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Abstract 

This thesis addresses the problem of navigation, localization and map-
building in an unknown and unstructured environment and its applica­
tion to an autonomous underwater vehicle (AUV). Given the dynamic 
nature of the underwater environment and the limitations of traditional 
baseline based systems, the inability to use GPS underwater, and the 
range limited optical vision systems, our approach for overcoming these 
navigation limitations has been to embrace a feature based simultaneous 
localization and mapping (SLAM) framework while explicitly exploit­
ing the available navigational sensor suite and rich blazed array sonar 
imagery that is commonly used in underwater explorations. The most 
common formulation of the feature based SLAM problem is founded on 
a vector based stochastic framework, where the sensor models and the 
vehicle models are represented in state space form and the joint posterior 
or its statistics are obtained based on recursive Bayesian estimation. All 
the SLAM solutions leading from the stochastic vector state-space ap­
proach require that we solve certain parallel problems in each recursion. 
These include effective solutions to the problems of data association, 
feature detection and extraction, clutter filtering and landmark or map 
management. In this thesis, we devise an alternative unifying frame­
work based on finite set statistics (FISST), where the SLAM problem 
is reformulated so that the landmark map and the measurements are 
represented using random finite sets and the landmark map is jointly 
estimated with the vehicle state vector, whilst explicitly accounting for 
measurement detection uncertainty, data association uncertainty, false 
alarms and map management in the SLAM filter framework. The central 
thesis of this dissertation is that the random finite set framework is not 
only a natural, elegant and a unifying framework, but also leads to prac­
tical, efficient and reliable algorithms for autonomous vehicle navigation. 
The first key contribution is a mathematically rigorous multi-landmark 
map evolution model that accounts for new incoming landmarks and 
a sensor measurement model that accounts for sensor's detection un­
certainty, false alarms and clutter for autonomous vehicle navigation. 
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The second key contribution is a novel algorithm for autonomous ve­
hicle navigation where a clutter rejection algorithm based on moment 
approximations to the posterior density of the random finite set state 
is naturally integrated within the conventional SLAM framework. The 
performance of the proposed algorithm is demonstrated using synthetic 
data and real offshore data, and shown to considerably outperform con­
ventional SLAM approaches in underwater environments. The third key 
contribution is a mathematically principled unifying random finite set 
theoretic SLAM framework, where the SLAM problem is reformulated 
so that the landmark map and the measurements are represented us­
ing random finite sets and the landmark map is jointly estimated with 
the vehicle state vector. Results of this proposed algorithm are presented 
both in simulation and real data collected during deployment of an AUV 
equipped with a blazed array sonar in an offshore environment. 
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1 

Introduction 

1.1 Motivation 

Underwater is rich with mineral resources, oil and gas reserves. Depletion of the re­

newable resources on land makes underwater exploration an awful necessity. With 

increase in population, underwater man made structures such as oil and water 

transportation pipelines, telecommunication cables, underwater structures etc., are 

rapidly increasing. These man made systems have to be routinely checked for safe 

and reliable functioning. Homeland security and mine counter measures (MCMs) 

are some of the important concerns of the present times. Thus to explore the deep 

and shallow underwater environments, maintenance of underwater structures and 

to provide safe waters, we would need underwater vehicles. Figure 1.1 illustrates 

different classes of underwater vehicles. The tethered remotely operated vehicles 

(ROVs) are currently the most widely used underwater vehicles, serving a range of 

military, commercial, and scientific needs. The tether supplies power and commu­

nication to the ROV and is controlled directly by a remote human operator. The 
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1.1 Motivation 

umbilical is one of the vehicles main assets, and at the same time, one of its main 

drawbacks. Since the ROV is physically connected to a surface vessel, ample power 

can be sent to the vehicle and large amounts of data can be received. Working 

against this, however, is drag on the umbilical and the increasing power required 

as depth or speed of operation of ROV is increased. Also twisting, breaking of 

the tether or entangling with the objects is of high concern, when operating the 

ROVs. For ROVs, which must operate in great depths or in high currents, a sub­

stantial cable winch and power generator are required, which necessitate a sizable 

surface support ship. Autonomous underwater vehicles (AUVs) that complement 

the ROVs, have been growing in popularity due to their unmanned and untethered 

design which makes them suited for large scale exploratory surveys with minimal 

human intervention and surface support. Also with the advent of new hardware 

technologies and powerful processors, these underwater vehicles have shown the 

potential to revolutionize our access to the oceans to address critical problems fac­

ing the marine community such as underwater search and mapping [100], climate 

change assessment, under ice exploration [20], geological mapping [84], marine 

habitat monitoring, man-made structure maintenance [17] and shallow water mine 

countermeasures [28], [47]. Accurate navigation is a crucial aspect of each of these 

missions. 

Navigation, which is the combination of precise positioning and guidance, is a 

fundamental challenge in mobile robotics community. Good navigation information 

is essential for safe operation and recovery of any mobile robot and this especially 

true for AUVs. For the data collected by an AUV to be of value, the location from 

which it was acquired must be precisely known. While the underwater terrain itself 

presents its own challenges to autonomous vehicle navigation such as the effects of 

2 
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1.1 Motivation 

(a) Urov7k [10] (b) Jason [99] 

(c)r2d4[W7] (d) Remus [78] 
Figure 1.1 State of the art Unmanned Underwater Vehicles 

acoustic propagation, backscatter and marine snow for vision, the lack of obtaining 

precise navigational information is not limited to underwater vehicles. Global po­

sitioning systems (GPS) which have been used extensively used to provide precise 

positioning for land and air-based systems cannot be used underwater due to rapid 

attenuation of electromagnetic signals in water. As acoustic energy propagates well 

in the underwater environments, acoustic transponders can be used as "beacons" to 

guide the motion of an AUV. The most common techniques employed for tracking 

underwater vehicles by acoustic base line systems in form of either long base line 
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1.1 Motivation 

(LBL), short base line (SBL) and ultra short base line (USBL) systems [57]. How­

ever, the major drawback with these systems being the line of sight operation and 

expensive and elaborate deployment and recovery procedures [113]. Within the 

last decade, the development of commercially available, precise, high update rate 

navigation sensors such as Doppler sonars, optical gyro-compasses, and inertial 

measurement units (IMUs), have served to complement the old school of underwa­

ter sensors such as acoustic positioning systems, magnetic compasses, and pressure 

depth sensors [57]. Data from these sensors, along with data from side scan sonars 

and optical cameras, have served in the development of novel navigation method­

ologies. Many of these methods aid sensor data with information from dynamic or 

kinematics models. IMUs offer high update rate, excellent strap down capabilities 

due to which it has been applied in numerous underwater applications. The devel­

opment of high-frequency ( 600 kHz to 1.2 MHz), multi-beam Doppler sonars that 

provide bottom velocity measurements with a precision of 0.3 m or less and update 

rates up to 5 Hz provide researchers with velocity measurements for near-bottom 

(2 - 100 m) navigation [b\]. This has enabled the development of a wide variety 

of Doppler-based navigation techniques. However these systems suffer from an 

unbounded-error position estimate based on integrating velocity or acceleration. 

While the level of precision obtained by such systems can often be satisfactory for 

shorter duration missions, but is typically intolerable for larger area missions. The 

past two decade of underwater navigation literature shows that, the community has 

been focusing significantly on developing terrain aided navigational algorithms us­

ing on-board sensing systems, that eliminate the need for additional infrastructure 

and bound the position error growth. The solution to the problem of mapping an 

environment and simultaneously using this map to localize is considered as a key 

4 
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1.2 A Overview of Underwater Vehicle Sensing & Navigation 

prerequisite in the synthesis of truly autonomous vehicles. The question of how to 

use such a methodology for mobile robot navigation was theoretically addressed in 

a seminal paper series by [102] and [80], now popularly referred to as simultaneous 

localization and mapping (SLAM) problem. Thus, a SLAM framework seems like a 

natural choice for overcoming the current navigation limitations of the underwater 

vehicles. The following section gives a detailed overview of underwater sensing 

and current practices for underwater navigation. 

1.2 A Overview of Underwater Vehicle Sensing & Nav­

igation 

In the context of Autonomous Vehicles, navigation involves answering three dis­

tinct questions: "Where am I?" "Where am I going?", and "How do I get there?" [34]. 

The first question is simply to know where the vehicle is, at all times. The second 

question is mainly concerned with vehicle path planning. The third question looks 

at the control of the vehicle in the desired path. The focus of this thesis is on the 

first question, which is the vehicle positioning or the localization problem for un­

derwater vehicles. A recent survey paper also highlights the challenges dominating 

the underwater vehicle navigation [57]. 

1.2.1 Dead-Reckoning Navigation 

Dead reckoning (DR) is the most widely used navigation method for mobile robot 

positioning. The primary sensors used in underwater environments for dead reck­

oning are the inertial navigation systems (INS) and Doppler velocity logs (DVL). 

3 
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1.2 A Overview of Underwater Vehicle Sensing & Navigation 

Inertial Navigation 

INS uses gyroscopes and accelerometers to measure rate of rotation and accel­

eration, respectively. Measurements are integrated to yield position and orien-

tation(pose) of vehicle with respect to some inertial frame of reference. Inertial 

navigation systems have the advantage that they are self-contained, that is, they 

don't need external references. However inertial sensors are prone to errors from 

many sources - bias, random noise, temperature, aging. These lead to unbounded 

errors in position and velocity upon integration.These systems also require accu­

rate calibration regularly. Thus inertial sensors are mostly unsuitable for accurate 

positioning over an extended period of time. 

Doppler Velocity Log 

DVLs calculate vehicle velocities, relative to the ocean floor or the water column 

based on the principle of Doppler shift [108]. Most DVLs have four transducers, 

each aligned at an angle of 30° from the vertical and arranged in a Janus config­

uration (facing opposite directions) as shown in the fig. 1.2 [6]. Each transducer 

transmits sound waves (referred to as ping) in a narrow beam at a known fre­

quency (usually high frequency in the order of 300 — 1200kHz). The pings forming 

an acoustic beam strike the particulate matter suspended in the water column or 

the seabed. When the pings strike scattering centers, some of the sound energy 

is reflected along the acoustic beam to the transducer. The returned sound has a 

frequency (Doppler) shift proportional to the velocities of the scattering centers and 

the water they are traveling in, along the acoustic beam. 
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1.2 A Overview of Undenvater Vehicle Sensing & Navigation 

Figure 1.2 RDI 600kHz Workhorse Navigator mounted on an autonomous surface craft 

1.2.2 Compasses, Inclinometers and Depth Sensors 

These sensors form the core of any underwater navigation system due to their drift 

free nature. A compass measures the orientation with respect to earth's magnetic 

field. However they are fairly susceptible to errors due to local magnetic distur­

bance, geographical magnetic anomalies or due to improper mounting. The incli­

nometers are used to measure the roll and pitch based on measuring the direction 

of acceleration due to gravity. The depth sensor computes the depth based on the 

direct measurements of the ambient water pressure using either strain gauges or 

quartz crystals. 

1.2.3 Acoustic Time of Flight Navigation 

As acoustic energy propagates effectively in the underwater environment, acoustic 

transponders are commonly used as "beacons" to guide the motion of an AUV. 

There are three standard techniques available for tracking/positioning underwater 

vehicles by acoustic means; long base line (LBL), short base line (SBL) and ultra 

short base line (USBL) acoustic navigation [12], [20]. 

In LBL navigation an array of acoustic transponders are deployed on the bottom 

at known locations that reply to transmissions from the vehicle yielding direct range 
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1.2 A Overview of Underwater Vehicle Sensing & Navigation 

measurements from which the position of the AUV can recovered from the process 

of triangulation. The array is usually geodetically calibrated, i.e., its geographical 

x, y, and z coordinates are known resulting in "absolute" fixes. Most LBL systems 

work at a frequency of around 10 kHz and provide position accuracy to within a 

few meters over an operating area of the order of few kilometers. Higher frequency 

LBL systems operating around 300 kHz are expected to provide position accuracy 

of the order of centimeters, with an operating area of 100 m [113]. 

In SBL navigation an array of hydrophones mounted on a vessel track the AUV 

with direct range measurements in relative coordinates while converting to an ab­

solute coordinate system with the aid of typical surface navigation systems and 

compass [12]. 

In USBL navigation a multi-element array of hydrophones are mounted on the 

vehicle that measures direct range and bearing to an acoustic beacon. By measur­

ing the phase difference of the sonar returns between the hydrophones, the bearing 

from the vehicle to the beacon can be determined. Range is determined by measur­

ing the travel time between the vehicle and the acoustic beacon, as in LBL systems 

[20]. 

Figure 1.3 illustrates a typical Long Base Line array setup. The main disadvan­

tage with these systems are that they are very expensive and deployment of the 

equipments are cumbersome. Also a significant difficulty in acoustic navigation is 

due to reflection and multi-path errors, which will result in incorrect time-of-flight 

values and hence erroneous position fixes [75]. Another major drawback of such 

systems is that the transponders and the vehicle's receivers must be on line of sight 

at all times. 
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1.2 A Overview of Underwater Vehicle Sensing & Navigation 

Figure 1.3 An artistic view of Long Base Line array setup with transponders positioned on the sea bed and 
AUV navigation based on triangulation 

1.2.4 GPS aided Navigation 

The global positioning systems (GPS) system of satellites is extensively used to pro­

vide precise positioning data for land-based and air-based systems. Unfortunately, 

electromagnetic signals attenuate rapidly in water, and hence the use of GPS in the 

underwater regime is severely limited. One approach taken generally is to equip an 

AUV with a GPS receiver system and bring it to surface at periodic intervals. The 

GPS measurements are then be used to reset the drift errors of the INS measure­

ments [9]. Similarly, several organizations have successfully integrated GPS with 

LBL or USBL networks to perform tasks such as station keeping [103], [9]. Since 

these techniques rely on the previous setup of an acoustic network, it is not possible 

to explore completely new environments. 
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1.2.5 Terrain Map aided Navigation 

Map aided navigation aims at correcting vehicle navigation errors with the help of 

the available terrain map. Most of the work has been concentrated on obtaining the 

position estimate of the vehicle given an apriori map of the environment. If an accu­

rate apriori environmental map such as bathymetry, magnetic field, or gravitational 

anomaly are available, one of the approaches could be to match the sensor data 

with these maps to estimate the position of the vehicle [43], [56]. With the advent 

of sophisticated sensor technologies and efficient sensor fusion algorithms, terrain 

map aided systems have been used for underwater navigation [30], [88]. How­

ever in practice, an up-to-date, high quality environmental map may be unavailable 

in the operating area of interest as there is no access to an external reference to 

provide position information for navigation, especially for unchartered territories 

underwater or otherwise. 

1.2.6 Simultaneous Localization and Mapping 

The SLAM problem examines whether a vehicle can build a map of its unknown 

environment incrementally by using the uncertain information extracted from its 

on-board sensors whilst simultaneously using that map to position itself in real 

time. However, after two decades of research and having established a compre­

hensive framework to the SLAM problem researchers still face several challenges 

in realizing fully deployable SLAM solutions especially in complex unstructured 

underwater environments. This is mainly attributed to inaccuracies in sensor per­

ception and modeling, data association related issues in SLAM [35]. Had there 

been ideal sensors capable of providing accurate measurements and ideal models 
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1.2 A Overview of Underwater Vehicle Sensing & Navigation 

for vehicles and sensors, which can be used to exactly predict the vehicle motion 

and relative landmark positions there would not have been a localization and a map 

building problem. The general solutions to the SLAM problem have been trying to 

exploit the perceptual sensing capabilities of these vehicles that are equipped with 

on-board sensors such as sonars, optical cameras, to correct for the large inaccu­

racies that accumulate over time in DR sensors (INS and DVL) due to integration 

of noisy information, to achieve accurate positioning in vehicle navigation appli­

cations. However, the use of these perceptual sensors introduces problems in the 

form of feature extraction, data association, clutter filtering, and landmark or map 

management that have to be addressed in order to determine the vehicle's state and 

knowledge it currently possesses about its environment in form of a map. 

1.2.7 Underwater SLAM 

Apart from the problems discussed in trying to incorporate a SLAM methodology 

for navigation, a number of further constraints come to the fore in the underwater 

environments due to sensing limitations and the challenging constrains imposed by 

the natural unstructured terrain [57]. 

A large portion of the work in the SLAM literature has relied upon high-precision 

laser scanners or optical vision as the perceptual sensor of choice for constructing 

accurate maps. However, strong attenuation of the electromagnetic waves in the un­

derwater environment limits the use of optical cameras and laser scanners to very 

short ranges 0(1 — 5m) and its performance is further affected in adverse conditions 

such as murky water [51]. However, this has not deterred a number of researchers 

who have examined the use of optical cameras as a primary navigation sensor [40], 
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[85], [116], [39] apart from its use for near bottom applications; photomosaicing [73], 

[85], pipeline & cable following [16]. See fig. 1.4 for a few of these applications. The 

(a) Underwater Habitat Monitoring (b) Pipeline inspection (adapted from [16]) 

(c) Man made structure inspection. This mosaic was built during a research expedition to survey breakwaters 
along the coast of Kamaishi, japan using Tridog-1 AUV 

Figure 1.4 Applications of Underwater Optical Vision 

optical cameras have also been used to perform feature based SLAM by extracting 

features from images of the seabed [42], [39] when the vehicle is operating very 

close to the sea-bed under good visibility conditions. 
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Sound navigation and ranging (SONAR) is a system that uses acoustic signals 

to explore the environment and is most commonly used in water to detect, classify, 

and localize underwater objects. They can be broadly categorized into passive and 

active sonars [108]. Passive sonar senses the sound radiated from the underwater 

environment. Active sonar involves transmitting an acoustical signal from a source 

and receiving reflected echoes from the object of interest. Passive sonars are mainly 

used in military applications such as sonars on submarines where covertness is es­

sential and certain applications that are directed to studying the ambient properties 

of the underwater environment. While the active sonars have been most commonly 

used in civilian applications such as in fisheries, offshore oil and gas industries and 

in AUVs and ROVs for the purpose of obstacle avoidance and navigation. Hence 

given the task at hand of positioning AUVs and mapping the underwater environ­

ment, active sonar is the most appropriate choice as a perceptual navigation sensor. 

Active Sonars can be broadly categorized as follows: 

• Sidescan sonar 

Sidescan sonar is generally used for mapping the sea-floor. It emits fan-shaped 

beam down toward the sea-floor across a wide angle perpendicular to the path 

of the sensor through the water, which may be towed from a surface vessel 

or attached to an underwater vehicle. The intensity of the acoustic reflections 

from the sea-floor of this fan-shaped beam is recorded in a series of cross-

track slices. When stitched together along the direction of motion, these slices 

form an image of the sea bottom within the swath of the beam. The sound 

frequencies used in side-scan sonar is in the order of 100 to 500 kHz, with 

higher frequencies yielding better resolution but lower range of operation. A 

sidescan sonar composite image built during a ship wreck survey in coastal 
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waters of Singapore is illustrated in fig. 1.5. 

Figure 1.5 A sidescan sonar image. This is a GPS pose corrected mosaic ofSudong ship wreck along 
coastal water of Singapore built using starfish sidescan sonar IS] mounted on a sea-kayak. 

• Forward looking sonar 

The forward-looking sonar, sometimes also called as a sector-scan sonar, is 

extensively used in obstacle and terrain detection for underwater vehicles. 

The same sonar, pointed down instead of ahead and with beams formed 

athwartship, are referred to as bathymetric sonar and are used to map the 

sea beds. 

- Mechanically steered sonar 

A mechanically steered sonar generally scans a two dimensional plane 

by steering a fan-shaped sonar beam in discrete angular steps using a 

stepper motor. For each transmitted beam, an intensity profile is returned 

from the environment that is accumulated to form an acoustic image. The 

frequency of operation is in the order of 500 to 900 kHz with an operating 

range of up to 200 m. However, mechanically steered sonars have very 

slow data update rates (~ 0.2 Hz) that limit its applications to very slow 

moving vehicles. Figure 1.6 shows an acoustic image obtained with a 
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mechanically steered sonar, Tritech Minking, during experiments in the 

swimming pool environment. 

Figure 1.6 An acoustic image formed from a Tritech miniking sonar [8], This illustrates an acoustic image 
of the swimming pool walls with artificial beacons (cylinders) in the environment 

- Blazed array sonar 

A blazed array sonar (BAS) generally transmits a broadband pulse through 

a transmitting array that creates a frequency dispersed sound field. It in­

teracts with the underwater environment and the sound field is received 

by a receiver array which is then combined to form a single signal. An 

acoustic image is generally generated through time scale processing. The 

frequency of operation is in the order of 900 to 1200 kHz with an op­

erating range of up to 55 m. The main advantage of these sonars over 

to their mechanically steered counterparts is the faster data update rates 

(~ 10 Hz) and a higher resolution due to overlapping beams. Thus given 

these advantages the BAS is used as a primary navigation and mapping 

sensor in this thesis for demonstrating the efficacy of the algorithms, de-
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veloped. Figure 1.7 illustrates an acoustic image formed with a Blueview 

BAS P900E during experiments along the coastal water of Singapore. 

s te is » as » ss *o 

Figure 1.7 An acoustic image formed from a Blueview blazed array sonar [I]. The acoustic image shows 
the Sudong wreck along coastal waters of Singapore as seen by BAS 

For range sensors such as sonar, geometric primitives such as lines, corners that 

correspond to walls are generally used as features to perform SLAM in structured 

indoor environments. In contrast to the indoor environments, which are dense and 

resemble proper geometric primitives like corners and straight lines, unstructured 

natural underwater environments are sparse in detail and do not conform to any 

simple geometric model. The common approach used in such scenarios is to use 

segmentation followed by a simple clustering algorithm to group raw sensor mea­

surements into data clusters and extract descriptors that sufficiently describe the 

cluster. Cluster centroids have been extensively used as feature descriptors to per­

form EKF based underwater SLAM, given the difficulty in modeling the terrain and 

processing cost involved [94], [115]. Carpenter has used a series of morphological 

operations on a sonar scan image to form objects (clusters), and retrieved perimeter, 

area, area-to-perimeter ratio and radial signature (distance from objects centroid to 

its boundary as a function of angle) as geometric descriptors to characterize a land-
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mark and used these landmarks within an EKF based SLAM framework [23]. An 

alternative representation was introduced by Majumder [72], where Sum of Gaus­

sian (SOG) distribution is used to build a feature map of landmarks to be used 

within the stochastic SLAM framework. The landmarks were initially characterized 

based on the intensity returns from sonar signal returns and a distance criterion 

was used to group measurements as blobs (clusters), and its peak amplitude, vari­

ance and the associated area were retrieved as descriptors. Ribas et.al have used 

a simple line extraction technique from sonar image when operating in man made 

structured underwater environments and incorporated them within the EKF based 

SLAM framework [92]. 

1.2.8 Limitations of current approaches 

Acoustic transponder based navigation systems using LBL, SBL offer bounded po­

sition measurements, but at high deployment costs. Moreover, such systems limit 

the vehicle navigation to the deployed network, which is not conducive in a long 

term when multiple site surveys are essential. The usage of GPS, underwater is 

severely limited due to the attenuation of electromagnetic signals underwater. Al­

ternatively, the usage DVL and other INS systems reduces the need for additional 

infrastructure by improving the dead-reckon navigation capabilities. However, the 

open-loop nature of these systems result in an error that is unbounded as a function 

of distance traveled. 

The optical vision based systems are limited by environmental visibility and lim­

ited range of operation. Moreover, most of the prominent vision based navigational 

approaches rely on building 2D mosaics of a 3D environment severely violate the 
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planar assumption of mosaicking [42],[85]. 

Given the dynamic nature of the underwater environment and the limitations 

of traditional LBL and DVL methods, the inability to use GPS underwater, and the 

range limited optical vision systems, our approach for overcoming these naviga­

tion limitations has been to embrace a SLAM framework while explicitly exploiting 

the available navigational sensor suite and rich blazed array sonar imagery that is 

commonly used in underwater explorations. 

1.3 Thesis Objective and Approach 

This thesis addresses the problem of simultaneous localization and map-building 

in an unknown and unstructured environment using a novel unified framework 

based on Random Finite Sets. The most common formulation of the SLAM prob­

lem is founded on a vector based stochastic framework, where the sensor models 

and the vehicle models are represented in state space form and the joint posterior 

or its statistics are obtained based on recursive Bayesian estimation. All the SLAM 

solutions leading from the stochastic vector state-space approach require that we 

solve certain parallel problems in each recursion. These include effective solutions 

to the problems of data association, feature extraction, clutter filtering, and land­

mark or map management. In this thesis, an alternative unifying framework based 

on finite set statistics (FISST) is devised, where the SLAM problem is reformulated 

so that the landmark map and the measurements are represented using random 

finite sets and the landmark map is jointly estimated with the vehicle state vector, 

whilst explicitly accounting for measurement detection uncertainty, data association 

uncertainty, false alarms and map management in the SLAM filter framework. 
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1.4 Contributions 

The key contributions of the thesis can be summarized as follows: 

• Development of a mathematically rigorous multi-landmark map evolution 

model that accounts for new incoming landmarks and a sensor measurement 

model that accounts for sensor's detection uncertainty, false alarms and clut­

ter for autonomous vehicle navigation based on random finite set theory and 

FISST calculus. 

• Analysis of the landmark (feature) detection problem for generic range-bearing 

imaging (GRBI) sensors (with blazed array sonar in particular) in an au­

tonomous navigation framework. The introduction of adaptive statistical de­

tectors and their applicability to autonomous underwater navigation, whose 

efficacy is shown through statistical analysis on blazed array sonar data. 

Development of a novel clutter rejection algorithm for autonomous vehicle 

navigation. The algorithm is based on the fusion of the moment approxima­

tion of the posterior density within the random finite set framework with the 

conventional SLAM framework. 

• Development of a novel algorithm for autonomous vehicle navigation where 

a clutter rejection algorithm based on moment approximations to the poste­

rior density of the random finite set state is naturally integrated within the 

conventional SLAM framework. 

• Development of a mathematically principled unifying random finite set theo­

retic SLAM framework, where the SLAM problem is reformulated so that the 
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landmark map and the measurements are represented using random finite 

sets and the landmark map is jointly estimated with the vehicle state vector. 

• Demonstrate the feasibility of the proposed solutions through the use of ex­

tensive simulations and experiments using AUVs in real offshore underwater 

environments. 

1.5 Thesis Structure 

This section gives an overview of the approach taken in this thesis and provides 

the structure of the thesis. The work carried out and the structure of the thesis are 

outlined here. 

• Chapter 2 examines and reviews the state of the classical vector based SLAM 

algorithms. A Bayesian filter navigation framework is derived and the approx­

imations to the optimal Bayes navigational filter are discussed. The chapter 

concludes by emphasizing on the standard properties and oversights of clas­

sical vector based SLAM solutions. 

• Chapter 3 briefly introduces the concepts of random finite set theory. A map 

evolution model that accounts for new incoming landmarks and a sensor mea­

surement model that accounts for sensor's detection uncertainty false alarms 

and clutter are developed to be applied in an autonomous vehicle navigation 

framework. These models are adapted for autonomous vehicle navigation 

based on FISST calculus, originally developed by Mahler. 

• Chapter 4 outlines the key role played by the feature extraction in the fea­

ture based environmental mapping and vehicle localization context. Here we 
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also analyze the landmark (feature) detection problem for GRBI sensors and 

introduce adaptive statistical detectors in the form of order statistics CFAR 

detectors and their applicability to autonomous underwater navigation. The 

efficacy of these detectors are shown through statistical analysis on the blazed 

array sonar data. A clutter rejection algorithm based on probability hypothe­

sis density filter is presented that simplifies the data association process and 

obviates the need for ad hoc multi-landmark map management strategies. The 

proposed algorithm is initially validated for performance using simulations 

and further using blazed array sonar. The effectiveness of the proposed clut­

ter rejection strategies is further demonstrated in conjunction with the entire 

SLAM framework using a standard EKF-SLAM filter without any external 

map management strategies. 

