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Abstract

This perspective presents an overview of the development of the hierarchy of Davydov’s An-
siatze and a few of its applications in many-body problems in computational chemical physics.
Davydov’s solitons originated in the investigations of vibrational energy transport in protein-
s in the 1970s. Momentum-space projection of these solitary waves turned up to be accurate
variational ground-state wave functions for the extended Holstein molecular crystal model, lend-
ing unambiguous evidence to the absence of formal quantum phase transitions in the Holstein
systems. The multiple Davydov Ansétze have been proposed, with the increasing Ansatz multi-
plicity, as incremental improvements of their single-Ansatz parents. For a given Hamiltonian, the
time-dependent variational formalism is utilized to extract accurate dynamic and spectroscopic
properties using Davydov’s Ansétze as its trial states. A quantity proven to disappear for large
multiplicities, the Ansatz relative deviation is introduced to quantify how closely the Schrédinger
equation is obeyed. Three finite-temperature extensions to the time-dependent variation scheme
are elaborated, i.e., the Monte Carlo importance sampling, the method of thermofield dynamics,
and the method of displaced number states. To demonstrate the versatility of the methodology,
applications of Davydov’s Ansétze are made to the generalized Holstein Hamiltonian, variants of
the spin-boson model, and systems of cavity-assisted singlet fission, yielding accurate dynamic
and spectroscopic properties of the many-body systems.

1 Introduction

Alexander S. Davydov, a Ukrainian physicist from the southern suburb of Kyiv, proposed in the
early 1970s a novel mechanism for transport and localization of vibrational energy in proteins stored
in the form of amide I vibrations (i.e, essentially the stretching vibrations of the CO groups). It
was realized early on that Davydov’s theory has its roots in polaron theory [1, 2], and the jargon
of Davydov’s soliton was first coined in the context that vibrational energy transport in proteins
is analogous to the quasiparticle movement in a polaron model in which a free electron deforms its
polar crystal host, leading to a local distortion that, in turn, lowers the electron energy. [3, 4, 5].

The role of the electron in a polaron is played here by the Amide-I vibration, and its interaction



with the lattice sites is due to the dependence of the Amide-I energy on the length of the hydrogen
bond that connects the CO groups. More specifically, the vibrational energy of the CO stretching
(or Amide-I) oscillators, which are localized spatially on the alpha-helix of proteins, can deform the
helix and cause the Amide-I oscillation energy to be trapped by acoustic modes, a process also known
as self-trapping (derived from the theory of classical nonlinearity). If the deformation energy of the
hydrogen-bonded lattice is lower than the reduction in the Amide-I energy, the Amide-I region is
self-trapped in a state that is known as Davydov’s soliton.

Initially contemplated were two Davydov’s soliton, the Davydov D; and Dy Ansatz, with the
latter being a simplified version of the former [6, 7, 8]. Scott et al. have conducted experiments
on crystalline acetanilide with findings analyzed using Davydov’s model [9, 10]. The solitons are
found to follow equations of motion (EOMs) at variance with those proposed initially by Davydov.
From the very start, thermal stability of Davydov’s soliton has been an issue of major concern and
sustained contention in the field. Davydov first considered the temperature effects on an a-helix
soliton in 1980 [7], but his conclusion was criticized by a number of authors [1, 11]. Modifying early
equations of Davydov for the a-helix soliton, Scott claimed by numerical means that the solitary
solutions may exist under physiological conditions [12]. Davydov’s Dy Ansatz and its thermal stability
were also investigated by Forner [13, 14, 15], concluding room-temperature stability of Davydov’s
soliton his simulation with model parameter values that can be fulfilled in proteins. He also cited
supporting arguments from several perturbative approaches and the Langevin-equation models [13].
A quantum Monte Carlo study points to classical hopping behavior of Davydov’s soliton in the a-helix
at physiological temperature [16, 17], consistent with earlier finite-temperature molecular dynamics
simulations [18]. Highly localized in space, a coherent structure closely resembling Davydov’s soliton
is found to be present at low temperatures in the quantum Monte Carlo study, but severely damaged
above 7 K [16]. Despite decades of studies of Davydov’s solitons, some of which are still ongoing,
not much concrete evidence has been uncovered on their existence in proteins at room temperature.
Nonetheless the topic of Davydov’s solitons continues to fascinate and inspire a variety of workers in
the field, and in some instances (as will be elaborated in this manuscript), leads to highly successful
methodologies for accurate simulation of many-body quantum dynamics.

Proposed in the context of energy transport in proteins, Davydov’s soliton is a spatially non-
dispersing, semiclassical entity deprived of quantum signatures. As the quantum theory of polaron is
linear, it is intriguing to consider how a polaronic construct such as Davydov’s soliton could exhibit
the behavior of a nonlinear classical system [19, 20, 21, 22, 23]. In addition, the solitary structure of

