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Abstract

Monitoring of wave-packet dynamics at conical intersections by time- and frequency-

resolved fluorescence spectroscopy has been investigated theoretically for a three-state

two-mode model of a conical intersection coupled to a dissipative environment. The

ideal and the actually measurable time- and frequency-gated fluorescence spectra were

accurately and efficiently simulated by combining the hierarchy equations-of-motion

method for dissipative quantum dynamics with the methodology of the equation-of-

motion phase-matching approach for the calculation of spectroscopic signals. It is

shown that time- and frequency-resolved fluorescence spectra reveal essential aspects

of the wave-packet dynamics at conical intersections and the effects of environment-

induced dissipation. The results of the present work indicate that fluorescence up-

conversion spectroscopy with femtosecond time resolution is an efficient tool for the

characterization of ultrafast dynamics at conical intersections.
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Conical intersections (CIs) of adiabatic electronic potential energy surfaces (PESs) are

generic features in polyatomic molecules exhibiting points (in general, multi-dimensional

seams) of exact degeneracy of electronic PESs in nuclear coordinate space.1,2 CIs play a

significant role in large variety of photophysical and photochemical processes: they lead

to a complete breakdown of the Born-Oppenheimer (BO) approximation and result in the

strongly mixed quantum dynamics of electrons and nuclei. It is nowadays generally accepted

that CIs provide the microscopic mechanism of ultrafast (femtosecond) electronic relaxation

in polyatomic systems.3–5

As non-adiabatic nuclear dynamics near CIs can lead to extremely short lifetimes of

excited electronic states, it is difficult to directly probe and characterize the effect of CIs

in photochemical reactions. With the availability of ultrafast UV/vis/IR lasers, the ex-

plicit detection of electron-vibrational dynamics at CIs has increasingly become feasible.

Radiationless electronic transitions caused by CIs were studied by pump-probe photoelec-

tron spectroscopy6–8 as well as by transient absorption pump-probe and pump-dump-probe

spectroscopy.9–11 Transient-grating spectroscopy identified the key vibrational modes which

drive the CI-mediated isomerization of retinal on a sub-50 fs timescale.12 In recent years,

two-dimensional (2D) spectroscopy has emerged as a powerful technique in vis/IR.13 The

extension of 2D spectroscopy to the UV spectral range has opened new possibilities in the

studies of ultrafast dynamics at CIs.14–16 2D electron-vibrational (2DEV) spectroscopy has

also been recently applied to probe CIs.17 The development of ultrafast X-ray sources with
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femtosecond/attosecond pulse durations provides novel tools for scrutinizing CIs. It has been

demonstrated that time-resolved X-ray spectra are sensitive to the electronic and structural

evolution of chromophores with CIs.18,19 A hybrid technique implementing UV/vis femtosec-

ond pump pulse and a pair of attosecond X-ray pulses was theoretically proposed for probing

electronic coherence created by the CI.20 Femtosecond electron diffraction has also emerged

as a powerful tool for the characterization of nuclear wave packets at CIs in real time and

with atomistic spacial resolution.21

However, extraction of information about non-adiabatic dynamics at CIs from time-

resolved signals is not straightforward. Suppose we wish to probe a CI of the PES of two

excited electronic states in a polyatomic molecule. In the widely used transient-absorption

pump-probe spectroscopy, the wave-packet motion at a CI of excited electronic states is

projected onto the electronic ground state of the molecule (stimulated emission) as well as

onto certain higher-lying electronic states (excited-state absorption). The detected signal

is the sum of stimulated emission, excited-state absorption and ground-state bleach (the

latter does not contain information on excited-state dynamics). In femtosecond time-resolved

photoelectron spectroscopy, the wave-packet motion at a CI of excited electronic states is

projected onto the continuum of states of the ionized molecule and the ejected photoelectron.

The fluorescence up-conversion signal22–24 can be viewed as the projection of the wave-packet

motion at the CI onto the electronic ground state. In this sense, the fluorescence signal

has the simplest interpretation and is most amenable to a theoretical simulation. In this

Letter, we establish a direct connection between the excited-state wave-packet dynamics

and time- and frequency-resolved spontaneous emission (SE) spectra for a model of a CI

and demonstrate that this connection provides a detailed characterization of the ultrafast

internal conversion processes triggered by the CI.