• Chapter 5 proposes a unified framework based on random finite sets referred 

to as FISST-SLAM, where the SLAM problem is reformulated so that the land­

mark map and the measurements are represented using random finite sets 

and the landmark map is jointly estimated with the vehicle state vector, whilst 

explicitly accounting for measurement detection uncertainty, data association 

uncertainty, false alarms and map management in the SLAM filter framework. 

Similar to FastSLAM, the proposed formulation involves factorization of the 

full SLAM posterior into a product of the vehicle trajectory posterior and the 

landmark map posterior conditioned on the vehicle trajectory. The vehicle 

trajectory posterior is then estimated using a particle filter and the map poste­

rior conditioned on the vehicle trajectory via a probability hypothesis density 

(PHD) filter. Two different implementations of the FISST-SLAM algorithm in-
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form of sequential Monte-Carlo and Gaussian mixture implementations are 

discussed. Simulations and offshore underwater field trial results are pre­

sented and benchmarked against FastSLAM to demonstrate the effectiveness 

and improved performance of the FISST-SLAM in the presence of significant 

clutter. 

• Chapter 6 concludes by summarizing the contributions of this thesis, cri­

tiquing the results and providing recommendations for future research in this 

domain. 
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2 

Classical Vector based SLAM 

In this chapter we will present an overview of the classical vector state space based 

Simultaneous Localization and Mapping (SLAM) problem, along with the most 

common approaches employed to solve this problem. It has often been recognized 

as one of the key problems in building truly autonomous systems, in the mobile 

robotics literature. The SLAM problem examines whether a vehicle in an unknown 

environment can build an incremental map of its surroundings by using uncertain 

information extracted from its on-board sensors whilst concurrently using the same 

map to position itself and navigate in real time. The SLAM problem was first 

proposed by Smith et. al. [102], [101], where they introduced the Extended Kalman 

Filter (EKF) based stochastic framework for joint estimation of the vehicle state and 

feature based point landmark (map) locations. Since then, variants of EKF-SLAM 

[63], [45], [117] and several other alternative approaches including probabilistic [72] 

and particle filter based methods [77], have been presented. SLAM is a highly active 

field of research within the mobile robotics community as presented in the recent 

survey papers [35], [15]. 
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2.1 Probabilistic Formulation of the SLAM Problem 

This chapter is organized as follows. In Section 2.1, a probabilistic framework 

to the SLAM problem along with a Bayes recursive solution is discussed. Section 

2.2 deals with the estimation theoretic approximations in general to overcome the 

computational intractability involved in calculation of Bayes SLAM posterior. It also 

highlights the potential drawbacks of the standard EKF-SLAM filter and variants 

that have been developed by researchers to overcome these problems. In Section 

2.3, sequential Monte-Carlo approximation techniques are discussed, followed by 

Rao-Blackwellization methods. We then discuss the properties of all these clas­

sical vector based SLAM solutions highlighting the drawbacks in Section 2.4 and 

conclude by proposing an alternative finite set theoretic framework to the SLAM 

problem in Section 2.5. 

2.1 Probabilistic Formulation of the SLAM Problem 

Let U* -1 = [uo,ui,...,u^i]7", denote the time sequence of controls applied to the 

vehicle up to and including time k — 1, where uj- is the control input at time k. 

Let the map containing N* number of static landmarks be represented by M*. = 

[»»*,!, • • •, W/t/MJT at time k. Let Z^ = [zjt,i, • • •, Zjt,/JT be measurements taken by the 

perceptual sensor on-board at time k. Let Zk = [Z\, Zi,. •., Zjt]T denote the history of 

all the measurements taken up to time k. Let Xk = [xj , . . . , xjt] denote the vehicle's 

complete pose history, where xj. represents vehicle's pose at time k w.r.t a global 

navigation frame. 

The following probabilities are of interest for the formulation of the problem, 

• fk\k-i(xk\xk-i>uk): Probability of evolving to a vehicle state xj. at time k given 

the vehicle was at a state x^_j and a control input of u^ was applied at time 
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k. It is commonly referred to as state transition probability and constitutes 

the vehicle motion model [105]. The motion model is intrinsic to the vehi­

cle parameters and its construction must also reflect the modeling of other 

uncertainties related to the vehicle dynamics. 

• fk(zk\xk,Mk): Probability of making an observation zk at time k, given the 

vehicle state is x^ and map state M*-. It is commonly referred to as observation 

probability (or sensor likelihood function) and constitutes the measurement 

model. The measurement models must reflect the measurement uncertainties 

as well as modeling errors, if any. 

From a probabilistic perspective, there are two main forms of the SLAM prob­

lem. Determining the map state and the pose of the vehicle during the operation of 

the vehicle requires, finding the current vehicle state xjt and the map state M*-. This 

is generally referred to as an online SLAM problem and requires that the probability 

distribution 

fklk(xk,Mk\Z
k,Uk,xo) (2.1) 

be computed for all times k with xo being the initial state 1 of the vehicle. This 

probability distribution describes the joint posterior density of the map state and 

vehicle pose at time k given all the past observations and control inputs along with 

the initial vehicle state. This formulation does not use the new information obtained 

over time to update the old vehicle pose estimates, which in fact can be used to 

minimize past vehicle pose estimate errors. The full SLAM problem estimates the 

joint posterior over the entire vehicle path Xk along with the entire map Mk instead 

initial state of the vehicle XQ is assumed to be known and hence will not be indicated. 
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of just the current vehicle pose xk 

/fc(Jt(X*,M*|Z*,Uk,xo) (2.2) 

Thus in fact, online SLAM is the result of removing the past poses from the full 

problem using integration. 

fk\k(xk,Mk\Z
k,Uk,xo)= [ / ' • • • / fk{k(X

k,Mk\Zk,Vk,xo)dx1dx2...dxk_l (2.3) 
Jxx Jx2 Jxk-i 

Here, we derive the Probabilistic Bayes recursion for the online SLAM problem, 

which can be easily extended to the full SLAM problem. The problem is to recur­

sively calculate the probability of the vehicle pose xk and the map state Mk at time 

k, given the vehicle state, xk„_i and the map state Mk_i at time k — 1, and the set 

of all past control inputs U* and the set of all past observations taken up to time 

k, Zk. The solution to this problem requires appropriate probabilistic models of the 

vehicle motion, map evolution and the observation process. To derive a recursive 

two step prediction (time-update) and correction (measurement-update) form, we 

proceed as follows. The joint distribution of vehicle state, map and current observa­

tion, conditioned on the past measurements and history of controls when expanded 

in terms of the vehicle pose and map state is, 

fk]k(xk,Mk,Zk\Z
k \Uk)=fklk(xk,Mk\Zk,Z

k \Uk)fk(Zk\Z
k \Uk) 

(2.4) 
= fklk(xk,Mk\Z

k,Uk ^ ( Z f r l Z ^ U * ) 
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and then in terms of the observation, 

/^(xJt /M^Zfc |Z
k-1

/U
fc)=/fc(Zfc |x j t /M^Zfc-1

/U'c)/fc | j t_1(xJt /Mfc |Z' :-1
/U

fc) 
(2.5) 

= fk(Zk\xk,Mk)fk\k-i(xkMk\Zk-\Uk) 

Equating eqn. 2.4 and eqn. 2.5 and rearranging gives 

f <x M 17* IT*1 - fk^k\^Mk)fk\k-,(xk,Mk\Z
k-\Vk) 

fk\k(xk,Mk\Z ,U ) - _ _ _ _ _ (2.6) 

From the total probability theorem the second term in the numerator can be 

rewritten in terms of the vehicle model and the joint posterior from time-step k — 1 

fk\k-i(xkMk\Z
k \Uk) = Jfk\k^{xk\xk_vnk)fk_^k_A{xk_xMk-\\Z

k-\\Jk^)dxk^ 

(2.7) 

Substituting eqn. 2.7 into eqn. 2.6 gives 

,, ,.k fk(Zk\*kMk) J fk\k-i(*k\xk-vuk)fk_l\k_1(xk_1,Mk-i\Zk \Uk l)dxk_i 
,LlAH,^klZ ,U ) =: fk(Zk\Z

k-\Uk) fklk(xk,Mk\Z
k,Uk) 

(2.8) 

where, 

fk(Zk\Z
k-\Uk) = j fk{Zk\xk,\J

k)fk\k_x{xk\Z
k-\\Jk)dxk (2.9) 

is the normalization factor which is independent of the map state and the vehicle 

state. 

Equations 2.7 and 2.8 provide a recursive procedure for calculating the joint 
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posterior fk\k{*k> M^Z*, Vk), given the initial vehicle position xo, for the vehicle state 

Xfc and the map Mk at time k based on all the observations Zk and all control inputs 

U*. The recursion is a function of the vehicle motion model fk\k-i(xk\xk-i>uk) anc* 

the measurement (sensor) model /^(Zjt|x^,Mjt). 

2.2 Estimation Theoretic Approximations 

The calculation of the full posterior as presented in the Section 2.1 is infeasible 

owing to the huge complexity of representing the probability distributions and their 

update operations. However, estimation theoretic approximations have resulted in 

closed form SLAM solutions that have been developed by restricting the form of 

the SLAM posterior, the motion model, and the measurement model. Most present 

day SLAM solutions originate from a seminal paper by Smith et. al. [101], which 

proposed the use of the Extended Kalman Filter (EKF) to estimate the SLAM joint 

posterior. Most of these algorithms are feature based in the sense that they represent 

maps using sets of features, which are also commonly referred to as landmarks [35]. 

2.2.1 The EKF-SLAM Filter 

The EKF represents the SLAM joint posterior as a multivariate Gaussian distribu­

tion parameterized by second order statistics i.e., the mean and the covariance. The 

mean describes the most likely pose of the vehicle and landmarks, and the covari­

ance encompasses their uncertainties. The SLAM joint posterior of the vehicle pose 

and the map (landmark) state is represented by an augmented state vector 

nk = [xk Mk]
T (2.10) 
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The vehicle motion model fk\k-\ (xk\xk-i> uk) a n d the measurement model fk(Zk\xk 

are of the form, 

/*|*-l(xfc|x*-i/Ufc) = Wixkifkixk-i.Uk^Qk) 
(2.11) 

fk(Zk\xk,Mk) = N(Zk;hk(xkMk)M 

where, tk(-) models vehicles kinematics, hk(-) models measurement process and 

N(0,Qjt), W(0/Rjt) refer to zero mean uncorrected Gaussian process and measure­

ment noise with a variance of Qk and R^ respectively. 

If at time k — 1 , the joint posterior density is a Gaussian of the form, 

A-i |*-i(** i|Z*-1
/U

fc-1) = N ( ^ i ; * k ! ,P , j) (2.12) 

then the time-updated density to time k is also a Gaussian distribution 

Al i t - i fo lZ*- 1 , ^ ) = N(xk;**\k-vK*\k-\) (2-13) 

where, 

**|*-i = f*(**-i|*-i/U*) (2-14) 

K,k\k-i = Vffc.Projt_i|it-i.Vf[ + Q* (2.15) 

and Vf;t is the Jacobian of f̂  as a result of the linearization, evaluated at the vehicle 

pose estimate xjt_i|^_1. No time update is performed on the landmarks on the 

assumption that the landmarks are static in nature. 

The data-updated joint density at time k is also approximated as a Gaussian 
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distribution 

where, 

AlktolZMJ*) = X(nk;ftklPk) (2.16) 

Ak = % - i + Kjt [Zfc - h*(^t|*-i^M**-i)J » (2-17) 

P*,* = [I - KfcVhfcjPfcik., - K*, (2.18) 

K* = P^- iVhfS , - 1 , (2.19) 

S ^ V h . P ^ V h J + R, (2.20) 

and Vh^ is the Jacobian of hfc evaluated at &JM*-I
 anc^ ^kfc-i-

Naive EKF based SLAM algorithms are adversely affected by their vulnerability 

to inconsistent treatment of nonlinearities, quadratic computational complexity and 

data association failures. The linearization process in EKF can lead to inconsisten­

cies in the filter when the time step intervals are not sufficiently small. In order 

to address these limitations, Julier et.al [52] developed the unscented Kalman filter 

(UKF). Instead of linearizing using Jacobian matrices, the UKF uses a set of dis­

cretely sampled points to parameterize the mean and covariance of the estimates. 

The idea behind the unscented transform is that it is easier to approximate a Gaus­

sian distribution than an arbitrary non-linear function and it was shown that the 

performance is analytically superior to the EKF [52]. 

The computational complexity of these KF based SLAM solutions lies in the 

quadratic nature of the joint covariance matrix Pk\k that represents a correlation be­

tween individual state variables (with state variables being the vehicle pose and 

the map (landmark) state). This is attributed to the data-update step where all the 
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landmarks and the joint covariance matrix are updated every time an observation 

is made. Naively, this means computation grows quadratically with the number of 

landmarks Nk\k. Hence this limits the number of landmarks that can be handled 

by the naive EKF to only a few hundreds. Over the years, a number of alternatives 

based on EKF-SLAM algorithms have been proposed to increase the scalability of 

the SLAM algorithms. Notable works include decoupled stochastic mapping [63], 

constrained local submap filter (CLSF) [117] where a global map is decomposed into 

a network of smaller, more manageable submaps. An optimization for the SLAM 

algorithm was provided in [45], that provides an approximate factorization of the 

covariance matrix. Thus, these techniques scale to larger environments encompass­

ing thousands of landmarks, however, still incur an 0(/V2) burden and at a cost of 

slower overall rate of convergence [105]. 

However, in spite of all these vulnerabilities they are widely used because of 

their uncomplicated treatment of vehicle and map uncertainties in the estimation 

process, simple recursion in the solution phase yielding good results in general. For 

this reason, the EKF is often used to benchmark newly proposed SLAM solutions. 

2.3 Sequential Monte-Carlo Approximations 

Both EKF and UKF estimation theoretic frameworks mainly rely on the use of 

approximations to ensure mathematical tractability and computational efficiency. 

These come at the cost of restricted representational power, where only unimodal 

distributions are represented and that too only when the uncertainty and nonlin-

earity in the system is not very high. However non-parametric stochastic filters 

based on Sequential Monte Carlo (SMC) techniques have proved to be successful 
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in approximating non-unimodal posterior distributions. They are also commonly 

referred to as particle filters or bootstrap filters [33]. As the number of samples Ns 

becomes very large (i.e., Ns —> oo), this Monte Carlo approximation approaches the 

true posterior density [33]. 

The principle behind this approach is to approximate the joint posterior distri­

bution function (eqn. 2.8) by a set of random samples and to compute point mass 

estimates based on these samples and their associated weights. The weights are 

chosen based on the idea of importance sampling. The idea of using importance 

sampling to recursively construct point mass approximations to the posterior den­

sity, known as sequential importance sampling (SIS) filter or particle filter is as 

follows: 

At time k — 1, the joint posterior density fk-\\k-i(') *s approximated by a set of 

weighted particles {w[_l,7rj._l}|=!1 i-e., 

A-Hk-ito-ilZ*-1^-1) « £»£.,*(**_, - 41,) (2.21) 
1=1 

Given a proposal distribution (importance) function ^jt(-|7r}'i1,Z^), the particle filter 

approximates the posterior at time k by a new set of weighted particles {xvt, ny } - ^ 

i.e., 

fm{nk\Z
k,\Jk) « i4]s^k ~ 4]) (2.22) 

i= i 
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where, 

jn = wi.i A(ztl4
1)/>lt-;(4Vil,-">) (224) 

a>['l = a , [ ' l / £«,[ ' ] (2.25) 
1=1 

The basic SIS algorithm described above is well known to be subjected to degener­

acy phenomenon, where after a few iterations, all but one particle will have neg­

ligible weight. In [33], it has also been shown that the variance of the importance 

weight increases with time, thereby making it difficult to avoid the degeneracy phe­

nomenon. However, this phenomenon is usually overcome with a proper choice of 

proposal distribution function and the use of re-sampling techniques. Several re­

sampling techniques have been developed as discussed in [33]. In this dissertation, 

systematic re-sampling is adopted for its computational efficiency and effectiveness 

in minimizing the sample variation and is used wherever required for numerical 

studies [11]. 

The key advantage of SMC approximation discussed is their ability to represent 

arbitrary probability distributions. This makes them a viable alternative when faced 

with problems to which the Kalman filters and their variants are not well suited. 

Compared to other multi-modal approaches, particle filters are very efficient since 

they automatically focus their resources (particles) on the regions in the state space 

that have high probability. However, a straightforward implementation of the par­

ticle SLAM filter described above would be computationally impractical in large 

environments due to large number of variables involved in describing a map, as the 
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number of dimensions of the estimation problem scale exponentially. 

Despite this, the use of Rao-Blackwellization particle filters within the probabilis­

tic SLAM framework exploiting the structure of the problem marked a conceptual 

shift in the design strategies involving computational burden reduction. 

2.3.1 Rao Blackwellized Particle Filter 

The key idea of Rao-Blackwell theorem is to make use of the "structural informa­

tion" inherent in the problem itself to analytically infer part of state parameters 

conditional upon other state components which will be estimated by the Sequen­

tial Monte Carlo approaches. The process of transforming the particle filter using 

the Rao-Blackwell theorem is called Rao-Blackwellization process and the filter as 

Rao-Blackwellization particle filter (RBPF). Thus, RBPF use particles to represent 

the posterior over some variables along with a parametric probability distribution 

function to represent all the other variables. 

Influenced by an earlier occupancy grid mapping experiments using RBPFs by 

Murphy [82], Montemerlo et al. [77] exploited the Rao-Blackwellization strategy to 

represent the vehicle path by a set of particles and features (landmarks) by Gaussian 

distribution that led to formulating the SLAM problem in an efficient manner. They 

exploited the fact that given the knowledge of the path of the vehicle, the individual 

landmark locations become conditionally independent i.e., 

/fc|*(X*,M*|Z*,U*) = / ^ ( X * | Z ^ U * ) A ( M t | ^ 2 * U*) (2.26) 

The resulting approach known as the FastSLAM uses particle filters to estimate the 

vehicle's path and an EKF for each landmark. Compared to the quadratic complex-
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ity of the naive EKF-SLAM filter, FastSLAM has an attractive linear complexity of 

O(NP) where N is the number of features in the map and P is the number of par­

ticles used in the process. Further, efficient implementations based on structured 

trees reduced the computational time of FastSLAM to 0(P log N) [77]. 

2.4 Properties of Classical Vector based SLAM Filters 

All the classical vector state-space based SLAM solutions (EKF-SLAM, FastSLAM 

and its variants ) discussed above require that we solve certain parallel problems 

in each recursion. These include effective solutions to the problems of data as­

sociation, feature extraction, clutter filtering and landmark or map management. 

Here, the measurement model is represented as a non-linear functional mapping 

gk(-) of the vehicle pose vector x*. and the map state vector [m^i , . . . , m .̂ „J into the 

measurement vector [z^i,.. .,2jt,n/t] 

[z*,i/ • • •»Zk,„k]
T = gk(*k, [m*,i, • • •, mki„k]

T) + w(k) (2.27) 

where zv(k) is the additive measurement noise vector. If all the measurements are 

generated from a single sensor with measurement likelihood function /*.(z|w,xjt), 

and the measurements are independent, then the measurement likelihood function 

of the measurement model (eqn. 2.27), can be expressed as, 

/it(zjfc,l/ • • •/Z*,nJx*'mKU • • •/mk,nk) = /*(z*,l |m^1#x*), • • . , fk{*k,nk\m,nk>
xk) (2-28) 

It is evident from the classical vector based multi-landmark map measurement 

model (eqn. 2.27) used in conventional SLAM that the effects due to detection 
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uncertainty of sensor, filtering of the raw sensor measurements to remove clutter, 

and association of the filtered measurements with landmarks in the map need to be 

handled before performing a SLAM measurement update. As a consequence, in the 

conventional approach it is necessary to address the issues arising from detection 

uncertainty (missed detections), clutter or false alarms (measurements not due to 

landmarks) and data association (landmark to measurement association) by other 

explicit means before a measurement update is executed. 

2.4.1 Data Association 

Before incorporating data into the map, new measurements are associated with 

existing map landmarks. Thus data association has always been a critical issue for 

any practical SLAM implementations and most of them perform it using a statistical 

validation gating (a nearest neighbor gating), a technique inherited from the target-

tracking literature [18]. 

The standard nearest neighbor technique uses a statistical discriminator based 

on the squared normalized measurement innovation. This approach does not con­

sider temporal and spatial correlations among landmarks and measurements in 

arriving at the decision. Data association inaccuracies give rise to large errors in 

the estimated states. The impact of data association errors is severe in the case of 

naive EKF-SLAM filter where only a single association hypothesis is maintained 

and the miss associations invariably induce divergence into the map estimates and 

further leading to the failure of vehicular localization. Given the vulnerability of 

individual gating techniques in densely populated natural environments and noisy 

sensor measurements, batch gating techniques were introduced, where multiple as-

36 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



2.4 Properties of Classical Vector based SLAM Filters 

sociations are considered simultaneously. The concept of batch gating is based on 

the idea that if multiple measurements are gathered per control, the data associa­

tion ambiguity is partially caused by vehicle pose uncertainty, and hence the data 

associations of multiple measurements per control are correlated. The two popular 

forms of batch gating are the combined constraint data association (CCDA) [14], 

based on graph search and the joint compatibility branch and bound (JCBB) [86] 

method based on tree-search. These methods consider the spatial correlations exist­

ing among the landmarks of the SLAM state vector into consideration in decision 

making and therefore are more robust to increased vehicle uncertainty and mea­

surement noise. Nevertheless, all these data association algorithms cannot effec­

tively filter out spurious measurements (clutter) and returns from moving objects. 

The data association algorithms discussed so far, have only used a single as­

sociation hypothesis as an input to the SLAM filter. However in cluttered and 

dense environments, to overcome the data association ambiguity, multiple associa­

tion hypothesis are needed for robust tracking of landmarks. One such approach 

that is commonly used in the target tracking literature is multiple hypothesis track­

ing (MHT) [91]. It resolves the data association ambiguities by deferred decision 

making in conflicting situations where in, it forms a tree of all possible association 

hypotheses, which are propagated in time with a belief that new information is 

likely to resolve the conflicts. Thus MHT is capable of automatically dealing with 

clutter or spurious measurements and missed detections. While MHT has been 

applied to a wide array of target tracking problems, maintaining separate map es­

timates for each association hypotheses in the SLAM context is computationally 

cumbersome. Thus, the major drawback of MHT is that the hypothesis tree grows 

exponentially in time requiring exponential memory and computational resources 
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making it impracticable for real-time implementation. 

2.4.2 Clutter Rejection & Map Management 

Making classical vector state space based SLAM solutions robust in practice often 

requires certain additional steps to be performed in the form of clutter filtering and 

map management. Many map management techniques have been devised to deal 

with spurious measurements and outliers in the measurements. The most common 

practice to reject outliers is to maintain a tentative landmark list. Instead of aug­

menting the map by a new landmark once a measurement indicates the existence 

of a new landmark, it is first added to a tentative list of landmarks. Once a land­

mark has been consistently observed, it is transferred from the tentative list to the 

permanent map [32]. Another common map management technique, where the 

landmark existence probability is implemented as a log-odds ratio [36]. Whenever, 

the i— th landmark m, is observed, the log odds for its existence o, is incremented by 

a fixed value or else its value is decremented. If the log odds exceeds a predefined 

threshold T/„, the landmark is incorporated into the map. 

Thus in practice, these techniques tend to reduce the number of landmarks in 

the map by a significant factor, reducing spurious measurements. However, it is 

important to emphasize that the tentative list to be maintained, (i.e., the number of 

times the landmarks have to be observed before being incorporated into the map) 

is an ad hoc, problem dependent parameter, that needs to be fine tuned based on 

environmental conditions. 
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2.5 Chapter Summary 

Based on the discussion and careful examination of related work in SLAM reveals 

that the need to solve the parallel problems such as clutter rejection, data associ­

ation and map management outside the Bayes recursion primarily stems from the 

limitations of the representation of the map model, and map measurement model 

used. This thesis is motivated to directly address these limitations. The approach 

presented in this thesis is inspired by recent developments in the target-tracking 

community where random finite sets have been perceived as a more natural repre­

sentation of the multisource-multitarget problems [70]. It is formulated based on 

an exhaustive mathematical formulation presented by Mahler based on finite set 

statistics (FISST) [69]. By adopting a random finite set approach, we can construct 

a natural multi-landmark (map) measurement model that explicitly accounts for 

detection uncertainty, clutter and unknown data association and a multi-landmark 

map evolution model that accounts for the new landmarks appearing in the field of 

view of sensor for autonomous vehicle navigation. 
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3 

Random Finite Set Modeling: An 

Autonomous Vehicle Navigation 

Perspective 

In this chapter, models are constructed for estimating unknown varying number 

of landmarks/features from a moving vehicle using a random finite set theoretic 

approach. This approach is chosen, as random finite sets model the problem in 

an extremely natural and very flexible fashion. The estimated multiple landmark 

state Mjt can be naturally represented as a random finite set that consists of un­

known varying number of landmarks based on the sensors field of view. Similarly, 

for the sensors, the number of measurements Z*. that are obtained at any time in­

stance is varying and can be naturally considered as random. The models derived 

in this chapter cater to a generic range-bearing (GRB) sensor (e.g., Sonar, Radar, 

Laser). However, these models can be easily generalized to accommodate any type 

of sensor. A brief background on finite set statistical (FISST) calculus is provided in 
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Appendix A, that would assist us in developing these models. 

This chapter is organized as follows. The following section provides a taxonomy 

on the feature tracking literature outlining the general problem of tracking multi­

ple unknown number of features. A dynamic map evolution model that caters 

for limited FOV of the GRB sensor mounted on a moving autonomous vehicle is 

developed in Section 3.2, based on FISST calculus [68]. In Section 3.3, a random 

finite set measurement model is formulated. Based on these models, a recursive 

optimal multi-landmark Bayes filter is then presented in Section 3.4. Due to com­

binatorial computational complexity associated with the optimal Bayes filter, its 

approximations in form of its first order statistical moment filter (PHD filter) have 

been by developed in [69], which has been incorporated within the autonomous 

vehicle navigation framework in Section 3.5. Section 3.6 concludes, highlighting the 

important properties of the models developed. 

3.1 Taxonomy of Multiple Feature Tracking 

The multiple feature tracking (MFT) involves automatic tracking of unknown, inde­

pendent point features from a single sensor. A point feature is modeled as having 

neither dimensions nor having any resolvable entities. It exists purely in a dynamic 

state space usually consisting of either position if it is static, or position, velocity 

and acceleration if dynamic. The basic MFT problem concerns the estimation of 

the feature states given noisy measurements from a sensor which is mounted on a 

mobile platform, whose field of view includes the features of interest. In real world 

applications, spurious measurements called false alarms or clutter are also present, 

which generally create ambiguity in the origin of the measurements. This problem 
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is compounded by the presence of multiple features and the detection uncertainty 

in real world sensors. All the factors combined to produce data association ambigu­

ity, which is largely to blame for the complexity of the MFT problem [22], [18], [90]. 

Figure 3.1 illustrates the sequence of steps that are generally involved in tracking 

multiple features in an environment. The basic approaches to the MFT problem can 

Sensor Measurement 
Generation 

Measurement to Map 
Association Map maintenance 

Gating m 
Prediction 

& 
Updation 

Figure 3.1 Multiple feature tracking 

be broadly classified based on the manner in which they arrive at data association 

decisions (see [18], [22]). Algorithms that use only one scan of measurements at a 

time to arrive at data association decisions are known as single scan methods or 

hard decision making methods. Association algorithms that use several scans of 

measurements received at several time steps in the process of decision making are 

known as deferred decision logic methods. The simplest and most commonly used 

hard decision technique is the standard nearest-neighbor (SNN). It allows only the 

measurement closest in statistical distance to the predicted track to be used to up­

date the feature state. Another Bayesian approach that provides a good solution 

to the clutter or spurious measurements and ambiguities of the SNN approach is 

the joint probabilistic data association (JPDA), where all the measurements that are 

close to the predicted track are used in the Bayesian update. The overall Gaussian 

mixture probability density function is then condensed into a single Gaussian by 

retaining its mean and covariance. Both SNN and JPDA are recursive single-feature 
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tracking algorithms. Global nearest-neighbor or 2D assignment algorithm is a so 

called 'true MFT' that accounts for distances between all the tracks and the mea­

surements and propagates the single most likely hypothesis in each scan. Among 

the deferred decision logic techniques, the most popular is the multiple hypoth­

esis tracking (MHT) in which alternative data association hypotheses are formed 

whenever measurement-to-feature conflict occurs. Then, rather than combining the 

hypotheses as in the JPDA method, the hypotheses are propagated in anticipation 

that subsequent data will resolve the uncertainty. 

