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Summary

SUMMARY

Fluid-structure-interaction (FSI) occurs whenever relative motion between a
structure and a fluid medium occurs. Over the last three decades or four, a wealth of
numerical computational methods have been developed to address the FSI problems,
including both bounded and unbounded fluid domains. Amongst those available
numerical computational methods, the most popular ones are the traditional finite
element method (FEM) and the boundary element method (BEM). This study
presents the first attempt to extend the scaled boundary finite element method

(SBFEM) for FSI problems.

In this study, the SBFEM is enhanced and extended for modeling the
bounded/unbounded acoustic fluid medium, while the FEM is employed to model
the structure. To enable the SBFEM to be employed in FSI problems, a relationship
between fluid velocity and fluid pressure corresponding to scattered waves needs to
be developed. The author developed that new relationship based on the SBFEM and
acoustic approximations. By combining the fluid velocity-to-pressure relationship, a
FEM/SBFEM coupling procedure is developed. Its performances are investigated
through 2-dimensional FSI problems. Satisfactory results are obtained. The results
demonstrate that the SBFEM is very efficient in modeling both unbounded and
bounded acoustic fluid. However, the solution of the SBFEM for bounded acoustic
fluid was found to be sensitive to the dissipation coefficient when applying the

numerical Newmark time-integration scheme.

In addition, two modified SBFEM formulations are developed for solving problems
related to infinite beams on visco-elastic-typed fluid foundations and a
dam-reservoir system with an absorptive reservoir’s bottom. The formulations are

validated by checking against benchmark results.
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Notations
NOTATIONS
a = acceleration amplitude
a = structural accelerations velocity vector
a, = dimensionless frequency variable
a; = acceleration vector for incident wave
a . = total accelerations vector on wet surface
a, = normal acceleration at dam-reservoir Interface 1
A = cross-section area of beam
A = converting matrix
A = modified cross-section area of beam
B = stain-displacement relationship of a fluid medium
B' = sub-matrix of B
B’ = sub-matrix of B
B, = curvature-displacement matrix
B, = shear strain-displacement matrix
c = wave speed in fluid
¢’ = the equivalent C° in time domain
c, = wave speed in an elastic rod
C, = wave speed in an elastic rod
c, = wave speed in fluid or beam
C = structural damping matrix
C’ = coefficient matrix of the SBFEM corresponding to a
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Notations

foundation

C’ = damping matrix of a bounded fluid medium

(oh = damping matrix of dam

C, = the damping properties of a visco-elastic foundation

Cfjl = sub-matrices of Cr (j,1=2,3)

d = structural displacement vector

d,d, = translational and rotational viscous-damping coefficients,
respectively

d.,d, = critical translational and rotational viscous-damping
coefficients, respectively

d, = structural displacement at mean radius

e e’ = the equivalent forms of E', E’ in time domain,
respectively

E = Young’s modulus of beam

E’,E',E’ = coefficient matrices of the SBFEM

E” = coefficient matrix of the SBFEM for a beam

E!,E.,E’ = elements’ coefficient matrices of the SBFEM

E’ = coefficient matrix of the SBFEM corresponding to a
foundation

E, = Young’s modulus of shell

F = force vector of a beam at a spatial position

F" = value of force vector of F at timet = nAt

F = external force vector

= external force of a beam; body or traction force vector

ext
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Notations
F, = force acting underneath a semi-infinite beam;
hydrodynamic force vector
F = force vector for incident wave
F, = force vector of a beam at spatial position x i (4G=2,3)
F,; = force vector for unbounded fluid medium
F, = force vector for scattered wave
g = gravity acceleration
G = shear modulus of beam
h = height of a beam; thickness of a cylindrical shell
H = height of a layered infinite fluid medium
H(t-0) = Heaviside function
i = nodal number; imaginary index
I = unit matrix
I, = integral term for m”
j = nodal number; j" time step; j" iteration
Jomn = component of J (m,n=1,2)
J = second moment of a beam’s cross-sectional area
J = component of J
J, = integral term for m”™
J = Jacobian matrix
k,k, = translational and rotational spring constants, respectively
k,.k,, = critical translational and rotational spring constants,
respectively
K = global stiffness matrix of structure or fluid
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Notations
K" = static-stiffness matrix of a bounded fluid medium
K‘ = stiffness matrix of dam
K° = element stiffness matrix of fluid
Kf = stiffness matrix of a near-field fluid domain
K, = the stiffness matrix corresponding to B
K. = the stiffness of a visco-elastic foundation
K¢, = sub-matrices of Ky (j,1=2,3)
kg = stiffness of an elastic foundation
k; = sub-matrix of K® (i,j=1,2)
K{, K|, K = components of k;j (1,j=1,2);

components Kj (j,1=1,2, or j,1=2,3)

K, = sub-matrices of K (j,I=1,2, or j,1=2,3)

K;l = sub-matrices of K+Kg (j,1=2,3)

K’} = component of K

K, = the stiffness matrix corresponding to By

[ = the height of a element in a SFE cell

M = a dimensionless quantity; bending moment
M = global mass matrix of structure or fluid
M = inverse of fluid-added mass matrix

M’ = coefficient matrix of the SBFEM

m’ = the equivalent form of M’ in time domain
Mm° = static-mass matrix of a bounded fluid medium
M‘ = mass matrix of dam

M* = element mass matrix of fluid

M’ = mass matrix of a near-field fluid domain
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Notations

M~ = dynamic mass matrix of an infinite fluid medium

m” = an equivalent form of M” in time domain

m; , M7 = values of m” and M™ at t=jAt , respectively
(g=1,2,...,n)

m, = bending moment acting on a beam from a foundation

M = element’s coefficient matrix of the SBFEM

m, = sub-matrix of M* (i,j=1,2)

Mé = component of my; (1,j=1,2) or M (j,1=1,2)

M; = bending moment of a beam at spatial position x; (j=2,3)

M, = sub-matrices of M (j,1=1,2 or j,1=2,3)

n = n"™ time step

n = unit normal vector

N = shape function for fluid, structure and beam

N(n) = shape function of a surface corresponding to an
interior/exterior boundary surface

N1, N, = shape functions at spatial positions x,, x3 for a beam,
respectively

N,,N, = shape functions on faces 1 and 2 for a layered medium,
respectively

N; = shape function for fluid element

Ni, N = shape functions on interior and exterior surfaces,
respectively

N, = interpolation function for scattered wave pressure

0] = scalar center

p = pressure acting on a beam from a foundation; fluid
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Notations

pressure

p = prescribed pressure on S¢

P, = nodal pressure column vector at Interface 1

P = fluid pressure on wet surface caused by free-field incident
wave

P = fluid pressure vector caused by free-field incident wave

Pine = fluid pressure on wet surface caused by incident wave

Pi = fluid pressure vector caused by incident wave

Pt = total fluid pressure on wet surface

P = total fluid pressure vector

Pe = fluid pressure on wet surface caused by scattered wave

P.. = fluid pressure vector caused by scattered wave

pgc = value of p, attimejAt,j=1,2,3,...,n

Q = shear force

Q; = shear force at spatial position x; (j=2,3)

r = radial coordinate; characteristic length

R = mean radius of cylindrical shell

R = global vector of an integral of normal velocity along fluid
boundary; acceleration transformation matrix

R° = vector of an integral of normal velocity along the fluid
boundary of an element

R, = radius of outer surface of cylindrical shell

R_,R] = global vector of an integral of normal velocity along the
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Notations

Rn+ 1

Sb

S7.S,

S’.83

S$7.85

S*.S”

€

exterior surface

characteristic lengths of the interior and exterior surface,
respectively

radius of inner surface of cylindrical shell

global vector of an integral of normal velocity along the

interior surface
value of R at time step n+1
spatial dimension of an acoustic fluid

dynamic stiffness of a SFE cell

dynamic stiffness matrix of a bounded fluid medium

S® at interior and exterior surface, respectively

dynamic stiffness matrix of an infinite fluid medium

S” at interior (facel) and exterior (face2) surface,
respectively

dynamic-stiffness matrices of an infinite beam at spatial
positions x, and x3_respectively

S” at interior and exterior surface, respectively

a function matrix of the dimensionless frequency variable
ao

prescribed pressure boundary

sub-matrices of S

prescribed velocity boundary

time variable
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Notations

T = dimensionless time

U = a decomposed matrix of E’; displacement vector of dam

ﬁg = ground acceleration vector

u = displacement of a rod

u = deformations vector of a beam element

u; = deformations of a beam element at spatial positions X;
(=2,3)

u, = the first derivative of u, with respect to time at time
t = jAt

\ = beam deflection

v = velocity vector of a fluid particle or structures

A% = fluid volume

\a = fluid element volume

Vi _

= normal velocity on wet surface caused by free-field

incident wave

Vi = normal velocity vector on wet surface caused by

free-field incident wave

Vi = normal velocity vector on wet surface caused by incident
wave

A = total normal velocity at one point on wet surface

Vo = total normal velocity vector on wet surface

\% = beam deflection at spatial position x; (j=2,3)

v, = normal velocity on fluid boundary or of structure

Va = integral vector of normal velocity along the boundary of
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Notations

Vn2
Vn2

vV.,V!

nl> "n2>°

V.,

scC

sC

i>%e

y15y2

fluid medium

prescribed velocity normal to S,

normal velocity along the Interface 2

normal velocity integral vector along the Interface 2
sub-matrices of V|

normal velocity on wet surface caused by incident wave
normal velocity on wet surface caused by scattered wave

normal velocity vector on wet surface caused by scattered
wave

efficient normal velocity vector for scattered wave

value of V_ attime nAt

characteristic width of scalar finite element cell
x coordinate of a node

x coordinate vector of nodes

x coordinates of nodes lying on faces 1 and 2,

respectively

x coordinates of nodes lying on interior and exterior
boundary, respectively

spatial position (j=2,3)

y coordinate of a node

y coordinate vector of nodes

y coordinates of nodes lying on faces 1 and 2,

respectively
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Notations

y.,Y. = y coordinates of nodes lying on interior and exterior
boundary, respectively

o = dissipation coefficient of Newmark scheme; coefficient in
Newmark scheme; stiffness ratio

B = parameter of Newmark scheme; an exponential efficient;
bulk modulus of an acoustic fluid; shear angle

) = variational symbol; coefficient in Newmark scheme

€ = a very small dimensionless quantity

¢ = fluid velocity potential

0] = nodal velocity potential vector

D, = vector of nodal velocity potentials along the Interface 2

DD, = velocity potential vector at interior and exterior surfaces,
respectively

D = nodal velocity potential vector at time step n+1

(0} = nodal velocity potential vector

Q; = value of ¢ atthejAt,j=0,1,2,...,n

Y = parameter of Newmark scheme; measure of angle

r = boundary of a fluid volume; wet surface

I = Interface 1

re = fluid element boundary

r, = Interface 2

n = axis along circumferential direction

1) = shear factor

0 = bending rotation; measure of angle

XXV
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Notations

At
[L], [M], [T]

bending rotation at spatial position x; (j=2,3)
beam density; fluid density

density of shell

assemblage of finite elements

stress in a rod
Poisson’s ratio

frequency variable
cut-off frequency
a dimensionless frequency

analytical solution for Q

damping ratio; radial axis
infinite

the order of error (w)
the order of error (w?)

the order of error ()

gradient operator

time increment

the dimensions of length, mass and time, respectively

XXV1
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OBJECTIVE AND LAYOUT OF THE THESIS

OBJECTIVE OF THE THESIS

The primary objective of this study is to develop a new approach for solving fluid
structure interaction (FSI) problems. In this approach, the scaled boundary finite
element method (SBFEM) concept is employed to model the fluid, while the finite
element method (FEM) is used to model the structure. Particularly, the focus is on
the dynamic responses of FSI problems in the time domain. This current study is the
first attempt at extending the SBFEM to solve FSI problems. To ensure that the
SBFEM could be successfully extended to solve FSI problems, the following two

tasks must be done.

The first task is to establish a relationship between the normal velocity and pressure
at the fluid-structure interface or the bounded/unbounded (truncated) boundary
surfaces. Based on this relationship, an appropriate FEM-SBFEM coupling

procedure is then developed.

The second task is to verify and validate the procedure developed. The computer
code is checked against two benchmark problems. The first is the application to the
dynamic responses of submerged structures subjected to shock waves. The other is

the dam-reservoir interaction problem subjected to horizontal ground motions.

LAYOUT OF THE THESIS

In Chapter One, introduction of FSI problems are presented and includes

backgrounds and reviews of FSI problems.

Chapter Two contains detailed SBFEM formulation for a 2-dimensional
homogeneous infinite acoustic fluid medium. The infinite acoustic fluid medium

has been discretized into sectors.
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Chapter Three presents detailed SBFEM formulation for a 2-dimensional infinite
acoustic fluid medium. The infinite acoustic fluid medium has been discretized into

layers.

Chapter Four extends the layered SBFEM formulation to beams resting on

foundation, and an analytical formulation based on the SBFEM concept is derived.

Chapter Five describes a SBFEM formulation for a 2-dimensional bounded acoustic
fluid medium, and its accuracy and efficiency are evaluated. A Newmark scheme

with a numerical dissipation coefficient is recommended for obtaining better results.

Chapter Six presents the acoustic formulation for FSI problems with non-layered
infinite acoustic fluid medium. It includes the implementation of the FEM/SBFEM
coupling procedure. Applications to responses of submerged structures to shock

waves are demonstrated.

Chapters Seven and Eight present the FEM/SBFEM coupling procedure for a
dam-reservoir system with a layered infinite acoustic fluid medium in the frequency
and time domains respectively, and a new SBFEM formulation for a dam-reservoir

system with an absorptive reservoir’s bottom.

Finally in Chapter Nine, general conclusions are drawn based on the finding of this

study. Future works of the SBFEM for FSI problems are recommended.
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CHAPTER ONE

INTRODUCTION

1.1 BACKGROUND

Current technologies evolved and new techniques are being developed. More
complex structures have been constructed, and even more complicated structures
will be designed in future. Sophisticated and traditional structures can be seen on
land, in the air, floating on or submerged in the sea in increasing numbers.
Nevertheless, the needs and desires for new structures and function do not stop, and
this development demands more versatile and efficient tools for structural analyses.
These tools are required to deal with various kinds of loadings (e.g. fluid pressure,
shocking waves, seismic and impact) acting on a variety of structures (e.g.
submerged or floating structures, dam-reservoir system and aerospace structures).
Many of these problems fall under the category of fluid-structure interaction (FSI)
problems. For most FSI problems, the associated analytical solutions are scarce, and
even if they exist, they are difficult to use because of the complexity of the
structural geometry or loading. Hence, numerical methods turn out to be the only

viable solution as no easier alternatives are available.

In the past three or four decades, a number of numerical methods had been
developed to address the FSI problems; examples include the Finite Element
Method (FEM), the Finite Difference Method (FDM) and the Boundary Element
Method (BEM). Mechanical models and accurate solutions based on FEM or FDM
for bounded domain problems are readily available. However, for unbounded
(infinite) fluid domain problems, adopt the FEM and FDM approaches would
encounter difficulties. To obtain a satisfactory solution for an infinite fluid domain,
the FEM and FDM approaches need further developments in the techniques.
Boundary element method (BEM) was found to be a good candidate for modeling

an infinite fluid domain, but very often more difficulties occur when coupling with
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the finite-element model of a structure. Recently, more efficient methods have been
developed, especially for coupling problems involving unbounded (infinite)
medium, such as the Scaled Boundary Finite Element Method (SBFEM) and the
Reflected-afterflow-virtural-source (RAVS) model. The SBFEM is chosen for the
current study as it combines the advantages of the FEM and the BEM. The FEM
requires no fundamental solutions and thus has a wide scope of applications,
whereas the BEM reduces the spatial dimension by one as only the boundary is
discretized with surface finite elements so that the boundary condition at infinity are

satisfied exactly.

1.1.1 FLUID-STRUCTURE INTERACTION PROBLEMS

FSI occurs whenever a relative motion of the two media occurs. In a broader sense,
the treatment of these problems involves all aspects of solid and fluid mechanics. In
practice however, it is possible to identify different behaviors and categorize them
into groups so that simplifications may be made. In general, there are 3 categories

of FSI problems [Zienkiewicz and Bettess (1978)]:

(1) Long-duration FSI problems. They involve long-duration fluid motion such
as the response of structures to waves or earthquakes. In those cases, the

fluid wave effects are important.

(i1) Short-duration FSI problems. They involve short-duration fluid motion such
as explosive waves and impacts. In those cases, fluid inertia usually has
much greater effect than the structure’s. An example is an incident shock

wave impinging on a submerged structure.

(iii))  Large-relative-motion FSI problems. In those cases, the behavior is usually
governed by flow characteristics. A typical example is the interaction

involving fluttering of aircraft wings.
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In the current study, the scope is limited to the FSI problems of the first and second
categories. In the first-category problems, dam-reservoir system interactions
following horizontal ground motions are considered. In the second-category
problems, the interaction between submerged structures and the surrounding infinite
fluid medium is considered when it is subjected to an underwater explosive shock.
In these problems, evaluations of the structural responses are amongst the most
important objectives of the FSI analyses. Against this background, the author was
motivated to develop an accurate and efficient tool for modeling the infinite fluid
domain with the objective of obtaining a good estimation of the structural

responses.

1.1.2 METHODS AVAILABLE FOR FSI PROBLEMS (CATEGORIES 1
and II)

It has been that reported, traditional methods such as the FEM, FDM and BEM have
successful solved some FSI problems. For the first-category FSI problems, those
traditional methods are often employed together with some transmitting boundary
conditions such as Sommerfeld radiation condition. For the second-category FSI
problems, those traditional methods are usually employed together with some
acoustic approximations such as Plane Wave Approximation (PWA), Doubly
Asymptotic Approximation (DAA). This study presents a first attempt on the use of
the SBFEM with FEM to solve these two categories of FSI problems. Advantages
of the SBFEM over the FEM and BEM are shown in Table 1.1. Of note in BEM,
the resulting matrix is normally asymmetric, but by using some special techniques,

the asymmetrical matrix can become symmetrical (Chen et al. 2000).

In addition, for the second-category FSI problems, the SBFEM is able to yield more
accurate results at late time in comparison with Plane Wave Approximation (PWA).
Furthermore, it is simpler than the Doubly Asymptotic Approximations (DAA) in
which the fluid mass matrix is fully populated and asymmetric. In the SBFEM, the
surrounding infinite fluid is modeled by a dynamic mass matrix which is symmetric.

While for the first-category FSI problems, the transmitting (truncated) boundary can
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be placed very near to structures and even directly on the structure-fluid interface
when the SBFEM is used. Other methods can not do so. Further elaboration is

presented in Chapters 2-6.

Table 1.1 Advantages of SBFEM over FEM and BEM

BEM | FEM | SBFEM
No fundamental solution required X \ \
Able to reduce spatial dimension by one \ X \
Satisfy radiation condition exactly for unbounded J J
medium g
Suitable for anisotropic material X v V
Formulation leads to symmetric stiffness and mass J J
matrices g
Formulation leads to a dynamic-stiffness matrix X \ V
No singular integrals to be evaluated X v v
Boundary conditions on free, fixed and
inter-material surfaces are satisfied without X X v
discretization
Closed-form solution in domain permitting efficient
calculation of displacements, stresses and X X \
stress-intensity factors
Yields no fictitious eigenfrequencies in unbounded J J
medium g

1.2 REVIEWS ON MODELING OF INFINITE FLUID
MEDIUM

In FSI problems where the fluid medium is infinite, it is crucial to model accurately

and efficiently the infinite fluid medium in order to obtain an accurate solution. In



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 1  Introduction

traditional numerical methods, an infinite fluid domain is generally truncated into
two parts (near- and far-field fluid domains) so that the infinite fluid domain can be
modeled by the finite near-field domain and a transmitting boundary on the
truncated surface (the near-far domains interface). This treatment shrinks an infinite
domain to a bounded (finite) domain. It reduces the calculation cost. However, if
the transmitting boundary cannot correctly model the effect of far-field fluid
domain, the truncated (artificial) surface may produce spurious reflections which
contaminate the solutions. Therefore, the transmitting boundary needs some special
treatments to eliminate those reflections. A simple way to get rid of the unwanted
effect of reflections is to extend the near-field fluid domain to a sufficient distance
so that the crucial response is obtained before the reflections return. However, in
most practical cases, the near-field domain could become so huge that
computational cost becomes very expensive when the response at late-time is

required.

An alternative approach to the above is to put in place a non-radiating boundary
which is “transparent” to the scattered waves. Available methods which satisfy the
non-radiating boundary condition are mainly based on one of the following

approaches:

(1) Infinite element method

(11) Boundary element method

(ii1))  Reflected-afterflow-virtual-source model
(iv)  Methods based on acoustic approximations

(v) Boundary finite element method

In the following, brief discussions of the above are presented. A more detailed
elaboration is given to the methods based on acoustic approximations and the scaled

boundary finite element method (SBFEM).



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 1  Introduction

1.2.1 INFINITE ELEMENT METHOD

This method was originally based on using shape functions analogous to
Lagrangian polynomials but having an extra exponentially decaying term, which
diminishes at infinity (Bettess 1977). There is an approach which maps the exterior
domain onto the interior one through local mapping functions defined for each
element (Zienkiewicz et al. 1981). In the latter approach, little modification of the
coding (i.e. the derivation of the appropriate shape functions and the corresponding

Jacobian matrix) is required.

Saini et al. (1978) employed the infinite element method based on the first approach
to couple FEM to analyze the frequency response of dam-reservoir systems.
Nicolas-Vullierme and Blumstein (1984) applied the Bettess-Zienkiewicz approach
to construct a family of axisymmetric infinite elements. Then they used these
elements to study the harmonic vibrations of an axisymmetric elastic structure
submerged in an unbounded incompressible fluid. Buragohain and Agrawal (1981)
proposed an infinite element with three nodes on a circular arc and two nodeless
radial rays. In it, the shape functions are periodic in the circumferential direction,
and depend on a “delay parameter” which is determined by a trial-and-error
procedure. Simpson’s rule is used for the numerical integration in the infinite
direction. Nachbin and Wrobel (1984) combined the ideas of Bettess and
Zienkiewicz (1977) and Buragohain and Agrawal (1981) to devise an infinite
element with six nodes. The shape functions are periodic in the circumferential
direction, and depend on a “decay parameter”. They used that element to solve
fluid-structure interaction problems and reasonable results were obtained. Recently,

the idea of infinite elements was carried over to the boundary element method.

1.2.2 BOUNDARY ELEMENT METHOD

In BEM formulations, the weighted residual techniques are used to reduce the

dimension of the problem by one, and thus may lead to reduction on computational
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cost and the hardware storage requirements. However, it has the following

disadvantages.

(1) Although the dimension of the problem is reduced, the resulting matrix
equations are full, and the advantages of banded matrices are lost.
Eventually, the overall computational cost may not be lower but higher.

(i1))  In the case of geometric and material non-linearity problems, it becomes
necessary to discretize the domain as well as the boundary. As a result, the

advantages achieved in reduction of dimensionality are partially offset.

Nevertheless, the BEM is frequently used for modeling infinite medium in the

frequency and time domain analyses.

Recently, Rajakumar and Ali (1996) used BEM to model the fluid medium and used
FEM to model the structure, and then coupled them to perform the eigen analysis
for a fluid-structure interaction system. Berot and Peseux (1998) coupled FEM with
BEM to study the hydroelastic or vibro acoustic behavior of cylindrical thin shells
immersed in an unbounded, inviscid and heavy fluid. In it, plane boundary element
and ring boundary element were employed. Theirs results in the frequency domain
were found in good agreement with analytical solutions. Chen et al. (2000)
presented a symmetric formulation for the coupling of BEM with FEM to compute
responses of submerged elastic structures in a heavy acoustic medium. In it, the
acoustic loading derived from BEM was formulated in a symmetric complex matrix.
The symmetry of the acoustic loading matrix had been proven by an acoustic
reciprocal principle. The computational efficiency of theirs FEM/BEM formulations
was verified by an example - a constant thickness spherical shell subjected to a
point alternating force. Chen’s numerical results in the frequency domain were also
found to be in good agreement with the analytical solutions. Czygan and Estorff
(2002) used coupled BEM/FEM to analyze the dynamic response of fluid-structure
interaction systems in the time domain, where the unbounded fluid was modeled by
BEM and the structure was modeled by nonlinear FEM. Their formulation for the

transient analysis of fluid-structure systems encountered instability problems.
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Mansur et al. (2000) employed a linear 6 method to improve the numerical
stability, and BEM was employed to model the infinite fluid domain while FEM
was employed to model the solid structure. The linear 6 method was also
employed in fluid-structure interaction procedure by Yu et al. (2002), who used two
classical examples to demonstrate the validity of the coupling procedure and stable

schemes for fluid-structure interaction problems.

1.2.3 REFLECTED-AFTER-FLOW-VIRTUAL-SOURCE (RAVYS)

RAVS is a recently developed theoretical approximation for fluid-structure
interactions used by Lam et al. (1998). Pressures due to scattered and radiated
waves produced by underwater explosions at the point of interest on the structural
surface are determined by modeling the waves as if they are emanating from a
virtual source. The position of the virtual source is determined by the explosion
position and the geometrical shape of the structure’s surface. The fluid velocity and
scattered wave velocity at each point have an analytical relationship with fluid
pressure and scattered wave pressure, respectively. RAVS has been employed in
transient response of a two-layered elastic cylindrical shell impacted by an
underwater shock wave. According to published reports, the results are in good
agreement with those using FDM available in the software USA (Underwater Shock
Analysis) /LS-DYNA3D. It is also noted that this method does not need truncation
of the surrounding fluid domain, and the non-radiating boundary based on RAVS is

placed on the fluid-structure interface.

1.2.4 ACOUSTIC APPROXIMATIONS

In acoustic approximations, the infinite fluid surrounding structures is considered as
an acoustic medium and modeled as a membrane covering the wet surface of
structures (fluid-structure interface). The acoustic approximations on the membrane
are presented in the form of differential equations which are obtained by
Kirchhoff’s retarded potential formulation. The acoustic approximations can be

classified into a number of types. Three common types are shown below.

10
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(1) Early-time approximations. The response obtained by this method
approaches the exact one at early time in transient interactions (Felippa
1977), i.e. this response characterizes the high-frequency behavior of
fluid-structure systems. Due to the local nature of this formulation, this
formulation has a simple form. Its implementation in FEM codes is easy and

does not affect the bandedness of the resulting set of equations.

(i)  Late-time approximations. The response predicted using this method
approaches the exact one at late time in the transient response. In this
approach, the infinite fluid medium is represented by an added mass matrix
produced by using boundary elements (Felippa 1977), but the resulting
added mass matrix is asymmetric and fully populated, which increases the

calculation cost.

(iii))  Doubly asymptotic approximations. The response calculated from this
method exhibits the correct asymptotic behavior in both the high-frequency
(early-time) and low-frequency (late-time) limits. It has two one-sided
asymptotic expressions: one for early-time approximation and another for
late-time approximation. They are added together to form a corresponding
Doubly Asymptotic Approximation (DeRuntz and Geers 1978, Geers 1978).
Through using a wet-surface fluid frequency matrix, the responses at a
particular intermediate-frequency or time can be obtained. However, this
method inherits the same disadvantage as that of the late-time
approximations, i.e. the resulting matrices are asymmetric and fully

populated.

In what follows, these 3 approximations are discussed in details.

11
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1.2.4.1 Early-time approximations

The early-time approximations, (i.e. Plane-Wave-Approximation (PWA) methods)
which have a simple mathematical expression and can obtain accurate early-time
solutions, were developed by Mindlin and Bleich (1953), Bedrosian and Dimaggio
(1972a,1972b), Felippa (1980) and others. Mindlin and Bleich (1953) were amongst
the first researchers to develop the PWA for a submerged cylindrical shell. In it, an
analytical method was employed. Bedrosian and DiMaggio (1972a, 1972b)
introduced an analogous approximation for submerged spherical and spheroidal
shells. Their formulation was implemented in a FDM code and validated by testing
the response of submerged spherical and spheroidal steel shells. Felippa (1980)
derived a hierarchical family of early- time surface interaction approximations for a
structure submerged in an infinite acoustic fluid through using Kirchhoff’s

retarded-potential method.