Several groups employed the numerically efficient and accurate hierarchy equation of

motion (HEOM) method to simulate electron-vibrational dynamics at CIs.25–30 In particu-

lar, we previously used the HEOM method to analyze electronic population dynamics and
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vibrational wave-packet evolutions of a two-state two-mode CI (which represents the Condon-

active part of the chromophore) which is weakly-to-moderately coupled to a dissipative bath

(which represents all remaining vibrational modes of the chromophore as well as the vi-

brational degrees of freedom of the solvent).25 In the present work, we perform accurate

simulations of time- and frequency-resolved SE spectra for the model of Ref.25 The system

consists of three electronic states (the electronic ground state |0〉 and two excited states |1〉,

|2〉 forming the CI) which are strongly coupled to two vibrational modes:

H(S) =
∑

k=0,1,2

|k〉(hk + εk)〈k|+ (|1〉〈2|+ |2〉〈1|)λQc. (1)

Here εk is the energy of the kth electronic state (ε0 = 0) and

hk =
1

2

∑
j=c,t

~Ωj{P 2
j +Q2

j}+ κkQt (2)

are the vibrational Hamiltonians in which Qj, Pj and Ωj are the dimensionless coordinate,

dimensionless momentum and frequency of the coupling (j = c) and tuning (j = t) modes,

κk are the electron-vibrational coupling constants (κ0 ≡ 0) while the parameter λ controls

the nonadiabatic coupling strength at the CI. We assume that each system vibrational mode

is bilinearly coupled to a harmonic bath (see Ref.25 for a more detailed discussion). The

bath Hamiltonian is written as

H(B) = {|0〉〈0|+ |1〉〈1|+ |2〉〈2|}
∑
j=c,t

∑
α

1

2
~ωα,j{p2α,j + q2α,j} (3)

where pα,j, qα,j and ωα,j are the dimensionless momentum, coordinate, and frequency of αth

bath mode coupled to the tuning (j = t) and coupling (j = c) mode of the system. The

system-bath interaction Hamiltonian assumes the form

H(SB) = {|1〉〈1|+ |2〉〈2|}
∑
j=c,t

∑
α

{cα,jqα,jQj} (4)
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where the cα,j are the system-bath coupling constants. The effect of the bath on the system

dynamics is fully characterized by the spectral density Jj(ω) =
∑

α c
2
α,jδ(ω−ωα,j) (j = c, t).

We adopt the Drude spectral density Jj(ω) = 2ΛjΓjω/(ω
2 +Γ2

j). Here Λj are the vibrational

damping strengths (or, equivalently, the bath-induced reorganization energies) while Γ−1j are

the bath relaxation times for the tuning (j = t) and coupling (j = c) modes.

The HEOM method allows the numerically exact computation of the time evolution of

the reduced density matrix ρ(t) of the system in terms of the coupled operator equations31,32

∂tρ(t) = − i
~
[
H(S),ρ(t)

]
−Rρ(t) (5)

where ρ denotes a set of density operators {ρlc,lt} of which ρ00(t) ≡ ρ(t) and all other ρlc,lt are

auxiliary density operators. The explicit form of the dissipation operator R for the present

model can be found in Ref.25

In a fluorescence up-conversion experiment, the system interacts with pump (α = p

for pump) and gate (α = f for fluorescence) laser pulses.33 The corresponding interaction

Hamiltonians in the rotating wave approximation (RWA) are written as

Hα(t) = −ηαEα(t− tα){eiωαtX + e−iωαtX†}, (6)

where ηα, ωα, tα and Eα(t) denote the system-field coupling parameter, the carrier frequency,

the arrival time, and the dimensionless envelope of the αth pulse, while the raising and

lowering components of the transition dipole moment operator are defined as

X = |0〉〈2|, X† = |2〉〈0| (7)

