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Abstract

In addition to traditional channels such as catalogs and brick-and-mortar

stores, merchants are now offering touch points like web storefronts and mo-

bile apps. The introduction of new channels revolutionizes shopping ex-

perience and has made managers revise supply chain design. We refer to

marketing a product in more than one channel as multi-channel marketing.

Chapter 1 reviews the latest literature on managing a supply chain in

the context of multi-channel marketing. This is to develop a framework on

which our work is based. Both theoretical findings and practical executions

are included.

Chapter 2 compares end-of-period with continuous cost accounting of

inventory in serial systems. End-of-period accounting calculates inventory-

related costs when inventory is received or shipped whereas continuous ac-

counting calculates inventory-related costs continuously. An approach to cal-

culating inventory-related costs installation by installation is provided. By

taking this approach, the switch from end-of-period accounting to continu-

ous accounting is easy to handle. It is proved that the deployment of end-

of-period accounting overshoots the optimal reorder points when inventory-

related costs are incurred continuously. The effect of the overshot reorders on

the inventory-related costs is substantial when the cost parameters are large,

customer demand is high and reorder intervals are long. Numerical results



show that continuous accounting takes longer computation time than end-

of-period accounting. Furthermore, the computation time difference grows

exponentially as the number of installations increases.

Chapter 3 studies one-warehouse multi-retailer systems where inventory

is redistributed every period and the warehouse may also meet customer de-

mand. By considering the assignment of each unit of inventory, an approach

to determining the optimal redistribution is provided. The inventory-related

cost is proved to be a convex function of the order-up-to level, which facili-

tates the search for the optimal order-up-to level for the warehouse. Based

on a lower bound of the total cost which consists of the cost of ordering and

the inventory-related cost, an upper bound of the optimal reorder interval is

found. Afterwards, two methods that are aimed at reducing the inventory-

related cost during one period are studied. One is referring customer demand

to the warehouse who incurs a lower holding cost rate than the retailer. Nu-

merical results show that this method is effective when inventory is sufficient.

The other method is stockout-based substitution and this method works well

especially when the total supply is close to the total demand.

Chapter 4 discusses management of demand in two channels where the

demand in each channel is a general function of the price, the price differ-

ential and the substitutability between the products in the two channels. It

characterizes the total amount of demand when the price is optimal. Further,

if there exists a price differential, demand migrates from the highly priced

channel to the relatively lowly priced one. In this situation, the effect of the

migration of demand on the total profit is mediated by the profit margins.

In a multi-period setting where the price differential in one period affects the

ii



customer base in the following period, the optimal policy, if unique, should

group the periods during which the customer base is the same.
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Chapter 1

Impacts of Multi-channel

Marketing on Supply Chain

Management: a Review of the

Latest Literature

1.1 Introduction

Nowadays, customers are reached in multiple ways. In 2013, 87.3 billion

direct mails were sent out, 416 commercial emails were received by a user

monthly on average and nearly 108 million adults in the U.S. bought some-

thing online (DMA, 2014). Meanwhile, many firms are expanding by adding

new channels. For example, Zara opened the first web storefront in China

at Tmall.com in October 2014 (Inditex, 2014) and Amazon opened the first

brick-and-mortar store on the campus of Purdue University in February 2015

1



(Amazon, 2015).

Multi-channel marketing enables a customer to interact with a merchant

in a number of ways, including brick-and-mortar stores, Internet, catalogs,

kiosks and so on, from which a customer plans her shopping trajectory and

nabs the best deal. A customer may browse the product information online,

touch the merchandise in the store, view customer reviews from the mobile

app, order at the self-service kiosk and receive delivery at home.

Many firms are adopting multi-channel marketing to satisfy the needs of

their customers and maintain competitive advantages. For example, Marks &

Spencer (M&S) offers four ways to shop, i.e., online, mobile, in store and over

the phone. These channels are linked such that product codes are identifiable

across channels and items bought online can be returned to or exchanged in

any store (M&S, 2015). Another example is Argos who has three ordering

channels, i.e., Internet, phone and store. In 2014, 44% of total sales come

from the Internet. Meanwhile, the firm claims that the network of 734 stores

plays an important role in providing local convenience and facilitating multi-

channel sales such as collecting an online order from the store (Argos, 2014).

In this chapter, we review literature on supply chain management in a

multi-channel framework based on theoretical findings and practical execu-

tions, with a focus on the most recent development in the field. We refer the

reader to Rangaswamy and Van Bruggen (2005), Neslin and Shankar (2009)

and Zhang et al. (2010) for excellent reviews of past literature (covered up

to 2010). Our contribution is tripartite. Firstly, we communicate the latest

(mainly from 2009 to 2014) findings on multi-channel marketing. Secondly,

we look upon both the demand side (customer behavior) as well as the supply

2



side to catch the interaction between them. Thirdly, we connect theory and

practice by using instances from industry practice to illustrate theoretical

findings.

The remaining sections are organized as follows. We first recapitulate

results on customer behavior, such as channel preference and customer sat-

isfaction, towards multi-channel marketing. Then we synthesize findings on

whether to be multi-channel and how to coordinate multiple channels. After-

wards, inventory models in multi-channel marketing are reviewed and lim-

itations of existing methods are pointed out. We conclude the chapter in

Section 1.6.

1.2 Impacts of Channel Strategy on Customer

Behavior

Concerns about customer demand are foremost on many managers’ minds.

On the one hand, multi-channel marketing raises awareness about the prod-

uct. As a result, market penetration is likely to rise. On the other hand,

multi-channel marketing intensifies competition for sales as customers have

easy access to product information and may compare products among compa-

nies. It is necessary to know customer behavior well because customers have

a significant impact on operations management of the supply chain (Arnold

et al., 2013) . A clear understanding of customer behavior is a prerequisite

for a winning strategy.
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1.2.1 Which Channels Does a Customer Prefer?

A consumer can use a variety of channels to make purchases, depending on

individual preferences. She may be used to buying books from her favorite

bookstore, prefer to buy a computer online, or have a collection of T-shirts

bought from stores and online as well.

Channel usage intention not only varies across product categories (Kush-

waha and Shankar, 2013), but also evolves over stages of purchasing and dif-

fers among customers (Frambach et al., 2007). At each stage of purchasing,

a customer’s intention to use a particular channel is influenced by channel

attributes (e.g., convenience, risk), her past experiences with that channel

and her channel intention at another stage. The relative importance of the

three factors varies across stages (Gensler et al., 2012b).

Single-channel or Multi-channel

Compared with single-channel marketing, multi-channel marketing provides

customers with more touch points to acquire production information and

larger product range to choose from. It benefits the customers who are

seeking that provision.

First of all, customers have multiple ways to find out product information

with multi-channel marketing. They can search the Internet and inquire

further in the store. However, a multi-channel framework does not fit in

with each market. A customer who has no access to Internet may not think

highly of the opening of an online channel.

Secondly, product categories govern effectiveness of multi-channel mar-
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keting. Kushwaha and Shankar (2013) identify the most valuable customers

(traditional-channel, electronic-channel, or multi-channel) for each product

category (utilitarian vs. hedonic; low-risk vs. high-risk). They find that

multi-channel customers spend more than single-channel customers only on

hedonic products, because hedonic products trigger variety-seeking behavior

and customers buy from multiple channels for a wide selection. Traditional-

channel customers spend more than others on low-risk products. Electronic-

channel customers spend more than others on high-risk/ utilitarian product.

These findings help guide marketers’ target. A firm offering hedonic products

should be dedicated to all channels, whereas one offering high-risk/ utilitarian

products targets electronic customers.

Online or Offline

A customer may look for information and compare products on the Internet.

To check a product or to secure a payment, she may go offline. Other than

that, is a customer apt to visit a web storefront or come to a brick-and-mortar

store? How do online and offline customers behave differently?

Although a customer with sufficient Internet experience is inclined to

use online channels (Frambach et al., 2007), she is observed to display low

loyalty towards one web storefront (Ansari et al., 2008). That is, she makes

few subsequent purchases from there. This phenomenon is conjectured to be

owing to low switching costs over the Internet and Internet customers’ lack

of engagement in personal service. To deal with low loyalty, Gilt.com, which

is a flash sales site, launched the Gilt Insider Program in 2013. Members

earn points as they interact with the site and they can redeem points to get

5



benefit such like discounts and free shipping (Gilt, 2013).

Another difference between online and offline customers is that promo-

tions work differently for the two (Zhang and Wedel, 2009). Loyalty promo-

tions, aiming at retaining customers, are more profitable online than offline,

whereas competitive promotions, targeting at acquiring customers, are the

opposite. While individual-level customized promotions excel segment- and

mass market-level ones remarkably in the promotion-sensitive categories on-

line, the incremental profit of offering individual-level customized promotions

over the other two is marginal offline. Low offline redemption rates partially

account for those differences.

1.2.2 Cross-channel Effect

Will purchase intentions in one channel spill over into another? If a firm is

multi-channel, it can be difficult to tell where a sale originates. For instance,

a store sale may stem from an attractive online advertisement or a pleasant

TV shopping experience before.

Theoretically, research shows that cross-channel effect is manifold. Firstly,

cross-channel effects from online advertising to offline sales and from offline

advertising to online sales exist, but the former is stronger than the latter

(Dinner et al., 2014). Secondly, offline brand image influences online brand

belief and online performance influences offline brand belief. A strong offline

brand image minimizes the impact of negative online performance on offline

brand belief (Kwon and Lennon, 2009). Thirdly, the intention to search

in channel A of firm 1 and purchase in channel B of firm 2 is associated
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positively with a customer’s perceived efficacy of utilizing multiple channels,

attractiveness of channel B of firm 2 and negatively with firm 1’s lock-in level

(Chiu et al., 2011).

These findings suggest that one channel influences customer intention

towards another. Hence, channel and communication options should be de-

signed, implemented and managed properly so that sales and brand equity

are maximized and synergistic (Keller, 2010).

1.2.3 Customer Satisfaction

Will a customer appreciate a multi-channel firm? How will a customer cri-

tique multiple channels holistically?

Multi-channel strategy satisfies a customer via enhanced service outputs

and this enhances customer-retailer loyalty (Wallace et al., 2004), regardless

of whether the customer conducts business with a single company or com-

peting companies (Larivière et al., 2011). On the other hand, some research

cautions a firm against myopic multi-channel strategy. A customer’s overall

satisfaction depends on service quality of each channel (Montoya-Weiss et al.,

2003) and the evaluation of a particular channel is influenced by qualities of

other channels as well (Fernández-Sabiote and Román, 2012). Discrepancies

in service qualities in different channels weaken the positive associations be-

tween Web quality and customer trust and commitment (Liao et al., 2011).

Thus, a firm should balance its efforts among channels.
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1.2.4 To Right Channel Customers

When and how to direct a customer to the right channel?

A firm should right channel a customer soon after acquisition. At a trial

stage when a customer is learning about the product and purchases, her

channel choice is influenced by the firm’s marketing efforts and the influence

is stronger than at a post-trial stage when she has learnt her preference for

the product and purchases (Valentini et al., 2011).

Steering customers from one channel to another induces reluctance, but

a voluntary or rewarded migration strategy induces less reluctance than a

punishment-based or enforcing one (Trampe et al., 2014). For example, DBS

Bank rewarded a customer S$5 for downloading and registering the mobile

app DBS PayLah! when the app was introduced into Singapore in 2014

(DBS, 2014).

1.3 Is It Beneficial to Be Multi-channel?

Profitability of multi-channel marketing depends on circumstances. Putting

up product information online can do more harm than good in that customers

make fewer trips to stores and spend less money than before (Van Nierop

et al., 2011). On the other hand, Gensler et al. (2012a) find that the opening

of an online channel increases revenue and decreases cost. Thus, adoption of

multi-channel marketing should be negotiated on a case-by-case basis.

Two multi-channel structures have been recorded in the literature. One

is that a retailer sells in multiple channels, e.g., Bust Buy vends at Best-

Buy.com, the Best Buy app along with Best Buy stores (BestBuy, 2015a).
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The other is that a manufacturer sells through an independent retailer as well

as in his direct channel. For example, Nike’s products are carried by retailers,

such as SportsLink and TANGS, and Nike direct stores in Singapore (Nike,

2015). A manufacturer’s and a retailer’s desirable supply chain structures

may be different and both change with market conditions, operational costs

and coordination between the two members (Cai, 2010).

1.3.1 Should a Retailer Be Multi-channel?

Impacts of adding clicks to bricks and adding bricks to clicks are documented.

It is found that the launch of an online channel does not cannibalize offline

sales significantly (Biyalogorsky and Naik, 2003), but improves a firm’s per-

formance measures(Xia and Zhang, 2010). In contrast, the opening of the

store initially cannibalizes catalog demand and repeat purchase from the di-

rect channel. Over time it increases demand in both channels and brings

in more and more first-time customers to the direct channel (Avery et al.,

2012).

Practically, it can be strategic to open multiple channels. On the one

hand, Internet helps improve a store channel as it is observed that the option

of online buying and store pickup decreases online sales but increase store

visits and sales (Gallino and Moreno, 2014). On the other hand, a multi-

channel service meets the needs of customers. For example, the service of

Check & Reserve at Argos enables a customer to reserve a product (via

Internet, over a phone, etc.) and get it instantly when she comes to the

store. This service shortens in-store searching time for that product and is
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especially useful if the customer needs it urgently (Argos, 2015).

However, a retailer is not necessarily better off running more channels.

Carrillo et al. (2014) show that the customer propensity of online purchases

and risk of leftover inventories partially determine the optimal channel mix.

When the propensity is extreme and/ or risk is high, a single-channel strategy

tends to be optimal. Otherwise, when the propensity is moderate and risk is

low, a dual-channel strategy is reasonable. Indeed, eliminating a channel can

be beneficial. Konuş et al. (2014) find that eliminating the catalog search

channel drives customer traffic away from the telephone channel but towards

the Internet. Revenue loss due to reduced purchases is offset by cost savings

in not operating that channel.

1.3.2 Should a Manufacturer Be Multi-channel?

General research unfolds the merit of a manufacturer’s multi-channel struc-

ture and the framework to build it. Establishing a new channel enhances

firm value and the value is positively related to competitive intensity and

industry turbulence, which implies the effectiveness of a multi-channel strat-

egy in spreading risk in a volatile market (Homburg et al., 2014). Sharma

and Mehrotra (2007) come up with a six-stage framework for developing the

optimal channel mix. It starts from examining each channel and then all the

channels as a whole. This developing process starts over again, after observ-

ing feedback from customers and channels, for continued improvement.

In this section, we are to address specific questions, such like should

a manufacturer sell through a retailer? Should he open a direct channel?
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Should he do both?

How to construct a promising channel structure? When demand vari-

ability is low, it is profitable for the manufacturer to open a direct channel

(Aussadavut et al., 2008). Moreover, the dual-channel strategy profits the

manufacturer more than the single-channel (either retail channel only or di-

rect channel only) strategy and induces a higher service level in the direct

channel than the direct-channel-only strategy (Chen et al., 2008). Besides,

a manufacturer profits from having multiple retailers, even if they place its

direct channel in an unfavorable condition (David and Adida, 2014).

