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Abstract： 13 

In the present study, we performed an extensive laboratory investigation to quantify the 14 

turbulence characteristics of 45° inclined dense jets using Particle Image Velocimetry 15 

(PIV) over a wide range of Densimetric Froude Number. The objective was to provide 16 

benchmark data to guide high resolution turbulence numerical simulations for dense jets 17 

in the future. The PIV measurements were sampled at a relatively high frequency of 50 18 

Hz, which enabled the analysis of second order turbulence statistics as well as the 19 

turbulence kinetic energy spectrum (including the inertial subrange) along the curvilinear 20 

jet trajectory, which has hitherto not been reported. The measurements showed that the 21 

spectral profile was flat near the discharge port with the potential core, since the Kelvin-22 

Helmholtz shear-induced turbulence at the jet boundaries had not fully penetrated to the 23 

core. The spectral profile then evolved along the trajectory with progressive steepening 24 

towards the higher frequencies, and a fully-developed profile appeared beyond the 25 

terminal rise with a clearly identifiable inertial subrange for the energy cascade. In 26 

parallel, we also performed numerical simulations using the Large Eddy Simulations 27 

(LES) approach with the Dynamic Smagorinsky sub-grid model for the specific discharge 28 

conditions as in the experiments. The LES approach followed that of Zhang et al. (2016, 29 

2017) using GCI as the grid convergence criteria. The comparison showed that the time-30 

averaged first order mixing characteristics of the inclined dense jet can be simulated 31 

reasonably well comparing to the experimental data. In terms of the turbulence kinetic 32 
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energy spectrum, the low frequencies of the production range were also well captured by 33 

the simulations. However, the simulated transitional spectra towards the inertial subrange 34 

decayed substantially faster than the experiments. The discrepancy was attributed to the 35 

fact that the grid resolution was not sufficiently fine in the simulations (which were 36 

constrained by the available computational resources and time), such that stratified 37 

effects remained present inside the sub-grids producing additional turbulence energy that 38 

were not represented by the Dynamic Smagorinsky model. Thus, the numerical 39 

investigation showed that further improvement in sub-grid models that can incorporate 40 

the stratified effects would be desirable in the future for engineering simulations. 41 

 42 
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1 Introduction 47 

An inclined dense jet is formed by the upward discharge of dense effluents at an angle 48 

relative to the horizontal plane. The configuration has been shown to be effective in the 49 

mixing of the dense effluent with the surrounding clean ambient water so as to minimize 50 

the environmental impact, and it is now a standard practice in outfall designs e.g. for the 51 

discharge of brine effluents from desalination plants (Milione and Zeng 2008, Drami et al. 52 

2011, Papakonstantis et al. 2011a, Christodoulou et al. 2015). Due to the engineering 53 

importance, inclined dense jets have been extensively studied in the past two decades 54 

(Roberts and Toms 1987, Roberts et al. 1997, Cipollina et al. 2005, Christodoulou and 55 

Papakonstantis 2010, Papakonstantis et al. 2011b), with the key objective to establish the 56 

optimal design of the outfall subject to the environmental regulations.  57 

When an inclined dense jet discharges into the ambient water, it rises initially due to 58 

its upward momentum until reaching the terminal rise height. Subsequently, it falls due to 59 

the negative buoyancy, and behaves as a negatively buoyant plume. Figure 1 illustrates a 60 

schematic side view of the phenomenon. The dashed curve line is the centerline of the 61 

inclined dense jet, which is based on connecting the locus of maximum time-averaged 62 

velocity. The intersection of the jet centreline with the discharge datum is defined as the 63 

return point. The angle of inclination is θ, the jet exit velocity is U0, and the velocity 64 

along the centerline is Um. The horizontal and vertical coordinates of the velocity 65 

centerline are xm and zm, respectively. 66 

Quantifying the second or higher order turbulence characteristics of inclined dense 67 

jets (turbulence intensity, kinetic energy spectrum, etc), is also important towards the 68 

design objective as they signify the underlying turbulence mixing. In addition, for marine 69 

species that can only withstand the contaminant concentrations for a brief period of time, 70 

the resulting turbulence environment surrounding these species also needs to be assessed. 71 

Dense jet turbulence is complex in general and encompasses eddies with a wide range of 72 

time and length scales, with influence due to the stratified effects (both stable and 73 

unstable) around the jet’s boundary. 74 

Pope (2002) described the typical profile of temporal turbulence kinetic energy 75 
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spectrum. The lower frequency range of the spectrum represents the production range 76 

whereby the shear flows generate the larger size eddies that contain bulk of the 77 

turbulence kinetic energy. Towards the higher frequencies, the turbulence kinetic energy 78 

produced is then transported through the energy cascade to smaller eddies in the inertial 79 

subrange which exhibits a −5/3 slope for a high Reynolds number flow (Kolmogorov 80 

1941, Obukhov 1941). Beyond that, a steep slope of -3 might be observed for two-81 

dimensional eddies, before a very steep slope of -7 at the highest frequencies range which 82 

represents the viscous dissipation into heat (Heisenberg 1948).  83 

Attempts to quantify the turbulence kinetic energy spectrum of buoyant jets had 84 

been made for vertical discharges previously. The measurement approaches included the 85 

hot-wire probes (stationary and flying) and Laser-Doppler anemometers (LDA) which are 86 

accurate point-based techniques, and Particle Image Velocimetry (PIV) which has more 87 

noise but provides an area coverage (Westerweel et al. 2013). For example, Papanicolaou 88 

(1984) used LDA to measure the axial and radial velocity fluctuations of a vertical 89 

buoyant jet. In their study, the sampling duration was more than 100 seconds, and the 90 

sampling rate was as high as 200 to 1000 Hz. With PIV, Law and Wang (2000) and 91 