(state |2〉 is assumed to be optically bright, while state |1〉 is optically dark). We calculate

the time- and frequency-resolved SE spectra S(t, ωf) by employing the two-pulse variant of

the equation-of-motion phase-matching approach (EOM-PMA).34,35 The basic equations are
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summarized as follows:

S(t, ωf) = Im{A(t, ωf)},

A(t, ωf) = Tr
{
e−iωftX† [ρ̄00(t)− ρ00(t)]

}
+O(η3f ),

∂tρ(t) = − i
~
[
H(S) −Hp(t),ρ(t)

]
− (R +D)ρ(t),

∂tρ̄(t) = − i
~
[
H(S) −Hp(t), ρ̄(t)

]
+
i

~
eiωftXρ̄(t)− (R +D)ρ̄(t). (8)

Here ρ(t) and ρ̄(t) are the two sets of auxiliary density matrices involved in the HEOM

calculation, ρ00(t) and ρ̄00(t) are the corresponding reduced system density matrices, and

optical dephasing is described by the operator Dρ(t) = ξ|0〉〈0|ρ(t)(1−|0〉〈0|)+H.c. in which

ξ is the dephasing rate.

S(t, ωf) yields the so-called ideal SE spectrum, which is defined as the rate of emission of

photons of frequency ωf at time t. The simultaneous precise detection of ωf and t violates the

Heisenberg uncertainty relation. The actually measurable time- and frequency-gated (TFG)

SE spectrum is obtained by the convolution of S(t, ωf) with the TFG function Φ34,35

STFG(t, ωf) ∼ Im

∫ ∞
−∞

dω
′
∫ ∞
−∞

dt
′
Φ(t− t′, ωf − ω

′
)A(t′, ω

′
) (9)

where

Φ(τ,Ω) = Ef(−τ)

∫ −τ
−∞

dϑEf(ϑ) exp {(γ + iΩ)(τ + ϑ)} . (10)

Here the parameter 0 ≤ γ < ∞ controls the spectral resolution (γ = 0 corresponds to

ideal frequency resolution), while duration of the gate pulse controls the time resolution

(Ef(t)→ δ(t) corresponds to ideal temporal resolution). Eq. (10) shows that Φ(τ,Ω) cannot

be approximated as δ(τ)δ(Ω) (see Refs.33–37 for detailed discussions of the interconnection

of ideal and TFG SE signals).

For the numerical simulations, we adopt parameters of the system Hamiltonian H(S)

which mimic the S2(ππ
∗)− S1(nπ

∗) CI in pyrazine.25,38 More precisely, S1, S2 designate the
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adiabatic electronic states and PES (which are ordered by energy) and nπ∗, ππ∗ designate

the diabatic electronic states which preserve their electronic character. The vibrational

frequencies of the tuning and coupling modes are ~Ωt = 0.074 eV (2π/Ωt = 56 fs) and

~Ωc = 0.118 eV (2π/Ωc = 35 fs). The intrastate coupling constants are κ1 = −0.105 eV

and κ2 = 0.149 eV. The interstate coupling strength is λ = 0.262 eV. The vertical excitation

energies are ε1 = 3.94 eV and ε2 = 4.84 eV. The cuts of the resulting adiabatic PESs are

shown in Fig. 1. The system-field coupling is fixed at ηp = 0.01 eV, ensuring weak system-

field interaction (S(t, ωf) ∼ η2p). The pump pulse is of Gaussian shape and assumed to be

in electronic resonance with the S2 state (~ωp = ε2) and short on the system dynamics

timescale (Ep(t) = exp{−[(t− tp)/τp]2}, τp = 5 fs and tp = 8τp). The gate pulse is also taken

as Gaussian (Ef(t) = exp{−(t/τf)
2}) and provides good temporal (τf = 10 fs) and spectral

(γ = 0) resolution. Optical dephasing is moderate (ξ = 0.01 eV, ξ−1 = 66 fs), the bath

relaxation time is fixed at Γ−1t = Γ−1c = 50 fs, while the system-bath couplings Λj(j = c, t)

are varied. The ideal signals (8) are evaluated by a numerical solution of the driven HEOMs

for ρ(t) and ρ̄(t) as described in Ref.25

Figure 1: Cuts through the adiabatic PESs of the electronic ground state (blue), S1 state
(green) and S2 state (red) of the pyrazine model along the normal coordinates Qt for Qc = 0
(a) and along Qc for Qt = 0 (b). Vertical excitation by a short pump pulse is indicated by
the arrow. Position of the CI at Qt ≈ 3.5, Qc = 0 is marked by the dashed line in (a).