Davydov’s soliton is seemingly at odds with the translational invariance of the Frohlich and the Hol-



stein Hamiltonian, of which the solitons are supposed to be approximate eigenstates. It was proven
by Cépek and Krausova that delocalized, momentum-conserving states, constructed from Davy-
dov’s solitons, always have lower energies than their solitary parent states [24]. Those delocalized,
momentum-conserving states are in fact the forerunners of the multiple Davydov trial states, as will
be elaborated in Sec. 2. Obtained via projections onto the momentum space, momentum-conserving
remakes of Davydov’s solitons have gained much attention in the study of the ground-state proper-
ties of the Holstein molecular crystal model [25, 26, 27, 28, 29, 30, 31, 32, 33, 34]. For instance, the
Davydov Dy Ansatz, after momentum-space projection, yields celebrated Toyozawa’s Ansatz [25], a
fairly precise ground-state trial state of the extended Holstein Hamiltonian for most of the phase
diagram except the weak coupling regime. In the mid-1980s, a delocalized, momentum-conserving
state that has been simplified from Toyozawa’s Ansatz to one with only two variational parameters,
characterizing excitonic amplitudes and lattice distortions, was solved by Venzl and Fischer for the
Holstein polaron [28], while Toyozawa’s Ansatz was worked out in full by Zhao and coworkers in early
1990s, unveiling intricate details of exciton-phonon correlations inaccessible previously [29, 32]. The
delocalized Dy Ansatz, obtained from momentum-space projections of the Davydov D Ansatz, is
considerably more accurate than Toyozawa’s Ansatz and produces results quantitatively comparable
with the density matrix renormalization group (DMRG) method [34].

The multiple Davydov Ansétze, which are literally superpositions of multiple copies of the corre-
sponding single Davydov Ansétze, encompass much more refined bosonic components in the entangled
many-body trial states because of the expanded Gaussian multiplicity in their bosonic component.
The multiple Davydov Ansétze were pioneered in the early 1970s by Shore and Sander when they
experimented with a trial wave function with two Gaussians as its phonon component, an early
forerunner of the multiple Davydov Ansétze, inspired by numerically “exact” solutions to a two-site
problem with short-range coupling to Einstein phonons [27]. Also belong to the family of the multiple
Davydov Ansétze are the aforementioned momentum-conserving descendents of Davydov’s solitons,
such as Toyozawa’s Ansatz and the Global-Local Ansatz, since they are linear superpositions of N
copies (i.e., N sites) of the corresponding single Davydov trial states. The time-independent ver-
sion of the multiple Davydov Dy Ansatz has recently been employed as the trial state of choice to
probe a phase transition from a doubly degenerate “localized phase” to the other doubly degenerate
“delocalized phase” in a sub-Ohmic spin-boson model (SBM) with both diagonal and off-diagonal
spin-boson interactions, where the transition points are obtained accurately in full agreement with
exact diagonalization and DMRG [35]. Time-dependent multiple Davydov Ansétze have only been

deployed very recently to extract numerically “exact” many-body dynamics [36, 37]. In particular,



the multiple Do Ansatz was used to obtain high-precision polaron dynamics, resulting in efficient
and accurate calculations of nonlinear spectroscopic signals [37]. Moreover, the SBM phase diagram
of the dynamical coherent-incoherent crossover was also established by the multiple D; Ansatz [36].
A number of authors in the field have utilized the multiple Do Ansatz to handle Hamiltonians with
bilinear particle-boson coupling [38, 39, 40], and collectively, their results seem to conclude that the
multiple Do Ansatz alone can provide sufficiently accurate descriptions to the many-body quantum
dynamics in the presence of nonlinearity, with only negligible benefits from extending the multi-D2
Ansatz to include squeezing effects.

Traditionally, the density matrix formalism is known to be a straightforward approach to multidi-
mensional spectroscopic signals. Via propagating the reduced density matrix along various Liouville
pathways, nonlinear response functions can be readily determined [41]. In this regard, the numerically
“exact” approaches of hierarchical equations of motion (HEOM) [42, 43] and the quasiadiabatic path
integral (QUAPT) [44, 45] are among the best known for nonlinear spectra computation [46, 47, 48, 49],
despite that both are computationally prohibitive at low temperatures and in the regime of strong
system-bath coupling. Moreover, the HEOM construction confines its applications to certain bath
spectral densities [50, 51, 52]. Wave function-based approaches offer an alternative to the density
matrix formalism for deriving nonlinear responses. Examples of wave function-based methods include
the multiconfiguration time-dependent Hartree (MCTDH) method and its multilayer extension (ML-
MCTDH) [53, 54, 55, 56], the multiple spawning (MS) method [57, 58], the hierarchy of Davydov’s
Ansitze (HDA) [59, 60, 37, 61, 62, 63, 64], and other basis set methods [65, 66, 67, 68, 69, 70],
delivering accurate dynamics descriptions for all temperatures. A few useful techniques are available
to extract finite-temperature dynamics and spectra from the wave function-based HDA approach,
including the well known Monte Carlo importance sampling to initialize vibrational modes [71, 72],
the method of displaced number states to take advantage of the fact that initial excitation of the
nuclear manifold can be conveniently expressed by bath displaced number states [73, 74], and the
thermofield dynamics (TFD) approach to map the Liouville-von Neumannn equation to the corre-
sponding TFD Schrédinger equation with twice the bath size [75, 76, 77, 78, 79, 80, 81, 82, 83]. The
performance of the ML-MCTDH approach has been compared with that of the HDA method by a
very recent study [84], demonstrating a few computational advantages of the HDA method.

