1998). There authors used both EFG (Element-free 

Galerkin approximation) method and FEM to model the elastic rod with certain 

vibration conditions. From Fig.4.8, one can see that the results are very neat without 
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any vibration, so it can be concluded that the present SBFEM formulation for a 

semi-rod is very efficient. 

 

Fig.4.8 Displacements and stresses in the semi-infinite rod subjected to an impulse 
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4.3.2 A SEMI-INFINITE TIMOSHENKO BEAM ON VISCO-ELASTIC 

FOUNDATIONS 

 

This example is used to establish the accuracy of the added term 0C  in Eq.(4.24), 

i.e. 0c  in Eq.(4.27). These coefficients describe the damping properties of 

visco-elastic foundations. The transient response of a semi-infinite Timoshenko 

beam on viscoelastic foundations as shown in Fig.4.9 is considered. The 

geometrical and material parameters are: area 2m0.125.0A ×= , shear factor 
6
5

=µ , 

second moment of area 4m02083.0J = , bending stiffness 28 m/N1029.4EJ ×= , 

Poisson’s ratio 2.0=ν , density 33 m/kg1035.2 ×=ρ , critical translational spring 

stiffness 27
0 m/N10388.3k ×= , critical rotational spring stiffness 

N10423.4k 7
10 ×= , critical translational viscous damping 25

r msec/N1082.2d ×= , 

critical rotational viscous damping secN103.9d 4
1r ×= , stiffness ratio 0.1=α  

and damping ratio 1.0=ξ . Of note, 0k  and 10k  are the critical stiffness 

parameters of the foundation, so that the real stiffness parameters are defined by the 

stiff ratio, i.e., 1010 k/kk/k ==α . Likewise, the rd  and 1rd  are the critical 

damping parameters of the foundation, so that the real damping parameters are 

defined by the damping ratio, i.e., 1r1r d/dd/d ==ξ . The corresponding shear 

wave velocity is sec/m1745cs = . 
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Fig.4.9 A semi-infinite Timoshenko beam on viscoelastic foundations 

In order to demonstrate the accuracy of the added coefficients 0C , 0c , the 

dynamic response of the system is considered and it is subjected to an in-plane 

sine-square impulse deflection ( )Tv ( )0=θ  as follows. 

 ( ) ( )




>
≤≤π

=
0.2T,0.0

0.2T0,2/Tsin
Tv

2

 (4.48a)

where h/tcT s=  denotes the dimensionless time, and h  denotes the height of the 

beam. Upon determining ( )t∞Μ  by solving Eq.(4.27), substituting ( )t∞Μ  and 

( )Tv  into Eq.(4.25) yield the forces at the boundary of the semi-infinite beam.  

Then, modifying the solutions using Eqs.(4.41a,b) leads to the solutions for the 

coordinate system shown in Fig.4.2. The solutions are shown in Figs.4.10 and 4.11. 

The same problem was previously considered by Kausel et al.(1975) using the 

consistency boundary method and Liu and Li, (2003) using the residual radiation 

method. These authors’ results were also shown in Figs.4.10 and 4.11. In the figures, 

the exact solution was from Kausel et al. (1975), while those solutions with various 

legends associated with n were from Liu and Li (2003). Of note, n is the number of 

the auxiliary residual functions used in Liu and Li’s solution. From Figs.4.10 and 

4.11, one can see that the results from the present method are identical to the exact 

solution. Also, Liu and Li’s solution only approaches the exact solution with n=20. 
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Fig.4.10 Shear force at boundary due to lateral deflection v  at boundary 

 

 

Fig.4.11 Bending moment at boundary due to lateral deflection v  at boundary 

 

Next, the validity of Eq.4.41 is to be scrutinized. Consider the same case but now 

the beam is subjected to an in-plane sine-square impulse rotation ( )Tθ ( )0v =  as 

follows. 

 ( ) ( )




>
≤≤π

=θ
0.2T,0.0

0.2T0,2/Tsin
T

2

 (4.48b)

Results are shown in Figs.4.12 and 4.13, and compared with those of Kausel et al. 

(1975) and Liu and Li (2003). From Figs.4.12 and 4.13, one can see that the results 
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from the present method are identical to the exact solution again. From the results 

of the two cases above, it can be concluded that the added term 0C , i.e. 0c  is 

correct. In addition, the present SBFEM formulation is correct and is very efficient 

for a semi-infinite Timoshenko beam on a visco-elastic foundation. 

 

Various stiffness and damping parameters are introduced to demonstrate the effect 

of visco-elastic foundations on the response of a Timoshenko beam. The same beam 

as above is subjected to an in-plane sine-square impulse deflection as defined in 

Eq.(4.48a). The extreme case without visco-elastic foundations ( 0=ξ=α ) is 

investigated. The results are plotted in Figs.4.14 and 4.15. Surprisingly, it is difficult 

to observe the effect of the foundation on the Timoshenko beam. It is because the 

stiffness parameters (k and k1) and the damping parameters (d and d1) are too small 

in comparison with the stiffness of the Timoshenko beam. The effect of the 

foundation can only be seen with higher values of stiffness and damping parameters 

of the foundation. The results corresponding to higher stiffness and viscous 

damping ( 1000,100,10=ξ=α ) are shown in Figs.4.16 and 4.17. All other 

parameters are unchanged. From Figs.4.16 and 4.17, one can see that the effects of 

the visco-elastic foundation on the Timoshenko beam are apparent when α  and ξ  

(i.e. k, k1, d and d1) are relatively large, but the effect of foundations can be ignored 

for relatively small k, k1, d and d1. 
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Fig.4.12 Bending moment at boundary due to lateral rotation θ  at boundary 

 

 

 

 

Fig.4.13 Real shear force at boundary due to lateral rotation θ  at boundary  
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Fig.4.14 Comparison of shear force between cases with and without foundations due to 

lateral deflection v  

 

 

 
Fig.4.15 Comparison of bending moment between cases with and without foundations due to 

lateral deflection v  
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Fig.4.16 Comparison of shear force between different α  and ξ  due to lateral deflection 

v  

 

 
Fig.4.17 Comparison of bending moment between different α  and ξ  due to lateral 

deflection v  
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CHAPTER FIVE 

 

SBFEM FORMULATION FOR BOUNDED ACOUSTIC 

FLUID MEDIUM 

 

Except for infinite medium problems, more bounded medium problems are often 

encountered in practice. Although the traditional methods such as FEM, BEM are 

readily available for solving the bounded medium problems, it is still necessary to 

investigate the SBFEM formulation for the bounded medium problems to show the 

integrality of the SBFEM for the bounded or unbounded medium. In this chapter, 

the SBFEM formulation for a bounded medium will be presented and its accuracy 

and efficiency will be checked against a benchmark example. 

 

5.1 SBFEM FORMULATION FOR A BOUNDED MEDIUM 

 

When the SBFEM is employed to model a bounded inviscid isentropic acoustic 

fluid medium, the bounded isentropic fluid medium is divided into an assembly of 

sectors as shown in Fig.5.1a. Each sector ijS  is represented by the corresponding 

boundary ij  with a characteristic length er . The bounded medium can be also 

considered as being composed of a scalar-finite-element cell as shown in Fig.5.1b. 

The cell is bounded by an interior boundary ir  (similar fictitious boundary), an 

exterior boundary er  and another bounded medium with a characteristic length ir  

as shown in Fig.5.1c. This representation is similar to the SBFEM model of an 

infinite medium shown in Fig.2.2. 
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Fig.5.1a Discretization of a bounded fluid medium 

 

On the exterior and interior boundaries, the relationship between a normal velocity 

nv  and its appropriate velocity potential φ  in frequency domain is expressed as 

 ( ) ( ) ( )ωΦω=ω e
b
ee ,r SR  (5.1a)

 ( ) ( ) ( )ωΦω=ω i
b
ii ,r SR  (5.1b)

where ( )ω,rR  has the form of Eq.(2.8c), ( )ωΦ  denotes the nodal velocity 

potential vector on boundaries with a characteristic length r  and ( )ωbS  is called 

the “dynamic stiffness” of the bounded fluid medium with a characteristic length r . 

Through taking the finite-element analysis as presented in section 2.3 for a scalar 

finite-element cell as shown in Fig.5.1b, it can be found that the relationship 

between the interior and exterior boundaries of the scalar finite element cell has the 

similar form of Eq.(2.21). Through comparing Eq.(5.1) with Eq.(2.14) and then 

using the pair, ( )ω− b
iS  and ( )ωb

eS , which stand for the pair, ( )ω∞
iS  and 

( )ω− ∞
eS  in Eq.(2.21), the corresponding form of Eq.(2.21) for a bounded medium 

is expressed as 

 ( ) ( ) ( ) ( ) ( )( ) ( )ωω+ω−ω−ω=ω−
−

ei
1

ee
b
eieii

b
i SSSSSS  (5.2)

The corresponding frequency equation for a bounded medium is 

Boundary er  Similar fictitious boundary ir  

O 

i 

j 

Sij 
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Fig.5.1b A scalar finite-element cell on the boundaries of a bounded medium 

 

 

 

Fig.5.1c Bounded medium with a characteristic length ir  

 

 ( )( ) ( )( ) ( ) ( )wO
r

r 022
b

T1b101b =ω+−
∂
ω∂

++ω−+ω−
− MESESEES  (5.3)

Since ( )ω,rbS  and ( )ω∞ ,rS  have the same dimension, the following equation 

Interior boundary (similar fictitious boundary) ir

O 

Interior boundary ir  

Exterior boundary er  

Scalar finite-element cell

O 
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must be satisfied. The equation is of the same form as that of (2.61), i.e. 

 ( ) ( ) ( ) ( )
ω∂
ω∂

ω+ω−=
∂

ω∂ ,r,r2s
r
,rr

b
b

b SSS  (5.4)

Substituting Eq.(5.4) into Eq.(5.3) leads to the final SBFEM formulation in 

frequency domain for a bounded fluid medium as follows. 

 
( )( ) ( )( ) ( ) ( )

( ) 0,r
,r2s,r,r

022
b

bT1b101b

=ω+−
ω∂
ω∂

ω+

ω−++ω−+ω−
−

MES
SESEES

 (5.5)

All coefficient matrices and the symbol s  are the same as those in Eq.(2.62). 

Usually, Eq.(5.5) is difficult to solve. In order to solve Eq.(5.5), the high-frequency 

responses are neglected and only the low-frequency responses are retained so that 

the dynamic-stiffness matrix ( )ωbS  (for simplicity, ( )ωbS  stands for ( )ω,rbS ) of 

the bounded medium with a characteristic length r  can be postulated as 

 ( ) b2bb MKS ω−=ω  (5.6)

where bK , bM  are the static-stiffness and static-mass matrices of the bounded 

medium with a characteristic length r , respectively. Note that this assumption is 

reasonable because the response of a bounded medium is dominated by its 

low-frequency modes. Similar to the corresponding matrices of FEM, bK  and 

bM  are independent of the frequency ω  and depend only on the geometry of 

boundaries with the characteristic length r  of the bounded medium. The 

followings show how determines bK  and bM . 

 

5.2 STATIC-STIFFNESS MATRIX 

 

By setting 0=ω , Eq.(5.6) is re-formulated as 

 ( ) bb KS =ω  (5.7)

and then substituting Eq.(5.7) into Eq.(5.5) yields 
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 ( ) ( ) ( ) 02s 2bT1b101b =−−++−+−
− EKEKEEK  (5.8)

By re-writing Eq.(5.8) in the form of an algebraic Riccati equation, Eq.(5.8) 

becomes 

 

0

2
2s

2
2s

T11012

T110bb101b10b

=+−







 −

−−





 −

−−

−

−−−

EEEE

IEEKKIEEKEK
 (5.9)

which can be solved by Schur decomposition and produces a symmetric solution. 

Therefore bK  is symmetric. Note that bK  is singular like an element stiffness 

matrix eK  in FEM and is semi-positive definite. In order to ensure the positive 

solution of Eq.(5.9) (the positive definite matrix bK ),  a term Iε  having a very 

small constant ε  with the dimension of 2s
er
−β  (β  denotes the bulk modulus of 

the bounded fluid) is added to 2E . Physically, this artificial operation may be 

interpreted as a flexible support having a very small spring stiffness to each of the 

boundary node. When the constant ε  is very small, the bK value is hardly 

changed but becomes positive definite. bK  represents the static-stiffness matrix of 

the bounded medium. 

 

5.3 MASS MATRIX 

 

To determine the mass matrix bM  of a bounded medium, only the low-frequency 

behavior of Eq.(5.5) is considered. Substituting Eq.(5.6) into Eq.(5.5) leads to an 

express on that contains a constant term which is independent of ( )ωj , a term of 

( )2jω  and higher-order terms of ( )ωj . The 3rd and higher-order terms of ( )ωj  are 

ignored because of the low value of the frequency. The constant term which is equal 

to the left-hand side of Eq.(5.9) vanishes. The coefficient matrix of the remaining 

term of ( )2jω  is expressed as 
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 ( ) ( ) 0
2
s

2
s 0T1b10bb101b =+






 −+−+






 −+−

−− MIEKEΜMIEEK  (5.10)

This is the Lyapunov equation, which can be used to obtain the solution of bM  

after getting bK  from Eq.(5.9). Note that bM  is symmetric, which can be proven 

by subtracting the transpose of Eq.(5.10) from Eq.(5.10). 