Wright et al. (1981) implemented the PWA in a FDM code and applied it to analyze
the response of a submerged fluid-filled cylindrical shell subjected to a step
pressure wave. DiMaggio et al. (1981) implemented and applied the PWA to
determine the response characteristics of submerged structures surrounded by a
cavitating fluid. The structure and the cavitating fluid were modeled by finite
elements. In all cases, good agreements with analytical results were reported. Rehak
et al. (1985) employed the PWA to study the response of a floating structure
subjected to an exponentially decaying plane wave. Numerical tests showed that

their formulation was sufficiently accurate in determining the structural response.

More recently, Hamdan and Dowling (1995) developed two-dimensional and
axi-symmetric elements based on the PWA, which were implemented into the
general-purpose package ASAS-NL-FSI. These elements were applied to study the
transient response of several spherical and cylindrical shells submerged in water
and subjected to various loadings (internal pressures, stepped and exponential plane
shock waves), respectively. McCoy and Sun (1997) applied the PWA to

fluid-structure interaction analyses of a thick-section composite cylindrical shell

12
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subjected to an underwater blast loading using a commercial finite-element code,
ABAQUS. A solution approaching exact solution was obtained. Fan et al. (2001)
used spline shell elements to model structures and used the PWA to model
unbounded fluid medium for the dynamic analysis of a submerged shell subjected to
an underwater explosion at far distance. Their solutions are in good agreement with

analytical solutions at early time.

1.2.4.2 Late-time approximations

Geers (1969) developed an analytical method based on a Virtual Mass
Approximation of an infinite acoustic medium. The method was validated by
studying the elastic response of a cylindrical shell excited by a transient acoustic
wave. Geers (1970) employed the method to study the response of an elastic
cylindrical shell to a transverse acoustic shock wave submerged in a light fluid
medium. Compared to the PWA, Geers’ results demonstrate the superior
performance of his formulation particularly for late-time behaviors and low
frequencies. However, substantial discrepancies were observed during the early
times. Chertok (1970) applied the same method to determine the transient flexural
vibrations of ship-like structures exposed to underwater explosions. Only
low-frequency motions of the structure were considered. Results were found
comparative to experimental data in low frequency modes; however, discrepancies
were observed in high frequency modes. Felippa (1977) presented a top-down
derivation of late-time approximations based on an exact Retarded Potential
Formulation. Deruntz and Geers (1978) presented a method to calculate the virtual
mass by the boundary integral method. However, the resulting mass matrix is

asymmetric and fully banded.

1.2.4.3 Doubly asymptotic approximations (DAA)
In many instances, when a submerged structure is excited by a shock wave, its

response peaks at early time. Therefore, it is crucial to have an accurate prediction

for the early-time behaviour. On the other hand, it has also been recognised that

13
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types of loadings and geometries of structures, amongst other factors, also influence
the peak position, magnitude and general shape of the response. This leads to some
cases where the peak response occurs at intermediumte or late time. In such cases,
early-time approximations cannot predict the accurate peak response of structures.
Against this background, the DAA was developed. It was expected to be able to

predict the responses both at early time and late time.

The DAA formulation is a superimposition of two one-sided asymptotic expressions.
One is the early-time approximation and another is the late-time approximation. As
a result, the resulting solutions would approach the exact ones towards the limit of

high or low frequency motions.

Everstine (1976) developed a DAA formulation and implemented it into the
general-purpose finite element code, NASTRAN. The resulting FSI system was
symmetric and banded through treating the non-symmetric fluid-structure coupling
terms in an explicit manner. However, the accuracy implications of treating the low

frequency matrix explicitly were not assessed.

By superimposing the PWA and the Virtual Mass Approximation, Ranlet et al.
(1977) used the DAA to analyze the elastic response of submerged shells with
internally attached structures subjected to shock loadings. Modal analysis method
was employed for the dynamic response and a good agreement with analytical

results was obtained.

Although the DAA was proved to be accurate for both early and late time behaviors,
discrepancies with analytical solutions have often been observed at intermediate
times or frequencies. Geers (1978) proposed an enhanced DAA for the intermediate
transient range. The enhanced DAA was validated by studying the transient
response of a submerged spherical shell excited by a step plane wave. Numerical
results showed that the enhanced DAA is more accurate than other numerical
methods for intermediate times. However, it demands much higher computational

cost.

14
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Zilliacus et al. (1979) developed a DAA code and implemented it in the
general-purpose finite element code ADINA. Infinite fluid medium were modeled
by an added mass matrix which was calculated by a boundary integral approach,
while axisymmetric finite elements were used to model structures. The response of
a submerged spherical shell subjected to a step incident plane wave was
investigated and results showed good agreements with theoretical results. Zilliacus
(1983) employed the same approach to study the response of a submerged
fluid-filled cylinder subjected to an incident plane step wave. Results also showed

good agreements with other numerical results based on finite elements/DAA.

Atkatsh et al. (1983) developed a nonlinear, large deflection, elasto-plastic code
(EPSA) for the analyses of shells in an acoustic medium subjected to a dynamic
loading through discretizing the shell using FDM and employing the DAA based on
orthogonal fluid expansion functions to model infinite fluid medium. They verified
the EPSA code by studying the transient nonlinear response of stiffened cylindrical
panels. Results showed good agreements with experimental data. However, the

effect of the material non-linearity to the solution was not discussed.

Felippa and DeRuntz (1984) developed a DAA formulation based on a boundary
integral approach and implemented it in an Underwater Shock Analysis (USA) code.
The responses of FSI problems were resolved by coupling the structural code
STAGS-CI and the fluid code CFA. The DAA formulation was validated by
studying the response of one- and two-dimensional submerged structures excited by

stepped and exponential plane waves.

Rehak et al. (1985) studied the response of floating structures subjected to shock
waves using the PWA and DAA. The PWA and DAA were applied on the wet
surface of the structure and on a fluid boundary surrounding the structure,
respectively. Numerical results showed that the PWA is sufficient to determine the
response characteristics for this class of problems. It was also found that the DAA

offered no additional accuracy in this case.

15
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Huang (1986) used the DAA to study the response of a submerged spherical shell
excited by plane step waves. Numerical results showed good agreements with those
of analytical methods. However, the comparison revealed that Huang’s method
overestimates the fluid damping force such that the responsive oscillations damped
out prematurely. It was concluded that by augmenting this method with an
intermediate frequency matrix, DAA method might be able to alleviate the

deficiency.

O’Reagan and DiMaggio (1990) compared the performance of the DAA with the
PWA by studying the dynamic response of an infinite circular cylindrical shell with
plate appendages excited by plane waves. Numerical results showed that both
methods yielded good results only if the waves were applied on the convex surface
of a structure. It attributed to the occurrence of multiple reflections between the

structure and the external appendages.

Recently, various formulations had been reported for the first and second order
DAA non-reflecting boundaries (Nicolas 1991, Geers and Zhang 1994a, Geers and
Zhang 1994b, Geers and Lewis 1997). The second-order approximations were
derived from the corresponding first-order by employing the method of operator

matching.

Ergin (1996) used the DAA non-reflecting boundary to study the response of a
flexible steel cylindrical shell subjected to an impulsive excitation. Two cases for
the unbounded medium were considered, i.e. air and water. Good agreements of

theoretical and experimental results were observed.

More recently, Gong and Lam (1998, 1999) employed FEM and BEM based on the
DAA to resolve the transient responses of a stiffened composite submersible hull
and a floating composite ship section subjected to underwater explosion shocks,
respectively. Gong et al. (2000) used FEM to couple the DAA to execute structural

analyses of a submarine pipeline subjected to underwater shocks. In these works,
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the shock pressure generated by underwater explosions was determined by an
empirical equation, and the fluid-structure interaction was solved by
USA/LS-DYNA3D, in which USA (Underwater Shock Analysis) was based on a
DAA while LS-DYNA3D was based on the FDM. Shin and Hooker (1996) and
Shin (2004) employed the USA/LS-DYNA3D to analyze the responses of
submerged imperfect cylindrical structures and floating ships subjected to
underwater explosions again, respectively. The LS-DYNA simulation results were

close to the ship shock test data.

1.2.5 SCALED BOUNDARY FINITE ELEMENT METHOD

Wolf and Song (1996a) developed a so-called “consistent infinitesimal boundary
finite element method”. They applied it to solve soil-structure interaction problems.
The characteristics of unbounded soil medium were described by scalar or vector
wave equations (Wolf and Song (1996b), Song and Wolf (1996)). They derived a
series of displacement dynamic-stiffness matrix in frequency domain and a
displacement unit-impulse response matrix in time domain for unbounded medium.
The displacement dynamic-stiffness matrix and unit-impulse response matrix were
expressed in terms of some coefficient matrices, which depended only on the
geometry of the infinitesimal finite element in unbounded medium in contact with
the structure surface. They derived these coefficient matrices for 2D/3D
scalar/vector wave equations. Making use of those coefficient matrices and a
dimensional analysis led to a differential equation at a fixed characteristic length
surface in frequency domain. Furthermore, applying the inverse Fourier
transformation to the differential equation yielded an integral equation at a fixed
characteristic length surface in the time domain. The above derivation is referred to
as the “mechanically-based” derivation. Deeks and Wolf (2002a) proposed a virtual
work derivation of the SBFEM for elastostatics. Subsequently, coupling the
differential equation or the integral equation with the conventional FE model for the
structure yields solutions for the dynamic response of soil-structure interaction

problems.
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Wolf and Song (1996a) verified the accuracy of their solutions in the frequency
domain and in the time domain through an example, in which spherical cavity is
embedded in a full-space medium with a uniform normal displacement prescribed
on the structure-medium interface. They showed that the dynamic-stiffness
coefficient for the spherical cavity and the acceleration unit-impulse response
coefficient were in good agreement with the exact solutions. In addition, they
demonstrated the robustness of the method with applications in other cases (e.g.
spherical cavity embedded in full-space medium with varying material properties in
radial direction; out-of-plane motion of circular cavity embedded in full-plane
medium with varying shear modulus in radius direction; circular cavity embedded
in full-plane medium etc.). The results were found in good agreement with exact

solution or BEM solutions.

Wolf and Song (1996a) further extended the application of the consistent
infinitesimal finite-element cell method to solve incompressible elasticity problems,
statics problems, diffusion problems and bounded medium problems. The basic
procedures are the same as those for soil-structure interaction problems. The results
were also found in good agreement with analytical solutions. Later, Wolf and Song

renamed it as the “scaled boundary element method”, or SBFEM.

Song and Wolf (1997) proposed the SBFEM formulation for elasto-dynamics. The
formulation was validated by some benchmarks in which a stress singularity with
crack problems was considered. Song and Wolf (1998) presented the analytical
solution of the SBFEM in the frequency domain through applying a series
expansion. An eigenvalue problem of a Hamiltonian matrix was solved.
Applications to bounded and unbounded domains validated the accuracy of the
formulation. Song and Wolf (1999) enhanced the performance of the SBFEM. The
solution of the SBFEM equations in displacement with body loads was derived.
Wolf and Song (2000) presented two derivations of the SBFEM. The first was
named after the “scaled boundary transformation based derivation”, the other was
named after the “mechanically based derivation”. Song and Wolf (2000) presented a

solution procedure of the SBFEM based on a single line finite element with two
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nodes. Deeks and Wolf (2002b) presented an h-hierarchical adaptive procedure for
the SBFEM. Deeks and Wolf (2002c) proposed a stress recovery and error
estimation procedure for the SBFEM.

By far, the SBFEM have been applied in many research fields widely. Song and
Wolf (2002) applied the SBFEM to solve stress singularities problems. Genes and
Kocak (2002) used a combination of FEM and the SBFEM to model large-scale
soil-structure interaction systems. Ekevid and Wiberg (2002) coupled the FEM and
the SBFEM to analyze a wave propagation problem related to a high-speed train.
Deeks and Wolf (2003) employed the SBFEM to present a semi-analytical solution
of a Laplace’s equation in non-equilibrating unbounded problems. Doherty and
Deeks (2003a-c) used the SBFEM to solve the non-homogeneous half-space
problems. However, few investigations have been reported on using the SBFEM

concept together with the finite element method to solve FSI problems.

1.3 Review of FSI coupling numerical techniques

1.3.1 Coupling numerical techniques for short-duration FSI problems

Since analytical solutions are difficult to obtain for a general FSI problem,
numerical techniques for FSI problem are developed. Normally, the numerical
techniques for FSI problem are obtained through coupling two or more numerical

methods.

Amongst the prevailing numerical techniques, the finite element method (FEM) and
boundary element method (BEM) are commonly used. Very often, the FEM is
employed to model the structure, while either FEM or BEM is used to model the
fluid domain. In those numerical simulations, FEM-to-FEM domain coupling
procedures or FEM-to-BEM domain coupling procedures are necessary.

Nevertheless, both FEM-FEM and FEM-BEM simulations exhibit some pitfalls.

When both the structure and fluid domain are bounded, FEM-FEM simulations
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have been shown to be efficient and able to yield reasonably accurate dynamic
responses for FSI problems as reported in some literatures (Hamdan (1999),
Belytschko (1980), Bathe et al. (1995), Morand and Ohayon (1979), Mellado and
Rodriguez (2001), Biswal et al. (2003), Olson and Bathe (1985), Pal et al. (2003),
Nitikitpaiboon and Bathe (1993) and others). In those FEM-FEM analyses, various
formulations were presented with regard to the acoustic fluid domain: Lagrangian
fluid finite elements formulation in Hamdan (1999); a generic displacement
formulation in Belytschko (1980); a mixed displacement-based finite element
formulation in Bathe et al. (1995); displacement and pressure mixed formulation in
Morand and Ohayon (1979), Mellado and Rodriguez (2001) and Biswal et al.
(2003); and the velocity potential formulation in Olson and Bathe (1985), Pal et al.
(2003), and Nitikitpaiboon and Bathe (1993). All these formulations demonstrated
their robustness in coupling with the conventional solid structural elements.
According to their characteristics, those formulations can be classified into two
major categories, namely: the displacement-based formulations and the
potential-based formulations. In the displacement-based formulations, the fluid
motion is described by the nodal displacements. The coupling responses between
fluid and structures are ensured by equating the normal displacement components
along the fluid-structure interface. This type of formulation is identical with the
displacement formulation for continuum mechanics but with zero shear modulus at
the interface. However, this pure displacement formulation for an inviscid fluid will
exhibit spurious circulation modes. On the other hand, the potential-based
formulations can avoid these spurious circulation modes because the fluid motion is
represented by some form of scalar potential functions. In it, both the compatibility

and the equilibrium conditions along the interface are explicitly enforced.

When the FEM is employed to model an unbounded fluid domain, the size of the
numerical model is limited and thereby the unbounded fluid domain has to be
truncated but at a sufficiently far distance such that all major responses are not
distorted. It requires the domain to be stretched beyond where the scattered waves
can reach. By doing so, the effects of the scattered waves will be implicitly taken

into account and no further complications will arise. However, in most practical

20



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 1  Introduction

cases, the FE mesh discretization for such a huge fluid domain will become
prohibitively expensive in terms of computational cost. Practically, a compromised
solution is to truncate the unbounded fluid domain at a reasonable not-too-far
distance away from the structure. Consequently, some scattered waves will reach
the truncated (artificial) boundary before the termination of the analysis. It results in
artificial waves reflecting back into the fluid mesh and contaminating the responses.
To overcome or minimize these undesired wave reflections from the artificial
boundary, an alternative is to put in place a kind of non-radiating boundary which is

‘transparent’ to the scattered waves.

In modeling a fluid domain with a non-radiating boundary, many researchers have
been heralding the approach described without using FEM. Mindlin and Bleich
(1953) are among the pioneers. They developed an early-time approximation
technique, namely plane wave approximation (PWA). Successful applications of the
PWA technique for the analyses of submerged spherical and spheroidal shells were
reported by DiMaggio et al. (1981), Hamdan and Dowling (1995) and Fan et al.
(2001). Very often, the early-time responses obtained from the PWA method agree
well with the exact solution, but it is not so for the late-time responses. Geers (1969)
developed an analytical method based on the virtual mass approximation (VMA) of
the infinite acoustic medium. The validity of the VMA was illustrated through a
study of the elastic response of a cylindrical shell excited by a transient acoustic
wave. Compared to the results obtained from PWA, the VMA results demonstrated
its superior performance, in particular the late-time behaviors and the low frequency
response. By superimposing the PWA and the VMA, Ranlet et al. (1977) developed
the doubly asymptotic approximation (DAA), which was used to model the infinite
fluid medium, while modal analysis was employed for the structure. The DAA
method had been proven to be accurate to model both early- and late- time behavior.
Zilliacus (1983) used the DAA method to analyze the response of a submerged
fluid-filled cylinder subjected to an incident plane step wave. It is worth noting that,
in the DAA formulation, the mass matrix for the fluid medium is fully populated.

More comprehensive reviews of the non-radiation boundary can be found in Givoli
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(1991). Normally, the PWA and DAA are called acoustic approximations together.

The detail reviews about the acoustic approximations are described in section 1.2.4.

In solving the general FSI problems, the exact or analytical non-radiating boundary
is difficult to implement. With the emergence of the BEM which has been gradually
recognized to have advantages in modeling infinite domain, FEM-BEM coupling
procedures had been developed. Estorff and Antes (1991), Czygan and Estorff
(2002) and Yu et al. (2002) demonstrated the advantages of using FEM-BEM
procedures for FSI problems. In their numerical simulations, no artificial boundaries
or wave reflections were present. Moreover, the FEM-BEM procedures are able to
gain computational advantages derived from its BEM formulation, which reduces
the spatial dimension by one. However, it inherits the disadvantages of the BEM
which demands for pre-requisite fundamental solutions, which can be very
complicated or may not be available. Furthermore, it leads to asymmetric
coefficient matrices in its formulation. Not only it increases the requirement for
memory storage, but also compromises (if not nullifies) its other computational

efficiency.

1.3.2 Coupling numerical techniques for long-duration FSI problems

To build a structurally sound dam-reservoir system which belongs to long-duration
FSI problem, the hydrodynamic forces acting on the upstream side of the dam is of
the major concern, particularly due to earthquake ground motions. The interactive
hydrodynamic forces can be obtained using analytical methods or numerical
solutions. For the simplistic rigid dam with one vertical or sloping upstream face, a
number of analytical solutions are available. Westergaard (1933) first presented
rigorous analytical solutions of hydrodynamic pressures acting on vertical rigid
dams; Chopra (1967) obtained solutions for hydrodynamic pressures on vertical
rigid dams under horizontal and vertical ground motions analytically; and Chwang
(1978), Chwang and Housner (1978) reported analytical solutions of the
hydrodynamic pressures for sloping dams. Nevertheless, these solutions are not
suitable to analyse dam structures with even slightly more complex upstream face,

such as dams with multi-sloping upstream faces or arch dams. For dams with
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complex geometries, Tsai (1992) presented a semi-analytical solution based on the
least square method or the Galerkin method, but reportedly, inferior solutions were
obtained near the base of a dam which has a large sloping angle. On the other hand,
the advent of computer technology enables numerical solutions to be an alternative
if not a better choice. Amongst the numerical solutions, Finite-Element-Method
(FEM) solutions, Boundary-Element-Method (BEM) solutions or their combination

solutions are the popular ones.

In most of the numerical models, the semi-infinite fluid domain is often divided into
two sub-domains: a near-field and a far-field domain. This is to ensure the analysis
to be valid over a manageable computational domain. Usually, the near-field
domain is modeled by FEM or BEM, while the far-field domain is modeled by
imposing a kind of transmitting boundary conditions (TBC), or using BEM or some
kinds of tailor-made infinite elements. Regarding the TBC, a variety of techniques
are available. Sommerfeld (1949) derived a technique called “Sommerfeld radiation
condition”. Sharan (1985) presented another called “Sharan’s boundary condition”.
Tsai and Lee (1989) presented an analytical frequency solution. Maity and
Bhattacharyya (1999) proposed a novel far-boundary condition. Solutions for the
whole dam-reservoir system were subsequently obtained by coupling either FEM or
BEM with their TBC. In their solutions, some pitfalls were identified. To obtain
good results, Sommerfeld radiation condition and Sharan’s condition demanded a
large extent of the near-field domain; the analytical frequency solution of Tsai and
Lee (1989) needed full eigen-values and eigen-modes of the interface between the
near- and far-field. The novel far-boundary condition by Maity and Bhattacharyya
(1999) was only suitable for curtain low frequencies cases. Another approach was
adopted by Saini et al. (1978), who tailor made a kind of specialized infinite
elements to model the far-field domain, but it still required a large near-field
domain. Other researches such as Felippa (1981), Hanna and Humar (1982) and
Tsai and Lee (1987) used BEM to model the far-field domain. Although the BEM
allows one to deploy a smaller near-field domain, the BEM’s unfavourable

characteristics of singular integral and asymmetrical matrices remains.
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The above reviews are about the steady analysis for a dam-reservoir system. The

following is about the time-domain analysis for a dam-reservoir system.

In time-domain analysis, the analytic or semi-analytic solutions of hydrodynamic
pressures on dams are much more difficult to obtain than those in frequency-domain
analysis. To alleviate the difficulties, the semi-infinite fluid in a reservoir is usually
modeled by dividing the domain into two parts: a near-field and a far-field domain.
The effect of the far-field domain can be represented by some kind of transmitting
boundary conditions (TBC) at the interface between the near-field and the far-field
domain. The most commonly-used TBC is Sommerfeld (1949) radiation condition,
which was used by Zienkiewicz and Bettess (1978) but precautions have to be taken
as the approach may introduce significant errors when the near-field domain is
small. Another TBC was developed by Sharan (1985). Although Sharan’s TBC
produced better results than Sommerfeld’s, it does not represent the behaviour of
the far-field domain well when the near-to-far-field interface is too near to the
dam-reservoir interface. Tsai et al. (1990) developed an efficient semi-analytical
TBC and later, its application by Tsai and Lee (1991) exhibited good results, but it
required the full eigen-modes of the near-to-far-field interface. In order to get rid of
this requirement, Yang et al. (1993) developed an explicit time-domain TBC which
only needs curtain eigen-modes. However, these two types of TBC have complex
forms, which further increase the complexities of the problem. Recently, Maity and
Bhattacharyya (1999), Cetin and Mengi (2003) and Kucukarslan (2005) developed
a novel far-boundary condition, a TBC based on spectral properties of radiating
waves and an exact truncation boundary condition at the near-to-far-field interface,
respectively. Although these TBC’s have simple forms, they are only fit for
2-dimensional problems. On the other hand, instead of using a TBC to represent the
far-field domain, Lotfi et al. (1987) developed the fluid hyper-element and
Valliapan and Zhao (1992) tailor-made an infinite element to model the far-field
domain, respectively, but the shape function of the fluid hyper-element or infinite

element will effect results when they cannot represent efficiently far-field domain.
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Against all of the above reviews, it can be easy to find that the SBFEM is very
necessary to extend or develop further to solve FSI problem. One reason is that the
SBFEM is a semi-analytic method in radial direction and very efficient to model an
infinite domain. Another reason is that no investigations have been reported on
using the SBFEM concept together with the finite element method to solve FSI

problem so far.
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CHAPTER TWO

SBFEM FORMULATION FOR INFINITE ACOUSTIC

FLUID MEDIUM

Originally developed by Wolf and Song (1996a) for soil-structure interaction
problems, the SBFEM formulas are only suitable for soil-structure interaction
systems, and not applicable to the fluid-structure interaction (FSI) problems.
Moreover, when dealing FSI problems involving infinite fluid medium, most
traditional numerical methods encounter difficulties. Against this background, the
writer recognizes the possibility and necessity to extend the SBFEM to model an
infinite fluid field. It was inspired by the SBFEM’s accuracy and efficiency when
modeling an infinite soil domain reported by Wolf and Song (1996a). In this chapter,
the SBFEM formulation for infinite acoustic fluid medium will be presented and

described, while its accuracy and efficiency will be validated in chapter 6.

2.1 FEM FORMULATION FOR ACOUSTIC FLUID MEDIUM

Essentially, SBFEM and FEM share the same idea of discretization of a continuum
but differ entirely in their approaches. Prior to the presentation of the SBFEM
formulation, it is necessary to describe the FEM discretization of acoustic fluid
medium. The detailed derivation has been described in the literature (Bathe (1996)).

The basic derivation is shown in section below.

The acoustic fluid medium is treated as an inviscid isentropic fluid with the fluid

particles undergoing only small displacements. Not including body force effects, the
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equation governing the response of the fluid is an acoustic equation as follows:

V= .1

c

where ¢ and c denotes a fluid velocity potential and the wave speed in fluid,
respectively. The velocity of a fluid particle satisfies

v=Vo (2.2)
where v is the velocity vector of fluid particles, while the fluid pressure p
satisfies

p=—pd 2:3)
where p denotes the fluid density. The boundary conditions for acoustic fluid

problems include two types. One is a prescribed velocity boundary S, , and the

other is a prescribed pressure boundary S, .

On the boundary S, a prescribed velocity v in the direction of the unit normal

vector n (pointing outward) to the fluid boundary satisfies

V.n:VS :@ 24

On the boundary S;, a prescribed pressure p° satisfies
ol =p* =l 2.5)

Egs.(2.1) (2.4) and (2.5) together describe a boundary-value problem. The

corresponding variational form of Eq.(2.1) is expressed as
5 1 -
jv Vio-—§ pedV =0 (2.62)

Eq.(2.6a) is re-written as

[.(Vevo)pdv - IVCdeifitde =0 (2.6b)
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where o0¢ is a scalar quantity and V denotes the fluid volume. Appling the

divergence theorem to Eq.(2.6b) leads to the following equation:
5 (v¢)2+ié|;¢ V=38[ ¢Vpendl =3[ ¢v,dr (2.6¢)
c? r rton :

where I' denotes the boundary of the fluid volume and v is normal velocity on

the boundary T'. The finite element equation of Eq.(2.6¢) is expressed as

M® +K® =R (2.7)
where @ denotes the nodal velocity potential vector; M, K and R denote the
global mass matrix, stiffness matrix and the vector of an integral of the normal
velocity along the boundary T', respectively. The corresponding element mass and

stiffness matrices M°, K°® and the element’s vector R° are as follows.
1

M = LE—ZNTNdVe (2.8a)
K*= | B"Bdv* (2.8b)
R® = J.reNTvndF" (2.8¢)

where v°, I'° denotes the element volume and boundary, respectively; N and

B are the shape function and the derivative of N with respect to spatial
dimensions, respectively. M, K and R can be obtained by assembling all M*,

K*® and R°, respectively. Note that Eq.(2.8¢c) appears on the right hand side of the
SBFEM equation in Section 2.2.

2.2 SBFEM MODELING FOR INFINITE FLUID MEDIUM

When the SBFEM is employed to model infinite fluid medium as shown in Fig.2.1a,
the infinite fluid medium is discretized into sectors. In this sense, it is similar to the
concept of BEM, in which the infinite fluid medium is discretized only along the

fluid-structure interface. Each element ij on the fluid-structure interface denotes its
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associated sector as shown in Fig.2.1b. Along the fluid-structure interface, the

relationship between a normal velocity v, and the associated velocity potential ¢

in frequency domain can be expressed as
R(0)=8"(0)0(o) (2.92)
R(0)=M"(0)d(w) (2.9b)
where R(o) is expressed in the form of Eq.(2.8c); ®(w) denotes the nodal

velocity potential vector; Sw(m) and Mw(m) are called the “dynamic stiffness”

and “dynamic mass” of the infinite fluid medium, respectively, and satisfy the

relationship:
$” (o) = (i0)’ M” (o) (2.10)
Applying inverse Fourier transformation to Eqgs.(2.9a) and (2.9b) and using the zero

initial conditions below

O(t=0)=0 (2.11a)

D(t=0)=0 (2.11b)
yields

R(t)= [ $”(t-t)o(c)dr (2.12a)

R(t)= [ M”(t—t)b(c)dr (2.12b)
where S”(w) and $”(t), M”(®) and M”(t), R(w) and R(t) are Fourier
transform pairs, respectively. The superscript o denotes an infinite medium. Both

the “dynamic stiffness” S°°(0)) and the “dynamic mass” Mw(oo) are dependant
on the geometry of the fluid-structure interface, so that Sw(m) and Mw(oo) are
normally written as S°°(r, 0)) and M°°(r, 0)), respectively, with a characteristic

length r. The expression for Sw(oo) can be derived from a scalar-finite-element
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(SFE) cell.

fluid-structure

interface

o0 in radial

direction

Fig.2.1b A typical SBFEM element of an infinite domain

2.3 SCALAR-FINITE-ELEMENT CELL

Consider a fluid-structure interaction system as shown in Fig.2.2a. The inside part
indicates a submerged structure. An infinite fluid medium surrounds the structure.