The remainder of this Perspective is structured as follows. Sec. 2 of this Perspective centers on
the historical development of the family of the Davydov’s Ansétze, i.e., from semiclassical Davydov’s
solitons and single Davydov Ansétze [85, 86] to their multistate extensions [60, 37, 62, 36]. In Sec. 3,

using the multi-Do Ansatz as an example, the time-dependent variational formalism of Davydov’s



Ansitze is given, and relative deviations of the Ansétze are defined to track the accuracy of the
trial states. In Sec. 4 elaborates on three techniques, Monte Carlo importance sampling, the method
of displaced number states, and the TFD approach, to extend the HDA methodology to finite-
temperature dynamics of many-body systems. Sec. 5 describes how nonlinear response functions and
various spectroscopic signals are computed via propagating Davydov’s Ansétze in time. The HDA
approach has been extensively applied to accurate simulation of quantum dynamics of many-body
systems and the corresponding spectroscopic manifestations [60, 37, 72, 79, 85, 86, 36, 87, 88, 89|,
which is reviewed next in Secs. 6 to 8 of the Perspective. Conclusions and discussion are presented

in Sec. 9.

2 The family of Davydov’s Ansatze

As a quasi-classical entity, Davydov’s soliton is demonstrated, under certain approximations, to obey
the nonlinear Schrédinger equation often seen in soliton studies [90]. Davydov’s starting point is

the Holstein molecular crystal model in which intramolecular excitations are linearly coupled to
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molecular modes. The extended Holstein Hamiltonian in one dimension,

generalized Holstein molecular crystal model, reads in the momentum space,
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where i = 1, wy is the frequency of gth mode, and a};, bII (ak, bg) are the exciton and phonon creation

(annihilation) operators of wave vectors k and ¢, respectively. Ji is the momentum-space transfer
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ex—ph 1S the coupling Hamiltonian with f,g being the linear coupling strength.

has been frequently applied to quasi-one-dimensional solids that are characterized by considerable
anisotropy in their transport properties. Hamiltonian (1) is closely associated with the concept of a
polaron, a quasiparticle excitation clothed by deformation or polarization quanta of a solid [91]. On
the other hand, Davydov’s solitons may be viewed as particle-like solutions to nonlinear Schrodinger
equation that are connected to the polarons in the correspondence limit [92]. While it is likely that
the polarons may be quantum solitary waves, Davydov’s solitons serve as asymptotic forms of the
polaron in the adiabatic limit [32].

Non-dispersing (and non-dissipating) over long distances, Davydov’s solitons are solitary waves
that are tasked to capture the essence of seemingly soliton-like transport in proteins. Translationally

invariant Hamiltonians, such as the aforementioned Holstein Hamiltonian, often have trial wave



functions with similar translational symmetries for their ground states. In order to extract accurate
variational wave functions for those Hamiltonians, Davydov’s solitons need to be projected onto
the crystal-momentum space. To illustrate the projection procedure, we show how to convert a
t,— 3, (0K bl —o

wave function, aje b"2)|0), which is centered at site n = 0 with a product of Glauber

coherent states [93], to a translationally invariant trial state

-1 iKn *
|‘I/§nall> =N"2 Z € K aiz exp[— Z(ég—nbj’bg - 57Iz<2—nbn2)} |O>7 (2)

n2

where |0) is the vacuum state of both the exciton and the phonons, and §X stands for phonon

K

displacements. Ansatz (2), called the “small polaron Ansatz |¥_} .

),” is constructed by applying

the projection operator
E(K) - N—! Zei(K—P)n’ <3)
n

characterized by parameter K and the crystal momentum operator P = >k kaLak + Zq qbgbq. The
projection operator (3) produces a sum of n site-space structures (i.e., Davydov’s solitons) displaced
from the origin by n lattice spacings, and weighted by a factor of 5.

Toyozawa proposed a momentum-conserving trial state in 1961 [25], which is known as Toyozawa’s

Ansatz:

-1 iKn *
O yomawa) = N 72 )XY al exp[= > (A _abh, — A bn,)]10). (4)
n ni

n2

Here AKX again represents the phonon deformation, and 1% is the exciton amplitude capturing the
electronic excitation distribution. Toyozawa’s Ansatz can also be derived by making translationally

invariant the so-called Davydov “Ds” Ansatz in the theory of Davydov’s solitons

[¥,) =D ¥nyaly expl= Y (An,bhy = Ay bn2)][0) (5)
ni na
by the application of Z(K). In contrast to the state |@E 1) with its electronic excitation localized on

one site, Davydov’s Do Ansatz allows for the electronic excitation to adapt to the phonon deformation
in a self-consistent manner. However, the Dy Ansatz does not have an explicit exciton-phonon
correlation, as n; and no are independent of each other. The question of whether such an explicit
correlation is important for capturing the ground-state properties of Hamiltonian (2) may be answered
by considering the Davydov “D” Ansatz, a more general trial state that was introduced by Ivié et
al. [94]:

W) = S 6K al, expf— S[(ak — 85 _, bl — Hel}0), (6)

ni na



where the new addition X provides a direct exciton-phonon correlation, and H.c. denotes Hermitian
conjugate. Eq. (6) sits midway between Davydov’s Dy Ansatz and the so-called “D;” Ansatz in

Davydov’s soliton theory:

Up,) =Y ¢Xal, exp[-> (v5 b, — He)l0). (7)

n2

In Eq. (7), the phonon-structure dependence on n; in the Davydov “D1” Ansatz is captured by the

triple-indexed variational parameter 'yfl;m. In contrast, in Eq. (6), this dependence is represented

K
nz2—mni’

solely by
Momentum-space projection of Eq. (6) leads to the delocalized Davydov “D” Ansatz [86], also
known in the literature as the Global-Local Ansatz [33]