 

5.4 DYNAMIC SOLUTIONS BY NEWMARK SCHEME 

  

Once the static-mass matrix bM  and the static-stiffness matrix bK  of a bounded 

medium are determined, the dynamic response of the bounded medium can be 

solved, the conventional FEM procedures can be followed and thus solutions can be 

obtained through a Newmark iteration scheme. However, the solutions of the 

bounded medium were found sensitive to the dissipation coefficient used in the 

Newmark scheme. In the present SBFEM formulation, no damping ( 0b =C ) is 

considered. Nevertheless, the general basic equation is 

 1n1n
b

1n
b

1n
b

++++ =Φ+Φ+Φ RKCM &&&  (5.11)

where 1n+Φ&& , 1n+Φ& , 1n+Φ  and 1n+R  denote the second derivative of velocity 

potential Φ  with respect to time, the first derivative of velocity potential Φ  with 

respect to time, velocity potential and an integral of the normal velocity along 

boundaries of a bounded medium at the time step n+1, respectively. Adopting the 

Newmark iteration scheme, one can get  

 ∆Φ







β∆

+Φ=∆Φ







β∆

+Φ







β∆

−Φ







β

−=Φ ∗
+ 2n2nn1n t

1
t
1

t
1

2
11 &&&&&&&  (5.12a)

 ∆Φ







β∆
γ

+Φ=∆Φ







β∆
γ

+Φ∆







β
γ

−+Φ







β
γ

−=Φ ∗
+ tt

t
2

11 nnn1n
&&&&&  (5.12b)

which is expressed in terms of the nΦ&&  and nΦ&  at its previous time step (tn+1- t∆ ) 
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and the incremental velocity potential ∆Φ  ( n1n Φ−Φ= + ); while ∗Φ n
&&  and ∗Φ n

&  

are defined as 

 nnn t
1

2
11 Φ








β∆

−Φ







β

−=Φ∗ &&&&&  (5.13a)

 nnn t
2

11 Φ∆







β
γ

−+Φ







β
γ

−=Φ∗ &&&&  (5.13b)

To ensure second-order accuracy and unconditional stability, the parameters β  and 

γ  in Eqs.(5.12) and (5.13) have to be defined through a numerical dissipation 

coefficient α  such that 

 ( )α−=γ 215.0  (5.14a)

 ( )24125.0 α−=β  (5.14b)

and the value of α  is restricted to the range [-1/3, 0]. Note that 0=α  

corresponds to the Newmark’s constant-average-acceleration scheme. Substituting 

Eqs.(5.14a) and (5.14b) into Eqs.(5.12) and (5.13) and then into Eq.(5.11) yields 

 
( )

( ) 





 Φ+Φ+Φ

α+
−Φ−Φ−

α+
α

−

=∆Φ







+

β∆
γ

+
β∆α+

∗∗

+

n
b

n
b

n
b

n
b

n
b

n

1n
b

b

2

b

1
1

1

tt1

KCMKCR

RKCM

&&&&&&

 (5.15)

The Newmark scheme implemented together with this numerical dissipation α  is 

capable to yield satisfactory results. It successfully dissipates some spurious 

high-frequency responses. The details have been discussed in the literature 

(Broderick et al. (1994)). 

 

5.5 NUMERICAL EXAMPLE 

 

The objective of showing this example is to validate the accuracy of the present 

SBFEM formulation for a bounded fluid medium, where reflections from the 
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boundaries are present. A 2-dimensional water column in a rigid container is 

considered. The bottom and the two vertical boundaries are rigid, while a step 

pressure p is applied at the top (see Fig.5.2). Along the two vertical rigid 

boundaries, the movement of the fluid is not restrained in the vertical direction but 

in the horizontal direction. The properties of material and the time history of the 

step pressure are shown in Fig.5.2. In the SBFEM procedures, the fluid domain 

(2D) is discretized into 18 sectors, each represented by an infinitesimal-thin 

quadratic element lying along the boundaries: one element covered the top surface 

boundary, one covered the bottom surface boundary and 8 covered each vertical 

boundary (totalling 1+1+8+8=18). All 18 sectors are radiated outwards from the 

similar center located at the center of the container as shown in Fig.5.3. In order to 

keep the matrix bK  positive definite, a term Iε  having a very small value ε  = 

1.0 (10-40) is added to the matrix 2E . The time increment adopts t∆ =1.0 (10-5) 

second. This problem was previously analyzed by Bathe and Hahn (1979) and 

Hamdan (1999), respectively. Bathe and Hahn (1979) used the updated Lagrangian 

approach to model the fluid column with ten 4-node elements, while Hamdan 

(1999) modeled it with five 4-node axisymemetric fluid elements. The resulting 

time-history of pressure at the bottom boundary is investigated. Fig.5.4 shows the 

results using Newmark’s constant average acceleration scheme (i.e. 0=α ). From 

Fig.5.4, one can see that though the major wave form has been captured, a lot of 

noises are exhibited. In order to dissipate those noises, an alternate dissipation 

factor ( 3.0−=α ) is used, and the results are shown in Fig.5.5. One can see that the 

wave form becomes very clean and tidy and almost identical to the analytical 

solution. The amplitude is equal to 2P0. The resulting time-history of the vertical 

displacement at the top boundary is also investigated. Fig.5.6 shows the SBFEM 

results using a Newmark’s dissipation factor 3.0−=α . Results by Bathe and Hahn 

(1979) and Hamdan (1999) are also included in Fig.5.6. By comparing the results, 
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P0 = 1.034 (108) N/m2 
Bulk Modulus: k = 2.068 (109) N/m2 
Density: ρ = 1.0 (103) kg/m3 
Wave Speed: C = √(k / ρ) = 1438.327 m/s 

 

Acoustic 
fluid 

p = P0  H (t - 0) 

0.0508m 

0.508m 

P0

t 

p

one can see that the present SBFEM results are identical to Bathe and Hahn’s and 

Hamdan’s but much smoother. 

 

 

 

 

 

 

Fig.5.2 Configuration and material properties of a tall water column 
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Fig.5.3 SBFEM mesh  

 

Fig.5.4 Time-history of pressure at bottom boundary using dissipation 0=α  

 

 

 

 

Sector i  

Sector j  
Scalar center O
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Fig.5.5 Time-history of pressure at bottom boundary using dissipation 3.0−=α  

 

 

Fig.5.6 Time-history of vertical displacement at top boundary using dissipation 3.0−=α , 

and comparisons with results by Bathe and Hahn (1979) and Hamdan (1999) 
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CHAPTER SIX 
 

DYNAMIC FLUID-STRUCTURE INTERACTION 

ANALYSIS USING SBFEM/FEM COUPLING METHOD 
 

In this chapter, the scaled boundary finite element method (SBFEM) presented in 

chapter 2 is applied to dynamic fluid-structure interaction problems. The SBFEM is 

employed to model the infinite fluid medium, while the structure is modeled by 

finite element method (FEM). The relationship between the fluid pressure and the 

fluid velocity corresponding to the scattered waves is derived from the acoustic 

model. Numerical examples are presented to verify the accuracy and efficiency of 

the SBFEM-FEM coupling for fluid-structure interaction problems. In comparison 

with the PWA, VWA and DAA, the present formulation using the SBFEM does not 

impose any restriction on the structure and the incident wave as well. Hence, it is 

applicable for both early- and late-time response analyses. In comparison with the 

FEM-FEM and FEM-BEM coupling procedures, the present formulation has the 

advantages that no artificial boundaries are needed, no singularity is encountered, 

no asymmetric matrix appears and no fundamental solution is required. 

 

6.1 SBFEM-FEM COUPLING FORMULATION 
 

In the current study, the SBFEM is used to model the unbounded compressible 

acoustic fluid medium, while the FEM is used to model the structure. 

 

6.1.1 FEM MODEL FOR THE STRUCTURE 

 

In modeling the structure, the mass matrix M , the damping matrix C  and the 

stiffness matrix K  can be treated in the standard manner according to the FE 

discretization procedures. For 2-dimensional thin hollow cylindrical problems, 

simple two-node beam elements are used. 

  

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 6 Dynamic fluid-structure interaction analysis using SBFEM/FEM coupling 
method

 

 110

6.1.2 SBFEM MODEL FOR THE UNBOUNDED ACOUSTIC FLUID 

MEDIUM 

 

6.1.2.1 Acoustic approximation 

 

When a structure submerged in an unbounded fluid medium is subjected to incident 

waves, the major concern is the integrity of the structure, in particular its strength 

adequacy against the dynamic pressure acting on the structural surface (wet surface). 

To begin, the total fluid pressure and velocity along the wet surface may be 

considered composing of two components: a free-field component and a scattered 

component (Fan et al. 2001). 

 scffinf ppp +=  (6.1)

 scffinf vvv +=  (6.2)

where infp  and infv  are the total fluid pressure and normal velocity along the wet 

surface, ffp  and ffv  are the corresponding component fluid pressure and normal 

velocity but are caused by the incident wave in the absence of the structure (usually 

referred to as the free-field response), and scp  and scv  are the corresponding 

component fluid pressure and normal velocity corresponding to the scattered wave, 

which are the difference between the total and free-field solutions. The relationship 

between scp  and scv  is described in the next section. The fluid medium is 

assumed to have a linear constitutive relationship, which excludes the effect due to 

cavitation, and thereby the free-field pressure and velocities will be the same as the 

incident waves; i.e. 

 incff pp =  (6.3a)

 incff vv =  (6.3b)

where incp  and incv  are the fluid pressure along the wet surface and the 

corresponding normal velocity caused by the incident wave. 

 

6.1.2.2 Pressure-velocity relationship for the scattered wave 

 

In the PWA approximation, the pressure-velocity relationship corresponding to 
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scattered waves can be described as 

 scsc cvp ρ=  (6.4a)

while in the DAA approximation, the relationship can be expressed as 

 ( ) ( ) ffinfffinf
1

ffinfc
1 aappAMpp −=−−−
ρ

−&&  (6.4b)

where an over-dot denotes differentiation with respect to time, 1−M  is the inverse 

of the fluid-added mass matrix, A  denotes the diagonal matrix which transforms 

diagonal pressures to forces, and infa , ffa  denotes the accelerations on the wet 

surface. ρ  and c  denote fluid density and wave speed in fluid, respectively. In 

the current study, another form of the relationship based on the SBFEM and 

acoustic approximation is developed and described in detail in the next section. 

 

6.1.2.3 SBFEM formulation for the scattered wave 

 

a) Basic description 

Basically, the SBFEM describes the dynamic behavior of an unbounded medium 

through a dynamic stiffness (or mass) matrix in frequency domain relating the 

displacement (or potential) of the boundary to the corresponding force (or velocity) 

on it. By discretizing the domain into sectors radiating from a single centre (namely 

scalar center), the geometry of the sectors can be conveniently described in a 

transformed coordinate system (in which, one ordinate radiates outward from the 

scalar center, while others run along the boundary curve/surface). More precisely, 

the unbounded medium lies in a semi-infinite domain (see Fig.2.1a). Along the 

radial direction, the near side is bounded while the far side is unbounded. The 

derivation of the dynamic stiffness/mass matrix is based on a ‘cloning’ technique, in 

which the small differential (w) between the two similar semi-bounded sectors (see 

Fig.6.1) is taken to the analytical limit, zero. Consider the infinitesimal 

finite-element cell i-j-i’-j’ (see Fig.6.1) which lies on the boundary of the 

semi-infinite fluid domain. Note that the near face i-j is parallel to its cloned surface 

i’-j’, and the two side faces Oi and Oj are both originated from the scalar center O. 
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Fig.6.1 A typical SBFEM element with differential width w lying on the boundary of a 

semi-infinite domain 

The governing equation relating the potential and the velocity can be written as 

 ( ) ( ) ( )∫ τττ−= ∞t

0sc dtt φMV &&  (6.5)

where ( )tφ  denotes a velocity potential vector composed of nodal velocity 

potential ( )tφ  for scattered waves on the wet surface, ( )t∞M  denotes the mass 

matrix of the unbounded fluid medium, and ( )tφ&&  denotes the second derivative of 

( )tφ  with respect to time. Note that in Eq (6.5), the scattered velocity Vsc and the 

velocity potential ( )tφ  along the wet surface are variables. The matrix ( )t∞M  

depends only on the geometry of the wet surface and is independent of the dynamic 

response of the structure and the fluid. Hence, it can be obtained before solving the 

dynamic response equation. Chapter 2 showed the detail derivation of the dynamic 

mass matrix and no duplication is given here. In brief, the first step is to establish 

the integral form of the governing equation in frequency domain, and then by taking 

the differential width w as the analytical limit to zero, it yields a consistent 

infinitesimal finite-element cell (IFEC) equation in frequency domain. Appling the 

inverse Fourier transformation to this frequency equation leads to an equivalent 

IFEC equation in time domain. Subsequently, the mass matrix ( )t∞M  can be 

obtained by solving the IFEC equation in time domain. (More recently, the same 

equation was successfully derived using different approaches by Song and Wolf 

(1997), and Deeks and Wolf (2002), respectively). The scattered wave along the 

wet surface ( )tscV  in Eq (6.5) can be discretized through conventional finite 

element technique; i.e. 

∞  in 
radial 
direction

i i′

j
j′

O 
φ,scv

Side face Oi  

Side face Oj  

w
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 ( ) ( )∑∫Γ Γ=
e

scfsc dtvt NV  (6.6)

where scv  denotes the velocity of the scattered wave normal to the wet surface; Γ  

denotes the wet surface; fN  is the shape function for the fluid element; and 
e
Σ  

denotes assemblage of all fluid elements along the wet surface. The details were 

shown in section 2.1. 

 

b) Formulation for the scattered wave 

Now, consider the temporal discretization of Eq (6.5). Within each time step t∆ , 

the mass ( )t∞M  is assumed constant. Hence, Eq (6.5) can be re-written as 

 ( ) ( )( ) ( )
( )

( ) ( )∑∑ ∫
=

∆

∆−
∞

=

∆

∆−

∞ +−=∆+−=∆
n

1j

tj

t1j

n

1j

tj

t1jsc 1jndttt1jntn φMφMV &&&  (6.7a)

at the thn  time step ( tnt ∆= ). It can be written in a simpler index form as follows. 