The outside fluid medium is discretized into finite sectors with a characteristic

length r, as shown in Fig.2.2b, and it can be also discretized into some sectors
with another characteristic length r, as shown in Fig.2.2c, and a section between

r. and r,. This section is called a scalar-finite-element (SFE) cell as shown in
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Fig.2.2a, which is bounded by two similar surfaces, each characterized by a nominal

distance r (namely r, and r,), radiating from an origin O (scalar center) as

shown in Figs.2.2a-d. The finite-element discretization of the SFE cell is shown in
Fig.2.2d. The outward unit normal vectors n of the corresponding boundaries are

shown in Figs.2.2b-d, as well.

7; surface

infinite fluid medium fol r, surface

Fig.2.2a A fluid-structure interaction system

Fig.2.2b A sector of the infinite bounded Fig.2.2c A sector of the infinite bounded

domain defined by characteristic length T, domain defined by characteristic length T,
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Interior surface 7,

Exterior surface 7,

Fig.2.2d FE discretization of SFE cell bounded by surfaces 1, and 1,

2.3.1 RELATIONSHIP BETWEEN THE INTERIOR AND EXTERIOR
BOUNDED SURFACES

On the interior surface r, and exterior surface r, shown in Fig.2.2a, Eq.(2.9a) is
re-written as
R(r,0)=S"(r,,0)d(r, o) (2.13a)
R(r,,0)=8"(r,,0)0(r,, ) (2.13b)
For simplicity, Eqs.(2.13a) and (2.13b) are re-written as
R;(0)=57 ()P (o) (2.142)
R, (0)=S](0)®, (o) (2.14b)

The finite element equation (2.7) of the SFE cell for a harmonic type response is

re-written as

R(0)= (K - 0’M )b(0) = S(0)d(w) (2.15)

where

S(0)=K - o’M (2.16)
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Through partitioning R((D), CD(oo) and S(oo) with respect to the interior and
exterior surfaces, Eq.(2.15) becomes
5,(0) 8,(0)][@,(0)] _[Ri(o) .
S.(0) 8.0)]|0.(0)] "R =

On the interior surface r,, the unit normal vectors n shown in Figs.2.2b and 2.2d

are identical, while those on the exterior surface r, shown in Figs.2.2c and 2.2d

are in the opposite direction. Using Eq.(2.8¢) and Egs.(2.14a,b) yields

o) Lm0 —sttoo =

Substituting Eq.(2.18) into Eq.(2.17) leads to

b A 3

€

By ecliminating @, (w) from Eq.(2.19), the relationship between S7(w) and
S”(®) can be obtained as follows

[57/0)-8,(0)+5, (05 (0)+5.(0)) 'S, (@), (©)=0 (220)
where @, () becomes arbitrary, and thus the associated coefficient matrix must
vanish, i.e.

$7(0)=8, ()-8, (0)S: (©)+S.(0))'s, () (2.21)
which describes the relationship of the dynamic stiffness S*(®) between the
interior surface r, and the exterior surface r, . In order to determine the

relationship, the coefficient matrices S;(®), S.(®), S,(®) and S_(®) must be

solved. These coefficients can be obtained through using Eqs.(2.8a) and (2.8b). In
what follows, derivations for these coefficient matrices are given in details with

respect to an element of the 2-dimensional SFE cell shown in Fig.2.2d.
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2.3.2 FINITE-ELEMENT FORMULATION FOR AN ELEMENT IN A SFE
CELL

An element in the SFE cell is shown in Fig.2.3, which is assumed 6 nodes, of which

3 nodes lie on the interior surface and 3 nodes on exterior surface.

Fig.2.3 An element of the SFE cell

The shape function N for the element is chosen as
1 1
N=IN, N[ J0-8N0) S0+ENG) e22)

where N(n) denotes the shape function of a surface corresponding to the
interior/exterior bounding surface; the & axis corresponds to the radial direction

which points from the fluid-structure interface towards infinity and the m axis

corresponds to the circumferential direction. For a 3-node element,

N(n)=B(nz—n) 1-n’° %(n“n)} (2.23)

Due to radial similarity, the coordinates x_,, y, of a node lying on the exterior
boundary r, can be expressed in terms of nodal coordinates x;, y, of its

associated node lying on the interior boundary r, and the characteristic width of
the SFE w as follows.

x, = (1+w)x, (2.24a)

ye =(+wly, (2.24b)
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w=-"-1 (2.24c)

By using an isoparametric mapping technique, the geometrical interpolation for the

position of an arbitrary point (x, y) inside the element can be expressed as follows.

{X} - [N, Ne]{Xi yi} (2.25a)
y X, Y.

Substituting Eq.(2.22) and Eqgs.(2.24a) and (2.24b) into Eq.(2.25a) leads to

{’y‘} E (H%(H&)}N(n)[xi v] (2.25b)

The relation between the differentials of the two mapped coordinate systems is the

called “Jacobian” matrix J, i.e.

ox Oy
T- % % (2.26a)
on on

Substituting Eq.(2.25b) into Eq.(2.26a) yields

s 0
J=|2 J (2.26b)
0 1+—(1+¢)
where
N(n)x, Ny,
J=|dN(n) ~ dN (n) (2.26¢)
dn ' dn

The determinant of the “Jacobian” matrix J is
9] = (1 + 3 (1+¢ j|J| (2.27)

The inverse of the “Jacobian” matrix J is
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B 0 B}

_ w

J'=J" 0 1 (2.28)
1+%(1+g)

Denoting the components of J™' as j_,i.e.

o [dn e
J' = LM jzj (2.29)
we have the derivatives of the shape functions as follows.

N[N

TR e ) N

oy on (2.30a)
;{?‘Z}F(l—&)“—(n) l(1+<:)dl‘1—(”)}
1+%(l+§) 12 )12 dn 2 dn

Eq.(2.30a) is the strain-displacement relationship matrix B of a fluid medium,

which is re-written as

1 1 1 1
B=—|[B B1]+—[—(1—§)B2 —(1+§)B2}
W 1+%(l+§) 2 2 (2.30b)
where
B! :{jll}N(n) (2.31a)
2 Ji2 dN(n)
B’ = =
{jzz} dn (231b)

Note that B' and B” are functions of n only.

Now, rewrite Eq.(2.8b) for an element stiffness matrix in terms of £ and mn as
e _ T e _ 1ol Tl Tl
K® = LEB Bdv® = L LB B[J|dédn (2.32)

Note that K° can be integrated analytically. Partitioning K® into sub-matrices
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with respect to the interior and exterior surfaces leads to

kll k12:|
K = (2.33)
|:k21 k22

of which, each sub-matrix Kk;; (i, j= 1,2) can be written as

1
k, :;Kg +K +wK: +0(w?) (2.34)
where
0 0
K;=&&E (2.352)
K! _SSige, Sig G (2.35b)
! 2 2 2
2 1 élé 2
Kij :Z 1'|'TJ E (2350)
in which
E' = [ BB (2.36a)
E'=[ B*'B'J|dn (2.36b)
E* = [ B*'Bldn (2.36¢)
and £ =-1, &,=1. E’, E' and E*> can be conveniently determined by an

approximate numerical integration scheme. Note that E’, E' and E’ are

functions of m only and thus associated with the discretization of the interior

surface of the SFE cell. In addition, E° is positive definite and symmetric; E* is

semi-infinite definite and symmetric. The last tem on the right hand side of Eq.(2.34)

represents the order of error (w2 )

Similar to the element stiffness matrix, the element mass matrix M°® (Eq.(2.8a))

can be partitioned into sub-matrices accordingly, i.e.
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M = |:m11 m12:| 2.37)
m, m,
in which
m, = wM +O(w2):%[l+ gfj jMO +0(w?) (2.38)
where
11
M’ = LC—ZN(n)TN(n)|J|dn (2.39)

which is positive definite and symmetric. Note that the last term on the right hand

side of Eq.(2.38) stands for the order of error (wz). When w tends to zero, the

error term O(wz) on the right hand side of Eqgs.(2.34) and (2.38) vanish.

2.4 SBFEM FORMULATION IN FREQUENCY DOMAIN

Assembling all elements in the SFE cell, i.e. assembling all of coefficients matrices
E’, E', E’and M’ yields the global stiffness matrix K and mass matrix M
in Egs.(2.7) and (2.16). For the sake of simplicity, the coefficient matrices for the

K and M will adopt the same symbols as those for individual elements.
2.4.1 DERIVATION OF SBFEM FORMULATION
Firstly, in order to be consistent with the matrix nomination, the subscripts i and e

for the interior and exterior surface are renamed as 1 and 2, respectively. Re-write

Eq.(2.21) as follows

Sy ((’3) =8, ((’3) =Sy (w)(sf (0)) +8, (O)))_l S, ((0) (2.40a)
Re-arranging leads to
(S;O ((’)) +8S,, (O))blz ((’3)_1 (S;D ((’)) -8, (0)))"" S, (CO) =0 (2.40b)
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Secondly, partitioning the global matrices S, M and K in Eq.(2.16) with

respect to the interior and exterior surfaces leads to
S S K K M M
S:|: 11 12:|:|: 11 12:|_0)2|: 11 12:| (241)
SZl SZZ KZl KZZ MZl MZZ
Now consider S,,, i.e.

S, =K, —o’M,, (2.42)

Substituting Eqgs.(2.34) and (2.38) into Eq.(2.42) yields

S, =LK +K', + wK? — wo M2, + O(w?) (2.43)
w
Substituting Eq.(2.35a) into Eq.(2.43) and re-arranging lead to
1
S, =—E’+K!, + w(K? - 0’M? )+ 0(w?) (2.44a)
w

Analogously, we can have

S, = —%EO + K, + w(K2 —0’M3 )+0(w?) (2.44b)
S, = —&EO + K, +w(K2 —o’M2 )+ 0(w?) (2.44c)
S, :&EO +K), +w(K2, —o’M2, )+ 0(w?) (2.44d)

By using Egs.(2.35a-c), the relationships between component matrices in

Eqgs.(2.44a-d) can be written as follows.

K}, =K}, =-K}, =K}, =E° (2.45a)
1 1 1 1\ 1

K, +K, = _(Kll +Klz) =E (2.45b)

K} +K;, +K; +K2, =E’ (2.45¢)

M; +M., +M; +M;, =M" (2.454d)

Thirdly, upon inspecting Eq.(2.40b), we notice that there exists the inverse term
S, (03)_1 which is difficult to evaluate. Hence, it is approximated as a polynomial

in term of w with the unknown coefficient matrices A and B as follows.
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S, ()" =-wE"" +w’A+w’B+0(w*) (2.46)

Note that E° ' can be evaluated via Eq.(2.36a). A and B can be obtained as
follows. Consider the identity,

I=S,(0)S,(0)" =1- w(1<}2E°‘1 + EOA)

_ (2.47)
_ WZ((Kf2 —o’ME" -K,A+ EOB)+ o(w?)
The coefficient matrices of w and w® must vanish, such that
-1 -1
A=-E’ K,E° (2.482)
B=-E"" (1(}2130“1<;2 (K2 - o0’M} ))EO‘1 (2.48b)

Substituting Eqs.(2.48a) and (2.48b) into Eq.(2.46) and then the result with
Egs.(2.44a-d) into Eq.(2.40b) lead to

K, +K,, +K}, +K},

—w(S7(0)+ K}, + K, B (S (0)- K, K, )+ 8% (0)-S7 (o) (2.49)

w2+ K2+ K2 +K2, -0’ (M2, + M2 + M2, + M2, ))=0(w?)
Substituting Egs.(2.45a-d) into Eq.(2.49) and then dividing the whole resulting

equation by w leads to

00

(8% (w)+E'E"" (S‘f(m)+ EIT)—M—EZ +o’M’ =0(w)  (2.50)

Fourthly, to obtain the frequency equation for the discretized surface at r,, we have

to condense the SFE cell by taking limit w — 0. Taking limit w — 0 for the

second term in Eq.(2.50), i.e.

i SE©)=S70)_ L 87(0)-57(0) s
w—0 W LT r,—r,

By writing S” (0)) =S’ (0)) and r=r, Eq.(2.51a) is re-formulated as

iy $50)-57(0) _ 5 (0)

2.51b
I, T, I-e _ri 81‘ ( )
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Note that when w — 0, the exterior surface and interior surface will fully overlap

with each other. Therefore, we have
$7()=S7(w)+0(0)=8"(0)+O(w) (2.52)
where O(w) stands for the order of error (). Taking limit w — 0 for the whole

Eq.(2.50) and substituting Eq.(2.52) into Eq.(2.50) yield

(8*(0)+EE"" (S°°(oa)+ E" )—r%r(m)—Ez +@’M° =0(w) (2.53)

Note that in Eq.(2.53), there is still a term containing the derivative of the “dynamic
stiffness” Sw((;)) with respect to r. In next section, a dimensional analysis is

employed to derive its equivalent in term of ®.

2.4.2 DERIVATIVE OF “DYNAMIC STIFFNESS”

As mentioned above in section 2.2, Sw(m) is dependant of the geometry of the

fluid-structure interface, so that Sw(m) can be also written as Sw(r,(;)) with a

characteristic length r. In what follows, a dimensional analysis is employed to

obtain the relationship between the derivative w and the derivative
r
8S” (r,o)
oo
Re-write Eq.(2.13a) as follows
R(r,0)=8"(r,0)d(r,n) (2.54)

The dimension of the right-hand-side term R(r,®), which is evaluated from
Eq.(2.8¢), is [L]S [T]_l, where s (=2 for 2-D problems or =3 for 3-D problems) is

the spatial dimension of an acoustic fluid. The dimension of ®(r,®), which
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satisfies Eq.(2.2), is [LF[T]", and thus the dimension of $”(r,) should be
L] =[LFT]"/[LF[T]" ). In addition, the dynamic stiffness S*(r,0) is a
function of acoustic fluid density p, a characteristic length r, a frequency ® and
the bulk modulus of an acoustic fluid . The dimension of p, r, ® and P are
[L]°[M], [L], [T]" and [L]'[M][T]?, respectively. [L], [M] and [T] are

the dimensions of length, mass and time, respectively.

Assume that the quantity (S“(r,co))nl rf=p™w™ is dimensionless. By
substituting associated dimensions of the dimensionless quantities into it, the

equations can be produced as follows.

(s—2), +n,-n,—3n, =0 (2.55a)
n,+n, =0 (2.55b)
-2n,-n, =0 (2.55¢)

The rank of the coefficient matrix in Eqgs.(2.55a-c) having 3 equations but 5

unknown variables is 3. Thus, it permits the two unknown variables n,, n, to be
chosen arbitrarily. Setting n, =1 and n,=0 yields n,=0,n, =0,n, =2-5.
By substituting these coefficients into the above dimensionless quantity, the

dimensionless quantity becomes S°°(r, (o)rz‘s. When setting n, =0 and n, =1,
n, =-0.5,n, =0.5,n, =1 and the dimensionless quantity becomes 3 "’p* . If
it is denoted by a,, a, =ro/c, which stands for a dimensionless frequency with

¢, =+/B/p which represents the wave velocity in fluid medium. Note that a,

S

varies with r and . Hence, the first dimensionless expression S°°(r, (;))rz_S can

be equated to S”(a,) which is defined as a function of the second dimensionless
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variable a, as follows.

$”(r,0)=1""S"(a,) (2.56)

Based on the dimensional analysis alone, the arbitrary function S”(a,) can not be

determined. Note that @ and r do not appear explicitly in S (ao), but always in
a product of o and r. For different characteristic lengths r and different

frequencies ®, the term S*(r,) has different value.

Consider two interfaces at r, (interior) and r, (exterior) as shown in Fig.2.2a and
assume that S”(r,,®) is known. The dynamic-stiffness matrix at r, can be
calculated using a, = or, /c, = (r,/r, Jo(r, /c, ). It means that the frequency at r, is
(ri /r. )(o while the frequency at r, is ® corresponding to the same dimensionless

frequency a,.From Eq.(2.56), we have

(l] _ Sw(re,r—icoj = (lJ _ S”(r,,0)=S"(a,) (2.57)
I I, T,

€ 1

Re-arranging Eq.(2.57) leads to

Sw[re,r—i(x)J - [r—j $*(r.,0) (2.58)

T I.

¢ 1

Eq.(2.58) is a form of the relationship between two dynamic-stiffness matrices of
similar interfaces in an unbounded fluid medium. For the analysis in frequency
domain, another form is often used. Note that the dynamic-stiffness matrix is as a

function of the characteristic length r and of the excitation frequency ®. By
virtue of chain rule, the derivatives of S”(a,) with respect to r and ® can be

written as:

8§°°(a0)_ 8S”(a, ) da, _iﬁg“’(ao)
b0 da, 0o c, oa, (2.59)

S
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o0 da, o c. oa, (2.59)
Thus,
» 57 (a) _ 87(a,) (2.59¢)
om or
From Eq.(2.56), we have
8§°°(a0)_ 1 (2-5q. 8S” (r,0)
po —rs_z( —S"(ro)+r—— (2.60a)
oS (ao)_ 1_2 oS” (r,w) (2.60b)
om rt om
Substituting Eqgs.(2.60a) and (2.60b) into Eq.(2.59c¢) yields
ST0) (o )+ 0 BSAE0) @.61)

or om
Note that the left hand side of Eq.(2.61) is the term appeared in Eq.(2.53) and the
right hand side of Eq.(2.61) consists of the terms Sw(r, 03) and it is derivative with

respectto ® only.
2.4.3 FINAL FREQUENCY EQUATION

Substituting Eq.(2.61) into Eq.(2.53) leads to

(5*(r0)+ BB (87 (r,0)+ BT )- (- 2)8" (r,0)

_was (r,o

) (2.62)
—E'+o’'M" =0
o

Eq.(2.62) is the SBFEM equation for the frequency-domain analysis. It is a system
of non-linear ordinary differential equations of first order. Note that the coefficient
matrices E°, E', E* and M’ which have the form of Egs.(2.36a-c) and (2.39)
are functions of the characteristic length r only. When the characteristic length r

is chosen, (for example, the fluid-structure interface is chosen as the surface with
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the characteristic length r), Eq.(2.62) has only one independent variable which is
the frequency ® and is re-formulated as

(57 (0)+ EE (% (0)+ B ) (s—2)8" (o)

© (2.63)
—o)as—((”)—E2 +o*M° =0
om

Note that the form of the SBFEM equation (2.63) is identical to that for soil infinite

medium but their coefficient matrices are totally different.

2.5 SBFEM FORMULATION IN TIME DOMAIN

The SBFEM equation in time domain can be obtained easily by applying the
inverse Fourier transformation to Eq.(2.63). By comparing the SBFEM equation in
Eq.(2.63) with that for soil infinite medium developed by Wolf and Song (1996a), it
can be found that both of them are identical. Because the inverse Fourier
transformation is a pure mathematic transformation and is independent of material
properties of an infinite medium, the SBFEM equations in time domain for an

infinite fluid and a soil medium are the same, which are in the form of

J:m‘”(t—r)m t)dt+e' II )dr'dr+'H‘ dt’dre

(2.64)
+tj r——e H(t)— tm°H(t)=0
where
m”(t)=U" M (1)U (2.65)
and
e'=U"E'U" —S—;II (2.66a)
e’ = U“T(E2 ~E'E" E" JU" (2.66b)
m’=U"M"U" (2.66¢)

in which U can be obtained by decomposing E° via a Cholesky’s method such
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that

E’=U"U (2.67)
and Mw(t) satisfies Eq.(2.12b). Note that e is symmetric and m° is positive
definite and symmetric. After determining mw(t) from Eq.(2.64), the matrix
M~ (t) can be obtained as

M~”(t)=U"m"(t)U (2.68)
Hence, the velocity-to-velocity-potential relationship in Eq.(2.12b) is determined.
Details of the inverse Fourier transformation can be found in the literature (Wolf

and Song (1996a)). The numerical solution for Eq.(2.64) is described in next

section.

2.6 NUMERICAL SOLUTION FOR M*(t)

For the discretization of Eq.(2.64) with respect to time, mw(t) 1s assumed to be

constant within each of the time steps. As a consequence, integral terms in Eq.(2.64)

attime t (=nAt) are approximated as follows.

1, =["m"(the =1, +Atm] (2.69)
nAt et o , Atz »
3, =" [me()arde=a,  +Ad, +=om; (2.69b)
J:m"’(t - r)mw(r)dr = AtZ mffjﬂm?’ (2.69c¢)
-

where At denotes time increment and m7 = m°°( jAt).

For n =1, i.e. the first time-step, substituting Egs.(2.69a-c) into Eq.(2.64) yields
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m”’ +£(el +I)mf° +m;’°&(elT +I)_A_t2e2 -m’ =0 (2.70)
2 2 6

Eq.(2.70) is the algebraic Riccati equation, which can be computed by an algorithm
based on Schur factorization of an extended matrix of size twice the order m;” and
has a unique symmetric semi-positive definite solution. Upon determining m;’,
M7 can be obtained by the transformation

M? =U'm;U (2.71)
Note that by taking the limit At — 0, Eq.(2.70) results in

m*’ =m° (2.72)

Substituting Eq.(2.72) into Eq.(2.71) yields the value of M™(t =0).

For n>2, Eq.(2.64) is discretized as follows.

n-I|

© At 1 0 o0 [°e) At lT 0 0 0
m’ +—e m, +m | m  +—e |[+tm, ——E m; . m;
2 2 j:2

J J T 279
—e!| L4 |- T e+ e’ +n(m0 _In—l)
At At 6
Eq.(2.73) is a Lyapunov equation in the form of
AX+XA" +tX=C (2.74)

which can be solved. Upon determining m; , M can be obtained by the
transformation

M? =U'm”U (2.75)
Note that all matrices m7, M7 (j=12,...,n) are symmetric. It can be proved

through Eq.(2.73) minus the transpose of Eq.(2.73).

For short-duration cases, using Eqs.(2.69)-(2.75) can work out M“’(t) with ease,
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but using Eqs.(2.69)-(2.75) to solve M°°(t) becomes expensive in computational
cost for long-duration cases. In next section, a new approximate numerical method

for M”(t) is proposed.

2.7 ANOTHER NUMERICAL SOLUTION FOR M~*(t)

To achieve M*(t), the M*(t) is decomposed as
M~ (t)= CH(t)+ K"t H(t)+ M7 (t) (2.76)
with the static-stiffness matrix of an unbounded medium K® and an coefficient

matrix C chosen in such a way as to achieve M7 (t—w)=0. For a 2D
axisymmetrical problem with an unbounded fluid medium, the dimension of

Mw(t) is 1x1, because the coefficients matrices EO, El, and E* equalto 27,0 and
0, respectively. The corresponding M™ (t) can be obtained quickly by using

Eqs.(2.69)-(2.75) and the time-history profile of M™ (t) is shown in Fig.2.4.

M (t)

v

Fig.2.4 The time-history of a Ix1 M*(t)

From Fig.2.4, one can see that the slope of the curve becomes smaller and smaller
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when time increases; the slope tends to zero when time — o« and the slopes of the

curve at time “t;” (called cut-off time) and time infinity “t” are very small, so the

slope of the curve (the first derivative of M™(t) with respect to time) between

2

time “t,” and time infinity “t” can be assumed to compose an arithmetical
progression. After discretization of the M (t) with respect to time, the M*(t) is
assumed to be constant within each of the time steps and assume that

t, —t, =nAt (2.77)
where n is the number of time step At between time t. and time t;. Such that, the
arithmetical progression can be expressed as follows

() o dM() (2.78)

dt dt

v (t,)

with an arithmetical mean Ak and =0 when time “t;” tends to infinity.

When time t., time t; and time step At are chosen, the Ak and n are easy to
determine, so how to choose the “cut-off’ time “t.” and the time infinity “t;”
becomes important. A numerical method is proposed to determine the “cut-off” time

“t.” and the time infinity “t;” in the following sections.

2.7.1 Cut-off time “t.”

From Fig.2.4, one can find that the value of the de—t(t) is very small at late time,

so the “cut-off” time “t.” can be determined through using the following formula

dM”(t,)) /[ dM”(t, +At))
(2502 o

dM”(t,) o dM”(t, + At)
dt dt

with an error tolerance “tol”. The first derivatives
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can be solved approximately by using the following formulas, repectively.

dM™(t,) N M~”(t,)-M"(t, - At)

2.80a
dt At ( )

dM”(t, +At)  M*(t, +At)-M"(t,) (2.80b)
dt - At .

After choosing the error tolerance “tol” and determining these M™(t, —At),

M~*(t,), M”(t,+At), the “cut-off’ time “t.” can be determined by using

C

Eqs.(2.79-80).

2.7.2 Time infinity “t;”

In principle, the time infinity “t” can be chosen as any time more than the final time
“t.” of an analysis. However, from Eq.(2.78), one can see that the arithmetical mean
Ak will be too large or too small when the time infinity “t;” is too small or too

large. Obviously, these too large or too small Ak will induce an incorrect solution
of M”(t). So it is necessary to choose an appropriate time infinity “t;””. A process

for determining the time infinity “t;” is presented in the following.

Firstly, use the method presented in section 2.6 to determine all 1x1 M*(t) from

time zero to final time “t.”.

Secondly, employ the method presented in section 2.7.1 to determine the “cut-off”

time “t.”.

Thirdly, choose an initial time infinity “t;” and use the initial “t;” to calculate the
Mw(t) between the “cut-off” time “t.” and final time “t.”. Re-formulate Eq.(2.77)

as follows.
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n=(t -t )/At (2.81)

v (t,)

Substituting Eq.(2.81) and =0 into Eq.(2.78) yields

M> .
dM7(t) t-te g g 2. 82a)
dt At

Substituting Eq.(2.80a) into Eq.(2.82a) leads to

M7()- M7t -A) t-t (2. 82b)
At At
So the Ak satisfies
Ak = (M~ (t,)-M (¢, - A))/(t, -t,) (2. 82¢)
dM* (t)

After determining the Ak, the

" at time t_+ jAt can be expressed

approximately as

dM”(t, + jAt)  dM”(t, + jAt-At)

Ak 2.83
dt dt ( )

. th . . dM™”(t, + jAt
where j denotes the j™ time step after the “cut-off” time t.. As the M

dt
can be expressed as follows,
M~ A M~ jAt)—M” jAt - A
dM” (¢, +jAt) _ M (t, + jA)-M" (¢, +jAt-At) 2. 84)
dt At
Eq.(2.83) is re-written as
dM™(t, + jAt- At
M (t, + jAt)=M"(t, +jAt—At)+[ ( CC;J )-Ak]At (2. 85)

Through substituting Eq.(2.78) into Eq.(2.85) and as Eq.(2.78) is a arithmetical

progression, Eq.(2.85) can be re-formulated as

M”(t, +jAt) = M™(t, +jAt—At)+[de—t(t°)-jAijt (2. 86)
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Eq.(2.86) is a recurrence formula. Therefore, all the M“’(tc+ jAt) can be

dM“"(tc)_

calculated by using Eq.(2.86) when knowing the Ak, M™ (tc ), and "

Fourthly, determine a proper time infinity “t;”. To judge whether the chosen initial
time “t;” is proper or not, a comparison between the two values of M”(t_) at final
time “t.” obtained by using the above two methods, respectively, must be made.

Here use the symbol M*(t,) to denote the value of M”(t,) obtained by using
the method presented in section 2.6, while use the symbol M°°(te)r to denote the
value of M°°(te) obtained by using the recurrence formula in Eq.(2.86). When

M~ (t,). —=M*(t,), > 0, that means that the time “t” is too large so that the Ak is

T

too small. Reversely, when M”(t.) —M™(t, )c < 0, that means that the time “t;” is

T

Q

too small so that the Ak is too large. When M”(t,). ~ M*(t,)., that means that

T

199

the time “ti” is proper. Therefore, the time infinity “t” is determined. As the

dimension of the M~ (t) is 1x1, the process of determining the proper “t;” is fast.