In addition, a manufacturer can benefit even more. When decision making

is coordinated and centralized, opening a direct channel increases the total

profit (Aussadavut et al., 2008) and a dual-channel strategy that allows a

customer to search and buy from the other channel in case of stockouts in

her preferred channel can reduce inventory costs substantially (Chiang and

Monahan, 2005).

However, multi-channel marketing does not always pay off and adoption

should be negotiated on a case-by-case basis. Firstly, revenues should offset

expenditures of running multi-channel and it is not an unusual practice to

close unprofitable business. In 2012, PUMA introduced the Transformation

and Cost Reduction Program and had closed 73 stores by the end of 2013

(PUMA, 2013). Secondly, when manufacturers are competing, a stronger

customer preference for direct (indirect) channel does not necessarily lead

to more openings of direct (indirect) channels (Hsiao and Chen, 2013). A

manufacturer may choose to differentiate its channels from the mainstream

so as to avert fierce competition. Thirdly, introducing an Internet channel
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does not necessarily increase profits (Yoo and Lee, 2011; Lu and Liu, 2015).

Impacts of the introduction depend on channel structures and market condi-

tions (Yoo and Lee, 2011; Hsiao and Chen, 2014). Fourthly, a multi-channel

manufacturer may have difficulty in obtaining a single customer view that is

essential for analyzing past shopping behaviors and personalizing future offer-

ings. This is partially because sales records in different channels are neither

consistent nor unified. To tackle this problem, Clarins rewards customers

for recording their offline purchases online at Club Clarins (Clarins, 2015).

Fifthly, conflicts may arise while channels are competing for customers.

1.4 Coordination Strategy

Why should members of a multi-channel supply chain coordinate? Firstly,

Balakrishnan et al. (2014) report a case where two players compete fiercely.

When customers have the option to browse products in a brick-and-mortar

store and switch to purchase them from an e-tailer, intense price competition

between the two emerges and lowers equilibrium payoffs to both. Secondly,

decentralization sets the retail price low in the direct channel and high in

the retail channel and cuts the total profit compared with centralization (Xu

et al., 2014). Thirdly, decentralization fails to take advantage of risk pool-

ing, as Chiang (2010) show that increasing the proportion of customers who

substitute the in-stock channel for the out-of-stock one can either increase or

decrease the total profit if activities are decentralized. That horizontal substi-

tution and the vertical double marginalization induce each member to stock

more or less goods than are needed (Boyaci, 2005). On the other hand, in-

12



tegrating resources and operations across multiple channels protects a firm’s

short-term and long-term interests (Oh et al., 2012). Thus, coordination is

sought-after.

However, members do not naturally coordinate. While coordination is

beneficial to the supply chain system as a whole, it does not necessarily

benefit each member equitably. For example, having access to the retailer’s

information increases a manufacturer’s profit in the Stackelberg competition

led by him, because knowledge of the retailer’s response aids him in decid-

ing the wholesale price and the retail price in his direct channel. However,

whether the manufacturer shares his information with the retailer or not does

not impact the retailer, because the retailer can observe the manufacturer’s

information via the wholesale price (Yan and Pei, 2011). Therefore, incentive

to coordinate is needed.

In this section, we summarize incentive schemes to boost supply chain

performance based on theoretical knowledge and practical experience. Some

of them are pure strategies, e.g., decreasing the wholesale price only. A pure

strategy may benefit all members but not necessarily to the same extent

as centralization. As Boyaci (2005) observed, many simple contracts that

prompt members to coordinate in a single-channel supply chain do not do

the job in a multi-channel one because of the coexistence of substitution

and double marginalization. That is why a lot of hybrid schemes have been

devised, e.g., product differentiation accompanied by profit sharing in Yan

(2011) and adjustments to wholesale and retail prices in Cai (2010).
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1.4.1 Adjusting the Wholesale Price

Adjustments to wholesale prices feed into retail prices and the latter affect

sales. Adjusting the wholesale price in a dual-channel system where the

manufacturer sells in its direct channel and via retailers mitigates double

marginalization in a retailer-channel-only structure. It can help cultivate

coordination and resolve channel conflict as well (Tsay and Agrawal, 2004).

Specifically, the introduction of a direct channel will be accompanied by a

wholesale price reduction (Arya et al., 2007) that prompts the retailer to

cut the retail price and that stimulates demand at the retailer. Both the

manufacturer and the retailer profit from the adjustment (Chiang et al.,

2003). Especially, a linear quantity discount on the wholesale price improves

the overall efficiency (David and Adida, 2014).

1.4.2 Adjusting Retail Prices

Should retail prices in different channels be equal? In practice, we see both

equal and unequal prices. While the conventional wisdom is that deals online

are cheaper than offline, BestBuy.com declares that “we’ll match the product

prices of key online and local competitors” (BestBuy, 2015b).

How to set retail prices in multiple channels strategically? First of all,

if the retail price in the direct channel (p) is to maximize the total profit,

then either keeping the retail price at the retailer unchanged or adjusting

it to p undershoots the global optimal value by no more than 4% in many

cases (Huang and Swaminathan, 2009). This research partially justifies the

existence of both equal and unequal prices. Secondly, unequal prices direct
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customer flow. Some manufacturer opens a direct store downtown, show-

casing his products and/ or educating customers. Bernstein et al. (2009)

shows that if customer valuation increases after visits, then the direct store

should set a higher retail price than retailers. In doing so, the manufacturer

is directing customer traffic to retailers and averts the high cost of carrying

inventories downtown. Zhang (2009) shows that when the online margin is

low, the multi-channel retailer benefits from reducing the offline price and

advertising that reduced price online. That practice attracts customers to

offline offers where the margin is relatively large. Thirdly, if a manufacturer

sells through a retailer and an e-tailer, then the retailer tends to set a low

margin whereas the e-tailer is inclined to set a high margin in equilibrium.

Consequently, the retailer is expected to retain grocery shoppers and grab

some Internet shoppers, whereas the e-tailer aims the Internet shoppers who

place a premium on it (Hsiao and Chen, 2014).

However, coordination strategy should be revised as market conditions

change over time. Otherwise, a player may fall back into maximizing his

own profit. For example, when the direct channel is inconvenient and costly

relative to the retail channel, it is reasonable for the manufacturer to match

his retail price to the retailer’s. As inconveniency and costs decrease, profits

at both the manufacturer and the retailer grow. Nevertheless, the manufac-

turer can be better-off if he sets a lower retail price than the retailer, at the

expense of the retailer’s profit (Cattani et al., 2006).
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1.4.3 Profit or Revenue Sharing

Profit or revenue sharing prompts members to set prices wisely and share

resources such as information, sales effort and inventory so that the optimal

total profit is achieved. Xu et al. (2014) propose a two-way revenue sharing

contract and show that it coordinates a risk-averse dual-channel supply chain

if a condition on the wholesale price and the two fractions of revenue share is

fulfilled. Yan and Pei (2011) suggest profit sharing to facilitate information

sharing. The split in the additional profits is obtained by solving the Nash

bargaining problem. To improve the situation where a retailer’s sales effort

is frustrated by an e-tailer who free rides that effort and offers the product

at a lower price than the retailer, Xing and Liu (2012) devise a coordina-

tion scheme where the manufacturer compensates the retailer for each item

that he has sold at that lower price at customers’ request. Boyaci (2005)

construct a two-part compensation-commission contract where the retailer

receives compensation from the manufacturer for each residue of the stock

below the target and earns commission on each sale above that target. The

optimal stock levels are then achieved as well.

1.4.4 Mutually Beneficial Arrangement

While the above-mentioned strategies are detailed instructions on how to

coordinate, there are some general guidelines to follow.

Firstly, products in different channels are differentiated (Vinhas and An-

derson, 2005). For example, Watsons Singapore sells Colgate toothbrush

twin packs in stores whereas its web storefront offers single and triple packs
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only (Watsons, 2015). Other than changes in packs, products can be differ-

entiated with value-added services. For example, Topshop provides in-store

Personal Shopper service. During an appointment, a Personal Shopper gives

advice and recommends garments to a customer, so that the customer is

brought up-to-date with fashion (Topshop, 2015). Differentiation promotes

profit in each channel. It makes a more valuable contribution to profit when

customers are less sensitive to the price and/or the market is larger (Melewar

et al., 2010). However, differentiation does not naturally maximize profits.

While accompanied by a certain coordination scheme such as profit sharing,

differentiation boosts profit at each member (Yan, 2011; Yan et al., 2011).

Secondly, each channel that participates in a sale is compensated, regard-

less of whether the channel is used in the pre-purchase or the purchase stage

(Vinhas and Anderson, 2005). This is the practice in Evans Cycles. If a

sale like click and collect involves EvansCycles.com and a store, then both

channels are rewarded (Charlton, 2013).

Thirdly, order ownership is clarified (Vinhas and Anderson, 2005) for

practices such as referring all demand to the direct channel and rendering

all demand to the retailer (Tsay and Agrawal, 2004). For example, store

managers in John Lewis are responsible for both store and online sales in

their catchment area (Ruddick, 2013).

Fourthly, sharing real-time information throughout the supply chain re-

duces costs (Mahar and Wright, 2009) (Mahar et al., 2009) (Mahar et al.,

2012). It helps determine which site should handle an online order so that

stocks at all sites are delicately balanced. Liu et al. (2010) tackle the problem

of delivering online orders from warehouses that also satisfy in-store demands.
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They observe that the warehouse with high in-store demand uncertainty and

low unit transportation cost from the distribution center through that ware-

house to a region is a good candidate to deliver online orders originating

from that region. Besides, the sharing also polishes up online shopping expe-

riences. For example, M&S.com updates stock availability every 15 minutes

and refreshes it at the checkout so that each item in the “bag” belongs to

the customer and the dedicated item is delivered on time (M&S, 2014).

1.5 Inventory Models for Multi-channel Firms

Previous sections were judgments about the multi-channel strategy. It was

pointed out that a multi-channel strategy has an effect on demand charac-

teristics and supply patterns and causes channels to compete against each

other. Thereafter, various coordination mechanisms were suggested so as to

mitigate conflicts. This section will discuss the physical distribution aspect of

supply chains for multi-channel firms. Physical distribution is the movement

and storage of finished goods from the end of production to the customer

(Arnold et al., 2013). Customers are acquired from multiple channels and

there can be one or more sites fulfilling customer demand. Physical distri-

bution systems are rich in literature and they prove adaptable to solving

multi-channel inventory management issues.

1.5.1 A Single Fulfillment Site

A multi-channel firm can have exactly one site (belonging to one channel)

to fulfill customer demand and other sites to serve purposes rather than de-
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mand fulfillment. For example, the manufacturer advertises products online

and refers customers to its brick-and-mortar store for purchase. Another ex-

ample is that customers can place orders online and their orders are shipped

from the brick-and-mortar store which also meets in-store demand. In both

examples, the online channel motivates sales at the store and all customer

demand is fulfilled by the store.

The distribution inventory system for such firms can be modeled by a

serial system where each stock point has at most one immediate successor.

Products are transferred from a chain of warehouses to the store to meet cus-

tomer demand there. If the store replenishes stock from the manufacturer

directly, the distribution inventory system is reduced to a single store. For

both multi-echelon serial systems and single-echelon systems, various inven-

tory control policies have been developed to guide material flow through and

properties of the optimal policy parameters that minimize cost have been

studied.

The following costs are commonly used for inventory management deci-

sions: the costs associated with order placement and excess and shortage

of inventory (Axsäter, 2007). The cost of placing an order is incurred re-

gardless of the size of an order and covers order preparation, follow-up, etc.

Carrying costs or holding costs include capital costs, storage costs and risk

costs. Shortage costs are incurred when there is a stockout. The sum of the

latter two is referred to as inventory-related costs (Rudi et al., 2009). While

literature on multi-echelon systems mainly uses end-of-period accounting for

inventory-related costs, Chapter 2 discusses echelon (r,nQ,T) policies in serial

systems where inventory-related costs are incurred continuously.
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1.5.2 Multiple Fulfillment Sites

When demand is huge, a multi-channel firm can establish multiple fulfillment

sites to meet demand. For example, one or more stores meet in-store demand

while another site is set up to fulfill online orders. Another example is that

a warehouse ships online orders and replenishes a brick-and-mortar store as

well. Those are examples of one-warehouse multi-retailer systems.

In modeling one-warehouse multi-retailer systems, the warehouse usually

plays one of the following three roles. Firstly, the warehouse is an outside

supplier or goods stay there for only a short time, so that inventory costs

are not charged at the warehouse (such systems are called R-systems, see

e.g. Gallego and Simchi-Levi (1990)). Second, the warehouse is a storage

facility that receives large-volume goods and replenishes retailers’ stocks (see

e.g. Gallego et al. (2007)). Thirdly, in the modern multi-channel market-

ing, a warehouse is also equipped to ship online orders. In that situation,

the warehouse not only supplies retailers but also meets customer demand

directly (such systems are called dual-channel systems, see e.g. Chiang and

Monahan (2005)).

In order to meet customer demand at multiple retailers (in case of dual-

channel systems, at the warehouse as well) at the minimum costs, inventory

should be distributed among all stock points properly. In continuous review

systems where the stock is monitored at all times, inventory is usually con-

trolled by (R,nQ) policies such that whenever the stock drops to R or below,

a minimum number of batches of size Q are ordered at upstream to raise stock

above R. Such one-warehouse multi-retailer systems have been evaluated and
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optimized in Chen and Zheng (1997), Axsäter (2000) and Axsäter (2003)

among others. With continuous review (R,nQ) policies, there are hardly any

instances where two or more retailers place orders at the warehouse simul-

taneously. On the other hand, in periodic review systems where the stock is

inspected at predetermined time instants, review intervals are usually multi-

ples of a base period. Thus it is not rare to observe several retailers placing

orders at the warehouse simultaneously. Indeed, such incident provides an

opportunity to redistribute stock among these installations. While literature

on redistribution of inventory mainly assumes that the length of the order cy-

cle is pre-determined, Chapter 3 develops an method to determine the length

of the order cycle in view of a fixed cost for each order.

1.5.3 Demand Modeling

Inventory decisions are on how to match supply with demand in a cost-

effective way. While Chapters 2 and 3 discuss the supply part of the supply

chain, Chapter 4 discusses the demand part. While most literature assumes

demand to be a linear function of a number of factors, Chapter 4 considers

a general form of demand.

1.6 Conclusions

In this chapter, we review literature on supply chain management in a multi-

channel framework based on theoretical findings and practical executions,

with a focus on the most recent development in the field.

Meanwhile, we observe a relative lack of explorations of after-sales service
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in concurrent channels. Which channels are preferable for interacting with

the merchant after sales? How should multiple channels collectively handle

returns and exchanges? These explorations will broaden our knowledge of

customer behavior and instruct supply chain managers in resource allocation.