 
( )∑

=
−

∞
+− −=

n

1j
1jj1jn

n
sc φφMV &&

 
(6.7b)

where ( )tnsc
n
sc ∆= VV , ( )( )t1jn1jn ∆+−= ∞∞

+− MM  and 
tjj ∆

= φφ && . Re-arranging 

Eq (6.7b) to make n1 φM &∞  appear on the left hand side, we have 

 ( ) 0nj

1n

1j
jn1jn

n
scn1 φMφMMVφM &&& ∞

−

=

∞
−

∞
+−

∞ +−−= ∑  (6.7c)

Given the following initial conditions, 

 ( ) 0φ =0  (6.8a)

 ( ) 0φ =0&  (6.8b)

substituting φp &ρ−=sc  and Eq. (6.8b) into Eq.(6.7c) yields 

 ( ) j
sc

1n

1j
jn1jn

n
sc

n
sc1 pMMVpM ∑

−

=

∞
−

∞
+−

∞ −−ρ−=  (6.9)

where n
n
sc φp &ρ−= , scp  denotes the fluid pressure corresponding to the scattered 

wave; and ( )tjsc
j
sc ∆= pp . Note that Eq (6.9) describes the relationship between the 

pressure scp  and the corresponding normal velocity scv , which is different from 

Eqs.(6.4a,b). 
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6.1.3 SBFEM-FEM COUPLING 

 

The FEM formulation for the structure can be written as 

 infext FFKdCvMa +=++  (6.10)

where extF  is the sum of body and traction forces; infF  is the force derived from 

the unbounded fluid medium; M , C  and K  are the mass, damping and stiffness 

matrices derived from the structure, respectively; and a , v , and d  denote the 

structure’s acceleration, velocity and displacement vectors, respectively. Derivation 

of Eq. (6.10) follows the standard FE procedures. What follows will elaborate on 

the derivation of the last term in Eq. (6.10). 

 

By virtue of the principle of virtual work, the nodal force infF  on the wet surface 

can be expressed in term of the shape function N  for the structure and the total 

pressure ( ffsc pp += ) as follows. 

 ( ) ffscff
T

scp
T

ffsc
T

inf dpddpp FFNpNNNF −−=Γ−Γ−=Γ+−= ∫∫∫ ΓΓΓ
 (6.11)

where Γ  denotes the wet surface, ∫Γ Γ= dpff
T

ff NF  and ∫Γ Γ= dscp
T

sc pNNF . 

Note that N  is the shape function for the structural element, while the shape 

function for scattered waves can be different, say pN , i.e. 

 scpscp pN=  (6.12)

By substituting Eq. (6.11) into Eq. (6.10), the governing dynamic equation for the 

structure-infinite fluid system can be obtained, i.e. 

 extscff FFFKdCvMa +−−=++  (6.13)

In Eq. (6.13), the first term ffF  on the right hand side is a function of the incident 

wave ffp . It can be evaluated easily. What follows are the details for deriving the 

second term scF  on the right hand side. 

 

Consider the conditions along the wet surface. Two conditions should be enforced. 

Firstly, kinematic continuity across the wet surface requires the normal velocity of 

the structure to be identical to that of the fluid, i.e. 
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 ninf vv =  (6.14a)

Secondly, the corresponding dynamic compatibility demands that the compressive 

traction on the structural surface to be equal to the fluid pressure, i.e. 

 infpp −=  (6.14b)

Substituting Eq. (6.14a) into Eq. (6.2), and then the result into Eq. (6.6), and 

subsequently into Eq. (6.9) leads to 

 ( ) ( )( ) ( )∑∑∫
−

=

∞
−

∞
+−Γ

∞ −−Γ−ρ−=
1n

1j

j
scjn1jn

e
ffnf

n
sc1 dtvtv pMMNpM  (6.15)

Note that once scp  is determined, the second term scF  on the right hand side of 

Eq.(6.13) can be obtained. 

 

Now, discretize Eq. (6.13) in the time domain using a Newmark’s time-integration 

scheme. We have 
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avdC
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 (6.16)

where ∫Γ
∆+∆+ Γ= dtt

scp
T

sc
tt pNNF , 25.0=α  and 5.0=δ . Assume tttn ∆+=∆ . 

Hence, Eq. (6.15) can be re-written as 

 ( ) ( )( ) ( )∑∑∫
−

=

∞
−

∞
+−Γ

∆+∞ −−Γ−ρ−=
1n

1j

j
scjn1jn

e

tt
ff

t
f

n
sc1 dtvtv

n
pMMNpM  (6.17)

in which the velocity tt
nv ∆+  of the current time step is approximately set equal to 

the velocity t
nv  of the previous time step. However in some cases, it is desirable to 

include that term into the global iteration scheme, i.e. 
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( )
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 (6.18)

where j  denotes thj  iteration within a time step. The term ( )tvff  can be 

obtained via other analytical solutions. For example in shock-wave analysis, Lamb 

(1932) gives the following explicit expression for the incident fluid pressure along 

the wet surface (see Fig. 6.8) 

 ( ) 





 γ−
−=






 −
−=

c
cosrRtHp

c
xRtHpt,xp 00inc  (6.19)

where H  is a Heaviside step function, and 0p  is the magnitude of the pressure at 

the wave front. The parameters r , γ  and R  are as shown in Fig.6.8. The 

incident fluid radial velocity is 

 γ
ρ

−== cos
c

p
vv inc

rff  (6.20)

 

6.2 NUMERICAL EXAMPLES 
 

To validate the present SBFEM formulation and the pressure-velocity relationship 

corresponding to scattered waves based on the SBFEM, several 2-dimensional cases 

for submerged structures subjected to internal pressures or external shock loadings 

are considered. 

 

6.2.1 A CYLINDRICAL CAVITY SUBJECTED TO A SUDDENLY 

APPLIED ACCELERATION 

 

Fig.6.2 shows a cylindrical cavity of radius R  in an infinite fluid medium. At 

0t = , a boundary acceleration a  is suddenly applied and then kept constant until 

the end of the analysis. The objective of this analysis is to check the accuracy of the 

dynamic mass matrix ( )t∞M  for the infinite fluid medium. The surrounding fluid 
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medium is modeled by the SBFEM using 8 or 32 elements. The dynamic mass 

matrix ( )t∞M  can be calculated by using the convolution method in section 2.6 or 

the recurrence method in section 2.7. In this analysis, the time step is chosen as 

c
R1.0 . In the recurrence method, the error tolerance “tol” is chosen as 0.002. Using 

the chosen “tol” yields a “cut-off” time “tc”, i.e. 
c
R1041.0t c ×= . If the time “te” of 

the analysis is chosen as 
c
R4001.0 × , the time infinity “ti” can be approximately 

chosen as 
c
R4001.06.2 ×× . The results corresponding to 32 elements obtained by 

using the convolution method and the recurrence method are plotted in Fig.6.3a . 

The time axis is normalized with respect to R/c, while the pressure axis is 

normalized with respect toρaR . From Fig.6.3a, one can see that the results obtained 

by using the convolution method and the recurrence method are almost the same. 

But the computational efforts are different. It is obvious that the recurrence method 

needs less time than the convolution method. The same problem was considered by 

Mansur et al. (2000) using the FEM-BEM coupling procedures. The FEM-BEM 

and standard BEM results are plotted in Fig.6.3b and compared with the current 

result obtained by using the convolution method. From Fig.6.3b, one can see that 

the 8-element results are close to the 32-element results, and both are almost 

identical to the FEM-BEM and BEM results, demonstrating the efficiency and 

accuracy of the present formulation. 
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Fig.6.2 A cylindrical cavity subjected to a suddenly applied acceleration 

 

 

 
Fig.6.3a Pressure on the cavity boundary 

 

 

 

 

 

 

a
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Fig.6.3b Pressure on the cavity boundary 

 

6.2.2 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL 

SUBJECTED TO AN INTERNAL PRESSURE 

 

Consider a thin, elastic and infinitely long cylindrical shell, submerged in water. It 

is subjected to a suddenly applied uniform outward pressure (See Figs. 6.4 and 6.5). 

A ramp for a very short period ( sec105.0 4−× ) is put in place in order to avoid 

numerical difficulties. The mean radius of the cylinder is m2.0R =  and the 

thickness of the wall is m006.0h = . The material properties for the steel cylinder 

are: Young’s modulus 26
s m/kN10210E ×= , density =ρs

33 m/kg108.7 × , and 

Poisson ratio 3.0=ν . The density of fluid is =ρ 33 m/kg100.1 ×  and the sound 

speed in fluid =c 1500 m/s. 

 

This problem is a simple 2-dismensional axi-symmetric problem. The steel 

cylindrical shell is discretized into 16 two-node beam elements. Along the wet 

surface, the same discretization mesh is applied to the fluid boundary. The 16 

SBFEM elements match the 16 structural beam elements side by side (see Fig.6.6). 

In the analysis, the time increment is set to 0.013333ms. As the time of the analysis 

is short, the results can be quickly obtained by using the convolution method. Its 
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corresponding results of the dynamic response are shown in Fig.6.7, which shows 

the time history of the outward displacement (positive). The displacement is 

normalized with respect to the corresponding static displacement sd  at the 

mid-surface ( )m2.0R = , i.e. 

 ( )
( ) ( ) 








ν++

ν+
−

= R1
R

R1
RRE

PR
d

2
e

2
i

2
es

0
2

i
s  (6.21)

where iR , eR  are the internal and external radii of the cylindrical shell, 

respectively. The analytical results based on the plane-wave approximation (PWA) 

are plotted in Fig.6.7 for comparison. One can see from Fig.6.7 that the present 

results are in good accord with the PWA results which were obtained by solving a 

second-order differential equation at early time. Note that the PWA approach can 

only yield relatively accurate results for early time. 

 

 
 

Fig.6.4 Geometry of long cylindrical shell subjected to internal pressure in infinite fluid 

medium 

 

 

 

  

R
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Fig.6.5 Loading conditions for the cylindrical shell 

 

 

Fig.6.6 Matching discretization meshes for the cylinder and the fluid boundary 

 

 
Fig.6.7 Dynamic response of the cylindrical shell 

 

16 SBFEM elements 
along the fluid 
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    P 

  0P  
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6.2.3 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL 

SUBJECTED TO A STEP PLANE WAVE 

 

Consider an elastic infinitely long cylindrical shell subjected to a step plane acoustic 

wave. The geometry of the cylindrical shell is shown in Fig.6.8. This study is to 

check the accuracy of the present SBFEM formulation against the benchmark 

solutions. The geometric and material properties of the cylindrical shell and the 

surrounding fluid medium are the same as those in section 6.3.2. 

 

The wall of the shell is discrectized into 32 two-node beam elements, while the 

fluid boundary is matched by 32 SBFEM elements (in a similar manner as that in 

Fig.6.6). The time increment chosen for the analysis is 0.002667ms. The magnitude 

of the incident pressure wave impinging on the structure is taken to be equal to 2cρ  

at all time. The same problem was investigated by Huang (1970) and reported by 

Zilliacus (1983), who obtained the velocity history using Fourier series approach 

(“analytical” solution). The same problem was also analyzed by Fan et al. (2001), 

who modeled the shell using 122×  nine-node spline shell elements and modeled 

the fluid using the plane wave approximation (PWA). Plane-strain conditions were 

imposed along the axis of the cylinder. Recently, Yu et al. (2002) also analyzed the 

same problem using a BEM-FEM coupling technique. 

 
Fig.6.8 Cross-section of the geometry of an infinite cylinder 
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Results obtained from the present SBFEM formulation are compared with solutions 

obtained by others. Before determining the response of the cylindrical shell by 

using the SBFEM/FEM formulation, the dynamic mass matrix ( )t∞M  for the 

surrounding infinite fluid medium must be solved. Here the ( )t∞M  is solved by 

using the two types of methods (the convolution method in section 2.6 and the 

recurrence method in section 2.7), respectively. In the recurrence method, the 

“cut-off” time “tc” corresponding to the time step 0.002667ms is chosen as 

0.002667ms87×  when the error tolerance is chosen as 0.002. The infinity time “ti” 

is chosen as 3te when the time of the analysis “te” is chosen as ms002667.0250× . 

Figs.6.9a,b shows the dimensionless radial velocity history at different locations 

( 000 180,90,0=θ ). The velocity is normalized with respect to the sound speed in 

fluid c , while the time is normalized with respect to R/c. The results are obtained 

by using the convolution method and the recurrence method, respectively, and are 

plotted in Fig.6.9a together for comparison. From Fig.6.9a, one can see the results 

obtained by using the two methods are very close to each other. The results 

obtained by using the convolution method are also plotted in Fig.6.9b together with 

other methods’ results for comparison. From Fig.6.9b, one can see that the present 

results are in good accord in all time with analytical solutions (Huang (1970)), and 

also in good agreement in early time with the PWA solutions, which are known to 

be relatively accurate in early time. On the other hand, the FEM-BEM results are 

also in fairly good agreement but it exhibits random undulations around the 

analytical solution, particularly during late time, and the peak value is delayed. It 

demonstrates that the present SBFEM formulation can yield more accurate results 

than the PWA and the BEM, in particular at late time. Note that the true velocities 

at 00 180,0=θ  should approach 1.377 at late time (Huang (1970)). From Fig.6.9, 

one can see that the SBFEM results approach that true value of 1.377 at late time. 