The present model of the CI possesses a single Condon-active vibrational mode, the tun-

ing mode Qt, and the wave-packet dynamics along this mode is expected to reveal itself in
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the time- and frequency-resolved SE. The coupling mode Qc, on the other hand, does not

drive coherent wave-packet dynamics, as can be expected from the anharmonic, but undis-

placed, PESs in Fig. 1(b). We thus begin with a brief analysis of the adiabatic probability

density PS2(Qt, t) of the tuning mode projected on the upper adiabatic state (S2), which is

expressed through the S2-projected reduced density matrix in the coordinate representation,

〈S2|ρ(Qt, Q
′
t, Qc, Q

′
c, t)|S2〉, by integrating out the coupling mode:38

PS2(Qt, t) =

∫ ∞
−∞
〈S2|ρ(Qt, Qt, Qc, Qc, t)|S2〉dQc.

PS2(Qt, t) is computed by assuming an instantaneous (at t = 0) promotion of the ground-state

vibrational wave function of the electronic ground state to the bright ππ∗ state (see Fig. 1). It

represents the probability density to find the system in the adiabatic electronic state S2 and at

the nuclear position Qt at time t. The reduced density matrix is calculated in the diabatic

electronic representation and then transformed to the adiabatic representation.25 Fig. 2

shows PS2(Qt, t) for different system-bath couplings Λc = Λt = 0 (a), 2 cm−1 (b) 10 cm−1

(c) and 60 cm−1 (d). These values of Λj cover the range of potentially relevant vibrational

relaxation times, from infinity (a) to about 1 ps (d), which is a typical cooling time of

vibrationally hot solutes in liquid environments. Irrespective of the system-bath coupling

strength, the wave packet exhibits short-time (t < 100 fs) underdamped motion. The wave-

packet density moves towards negative Qt following the gradient of the S2 surface (see Fig.

1). Within half of a vibrational period of the tuning mode (∼ 28 fs), the wave packet reaches

the CI and partially transfers to the adiabatic S1 surface, where it experiences a gradient

in the opposite direction. This results in coherent short-time wave-packet dynamics within

the range −6 . Qt . 6, according to the initial energy contained in the wave packet. In

contrast to the short-time dynamics, the time evolution of PS2(Qt, t) for t > 200 fs depends

significantly on the system-bath coupling. For the isolated CI, the structure of PS2(Qt, t)

becomes increasingly irregular with time (panel (a)). For weak coupling to the bath, the
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S2 → S1 radiationless transition is still incomplete at t ∼ 1 ps. However, the irregular

structures are suppressed and PS2(Qt, t) reveals oscillatory ridges around Qt ≈ −2 and 4

(panel (b)). A stronger coupling to the environment (panel (c)) produces a smoothened

version of PS2(Qt, t), which shows regular oscillatory structures with a period 2π/Ωt = 56

fs. If the system-bath coupling increases further, PS2(Qt, t) exhibits qualitatively different

behavior (panel (d)). The bath facilitates irreversible S2 → S1 population transfer on a∼ 1 ps

timescale and the probability density PS2(Qt, t) gradually contracts, becoming concentrated

around Qt ≈ 1.6 which corresponds to the minimum of the S1 state (see Fig. 1).
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Figure 2: Time dependent probability density PS2(Qt, t) of the tuning mode in the upper
adiabatic PES S2 for different system bath coupling strengths Λt = Λt = 0 (a), 2 cm−1 (b),
10 cm−1 (c) and 60 cm−1 (d).
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Let us now consider SE signals. Fig. 3 shows computed ideal SE spectra which correspond

to perfect time and frequency resolution and thus contain the maximum of information on

the wave-packet dynamics. Panels (a) through (d) correspond to the system-bath coupling

strengths Λt = Λc = 0, 2 cm−1, 10 cm−1, and 60 cm−1, as in Fig. 2. For the isolated CI (panel