_1 iKn
(WEL) = N72 ) XY gl el exp{=) [(af,_, — Bhy—n, )bk, — H.c]}0), (8)
n ni n2

Correspondingly, momentum-space projection of the Davydov “D;” Ansatz yields the delocalized

Davydov “D;1” Ansatz [34]
_1 ;
(W) = N72) ey pf _al, exp{=Y [ —nn—nbh, — H-c]}0), (9)
n ni n2

Here X represent coefficients in a linear combination of Gaussian states if Eq. (4) is recast as follows

[95]:

_1 : .
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Correspondingly, the Global-Local Ansatz (8) may also be recast as
_1 i -3
(W) = N"2 Y e mal Y e KMy exp{— [(af, i nyn — Bro_n)bh, — He]}0),
n ni na

K
no—mn

where the variational parameter (3 is seen to represent a phonon component independent of n.

Next, we proceed to introduce the latest addition to the hierarchy of Davydov trial states, the
multiple Davydov Ansétze. The two-site SBM will be utilized as an example to illustrate how the
familiar single Davydov Ansétze may be generalized to adopt a linear combination of Gaussian states,
and as a consequence, the accuracy of the resultant trial wave functions will be substantially improved
in dynamics studies of many-body systems. The multiple Davydov’s Ansétze of the two-site SBM
can be easily generalized to those of a multiple-site Hamiltonian, as will be elaborated toward the

end of Sec. 2.



The SBM Hamiltonian, FISBM, reads

. € A + o, t
Hspm = 502~ 50z + zl:mbl by + 5 ZI: (b +by), (10)

where € and A are the bias and the tunneling constant, respectively, o; (i = z, z) are Pauli operators,
or = |[H){(—| + |=){(+| and o, = |+)(+]| — |-)(—]| with |[+) and |—) labeling two localized electronic
states. b}L (by) is the creation (annihilation) operator for the /th mode, and w; and A; are the frequency
and the coupling strength of the [th mode, respectively. First, the two-site Davydov D; Ansatz may
be replaced by its multiple variant \\I/]%/[l (t)), also known as the multi-D; Ansatz with mulplicity M,

as follows

WM (¢) ZA )|+) exp qul £)b — H.c.)|0) ph+ZB )|—) exp Zgul £)bf — H.c.)|0)pn (11)

Here |+)(|—)) is the spin-up (spin-down) state, and |0)pn is the bath vacuum state. A, (t), By(t)
are the amplitudes of |+) and |—), respectively, and f,;(¢) and g,;(t) are the corresponding bosonic
deformations, where u and [ denotes the uth Gaussian superposition and the Ith mode, respectively.
Next, the multiple variant of the Davydov Do Ansatz, also known as the multi-Dy Ansatz, is given
by

M

UL (1) = D [Au()+) + Bu(®)| =) exp(d  fur(t)b] — H.c.)|0)pn (12)
l

u

A trial state with its complexity sandwiched between those of the Davydov Dy and Do Ansatz, the
Davydov Dj 5 Ansatz [96] can also be generalized to form the multi-Dy 5 Ansatz of multiplicity M,

oM (¢ ZA Sy (fur(t)=Np)b] ~H.c.) )10) Ph+ZB )|—)el (Zi(fur(®)+N)b] —Hec.) N0Ypn  (13)

where N; = \;/2w;. Similar generalizations can be made to the two-site Davydov D Ansatz.

The multi-Dy Ansatz is seen as a simplified form of the multi-D; Ansatz of the same multiplicity,
since the boson component in the former is identical for the up and down spin states. But upon closer
examination of Eq. (12), it becomes clear that the multi-D; Ansatz is also a special case of the multi-
D2 Ansatz of twice the multiplicity, with A, (t) = 0 for even u, and B, (t) = 0 for odd u. In Sec. 6.4,
a numerical comparison of a multi-D; Ansatz (M = 3) and a corresponding multi-Do Ansatz with
twice the multiplicity (M = 6) is given explicitly for the problem of a qubit simultaneously coupled
to a microcavity and a radiation bath. The multi-Dy 5 Ansatz, on the other hand, is sandwiched
by the two aforementioned multiple Davydov trial states of the same multiplicity on the scale of

complexity.



Multi-D, Ansatz The Davydov Trlal States Multi-D, Ansatz

—— Decreasing Sophistication ——

D, Ansatz — D Ansatz — D, s Ansatz — D, Ansatz

A\

K-space projection

Delocalized D, Ansatz Global-Local Ansatz Toyozawa’s Ansatz

Figure 1: Schematic of the family of Davydov trial states. Top row: the multi-D; Ansatz and the
multi-Dy Ansatz. Second row: the D; Ansatz, the D Ansatz, the D5 Ansatz, and the Dy Ansatz,
in the order of decreasing complexity. Bottom row: momentum-conserving Davydov Ansétze, in the
order of decreasing complexity (from left to right).

Lastly, the multiple-site Hamiltonian (1) may be handled numerically to any desired accuracy by
replacing Eqgs. (5) and (7) with their respective multiple trial state extensions, given sufficiently large
Ansatz multiplicities [60, 37]. The multiple-site (or multiple-state) multi-D; Ansatz of multiplicity
M reads [37, 62]

M
m, tb—Hc
T @) = 3 ) S Aty (S @) gy (14)
m k=1

where |m) denotes the mth excitation site (state) of a multiple-site (multiple-state) system with
fm,ki(t) being the corresponding phonon field component for the [th phonon mode in the kth coherent-
state superposition (with a total of M superpositions). The multiple-site (or multiple-state) version

for the multi-Dy Ansatz of multiplicity M reads [37, 38|

Z Im) ZAmk Zz Iri(t)b] _HC)’0>ph7 (15)

where gy (t) is the phonon field component for the {th phonon mode in the kth coherent-state su-
perposition (with a total of M superpositions). In the sections to come, ]D%) is used to refer to
).