Compared to the DAA results obtained by Zilliacus (1983) (not shown in Fig.6.9 

for clarity), SBFEM results are closer to the analytical solution and exhibit more 

subdued oscillations. Of note, the results shown in Fig.6.9 are obtained using the 

iterative Newmark scheme (Eq.6.18), which includes iterations within each time 

step. The effects of using a Newmark scheme without iterations are also studied. 
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The results obtained by using the convolution method shown in Fig.6.10 suggest 

that a non-iterative Newmark scheme leads to slightly inferior results. In order to 

study the convergence of the current SBFEM formulation, three different SBFEM 

meshes (comprising 8, 16 or 32 elements) are used to represent the fluid boundary. 

The time increment is set to 0.01333ms (dimensionless time step: 0.1) in all 

analyses. The results obtained by using the convolution method are shown in 

Fig.6.11. One can see that except the 8-element results, the 16- and 32-element 

results are nearly the same as the analytical solution. The poorer 8-element results 

are not unexpected because the velocity variations around the cylinder may not be 

adequately refined by 8 representative sectors. Nevertheless, the efficiency of the 

SBFEM formulation has been clearly demonstrated by using a fairly coarse 

16-element mesh. 

 

 

 
Fig.6.9a Radial velocity of the cylindrical shell 
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Fig.6.9b Radial velocity of the cylindrical shell 

 

 
Fig.6.10 Comparison of results obtained from two Newmark schemes 
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Fig.6.11 Convergence studies using 8-, 16- and 32-elements 

 

6.2.4 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL 

SUBJECTED TO AN EXPONENTIAL DECAYING PLANE WAVE 

 

The problem shown in Fig.6.8 is considered again. Here, the incident wave from the 

far field is considered as an exponential decaying plane wave. Pressure ( )tp0  of 

the wave, which is in a form of exponential function, is expressed as 

 ( )






 −+β−

=
1

R
ct

R
x

00 ePtp  (6.22)

where β  and 0P  are coefficients. In this study, β  is set to be 4.8, while 0P  is 

set equal to 2cρ . After incp  and ffv  are determined by Eqs.(6.19-20), the 

dynamic response can be obtained using Eq.(6.18). 

 

The cylindrical shell is discrectized into 36 two-node beam elements, while the 

fluid boundary is matched by 36 SBFEM elements. The time increment is chosen to 

be 0.002667ms. The results obtained by using the convolution method at 
00 180,0=θ  are plotted in Figs.6.12a and 6.12b, and compared with Huang’s 

“exact” solution (1970). One can see that the present results have almost exactly the 

same profile as Huang’s “exact” solution (1970). Of note, Huang (1970) indicated 
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that the starting time for an initial motion of the shell at 0180θ =  should be equal 

to 0.8457 (normalized with respect to R/c), but Huang’s results exhibits some 

wiggles in Fig.6.12b before the starting time 0.8457, while the SBFEM results show 

no motion till 0.8457. It illustrates the superiority of the present SBFEM 

formulation over Huang’s Fourier-series approach, particularly at early time. The 

radial velocities at other locations ( )0000 120,90,60,30=θ  are plotted in Fig.6.13, 

in which Huang’s results coincide with the present results. Once again, the 

efficiency of the SBFEM is demonstrated. 

 

 

Fig.6.12a Radial velocity ( )00=θ  of a cylindrical shell subjected to an exponentially 

decaying plane wave 

 

 

Fig.6.12b Radial velocity ( )0180=θ  of a cylindrical shell subjected to an exponentially 

decaying plane wave 
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Fig.6.13 Radial velocity at various locations of a cylindrical shell subjected to an 

exponentially decaying plane wave 

 

6.2.5 PARAMETRIC STUDY FOR A SUBMERGED INFINITELY LONG 

CYLINDRICAL SHELL SUBJECTED TO A PLANE WAVE 

 

The objective of this parametric study is to gain insights into the effects of the 

geometric and material parameters of a cylindrical shell on its dynamic response. It 

is motivated by Huang’s comment (1970) that the late-time radial (normal) velocity 

of a cylindrical shell subjected to a plane wave as defined by Eq.(6.22) should 

converge to the following value. 

 )2M/(M2v +−=  for 0=β (6.23a)

 0v =  for 0>β (6.23b)

where the dimensionless quantity M  is defined as 

 
sh

RM
ρ
ρ

=  (6.24)

However, Huang (1970) did not mention what dominated the early response of the 

cylindrical shell. To supplement Huang’s comment for the early time, the following 

parametric study is to gain insights into the early-time response of the cylindrical 
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shell. The dynamic response can be obtained by Eq.(6.18); the dynamic mass matrix 

( )t∞Μ  for the surrounding infinite fluid medium are obtained by using the 

convolution method; and the mesh employed for this problem is the same as that in 

section 6.3.4. 

 

6.2.5.1 Effect of varying the relative thickness 
R
h  

 

With all other parameters held constant, the ratio of the shell thickness (h) to the 

radius (R) is varied. As seen from Eq.(6.24), the ratio h/R is inversely proportional 

to the dimensionless parameter M. In this study, M=2.0, 4.41890, 6.41975 and 

9.09184 are considered. Material parameters of the fluid and the cylindrical shell 

are: wave speed in fluid, c=1500m/s; density of fluid, 1000ρ = kg/m3; Young’s 

modulus of the shell, 26
s m/kN10210E ×=  and the density of the shell, 

=sρ
33 m/kg108.7 × . 

 

By using Eq.(6.24), one can know that the corresponding h/R ratios for M=2.0, 

4.41890, 6.41975, 9.09184 are 2/31, 2/69, 2/100 and 2/142, respectively. For the 

cases of stepped incident plane waves (i.e. 0=β ), results of varying only R by 

keeping h constant (h=0.006m) are plotted in Figs.6.14a and 6.14b; while the 

associated results of varying only h by keeping R constant (R=0.02m) are plotted in 

Figs.6.14c and 6.14d. From Figs.6.14a-d, one can see that the converged radial 

velocities at late time all agree with the values calculated using Eq.(6.23a). One can 

also observe the trend that the larger the M value, the larger is the radial velocity. 

On the other hand, through comparing Figs.6.14a-b with Figs.6.14c-d, respectively, 

one can see that the results are almost identical at all time. It can be concluded that 

the response of the cylindrical shell is dominated by the ratio Rh , not by h or R 

alone. To further illustrate the validity of the present formulation, results for 0β =  

or 1 and M=2.0 are plotted in Fig.6.15 and compared with Huang’s results (1970). 

They are seen to be agreeable with each other well. 
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Fig.6.14a Comparison for different M-values due to varying R only ( )00=θ  

 

 

 

Fig.6.14b Comparison for different M-values due to varying R only ( )0180=θ  
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Fig.6.14c Comparison for different M-values due to varying h only ( )00=θ  

 

 

 

 

 

Fig.6.14d Comparison for different M-values due to varying h only ( )0180=θ  
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Fig.6.15 Radial velocity of shell due to a stepped ( )0=β and an exponential incident 

wave ( )1=β , (M=2.0) 

 

6.2.5.2 Effect of varying the shell’s density sρ  only 

 

Results for various densities of the shell material are plotted in Fig.6.16. In this 

study, other parameters are kept constant as follows: h/R=2/69, R=0.2m, 0β = ; 

and the Young’s modulus of the shell is 26
s m/kN10210E ×= . Of note, Eq.(6.24) 

shows that the M-value is inversely proportional to the density sρ . In other words, 

the lighter the shell, the larger is the M-value. From Fig.6.16, one can observe that 

the smaller the density (i.e. larger M), the larger is the velocity. By comparing 

Fig.6.16 with Figs.6.14a and 6.14c, one can see that the larger the density, the larger 

the velocity at early time for each M-value, although the velocity at late time 
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remains the same. Therefore, it can be concluded that the shell’s density dominates 

the early-time response for a chosen M-value. 

 

 

Fig.6.16 Comparison for different M-values due to varying sρ only ( )00=θ  

 

6.2.5.3 Effect of varying the Young’s modulus of shell 

 

Results for various Young’s modulus of the shell material are plotted in 

Figs.6.17a-c. In this study, a typical Young’s modulus is chosen 

(E= 26 m/kN10210× ) and the effects of varying E (E/2, E or 2E) are investigated, 

while other parameters are kept unchanged as follows: h/R=2/69, R=0.2m, 0β = , 

=sρ
33 m/kg108.7 × . M is kept constant (M=4.41890). From Figs.6.17a-c, one can 

see that the Young’s modulus dominates the early-time responses only. 

 

In conclusion, when a submerged cylindrical shell is subjected to a plane shock 

wave, the late-time response depends on the dimensionless quantity M only, but its 

early-time response depends not only on M, but also on the Young’s modulus of the 

shell. 
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Fig.6.17a Radial velocity for various E ( )00=θ  

 

 

 

 

Fig.6.17b Radial velocity for various E ( )090=θ  
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Fig.6.17c Radial velocity for various E ( )0180=θ  

 

6.2.6 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL 

SUBJECTED TO A NEAR-FIELD SHOCK WAVE 

 

In this study, difficulties have been encountered in finding a benchmark example 

since most previous studies were carried out by defense organizations. The writer is 

aware of the free-field pressure incp  (incident pressure) and velocity ffv  of a 

near-field shock wave for a 3-dimensional problem published by Cole (1948) as the 

early published work. In order to verify the efficiency of the present SBFEM-FEM 

procedure for a 2-dimensional FSI problem subjected to a near-field shock wave, 

the incp  and ffv  for a 2-dimensional problem are produced using a commercial 

code LS-DYNA. The results obtained from the FEM analysis by LS-DYNA is 

treated as a benchmark example. The geometric configuration is shown in Fig.6.18. 

In it, an explosive is placed at the origin, while a cylindrical shell is sited 1.0 m 

away from the origin to the right. The cylinder and explosion are surrounded by 

unbounded fluid medium. The fluid and the shell’s properties are as described in 

section 6.3.2. In order to simplify the simulation of underwater explosion, a 

pressure surface (the red curve shown in Fig.6.18) is employed to model the 

underwater explosion. The radius r  is 0.1m and the exponentially decaying 

pressure is taken as ( ) ( )t1.0rat
1

etp =θ
−

=  where ( )1.0rat =θ  is set equal to 
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51055.3 −× . The FEM mesh used in the LS-DYNA analysis is also shown in 

Fig.6.18. The radial velocities obtained from LS-DYNA at locations 
000 180,90,0=θ  of the cylindrical shell are shown in Fig.6.19. The pressure and 

velocity obtained from LS-DYNA at locations 000 180,90,0=θ  of the 

corresponding free field problem are shown in Fig.6.20. Upon determining the incp  

and ffv  along the fluid-structure interface, the response of the shell can be solved 

by Eq.(6.18) and results obtained by the present method are then plotted in Fig.6.19 

as well. The corresponding FEM and SBFEM mesh and time increment are the 

same as those in section 6.3.4. As seen from Fig.6.19, the results obtained by the 

present method are in good accord with those by LS-DYNA. Therefore, it can be 

concluded that the present SBFEM-FEM procedure is suitable and very efficient for 

solving FSI problems subjected to near-field shock waves. 

 

 

 

 

 
Fig.6.18 FEM mesh for a submerged cylindrical shell subjected to a near-field shock wave 
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Fig.6.19 Radial velocity of a cylindrical shell subjected to a near-field shock wave 

 

 

 

 

 

Fig.6.20 Free-field pressure and velocity at 000 180,90,0=θ  on the shell surface  
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CHAPTER SEVEN 

 

SBFEM/FEM COUPLING METHOD FOR STEADY-STATE 

ANALYSIS OF DAM-RESERVOIR SYSTEMS 

 

The scaled-boundary-finite-element method (SBFEM) is extended for steady-state 

analyses of dam-reservoir system problems. In this study, the dam is assumed rigid 

and subjected to horizontal ground motions, and the liquid in the reservoir is 

assumed semi-infinite. The vertical ground motion is not considered because the 

SBFEM needs that the velocity boundary condition at the reservoir’s bottom is 

equal to zero. The semi-infinite reservoir domain is partitioned into two 

sub-domains: a near-field and a far-field domain. In it, the near-field domain is 

modeled by finite-element-method (FEM), while the far-field domain is modeled by 

SBFEM and is treated as a layered semi-infinite fluid domain. A SBFEM/FEM 

coupling procedure is employed to solve the steady-state response of the reservoir. 

The coupling procedure is easy to implement and suitable for all frequencies, real or 

complex. In this chapter, the accuracy and efficiency of the SBFEM formulation 

described in chapter 3 and the SBFEM/FEM coupling procedure are validated in 

frequency domain. Numerical results based on the present procedure are in good 

agreement with analytical and other available numerical solutions. 
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7.1 PROBLEM STATEMENT 
 

  
Fig.7.1a A dam-reservoir system 

 

 
Fig.7.1b Truncation of a reservoir 

 

A dam-reservoir system shown in Fig.7.1a is considered, where the dam is rigid and 

the fluid in the reservoir is an inviscid isentropic fluid with the fluid particles 

undergoing small displacements. The analysis is limited to a linear analysis. Not 

including body force effects, the governing equation of the fluid are as follows. 

 φ=φ∇ &&
2

2

c
1  (7.1)

where φ  denotes velocity potential and c denotes the wave speed in the fluid. The 

pressure p , the velocity vector v  and the velocity potential φ  have a 

relationship as follows. 

 φ∇=v  (7.2a)

 φρ−= &p  (7.2b)

where ρ  denotes the fluid density. Boundary conditions for Eq.(7.1) are as 

follows. 

i) Along the boundary Sv, having a prescribed velocity S
nv  in the direction of the 

 

Dam 

Near 
field

Far field

Interface 2

∞

Interface 1

Dam

Reservoir ∞
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unit normal vector n (pointing outward to the fluid boundary), we have 

 S
n

S
S

v
n

v
v

=
∂
φ∂

=•nv  (7.3a)

ii) Along the boundary Sf, having a prescribed pressure sp , we have 

 s

SS
pp

ff
=φρ−= &  (7.3b)

Eqs.(7.1) and (7.3) form a boundary value problem. It is difficult to obtain an 

analytical solution of Eq.(7.1) for the dam-reservoir system as shown in Fig.7.1. To 

circumvent the difficulties, the fluid in the reservoir is divided into two parts: a 

near-field and a far-field domain as shown in Fig.7.1b. The interaction between the 

near-field domain and the far-field domain occurs at Interface 2, while the 

interaction between the dam and the liquid occurs at Interface 1. Of note, Interface 2 

is assumed vertical and the reservoir bottom in the far-field domain is flat (level) 

and rigid. 