22



Chapter 2

A New Method to Evaluate

Serial Systems Implementing

Echelon (r,nQ,T) Policies

2.1 Introduction

End-of-period and continuous accounting are two schemes in which inventory-

related costs are assessed. The end-of-period accounting evaluates inventory

at the end of each predetermined period such as a replenishment interval

or a period of one unit time. It is a conventional method to assess cost

and has the advantage of being mathematically tractable (Rudi et al., 2009).

The continuous accounting assesses cost in an ongoing manner and is appli-

cable to the cost that is incurred continuously over time. Back order cost

is such an example because it depends on the duration of stockouts. The

inventory-related costs can be huge, since the inventory on hand alone finan-
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cially represents from 20% to 60% of the total assets on the balance sheet

in manufacturing companies (Arnold et al., 2013). Thus a proper evaluation

of inventory on which decision is based is essential for effective operations

management.

Both accounting schemes have been used frequently to model the inventory-

related costs incurred in holding or back-ordering an item in single-installation

inventory systems. Liu and Song (2012) and Ang et al. (2013) establish the

properties of a periodic-review order-up-to (S,T) policy and develop the tech-

niques for searching for the optimal parameters that minimize the cost with

end-of-period accounting. Rao (2003) investigates the properties of an (S,T)

policy with continuous accounting based on the results in Hadley and Whitin

(1963). When the reorder level is also a policy parameter, Lagodimos et al.

(2012) propose a decomposition approach to determining the optimal (s,S,T)

policy that minimizes the total average cost with continuous accounting. Re-

cently, Rudi et al. (2009) compare the two accounting schemes in a setting

where cost is incurred continuously. They point out that deploying the end-

of-period accounting always overshoots the order-up-to level and results in a

rise in the inventory-related costs.

While assessing the inventory-related costs in the multi-echelon inven-

tory systems where inventory transfers from an upstream installation to the

downstream echelon, the majority of literature uses end-of-period accounting.

Moreover, the evaluation is based on the echelon stock that was introduced

in Clark and Scarf (1960). Chen and Zheng (1994) get the probability mass

functions (pmf) for inventory levels in each echelon and obtain the expected

cost through pmf. Van Houtum et al. (2007) and Shang and Zhou (2010)
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recursively calculate the average inventory-related costs for each echelon and

finally obtain the total cost. To our knowledge, Wang and Wan (2016) is the

only work that uses continuous accounting to assess the inventory-related

costs in multi-echelon inventory systems.

Herein, we study a serial inventory system that uses echelon (r,nQ,T)

policies. With such a policy, inventory in each echelon is reviewed period-

ically. When it drops to the reorder point or below, the installation places

an order for multiple base order quantities at its immediate upstream in-

stallation. Our contribution is the following: (1) we develop a method of

assessing the inventory-related costs when the cost is incurred continuously

in this serial inventory system; (2) our evaluation method enables installa-

tions to calculate inventory-related costs independently of each other; (3) we

prove that deploying end-of-period accounting for continuously accumulated

cost results in overshot reorder points in all echelons; (4) numerical tests

show that continuous accounting has disadvantages in terms of computa-

tion time; and (5) given the advantages in accuracy and the disadvantages

in speed, continuous accounting is appropriate for the supply chains with a

small number of installations.

2.2 Model

In this chapter, we consider a serial inventory system that consists of N

installations and inventory transfers through installations N,N − 1, ..., 1 in

sequence (Figure 2.1). For ease of description, the supplier that replenishes

installation N is referred to as installation N + 1. For j ∈ {1, 2, ..., N},
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installation j and downstream constitute echelon j. Installation j is replen-

ished according to an echelon (r,nQ,T) policy. With this policy, every Tj unit

time, installation j reviews nominal echelon j inventory position (shortened

to NIPj from this point onwards) which equals the orders placed but not

yet received by installation j plus the inventory at installation j plus the

inventory in transit to or at installation j − 1, j − 2, ..., 1 minus the back

orders at installation 1. Equivalently, NIPj equals the orders placed but not

yet received by installation j, plus all inventory in echelon j, minus the back

orders at installation 1. If NIPj is less than or equal to the reorder point

rj, installation j orders a multiple of Qj units from installation j+ 1 to raise

NIPj to be in {rj + 1, rj + 2, ..., rj + Qj}. Once receiving the request by

installation j, installation j + 1 ships out the supplies immediately. If in-

stallation j requests more inventory than is available, installation j+ 1 ships

out all available inventory. The model assumes that installation N + 1 has

ample stock. The transportation lead time from installations j + 1 to j is

Lj. Customers request goods from installation 1 and the customer demands

during non-overlapping intervals of equal length are independent, identically

distributed and non-negative integers. Unsatisfied demand units are back-

ordered.

Figure 2.1: A serial system consisting of N installations of which each instal-
lation is denoted by an inverted triangle

It is assumed that (1) the review epochs are organised: a review at echelon
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j, j ∈ {2, 3, ..., N}, triggers a review at echelon j − 1 after Lj so that the

inventory that just arrives at installation j has an opportunity to be shipped

out immediately (Chao and Zhou, 2009); (2) initially installation j keeps a

supply of multiple Qj−1 units on hand to avert immovable residue of the

stock (Chen and Zheng, 1994); and (3) for coordination purposes, Qjs and

Tjs follow the integer-ratio rule with Qj divisible by Qj−1 and Tj divisible by

Tj−1.

Continuous accounting assesses inventory-related costs at all times. End-

of-period accounting evaluates inventory-related costs just before replenish-

ment is received from upstream and just before an order is shipped down-

stream. The inventory-related costs consist of holding cost and back order

cost. The holding cost is charged at h′j per unit time for each unit of inven-

tory on hand at installation j, j ∈ {1, 2, ..., N}, or in transit to installation

j − 1, j ∈ {2, 3, ..., N}. The back order cost is only applicable to the unsat-

isfied demand at installation 1 and is charged at b per unit per unit time.

To this end, we introduce the following notation. IPj represents eche-

lon j inventory position which equals the inventory in transit to or at in-

stallations 1, 2, ..., j minus the back orders at installation 1. Installation 1

inventory position is the same as IP1.IL
′
j represents installation j inven-

tory level which equals inventory on hand minus back orders at installation

j.IPj(t) and IL′j(t) represent the realization of IPj and IL′j at t respec-

tively. t+ or (t)+ represents the instant immediately after the replenishment

activities (ordering, shipping and receiving) at t.[x]+ = max{x, 0}.g(d, t)

represents the probability of having d units of customer demand in t unit

time. G(d, t) represents the probability of having at most d units of cus-
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tomer demand in t unit time. To condense mathematical expressions, we

define τj,p = Lj + pTj−1, p ∈ {0, 1, ..., Tj/Tj−1 − 1}.

2.3 Cost Calculation

In this section, we describe the approach to assessing inventory-related costs.

The inventory-related costs at echelon j, j ∈ {2, 3, ..., N}, consist of the hold-

ing cost of the inventory on hand at installation j, the holding cost of the in-

ventory transferring from installation j to installation j−1 and the inventory-

related costs at echelon j − 1. The inventory-related costs at echelon 1 are

the holding cost and the back order cost at installation 1. We first show

that the holding cost of in-transit inventory is constant and then develop a

top-down and recursive method to calculate inventory-related costs.

Let λ denote the mean demand per unit time. The holding cost of

in-transit inventory is calculated in the following way. Installation j, j ∈

{2, 3, ..., N}, on average supplies installation j − 1 at a rate of λ per unit

time. It takes Lj−1 unit time to move from installation j to installation

j − 1. By Little’s law (Little, 2011), the average amount of inventory on

its way to installation j − 1 is λLj−1. The holding cost of that inventory is

h′jλLj−1 per unit time.

Next, we detail the recursive routine to calculate the inventory-related

costs at echelon j, j ∈ {2, 3, ..., N}. Let t denote a review epoch of installation

j. In other words, installation j reviews NIPj at time t. Let R,R ∈ Z, be

the realization of IPj at t+, i.e., IPj(t
+) = R.

Lemma 2.3.1. (Key Observation) The realization of the customer demand
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in (t, t + τj,p] can be written in the form of D(t, t + τj,p] = R − rj−1 − i −

mQj−1, i ∈ {1, 2, ..., Qj−1},m ∈ Z. Moreover,

IL′j
(
(t+ τj,p)

+
)

= mQj−1, (2.1)

IPj−1

(
(t+ τj,p)

+
)

=


rj−1 + i, m > 0,

rj−1 + i+mQj−1, m ≤ 0,

(2.2)

Lemma 2.3.1 governs the inventory flow from installation j to installation

j − 1.IL′j is always a multiple of Qj−1. At time (t + τj,p)
+, any inventory

on hand at installation j(m > 0) indicates that IPj−1 has been raised above

the reorder point and equals NIPj−1. On the other hand, a shortage of

inventory at installation j(m ≤ 0) indicates that IPj−1 falls short of NIPj−1

by −mQj−1 units.

The method calculates the holding cost of the inventory at installation

j over Tj interval by interval. IL′j remains unchanged over (t + τj,p, t +

τj,p+1] which is the time interval between successive replenishment activities

at installation j, so end-of-period accounting and continuous accounting will

report the same installation j holding cost. Installation j holding cost over

(t+Lj, t+Lj+Tj] equals
∑Tj/Tj−1−1

p=0

∑∞
m=1

∑Qj−1

i=1 h′jTj−1mQj−1 ·g(R−rj−1−

i − mQj−1, τj,p). It is simplified into
∑Tj/Tj−1−1

p=0

∑∞
m=1 h

′
jTj−1Qj−1 · G(R −

rj−1 − i−mQj−1, τj,p).

Let πj(R) denote the inventory-related costs at echelon j over Tj given

that the value of IPj immediately after an instant of installation j ordering

is R. The holding costs of the inventory at installation j and the inventory

in transit to installation j − 1 have been calculated above. The inventory-
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related costs at echelon j − 1 depend on the realization of IPj−1 which is

shown in Lemma 2.3.1. Based on these results,

πj(R) =

Tj/Tj−1−1∑
p=0

[
∞∑
m=1

h′jTj−1Qj−1G(R− rj−1 − 1−mQj−1, τj,p)

+
∞∑
m=1

Qj−1∑
i=1

πj−1(rj−1 + i)g(R− rj−1 − i−mQj−1, τj,p)

+
0∑

m=−∞

Qj−1∑
i=1

πj−1(rj−1 + i+mQj−1)g(R− rj−1 − i−mQj−1, τj,p)

]

+ h′jλLj−1Tj.

(2.3)

Hadley and Whitin Hadley and Whitin (1963) show that NIPN imme-

diately after a review is uniformly distributed in {rN + 1, ..., rN + QN} as

long as the demands in different periods are independent. Moreover, since

installation N + 1 has ample stock, IPN = NIPN . Therefore, the expected

total inventory-related costs per unit time is

C(r1, r2, ..., rN) =
1

TNQN

QN∑
i=1

πN(rN + i), (2.4)

where the function πj, j ∈ {2, 3, ..., N}, are recursively calculated as Eq. (2.3).

The function π1 varies according to the accounting scheme. In the case of

continuous accounting, the inventory-related costs at echelon 1 over T1, given

that the value of IP1 immediately after an instant of installation 1 ordering
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is R,R ∈ Z, are shown in Rao (2003) to be

πc,1(R) = E
[ ∫ T1

0

h′1
[
R−D(0, L1 + t]

]+
+ b
[
D(0, L1 + t]−R

]+
dt
]

= (h′1 + b)
R−1∑
d=0

∫ T1

0

G(d, L1 + t)dt+ bT1

[
λ(T1/2 + L1)−R

]
.

(2.5)

In the case of end-of-period accounting, the corresponding costs are shown

in Liu and Song (2012) to be

πe,1(R) = E
[
h′1T1

[
R−D(0, L1 + T1]

]+
+ bT1

[
D(0, L1 + T1]−R

]+]
= (h′1 + b)

R−1∑
d=0

T1 ·G(d, L1 + T1) + bT1

[
λ(T1 + L1)−R

]
.

(2.6)

It is observed from Equation (2.3) that the function πj needs to call the

function πj−1 a number of times, the function πj−1 needs to call the function

πj−2 a number of times etc. Each time the function is called, it calculates

the holding cost for the inventory that is on its way to the installation down-

stream. It has been mentioned that the average inventory in transit is con-

stant, so the holding cost for that inventory does not depend on the input

into the function. To make the method efficient from a computational point

of view, we eliminate the last term h′jλLj−1Tj from πj(R) in Equation (2.3)
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and denote the remaining by π̃j(R). That is, ∀j = 2, ..., N ,

π̃j(R) =

Tj/Tj−1−1∑
p=0

[
∞∑
m=1

h′jTj−1Qj−1G(R− rj−1 − 1−mQj−1, τj,p)

+
∞∑
m=1

Qj−1∑
i=1

π̃j−1(rj−1 + i)g(R− rj−1 − i−mQj−1, τj,p)

+
0∑

m=−∞

Qj−1∑
i=1

π̃j−1(rj−1 + i+mQj−1)g(R− rj−1 − i−mQj−1, τj,p)

]
,

(2.7)

and π̃1(R) = π1(R).

It is noted that πj(R) denotes the sum of the inventory-related costs at

installations 1, ..., j and the holding cost for the inventory in transit. On

the other hand, π̃j(R) represents the sum of the inventory-related costs at

installations 1, ..., j only. Indeed, πj(R)− π̃j(R) =
∑j

k=2 h
′
kλLk−1Tj. Rewrite

C(r1, r2, ..., rN) in Equation (2.4) by using π̃, we obtain

C(r1, r2, ..., rN) =
1

TNQN

QN∑
i=1

π̃N(rN + i) +
N∑
k=2

h′kλLk−1. (2.8)

2.4 Analysis and Discussion

Let r denote r1, r2, ..., rN . We start with the necessary condition for r to be

optimal. Then the necessary condition is proved to be sufficient as well.

Based on that result, we specify how to find the optimal reorder points

and the procedure is common to both accounting schemes. After that, we

compare and contrast the two accounting schemes in terms of inventory-
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related costs and the optimal reorder points.

Theorem 2.4.1. Let j ∈ {1, 2, ..., N}. Given {r}\{rj}, if rj = r∗j minimizes

Eq. (2.4), then it satisfies

CD1(j) : πj(r
∗
j + 1 +Qj)− πj(r∗j + 1) ≥ h′j+1TjQj, and

CD2(j) : πj(r
∗
j +Qj)− πj(r∗j ) ≤ h′j+1TjQj.

Proof. Note that rj affects the inventory-related costs at installation j + 1

and downstream but not upstream.

πj+1(R|rj + 1)− πj+1(R|rj) =

[
πj(rj+1+Qj)−πj(rj+1)−h′j+1TjQj

]
·
Tj+1/Tj−1∑

p=0

+∞∑
m=1

g(R−rj−1−mQj, τj+1,p).