Fig. 1 displays a schematic diagram of the family of Davydov trial states, which illustrates the

hierarchy of Davydov’s Ansétze and the intertwined relations among the states. The second row



from the top contains four Davydov’s solitons, in the order of decreasing complexity, the D1 Ansatz,
the D Ansatz, the Dy 5 Ansatz, and the Dy Ansatz, all of which are spatially localized. Projection of
Davydov’s solitons onto the crystal-momentum space gives rise to the momentum conserving Davydov
trial states, i.e., the delocalized Dy Ansatz, the Global-Local Ansatz, and Toyozawa’s Ansatz, again
in the order of decreasing sophistication, which are displayed in the bottom row. There are two
multiple Davydov Ansétze in the top row, the multi-D; and the multi-Do Ansatz, both of which have
been shown to be workhorses in the accurate dynamics simulation of a variety of many-body systems

[39, 97, 98], producing numerically “exact” solutions to the Schrédinger equations.

3 Time-Dependent Variation of Davydov’s Ansatze

Employing the example of the multi-De Ansatz (15), we demonstrate in this section how to de-
rive EOMs for the variational parameters of a Davydov Ansatz according to the principle of time-
dependent variation. The time dependence of the variational parameters p; follows the Euler equa-

tions below,

d OL 0L
fl — = 1
aop;  opr (19
where the Lagrangian is constructed as
i Bl 9
L =5 [(D2'(8)] 72" (1)) — (D2" (8)] - D2" (#)) | — (D3 (1) H[D2" (£)) = Lua = Lur. (17)

Using the Davydov-Ansatz normalization, the time derivative needs only to be taken to the right.

Thus, the first term in Eq. (17), Lq, is given by

Lea = i(DY! (1) 5 |DM —ZZZAmkSkp<Amp+AmpZ ifoa - *gf”_f”qﬁq) (18)

m k,p

where Sg, = exp)_, {— (|fkq|2 + |qu\2) /2+f,:quq}. The second term in Eq. (17), Ly, is the

average System energy,
Ly = (D3 ()] H[D3' (1))

M M
= Z Z GmA;kﬂkAmpSkp + Z Z Z Jmm’A:mkAm'pSkp

m k;p m m'/#m k,p
+ Z Z Ay kAmp Z qukquqskp + Z Z Z Z gmm ArnkAm'p (qu + fl;kq) Skp' (19)
m  k.p m m!’ k,p
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We arrive at he EOMs governing A,
M M 1 /. . .
ZZ AppSkp +1 Z Amp Z {—2 (quf;q + quf;q> + fgquq] Skp

= €m Z AmpSk:p + Z Z  S— v pSkp + Z Amp Z wqfkquqskp

/#m P

+2Amng (foq + fig) skp+ZZAmng "(foq + fiy) Sko- (20)

m/'#m P

Correspondingly, the EOMs for f,, are given as

M M
l Z Z A:nkAmpquSkp +1 Z Z A:nkAmpf.PqSkp
m p
Z Z Ao Amp fpgSkp Z [fkq qu (qu’f;q/ + qu’f.;q/)}
= Z Z €m mkAmpquSkp + Z Z Z Jmm'AmkAm’pquSkp

m m’;ém p

+ Z Z Ak Ampwi fpgSkp + Z Z Jrq Z AL Ampwy fl:q’qu/ Skp
m p m

p q’

M M
+ Z Z Z A:;zkAm’pggnmlSkp + Z Z Z Joq Z A:;zkAm’pgg}ml (qu’ + fl:;q’) Skp-
m m/ p m m’ p q
(21)

To bypass singularity, uniformly distributed noise (within [-107°,1075]) is used to initialize the
variational parameters A, and f;. Egs. (20) and (21) compose a set of linear differential equations,
in the form of AZ = B, to be solved by the fourth-order Runge Kutta method.

In addition, to gauge the effectiveness of the multi-D o Ansatz, a measure called “relative devia-
tion” may be introduced. If a trial state [DJ?(#)) is to approximate the exact wave function |¥(t)) at
time ¢ , we may define a deviation vector |5 (t)) to quantify the accuracy of the variational dynamics

based on the multiple Davydov trial states,
3 M 9\ M
[6()) = —iH[D15(t)) — 5, [D1(t))- (22)

If the trial wave function is exact (i.e., |[¥(f)) = ]D%(t))), and therefore obeys the Schrodinger
equation, then |§(¢)) vanishes. Thus, the deviation of variation dynamics of the multi-Dq o Ansatz

from the exact Schrodinger dynamics can be quantified by the amplitude of the deviation vector

11
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A(t) = 1[|0(t))]|. To better compare the deviation in the parameter space, a dimensionless “relative

deviation” o is evaluated as

max{A(t)}

= t €10, tmax|- 23
mean{ Ne; (1)}’ € 10, ] (23)
where N (t) is the amplitude of the time derivative of |D{\f[2(t)), given approximately by
9 m 9 pym M ()| F2IDM
Newe(t) =/ (5, DY DY) = /(DL (O H2DI(0). (24)

4 Simulation of spectroscopic signals

Over the past few decades, multidimensional spectroscopy has emerged as an essential apparatus for
studying energy/charge transfer in a wide range of novel materials [99, 100]. Unlike linear spectral
techniques, which often has congested spectral lines, nonlinear spectroscopy allows for the use of
multiple laser interactions to distinguish between dynamic processes that occur on different time
scales. Understanding the spectroscopic manifestations of the underlying molecular structure involves
simulations to identify system dynamics encoded in the spectroscopic signals, and requires computing
the third-order polarization P®)(t) [41, 101].

