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J. A. Davis, J. Jedwab, and M. Mowbray (1998, Des. Codes Cryptogr. 13, 131-146)
gave two new constructions for semi-regular relative difference sets (RIDSs). They
asked if the two constructions could be unified. In this paper, we show that the two
constructions are closely related. In fact, the second construction should be viewed as
an extension of the first. Furthermore, we generalize the second construction to obtain
new RDSs.

I. INTRODUCTION

Let G be a group of order mu and U a normal subgroup of G of order wu.
A k element subset R of G is called an (m,u, k, A)-relative difference set in
G relative to U if the expressions gh ™~ ', g.h € R and g # h, represent each element
in G\ U exactly /4 times and do not represent any element in U\ |1}. For reference
on relative difference sets, we refer the reader to a survey by Pott [8].

We call an (m. u, k, A)-relative difference set R semi-regular if k = u4. In the
case mu 1s a power of a prime, 1.e., the order of the group involved is a prime
power there are many known families of semi-regular difference sets. For
reference, we refer the reader to [7, Chap. 4]. However, semi-regular differ-
ence sets in groups of non-prime power order are very rare. Pott remarked in
his book [7] that the only known semi-regular RDS with mu not a prime-
power were (m. 2, m, m/2)-difference sets. It is also known that the existence of
(m,2,m,m/2)-RDS is related to the existence of a certain Hadamard difference
set. For further details, refer to [ 7, Chap. 2]. In [2], Davis et al. give two new
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constructions of semi-regular relative difference sets with v > 2 and mu not
a prime-power. In their first construction, m is not a 2-power but v can be any
2-power. Whereas in the second construction, the forbidden subgroup has
order 3. At the end of the paper, they ask if the two constructions can be
unified. The answer would be clearer if the second construction can be
modified to obtain a (27(27 — 1), 271, 2727 — 1), 2/(2? — 1)*“)-semi-regu-
lar RDS in Z3» 12 x Z30 relative to a subgroup isomorphic to Z,» in the case
where 27 — 1 is a prime. In this paper, we show that such a modification is
possible and thus obtain many semi-regular difference sets with new para-
meters. Our construction is actually inductive in nature and the first step is
based on the first construction in [2]. With a slight variation, it also allows us
to recover the second construction in [2] as well.

Not only are we able to construct semi-regular difference sets with new
parameters, but also obtain new semi-regular difference sets with old para-
meters. Note that all (2743, 3, 23, 22“)-RDSs constructed in [2, Theorem 4.1]
are contained in a group isomorphic to Z3« x Z3. We may ask if it is possible
to construct a (2243, 3, 2“3, 22¢)-RDS in a group not isomorphic to Z3« x Z3,
i.c., the 2-Sylow subgroup is not ismorphic to Z3-. Indeed, we shall show that
the 2-Sylow subgroup can be isomorphic to Z3{+: x Z3/~ 2" where t,1.I" are
nonnegative integers with a = t/ 4+ I" and I' < I. The key is to observe that in
[2. Theorem 4.1], the 2-Sylow subgroup of G can be viewed as the additive
group, Z,« x Z,=. However, Z,« x Z,« may be viewed as the direct product of
two copies of the local ring Z,+. Thus, we may try to replace Z,+ by a finite
chain ring of the same order.

2. THE CONSTRUCTION

To facilitate the study of relative difference sets in a group G, we often make
use of the group ring Z[G]. Throughout this article, we identify a subset of
a group with its corresponding element in the group ring. A subset E of G 1s an
(m,u, k, 2)-relative difference set relative to a normal subgroup U if and only if

EE" Y =k + (G — U).

When G is abelian, we often apply character sums to determine if a set E is an
RDS in G. In [2], Theorem 3.3 and Theorem 4.1 are proved by using
character sums. Our construction is motivated by our attempt to find
algebraic proofs for the two constructions given in [2]. As it turns out, the
algebraic proofs shed light on what the “correct™ construction should be.