 

7.2 FEM FORMULATION FOR THE NEAR-FIELD DOMAIN 

 

Here, the near-field fluid domain is discretized into an assemblage of finite elements. 

The corresponding finite-element governing equation of Eq.(7.1) for the near-field 

domain can be expressed as 

 nVKM =Φ+Φ&&  (7.4)

where the global mass M, the global stiffness K matrices and the global vector nV  

are treated in the standard manner as in the traditional FE procedures as described in 

section 2.1; and Φ  denotes the global vector of nodal velocity potentials φ . Its 

boundary conditions are as follows. 

 

i) At the free surface, by ignoring the effects of surface waves of fluid, the 
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boundary condition of the free surface is taken as 

 0p =φρ−= &  (7.5a)

 

ii) At the dam-reservoir Interface 1, by assuming that the dam’s acceleration is 

1na  in the normal direction, the boundary condition is specified as 

 1na
nn

p
ρ−=

∂
φ∂

ρ−=
∂
∂ &

 (7.5b)

 

iii) At the bottom of the reservoir, by assuming that the reservoir is rigid, the 

boundary condition is 

 0
nn

p
=

∂
φ∂

ρ−=
∂
∂ &

 (7.5c)

 

iv) At Interface 2, several ways of describing the boundary conditions are available 

if the far-field is truncated, for example: 

 Sommerfeld radiation condition for the truncated surface is given by  

 0
nn

p
=

∂
φ∂

ρ−=
∂
∂ &

 (7.6a)

 Sharan’s boundary condition is 

 
H2

p
n
p π

−=
∂
∂  (7.6b)

where H  is the height of the far-field domain. 

 A far-boundary condition (Maity and Bhattacharyya (1999)) is expressed as 

 Z
H
p

n
p

−=
∂
∂  (7.6c)

The expression of Z can be obtained in the literature (Maity and Bhattacharyya 

(1999)). 

 

Details of the boundary condition as treated by the SBFEM are described in the next 
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section. 

 

7.3 SBFEM FORMULATION FOR THE FAR-FIELD DOMAIN 

 

What follows shows the SBFEM formulation for the far-field domain. Fig.7.2 

shows the SBFEM discretization of the near-field-to-far-field Interface 2. Each 

element on Interface 2 actually denotes a layered sub-semi-infinite fluid medium. 

As such, the whole far-field domain is modeled by an assemblage of elements at 

Interface 2 only and the free surface and the reservoir bottom are not discretized and 

are prescribed by one node at Interface 2. 

 
Fig. 7.2 SBFEM mesh for a far-field domain 

 

Along Interface 2, an integral vector of the normal velocity Vn2 and a velocity 

potential vector 2Φ  satisfies the relationship below. 

 ( ) ( ) ( )ωΦω=ω ∞
22n SV  (7.7)

where 2Φ  denotes the column vector of nodal velocity potentials φ  along 

Interface 2; ( )ω∞S  is called the “dynamic stiffness” matrix of the whole far-field 

Far field 

Interface 2 

∞

SFE cell
Surface 3 

wH  

H

η

ξ
1 

2

3 ( ) ( )



 +−−= ηηηηη 222

2
11

2
1

fN  

3-noded element 

l 
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domain; and 

 ( ) ∑ ∫
Γ

Γ=ω
e

e
w2n

T
f2n

e
w

dvNV  (7.8)

in which 2nv  denotes the normal velocity; wΓ  denotes Interface 2; Nf is the shape 

function for a typical discretized fluid element; and 
e
Σ  denotes an assemblage of 

all fluid elements on Interface 2. Note that the “dynamic stiffness” matrix ( )ω∞S  

is independent of the response of the far-field domain. It depends on the geometry 

of Interface 2 only and can be obtained prior to solving Eq.(7.7) . When one of the 

two variable vectors ( )ω2nV  and ( )ωΦ 2 , is known, the other can then be 

determined. Chapter 3 presents the full details of the derivation of the “dynamic 

stiffness” matrix ( )ω∞S  and is not duplicated here. Briefly, the first step is to 

establish the finite-element governing equation of a scalar-finite-element (SFE) cell 

between Interface 2 and Surface 3; the second step is to derive the relationship 

between Interface 2 and Surface 3 using the finite-element governing equation in 

Eq.(7.4); the last step is to take the SFE cell’s characteristic width w as the 

analytical limit to zero, which yields a consistent infinitesimal finite-element cell 

(IFEC) equation in frequency domain and the solution of the IFEC equation is the 

“dynamic stiffness” matrix ( )ω∞S . The IFEC equation is expressed as 

 ( )( ) ( )( ) 0022T1101 =ω+−+ω+ω ∞−∞ MEESEES  (7.9)

where the global coefficient matrices 0E , 1E , 2E  and 0M  depend only on the 

attributes of Interface 2, which can be obtained through assembling all elements’ 

0
eE , 1

eE , 2
eE  and 0

eM  on Interface 2. The matrices 0
eE , 1

eE , 2
eE  are in the form 

of ∫Γ Γ
e
w

e
w

T dBB  and 0
eM  is in the form of e

wf
T
f2e

w

d
c
1

Γ∫Γ NN , where the matrices 

B’s are kinds of strain-displacement relationship. Details can be found in chapter 3. 

For a 2-dimensional 3-node element shown in Fig.7.2, in which the middle node 2 
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is located mid-way between node 1 and node 3, the element coefficient matrices can 

be obtained analytically as follows. 

 
















−

−
=

421
2162
124

H30
0
e

lE  (7.10a)

 















=

000
000
000

1
eE  (7.10b)

 
















−
−−

−
=

781
8168

187

3
H2

e l
E  (7.10c)

and 

 
















−

−
=

421
2162
124

c30
H

2
0
e

lM  (7.10d)

where H and l denote the heights of the reservoir and a single element, respectively. 

Upon assembling all of the element coefficient matrices into the corresponding 

global matrices, it is found that the global matrix 1E  is a zero matrix. Substituting 

it into Eq.(7.9) yields 

 ( ) ( ) 002210 =ω+−ωω ∞−∞ MESES  (7.11)

By comparing Eq.(7.11) with Eq.(7.9), one can see that Eq.(7.11) is much easier to 

solve than Eq.(7.9). The solution of Eq.(7.11) is as follows. 

 

i) Post-multiplying Eq.(7.11) by 10−E  and then rearranging leads to 

 ( ) ( ) ( ) 100221010 −−∞−∞ ω−=ωω EMEESES  (7.12a)

ii) Taking square root of Eq.(7.12a) yields 

 ( ) ( ) 1002210 −−∞ ω−=ω EMEES  (7.12b)

iii) Post-multiplying Eq.(7.12b) by 0E  leads to 
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 ( ) ( ) 010022 EEMES −∞ ω−=ω  (7.12c)

Note that if the exciting frequency ω  is given, Eq.(7.12c) can be readily 

determined, and thus Eq.(7.11) is solved. Usually, Eq.(7.9) is very difficult to solve 

when the matrix 1E  is present even if using the dynamic condensation and 

substructure deletion methods as proposed by Wolf and Song (1996a). In this regard, 

whether the matrix 1E  vanishes is crucial for obtaining the solutions for the 

present SBFEM. However, by inspecting Eq.(7.12c), one can see that the values of 

( )ω∞S  may be real or complex for different exciting frequencies ω . It means that 

there is a cut-off frequency cω , such that when the exciting frequency ω  is less 

than cω , ( )ω∞S  is real, or ( )ω∞S  is complex. Reformulating Eq.(7.12c) yields 

 ( ) ( ) 01001222 EEMEIES −−∞ ω−=ω  (7.12d)

It is obvious that the term 0122 MEI −
ω−  can be decomposed into a real power 

series when the spectral radii of the matrix 0122 ME −
ω  is less than or equal to 1. 

Therefore, the cut-off frequency cω  is determined by 0122 ME −
ω  and Eq.(7.12d) 

is a real matrix when cω≤ω . 

 

7.4 FEM-SBFEM COUPLING FORMULATION 

 

Partitioning Eq.(7.4) into sub-matrices corresponding to variables at Interface 1, 

Interface2 and other interior locations leads to 
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&&

&&
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 (7.13)

where the subscripts 1 and 2 refer to nodal variables at Interfaces 1 and 2, 

respectively; while the subscript 3 refers to other interior nodal variables in the 
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near-field fluid. At Interface 2, the near-field FEM-domain couples with the 

far-field SBFEM-domain. The kinematic continuity condition requires that both 

fields have the same normal velocity at Interface 2. Hence, Eq.(7.7) can be 

re-written as 

 ( ) 22n2n Φω==′− ∞SVV  (7.14a)

Substituting Eq.(7.12c) into Eq.(7.14a) and re-arranging yields 

 ( ) 2
010022

2n Φω−−=′ − EEMEV  (7.14b)

Substituting Eq.(7.14b) into Eq.(7.13) leads to 
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 (7.15)

For a steady-state response with an exciting frequency ω , 

 tie ωΦ=Φ  (7.16)

Substituting Eq.(7.16) into Eq.(7.15) leads to 

  

( )
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 (7.17)

Of note, Eq.(7.17) can be solved for any frequency ω . As the near-field domain is 

modeled by FEM, Eq.(7.17) is suitable for any arbitrary geometrical shape at the 

interface between the dam and the near-field domain. 
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7.5 NUMERICAL EXAMPLES 

 

To validate the present SBFEM/FEM coupling formulation, specific numbers of 

2-dimensional cases for dam-reservoir systems subjected to horizontal harmonic 

ground motions are considered. 

 

7.5.1 NATURAL FREQUENCY ANALYSIS OF A FAR-FIELD DOMAIN 

 

The objective of this analysis is to check the accuracy and efficiency of the 

“dynamic stiffness” matrix ( )ω∞S  expressed in Eq.(7.12c). It requires the 

determinant of Eq.(7.12c) to be set equal to zero to obtain the natural frequency for 

the far-field domain (shown in Fig.7.2), i.e. 

 ( ) ( ) 0010022 =ω−=ω
−∞ EEMES  (7.18a)

The equivalent equation of Eq.(7.18a) is given by 

 ( ) ( ) ( ) 002
1

102
1

022010022 =ω−=ω−=ω
−−∞ EEMEEEMES  (7.18b)

Therefore, the natural frequency of a far-field domain can be obtained from the 

equation below. 

 ( ) 0022 =ω− ME  (7.18c)

The far-field domain as shown in Fig.7.2 is studied using two discretization meshes. 

Mesh 1 consists of 10 numbers of 3-node SBFEM elements having the same height 

10/H=l , while Mesh 2 consists of 20 numbers of similar elements ( 20/H=l ). 

The dimensions of the global coefficient matrices 0E , 1E , 2E  and 0M  are all 

21x21 in Mesh 1 and 41x41 in Mesh 2. After dropping the row and column with 

respect to the free surface, it reduces to 20x20 and 40x40, respectively. Substituting 

2E  and 0M  into Eq.(7.18c) yields the first 20 natural frequencies ω  for Mesh 1 
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and 40 for Mesh 2. The natural frequencies are normalized as 
c
Hω

=Ω . Results are 

listed in Table 7.1. In Table 7.1, the analytical solutions π
−

=ω=Ω
2

1k2c/Hka  

(k=1,2,3,…) (Tsai and Lee 1989) are also given. From Table 7.1, one can see that 

SBFEM solutions are very close to the analytical solutions, especially at lower 

frequencies. Also, the convergence of the SBFEM can be observed by comparing 

results of Mesh 1 and Mesh 2 with analytical solutions. Mesh 2 with increasing 

mesh density results in better solutions. Nevertheless, as the response of structures 

is dominated by certain low-order natural frequencies, the coarse Mesh 1 is fine 

enough to determine the response of a far-field domain accurately. 

 

Table 7.1 Natural frequencies of a far-field domain 

Serial no. ( kω ) 1 2 3 4 5 6 7 8 9 10 

Analytical

πΩ /2 a  
1 3 5 7 9 11 13 15 17 19 

Mesh 1 1.00 3.00 5.00 7.01 9.02 11.06 13.13 15.25 17.42 19.55Present

πΩ /2  Mesh 2 1.00 3.00 5.00 7.00 9.00 11.00 13.01 15.02 17.03 19.06

Serial no. ( kω ) 11 12 13 14 15 16 17 18 19 20 

Analytical

πΩ /2 a  
21 23 25 27 29 31 33 35 37 39 

Mesh 1 22.68 25.13 27.94 31.03 34.36 37.90 41.50 44.87 47.57 49.11Present

πΩ /2  Mesh 2 21.09 23.15 25.22 27.31 29.43 31.57 33.75 35.94 38.09 39.91

 

7.5.2 STEADY-STATE ANALYSIS OF A VERTICAL DAM 

 

In this example, a dam having a vertical upstream face and an infinite reservoir 

subjected to a horizontal harmonic ground acceleration motion ( tiae ω= ) in the 
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upstream direction is examined. The dam and the reservoir floor are assumed rigid. 