Wang and Law (2002) examined the turbulence characteristics of axi-symmetric round 92 

vertical buoyant jets including the turbulence intensities in both the axial and radial 93 

directions. However, due to the limitation of laser pulsed rate, images were recorded at a 94 

relatively low sampling frequency of 5 Hz. Thus, they were not able to resolve the inertial 95 

subrange of the turbulence kinetic energy spectrum which extended to higher frequencies 96 

and thus required faster temporal measurements. Deshpande et al. (2009) reported an 97 

experimental study to investigate the mean velocity and turbulence characteristics of a jet 98 

loop reactor. Measurements were made using LDA, Hot Film Anemometry (HFA), and 99 

PIV. However, only HFA and LDA results were presented for spectral analysis. Their 100 

study showed that the appearance of the inertial subrange can be delayed close to the 101 

nozzle due to the influence of the jet core. Fellouah and Pollard (2009) studied a turbulent 102 

round air jet using the single hot wire technique with Re = 6000, 10,000 and 30,000. The 103 

turbulence kinetic energy spectrum for the axial velocity spectra was investigated at 104 

different locations between 1 < x/D < 20. Their study showed that the energy spectrum 105 

began to display the turbulence cascade when x/D > 3. Similar turbulence measurements, 106 

however, had not been reported for inclined dense jets as far as we are aware. 107 
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Besides experiments, modeling studies on inclined dense jets had also been 108 

performed in recent years (e.g. Palomar et al. 2012). In particular, the use of numerical 109 

simulations with various Computational Fluid Dynamics (CFD) models to predict the 110 

mixing behavior is also becoming popular for engineering designs. Vafeiadou et al. (2005) 111 

used the software CFX with the Reynolds Averaged Navier-Stokes (RANS) model and k-112 

ε turbulence closure to simulate the mixing behavior of inclined dense jets. They reported 113 

some agreement of the numerical results compared to the laboratory measurements, 114 

however the terminal rise height was significantly underestimated. Oliver et al. (2008) 115 

also conducted a detailed numerical investigation of inclined dense jets using the RANS 116 

model. They concluded that the simulations provided a more accurate representation of 117 

the mixing processes for the inclined dense jet compared to the integral models. Gildeh et 118 

al. (2015) used the RANS model with different turbulence closures as well as the 119 

Reynolds Stress models (RSMs) (LRR and Launder–Gibson models) to simulate inclined 120 

dense jets. They concluded that RSMs generally yielded better results due to their ability 121 

to account for the anisotropic turbulence properties, but required more computational 122 

resources. More recently, Zhang et al. (2016) used the Large Eddy Simulations (LES) 123 

approach with both the Smagorinsky and dynamic Smagorinsky subgrid models to 124 

investigate the mixing behavior of 45° inclined dense jets. They showed that the 125 

simulations were able to reproduce the first order mixing characteristics of the inclined 126 

dense jet in a satisfactory manner. However, the dilution was underestimated which 127 

implied that some aspects of the turbulence mixing are not reproduced. Overall, the 128 

discrepancy in the predictions between the simulations and experiments in these studies 129 

demonstrated a need to further improve the understanding on the turbulence 130 

characteristics of the inclined dense jet. In particular, the study of the turbulent kinetic 131 

energy spectrum of the inclined dense jet will be useful in assessing the performance of 132 

the sub-grid models in LES so that more accurate simulations can be made in the future. 133 

In the present study, we performed an extensive laboratory investigation to quantify 134 

the turbulence characteristics of 45° inclined dense jets using the PIV technique. The 135 

objective was to obtain benchmark data to guide high resolution numerical simulations 136 

for dense jets. The PIV measurements were sampled at a relatively high frequency of 50 137 

Hz which enabled the resolution of the turbulence kinetic energy spectrum including the 138 

inertial subrange. Furthermore, we also performed numerical simulations using LES with 139 
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the Dynamic Smagorinsky sub-grid model and GCI grid convergence criteria reported 140 

recently in Zhang et al. (2016, 2017), for the discharge conditions adopted in the 141 

laboratory experiments. In the following, we shall first describe the experimental setup, 142 

and then the details of the numerical simulations. Finally, a discussion of the comparison 143 

between the experimental and simulation results, with a focus on the turbulence kinetic 144 

energy spectrum, will be given.  145 

2 Experimental setup 146 

Experiments were performed in a towing flume with dimensions of 6.4 m (L) × 1.0 m (W) 147 

× 0.7 m (H) at the Environmental Hydraulic Laboratory at NEWRI. The experimental 148 

setup is shown schematically in Figure 2. The flume walls were made of transparent 149 

glasses for observation and measurements. The ceiling area above the water surface was 150 

masked with black cloth to eliminate the light reflection from the surface. A discharge 151 

nozzle, which was attached to a constant head tank, was placed on top of the flume. The 152 

constant head tank was elevated at 1.2 m above the nozzle to provide the driving pressure 153 

head for the dense jet discharge. The flow rate was controlled by a solenoid valve and 154 

measured by a flowmeter (Yokogawa AXF015G).  155 

The experimental conditions are summarized in Table 1. A total of 13 experiments 156 

were performed with two nozzle diameters of 5.8 and 8.0 mm.  The discharge velocities 157 

were sufficiently high so that the discharge Reynold Number exceeded 4000 and the jets 158 

were turbulent in all tests. The densities were varied in the different experiments and the 159 

Densimetric Froude Number ranged from 11 to 35. The density of the source saline water 160 

was determined by a density meter (Anton Paar, DMA 35N), and controlled to be 2.9% to 161 

3.5% denser than the ambient water. The temperatures of both the ambient water and 162 

source solution were kept at 27.5 ± 1°C.  163 

The PIV technique was used to measure the velocity field of the inclined dense jet. 164 