Finite local principal chain rings have often been used in the construction
of various types of difference sets. In [1, 3-5, 9], the difference sets constructed
are actually the additive groups of finite chain rings.
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Let p be a prime. Given any positive integers n, [ with [ < n, there exist
integers t,/" such that n =t/ + I' and I' < [. By [6, Theorem XVIIL.5], the ring
R = Z i+ [X]I,.-"(X" — p.p'X")is a local principal ideal ring. Let m denote the
element X + (X' — p. p'X") in R. Obviously. (7) is the maximal ideal of R. For
convenience, we denote () by m. Clearly, R/m=[F,. Moreover, by [0, Theo-
rem XVIL5]. the nilpotence of m is I' + t/ = n. Hence, 7" ' 0and 7" = 0.
By [6. Lemma XVIIL.4 (c¢) and (d)]. we conclude that as an additive group,
R=Z'- xZ'7". Note that R has p" elements.

From now on, we assume R, m, and = as defined above. Writing @ for the
ring addition in R, we then have

R=1b,®b,n® --- @b, """ 1 b €l0.1....p —1}}.

We also define R = {by@b,n@® --- @b, 7" *:b;]0,1,..., p—1}} if
n>=2and R"= [0} when n = 1.
Let K = {(o, f):o. ff € R}, with a multiplicative group operation given by

(. o, )= @ o’ BB P).

There i1s a natural action of the additive group of R on K. For x = (2, ff)) e K
and r € R, we use the notation x" to denote the element (ro, rf) of K. It is clear
that this notation is consistent with the multiplication defined on K. More-
over, we use {{x)) to denote the set {x":r € R}, which is the orbit of x under
the action of R.

The proof of the following lemma is straightforward, so we omit it.

LemMa 2.1, (1) For any x e K, {{x>» is a subgroup of K.
(i) For x e K and r,s e R, if r €(s), then {{x">> = {{x*>).
(ii1) For x e K, {{x>>» D {x>» and ((.\‘“”_'>> = <.\'“n_l>. Here {x) denotes

the subgroup generated by x in K.

- . n—1 .
Remark. In view of Lemma 2.1 (ii1). we often write {x™ > instead of

XTI,

For 0 <i < p, we define elements x;,y; of K as

(1,17) if i#p (0, 1) if i#p
X; = _ and Vi = .
(0,1) if i = p. | (1.0) if i = p.

For 0 <i<p and keR', we use I,, to denote the subgroup {<{x;y™>>.
When expressed as elements in R x R, x;y™ = (1.i + nk) when i < p and
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X, vk = (mk, 1). Hence,

‘r(1,i + wk):reR! when i < p.
x>y = { ML el “

‘r(nk, 1):r eR} when i = p.

[t 1s easy to see that [, has p” elements. Observe that J:}‘"_' = (0, 7" 1) % (0,0)
when i # p and }-]f,"_l = (7" 1. 0) # (0. 0). However, U.;z"‘i]p = (0.pr" 1) =

(0,0) and (y2' )? = (pr"~1.0) = (0,0). Hence (y* > is a cyclic subgroup of
order p.

Remark. When n =1, R is none other than the finite field F,. R x R is
a two-dimensional vector space over F,. and the I, , are lines in [Fﬁ going
through the origin. When n > 1. R is no longer a finite field, but I, ; can still
be regarded as rank 1 free R-submodules of R x R.

From now on, we assume p = 2 or p is a Mersenne prime with p = 2“ — 1.
It turns out that K is not the group where in which we shall construct our
relative difference sets. Instead we shall construct semi-regular relative differ-
ence sets in K x H relative to U where

H:{% ?fp:T’—l
Z3 if p=2,

and U < H 1s a subgroup isomorphic to Z5 if p = 2% — 1, and isomorphic to
Z4 if p=2. From now on, H and U are fixed throughout the paper.

Remark. 1t will be shortly seen that U may be identified with the additive
group of the finite field F, . ;.

The second ingredient for our construction involves subsets in K x U that
satisfy a certain condition. In the case where p = 2“ — 1 is a Mersenne prime.
Davis et al. [2, Lemma 3.1] found a set § in the group Z, x Z5 such that
SSCb = L,x25 —Z,—Z% + (p+ 1). This set turns out to be crucial in our
construction as well. Here, we give another view on how § is found.