The reservoir floor is assumed flat. The FEM and SBFEM meshes for the reservoir 

are shown in Fig.7.3. The near-field domain is modeled by 10 numbers of 8-node 

plane-strain elements, while the far-field domain is modeled by 10 numbers of 

3-node SBFEM elements. The width of the near-field is 0.05H where H (=180m) is 

the height of the reservoir. Figs.7.4a and 7.4b plot the pressure distributions along 

the y-direction at the interface between the dam and the near-field for different 

exciting frequencies c/Hω=Ω . Of note, in the case of vertical dams, the 

near-field domain is not necessarily put in place and the reservoir can be 

represented by a far-field domain alone. In this case, the response of the far-field 

domain can be solved by the SBFEM procedure alone in Eq.(7.7) and results are 

plotted in Figs.7.4a and 7.4b, too. From these two figures, it can be seen that results 

of the FEM/SBFEM and those of the SBFEM-alone coincide with each other. The 

same problem was previously studied by Chopra (1967) and Tsai and Lee (1989). 

Chopra derived an analytical solution, while Tsai and Lee reported a numerical 

solution using BEM. The analytical, Tsai and Lee’s and SBFEM solutions are all 

plotted in Figs.7.5a and 7.5b. By comparing these solutions, one can see that the 

SBFEM solutions coincide with the analytical and Tsai and Lee’s solutions. 

Therefore, it can be concluded that the reservoir with a vertical dam surface can be 

represented by a far-field-only domain which renders a SBFEM-alone model 

possible, and yields accurate results, too. 
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Fig.7.3 FEM and SBFEM meshes of the reservoir 

 

 

 

Fig.7.4a Comparison of pressure (real parts) obtained by SBFEM-alone and FEM/SBFEM 
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Fig.7.4b Comparison of pressure (Imaginary parts) obtained by SBFEM-alone and 

FEM/SBFEM 

 

 

 

Fig.7.5a Comparison of pressure (real parts) obtained by Tsai and Lee, SBFEM and 

analytical solution 
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Fig.7.5b Comparison of pressure (Imaginary parts) obtained by Tsai and Lee, SBFEM and 

analytical solution 

 

7.5.3 STEADY-STATE ANALYSIS OF A SLOPING DAM 

 

A dam having a sloping angle of 020  on the upstream face subjected to a 

horizontal ground acceleration motion ( tiae ω= ) is examined in this example. In it, 

the dam and the reservoir floor are assumed rigid. The reservoir floor is assumed 

flat. The aim is to validate the accuracy of the present FEM/SBFEM coupling 

procedure for a sloping dam. The discretized FEM and SBFEM meshes are shown 

in Fig.7.6. The near-field domain is modeled by 40 numbers of 8-node plane-strain 

elements, while the far-field domain is modeled by 10 numbers of 3-node SBFEM 

elements. Pressure distributions along the sloping interface for different exciting 

frequencies c/Hω=Ω  are plotted in Figs.7.7a and 7.7b. Tsai and Lee (1989) used 

FEM and BEM to study the same problem for comparison, respectively. Their 

results are also plotted in Figs.7.7a and 7.7b. By comparing the present 

FEM/SBFEM solutions with Tsai and Lee’s FEM and BEM solutions, it can be seen 

that the present real-part solutions fully coincide with Tsai and Lee’s solutions while 
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the present imaginary-part solutions fully coincide with FEM solutions. Of note, 

Tsai and Lee’s BEM and FEM solutions are almost the same, except for a small 

difference in the imaginary-part results when 0.6=Ω . 

 

 

Fig.7.6 Mesh for the reservoir for a dam-reservoir system having a sloping angle 020=θ  

 

 

Fig.7.7a Pressure distributions (Real parts) along the dam having a sloping angle 020=θ  
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Fig.7.7b Pressure distributions (Imaginary parts) along the dam having a sloping angle 

020=θ  

 

7.5.4 STEADY-STATE ANALYSIS OF A DAM HAVING MULTI-SLOPES 

ON THE UPSTREAM FACE 

 

A rigid dam having two slopes on the upstream face as shown in Fig.7.8a is 

considered. The reservoir floor is assumed rigid and flat. The meshes for the 

near-field FEM domain and the far-field SBFEM domain of the reservoir are shown 

in Fig.7.8b. Results of pressure distributions along the dam-reservoir interface for 

the dam excited by various frequencies horizontal ground acceleration motions 

( tiae ω= ) are shown in Figs.7.9a and 7.9b. The same problem was previously 

studied by Tsai (1992) using a semi-analytical method based on the least square 

method or the Galerkin method. Their results are also plotted in Figs.7.9a and 7.9b 

for comparison. From Figs.7.9a and 7.9b, it can be seen that FEM-SBFEM results 

are in very good accord with Tsai’s, especially for the vertical part of the 

dam-reservoir interface. However, the FEM-SBFEM results have higher values than 
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Tsai’s near the heel of dam. In view of Tsai’s results being non-analytical, it is not 

surprising to see greater discrepancy for a large-angle sloping dam. Hence, the 

present FEM-SBFEM results appear to yield more accurate results. 

 

 
Fig.7.8a Geometry of a dam having two slopes on the upstream face 

 

 

 

 

Fig.7.8b FEM and SBFEM meshes of a dam having two slopes on the upstream face 
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Fig.7.9a Pressure distributions (real parts) along the dam-reservoir interface 

 

 

 

Fig.7.9b Pressure distributions (Imaginary parts) along the dam-reservoir interface 
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7.5.5 STEADY-STATE ANALYSIS OF SLOPING DAMS AGAINST 

INCOMPRESSIBLE FLUID 

 

This example is to validate the accuracy of the FEM-SBFEM procedure for the 

dam-reservoir systems containing incompressible fluid. A rigid dam having a 

sloping face retains an infinite long fluid domain in the upstream direction. It is 

subjected to a horizontal ground acceleration motion ( tiae ω= ) as shown in Fig.7.10. 

The reservoir floor is assumed rigid, flat and fluid incompressible. The pressure 

distributions on the sloping dam for different sloping angles are shown in Fig.7.10 

and compared with Chwang’s exact solutions (1978) and Tsai’s semi-analytical 

solutions (1992). The FEM mesh for the near-field domain and the SBFEM mesh 

for the far-field domain are similar to those in Fig.7.6, except that the distance 

between the dam’s heel and the near-to-far-field interface is 0.01H. From Fig.7.10, 

one can see that the FEM-SBFEM results fully coincide with Chwang’s exact 

solutions and are more accurate than Tsai’s solutions (1992). An additional curve for 

060=θ  obtained by the FEM-SBFEM method is also plotted in Fig.7.10. It 

exhibits the trend that the greater the sloping angle, the smaller is the pressure. 

 
Fig.7.10 Pressure distributions on a sloping dam against incompressible fluid 
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7.5.6 STEADY-STATE ANALYSIS OF ARCH DAMS AGAINST 

INCOMPRESSIBLE FLUID 

 

This example is to investigate hydrodynamic pressure distributions along an arch 

dam against incompressible fluid when subjected to a horizontal ground 

acceleration motion ( tiae ω= ). Here, the upstream face of an arch dam is assumed to 

take the slope of a partial circular arc. Five different circular arcs are considered. 

Each arc is defined by 3 points on the curve. The coordinates (x,y) of the points, the 

associated center and radius are listed in Table 7.2. Note that Arc 5 with an infinite 

radius is a vertical face. For easy visualization, the circular arcs are plotted in 

Fig.7.11a, in which the fluid is retained to the right. The near-field FEM mesh and 

the far-field SBFEM mesh are shown in Fig.7.11b. The results are plotted in 

Fig.7.12. By comparing the results, one can see that the steeper the arc, the larger is 

the pressure acting on the arch dam. 

 

 

 

Table 7.2 Geometrical configurations (x,y) of different circular arcs 

Arc type Point 1 Point 2 Point 3 Center Radius 

Arc 1 (104,0) (32,90) (0,180) (312.1,240.3) 317.9 

Arc 2 (104,0) (49,90) (26,180) (357.7,216.8) 333.7 

Arc 3 (104,0) (65,90) (52,180) (409.0,185.6) 357.1 

Arc 4 (104,0) (84,90) (78,180) (678.1,174.8) 600.1 

Arc 5 (104,0) (104,90) (104,180) without solution ∞  
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Fig.7.11a Geometry of arcs 

 

 

 

 

Fig.7.11b FEM and SBFEM meshes 
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Fig.7.12 Pressure distributions on arch dams against incompressible fluid 

 

7.5.7 STEADY-STATE ANALYSIS OF A RIGID DAM WITH AN 

ABSORPTIVE RESERVOIR’S BOTTOM 

 

For an absorptive reservoir’s bottom, the boundary condition expressed as Eq.(7.5c) 

must be changed and can be expressed in a simple manner as follows. 

 0q
n

=φ+
∂
φ∂ &  (7.19)

where the value q is determined by 

 







α+
α−

=
1
1

c
1q  (7.20)

in which α  denotes the reflection coefficient of pressure striking the bottom of the 

reservoir. When α  equals to 1, Eq.(7.19) becomes Eq.(7.5c). That is to say, the 

reservoir’s bottom is rigid and not absorptive. 

 

For the far-field domain with an absorptive reservoir’s bottom, the corresponding 
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“dynamic stiffness” matrix ( )ω∞S  does not satisfy Eq.(7.11) any more. By using 

the same technique presented in Chapter 4, the “dynamic stiffness” matrix ( )ω∞S  

satisfies the following equation. 

 ( ) ( ) 0i 020210 =ω+ω−−ωω ∞−∞ MCESES  (7.21)

where the global coefficient matrices 0E , 2E  and 0M  are the same as those in 

Eq.(7.11), and the global coefficient matrices 0C  can be obtained through 

assembling all elements’ 0
eC . Note that only the 0

eC  corresponding to the element 

adjacent to the reservoir’s bottom are not zeros, while those corresponding to other 

elements are zeros. The non-zero 0
eC  is expressed as f

T
fqH NN  with 1−=η , i.e. 

 
















=

000
000
001

qH0
eC  (7.22)

Solving Eq.(7.21) leads to 

 ( ) ( ) 0100202 i EEMCES −∞ ω−ω+=ω  (7.23)

The FEM-SBFEM coupling formulation for a dam-reservoir system with an 

absorptive bottom is expressed as follows, which is similar to Eq.(7.17). 
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 (7.24)

The following benchmark examples verified the correctness and efficiency of 

Eq.(7.23) and Eq.(7.24). Three different geometries of the upstream face of the rigid 

dam subjected to a horizontal harmonic ground acceleration motion ( tiae ω= ) in the 

upstream direction were considered: (i) vertical dam; (ii) fully inclined dam (a 

sloping dam as shown in Fig.7.10); (iii) partially inclined dam (dam having 
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multi-slopes as shown in Fig.7.8a with 045=θ ). Meshes for the three cases are the 

same to those used in sections 7.5.2, 7.5.3 and 7.5.4, respectively. For a vertical 

dam, different exciting frequencies ω  and reflection coefficients α  were 

considered. The results were shown in Figs.7.13a-c. The coefficient 
gH
P

Cp ρ
= , 

while 
H2
c

1
π

=ω . From Figs.7.13a-c, one can see that the hydrodynamic pressure 

P  decreases when the exciting frequency ω  increases. 

 

 

 

Fig.7.13a Hydrodynamic pressures on vertical dam face, 95.0=α  
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Fig.7.13b Hydrodynamic pressures on vertical dam face, 75.0=α  

 

 

 

Fig.7.13c Hydrodynamic pressures on vertical dam face, 5.0=α  

 

For a sloping dam, two different angles were considered. The first was 030=θ . 

The other was 060=θ . The results were plotted in Figs.14a,b. 
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Fig.7.14a Hydrodynamic pressures on sloping dam face, 0

1

30,1 =θ=
ω
ω  

 

 

Fig.7.14b Hydrodynamic pressures on sloping dam face, 0

1

60,1 =θ=
ω
ω  

 

The results for a dam have multi-slopes were plotted in Fig.7.15.  
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Fig.7.15 Hydrodynamic pressures on a dam face having multi-slopes, 1
1

=
ω
ω  

 

From Figs.7.13-15, it can be found that the reflection coefficient α  affects the 

hydrodynamic pressure. The pressure increases when α  increases. The same 

problems were considered by Sharan (1992). He used FEM to the near-field 

domain, while the far-field domain was modeled by using a radiation boundary. 

The boundary condition on the radiation boundary was expressed as an infinite 

series. Through comparing the above results with Sharan’s results, it can be 

found that the above results are almost the same to those of Sharan. (Here 

Sharan’s results were not plotted for clarity.) So Eqs.(7.23) and (7.24) are 

correct. As the all coefficient matrices 0E , 2E , 0C  and 0M  are easy to 

obtain, Eqs.(7.23) and (7.24) are efficient. 
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CHAPTER EIGHT 

 

SBFEM/FEM COUPLING METHOD FOR TIME-DOMAIN 

ANALYSIS OF DAM-RESERVOIR INTERACTION 

PROBLEMS 

 

In this chapter, the boundary finite element method (SBFEM) is extended to 

time-domain analyses of dam-reservoir interaction problems. Dams can be rigid or 

flexible, while the fluid medium in the reservoir is semi-infinite and compressible. 