In most of the real-life scenarios, the number of features to be estimated and 

tracked are generally unknown. There are two basic approaches to deal with such 

problems. The first one being the most common, is the "algorithmic" approach, 

where an algorithm, which is a combination of Bayes theorem and an ad hoc logic 

(heuristics) that somehow caters for the varying numbers of features is employed. 

Once the number of features are known, standard MFT algorithms discussed ear­

lier can be used conditioned on the number of features determined by heuristics. 

While the second approach is based on development of rigorous models for vary­

ing number of features [24], [83], [68]. Thus, true multiple feature tracking is the 

joint estimation of the unknown varying number of features along with their states 

and measurement-to-feature association. The following sections describe the con­

struction of the mathematical models based on the random finite set framework 

for estimating unknown number of landmarks and their states for the purpose of 

autonomous vehicle navigation. 

43 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



3.2 Formulation of Random Finite Set Map Evolution Model 

3.2 Formulation of Random Finite Set Map Evolution 

Model 

This section discusses the process of constructing a dynamic map motion (evolu­

tion) model using a random finite set framework. Due to the limited field of view 

(FOV) of the perceptual sensors and occlusions, the landmark map will not remain 

static over time. The motion of the vehicle causes new landmarks to appear and 

some landmarks to disappear in the limited FOV of the sensor, resulting in the 

number of landmarks in the map to change randomly over time. A natural and an 

effective representation of such a behavior is using a random finite set (RFS), M^, 

M,c = {mkilt... } e ?(M), (3.1) 

where H(M) is a collection of all finite subsets of the space of maps M and n^ = | M^ | 

is the number of elements or the cardinality of M^ representing the number of land­

marks detected and observed at time k and m^, representing the state of the ith 

landmark at time k. The dynamic model for unknown and varying number of land­

marks is constructed using Markov transition model given by fhk-\^kW^k-\>xk)i 

where x̂  is the state of the vehicle at time k as explained in Chapter 2. 

The finite set dynamic map model that accounts for evolving persistent land­

marks and appearing/disappearing of landmarks from the FOV of the sensor (due 

to vehicle motion) is constructed as follows. 

• Let m/t_i 6 Mjt_i' represent an individual landmark state at time k — 1. Now 

this landmark may or may not appear in the sensors view in the next time 

lmk_i = mjt-y, where ; = ! , . . . , nk_A. Subscript ,• is dropped for notational simplicity 
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instant k, due to the limited FOV of the sensor and vehicle motion. The land­

mark m^_! G Mjt_i will appear in the next time instant k with a probability 

Ps = Ps,fc(mk-i/xk) o r disappear with a probability 1 - Ps,k(mk-i>xk)- F° r a 

landmark that is currently (time k — 1) in view this probability represents its 

probability of persistence or survival, and for a landmark not in the current 

field of view, it represents the probability of reappearance. 

• Conditional on the persistence of the landmarks at time k, the probability 

density of a transition from state n\k-\ to m/t is given by a Markov process, 

/jt|jfc-i(mjt|mjt i,Xfc) (Single landmark motion model). For a landmark m^ \ € 

M^-i at time k — 1, its state at the next time instant k is modeled as an RFS 

Sjt[/t_i(mjt_i). Now St|it_1(m^_1) will take on either {m*.} with probability 

Ps(mJt-i'xJt) o r ® w i th probability 1 - ps(mfc-i/xfr)-

• The limited FOV sensor coupled with vehicle motion also results in new land­

marks coming into view at time k. Let us denote these new appearances by 

an RFS T̂ -. 

Thus, the evolution of the map of landmarks is given by the union of persistent 

landmarks and the new landmarks in the FOV: 

M* (J Sfr|A:-l(mfc-l) UTk (3.2) 

The dynamic models of sets T̂  and Ŝ  and are constructed using case studies 

1 and 2 respectively. The density of the entire dynamic map model is constructed 

with the assistance of case study 3. 
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3.2 Formulation of Random Finite Set Map Evolution Model 

Case 1. No landmarks from state Mjt_] evolve to state Mk. New landmarks appear in the 

FOV. 

Persistent 

m*-l.i ; 

"U-1 .3 

• ' 

l " * - l . n k . , 

Mfc i 

\Landmarks 

I W 
™i,i 

m*,2 

ni]fc;3 

• 

l l ' t .nt 

Mfc 

Case 1: 
uk = rk 

Sk\k-i = {9) 

Figure 3.2 Illustration of the new landmarks Cms, tf^, MI7, in this case) that appear in the FOV of the 
sensor when vehicle (yellow triangle) moves from state Xk-\ to x*. The landmarks (ni\... m±, in this case) 

that are in FOV of the sensor at time k - 1, are not re-observed by the sensor at time k due to vehicle motion. 
XQ, YG represent some global coordinate frame. 

In this case, the dynamic map model in eqn. 3.2 evolves to 

M t (3.3) 

The appearance of landmarks into the FOV of the sensor is assumed to be Pois-

son distributed in time with expected value ]i and distributed in the FOV according 

to an arbitrary density b(ni/c). Hence, 

r/c = \5k,\i • • • >^kfi\ (3.4) 
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3.2 Formulation of Random Finite Set Map Evolution Model 

where, B = \Tk\ is a random non-negative integer with probability distribution 

PB(T) = —g- (3.5) 

and where, conditioned on B = T, Tki\,...,YkiT are independent and identically 

distributed random vectors with probability density b(mk) = fyk(mk). 

In order to determine the probability density function, a belief mass function 

of the model (eqn. 3.3) is constructed (For details on belief mass function, refer to 

Appendix A, Section A.3.). Let T be the sensor FOV. The probability that T^ will be 

in T (given that S ^ - i = 0) , is denoted by fik\k-\{T\<Z)) and given by, 

An*-i(T|0) = p(r»cr|0) 

= £ P(Tk C T, \Tk\ = T |0) 

00 T 

= e~H E 3-p(r^ e ry (3.6) 

= * "E£pr(r) T 

= ^(pr(T)-l) 

Performing a set derivative on the belief mass function and setting T = 0 (See 

Appendix A, Sections A.3 and A.5 for more details), the probability density function 

is obtained as follows, 

fk\k-i(Mk\Mk^,xk) =fTk(Mk) = J-fo^W) 
k (3.7) 

nn-GMt 
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3.2 Formulation of Random Finite Set Map Evolution Model 

Case 2. Some landmarks evolve from state Mk_^ to M^, xvhile others fall out of the FOV of 

the sensor 

mfc-u 

UU-1.2 

«U—i„i 

. 
• 
• . 
• 

mjc-i,„ f c_, 

1 
^ . Landmarks 
f out of FOV 

J 

Persistent 
Landmarks 

> 

ilU-,l 

. 
• 
• 
• 

*' mk.nk 

Case 2: 

|Mjt| < |Mfc_i| or uk < tik-

M* = 
I I U _ I € M » _ I 

Mfc_! Mfc 

Figure 3.3 Illustration of evolution of landmarks state M*_i to Mk caused due to change in the state of the 
vehicle from x^- j to x*. Sow/c o/ /to landmarks evolve (m^, m±, m^, m^, in this case) while others fall out 

(mi, '"2/ i n this case) of the FOV of the sensor. 

In this case, the dynamic map model in eqn. 3.2 has the form 

M t = u > f c l f c - l (m*-
m/fc-ieM* 

(3.8) 

where, the landmark nty-i € M^-i will appear in the next time instant k with a 

probability ps = Ps,k(mk-\>xk) o r disappear with a probability 1 — Ps,k(mk-\>xk)-

For a landmark that is currently (time k — 1) in view this probability represents its 

probability of persistence or survival, and for a landmark not in the current field of 

view, it represents the probability of reappearance. Conditional on the persistence 

of the landmarks at time k, the probability density of a transition from state m^_i 

to mjt is given by a Markov process, /Mfc-i(mfclm*:--i>x;c) (Single landmark motion 
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3.2 Formulation of Random Finite Set Map Evolution Model 

model). 

In order to derive for the probability density function for the above case, a belief 

mass function of the model (eqn. 3.8) is constructed as follows, 

Pk\k-i(T\Mk-i) = P(Sfc|*-i Q T\Mk_vxk) 

= P(mkA e T,...,mktnk 6 T\Mk_vxk) 

= PfakA £ T\mk_lilfxk),...,P(mKnk e T\mk.UkUxk) 

= J fk\k-](m\mk-\,\,Xk)dm, • • •, J fk\k-l(m\mk-\,nk^'xk)d™ 

= Pl(T),...,pHk_l(T) 
(3.9) 

Based on convolution formula (refer Appendix A, SectionA.6 for more details), 

% i ( T | M , _ ] / X f c ) = £ l ^ ) - | ^ M T ) (3.10) 

Setting T = 0 , 

/n*-i(M*|Mt_,,xi) = S-^-(0\Mk_uxk) 

However, 

^ ( 0 ) . . . ^ ( 0 ) ( 3 1 1 ) 
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3.2 Formulation of Random Finite Set Map Evolution Model 

^ | ( 0 ) = p r(0) = l-p s(m J f c_1 / /) (3.12) 

^ ( 0 ) = ps{™k-u)fk\k-\{™k\™k-u) (3.13) 

^ ( 0 ) = 0 i f | M * | > l (3.14) 

(3.15) 

The only surviving terms in the eqn. 3.11 are those for which \W\\ < 1 , . . . , | W„k_, | < 

1. If Mfc = 0 then , 

Aik-i(<z>|M*-i*Xfc) = ^ ( 0 ) - - - ^ | l i ( 0 ) 
(3.16) 

= Y\(l - ps(mk_u)) 

If |Mjt| = nk < nk_\ then 

&(®)-"fe(®) 
A|*-i(MJt|MJt_i/Xjk)=//t|jt-i(0|Mt_1/xJt) 2w l ^ T " 

WlW...Ww„ 1 = M t n ( 1 _ p s K _ y ) ) 

/=! 

A|Jt-i(0|M*-i/x*) 

^ T ( 0 ) - ^ ( 0 ) 

^<«i*..££ t<»*-, ( 1 " ^ ^ - w i ^ ' • ' ( 1 ~ vs{m-unk)) 
= A|*-i(0|Mjt-i,xJO 

(3.17) 
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3.2 Formulation of Random Finite Set Map Evolution Model 

For each n^-tuple define, n : { 1 , . . . , njt—1} '—} {QAr - • •/ «*}/ such that rc^-tuples a r e 

in one to one correspondence with the associations n, then, 

A|*-i(M*|M*-i/Xjfc) = /jt|fr-i(0|M*-i,x*)E I ! 
T t':7rC/)>0 

Ps(mjfc-l^)-/jt|A:-l (m^7r(i) l1 1 1*-!^ Xfc) 

l-ps(mk„u 

(3.18) 

Case 3. Some landmarks evolve from state M^_T to M*-, u>/7/7e some fall out from the FOV 

and some new landmarks appear in the FOV of the sensor 

ii>iHi,i 

" U - l J 

•"4-1,3 

• 

mit- i . i . , . , 

NU-i 

1 Landmarks 
V . out of FOV 

/ 

Persistent 
l.and.naiks 

New Landmarks ^ t 
in FOV 1 

lUt.i 

"Ifr.j 

m*.S 

• 

» ' » , i « 

M* 

Case 3: 

| J 5fc|fc_j(mfc_i; 
I I U _ I 6 M » - I 

ur t 

M* 

Figure 3.4 Illustration of the evolution of landmarks from state M^_j to Mjt caused due to change in the 
state of the vehicle from X).-\ to x .̂ Some landmarks evolve (m^,... m^ in this case), while some fall out from 

the FOV (mi, m2> 'n this case) and some new landmarks (my, mg, in this case) appear in the FOV of the 
sensor. 

In this case it is the complete dynamic map model as in eqn. 3.2 

M k — U Sk\k-l(mk-l) 
m*-i€Mjt ! 

urk (3.19) 

In order to derive for the probability density function, as in the previous cases, a 
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3.2 Formulation of Random Finite Set Map Evolution Model 

belief mass function of the model (eqn. 3.8) is constructed. Due to the independence 

of disappearance the landmarks from the FOV, and appearance of new landmarks 

in the FOV, one can write the conditional belief as follows. 

Pk\k-i(T\Mk-i>*k) = P ( % - i u r * £ T\Mk-i,*k) 

= P(TkCT)P(Sk]k_,\Mk uxk)) (3.20) 

= ^k(T^Sk(T\Mk.lfxk) 

From the FISST product rule (Appendix A, Section A.6 for more details), 

Setting T = 0 , eqn. 3.21 becomes 

/*,*-! (MfclM^x*) = ltt±{(Z)\Mk^,xk) 
SMk 

= L /s,(W)./r,(M,-W) 
WCMk 

(3.22) 

where, frk(Mk) and fsk(Mk) are the probability density functions of new land­

mark appearance Fk (as derived in Case 1) and landmark persistence Sk\k_i (as 

derived in Case 2) respectively. Thus applying the results from Case 1 and Case 2, 

eqn. 3.22 becomes, 

AlJfc-iCMjtlMj^Xjt) = ^(MfcJ./fcifc.^OlMfc.^Xfc) 

y^ T-r Ps(^k-y)-fk\k-l(mkMi)\mk-V'xk) ^323^ 
ni:}(il>0 (1 ~ Ps(mk^u))4ib(mkMi)) 

where the summation in eqn. 3.23 is taken over all association hypotheses n : 
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3.3 Formulation of Random Finite Set Measurement Model 

{l, . . . ,nj t- i} '—• {0 ,1 , . . . , nk). For every / = 1,.. .,nk_v if n(i) > 0 then the 

landmark state at time k, mknn\ is uniquely associated with landmark at time k—\, 

mfc_i,j. However, if n{i) = 0 then no landmark at time k is associated with mk i/( 

indicating that the landmark mk_\j is out of the FOV of the sensor at time k. If 

n(i) = 0,Vz then every landmark m* € M* is a result of a new landmark in the 

FOV, as in Case 1. If n(i) > 0, V7 then every landmark from time k — 1 evolved into 

a new state at time k. 

3.3 Formulation of Random Finite Set Measurement 

Model 

In the case of unknown number of landmarks at each time instant, the measurement 

model has quite an important role. In addition to giving information on the state 

(position, in this case) of the landmarks, the measurements should also give infor­

mation of the number of landmarks in the FOV of the sensor. Thus conceptually, 

the construction of multi-landmark measurement model reduces to the definition 

of the conditional probability /^(Zjt|Mjt,Xjt). 

In a multi-landmark scenario, one can get multiple landmark detections. At 

any time instant k the result of the detection process is, say lk measurements, 

zki\,...,zki\k G Z. This vector has a fixed dimension, but the number of detec­

tions can vary such that 0 < lk < oo and do not have any inherent physical order. 

Consequently, the measurements can be represented as a random finite observation 

set, whose elements are individual detections, given by, 
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3.3 Formulation of Random Finite Set Measurement Model 

Zk = {zkA,...,zkj,...,zk>ik} e 7(Z) (3.24) 

where 'J{Z) is a collection of all the random finite subsets of Z and lk = \Zk\ is the 

number of elements or the cardinality of Zk representing the number of measure­

ments at time k and zk ,• representing the state of the ith measurement at time k. The 

finite set measurement model accounts for the detection uncertainty and spurious 

detections (clutter) and is constructed as follows. 

• Let po = PD,k{mk) be the probability of detection of a particular sensor, i.e., 

a landmark in the FOV of the sensor m*- € Mk is detected with a probability 

PDik{mk) or missed with the probability of 1 — PD,kimk)-

• If a landmark is detected, the probability density of obtaining a measurement 

is given by the sensor likelihood function. Thus at time k, each state m^ G M^ 

generates a RFS @k(mk) that can take on either {zk} when the landmark is 

detected or 0 when the landmark is not detected. 

• In addition to landmark originated measurements, the sensor also receives a 

set of spurious (false) measurements called as clutter, at time k represented by 

a RFS Cik. 

Given the multi-landmark state at time k, the multiple landmark measurement Zk 

received at the sensor is formed by the union of landmark generated measurements 

and the false alarms given by 

OA-U U ®k(m) 
mkeMk 

(3.25) 
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3.3 Formulation of Random Finite Set Measurement Model 

Spurious 
measurement 

(Clutter) 

(a) False detections 
reported by the sensor 

n>M 

IBJt.2 

nik,3 

• 

nu-.„. 

•i 

r 

Missed 
Detection 

Landmark 
generated 
measurement 

*— 
Mfc 2k 

(b) Landmark generated 
measurements along with a 
few landmarks missed to be 

detected by the sensor 

{ M issed 
Detection 

Landmark 
generated 
measurement 
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**.lj, 
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measurement"-

(Clutter) 6k 

(c) Missed detections, false 
detections along with 
landmark generated 

measurements reported by 
the sensor 

Figure 3.5 Possible scenarios involved in sensor measurement modeling 

As in the case of dynamic map evolution model formulation, we construct the 

finite set model for the f\. and 0^ using case studies. 

Case 4. No landmarks generated measurements. 

In this case, all the measurement received by the sensor are spurious and no 

landmarks are detected by the sensor as in fig. 3.5a. Hence the measurement model 

is 

Zk = Qk (3.26) 

If we assume that all the spurious measurements are Poisson distributed with ex­

pected value Ac and the spatial distribution governed by the probability density 

c(z), then as in the dynamic model's case (refer Case 1), it can be shown that the 
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3.3 Formulation of Random Finite Set Measurement Model 

probability density function is, 

fk(Zk\Mk,xk) = fnk(Zk) = e-^ Y\ Ac.c(zk) (3.27) 

Case 5. Missed detections and no clutter 

In this case, we consider that all the measurements received by the sensor are 

generated due to the presence of landmarks. However, all the landmarks are not 

detected by the sensor, as depicted in the fig. 3.5b. These are referred to as missed 

detections. Hence the measurement model is 

Zk U 0*(m*) 
mkeMk 

(3.28) 

Again, drawing parallels from the case study for dynamic map model (refer to Case 

2), to build the probability density function it can be shown that, 

, , 7 | U v , , „ v c „ , , . , ^ r T-T PD(mk)i).fk(mkn{i)\mk>i/\k) 
fk(Zk\Mk,xk) = /e t(Zk) = fk(<Z)\Mk,xk)}_, [[ w 

i? /:i?(/)>0 l PD\mk,i) 

(3.29) 

Case 6. Missed detections along with clutter and landmark generated measurements 

Having obtained the probability density function for the clutter models and 

missed detections, the density function for the entire measurement can now be 

constructed. 

fk(Zk\Mk,xk) = Lz(xk) 
._ (3.30) 

= E fek(W\Mk,xk)fnk(Zk-W\Mk,xk) 
wcz* 
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3.4 The Bayes Random Finite Set Multi-landmark Filter 

Lz(xk)=eAfnk(Zk)fk(<Z)\Mk,xk) 

y yr PD (Wjt.tf (,> *k)-fk (Zk,0(i) 1 mk.i> Xk) ^3l"> 

* i:#(/)>o t1 _ PD(mM(,),xJ t))Ac(zw(/)) 

where the summation in eqn. 3.31 is taken over all association hypotheses d : 

{ 1 , . . . , ft*} i—> {0 ,1 , . . . , lk). For every z = 1,. ..,nk, if #(/) > 0 then the observa­

tion zk6n\ is uniquely associated with landmark m^,. However, if #(/) = 0 then 

no observation is associated with mkj indicating that the landmark m^, was not 

detected (miss detection). If #(/) = 0, V7 then every measurement in Zk is a result of 

a spurious measurement (clutter), as in Case 4. If #(/) > 0, V7 then every landmark 

gave rise to a measurement. 

3.4 The Bayes Random Finite Set Multi-landmark Fil­

ter 

The mathematical foundations to the Bayes random finite set filter is due to [44], 

[68]. Conceptually the multi-landmark estimation problem reduces into a recursive 

Bayesian estimation problem. Thus given the map evolution model fk\k-i (Mjt|M*_i, x^) 

and measurement model fk(Zk\Mk,xk), the multi-landmark Bayes recursion, in the 

form of random finite set densities is a standard two step process, viz. time-update 
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3.4 The Bayes Random Finite Set Multi-landmark Filter 

and data-update, as follows1, 

/kIk-iCMfclZfr-1),*) = j/fc|ik-i(Mt|Mk-1#xt)./A_1|t_1(Mfc_1|Z^-1)/xfc_1)«JMt_, 

(3.32) 

A„(M,|Z( U ) = fk(Zk\Z(^,xk)
 ( 3 3 3 ) 

where, /jt(Zjt|Z^-1^Xjt) is the Bayes normalization factor. 

/fcCZklZ^-1),^) = / / * (Z fc |M* f XfcJ/jn^CMfclZ^-^.Xk^Mfc) (3.34) 

where the integral in eqns. 3.32 and 3.34 are the set integrals (refer to Appendix 

A, Section A.6 for more details on set integrals). Likewise, the multi-landmark 

map evolution function (Markov density) and the multi-landmark likelihood func­

tion are constructed from the belief-mass function as explained in Sections 3.2 and 

3.3 respectively. The recursion in eqns. 3.32 and 3.33 involves multiple integrals, 

which are computationally intractable. Direct sequential Monte Carlo implemen­

tations of the optimal Bayes filter can be found in [98]. However, these optimal 

multi-landmark Bayes filters are computationally intensive due to the combina­

torial nature of the densities, especially when the number of landmarks is large. 

Nonetheless, there have been some approaches that have been proposed to bring 

this recursion into a computationally feasible form. The probability hypothesis den­

sity (PHD)2 filter developed by Mahler [69] is the among the most widely accepted 

approaches, which has been extensively used in this thesis. 

lZW denotes the history of all the measurement sets taken up to time k 
2The concept of PHD based on point process literature and F1SST theory is provided in Appendix 

A 
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3.5 The Probability Hxjpothesis Density (PHD) Filter 

3.5 The Probability Hypothesis Density (PHD) Filter 

The probability hypothesis density (PHD) filter is an approximation to alleviate the 

computational intractability of the optimal multi-landmark Bayes filter, proposed 

in [69]. Instead of propagating the entire multi-landmark posterior density, PHD 

propagates only the first order statistical moment of the state as follows, 

Dklk(mk\xk,zW) = [ fklk(Mk\xk,Z^)SMk (3.35) 

Thus, PHD filter can be seen as an analogous statistic to the mean of the classical 

single landmark constant gain Kalman filter (a-^-7 filter). Also, the PHD filter 

can be characterized as compression of the multi-landmark posteriors into their 

corresponding first order multi-landmark moments as illustrated in the fig. 3.6 

(illustration adapted from [69]). 

. Bayes I inn' update , Bayes data-update 
"Jk \\k 1 — • /*(*--1 ~~ * f k \ k " 

I i I 
PHD time-update PHD data-update 

• ' • M k - l | t - l • Ok\k-l • Dt | f-

Figure 3.6 Illustration of optimal Bayes filter recursion compressed as PHD filter recursion 

It is important to emphasize that the first order multi-landmark statistical mo­

ment (PHD) Djt|jt of fk\k is neither a vector nor a probability density, but rather a 

density function and is uniquely characterized by the following property. Given 

any region A, the integral of the density function D^* over the region A gives the 
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3.5 The Probability Hypothesis Density (PHD) Filter 

expected number of elements in A [69]. 

Nk[k = f Dklk(mk\xk,zW)dmk (3.36) 

In [69], Mahler derived the update equations for the PHD for multitarget track­

ing. Here, we apply the same equations in the autonomous vehicle navigation 

framework, given that the following assumptions are satisfied. 

A-l. The motion of the vehicle is Markovian in nature and hence the evolution of 

stationary landmarks induced by this vehicle motion is also Markovian. 

A-2. The probability of each landmark's survival (ps) is independent of the other 

landmarks. 

A-3. Appearance of new landmarks in the FOV of the sensor is independent of the 

states of the existing landmarks in the FOV. The new landmarks appearing in 

the FOV of the sensor are modeled as a RFS Tk and its PHD is given by (refer 

Appendix A, Section A.8 for more details) 

lk(mk) 4 Jrk({mk} U W)SW (3.37) 

A-4. The probability of detection (po) of each landmark is independent. 

A-5. The landmark measurement produced by the sensor is given by the sensor 

likelihood function and is modeled as a RFS 0^. 

A-6. False measurements from the sensor are Poisson distributed with expected 

value Ac and the spatial distribution governed by the probability density c(zk) 

and independent of landmark originated measurements. 

60 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



3.5 The Probability Hypothesis Density (PHD) Filter 

A-7. The predicted multi-landmark distribution is approximated to be Poisson dis­

tributed with average number of landmarks \i, i.e., 

/*|*-i(Mfc|ZW,Xfc) S e-" n M./t|*-i(m*|Z<*>,xk) (3.38) 

The assumptions A-l to A-3 are satisfied by the dynamic multi-landmark map 

evolution model that was presented in Section 3.2 while the assumptions A-4 to A-6 

are satisfied by the vehicle measurement model discussed in Section 3.3. It has been 

shown in [70] that assumption A-7 is completely satisfied when the RFS M*._i and 

T/t are Poisson distributed and when there are no interactions between landmarks 

(no spawning). Under assumptions A-l to A-7, it can be shown (using FISST [69]) 

that the PHD time-update (prediction) and data-update (correction) equations are 

as follows: 

• PHD time-update 

new landmarks existing landmarks 

DjfclJt-iNtlZ^/Xjt) = 7fc(m*) + y Psjt-iNt-i)/*|*-i(m*|injt-i) 

.Dfc_1|k.1(mJt.1|Z^-1)
/xfc)dmJt_i (3.39) 

The predicted number of landmarks is therefore, 

N*|it-i = / D n ^ C m f c l Z ^ - ^ x ^ m * (3.40) 
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3.5 The Probability Hypothesis Density (PHD) Filter 

• PHD data-update 

Dklk{mk\zW,xk) = (1 - pD)Dklk_1(mk\Z(k~l\xk) 

y pDDk(zk\mk,xk) 

where, 

D*(z*|m*/X*) = J LZk{xk)Dklk_^{mk\Z^-l\xk)dmk (3.42) 

with LZ/t(xfc) = /fc(zjt|xjt,m/t) is the sensor likehood function and, 

n , • v /*fol^/XiOD*|*-i(«n*|Z(*-1,,xk) 
D t ( m t | Z " X t ) = D t ( z t | m t , x t )

 (3-43> 

Hence, the total expected number of landmarks is, 

Nk]k = J Dklk{mk\zW,xk)dmk (3.44) 

The PHD filter operates on a single-landmark state space and there by com­

pletely avoiding the computational complexity involved in data association. How­

ever, the PHD recursion involving eqns. 3.39 and 3.41 have multiple integrals, that 

have no closed form solutions, in general. There are various approaches presented 

for the practical implementation of the PHD recursion with Sequential Monte Carlo 

approximation [97], [110], [65] and Gaussian mixture approximation [109] being the 

most prominent techniques. A study on the convergence properties of these tech­

niques conducted in [26] and [25] give a theoretical justification for the use of these 

algorithms. 
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3.6 Chapter Summary 

3.6 Chapter Summary 

By adopting a finite random set approach, a multi-landmark map evolution model 

that accounts for the new landmarks appearing in the field of view of sensor and 

a natural multi-landmark (map) measurement model that explicitly accounts for 

detection uncertainty, clutter and unknown data association for autonomous vehi­

cle navigation has been constructed. An optimal multi-landmark Bayes filter and 

its first order statistical moment filter (PHD filter) have been incorporated within 

the autonomous vehicle navigation framework. This effectively enables to estimate 

the unknown varying number of landmarks and their states from a GRB sensor 

mounted on any mobile platform. 
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4 

Landmark Detection in Presence of 

Clutter 

This chapter examines the detection of landmarks in the presence of false measure­

ments from a range-bearing-intensity sensor in general and an underwater blazed 

array sonar in particular based on the random finite set models developed in the 

previous chapter. This chapter provides a mechanism and a detailed work-flow for 

processing the underwater sonar data to obtain a reliable feature (landmarks) set in 

underwater environments. It also presents a novel clutter rejection algorithm for au­

tonomous vehicle navigation. The algorithm is based on the fusion of the moment 

approximation of the posterior density within the random finite set framework with 

the conventional SLAM framework. 