For linear spectroscopy, the autocorrelation function F'(¢) can be calculate using the multi-Do

Ansatze as follows
F(t) = ph<O’eX<0|ethPeil’HtPT|0>eX‘O>ph ~ph <0|eX<O‘P€7thPT’0>eX|0>ph= (25)

where P = 11> (|n)ex ex(0] +]0)ex ex(n|). Fourier transformation of F'(t) leads to the linear absorp-

tion spectrum

Flw) = LRe / T Rt (26)
T 0

It has been pointed out that F(w) calculated using Davydov’s Ansétze can help validate the Ansétze
in parameter regimes of interest [37, 85, 86, 102].

In addition to linear spectra, multidimensional spectroscopic signals, such as two-dimensional
(2D) photon echo (PE) spectra, yield elusive information on exciton scattering and dephasing in solids
and solutions. Using the simulation of 2D PE spectra as an example, the interaction Hamiltonian is
given by Hy, = —E (r, t) - fir —E*(r,t) - fi_, where E(r,t) is the electric field of the applied pulses,

E(r,t) =Eq(r,t) + Eo(r,t) + E3 (v, 1),
Ei (r,t) = e By (t — 1) ekrr—iwnttion,
E (r,t) = egFy (t — 1) etk T—iwat+ion,

E3 (I‘, t) _ 83E3 (t o 7_3) eikg-rfiUJ3t+i¢3’ (27)
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where e, kq, wa, Eq (t), and ¢4 (a = 1,2,3) denote the polarization, the wave vector, the frequency,
the dimensionless envelope, and the initial phase, respectively [103, 104]. It is common to define the
pulse arrival times in ﬁL asT = —Ty—T, 7o = =Ty, 73 = 0 where 7 (the coherence time) is the delay
time between the second and the first pulse, and T}, (the population time) is the delay time between
third and second pulse. In the short pulse limit, F, (t) = Eyo (t). It is assumed that the systems
stays in |g) [0),,;, prior to the excitation (t < —7'—7). Adopting the factorized initial condition allows
for negligence of system-environment correlations. In the absence of excited-state absorption (ESA),
the PE third polarization P®)(t) consists of four response functions Ry 4, from which various 2D
spectra can be computed [41, 103]. The third-order response is given by the response functions in
the impulsive limit, which can be expressed in terms of the variational parameters of the Multi-D»

Ansatz in Eq. (15) as follows [37, 104, 38, 74]

Ry(1, Ty, t) = Z D (eh ) e ) (€5 - ph)(es - p,,)

1,7 M,N1,M2,N3

x Aj ( )Ainzns (7' + Ty + t)ezq f;qn(Tw)fiq%(T+Tw+t)ew(1t

jnin
« 6—5 5 2 g fjan (Tw) P+ figng (T+Tw+6)|?)

)

Ro(7, T, t) = Z D (eh (et ) (e - ) (es - pr,,)

1,7 M,N1,M2,N3

x Aj (T + Tw)Ain2n3 (Tw + t)ezq f;qn(T+T“’)fiq”3(Tw"'t)ew(]t

jnin
><e_5 5 2 g fian (T+Tw) P+ figng (Tw+6)1?)

Y

R3(1,Ty,t) = Z D> (e pn,)er ) (e ) (es - )

1,j M,N1,Nn2,13

XA* ( )Aingns (t)ezq f;qn(T)fiqn:,}

jnin

><e_5 g (Fiqn(T)P+figng (75)\2)7

(t)eiwq (Tw+t)

Ry(7, Ty, 1) Z D (eh-pn)(er - i) (e py,)(es - puy,)

i,j mn1,m2,n3
x Aj ( )Ainzng (T)ezq Sign (=) fiang (r)etwatw

jnin

o s Sy Fian(—) P+ figns (7)) (28)

Here p,, are the transition dipole moments, and e4 is the polarization of the local oscillator field.
A;‘mn( ) is the exciton amplitude at state |n;) of the jth Gaussian superposition and with re-

spect to initial state |n), and fjqn(t) is the corresponding phonon deformations with respect to

) exp {07 [ 114 ()0 — 1,000, } 10),5,
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Correspondingly, one obtains the higher excited-state response functions [104, 105]

RT<T7 TUH t) = Z Z e4 Mnlm : /“L;)(GQ ’ l"’ng)(e?) : M‘ngm)

nning
nzm

Aj*(mm(o) Ay (D Zionma @ hnnng)a® o= Sl 1m0 OFH 0.0 D).

R;(T7 Tw’ t) = Z Z e4 ll’nlm : ll'ng)(e; : p’;kz)(e?) : Hngm)

nning
nam

(O)AZL( (t) Z f]/?nw) q( )f7n(”2"3) q( )e 2 Z (I 7]7:?71171 © )|2+|f“(n2"3)vq(t)‘2).