Actually, such an S exists as long as p + 1 is a prime power. In other words,
S exists even in the case when p = 2. Note that when p + 1 is a prime power,
the finite field F,,, exists. Consider the ring W = F,.[X]/(X)) =F,., +
F,+17.wherey = X + (X?). Note that p? = 0. Let W* be the group of units in
W. Clearly,

W= = Et( + hﬂf":(‘ # 0‘-b EIF.IJ‘— 1 : = IF.U+1 ) [1 + b}.-:f_] EIF.U+1,}"



For convenience, we define U= |1 + by:b Eﬂ:p+1, Clearly, U’ 1s a sub-
group of order p+ 1. Hence U'=Z; if p=2. If p+ 1 =2 then for any
belF,.;.(1+ by)~' = (1 + by) as charlF,,, = 2 and 1> = 0. Hence, U'= 74
when p # 2. On the other hand. it is well known that [F;E;H is a cyclic group of
order p. Hence, W* i1s isomorphic to Z, x Z5 when p# 2 and W*=Z, x Z;
when p = 2.

Let 8" be the set {oe(1 + o~ 'y):xeFi, |,

SV =Y Y apMl4+a A —p1Yy

Ed ~C#*
acfps . BeFy,

DIRED ST B VI R e P

* e
ack*,, BeF%,,

Let t = aff~ . Then ( — By =011 — t)y. Hence,

S =¥ Y (1 —a (1 — 1))

el aslFie,

When t =1, Y, ([l —a "1 —)y]=p. When t # 1, Y, ([l — o
(1 —t)y] =tU" — t. Hence, we obtain

SSTU=F, U —U —F,, +(p+1).

Observe that S’ does not contain the identity. However, if we choose d € 5’
and set S = d 'S’ then S contains the identity and

SSUV=F5 U = U —Fiey +(p+ 1)
Furthermore, as ;. ; is a group of order p, (p — F;.,)F;+, = 0. Therefore.
(p— :7:1:+1)SS{_” =(p—F;o)p+1-=-U").

Observe that for each x e} . there exists exactly one element in SnaU".

Therefore, if we let y be a generator of F}. . then for each j=0.....p — 1.
there exist U Uy, eee Uy 1I|1 U’ such that y u €S. Thus, S = {ug, u, v,
uj,_,_r” Recall that 1, 1s an element of order p and U=U". After

. . -1 . .
ldentlfymg} and U’ with y¥ and U respectively, we rename S as A; and we
obtain the following result.

. n—1 . . . .
Lemma 2.2, Let U and yi  be as defined above for i =0, ..., p. There is an
ordering ug. iy, ..., u,_ of the elements of U, with u, = 1, such that the subset

n—1 n—1 _ : n—1 .
A = {ug,u y7 oy yE 0T e (P X U



satisfies

AAT=QF HxU—QF >—U+(p+1) (1)
and

(p— F D AATY =(p—F D)p+1—U). 2)

In the above lemma. we assume u, ....u,_; € U and they will be fixed from
now on. Recall that

R=|b@®byn@®---@b,_ 7" ':b;e{0,1,....p— 1}]

and R = {by@®b,n@® - @®b,_,n" " *:b;€{0,1.....p—1}} if n>2 while
R’ = {0} when n=1. We define u, for all keR' as follows. For k=
ko @k, n@® - ®k,_»n" *eR, with k;€{0, 1,..., p — 1}, we define

U = U, Uy, -ty €U

The last ingredient needed for our constructionisa(p+ l,p+ L.p + 1, 1)-
relative difference set of H relative to U. As is well known. such a relative
difference set of H relative to U exists. For a reference, see Pott [8]. Let D
bea(p+ L.p + 1,p + L. 1)-relative difference set of H relative to U. We label
the elements of D as d,.d,.....d,. In particular, we may identify D with
Y r_,d; and hence

DDV =H-—-U)+(p+1).

Before we write down our construction explicitly, we define for i =0, ..., p.
D; = U .'lf'?"»*kfi,nf‘l:v
k=R’
The main result of this paper is:

TueoreM 2.3.  The subset \J'—D;d; is a semi-regular (p + 1)p>",p + 1,
(p + 1)p*". p*™-relative difference set in K x H relative to U. with

P n {—1)
(Z D,-df)(g D,—u’;) = p*"(KH — U) + p*"(p + 1).
i=0 i=0

Before we proceed with the proof, we first give some examples to illustrate
our construction. We only consider the case when p = 3. Now, let H = {u) x



{v» where u, v are of order 4 and U = {u”, v*). Let {z) be a group of order 3.
It is known that there exists a (4,4.4,1) RDS |d,.d,.d,,dy} in H relative to
U. Moreover, in {z) x U, if we set § = [l,zuz, .:-21'-2_}-, it is straightforward to
check that

SSV =(zoxU—<{z>—U+4.