A dual-cavity pulsed laser (Dantec Dynamics, Class 4 Nd:Yag, DualPower 50-100 Laser, 165 

pulse repetition rate up to 50Hz) was installed below the transparent bottom for the 166 

generation of laser sheets. A high speed Charge-Coupled Device (CCD) digital camera 167 

(Dantec Dynamics, SpeedSense 1040) was used for image capturing in 8 bits grayscale 168 
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with a maximum resolution of 2320 × 1726 pixels. It was typically set to double frame 169 

mode to synchronize with the dual-pulse laser, and its buffer size allowed a continuous 170 

acquisition of 25 s in full resolution. With this setup, the maximum laser pulsing 171 

frequency of 50Hz imposed the limiting constraint for the upper Nyquist frequency to be 172 

25 Hz as discussed in Law and Wang (2000). The seeding particles were polyamide 173 

particles with a size of 50 μm. 174 

For PIV, possible errors needed to be minimized at various stages of the 175 

measurement. The laser sheet should accurately penetrate the jet centerline plane and be 176 

carefully aligned with the jet discharge direction. A deviation of 1 mm between the jet 177 

center plane and laser sheet can cause a significant decrease in the values of the measured 178 

centerline velocity near the nozzle particularly with the small nozzle diameter of 5.8 mm 179 

in the experiments. Focusing the camera accurately was also found to be critically 180 

important for the turbulence measurements. Thus, before each experiment, the images 181 

were double checked to make sure that the particles in every interrogation window were 182 

clearly focused. In double frame mode, consecutive laser pulses were generated from two 183 

different laser sources. Therefore, the light intensities from the two laser pulses were also 184 

compared and aligned to ensure that the light intensity was almost equal between two 185 

consecutive images. In the present study, in order to further improve the accuracy as well 186 

as extend the time duration (number of images) for high quality second order turbulence 187 

statistics, the images were not recorded in full resolution but with decreased 1000 × 780 188 

pixels, so that the image buffer could store continuously for a longer duration of about 189 

100 seconds. As a result, only part of the dense jet can be captured in one image window 190 

with the actual physical size of 118 × 94 mm. Hence, the camera and laser were moved in 191 

a programmable manner to different locations during the experiment, until the composite 192 

images covered the entire trajectory of the inclined dense jet. For adaptive correlation 193 

analysis, the image was divided into interrogation areas (IAs). The smallest IA size was 194 

mainly determined by the requirement of having 5-15 seeding particles in each IA 195 

window (Law and Wang, 2000). In the present study, the image was divided based on 32 196 

× 32 pixels IAs, with each IA having a physical size of ~3.8 × 3.8 mm. The time between 197 

two consecutive laser pulse was also different for different parts of the dense jet due to 198 

the different velocities. For the part of the dense jet with velocities faster than 1.0 m/s, the 199 

time between pulse of 800-1200 μs was used, while for velocities less than 1.0 m/s, 1200-200 
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2500 μs was used instead. Finally, to reduce noise vectors, the algorithm of both “moving 201 

average validation” and "peak validation" were used during the adaptive-correlation 202 

analysis. Spurious vectors were removed when found, and replaced by the interpolation 203 

of three surrounding IAs. However, if the rejection percentage was high (exceeding 5%), 204 

we would repeat the measurements by varying the PIV parameters until the percentage 205 

became acceptable. 206 

3 Results and discussion 207 

3.1 Overall flow characteristics and jet trajectory 208 

Figure 3 shows the contours of the time average velocities of the inclined dense jet from 209 

the experimental measurements with Fr = 15 and 30 (Tests F6 and F12, respectively). 210 

The centerline of the dense jet is plotted in the figure as a dashed line. From the contours, 211 

the discharge momentum dominated in the region near to the nozzle, and the behavior of 212 

the dense jet was jet-like with the velocity distribution nearly symmetrical about the 213 

centerline. Further downstream, the dense jet became asymmetrical with its lower half 214 

spreading wider due to the detrainment by the buoyancy induced instability (Kikkert et al. 215 

2007, Papanicolaou et al. 2008, Crowe 2016b). We noted that the centerline trajectory of 216 

the inclined dense jet had been quantified in a number of previous studies (Shao and Law 217 

2010, Lai and Lee 2012). The trajectories in the present study (Tests F6, F8, F11, F12 and 218 

F13) were normalized by FrD and plotted in Figure 4. From the figure, the normalized jet 219 

trajectories showed a general profile independent of Fr, which was in agreement with 220 

previous observation e.g. Shao and Law (2010).  221 

3.2 Axial and cross-sectional turbulence intensity 222 

The normalized turbulence intensity of the stream-wise velocity along the trajectory of 223 

the inclined dense jet is plotted along the axial distance from the nozzle in Figure 5 (for 224 

Tests F6, F9, F11, F12 and F13). It can be seen that the turbulence intensity decreased 225 

from the nozzle until approximately 0.4FrD, and then began to increase reaching an 226 

averaged intensity of 0.3, which was close to the value of 0.27 obtained by Law and 227 

Wang (2000) for non-buoyant jets. This was consistent with the observation that the jet 228 
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was momentum-dominated in the rising trajectory. Near the terminal rise location (which 229 

was approximately at s = 2.0DFr), the intensity decreased slightly. Figure 6 illustrates the 230 

turbulence intensity of the radial velocity along the centerline of the inclined dense jet in 231 

the same distance range. The intensity varied from 0.12 to 0.28 correspondingly. Figure 7 232 

shows the cross-sectional distribution of the turbulence intensity (from Test F9). From the 233 

figure, the peak intensity appeared at the centreline, and the magnitude increased with the 234 

distance from the nozzle when s/FrD < 1.5. The cross-sectional profile was not axi-235 

symmetric. The turbulence intensity at the lower half of the dense jet was relatively 236 

higher than the upper half, which can be attributed again to the buoyancy-induced 237 

instability.  238 

3.3 Energy spectrum and Turbulence Kinetic Energy (TKE)  239 

A total of 8 locations along the velocity centreline (x/FrD = 0.3, 0.5, 0.9, 1.2, 1.5, 1.8, 2.1 240 

and 2.4) were selected for the spectral analysis. Their positions are shown in Figure 8. 241 