Aj/*

m(nin) nans)

The initial amplitudes of the higher excited-state are A7* m(ns ) = A% (T + Tw +1), Ajn(mms)(o) =

(0
Ainons (Tw), Airl:znln)( ) =A%, .+ Ty), and A" 712713)( ) = Aingns (T + Tiy), and the corresponding
phonon deformations are f7* (nln)q(o) g7+ T + 1), m(n2n3)7q( ) = finoq(Tw), fﬁl’?mn (0) =
]nlq(t+T ) a’nd ff n2n3 ( ) —fian(T+Tw)-

Consequently, one arrives at the stimulated emission (SE), the ground-state bleach (GSB), and

the ESA contributions, respectively, [41, 103]
oo oo . . . .
Ssp(wr, Tosw) = R / / didr[Ry (1, Ty, t)e = Ry (7, T,y 1)eirT i),
oo oo . . . .
Sasp(wr, Tw,wt) = 3%/ / dtdT[R3(T, Ty, t)e ™71t & Ry (1, Ty, t)er Tt
o0 o . . . .
Sesa(wr, Tw,wt) = —3?/ / dtdT[R; (T, Ty, t)e Tttt o R (1T, t)e“ ™). (29)
The sum of the above three contributions delivers the correlated 2D spectrum

S((/JT; Tun (Ut) - SSE(WTv Tw, wt) + SGSB(“T? TUM Wt) + SESA(WT7 TUM U.)t). (30)

5 Variational dynamics at finite temperatures
5.1 Monte Carlo importance sampling

In Sec. 3, we only explained the zero-temperature time-dependent variation. However, a majority of
measurements are conducted at finite temperatures, so it is important to also simulate many-body
quantum dynamics and corresponding spectral signatures at finite temperatures. To generalize the
variational approach to finite temperatures, we will use a Monte Carlo procedure analogous to the
one employed in ML-MCTDH in this section [55, 71].

To illustrate the finite-temperature approach, Hgp of Eq. (10) is used here as an example. The

initial system density matrix is assumed to be factorized, i.e., pior(0) = p(0)pF!, where p(0) = |+)(+]|.
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It is straightforward to extend the description to more general initial conditions with superpositions

of |=) and |+). We proceed to calculate the the expectation value of an observable O(t)
(O(1)) = Te{OeHsmt jl|1) (1] Hsmmty, (31)
The coherent state representation is used for the task,
(O(6) = [ Eafal(1]ge T Oc 1) ja). (32)

la) = exp(d ozle —H.c. ‘O> where the sum in the exponent is over all N, bath modes. The bath

equilibrium density matrix can be written as [93, 106]

i = [ asa Hlajal (33)

where § = 1/(kpT), and p(ca; 5) denotes the diagonal elements in coherent-state representation,
[107]

pla; B) = ﬁ [6%;_1 exp (—!azlz(eﬁ“” - 1))} : (34)

Seen as a probability density, p(a; 5) is a positive-definite function of « as shown in Eq. (34).
Substituting Eq. (33) into Eq. (32), the finite-temperature observables (O(t)) are evaluated by the
average according to the probability density p(a; ) as

(O)) = / Pap(a; B) (e (1ot e st 1| o)

= [ &aptas (Dt ) OD(E: @), (3)
where we have used substitution ‘D (t; a)> = e*iﬁSBMt‘1>‘a>, and ‘D%(O; a)> = ‘1>|a> is a

trial state with bath displacements of a at ¢ = 0. For the multi-D; Ansatz, initial parameters are
A1(0) =1, B1(0) =0, A,(0) = B,(0) =0 for n # 1 and f,;(0) = g,1(0) = oy for all n and [; and for
the multi-Dy Ansatz, A;(0) =1, B1(0) =0, A,(0) = B,(0) =0 for n # 1 and f,;(0) = o for all n
and [. Any observable expectation value can be calculated via Monte Carlo importance sampling as

N
(O) = 3 SOt a)|ODLh(E o), (30)

i
where N is the sampling number. The bath configuration «; is generated according to p(a; ) by
importance sampling. Given 207 = 1/(eP“ — 1) and a; = x; + ip;, one may partition p(a; ) in
Eq. (34) into two independent Gaussian distributions with o; as their variance,
2

2
_ T

;1 ok
2] e . 37
H V2 al V2o (37)
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To bypass numerical singularities, boson displacements are initialized by setting f,;(0) = ¢,;(0) =
a; + €9 with noise €y obeying the uniform distribution [—10*27 10*2]. The zero temperature case

corresponds to a; = 0 for all /, and the observable of Eq. (36) is reduced to (D{V[Q(t)|OA|D%(t)>

5.2 Displaced number states

Another way of including temperature effects with the HDA methodology is to use displaced number
states, as initialization of the bath degrees of freedom (DOFs) may be readily captured by displaced
number states. It is shown that the method of displaced number states with the multi-Do Ansatz
delivers accurate, efficient descriptions of nonadiabatic dynamics at conical intersections (CIs) [74].

The multi-Dy trial state of multiplicity M for the displaced number state is given by [73, 74]
DEM(0) = S lm) SIL AT, (0B iOhmi1e) ),

where |7i) = |nins - - - ny), and |m) are the diabatic states. Variational parameters ji = { A7 (t), fl?qq (t)}
are obtained from the usual time-dependent variation after constructing the Lagrangian. A quick
way to move forward is to expand initially excited number states in terms of coherent states, then to
obtain the standard EOMs but with nontrivial initial conditions to be sampled along a phase-space
circle. This approach greatly speeds up the numerics, and will be described below in detail.