ExamprLe 1. p =3 and n = 1. In this case, R x R = K is a 3-group of order
9 and R" = {0}. We write K = {(x) x {y) where x,y are of order 3. In this
case, I o =<x), I1 o =<xy), I, = <-“-'.'l<2> and I3, = {y). Recall that
o = 1.

UsingSconstruuted above, wesee that 4, = A, = A, = |1y u?, yr o’ } and
Ay = {1,xu?, x?v?}. Hence, the RDS we construct is

<.\C>{1,_1‘.'3.‘2,}’21‘-2.}-{1'0U<.YJ-‘>{1,}’H2,_1‘EE dlu<\1 IR yu?, y*o? ]33

w L xu? xPo? d;.

ExamprLe 2. p=3;n=2and/l=1.Hence,'=0and t = 2. Thus, R=7,
and K = {x)»x {y» where x,y are of order 9. In this case, R"= |0, 1. 2]
Consequently,

Iyo = (XD, Iy = {xy™). Iy, = {xy®),
Iy ={xy), I = {xy*>, I, > =<xy7>,
Io = {xy?), I, = {xy™). I, = {xy®),
I3.0 =<y, Iy, = {x?y), I3, = {x°y).

I

Now, A, = A4, = 42 = {Ly*u? y°v?} and Ay = {1.x7u? x°0?}. In parti-

cular, uy, =1, u; = u?, and u, = v2. Thus the RDS thdt we get is
do Ao({x>uyu{xy > oy e’ xy® ) ud, A, ({xyduyu®xy*Suyie? xy ) u
dy A ({xy? >yt dxy? > uytrrxy® ) ud; A3 (D uxu? 3y uxte? xyD).

As we have observed earlier, when n = 1, K is an elementary p-group with
|K| = p* and R' = [0}. Hence, I, = ({x;>> =<{x;> for i#p and I,, =
Lypry=<y,». If we set u, =1, the RDS we get is then U!-(D; =

P oA, = \JP_<x;>A,. This coincides with the S; defined in Theorem
3.3 in [2]. Consequently, the RDS constructed in Theorem 2.3 is the same as
the (292 — 1)%, 2,242 — 1)*, (2* — 1)?)-relative difference set defined in [2].
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To get back all the other RDSs constructed in [ 2, Theorem 3.3], we only need
to apply [7. Lemma 2.6].

Observe that, in the construction of R, the only requirement is | < n, even
though when |R| is fixed, (R, + ) changes as [ varies. For example, when [ = 1,
I'=0,and t = n, R=Z, as groups, whereasif we takel =n,t = l.,and I' = 0,
R=7' as groups. Therefore, we have quite a number of choices for the
additive group structure of R. Thus even in the case p = 2, we do get new
RDSs compared with those constructed in [2]. Though at this point, our
construction does not seem to cover the second construction given in [2], we
will see in the last section that with a slight modification to our present
construction, we will get back those RDSs constructed in [2]. Furthermore, it
will be shown there why the second construction given in [2] cannot be
extended to Mersenne primes.

To prove Theorem 2.3, we first observe that
P P (—1) 14
(Z D,-fi;) (2 D,-d,-) = Y DDy Vddi'+ Y DDV (3)
i=0 i=0 O=iFj=p i=0
In Section 3, we prove

ProrosiTion 2.4, Let R and the D;’s be defined as before Theorem 2.3.
Then

Y DDV Vdd; ' = p>(KH — KU).
O=iFj=p

After some lemmas in Section 4, we prove in Section 5

ProrosiTioN 2.5. Let R and the D;’s be defined as before Theorem 2.3.
Then

n
>, DDV = p*(KU — U) + p*(p + 1).
i=0
Applying Propositions 2.4 and 2.5 to (3), we obtain

il i (—1)
( Y D,-u';) ( Y D,-d,-) =p’"(KH — KU) 4+ p"(KU = U)+ p*(p+ 1)
i=0 i=0
— pzu{KH _ LJ _|_ pzn(ﬂ + 1)‘
thus completing the proof of Theorem 2.3.