(2.9)

Since C(r1, ..., rj−1, r
∗
j+1, rj+1, ..., rN) ≥ C(r1, ..., rj−1, r

∗
j , rj+1, ..., rN), πj(r

∗
j+

1 + Qj) ≥ πj(r
∗
j + 1) + h′j+1TjQj. Since C(r1, ..., rj−1, r

∗
j , rj+1, ..., rN) ≤

C(r1, ..., rj−1, r
∗
j − 1, rj+1, ..., rN), πj(r

∗
j +Qj) ≤ πj(r

∗
j ) + h′j+1TjQj.

Eq. (2.9) derives from the mathematical calculation based on Eq. (2.3)

and a deeper understanding of Eq. (2.9) is as follows. At the time of

installation j placing an order, if the net inventory in echelon j + 1 is

rj + 1 + mQj,m ∈ {1, 2, ...}, (1) given the reorder point of rj + 1, IPj is

raised to rj + 1 + Qj; and (2) given the reorder point of rj, IPj is raised to

rj +1 and the batch of size Qj is stored at installation j+1. If the net inven-

tory in echelon j + 1 is any quantity other than rj + 1 +mQj,m ∈ {1, 2, ...},
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then IPj immediately after the placement of the order remains unchanged

by the increase in the reorder point and thus inventory-related costs remain

unchanged.

Lemma 2.4.2. Let j ∈ {1, 2, ..., N}. Given that ri satisfies CD2(i),∀i =

1, ..., j − 1, then πj(R +Qj)− πj(R) is non-decreasing with R.

Proof. Prove by induction. Since π1(R) is convex, π1(R + Q1) − π1(R) is

non-decreasing with R.

Assume that πj(R+Qj)−πj(R) is non-decreasing with R, ∀j = 1, 2, ..., k

where k ∈ {1, 2, ..., N − 1}.

For j = k + 1,

[
πk+1(R + 1 +Qk)− πk+1(R + 1)

]
−
[
πk+1(R +Qk)− πk+1(R)

]
=

Tk+1/Tk−1∑
p=0

{
h′k+1TkQk −

[
πk(rk +Qk)− πk(rk)

]}
· g(R− rk, τk+1,p)

+

Tk+1/Tk−1∑
p=0

+∞∑
d=R+1−rk{[

πk(R + 1 +Qk − d)− πk(R + 1− d)
]
−
[
πk(R +Qk − d)− πk(R− d)

]}
· g(d, τk+1,p).

(2.10)

Since πk(R+Qk)−πk(R) is non-decreasing with R by assumption,
[
πk+1(R+

1+Qk)−πk+1(R+1)
]
−
[
πk+1(R+Qk)−πk+1(R)

]
≥ 0. In addition, rk satisfies

CD2(k). Thus Eq. (2.10)≥ 0 and πk+1(R+Qk)− πk+1(R) is non-decreasing

with R. Consequently, πk+1(R +Qk+1)− πk+1(R) is non-decreasing with R.
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Lemma 2.4.2 states that when one more batch is shipped over from up-

stream, the marginal cost at this echelon increases as the inventory there goes

high. It is because as inventory increases, a decreasing proportion of that

batch of replenishment fulfills demand and an increasing proportion remains

idle. Moreover, when inventory is low, one more batch of replenishment re-

duces back orders and back order cost, so πj(R + Qj) − πj(R) < 0. When

inventory is high and one more batch is added, holding cost increases and

πj(R +Qj)− πj(R) > 0.

Theorem 2.4.3. Given {r}\{rj} such that ri satisfies CD2(i), ∀i = 1, 2, ..., j−

1. If rj = r∗j satisfies CD1(j) and CD2(j), then rj = r∗j minimizes C(r).

Proof. If ri satisfies CD2(i),∀i = 1, 2, ..., j − 1, then πj(R + Qj) − πj(R) is

non-decreasing with R by Lemma 2.4.2. In addition, r∗j satisfies CD2(j), so

∀rj < r∗j , πj(rj + 1 +Qj)− πj(rj + 1) ≤ h′j+1TjQj (2.11)

and thus C(r1, ..., rj−1, rj + 1, rj+1, ..., rN) ≤ C(r1, ..., rj−1, rj, rj+1, ..., rN); r∗j

satisfies CD1(j), so

∀rj ≥ r∗j , πj(rj + 1 +Qj)− πj(rj + 1) ≥ h′j+1TjQj (2.12)

and thus C(r1, ..., rj−1, rj +1, rj+1, ..., rN) ≥ C(r1, ..., rj−1, rj, rj+1, ..., rN). So

C(r) is non-increasing with rj ∈ (−∞, r∗j ] and non-decreasing with rj ∈

[r∗j ,+∞) and thus rj = r∗j is optimal.

Theorems 2.4.1 and 2.4.3 show that CD1(j) and CD2(j) are jointly nec-

35



essary and sufficient conditions for r∗j to be optimal. Based on this result,

the procedure for searching for the optimal reorder points is as follows. Start

with searching for r∗1 that satisfies CD1(1) and CD2(1) and set r1 = r∗1. Then

search for r∗2 that satisfies CD1(2) and CD2(2) and set r2 = r∗2, etc. After

this procedure completes, we will get r = r∗ that minimizes C(r).

2.4.1 Analytical Comparison

In this section, we compare r∗e that minimizes the inventory-related costs

assessed by end-of-period accounting (denoted by Ce(r)) with r∗c that mini-

mizes the inventory-related costs assessed by continuous accounting (denoted

by Cc(r)). We prove that r∗e,j is at least r∗c,j for all j = 1, 2, ..., N . Thus mis-

takenly using r∗e as the reorder point of inventory whose costs accumulate

continuously poses a risk of overstocks.

Define f(R) as the difference between installation 1 inventory-related

costs by the two accounting schemes. That is,

f(R)

=πc,1(R)− πe,1(R)

=(h′1 + b)

∫ L1+T1

L1

R−1∑
d=0

G(d, t)dt− (h′1 + b)T1

R−1∑
d=0

G(d, L1 + T1)− 1

2
bλT 2

1 .

(2.13)

Lemma 2.4.4. (1) ∀R ≤ 0, f(R) = −1
2
bλT 2

1 ;

(2) limR→+∞ f(R) = 1
2
h′1λT

2
1 .

Proof. (1) is a straightforward calculation.
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To prove (2), consider a situation in which installation 1 always has in-

ventory on hand to meet demand. The demand during a period of T1 is

expected to be λT1. Consider the stock that is withdrawn from inventory to

meet that demand and the expected holding cost of that stock. Continuous

accounting calculates cost on a continuous basis and the expected holding

cost under consideration is found to be 1
2
h′1λT

2
1 . End-of-period accounting

assesses inventory only at the end of the period when the stock has been

withdrawn, so the expected holding cost under consideration is zero. Thus,

f(R) is 1
2
h′1λT

2
1 .

Lemma 2.4.4 shows the limiting behavior of the difference between in-

stallation 1 inventory-related costs by the two accounting schemes. When

there is no inventory at installation 1, the conversion from end-of-period ac-

counting to continuous accounting reduces inventory-related costs by 1
2
bλT 2

1 .

On the other hand, when there is sufficient inventory to prevent stockouts

from occurring, staying with continuous accounting rather than converting

to end-of-period accounting increases the inventory-related costs by 1
2
h′1λT

2
1 .

Lemma 2.4.5. f(R) increases with R.

Proof. The first order difference of f(R) in R is

f(R + 1)− f(R)

=(h′1 + b)

[ ∫ L1+T1

L1

G(R, t)dt− T1G(R,L1 + T1)

]
≥0.

(2.14)
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Lemma 2.4.5 shows that the difference between installation 1 inventory-

related costs by the two accounting schemes is an increasing function of

installation 1 inventory position. Moreover, as shown in Lemma 2.4.4, that

difference is bounded by −1
2
bλT 2

1 below and by 1
2
h′1λT

2
1 above. Figure 2.2

depicts the shape of f(R).

The shape of f(R) indicates the situations in which f(R) is substantial or

negligible. It is noticed that f(R) attains the lower bound when R ≤ 0 and

f(R) gets closer and closer to the upper bound as R gets closer to infinity.

When bλT 2
1 is large, the lower bound −1

2
bλT 2

1 is located far below zero. In

this case, a small R makes f(R) sufficiently negative and thus the difference

between the two accounting schemes is substantial. When h′1λT
2
1 is large, the

upper bound 1
2
h′1λT

2
1 is located far above zero. In this case, a large R makes

f(R) sufficiently positive and thus the difference between the two accounting

schemes is also substantial. On the other hand, when bλT 2
1 and h′1λT

2
1 are

small and/or the inventory is at an intermediate level, the difference between

the two accounting schemes is negligible.

Lemma 2.4.6. ∀j = 1, ..., N, πc,j(R+Qj|r∗c)−πc,j(R|r∗c) ≥ πe,j(R+Qj|r∗e)−

πe,j(R|r∗e).

Proof. Prove by induction.
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Figure 2.2: f(R) in Equation (2.13) is an increasing function of R and
bounded by −1

2
bλT 2

1 below and by 1
2
h′1λT

2
1 above

When j = 1,

[
πc,1(R +Q1|r∗c)− πc,1(R|r∗c)

]
−
[
πe,1(R +Q1|r∗e)− πe,1(R|r∗e)

]
=
[
πc,1(R +Q1|r∗c)− πe,1(R +Q1|r∗e)

]
−
[
πc,1(R|r∗c)− πe,1(R|r∗e)

]
=f(R +Q1)− f(R)

≥0,

(2.15)

where the last inequality follows from Lemma 2.4.5.

Assume ∀j = 1, ..., k, πc,j(R + Qj|r∗c) − πc,j(R|r∗c) ≥ πe,j(R + Qj|r∗e) −

πe,j(R|r∗e).
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When j = k + 1,

πk+1,e(R +Qk|r∗e)− πk+1,e(R|r∗e)

=

Tk+1/Tk−1∑
p=0

{
h′k+1TkQk ·G(R− r∗e,k − 1, τk+1,p)

+
+∞∑

d=R−r∗e,k

[
πe,k(R +Qk − d|r∗e)− πe,k(R− d|r∗e)

]
· g(d, τk+1,p)

}

≤
Tk+1/Tk−1∑

p=0

{
h′k+1TkQk ·G(R− r∗c,k − 1, τk+1,p)

+
+∞∑

d=R−r∗c,k

[
πe,k(R +Qk − d|r∗e)− πe,k(R− d|r∗e)

]
· g(d, τk+1,p)

}

≤
Tk+1/Tk−1∑

p=0

{
h′k+1TkQk ·G(R− r∗c,k − 1, τk+1,p)

+
+∞∑

d=R−r∗c,k

[
πc,k(R +Qk − d|r∗c)− πc,k(R− d|r∗c)

]
· g(d, τk+1,p)

}
=πk+1,c(R +Qk|r∗c)− πk+1,c(R|r∗c),

(2.16)

where the first inequality results from ∀S ≤ r∗e,k, πe,k(S+Qk|r∗e)−πe,k(S|r∗e) ≤

h′k+1TkQk; the second inequality is the assumption for j = k. Consequently,

πk+1,c(R +Qk+1|r∗c)− πk+1,c(R|r∗c) ≥ πk+1,e(R +Qk+1|r∗e)− πk+1,e(R|r∗e).

Theorem 2.4.7. r∗e ≥ r∗c.

40



Proof. ∀j = 1, ..., N ,

πe,j(r
∗
c,j +Qj|r∗e)− πe,j(r∗c,j|r∗e)

≤πc,j(r∗c,j +Qj|r∗c)− πc,j(r∗c,j|r∗c)

≤h′j+1TjQj,

(2.17)

where the first inequality results from Lemma 2.4.6. Thus r∗e,j ≥ r∗c,j.

Theorem 2.4.7 states that the reorder points minimizing the continuously

accrued inventory-related costs are no higher than those minimizing the peri-

odically accumulated inventory-related costs. That can be plainly explained

as follows. The deployment of r∗e on average balances the holding cost and the

back order cost of the ending inventory which is the lowest during a period.

For the same reorder points, continuous accounting gives a higher holding

cost and a lower back order cost than end-of-period accounting. Thus the

holding cost is outstripping the back order cost, so the reorder points should

be decreased to redress the balance.

2.4.2 Numerical Tests

Section 2.3 enunciates that the two accounting schemes differ in calculating

the inventory-related costs at installation 1 only. The difference, which is

proved to be bounded, causes end-of-period accounting to overshoot reorder

points for all echelons, so continuous accounting enjoys advantages in terms

of accuracy. This section does numerical tests and shows that continuous

accounting suffers disadvantages in computation time. It also discusses how
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the advantages and disadvantages of using continuous accounting are mag-

nified or attenuated by the measurement of h′1, λ, T1, L1, Q1 and N with b

normalized to be 1.

The customer demand is a Poisson process with rate λ. The details of

the base for the numerical tests are h′1 = 0.3; b = 1;λ = 10;T1 = 1;L1 =

0.3;Q1 = 1;N = 1. While the study of a particular parameter is carried

out, the measurement of that parameter varies from test to test and others

remain the same as the base. The design of the numerical tests is shown in

Table 2.1. Each numerical test records (1) the inventory-related costs Cc(r
∗
e)

and Cc(r
∗
c); (2) the amounts of time to calculate Ce(r

∗
c) and Cc(r

∗
c), which

are denoted by t(Ce(r
∗
c)) and t(Cc(r

∗
c)) respectively; (3) the cost difference

Cc(r
∗
e) − Cc(r∗c); and (4) the time difference t(Cc(r

∗
c)) − t(Ce(r∗c)). The cost

differences and time differences are plotted on Figures 2.3, 2.4, 2.5, 2.6, 2.7

and 2.8.

Parameter Range Step-size

h′1 [0.3, 0.6] 0.03
λ [10, 20] 1
T1 [1, 2] 0.1
L1 [0.3, 0.6] 0.03
Q1 [1, 10] 1
N [1, 5] 1

with h′j = 0.3 − (j − 1)(0.3/N), Tj = 1, Lj =
0.3/N,Qj = 1, j ∈ {1, 2, ..., N}

Table 2.1: Design of the numerical tests

All figures show that the time difference t(Cc(r
∗
c)) − t(Ce(r

∗
c)) > 0 and

thus continuous accounting has disadvantages in computation time. The

time difference is big when the holding cost rate is low, customer demand
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is high, reorder intervals are long, lead times are long, batch sizes are large

or the number of installations is large. Those are the situations in which

installation 1 inventory position is high. A high value of R causes πc,1(R)

in Equation (2.5) to incur far more computation time than πe,1(R) in Equa-

tion (2.6).

It is worth noticing that while the time difference varies linearly with

most parameters, it increases exponentially with the number of installations

N . When the number of installations increases from j to j + 1, the function

C in Equation (2.8) calls the function π̃j+1 in Equation (2.3) Qj+1 times.