(a)), S(t, ωf) exhibits two well-separated emission bands arising from the S2 state (left) and

the S1 state (right), respectively. Emission from the S1 state occurs through S2 → S1 internal

conversion at very short time scales (t < 50 fs) due to intensity borrowing induced by the

nonadiabatic coupling. The S2 emission is overall more intense than the S1 emission for weak

system-bath coupling (panels (a) and (b)). For stronger system-bath coupling (panels (c)

and (d)), on the other hand, the emission from the S2 state dies away at longer times due

to radiationless depopulation of the S2 state.

The S2 and S1 states can be viewed as coherent emission sources, and the superposition

of emissions from different vibronic levels of the S2 and S1 states produce pronounced and

broad interference patterns covering the spectral domain from 3 to 5 eV (panel (a)). A very

weak system-bath coupling largely suppresses and smoothens erratic features in the time-

and frequency-resolved spectra, showing that the wave-packet dynamics at CIs is highly

sensitive to external perturbations (panel (b)), which is characteristic for chaotic dynamics.

With a larger but still weak system-bath coupling, S(t, ωf) reveals almost complete S2 → S1

population transfer on a timescale of ∼ 500 fs (panel (c)). For a moderate system-bath cou-

pling (panel (d)), emission from the S2 state disappears after about hundred femtoseconds,

while the fast S2 → S1 population transfer produces a broad (∼ 1 eV) initial emission from

S1 state. The spectral width of this emission narrows with time, being centered around 3.7

eV at 800 fs. This manifests the dissipation of excess vibrational energy (available after

the S2 → S1 radiationless transition) to the bath, which drives the system to the energy

minimum of the S1 state. This is the mechanism behind the famous rule of Kasha.

While ideal time- and frequency-resolved SE spectra provide perfect time and frequency

resolution, TFG SE spectra are limited by the fundamental time-frequency uncertainty prin-
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Figure 3: Ideal time- and frequency-resolved SE spectra S(t, ωf) for different system-bath
couplings: Λt = Λc = 0 (a), 2 cm−1 (b), 10 cm−1 (c) and 60 cm−1 (d).
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ciple. The TFG SE spectra calculated from the ideal spectra presented in Fig. 3 are plotted

in Fig. 4, assuming good temporal resolution (τf = 10 fs) and perfect frequency resolution

(γ = 0). The erratic features dominating the ideal spectrum in Fig. 3(a) are wiped out

in the TFG spectrum of Fig. 4(a) due to finite resolution in time. The TFG SE signal is

smooth and clearly reveals vibrational wave-packet dynamics in the S2 and S1 states. With

a slight increase of the system-bath coupling (panel (b)), STFG(t, ωf) starts to exhibit ad-

ditional quenching of the S2 population at longer emission times due to S2 → S1 internal

conversion. The TFG SE spectra in panels (c) and (d) resemble the corresponding ideal SE

spectra in Fig. 3(c) and (d), reflecting the wave-packet motion of the tuning mode in the S2

and S1 states. With longer gate pulses (e.g., τf = 50 fs or 100 fs), vibrational motion can no

longer be captured, while emissions from individual vibronic levels of the S2 and S1 states

can be detected, as shown in Figs. S5, S6 in the Supporting Information.

In the present simplified model for pyrazine, the S1 state borrows roughly 20 % of the in-

tensity of the S2 state in the stationary absorption spectrum, which agrees qualitatively with

the experimental observations.39 In the absence of dissipation, the fluorescence intensities

roughly reflect this intensity ratio (Fig. 4(a)) and the fluorescence from S1 should therefore

be easy to detect. In the presence of dissipation, on the other hand, the fluorescence from

S2 is rapidly quenched, while the fluorescence from S1 survives (Fig. 4(d)). At first glance,

the comparison of Figs. 4(a) and (d) seems to indicate that fluorescence photons are lost

by the inclusion of dissipation. This is, however, not the case (in the absence of competing

relaxation processes). The fluorescence is just emitted at later times and therefore is not

visible in Fig. 4.