As shown in [2], it is possible to combine RDSs to obtain new RDSs.
Using the new RDSs constructed here, we can then obtain results analogous


http://dx.doi.org/10.1103/PhysRevB.86.184404

to [2, Corollaries 3.10, 4.4]. However, we are not going to discuss it here as
that does not shed any new light on the construction of RDSs.

3. PROOF OF PROPOSITION 2.4
We begin this section with a lemma.

Lemma 3.1. ForO<ij<pand k., eR',ifi#], then I, nI;, is trivial.
Consequently, I;,1;,, = K.

Proof. We assume first that both i and j are different from p. Let
(r.r(i@®mnk)) = (s.s(j@ns)) be in the intersection I, , ~I;,. for some r,s e R.
Then, r = s and hence r((i — j)@n(k — £)) = 0.

If r £ 0, write

F=ry " @®ry. 7" @ -, Fo 7 0,m = 0.

Then we have r,,(i — j) = 0, which implies that i = j. The first statement of the
lemma then follows for the case i # p, j # p.

Next we suppose i # p and j = p. In this case, let (r,r(i@nk)) = (snf,s)
be an element in the intersection I;;nI;,. for some r.seR. Then we
have ns/(i@nk)=s, 1e.. s(nf(i@nk) —1)=0. Since nf(i@nk) — l¢gm, it
follows that s = 0. This completes the proof of the first statement of the
lemma.

The second statement follows immediately from the first by considering
cardinality. m

Now we consider the term D;D{™" for i # j. Recall that by Lemma 3.1,
I;,1;, = K when i # j. Therefore,

D;Df«'_ V= ( z }':‘“k I, -‘h‘) ( Z }'_;'_{“f_ 1I_f.f-’ﬁ1.lr'_ 1])

keR’ fERT
= Z _\'f}'_;(f,l'kf,l';1!,";‘.;}_5;‘4;.‘:1&_1}
k.feR’
= > vy ‘weu; 'KA; A,
k./eR’
Since 1! 1, “eK for all k/eR. KA, =K, _ _Uu,‘ and KA,V =
KX~y us ). Consequently,

pr—1 p—1
D;D_‘f“z( > :,{m_,_l) K( Y uk-)( > ”;:])-
k./feR’ k'=10 =0



This shows that D; D}~ D (i # J) 1s independent of i and j. Hence,

p—1 p—1
Y, DD Vddi! z( ukuf‘)K( ¥ uk.)( b u;‘)
Ui‘l:’tje‘—:f? k.{ER' =0 =0

X ( Y didy 1)
D<iFj<=p

p—1
= ( uiu;’)f(( b3 u,‘.-ufrl)[H — T}
k.feR’ k' =0

=p* KU - T),

since uy, g Uy, i, €U and, for any heU, h(H —U)=H — U as H— U is
a union of cosets of U. This completes the proof of Proposition 2.4, m

4. SOME PRELIMINARY LEMMAS

We begin this section with a few lemmas.

Let R denote the quotient ring R/m" ' and let K be the analogue of K,
with R playing the role of R in its definition. Let p: K x H — K x H be the
map that acts as the identity map on H and as the reduction map on K. Let
J denote the kernel of p. It is easy to see that J = <.\'I‘n_l>(_1'?"_l>. In the case
n= 1, we have J = K. We also let x;, yi, Iiv. A;. D; be the analogues of
Xiy Vio i s Ay Dy, respectively, with R replacing R. Note that we may assume
X; = p(x;).v; = p(y;). and I, , = p(I,; ;). This will be assumed in this section
and Section 5. However, E # p(D;). In fact,

e =, ]'l—l. s m— 2
D; = U ,'T;'I‘”kff.x ( i’ ”j) =p ( U _1'{}”AILL) # p(D;).

keR' i=0 keR’

Note also that we have abused our notation in the definition of 7,/ . Strictly
speaking, we should replace 7"~ ? by the corresponding element 7"~ % in R.