Note that all characteristics and formulations of the 1x1 M?(t) in the section 2.7
are corresponding to a 2D axisymmetrical problem with an unbounded fluid
medium. That is to say, all characteristics and formulations of the 1x1 Mw(t) in

the section 2.7 are corresponding to a 2D axisymmetrical surface with an
unbounded fluid medium. Obviously, a 2D axisymmetrical problem can be modeled

by some non-axisymmetrical elements, which induces that the dimension of the

M~ (t) for an unbounded medium is not 1x1 any more. But the 1xI M™*(t) and

the non-1xI M™(t) must have same characteristics because the M”(t) only
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depends on the geometry of the surface with a characteristic length r; as shown in
Fig.2.2a. That means that the 1x1 M™(t) and the non-1x1 M”(t) have the same

“cut-off” time “t.”, the time infinity “t;” and the same recurrence formula in

Eq.(2.86) . Such that, the “cut-off” time “t,” and time infinity “t;” of the non-1x1
M~ (t) for a non-axisymmetrical problem with a 2D axisymmetrical surface can be
determined by those of an axisymmetrical problem with the same 2D
axisymmetrical surface. The non-1x1 Mw(t) can be determined through using
Eq.(2.86) after knowing the Ak obtained by using Eq.(2.82c). These operations
will save lots of computational efforts for the M™(t) and their correctness is

verified in Chapter 6.
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CHAPTER THREE

SBFEM FORMULATION FOR LAYERED INFINITE

FLUID MEDIUM

In practice, certain fluid-structure interaction problems such as dam-reservoir
interaction problems including a layered infinite fluid medium are often
encountered. Although these dam-reservoir interaction problems have been solved
using traditional numerical methods (FEM or BEM) in combination with a
transmitting boundary, the traditional method’s efficiency and universality are still
dubious. In this chapter, a SBFEM formulation for a layered infinite fluid medium

is presented. Its accuracy, efficiency and universality are described in chapters 7 and

8.

3.1 SBFEM MODELING FOR LAYERED SEMI-INFINITE

FLUID MEDIUM

Recall Fig.2.1b, in which a semi-infinite fluid medium is bounded by two surfaces
Oj and Oi. When these two surfaces are parallel to each other, the semi-infinite
fluid becomes a layered semi-infinite medium as shown in Fig.3.1 and the scalar
center O is located at infinity on the left-hand side. Note that in a submerged
structure-fluid system, surfaces Oj and Oi do not serve as the boundaries of the
semi-infinite fluid medium because the unique boundary of the infinite fluid
medium is the fluid-structure interface. However, in a layered semi-infinite system,

the surfaces Oj and Oi serve as the boundaries of the layered semi-infinite fluid
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medium. In the following formulation, the boundary conditions on these surfaces
are taken as zero-displacement or zero-pressure. The corresponding formulations
for a solid medium derived by Wolf and Song (1996a) have the same assumption.
For some special cases where these boundary conditions are not zero displacement,

SBFEM formulations are derived in chapter 4.

Fig.3.1 A layered semi-infinite medium

Consider a layered semi-infinite fluid medium shown in Fig.3.1 which is bounded

by two surfaces Oj, Oi and the side surface ij. When using the SBFEM to
model the layered semi-infinite fluid medium, only the surface ij needs to be
discretized. A typical SBFEM mesh is shown in Fig.3.2. (Here, the surface 1 is
assumed to be perpendicular to the two surfaces Oj and Oi, in order to reduce the

effect of the reflection waves.) Each element i'j represents the region L, so that

the whole layered semi-infinite medium is represented by an assembly of elements

along the surface ij.
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Fig.3.2 SBFEM mesh of the layered semi-infinite medium

On the surface 1ij, the relationship between velocity potential and normal velocity
in frequency domain can be written as
R(0)=8"(0)d(e) (3.1a)
R(0)=M* (0)d(o) (3.1b)
where R(co) has the form of Eq.(2.8¢c); CD(co) denotes the nodal velocity potential

vector; S”(w) and M”(w) are called the “dynamic stiffness” and “dynamic
mass” , respectively, of the layered semi-infinite fluid medium. They satisfy

$” (o) = (i0)’ M” (o) (3.2)
By applying inverse Fourier transformation to Eqgs.(3.1a) and (3.1b) and imposing

the following zero initial conditions,
O(t=0)=0 (3.3a)
D(t=0)=0 (3.3b)
Eqgs.(3.1a) and (3.1b) are re-formulated in time domain as
R(t)= [ 8" (t-t)o(c)dr (3.4a)
R(t)= [ M”(t—t)b(c)dr (3.4b)
where S”(t) and S”(w), M”(t) and M”(®), R*(t) and R”(w) are Fourier

transform pairs, respectively. The superscript o denotes infinite medium. Note
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that the “dynamic stiffness” S*(®) and the “dynamic mass” M”(w) are both
dependant of the geometry of the surface ij. Therefore S”(oo) and M°°(O)) can be
written as S°°(r, 0)) and M°°(r, oo) with a characteristic length r. The expression

for $*(®) can be derived from a scalar-finite-element (SFE) cell bounded by face

1 and face 2 shown in Fig.3.3.

10) face 2
Y )
Rw) :
|
Lok 753 N R — 1
\4 :

SFE cell

Fig.3.3 Scalar-finite-element cell

3.2 SBFEM FORMULATION FOR LAYERED INFINITE

MEDIUM

The “dynamic stiffness” relationship between face 1 and face 2 has the same form

of Eq.(2.21), which is rewritten as
7 (0)=8,,(0)-S, ()82 (0)+S,,(®)'S, () (3.5a)
According to Eq.(2.58), we have S7(0)=S7(0)=S"(w) because the
characteristic lengths 1, =1, =0 . Hence, Eq.(3.5a) can be rewritten as
§ ()= 5., (0)= ., (08" (0)+5.,,(0)) 'S, (o) (3.5b)
The solution for S*(®) in Eq.(3.5b) can be determined after all coefficient

matrices are known. The coefficient matrices S, (®), S,(®), S, (®) and
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S,,(®) are the sub-matrices of the global dynamic stiffness S(w) of the SFE cell
corresponding to the face 1 and the face 2, respectively. The global dynamic

stiffness S(w) satisfies

S, S K, K M, M
S:{ 1 12}:{ 1 12}_@2{ 1 12} (3.6)
Sy Sy K, Ky M, M,

where K i M (j,l = 1,2) are the sub-matrices of the global stiffness and mass

matrices of the SFE cell corresponding to the face 1 and the face 2 and can be

obtained by assembling all element stiffness matrices K° and mass matrices M*

in the SFE cell. What follows will show how to determine the element stiffness

matrix K° and mass matrix M° in the SFE cell.
3.2.1 ELEMENT STIFFNESS AND MASS MATRICES

To determine the element stiffness and mass matrices, a 2-dimensional SFE cell is
considered and a 6-node element in the SFE cell is analyzed as shown in Fig.3.4.

For other types of elements, the same procedure can be used to obtain the matrices.

V3

7
de 2
gy i08E 2 ,Lg

N1

face 2

»
>
X

X1 X2
O

Fig.3.4 A finite element of a SFE cell

The shape function N of the element is chosen as
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N=IN. NI J0-0N0) 02N 67

where N(n) denotes the shape function in the direction m; the & axis
corresponds to the radial direction which points from the face 1 towards the infinity
on the right side and the n axis corresponds to the circumferential direction.
& =—1 corresponds to the face 1, while £=1 corresponds to the face 2. For a

3-node element in the m-direction, n=-10,1 corresponds to the nodes 1,2 and 3,

respectively. Hence, the function N(n) is expressed as

1

N(n){g(nz—n) 1-n’° %(nzm)} (3.8)

The coordinate vectors x, and y, of nodes lying on the face 2 can be expressed
in terms of the nodal coordinate vector x, and y, of nodes lying on the face 1

and the characteristic width of the SFE w as follows.

X, =X, +[wH wH wH] (3.92)

Y, =Y, (3.9b)

where w is a very small constant; wH denotes the width of the SFE cell and H
denotes the height of the whole layered infinite medium. By using isoparametric

mapping technique, the geometrical interpolation for the position of an arbitrary

point (x,y) inside the element can be expressed as follows.

{X} [N, Nz][xl y‘} (3.10a)
y X Y

Substituting Eq.(3.7) and Egs.(3.9a,b) into Eq.(3.10a) leads to

{X}T =N(n)lx, y1]+[w—2H(1+&) 0} (3.10b)

y

The “Jacobian” matrix J, i.e. the differentials of the two mapped coordinate
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system is
ox 0Oy
~ | 0§ O
J- é @i (3.11a)
on o
Substituting Eq.(3.10b) into Eq.(3.11a) yields
R
J=|"> J (3.11b)
0 1
where
H 0
J= dN(n)X dN(n) (3.11c)
doq ' dn !
The determinant of “Jacobian” matrix J is
- W
J=—4 3.12
=0 (3.12)
The inverse of the “Jacobian” matrix J is
2
3=y ¢ (3.13)
0 1
Denoting the components of J™' as j_ ,i.e.
dNm)
J! ={]11 le} _ n (3 14)
b dn) g dNO) | NO) g
dn 'L dn
We have the derivatives of the shape functions as follows.
N[N
ox _qajog|_ 1 Jn -
TR N N
dy on (3.15a)
|| 1 dN 1 dN
{.“H—(l—a)ﬁ —(H&)ﬂ}
]2 dn 2 dn
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Eq.(3.15a) is the strain-displacement relationship matrix B of the fluid medium,

which is re-written as

B=L[B 131]+[1(1—g)132 l(1+g)132} (3.15b)
w 2 2
where
dN(n)

Y

1 Jii _ 1 dn
’ {jzl}N(”) pINm) | _dNb) N(n) (3.162)

dn Y. dn 1

-8

dn  dN(M)  [H| dn (3.16b)
dn

Note that B' and B” are functions of n only.

The formula for an element stiffness matrix, Eq.(2.8b) is re-written as
e _ T e _ 1ol Tp|T
K® = j B'Bdv® = L LB B[J|dédn (3.17)

Note that K° can be integrated analytically. Partitioning K® into sub-matrices

with respect to the face 1 and the face 2 leads to

kll l(12:|
K* = (3.18)
|:k21 k22
of which, each sub-matrix Kk (i, j= 1,2) can be written as
1 0 1 2
k; :;Kij +Kj; + wKj (3.19)
where
0 0
K;=&&E (3.20a)
K = Sip g (3.20b)
2 2
1, &&;
K =-|1+>2 |E’
; 4[ 3 j (3.20¢)
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in which
E' = [ B'"B'dn (3.21a)
E'=[ B*'B'J|dn (3.21b)
E* = [ B*'Bldn (3.21c)

and £ =-1, & =1. E”, E' and E* can be conveniently determined by

numerical integrations. Note that E°, E' and E* are functions of n only and

thus associated with the discretization of the face 1 of the SFE cell. In addition, E°

is positive definite and symmetric. E® is semi-infinite definite and symmetric.

Similar to the element stiffness matrix, the element mass matrix M°® (Eq.(2.82))

can be partitioned into sub-matrices accordingly, i.e.

M¢ = |:mll m12:|
_ (3.22)
le m22
in which
m, = wM +O(w2):%(l+ gf]’ jMO +0(w?) (3.23)
where
1]
M’ = LC—ZN(n)TN(n]J|dn (3.24)

which is positive definite and symmetric. Note that the last term on the right hand

side of Eq.(3.23) stands for the order of error (wz). When w tends to zero, the

error O(wz) on the right hand side of Eq.(3.23) will vanish.

In order to have an insight into the coefficient matrices E°, E', E® in Eq.(3.21)
and M° in Eq.(3.24), a special 2-dimensional element shown in Fig.3.4 is
considered here. In it, the face 1 is parallel with the axis x and perpendicular to the

y axis and the node 2 is assumed to be located at the center of the line between the

62



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 3 SBFEM formulation for layered infinite fluid medium

node 1 and the node 3, i.e.

1

y2=5 01 +v3) (3.25)

T

Substituting Eq.(3.25) into the coordinate vectors X, :[x1 X, xl] and

y, = [y1 Y, Vi ]T and then the results into Eq.(3.11c) and Egs.(3.16a,b) yields

H 0
J =[0 i} (3.26a)

2

dN(n)
B = N()= —— dn ! N(n)= - : N(n) 3.26b
Tl YT aNm) | dNG) YT E| o (3-26b)
dn Y. n 1
B2 = Jiz 6N(T])= 1 0 dN(n)zz 0 dN(T])
jn) dn o dNOn y ] 1] dn (3.26¢)
dn !

where / denotes the height of the element (l =y, — yl). Substituting Eqgs.(3.26a-c)

into Egs.(3.21a-c) and integrating the results with respective to n from -1 to 1

yield the following coefficient matrices for the element.

1 4 2 -1
1 T
E'’=| B'B'JJdh=——| 2 16 2
[[B"Bldn=—" (3.27a)
-1 2 4
00 0
1
E‘=LB2TB1|J|dn= 000 (3.27b)
00 0
7 -8 1
2 L 2T H
E'=[ BB |J|dn=§ -8 16 -8 (3.27¢)
1 -8 7

Substituting Eq.(3.26a) into Eq.(3.24) and then integrating the result yields the

following coefficient matrix for the element
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4 2 -1
0o _ 1] T _ H
M _j_lc—zN(n) N(n)|J|dn_30C2 _21 126 421 (3.27d)

Note that the solutions in Egs.(3.27a-d) are exact. Upon determining the coefficient
matrices E°, E', E* and M’, the eclement stiffness matrix K°® and mass

matrix M°® can be obtained by Eq.(3.18) and Eq.(3.22), respectively.

3.2.2 FINAL SBFEM FORMULATION FOR LAYERED INFINITE
MEDIUM

The final SBFEM formulation for a layered infinite medium can be obtained
through taking limit w — 0 as described in section 2.4 and the final frequency

formulation is expressed as follows.

(8*(w)+EE"" (sw(m)+ EIT)—Ez + ™M =0 (3.28)
where the global coefficient matrices E°, E', E*> and M’ are obtained through
assembling all element E°, E', E* and M’ evaluated from Eqs.(3.21a-c, 3.24)

for a SFE cell. Appling the inverse Fourier transformation to Eq.(3.28) yields the

final time formulation as follows.

I *(t—1t)m” (t)dr +e' J. I )dr'dr+J. I )dr'dre

o (3.29)
-z H(t)—tm H(t) =0
where
m”(t)=U""M*(1)u" (3.30)
and
e =UE'U" (3.31a)
el = U‘IT(Ez El}«:o‘lElT)U-1 (3.31b)
m’ =U"M°U" (3.31¢)
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in which U can be obtained by decomposing E°’ via Cholesky’s method such

that
E’=U"U (3.31d)
and M°°(t) satisfies Eq.(3.4b). Note that e’ is symmetric and m° is positive

definite and symmetric. Upon determining m™(t), the matrix M”(t) can be

obtained as

M”(t)=U"m"(t)U (3.32)
Hence, the velocity-to-velocity-potential relationship in Eq.(3.4b) can be solved.
Details of the inverse Fourier transformation can be found in the literature (Wolf
and Song (1996a)). The numerical solution for Eq.(3.29) is similar to those in
section 2.6. The accuracies and efficiencies of Egs.(3.28) and (3.29) will be shown
through checking against some dam-reservoir interaction problems in chapters 7
and 8 in both frequency domain and time domain. It is worth mentioning that
Eq.(3.28) is difficult to solve when the coefficient matrix E' is present, but when

E' vanishes, Eq.(3.28) can be easily solved.
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CHAPTER FOUR

SBFEM FORMULATION EXTENSION FOR BEAM ON
VISCO-ELASTIC-TYPE FLUID FOUNDATION

PROBLEMS

The writer extends the SBFEM to solve semi-infinite Timoshenko beam on
visco-elastic-type fluid foundation problems. The SBFEM formulations described
in chapters 2-3 are only suitable for cases where the boundary conditions along the
non-discretized surfaces have zero-displacement. It is similar to the formulations for
a semi-infinite soil medium as derived by Wolf and Song (1996a). For the soil
medium, either the displacement or the force equals to zero along the
non-discretized boundary; whereas for the fluid medium, either the pressure or the
normal velocity equals to zero along the non-discretized boundary. In this chapter, a
beam resting on visco-elastic foundation which has non-zero boundary conditions,
is considered. An analytical formulation based on the techniques of the SBFEM for
a semi-infinite Timoshenko beam on visco-elastic-type fluid foundation is derived.
It is an extension of those for layered semi-infinite medium. Compared to the
SBFEM formulations for zero boundary condition along the non-dicretized
boundary, this formulation has one coefficient matrix modified and one new
coefficient matrix produced. The two new matrices describe the effect of the
visco-elastic foundation and are applicable to general cases. Note that here the
analytical formulation is employed for the solid beam, not the fluid foundation. By
setting the damping coefficients of the visco-elastic foundation equal to zero, the
formulation is applicable for cases of elastic foundations. By setting both the

damping coefficients and stiffness of visco-elastic foundations equal to zero, the
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formulation describes the cases of a beam not resting on a foundation. Benchmark
examples are presented to verify the accuracy and efficiency of the analytical

formulation. Good results are obtained.

4.1 INTRODUCTION

Relatively very long beam resting on elastic and visco-elastic foundations are often

encountered. It is a classical problem, and has attracted many attentions.

For beam-on-foundation systems, either the Bernoulli-Euler or the Timoshenko
beam theory is often employed to model the beam, while the underlying foundation
is often modeled as the simplest Winkler foundation (Feng and Cook, 1983). As
Bernoulli-Euler beam theory has a simple mathematical form, some analytical
solutions are available for homogeneous infinite beam-foundation systems (Kenney,
1954; Stadler and Shreeves, 1970; McGhie, 1990; Sun, 2001), where only flexural
waves are considered and shear waves have been ignored. For cases where shear
waves can not be ignored, Timoshenko beam theory has been employed
(Achenbach and Sun, 1965; Wang and Gagnon, 1978; Felszeghy, 1996a,b; Billger
and Folkow, 1998; Folkow et al., 1998; Chen et al.2001) and closed-form solutions

have been derived for ideal homogeneous beam and foundation models.

Other than those analytical solutions, a powerful alternative is to employ numerical
methods. The numerical methods are suitable for beam-foundation systems with
inhomogeneous and complicated character. Wang et al. (1984) reported to use the
Finite element method (FEM) to model an infinite beam. The infinite beam was
truncated into a finite beam with fixed boundary conditions at the truncated
boundaries. However, results were contaminated by reflected waves from the

truncated boundaries. In order to avoid the effect of the reflected waves, an artificial
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boundary condition along the truncated boundaries was developed (Tsynkov 1998,
Givoli 1999), but it was too complicated to be implemented numerically due to the
involvement of special functions and convolution integrals. Recently, Liu and Xu
(2002) and Liu and Li (2003) developed high-order accurate artificial boundary
conditions on truncated boundaries by using the residual radiation method, which
could be easily incorporated into a conventional FEM. The residual radiation
method transferred a second-order partial differential equation into a linear
first-order ordinary differential equation by factorizing the partial differential
equation and introducing a set of residual radiation functions. In order to obtain
accurate results, many residual radiation functions must be produced, which

increased the complexity of the residual radiation method.

In this chapter, an analytical formulation based on the techniques of the SBFEM for
a semi-infinite Timoshenko beam on visco-elastic-type fluid foundation problems is
derived. It is an extension of the traditional SBFEM formulation for layered infinite
medium. To keep its derivation simple and clear, the derivation is only limited to
Timoshenko beams on visco-elastic-typed fluid foundation problems. Actually, the
methodology covers the general cases. It is also applicable to cases of elastic
foundations or no foundations by changing some of the coefficient matrices. Its
accuracy and efficiency are validated by some benchmark examples. The first one is
a semi-infinite rod resting on an elastic foundation or no foundation. The second
one is a semi-infinite Timoshenko beam resting on visco-elastic foundations.

Parametric analyses for various foundations are carried out as well.
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42 AN ANLYTICAL FORMULATION BASED ON THE
SBFEM TECHNIQUES FOR A SEMI-INFINITE TIMOSHENKO

BEAM ON A VISCO-ELASTIC FOUNDATION

An infinite elastic beam on a visco-elastic foundation as shown in Fig.4.1a is
considered. It is treated as a plain-strain problem. The infinite beam is taken as a
Timoshenko beam, while the visco-elastic foundation is modeled by continuous
springs and dashpots uniformly distributed beneath the infinite beam. In order to
obtain the response of the infinite beam, the infinite beam and the foundation are

divided into two fields, as shown in Figs.4.1b and 4.1c, by two artificial (truncated)

boundaries at x =x, and X =x,. The near field segment is a finite beam resting

on a foundation, while the far field segment consists of two semi-infinite beams
resting on a foundation. This formulation permits the near-field beam to be modeled
by FEM and coupled with the far-field semi-infinite beam. However, in order to
derive and validate the analytical formulation based on the SBFEM techniques for
semi-infinite beams, the near-field is dropped. Taking advantage of the symmetry,
only half of the far-field is considered. The semi-infinite beam is modeled by the

SBFEM. The semi-infinite beam on the right hand side whose artificial boundary is

located at x =x, is considered.

Truncated boundaries

Far field / YA \ Far field

[=a) K \.‘ L=z
- O——> x i Beam —

| |
Near field Foundation
X=X X

1]
-

Ld

Fig.4.1a An infinite beam on a foundation
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¥ A
ate Truncated
Truncated Beam O > X
boundary boundary
Foundation
X = X, oundatio X=X,
Fig.4.1b Finite beam after truncation
y Artificial boundaries
=] \ e
' p— =X Beam — ™
|
Foundation
X=X X = X3

Fig.4.1c Semi-infinite beams after truncation
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Fig.4.2 Forces of an infinitesimal beam element on foundations

The forces and the deformations of an infinitesimal beam element on a visco-elastic
foundation are shown in Fig.4.2. The motion equilibrium equations of the
infinitesimal beam element are expressed as (Hu, 1984)

Q

g: —pA'\}—dV—kV (413)
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a—M:Q+pJé+d19+k19 (4.1b)
ox
where v and O denote the beam deflection in the y direction and the bending

rotation, respectively; p, A and J represent the density, the cross-section area,

and the second moment of the beam’s cross-sectional area, respectively; d and d,
are the translational and rotational viscous-damping coefficients, respectively; k and
k; are the translational and rotational spring constants, respectively; Q and M

denote the shear force and the bending moment, respectively, and are related to their

corresponding deformations as follows.

Q(x,t)=uAGB (4.2a)
M(x,t)= g1 (4.2b)
Ox

where B and p denote the shear angle and shear factor, respectively; and E and

G are the Young’s and shear moduli of the beam, respectively. The bending

rotation © and shear angle B have a relationship in the form of

0 =§+B (4.3)

Substituting Egs.(4.2a,b,4.3) into Eqgs.(4.1a,b) yields the motion equilibrium

equations at any location x as follows.

2
uAG 2 A uAG P kv = pAT+dv (4.42)
X Ox
2
Byl ? + uAG?— (LAG +k,)p=pJ6+d,0 (4.4b)
X

The direction coordinates of Q(x,t), M(x,t), v and 6 are shown in Fig.4.2.

71



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 4 SBFEM formulation extension for beam on visco-elastic-type fluid foundation
problems

4.2.1 FINITE-ELEMENT ANALYSIS

Consider an infinitesimal isoparametric linear element put in place between x,

and x, at the end of the semi-infinite Timoshenko beam on a visco-elastic

foundation as shown in Fig.4.3a, in which h denotes the height of the beam, and
wxh represents the length of the linear element having a very small
dimensionless quantity w times h. The equivalent finite element equation of

Eqgs.(4.4a,b) for the element is

2
OU  Ku=F

2 ext

M +F, (4.5)

where M and K denote the mass and stiffness matrices of the element,

respectively; no damping is considered; F,, denotes the external force which can

ext
be easily obtained and F, denotes the force from foundations acting on the
element; u denotes the deformations of the element. Of note, the external force

F

ext

is assumed to be applicable on the surface x = x, . In other words, there is no
force except the force F; acting underneath the semi-infinite beam. What follows
are the details of the evaluation for the terms M, K and F,.

v(x)

The deformations {9( )} at the spatial position x as shown in Fig.4.3a are
X

v v
linearly interpolated between the nodal values {92} at x, and {93} at x, as
2 3

follows.
vV,
v(x N 0 N 0 (|06
( ) — 1 2 2 :Nu (46)
0(x) 0 N, 0 N,|lv,
e3
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where x denotes the distance away from the end x,; v(x) and 6(x) denote the

deflection and the bending rotation of the Timoshenko beam at the spatial position

x, respectively; N, =%(1_§)’ N, =%(l+é§) with &= Wih(x_xz _w;hj ’

N{Nl 0 N, 0

and u=[v, 0, v. 0O.[. The positive directions of
0 N, 0 Nj [ 2 2 3 3] p

the deflection v and rotation 6 are shown in Fig.4.3d.

4

L
wxh X axis

A
A4

—
0 beam

foundation
X, X3

VY y axis

Fig.4.3a A 2-node element taken out from a Timoshenko beam

Ll
X axis

—
©  beam

$ foundation
o
v

Fig.4.3b A semi-infinite Timoshenko beam from X, to infinity
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x axisr
M,
HO
X, » © beam
v
foundation
%
Yy axis 0,
V3
Fig.4.3c A semi-infinite Timoshenko beam from X, to infinity
M,
O, |, x| |©s
M
X
p ™
Fig.4.3d The part ( a 2-node element ) between X, and X,
The curvature-displacement relationship is expressed as
\&
do(x dN dN, ||6
_dols)_ f N, N, )6, =B.u (4.7a)

dx dx dx ||v,

0,

where B, denotes the curvature-displacement matrix, while the shear

strain-displacement relationship is given as
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v,
dv(x) dN dN 0,
-0lx)= L N 2 —-N =B.u 4.7b
dx (x) {dx 'odx 2} v, ) (4.70)
0,

where B, denotes the shear strain-displacement matrix. By virtue of the principle

of virtual work and the conventional finite element method, the stiffness matrix K

of the linear Timoshenko beam element can be written as

K=K, +K, (4.82)
where

K, =[B! (E))B,dx (4.8b)

K, = ["BI(GA)B,dx (4.8¢)

in which A = UA . The mass matrix M of the element can be expressed as

X3 pA 0
M=| N d
sz { . pJN X (4.8d)

Partitioning K and M into sub-matrices corresponding to the spatial positions

X,, X, leadsto

K, K

K= * 23} (4.92)
|:K32 K33
M, M

M=| * 23} (4.9b)
|:M32 M33

By substituting the shape function N in Eq.(4.6), the curvature-displacement

matrix B_ in Eq.(4.7a) and the shear strain-displacement matrix B, in Eq.(4.7b)

into Eqs.(4.8a-d), the sub-matrices K; and M; of the stiffness matrix K and

mass matrix M in Egs.(4.9a,b) can be written as
1

K, =;K?1 +K;1 +WK?1 (4.10a)
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_ W[, 55 e
M, = 4(1+ 5 ]M (4.10b)

where the subscripts j,1=2,3, and the corresponding &, =—1,&, =1; the matrix

K =g &K’ (4.11a)
in which
E° =
E (4.11b)
h
and
K! _1 E! 1 1T
i=-SE +-EE (4.11c)
2 2
in which
E'= 0 0 4.11d
=G4 0 (4.11d)
and
1 &&
K2 =|—+2>|E*
i {4 12] (4.11e)
in which
E’ = 090 4.11
|0 GAh (4.111)
and
pAh 0
M’ =
[0 th} 4.11g)

The pressure p and the bending moment m, at the spatial position x acting on

the Timoshenko beam from the visco-elastic foundation shown in Fig.4.3d can be

expressed as
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p=—kv(x)-d ava(tx) (4.12a)
m, =—k,0(x)-d, a%(t") (4.12b)

By using the conventional finite element technique, the equivalent force F, in

Eq.(4.5) can be expressed in terms of the pressure p and the moment m, as

follows.

F, = jNT{ P }dx (4.13a)
2 b

m

Substituting Eq.(4.6) into Egs.(4.12a,b) and then re-writing the results in matrix

form leads to

. kK 0 d 071 ou
_ Nu— N
{mb} {o kJ " [o dj ot (4.13b)

Substituting Eq.(4.13b) into Eq.(4.13a) yields

X3 k 0 X3 d 0 ou ou
F.=—| N' dxu—| NT Ndx — =-K,u-C, —
= [o kl}N xu-[ {0 dj Yo Ty @9

where
K —IXBNT k0 Ndx 4.14
e X2 0 k1 ( ' a)
C —IXBNT d 0 Ndx 4.14b
e X2 0 d1 ( ) )

Of note, K, and C, describe the stiffness and damping properties of the

visco-elastic foundation. They are partitioned into sub-matrices corresponding to

the spatial positions x, and x; as follows.