The dam-reservoir interaction is analyzed by using a FEM/SBFEM coupling 

procedure when dams are subjected to horizontal ground motions. Two types of 

FEM-SBFEM coupling procedures are presented. In the first type, the dam is 

modeled by FEM, while the fluid medium in the reservoir is modeled by the 

SBFEM alone. In the second type, the dam is still modeled by FEM but the fluid 

medium is modeled by a combination of FEM and SBFEM. In the case of a vertical 

dam-reservoir system, the fluid medium can be modeled by the SBFEM alone. In 

the case of non-vertical dam-reservoir systems, the fluid medium is divided into a 

near-field FEM domain and a far-field SBFEM domain. Two benchmark examples 

are studied. The numerical results obtained by the present procedure are compared 

with those from analytical or other available numerical solutions. In this chapter, the 

accuracy and efficiency of the SBFEM formulation described in Chapter 3 for 

time-domain analyses are validated. 
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8.1 PROBLEM STATEMENT 

 

A dam-reservoir system shown in Fig.7.1a is considered. In it, the dam can be rigid 

or flexible, while the fluid in the reservoir is inviscid isentropic with the fluid 

particles undergoing only small displacements. For dams having arbitrary 

geometries, analytical solution for the reservoir in time-domain analyses has not 

been reported in literature. To circumvent the difficulties, the fluid in the reservoir is 

divided into two parts: a near-field and a far-field domain as shown in Fig.7.1b. The 

interaction between the near-field domain and the far-field domain occurs at 

Interface 2, while the interaction between the dam and the liquid occurs at Interface 

1. Of note, Interface 2 is assumed vertical and the reservoir bottom in the far-field 

domain is level and rigid. These assumptions are necessary in SBFEM formulation, 

because the SBFEM requires no energy to be radiated from the infinity towards the 

dam. 

 

8.2 FEM-SBFEM MODELING 

 

For the dynamic analysis of a dam-reservoir system subjected to a horizontal 

ground motion or an external force, both the dam and the near-field domain medium 

can be modeled by finite-element method, while the far-field domain medium can 

be represented by a boundary condition at the near-to-far-field interface (i.e. 

Interface 2). 

 

8.2.1 MOTION EQUATION FOR A DAM 

 

The motion equation for a dam subjected to both ground motions and external 

forces can be written in the standard finite element form as follows. 
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 feg
dddd FFURMUKUCUM ++−=++ &&&&&  (8.1)

where dM , dC  and dK  denote the global mass, damping and stiffness matrices 

for the solid dam, respectively; U&& , U&  and U  are the vectors of the nodal 

acceleration, velocity and displacement of dams, respectively; gU&& , eF  and fF  

are the ground acceleration vector, the external force vector and the hydrodynamic 

force vector, respectively; and R  denotes the acceleration transformation matrix. 

In Eq.(8.1), all matrices and vectors except U  and fF  can be derived in the 

standard manner using the traditional finite element procedures. It leads to an 

expression such that the displacement U  is a function of the hydrodynamic force 

fF . 

 

8.2.2 FEM FORMULATION FOR THE NEAR-FIELD FLUID DOMAIN 

MEDIUM 

 

An efficient approach for the expression of the hydrodynamic force fF  is to 

discretize the near-field fluid domain medium using FEM. Not including body force 

effects, the governing equation of the near-field domain medium is as follows: 

 φ=φ∇ &&
2

2

c
1  (8.2)

where φ  and c  denote the velocity potential of fluid particle and the sound speed 

in the fluid, respectively. The fluid pressure and the velocity potential φ  have a 

relationship as follows: 

 φρ−= &p  (8.3)

where ρ  denotes the fluid density. The corresponding finite-element equation of 

Eq.(8.2) is given by 
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 n
ff VKM =Φ+Φ&&  (8.4)

where the matrices fM  and fK  denote the global mass matrix and stiffness 

matrix of the near-field fluid domain, respectively; the vector nV  denotes the 

integral vector of the normal velocity along the near-field fluid medium boundaries. 

Of note, fM , fK  and nV  can be derived in the standard manner using the 

traditional fluid element procedures. Φ  denotes the global column vector of nodal 

velocity potential φ . Its boundary conditions are described as in section 7.3. In the 

next section, a SBFEM boundary condition at Interface 2 is described. 

 

8.2.3 SBFEM FORMULATION FOR THE FAR-FIELD FLUID DOMAIN 

MEDIUM 

 
Fig.8.1 Typical SBFEM mesh for a far-field domain 

When the SBFEM is employed to model a far-field domain medium, the far-field 

domain medium is regarded as a semi-infinite layered medium. The typical SBFEM 

mesh for the far-field domain is shown in Fig.8.1. Only Interface 2 is discretized 

while the free surface and the reservoir bottom are each represented by a node at 

Interface 2. Each element at Interface 2 actually represents a sub-semi-infinite 

layered medium. As such, the whole far-field domain is represented by an 

Far field 

Interface 2 

∞

SFE cell
Surface 3 

wH  

H

η

ξ
1 

2

3 

A 3-noded element 

l ∞

A sub-semi-infinite  
layered medium 
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assemblage of elements at Interface 2. The effect of the whole far-field domain can 

be obtained by incorporating the elements at Interface 2. 

 

The SBFEM formulation for Interface 2 is expressed as follows: 

 ( ) ( ) ( )∫ ττΦτ−= ∞t

0 22n dtt &&MV  (8.5)

where 2Φ  denotes the column vector of the nodal velocity potential φ  at 

Interface 2; ( )t∞M  is called a “dynamic mass” matrix of the whole far-field 

domain; and 

 ( ) ∑ ∫
Γ

Γ=
e

e
22n

T
f2n

e
2

dvt NV  (8.6)

in which 2nv  denotes the normal velocity; 2Γ  denotes Interface 2; fN  is the 

shape function for a typical discretized fluid element; and 
e
Σ  denotes an 

assemblage of all fluid elements at Interface 2. Note that the “dynamic mass” matrix 

( )t∞M  is independent of the response of the far-field domain. It depends only on 

the geometrical attributes at Interface 2 and can be obtained prior to solving 

Eq.(8.5). Therefore, if one of the two variable vectors ( )t2nV  and ( )t2Φ  is 

known, the other can then be determined. Chapter 3 presents the full details of the 

derivation of the “dynamic mass” matrix ( )t∞M  and the details are not duplicated 

here. In brief, the first step is to establish the finite-element governing equation of a 

scalar-finite-element (SFE) cell between Interface 2 and the Surface 3 and to derive 

the relationship between Interface 2 and the Surface 3 using the finite-element 

governing equation in Eq.(8.4); the second step is to take the SFE cell’s 

characteristic width w as the analytical limit to zero, which yields a consistent 

infinitesimal finite-element cell (IFEC) equation in frequency domain; the last step 

is to apply the inverse Fourier transformation to the IFEC equation, so that it is 

converted to an equivalent IFEC equation in time domain. Subsequently, the 
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“dynamic mass” matrix ( )t∞M  can be obtained by solving the IFEC equation in 

time domain. 

 

Upon discretization of Eq.(8.5) with respect to time and assuming all initial 

conditions equal to zero, one can get the following equation. 

 ( ) j
2jn1jn

1n

1j

n
21

n
2n Φ−Σ+Φ= ∞

−
∞

+−

−

=

∞ && MMMV  (8.7)

in which ( )( )t1jn1jn ∆+−= ∞∞
+− MM , ( )tj2

j
2 ∆Φ=Φ  and ( )tn2n

n
2n ∆= VV  where 

t∆  denotes an increment in time step. Of note, Eq.(8.5) or Eq.(8.7) describes the 

relationship between the normal velocity and the velocity potential at Interface 2. 

The relationship can be regarded as the boundary condition at Interface 2 for the 

near-field domain. 

 

8.2.4 FEM-SBFEM COUPLING FORMULATION 

 

For a dam-reservoir system, the force term fF  on the right hand side of Eq.(8.1) is 

the force derived from the reservoir. It can be expressed as 

 ∫Γ Γ∑=
e

1

e
11f

T

e
f dpNNF  (8.8)

where N  and fN  denote the shape functions of a typical solid element for a dam 

and of a typical element for the near-field fluid medium, respectively; 1Γ  denotes 

Interface 1; the pressure 1p  is a nodal pressure column vector, which is obtained 

from the near-field fluid domain. Note that N  is not the same as fN . 

 

Partitioning Eq.(8.4) into sub-matrices corresponding to variables at Interface 1, 

Interface 2 and other interior locations leads to 
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where the subscripts 1 and 2 refer to nodal variables at Interfaces 1 and 2, 

respectively; while the subscript 3 refers to other interior nodal variables in the 

near-field fluid domain. At Interface 2, the near-field FEM-domain couples with the 

far-field SBFEM-domain. To satisfy the kinematic continuity at Interface 2, Eq.(8.7) 

is re-written as: 

 ( ) j
2jn1jn

1n

1j

n
21

n
2n

n
2n Φ−Σ+Φ==′− ∞

−
∞

+−

−

=

∞ && MMMVV  (8.10)

Substituting Eq.(8.10) into Eq.(8.9) and re-arranging leads to 
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where the superscript n denotes the instant at time tnt ∆= . Note that a damping 

matrix appears on the left hand side of Eq.(8.11). It can be regarded as the damping 

effect derived from the far-field medium and imposed on the dam-reservoir system. 

Upon determining the velocity potential Φ  through Eq.(8.11), the fluid pressure 

1p  can be evaluated by using Eq.(8.3) as follows. 

 11 Φρ−= &p  (8.12)

Note that 1p  depends on the normal velocity 1nv  at Interface 1, while the solution 

of Eq.(8.1) including 1nv  also depends on  1p . Therefore, Eq.(8.1) and Eq.(8.11) 

form a coupling system. Following the numerical procedure with a Newmark 

scheme, one can solve the coupling system by assuming 

 ( ) ( ) ( )tt
1n

t
1n1 vfvft ∆−≈=p  (8.13)
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where f  denotes a function. If the time increment t∆  is small, accurate results 

can be obtained. However, if t∆  is relatively large, an iteration scheme should be 

used in each time step, i.e., a term 1j
1n

t v −  is used instead of tt
1nv ∆−  in the global 

iteration scheme, where j  denotes the jth iteration within a time step. 

8.3 NUMERICAL EXAMPLES 

 

Two numerical examples are studied to validate the FEM-SBFEM coupling 

procedure. 

 

8.3.1 DYNAMIC RESPONSE OF A VERTICAL DAM-RESERVOIR 

SYSTEM 

 

 
Fig.8.2 A vertical dam 

 

Fig.8.2 shows a vertical dam-reservoir system having a rigid reservoir bottom. The 

dynamic response of the system subjected to a horizontal ground motion is studied. 

The aim is to verify the efficiency and accuracy of the FEM-SBFEM coupling 

formulation for a vertical dam-reservoir system. In the case of a vertical dam, no 

reflecting waves from the free surface or the rigid reservoir bottom are radiated 

back to the dam, so that a near-field fluid domain is not necessary and the whole 

reservoir can be modeled by a far-field domain alone. The dynamic response of this 

system is solved through coupling Eqs.(8.1) and (8.7). Sound speed in the fluid is 

∞h 

Cantilevered dam 
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taken as 1438.656m/s and the fluid density ρ  is 1000kg/m3. The weight per unit 

length of the cantilevered dam is 36000kg/m. The height of the cantilevered dam h 

is equal to 180m. The dam is modeled by 20 numbers of simple 2-node beam 

elements with rigidity EI (=9.8437x1013 Nm2), while the whole fluid domain is 

modeled by 10 numbers of SBFEM 3-node elements, whose nodes match side by 

side with the nodes of the solid dam. Time step increment is 0.005 sec. Two types of 

horizontal ground motions are considered. The first is a ramp acceleration, while the 

other is the El Centro earthquake acceleration, as shown in Figs.8.3a and 8.3b. 

Results for the pressure at the heel of dam for case 1 (ramp-acceleration) are 

obtained by using a “no-iteration” scheme using in Eq.(8.13) and also by using an 

iteration scheme. Both results are plotted in Fig.8.4. From Fig.8.4, it can be seen 

that the results obtained from no-iteration scheme yield noises at late time; whereas 

the results obtained by both schemes are the same at early time. As such, the 

iteration scheme is adopted in the following studies. The pressures at the heel of a 

flexible or rigid dam are plotted in Fig.8.5. Not surprisingly, Fig.8.5 shows that the 

pressure on a flexible dam is greater than that on a rigid dam. Of note, results for 

the rigid dam are solved by the SBFEM in Eq.(8.7) only. The displacement at the 

top of a flexible dam with a full reservoir is plotted in Fig.8.6. The same problem 

was previously studied by Lee and Tsai (1991) and they offered an analytical 

solution. Their corresponding analytical solutions are also plotted in Figs.8.5 and 

8.6 for comparison. From Figs.8.5 and 8.6, it can be seen that both the 

FEM-SBFEM and SBFEM-alone solutions are very close to the analytical solutions, 

especially at early time. The dynamic responses of the dam with a full reservoir 

subjected to the El Centro horizontal ground acceleration are plotted in Figs.8.7 and 

8.8. The corresponding analytical solutions (Lee and Tsai 1991) are also plotted in 

Figs.8.7 and 8.8. From Figs.8.7 and 8.8, it can be seen that the FEM-SBFEM 

solutions are very close to analytical solutions. In addition, Figs. 8.6 and 8.7 show 

that the fluid effect dominates. 
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Fig.8.3a Ramp acceleration Fig.8.3b El Centro N-S ground excitation 

 

 

Fig.8.4 Pressures at the heel of a flexible dam subjected to ramp acceleration 

 
Fig.8.5 Pressure at the heel of a flexible or rigid dam subjected to ramp acceleration 
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Acceleration
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Fig.8.6 Displacement at the top of a flexible dam subjected to ramp acceleration 

 

 

 
Fig.8.7 Displacement at the top of a flexible dam subjected to El Centro N-S earthquake 

acceleration 
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Fig.8.8 Pressure at the heel of a flexible dam with full reservoir subjected to El Centro 

earthquake acceleration 

 

8.3.2 DYNAMIC RESPONSE OF A GRAVITY DAM 

 

This example is to verify the accuracy and efficiency of the FEM-SBFEM coupling 

formulation for a gravity-dam-reservoir system having arbitrary slopes at the 

dam-reservoir interface. A typical gravity-dam-reservoir system is shown in Fig.8.9. 