From Shao and Law (2000), the terminal rise of the 45° inclined dense jet occurs around 242 

x/FrD = 1.7. Hence, these eight locations included both the rising and falling stages of the 243 

inclined dense jet. 244 

Figure 9 shows the turbulence kinetic energy spectrum at the centreline peak (Point 245 

6) with different Fr (from Tests F6, F9, F11 and F12). Each energy spectrum was 246 

averaged from three repeated tests (100-120 seconds for each test). The inclined dense jet 247 

was driven by the upward discharge momentum to reach this location, and it was 248 

travelling primarily in the horizontal direction just before the excess buoyancy force 249 

drove it downward. From the figure, the magnitude at the lower frequency range (f < 1 250 

Hz) of the spectrum increased with the discharge velocity Uo and thus Fr. This was 251 

consistent with the trend for the turbulence kinetic energy (TKE) as bulk of the 252 

turbulence energy should be contained in this production range. Comparatively, the 253 

influence was negligible for higher frequencies (f > 1 Hz). The measured spectrum 254 

exhibited the inertial subrange of −5/3 slope approximately from 2 Hz to 20 Hz, which 255 

was similar to the study for vertical buoyant jets by Papanicolaou (1984). There also 256 

appeared to be a correlation that the subrange began at a higher frequency with a lower 257 

Fr. At even higher frequencies (beyond 20 Hz), there were substantial noises due to the 258 
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uncertainties of the PIV technique which led to a flattening white noise profile that was 259 

not physically meaningful (Foucaut et al. 2004). 260 

Figure 10 shows the turbulence kinetic energy spectrum at the other locations from 261 

the nozzle (for Test F11, Fr = 25). From the figure, the spectral profile was flat at the two 262 

locations of Points 1 and 2 near to the nozzle, and the inertial subrange cannot be 263 

distinguished. This was attributed to the fact that the two points were inside the potential 264 

core of the dense jet. Thus, the production of turbulence kinetic energy by the Kelvin-265 

Helmholz shear-induced eddies at the jet boundaries had not penetrated there yet. Similar 266 

conclusion was also drawn by Deshpande et al. (2009), which showed the appearance of 267 

inertial subrange delayed close to the nozzle due to the influence of the jet core. 268 

The spectra at Points 3 and 4 showed the evolution of turbulence as the dense jet 269 

moved further away from the nozzle, with the slope for the inertial subrange 270 

progressively emerged. At Points 5 and 6 (centreline peak), the inertial subrange became 271 

clearly identifiable and spanned approximately from 2 to 20 Hz, which implied that the 272 

flow had reached the fully-developed state. It can also be observed that the spectral 273 

profile at lower frequencies increased slightly with the axial distance, which implied an 274 

increase in the turbulence energy production before the dense jet reached the centreline 275 

peak (Point 6). This observation was consistent with Fellouah and Pollard (2009) who 276 

measured for a turbulent round air jet. In the falling stage (Points 7 and 8), the turbulence 277 

energy production began to reduce and the magnitude of the spectral profile at the lower 278 

frequencies also decreased.  At all locations, the limit of the turbulence kinetic energy 279 

spectrum was constrained by the temporal PIV frequency of 50 Hz and the corresponding 280 

Nyquist frequency of 25 Hz (Law and Wang, 2000) as discussed above. Thus, the 281 

spectral profile near and beyond 25Hz was unreliable and had a typical random noise-like 282 

behaviour. 283 
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4 Large Eddy Simulations 284 

4.1 Previous LES modeling work on 45° inclined dense jet 285 

As discussed previously, Zhang et al. (2016, 2017) simulated the mixing of 45° inclined 286 

dense jets by means of the LES approach, with both the Smagorinsky and dynamic 287 

Smagorinsky sub-grid scale (SGS) models using GCI as the grid convergence criteria. 288 

Their analysis included the jet trajectory, jet spread, eddy structures and turbulence 289 

intensity. Their results showed that LES was able to predict the geometric characteristics 290 

of the inclined dense jet satisfactorily. At the same time, the dilution was underestimated, 291 

which was grossly attributed to the stratification effects on the convective mixing inside 292 

the sub-grids. 293 

In the present study, the LES simulations were repeated for the specific discharge 294 

conditions as in the experiments using the dynamic Smagorinsky sub-grid scale (SGS) 295 

model and GCI grid convergence criteria. The details of the LES simulations are briefly 296 

given in the following. More details can be found in Zhang et al. (2016, 2017). 297 

4.2 LES simulations 298 

4.2.1 Governing equations 299 

In the LES approach, eddies are filtered into large and small sizes based on the local sub- 300 

grid sizes. The relatively large energy-containing eddies with sizes bigger than the sub-301 

grids are directly simulated by using the instantaneous Navier-Stokes equations, while the 302 

small eddies within the sub-grid are modeled by a sub-grid scale stress term. The filtered 303 

continuity, momentum and concentration transport equations in Cartesian coordinates 304 