Kf Kf
K — 22 23
; {Kfn KJ (4.15a)
Cf Cf
C — 22 23
; {Cfn CJ (4.15b)
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By substituting N in Eq.(4.6) into Egs.(4.14a,b), the sub-matrices in Eqgs.(4.15a,b)

can be expressed as

w 1 kh 0 w 1
Kfjl :Z(l+§§j§lj|: 0 klh} :Z(H‘g%j&le? (4.16a)
where
E’ = kh 0 4.16b
o (4.16b)
and
W 1
Cei :Z[“giﬁljco (4.16¢)
in which
Cc’ = dh 0 4.16d
|0 dh (4.16d)

The subscripts j,1=2,3, and the corresponding &, =-1,&, =1. Substituting
Eq.(4.13¢) into Eq.(4.5) and re-arranging leads to

2
gt;l+Cf%l+(K+Kf)u:Fext (4.17)

M

Similar to Eq.(4.9a), sub-matrices K, of the stiffness matrix K+K, for the

element shown in Fig.4.3d can be expressed as

1

K’ :;K?l +K +wK (4.18a)

where
, 1 &¢ 1 & ).,

K’ :[Z+ 112‘}(132+E§)=(Z+1’—2‘ £ (4.18b)
in which

E’=E*+E; = kh . 0 (4.18c¢)

0 GAh+kh

From Eq.(4.16d) and Eq.(4.18¢c), one can see that the coefficient matrices C° and
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E’* depend not only on the geometry of the end of the Timoshenko beam, but also

on the properties of the visco-elastic foundation.

4.2.2 THE ANLYTICAL SOLUTION BASED ON THE SBFEM
TECHNIQUES

Since the semi-infinite beam on a foundation shown in Fig.4.3a is a single-layered

semi-infinite medium, the SBFEM concept is employed to model the semi-infinite

Timoshenko beam. The response equations at the spatial positions x, and x, in

frequency domain are formulated as

F,(0) =55 (o), (o) (4.19a)

F,(0) =S5 (0)u; (o) (4.19b)
Q;()

- J((D

| e
)} is the force vector; uj(m)—{ej (03)} with j=23 is

where Fj(oo)={
the deformation vector; and Sf(oo) denotes the dynamic stiffness matrix of the
semi-infinite beam from x; to infinity; Q j(03) and M j(m) denote the shear
force and the bending moment at x;, respectively. The positive directions of
Qj(m) and Mj((o) are shown in Figs.4.3b and 4.3c. Note that for a layered
semi-infinite medium, the dynamic stiffness matrices S7 () and S7(w) satisfy
$” () =57 (w)=57 () (4.19¢)
because of the same geometry of the end at the spatial position x,, x,, where

S”(w) denotes the dynamic stiffness matrix of the semi-infinite beam. In order to

obtain an equation for the S”(oa), the finite element equation Eq.(4.17) for the

element shown in Fig.4.3d is re-written in a frequency-analysis form as follows.
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F.(0)=(K+K, +(i0)C; + (o) M (o) = S(o)u(o) (4.20a)
where

S(0)=K+K, +(io)C, +(io)’M (4.20b)

Note that compatibility is enforced at x, and x,.Hence, F_, (o) is expressed as

SR E s T e R B

Partition Eq.(4.20a) into sub-matrices corresponding to the spatial positions x,
and x,. Substituting Eqs.(4.19a,b) into Eq.(4.21), and then the result into Eq.(4.20a)
yields
Szz(w) S23(0)) uz(@) _ S;O(O)) 0 uz((‘))
= Y (4.22)
Su(@) Sy@)|lus@)] [ 0 -s7(e)]lu()
Solving Eq.(4.22) and substituting Eq.(4.19¢) into the result leads to
© © -1
S ((’3) =S, ((D) =Sy (CO)(S ((D) +85, ((D)) Sy ((0) (4.23)
By re-arranging Eq.(4.23) and employing the same technique presented by Song

and Wolf (1996), S”(o) satisfies
(5% (0)+ EE (8" (0)+ B )-E” ~i0C” - (o) M° = 0 (4.24)
in which the coefficient matrices E°, E', E’>, C° and M’ are as expressed in

Eqgs.(4.11b, 4.11d, 4.18c, 4.16d, 4.11g), respectively. Upon obtaining Sw(w), the

relationship between the force and the deformation in Eq.(4.19a) can be determined.
The corresponding equation of Eq.(4.19a) in the time domain with zero initial
conditions  (i.e. the layered semi-infinite beam is initially at rest) can be

formulated as

)= m"(t- r)azgtz()dr (4.25)
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where F(t):{ Q) )}, u,(t)= {Vz (t)} and M*(t) denote the force vector, the

0,(t)

deformation vector and the acceleration unit-impulse response matrix at x, of the
Timoshenko beam, respectively; Q(t) and M(t) denote the shear force and the
bending moment at x,, respectively; F(t) and F,(0), u,(t) and u,(®), and
Mw(t) and Mw(m) form the Fourier transform pairs, respectively. The

acceleration unit-impulse response matrix M (03) is defined as

87(@)
(o)

Substituting Eq.(4.26) into Eq.(4.24) and applying the inverse Fourier

M* ()= (4.26)

transformation to the results yields

J:m“’(t —)m” (t)dt + eIJ.Ot JZm“’ (' )dt'de
o B 02 (4.27)
+L L m” (t')dr'dre —Ee H(t)—?c H(t)-tm°H(t)=0

where
e =U"E'U" (4.282)
e’ = U-‘T(E'2 ~E'E’'E" U (4.28b)
¢ =U"CU" (4.28¢)
m’=U"M"U" (4.28d)

and E° is decomposed by Cholesky’s method as follows.

E’'=U"U (4.28¢)
The M*(t) in Eq.(4.25) satisfies

M*(t)=U"m"(t)U (4.29)

Upon knowing m” (t) , the matrix M™ (t) is then determined and subsequently the
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relationship in Eq.(4.25) can be established. Here, Eq.(4.24) and Eq.(4.27) are
called the “consistent infinitesimal finite-element cell” equation in frequency and

time domain, respectively. In comparison with those derived by Song and Wolf
(1996), a new term (C° or ¢”) accounting for the damping of a visco-elastic

foundation is added. Similarly the coefficient E'* is introduced to account for the
stiffness of a viscoelastic foundation. Of note, E'* replaces E’ in the derivation
by Song and Wolf (1996). It is worth mentioning that the earlier formulation
derived by Song and Wolf (1996) is only suitable for cases where the boundary
conditions are zero along the non-discretized boundaries (i.e. the top and bottom
surface of the layered medium). Therefore, their formulation is not suitable for
beams on foundations. The present modified formulation works. Since all terms in

Eqs.(4.24,27) are exact, Eqs.(4.24,27) are analytical, not approximate.

Although Eqs.(4.24,27) are derived for a Timoshenko beam resting on
visco-elastic-type fluid foundations, the corresponding equations for any

semi-infinite beam resting on an elastic foundation or without foundation has

similar form of Eqs.(4.24,27) except for C° and E;. For the cases not resting on a

foundation, all the visco-elastic parameters (k, k, and d, d,) in Eqs.(4.12a,b)

vanish, 1.e.
. |0 0]
C’ = - (4.30a)
, [0 0]
El=, (4.30b)

For the case of beam on an elastic foundation, the damping parameters (d, d,) in

Eqgs.(4.12a,b) vanish, i.e.

oo _[00
=10 o (4.31a)
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132—kh 0 431b
"1 0 kh (4.31b)

For the case of a 1-dimensional semi-infinite rod resting on an elastic foundation,
the SBFEM formulation also has the similar forms of Eqs.(4.24,27) since the
derivation process is the same as the above, but the degree of freedom

corresponding to the bending rotation must be dropped. As such, the coefficient
matrices are reduced to 1x1 matrices, i.e., E°=EA/h , E'=0, E*=0, C’=0,
M’ =pAh and E; = k,h, where k, denotes the stiffness of the elastic
foundation. When k, equals zero, no foundation is present. Substituting these

coefficient matrices for the cases of 1-dimensional semi-infinite rod without

foundation into Eq.(4.24) leads to

8 (0)=1/(io)’E'M® =ioVE'M® = ioy/pEA’ (4.32)

The corresponding Eq.(4.25) is re-written as

_ Ong 0 t
F(t)=VE"M’ H(t - 0)ou/ot|, (4.33)
where H(t—0) denotes a Heaviside function. Initial conditions for the

semi-infinite rod are

u

~| =0 (4.34)

t=0

Substituting these initial conditions into Eq (4.33) and then integrating leads to

It F(x) dr

t F(‘E)
t = d =
) IO E'M° H(t-0) T pEA’ (433)

where u(t) and F(t) represent the displacement and the force at the near-end of

the semi-infinite rod, respectively. Hence, Eq (4.35) actually describes the
relationship between the displacement and the force at the near-end of the

semi-infinite rod without foundations. Of note, it yields an exact solution. In other
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words, the SBFEM techniques provide an alternate route for an analytical solution

of the semi-infinite rod without foundations.

Although the analytical solution for a 1-dimensional rod can be easily obtained by
the SBFEM techniques, the analytical solutions for most cases are difficult to obtain.

Normally, numerical solutions are adopted. In order to obtain the numerical solution,

M7 at time t=jAt (where At denotes an increment in time) of Eq.(4.27),

Eq.(4.27) can be discretized with respect to time. The solution procedure is similar

to those in section 2.6. Upon determining M7 and by assuming u =u,, Eq.(4.25)

is discretized with respect to time as follows.
F =Y M7 (-, (4.36a)
j=I

where F" = F(nAt), and u;, :g—l: . Re-arranging Eq (4.36a) to present M1,

t=jAt

appeared on the left hand side leads to

n—

Mfu, =F" - (M:—jﬂ _M:—j):lj +M;u, (4.36b)
j

where the zero initial conditions for Eq.(4.25) are expressed as

u,=u(t=0)=0 (4.37a)
u _u =0 4.37b
"ot (4.37b)

Note that Eq.(4.36b) can be used to determine the deformation w at any time when

F(t) is known and Eq.(4.36a) can be used to determine the force F(t) when the

deformation wu is known because M7 is independent of F(t) and u.

Of note, all formulas shown in Eq.(4.5) through Eq.(4.37) are based on the

coordinate system domain in Fig.4.3a which is different from the coordinate system
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in Fig.4.2. In order to compare the results obtained from these two coordinate
systems, a transform has to be implemented. Here, the subscript 1 denotes the
quantities in Fig.4.2, while the subscript 2 is for the quantities in Fig.4.3a. The

relationship between the bending and shear angle in these two coordinate systems is

v
0,=14p, (4.382)

ov
0, =22 —p, (4.38b)

For any cross section, the bending angle must be the same, i.e.

0=0,=0, (4.39)
As M = _%, , combining Eqs.(4.38a,b) and Eq.(4.39) yields

0x ox

B, =20+, (4.40)

By substituting Eq.(4.40) into Eq.(4.2a), the shear force can be expressed as
Q, = ntAG(26)+ uAGB, = pAG(20)-Q, (4.41a)

Through observing the positive direction of the bending moment, the bending

moment satisfies

M, = -M, (4.41b)

43 EXAMPLES

Two examples are used to verify the accuracy of the present SBFEM formulation

shown in Eqs.(4.24,27) for a beam resting on a visco-elastic foundation..
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4.3.1 A SEMI-INFINITE ROD ON ELASTIC FOUNDATIONS

F(t) EA p »

e R RN

Fig.4.4 A semi-infinite rod on elastic foundations

This example is to test the accuracy of the coefficient E'? which involves the
effect of an elastic foundation. An axial rod on elastic foundations as shown in
Fig.4.4 is considered. Init, p and E denote the density and Young’s modulus of
the rod, respectively; A and h denote the cross-section area and the height of the
rod, respectively; k, denotes the stiffness of the elastic foundation. Using the
present SBFEM formulation and dropping the degree of freedom corresponding to
the bending rotation yield the coefficient matrices for the rod on an elastic

foundation as follows. E’=EA/h , E'=0, E*=0 and M’ =pAh; the

coefficient E'* =k,h and the damping coefficient C" =0. Substituting these

coefficients into Eq.(4.24) yields Sm(m): \/ EAKk, —®’EpA® . This result is
identical to the exact solution derived by Wolf and Song (1996a). By substituting

these coefficients into Eq.(4.27), Mw(t) is solved and plotted in Fig.4.5, in which
M*(t) is normalized by pc,A with ¢, =+/E/p, and the time t* is normalized
as t*=tc,/r, with 1, = 1/EA/kg . The numerical results are completely identical

to the exact solution of Wolf and Song (1996a). Upon determining Mw(t), the
dynamic response of the rod can be obtained by Eq.(4.25). The numerical solution
for the interaction force F(t) at the end of the rod caused by a rounded triangular

displacement pulse, which is determined by
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u—o[l—cos(%ciD 0<t<t,,t, = PA
u,(t)=1 2 t, k, (4.42)

0 t>t,
is shown in Fig.4.6. The parameter is normalized by ,/EAk, u,. Of note, the exact
solutions are not indicated in Figs.4.5 and 4.6, because the numerical solutions from
the present method coincide with them. By comparing with the exact solution, it can

be concluded that the coefficient E'* in the present method is correct.

2 |
E  GEDERCEE  EECEEEEEPELE SRECRRERRTREEE T CRnes S LTRELEREREES
= i i
& dprorereeees Frrsommmoomlemomemooonees e AR
= : : :
* i : i
R Fooeomeeeeo o s e Amommeemoeee
[ d ! 1 1
= : i i i
1" Pooonnnoones R AR HERREREEREEELES
0 i i i i
0 1 2 3 4 5

Fig.4.5 M~ (t) of the semi-infinite rod on elastic foundations
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Fig.4.6 Interaction force caused by a rounded triangular displacement pulse applied to the

semi-infinite rod on elastic foundations

In order to verify the efficiency of the present SBFEM, a I-dimensional

semi-infinite rod as shown in Fig.4.7 is considered. The rod is subjected to an

impulse p,t, (pressure p, over a short duration t,). The time history of the

pressure p and the material properties of the rod are shown in Fig.4.7 as well.

po=100 N/m’
Young’s Modulus: £= 10 000 N/m*
Cross-sectional area: 4= 1x1 m’
Density: p= 1.0 kg/m’

» ; Wave Speed: ¢p = \/(E/p) =100 m/s

t=45ms

Fig.4.7 A semi-infinite rod subjected to an impulse pt,

Force F(t) acting at the near-end boundary is
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F(t): pOAa tE[O tO] (4 43)
0, te (to oo) )
Substituting Eq.(4.43) into Eq.(4.35) leads to
tp,/PE, t<t,
u(t)= (4.44)
t po/\/p_E° t>t,

The displacement u(x,t) at a location x measured from the near-end satisfies the
following 1-dimensional wave equation.

o%u(x,t)/at> =c 8%u(x,t)/ox*, x>0,t>0 (4.45)
With the initial condition u(x,t=0)=0 and the boundary condition (at x=0) as

specified in Eq (4.37a), the solution of Eq.(4.45) is

0, t<—
C
Po X X X
u(x,t)= (t——], Sttt (4.46)
1/pE C C C
p
—t,, t>t,+
VPE ¢

0, t<§
c
ou X X
G(X,t):E&: —Po> ;Stgto +; (447)
0, t>§+t0
c

Note that the solution Eq.(4.47) obtained from the present SBFEM formulation is
exact and is the analytical solution. For easy visualization, the solutions at time
t=160ms are plotted in Fig.4.8. The same problem was previously discussed by
Ponthot and Belytschko (1998). There authors used both EFG (Element-free
Galerkin approximation) method and FEM to model the elastic rod with certain

vibration conditions. From Fig.4.8, one can see that the results are very neat without
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any vibration, so it can be concluded that the present SBFEM formulation for a

semi-rod is very efficient.

Pressure on the surface

150
100
&
50+
]
o 0.045 Time(sec)
Displacement an the surface
0.045
E
=
[u k]
=
o
(]
i
e
[in]
2
0
0 0.045 Time (sec) 0.2
Stress on each point at time t=0.16 sec
T T
0 o :
[an]
[n]
x
&
SO0 pmmm e e . oo -
i i
0 1.5 16 20

spatial coordinate (rm)

Fig.4.8 Displacements and stresses in the semi-infinite rod subjected to an impulse
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4.3.2 A SEMI-INFINITE TIMOSHENKO BEAM ON VISCO-ELASTIC
FOUNDATIONS

This example is used to establish the accuracy of the added term C° in Eq.(4.24),

ie. ¢ in Eq.(4.27). These coefficients describe the damping properties of

visco-elastic foundations. The transient response of a semi-infinite Timoshenko

beam on viscoelastic foundations as shown in Fig.4.9 is considered. The

geometrical and material parameters are: area A = 0.25x1.0m?, shear factor p = %,
second moment of area J =0.02083m*, bending stiffness EJ =4.29x10°N/m?,
Poisson’s ratio v =0.2, density p=2.35x10’kg/m’, critical translational spring
stiffness  k, =3.388x10’N/m” , critical rotational spring  stiffness
k,, =4.423x10" N, critical translational viscous dampingd, = 2.82x10°Nsec/m”,
critical rotational viscous damping d, =9.3x10*Nsec, stiffness ratio o =1.0

and damping ratio £=0.1. Of note, k, and k,, are the critical stiffness

parameters of the foundation, so that the real stiffness parameters are defined by the

stiff ratio, i.e., a =k/k, =k, /k,,. Likewise, the d, and d, are the critical

damping parameters of the foundation, so that the real damping parameters are

defined by the damping ratio, i.e., £=d/d, =d,/d,. The corresponding shear

wave velocity is ¢, =1745m/sec.
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Fig.4.9 A semi-infinite Timoshenko beam on viscoelastic foundations

In order to demonstrate the accuracy of the added coefficients C°, ¢°, the
dynamic response of the system is considered and it is subjected to an in-plane

sine-square impulse deflection v(T) (8 =0) as follows.

(4.482)

.2
W(T)= {sm (Tr/2), 0<T<20
0.0, T>20

where T =c_t/h denotes the dimensionless time, and h denotes the height of the
beam. Upon determining M°°(t) by solving Eq.(4.27), substituting M°°(t) and
V(T) into Eq.(4.25) yield the forces at the boundary of the semi-infinite beam.

Then, modifying the solutions using Egs.(4.41a,b) leads to the solutions for the
coordinate system shown in Fig.4.2. The solutions are shown in Figs.4.10 and 4.11.
The same problem was previously considered by Kausel et al.(1975) using the
consistency boundary method and Liu and Li, (2003) using the residual radiation
method. These authors’ results were also shown in Figs.4.10 and 4.11. In the figures,
the exact solution was from Kausel et al. (1975), while those solutions with various
legends associated with n were from Liu and Li (2003). Of note, n is the number of
the auxiliary residual functions used in Liu and Li’s solution. From Figs.4.10 and
4.11, one can see that the results from the present method are identical to the exact

solution. Also, Liu and Li’s solution only approaches the exact solution with n=20.
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Fig.4.10 Shear force at boundary due to lateral deflection Vv at boundary
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Fig.4.11 Bending moment at boundary due to lateral deflection v at boundary

Next, the validity of Eq.4.41 is to be scrutinized. Consider the same case but now

the beam is subjected to an in-plane sine-square impulse rotation G(T) (V = O) as

follows.

in*(Trn/2), 0<T<2.0
e@):{sm (Tn/2), (4.48b)

0.0, T>20

Results are shown in Figs.4.12 and 4.13, and compared with those of Kausel et al.

(1975) and Liu and Li (2003). From Figs.4.12 and 4.13, one can see that the results
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from the present method are identical to the exact solution again. From the results

of the two cases above, it can be concluded that the added term C°, i.e. ¢’ is

correct. In addition, the present SBFEM formulation is correct and is very efficient

for a semi-infinite Timoshenko beam on a visco-elastic foundation.

Various stiffness and damping parameters are introduced to demonstrate the effect
of visco-elastic foundations on the response of a Timoshenko beam. The same beam
as above is subjected to an in-plane sine-square impulse deflection as defined in
Eq.(4.48a). The extreme case without visco-elastic foundations (a=&=0) is
investigated. The results are plotted in Figs.4.14 and 4.15. Surprisingly, it is difficult
to observe the effect of the foundation on the Timoshenko beam. It is because the
stiffness parameters (k and k;) and the damping parameters (d and d,) are too small
in comparison with the stiffness of the Timoshenko beam. The effect of the
foundation can only be seen with higher values of stiffness and damping parameters

of the foundation. The results corresponding to higher stiffness and viscous

damping (o =§=10,100,1000 ) are shown in Figs.4.16 and 4.17. All other

parameters are unchanged. From Figs.4.16 and 4.17, one can see that the effects of

the visco-elastic foundation on the Timoshenko beam are apparent when o and §

(i.e. k, ki, d and d,) are relatively large, but the effect of foundations can be ignored

for relatively small k, k;, d and d;.
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CHAPTER FIVE

SBFEM FORMULATION FOR BOUNDED ACOUSTIC

FLUID MEDIUM

Except for infinite medium problems, more bounded medium problems are often
encountered in practice. Although the traditional methods such as FEM, BEM are
readily available for solving the bounded medium problems, it is still necessary to
investigate the SBFEM formulation for the bounded medium problems to show the
integrality of the SBFEM for the bounded or unbounded medium. In this chapter,
the SBFEM formulation for a bounded medium will be presented and its accuracy

and efficiency will be checked against a benchmark example.

5.1 SBFEM FORMULATION FOR A BOUNDED MEDIUM

When the SBFEM is employed to model a bounded inviscid isentropic acoustic

fluid medium, the bounded isentropic fluid medium is divided into an assembly of
sectors as shown in Fig.5.1a. Each sector S; is represented by the corresponding
boundary 1j with a characteristic length r,. The bounded medium can be also
considered as being composed of a scalar-finite-element cell as shown in Fig.5.1b.
The cell is bounded by an interior boundary 1, (similar fictitious boundary), an
exterior boundary r, and another bounded medium with a characteristic length r,

as shown in Fig.5.1c. This representation is similar to the SBFEM model of an

infinite medium shown in Fig.2.2.
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Similar fictitious boundary 7 Boundary 7

Fig.5.1a Discretization of a bounded fluid medium

On the exterior and interior boundaries, the relationship between a normal velocity

v, and its appropriate velocity potential ¢ in frequency domain is expressed as
R(r,,0)=8 ()P, (o) (5.1a)
R(r,0)= 87 (0)0,(0) (5.1b)

where R(r,») has the form of Eq.(2.8c), ®(®) denotes the nodal velocity

potential vector on boundaries with a characteristic length r and S°(o) is called

the “dynamic stiffness” of the bounded fluid medium with a characteristic length r.
Through taking the finite-element analysis as presented in section 2.3 for a scalar
finite-element cell as shown in Fig.5.1b, it can be found that the relationship
between the interior and exterior boundaries of the scalar finite element cell has the

similar form of Eq.(2.21). Through comparing Eq.(5.1) with Eq.(2.14) and then

using the pair, — S:’(w) and Sg(w) , which stand for the pair, S;"((o) and
- S:’((o) in Eq.(2.21), the corresponding form of Eq.(2.21) for a bounded medium

is expressed as

- Sib (CO) =8, ((0) =S ((D)(_ S: (CO) +S.. ((0))71 S. ((’3) (5.2)

The corresponding frequency equation for a bounded medium is
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Exterior boundary 7,

Interior boundary 7;

Fig.5.1b A scalar finite-element cell on the boundaries of a bounded medium

Interior boundary (similar fictitious boundary) 7;

Fig.5.1c Bounded medium with a characteristic length T,

(-S*(0)+E (— S*(w)+ EIT)+ r%r(“’)—lzz +o’M" =0(w) (5.3)

Since S°(r,0) and S*(r,®) have the same dimension, the following equation
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must be satisfied. The equation is of the same form as that of (2.61), i.e.

(OS(0) (o )4 B I10) (5.4)

or om

Substituting Eq.(5.4) into Eq.(5.3) leads to the final SBFEM formulation in

frequency domain for a bounded fluid medium as follows.

s (ro)+EE L8 (r0)+ BT )+ (s-2)8" (1, 0)

b
w@S (r,o

) (5.5)
—E’+o’M" =0
om

All coefficient matrices and the symbol s are the same as those in Eq.(2.62).
Usually, Eq.(5.5) is difficult to solve. In order to solve Eq.(5.5), the high-frequency

responses are neglected and only the low-frequency responses are retained so that
the dynamic-stiffness matrix Sb(m) (for simplicity, Sb(m) stands for Sb(r, 0))) of
the bounded medium with a characteristic length r can be postulated as
$°(0)=K" —»’M" (5.6)
where K, M" are the static-stiffness and static-mass matrices of the bounded
medium with a characteristic length r, respectively. Note that this assumption is

reasonable because the response of a bounded medium is dominated by its

low-frequency modes. Similar to the corresponding matrices of FEM, K° and
M’ are independent of the frequency ® and depend only on the geometry of

boundaries with the characteristic length r of the bounded medium. The

followings show how determines K" and M".
5.2 STATIC-STIFFNESS MATRIX
By setting ® =0, Eq.(5.6) is re-formulated as

$*(0)=K" (5.7)

and then substituting Eq.(5.7) into Eq.(5.5) yields
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(K +EE KB ) (- 2K ~E* =0 (5.8)
By re-writing Eq.(5.8) in the form of an algebraic Riccati equation, Eq.(5.8)

becomes

K'E'K’ —(EIE“l —ﬁIJKb —Kb(EO_IE‘T —ﬁlj
2 2 (5.9)

~E’+E'E"E" =0
which can be solved by Schur decomposition and produces a symmetric solution.

Therefore K° is symmetric. Note that K" is singular like an element stiffness

matrix K° in FEM and is semi-positive definite. In order to ensure the positive

solution of Eq.(5.9) (the positive definite matrix K"), aterm &I having a very
small constant ¢ with the dimension of B r’” (B denotes the bulk modulus of

the bounded fluid) is added to E*. Physically, this artificial operation may be

interpreted as a flexible support having a very small spring stiffness to each of the
boundary node. When the constant & is very small, the K’ value is hardly

changed but becomes positive definite. K” represents the static-stiffness matrix of

the bounded medium.
5.3 MASS MATRIX

To determine the mass matrix M" of a bounded medium, only the low-frequency

behavior of Eq.(5.5) is considered. Substituting Eq.(5.6) into Eq.(5.5) leads to an

express on that contains a constant term which is independent of (jo), a term of

(jo)’ and higher-order terms of (jo). The 3" and higher-order terms of (jo) are

ignored because of the low value of the frequency. The constant term which is equal

to the left-hand side of Eq.(5.9) vanishes. The coefficient matrix of the remaining

term of (jw)’ is expressed as

102



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 5 SBFEM formulation for bounded acoustic fluid medium

((_Kb+E1)E01 —%Iij+Mb(EO1(—Kb+E1T)—%Ij+M0 :0 (5-10)

This is the Lyapunov equation, which can be used to obtain the solution of M”"
after getting K° from Eq.(5.9). Note that M" is symmetric, which can be proven
by subtracting the transpose of Eq.(5.10) from Eq.(5.10).

5.4 DYNAMIC SOLUTIONS BY NEWMARK SCHEME

Once the static-mass matrix M" and the static-stiffness matrix K" of a bounded
medium are determined, the dynamic response of the bounded medium can be
solved, the conventional FEM procedures can be followed and thus solutions can be
obtained through a Newmark iteration scheme. However, the solutions of the

bounded medium were found sensitive to the dissipation coefficient used in the
Newmark scheme. In the present SBFEM formulation, no damping (C* =0) is
considered. Nevertheless, the general basic equation is

Mbd)n+1 +de)n+1 +Kbq)n+1 = Rn+1 (511)

® denote the second derivative of velocity

where @& ® ., and R

n+l ° n+l ° n+l
potential @ with respect to time, the first derivative of velocity potential ® with
respect to time, velocity potential and an integral of the normal velocity along
boundaries of a bounded medium at the time step n+1, respectively. Adopting the

Newmark iteration scheme, one can get

. 1 ). 1 ). 1 1

q)m—l = (1_2_13](1)“ —(A—tBJCDn +[At2BjACD = (Dn +[rzﬁjAcD (5123)
b (1= + (1oL awh. o[ = b £

CDM]—(I BJCDHJ{I 2B)At®n+(AtBJA<D cpn{AtBjACD (5.12b)

which is expressed in terms of the ®_ and @, at its previous time step (t,:i- At)

103



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 5 SBFEM formulation for bounded acoustic fluid medium

and the incremental velocity potential A® (=® , —®, ); while ® and @

are defined as

.. 1).. 1 ).
=[5 0. o o
=( _%]cbn +(1_2lﬁjmqsn (5.13b)

To ensure second-order accuracy and unconditional stability, the parameters 3 and

=%

*

o

=

vy in Eqgs.(5.12) and (5.13) have to be defined through a numerical dissipation

coefficient a such that

y=0.5(1-2a) (5.14a)

B=02501-4a) (5.14b)
and the value of o is restricted to the range [-1/3, 0]. Note that a =0

corresponds to the Newmark’s constant-average-acceleration scheme. Substituting

Eqgs.(5.14a) and (5.14b) into Eqs.(5.12) and (5.13) and then into Eq.(5.11) yields

b b
M. C7 g ho=R,,
(1+a)At’B AR

1 (5.15)
(R, —C’d, —K D, )—(I—bei): +ChD° + Kbq>nj
+ Qo

o
1+

The Newmark scheme implemented together with this numerical dissipation o is
capable to yield satisfactory results. It successfully dissipates some spurious
high-frequency responses. The details have been discussed in the literature

(Broderick et al. (1994)).