The density, Poisson’s ratio and Young’s modulus of the dam are 2400 kg/m3, 0.2 

and 2.5x1010 N/m2, respectively. The fluid density ρ  is 1000 kg/m3, and wave 

speed in the fluid is 1438.656m/s. The height of the dam H is 120m. The 

gravity-dam-reservoir system is subjected to the same ground acceleration as shown 

in Figs.8.3a and 8.3b. The FEM and SBFEM meshes are shown in Fig.8.10. Both 

the solid dam and the near-field fluid are modeled by using FEM while the far-field 

fluid is modeled by using the SBFEM. The distance between the heel of the dam 

and the near-far-field interface is 6 m (=0.05H). For the FEM mesh, 8-node 

plane-strain elements are used, while 3-node SBFEM elements are used to match 

the 8-node elements node-by-node along the interface. In the FEM zone, 40 
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numbers and 20 numbers of 8-node elements are used to model the dam and the 

near-field fluid domain, respectively; whereas in the SBFEM zone, 10 numbers of 

3-node SBFEM elements are employed to model the whole far-field fluid domain. 

Note that the size of the near-field fluid domain can be small compared to those 

used in other methods. 

 
Fig.8.9 Geometry of a typical gravity dam 

 

 

Fig.8.10 FEM and SBFEM meshes for the gravity dam-reservoir system 

The displacement and pressure caused by the ramp acceleration are plotted in 

Figs.8.11 and 8.12. The time increment is 0.003sec. The results obtained by 

sub-structures method (Tsai and Lee 1991) are also plotted in Figs.8.11 and 8.12, 

respectively, for comparison. From Fig.8.11, it can be observed that the amplitudes 

of displacement at the top of dam agree well in general but differ slightly and 

systematically, especially at late time. From Fig.8.12, similar trends are observed 

for the pressure distributions. The displacement and pressure caused by the El 

Centro ground motion are plotted in Figs.8.13 and 8.14, respectively. The time 

increment is 0.002sec. Results obtained by the sub-structures method (Tsai and Lee 

101.12m 
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o20=θ
∞

reservior

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 8 SBFEM/FEM coupling method for time-domain analysis of dam-reservoir
 interaction problems

 

 179

1991) are also plotted in Figs.8.13 and 8.14. From Figs.8.13 and 8.14, it can be seen 

that both the displacements and the pressures obtained by the present method agrees 

well with Tsai and Lee’s results, especially at early time. Fig.8.15 shows the results 

for displacement at the top of a dam (either full or empty reservoir). From Fig.8.15, 

one can see that the damping effect of the full reservoir dominates. Fig.8.16 shows 

the results for pressure on a flexible or rigid dam with a full reservoir. From 

Fig.8.16, one can see that the resulting pressure on a flexible dam is much greater 

than that on a rigid dam at late time.  

 

Fig.8.11 Displacement at the top of gravity dam subjected to ramp acceleration 

 
Fig.8.12 Pressure at the heel of gravity dam subjected to ramp acceleration 
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Fig.8.13 Displacement at the top of gravity dam subjected to El Centro ground excitation 

 
Fig.8.14 Pressure at the heel of gravity dam subjected to El Centro ground excitation 

 

Fig.8.15 Displacement at the top of flexible gravity dam subjected to El Centro earthquake 

acceleration 
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Fig.8.16 Pressure at the heel of a flexible or rigid gravity dam with full reservoir subjected to 

El Centro earthquake acceleration 

 

8.3.3 DYNAMIC ANALYSIS OF 2-DIMENSIONAL ARCH DAMS 

 

The objective of this study is to gain an insight into the effect of the geometry of a 

dam on the dynamic response of a dam-reservoir system. Four arch geometries are 

considered and are shown in Fig.8.17. Amongst the 4 arch dams, Dam ‘A’ has the 

greatest curvature away from the reservoir. With gradual reducing curvature from 

Dam ‘A’, to Dam ‘B’ and then Dam ‘C’, the Dam ‘D’ has zero curvature and stands 

upright against the reservoir. The heights of all dams are set at 180m, while the 

widths at bottom and the top are set at 30m and 6m, respectively. The material 

parameters for the dam and the fluid are kept to the same as those described in 

section 8.3.2. The fluid medium is on the right hand side of the dam. The curve on 

either side of the dam assumes different partial circular arc. Each arc is defined by 3 

points on the curve. The coordinates of points for the four dams are listed in Table 

8.1. Note that the two curves for the Dam ‘D’ actually are straight lines. In the 

analysis, both the dam and the near-field fluid are modeled by using FEM, while the 

far-field fluid is modeled by using the SBFEM. Their corresponding meshes are 

similar to those depicted in Fig.8.10. The dynamic responses of the four dams when 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 8 SBFEM/FEM coupling method for time-domain analysis of dam-reservoir
 interaction problems

 

 182

subjected to a horizontal ramp ground acceleration (see Fig.8.3a) are shown in 

Figs.8.18 and 8.19. The displacements shown in Fig.8.18 are normalized by the 

ramp ground acceleration “a”, while the pressures shown in Fig.8.19 are normalized 

by the quantity aHρ  with H=180m. From Figs.8.18, one can see that the 

undulation profiles of displacements at the top and mid-height of the dam are 

similar to each other. From Fig.8.19, the same responses for pressure are observed. 

With regard to the amplitudes of the undulations, Dams ‘B’ and ‘C’ always exhibit 

moderate values between the two extreme cases in Dams ‘A’ and ‘D’. Of note, Dam 

‘A’ experiences the lowest fluid pressure, but the largest displacement. On the other 

hand, Dam ‘D’ experiences the highest fluid pressure, but the smallest displacement. 

All these observations are to be expected. The more flexible Dam ‘A’ allows more 

deflection and hence provides more relief to the fluid pressure. 

 

  

  
Fig.8.17 Geometries of arch dams and theirs FEM meshes 
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Table 8.1 Geometrical configuration (x,y) of arch dams 

Dam type Point 1 Point 2 Point 3 

Left side (-15, 0) (-10, 90) (-15.59, 180) 
Dam ‘A’ 

Right side (15, 0) (5, 90) (-9.59, 180) 

Left side (-15, 0) (-5, 90) (-3, 180) 
Dam ‘B’ 

Right side (15, 0) (12, 90) (3, 180) 

Left side (-15, 0) (0, 90) (9.59, 180) 
Dam ‘C’ 

Right side (15, 0) (17, 90) (15.59, 180) 

Left side (0, 0) (12, 90) (24, 180) 
Dam ‘D’ 

Right side (30, 0) (30, 90) (30, 180) 

 

  

  

Fig.8.18 Displacements at mid-height and the top of the arch dam at the dam-fluid interface 
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Fig.8.19 Pressures at mid-height and bottom of the arch dam at the dam-fluid interface 
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CHAPTER NINE 
 

CONCLUSIONS AND RECOMMENDATIONS 
 

9.1 CONCLUSIONS 
 

This thesis presented the Scaled Boundary Finite Element Method (SBFEM) 

formulation for modeling unbounded and bounded fluid medium. For the bounded 

fluid medium, the solutions of SBFEM were found to be sensitive to the dissipation 

coefficient when the numerical Newmark time-integration scheme was used. For 

the unbounded fluid medium, FEM-SBFEM coupling procedures were developed 

for solving problems of acoustic fluid-structure interaction (FSI), such as 

submerged structures subjected to shock waves, and dam-reservoir interaction 

system subjected to horizontal ground acceleration motions. In the course of 

tackling the problems of submerged structures subjected to shock waves, the author 

developed the velocity-to-pressure relationship for scattered waves based on the 

SBFEM formulation. In the course of tackling the dam-reservoir interaction 

problems, the author discovered a zero matrix which leads to the development of an 

efficient SBFEM formulation in the frequency-domain. In the time-domain analyses, 

an efficient FEM-SBFEM procedure was presented for dam-reservoir interaction 

systems. All these developments enhanced the successful extensions of the SBFEM 

for FSI problems. These developments were also verified by checking against 

benchmark solutions which are either analytical or/and available numerical 

solutions. The results show that the present formulations are able to yield accurate 

solutions, and typically lead to more accurate solutions than other prevailing 

numerical results (such as BEM, FEM solutions). In addition, the SBFEM had been 

extended to solve problems related to infinite beams on visco-elastic-typed fluid 

foundations. A modified SBFEM formulation was developed and validated by 

checking against benchmark results. The development also provided an insight into 

the SBFEM formulations. Using a same concept in the development derived a new 

SBFEM formulation for a dam-reservoir system with an absorptive reservoir’s 
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bottom. The new SBFEM formulation was verified by studying a benchmark 

example. In conclusion, the present extended SBFEM formulation has been shown 

to be useful and efficient in solving unbounded fluid-structure interaction problems. 

The methodology is able to model accurately the unbounded fluid medium. 

 

To have a clear understanding about the SBFEM’s application range, here a 

summary is given below. 

 

(i) For submerged structures subjected to external loading cases where the 

acoustic fluid medium surrounding submerged structures is infinite and does 

not include free surface and seabed, the proposed SBFEM coupling acoustic 

approximations can generate excellent results and are more efficient that 

BEM, PWA, DAA and Infinite-element method. It is because the SBFEM is 

a semi-analytical solution. Structural geometries can be arbitrary. In a linear 

analysis, the surrounding infinite fluid medium can be modeled by the 

SBFEM only, while in a non-linear analysis, the domain having non-linear 

behavior can be modeled by FEM and then the remaining fluid domain can 

be modeled by the SBFEM. 

(ii) For dam-reservoir interaction systems where dams are bounded and the 

reservoirs are infinite and horizontal, the reservoir’s boundary includes the 

free surface, dam-reservoir interface and the reservoir bed. Such that, it 

satisfies the SBFEM requirements that the boundary conditions should be 

zero along the free surface and reservoir bed in the far field of the reservoir. 

However, in the special case of an absorptive reservoir bed, the proposed 

SBFEM can be applied too. Of note, the proposed SBFEM can only be 

applied to the dam-reservoir system which is subjected to horizontal 

loadings. When using the proposed SBFEM to solve the dam-reservoir 

interaction problems, the domain of the near field of reservoir can be very 

small. Furthermore in frequency-domain analysis, the SBFEM formulation 

for the far field of reservoir has a very simple form, which is easy to solve.        
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9.2 RECOMMENDATIONS FOR FUTURE WORKS 
 

The SBFEM can be further extended for solving other fluid-structure interaction 

problems. The following aspects are recommended. 

 

(i) 3-Dimensional problems. In this thesis, the studies were limited to 

2-dimensional problems. The present extended SBFEM formulations are 

also suitable for 3-dimensional problems. In this regard, further 

developments for 3-dimensional problems are recommended. 

 

(ii) FSI problems involving reflective waves. This category of problems 

includes floating structures and structures submerged in shallow fluid 

domain or near a seabed subjected to shock waves. In those problems, the 

free surface or the seabed produces reflective waves when the shock waves 

or the scattered waves reach there. When it occurs, the reflective waves will 

then travel back into the fluid medium and thus influence the structural 

responses. However, the reflected waves are difficult to be formulated and 

the present SBFEM is unable to handle it accurately. In this regard, a further 

development is required. 

 

(iii) Cavitation problems. The present SBFEM formulation does not have the 

facility to cater for cavitaion in the fluid medium. In reality, cavitation does 

occur in the fluid medium. Where contains it is significant, the problems 

need to be addressed, and a new SBFEM formulation needs to be developed 

accordingly. 

(iv) Non-linear problems. When high-energy shock waves are involved, high 

pressure is generated and may lead to large deflections on the structures. In 

such cases, the structure may behave in a non-linear manner, or collapse. To 

address this category of problems, development of a non-linear 

FEM-SBFEM procedure is recommended. 
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(v) Convolution integral problems. The kernel of the present SBFEM 

formulation in the time-domain is a convolution integral. The solution of the 

convolution integral requires a large storage volume to store all previous 

relative quantities before the current time step. It affects the SBFEM 

efficiency and may be heavy on the resources. In this regard, it is 

recommended to develop an efficient method to handle the convolution 

integral and reduce the required storage volume. 
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ADDENDUM 

- ORIGINALITY OF THIS THESIS 
 

The originality of this thesis includes the following aspects: 

1. When using the Scaled Boundary Finite Element Method (SBFEM) for 

unbounded fluid domain, one of the major task is to derive the dynamic mass 

matrix ( )t∞M . This thesis presented a new formulation to derive the ( )t∞M , 

particularly for solving shock waves problems. The new formulation is efficient 

and recursive in nature. 

2. When using the SBFEM to solve the fluid-structure interaction (FSI) problems, 

a pressure-velocity (p-v) relationship needs to be established. The rigorous 

SBFEM-based p-v relationship could be very complicated and difficult to 

implement. In this thesis, a new SBFEM-based p-v relationship is derived by 

adopting an acoustic approximation. It is easy to implement, and thus extends 

the applicability of SBFEM, in particular for submerged FSI problems. 

3. In the SBFEM formulation, it results in a few coefficient matrices, which 

usually do not have physical meaning. This thesis unveils the mystery of one of 

the coefficient matrix 1E , which becomes zero for a particular geometry of 

semi-infinite fluid domain, that is bounded by two parallel radial lines. In 

enables the present SBFEM formulation easily to yield solutions for 

dam-reservoir FSI problems, though its applications are limited to flat-bottom 

reservoirs. In addition, this thesis presented a new SBFEM formulation for 

reservoir with absorptive flat bottom, in particular for steady-state analysis in 

the frequency domain. 

4. This thesis extended the SBFEM to solve dam-reservoir system in the time 

domain. Its solutions are verified and appear to be superior to other available 

solutions, which are obtained by other prevailing methods and for isolated 

cases only.  
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