Lemma 4.1. For k./feR' with k#/¢, we have (x}‘ﬂ_l>§l’{-_;‘ and

J S I 0;,.

Proof. Since x;y™el;,. .\'?"_1 = ('.*c,-_m.-*,f”‘]“"__lef;‘ﬁ e Il pe  Clearly,
yrk=Oe I, 0,,. Since k £ ¢, it follows that y& e D> c 1.1, by
Lemma 2.1 (1). Hence J = I;;[;,. =



Lemma 4.2, We have the identity
Z vivi ‘mug gl = p~ (D DY) — Z I; L(ll : (4)
kLeR K #¢
Proof. Recall that y; = p(v;). I;, = p(l;,) and
D; = P ( U .V:“”k Ii.k) = U J_'l'k“krr'.k-
keR’ k=R’

We thus have

EE““Z( 5, ) ( za—f)
=R’ ‘=R’

= Y WV ' Tpd, + Y I

kSeR" k1 kR’

(3)

To find p~Y(D; D;'~ ), we look at the pre-image of the two sums in the final
line of (35). »

Since p() yer-lix) = D uer-Tix and, by Lemma 4.1, (x] ) = I;,, it follows
that

p ( Z f_:af_.;{) =p " (P"_I Z I_:L) =p" Z Ii.ﬁ(,l'?n_l>- (6)

keR’ k=R’ ke R’

Note also that p (Y, e e ViV Wty ' Lindis) =Yy pepenze Vi Vi Witlz '
Iy 1;, and by Lemma 4.1, J = I, 1I;, for k £ ¢. We have

I-’_l( ¥ .'Tr'*j_’f_f”k"f.-‘_i-ri.kri.() = ) vivilwus 'y, (7)

k=R KF1 kSeR kKF¢

Asp~ YD; D;'" V) is the sum of the left hand sides of (7) and (6). the lemma
follows. =

Lemma 4.3, We have the identity

( 2 I’“‘") (p— F D) =pGE = p N =P D — OF D)

keR'

(8)



Proof. From the definition of I; ,. we have
Z I L= Z Z ,‘: :rr.k! . E x[' ( E nki‘) Z <<1 In"_l -
keR’ keR' teR teR ‘ k=R’ teR |<<hm>>|

Therefore, the left hand side of (§) is equal to

n—1

. (it p o __,F’“l
T X s (0= OF )
B . l’,}'u 1 B
= 2 KO sy (0= 07 )

+ Y X — OF D)

tem” !

Now. we observe that

SN N = OF ) =T Dy =t T O

rem” !

=P =

When t¢m” !, using Lemma 2.1 (ii), {1,H> is a subgroup 1n ((1’“)} It

follows therefore that Y, . «Xi DY (0" 1K — F ) = 0.
The proof of the lemma i1s now complete. =

LemMma 4.4.  We have the identity

Proof. Since
oy (rn"~ ', rin" ') :r e R} if i#p
(0. rr""Y:reR) if i=p.

it follows that

P .
Y xF y=p+ Y (" LB Y)=J+p m

i=0 a.fi=0
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5. PROOF OF PROPOSITION 2.5
We will now prove Proposition 2.5 by induction on n.
First, we prove Proposition 2.5 when n = 1, 1.e., R=Z,,. Recall that, in this

case, J = K = {x;»<{y;>. Note also that R"= [0}, so D; = [, 0 A; = {x; > A;.
Therefore,

DD}~ b= LiolioA; A D= PIKU — K — {xipU +(p + 1){xi)).

using (1).
Invoking Lemma 4.4, it follows that

Y D,D{"V=(p+ 1)p(KU — K) — pU Z<Y>+P{P+l E(\
i=0 i=0 i=0
=+ 1)p(KU — K)+ (p(p+ 1) — pU)K + p)
= pHKU — K) + p*(p + 1).

We have thus finished the proof for n = 1.
Next, we assume n > 1. We note first that by applying Lemmas 4.2

and 4.3,
( “af.ﬁ‘l ) ( Z .}'f_f“z‘_lff.f"élf'_”)
ke FfeR’

( Z vivi fweu; I, + Z fi.kfx.n-) A; ALY

kAR k&5 keR’

D;D{” "

(,ﬂ D{—l] n—l 2LJ-.<‘-:N >+ XPHLR) Al—l]

keR' keR'
= p MDD ) AAT D+ P RT D — OF D)4,
By (2), we obtain

XE (= OF MAATY = F Dp+ 1 =U)p—OF )

—(p+1—=U)pixr =)



By Lemma 4.4 again, we see that
P TIYL F p — OF ) AATY
=p" p+1—Up*—J) 9)
=p"p+ 1)—p™ Ap+ 1) —p"U + p™ 2JU.