Section 4.1 outlines the key role played by the feature extraction in the feature 

based environmental mapping and vehicle localization, highlighting the need for a 

robust clutter rejection strategy from the noisy measurements. A clutter rejection 

algorithm based on RFS models developed in Chapter 3 is presented in Section 4.4, 
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that simplifies the data association process and obviates the need for ad hoc feature 

management strategies. The algorithm is validated for its clutter filtering ability 

using simulated sonar scans in Section 4.5. A novel way of fusing the clutter filter 

with the standard EKF-SLAM filter is presented in Section 4.6. The effectiveness of 

the proposed clutter rejection strategies along with the standard EKF-SLAM filter 

without any external map management strategies is demonstrated with offshore 

underwater field trials and benchmarked against a standard EKF-SLAM filter in 

Section 4.7. 

4.1 Background 

In vehicle localization and mapping context, the representation of an environment 

can be done in two ways, namely 

• Sensor centric approach 

• Feature centric approach 

Raw sensor information is acquired and processed in its original form in the 

sensor centric approach as in scan matching [66], [46] where locally consistent pose 

estimates are recovered. Scan matching techniques are based on the iterative closest 

point (ICP) algorithm that determines a relative translation and rotation to align two 

point sets with minimal disparity in an iterative manner by employing a reasonable 

initial guess of the translation and rotation terms. This can be equivalent to consid­

ering an entire sonar scan at any time instant as a composite feature and performing 

nearest neighbor data association pixel wise for each range-bearing measurement. 
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The grid based method is a variant of the sensor centric approach where en­

vironmental mapping is accomplished using occupancy grids [36], [58]. An occu­

pancy grid represents a robot's environment by a two or three dimensional grid, 

where each cell stores the evidence (probability), based on the sensor readings, that 

a particular space is occupied. Bayesian estimation techniques are generally used to 

incrementally update the occupancy grids using sensor readings from multiple van­

tage points to create a dense map of the environment [79]. Since occupancy grid 

based approaches generate dense environmental models, correlation based map 

matching approaches are commonly employed for vehicle localization as in [36]. 

The main attribute of these approaches is that they eliminate the need for ex­

traction of features. In a feature centric approach [ 13], the raw measurements are 

processed by a feature extraction algorithm in order to identify certain well defined 

entities referred to as features that can be used in the state estimation. Both the 

above approaches have their advantages and disadvantages. The sensor centric ap­

proaches have the luxury of ignoring all the aspects of environmental modeling and 

represent the environment with raw sensor scans which is an advantage in repre­

senting highly unstructured environments. However, the computational complexity 

of matching and estimating the state of each raw sensor point drastically limits the 

use of this approach and shifts the balance towards feature based environmental 

representation and modeling, which ensures a high degree of data compression. 

Henceforth, we would be focusing only on feature centric approaches. The litera­

ture offers a wide range of feature descriptors and their extraction techniques for a 

wide variety of sensors. 

For a typical range sensor, geometric primitives such as lines, corners that cor­

respond to walls, are used as features to perform navigation in structured indoor 
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environments. Most notable among the extraction of geometric primitives is the 

region of constant depth (RCD) technique that tries to fit an arc over a sequence of 

individual range returns, which has been successfully implemented in indoor en­

vironments [62]. In contrast to the indoor environments, which are dense and 

resemble proper geometric primitives like corners and straight lines, unstructured 

natural underwater environments are sparse in detail and do not conform to any 

simple geometric model. The common approach used in such scenarios is to use 

segmentation followed by a simple clustering algorithm to group raw sensor mea­

surements into data clusters and extract descriptors that sufficiently describe the 

cluster. Cluster centroids have been used extensively as feature descriptors in un­

derwater sonar systems, given the difficulty in modeling the terrain and processing 

cost involved [94], [115]. Moran has used RCDs as feature descriptors for under­

water shape reconstruction [78]. Carpenter has used a series of morphological op­

erations on a sonar scan image to form objects (clusters), and retrieved perimeter, 

area, area-to-perimeter ratio and radial signature (distance from objects centroid 

to its boundary as a function of angle) as geometric descriptors to characterize a 

landmark [23]. Majumder has used intensity returns from sonar signal returns and 

a distance criterion to group measurements as blobs (clusters), and retrieved peak 

amplitude, its variance and the associated area as descriptors to characterize a land­

mark [72]. Ribas et.al have used a simple line extraction technique from sonar image 

when operating in man made structured underwater environments [92]. 

Thus the goal of feature extraction is to identify well defined entities from the 

raw measurements, thereby reducing the dimension and complexity of the data as­

sociation process. However, if feature extraction is not done optimally, it would 

result in an increase in false alarms and missed detections in the data association 
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process and also an increase in its computational complexity. In most of the feature 

extraction techniques discussed above, there are no concrete steps taken to reject 

the clutter from noisy sensor measurements, apart from basic pre-filtering. The 

main rationale behind the use of such feature extraction strategies in SLAM is that 

only stable features (landmarks) sustain in the long run by an ad hoc map manage­

ment and track maintenance function [32], of the data association algorithm. Hence 

there has been very little importance given to clutter filtering during the feature ex­

traction stage. However in this work, it is argued that if we are able to perform an 

efficient feature extraction process that can handle clutter and sensor's detection un­

certainty, the data association phase would be much simpler and accurate. Thus by 

paying more attention to sensor modeling and devising a robust feature extraction 

algorithm that is capable of rejecting clutter from the noisy measurements, the data 

association process is simplified, obviating the need for ad-hoc map management 

strategies. 

4.2 Sensor Measurement Analysis 

Sensors such as imaging sonars, millimeter wave radars, imaging lidars return in­

tensity valued measurements which can be grouped as generic range bearing in­

tensity (GRBI) sensors. A GRBI sensor returns are in the form of s{r,9), i.e., an 

intensity-valued function of range r and bearing 6. More specifically, at any time 

instant k, the set of raw measurements Z^ that forms an image as in fig. 4.1, can be 
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represented as, 

s(rjt,iA,i) sirk,R>Qk,\ 

s(rkA,ekiB) ... s(rkiR,6ktB) 

R k,1 

Rk,B 

(4.1) 

where, R^j refers to the range intensity spectrum (fig. 4.2) at the t— th bearing, at 

time instant k. R is the total number of range bins in a single intensity spectrum, 

and B is the total number of bearing angles sampled for a given measurement. 

Hence, for a particular range/bearing setting, the total number of raw measure­

ments received for each scan (image) is a constant. 

North (m) Landmarks 
East (m) 

Figure 4.1 Acoustic image of the swimming pool as obtained from a blazed array sonar. (Inset: An Optical 
image of the swimming pool environment) 

Specifically underwater, sound (sonar) generally has superior propagation char­

acteristics to electromagnetic (visual) signals. Figure 4.1 shows a typical acoustic 

image formed by an active blazed array sonar along with an optical image of the 

swimming pool environment with artificial beacons. Sonar signals, either echoes of 
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active sonars or target sounds of passive sonars, must always be observed amid a 

background noise or reverberation. Before any system function is performed, the 

sonar system must first detect the signal in this background. However it can be 

very difficult to interpret sonar data due to the presence of multiple reflections, the 

presence of specular or diffuse features and objects, and the effects of high-power 

side lobes in the transmitted waveform. All these factors significantly influence the 

quality of the sonar image and make it difficult to determine object shape and size 

from the sonar data. A good look into the sonar process would give us a better 

understanding of the sonar return signals. It would also help us in determining a 

suitable feature extraction process from the sonar returns. 

4.2.1 Sonar Process 

Sound energy in water suffers two types of losses; spreading and absorption. The 

combination of these two losses is commonly referred to as transmission loss TL. 

Spreading refers to the broadening of the emitted acoustic wave with distance. 

There are mainly two types of spreading based on range r ; spherical spreading 

(r < 1000m) and cylindrical spreading (r > 1000m) [74]. Spherical spreading results 

in a reduction in signal level proportional to the inverse of the range squared, that 

is: 

TL = 20 log r (4.2) 

Absorption occurs through viscous friction at high frequencies and molecular reso­

nance at low frequencies. The absorption coefficient as stated by Urick is given by 

[108], 

~7^+"xl0" /* (4'3) 
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where / is the frequency of operation of the sonar. From the above equation it can 

be noted that absorption coefficient increases with increase in frequency, thereby 

limiting the range of operation. Thus total transmission loss is: 

TL = 20 log r + ° ' ° 3 ^ n n + 3.2xl(T7/2 Vr < 1000 (4.4) 
f + 3600 

Like all other sensors, sonar systems also have a minimum required signal level 

to result in detection. Noise results from many sources; caused by the receiving 

platform (self noise) and unavoidable noise present in the environment (ambient 

noise). Self noise is mainly due to platform machinery, propellers of the vehicle on 

which the sensor is mounted, if any. Ambient noise is mainly due to the BOSH 

(Biological Ocean traffic Seismic Hydrodynamic) effects [108]. Thus total noise level 

NL is given by the sum of self noise NL$ and ambient noise NL^. 

NL = NLS + NLA (4.5) 

NLA is generally determined by Wenz curve [108]. 

The sonar equation ties together the acoustic medium, the target (landmark) 

and the equipment in order to predict detection ranges and thereby relating it to 

the signal to noise ratio SNR. It is the ratio of the received echo from the target 

to background noise produced by everything else. Detection threshold Dt is the 

measure of the return signal required for any system to detect the presence of the 

landmark. Given that the source level of the transducer is SL, the target strength 

of the object being imaged is TS (which is a function of the material properties and 

the angle of incidence to the object) and the directivity index of the transducer is 
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Dl (all quantities are in decibels referenced to standard units), the SNR required 

for detection is given by [ 108], 

D, = SL- TTL + TS-NL + DI (4.6) 

4.3 The Landmark Detection Problem 

Thus, detection concerns the recovery of features (landmarks1) from the noisy sen­

sor measurements, such as that in fig. 4.2b. Feature extraction then concerns the 

reduction of the dimensionality of the prospective landmark detections, into land­

mark models. The landmark detection problem using a classical Bayes criterion, 

can be alternatively stated as a simple binary hypothesis testing problem involving 

two hypotheses: 

• Null hypothesis 3fo: Signal is not present (Feature absence) 

• Alternate hypothesis %\: Signal is present (Feature presence) 

Thus at the receiver, "KQ relates to the noise only case and %\ to the signal plus 

noise case and the likelihood ratio, L, is the ratio of probability that hypothesis "K\ 

is true to probability that hypothesis "KQ is true. A decision (detection) is made by 

comparing the likelihood2 to a predetermined threshold Dt. That is, if L = ^ > Dt, 

a decision is made that the signal (feature) is present. 

l andmarks and features are loosely used through out the thesis, however, landmarks are specif­
ically used to signify static features / targets. 

2the log of this likelihood is referred to as log-likelihood ratio, which is equivalent to the sonar 
eqn. 4.6 
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4.3.1 Fixed Detection 

Intensity thresholding has always proven to be an effective technique to eliminate 

low energy noise and to reduce the computational load on the feature tracking 

system. In an ideal case, if the landmark has a significant size and reflectivity, with 

the returns having a low SNR, the landmark-generated reflection-intensity will be 

significantly stronger than the surrounding noise floor of the sensor. As shown in a 

range-intensity spectra from a blazed array sonar in fig. 4.2a, the landmark can be 

easily detected from the intensity returns by setting the detection threshold Dt that 

is high enough to avoid the noise. The probability of such an event is referred to as 

probability of detection, denoted by po- Thus, detection indicates the presence of 

a landmark with range r and bearing 6. However if the landmark-generated signal 

is too small to exceed the set threshold, in which case the landmark is not detected 

(miss detection) and the probability of such an event is called the probability of miss 

detection, denoted by 1 - pp. If the SNR of the intensity returns are low, as depicted 

in fig. 4.2b, the landmark-generated intensities are not so obviously separated from 

the noise. In such a case, the event s(r,8) > Dt will not only detect the landmarks, 

but also a large number of false alarms. If Dt is set too large, it might not be possible 

to detect the landmarks. If Dt is set small enough to ensure landmark detection, 

will result in large number of false alarms Ac. Thus the biggest challenge is to set 

this threshold value Dt, which is a compromise between the probability of detection 

po and the probability of false alarm pfA, which is commonly referred to as receiver 

operating characteristic (ROC) [108]. Thus an ideal detector with a fixed threshold 

is extremely sensitive to the total noise (measurement noise plus clutter) variance. 

In fact, it has been shown that a small increase in the total noise power results 
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Figure 4.2 Range-intensity spectra from a blazed array sonar is depicted for two different scenarios. The 
SNR is large, and landmark has a significant size and reflectivity in (a). The landmark can be deduced by 

applying a suitable threshold Dt to the returns. Case (b) illustrates the intensity returns with a low SNR. In 
such a scenario any value of Di small enough to detect a landmark will also detect a large number of false 

detections, as in the case of detection threshold 2. Setting it high enough as in detection threshold 7 will result 
in miss detections. 

in a corresponding increase of several orders of magnitude in the probability of 

false alarm [41]. Therefore, adaptive threshold techniques are needed to maintain a 

constant false alarm rate (CFAR). 

4.3.2 Adaptive CFAR Detection 

In CFAR processors the detection threshold is adaptively set based on local infor­

mation of the total noise power in order to regulate the false alarm probability [93]. 

The detection threshold Dt in a CFAR detector is set on a range bin by range bin 

basis using estimated noise power by processing a group of reference range bins 

surrounding the range bin under investigation. Of all the CFAR schemes tested on 

underwater sonar [53], ordered-statistics (OS) approach [93] has proven to be most 

robust in situations of high clutter, and is therefore adopted in this work. The work­

ing principles of OS-CFAR are explained further, leaving the mathematical specifics 

which are detailed in [41], [96]. As stated earlier, a range-intensity spectrum1 for a 
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Figure 4.3 Block diagram of order statistics constant false alarm rate detector. 

particular bearing is given by R = [si,.. .,SR], as depicted in fig. 4.3. In OS-CFAR, 

N range bins are selected as reference cells around the range bin under test, as il­

lustrated in fig. 4.3, and are ranked according to their intensity level. A kih ordered 

sample ŝ  is chosen to represent the noise level estimate of the range bin under test. 

This selected statistic is then multiplied by the scale factor a. to achieve the desired 

probability of false alarm. A detection is made by comparing the intensity of the 

range bin under test with the adaptive threshold Dt = ccsk. 

The output of an OS-CFAR detector, with parameters N = 32, k = 3N/4, 

PFA — lxlO6, on the same blazed array sonar range intensity spectra, as in fig. 4.2b, 

which has a low SNR can be seen in fig. 4.4. The adaptive threshold scheme using 

OS-CFAR manages to detect all the features from the data, reporting a few false 

alarms. However, these CFAR schemes are not without drawbacks. 1. The presence 

of noise power transition within a single window may result in severe performance 

degradation in an adaptive threshold scheme leading to excessive false alarms or 

landmark masking. 2. In the presence of closely spaced landmarks, a CFAR scheme 

may raise the threshold unnecessarily resulting in missed detection of the land­

marks. 

A unifying framework that incorporates the vehicle motion model into the land-

1s(r,6) is represented as s for simplicity 
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Figure 4.4 Adaptive detection threshold (dotted lines) using OS-CFAR detector for a constant 
PFA = lxlO6 for a range-intensity spectra of a blazed array sonar. 

mark detection process, effectively removing the false alarms is discussed in the 

next section. 

4.4 Clutter Filter Mechanics 

This section describes the method for tracking multiple unknown number of fea­

tures from the blazed array sonar returns in presence of false alarms (clutter). To 

achieve this, we use the random finite set models developed in the previous chapter. 

At any time instance k the landmarks present in the environment are modeled as a 

RFS given by Y& and the result of the detection process from the sensor are modeled 
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as a RFS Zk given by 

Y)t = {y*,i'---'y*,i'---/y*,Nit} G ^(V) 
(4.7) 

where N*. = |Yjt| is the number of landmarks present at time k with y^, repre­

senting the state of the ith landmark and lk = |Z^| is the number of elements or the 

cardinality of Z* representing the number of measurements at time k with z^/ repre­

senting the state of the ith measurement1. A probability hypothesis density (PHD) 

filter founded on the principles of FISST as discussed in Chapter 2, is effectively 

used as a multi-landmark clutter rejection filter within the Bayesian framework by 

constructing multi-landmark densities for the above described RFS. 

4.4.1 The PHD Clutter Filter 

The aim of this filter would be to eliminate most of the measurements that are 

likely to be false measurements so that the data association complexity is drastically 

reduced. The clutter filtering scheme is due to [89]. The incorporation of the PHD 

filter introduced in Chapter 2, as a clutter rejection filter for the blazed array sonar 

returns is presented here. The PHD filter along with a peak extraction technique 

determines the most probable number of landmark generated measurements and 

their states Y .̂ This output is used to define the validation gate in the measurement 

space. The measurements that fall outside the gate are discarded as clutter and the 

result is a new "clutter reduced (CR) measurement" set, Zjt consisting of mainly 

landmark generated measurements. The dynamic model describes the evolution of 

1yki and zki are denoted as yk and zk for notational simplicity 
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the state of the landmarks induced by the motion of the underwater vehicle. The 

measurement model relates the measurements obtained by the blazed array sonar 

to the state of the landmarks. The PHD clutter filter recursion is a two step process: 

• PHD time update: Given the motion model, the predicted PHD 

new landmarks 

D j t |Jt_,(yit|Z^-1))= ^ 0 + 

existing landmarks 

ps (yit-i )Jk\k-\ (y*|y*-i) A - i i*-i (y*-i |z (*_ 1 ) )<fy*-i 

(4.8) 

and, 

- 7fc(yjt): PHD of the new incoming landmarks within the FOV 

- ps{yk-\)'- Probability of landmark being re-observed 

• PHD data update: Given a new set of measurements Zk , the updated PHD 

D*l*(y*|Z<*>) = (l-PD)Dklk^(yk\Z(k-V) 

_ pDDk(zk) (4-9) 
+

 zkk^ck(zk) + pDDk(zk)
Dk^Zk) 

where, 

Dk(zk\yk) = f fk(zk\yk)Dk]k_i(yk\ZV'-V)dyk (4.10) 

Dk(yk\z) = ^ _ ( 4 . n ) 

and, 

- fk(zk\yk): is the sensor likelihood function Lz(yk) 
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- Ac: average number of false alarms per scan, which is assumed to be 

Poisson distributed 

- ck(zk): distribution of each of the false alarms 

At each time step, the PHD clutter filter not only propagates the PHD, but also the 

expected number of landmarks, given by 

Nklk = J Dklk(yk\zM)dyk (4.12) 

Consequently the state of landmark oriented measurements is acquired by search­

ing for Nk\k highest peaks of Duk(yk\Z^k>), where Nk\k, represents the nearest integer 

to Nk\k. The PHD clutter filter recursion, involving eqns. 4.8 and 4.9 have multi­

ple integrals, that have no closed form solutions, in general. There are various 

approaches for the practical implementation of the PHD recursion with sequential 

Monte Carlo (SMC) approximation [97], [110], [65] being the most prominent ap­

proach. We have used the SMC approximation for the practical implementation of 

the PHD clutter filter. 

4.4.2 SMC Implementation of PHD Clutter Filter 

This section describes SMC implementation of the PHD clutter filter. For any k > 0, 

let {wk ,yk'} -ij describe the particle approximation of the PHD. We start with Lk_\ 

particles that are propagated to time k. At time k, we also generate additional Jk 

particles to explore for the additional landmarks that may appear in the FOV of the 

sonar. Thus time-update step of the PHD clutter filter has a particle representation 

given by {wkk_1, yk}j^i • Based on the new measurements the data-update step 
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maps the particle representation from the time-update step into {w[,yk };=\ °Y 

modifying the weights of the particles. The particle PHD clutter filter recursion can 

be summarized as follows: 

Algorithm 1 SMC implementation of the PHD clutter filter recursion. 
• Initialize 
At the start, Lk \ unweighted particles are distributed uniformly across the sensor's FOV. 
• PHD time update step 
PHD Prediction of existing landmarks 
for / = 1 , . . . , Lk | do 

Sample yj" ~ fft(-|yjf ,Z j ) and compute its associated weight as 

7r*(yi"ly*li.z*) 

u'/icre T ( - , ) = /t|t.... | (•!•), tu/'t/i /*n_i(- | - ) denoting the same meaning as in eqn. 4.8 
end for 
PHD Prediction of new landmarks 
forj-Li, i+l Lk i + /* rfo 

Sample y*tM ~ f t ( - | ,Z t ) «»d compute the weight of new landmarks as 

end for 
• PHD rfnffl update step 
forj = \,...,Lk x+]kdo 

Update weights 

,7,l<1 i - , 0 + E - - * * ^ 
:€Z'A(ct(2)+ ' £ ' PoM^Wll-x 

l--\ 

Wk\k-\ 

end for 
• Estimate the number of landmarks from PHD 

Li-i+h ... 

Compute tlw total number of landmarks Nk\k = J^ urj} 
/'=i 

Nk]k - round(Nk]k) 

( J l nlL*_ I + ' * f»w ml'"* 
• Resample the weights I -ff^-.fy"' } to get < j ^ - , y k } 

I *'* J /=1 I M* J ;=1 
Rescale the weights to get I w\", yf \ 

It is important to note that during the resampling stage, the new weights {ur^ } A 

are not normalized to one but to sum to NM. 
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The SMC approximation of the PHD recursion provides an estimate of the num­

ber of landmarks as seen by the sensor at each step. It has been shown in [69] that 

the local maxima (peaks) of the PHD correspond to most probable locations or state 

of these Nk\k landmarks. 

A simple k-means clustering algorithm is used to partition the data and deter­

mine the peaks of the PHD. Given a set of the points, {y[ }.=]' , where each 

point (in this case particles approximating the PHD) is a real vector, the k-means 

clustering algorithm aims to partition the Lk_i + Jk points into Nuk sets, Sk — 

{S\k,Sik,...,Sf4k,k} so as to minimize the intra cluster distance measure. 

Nk\k 

a r g m i n £ £ \\yf - nA\2 (4-13) 

where \iki\ is the mean of Skj. The set of estimates of the most probable landmark 

locations at time step k is given by Y^ = {^k,i}j=i-

4.4.3 Gating for Clutter Rejection 

The PHD filter output, Yk is used to define the validation gates in the measurement 

space. The measurements that fall outside the validation gate vg are discarded as 

clutter, there by resulting in the most probable landmark originated measurements. 

The implementation can be summarized as follows: 
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Algorithm 2 Implementation of gating function for clutter rejection. 
• Inputs to the gating function 
Y<; = {yk.\,--,yk,j,--,yk,Nk} 

Zk = {z*,l'--'z*./'---'zW*} 
for i = I,..., h do 

for j = 1 , . . . , Nk do 
if thenfk(zkj\ykj) > vg 

include zkj in Zk 

end if 
end for 

end for 

4.5 Performance Validation in a Simulated Environment 

using Blazed Array Sonar 

This section evaluates the performance of the clutter filtering algorithm using syn­

thetically generated data. The advantage of generating synthetic data and simu­

lating the underwater environment is that it allows realistic scenarios with exact 

locations of the landmarks and vehicle known at each time instant. Thus the per­

formance of the clutter rejection filter is validated in terms of error in the estimated 

number of landmark generated measurements. A simple simulation environment is 

set up in which an underwater vehicle mounted with a blazed array sonar is mov­

ing in a straight line observing the landmarks in the field of view. The vehicle is 

moving at a nominal speed of 2m /s in an environment consisting of stationary fea­

tures (landmarks). The number of landmarks at any time in the FOV of the sonar 

is unknown and time varying. The sonar is range limited to 40m with forward 

looking 45" field of view. The synthetic sonar data was generated with seventeen 

landmarks in the environment immersed in clutter that was Poisson distributed 

with a density Ac = 5. That is, clutter is uniformly distributed over the sensor FOV 

[0,40] x [-371/24, 3/T/24] with an average rate of Ac = 5 per scan. The other param-
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Figure 4.5 Range and Bearing measurements containing actual landmark generated measurements (in 
green asterisk) immersed in a Poisson clutter (in gray crosses) with a density of \c = 5. 

eters used for the presented simulation were the zero mean velocity and steering 

control Gaussian process noise with standard deviations o~v = 0.3m/s and ay = 0.5" 

respectively, the zero mean range and bearing Gaussian measurement noise with 

standard deviations of cy = 0.3m and <TQ — 0.5° respectively. Due to the motion of 

the vehicle, the new landmarks would most likely appear in the FOV of the sonar 

at perimeter of the scanning sector. The PHD birth model will incorporate these 

new incoming landmarks by uniformly distributing the particles along the perime­

ter. Without loss of generality, the probability of detection is set to po = 1- It is 

important to note that due to explicit incorporation of detection uncertainty po in 

the measurement likelihood equation (eqn. 4.9), the PHD filter is able to handle 

the sensor's detection uncertainty (i.e., po / 1)/ while vector based frameworks 

always assume a unity probability of detection, irrespective of the sensors detec­

tion uncertainty, resulting in false detections, especially in the presence of clutter. 
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Eight hundred particles are generated for every landmark in the particle PHD filter 

implementation, and hence, the number of particles varies at each iteration in the 

simulation. Figure 4.5 shows the simulated range-bearing measurements at each 

time step, that encapsulates both landmark generated measurements and clutter 

generated measurements with an average clutter density of Ac = 5. At each time 

instant, the true number of features, and their corresponding ground truth loca­

tions, within sensor FOV can be determined in a simulated environment and hence 

is used as a metric to determine clutter filtering performance. As outlined earlier 

(a) Simulated sonar scan (b) PHD peaks indicating the most probable landmark locations 

Figure 4.6 Illustration of simulated sonar scan image with the actual locations of the landmarks (green 
asterisk) and the estimated landmarks (pink circles) along with its corresponding PHD local maxima from the 

Particle-PHD clutter filter. 

in Section 4.4.1, the integral of the probability hypothesis density over the measure­

ment space at any time instant k, gives an estimate of the number of landmarks N*-

in the FOV. Extracting the local maxima from these PHD based on the estimates of 
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the number of landmarks, provides us with the most probable locations of these 

landmarks as illustrated in fig. 4.6. As is evident from the illustration, there are 

four landmarks present in the FOV (as seen from the simulated sonar scan, on the 

right), and these correspond to four local maxima of the PHD. However, there are 

instances when the number of landmarks N& estimated by the PHD clutter filter dif­

fers from the actual number of landmarks. When N* is less than the actual number 

of landmarks, (as in the case of scan illustrated in fig. 4.7b, it results in miss de­

tection. The complete dynamic behavior of the clutter filter in estimating landmark 

(a) Simulated sonar scan (b) PHD peaks indicating the most probable landmark locations 

Figure 4.7 Illustration of simulated sonar scan image with the actual locations of the landmarks (green 
asterisk) and the estimated landmarks (pink circles) along with its corresponding PHD local maxima from the 

Particle-PHD clutter filter. Illustrates miss detection due to error in estimation of number of landmarks by 
the PHD clutter filter. 

generated measurements is shown in fig. 4.8. Figure 4.9 shows the range-bearing 

estimates to the landmarks obtained by the PHD clutter filter superimposed with 
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Figure 4.8 Performance of the clutter filter based on the number of landmarks. 

the actual landmark generated measurements over time. Note that the filter has 

managed to effectively remove most of the clutter generated measurements. 