5.5 NUMERICAL EXAMPLE

The objective of showing this example is to validate the accuracy of the present

SBFEM formulation for a bounded fluid medium, where reflections from the
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boundaries are present. A 2-dimensional water column in a rigid container is
considered. The bottom and the two vertical boundaries are rigid, while a step
pressure p is applied at the top (see Fig.5.2). Along the two vertical rigid
boundaries, the movement of the fluid is not restrained in the vertical direction but
in the horizontal direction. The properties of material and the time history of the
step pressure are shown in Fig.5.2. In the SBFEM procedures, the fluid domain
(2D) is discretized into 18 sectors, each represented by an infinitesimal-thin
quadratic element lying along the boundaries: one element covered the top surface
boundary, one covered the bottom surface boundary and 8 covered each vertical
boundary (totalling 1+1+8+8=18). All 18 sectors are radiated outwards from the

similar center located at the center of the container as shown in Fig.5.3. In order to

keep the matrix K" positive definite, a term eI having a very small value & =

1.0 (10*°) is added to the matrix E*. The time increment adopts At=1.0 (107)

second. This problem was previously analyzed by Bathe and Hahn (1979) and
Hamdan (1999), respectively. Bathe and Hahn (1979) used the updated Lagrangian
approach to model the fluid column with ten 4-node elements, while Hamdan
(1999) modeled it with five 4-node axisymemetric fluid elements. The resulting
time-history of pressure at the bottom boundary is investigated. Fig.5.4 shows the
results using Newmark’s constant average acceleration scheme (i.e.a =0). From
Fig.5.4, one can see that though the major wave form has been captured, a lot of
noises are exhibited. In order to dissipate those noises, an alternate dissipation
factor (o =—0.3) is used, and the results are shown in Fig.5.5. One can see that the
wave form becomes very clean and tidy and almost identical to the analytical
solution. The amplitude is equal to 2Py. The resulting time-history of the vertical
displacement at the top boundary is also investigated. Fig.5.6 shows the SBFEM
results using a Newmark’s dissipation factor o =—0.3. Results by Bathe and Hahn

(1979) and Hamdan (1999) are also included in Fig.5.6. By comparing the results,
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one can see that the present SBFEM results are identical to Bathe and Hahn’s and

Hamdan’s but much smoother.

p=P) H(-0)
Lol
7
Z 2 -
4 "
7
7 v
7 v
7 7 >
e ’
0.508m % Acou.stlc g
é fluid g Py=1.034 (10°) N/m?
g g Bulk Modulus: &= 2.068 (109) N/m’
g g Density: p=1.0 (10%) kg/m’
g g Wave Speed: C=(k/ p) = 1438.327 m/s
— éf///////////f

0.0508m

Fig.5.2 Configuration and material properties of a tall water column
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Fig.5.6 Time-history of vertical displacement at top boundary using dissipation o, = —0.3,

and comparisons with results by Bathe and Hahn (1979) and Hamdan (1999)
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CHAPTER SIX

DYNAMIC FLUID-STRUCTURE INTERACTION
ANALYSIS USING SBFEM/FEM COUPLING METHOD

In this chapter, the scaled boundary finite element method (SBFEM) presented in
chapter 2 is applied to dynamic fluid-structure interaction problems. The SBFEM is
employed to model the infinite fluid medium, while the structure is modeled by
finite element method (FEM). The relationship between the fluid pressure and the
fluid velocity corresponding to the scattered waves is derived from the acoustic
model. Numerical examples are presented to verify the accuracy and efficiency of
the SBFEM-FEM coupling for fluid-structure interaction problems. In comparison
with the PWA, VWA and DAA, the present formulation using the SBFEM does not
impose any restriction on the structure and the incident wave as well. Hence, it is
applicable for both early- and late-time response analyses. In comparison with the
FEM-FEM and FEM-BEM coupling procedures, the present formulation has the
advantages that no artificial boundaries are needed, no singularity is encountered,

no asymmetric matrix appears and no fundamental solution is required.

6.1 SBFEM-FEM COUPLING FORMULATION

In the current study, the SBFEM is used to model the unbounded compressible

acoustic fluid medium, while the FEM is used to model the structure.

6.1.1 FEM MODEL FOR THE STRUCTURE

In modeling the structure, the mass matrix M, the damping matrix C and the
stiffness matrix K can be treated in the standard manner according to the FE
discretization procedures. For 2-dimensional thin hollow cylindrical problems,

simple two-node beam elements are used.
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6.1.2 SBFEM MODEL FOR THE UNBOUNDED ACOUSTIC FLUID
MEDIUM

6.1.2.1 Acoustic approximation

When a structure submerged in an unbounded fluid medium is subjected to incident
waves, the major concern is the integrity of the structure, in particular its strength
adequacy against the dynamic pressure acting on the structural surface (wet surface).
To begin, the total fluid pressure and velocity along the wet surface may be
considered composing of two components: a free-field component and a scattered

component (Fan et al. 2001).
P =P TP (6.1)
Vioe = Ve TV (6.2)
where p,. and v, are the total fluid pressure and normal velocity along the wet
surface, p, and v, are the corresponding component fluid pressure and normal

velocity but are caused by the incident wave in the absence of the structure (usually

referred to as the free-field response), and p, and v are the corresponding

component fluid pressure and normal velocity corresponding to the scattered wave,
which are the difference between the total and free-field solutions. The relationship

between p, and v is described in the next section. The fluid medium is

assumed to have a linear constitutive relationship, which excludes the effect due to
cavitation, and thereby the free-field pressure and velocities will be the same as the

incident waves; i.e.
P= Pinc (6.3a)
Ve =V, (6.3b)
where p,. and v,  are the fluid pressure along the wet surface and the

corresponding normal velocity caused by the incident wave.

6.1.2.2 Pressure-velocity relationship for the scattered wave

In the PWA approximation, the pressure-velocity relationship corresponding to
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scattered waves can be described as
psc = pcvsc (643)
while in the DAA approximation, the relationship can be expressed as
1. . _
(pinf _pff)_M 1A(pinf _pff): A —Agr (6.4b)

pc
where an over-dot denotes differentiation with respect to time, M~ is the inverse
of the fluid-added mass matrix, A denotes the diagonal matrix which transforms

diagonal pressures to forces, and a, ., a, denotes the accelerations on the wet
surface. p and c¢ denote fluid density and wave speed in fluid, respectively. In

the current study, another form of the relationship based on the SBFEM and

acoustic approximation is developed and described in detail in the next section.
6.1.2.3 SBFEM formulation for the scattered wave

a) Basic description

Basically, the SBFEM describes the dynamic behavior of an unbounded medium
through a dynamic stiffness (or mass) matrix in frequency domain relating the
displacement (or potential) of the boundary to the corresponding force (or velocity)
on it. By discretizing the domain into sectors radiating from a single centre (namely
scalar center), the geometry of the sectors can be conveniently described in a
transformed coordinate system (in which, one ordinate radiates outward from the
scalar center, while others run along the boundary curve/surface). More precisely,
the unbounded medium lies in a semi-infinite domain (see Fig.2.1a). Along the
radial direction, the near side is bounded while the far side is unbounded. The
derivation of the dynamic stiffness/mass matrix is based on a ‘cloning’ technique, in
which the small differential (w) between the two similar semi-bounded sectors (see
Fig.6.1) is taken to the analytical limit, zero. Consider the infinitesimal
finite-element cell i-j-i-j (see Fig.6.1) which lies on the boundary of the
semi-infinite fluid domain. Note that the near face i-j is parallel to its cloned surface

i -j, and the two side faces O; and O; are both originated from the scalar center O.
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o 1in
radial
direction

Fig.6.1 A typical SBFEM element with differential width w lying on the boundary of a
semi-infinite domain

The governing equation relating the potential and the velocity can be written as

V. (t)= J:M“’(t —1)p(t)dr (6.5)

where q)(t) denotes a velocity potential vector composed of nodal velocity
potential ¢(t) for scattered waves on the wet surface, Mw(t) denotes the mass
matrix of the unbounded fluid medium, and §(t) denotes the second derivative of
(p(t) with respect to time. Note that in Eq (6.5), the scattered velocity V. and the
velocity potential (p(t) along the wet surface are variables. The matrix M*(t)
depends only on the geometry of the wet surface and is independent of the dynamic
response of the structure and the fluid. Hence, it can be obtained before solving the
dynamic response equation. Chapter 2 showed the detail derivation of the dynamic
mass matrix and no duplication is given here. In brief, the first step is to establish
the integral form of the governing equation in frequency domain, and then by taking
the differential width w as the analytical limit to zero, it yields a consistent
infinitesimal finite-element cell (IFEC) equation in frequency domain. Appling the
inverse Fourier transformation to this frequency equation leads to an equivalent
IFEC equation in time domain. Subsequently, the mass matrix M~(t) can be
obtained by solving the IFEC equation in time domain. (More recently, the same
equation was successfully derived using different approaches by Song and Wolf
(1997), and Deeks and Wolf (2002), respectively). The scattered wave along the

wet surface V__ (t) in Eq (6.5) can be discretized through conventional finite

element technique; i.e.
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= 2 [ N, (tdr (6.6)

where v denotes the velocity of the scattered wave normal to the wet surface; I’

denotes the wet surface; N, is the shape function for the fluid element; and X

denotes assemblage of all fluid elements along the wet surface. The details were

shown in section 2.1.

b) Formulation for the scattered wave

Now, consider the temporal discretization of Eq (6.5). Within each time step At,

the mass M”(t) is assumed constant. Hence, Eq (6.5) can be re-written as
.(nAt)= ZM n-— _]-I-lAt)I tl t)dt—ZM n-— _]+1)<p| (6.7a)
atthe n™ time step (t =nAt). It can be written in a simpler index form as follows.
Ve = iM?‘j“ (‘i’j - ‘i’j—l) (6.7b)
p=

where V! =V_(nAt), M?

el = M‘”((n -]+ I)At) and ¢;=¢ Re-arranging

jAt "

Eq (6.7b) to make M@ appear on the left hand side, we have

n-I
M9, =VI-3 (M7, -M; b, + M@, (6.70)
j=1
Given the following initial conditions,
0(0)=0 (6.82)
#(0)=0 (6.8b)
substituting p,. =—-p¢@ and Eq. (6.8b) into Eq.(6.7¢c) yields
n—1 )
M7pL =-pV. - (M, -M;) p (6.9)
j=1
where p. =—-p¢,, p, denotes the fluid pressure corresponding to the scattered

wave; and p!. =p, (jAt). Note that Eq (6.9) describes the relationship between the

pressure p. and the corresponding normal velocity v, which is different from

sc 2

Egs.(6.4a,b).
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6.1.3 SBFEM-FEM COUPLING
The FEM formulation for the structure can be written as
Ma+Cv+Kd=F_, +F,; (6.10)

where F,_, is the sum of body and traction forces; F,, is the force derived from

the unbounded fluid medium; M, C and K are the mass, damping and stiffness
matrices derived from the structure, respectively; and a, v, and d denote the
structure’s acceleration, velocity and displacement vectors, respectively. Derivation
of Eq. (6.10) follows the standard FE procedures. What follows will elaborate on
the derivation of the last term in Eq. (6.10).

By virtue of the principle of virtual work, the nodal force F,, on the wet surface
can be expressed in term of the shape function N for the structure and the total

pressure (=p, +p; ) as follows.
Finf = _J.FNT (psc + pff )dr = _.[FNTNppscdr - J.FNTpffdr = _Fsc - Fff (61 1)
where ' denotes the wet surface, F; = J} N'pzdl' and F_ = L N'N_p,drl.

Note that N is the shape function for the structural element, while the shape

function for scattered waves can be different, say N_, i.e.
P =N,p (6.12)
By substituting Eq. (6.11) into Eq. (6.10), the governing dynamic equation for the

structure-infinite fluid system can be obtained, i.e.

Ma+Cv+Kd=-F; -F_+F_, (6.13)
In Eq. (6.13), the first term F,; on the right hand side is a function of the incident
wave p;. It can be evaluated easily. What follows are the details for deriving the

second term F_ on the right hand side.

Consider the conditions along the wet surface. Two conditions should be enforced.
Firstly, kinematic continuity across the wet surface requires the normal velocity of

the structure to be identical to that of the fluid, i.e.
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Vit = Va (6143)

Secondly, the corresponding dynamic compatibility demands that the compressive

traction on the structural surface to be equal to the fluid pressure, i.e.

p=—-p. (6.14b)
Substituting Eq. (6.14a) into Eq. (6.2), and then the result into Eq. (6.6), and
subsequently into Eq. (6.9) leads to

MIPL =P [N (v, (1) - ¢ )MF—E(MH =M (6.15)

Note that once p, 1s determined, the second term F,_ on the right hand side of

Eq.(6.13) can be obtained.

Now, discretize Eq. (6.13) in the time domain using a Newmark’s time-integration

scheme. We have

K+ 1 M+ 6 C dt+At:t+AtF _t+AtF _t+AtF
aAt? aAt - . ¥
1 1 1
+M d'+—v'+|—-1/'
|:OLA'[2 aAt (ZOL j } (6.16)

+C idt +(§—ljv‘ -|r(i—letat
oAt o 20

where “MF_ = '[FNTN SMAr, =025 and §=0.5. Assume nAt=t+At.

psc

Hence, Eq. (6.15) can be re-written as

n—

M7pL = —p Y [ N (v (6)=vir (Ohr -

J

(Mf—j-ﬂ _M:—j) pic (6.17)

I
—_

t+At

in which the velocity v, of the current time step is approximately set equal to

the velocity v| of the previous time step. However in some cases, it is desirable to

include that term into the global iteration scheme, i.e.
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1 ) ; -
(K + M + C t+At d_] :t+At Fext _ At Fff _ At FSC (1+At VJ 1 t+At fo )
o

At? aAt '
1 1 1
+M ‘d+—'v+ —-1]a
[ocAt2 aAt [2oc j } (6.18)

+C itd+(§—ljt v+(i—let‘a
oAt o 20

where j denotes " iteration within a time step. The term v, (t) can be

obtained via other analytical solutions. For example in shock-wave analysis, Lamb
(1932) gives the following explicit expression for the incident fluid pressure along

the wet surface (see Fig. 6.8)
R - R —rcos
pinc(x’t):pOH(t_TX) =P0H(t——y] (6.19)

where H is a Heaviside step function, and p, is the magnitude of the pressure at
the wave front. The parameters r, y and R are as shown in Fig.6.8. The

incident fluid radial velocity is

Ve =V, =——"cosy (6.20)

6.2 NUMERICAL EXAMPLES

To validate the present SBFEM formulation and the pressure-velocity relationship
corresponding to scattered waves based on the SBFEM, several 2-dimensional cases
for submerged structures subjected to internal pressures or external shock loadings

are considered.

6.2.1 A CYLINDRICAL CAVITY SUBJECTED TO A SUDDENLY
APPLIED ACCELERATION

Fig.6.2 shows a cylindrical cavity of radius R in an infinite fluid medium. At
t =0, a boundary acceleration a is suddenly applied and then kept constant until

the end of the analysis. The objective of this analysis is to check the accuracy of the

dynamic mass matrix M”(t) for the infinite fluid medium. The surrounding fluid
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medium is modeled by the SBFEM using 8 or 32 elements. The dynamic mass
matrix M”(t) can be calculated by using the convolution method in section 2.6 or

the recurrence method in section 2.7. In this analysis, the time step is chosen as

R . .
0.1—. In the recurrence method, the error tolerance “tol” is chosen as 0.002. Using
c

) ) . R )
the chosen “tol” yields a “cut-off” time “tc”, 1.e. t, =0.1x104—. If the time “t.” of
c

. R e .
the analysis is chosen as 0.1x400—, the time infinity “t{” can be approximately
C

chosen as 2.6 x0.1x 4005. The results corresponding to 32 elements obtained by
c

using the convolution method and the recurrence method are plotted in Fig.6.3a .
The time axis is normalized with respect to R/c, while the pressure axis is

normalized with respect topaR . From Fig.6.3a, one can see that the results obtained

by using the convolution method and the recurrence method are almost the same.
But the computational efforts are different. It is obvious that the recurrence method
needs less time than the convolution method. The same problem was considered by
Mansur et al. (2000) using the FEM-BEM coupling procedures. The FEM-BEM
and standard BEM results are plotted in Fig.6.3b and compared with the current
result obtained by using the convolution method. From Fig.6.3b, one can see that
the 8-element results are close to the 32-element results, and both are almost
identical to the FEM-BEM and BEM results, demonstrating the efficiency and

accuracy of the present formulation.
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Fig.6.2 A cylindrical cavity subjected to a suddenly applied acceleration

21 convolution method i
recurrence rmethod

Hormalized Pressare
n
L
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Time [normalized with respect to Rie)

Fig.6.3a Pressure on the cavity boundary
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Fig.6.3b Pressure on the cavity boundary

6.2.2 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL
SUBJECTED TO AN INTERNAL PRESSURE

Consider a thin, elastic and infinitely long cylindrical shell, submerged in water. It
is subjected to a suddenly applied uniform outward pressure (See Figs. 6.4 and 6.5).
A ramp for a very short period (0.5x10*sec) is put in place in order to avoid
numerical difficulties. The mean radius of the cylinder is R =0.2m and the

thickness of the wall is h = 0.006m . The material properties for the steel cylinder

are: Young’s modulus E, =210x10°kN/m”, density p, = 7.8x10°kg/m’, and

Poisson ratio v =0.3. The density of fluid is p=1.0x10’kg/m’ and the sound
speed in fluid ¢ =1500 m/s.

This problem is a simple 2-dismensional axi-symmetric problem. The steel
cylindrical shell is discretized into 16 two-node beam elements. Along the wet
surface, the same discretization mesh is applied to the fluid boundary. The 16
SBFEM elements match the 16 structural beam elements side by side (see Fig.6.6).
In the analysis, the time increment is set to 0.013333ms. As the time of the analysis

is short, the results can be quickly obtained by using the convolution method. Its
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corresponding results of the dynamic response are shown in Fig.6.7, which shows
the time history of the outward displacement (positive). The displacement is

normalized with respect to the corresponding static displacement d. at the

mid-surface (R = 0.2m), i.e.

R.’P (1+v)R?
d — i 0 € 1 R
: ES(Rﬁ—Rf){ m +(+v)} (621)

where R,, R, are the internal and external radii of the cylindrical shell,

respectively. The analytical results based on the plane-wave approximation (PWA)
are plotted in Fig.6.7 for comparison. One can see from Fig.6.7 that the present
results are in good accord with the PWA results which were obtained by solving a
second-order differential equation at early time. Note that the PWA approach can

only yield relatively accurate results for early time.

Fig.6.4 Geometry of long cylindrical shell subjected to internal pressure in infinite fluid

medium
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Fig.6.5 Loading conditions for the cylindrical shell
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Fig.6.7 Dynamic response of the cylindrical shell
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6.2.3 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL
SUBJECTED TO A STEP PLANE WAVE

Consider an elastic infinitely long cylindrical shell subjected to a step plane acoustic
wave. The geometry of the cylindrical shell is shown in Fig.6.8. This study is to
check the accuracy of the present SBFEM formulation against the benchmark
solutions. The geometric and material properties of the cylindrical shell and the

surrounding fluid medium are the same as those in section 6.3.2.

The wall of the shell is discrectized into 32 two-node beam elements, while the
fluid boundary is matched by 32 SBFEM elements (in a similar manner as that in

Fig.6.6). The time increment chosen for the analysis is 0.002667ms. The magnitude
of the incident pressure wave impinging on the structure is taken to be equal to pc’

at all time. The same problem was investigated by Huang (1970) and reported by
Zilliacus (1983), who obtained the velocity history using Fourier series approach
(“analytical” solution). The same problem was also analyzed by Fan et al. (2001),
who modeled the shell using 2x12 nine-node spline shell elements and modeled
the fluid using the plane wave approximation (PWA). Plane-strain conditions were
imposed along the axis of the cylinder. Recently, Yu et al. (2002) also analyzed the
same problem using a BEM-FEM coupling technique.

v mcident wave front
-—

o

_

P ]
-

e
P
—
-
s
——
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-
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i
i
-
g

Fig.6.8 Cross-section of the geometry of an infinite cylinder
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Results obtained from the present SBFEM formulation are compared with solutions

obtained by others. Before determining the response of the cylindrical shell by

using the SBFEM/FEM formulation, the dynamic mass matrix M*(t) for the

surrounding infinite fluid medium must be solved. Here the M*(t) is solved by

using the two types of methods (the convolution method in section 2.6 and the
recurrence method in section 2.7), respectively. In the recurrence method, the
“cut-off” time “t.” corresponding to the time step 0.002667ms is chosen as
87x0.002667ms when the error tolerance is chosen as 0.002. The infinity time “t;”
is chosen as 3t. when the time of the analysis “t.” is chosen as 250x0.002667ms .

Figs.6.9a,b shows the dimensionless radial velocity history at different locations
(06=0°90°,180°). The velocity is normalized with respect to the sound speed in

fluid c, while the time is normalized with respect to R/c. The results are obtained
by using the convolution method and the recurrence method, respectively, and are
plotted in Fig.6.9a together for comparison. From Fig.6.9a, one can see the results
obtained by using the two methods are very close to each other. The results
obtained by using the convolution method are also plotted in Fig.6.9b together with
other methods’ results for comparison. From Fig.6.9b, one can see that the present
results are in good accord in all time with analytical solutions (Huang (1970)), and
also in good agreement in early time with the PWA solutions, which are known to
be relatively accurate in early time. On the other hand, the FEM-BEM results are
also in fairly good agreement but it exhibits random undulations around the
analytical solution, particularly during late time, and the peak value is delayed. It
demonstrates that the present SBFEM formulation can yield more accurate results
than the PWA and the BEM, in particular at late time. Note that the true velocities
at 0=0°,180° should approach 1.377 at late time (Huang (1970)). From Fig.6.9,
one can see that the SBFEM results approach that true value of 1.377 at late time.
Compared to the DAA results obtained by Zilliacus (1983) (not shown in Fig.6.9
for clarity), SBFEM results are closer to the analytical solution and exhibit more
subdued oscillations. Of note, the results shown in Fig.6.9 are obtained using the
iterative Newmark scheme (Eq.6.18), which includes iterations within each time

step. The effects of using a Newmark scheme without iterations are also studied.
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The results obtained by using the convolution method shown in Fig.6.10 suggest
that a non-iterative Newmark scheme leads to slightly inferior results. In order to
study the convergence of the current SBFEM formulation, three different SBFEM
meshes (comprising 8, 16 or 32 elements) are used to represent the fluid boundary.
The time increment is set to 0.01333ms (dimensionless time step: 0.1) in all
analyses. The results obtained by using the convolution method are shown in
Fig.6.11. One can see that except the 8-element results, the 16- and 32-element
results are nearly the same as the analytical solution. The poorer 8-element results
are not unexpected because the velocity variations around the cylinder may not be
adequately refined by 8 representative sectors. Nevertheless, the efficiency of the
SBFEM formulation has been clearly demonstrated by using a fairly coarse

16-element mesh.
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Fig.6.9a Radial velocity of the cylindrical shell
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Fig.6.10 Comparison of results obtained from two Newmark schemes
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Fig.6.11 Convergence studies using 8-, 16- and 32-elements

6.2.4 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL
SUBJECTED TO AN EXPONENTIAL DECAYING PLANE WAVE

The problem shown in Fig.6.8 is considered again. Here, the incident wave from the

far field is considered as an exponential decaying plane wave. Pressure po(t) of

the wave, which is in a form of exponential function, is expressed as
-B Xt
po(t):POG (R R ) (6.22)
where 3 and P, are coefficients. In this study, [ is set to be 4.8, while P, is

set equal to pc’. After p,. and v, are determined by Egs.(6.19-20), the

dynamic response can be obtained using Eq.(6.18).

The cylindrical shell is discrectized into 36 two-node beam elements, while the
fluid boundary is matched by 36 SBFEM elements. The time increment is chosen to
be 0.002667ms. The results obtained by using the convolution method at

0=0°180" are plotted in Figs.6.12a and 6.12b, and compared with Huang’s

“exact” solution (1970). One can see that the present results have almost exactly the

same profile as Huang’s “exact” solution (1970). Of note, Huang (1970) indicated
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that the starting time for an initial motion of the shell at 8 =180° should be equal
to 0.8457 (normalized with respect to R/c), but Huang’s results exhibits some
wiggles in Fig.6.12b before the starting time 0.8457, while the SBFEM results show
no motion till 0.8457. It illustrates the superiority of the present SBFEM
formulation over Huang’s Fourier-series approach, particularly at early time. The

radial velocities at other locations (9 = 300,600,900,120°> are plotted in Fig.6.13,

in which Huang’s results coincide with the present results. Once again, the

efficiency of the SBFEM is demonstrated.

0.3

Fadial Veloeaty [ 0 degree)
[normalized with respect to o)

a 1 2 3 4 5 B
Time (normalized with respect ta Ric)

Fig.6.12a Radial velocity (9 =0° ) of a cylindrical shell subjected to an exponentially

decaying plane wave

Fadial Welocity (120 degres)
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0 1 2 3 4 5 B
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Fig.6.12b Radial velocity (9 =180° ) of a cylindrical shell subjected to an exponentially

decaying plane wave
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Fig.6.13 Radial velocity at various locations of a cylindrical shell subjected to an

exponentially decaying plane wave

6.2.5 PARAMETRIC STUDY FOR A SUBMERGED INFINITELY LONG
CYLINDRICAL SHELL SUBJECTED TO A PLANE WAVE

The objective of this parametric study is to gain insights into the effects of the
geometric and material parameters of a cylindrical shell on its dynamic response. It
is motivated by Huang’s comment (1970) that the late-time radial (normal) velocity
of a cylindrical shell subjected to a plane wave as defined by Eq.(6.22) should

converge to the following value.

v=-—2M/M+2) for =0 (6.23a)
v=0 for >0 (6.23b)
where the dimensionless quantity M is defined as
pR
M="—
hp. (6.24)

However, Huang (1970) did not mention what dominated the early response of the
cylindrical shell. To supplement Huang’s comment for the early time, the following

parametric study is to gain insights into the early-time response of the cylindrical
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shell. The dynamic response can be obtained by Eq.(6.18); the dynamic mass matrix
M~ (t) for the surrounding infinite fluid medium are obtained by using the

convolution method; and the mesh employed for this problem is the same as that in

section 6.3.4.
. . . h
6.2.5.1 Effect of varying the relative thickness R

With all other parameters held constant, the ratio of the shell thickness (h) to the
radius (R) is varied. As seen from Eq.(6.24), the ratio h/R is inversely proportional
to the dimensionless parameter M. In this study, M=2.0, 4.41890, 6.41975 and
9.09184 are considered. Material parameters of the fluid and the cylindrical shell
are: wave speed in fluid, c=1500m/s; density of fluid, p =1000kg/m3; Young’s

modulus of the shell, E =210x10°kN/m> and the density of the shell,

p,=7.8x10°kg/m’.

By using Eq.(6.24), one can know that the corresponding h/R ratios for M=2.0,
4.41890, 6.41975, 9.09184 are 2/31, 2/69, 2/100 and 2/142, respectively. For the
cases of stepped incident plane waves (i.e. B =0), results of varying only R by
keeping h constant (h=0.006m) are plotted in Figs.6.14a and 6.14b; while the
associated results of varying only h by keeping R constant (R=0.02m) are plotted in
Figs.6.14c and 6.14d. From Figs.6.14a-d, one can see that the converged radial
velocities at late time all agree with the values calculated using Eq.(6.23a). One can
also observe the trend that the larger the M value, the larger is the radial velocity.
On the other hand, through comparing Figs.6.14a-b with Figs.6.14c-d, respectively,
one can see that the results are almost identical at all time. It can be concluded that
the response of the cylindrical shell is dominated by the ratio h/R , not by h or R

alone. To further illustrate the validity of the present formulation, results for =0

or 1 and M=2.0 are plotted in Fig.6.15 and compared with Huang’s results (1970).