Since the kernel J of p: K x H - K x Hisa (y* ) coset, p~ '(D; D, V) is
n—1 .
also a {yi » coset. From (1), it follows that

p~ ' (D: D'~ ) 4,47
=p "D:iD"")pU —p—U+(p+ 1)
=(p— YU + Hp YD:D;'"" ).

Recall that D; is the analogue for D, for the local ring R. By the inductive
hypothesis,

P
Y D;D;""V=p* HKU — U)+ p* *p + 1)
i=0

Hence, by the definition of J and (1), we obtain

! AT Dp D DY)

=0
=((p— HU + )(p*" " AKU — JU) + p* *(p + 1)J)

(10)
=p?"KU — p* 2JU + p*" *(p + 1)J.

Finally. by adding (9) and (10), we get

”n
Y, DiDi” V= p (KU — U) + p*'(p + 1).

i=0

This completes the proof of Proposition 2.5.

6. TWO MORE GENERAL CONSTRUCTIONS

As we have seen in Section 5, our proof for Proposition 2.5 is inductive.
In fact, the construction would have been clearer by using an inductive



argument. However, we feel that it 1s useful to give an explicit description
of the RDSs that we construct, so, we choose to describe the general situation
in the last section.
As before, we assume throughout this section that |dy.d,.....d,} is
a(p+ L.p+1 p + 1, 1)-RDS in H relative to U. Let g, e U for all ke R" and
let E; = Uper Vgl A;. Observe that in the proof of Proposition 2.4, u,’s do
not play any role at all. So, it is easy to see that

Y  EEYVdd;i ' =p*(KH — KU).

O=iFj=p
On the other hand, in the proof of Proposition 2.5, the key is to observe that

P

[ p [ —
U pOtulin)=D; and Y D;D;'""V=p> KU —U)+p> *(p+ 1.

i=0 i=0

Therefore, if \JF- ;,Ukeﬂ-p{g,-'{-‘f,-‘k)gk d; is an RDS in K x H relative to U, then
we can apply the same argument to see that

r
Y EETY =p*KU —U)+ p(p + 1).

i=0
We have thus obtained the following

TueoreMm 6.1. Let g, € U for all ke R'. \ U= o\ Uker' Vi Yl ix Aid; is a semi-
regular ((p + D)p™.p + L.(p + 1)p*".p*")-RDS in K xH relative to U if
P o Uer p O )g,d; is an RDS in K x H relative to U.

Theorem 6.1 gives us more flexibility in constructing RDSs. The whole idea
is that once we construct an RDS in K x H, we can then lift it to one in K x H.
Note that the A;’s depend on the choice of A in Lemma 2.1 and there are
many choices for A. For example, we could take a translate of A. So, if we
choose a different A each time we lift our RDS, the resulting RDS would be
quite different from the one we construct in Section 2. Let us illustrate our
idea by considering the following example.

ExamprLe. Let R, =Z,» and R, = {0,1,...,2" ' — 1}. We may assume
R, x R, = {x)-{z). Let H be isomorphicto Z; x 7Z;. We assume H = {u,v).
Let {dy.dy.ds} be a (3,3,3,1)-RDS in H relative to U = {u). We define
Xo =X.X|, =2,X, =XZ,V, =2V, =xand y, = x. Let 4, , = ‘1 [ANTE

(Note that A4;, depends on i and n.) As 3 does not divide 2"~

an—1

A!.-:A{!;”—<'l_ >L‘r—<J.-'!.2"_I>_L.' _|_3



Note that {{t>> = {t) for all t in R; x Ry. We claim that

1

F i
F" = U U <.\',' _'l','z'j)”j_r{f'ii,u di
; =0

is an RDS.

When n =1, F, is the same as the one we define in Theorem 2.3. Thus,
F; 1san RDS in R, x R; x H relative to U.