4.6 Integrating PHD Clutter Filter with a Navigational 

(SLAM) Filter 

In this section, a novel clutter rejection algorithm is presented based on the PHD 

clutter filter (discussed in the earlier section) for autonomous vehicle navigation. 

The novelty lies in the integration of the random finite set based PHD filter frame­

work with the conventional vector based SLAM framework. In this implementation 

for the purpose of demonstration, we have chosen to integrate the PHD clutter filter 

with the conventional naive extended Kalman filter (EKF), though, it can be easily 

extended to more complex navigational frameworks. The integration of the PHD 

clutter filter with the conventional navigation filter is illustrated with the flowchart 

in fig. 4.10. In the proposed technique, the PHD clutter filter is used effectively 
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Figure 4.9 Estimates of the range and bearing measurements from the PHD clutter filter (pink circles) 
superimposed with the actual landmark generated measurements (green asterisk). 

to reduce false measurements, thereby feeding mainly landmark originated mea­

surements to the navigational filter. This effectively simplifies the data association 

technique needed within the navigation filter framework and completely obviates 

the need for external map/ feature management techniques. It is interesting to note 

that the proposed framework can be easily applied to any generic range-bearing-

intensity (GRBI) sensor, even though our illustrations here are mainly limited to a 

blazed array sonar. An extended Kalman filter SLAM (EKF-SLAM) integrates the 

vehicle's navigation sensors to give an estimate of its own pose and at the same 

time retain the estimates of the previously observed landmarks to build a map as 

explained in Chapter 2. We have chosen the EKF framework for the SLAM imple-
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Nftvigjitiou filter 

Figure 4.10 Integration of the PHD clutter filter with the conventional EKF navigation filter. 

mentation because of the availability of the confidence bound (covariance) in the 

estimates without any additional computational requirements. It is a direct imple­

mentation of the seminal paper on SLAM [102], where the pose of the vehicle and 

the state of the landmarks are represented by a combined state vector x ^ given by 

XTT* — 

Mk 

(4.14) 

We explain the proposed technique detailing the integration of the two blocks, 

viz. clutter filter block and the navigation filter block, as illustrated in fig. 4.10 

with the assistance of a case study with DVL and an angular rate sensor being 

used as navigation sensors providing the velocity and orientation of the underwater 

vehicle respectively with blazed array sonar as an imaging sensor mounted on the 
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underwater vehicle. 

• Vehicle Initialization 

The initial vehicle location is assumed to known with certainty and is used to 

set the global reference frame G as shown in fig. 4.11. This frame is used in 

building the stochastic feature map. The state of the vehicle is given by 

x* = [Xk Vk *Pk)T (4-15) 

representing the position and orientation of the vehicle in the global reference 

frame. 

• EKF-SLAM time update 

The motion model employed here uses the Doppler velocity log measure-

Yc 
Figure 4.11 Representation of the global and vehicle coordinate system. Vehicle is equipped with a blazed 

array sonar that provides a range r and a bearing 6 measurement to a detected landmark. 

ments instead of controls to estimate posteriors overs poses. Practical experi­

ence suggests that DVL, while still erroneous, is usually more accurate than 
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the velocity motion models. Both methods suffer from drift, however veloc­

ity motion models additionally suffer from the mismatch between the actual 

motion controllers and its (crude) mathematical model. However with this 

model, the velocity information is available only after the vehicle has moved. 

Hence this kind of model is unusable for path planning and control, while 

it does not pose a problem for motion estimation, as in our case. Thus the 

motion model to predict the state of the vehicle is given by 

*A-

**_! + At(vXk jCOs(^_i) - vyk ^initpk^)) 

yk-i + A ^ ^ s m ^ - i ) + Vyk^cos(tpk^)) (4.16) 

where, vx, vv and vy are the linear and angular velocity measurements respec­

tively in the vehicle coordinate frame obtained from the DVL and angular rate 

sensor respectively. The motion model can be written in short as a nonlinear 

equation, 

Xk=fk(xk-i,uk) + X(0,Qk) (4.17) 

On the other hand, as landmarks correspond to fixed objects in the underwater 

environment, we assume that they are stationary and hence the predicted joint 

estimate is 

*"k\k l = [/"*!*-1 ( * * - ! ' u * ) W/c-1,1 • • • % - ! , N, J t - l i 
(4.18) 

and its predicted covariance as 

PJt|Jt-l = JWl | i t - lFi t + Qk (4.19) 
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where F;. is a Jacobian matrix as a result of linearization of the nonlinear 

function / . 

• Clutter filter 

Point features are identified from the sonar scans returned by the blazed ar­

ray sonar are fed as an input to the PHD clutter filter. The extraction of point 

features from the sonar data is essentially a two step process. The first step 

involves the detection of signals in presence of background noise. Adaptive 

threshold technique using OS-CFAR processor (discussed in Section 4.3) is 

used in the detection process to mainly identify the principal returns (land­

mark generated measurements). For each sonar scan the principal returns are 

then grouped together into clusters based on the regions of constant depth [62] 

and the cluster centroids are identified as point features. These point features 

which are the range-bearing measurements that encapsulate both landmark 

generated measurements and clutter generated measurements are fed as in­

put to the PHD clutter filter. The details of the PHD clutter filter are explained 

in Section 4.4. The output of the filter is a set of clutter reduced (CR) measure­

ments Zjt. 

• EKF-SLAM measurement update 

The CR-measurements Z* are transformed from the sonar sensor coordinate 

frame to the vehicle coordinate frame, though not explicitly represented here 

for the sake of simplicity. Given the current vehicle pose x*., the ith feature at 

time k corresponds to a /'"' landmark, m^- = [m*; "**•,/„]T m t n e rnap. Hence 
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the resulting new measurement model is given by, 

Z)U = fy(x*'m^') + N(0, Rk) 

rk,i 

&k,i 

yj{xk - mKjx)
2 + (yk - tnkijy) 

tan - l 
(** -mk,h) *Pk 

+ 
wrk 

wdk 

(4.20) 

The next step is to determine whether the new CR-measurement iki corre­

sponds to any landmarks mkij, j = I,..., A/;-_i already existing in the map and 

should be used to update the state vectors or, on the contrary a new landmark 

and has to be incorporated into the map. Finding this association hypothesis is 

a process involving analysis of the discrepancy between the CR-measurements 

and its prediction. This is obtained by calculating the innovation and its asso­

ciated covariance as 

S^ = H-k,jPk\k-iHkij + Rk 

(4.21) 

(4.22) 

where Hk; is a Jacobian matrix as a result of linearization of the nonlinear 

function hkj. A simplest Nearest Neighbor association is taken in this case to 

be the closest association in a statistical sense. A common statistical discrimi­

nator is based on the normalized innovation squared between two estimates. 

The normalized innovation squared between the pseudo measurement and 

the estimated landmark location (referred to as Mahanabolis distance) is com­

pared against a validation gate, dmj„, for the association being considered. 

The normalized innovation squared forms a ^-distribution that can be used 
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to accept or reject a particular association with a given confidence level by the 

appropriate selection of dmj„. 

ek = viir$iT'4<dmin (4.23) 

Once the association is made, it is used to update the state estimates using 

standard EKF update equations. 

h = **|*-i + K K (4.24) 

Pk = [I-KiiHkij)Pk{k.l (4.25) 

where, 

*?' = PfciJt-iH^/sf1 (4.26) 

4.7 Algorithm Performance Validation in Offshore Un­

derwater Environments 

In this section, the proposed navigational framework wherein, a particle PHD clut­

ter rejection filter is integrated with the EKF is implemented in an offshore un­

derwater environment using a blazed array sonar as the primary imaging sensor. 

The data was acquired from a research testbed AUV, during a survey conducted 

along the coastlines of Singapore. The details of the system hardware and software 

architecture of the navigational modules along with specifications of the sensors 

are provided in the Appendix B. The aim of these tests was to validate the pro-
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posed technique for its clutter rejection performance and benchmark it against the 

EKF-SLAM filter with an external map management filter. 

4.7.1 Experimental Setup 

In these experiments, the sonar targets (see fig. 4.12) were initially deployed in 

the underwater environment in which the vehicle was proposed to operate. An 

array consisting of five octahedron sonar reflectors were held together with strings 

and moored to the bottom of the sea bed using weights as shown in fig. 4.12, for 

maximizing the returns from the blazed array sonar. A marker buoy was attached to 

the array, which was suspended about 2m above the reflectors, holding the array in 

the water column. Four such arrays were deployed with the first three arrays about 

18m apart and the fourth array about 30m apart and about ~ 3m above the sea bed. 

These acted as identifiable and stable features. Naturally occurring objects such as 

coral reefs or rocky seabed if present, were also classified as a point features. If these 

features were stable they are also incorporated into the map. The AUVs mission was 

pre-planned and the way points were selected in such a manner, so that it traverses 

in a path that maximizes the visibility of the landmarks (reflectors) in the FOV of 

the blazed array sonar. The AUV was initialized using GPS information while at 

the surface and traversed along the way points maintaining a height of 5m from 

the seabed in a water column averaging 10m. The way points given to the AUV are 

listed in table 4.1 and the intended locations of the reflector arrays are tabulated in 

table 4.2. The vehicle orientation estimates from the fiber optic gyroscope during 

the experimental run is shown in fig. 4.13. 
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R,: Radar reflector 
B,: Bottom weights 
M: Marker Buoy 

Figure 4.12 Target setup: Five sonar reflectors tied in-line are suspended from the sea bed 

a 
4) 

o 
o 

1200 

Figure 4.13 Vehicle orientation estimates from the fiber optic gyroscope during the experimental run 
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CPS co-ordinates 
Latitude (deg) 

1.315810N 
1.315240N 
1.315052N 
1.315053N 
1.315199N 
1.314S64N 
1.315053N 
1.315046N 
1.31489SN 
1.314686N 
1.315046N 
1.315053N 
1.315203N 
1.314872N 
1.315053N 
1.315046N 

Longitude (deg) 
104.01672E 
104.017416E 
104.017566E 
104.018979E 
104.019099E 
104.019095E 
104.018987E 
104.017484E 
104.017188E 
104.017326E 
104.017484E 
104.018991E 
104.019155E 
104.019150E 
104.018991E 
104.017484E 

Global Map co-ordinates 
East (m) 

0 
91.703550 
108.45001 
266.20163 
279.59878 
279.15225 
267.09478 
99.295290 
66.248950 
81.655698 
99.295290 
267.54135 
285.85079 
285.29261 
267.54135 
99.295290 

North (m) 
0 

-78.65044 
-99.64391 
-99.53214 
-83.22868 

-120.63728 
-99.53214 

-100.31392 
-116.84071 
-140.51421 
-100.31392 
-99.532148 
-82.782012 
-119.74394 
-99.532148 
-100.31392 

Table 4.1 Way points given to the AUV: CPS co-ordinates and its corresponding global map co-ordinates 

Landmark Id 
Reflector Array 1 
Reflector Array 2 
Reflector Array 3 
Reflector Array 4 

East (m) 
153.8581 
171.4977 
189.5839 
222.5186 

North (w) 
-103.7717 
-103.7717 
-101.7616 
-104.2183 

Table 4.2 Global map co-ordinates of the deployed reflector arrays 

4.7.2 Experimental Results 

The results are benchmarked against EKF-SLAM algorithm with an external map 

management filter. The map management filter is based on the landmark quality 

algorithm [32] which rejects outliers by maintaining a tentative landmark list. Thus, 

instead of augmenting the map based on the measurement indicating the existence 

of a new landmark, it is first added to a tentative list of landmarks. Once a land­

mark has been consistently observed, it is transferred from the tentative list to the 

confirmed list to be estimated as a part of the EKF-SLAM algorithm. This technique 

tends to reduce the number of landmarks in the map by a significant factor as no-
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ticed in the fig. 4.14. However, it is important to emphasize that the tentative list to 

be maintained, (i.e., the number of times (in our case 4) the landmarks have to be 

observed before being incorporated into the map) is an ad hoc, problem dependent 

parameter, that needs to be adjusted based on environmental conditions. 

SO K » ISO ?00 !G0 300 S5C 

Figure 4.14 Feature returns and the vehicle trajectory obtained from EKF-SLAM filter superimposed on 
satellite images of the experimental site 

Figure 4.14 shows a plot of the final map obtained by the EKF-SLAM algorithm 

with an external map management filter. It has been overlaid on the satellite im­

age for a better understanding of the environment. The absolute location of all the 

potential point landmarks identified based on the sonar returns are also overlaid 

on the blazed array sonar scan images. These locations were computed using the 

estimated vehicle location at the instant of the corresponding sonar return. The 

lighter sections in the sonar scan images indicate stronger intensity returns indi­

cated by the color bar in fig. 4.14. The sonar returns seen near the top left corner 

97 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



4.7 Algorithm Performance Validation in Offshore Underwater Environments 

of the fig. 4.14, illustrates the stronger returns obtained from the breakwaters that 

were present at the experimental site. These were characterized as point features 

and were also incorporated into the map. However it can be clearly observed that 

apart from landmark originated measurements, there are a lot of features that are 

incorporated into the map which are mainly clutter. While further fine tuning of 

the map management filter (varying the number of times the landmarks have to be 

observed before being incorporated into the map ) reduces the clutter originated 

measurement however, it also tends to remove the landmark originated measure­

ments. Moreover, this fine tuning has to be performed for each and every exper­

iment. The proposed integration particle PHD clutter filter with the EKF-SLAM 

navigation filter not only rejects the clutter efficiently it also obviates the need for 

ad-hoc map management methods. Moreover, the PHD clutter filter implicitly has 

also performed two difficult tasks. First, it has intrinsically handled the calculation 

of the expected number of landmarks in the region under observation, and second 

it has located the most probable landmark locations without performing any ex­

plicit data-to-track association. The output of the PHD clutter filter has been used 

to define the validation gate in the measurement space. The measurements that 

fall outside the validation gate are discarded as clutter, thereby eliminating most of 

the clutter originated measurements. Moreover, since the CR measurements are fed 

into the EKF-SLAM navigation filter, the computational costs (quadratic with the 

number of landmarks) associated with filter are also reduced. Figure 4.15 shows 

the result of integrating the particle PHD filter with the EKF-SLAM algorithm. 

Careful observation of fig. 4.15 reveals that the proposed technique has effi­

ciently managed to reject the clutter and propagate the landmark based measure­

ments in the map. Since there is no absolute position sensor on the underwater vehi-
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100 vy) rt*s >^> :n< 300 

Figure 4.15 Feature returns and the vehicle trajectory obtained from EKF-SLAM filter integrated with the 
particle PHD clutter filter superimposed on satellite images of the experimental site 

cle, the performance of the vehicle positioning cannot be measured against ground 

truth. To verify the performance of the proposed filter, the innovation sequence can 

be monitored to check the consistency of the estimates. The innovation sequence 

for the proposed algorithm is within the 2 - a covariance bounds, as observed in 

fig. 4.16. 

The vehicle pose covariance estimates indicate that the proposed filter yields 

tighter covariance bounds over to the map managed version of the EKF-SLAM al­

gorithm as observed in fig. 4.17. This is mainly attributed to clutter originated 

unstable measurements that have been incorporated into the state vectors, which 

result in data association errors. However, using more sophisticated data associa­

tion strategies such as joint compatibility branch and bound (JCBB) [86], multiple 

frame data association (MFDA) [114] would lead to higher localization accuracy, 
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Figure 4.16 The range and bearing innovation sequences plotted against their 2 - a confidence bounds. 
The innovation is plotted as a blue line while the confidence bounds are the red lines. 

while, using particle PHD filter as a clutter rejection filter and integrating it with 

the standard EKF-SLAM filter alleviates the need for such sophisticated data asso­

ciation strategies. 
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Figure 4.17 Comparative vehicle pose and orientation covariances. The EKF-SLAM map management 
filter (blue) yields a poorer covariance estimate than the integrated particle PHD EKF-SLAM filter (red). 

This is mainly attributed to the data association mismatch occurring due to unstable features. 

4.8 Chapter Summary 

This chapter addressed the issues of landmark detection from noisy sensor mea­

surements and its impact on autonomous vehicle navigation applications. The 

fixed threshold and the adaptive threshold method with CFAR using order statistics 

were introduced for performing landmark detection with a blazed array sonar. The 

PHD clutter rejection filter was introduced along with its implementation details. 

The performance of the particle PHD clutter rejection filter was validated using 

synthetic sonar data. A novel autonomous navigation framework was introduced 

where a particle PHD clutter rejection filter was integrated with an EKF-SLAM 

algorithm. This proposed navigation framework was applied then applied in off­

shore underwater field trials and benchmarked against the standard EKF-SLAM 
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filter with a feature map management strategy. It presented the first instance of a 

deployable underwater implementation of the proposed algorithm. The proposed 

algorithm has the capability to be applied to any environment (land based indoor, 

outdoor environment and airborne) and incorporate measurements obtained from 

other sensing equipments such laser, radar, optical cameras although this imple­

mentation here is restricted to underwater environments and blazed array sonar as 

the sensing equipment. The next chapter presents a completely unified finite set 

statistical framework for autonomous navigation that explicitly accounts for mea­

surement detection uncertainty, data association uncertainty, false alarms and map 

management. 
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5 

A Unified Approach to Localization 

and Mapping using Finite Set 

Statistics 

The previous chapter addressed the landmark detection problem in the presence 

of clutter using random finite sets and its incorporation within the autonomous 

vehicle navigation framework. This chapter presents a completely unified random 

finite set theoretic approach to the localization and the mapping problem. It shows 

the pitfalls of the conventional SLAM solutions that are founded on vector based 

stochastic framework, where the sensor models and the vehicle models are repre­

sented in state space form and the joint posterior or its statistics are obtained based 

on recursive Bayesian estimation. All of these SLAM solutions leading from the 

stochastic vector state-space approach require that we solve certain parallel prob­

lems in each recursion. These include effective solutions to the problems of data 

association, feature extraction, clutter filtering and landmark or map management. 
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The approach presented in this chapter is inspired by the recent developments in the 

target-tracking community where random finite sets have been perceived as a more 

natural representation of the multisource-multitarget problems [70]. Based on the 

finite set statistics (FISST) developed by Mahler, we presented the random finite set 

models within the autonomous vehicle navigation framework in Chapter 3. We use 

these models in this chapter and propose a novel unified random finite set theoretic 

framework, where the SLAM problem is reformulated so that the landmark map 

and the measurements are represented using random finite sets and the landmark 

map is jointly estimated with the vehicle state vector, whilst explicitly accounting 

for measurement detection uncertainty, data association uncertainty, false alarms 

and map management in the SLAM filter framework. It is henceforth referred to as 

FISST-SLAM. In this chapter, we also present and use a miss-distance metric based 

on Wasserstein distance measure, to quantify for the errors in landmark estimation 

within the autonomous vehicle navigation framework. 

This chapter is organized as follows. Section 5.1 provides a background on the 

applications of RFS in various fields. In Section 5.2, we begin with the formulation 

of the SLAM problem from a random finite set theoretic framework. Thereafter, 

a solution to the joint vehicle and map posterior is obtained by decomposing it to 

a vehicle component and a map component. Section 5.3 describes the vehicle path 

posterior estimation using a particle filter approach. In Section 5.4 the map posterior 

estimation using an RFS optimal Bayes filter is explained. Thereafter an approxi­

mation of the RFS optimal Bayes filter by a first order statistical moment filter is de­

scribed in Section 5.5. Section 5.6 and 5.7 explain the two different implementation 

methods of the proposed FISST-SLAM algorithm based on sequential Monte-Carlo 

methods and Gaussian Mixture model methods respectively. The implementational 
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issues with the proposed FISST-SLAM algorithm along with their computational 

complexities are discussed in Section 5.8. Sections 5.9 and 5.10 benchmark the 

proposed algorithm against FastSLAM using simulations and offshore underwater 

experiments respectively. In Section 5.11 we summarize and also discuss the failure 

modes of the proposed FISST-SLAM algorithm and techniques that can be used to 

address these issues. 

5.1 Background 

As presented in Chapter 2, the most common formulation of the SLAM problem is 

founded on a vector based stochastic framework, where the sensor models and the 

vehicle models are represented in state space form and the estimation of joint poste­

rior or its statistics based on Bayes theorem [102], [80]. Rooted in this paradigm, the 

naive extended Kalman filter SLAM is the very first SLAM solution and since then 

the research community has made significant progress in this area. Amongst these 

the most notable are SLAM algorithms catering to non - linear process and mea­

surement models and non - Gaussian pose distributions [76], computationally and 

memory efficient SLAM solutions, large scale SLAM [45], analysis of convergence, 

consistency [31 ] and observability of SLAM [59]. All of these SLAM solutions lead­

ing from the stochastic vector state space approach require that we solve certain 

parallel problems outside the SLAM Bayes recursion. These include effective solu­

tions to the problems of data association [114], [86], feature extraction [95], clutter 

filtering [64] and landmark or map management [32]. A careful examination re­

veals that the need to solve these parallel problems outside the Bayes recursion 

stems primarily from the limitations of the representation of the map model, and 
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map measurement model used. More specifically, in the selection of the sensor 

model there is an implicit assumption that the number of landmarks are known a 

priori, the measurements are free from clutter, and there is neither detection nor 

data association uncertainty. 

The approach presented in this chapter is inspired by the recent developments 

in the target-tracking community where random finite sets have been perceived as a 

more natural representation of the multisource-multitarget problems [69], [70]. Due 

to its versatility, ability to handle non-linear and variable number of targets and 

easy implementations of the first order statistical moment filter, it has been applied 

in various fields ranging from tracking multiple moving targets in terrain [98], us­

ing 3D-LIDAR (Velodyne) [60], [55], to detecting and tracking underwater objects 

[54], [27]. Other notable applications of the random finite set theory are in passive 

coherent location of targets observed from multiple bi-static radars [106], tracking 

corner features in optical image sequences [50], and tracking human figures in dig­

ital video [112] tracking an unknown time-varying number of speakers [67]. More 

recently, Mullane et. al [81] have presented an RFS approach to robotic pose esti­

mation and mapping problems. Here the collection of vehicle state, the number of 

landmarks and their states are modeled as one finite random set and a PHD filter 

implementation is used to estimate the first order statistic of their joint posterior. 

As such it does not exploit the structure of the SLAM problem in the formulation as 

the one presented in this chapter. SLAM structure provides for the variable element 

map set (landmarks and their states) to be estimated separately conditioned on the 

vehicle path, thereby yielding an elegant and simpler realization of a random finite 

set theoretic SLAM filter. 
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5.2 Formulation of Bayesian Random Finite Set Map­

ping and Localization problem 

Figure 5.1 An Illustration of Mapping and Localization Problem in random finite set framework. The 
vehicle is equipped with a sensor with a limited field of view obtaining measurements, which is a collection of 

landmark generated measurements and false alarms. These measurements are represented by an RFS Z^. 

Let U*^1 = [uo/Ui,...,^-]]7", denote the time sequence of controls applied to 

the vehicle up to time k — 1, where u^ is the control input at time k. Let the map 

containing N* static landmarks be represented by a set M* = {m^^,...,mkNk] at 

time k. Let the time sequence of the sets of measurements taken by a generic range-

bearing-intensity sensor on-board the vehicle be denoted by ZW = Z\,7,2,-. • ,Zjt, 

where Z& is the set of measurements collected at time k , as shown in fig. 5.1. It 

is important to emphasize that the measurements are now represented by random 

finite sets and not in the classical vector state space representation as in Chapter 2. 

Let X* = [x],.. .,Xk} denote the vehicle's complete pose history, where x* represents 

vehicle's pose at time k. Now the SLAM problem requires that the probability 
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5.2 Formulation of Bayesian Random Finite Set Mapping and Localization problem 

distribution 

/^(X*,M»|Z«,U*,x<,) (5.1) 

be computed for all times k with xo being the initial state of the vehicle. This 

probability distribution describes the joint posterior density of the map state and 

vehicle path at time k given all the past observations and control inputs along with 

the initial vehicle state. The initial state of the vehicle xo is assumed to be known 

and hence will not be indicated. The problem is therefore to recursively calculate 

the probability of the vehicle path X* and the map state M* at time k, given the 

state of the vehicle path, Xk l and the map state M^_i at time k — \, and the set of 

all past control inputs \lk and the set of all past observations taken up to time k, 

Z(kK The solution to this problem requires appropriate probabilistic models of the 

vehicle motion, map evolution and the observation process. 

Using the chain rule of probability we decompose the joint SLAM posterior into 

a product of a vehicle component and a map state component as follows, 

/H*(X*,M*|Z(*),U*) = fklk(X
k\zW,Uk)fk(Mk\X

k,Z(kKuk) (5.2) 

An important consequence of this decomposition is that it simplifies the joint pos­

terior estimation into two separate estimation problems. That is one involving es­

timating the vehicle posterior fk\k(X
k\Z^k',\Jk) and the other estimating the map 

posterior conditioned on the vehicle path fk\k(Mk\X
k,Z(k\\Jk). We use a particle 

filter to compute the vehicle path posterior fuk(X
k\Z(k',\Jk), where the posterior 

distribution is represented by set of Ns particles, {X*''''},-^. The map posterior 

fk\k(Mk\X
k,Z(k\\Jk), represented by the set of maps {MJ.}-=1 is estimated using a 

random finite set theoretic approach. Note that each of the elements, Ml'' of this set 
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of maps represents the map conditioned on the path of the if vehicle trajectory pos­

terior X*'M. Further, the fact that the map posterior estimation is now conditioned 

on the vehicle path, it follows that the measurements of the individual landmarks 

that comprise the map are independent of one another. This fact is exploited in 

constructing the multi-landmark measurement likelihood functions from individ­

ual landmark likelihood functions. 

5.3 Path Posterior Estimation 

FISST-SLAM employs a particle filter for estimating the path posterior fk\k(X
k\Z^k\ Uk). 

At each time step k, a set of particles 3 \ representing the posterior is maintained. 

Each particle X*'I'' represents a "guess" of the vehicle's path 

n = {X^)}g 1 = {xW,xW x W } ^ (5.3) 

The superscript t'l denotes the z'-th particle in the set 7k and is calculated from the 

set 3\-i a t t i m e ^ — 1, using the control input uk and the measurements Zk. For 

each particle, a proposal distribution is computed, conditioned on the specific particle 

history and a sample is drawn from it, 

x^Tc(xk\X
k-^lz^,xxk) (5.4) 

More specifically, as in FastSLAM 1.0, we sample the pose x*. in accordance with 

the i—th particle, by drawing a sample according to the motion posterior 

x['] ~/fc|jt-i(x*|x['L1,uk) (5.5) 
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5.4 RFS Map Posterior Estimation 

Here, x ^ is the posterior estimate of the vehicle location at time k — 1, residing 

in the i-th particle. The resulting sample xy is then added to a transient set of 

particles, along with the pose history up to time k — 1, X*-1'''!. We then draw Ns 

particles according to a yet to be defined importance weight. The resulting set of 

Ns forms the new and final particle set 7k. 