Each time the function π̃j+1 is called, it calls the function π̃j a number of

times etc. In other words, lengthening the serial inventory system by one

installation causes several more “function trees” to be called. As end-of-

period accounting spends shorter computation time on each leaf (i.e., the

function π̃1), it spends substantially shorter computation time on the function

trees than continuous accounting.

All figures show that the cost difference Cc(r
∗
e)−Cc(r∗c) > 0. They demon-

strate that continuous accounting has the merit of accurately arriving at the

optimal reorder points. Further, the cost difference generally increases with

h′1, λ and T1. When these parameters are small, f(R) in Equation (2.13) is

close to zero. In that situation, the two accounting schemes produce similar

inventory-related costs and thus r∗e almost equals r∗c . As a result, the cost dif-

ference is small. However, when h′1, λ or T1 is large, f(R) can be large, which

gives rise to substantially dissimilar reorder points. Therefore, Figures 2.3,

2.4 and 2.5 show an upward trend in the cost difference.

In comparison, the cost difference does not exhibit a clear trend as L1

43



and Q1 increase. While L1 affects the rate of increase in f(R) and Q1 has

indirect effects on the value of R, f(R) is determined by h′1, b, λ and T1 for

the most part. With respect to N , since Tj = 1 for all j ∈ {1, 2, ..., N}, it can

be proved that when reorder points are optimized, π̃N(R) has the same value

as π1(R) in a single-installation inventory system with the lead time equal

to
∑N

j=1 Lj(= 0.3). The inventory-related costs also consist of the holding

cost of the inventory in transit and that holding costs calculated by the two

accounting schemes are equal. Therefore, the cost difference does not relate

to N .

In summary, continuous accounting is appropriate for inventory systems

with a small number of installations. It helps to achieve substantial cost-

savings when the cost parameters are large, customer demand is high or

reorder intervals are long.

2.5 Conclusions

This chapter develops a method to evaluate the inventory-related costs that

are incurred continuously for serial inventory systems. The method facili-

tates searching for the optimal reorder points that are otherwise overshot

by mistakenly using end-of-period accounting. Future study can extend this

top-down and recursive method to evaluate other multi-echelon inventory

systems, such as one-warehouse multi-retailer systems, where continuous ac-

counting of inventory-related costs are needed. Furthermore, the method

deals with installations separately and can be deployed in those systems of

which each installation defines its own accounting scheme.
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Figure 2.3: Cc(r
∗
e) − Cc(r

∗
c) generally increases with h′1 and t(Cc(r

∗
c)) −

t(Ce(r
∗
c)) decreases linearly with h′1

Figure 2.4: Cc(r
∗
e)−Cc(r∗c) generally increases with λ and t(Cc(r

∗
c))−t(Ce(r∗c))

increases linearly with λ
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Figure 2.5: Cc(r
∗
e) − Cc(r

∗
c) generally increases with T1 and t(Cc(r

∗
c)) −

t(Ce(r
∗
c)) increases linearly with T1

Figure 2.6: Cc(r
∗
e) − Cc(r

∗
c) does not exhibit a clear trend and t(Cc(r

∗
c)) −

t(Ce(r
∗
c)) increases linearly with L1
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Figure 2.7: Cc(r
∗
e) − Cc(r

∗
c) does not exhibit a clear trend and t(Cc(r

∗
c)) −

t(Ce(r
∗
c)) increases linearly with Q1

Figure 2.8: Cc(r
∗
e) − Cc(r∗c) does not relate to N and t(Cc(r

∗
c)) − t(Ce(r∗c))

increases exponentially with N
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The chapter treats reorder points as decision variables and assesses the

impact of accounting schemes on reorder points and inventory-related costs.

Future study can also incorporate the cost of orders into the model, treat

reorder intervals and batch sizes as decision variables and study how these

decision variables are affected by accounting schemes.
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Chapter 3

Replenishment and

Redistribution of Inventory in a

Firm That Sells in Two

Channels

3.1 Introduction

Finished goods are moved from the end of production to customers through

a distribution inventory system. In these systems, distribution inventory

usually accounts for 25% to 30% of distribution costs (Arnold et al., 2013).

Therefore, improvement in the efficiency of distribution inventory manage-

ment, which is typically excised by deciding the order size and the reorder

interval for new supplies and the distribution of the stock among stock points,

represents considerable savings in distribution costs.
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While planning the distribution of the stock, some distribution inventory

systems allow transferring goods between the retailers as well as shipping

from the supplier. Such examples include Footlocker, Macy’s, and a group of

chip manufacturers (NEC, Toshiba) sharing a common supplier, ASML (Lien

et al., 2011). The movement of goods between the locations in the same

echelon of a distribution inventory system is called lateral transshipment

(Glazebrook et al., 2015).

Lateral transshipment is a remedy for the situation where one retailer is

at the risk of facing stockouts while another has a high level of stock. If lat-

eral transshipment is permitted, the former retailer (the requesting retailer)

can get goods from the latter (the requested retailer) rather than wait for

the supplier to replenish its stock some time later. Consequently, the cost

associated with stockouts at the requesting retailer and the holding cost at

the requested retailer are reduced. Lateral transshipment helps realize not

only the pooling of inventory but also the pooling of storage capacity (Qiu

and Huang, 2011).

Reactive transshipment and proactive transshipment are two common

types of lateral transshipment and they differ in the triggering mechanisms

and purposes. Reactive transshipment (also called emergency transshipment)

is triggered when a stockout occurs and meant to cover the shortfall in sup-

ply. Interested readers may refer to Paterson et al. (2011) for a review.

Proactive transshipment (also called preventive transshipment) is scheduled

for the purpose of balancing stocks among the retailers so as to meet future

demand (Tiacci and Saetta, 2011). There are other types of lateral transship-

ment, such as the hybrid lateral transshipment in Paterson et al. (2012) and
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Glazebrook et al. (2015), combining the features of those two common types.

Seidscher and Minner (2013) compare the two types of lateral transshipment

and show that proactive transshipment has a big advantage over reactive

transshipment in terms of the cost efficiency when the inventory pooling op-

portunity is intermediate. Furthermore, proactive transshipment is planned

to satisfy demand over a number of periods, so it is naturally employed in

systems under periodic reviews (Paterson et al., 2011).

In distribution inventory systems with proactive transshipment, a policy

is often selected to meet a service level or to minimize costs. Given a service-

level target, Jönsson and Silver (1987) study one-warehouse multi-retailer

systems and make a comparison between the system with and without trans-

shipment. Numerical results show that the former is more advantageous than

the latter when demand is dispersed, the reorder interval is long, the number

of retailers is large, the service level is high or lead times are short. Tagaras

and Vlachos (2002) investigate the benefits of transshipment when the model

consists of only two retailers. They conclude that the benefits are substantial

only when demand is dispersed.

When a policy is selected to minimize costs, literature often builds mod-

els by formulating stochastic programming problems. The objective function

is the total cost over a predetermined number of periods and the decision

variables are related to each individual replenishment and transshipment.

Das (1975) is one of the first papers that consider proactive transshipment

in the modeling of distribution inventory systems. The optimal ordering

and transfer rules are characterized for the single period model. Özdemir

et al. (2006) consider capacitated transshipment between stock points in
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one period. They represent the problem of transshipment as a capacitated

network flow problem and determine order-up-to levels by a numerical so-

lution procedure based on simulation. Lien et al. (2011) study the design

for one-period transshipment networks and demonstrate the cost efficiency

of the chain configurations (i.e., all retailers are linked in one connected

loop). Abouee-Mehrizi et al. (2015) study a multi-period inventory system

with lost sales and prove that the optimal replenishment and transshipment

polices can be determined from four switching curves. The papers above

assume that the instant in time when the transshipment takes place is pre-

determined. Nevertheless, Agrawal et al. (2004) develop a model where the

timing of transshipment is a decision variable. Numerical results show that

the benefits of determining the timing according to demand are substantial

in a system with balanced starting inventories or high service levels.

However, while investigating inventory control policies for distribution

inventory systems with proactive transshipment, literature often implicitly

assumes that retailers’ orders are not consolidated and the supplier replen-

ishes retailers’ stocks directly. This assumption is observable in the model-

ing where each retailer places an order at the supplier to raise its inventory

position to a certain level. As a result, the pooling of demand during replen-

ishment lead time and its associated cost-savings are ignored.

More importantly, literature mainly predetermines system’s reorder in-

terval to be one period or a number of periods. To the best of my knowledge,

there is no literature in the field of proactive transshipment treating the re-

order interval as a decision variable. However, when the system incurs a high

fixed cost for each order it places at the supplier, it is necessary to optimize

52



the reorder interval as well. Furthermore, optimizing the reorder intervals

for distribution inventory systems has attracted a great deal of attention of

academia. Interested readers may refer to Shang et al. (2015) for a review.

This chapter studies inventory control policies in a distribution inventory

system with proactive transshipment. New supplies are ordered periodically

from an exogenous supplier and the replenishment arrives at the system af-

ter a fixed replenishment lead time. Inventory is redistributed among all

stock points in every period. The contribution of this chapter is threefold.

First, the pooling of demand during the replenishment lead time is modeled.

Second, when the optimal proactive transshipment takes place in each pe-

riod, the inventory-related cost during a reorder interval proves to be convex.

Third, the method to determine the optimal reorder interval is developed.

3.2 Model

This chapter considers a one-warehouse multi-retailer system where there are

N − 1 retailers meeting customer demand and the warehouse may also meet

customer demand (e.g., ship online orders). The warehouse orders from an

exogenous supplier at a cost of K per order. At each instant of ordering, the

system inventory position (=inventory on order +inventory on hand -back

orders) is raised to the order-up-to level S. The warehouse orders periodically

and the length of the reorder interval is n periods (to be determined) in which

each period is of length T . The lead time between an order placement at the

supplier and the corresponding order receipt at the warehouse is L. At the

time when the order is received at the warehouse, all locations review their
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respective inventories and redistribute the total inventory among themselves.

The redistribution of inventory takes place in each period. See Figure 3.1 for

the timeline for the events.

Figure 3.1: The timeline for the events

The warehouse is named location 0 and the retailers are numbered from

1 to N −1. The inventory on hand in location i, i = 0, 1, ..., N −1, is charged

at hi per unit per unit time. Unsatisfied demand units are back-ordered and

back orders are charged at b per unit per unit time. Customer demands

during non-overlapping intervals of equal length are independent, identically

distributed and non-negative integers. The rate of customer demand in lo-

cation i is λi.

The objective is to minimize the average total cost per period. Decision

variables are the reorder interval, the order-up-to level and the redistributed

inventories in each period.

It is assumed that the proactive transshipment is instant. This assump-

tion is appropriate for the situations where the warehouse and the retail-

ers are located in close proximity or the deliveries take place during close

hours (e.g., overnight). Moreover, shipping and handling fees associated with

the proactive transshipment are negligible compared with the cost of order-
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ing. For example, when the warehouse orders from overseas, it spends much

on cross-border transportation, handling, documentation and administrative

overhead. That creates a situation in which the ordering costs incurred are

substantially higher than the proactive transshipment costs.

3.3 The Optimal Solution

This section provides an algorithm on how to compute the optimal redis-

tribution of inventory. When the optimal redistribution takes place in each

period, the system inventory-related cost during n periods which is a func-

tion of the order-up-to level proves to be convex. Finally an upper bound of

the optimal n is developed.

3.3.1 The Redistribution of Inventory

At the time of the redistribution, back orders are fulfilled and what remains

of the inventory on hand, i.e., the net inventory, is redistributed among the

N locations. If the total of back orders exceeds that of inventory on hand,

surplus back orders remain unmet. The back order cost per unit per unit time

is the same across the N locations, so the sequence in which back orders are

fulfilled (first come, first served; last come, first served etc) does not matter.

First, the inventory-related cost in one location and its convexity, both

of which are well-established in the literature, are revisited. Let Ii be the

realization of the redistributed inventory level (=inventory on hand - back

orders) in location i at the beginning of a period (say, at time tp). The

customer demand there during (tp, tp + δ] only relates to δ and is a random
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variable denoted by Di(δ). In addition, there is no redistribution of inventory

during (tp, tp + δ] ⊂ (tp, tp + T ]. Thus, when δ < T , the inventory level in

location i at time tp + δ is Ii−Di(δ). If Ii−Di(δ) > 0, the inventory-related

cost in location i at time tp + δ is hi(Ii − Di(δ)). If Ii − Di(δ) ≤ 0, the

inventory-related cost in location i at time tp + δ is −b(Ii −Di(δ)). Let [x]+

denote max{x, 0} and [x]− denote max{−x, 0}. Then the inventory-related

cost in location i during (tp, tp + T ] is a function of Ii and

Ci(Ii)

=E
[ ∫ T

0

hi

[
Ii −Di(δ)

]+

+ b
[
Ii −Di(δ)

]−
dδ

]
=(hi + b)

∫ T

0

Ii−1∑
d=0

Gi(d, δ)dδ +
1

2
bλiT

2 − bIiT

(3.1)

whereGi(d, δ) is the probability of having at most d units of customer demand

in location i in δ unit time.

Lemma 3.3.1. Ci(Ii) is convex.

Proof. The second order difference of Ci(Ii) is
[
Ci(Ii + 2) − Ci(Ii + 1)

]
−[

Ci(Ii + 1) − Ci(Ii)
]

= (hi + b)
∫ T

0
gi(Ii + 1, δ)dδ where gi(Ii + 1, δ) is the

probability of having Ii + 1 units of customer demand in location i in δ unit

time. Consequently, the second order difference is non-negative and thus

Ci(Ii) is convex.

Next, the inventory-related cost in two locations and the redistribution

of inventory between the two locations are studied. The inventory-related
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cost in locations i and j during (tp, tp + T ] is denoted by Ci,j(Ii, Ij) and

Ci,j(Ii, Ij) = Ci(Ii)+Cj(Ij). It is noted that (Ii, Ij) is one way to redistribute

a total of Ii + Ij units of inventory between the two locations. There are

others ways to do that such as (Ii + 1, Ij − 1) and (Ii − 1, Ij + 1).

Theorem 3.3.2. (Ii, Ij) is the optimal redistribution of Ii + Ij units of in-

ventory between two locations i and j if and only if


−(hi + b)

∫ T
0
Gi(Ii + Ij − I ′j − 1, δ)dδ + (hj + b)

∫ T
0
Gj(I

′
j, δ)dδ ≤ 0, ∀I ′j < Ij,

−(hi + b)
∫ T

0
Gi(Ii + Ij − I ′j − 1, δ)dδ + (hj + b)

∫ T
0
Gj(I

′
j, δ)dδ ≥ 0, ∀I ′j ≥ Ij.