Let p be as defined before. By Theorem 6.1, F,, is an RDS in R, xR, x H
relative to U if we show that the set % l.U};:_ Lo(dxviuwyl)d; is an RDS
in R,_1 x R,— X H relative to U. Clearly,

2 zn—l_l yr—2

% FeFy .
U U peyiuyhdi=\) | vy +u® 5% )di=F,_,.

i=n j=0 i=0  j=0

By induction, F,_; is an RDSin R,_; xR, _; x H relative to U.
We have thus proved F, is an RDS. Note also that

A

2 11 2 2"
Fo= U <adwvi(l +u® ' y¥ Ydi= | | <xav¥duivid,.
i=0 =0

i i=0 j=0

Remarks. (i) In the above example, our RDS is different from that in
[2, Theorem 4.1] even though the parameters are the same.
(i) The above construction works only when p = 2. When n > 1, it does
not work if we replace 2 by a Mersenne prime p and the (3,.3.3.1)-RDS by an
appropriate RDS. The reason 1s that the induction step fails as

2 Prr— n—2

n— Z 3 —dL a2 L )n—z_ 2
1+ u” 7 +!f—xf _ﬂ'_p 4 e gl _ﬂ'“: Lyp

does not satisfy (1) if p £ 2. This also explains why the second construction in
[2] cannot be extended to Mersenne primes.

Next, we describe another modification which gives us the second con-
struction in [2]. For any k e R, we let g, € U and define

E: = U .‘l’f!}“;.kBi-

k=R’
where each B; (_1..-'}*"_'> x U and

BBV =QF DU—~U—OF >+ +1).
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THEOREM 6.2. Let n: K x H— H be the natural projection. Suppose
P n
U U p (V1) ghd, and U (B;d;)
i=0 ksR' i=0
are respectively an RDS in K x H relative to U and a (p + 1.p + L.p(p + 1),

(p? — 1), p?) divisible difference set in H relative to U. Then \J'_,E\d; is
a semi-reqular (p + 1)p*".p + 1. (p + 1)p?". p>")- RDS in K x H relative to U.

Proof. As we have mentioned, when U o \U,r p (V¥ ) gid; is an RDS
in K x H relative to U, we then have

P
Y EE VY =p"KU—U)+ p™(p + 1
i=0

Note that Ud,, ..., Ud, are all the distinct U-cosets in H. Therefore,

E n(Bid;)n(B;d; ]‘_“ p*(H — U).

D=iFj=p
Therefore,
S OEEUVd = Y ( > fr,fi.-.f;'}_1)K3fff:3.‘f“d_;_l
O<iFj=p D=iFj=p \ kLR’

= Y ( Y .ffl.ff?'l) Kn(Bid;m(B;d;)'~ "
OD=iFj=p\kJSeR"

=( Y .cfl-frf}_')f(( Y JHB.-d.-Ju{B_;H’_;J‘_“)
k.f=R’ OD=iFj=p

= ( Z Fflff}_')fipz{H — L-r) —_ pzuK(H . L-":]'

k.feR’
It is now clear that \U!_,E!d; is an RDS. m

We now come back to the second construction given in [2]. We follow the
notation used in the previous example. First we set d, = u.d, = v, and
d, = v?. It is straightforward to check that {u v, [.z} i1s an RDS in H relative
to U = <u>. Observe that F defined in [2, Theorem 4.1] can be rewritten as

(X J-"iz"i)”'j}’,-jBidh

JeRy,

Ice


http://dx.doi.org/10.1103/PhysRevB.86.184404

- a—1 . a—1 - a—1 .
where B, = {L,uyi |.B, = |lL,u*y; |, and B, = {1,u?y3 }. It is clear
that for each i,

40— 1

BBV = YU—U—GF D +3,

Moreover if n: R, x R, x H— H is the natural projection, then

2

2 2 2 2 2
\J n(Bidy) = {u,u” v, u’v, 07, utv”)
i=0

i1sa(3.3.6.3,4)-DDS in H relative to U. Furthermore,

U U p(xiydiuiylyd, = F,_,.
i=0

JeR,

where F, | is as defined in the previous example. By Theorem 6.2, F is an
RDS in R, x R, x H relative to U.
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