They are seen to be agreeable with each other well.
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Fig.6.15 Radial velocity of shell due to a stepped (B = O)and an exponential incident
wave (B = 1), (M=2.0)

6.2.5.2 Effect of varying the shell’s density p_, only

Results for various densities of the shell material are plotted in Fig.6.16. In this

study, other parameters are kept constant as follows: h/R=2/69, R=0.2m, f=0;
and the Young’s modulus of the shell is E, =210x10°kN/m”. Of note, Eq.(6.24)

shows that the M-value is inversely proportional to the density p,. In other words,

the lighter the shell, the larger is the M-value. From Fig.6.16, one can observe that
the smaller the density (i.e. larger M), the larger is the velocity. By comparing
Fig.6.16 with Figs.6.14a and 6.14c, one can see that the larger the density, the larger

the velocity at early time for each M-value, although the velocity at late time
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remains the same. Therefore, it can be concluded that the shell’s density dominates

the early-time response for a chosen M-value.
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Fig.6.16 Comparison for different M-values due to varying p_ only (9 = 00)

6.2.5.3 Effect of varying the Young’s modulus of shell

Results for various Young’s modulus of the shell material are plotted in

Figs.6.17a-c. In this study, a typical Young’s modulus 1is chosen
(E=210x10°kN/m?) and the effects of varying E (E/2, E or 2E) are investigated,
while other parameters are kept unchanged as follows: h/R=2/69, R=0.2m, =0,
p, = 7.8x10°kg/m’. M is kept constant (M=4.41890). From Figs.6.17a-c, one can

see that the Young’s modulus dominates the early-time responses only.

In conclusion, when a submerged cylindrical shell is subjected to a plane shock
wave, the late-time response depends on the dimensionless quantity M only, but its
early-time response depends not only on M, but also on the Young’s modulus of the

shell.
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6.2.6 A SUBMERGED INFINITELY LONG CYLINDRICAL SHELL
SUBJECTED TO A NEAR-FIELD SHOCK WAVE

In this study, difficulties have been encountered in finding a benchmark example
since most previous studies were carried out by defense organizations. The writer is

aware of the free-field pressure p,  (incident pressure) and velocity v, of a

near-field shock wave for a 3-dimensional problem published by Cole (1948) as the
early published work. In order to verify the efficiency of the present SBFEM-FEM
procedure for a 2-dimensional FSI problem subjected to a near-field shock wave,

the p,. and v, for a 2-dimensional problem are produced using a commercial

code LS-DYNA. The results obtained from the FEM analysis by LS-DYNA is
treated as a benchmark example. The geometric configuration is shown in Fig.6.18.
In it, an explosive is placed at the origin, while a cylindrical shell is sited 1.0 m
away from the origin to the right. The cylinder and explosion are surrounded by
unbounded fluid medium. The fluid and the shell’s properties are as described in
section 6.3.2. In order to simplify the simulation of underwater explosion, a
pressure surface (the red curve shown in Fig.6.18) is employed to model the

underwater explosion. The radius r is 0.lm and the exponentially decaying

1

“ofat r=0.1 }t

pressure is taken as p(t)=e where B(at r:O.l) is set equal to
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3.55x107°. The FEM mesh used in the LS-DYNA analysis is also shown in
Fig.6.18. The radial velocities obtained from LS-DYNA at locations

0=0"90°,180" of the cylindrical shell are shown in Fig.6.19. The pressure and
velocity obtained from LS-DYNA at locations 0=0°90°180° of the
corresponding free field problem are shown in Fig.6.20. Upon determining the p, .

and v, along the fluid-structure interface, the response of the shell can be solved

by Eq.(6.18) and results obtained by the present method are then plotted in Fig.6.19
as well. The corresponding FEM and SBFEM mesh and time increment are the
same as those in section 6.3.4. As seen from Fig.6.19, the results obtained by the
present method are in good accord with those by LS-DYNA. Therefore, it can be
concluded that the present SBFEM-FEM procedure is suitable and very efficient for

solving FSI problems subjected to near-field shock waves.

l1Om L
Orgin of explosion Cylindrical shell

Fig.6.18 FEM mesh for a submerged cylindrical shell subjected to a near-field shock wave
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CHAPTER SEVEN

SBFEM/FEM COUPLING METHOD FOR STEADY-STATE

ANALYSIS OF DAM-RESERVOIR SYSTEMS

The scaled-boundary-finite-element method (SBFEM) is extended for steady-state
analyses of dam-reservoir system problems. In this study, the dam is assumed rigid
and subjected to horizontal ground motions, and the liquid in the reservoir is
assumed semi-infinite. The vertical ground motion is not considered because the
SBFEM needs that the velocity boundary condition at the reservoir’s bottom is
equal to zero. The semi-infinite reservoir domain is partitioned into two
sub-domains: a near-field and a far-field domain. In it, the near-field domain is
modeled by finite-element-method (FEM), while the far-field domain is modeled by
SBFEM and is treated as a layered semi-infinite fluid domain. A SBFEM/FEM
coupling procedure is employed to solve the steady-state response of the reservoir.
The coupling procedure is easy to implement and suitable for all frequencies, real or
complex. In this chapter, the accuracy and efficiency of the SBFEM formulation
described in chapter 3 and the SBFEM/FEM coupling procedure are validated in
frequency domain. Numerical results based on the present procedure are in good

agreement with analytical and other available numerical solutions.
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7.1 PROBLEM STATEMENT

AV

Reservoir

Dam

Fig.7.1a A dam-reservoir system

Near Far field -
field ¥

0

Dam
Interface 1 Interface 2

Fig.7.1b Truncation of a reservoir

A dam-reservoir system shown in Fig.7.1a is considered, where the dam is rigid and
the fluid in the reservoir is an inviscid isentropic fluid with the fluid particles
undergoing small displacements. The analysis is limited to a linear analysis. Not

including body force effects, the governing equation of the fluid are as follows.
V= (7.1)
c
where ¢ denotes velocity potential and ¢ denotes the wave speed in the fluid. The
pressure p , the velocity vector v and the velocity potential ¢ have a
relationship as follows.
v=Vd (7.2a)
p=—pd (7.2b)
where p denotes the fluid density. Boundary conditions for Eq.(7.1) are as

follows.

i)  Along the boundary S,, having a prescribed velocity v> in the direction of the
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unit normal vector n (pointing outward to the fluid boundary), we have
I s
ven, =— =V, 7.3a
S onlg (7.3a)
ii) Along the boundary Sg, having a prescribed pressure p°, we have
ol =—pdf, =p’ (7.3b)

Eqgs.(7.1) and (7.3) form a boundary value problem. It is difficult to obtain an
analytical solution of Eq.(7.1) for the dam-reservoir system as shown in Fig.7.1. To
circumvent the difficulties, the fluid in the reservoir is divided into two parts: a
near-field and a far-field domain as shown in Fig.7.1b. The interaction between the
near-field domain and the far-field domain occurs at Interface 2, while the
interaction between the dam and the liquid occurs at Interface 1. Of note, Interface 2
is assumed vertical and the reservoir bottom in the far-field domain is flat (level)

and rigid.

7.2  FEM FORMULATION FOR THE NEAR-FIELD DOMAIN

Here, the near-field fluid domain is discretized into an assemblage of finite elements.
The corresponding finite-element governing equation of Eq.(7.1) for the near-field

domain can be expressed as

Mb+ KD =V, (7.4)
where the global mass M, the global stiffness K matrices and the global vector V_

are treated in the standard manner as in the traditional FE procedures as described in

section 2.1; and ® denotes the global vector of nodal velocity potentials ¢ . Its

boundary conditions are as follows.

1) At the free surface, by ignoring the effects of surface waves of fluid, the
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boundary condition of the free surface is taken as

p=—ph=0 (7.5a)

i1) At the dam-reservoir Interface 1, by assuming that the dam’s acceleration is

a,, inthe normal direction, the boundary condition is specified as

P __ 0

=2t —_ 7.5b
an pan panl ( )

ii1) At the bottom of the reservoir, by assuming that the reservoir is rigid, the
boundary condition is

% = —p% =0 (7.5¢)

iv) At Interface 2, several ways of describing the boundary conditions are available

if the far-field is truncated, for example:

® Sommerfeld radiation condition for the truncated surface is given by

p &)
it R i sy 7.6a
on P on (7.62)
® Sharan’s boundary condition is
% __pn (7.6b)
on 2H

where H is the height of the far-field domain.

® A far-boundary condition (Maity and Bhattacharyya (1999)) is expressed as
o__p,

n - (7.6¢)

The expression of Z can be obtained in the literature (Maity and Bhattacharyya
(1999)).

Details of the boundary condition as treated by the SBFEM are described in the next
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section.

7.3 SBFEM FORMULATION FOR THE FAR-FIELD DOMAIN

What follows shows the SBFEM formulation for the far-field domain. Fig.7.2
shows the SBFEM discretization of the near-field-to-far-field Interface 2. Each
element on Interface 2 actually denotes a layered sub-semi-infinite fluid medium.
As such, the whole far-field domain is modeled by an assemblage of elements at
Interface 2 only and the free surface and the reservoir bottom are not discretized and

are prescribed by one node at Interface 2.

s

—» Far field
A
] I
"~ v
\ (—/Surface?a

Interface 2 SFE cell

gy vl e e

3-noded element

Fig. 7.2 SBFEM mesh for a far-field domain

Along Interface 2, an integral vector of the normal velocity V., and a velocity

potential vector @, satisfies the relationship below.

Vo (0) =87 (0)0, (o) (17
where @, denotes the column vector of nodal velocity potentials ¢ along

Interface 2; Sw(m) is called the “dynamic stiffness” matrix of the whole far-field
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domain; and

Vo ((’3) = z J-N—{VnZdr\f/ (7.8)

c F\i
in which v , denotes the normal velocity; I', denotes Interface 2; Ny is the shape

function for a typical discretized fluid element; and £ denotes an assemblage of

all fluid elements on Interface 2. Note that the “dynamic stiffness” matrix S” ()

is independent of the response of the far-field domain. It depends on the geometry

of Interface 2 only and can be obtained prior to solving Eq.(7.7) . When one of the
two variable vectors V,,(w) and ®,(®), is known, the other can then be
determined. Chapter 3 presents the full details of the derivation of the “dynamic
stiffness” matrix Sw(m) and is not duplicated here. Briefly, the first step is to

establish the finite-element governing equation of a scalar-finite-element (SFE) cell
between Interface 2 and Surface 3; the second step is to derive the relationship
between Interface 2 and Surface 3 using the finite-element governing equation in
Eq.(7.4); the last step is to take the SFE cell’s characteristic width w as the
analytical limit to zero, which yields a consistent infinitesimal finite-element cell

(IFEC) equation in frequency domain and the solution of the IFEC equation is the
“dynamic stiffness” matrix S” (03) The IFEC equation is expressed as
(8*(w)+E'E" (S°°(w)+ E‘T)—E2 + M =0 (7.9)

where the global coefficient matrices E°, E', E* and M’ depend only on the

attributes of Interface 2, which can be obtained through assembling all elements’

E!, E!, E2 and M! on Interface 2. The matrices E!, E!, E. are in the form
L 1 .
of Jrc B'BdI’ and M! is in the form of .[rc — NN, dI'y, where the matrices
W w C

B’s are kinds of strain-displacement relationship. Details can be found in chapter 3.

For a 2-dimensional 3-node element shown in Fig.7.2, in which the middle node 2
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is located mid-way between node 1 and node 3, the element coefficient matrices can

be obtained analytically as follows.

l 4 2 -1
E'=——|2 16 2 1
SUsoH| (7.10a)
00
E,=(0 0 0 (7.10b)
00
- 7 -8 1
Ej:i -8 16 -8 (7.10c)
1 -8 7
and
4 2 -1
M! = le 2 16 2 (7.10d)
e BT S

where H and / denote the heights of the reservoir and a single element, respectively.
Upon assembling all of the element coefficient matrices into the corresponding

global matrices, it is found that the global matrix E' is a zero matrix. Substituting

it into Eq.(7.9) yields
S”(w)E’"'S*(0)-E? + ©*M° =0 (7.11)

By comparing Eq.(7.11) with Eq.(7.9), one can see that Eq.(7.11) is much easier to
solve than Eq.(7.9). The solution of Eq.(7.11) is as follows.

1) Post-multiplying Eq.(7.11) by E° ' and then rearranging leads to
$* (E’"S*(@E"" = (B> —o’M° E"" (7.12a)

i1) Taking square root of Eq.(7.12a) yields

s (0" = (E* —0*M° "’ (7.12b)

iii) Post-multiplying Eq.(7.12b) by E° leads to

144



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 7 SBFEM/FEM coupling method for steady-state analysis of dam-reservoir
systems

5% (0)=(E* oM E"'E’ (7.12¢)
Note that if the exciting frequency ® is given, Eq.(7.12c) can be readily
determined, and thus Eq.(7.11) is solved. Usually, Eq.(7.9) is very difficult to solve

when the matrix E' is present even if using the dynamic condensation and

substructure deletion methods as proposed by Wolf and Song (1996a). In this regard,

whether the matrix E' vanishes is crucial for obtaining the solutions for the

present SBFEM. However, by inspecting Eq.(7.12c), one can see that the values of

Sw(m) may be real or complex for different exciting frequencies ®. It means that
there is a cut-off frequency ®,_, such that when the exciting frequency o is less

than ., S”(w) isreal, or S”(w) is complex. Reformulating Eq.(7.12c) yields

Sw(w):\/EZ(I—szZ_lMO)EO_lEO (7.12d)
It is obvious that the term I-®>E> M° can be decomposed into a real power
series when the spectral radii of the matrix »”E> M is less than or equal to 1.

Therefore, the cut-off frequency o, is determined by ®’E> M’ and Eq.(7.12d)

is a real matrix when o< o, .

74 FEM-SBFEM COUPLING FORMULATION

Partitioning Eq.(7.4) into sub-matrices corresponding to variables at Interface 1,

Interface2 and other interior locations leads to

m,;, m;, m,; C.I.)l k, k, k;|l® \s
m, m, my;N O, -+ Kk, Ky Kky[O,r= V1;2 (7.13)
m; m; m; || D, k;, k; ki ||D; Vs

where the subscripts 1 and 2 refer to nodal variables at Interfaces 1 and 2,

respectively; while the subscript 3 refers to other interior nodal variables in the
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near-field fluid. At Interface 2, the near-field FEM-domain couples with the
far-field SBFEM-domain. The kinematic continuity condition requires that both
fields have the same normal velocity at Interface 2. Hence, Eq.(7.7) can be
re-written as

-V, =V, =8"(0)0, (7.14a)

Substituting Eq.(7.12c) into Eq.(7.14a) and re-arranging yields

v, =B —o*M* E"E'D, (7.14b)
Substituting Eq.(7.14b) into Eq.(7.13) leads to

m, m, m;,| o
m, m, myND, +

m; m; my | O,

(7.15)
k,, Kk, K D, V.
0 Y0l mo
k, ky+y([E -o’M E'E’ Kk, [@,l=] 0
k31 k32 k33 CD3 Vn3
For a steady-state response with an exciting frequency ©,
® = Pe™ (7.16)

Substituting Eq.(7.16) into Eq.(7.15) leads to

m,;, m, m;
—o'lm, m, m, |+ _
m; m; m; gl ot ‘2';1
K, k,, k,, 52 e = v (7.17)
k, ky +\/ ®’M" )EO B’ Kk, ’ "
Kk, ks ks

Of note, Eq.(7.17) can be solved for any frequency ®. As the near-field domain is
modeled by FEM, Eq.(7.17) is suitable for any arbitrary geometrical shape at the

interface between the dam and the near-field domain.
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7.5 NUMERICAL EXAMPLES

To validate the present SBFEM/FEM coupling formulation, specific numbers of
2-dimensional cases for dam-reservoir systems subjected to horizontal harmonic

ground motions are considered.
7.5.1 NATURAL FREQUENCY ANALYSIS OF A FAR-FIELD DOMAIN

The objective of this analysis is to check the accuracy and efficiency of the
“dynamic stiffness” matrix S°°((o) expressed in Eq.(7.12c). It requires the

determinant of Eq.(7.12c) to be set equal to zero to obtain the natural frequency for

the far-field domain (shown in Fig.7.2), i.e.

‘S“’(wX _ ‘\/(Ez — oM )Eo—lEo

=0 (7.18a)

The equivalent equation of Eq.(7.18a) is given by

5 (o) = [l o)

Therefore, the natural frequency of a far-field domain can be obtained from the

‘Eo‘ _ ‘(Ez _‘”ZMO}; g ;‘Eo‘ —0 (7.18b)

equation below.

(B2 - o*™M°) =0 (7.18c¢)
The far-field domain as shown in Fig.7.2 is studied using two discretization meshes.
Mesh 1 consists of 10 numbers of 3-node SBFEM elements having the same height
[ =H/10, while Mesh 2 consists of 20 numbers of similar elements (/ = H/20).

The dimensions of the global coefficient matrices E°, E', E* and M° are all
21x21 in Mesh 1 and 41x41 in Mesh 2. After dropping the row and column with

respect to the free surface, it reduces to 20x20 and 40x40, respectively. Substituting

E’ and M’ into Eq.(7.18c) yields the first 20 natural frequencies ® for Mesh 1
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and 40 for Mesh 2. The natural frequencies are normalized as Q = of . Results are
C

listed in Table 7.1. In Table 7.1, the analytical solutions Q, =, H/c= 2k -1

s

(k=1,2,3,...) (Tsai and Lee 1989) are also given. From Table 7.1, one can see that
SBFEM solutions are very close to the analytical solutions, especially at lower
frequencies. Also, the convergence of the SBFEM can be observed by comparing
results of Mesh 1 and Mesh 2 with analytical solutions. Mesh 2 with increasing
mesh density results in better solutions. Nevertheless, as the response of structures
is dominated by certain low-order natural frequencies, the coarse Mesh 1 is fine

enough to determine the response of a far-field domain accurately.

Table 7.1 Natural frequencies of a far-field domain

Serial no. (®, ) 1 2 3 4 5 6 7 8 9 10
Analytical
1 3 5 7 9 11 13 15 17 19
2Q, /n

Present | Mesh1 | 1.00 | 3.00 | 5.00 | 7.01 | 9.02 | 11.06 | 13.13 | 1525 | 17.42 | 19.55

2Q/m | Mesh2 | 1.00 | 3.00 | 500 [ 7.00 | 9.00 | 11.00 | 13.01 | 15.02 | 17.03 | 19.06

Serial no. (®, ) 11 12 13 14 15 16 17 18 19 20

Analytical

21 23 25 27 29 31 33 35 37 39
2Q, /n

Present | Mesh 1 | 22.68 | 25.13 | 27.94 | 31.03 | 34.36 | 37.90 | 41.50 | 44.87 | 47.57 | 49.11

2Q/m | Mesh2 | 21.09 | 23.15 | 25.22 | 27.31 | 29.43 | 31.57 | 33.75 | 35.94 | 38.09 | 39.91

7.5.2 STEADY-STATE ANALYSIS OF A VERTICAL DAM

In this example, a dam having a vertical upstream face and an infinite reservoir

subjected to a horizontal harmonic ground acceleration motion (=ae') in the
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upstream direction is examined. The dam and the reservoir floor are assumed rigid.
The reservoir floor is assumed flat. The FEM and SBFEM meshes for the reservoir
are shown in Fig.7.3. The near-field domain is modeled by 10 numbers of 8-node
plane-strain elements, while the far-field domain is modeled by 10 numbers of
3-node SBFEM elements. The width of the near-field is 0.05H where H (=180m) is
the height of the reservoir. Figs.7.4a and 7.4b plot the pressure distributions along
the y-direction at the interface between the dam and the near-field for different
exciting frequencies QQ=wH/c. Of note, in the case of vertical dams, the
near-field domain is not necessarily put in place and the reservoir can be
represented by a far-field domain alone. In this case, the response of the far-field
domain can be solved by the SBFEM procedure alone in Eq.(7.7) and results are
plotted in Figs.7.4a and 7.4b, too. From these two figures, it can be seen that results
of the FEM/SBFEM and those of the SBFEM-alone coincide with each other. The
same problem was previously studied by Chopra (1967) and Tsai and Lee (1989).
Chopra derived an analytical solution, while Tsai and Lee reported a numerical
solution using BEM. The analytical, Tsai and Lee’s and SBFEM solutions are all
plotted in Figs.7.5a and 7.5b. By comparing these solutions, one can see that the
SBFEM solutions coincide with the analytical and Tsai and Lee’s solutions.
Therefore, it can be concluded that the reservoir with a vertical dam surface can be
represented by a far-field-only domain which renders a SBFEM-alone model

possible, and yields accurate results, too.
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Fig.7.3 FEM and SBFEM meshes of the reservoir
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Fig.7.4a Comparison of pressure (real parts) obtained by SBFEM-alone and FEM/SBFEM
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Fig.7.5b Comparison of pressure (Imaginary parts) obtained by Tsai and Lee, SBFEM and
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7.5.3 STEADY-STATE ANALYSIS OF A SLOPING DAM

A dam having a sloping angle of 20° on the upstream face subjected to a

iot

horizontal ground acceleration motion (=ae™" ) is examined in this example. In it,

the dam and the reservoir floor are assumed rigid. The reservoir floor is assumed
flat. The aim is to validate the accuracy of the present FEM/SBFEM coupling
procedure for a sloping dam. The discretized FEM and SBFEM meshes are shown
in Fig.7.6. The near-field domain is modeled by 40 numbers of 8-node plane-strain
elements, while the far-field domain is modeled by 10 numbers of 3-node SBFEM
elements. Pressure distributions along the sloping interface for different exciting
frequencies (2 =wH/c are plotted in Figs.7.7a and 7.7b. Tsai and Lee (1989) used
FEM and BEM to study the same problem for comparison, respectively. Their
results are also plotted in Figs.7.7a and 7.7b. By comparing the present
FEM/SBFEM solutions with Tsai and Lee’s FEM and BEM solutions, it can be seen

that the present real-part solutions fully coincide with Tsai and Lee’s solutions while
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the present imaginary-part solutions fully coincide with FEM solutions. Of note,
Tsai and Lee’s BEM and FEM solutions are almost the same, except for a small

difference in the imaginary-part results when Q =6.0.
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Fig.7.6 Mesh for the reservoir for a dam-reservoir system having a sloping angle 0 = 20°
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Fig.7.7a Pressure distributions (Real parts) along the dam having a sloping angle 0 = 20°
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7.5.4 STEADY-STATE ANALYSIS OF A DAM HAVING MULTI-SLOPES
ON THE UPSTREAM FACE

A rigid dam having two slopes on the upstream face as shown in Fig.7.8a is
considered. The reservoir floor is assumed rigid and flat. The meshes for the
near-field FEM domain and the far-field SBFEM domain of the reservoir are shown
in Fig.7.8b. Results of pressure distributions along the dam-reservoir interface for

the dam excited by various frequencies horizontal ground acceleration motions

(=ae'™) are shown in Figs.7.9a and 7.9b. The same problem was previously

studied by Tsai (1992) using a semi-analytical method based on the least square
method or the Galerkin method. Their results are also plotted in Figs.7.9a and 7.9b
for comparison. From Figs.7.9a and 7.9b, it can be seen that FEM-SBFEM results
are in very good accord with Tsai’s, especially for the vertical part of the

dam-reservoir interface. However, the FEM-SBFEM results have higher values than
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Tsai’s near the heel of dam. In view of Tsai’s results being non-analytical, it is not
surprising to see greater discrepancy for a large-angle sloping dam. Hence, the

present FEM-SBFEM results appear to yield more accurate results.
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Fig.7.8a Geometry of a dam having two slopes on the upstream face
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Fig.7.8b FEM and SBFEM meshes of a dam having two slopes on the upstream face
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7.5.5 STEADY-STATE ANALYSIS OF SLOPING DAMS AGAINST
INCOMPRESSIBLE FLUID

This example is to validate the accuracy of the FEM-SBFEM procedure for the
dam-reservoir systems containing incompressible fluid. A rigid dam having a
sloping face retains an infinite long fluid domain in the upstream direction. It is

iot

subjected to a horizontal ground acceleration motion (= ae™" ) as shown in Fig.7.10.

The reservoir floor is assumed rigid, flat and fluid incompressible. The pressure
distributions on the sloping dam for different sloping angles are shown in Fig.7.10
and compared with Chwang’s exact solutions (1978) and Tsai’s semi-analytical
solutions (1992). The FEM mesh for the near-field domain and the SBFEM mesh
for the far-field domain are similar to those in Fig.7.6, except that the distance
between the dam’s heel and the near-to-far-field interface is 0.01H. From Fig.7.10,
one can see that the FEM-SBFEM results fully coincide with Chwang’s exact

solutions and are more accurate than Tsai’s solutions (1992). An additional curve for

0=60° obtained by the FEM-SBFEM method is also plotted in Fig.7.10. It

exhibits the trend that the greater the sloping angle, the smaller is the pressure.
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Fig.7.10 Pressure distributions on a sloping dam against incompressible fluid
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7.5.6 STEADY-STATE ANALYSIS OF ARCH DAMS AGAINST
INCOMPRESSIBLE FLUID

This example is to investigate hydrodynamic pressure distributions along an arch
dam against incompressible fluid when subjected to a horizontal ground

iot

acceleration motion (=ae'" ). Here, the upstream face of an arch dam is assumed to

take the slope of a partial circular arc. Five different circular arcs are considered.
Each arc is defined by 3 points on the curve. The coordinates (x,y) of the points, the
associated center and radius are listed in Table 7.2. Note that Arc 5 with an infinite
radius is a vertical face. For easy visualization, the circular arcs are plotted in
Fig.7.11a, in which the fluid is retained to the right. The near-field FEM mesh and
the far-field SBFEM mesh are shown in Fig.7.11b. The results are plotted in
Fig.7.12. By comparing the results, one can see that the steeper the arc, the larger is

the pressure acting on the arch dam.

Table 7.2 Geometrical configurations (x,y) of different circular arcs

Arc type Point 1 Point 2 Point 3 Center Radius
Arc 1 (104,0) | (32,90) | (0,180) (312.1,240.3) 317.9
Arc 2 (104,0) | (49,90) | (26,180) | (357.7,216.8) 333.7
Arc 3 (104,0) | (6590) | (52,180) |  (409.0,185.6) 357.1
Arc 4 (104,0) | (84,90) | (78,180) | (678.1,174.8) 600.1
Arc'S (104,0) | (104,90) |(104,180) | without solution 0
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Fig.7.12 Pressure distributions on arch dams against incompressible fluid

7.5.7 STEADY-STATE ANALYSIS OF A RIGID DAM WITH AN
ABSORPTIVE RESERVOIR’S BOTTOM

For an absorptive reservoir’s bottom, the boundary condition expressed as Eq.(7.5¢)

must be changed and can be expressed in a simple manner as follows.

op
—+qp=0 7.19
o, 90 (7.19)
where the value q is determined by
—l(—l_aj 7.20
R (7.20)

in which o denotes the reflection coefficient of pressure striking the bottom of the
reservoir. When o equals to 1, Eq.(7.19) becomes Eq.(7.5c). That is to say, the

reservoir’s bottom is rigid and not absorptive.

For the far-field domain with an absorptive reservoir’s bottom, the corresponding
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“dynamic stiffness” matrix S°°(03) does not satisfy Eq.(7.11) any more. By using

the same technique presented in Chapter 4, the “dynamic stiffness” matrix Sw(m)
satisfies the following equation.

S*(0)E’"'S” (0)-E* —ioC’ + ©*M° =0 (7.21)
where the global coefficient matrices E°, E* and M’ are the same as those in
Eq.(7.11), and the global coefficient matrices C° can be obtained through
assembling all elements’ C?. Note that only the C! corresponding to the element

adjacent to the reservoir’s bottom are not zeros, while those corresponding to other

elements are zeros. The non-zero C! is expressed as qHN{N, with n=-1,1i.e.