(3.2)

Proof. When the two locations have a total of Ii + Ij units of inventory and

the redistributed inventory level in location j is I ′j, the redistributed inventory

level in location i is Ii+ Ij− I ′j. The inventory-related cost in locations i and

j during (tp, tp + T ] is Ci,j(Ii + Ij − I ′j, I ′j) which is a function of I ′j. The first

order difference of Ci,j(Ii + Ij − I ′j, I ′j) is

Ci,j(Ii + Ij − (I ′j + 1), I ′j + 1)− Ci,j(Ii + Ij − I ′j, I ′j)

=− (hi + b)

∫ T

0

Gi(Ii + Ij − I ′j − 1, δ)dδ

+(hj + b)

∫ T

0

Gj(I
′
j, δ)dδ.

(3.3)

The first order difference increases with I ′j, so Ci,j(Ii + Ij − I ′j, I ′j) is convex

and the theorem follows.

Inequality (3.2) is the necessary and sufficient condition for (Ii, Ij) to
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be the redistributed inventory levels at which the inventory-related cost in

locations i and j is minimized given that the two locations have a total

of Ii + Ij units of inventory. Specifically, when the redistributed inventory

level in location j is I ′j and the first inequality in Inequality (3.2) holds,

Ci,j(Ii+Ij−(I ′j+1), I ′j+1) ≤ Ci,j(Ii+Ij−I ′j, I ′j) according to Equation (3.3).

Thus, shifting one unit from locations i to j does not push up the inventory-

related cost and I ′j is now increased by 1. The value of I ′j keeps increasing

until it reaches a point (i.e., Ij which is the optimal redistributed inventory

level) where the second inequality in Inequality (3.2) holds. In this case,

Ci,j(Ii+Ij−(I ′j+1), I ′j+1) ≥ Ci,j(Ii+Ij−I ′j, I ′j) according to Equation (3.3).

Consequently, if inventory shifts from locations i to j, it will no longer brings

down the inventory-related cost.

Finally, the last part of this section discusses the redistribution of in-

ventory among N locations. Represent the system inventory-related cost

during (tp, tp + T ] by C(I0, I1, ..., IN−1). Let I denote the sum of inven-

tory in the N locations at time tp, i.e., I =
∑N−1

i=0 Ii, and represent the

redistributed inventory levels at which C(I0, I1, ..., IN−1) is minimized by

(I∗0 (I), I∗1 (I), ..., I∗N−1(I)).

Lemma 3.3.3. The optimal redistribution of I + 1 units of inventory is

to increase some element in (I∗0 (I), I∗1 (I), ..., I∗N−1(I)) by 1 and leave others

unchanged.

Proof. Prove by contradiction. Assume that the lemma is false. There exist

two locations i and j such that I∗i (I+1) = I∗i (I)−x and I∗j (I+1) = I∗j (I)+y

where x and y are positive integers and unequal.
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Case 1: x < y.

By Theorem 3.3.2, −(hi+b)
∫ T

0
Gi(I

∗
i (I)−1, δ)dδ+(hj+b)

∫ T
0
Gj(I

∗
j (I), δ)dδ ≥

0. Since y−x > 0,−(hi+b)
∫ T

0
Gi(I

∗
i (I)−1, δ)dδ+(hj+b)

∫ T
0
Gj(I

∗
j (I)+(y-x), δ)dδ >

0. Thus, I∗j (I + 1) ≤ I∗j (I) + y − x where the RHS is less than I∗j (I) + y.

Contradiction.

Case 2: x > y.

By Theorem 3.3.2, I∗j (I+1) = I∗j (I)+y indicates that−(hi+b)
∫ T

0
Gi(I

∗
i (I)−

x − 1 + y, δ)dδ + (hj + b)
∫ T

0
Gj(I

∗
j (I), δ)dδ ≤ 0. Since −x + y < 0, we

have (hi + b)
∫ T

0
Gi(I

∗
i (I) − x − 1 + y, δ)dδ < (hi + b)

∫ T
0
Gi(I

∗
i (I) − 1, δ)dδ.

Thus, −(hi + b)
∫ T

0
Gi(I

∗
i (I)− 1, δ)dδ+ (hj + b)

∫ T
0
Gj(I

∗
j (I), δ)dδ < 0. Thus,

I∗j (I) ≥ I∗j (I) + 1. Contradiction.

Lemma 3.3.3 implies that the redistributed inventory levels in the N

locations do not fall as the total inventory rises. When a new unit is added

to the total inventory, the inventory that has been allocated prior to the

addition remains in the location that it is designated for and the new unit

will replenish a certain location’s stocks.

Theorem 3.3.4. Let i = arg min{(hk+b)
∫ T

0
Gk(I

∗
k(I), δ)dδ | k = 0, 1, ..., N−

1}. Then I∗i (I+1) = I∗i (I)+1 and I∗j (I+1) = I∗j (I)∀j ∈ {0, 1, ..., N−1}\{i}.

Proof. If the new unit has a choice between locations i and j, it will choose

location i if and only if Ci,j(I
∗
i (I), I∗j (I)+1)−Ci,j(I

∗
i (I)+1, I∗j (I)) ≥ 0 which

is simplified to be (hi + b)
∫ T

0
Gi(I

∗
i (I), δ)dδ ≤ (hj + b)

∫ T
0
Gj(I

∗
j (I), δ)dδ.
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According to Theorem 3.3.4, the new unit is supplied to location i if and

only if the value of (hi + b)
∫ T

0
Gi(I

∗
i (I), δ)dδ is the lowest among {(hk +

b)
∫ T

0
Gk(I

∗
k(I), δ)dδ | k = 0, 1, ..., N − 1}. It is the case that hi is relatively

small and/or the probability of having no stockouts over the period (tp, tp+T ]

is relatively low.

In summary, I units of inventory can be redistributed one by one accord-

ing to Theorem 3.3.4. Specifically, the optimal redistribution (I∗0 (I), I∗1 (I), ..., I∗N−1(I))

is first initialized to be zero and the I units of inventory are numbered

from 1 to I. The first unit is supplied to the location with the smallest

(hk + b)
∫ T

0
Gk(I

∗
k(I), δ)dδ, k = 0, 1, ..., N − 1, say location i. As a result,

I∗i (I) is increased by one. Then the redistribution of the second unit is

handled similarly. When the redistribution of the Ith unit is finished off,

(I∗0 (I), I∗1 (I), ..., I∗N−1(I)) is the optimal redistribution.

Based on the discussion above, the algorithm that finds the optimal re-

distribution of I units of inventory among N locations is written below. As

it processes the I units one by one, the complexity of the algorithm is O(I).

1. Initialize I∗k(I) = 0, k = 0, 1, ..., N − 1, and s = 1.

Compute (hk + b)
∫ T

0
Gk(I

∗
k(I), δ)dδ, k = 0, 1, ..., N − 1. Go to Step 2.

2. If s ≤ I, Compute i = arg min{(hk + b)
∫ T

0
Gk(I

∗
k(I), δ)dδ | k =

0, 1, ..., N − 1}. Go to Step 3.

Else, (I∗0 (I), I∗1 (I), ..., I∗N−1(I)) is the optimal redistribution and STOP.

3. Update I∗i (I) := I∗i (I) + 1, s := s+ 1. Go to Step 4.

4. Update (hi + b)
∫ T

0
Gi(I

∗
i (I), δ)dδ. Go to Step 2.
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3.3.2 The Order-up-to Level

Each time the warehouse orders new supplies from the supplier, the system

inventory position is raised to the order-up-to level S. Let t represent an

instant of ordering and tp denote the instant of the pth redistribution since

the order arrives, i.e., tp = t+ L+ pT, p ∈ N.

Given that the total customer demand over (t, tp] is d, the total amount

of inventory at time tp is S− d. After the optimal redistribution takes place,

the redistributed inventory levels are (I∗0 (S − d), I∗1 (S − d), ..., I∗N−1(S − d)).

Consequently, the system inventory-related cost during (tp, tp+1], conditioned

by the total customer demand over (t, tp], is C(I∗0 (S−d), I∗1 (S−d), ..., I∗N−1(S−

d)) which is a function of S.

Lemma 3.3.5. C(I∗0 (S − d), I∗1 (S − d), ..., I∗N−1(S − d)) is convex.

Proof. The second order difference of C(I∗0 (S− d), I∗1 (S− d), ..., I∗N−1(S− d))

in S is

[
C(I∗0 (S + 2− d), I∗1 (S + 2− d), ..., I∗N−1(S + 2− d))

− C(I∗0 (S + 1− d), I∗1 (S + 1− d), ..., I∗N−1(S + 1− d))
]

−
[
C(I∗0 (S + 1− d), I∗1 (S + 1− d), ..., I∗N−1(S + 1− d))

− C(I∗0 (S − d), I∗1 (S − d), ..., I∗N−1(S − d))
]
. (3.4)

We shall prove that Equation (3.4) ≥ 0 in any case. Suppose that I∗i (S +

1− d) = I∗i (S − d) + 1.

Case 1: I∗i (S + 2− d) = I∗i (S + 1− d) + 1.

Equation (3.4) is simplified to be
[
Ci(I

∗
i (S−d)+2)−Ci(I

∗
i (S−d)+1)

]
−
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[
Ci(I

∗
i (S − d) + 1)− Ci(I

∗
i (S − d))

]
which is non-negative by Lemma 3.3.1.

Case 2: I∗j (S + 2− d) = I∗j (S + 1− d) + 1 where j 6= i.

Equation (3.4) is simplified to be
[
Cj(I

∗
j (S − d) + 1)− Cj(I

∗
j (S − d))

]
−[

Ci(I
∗
i (S−d)+1)−Ci(I∗i (S−d))

]
. Regroup the terms and it equals Ci,j(I

∗
i (S−

d), I∗j (S − d) + 1) − Ci,j(I
∗
i (S − d) + 1, I∗j (S − d)). The latter expression is

non-negative since (I∗i (S − d) + 1, I∗j (S − d)) is the optimal redistribution of

inventory between locations i and j when the N locations have a total of

S − d+ 1 units of inventory.

C(I∗0 (S − d), I∗1 (S − d), ..., I∗N−1(S − d)) is the system inventory-related

cost during the period (tp, tp+1] conditioned by the past customer demand.

The (unconditional) system inventory-related cost during (tp, tp+1] equals∑+∞
d=0 C(I∗0 (S− d), I∗1 (S− d), ..., I∗N−1(S− d))g(d, L+ pT ) where g(d, L+ pT )

denotes the probability of having a total of d units of customer demand over

L+pT unit time. A summation of the latter over p = 0, 1, ..., n−1 is the sys-

tem inventory-related cost during (t0, t0 +nT ] and denoted by C(S, n). That

is, C(S, n) =
∑n−1

p=0

∑+∞
d=0 C(I∗0 (S−d), I∗1 (S−d), ..., I∗N−1(S−d))g(d, L+pT ).

Theorem 3.3.6. Fix n.C(S, n) is a convex function of S.

Proof. According to Lemma 3.3.5, the system inventory-related cost condi-

tioned by the past customer demand is a convex function of S. Therefore,

the unconditional system inventory-related cost and the sum of those are also

convex functions of S.
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The convexity of the function C(S, n) facilitates the search for the optimal

S. When S is small, one more unit of replenishment reduces back orders and

back order cost, so C(S, n) decreases with S. When S is large and one more

unit is ordered, holding cost rises and, as a result, C(S, n) increases. The

point from which C(S, n) starts increasing is guaranteed to be the optimal

S due to Theorem 3.3.6. In other words, C(S, n) is minimized at S∗(n)
def
=

{S | C(S, n)− C(S − 1, n) ≤ 0 and C(S + 1, n)− C(S, n) ≥ 0}.

3.3.3 The Reorder Interval

Orders are charged at K for each and an order is placed every n periods.

The average cost of ordering per period is K/n. The larger the n is, the

lower the average cost of ordering per period is incurred. By contrast, a

large n widens the variation in the customer demand between order receipts

and thus increases the inventory-related cost per period. Hence, there has

to be a trade-off between the cost of ordering and the inventory-related cost

if we want to keep the total cost low. This section shows how to determine

the optimal n (denoted by n∗) at which the average total cost per period

C(n)
def
= K

n
+ 1

n
C(S∗(n), n) is minimized.

Note that the system inventory-related cost would be reduced if stocks

were pooled and kept in the location with the lowest holding cost per unit

per unit time, say location m, and other locations’ customer demand was

aggregated with that of location m. In other words,

C(S, n) ≥ E
[ ∫ nT

0

hm[S −D(L+ τ)]+ + b[S −D(L+ τ)]−dτ
]
, (3.5)
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where D(L+ τ) =
∑N−1

i=0 Di(L+ τ). The properties of E
[ ∫ nT

0
hm[S−D(L+

τ)]++b[S−D(L+τ)]−dτ
]

have been recorded in the literature on order-up-to

and periodic-review (S,T) policies. Based on the well-established properties,

an upper bound of n∗ is developed next.

Theorem 3.3.7. (1) Let LB(x) = K
x

+ hmbλxT 2

2(hm+b)
be a function of x over

positive numbers. Then C(n) ≥ LB(n); and

(2) For any positive integer n0, n
∗ ≤ n̄

def
= 2C(n0)(hm+ b)/(hmbλT

2) where

λ =
∑N−1

i=0 λi.

Proof. (1) Divide both sides of inequality (3.5) by n and we obtain

1

n
C(S, n) ≥ 1

n
E
[ ∫ nT

0

hm[S −D(L+ τ)]+ + b[S −D(L+ τ)]−dτ
]

(3.6)

Thus,

min
S
{ 1

n
C(S, n)} ≥ min

S

{ 1

n
E
[ ∫ nT

0

hm[S−D(L+τ)]+ +b[S−D(L+τ)]−dτ
]}
,

(3.7)

where the left-hand side of the inequality is 1
n
C(S∗(n), n). Moreover, by using

the results in Liu and Song (2012) we obtain minS
{
E
[ ∫ nT

0
hm[S − D(L +

τ)]+ + b[S −D(L+ τ)]−dτ
]}
≥ hmbλ(nT )2

2(hm+b)
. Thus,

1

n
C(S∗(n), n) ≥ hmbλnT

2

2(hm + b)
. (3.8)

Add K
n

to both sides and C(n) ≥ LB(n) is obtained.

(2) Prove by contradiction and assume that n∗ > n̄. According to (1),

C(n∗) ≥ LB(n∗) > hmbλn∗T 2

2(hm+b)
> hmbλn̄T 2

2(hm+b)
. Substitute 2C(n0)(hm+b)/(hmbλT

2)
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for n̄ and we obtain C(n∗) > C(n0). Contradiction. Hence, n∗ ≤ n̄.

As the search goes on to find n∗ in [1, n̄] by working out C(n0) at each

n0 ∈ [1, n̄], a smaller C(n0) may be found. As shown by Theorem 3.3.7, a

small C(n0) gives rise to a small n̄. Therefore, n̄ could be lowered alongside

the search, with the result that the list of C(n0)s to be calculated is nar-

rowed down further. The determination of n̄ is represented graphically on

Figure 3.2.