The S2-projected probability densities PS2(Qt, t) in Fig. 2 and the spectroscopic signals

in Figs. 3 and 4 were computed for the same values of the model parameters. These

figures reveal remarkable similarity, proving that the ideal signal S(t, ωf) and the measurable

signal STFG(t, ωf) deliver projections of the wave packet in the S2 state. Some difference

between PS2(Qt, t) and S(t, ωf), STFG(t, ωf) can be seen around t ∼ tp because the Raman
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and fluorescence contributions to the SE spectra coexist for overlapping pump and gate

pulses.

The similarity between PS2(Qt, t) and S(t, ωf) can be made almost quantitative. If the

pump pulse duration τp and the optical dephasing time ξ−1 are short on the system dynamics

time scale, one can show under certain plausible assumptions that S(t, ωf) and PS2(Qt, t)

approximately coincide if ωf ≈ κ2Qt.
35 The comparison of Figs. 2 and 3 reveals that this

correspondence works quite well. For example, the initial width of the distribution PS2(Qt, t)

(−6 < Qt < 6) corresponds to a width of ∼ 1.8 eV in the frequency domain, which correlates

with the width of ∼ 2 eV of S(t, ωf). The widths of the two ridges of PS2(Qt, t) (−4 < Qt < 0

and 0 < Qt < 4 in Figs. 2(b)) become ridges of a width 0.6 eV in Fig. 3(b). On the other

hand, the probability densities of the coupling mode PS2(Qc, t), which are presented in Figs.

S1 - S4 in the Supporting Information, are not mapped out by the SE signals. In this respect,

the TFG spectrum does not reveal the complete information on the nonadiabatic dynamics

at the CI.

To summarize, we have systematically studied the monitoring of the excited-state wave-

packet dynamics by fluorescence up-conversion spectroscopy for a three-state two-mode

model mimicking the S2 − S1 CI of pyrazine immersed in a dissipative environment. We

combined the HEOM method for the simulation of dissipative quantum dynamics with the

EOM-PMA methodology for the calculation of spectroscopic signals. With these methods,

accurate simulations of dissipative nonadiabatic dynamics and systematic comparisons of

vibrational wavepackets, ideal time- and frequency-resolved SE spectra and TFG SE spec-

tra at CIs have become possible. We found that TFG SE spectra provide information on

the wave-packet dynamics of tuning modes of CIs and are very sensitive to bath-induced

dissipation.

It is possible to extend the present work towards the simulation of TFG SE spectra of

more realistic and complete (24 dimensional) models of pyrazine, which include quadratic and

higher-order vibrational and vibronic couplings, the dynamics of which involves a cascade
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Figure 4: TFG SE spectra STFG(t, ωS) in the case of a good time resolution (τf = 10 fs), a
perfect spectral resolution (γ = 0) and different system-bath couplings: Λt = Λc = 0 (a), 2
cm−1 (b), 10 cm−1 (c) and 60 cm−1 (d).

14



of transitions through CIs.40,41 This can be achieved, for example, by the combination of

the numerically efficient multiple Davydov Ansatz method with a general framework for the

evaluation of the third-order nonlinear response functions.42,43 It is also of great interest to

implement methods for ab initio on-the-fly calculations of TFG SE spectra for polyatomic

molecules by using, e.g., the semiclassical thawed Gaussian method,44 the multiple spawning

method,45 or the multiconfigurational Ehrenfest method.46 Work in these directions is in

progress.

The TFG SE spectrum can be viewed as a projection of the wave-packet motion at the

CI onto the electronic ground state. The results of the present work demonstrate that the

TFG SE signal mimics the time evolution of this wave packet in fine details, provided at least

one of the excited states has a non-vanishing transition dipole moment with the electronic

ground state. Since sub-50 fs temporal resolution in fluorescence up-conversion already has

been demonstrated47, TFG SE spectroscopy potentially can become a powerful and widely

applicable tool for the characterization of wave-packet dynamics of CIs in the Franck-Condon

region of polyatomic molecules.
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