This particle set 7k that accounts for the new measurements is obtained by sam­

pling importance re-sampling, i.e., each particle from the temporary set is assigned 

a weight in accordance with an importance function which is calculated as follows, 

[/] _ target distribution _ fk\k{^k\^k'[il^k-^)fklk_^(x[]\xl[vuk) {i 

v' = vk-i 
i/Ufc) (5.6) 

k proposal distribution t (x^lx 

= fklk(Zk\X
kM,Z^)vl 

5.4 RFS Map Posterior Estimation 

Due to the limited field of view (FOV) of the sensor and occlusions, the landmark 

map will not remain static over time. The motion of the vehicle causes new land­

marks to appear and some landmarks to disappear in the limited field of view of 

sensor, resulting in the number of landmarks in the map to change randomly over 

time. A natural and more effective form of representation of the landmark map is 

by a random finite set (RFS), M^, 

Mfc = {mkfi,...,mkii,...tmkiNk} e J (M), (5.7) 
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5.4 RFS Map Posterior Estimation 

where J(M) is a collection of all finite subsets of the space of maps M and Nk = 

\Mk\ is the number of elements or the cardinality of M^ representing the number of 

landmarks detected and observed at time k and m^, representing the state of the ith 

landmark at time k. The measurements collected from the sensor at time k is also 

represented by a random finite set Zk, 

Zjt = {zkii,...,zkfi,...,zktlk} e 3{Z) (5.8) 

where l^ = \Zk\ is the number of measurements (function of time k) collected from 

the sensor, at time k and 3"(£) denotes all the subsets of the space of measure­

ments Z. We denote the sequence of the sets of such observations up to time k 

by Z ^ = {Z\,. ..,Zk}. Therefore the problem now becomes one of estimating (or 

updating) the multi-landmark map posterior conditioned on the vehicle path1, for 

each particle i G Ns , i.e., 

A|*(M['V'['lZW,U*) (5.9) 

To estimate this posterior of maps conditioned on the vehicle path we use a finite 

random set theoretic approach. We use the map evolution model and the measure­

ment model that have been derived in Chapter 3 using FISST [69]. 

5.4.1 RFS Multi-landmark Map Evolution Model 

Let ^ _ j e Mfc_]2 represent an individual landmark state at time k — 1. Now this 

landmark may or may not appear in the sensor's view in the next time instant k, due 

to the limited FOV of the sensor and vehicle motion. The landmark ^ - i £ Mjt_i 

henceforth in this section, for clarity we will drop the suffix ; denoting the particle 
2Ck-\ = m^_i,„ where i = 1,. ...Nk^ 
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5.4 RFS Map Posterior Estimation 

will appear in the next time instant k with a probability ps = Ps,k(Ck-i>xk) o r dis­

appear with a probability 1 — Ps^iCk-i^k)- F° r a landmark that is currently (time 

k - 1) in view this probability represents its probability of persistence or survival, 

and for a landmark not in the current field of view, it represents the probability of 

reappearance. Conditional on the persistence of the landmarks at time k, the prob­

ability density of a transition from state £jt-i to £* is given by a Markov process, 

fk\k-\(Ck\Ck-\>xk) (single landmark motion model). For a landmark £^-i £ M*_i 

at time k — 1, its state at the next time instant k is modeled as a RFS SjHjt-i(£fr-i)-

The limited FOV sensor coupled with vehicle motion also results in new landmarks 

coming into view at time k. Let us denote these new appearances by an RFS IV 

Thus, the evolution of the map of landmarks is given by, 

M t = U Sk\k l(CA--l) UTk (5.10) 

whose probability density function, /Jt|fc-i(Mjt|Mjt_;i,X*) denotes the RFS multi-

landmark dynamic map evolution model as derived in the Section 3.2. 

5.4.2 RFS Multi-landmark Map Measurement Model 

In the classical stochastic vector based approach to SLAM, the measurement model 

is represented as a non-linear function mapping g> of the vehicle pose vector x̂  and 

the map state vector M^ into the measurement vector Z* 

Zk = gk(xk/Mk)+w(k) (5.11) 

where w{k) is the additive measurement noise. 
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5.4 RFS Map Posterior Estimation 

It is evident from the classical vector based multi-landmark map measurement 

model (eqn. 5.11) used in conventional SLAM that the effects due to detection 

uncertainty of sensor, filtering of the raw sensor measurements to remove clutter, 

and association of the filtered measurements to landmarks in the map need to be 

handled before performing a SLAM measurement update. As a consequence, in 

the conventional approach it is necessary to address the issues arising from de­

tection uncertainty (missed detections), clutter or false alarms (measurements not 

due to landmarks) and data association (landmark to measurement association) by 

other explicit means before a measurement update is executed. By adopting a fi­

nite random set approach, we can construct a more natural multi-landmark (map) 

measurement model that explicitly accounts for detection uncertainty, clutter and 

unknown data association for map update. 

Suppose the particular sensor mounted on the vehicle has a probability of de­

tection po- It is obvious that if this sensor has a limited field of view (FOV), then 

po will be a function of both the landmark state £* € M* and the vehicle state 

Xfc, i.e. po = PD(Ck'xk)- We represent the measurement generated by the sensor 

of a single landmark £* e M* at time k by an RFS ©*(£*)• Now ©*(£*) will be 

a singleton set {z} with probability po (£*•/**•) ar*d the null set 0 with probability 

1 — PD(Ck'xk)- I n addition to the landmark originated measurements, there can be 

false detections due to false alarms and clutter. We represent these false detections 

by the RFS Q^. Given the predicted map state M/t, and the vehicle state x*, the 

random observation set Z^, consisting of landmark generated measurements along 

with missed detections, false alarms and/or clutter will have the form 
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5.4 RFS Map Posterior Estimation 

zk = nk u U ©*(&) (5.12) 

whose probability density function /)t(Z/c|Mjt,Xjt)/ also called as the sensor likeli­

hood function is as derived in the Section 3.3. 

5.4.3 Optimal Bayes RFS Multi-landmark Map Estimation Filter 

Now that we have established the RFS multi-landmark map evolution and mea­

surement models, we use the optimal RFS Bayes recursion [69] to estimate the map 

posterior conditioned on the vehicle path posterior. Thus given the map evolu­

tion model /jt|jt-i(Mjt|Mjt_i,Xfr) a n d measurement model /^(Z^|M^,x^), the multi-

landmark Bayes recursion is as follows: 

/Jt|Jk_1(Mifc|Z<*-,)
/X*/U*) = /A|fc-i(M*|M t_1/X*)./k.1 | t_1(M*_1 |Zt*- ,) /X*- ,

/U*-1)^Mk_1 

(5.13) 

, ,.. . fk{Zk\Uk,\k)fuk ,(MjtlX*,Zt*_1)#U*) 
fklk(Mk\X

k,Z(kl\Jk) = J— - , ' : , / ' ' —- (5.14) 
jk\k\ K\ > fk{Zk\X

k,Z(k-l),\Jk) 

where, fk(Zk\X
k,Z^k~^,Uk) is the Bayes normalization factor and f /(•)$(•) denotes 

the set integral. The multi-landmark map evolution function (Markov density) and 

the multi-landmark likelihood function are constructed from the belief-mass func­

tion as explained in Sections 3.2 and 3.3 respectively. 

As in the classical vector based optimal Bayes recursion discussed in Chapter 2, 

the optimal Bayes RFS recursion for map posterior estimation (as in eqns. 5.13 -
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5.5 PHD Multi-landmark Map Estimation Filter 

5.14) involves multiple integrals, which are computationally intractable. Moreover, 

the complexity of computing this recursion using numerical methods grows expo­

nentially with the number of landmarks and so the optimal Bayes RFS filter must 

be approximated. To alleviate the complexity of computing the multi-landmark 

map posterior, a recursion was derived for the first order statistical moment of the 

multi-landmark posterior distribution, known as the Probability Hypothesis Den­

sity (PHD) filter [69], [110], which is incorporated in the FISST-SLAM framework as 

explained in the following section. 

5.5 PHD Multi-landmark Map Estimation Filter 

The probability hypothesis density (PHD) filter is an approximation to alleviate 

the computational intractability of the optimal Bayes RFS multi-landmark map es­

timation filter, due to [69]. Thus, instead of propagating the entire multi-landmark 

posterior density, PHD propagates only the first order statistical moment of the 

state as follows, 

Dklk(Sk\xf,zW) = Jfk]k(Mk\xl],Z^)SMk (5.15) 

Let D ^ ^ & l x f l z ^ - 1 ) ) be the PHD associated with the predicted multi-landmark 

state and j k be the intensity function of the RFS Tk, that accounts for new landmarks 

appearing in the FOV. Let the false alarm by the sensor be Poisson distributed with 

average number Ac and the spatial distribution governed by the probability density 

ck(z), then the multi-landmark map estimation filter using PHD is propagated in 
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5.5 PHD Multi-landmark Map Estimation Filter 

time as follows1: 

D ^ - j C ^ t x t l z ^ - 1 ) ) = TJt(^) + /ps(^- i)A|*-i(^ |^- i ) .D f c_ 1 |^_ 1(C J f c- i |xt / ]
/Z^- 1))da-i 

(5.16) 

zez, Accfc(z) + PDDk(z\xk\l,k) 

(5.17) 

where, 

Dk(z\xk
i],Zk) = /'Lz(xM)Dklk_,(tk\z(k-]hxM)dtk (5.18) 

with Lz(x['') = /jt(z|x[ ,&) is the sensor likelihood function and, 

D , ^ ^ ) , ^ * ^ ) ^ ^ 1 ^ " ) (5,9) 

Based on the counting property of the PHD (refer Appendix A for more details), 

the total expected number of landmarks is, 

Nklk = JDklk(Zk\xk
i],zW)d£k (5.20) 

However, it is to be noted that the PHD recursion involving eqns. 5.16 - 5.17 have 

multiple integrals, that have no closed form solutions in general. Few approaches 

have been proposed to mitigate this problem based on numerical approximations 

[98], [110], [65] and Gaussian mixture models [109]. Based on these techniques, we 

present two alternate implementations to the proposed FISST-SLAM algorithm in 

'Provided that all the assumptions stated in Section 3.5 are satisfied. 
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the following sections. 

5.6 SMC Implementation of the FISST-SLAM Filter 

The sequential Monte-Carlo implementation of the proposed FISST-SLAM algo­

rithm is discussed here and henceforth would be referred to as SMC-FISST-SLAM 

filter. The path posterior estimation is implemented using a standard particle filter 

as described in Section 5.3. The PHD filter for map posterior estimation is imple­

mented using an SMC approximation, where the estimation of landmark locations 

being made using a modified version of expectation-maximization (EM) that ac­

counts for PHD particle weights as in [106], [37]. 

• Step 1: 

At time k — 0, initialize, 

Initialize with Ns number of vehicle pose particles {*>[ /x[ },Jj-

For every i—th particle representing the vehicle pose, PHD D^|^(^|x[' ,Zfr) is 

initialized with a set of Lk particles {wj/ /£jt }/=r 

For every particle representing the vehicles pose XQ , the landmarks are yet to 

be estimated and hence the number of landmarks is N^ = 0, and their locations 

(mean) piNk,h
 a n d their uncertainties (covariance) ^Nk,k

 a r e represented as null 

sets i.e., ( x j l a f ® ; © } ) * 

At time k > 1, retrieve, 

/x1 '1 N[i] tu[i] -l)i] ) IK1'1 -E1'1 l \ N S 
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• Step 2: 

Calculate weights for particles approximating vehicle pose 

The vehicle pose is sampled by drawing a sample according to the motion 

model, 

4'1 ~AiJt-i(x*ix[-i'u*) 

for / = 1 , . . . , Nfcij, update the path posterior particle weight based on the 

importance function 

vf = \2nQi\ ?exp \{z - l{)QT\z - z,)T VzGZ^ 

end for 

where, Q, = H/
TZJJ_1H; + R, and z, = h^_vxf) 

and where, H/ = h'(jiyk_,,xy) and R/ is zero mean Gaussian noise. 

• Step 3: 

The following is recursed for every z'-th particle representing the vehicle pose 

• Retrieve the PHD 

Retrieve the set of Lk_i particles {^[-i '^i-i}/=i' representing the PHD 

^k-l\k-l(Ck-l\^k-VZk-l)-

• Perform PHD landmark prediction 

for/ = 1,.. .,Ljt_i, sample according to the proposal distribution 7fy(-|£J^,x['\Zjt), 
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5.6 SMC Implementation of the FISST-SLAM Filter 

hi ~ nk('\Ck /Xk >^k) and compute the predicted weights using 

T- (f\]\ r(/l \ 
rT){j} _ ^ I A - I I ^ ^ M J [;] 

klk~]~M^U4]Mk"] 

end for 

where r(-,•) = Ps(')fk\k-i('\')> w i t n AlJfc-iGI') denoting the same meaning 

as in eqn. 5.16. 

Additional /̂  particles are generated to explore the new incoming landmarks. 

for / = Ljt_i + 1 , . . . , Ljt_] + /jt, sample according to the proposal distribution 

£it(-|x| ,Zjt), ^ ~ ^(-|x[',Zjt) and compute the weights of new incoming 

landmarks into the FOV using 

1,1 _ 1 7 t(fi") 

end for 

where Jk(-) denotes the PHD of the new incoming landmarks as in eqn. 5.16. 

Thus we have, {v^ik-i'H h=~i particle representation of the predicted 

PHD. 

• Perform the PHD measurement update 

The PHD measurement update modifies the weights of the particle PHD 

representation from {w}jjk_lf$}*£?+h to {v$,$}*jl\1+Ik based on the new 

measurements. 
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for / = 1 , . . . , Lk_-i + Ik, update the PHD weights using 

w 
ill i - PD + E 

•z£Zk 

Vnh(A*f4]) 
Lk-\+lk 

Vfc(z) + E PD/*1 

1=1 

Z X '] r[«. 
r ' b i - /"V-i 

end for 

where, po, fk(-\-), Ac and ĉ -(-) have the same meaning as in eqn. 5.17 

• The number of landmarks are estimated from the PHD by computing 
L-k-i+h 

Nk]k E w \i\ 

N, k\k [N, k\k\Nearest Integer 

Determine the location (or states) of the landmarks 

The locations of the landmarks are determined by extracting Nkik local max­

ima from the PHD. This is based on the assumption that the local maxima 

(peaks) correspond to the most probable landmark locations [69]. Further, it 

is also assumed that the PHD in the region of these local maxima can be ap­

proximated by Gaussian distributions. We then, attempt to fit the Gaussian 

mixtures to the PHD using expectation-maximization (EM) that accounts for 

PHD particle weights as in [106], [37]. Landmark states are estimated by 

fitting G = |Zfc| + Njt_i|jt_i Gaussian mixtures to the updated PHD. The EM 

algorithm starts with the initial value Q„ik = (<x.gik,Hgy,lLgtk)l where 6„ik is a 

vector comprising the initial weight, mean, and the covariance of the g-th 

Gaussian mixture. The initial values for the Gaussian mixtures are chosen as 

the measurement locations Zk and the local maxima at previous time instant 

Jfc-1 . 

V z e z t 
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5.6 SMC Implementation of the FISST-SLAM Filter 

for g = 1 , . . . , G 

— E-step: 

-I/I 

where, 

M-step: 

-\{$]-H^sM-'ttf-HM)T 

-i Lj._i+/ t 

Kfr* 7=1 

VgM ; = i 

end for 

The above recursion is repeated until EM algorithm converges and Nk\k heav­

iest Gaussian mixtures are picked based on weights ocgik. The mean and co-

variance of these Gaussian mixtures ({H\y,£ijt} ,•••/{ HNk,k,k'>^Nklk,k \) rep­

resent the set of landmark position estimates and their uncertainty. 

• Resample and rescale particle PHD weights 
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Multiply the weights by Nk\k to get < wk, £k \ 

Steps 1 to 3 are recursed at each time step (with step 3 recursed for every particle 

representing the vehicle path posterior), until the end of the run. 

In stochastic vector based SLAM framework, one of the most popular analytical 

approximations of the nonlinear Bayes filter is the extended Kalman filter (EKF), 

where the posterior density is approximated by a Gaussian distribution and prop­

agated in time by applying the Kalman recursions to local linearizations [102]. In 

[109], it has been shown that the posterior intensity of the multi-landmark state 

propagated by the PHD recursions is a weighted sum of various functions, many 

of which are non-Gaussian. In the same vein as the EKF, these non-Gaussian con­

stituent functions are approximated by a Gaussian. An approximation of the poste­

rior intensity at each time step is obtained by applying the Gaussian mixture PHD 

recursions to a locally linearized model [109]. We apply this closed form solution 

based on Gaussian mixture models for implementing the proposed FISST-SLAM 

algorithm in the following section. 

5.7 Gaussian Mixture Implementation of the FISST-SLAM 

Filter 

The Gaussian mixture implementation of the proposed FISST-SLAM algorithm is 

discussed here and henceforth would be referred to as GM-FISST-SLAM filter. In 

order to apply the GM techniques for the proposed FISST-SLAM algorithm, the 

following assumptions have to be satisfied. 
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5.7 Gaussian Mixture Implementation of the FISST-SLAM Filter 

• The probability of persistence ps and the probability of detection po are not 

time-varying and are constants. 

• The PHDs of new incoming landmarks into the FOV 7fr(£jt|xJ' ,Z^k~^) is as­

sumed to be Gaussian mixture of the form 

T^lxl'U**-1)) = E^>(^- i '^ 'U!; \ ) (5-2D 

• The single landmark Markov transition density fk\k-i(Ck\Ck-i) a n d the likeli­

hood function /jt(z|x[ ,£*) a r e assumed to be Gaussian in nature. 

• The predicted and updated PHDs are also Gaussian mixtures. 

We now outline Gaussian mixture implementation of the FISST-SLAM algorithm. 

• Step 1: 

At time k = 0, initialize, 

Initialize with Ns number of vehicle pose particles {vi' /x[''}=f1. 

For every /—th particle representing the vehicle pose, PHD Dk\k(£k\xk' ,Z^) is 

initialized with a weighted sum of /^ Gaussians 

Dklk(Zk\xf,Zk) = Zwfmwf.zf) (5-22) 

For every particles representing the vehicles pose xj, , the landmarks are yet to 

be estimated and hence the number of landmarks is Nk = 0, and their locations 

(mean) jik, and their uncertainties (covariance) T,k are represented as null sets 

i.e./(xjlo,{0;0})^i 
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5.7 Gaussian Mixture Implementation of the FISST-SLAM Filter 

At time k > 1, retrieve, 

,['1 x,['1 rJ«my[«1l/KN*--vN' 

• Step 2: 

Calculate weights for particles approximating vehicle pose 

The vehicle pose is sampled by drawing a sample according to the motion 

model 

4'1 ~ fk\k-i(*k\Xk-vu*) 

for / = 1,.. .,NJ!ll, update the path posterior particle weight based on the 

importance function 

vf = \2nQi\-iexp -\{z - ±I)QT\Z - z,)T VzeZ* 

end for 

where, Q, = H / ' E ^ J H , + R, and z, = Mrf-?'**1) 

and where, H/ = fc;(/4._i/xj/) and R/ is zero mean Gaussian noise 

• Step 3: 

The following is recursed for every /—th particle representing the vehicle pose 

• Retrieve the PHD 

Suppose the assumptions mentioned above hold, then the PHD at time 

k— 1, Djt_i|jt_i(^jt_i|x['J j , Z ^ ~ ^ ) is a Gaussian mixture of the form 

/=1 
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5.7 Gaussian Mixture Implementation of the FISST-SLAM Filter 

consisting of /jt i Gaussians, with vrf._v Ht-i anc* ^fc-i b e m 8 t^ie^r weights, 

mean and covariances respectively. 

Perform PHD landmark prediction 

For the existing landmarks in the FOV (under static assumption), If the PHD 

of the existing landmarks the FOV at time A: is a Gaussian mixture of the 

form 

Dtn-jfo-ilxg.,,^-1)) = PS E^EiW;rfli'41i) <5-24) 
7=1 

then, 

for/ = !,.. . ,/;-_!, 

rk\k-\ Wr-1 

Tfc|ifc-1 ~ H - l 

endfor 

For new incoming landmarks 

If the PHD of the new incoming landmarks represented by a RFS 7jt(Cklx[ / Z^ - 1 ) ) 

at time k is a Gaussian mixture of the form 

T ^ l x f l z ^ 1 ) ) = £ ^ k m k - v F [ ^ k ) (5.25) 

then, 
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5.7 Gaussian Mixture Implementation of the FISST-SLAM Filter 

fOr j = /*_] + 1, . . . , Jk_1 + Jyjc, 

wk\k-l ~ wy,k 

UV\ - Ji\ 
rk\k-l ~ r^k 

y[}} _ ylll 

endfor 

Thus predicted PHD at time A: is a Gaussian mixture of the form, 

D*|*-i(&|x['],Z(* *>) = * E 4i-i^k^kjk-v4\k-i) (5-26) 

and the predicted number of landmarks is given by 

% - l = PS A - l | * - l + £ > ! ? * (5-27) 

Perform the PHD measurement update 

The PHD measurement update, as in eqn. 5.17, is also a Gaussian mixture 

given by 

D, l,(^|x[ /1,zW) = D ^ _ 1 ( ^ x [ ' l z ^ 1 ) ) [ ( l - p D ) + £ D^zl&xjf l ) ] 

(5.28) 

where for every z E Zk 

DL,k(z\tk,4]) = * E ^ ^ ^ U ^ ) (5-29) 
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for / = l , . . . , / j t_ i +Jrk, 

< = ^ (5-30) 

Vfc(z) + £ wMfll](z\tk4]) 

fH]m,4]) = xivH^-vsf) (5-31) 
4 = 4-i+ i C^ z-H^-i) (532) 

^H'-^™*]^., (5.33) 

X ^ E ^ ^ V H ^ s f ' ] - 1 (5-34) 

Sk
M=Jfc + VHtZ& , V H j (5.35) 

where, 

endfor 

VHk = m^o) 
K k &=4 

(5.36) 

Thus, there are Ĵ . = (14- |Z*|)(/jt_i + /7j0 Gaussian components in the up­

dated PHD with (1 4- |Zjt|) components for each prediction term at time k 

and the Gaussian mixture is of the form, 

D*i*(&|x['lzM) = £w%mk;$,z!i]) (5-37) 

• The number of landmarks are estimated from the updated PHD by computing 

% = (i - PD)%-I + E k L ™kUz) (5-38> 

Nk\k — [Nk\k\Nearest Integer 
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• Determine the location (or states) of the landmarks 

Nk\k heaviest Gaussian mixtures are picked based on weights. The mean 

{ [/I f/l 1 ^*i* ftW.; Ê A > represent the set 

of landmark position estimates and their uncertainty. 

Steps 1 to 3 are recursed at each time step (with step 3 recursed for every particle 

representing the vehicle path posterior), until the end of the run. 

5.8 Implementational Issues with the FISST-SLAM Fil­

ter 

The two implementations of the FISST-SLAM algorithm discussed above have their 

own merits and demerits. The underlying assumptions of the Gaussian mixture 

implementation as discussed in the earlier section are far more restrictive than the 

SMC implementation of the FISST-SLAM algorithm. For mildly non-linear prob­

lems, it has been shown that the GM implementation of the PHD filter [25] will 

maintain an approximation error that converges to zero as the number of Gaussian 

mixtures tends to infinity. However, in a high noise scenario (process and measure­

ment noise), it may be more appropriate to use the SMC-FISST-SLAM filter, which 

can adequately incorporate non-linear dynamic models and non-Gaussian state and 

measurement noises. While employing the SMC implementation can adequately 

model for the system non linearities, it comes at a cost of inculcating large number 

of particles and thereby increasing the computational demand in each FISST-SLAM 

recursion. Moreover, SMC-FISST-SLAM filter has an additional cost of extracting 

multi-landmark states using EM-algorithm. The SMC implementation works well 
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when the updated PHD Dk^k(-) has an estimated Nk^k clusters. However, if the num­

ber of landmarks differs from the number of clusters, then the probable location of 

these landmarks estimated can become unreliable. While the GM-FISST-SLAM fil­

ter allows the landmark location estimates to be directly extracted from the PHD 

posterior intensity Dk*k{-), thereby completely avoiding the clustering techniques 

that are employed in the SMC-FISST-SLAM filter. 

The time complexity of FISST-SLAM filter is O(NK), where N is number of par­

ticles representing the vehicle path posterior and K is either the number of particles 

(in the case of SMC-FISST-SLAM filter) or the number of Gaussian mixtures (in 

the case of GM-FISST-SLAM filter) approximating the PHD representing the land­

marks. Thus, computational complexity of the FISST-SLAM algorithm is linear in 

terms of the map size. However, since each update of PHD multi-landmark map 

estimation filter is limited to the FOV, the computational complexity is effectively 

constant in time. 

The next section discusses the simulation results for the proposed FISST-SLAM 

algorithm based on SMC implementation (SMC-FISST-SLAM filter) and Gaussian 

mixture implementation (GM-FISST-SLAM filter) described above. The results are 

benchmarked against FastSLAM 1.0 with an efficient map or feature management 

strategy. 

5.9 Simulations & Results 

Simulation tests are run using the parameters summarized in table 5.1. A total of 

72 landmarks are placed in random locations in a 600 m x 500 m rectangular area. 

The vehicle's motion is simulated based on the motion model given by eqn. 5.5. 
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Parameters 
Velocity 

Sensor Field of View 

Control Noise 

Measurement Noise 

V 
Range 

Bearing 
Velocity [ev] 

Steer [crj 
Range [o~r] 

Bearing JofJ 

Values 
4 m/s 
0 - 1 0 0 m 
180c 

0.3 m/s 
2 ° 

0.3 m 
0.5° 

Table 5.1 Parameters used in the simulation 

The vehicle is equipped with a range-bearing sensor with a maximum observ­

able range of 100m and a FOV of 180°. The range and bearing measurements for a 

landmark are only generated when it falls within the defined sensor FOV. Clutter is 

assumed to be Poisson distributed and is generated uniformly over the observation 

space [—rt/2, n/2] x [0,100] (FOV) with an average rate of Af (range and bearing) 

per scan. The sensor data and control parameters representative of a real vehicle 

equipped with a generic range-bearing-intensity sensor is tabulated in table 5.1. The 

control inputs (speed and yaw) are updated at 20 Hz and observations (range and 

bearing) were obtained every 1 Hz. The simulated true vehicle path and the true 

locations of the landmarks immersed in clutter with densities Ac = 0 and Ac = 10 

are shown in fig. 5.2. In the simulation, the vehicle starts at the origin and returns 

to the origin tracing a figure of '8'. 

5.9.1 Map Error Metric 

The feature based SLAM algorithms produce estimates of the location of the vehi­

cle (localization) and the location of the landmarks (mapping) in the environment. 

However, literature on classical vector based SLAM mainly focuses on the algo­

rithm's performance based on vehicle localization error, with very little emphasis 
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•300 -2IX) -1(1(1 0 100 2110 .till -:i<XI -200 -100 0 1011 200 300 
meters meters 

(a) with Ac = 0 (b) with Ac = 10 
Figure 5.2 Ground truth of the vehicle path (in red) and landmark locations (green asterisk) with clutter 

(gre\/ cross) densities set at Ac = 0 and Ac = 10. A total of 72 landmarks are deployed in the simulated 
environment. The vehicle starts at the origin and returns to the origin tracing a figure of '8'. Total distance 

traversed is approximately 2.1 km. 

on the overall mapping error. Most of the error metrics are based on Euclidean 

distance or Mahalanobis distance measures, which are only valid for individual 

features, under the correct data association assumption. However such metrics do 

not provide any information on the quality of the entire multi-landmark map state. 

Further, such metrics do not account for missed detections or false alarms. 

Thus in order to quantify the overall quality of the multi-landmark map built, 

we use the Wasserstein miss-distance metric based on the developments in the tar­

get tracking community [49]. Here, we compute the Wasserstein "miss-distance" 

between the landmark set Mjt at time k corresponding to the ground truth and 

the other set representing the estimated landmark set Ivh,.. The ground truth or 

the actual location of the set of landmarks M*. at time k is obtained by traversing 

the vehicle in the simulated path with absolute position certainty. The Wasserstein 

miss-distance measure between the actual landmarks M^ and their estimates M* at 

time k is then given by, 
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Vfp(MklMk)= inf { E [ | M k - M k | P ] } ' 

= inf F 
C \ 

= inf ( 
C \ 

|M»| |M|t| 

E E Q;-dp(mJU'**,;) 
i - l ; = 1 

IMjtl |M*| 

E E C ' 7 - II mfc,('ffifc,; IIp 

(5.39) 

where the infimum is taken over all |Mjt| x |M*| "transportation matrices" C (where 

a transportation matrix is one whose entries Cy satisfy C/y > 0, E = i Q; = wn a n d 

l 
I M t 

ELi Q/ = TTTT)- hi our case p is set to 2. 