(Pope 2002) for LES are shown from Eqs. (1) to (3), respectively: 305 
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where are the velocity in direction, respectively; is the fluid density; p is the 307 

pressure; t is the time; g is the gravitational acceleration;  is the fluid viscosity;  is 308 

the scalar diffusivity;  is the scalar term; the overbar indicates time-averaged variables 309 

and the tilde indicates spatially filtered variables;                      are the SGS 310 

Reynolds stresses and                    are the SGS scalar flux. 311 

The dynamic Smagorinsky SGS model is among the most popular in the existing 312 

SGS models so far (Dejoan and Leschziner 2005, Zhang et al. 2016). It represents the 313 

SGS stress tensor and SGS scalar flux in the format shown in Eqs. (5) and (6) 314 

respectively: 315 
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and further modified by Lilly (1992) as follow:  324 
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where the angular brackets indicate a spatial averaging procedure over directions of 328 

statistical homogeneity, and the caret indicates a spatial filtered quantity on the test-filter. 329 

For calculating the scalar transport, the following equations were further developed (Lilly, 330 

1992). 331 
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 336 

4.2.2  Numerical setup 337 

In the present study, the equations were discretized using the finite volume method, and 338 

simulations were performed using the open source CFD package OpenFOAM (Jasak 339 

2009). The implementation of the governing equations in OpenFOAM was carried out 340 

with the turbulence solver, twoLiquidMixingFoam. It is a standard solver for the mixture 341 

flow of two incompressible fluids, and has been used and validated in many studies 342 

(Gruber et al. 2011, Lai et al. 2015 and Zhang et al. 2016). 343 

4.2.3 Physical parameters 344 

To evaluate the grid convergence, a series of mesh scheme were configured and tested for 345 

simulating the first order average characteristics first. After that, the selected grids were 346 

further tested for simulating the turbulence characteristics of the inclined dense jet.  The 347 

numerical conditions for the simulations cases are listed in Table 2. The fluid viscosity 348 

and diffusivity were 10-6 kg•m-1s-1 and 10-9 m2/s, respectively. The density of ambient 349 

water was 997.3 to 998.5 kg/m3, and two port diameters of 5.8 and 8.0 mm were used. 350 

The numerical conditions were identical to the physical parameters used in the 351 

experiments.  352 
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4.2.4 Computational domain 353 

Figure 11 shows a schematic diagram of the computational domain, where the origin of 354 

Cartesian coordinates was set to the center of the discharge nozzle. The distances from 355 

the port to the back (L1), front (L2), left (W2) and right sides (W1), and surface (H) 356 

boundaries for each case were always larger than 1DFr, 8DFr, 4DFr, 4DFr and 4DFr, 357 

respectively, to ensure sufficient clearance to resolve the dense jet under full 358 

submergence (Jiang et al. 2014). The distance to the bottom boundary (h) was larger than 359 

1DFr, which was sufficient to avoid the Coanda effect (Shao and Law, 2010).  360 

4.2.5 Computing conditions 361 

The boundary condition at the top surface of the computational domain was set to free 362 

slip, while a zero gradient open boundary was used for the left, right, bottom, back and 363 

front boundaries. The nozzle opening was set as a velocity inlet with a uniform discharge 364 

velocity and a turbulence intensity of 5-10%. The corresponding dense fluid density was 365 

specified in Table 1. The other surfaces of the discharge tube were set to be wall 366 

boundaries. A second order implicit backward scheme was used for the discretization of 367 

the temporal term. An upwind and a linear scheme were used to compute the divergence 368 

term and the Laplacian term, respectively. The convergence criterion of 10-6 was set for 369 

the velocities simulation.  370 

4.2.6 Computing hardware 371 

The simulations were performed with parallel computing at the High Performance 372 

Computing Centre at the Nanyang Technological University. The calculations of each 373 

case were decomposed using the technique of domain decomposition and computed with 374 

parallel executions using 16 or 96 CPU cores. The time of simulation duration, ts, from 375 

the beginning of the simulated discharge was from 60s to 130s to ensure the flow was 376 

fully-developed and had reached steady state. For most of the LES simulations, the real-377 

time computing duration ranged from 8-18 days as shown in Table 2.  378 
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4.2.7 Grid scheme 379 

The computational domain was discretized with a stretched and structured mesh with 380 

increasing grid spacing from the center of the nozzle to the boundaries. In addition, a 381 

double refinement was performed within the region that covered the potential core of the 382 

dense jet. The grids attached to the discharge tube were generated by the snappyHexMesh 383 

tool in openFOAM, which can divide a base structured cell into several sub-cells and then 384 

snap the sub-cell boundaries onto the surface of the discharge tube.  385 

In theory, if the LES grid spacing is sufficiently small into the inertial subrange, the 386 

sub-grid model would then be able to represent the turbulence within the cell in an almost 387 

exact manner. In the present conditions, however, the Kolmogorov length scale was 388 

estimated to be about 2.4×10-5 m. This requirement was too demanding with respect to 389 

the computing resources available to this study. Thus, similar to Zhang et al. (2016), the 390 

method of Grid Convergence Index (GCI) (Celik et al. 2008) was used instead for the 391 

gross grid convergence. The first order key parameters selected for GCI evaluation were 392 

the centreline peak velocity and centreline peak height of the inclined dense jet. In 393 

addition, the effect of grid size for the simulation of the turbulence spectrum beyond GCI 394 

was also examined through different mesh schemes. Three different meshes with the 395 

minimum grid spacing of 3.0×10-3, 2.2×10-3 and 1.1×10-3 m were used, the grid spacing 396 

of the mesh was increasing from the centre of the port to the boundaries. In particular, a 397 

double refinement was performed within a region that covered the core of the jet, as 398 

shown in Figure 12. The corresponding grid numbers were 8, 10 and 16 million, 399 

respectively (shown in Table 2). The numerical conditions were as follow. Cases N1A 400 

and N1B simulated experimental Test F1 (Fr = 11, D = 8mm) by using two different grid 401 

spacing with grid numbers of 8 and 10 million, respectively. Case N6A simulated the 402 