Figure 3.2: The determination of n̄

3.4 Cost Effective Ways of Managing Demand

In this section, we consider several cost effective ways of managing demand.

They are intended to reduce the inventory-related cost incurred during a

period of length T = 1. The first is referring in-store purchases to the web,
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which essentially makes the warehouse satisfy more customer demand. The

second is guiding customers to the channel that has stock on hand. Only the

inventory-related cost is considered and other costs such as referral cost or

shipping cost are not. The reduction in the inventory-related cost represents

the maximum cost savings. The customer demand is considered to be a

Poisson process.

3.4.1 Referring In-store Purchases to the Web

Sometimes customers’ channel intention is flexible. They care what to pur-

chase but not where to purchase. Originally, a customer has planned to

purchase goods from the store but he purchases it on-line in the end after

talking with a sales representative or receiving an email advertising special

offers. M&S is making an effort to familiarize offline customers with the M&S

catalog online. It sets up in-store “Browse & order” terminals where a cus-

tomer can browse products and place orders. We shall see conditions under

which referring in-store purchases to the web cuts the inventory-related cost

from numerical tests.

In the following numerical tests, h0 = 0.1, h1 = 0.2, b = 1, the demand

rate in location 0 is 10α and that in location 1 is 10(1− α), α = 0, 0.1, ..., 1.

At the beginning of the period, the total stock in the two locations is I, I =

2, 4, ..., 20, and Theorem 3.3.4 is used to redistribute these goods to the two

locations. In-store demand is supplied by the store while on-line purchases

are shipped from the warehouse. For each pair of α and I, we calculate

C(I∗0 (I), I∗1 (I)). Results are shown in Table 3.1.
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It is observed that in each row of α, the value of C(I∗0 (I), I∗1 (I)) first

decreases and then increases with I, due to Lemma 3.3.5 which states that

C(I∗0 (I), I∗1 (I)) is convex in I. While each row exhibits convexity, the trend

in C(I∗0 (I), I∗1 (I)) is not uniform among all columns. For all I ≤ 10, the

value is tending upwards in the beginning and tending downwards in the

end. For all I > 10, the value is decreasing from beginning to end. The

reason is that when the total amount of goods is small (≤ expected demand)

and it has to be split between two locations, goods are very likely to be out

of stock in a location soon. Thus back order cost is the major component

of the inventory-related cost. Saving in the former makes the latter decrease

considerably. Gathering inventory and demand reduces back order cost to

the utmost because demand is met immediately as long as there is an avail-

able unit. When the total amount of goods is big (> expected demand), a

location tends to overstock. Carrying cost makes up a large proportion of the

inventory-related cost. Referring in-store purchases to the web changes the

way that the stock is distributed between the two locations. The warehouse

carries more and the store carries less than before. Since the stock in the

warehouse is charged lower than in the store, carrying cost deceases, and so

does the inventory-related cost.

These discoveries may shed some light on deciding whether to refer an

in-store purchase to the web. If customers’ intention for where to make

purchases is highly flexible, awareness about the online channel should be

raised. The inventory-related cost reaches the minimum if all customers pur-

chase goods on-line. By contrast, if customers are so reluctant to change the

intention that α can be changed just slightly, referring an in-store purchase
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to the web does not necessarily reduce cost. It may increase that if the stock

of goods is insufficient.

3.4.2 Stockout-based Substitution

A customer can back-order an item that is out of stock. A better way to

meet demand is shipping from the other location that has stock. If so, a

stockout is postponed until a later time and back-ordering cost is reduced.

Further, it cuts holding cost in the other location. In practice, the web

can be designed to allow “reserve online and pick up in store” should the

warehouse have no stock and arrange for personnel to assist customers with

placing an order online if the store is facing a stockout. This section is to

quantify the reduction in the inventory-related cost resulting from stockout-

based substitution. Faced with a stockout in location i and informed of

availability in location 1− i, the percentage of customers that choose to buy

from location 1 − i is βi. The remaining customers back-order items. Note

that the stockout-based substitution with βi = 1 is the same as reactive

transshipment in which transshipment is triggered by each stockout.

We are to compute the inventory-related cost over the period with stockout-

based substitution. After a stock redistribution, location i has Ii,0 stocks. If

I0,0, I1,0 ≤ 0, stockout-based substitution does not have the advantage of re-

ducing the inventory-related cost, because none of the demand can be met.

Thus we only assess the situation in which at least one Ii,0 are positive.

Let Xi represent the length of time when there is no stockout in loca-

tion i during the period, Hi(I0,0, I1,0) denote holding cost at location i and
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Bi(I0,0, I1,0) be back-ordering cost at location i. The calculations are as fol-

lows.

Case 1: X0 = 0.

(H0 +B0 +H1 +B1)(I0,0, I1,0) =
1

2
b(1− β0)λ0T

2 + C1(I1,0). (3.9)

The demand rate at location 1 is treated as β0λ0 +λ1 when C1(I1,0) is calcu-

lated.

Case 2: X1 = 0.

Similar to the discussion of Case 1.

Case 3: 0 < X1 < X0 ≤ T .

Subcase 3.1: X0 < T .

H0(I0,0, I1,0) =
1

2
h0

I0,0−1∑
d0,x1=0

∫ T

0

∫ x0

0

((I0,0+I0,0−d0,x1)x1+(I0,0−d0,x1+1)(x0−x1))

·gampdf(x1, I1,0,
1

λ1

)poisspdf(d0,x1 , λ0x1)gampdf(x0−x1, I0,0−d0,x1 ,
1

β1λ1 + λ0

)dx1dx0.

(3.10)

H1(I0,0, I1,0) =
1

2
h1(I1,0 + 1)

I0,0−1∑
d0,x1=0

∫ T

0

∫ x0

0

x1

·gampdf(x1, I1,0,
1

λ1

)poisspdf(d0,x1 , λ0x1)gampdf(x0−x1, I0,0−d0,x1 ,
1

β1λ1 + λ0

)dx1dx0.

(3.11)
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B0(I0,0, I1,0) =
1

2
bλ0

I0,0−1∑
d0,x1=0

∫ T

0

∫ x0

0

(T − x0)2

·gampdf(x1, I1,0,
1

λ1

)poisspdf(d0,x1 , λ0x1)gampdf(x0−x1, I0,0−d0,x1 ,
1

β1λ1 + λ0

)dx1dx0.

(3.12)

B1(I0,0, I1,0) =
1

2
bλ1

I0,0−1∑
d0,x1=0

∫ T

0

∫ x0

0

(β1(T − x0)2 + (1− β1)(T − x1)2)

·gampdf(x1, I1,0,
1

λ1

)poisspdf(d0,x1 , λ0x1)gampdf(x0−x1, I0,0−d0,x1 ,
1

β1λ1 + λ0

)dx1dx0.

(3.13)

Subcase 3.2: X0 = T .

H0(I0,0, I1,0) =
1

2
h0

I0,0−1∑
d0,x1=0

I0,0−d0,x1−1∑
d0,T−x1

=0

∫ T

0

((I0,0 + I0,0 − d0,x1)x1

+ (I0,0 − d0,x1 + I0,0 − d0,x1 − d0,T−x1)(T − x1))

·gampdf(x1, I1,0,
1

λ1

)poisspdf(d0,x1 , λ0x1)poisspdf(d0,T−x1 , (β1λ1+λ0)(T−x1))dx1.

(3.14)

H1(I0,0, I1,0) =
1

2
h1(I1,0 + 1)

I0,0−1∑
d0,x1=0

I0,0−d0,x1−1∑
d0,T−x1

=0

∫ T

0

x1

·gampdf(x1, I1,0,
1

λ1

)poisspdf(d0,x1 , λ0x1)poisspdf(d0,T−x1 , (β1λ1+λ0)(T−x1))dx1.

(3.15)
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B0(I0,0, I1,0) = 0. (3.16)

B1(I0,0, I1,0) =
1

2
b(1− β1)λ1

I0,0−1∑
d0,x1=0

I0,0−d0,x1−1∑
d0,T−x1

=0

∫ T

0

(T − x1)2

·gampdf(x1, I1,0,
1

λ1

)poisspdf(d0,x1 , λ0x1)poisspdf(d0,T−x1 , (β1λ1+λ0)(T−x1))dx1.

(3.17)

Case 4: 0 < X0 < X1 < T .

Similar to the discussion of Case 3.

Case 5: X0 = X1 = T .

H0(I0,0, I1,0) =
1

2
h0

I1,0−1∑
d1,T =0

I0,0−1∑
d0,T =0

(I0,0 + I0,0 − d0,T )T

· poisspdf(d1,T , λ1T )poisspdf(d0,T , λ0T ). (3.18)

H1(I0,0, I1,0) =
1

2
h1

I1,0−1∑
d1,T =0

I0,0−1∑
d0,T =0

(I1,0 + I1,0 − d1,T )T

· poisspdf(d1,T , λ1T )poisspdf(d0,T , λ0T ). (3.19)

B0(I0,0, I1,0) = 0. (3.20)
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B1(I0,0, I1,0) = 0. (3.21)

Table 3.2 shows results of the same experiment as Table 3.1. We use

β0 = β1 = 0.5 and assess the effect of stockout-based substitution on the

inventory-related cost. Some interesting observations emerge.

First, all percentage changes are non-positive. It shows that stockout-

based substitution reduces the inventory-related cost.

Second, if all customers buy from one location and the other location does

not carry goods, carrying out stockout-based substitution is of no avail. It

does not reduce the inventory-related cost. Note the 0’s in the first 5 cells in

the row of α = 0 and in the entire row of α = 1. When α = 1, all customers

buy online and the store serves as a showroom. Since carrying goods in

the warehouse is cheaper than in the store, all goods are consigned to the

warehouse. If the item is out of stock in the warehouse, it is back-ordered.

Similarly, when α = 0 and I is small, all goods are consigned to the store.

An item that is out of stock in the store is back-ordered.

Third, stockout-based substitution reduces the inventory-related cost sig-

nificantly when the total supply and the expected total demand do not differ

widely. When α = 0(0.1), substantial reduction occurs at I = 14(6). When

α = 0.2, 0.3, ..., 0.9, it occurs at I = 8. When the total supply is comparable

in size to the expected total demand and is divided up between the two loca-

tions, goods are very likely to be mis-located. While the item is back-ordered

in one location, it is available in the other. Stockout-based substitution opens

up an opportunity to hand over demand to the the location that has stock.
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The Effect of Ship-from-store on the Optimal Redistribution

In the first part of Section 3.4.2, we have quantified cost reductions made by

stockout-based substitution. If that substitution is taken into consideration

when deciding stock redistribution, it can be even more attractive. In this

section, we study stockout-based ship-from-store in which an online order is

shipped from a store should the product be out of stock in the warehouse. We

shall see how ship-from-store affects redistribution of stock from examples.

This paragraph describes the examples in detail. There are four locations.

Location 0 is the warehouse and locations 1, 2 and 3 are stores. If the product

is in stock in location 0, then online orders are shipped from location 0.

Otherwise online orders are shipped over from location 1 if it has stock.

Locations 2 and 3 are not equipped to deal with online orders. The total

stock in the four locations is I = 4. The back order cost rate is 1. Location

0’s, 1’s and 2’s holding cost rates are 0.1, 0.2 and 0.3 respectively. Location

3’s holding cost rate is between 0.4 and 0.9. Four locations’ demand rates

are either all 1 or all 4. Table 3.3 shows the optimal redistribution of stock

when the ship-from-store approach is not/ is adopted. We obtain the former

through Theorem 3.3.4 and the latter through exhaustive search.

We make some observations about the effect of ship-from-store on the

optimal redistribution from Table 3.3.

When λ = 1 and the ship-from-store approach is not adopted, if h3 is

small (0.4 or 0.5), each location is given one unit. If h3 is large (> 0.5),

then location 3 is not given any units and location 0 is given two one of

which is safety stock kept in case the online demand is greater than expected.
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Table 3.3: The optimal redistribution of stock when the ship-from-store ap-
proach is not/ is adopted

HH
HHHHλ

h3 0.4 0.5 0.6 0.7 0.8 0.9 Ship-from-store

1
[1 1 1 1] [1 1 1 1] [2 1 1 0] [2 1 1 0] [2 1 1 0] [2 1 1 0] No

[1 1 1 1] [1 1 1 1] [1 1 1 1] [1 2 1 0] [1 2 1 0] [1 2 1 0] Yes

4
[1 1 1 1] [1 1 1 1] [1 1 1 1] [1 1 1 1] [1 1 1 1] [1 1 1 1] No

[0 2 1 1] [0 2 1 1] [0 2 1 1] [0 2 1 1] [0 2 1 1] [0 3 1 0] Yes

Consider that unit. If the ship-from-store model is adopted and h3 is medium

(0.6), that unit will be assigned to location 3. If h3 is large (> 0.6), that unit

will be assigned to location 1 so that it becomes the shared safety stock with

location 0.

When λ = 4, demand is far more than supply. Thus holding cost is in-

significant in comparison to back order cost. If the ship-from-store approach

is not adopted, each location carries goods. Otherwise inventory is pooled

into location 1 to be used for purchases online and from store 1. If h3 is not

large (0.4 to 0.8), stocks in locations 0 and 1 are pooled. If h3 is large (0.9),

stocks in locations 0, 1 and 3 are pooled.

3.5 Conclusions

This chapter studies inventory control policies in one-warehouse multi-retailer

systems where the warehouse may also meet customer demand and proactive

transshipment is enabled. The proactive transshipment should be made ac-

cording to the algorithm that solves the optimal redistribution of inventory.

The optimal amount of inventory that a system should carry is determined
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from the first-order condition due to the convexity of the system inventory-

related cost. Based on the average total cost per period and a lower bound

of it, a dynamic upper bound of the optimal length of the reorder interval is

developed.

It is assumed that the proactive transshipment is instant, and shipping

and handling fees associated with the proactive transshipment are negligible

compared with the cost of ordering for the reasons given in Section 3.2. On

the other hand, if the lead time to perform the proactive transshipment is

significant or the cost of the proactive transshipment is non-negligible, the

optimal solution obtained from this chapter leads to an upper bound of the

cost in the new model and the optimal cost obtained from this chapter is a

lower bound.
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Chapter 4

Demand Management in

Multi-channel Marketing

4.1 Introduction

Demand management is a prelude to inventory management, because inven-

tory management is essentially matching supply and demand of products.

Therefore, searching for clues about what good demand management looks

like is a crucial issue. However, demand management in multi-channel mar-

keting is not an easy task. For one thing, customer demand keeps on chang-

ing as customers change their price sensitivity or lose interest in products

in any channel. For another, interaction between channels makes demand

management even more complex.