5.9.2 Performance Evaluation of FISST-SLAM and FastSLAM 

The results are benchmarked against FastSLAM 1.0 along with an efficient map 

management strategy, as in [76], which we from now on refer to as landmark qual­

ity (LQ) FastSLAM. This is done by maintaining a landmark existence probability 

based on log odds [36]. Whenever, the i—th landmark m, is observed, the log odds 

for its existence o, is incremented by a fixed value or else its value is decremented. 

If the log odds is above a predefined threshold T/0, the landmark is incorporated 

into the map. In our simulation the log odds value was incremented in steps of 

0.01 and the threshold was set at T/„ = 0.08. This was determined after some trial 

simulation runs that yielded good results. 

Both LQ-FastSLAM and the proposed FISST-SLAM algorithm (with both SMC 

and GM implementations) were executed for the scenario described above. Through­

out the simulation the number of particles used to estimate the vehicle trajectory 

component was set to 80 for both the algorithms. Five hundred particles are used for 
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meters meters 

(a) LQ-FastSLAM (b) SMC-FISST-SLAM 

(c) GM-F1SST-SLAM 
Figure 5.3 Estimated (in blue) and true (in red) trajectories superimposed with estimated (red circles) and 

actual landmark locations (green asterisk) with Ac = 1. 

each expected landmark in the SMC implementation of the PHD multi-landmark 

estimation filter. Thus the number of particles used per iteration vary throughout 

the simulation. In case of the GM implementation of the PHD multi-landmark es­

timation filter, the maximum allowable number of Gaussian terms was set to one 

hundred. Without loss of generality the sensor probability of detection pp was set to 

1. We examine the performance of the algorithms under varying clutter conditions 

and benchmark them in terms of vehicle pose errors and the number of landmarks 
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and their states correctly incorporated into the map at each time step. 

line (« , ) time (set) 

(a) Vehicle position error (b) Vehicle orientation error 

Figure 5.4 A comparison of vehicle pose estimation error between FISST-SLAM and LQ-FastSLAM for 
clutter rate Ac = 1 

The comparisons of the estimated vehicle trajectory and final map for LQ-FastSLAM 

and FISST-SLAM implementations with low clutter density (Ac = 1) are shown in 

fig. 5.3. At low clutter rate, with a reduced data association ambiguity all the 

filters perform consistently maintaining low vehicle pose errors as shown in fig. 

5.4. Figure 5.5 shows the time evolution of the number of landmarks incorporated 

into the map and their corresponding multi-landmark map error metric under mild 

clutter scenarios for each approach. Thus it can be clearly observed that under 

mild clutter conditions, all the approaches perform equally well, with relatively 

low miss-distance values, even though, LQ-FastSLAM has incorporated a few false 

detections into the map. 

The comparisons of the estimated vehicle trajectory and final map for LQ-FastSLAM 

and FISST-SLAM implementations with dense clutter scenario (Ac = 10) are shown 

in fig. 5.6. Although, FastSLAM with a feature management strategy does equally 

well as FISST-SLAM under low clutter, it's performance under high clutter is much 
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200 300 
time (sec) 

200 300 
time (sec) 

Figure 5.5 No of landmarks incorporated into map and a Wasserstein distance map metric at each time for 
mild clutter scenarios. A total of 72 landmarks are deployed in the simulated environment. 

less to be desired. 

This is clearly evident from the large number of clutter returns (as seen in fig. 

5.6a) incorrectly estimated as actual landmarks (in this case 136, fig. 5.8) after the 

complete run with a large RMS error of 9.45m and a loop closing error of 3.14 m. 

The relatively large errors, as observed in fig. 5.7 are mainly due to the clutter 

that is incorporated into the map as valid landmarks, resulting in miss-associations. 

However, increasing the log-odds predefined threshold T/(„ the amount of clutter 

incorporated into the map is reduced, although, this is at the expense of missed 

detections of valid landmarks and hence the quality of the landmark map built. 

As for the proposed FISST-SLAM algorithm (for both the implementations), it's 
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Figure 5.6 Estimated (in blue) and true (in red) trajectories superimposed with estimated (red circles) and 

actual landmark locations (green asterisk) with Ac = 10. 

performance is much less affected by the increase of clutter as compared to LQ-

FastSLAM as is clearly seen in fig. 5.7 and fig. 5.8. For the complete closed-loop run 

the estimated number of landmarks in the dense clutter scenario is 71 (GM-FISST-

SLAM filter) which is 1 short of the actual number and the landmark positions have 

been estimated to a very high accuracy. It is also important to note that RMS er­

ror is about half of LQ-FastSLAM in dense clutter environment with a loop closing 

error of 1.21m (GM-FISST-SLAM filter), as observed in fig. 5.7. Figure 5.8 shows 
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I f I 1 r , , 1 1 0.1 

li.iH' (..,-,') time (so,) 

(a) Vehicle position error (b) Vehicle orientation error 

Figure 5.7 A comparison of Vehicle pose estimation error between FISST-SLAM and LQ-FastSLAM for 
clutter rate Ac = 10 

the time evolution of the number of landmarks incorporated into the map and 

their corresponding multi-landmark map error metric under dense clutter scenar­

ios for each approach. Unlike the mild clutter scenario where the multi-landmark 

map error error metric was relatively lower for all the methods, for the dense clut­

ter scenario, the map error error metric is consistently high for LQ-FastSLAM as 

compared to FISST-SLAM demonstrating the superiority of FISST-SLAM. Figures 

5.5 and 5.8 shows that the multi-landmark map error metric remains consistently 

high for SMC-FISST-SLAM filter in comparison with GM-FISST-SLAM filter. This 

is mainly attributed to the landmark state estimation using clustering techniques in 

SMC implementation. When the estimated number of landmarks from the PHD is 

incorrect, the clustering output that determines the landmark states become unreli­

able. Moreover, the map error metric tends to penalize sets with different cardinal­

ities. This results in higher peaks in miss-distance metric at time instances where 

the estimated number of landmarks are incorrect as shown in figs. 5.5 and 5.8. The 

consequence of this is higher vehicle localization errors as observed in figs. 5.4 and 
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Figure 5.8 No of landmarks incorporated into map and a Wasserstein distance map metric at each time for 

dense clutter scenarios. A total of 72 landmarks are deployed in the simulated environment. 

5.7. 

These simulations demonstrate that for FastSLAM to be effective it is essential 

that an even more elaborate feature map management strategy with more sophis­

ticated data association algorithms such as MFDA [114], JCBB [86], MHT [21] is 

needed alongside the core SLAM algorithm. The proposed FISST-SLAM algorithm 

explicitly accounts for measurement detection uncertainty data association uncer­

tainty false alarms and feature map management in the SLAM filter framework, 
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and thereby obviating the need for external heuristic feature map management 

strategies. It is also important to note that FISST-SLAM jointly estimates the vehicle 

pose, number of landmarks and their states without any explicit clutter detection 

or feature management strategies, unlike FastSLAM. All of these results demon­

strate the effectiveness of the proposed FISST-SLAM algorithm, particularly in high 

clutter scenarios. 

5.9.3 Performance Evaluation in Dynamic Environments 

Real world environments are not static. They contain moving objects, such as peo­

ple, temporary objects that appear static for a while such as parked cars, or for 

instance in underwater, marine life such as fishes and other sea-creatures. In dy­

namic environments, any SLAM algorithm (either vector based or the proposed 

approach) must somehow manage moving objects. It can detect them and ignore 

them; it can track them as moving landmarks, however should never add a moving 

landmark into the map and assume it as stationary. Thus, the main problem asso­

ciated with dynamic environments is that of feature (landmark) selection and map 

management. To explicitly handle moving objects, in [4S] a dynamic object detec­

tion routine was setup which eliminated the moving objects before being handled 

by the SLAM algorithm. In [111], moving objects were added to the estimated state, 

where the implemented solution involved a stationary SLAM update followed by a 

separate tracker for tracking moving objects. 

In the conventional vector state space based approach (like FastSLAM) for dy­

namic environments, the following aspects of feature management are critical and 

need to be explicitly handled. 
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• Addition of features into the map. Dynamic or unstable features are avoided 

from being added into the map by deferred decision making techniques where 

in a provisional list of landmarks is maintained until a satisfactory evidence 

of their stability is determined. 

• Removal of redundant or obsolete features from the map. For whatever rea­

son maybe the dynamic nature of the environment or mobile nature of certain 

objects, some landmarks may cease to exist and no longer provide useful infor­

mation. These obsolete features should be deleted from the map to maintain 

an uncluttered and contemporary representation of the environment. 

This is commonly implemented in the vector state space based approaches by main­

taining a landmark existence probability based on log odds [36]. Whenever, the 

/—th landmark m, is observed, the log odds for its existence o, is incremented by a 

fixed value or else its value is decremented. If the log odds is above a predefined 

threshold T/0, the landmark is incorporated into the map. However, in the case 

of the proposed FISST-SLAM algorithm, the dynamic and unstable landmarks are 

automatically discarded within the SLAM framework. 

The performance of the proposed algorithms are further evaluated in dynamic 

environments. Simulation tests are run using the same parameters summarized in 

table 5.1. However, apart from having 78 static landmarks, three more time-varying 

landmarks are introduced into the environment. Each time-varying landmark is 

assumed to moving in a two-dimensional plane according to constant acceleration 

linear Gaussian dynamics with zero-mean Gaussian white noise with respective 

standard deviations of (T\ = 1 and o~j = 0.1. For simplicity during the simulations, 

without any loss of generalization, there is no distinction made between the static 
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and dynamic objects. The landmarks that are deemed as stable by the simulator 

are automatically added into the map and the unstable or dynamic landmarks are 

eliminated. Both LQ-FastSLAM and the proposed GM-FISST-SLAM algorithm were 

executed for the scenario described above. The comparisons of the estimated vehicle 

(a) LQ-FastSLAM (b) GM-FISST-SLAM 
Figure 5.9 Estimated (in blue) and true (in red) trajectories superimposed with estimated (red circles) and 

actual landmark locations (green asterisk) with three time-varying and 78 static landmarks. 

trajectory and the final map for LQ-FastSLAM and FISST-SLAM implementations 

with the clutter density Ac set to 10 in dynamic environments are shown in fig. 5.9. 

The performance of FastSLAM with the feature management strategy deteri­

orates under high clutter coupled with time-varying landmarks. This is clearly 

evident from the large number of clutter returns (as seen in fig. 5.11) incorrectly 

estimated as actual landmarks (in this case 188) after the complete run with a large 

RMS error of 15.8 m and a loop closing error of 3.6 m. The relatively large errors, as 

observed in fig. 5.10a are mainly due to the clutter and dynamic landmarks that is 

incorporated into the map as valid static landmarks, resulting in miss-associations. 

As for the proposed FISST-SLAM algorithm, it's performance also affected due to 

the presence of time-varying landmarks, however, it manages to filter the dynamic 
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lime (sw:) 

(a) Vehicle position error (b) Vehicle orientation error 

Figure 5.10 A comparison of Vehicle pose estimation error between FISST-SLAM and LQ-FastSLAM for 
clutter rate Ac = 10 in dynamic environment 
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Figure 5.11 No of landmarks incorporated into map as a function of time densely cluttered dynamic 
environment. 

landmarks as clutter and retains only the static landmarks within the map. For the 

complete closed-loop run the estimated number of landmarks in the dense clutter 

scenario in dynamic environment is 79, which is one excess of the actual number 

of static landmarks. It is also important to note that RMS error is about one-fourth 

of LQ-FastSLAM in dynamic environment with a loop closing error of 1.94 m as 

observed in fig. 5.10a. 

However, if one needs to explicitly track dynamic objects in environments re-
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quires what is known as dynamic-SLAM, where the dynamic objects need to be 

carefully modeled, which can then be introduced into RFS Multi-Landmark Map 

Evolution model (Section 5.4.1). 

5.10 Algorithm Performance Evaluation in Offshore Un­

derwater Environments 

This section analyzes the performance of the proposed FISST-SLAM filter (SMC 

implementation) in the same offshore environment as discussed in Section 4.7.1. 

It also benchmarks it against the classical vector based FastSLAM 1.0 which is 

implemented with an efficient log-odds feature map management strategy (LQ-

FastSLAM). The blazed array sonar is used as primary imaging sensor containing 

noisy range bearing intensity measurements, as was presented in Chapter 4. In this 

experiment, point features from the sonar signal returns were used as inputs to 

the filter, although the filters can easily be modified to accommodate other features 

such as lines, gradients etc. The extraction of point features from the sonar data is 

essentially a two step process. The first step involves in the detection of signals in 

presence of background noise. Adaptive threshold technique using OS-CFAR pro­

cessor (discussed in Section 4.3) is used in the detection process to mainly identify 

the principal returns (landmark generated measurements). For each sonar scan the 

principal returns are then grouped together into clusters based on the regions of 

constant depth [62] and the cluster centroids are identified as point features. These 

point features which are the range-bearing measurements that encapsulate both 

landmark generated measurements and clutter generated measurements are fed as 
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an input to the filters. Since there is no absolute position sensor on the AUV, and 

GPS does not work underwater, a qualitative analysis for the vehicle pose estimates 

is performed as and when the AUV surfaces to obtain a GPS fix. 

Both the LQ-FastSLAM and FISST-SLAM methods adopt particle based esti­

mates for the vehicle pose and use 80 particles to sample the vehicle trajectories. The 

estimated vehicle trajectory and the corresponding multi-landmark map for FISST-

SLAM and LQ-FastSLAM are shown in fig. 5.12. The noisy blazed array sonar 

measurements have increased the data association ambiguity and hence making the 

landmark map management task more challenging. Under such noisy conditions, in 

the presence of large amount of clutter, the merits of the proposed FISST-SLAM fil­

ter framework are clearly noticed and can be seen to outperform the LQ-FastSLAM 

(refer fig. 5.12). It is also important to note that the GPS fixes (shown using green 

asterisk) which are assumed to be the ground truth in these experiments are ob­

tained only when the AUV ascends to the surface. The vehicle trajectory from the 

proposed approach closely tracks the ground truth and is almost similar to that of 

LQ-FastSLAM algorithm due to the particle representation of the vehicle trajectory. 

However, the landmark map estimate obtained from LQ-FastSLAM hardly com­

pares with that of the ground truth, while FISST-SLAM manages to consistently 

detect the landmarks. As explained in Section 4.7.1, the three sonar reflector arrays 

are placed approximately 18m apart and fourth array 30m apart are consistently 

detected along with the breakwaters of the marina by the proposed FISST-SLAM 

filter, rejecting clutter generated measurements in the process as shown in fig. 5.12b. 

In comparison, LQ-FastSLAM also detects these landmarks, however, along with a 

large number of spurious measurements which are clearly evident in fig. 5.12a. 

Additional results validating the proposed algorithm are shown in fig. 5.13 
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which reproduces an acoustic multi-landmark map mosaic generated by placing 

the blazed array sonar scans according to the LQ-FastSLAM and the proposed 

FISST-SLAM estimated AUV trajectories. The resulting acoustic map matches al­

most perfectly with the real position of the breakwaters of the marina as seen from 

the high intensity returns at the upper left corner of the figure. These figures also 

highlight the landmark detection and their extraction process based on principal 

sonar signal returns from individual sonar scans and their subsequent inclusion 

into the multi-landmark map based on SLAM filter. It is evident from fig. 5.13 

that the proposed FISST-SLAM filter outperforms LQ-FastSLAM filter in rejecting 

the noisy clutter measurements and consistently incorporating landmark generated 

measurements into the multi-landmark map. 

5.11 Chapter Summary 

In this chapter we presented a random finite set theoretic formulation and a so­

lution to the SLAM problem. As compared to the classical vector based formula­

tion of SLAM, the major attribute of this FISST-SLAM formulation is that it pro­

vides for a more accurate representation and processing of key elements that affect 

SLAM performance, in particular, the ever evolving map of landmarks, and the 

multiple-landmark measurement model. Missed detections, false alarms, associa­

tion of landmarks to observations and new landmarks are accounted for directly 

and automatically with in the SLAM filter framework, unlike in stochastic vector 

realizations of SLAM algorithms, where these issues have to be dealt with explicitly 

with added heuristics outside the Bayes optimal filter. In this chapter we also pre­

sented the incorporation of the first order statistical moment (PHD) filter into the 
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FISST-SLAM framework to alleviate the computational complexity of the optimal 

Bayes RFS multi-landmark map estimation filter. Two alternative implementations 

of the FISST-SLAM algorithm using sequential Monte Carlo and Gaussian mixture 

approximation methods were also developed. In this chapter we emphasized on im­

portance of the overall multi-landmark map error metric, that is often neglected in 

the classical vector based SLAM literature. Based on the developments in the target 

tracking community, a Wasserstein miss-distance metric was introduced to quantify 

for the overall multi-landmark mapping error. To our knowledge, this quantitative 

metric is used for the first time in the field of autonomous vehicle navigation. Ex­

tensive experiments in form of rigorous simulation studies and real offshore un­

derwater sea trials were conducted to validate the proposed filter framework. The 

results from all the experiments, high clutter scenarios in particular, comprehen­

sively demonstrate the superiority of the FISST-SLAM filter in comparison with the 

classical stochastic vector based FastSLAM filter. 
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6 

Conclusions and Recommendations 

This chapter summarizes the work presented in this thesis and discusses the con­

tributions made to the field of autonomous underwater vehicle navigation. Some 

research directions opened as a result of the contributions are then discussed. This 

chapter is organized as follows. While Section 6.1 presents, a chapter-by-chapter 

summary of the research undertaken, Section 6.2, presents the overall conclusions 

of this thesis. Section 6.3 presents the possible failure modes of the proposed frame­

work while Section 6.4 briefly discusses the scope for future research. 

6.1 Summary 

In Chapter 1 we presented the main objectives of this thesis. Navigation, which 

is the combination of precise positioning and guidance, was put forth as being the 

fundamental challenge to the mobile robotics community and more specifically to 

the underwater mobile robotics community. This chapter described a number of 

existing navigation methods currently used by underwater vehicles, highlighting 
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their limitations. Special importance was provided to onboard sensing systems 

with emphasis on feature based simultaneous localization and mapping (SLAM) 

algorithms. 

In Chapter 2 we presented the classical vector based state of the art SLAM algo­

rithms. A probabilistic approach to sensor and vehicle modeling, localization and 

mapping was presented. It was shown that the EKF-SLAM filter is a form of the op­

timal Bayesian filter constrained to estimating only up to the second order statistical 

moments, namely, the mean and variance of a distribution. These constraints have 

made the EKF an efficient and widely used navigation algorithm. However, a num­

ber of issues associated with problems with the application of the EKF-SLAM filter 

were also discussed along with methods in the literature to mitigate these prob­

lems. Numerical methods in form of sequential Monte-Carlo techniques or particle 

filter techniques applied to the SLAM problem in the classical vector based SLAM 

literature were also presented. The latter half of the Chapter 2 discussed the lim­

itations of the classical vector approaches that are due to the representation of the 

map evolution and measurement models and proposed an alternative framework 

using random finite sets. 

By adopting a finite random set theoretic framework, a multi-landmark map 

evolution model that accounts for the new landmarks appearing in the field of 

view of sensor and a natural multi-landmark (map) measurement model that ex­

plicitly accounts for detection uncertainty, clutter and unknown data association for 

autonomous vehicle navigation was constructed in Chapter 3. An optimal Bayesian 

random finite set multi-landmark map estimation filter was then presented. First 

order statistical moments filter, also referred to as PHD filter was then discussed to 

overcome the computational complexity of the optimal Bayes filter. 
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In Chapter 4, we addressed the issues of landmark detection from noisy sensor 

measurements and its impact on autonomous navigation applications. The fixed 

detection and the adaptive detection methods were introduced for performing land­

mark detection with a blazed array sonar. The PHD clutter rejection filter was in­

troduced along with its implementational details. The performance of the particle 

PHD clutter rejection filter was validated using synthetic sonar data. A novel clutter 

rejection algorithm was presented based on the PHD clutter rejection filter for au­

tonomous vehicle navigation. The novelty of the approach lies in the formulation of 

an integrated framework, where a random finite set based PHD filter was used as 

a clutter filter and integrated with the conventional vector based EKF-SLAM filter. 

This proposed navigation framework was applied then applied in offshore under­

water field trials and benchmarked against the standard EKF-SLAM filter with an 

advanced map management strategy. 

In Chapter 5, we presented a random finite set theoretic formulation and a solu­

tion to the SLAM problem. As compared to the classical vector based formulation 

of the SLAM problem, the major attribute of this FISST-SLAM formulation is that, it 

provides for a more accurate representation and processing of key elements that af­

fect SLAM performance. Missed detections, false alarms, association of landmarks 

to observations and new landmarks are accounted for directly and automatically 

with in the SLAM filter framework, unlike in classical vector realizations of SLAM 

algorithms, where these issues have to be dealt with explicitly with added heuristics 

outside the Bayes optimal filter. In this chapter we also presented the incorporation 

of the first order statistical moment (PHD) filter into the FISST-SLAM framework 

to alleviate the computational complexity of the optimal Bayes RFS multi-landmark 

map estimation filter. Two alternative implementations of the FISST-SLAM algo-
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rithm using sequential Monte Carlo and Gaussian mixture approximation methods 

were also developed. In this chapter we emphasized on importance of the over­

all multi-landmark map error metric, that is often neglected in the classical vector 

based SLAM literature. The Wasserstein metric was defined, and subsequently 

shown to be an easily computable and a meaningful miss-distance metric for the 

purpose of multi-landmark mapping performance evaluation. Extensive experi­

ments in form of rigorous simulation studies and real offshore underwater sea trials 

were conducted to validate the proposed filter framework. 

6.2 Conclusions 

The successful development and application of key random finite set theoretic based 

algorithms and performance metrics in this thesis have demonstrated that, random 

finite set based methods are not only theoretically sound, but are also viable and 

effective approaches to the simultaneous localization and mapping problem in prac­

tice. In particular, the proposed FISST-SLAM algorithm, offer principled, reliable 

and efficient solutions for the joint detection and estimation of an unknown number 

of landmarks observed with unreliable sensors in the presence of clutter. Moreover, 

the proposed approaches were seen to outperform the conventional vector state 

space based stochastic approaches in certain circumstances in practical scenarios. 

The key conclusions of this dissertation are given as follows. 

Adopting a finite random set theoretic framework enabled us to construct, a 

multi-landmark map evolution model that accounts for the new landmarks appear­

ing in the field of view of sensor and a natural multi-landmark (map) measurement 

model that explicitly accounts for detection uncertainty, clutter and unknown data 
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association for autonomous vehicle navigation. These models were then used de­

velop a clutter rejection algorithm based on moment approximations to the poste­

rior density of the random finite set state for autonomous vehicle navigation sys­

tems and integrated in a novel fashion with the conventional vector state space 

based SLAM framework. Using the same models, a mathematically principled uni­

fying random finite set theoretic SLAM framework, referred to as FISST-SLAM was 

developed, where the SLAM problem was reformulated so that the landmark map 

and the measurements were represented using random finite sets and the landmark 

map was jointly estimated with the vehicle state vector. Subsequently, two alter­

native implementations of the FISST-SLAM algorithm were also developed using 

sequential Monte Carlo and Gaussian mixture approximation methods. Addition­

ally, using an easily computable and a meaningful miss-distance performance met­

ric called the Wasserstein metric, the multi-landmark mapping performance was 

evaluated. Finally, the feasibility of the proposed algorithms were demonstrated 

through the use of extensive simulations and experiments using AUVs in real off­

shore underwater environments. 

6.3 Failure Modes 

While within the context of this thesis we have demonstrated that the unified ran­

dom finite set theoretic framework has significant advantages over the classical 

vector based solutions for the SLAM problems, we are compelled to also point 

out what we think are the weak points of this framework. In particular, we be­

lieve the main weakness stems from the usage of the first order statistical moment 

within the FISST-SLAM filter framework. In the FISST-SLAM filter, in order to 
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alleviate the computational intractability of the RFS multi-landmark map distri­

bution fkik(Mk\xy,Z^), we have used its first order statistical moment, the PHD 

Djt|jt(^jt|x|l'/ZW) to estimate the landmark states. This first order approximation 

along with the assumption of Poisson distribution needed to arrive at closed form 

formulation for the PHD multi-landmark filter results in great loss of information 

which affects the FISST-SLAM filter performance. This loss in higher order cardi­

nalities have significant impact in low signal to noise ratio scenarios in particular, 

resulting in unreliable estimates of the number of landmarks [38]. The PHD filter 

used for multi-landmark map estimation approximates the unknown number of 

landmarks (cardinality distribution) by a Poisson distribution with matching mean. 

Since the mean and variance of the Poisson distribution are the same, when the 

number of landmarks present is very high, the cardinalities based on the PHD filter 

tend to have a correspondingly high variance. In order to overcome this problem 

of erratic estimation of the number of landmarks in extremely low SNR scenarios, a 

modified version of the PHD filter with a relaxed Poisson assumption has been pro­

posed in form of cardinalized PHD (CPHD) filter [71 J. Thus incorporating CPHD 

filter for multi-landmark map estimation within the FISST-SLAM filter framework 

should further improve its performance. 

6.4 Recommendations 

This thesis has laid the foundation for a promising onboard sensing framework 

which is free of additional external deployments for autonomous underwater ve­

hicle navigation. However, as always, there is room for additional improvement. 

Further areas of research that we have identified as warranting future investigation 

154 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



6.4 Recommendations 

are: 

• Due to the erratic estimation of the number of landmarks in extremely low 

SNR scenarios, a modified version of the PHD filter with a relaxed Poisson 

assumption has been proposed in form of cardinalized PHD (CPHD) filter 

[71]. Incorporating CPHD filter for multi-landmark map estimation within 

the FISST-SLAM filter framework should further improve its performance. 

However, this comes at a cost of significant increase in the computational 

complexity. 

• In this thesis, we have considered only the static landmarks in the environ­

ment. However, given the dynamic nature of the underwater environment, 

it would be extremely useful to incorporate moving features into the map. 

The map evolution presented in FISST-SLAM framework can be extended to 

include the dynamic features. 

• In this thesis, we have assumed that the underwater vehicle has only three 

degrees of freedom and thus work under the constraint that pitch, roll and 

heave effects are assumed negligible. However, it will be desirable to extend 

the scope to six degree of freedom, so that the vehicle can navigate without 

any constraints in a three dimensional space. The framework put forth in this 

thesis should not theoretically pose a significant problem for this extension. 

However, the determining a point in a 3D space using a range bearing inten­

sity sensor such as a blazed array sonar may pose a challenge. Perhaps, an 

alternative could be using two blazed array sonars mounted perpendicular to 

one another or 3D imaging sonars. 

• The problem of cooperative mapping and localization by multiple AUVs is 
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particularly useful and extremely fascinating. The data fusion requirements 

for such systems can be very challenging due to inconsistencies involved in 

combining information from multiple sources. The random finite set frame­

work developed in this thesis can be extended to perform cooperative map­

ping and localization of multiple AUVs. 

6.5 A Final Word 

For robotics researchers with an interest in autonomous vehicle navigation, the 

work in this thesis represents a departure from the classical vector based SLAM fil­

ter framework and a recognition that more complex, less structured environments 

must be addressed with the more elegant random finite set based solutions. The 

work described in this thesis sets the stage for the future of autonomous underwater 

vehicle navigation systems. 
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Appendix A 

Finite Set Statistics 

A.l Random Finite Sets 

This chapter introduces some of the key concepts of point process theory and its 

relation to Finite Set Statistics (FISST). Point process theory is a theoretical frame­

work to analyze the occurrences of certain events in time or of features in a region 

[29]. Consider a multiple landmark scenario where at one time instant there are / 

measurements, given by Z = {zi,Z2,... ,z/}. The collection of all the subsets of Z 

is denoted by 'J(Z). The set J{Z) contains 21 elements. The triple (O, J(Z),P) is 

called the probability space. The cardinality of a subset A of Z is denoted by \A\. 