Test F6 (Fr = 15, D = 5.8mm) with grid number of 16 million. Cases N9A, N9B and N9C 403 

simulated Test F9 (Fr = 20, D = 5.8mm) with 8, 10 and 16 million, respectively, and 404 

Cases N11A and N11B simulated Test F11 (Fr = 25, D = 5.8mm) with 10 and 16 million, 405 

respectively. Finally, Case N12A simulated Test F12 (Fr = 30, D = 5.8mm) with the grid 406 

number of 16 million. 407 
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4.2.8 Overall flow characteristics and jet trajectory 408 

Figure 13 shows the mean velocity contours from experimental Test F6 and numerical 409 

Case N6A. The centerlines are plotted as black dashed lines in the figure. The simulated 410 

behavior was in general agreement with the experiment as mentioned before, with the jet-411 

like stage in the region near to the nozzle. The flow field was symmetrical about the 412 

centerline in the region near to the nozzle, and became asymmetrical further downstream 413 

due to the buoyancy induced instability. The simulated velocity magnitudes in Figure 414 

13(b) were also close to the experimental results. 415 

Figure 14 shows the normalized jet trajectories for both the experiments (Tests F6, 416 

F9, F11, F12 and F13) and simulations (Cases N1B, N9B, N11B, N12A). From the figure, 417 

the trajectories showed a general profile independent of Fr, which was consistent with 418 

previous observation e.g. Shao and Law (2010). However, the centerline peak height was 419 

lower than the numerical results of the linear eddy viscosity models (RNG k-ε and 420 

realizable k-ε models) and Reynolds stress models (LRR and Launder-Gibson models) 421 

reported by Gildeh et al. (2015). It also can be observed that the centerline peak height 422 

from the nonlinear eddy viscosity model (nonlinear k-ε model) was much larger than the 423 

results from LES as well as experiments. Upstream of the centerline peak, the simulated 424 

trajectories by LES agreed well with the experimental results. Beyond that, the rise height 425 

from LES simulation was slightly larger than the experimental results, but was still within 426 

the range of experimental data observed previously.  427 

4.2.9 Velocity decay 428 

The velocity decay along the centerline was determined from both the experimental and 429 

numerical results. Previously, Chen and Rodi (1980) suggested a power law relationship 430 

for vertical buoyant jets between the non-dimensional centerline dilution and distance 431 

from the nozzle as follow: 432 

 433 

Fr.Cm/C0=a(z/D/Fr)b                                                    (15) 434 

 435 

where a and b are constants dependent on whether the flow is in the jet-like, transition, or 436 

plume-like regime. Shao and Law (2010) observed a similar relationship for the velocity 437 
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decay between FrUm/U0 and s/D/Fr for the inclined dense jet, where s is the axial 438 

distance along the centerline. The variations of the normalized maximum centerline 439 

velocity and normalized downstream distance are presented in Figure 15, where the axes 440 

are in a logarithmic scale. s was calculated in a discretized manner both for the 441 

experiments (Tests F1, F6, F7, F9 and F11) and numerical simulations (Cases N1B, N9C). 442 

As seen from the figure, the numerical results followed the experimental data reasonably 443 

well. The transition regime can be observed approximately at 1.0 < s/D/Fr < 8. Moving 444 

away from the nozzle, i.e. s/D/Fr > 1.0, the data points collapsed on a curve with the 445 

relationship of FrUm/U0 = 4.8(s/D/Fr)-1.1, which was consistent with the observation 446 

reported by Shao and Law (2010). Nevertheless, it should be noted that the larger 447 

exponent on the right hand side beyond 1.0 indicated the early effect of buoyancy on the 448 

jet-like range. 449 

4.2.10 Velocity fluctuations 450 

Figure 16 shows the velocity fluctuations at the centerline peak (Point 6) for the 451 

Experimental Test F1 and Numerical Cases N1A and N1B. The time average velocity 452 

was close to 0.11 m/s for both. However, N1A had a relatively coarse grid with a total 453 

grid number of 6 million, and the magnitude of velocity fluctuations was much smaller 454 

than what was measured in the experiments as shown in the figure. Thus, although both 455 

N1A and N1B satisfied the GCI criteria in terms of convergence for the first order 456 

parameters, the turbulence intensities for N1A were grossly underestimated. 457 

Comparatively, the magnitude of the velocity fluctuations in N1B using a finer grid 458 

scheme was much closer to the experimental results. Therefore, simulation results from 459 

N1A and N9A which had the coarse grid were not presented in the following discussion.  460 

This demonstrated that further examination of turbulence details is necessary in order to 461 

achieve satisfactory predictions on turbulence mixing characteristics. 462 

4.2.11 Cross-sectional velocity profile 463 

The cross-sectional distributions of the normalized average stream-wise velocity (U/Um) 464 

are plotted in Figure 17 at four different locations (s/FrD = 0.4, 0.8, 1.2 and 1.6 465 

respectively) along the centerline (for Test F11 and Case N11B, Fr = 25). In the figure, 466 

the upper and lower halves of the inclined dense jet are represented by negative and 467 
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positive values of r/D, respectively. Again, it can be observed that near to the nozzle (e.g. 468 

sFr/D = 0.4), the velocity profiles were symmetrical and followed the Gaussian 469 

distribution. Further downstream, the spread of the lower half became wider. The 470 

asymmetry increased with s/FrD, and the profile deviated from the Gaussian curve 471 

progressively. The behavior was again repeated in Figure 18 (Tests F1, F6, F9, F11 and 472 