100
C’=qH/0 0 0 (7.22)
000

Solving Eq.(7.21) leads to

5% (0)=(E* +ioC’ —*M° JE* " E° (7.23)
The FEM-SBFEM coupling formulation for a dam-reservoir system with an

absorptive bottom is expressed as follows, which is similar to Eq.(7.17).

m, m, my;
-0’ m, m, m, |+ _
m; m; Mg El o Vai
k, K, Kk 22 =10 (7.24)
K, Ky +y(E* +ioC" oM EE’ K, s ME
K, k;, K,

The following benchmark examples verified the correctness and efficiency of

Eq.(7.23) and Eq.(7.24). Three different geometries of the upstream face of the rigid
dam subjected to a horizontal harmonic ground acceleration motion (= ae'") in the

upstream direction were considered: (i) vertical dam; (ii) fully inclined dam (a

sloping dam as shown in Fig.7.10); (iii) partially inclined dam (dam having
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multi-slopes as shown in Fig.7.8a with 0 = 45°). Meshes for the three cases are the

same to those used in sections 7.5.2, 7.5.3 and 7.5.4, respectively. For a vertical

dam, different exciting frequencies ® and reflection coefficients o were
. - . P|

considered. The results were shown in Figs.7.13a-c. The coefficient C, :—H,

P8

while o, = n_IfI From Figs.7.13a-c, one can see that the hydrodynamic pressure

|P| decreases when the exciting frequency ® increases.

Fig.7.13a Hydrodynamic pressures on vertical dam face, o. = 0.95
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Fig.7.13b Hydrodynamic pressures on vertical dam face, o.=0.75
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Fig.7.13¢ Hydrodynamic pressures on vertical dam face, o = 0.5

For a sloping dam, two different angles were considered. The first was 0 =30°.

The other was 0 = 60°. The results were plotted in Figs.14a,b.
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Fig.7.14b Hydrodynamic pressures on sloping dam face, — =1,0 = 60
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The results for a dam have multi-slopes were plotted in Fig.7.15.
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Fig.7.15 Hydrodynamic pressures on a dam face having multi-slopes, — =1
@,

From Figs.7.13-15, it can be found that the reflection coefficient o affects the
hydrodynamic pressure. The pressure increases when o increases. The same
problems were considered by Sharan (1992). He used FEM to the near-field
domain, while the far-field domain was modeled by using a radiation boundary.
The boundary condition on the radiation boundary was expressed as an infinite
series. Through comparing the above results with Sharan’s results, it can be
found that the above results are almost the same to those of Sharan. (Here

Sharan’s results were not plotted for clarity.) So Eqs.(7.23) and (7.24) are
correct. As the all coefficient matrices E°, E*, C° and M’ are easy to

obtain, Eqgs.(7.23) and (7.24) are efficient.

165



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 8 SBFEM/FEM coupling method for time-domain analysis of dam-reservoir
interaction problems

CHAPTER EIGHT

SBFEM/FEM COUPLING METHOD FOR TIME-DOMAIN
ANALYSIS OF DAM-RESERVOIR INTERACTION

PROBLEMS

In this chapter, the boundary finite element method (SBFEM) is extended to
time-domain analyses of dam-reservoir interaction problems. Dams can be rigid or
flexible, while the fluid medium in the reservoir is semi-infinite and compressible.
The dam-reservoir interaction is analyzed by using a FEM/SBFEM coupling
procedure when dams are subjected to horizontal ground motions. Two types of
FEM-SBFEM coupling procedures are presented. In the first type, the dam is
modeled by FEM, while the fluid medium in the reservoir is modeled by the
SBFEM alone. In the second type, the dam is still modeled by FEM but the fluid
medium is modeled by a combination of FEM and SBFEM. In the case of a vertical
dam-reservoir system, the fluid medium can be modeled by the SBFEM alone. In
the case of non-vertical dam-reservoir systems, the fluid medium is divided into a
near-field FEM domain and a far-field SBFEM domain. Two benchmark examples
are studied. The numerical results obtained by the present procedure are compared
with those from analytical or other available numerical solutions. In this chapter, the
accuracy and efficiency of the SBFEM formulation described in Chapter 3 for

time-domain analyses are validated.
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8.1 PROBLEM STATEMENT

A dam-reservoir system shown in Fig.7.1a is considered. In it, the dam can be rigid
or flexible, while the fluid in the reservoir is inviscid isentropic with the fluid
particles undergoing only small displacements. For dams having arbitrary
geometries, analytical solution for the reservoir in time-domain analyses has not
been reported in literature. To circumvent the difficulties, the fluid in the reservoir is
divided into two parts: a near-field and a far-field domain as shown in Fig.7.1b. The
interaction between the near-field domain and the far-field domain occurs at
Interface 2, while the interaction between the dam and the liquid occurs at Interface
1. Of note, Interface 2 is assumed vertical and the reservoir bottom in the far-field
domain is level and rigid. These assumptions are necessary in SBFEM formulation,
because the SBFEM requires no energy to be radiated from the infinity towards the

dam.

8.2 FEM-SBFEM MODELING

For the dynamic analysis of a dam-reservoir system subjected to a horizontal
ground motion or an external force, both the dam and the near-field domain medium
can be modeled by finite-element method, while the far-field domain medium can
be represented by a boundary condition at the near-to-far-field interface (i.e.

Interface 2).

8.2.1 MOTION EQUATION FOR A DAM

The motion equation for a dam subjected to both ground motions and external

forces can be written in the standard finite element form as follows.
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M'U+C'U+K‘U=-M‘RU, +F, +F, (8.1)
where M?, C and K° denote the global mass, damping and stiffness matrices

for the solid dam, respectively; U, U and U are the vectors of the nodal
acceleration, velocity and displacement of dams, respectively; Ug, F, and F;

are the ground acceleration vector, the external force vector and the hydrodynamic

force vector, respectively; and R denotes the acceleration transformation matrix.

In Eq.(8.1), all matrices and vectors except U and F; can be derived in the

standard manner using the traditional finite element procedures. It leads to an

expression such that the displacement U is a function of the hydrodynamic force

F..

8.2.2 FEM FORMULATION FOR THE NEAR-FIELD FLUID DOMAIN
MEDIUM

An efficient approach for the expression of the hydrodynamic force F; is to

discretize the near-field fluid domain medium using FEM. Not including body force

effects, the governing equation of the near-field domain medium is as follows:
V=g (82)
c
where ¢ and c denote the velocity potential of fluid particle and the sound speed
in the fluid, respectively. The fluid pressure and the velocity potential ¢ have a
relationship as follows:
p=-pd (8.3)
where p denotes the fluid density. The corresponding finite-element equation of

Eq.(8.2) is given by
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MO+K'd=V, (8.4)
where the matrices M' and K" denote the global mass matrix and stiffness
matrix of the near-field fluid domain, respectively; the vector V_  denotes the
integral vector of the normal velocity along the near-field fluid medium boundaries.
Of note, M", K' and V. can be derived in the standard manner using the
traditional fluid element procedures. @ denotes the global column vector of nodal

velocity potential ¢ . Its boundary conditions are described as in section 7.3. In the

next section, a SBFEM boundary condition at Interface 2 is described.

8.2.3 SBFEM FORMULATION FOR THE FAR-FIELD FLUID DOMAIN
MEDIUM

_

—» Far field
A
BT T — . |H
\ L/Surface 3
Interface 2 SFE cell N .
A sub-semi-infinite
layered medium
3 S
n

2 ltzg >

A 3-noded element

Fig.8.1 Typical SBFEM mesh for a far-field domain
When the SBFEM is employed to model a far-field domain medium, the far-field
domain medium is regarded as a semi-infinite layered medium. The typical SBFEM
mesh for the far-field domain is shown in Fig.8.1. Only Interface 2 is discretized
while the free surface and the reservoir bottom are each represented by a node at
Interface 2. Each element at Interface 2 actually represents a sub-semi-infinite

layered medium. As such, the whole far-field domain is represented by an
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assemblage of elements at Interface 2. The effect of the whole far-field domain can

be obtained by incorporating the elements at Interface 2.

The SBFEM formulation for Interface 2 is expressed as follows:
t .
Voo (t)= [ M* (- 7)d, (chde (8.5)
where @, denotes the column vector of the nodal velocity potential ¢ at

Interface 2; M”(t) is called a “dynamic mass” matrix of the whole far-field

domain; and

Vnz(t)z z J.sznzdl—‘; (8.6)

€ rze
in which v, denotes the normal velocity; I', denotes Interface 2; N, is the

shape function for a typical discretized fluid element; and X denotes an

assemblage of all fluid elements at Interface 2. Note that the “dynamic mass” matrix
M”(t) is independent of the response of the far-field domain. It depends only on
the geometrical attributes at Interface 2 and can be obtained prior to solving
Eq.(8.5). Therefore, if one of the two variable vectors V,,(t) and ®,(t) is
known, the other can then be determined. Chapter 3 presents the full details of the
derivation of the “dynamic mass” matrix M”(t) and the details are not duplicated
here. In brief, the first step is to establish the finite-element governing equation of a
scalar-finite-element (SFE) cell between Interface 2 and the Surface 3 and to derive
the relationship between Interface 2 and the Surface 3 using the finite-element
governing equation in Eq.(8.4); the second step is to take the SFE cell’s
characteristic width w as the analytical limit to zero, which yields a consistent
infinitesimal finite-element cell (IFEC) equation in frequency domain; the last step

is to apply the inverse Fourier transformation to the IFEC equation, so that it is

converted to an equivalent IFEC equation in time domain. Subsequently, the

170



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

Chapter 8 SBFEM/FEM coupling method for time-domain analysis of dam-reservoir
interaction problems

“dynamic mass” matrix M~ (t) can be obtained by solving the IFEC equation in

time domain.

Upon discretization of Eq.(8.5) with respect to time and assuming all initial

conditions equal to zero, one can get the following equation.

. n—1 .
Vi, =M7o)+ T (M, M7 o) (8.7)
in which M, =M”((n-j+1)At), ®) =d,(jAt) and V", =V,,(nAt) where

At denotes an increment in time step. Of note, Eq.(8.5) or Eq.(8.7) describes the
relationship between the normal velocity and the velocity potential at Interface 2.
The relationship can be regarded as the boundary condition at Interface 2 for the

near-field domain.

8.2.4 FEM-SBFEM COUPLING FORMULATION

For a dam-reservoir system, the force term F; on the right hand side of Eq.(8.1) is

the force derived from the reservoir. It can be expressed as

F, = Z;,LICNTprIde (8.8)
where N and N, denote the shape functions of a typical solid element for a dam
and of a typical element for the near-field fluid medium, respectively; I', denotes
Interface 1; the pressure p, is a nodal pressure column vector, which is obtained

from the near-field fluid domain. Note that N is not the same as N, .

Partitioning Eq.(8.4) into sub-matrices corresponding to variables at Interface 1,

Interface 2 and other interior locations leads to
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£ f £ (A £ f f
m, m, m;| o k,, k, k||, \
f £ f ol f f £ o
m, m, myN D, +|Ky; Ky Ky (D,r=1V, (8.9)
£ f foll & f £ f
m; m; my || D, k; ki Ky || Vs

where the subscripts 1 and 2 refer to nodal variables at Interfaces 1 and 2,
respectively; while the subscript 3 refers to other interior nodal variables in the
near-field fluid domain. At Interface 2, the near-field FEM-domain couples with the
far-field SBFEM-domain. To satisfy the kinematic continuity at Interface 2, Eq.(8.7)

1S re-written as:

. n_l . .
_Vr;; = Vlfz :Miﬁq)z + E‘I(Mn—jﬂ _Mnfj J2 (8.10)
Substituting Eq.(8.10) into Eq.(8.9) and re-arranging leads to
m, m;, m, (& 0 0 ol
m), m), ml,[{dIt+0 M 0[D}
m, m), mi|[[®}] |0 0 0|}
- n (8.11)
klfl k1f2 k1f3 U - Vi
+ kgl kgz k£3 g = _JEI(M:—J'H _M:—j J2
f f f n
Ky ky Ky || @ V.

where the superscript n denotes the instant at time t=nAt. Note that a damping
matrix appears on the left hand side of Eq.(8.11). It can be regarded as the damping
effect derived from the far-field medium and imposed on the dam-reservoir system.

Upon determining the velocity potential @ through Eq.(8.11), the fluid pressure
p, can be evaluated by using Eq.(8.3) as follows.

p, =—pd, (8.12)
Note that p, depends on the normal velocity v, at Interface 1, while the solution

of Eq.(8.1) including v_, also depends on p,. Therefore, Eq.(8.1) and Eq.(8.11)

form a coupling system. Following the numerical procedure with a Newmark

scheme, one can solve the coupling system by assuming

p,(6)=F(v!, )~ f{vi*) (8.13)
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where f denotes a function. If the time increment At is small, accurate results

can be obtained. However, if At is relatively large, an iteration scheme should be

t—At
nl

j-1
nl

used in each time step, i.e., a term ‘v’ is used instead of v in the global

iteration scheme, where j denotes the j™ iteration within a time step.

8.3 NUMERICAL EXAMPLES

Two numerical examples are studied to validate the FEM-SBFEM coupling

procedure.

83.1 DYNAMIC RESPONSE OF A VERTICAL DAM-RESERVOIR
SYSTEM

Cantilevered dam

/

A

h —» 0

Fig.8.2 A vertical dam

Fig.8.2 shows a vertical dam-reservoir system having a rigid reservoir bottom. The
dynamic response of the system subjected to a horizontal ground motion is studied.
The aim is to verify the efficiency and accuracy of the FEM-SBFEM coupling
formulation for a vertical dam-reservoir system. In the case of a vertical dam, no
reflecting waves from the free surface or the rigid reservoir bottom are radiated
back to the dam, so that a near-field fluid domain is not necessary and the whole
reservoir can be modeled by a far-field domain alone. The dynamic response of this

system is solved through coupling Egs.(8.1) and (8.7). Sound speed in the fluid is
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taken as 1438.656m/s and the fluid density p is 1000kg/m’. The weight per unit

length of the cantilevered dam is 36000kg/m. The height of the cantilevered dam h
is equal to 180m. The dam is modeled by 20 numbers of simple 2-node beam
elements with rigidity EI (=9.8437x10"> Nm?), while the whole fluid domain is
modeled by 10 numbers of SBFEM 3-node elements, whose nodes match side by
side with the nodes of the solid dam. Time step increment is 0.005 sec. Two types of
horizontal ground motions are considered. The first is a ramp acceleration, while the
other is the El Centro earthquake acceleration, as shown in Figs.8.3a and 8.3b.
Results for the pressure at the heel of dam for case 1 (ramp-acceleration) are
obtained by using a “no-iteration” scheme using in Eq.(8.13) and also by using an
iteration scheme. Both results are plotted in Fig.8.4. From Fig.8.4, it can be seen
that the results obtained from no-iteration scheme yield noises at late time; whereas
the results obtained by both schemes are the same at early time. As such, the
iteration scheme is adopted in the following studies. The pressures at the heel of a
flexible or rigid dam are plotted in Fig.8.5. Not surprisingly, Fig.8.5 shows that the
pressure on a flexible dam is greater than that on a rigid dam. Of note, results for
the rigid dam are solved by the SBFEM in Eq.(8.7) only. The displacement at the
top of a flexible dam with a full reservoir is plotted in Fig.8.6. The same problem
was previously studied by Lee and Tsai (1991) and they offered an analytical
solution. Their corresponding analytical solutions are also plotted in Figs.8.5 and
8.6 for comparison. From Figs.8.5 and 8.6, it can be seen that both the
FEM-SBFEM and SBFEM-alone solutions are very close to the analytical solutions,
especially at early time. The dynamic responses of the dam with a full reservoir
subjected to the EI Centro horizontal ground acceleration are plotted in Figs.8.7 and
8.8. The corresponding analytical solutions (Lee and Tsai 1991) are also plotted in
Figs.8.7 and 8.8. From Figs.8.7 and 8.8, it can be seen that the FEM-SBFEM
solutions are very close to analytical solutions. In addition, Figs. 8.6 and 8.7 show

that the fluid effect dominates.
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Fig.8.5 Pressure at the heel of a flexible or rigid dam subjected to ramp acceleration
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8.3.2 DYNAMIC RESPONSE OF A GRAVITY DAM

This example is to verify the accuracy and efficiency of the FEM-SBFEM coupling
formulation for a gravity-dam-reservoir system having arbitrary slopes at the
dam-reservoir interface. A typical gravity-dam-reservoir system is shown in Fig.8.9.

The density, Poisson’s ratio and Young’s modulus of the dam are 2400 kg/m’, 0.2

and 2.5x10'° N/m’, respectively. The fluid density p is 1000 kg/m’, and wave

speed in the fluid is 1438.656m/s. The height of the dam H is 120m. The
gravity-dam-reservoir system is subjected to the same ground acceleration as shown
in Figs.8.3a and 8.3b. The FEM and SBFEM meshes are shown in Fig.8.10. Both
the solid dam and the near-field fluid are modeled by using FEM while the far-field
fluid is modeled by using the SBFEM. The distance between the heel of the dam
and the near-far-field interface is 6 m (=0.05H). For the FEM mesh, 8-node
plane-strain elements are used, while 3-node SBFEM elements are used to match

the 8-node elements node-by-node along the interface. In the FEM zone, 40
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numbers and 20 numbers of 8-node elements are used to model the dam and the
near-field fluid domain, respectively; whereas in the SBFEM zone, 10 numbers of
3-node SBFEM elements are employed to model the whole far-field fluid domain.
Note that the size of the near-field fluid domain can be small compared to those

used in other methods.
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Fig.8.9 Geometry of a typical gravity dam
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Fig.8.10 FEM and SBFEM meshes for the gravity dam-reservoir system
The displacement and pressure caused by the ramp acceleration are plotted in
Figs.8.11 and 8.12. The time increment is 0.003sec. The results obtained by
sub-structures method (Tsai and Lee 1991) are also plotted in Figs.8.11 and 8.12,
respectively, for comparison. From Fig.8.11, it can be observed that the amplitudes
of displacement at the top of dam agree well in general but differ slightly and
systematically, especially at late time. From Fig.8.12, similar trends are observed
for the pressure distributions. The displacement and pressure caused by the El
Centro ground motion are plotted in Figs.8.13 and 8.14, respectively. The time

increment is 0.002sec. Results obtained by the sub-structures method (Tsai and Lee
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1991) are also plotted in Figs.8.13 and 8.14. From Figs.8.13 and 8.14, it can be seen
that both the displacements and the pressures obtained by the present method agrees
well with Tsai and Lee’s results, especially at early time. Fig.8.15 shows the results
for displacement at the top of a dam (either full or empty reservoir). From Fig.8.15,
one can see that the damping effect of the full reservoir dominates. Fig.8.16 shows
the results for pressure on a flexible or rigid dam with a full reservoir. From
Fig.8.16, one can see that the resulting pressure on a flexible dam is much greater

than that on a rigid dam at late time.
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Fig.8.11 Displacement at the top of gravity dam subjected to ramp acceleration
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Fig.8.12 Pressure at the heel of gravity dam subjected to ramp acceleration
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Fig.8.16 Pressure at the heel of a flexible or rigid gravity dam with full reservoir subjected to

El Centro earthquake acceleration

8.3.3 DYNAMIC ANALYSIS OF 2-DIMENSIONAL ARCH DAMS

The objective of this study is to gain an insight into the effect of the geometry of a
dam on the dynamic response of a dam-reservoir system. Four arch geometries are
considered and are shown in Fig.8.17. Amongst the 4 arch dams, Dam ‘A’ has the
greatest curvature away from the reservoir. With gradual reducing curvature from
Dam ‘A’, to Dam ‘B’ and then Dam ‘C’, the Dam ‘D’ has zero curvature and stands
upright against the reservoir. The heights of all dams are set at 180m, while the
widths at bottom and the top are set at 30m and 6m, respectively. The material
parameters for the dam and the fluid are kept to the same as those described in
section 8.3.2. The fluid medium is on the right hand side of the dam. The curve on
either side of the dam assumes different partial circular arc. Each arc is defined by 3
points on the curve. The coordinates of points for the four dams are listed in Table
8.1. Note that the two curves for the Dam ‘D’ actually are straight lines. In the
analysis, both the dam and the near-field fluid are modeled by using FEM, while the
far-field fluid is modeled by using the SBFEM. Their corresponding meshes are

similar to those depicted in Fig.8.10. The dynamic responses of the four dams when
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subjected to a horizontal ramp ground acceleration (see Fig.8.3a) are shown in
Figs.8.18 and 8.19. The displacements shown in Fig.8.18 are normalized by the

ramp ground acceleration “a”, while the pressures shown in Fig.8.19 are normalized

by the quantity paH with H=180m. From Figs.8.18, one can see that the

undulation profiles of displacements at the top and mid-height of the dam are
similar to each other. From Fig.8.19, the same responses for pressure are observed.
With regard to the amplitudes of the undulations, Dams ‘B’ and ‘C’ always exhibit
moderate values between the two extreme cases in Dams ‘A’ and ‘D’. Of note, Dam
‘A’ experiences the lowest fluid pressure, but the largest displacement. On the other
hand, Dam ‘D’ experiences the highest fluid pressure, but the smallest displacement.
All these observations are to be expected. The more flexible Dam ‘A’ allows more

deflection and hence provides more relief to the fluid pressure.
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Fig.8.17 Geometries of arch dams and theirs FEM meshes
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Table 8.1 Geometrical configuration (x,y) of arch dams

Dam type Point 1 Point 2 Point 3
Left side (-15,0) (-10, 90) (-15.59, 180)
Dam ‘A’
Right side (15, 0) (5, 90) (-9.59, 180)
Left side (-15,0) (-5, 90) (-3, 180)
Dam ‘B’
Right side (15, 0) (12, 90) (3, 180)
Left side (-15,0) (0, 90) (9.59, 180)
Dam ‘C’
Right side (15,0) (17, 90) (15.59, 180)
Left side (0,0) (12, 90) (24, 180)
Dam ‘D’
Right side (30, 0) (30, 90) (30, 180)
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Fig.8.18 Displacements at mid-height and the top of the arch dam at the dam-fluid interface
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CHAPTER NINE

CONCLUSIONS AND RECOMMENDATIONS

9.1 CONCLUSIONS

This thesis presented the Scaled Boundary Finite Element Method (SBFEM)
formulation for modeling unbounded and bounded fluid medium. For the bounded
fluid medium, the solutions of SBFEM were found to be sensitive to the dissipation
coefficient when the numerical Newmark time-integration scheme was used. For
the unbounded fluid medium, FEM-SBFEM coupling procedures were developed
for solving problems of acoustic fluid-structure interaction (FSI), such as
submerged structures subjected to shock waves, and dam-reservoir interaction
system subjected to horizontal ground acceleration motions. In the course of
tackling the problems of submerged structures subjected to shock waves, the author
developed the velocity-to-pressure relationship for scattered waves based on the
SBFEM formulation. In the course of tackling the dam-reservoir interaction
problems, the author discovered a zero matrix which leads to the development of an
efficient SBFEM formulation in the frequency-domain. In the time-domain analyses,
an efficient FEM-SBFEM procedure was presented for dam-reservoir interaction
systems. All these developments enhanced the successful extensions of the SBFEM
for FSI problems. These developments were also verified by checking against
benchmark solutions which are either analytical or/and available numerical
solutions. The results show that the present formulations are able to yield accurate
solutions, and typically lead to more accurate solutions than other prevailing
numerical results (such as BEM, FEM solutions). In addition, the SBFEM had been
extended to solve problems related to infinite beams on visco-elastic-typed fluid
foundations. A modified SBFEM formulation was developed and validated by
checking against benchmark results. The development also provided an insight into
the SBFEM formulations. Using a same concept in the development derived a new

SBFEM formulation for a dam-reservoir system with an absorptive reservoir’s
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bottom. The new SBFEM formulation was verified by studying a benchmark
example. In conclusion, the present extended SBFEM formulation has been shown
to be useful and efficient in solving unbounded fluid-structure interaction problems.

The methodology is able to model accurately the unbounded fluid medium.

To have a clear understanding about the SBFEM’s application range, here a

summary is given below.

(1) For submerged structures subjected to external loading cases where the
acoustic fluid medium surrounding submerged structures is infinite and does
not include free surface and seabed, the proposed SBFEM coupling acoustic
approximations can generate excellent results and are more efficient that
BEM, PWA, DAA and Infinite-element method. It is because the SBFEM is
a semi-analytical solution. Structural geometries can be arbitrary. In a linear
analysis, the surrounding infinite fluid medium can be modeled by the
SBFEM only, while in a non-linear analysis, the domain having non-linear
behavior can be modeled by FEM and then the remaining fluid domain can
be modeled by the SBFEM.

(i1) For dam-reservoir interaction systems where dams are bounded and the
reservoirs are infinite and horizontal, the reservoir’s boundary includes the
free surface, dam-reservoir interface and the reservoir bed. Such that, it
satisfies the SBFEM requirements that the boundary conditions should be
zero along the free surface and reservoir bed in the far field of the reservoir.
However, in the special case of an absorptive reservoir bed, the proposed
SBFEM can be applied too. Of note, the proposed SBFEM can only be
applied to the dam-reservoir system which is subjected to horizontal
loadings. When using the proposed SBFEM to solve the dam-reservoir
interaction problems, the domain of the near field of reservoir can be very
small. Furthermore in frequency-domain analysis, the SBFEM formulation

for the far field of reservoir has a very simple form, which is easy to solve.
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9.2 RECOMMENDATIONS FOR FUTURE WORKS

The SBFEM can be further extended for solving other fluid-structure interaction

problems. The following aspects are recommended.

(1) 3-Dimensional problems. In this thesis, the studies were limited to

2-dimensional problems. The present extended SBFEM formulations are
also suitable for 3-dimensional problems. In this regard, further

developments for 3-dimensional problems are recommended.

(i1))  FSI problems involving reflective waves. This category of problems

includes floating structures and structures submerged in shallow fluid
domain or near a seabed subjected to shock waves. In those problems, the
free surface or the seabed produces reflective waves when the shock waves
or the scattered waves reach there. When it occurs, the reflective waves will
then travel back into the fluid medium and thus influence the structural
responses. However, the reflected waves are difficult to be formulated and
the present SBFEM is unable to handle it accurately. In this regard, a further

development is required.

(ii1))  Cavitation problems. The present SBFEM formulation does not have the

facility to cater for cavitaion in the fluid medium. In reality, cavitation does
occur in the fluid medium. Where contains it is significant, the problems
need to be addressed, and a new SBFEM formulation needs to be developed
accordingly.

(iv)  Non-linear problems. When high-energy shock waves are involved, high

pressure is generated and may lead to large deflections on the structures. In
such cases, the structure may behave in a non-linear manner, or collapse. To
address this category of problems, development of a non-linear

FEM-SBFEM procedure is recommended.
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(v) Convolution integral problems. The kernel of the present SBFEM
formulation in the time-domain is a convolution integral. The solution of the
convolution integral requires a large storage volume to store all previous
relative quantities before the current time step. It affects the SBFEM
efficiency and may be heavy on the resources. In this regard, it is
recommended to develop an efficient method to handle the convolution

integral and reduce the required storage volume.
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ADDENDUM

- ORIGINALITY OF THIS THESIS

The originality of this thesis includes the following aspects:
1. When using the Scaled Boundary Finite Element Method (SBFEM) for

unbounded fluid domain, one of the major task is to derive the dynamic mass
matrix M”(¢). This thesis presented a new formulation to derive the M*(¢),

particularly for solving shock waves problems. The new formulation is efficient
and recursive in nature.

2. When using the SBFEM to solve the fluid-structure interaction (FSI) problems,
a pressure-velocity (p-v) relationship needs to be established. The rigorous
SBFEM-based p-v relationship could be very complicated and difficult to
implement. In this thesis, a new SBFEM-based p-v relationship is derived by
adopting an acoustic approximation. It is easy to implement, and thus extends
the applicability of SBFEM, in particular for submerged FSI problems.

3. In the SBFEM formulation, it results in a few coefficient matrices, which
usually do not have physical meaning. This thesis unveils the mystery of one of
the coefficient matrix E', which becomes zero for a particular geometry of
semi-infinite fluid domain, that is bounded by two parallel radial lines. In
enables the present SBFEM formulation easily to yield solutions for
dam-reservoir FSI problems, though its applications are limited to flat-bottom
reservoirs. In addition, this thesis presented a new SBFEM formulation for
reservoir with absorptive flat bottom, in particular for steady-state analysis in
the frequency domain.

4. This thesis extended the SBFEM to solve dam-reservoir system in the time
domain. Its solutions are verified and appear to be superior to other available
solutions, which are obtained by other prevailing methods and for isolated

cases only.
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