Various ways to model demand in multi-channel marketing have been

recorded in the literature. A usual method is to consider demand to be a

function of price and the demand in each channel is subject to a migration
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effect. The migration effect captures the demand that migrates from one

channel to another to enjoy the benefits of the latter such as monetary ad-

vantage or good service. For example, when price varies from channel to

channel, the low-price seekers will purchase the product from the relatively

lowly priced channel (Perakis and Sood, 2006; Huang and Swaminathan,

2009; Cai et al., 2009). The migration can be also from the online channel

to the retailer channel when value is added to the product in the retailer

channel (Mukhopadhyay et al., 2008) or when there is a delivery lead time

for the orders placed through the online channel (Hua et al., 2010).

Demand can be modeled not only directly in the above-mentioned ways

but also through utility functions. The latter stream of literature models

an individual customer’s utility of purchasing each channel’s product. The

customer will not make a purchase from any channel if all utilities are non-

positive. If some utilities are positive, the customer will purchase the product

from the channel that gives the highest utility. The utility is usually consid-

ered to be a function of price (Cattani et al., 2006; Yoo and Lee, 2011) or

a function of price and service (Aussadavut et al., 2008; Chen et al., 2008;

Ofek et al., 2011). Depending on the purpose of the research, other factors

such as the store inventory level can also be taken into account (Gao and Su,

2016).

It is noted that regardless of whether demand is modeled directly or

through utility functions, price plays an essential role. However, it is gener-

ally assumed that demand or utility is a linear function of price. Research

findings in the field of nonlinearity are underdeveloped. Moreover, most liter-

ature considers decentralized control where channels compete for customers

79



and focuses on providing channels economic incentives to coordinate policy.

The issue of centralized control is not addressed adequately. This chapter

considers each channel’s demand to be a general function of prices, price

differentials and substitutabilities between products that are centrally con-

trolled. It characterizes the total amount of demand when prices are chosen

optimally. The migration effect due to the price differential is discussed.

Finally, it considers the management of multi-period demand.

4.2 Model

Products are sold through two channels. The unit price of the product in

channel i is pi, i ∈ {1, 2}. The demand in channel i is a function of pi, p1−p2

and substitutability between the products β as follows,

q1 = f1(p1)− h(p1 − p2, β),

q2 = f2(p2) + h(p1 − p2, β).

(4.1)

The function fi returns the amount of demand attracted by channel i. Gen-

erally, fi(pi) is a decreasing function of pi because a rise in price reduces

demand. The degree to which a change in pi leads to a change in fi(pi) is

referred to as price sensitivity. When price sensitivity is high, a price rise

leads to a sharp decrease in demand. The function h measures the migration

effect caused by the price differential and β ≥ 0 denotes the substitutability

between the products sold in the two channels. β = 0 indicates that the prod-

ucts sold are non-substitutable. For example, one channel sells toothpaste

and the other channel sells cleanser. In this situation, the substitution effect
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is minimal and possibly zero. β > 0 indicates that the products sold are

substitutable, e.g., both channels sell toothpaste, possibly different brands.

The higher value β has, the more substitutable the products are and the big-

ger substitution effect there will be. If p1 > p2, the demand migrates from

channel 1 to channel 2 and thus h > 0. If p1 < p2, the demand migrates from

channel 2 to channel 1 and thus h < 0. If p1 = p2, there is no migration of

demand and thus h = 0. The degree to which a change in |p1 − p2| leads to

a change in |h(p1 − p2)| is referred to as cross price sensitivity. When cross

price sensitivity is high, an increase in the price differential leads to a large

migration of demand. After taking account of the migration effect, f1 − h

and f2 + h are the amount of demand secured by channel 1 and channel 2

respectively. It is assumed that p1, p2, f1, f2, q1, q2 ≥ 0. The firm aims to

maximize the total profit which is

π = (p1 − c1)q1 + (p2 − c2)q2, (4.2)

where ci is the cost of selling one unit through channel i.

4.3 Analysis and Discussion

We are to characterize the total amount of demand when the product is

priced at the value regarded as optimal. Let Qc be the total amount of

demand when each channel sells at the cost, i.e., pi = ci. It is the largest

amount sold if each channel aims to sell a unit at a profit. Let Qp denote

the total amount of demand when the price maximizes the total profit in
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Equation (4.2). Represent the reduction in demand when the price rises

from the cost to the optimal value by Lc2p, i.e., Lc2p = Qc −Qp.

Theorem 4.3.1. When f1, f2, h1, h2 are differentiable functions, the follow-

ing must be true.

(1) If f1 and f2 are linear, then Qp = 1
2
Qc = Lc2p;

(2) If f1 and f2 are convex, then Qp <
1
2
Qc < Lc2p;

(3) If f1 and f2 are concave, then Qp >
1
2
Qc > Lc2p.

Proof. By Fermat’s theorem, at the optimal price,

∂π

∂p1

= 0 (4.3)

∂π

∂p2

= 0. (4.4)

Adding up Equations (4.3) and (4.4) leads to

f1(p1) + f2(p2) + (p1 − c1)f ′1(p1) + (p2 − c2)f ′2(p2) = 0. (4.5)

Note that f1(p1) + f2(p2) = Qp.

(1) If f1 and f2 are linear, then −(p1 − c1)f ′1(p1)− (p2 − c2)f ′2(p2) = Lc2p;

(2) If f1 and f2 are convex, then −(p1− c1)f ′1(p1)− (p2− c2)f ′2(p2) < Lc2p;

(3) If f1 and f2 are concave, then −(p1− c1)f ′1(p1)− (p2− c2)f ′2(p2) > Lc2p.
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Theorem 4.3.1 shows that Qp depends on the shape of fi. If fi is a linear

function of price, it means that price sensitivity remains the same as the

price goes up. In this situation, Qp is half of Qc. In the case of convex fi,

price sensitivity is high when the price is low. In other words, a change in

the price leads to a big change in the amount sold when the price is low.

While selling at the optimal price, demand falls by more than half from Qc.

By contrast, a situation of concave fi occurs when low price sensitivity goes

with low price. When selling at the optimal price, demand falls by less than

half from Qc.

Rearrange the terms in Equation 4.2 and the total profit can be also

written as

π = (p1−c1)f1(p1)+(p2−c2)f2(p2)+[(p2−c2)−(p1−c1)]h(p1−p2, β). (4.6)

If p1 > p2, some demand migrates to channel 2. When the profit margin

in channel 2 is smaller than that in channel 1, i.e., p2 − c2 < p1 − c1, the

migration hurts the total profit. In this situation, the size of the migration

should be as small as possible. Hence, the two channels may consider selling

non-substitutable products. When the profit margin in channel 2 is larger

than that in channel 1, i.e., p2 − c2 > p1 − c1, then the migration boosts

profits. In this situation, the two channels should facilitate the migration of

demand by offering substitutable products. The situation of p1 < p2 leads to

the opposite conclusion. Findings are represented graphically on Figure 4.1.
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Figure 4.1: The relationship between π and h

4.3.1 An Example

Consider the following form of demand,

q1 =
1

1 +m
[m− αp1 − β(p1 − p2)],

q2 =
1

1 +m
[1− αp2 + β(p1 − p2)],

(4.7)

where m > 0, α > 0 and β ≥ 0. The form of demand develops from the

demand structure in Raju et al. (1995) who assume that customers do not

have preference for a channel, i.e., m = 1. We note that when p1 = p2 =

0, q1 = m
1+m

, q2 = 1
1+m

and total demand is 1. The reason we normalize

demand is to save the parameter representing the level of base demand.

1
1+m

β|p1 − p2| is the size of the migration. It is assumed that p1, p2,m −

αp1, 1− αp2, q1, q2 ≥ 0.

The firm aims to maximize the total profit in Equation (4.2) by deter-

mining the optimal (p1, p2). The latter is solved to be

(p∗1, p
∗
2) =

(
αm+ β + βm

2α(α + 2β)
+
c1

2
,
α + β + βm

2α(α + 2β)
+
c2

2

)
. (4.8)
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By substituting (p∗1, p
∗
2) for (p1, p2) in Equation (4.7), the optimal amount of

demand is obtained as (q∗1, q
∗
2) =

(
1

2(1+m)
[m− αc1 − β(c1 − c2)], 1

2(1+m)
[1− αc2 + β(c1 − c2)]

)
.

In other words, when prices are optimal, demand in each channel is half of

that when prices equal costs. This result is consistent with the findings

in Theorem 4.3.1. Substitute (p∗1, p
∗
2) for (p1, p2) and (q∗1, q

∗
2) for (q1, q2) in

Equation (4.2), and the maximum total profit π∗ can be worked out.

To examine the effect of β on π∗, the first order derivative of π∗ with

respect to β at β = 0 is calculated and

∂π∗

∂β
(0) =

1

4(1 +m)

[
(c1 − c2)2 − (m− 1)2

α2

]
. (4.9)

Equation (4.9) provides insights into management of products in two chan-

nels. (1) The firm has much incentive to offer substitutable products in the

two channels when costs in the two channels are far apart ((c1 − c2)2 large),

there is not a strong preference for a channel ((m− 1)2 small) and the price

sensitivity is high (α large). It is because the profit margin in the lowly

priced channel turns out to be higher than that in the highly priced channel

in this situation. Thus, products in the two channels should be substitutable

so as to facilitate the migration of demand. (2) By contrast, a firm should

offer non-substitutable products when costs in the two channels are close to

each other ((c1 − c2)2 small), customers express a strong preference to use a

certain channel ((m− 1)2 large) and the price sensitivity is low (α small). It

is because the profit margin in the lowly priced channel turns out to be lower

than that in the highly priced channel in this situation. Hence, products

should be non-substitutable so as to retain low-price seekers.
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4.3.2 Multi-period Demand

The discussion above is on demand management when the planning horizon is

one period within which no changes can be made. In this case, the two chan-

nels only make a decision prior to the introduction of products. By contrast,

if the planning horizon is a number of periods, the two channels may choose to

sell substitutable products during some periods and non-substitutable prod-

ucts during the remaining planning horizon. This section discusses demand

management in T periods. In period t, 1 ≤ t ≤ T , the two channels determine

whether to sell non-substitutable products (βt = 0) or substitutable prod-

ucts (βt = β > 0). Further, they decide the prices of the products. Prices

during one period may have an impact on demand in subsequent periods.

If substitutable products are sold and the price differential is larger than a

tolerance, part of the customer base of the highly priced channel transfer to

the customer base of the lowly priced channel in the next period. Otherwise,

the customer base remains the same.

Adapt Equation (4.1) for the above-mentioned multi-period setting and

the demand in channel i in period t is as follows,

qt1 = f t1(pt1)− ht(pt1 − pt2, βt),

qt2 = f t2(pt2) + ht(pt1 − pt2, βt).
(4.10)

Furthermore, if βt = β and pt2 − pt1 > τ ,

f t+1
1 (p1) = f t1(p1) + δ,

f t+1
2 (p2) = f t1(p2)− δ.

(4.11)
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If βt = β and pt1 − pt2 > τ ,

f t+1
1 (p1) = f t1(p1)− δ,

f t+1
2 (p2) = f t1(p2) + δ.

(4.12)

Otherwise,

f t+1
1 (p1) = f t1(p1),

f t+1
2 (p2) = f t1(p2).

(4.13)

In the above expressions, δ > 0, τ ≥ 0 are constants. When the two chan-

nels sell substitutable products, τ is tolerance towards the price differential.

Once the price differential exceeds τ , there are δ units of the customer base

(the amount of demand when price is zero) shifting from the highly priced

channel to the lowly priced one in the next period. If the price differential is

at most τ or the two channels sell non-substitutable products, the customer

base in each channel does not change.

The cost of selling one unit in channel i is ci. The two channels aim to

determine the optimal policy that maximizes the total profit over T periods,

i.e.,
∑T

t=1(pt1− c1)qt1 + (pt2− c2)qt2. A policy consists of a series of actions, one

for each period. An action can be one of the following,

D: to sell non-substitutable products;

S̄: to sell substitutable products and the price differential does not

exceed τ ;

S̀: to sell substitutable products and p1(t)− p2(t) > τ ;
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Ś: to sell substitutable products and p2(t)− p1(t) > τ .

Theorem 4.3.2. When the optimal policy is unique,

(1) actions of D should be joined together;

(2) actions of S̄ should be joined together.

Proof. (1) We prove by contradiction and assume that the optimal policy

has a chain of (D, ~A,D) where the former D is in period t, and ~A is made up

of a ≥ 1 actions and does not include D. Let f si be the demand attracted by

channel i in period t. The demand attracted by each channel in period t+ 1

remains the same since the action in period t is D. Let f ei be the demand

attracted by channel i in period t+a. Let Π(f1, f2, A) denote the total profit

in a period when the demand attracted by channel i is fi and the action is A.

By comparing (D, ~A,D) with (D,D, ~A), we get Π(f e1 , f
e
2 , D) > Π(f s1 , f

s
2 , D).

By comparing (D, ~A,D) with ( ~A,D,D), we get Π(f s1 , f
s
2 , D) > Π(f e1 , f

e
2 , D)

and come to a contradiction. Therefore, Ds should be joined together.

(2) Similar to (1).

Theorem 4.3.2 states that given the uniqueness of the optimal policy, if

the two channels decide to sell substitutable products at similar prices or sell

non-substitutable products in a certain number of periods, then those periods

should be grouped together. This result helps facilitate the search for the

optimal policy on product management and pricing. When the planning

horizon is T periods, one needs to consider where to position m consecutive

Ds and n consecutive S̄ where m and n are non-negative integers and m+n ≤

T . The policy that produces the highest total profit is the optimal one.
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4.4 Conclusions

This chapter considers centralized demand management in two channels

where the demand takes a general form of prices. It characterizes the to-

tal amount of demand in the two channels when price is optimal. Further,

if there exists a price differential of the products in the two channels, de-

mand migrates from the highly priced channel to the relatively lowly priced

one. The study demonstrates that the effect of the migration of demand

on the total profit is mediated by the profit margins. Finally, it is shown

that given the uniqueness of the optimal policy, if the firm decides to sell

substitutable products at similar prices or sell non-substitutable products in

a certain number of periods, then those periods should be grouped together.

Future research may extend to demand management of multiple products in

more than two channels in the face of competition.
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Chapter 5

Summary and Conclusions

This thesis studies inventory management in firms that market products in

multiple channels. Chapter 1 summaries theoretical findings and industrial

practices in this field. Chapter 2 compares continuous and end-of-period ac-

counting of inventory in serial systems implementing echelon (r,nQ,T) poli-

cies. It is proved that continuous accounting leads to the otherwise overshot

reorder points. Chapter 3 considers one-warehouse multi-retailer systems

where inventory is redistributed periodically. In this situation, it develops an

upper bound of the optimal reorder interval. Chapter 4 discusses the demand

management in two channels for which the total profit is a major concern.

As shown in Chapters 2 and 3, if demand demand migrates from one

channel to another, it could help reduce inventory-related costs because in-

ventory can be pooled. On the other hand, Chapter 4 shows that migration

of demand could have a negative effect on the total profit. Future research

may build an integrated model that combines inventory management and

revenue management so as to get a bird’s-eye view of the role of migration.
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