Cases N1B, N6A, N9C, N11B) whereby the normalized stream-wise velocity is plotted 473 

with different normalized values of s/DFr. Overall, the simulated results can be seen to 474 

be in good agreement with the experimental data. 475 

The normalized 1/e widths for the upper half of the dense jet (defined as where the 476 

velocity decreases to e−1 of the centerline maximum value in the cross-section) from the 477 

experiments (Tests F1, F6, F7, F9, F11 and F12) and simulations (Cases N9C, N11B and 478 

N12A) are shown in Figures 19 and 20. Generally, the 1/e width increased linearly with 479 

the stream-wise distance as had been commonly reported in previous studies (Lai and Lee 480 

2012, Crowe 2016a). However, in Figure 20, the lower half of the dense jet can be 481 

observed to grow markedly faster than the upper half (~0.14 for the upper half and 0.36 482 

for the lower half). The numerical results were close to the experimental results for the 483 

upper half, but much lower for the lower half where the buoyancy induced instability 484 

creates turbulence production in high frequencies. However, resolving the high 485 

frequencies required much smaller grid spacing, which beyond the available 486 

computational resources at present. 487 

4.2.12 Axial and cross-sectional turbulence intensity 488 

The simulated (Cases N9C, N11B and N12A) stream-wise turbulence intensity along the 489 

centerline trajectory is plotted in Figure 21. The stream-wise intensity increased until s = 490 

1.5FrD and began to decrease after that. The simulated intensities were slightly lower 491 

than the experimental results (Tests F6, F9, F11, F12 and F13). Figure 22 illustrates the 492 

simulated radial intensity along the trajectory in the same spatial range. The radial 493 

intensity varied from 0.12-0.20 with an average of 0.15, which was close to the 494 

experimental results.  495 

In Figure 23, the turbulence intensity profile at the centerline peak is compared 496 

between Experimental Test F9 and Numerical Case N9C. At this location, the simulated 497 
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turbulence intensity was lower in the upper and particularly the lower half where the 498 

buoyancy-induced instability was present. Again, both the experimental and numerical 499 

results showed that the cross-sectional distribution of turbulence was not axis-symmetric. 500 

The intensity in the lower half was obviously larger than the upper half when s > 1.5FrD. 501 

Closer to the nozzle when s = 0.5FrD and 1.0FrD, double peaking of turbulence intensity 502 

can be clearly observed from the simulated profile. On the contrary, the distribution was 503 

uniform in the central region of the inclined dense jet from the experimental 504 

measurements. This direct comparison implied that the magnitude of turbulence inside 505 

the dense jet was higher in the experiment which led to stronger lateral mixing that 506 

diminished the distribution peaks. 507 

4.2.13 Turbulence kinetic energy spectrum and Turbulence Kinetic Energy (TKE)  508 

Figure 24 shows the comparison of spectra at the centreline peak for Experiment Test 509 

F12 and Numerical Cases N12A and N12B. The difference between the simulated energy 510 

spectra for Cases N12A and N12B was small, yet it can be clearly observed that N12B 511 

with the finer grids yielded higher turbulence energy production before the inertial 512 

subrange. The numerical and experimental spectra had similar magnitude at the lower 513 

frequencies representing the main production range approximately up to ~1 Hz. Thus, the 514 

results implied that the present LES simulations can efficiently resolve bulk of the 515 

turbulence kinetic energy for the inclined dense jet. However, the simulated spectral 516 

profiles dropped off much faster compared to the experiments towards the higher 517 

frequencies, with the inertial subrange showing up much earlier in the lower frequencies 518 

for both N1A and N1B. Thus, the additional turbulence energy production in this 519 

transitional range which was obviously present in the physical tests, was not fully 520 

reproduced in the LES simulations. 521 

The stream-wise turbulence kinetic energy spectrum at the different locations are 522 

shown in Figure 25 for Experimental Test F9 and Numerical Case N9C (Fr = 20), and 523 

also Figure 26 for Test F12 and Case N12B (Fr = 30). Earlier, we had discussed that the 524 

experimental spectral profiles at Points 1 and 2 were relatively flat which can be 525 

attributed to the presence of the potential core. This can also be seen in the numerically 526 

simulated spectra up to about ~1 Hz (i.e. below the sub-grid modeling frequency), but not 527 

for higher frequencies. The likely reason was that the LES simulation had assumed sub-528 
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grid turbulence characteristics following the Dynamic Smargorinsky model, which was 529 

not strictly applicable for this potential core region. From Points 1 to 8, the simulated 530 

spectrum decreased with the log slope which was approximate -5/3 between the 531 

frequency of 2 to 20Hz. Subsequently, the predicted spectrum decreased much faster at 532 

higher frequencies. The magnitude of the turbulence energy density simulated by LES at 533 

low frequencies (less than 1Hz) was close to the experimental results. However, the 534 

simulated turbulence energy density failed to capture the energy production between ~1 535 

to 3 Hz before the start of the inertial subrange. We believe that the main source of this 536 

transitional energy production was due to stratified effects within the sub-grid, 537 

particularly the convective overturning due to the buoyancy induced instability at the 538 

lower half of the inclined dense jet. Comparing Figs 24 and 25, the agreement between 539 

experimental and LES results improved, which was consistent with the expectation that 540 

the transitional turbulence production due to buoyancy induced instability played a lesser 541 

role in Test F12 with higher Uo and thus Fr which would be more jet-like. Further 542 

refining the grid spacing and increasing the grid number beyond 16 million was not 543 

possible in this study due to the constraint in computational resources and budget. We 544 

note that our constraint is already at the higher end of what would be typically available 545 

to engineering companies to validate their final design at the moment. 546 

5 Conclusion 547 

An experimental investigation was performed to quantify the turbulence characteristics of 548 