Definition 1. A random finite set S with values in 7(2.) is a map S : O —> 3*(£) such 

that S"1 {{A}) = {iv e n : S(w) = A} G 7(Z),for any ACZ [29], [87]. 

To explain the concept of RFS, let us begin with hypothetical example as illus­

trated in fig. A.l. 

Example 1. Single Landmark Case: 
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Figure A.l Illustrates a hypothetical scenario of an environment consisting of a single landmark (in red) 
observed by a vehicle (yellow) equipped with a GRBI sensor 

Consider a single landmark present in the environment. This is being observed 

by a generic range-bearing-intensity (GRBI) sensor (e.g., sonar, laser, radar, etc.). 

The measurement received by the sensor can be modeled as a vector z = (r,6,l) 

where r is the range, 6 is the bearing, and I is the intensity. When the intensity falls 

below a particular threshold, the landmark is no longer detected by the sensor. This 

phenomenon can be mathematically modeled as a single randomly varying vector 

of the form S = {Z}, where Z is a three dimensional vector. The random finite set 

E contains one element, and its instantiations is a singleton {z}. Let S be the entire 

field of view of the sensor. 
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A.2 Single Landmark Tracking 

We would want to detect this landmark using a sensor that provides an observation 

z/t at time k. At any time step k, we have a set consisting of the current observations 

and all the past observations, represented by Zk = [z\,.. .,zk]
T. The aim is to 

recursively estimate the probability density of the state given all the observations 

up to time k or commonly referred to as posterior density i.e., 

fk]k{m\Zk) (A.l) 

The state m can encapsulate information such as pose, velocity or acceleration and 

can be estimated from the posterior density by using a variety of estimators. The 

most popular ones being 

• Expected a posteriori (EAP) estimator 

mEAP = / mfk\k(m\Zk)dm (A.2) 

• Maximum a posteriori (MAP) estimator 

iftM*p = aigmax/fc|k(m|Z*) (A.3) 

A.2.1 Bayesian Filter 

Given the state at time step k—1, Bayes theorem is used to determine the posterior 

density at time k. It is achieved in two steps: 

• Time-update 
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Given a state m' at time k — 1, the probability density function (pdf) of a 

transition to the state m at time k is 

/ * | * - i H m ' ) (A.4) 

This is commonly referred to as the Markov transition density. Given the 

motion model and the Bayesian posterior density A-iu--i(ni / |Z' :_1) at time 

k — 1, a time-updated density is obtained using the Chapman-Kolmogorov 

equation[19]: 

/*,*_! H Z * " 1 ) = J fklk^(m\m')fk^k_,(m'\Zk-v)dm' (A.5) 

• Data-update 

This step incorporates the measurement available at time k via the sensor 

likelihood function given by 

Lk,z(m) ± fk(z\m) (A.6) 

The observation zk is used to update (weight) the density produced by the 

time-update step to determine the final posterior density at time k: 

Wm\7f) = / ( 2 t | m ) A | t - | H Z
t 7 (A.7) 

//*(z*lm)/*i*-i(mlz ) d m 

The posterior density function fk\k(m\Zk) encapsulates everything about the state, 

based on the current observations and a priori information. 
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A.3 Belief Mass Functions 

Belief mass functions (BMF) fc(S) are the main building blocks for the formal 

multi-landmark RFS Bayes modeling. Specifically, they are central to the process 

of constructing true RFS map evolution model (Section 3.2) and RFS measurement 

model (Section 3.3). The concept of BMFs are explained further using a single 

landmark case, as illustrated in example 1. Consider a single landmark present 

in the environment. This is being observed by a generic range-bearing-intensity 

(GRBI) sensor. The measurement received by the sensor can be modeled as a vector 

z = (r,8,l) where r is the range, 6 is the bearing, and I is the intensity. When the 

intensity falls below a particular threshold, the landmark is no longer detected by 

the sensor. Let 1 — p be the probability that the landmark is no longer detected 

by the sensor. This phenomenon can be mathematically modeled as a randomly 

varying finite set £ such that: 

• S = 0 with probability 1 — p. 

• |2 | = 1 with probability p and S = {Z}, where Z is a two dimensional vector 

conditioned on the fact that H / 0 . 

The probability that E will be contained within the sensor FOV S, is given by 

MS) = P(s c s) 

= P(S C S,E = 0 ) + P(S C S,S ^ 0 ) 

= P(S = 0 ) + P ( H ^ 0 ) . P ( S C S | H ^ 0 ) (A.8) 

= l~p + p.P(Ze S | E ^ 0 ) 

= 1 - p + p Jsfz(z)dz 
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where, /z(z) is the probability density function of Z. Thus &z(S) is completely 

characterized by the function defined by 

/s(Z) ± 

1 - p if Z = 0 

p./z(z) i f Z = { z } 

0 if Z = {z1/z2} /zi ^ z2 

0 if otherwise 

(A.9) 

(A.10) 

+ ... 

Now, the belief mass function can be expressed as set integral of /s(Z) as follows: 

BE(S) = l-p + pJsfz(z)dz 

= 1 - p + f p.fz(z)dz + - 0dz-[dz2 + 0 + . . . 
.Is 2 JsxS 

= /s(<Z>)+ Ih(z)dz + \ [ fE({z,,z2})dzldz2 
JS 2- JSxS 

= [MZ)6Z 
Js 

In eqn. A. 10, the first term is the probability of having no landmarks in S, the 

second term is the probability of having one landmark in S, and the next term is 

the probability of having two landmarks in S, and so on. If the set integral is taken 

over entire space, and not confined to any subset of S, then it should integrate to 

one, like the probability density function. 
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A.3.1 Set Integrals 

The belief mass function # E ( S ) discussed above, can be expressed as a set integral 

over a region S (note the term SZ) can be written as 

/• ° ° 1 /• 

fs(Z)5Z A £ - / / S ( { Z ] Z/})rf2l...rfZ/ 
•Is ,nll .IS x ... x S 

CO 

= 0 / ! /S x . . . x S' 
' J ' (A.ll) 

= / ( © ) + f f({z})dz + l j / ( { Z 1 / 2 2 } ) r f z 1 d z 2 + . . . 

For all / > 2, define the function / s , (z i , . . . ,z/) in / vector variables Z],.. . ,z/ 

given by, 

• A/k({zi,. . . ,z/}) if Zi,...,Z/ aredistinct 
fSl(zv...,zl)±<i '• (A.12) 

0 if otherwise 

Then each term in eqn. A.ll is given by, 

4<_^<s/2({21 ""-"/fcx^Af*. z,) <A-I3) 

A.4 Probability-generating Functionals 

Probability-generating functionals(p.g.fl) are often used to transform difficult math­

ematical problems into simpler ones. Given the probability density function /s(Z) 

of the RFS E, the p.g.fl is 

GE[/j] 4 / hz.fE(Z)SZ (A.14) 
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A.4 Probability-generating Functional 

where hz for a test function h(z) is given by 

,Z A 
1 if Z = 0 

fJzezM2) if otherwise 

(A.15) 

under the assumption that all random variables are independent. Substituting eqn. 

A.15 in eqn. A.14, we get 

Gz[h] ^ fz({0}) + Jh(z)Jz({z})dz + \ Jh(z1).h(z2).M{z1>z2})dz1dz2 + 

(A.16) 

S(ll!-Z3) 

Z = {Z1.Z2.Z3.Z4} 

u '6Z 

Figure A.2 Poinf process theory 

If the test function h(-) is the Dirac probability measure ls(-), of the elements of 

Z existing in the region S of the state space W, i.e., S C W (as shown in fig. A.2) 

and 

1 2,- € S 
(A.17) 

0 2; g S 

then, the belief mass function /3s(S) of E from eqn. A.9 can be rewritten as the 

h(Zi) = lS(Zi) = 
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A.5 Set Density and Set Derivatives 

expected value of Is 

0s(S) = Jlsfz(Z)6Z (A.18) 

A.5 Set Density and Set Derivatives 

In ordinary calculus, it is well known that the probability density function of a 

random variable is the Radon-Nikodym derivative of the induced measure with 

respect to some base measure, i.e., for any random vector Z, there is an essentially 

unique function /z(z) such that, VS, 

J fz(z)dz = P(Z E S) (A.19) 

The density function fz(z) is the probability density function of Z. Along the same 

veins, using the first Radon-Nikodym theorem [44], it has been shown that the set 

integral (as in eqn. A.11) has an inverse operator as follows, 

J ^ ( ® ) ^ Z £ P(S C S) = ps(S) (A.20) 

The probability density function for a RFS S can be constructed by taking set deriva­

tives of the belief mass function of S: 

fts(S) = JS/E(Z)SZ (A.21) 

where, 

(A.22) /s(Z) = 
5Z (S) 
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A.6 Set Calculus 

If $\,f>i,..., /3« are the belief measures, and a\,ci2,..., an are real numbers, then 

Constant Rule 

— ( f l l ) = 0 if Z = 0 (A.23) 

• Sum Rule 

A( f l l ^(s) + f l 2 ^ 2 (S) )= f l t A^(S) + f l l A j 8 l (S) (A.24) 

• Product Rule 

5_ 

SZ 
(/*i(S)ft(S)) = E 

wcz 
j w M S ) * ( z - w / 2 ( s ) (A.25) 

• Power Rule 

_S_ 

SZ 
p(S)« = ^ t " I2!-*- 2€Z (A.26) 

0 if IZI > « 

• Convolution formula 

If S = Si U . . . U S„ and /8S(S) = /5s, (S) U . . . U £E„ (S) then, probability den­

sity function of S is 

/ s ( Z ) = £ /s1(W1) . . . /E n(W„) 
W1W...I±J=Z 

(A.27) 

where the summation is taken over all mutually disjoint subsets W l 7 . . . , W„ of 
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A.7 Optimal Bayes RFS Multi-landmark Filter 

Z, such that W 1 U . . . U W „ = Z 

• Special case: n=2 

fs(Z) = E /Si ( W ) / E 2 ( Z - W) (A.28) 
wcz 

A.7 Optimal Bayes RFS Multi-landmark Filter 

The concepts of FISST calculus is used to construct the multi-landmark version of 

the Bayes filter, in which full FISST Bayes posterior is propagated in time as a two-

step process as follows [68]: 

• Time-Update Step 

The predictor equation is analogous to single target Bayesian prediction A.5 

with set integral instead of the vector integral given by 

/ ^ ( M I Z * * - 1 ) ) = / A | ^ I ( M | M ' ) / , _ 1 | , _ 1 ( M ' | Z ^ U)*M' (A.29) 

where, Z ^ : Z ] , . . . , Zk is the time sequence of measurement sets. 

• Data-Update Step 

The corrector equation is analogous to single target Bayesian update A.7 given 

by 

fklk(M0k))= JkK - , m - ' — (A.30) 
J fk{Zk\M)fk{k_l{M\Z{k-^)dM 
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A.8 First order Statistical Moment Filter 

A.8 First order Statistical Moment Filter 

As an analogous statistic to the mean of the constant gain Kalman filter, Mahler pro­

posed the usage of probability hypothesis density (PHD) as the first order statistical 

moment to approximate the multi-landmark posterior of the Bayes filter [68]. 

A.8.1 The Probability Hypothesis Density 

Let /s(M) be the multi-landmark probability distribution function of a random 

finite set S. 

Definition 2. The integral of PHD Ds(m) in any region S provides the expected number 

of landmarks in that region. 

NE{S) = I D s(m) = £[ |SnS | ] (A.31) 

A.8.2 Differentiation Formula for PHD 

Using the concepts of p.g.fl and its properties, one can construct the PHD [69]. 

Taking a gradient derivative of p.g.fl. eq A. 14, we get: 

5Gz[h] f ( 6 

dm 
J ( ^ M ) /k(M)*(M) (A.32) 

Explicitly expanding the derivative term, and using set derivative properties [69] 
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A.8 First order Statistical Moment Filter 

and eqn. A. 15, 

5m 5m n*(m) 

^ l * ( m > m = rri] 

dm 
h(m) 

-EMmO.-.I^Cm) 

m=mi 

<5m 

, /7(m)| ] 
v / m = m,.J 

h(m2)...h(m„) + ... + h(m1)...h(mn_i) I j^H™) 

h(m„) 

(A.33) 

If the test function h(-) is a Dirac probability measure as in eqn. A. 17, then deriva­

tive 

= <5(m-m,-) (A.34) -r-h(m) 
dm v ' 

becomes a Dirac-delta function. Hence eqn. A.33 can be simplified as, 

5m 
hM = £(l)...5(m-ml)...(l) 

;'=1 

E 3(m - «o 
(A.35) 

So the gradient derivative of p.g.fl. in eqn. A.32 can be re-written as, 

5GE[h] 
5m 

f(£S(m-w))fE(M)S(M) (A.36) 

Thus, the gradient derivative of p.g.fl., when /;(•) is Is is the first order moment 
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A.8 First order Statistical Moment Filter 

density given by, 

D s(m) = DE({m}) 
SGE[h] 

Sm h=u 

J \w€M 

j[m].fz(M)5(M) 

m-zv) /2(M)<5(M) (A.37) 

It is called the probability hypothesis density (PHD) of /«(M). 

Definition 3. Multi-landmark moment Density: The m-th order moment density is 

given by the m-th order derivative ofp.g.fl. 

DE({m 1 / . . . /m„}) = 
S'"Gz[h 

5m\,.. .,5m,, 
(A.38) 

h=lc 

So, the first order moment density (i.e., the PHD) is given by 

Dz({m}) = SGz[h] 
dm 

(A.39) 
h=h 
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A.8.3 Integration Formula for PHD 

We know that from eqn. A.37 that, 

DE(m) = f[m].fz(M)S(M) 

= [( £S(m-w))fz(M)S(M) 
' \w&A ) 
00 1 f 

= E ~T / P ( m - m i ) + ... + <5(m-m„)]/s({m1/...,m„})dm1 ...dmn 

00 1 f 
= YJ~ /s({m /mi,... /m„})dmi ...dm„ 

«=o "• ' 

= / / z ({m}UW)M 

(A.40) 

Definition 4. Probability Hypothesis Density: Given the S = S ^ rtrcc/ /z(M) = 

/^(MIZW) then its PHD is given by, 

Dfc|t(M|Z«) = [ fklk(MUW\zW)6W (A.41) 

Lemma 1. PHD 0/ o Poisson process: If the multi-landmark distribution is a Poisson 

process 

/(M) = e"^ n ;<s(m) (A-42) 
m€M 

f/zen z'As PHD is given by 

D(m) = ji.s(m) (A.43) 
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A.8 First order Statistical Moment Filter 

Proof: 

D(m) = f f({m}UM)SM 
00 1 /• 

= ]T — / /({m,m1,... /m„})dm1...dm„ 
n=Qn- J 

00 1 r 

n=0 " ' J 

2: ii" 

, - ; / , ,m+l ^'"' \ (s(m).s(mi)...s(m„))rfmi 

00 , , H 

. . dm„ (A.44) 

= p.s(m) 
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Appendix B 

Research Test-bed Vehicles, Sensors 

and Specifications 

B.l The Research Test-bed Vehicles 

B.l.l The Autonomous Underwater Vehicle: NTU_UAV 

The low-cost Nanyang Technological University Underwater Autonomous Vehi-

cle(NTU_UAV) has 4 Degrees-of-freedom (DOF) using four-propeller thrusters (two 

for surge and two for heave) as shown in Fig. B.l. It carries on-board sensors, which 

can receive the inertial information, bottom and water tracking speeds of the vehi­

cle, optical images, sonar images, range to obstacles and to the bottom, and the 

diving depth. 

The internal sensors provide the motion parameters of the vehicle with respect 

to vehicle's coordinate system. The Motion Reference Unit (Seatex MRU-6 [3]) and 

Attitude Heading Reference Unit (Crossbow [2]) measure the accelerations and the 
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B.l The Research Test-bed Vehicles 

Figure B.l Autonomous Undenvater Vehicle: NTU_UAV with its onboard sensors 

Autonomous Underwater Vehicle 
Maximum Speed 
Cruise Speed 
Thrusters 
Cross Vehicle Weight 
Maximum Operating Depth 
Hull 
Overall length 
Diameter 
Battery 

4 knots 
2 knots 
2xTecnadyne 250 (Surge), 2xTecniul\/m 520 (Heave) 
100 kg (Positively buoyant) 

100 m 
Aluminum alloy 
130 cm 
SO cm 
Silver-Zinc alkaline 24v, 135 AH 

Table B.l Specifications of the NTU_UAV 

angular variations of the AUV with the assistance of a triple axis accelerometers, 

angular rate sensors and a magnetometer. TCM2 [4] combines three-axis magne­

tometer and a two-axis tilt sensor and acts as an integrated compass module. The 

three acoustic range finders or altimeters (Tritech PA-600 [8]) detect the distance to 

the objects in the underwater environment and are used as sensory inputs to an 

obstacle avoidance system. The monocular CCD camera (Tritech [8]) mounted in 

front of the AUV provides information for inspection, short-range target identifica­

tion/tracking and for docking purposes. The pressure sensor (Druck PTX 1830 [5]) 

measures the external pressure experienced by the vehicle and is in turn translates 

it to measure the depth. 

174 

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



B.l The Research Test-bed Vehicles 

The speed of the vehicle with respect to the bottom or water can be measured us­

ing the Doppler Velocity Log (Sontek Argonaut DVL [7]). This sensor also provides 

the range to the bottom. 

B.1.2 The Autonomous Surface Craft 

A commercial off the shelf autonomous surface craft (ASC) from Robotics ma­

rine system was purchased and modified to suit our requirements. This ASC is 

equipped with a main vehicle computer and two PC-104's, a battery system, center 

aligned propulsion and steering systems along with Wi-fi communications system, 

a GPS, Compass and the vehicle specifications are listed in table. B.2. The detailed 

specifications of the sensors used a provided in the next section. 

(b) Underwater view 
Figure B.2 Autonomous Surface Craft in Swimming pool 

Autonomous Surface Craft 
Maximum Speed 
Cruise Speed 
Gross Vehicle Weight 
Hull 
Overall length 
Beam 
Battery 

5 knots 
3 knots 
90 kg 

High-density polyethylene 
304.8 cm 
76.2 cm 
12 v, 100 AH 

Table B.2 Specifications of the ASC 

(a) Above Water view 
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B.l The Research Test-bed Vehicles 

B.1.3 Navigational Software Architecture of Research Test-beds 

An ASC and an AUV have been used interchangeably for algorithmic verification. 

The surface craft was mostly used in the shallow swimming pools for initial algo­

rithmic validation and the underwater vehicle was used along the coastal waters of 

Singapore. Since its initial development stage both these systems have been devel­

oped with the same system architecture for ease of operation. 

GPS 
(Thalssl 

Gyroscope 
(Floptical 

Doppler Velocity Log 
(Hon 

Navig.conlig 

Blazed Array Sonar 
(Bkjawaw) 

1104 Slack A j f PC104 Stack ] 
IONXOSI J V (LmuiOSI J 

(a) Hardware Architecture 

GPS. DVL. Gyro 

(b) Software Architecture 

Figure B.3 System Architecture of the Research Testbeds 

The systems are equipped with two PC104 stacks for online data capturing and 
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processing (as in fig. B.3a). The navigation sensor suite mainly comprises of a 

Doppler velocity log, a fiber optic gyroscope, compass, GPS and a depth sensor. 

The system is also equipped with a multi-beam sonar from Blueview that is inter­

faced to with PC104 Linux OS stack through a TCP/IP interface. The PC104 QNX 

OS stack captures data from the navigational sensory suite and transmits them to 

the PCI04 Linux OS stack at 115k. This stack processes the incoming data along 

with the data obtained from the sonar to provide the navigational information. The 

software architecture encompasses a spectrum of functionality which ranges from 

multi-sensor communications, dynamic control, high precision navigation and path 

planning, concurrent mission task arbitration and execution, mission logging and 

playback. However, only navigational aspects of the software architecture are de­

tailed as illustrated in fig. B.3b. 

B.2 Sensor Specifications 

This section details the main sensors used on-board the research test bed platforms 

during the course of this thesis. 

B.2.1 Blazed Array Sonar 

The blazed array sonars are acoustic analogous equivalent of diffraction grating 

in optics [104]. The signal flow in a blazed array sonar is illustrated in fig. B.4. 

A broadband pulse is transmitted through a transmitting array that creates a fre­

quency dispersed sound field. It interacts with the underwater environment and the 

sound field is received by a receiver array which is then combined to form a single 

signal. An acoustic image is generated through time scale processing. Through out 
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Figure B.4 Illustration of Blazed Array beamforming (adapted from [11)4]) 

the course of this thesis, we have used a 900kHz blazed array sonar from Blueview 

technologies (fig. B.5) whose specifications are listed in table B.3. 

Figure B.5 Blueview P900E-20 

B.2.2 Doppler Velocity Log 

The Doppler Velocity Log (DVL) calculates the vehicle velocities, relative to the 

ocean floor or the water column based on the principle of Doppler shift [108]. Most 

DVLs have four transducers, each aligned at an angle of 30° from the vertical and 

arranged in a Janus configuration (facing opposite directions) as shown in the fig. 

B.6[6]. Each transducer transmits sound waves (referred to as ping) in a narrow 

beam at a known frequency (usually high frequency in the order of 300 — 1200kHz). 
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Blazed Array Sonar 
Model 
Field of View 
Max Range 
Beam Width 
Number of Beams 
Beam Spacing 
Range Resolution 
Update Rate 
Frequency 
Communication 
Voltage 
Power 
Weight in Air 
Weight in Water 
Depth Rating 
Size 

Blueview P900E-20 
45" x 20" 
55 m 
1" x 20" 
256 
0.18" 
2.54 cm 
Up to 10 Hz 
900 kHz 
Ethernet 
12-48 VDC 
10 Watts 
1.86 kg 
0.45 kg 
300 m 

7.0m x 4.0m OD 

Table B.3 Technical Specifications of the Blazed Array Sonar 

The pings forming an acoustic beam strikes particulate matter suspended in the 

water column or the seabed. When the pings strike scattering centers, some of the 

sound energy is reflected along the acoustic beam to the transducer. The returned 

sound has a frequency (Doppler) shift proportional to the velocities of the scattering 

centers and water they are traveling in along the acoustic beam. In our experiments 

during the course of this thesis we have used DVLs from Sontek (Argonaut) and 

RD instruments (Workhorse navigator), with the latter as shown in fig. B.6 being 

used rather extensively. 

Figure B.6 RDl DVL Workhorse Navigator 

The detailed specifications of the RD instruments Workhorse Navigator WHN 
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600 are provided in table B.4. 

uoppler Velocity Log 
Model 
Bottom Velocity Single-ptng precision S.D. & 1 m/s 
Long-term accuracy 
Minimum altitude 
Maximum altitude 
Velocity range 
Velocity resolution 
Ping rate 
Water Reference Velocity Accuracy 
Operating temperature 
Storage temperature 
Depth rating 
Weight in air 
Weight in ivater 
DC input 
Current 
Peak power @ 24 VDC 
Average power (typical) 
Integrated Sensorl-.Compass 
Integrated Sensor2:Tilt sensor 
Integrated Sensor3:Temperature sensor 

RD1 Workhorse navigator WHN 600 
3:0.3 cm/s 
±0.2% ± O.lcm/s 
0.7 m 
90 m 
±10 m/s 
0.1 cm/s 
7 Hz max 
±0.3% ±0.2 cm/s 
-5 to 45" C 
-30 to 75" C 
3000 m 
15.8 kg 
8.8 kg 
20-50 VDC 
0.4 A 
11 w 
3w 
±2° @ 60" dip, 0.5 g 
±0.5" up to ±15" 
- 5 " to 45" C 

Table B.4 Technical Specifications of the Doppler Velocity Log 

B.2.3 Fiber Optic Gyroscope 

A fiber optic gyroscope (FOG) provides precise rotational rate information based 

on the principle of interference of light to detect mechanical rotation. There are two 

light beams that travel along the fiber in opposite directions. The beam traveling 

against the rotation experiences a slightly shorter path than the other beam. The 

resulting phase shift affects the beams interference when they are combined. The 

intensity of the combined beam then depends on the rotation rate of the vehicle. A 

FOG from Fizoptika (fig. B.7) is used in our experiments whose specifications are 

listed in table B.5. 
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Figure B.7 Fizoptika Fiber Optic Gyroscope 

Fiber Optic Gyroscope 
Model 
Rale range 
Scale Factor <SF) 
Frequency range 
Angle random zvalk 
Bias stability (steady state) 
SF variation (steady state) 
Readiness time 
Nominal Operating Temperature 
Maximum Endurance Temperature 
Vibration (operating) 
Vibration (endurance) 
Shocks (endurance) 
Acceleration (operating) 
Acceleration (endurance) 
Power dissipation 
Total weight 
Housing material 
MTBF 
Lifetime (predicted) 

Fizoptika VC095M 
300 deg/s 
10 mV/deg/s 
0 to 0.45 kHz 
0.1 deg/lt 
15 deg 1 h (RMS) 
0.1% (RMS) 
0.1 s 
-30" C to +70" C 
-55" C/o+85" C 
2 g (RMS), 20 Hz to 500 Hz 
6 g (RMS). 20 Hz to 2000 Hz 
90 g, 1 m 

5g 
20 g, 5 s 
1 W 
80 grams 
Aluminum alloy 
20000 hours C20" C, predicted) 
15 years 

Table B.5 Technical Specifications of the Fiber Optic Gyroscope 

B.2.4 Global Positioning System 

The Global Positioning Systems (GPS) system of satellites is extensively used to pro­

vide precise positioning data for land-based and air-based systems. Unfortunately 

electromagnetic signals attenuate rapidly in water, and hence the use of GPS in the 

underwater environment is severely limited. However, in our experiments, we have 

used GPS (fig. B.8) for the purpose of validation by bringing the AUV to the surface 

at regular intervals. The detailed specifications of the GPS used in our experiments 
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is listed in table B.6. 

Figure B.8 Thales AC12 GPS receiver unit 
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Globnl Positioning System 
Model 
Real-time Accuracy 
Single Frequency 
Dual frequency 
Static Mode 
Kinematic Mode 
Real-time position accuracy- autonomous 
Real-time position accuracy- differential 
Raiv data output (code & carrier) 
Velocity Accuracy 
Time to First Fix: re-acquisition 
Time to First Fix: Cold 
Time to First Fix: Warm 
Time to First Fix: Hot 
Clwnnels 
Cliannels: LI GPS code and carrier 
Clmnnels: SBAS (WAAS/EGNOS/MSAS) 
Raw Data Rales 
Position data Output 
Position Data Rate 
Ouput: NMEA-0183 version 
1PPS timing signal (5V TTU 
1PPS timing signal (5V TTL): Precision - stand-alone 
User Selectable standard datums 
User-definable datums 
RTCM Mode 
RTCM Message Types 
Data Link: minimum 
Power Consumption receiver 
Input voltage 
Unit Height 
Unit Width 
Unit Length 
Weight 
Connector 
Speed (max) 
Altitude (max) 
Raw data output (code & carrier) 
Time to First Fix: re-acquisition 

Thales A12/AC12 
1 m 
Yes 
No 
Yes 
Yes 
XO m (CEP),5.0 m 
0.8 m (CEP), 7.5 n 

(95%) 
(95%) 

Yes 
0.7 knots (95%) 
7 s 
750 s 
45 s 
70s 
72 
70 
2 
7 Hz 
Yes 
7 Hz 
3 
Yes 
250 ns 
Yes 
Yes 
Remote 
7, 3 and 9 
7200 bps 
7 W 
70 to IS Vdc 
29.5 mm 
704.6 mm 
704.6 mm 
240 grams 
SMA 
574 m/s 
18,288 m 
Yes 
1 s 

Table B.6 Technical Specifications of the GPS 
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