45° inclined dense jets using the PIV technique. The objective was to provide benchmark 549 

data to guide high resolution turbulence simulations of dense jets in the future. The PIV 550 

measurements were taken at a high sampling frequency so as to resolve the turbulence 551 

kinetic energy spectrum at different locations along the jet trajectory (which was 552 

identified using the time-averaged velocity field). The average velocity of the inclined 553 

dense jet generally decayed with the stream-wise distance of s following the relationship 554 

of FrUm/U0=4.8(s/D/Fr)-1.1 after s/Fr/D > 1.0. The experimental turbulence kinetic 555 

energy spectrum decreased with the log slope of -5/3 at the frequency from ~2 to 20Hz 556 

near and beyond the centreline peak. LES simulations with different mesh schemes were 557 

also conducted. The simulated turbulence kinetic energy spectrum was close to 558 
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experimental results for lower frequencies (from 0.01-1.0Hz), however the transitional 559 

energy production beyond ~1 Hz and before the inertial subrange was not reproduced 560 

satisfactorily in the simulations due to the minimum grid spacing adopted. In summary, 561 

the present results demonstrated that the evolution of the turbulence characteristics for 45 562 

degree inclined dense jet along the trajectory is complex, and thus the numerical 563 

modelling of the mixing behaviour is challenging. The LES simulations performed in this 564 

study was able to reproduce the first order dense jet mixing characteristics and also a 565 

large part of the turbulence spectrum at the production range when proper sub-grid model 566 

and grid size were selected. However, the results also show that further improvement in 567 

terms of sub-grid models that can incorporate the stratification effects is necessary for 568 

engineering simulations in the future. 569 
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Figure 10  752 
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Figure 11 755 
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(a) Plane View 758 
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(b) Section view 760 
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Figure 13 768 
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Figure 14 771 
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Figure 15 774 
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Figure 16 776 
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Figure 18 781 
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Figure 20 789 
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Figure 22 794 
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Figure 25   805 

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 1

 

E(
m

2 /s
2 /H

z)

f(Hz)
10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 2

 

E(
m

2 /s
2 )

f(Hz)

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 3

 

E(
m

2 /s
2 )

f(Hz)
10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 4

 

E(
m

2 /s
2 )

f(Hz)

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 5

 

E(
m

2 /s
2 )

f(Hz)
10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 6

 

E(
m

2 /s
2 /H

z)

f(Hz)

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 7

 

E(
m

2 /s
2 )

f(Hz)
10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 8

 

E(
m

2 /s
2 )

f(Hz)
10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 1

 

E(
m

2 /s
2 /H

z)

f(Hz)

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 1

 

E(
m

2 /s
2 /H

z)

f(Hz)

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 1

 

E(
m

2 /s
2 /H

z)

f(Hz)

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 1

 

E(
m

2 /s
2 /H

z)

f(Hz)

10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 8

 

E(
m

2 /s
2 )

f(Hz)
10-2 10-1 100 101 10210-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

Point 8

 

E(
m

2 /s
2 )

f(Hz)

(g) 

(e) (f) 

(d) (c) 

(b) (a) 

(h) 



46 
 

806 

807 

808 

 809 
Figure 26  810 
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List of Tables 812 

Table 1 Experimental conditions 813 

Test No. D 
[mm] 

U0 

[m/s] 
ρ0 

[kg/m3] 
ρa 

[kg/m3] 
g0

′ 

[m/s2] 
Re Fr 

       F1 8.0 0.53 1028 998.5 0.30 4240 11.0 
F2 8.0 0.58 1028 998.5 0.30 4797 12.0 
F3 8.0 0.98 1028 998.5 0.30 7840 20.4 
F4 8.0 1.06 1028 998.5 0.30 8480 22.0 
F5 8.0 1.45 1028 998.5 0.30 11600 30.1 
F6  5.8  0.67  1033  998.5 0.34  3886 15.1  
F7 5.8 0.75 1033  998.5 0.34 4350 16.9 
F8 5.8 0.84 1033  998.5 0.34 4872 18.9 
F9 5.8 0.86 1030 997.3 0.32 5046 20.0 
F10  5.8  0.89 1032  997.1 0.34  5162  20.0  
F11 5.8 1.08 1030 997.3 0.32 6235 25.0 
F12 5.8 1.29 1030 997.6 0.32 7482 30.0 
F13 5.8 1.51 1030 997.6 0.32 8737 35.0 

 814 

Table 2 Numerical conditions 815 

Case 
No. 

D 
[mm] 

U0 

[m/s] 
ρ0 

[kg/m3] 
ρa 

[kg/m3] 
g0

′ 

[m/s2] 
Re Fr 

Number 
of 

computing 
CPU core 

Number 
of grids 
points 

(million) 

Run time 
(days)  

for 120s 

         N1A  8.0 0.53 1028 998.5 0.30 4240 11.0  96 8 8 
N1B  8.0 0.53 1028 998.5 0.30 4240 11.0  96 10 12 
N6A 5.8 0.66 1030 997.6 0.32 3842 15.1 96 16  18 
N9A 5.8 0.86 1030 997.3 0.32 5046 20.0 16 8 12 
N9B  5.8 0.86 1030 997.3 0.32 5046 20.0 96 10 12 
N9C  5.8 0.86 1030 997.3 0.32 5046 20.0 96 16 17 

N11A 5.8  1.08 1030 997.3 0.32 6235 25.0  16 10  10 
N11B 5.8 1.08 1030 997.3 0.32 6235 25.0  96 16  17 
N12A 5.8 1.51 1030 997.6 0.32 8737 30.0 96 10  12 
N12B 5.8 1.51 1030 997.6 0.32 8737 30.0 96 16  18 

 816 