The number state |n;) may be express by superpositions of coherent states [73],

lelBi> 7 4 .
e | doe |5, (38)
1BilP J—x
To discretize the integral over 6;, an approximate expression can be adopted as below
N—-1
nl!e|/3l|2 1 —in 0
S\ N kzoe B, (39)
=

where 0, = —m + %’rk‘l and k; =0, ..., N — 1. For the multi-Dy Ansatz with multiplicity M > N% (w
being the number of modes excited), variational parameters with w phonon modes can be initialized

as [73]

7 HN(B[) exp(—inlﬂkl), 1 S k S NY,
m,k(o) = l (40)
0, else.
AT (0) =0, (for m/ # m). (41)
- 0r,), 1<k<Nv.
m(0) = { O/T’zl exp(ify,) L (2)

16



[32

where N'(8;) = %1/ ((Z?;nll . Quick convergence with respect to the number of sampling points N
1

on a circle of radius || = y/n; can be obtained, for instance, for N between 5 and 14 depending

on initial excitations n (see Ref. [96]). The best performance value of |f;| = /n; is often adopted.

Population of the diabatic state |m) for the number state |7i) takes the form

M M
Py = Z Ak @) A, 1 (8) Sk
kK
where
- n |2 n |2 .
q

Thermal averaging can be implemented as follows

B _ Ni, T e Buwl pi
Pm_Hlan:O Qs va

where the partition function is given by

Qﬁ _ H Z e Brwr (44)

l nl=0

The truncation number of the /th mode excitation, N;r, which ensures numerical convergence, is

jointly determined by the total phonon excitation energy and the temperature.

5.3 Thermofield dynamics

The TFD approach was proposed in the 1970s as a wave-function based formalism of quantum
dynamics at finite temperatures [108, 109, 110, 76]. It has recently emerged to be a powerful tool
for finite-temperature description of many-body quantum dynamics when used in combination with
highly efficient numerical integration schemes of multidimensional quantum dynamics such as the
HDA methodology [79] or the tensor-train approach [111, 112, 113]. The TFD approach can be
readily applied to the vibronic coupling (VC) Hamiltonians, such as the Hamiltonians of Egs. (1)
and (10), in which diabatic potential energy surfaces (PESs) are given by polynomials of nuclear
coordinates [114, 115, 116, 117, 118, 119] To give a concise introduction to the TFD method, the
finite-temperature SBM will be used as an example and the presentation of Sec. 5.1 will be followed.
The SBM dynamics is represented by the density matrix piot(t) which follows the Liouville-von

Neumann equation

Otprot(t) = _i[ﬁSBMyﬁtot(t)]a Prot(0) = \+><+‘ﬁ%q- (45)
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Following Ref. [120], the bath-manifold eigenstates are introduced, Hp|k) = Ej|k). Apparently,
|k) = [, |ki) where Ey = 3, kjw; and |k;) are the lth-mode eigenstates. Vectors |k) are a copy of
|k) in the so-called tilde Hilbert space. With the notation |kk) = |k)|k), one may define the unity
vector |I) = 3", |kk) and the thermal vacuum state,

1

10(8)) = \/B5I) = Zg e 33 1), (46)

where Zp is the partition function. It follows that the Boltzmann distribution takes the form of
P = Tri{[0(8))(0(8)]}, where Tri{...} denotes a trace over the tilde subspace. The Liouvill-von

Neumann equation reads
Qi610t (t) = —i[Hspm, Grot(1)], G1ot(0) = [+)(+]|0(8))(0(5)]- (47)

Obviously, prot(t) = Trz{dt0t(t)}. Furthermore, Eq. (45) in which Hspy — Hspy — b (fz being
any operator acting in the tilde subspace) produces ot (t) which yields the same piot(t). Since the

initialization of Eq. (47) corresponds to a pure state, one has

Got(t) = [ (8)) (¢ (D)) (48)

where |1(t)) is governed by the TFD Schrédinger equation

elw(1)) = —i(Hspn — ) (E), [(0)) = [+)]0(8)). (49)

Therefore, the solution to the original Liouville-von Neumann equation (45) has been shown to be
equivalent to that to the TFD Schrodinger equation (49).
The TFD approach has the key advantage of having a compact analytical expression for the

thermal vacuum state thanks to the Bogoliubov transformation
e~1¢100) = 0(8)) (50)

where |00) is the ground state in the |k) ® |k) subspace. After the application of the Bogoliubov

transformation to Eq. (49), one has

i0|vo(t)) = Hipmlta(t)), ve(0)) = |+)]00) (51)

where Hipy = ¢/ (Hspym—hy)e™'C, |1ba(t)) = €'C|b(t)). For thermal vacuum state |0(3)) of Eq. (46),
the Bogoliubov transformation takes the form of G = =i}, 01 (byby — b;rl;lT) with ; = arctanh(e=5«1/2)
[76, 108, 109, 110]. To get an explicit form of the transformed Hamiltonian I;TSGBM, we choose h =
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> wli);gl [113], leading to the TFD Schrédinger equation (51) in which [113]

Hipy = H+ Hip + HE, (52)
HY = Hg,

-0 o . ~ ~
Hep = 5 ; Al [cosh(ﬁl)(blT +b) + smh(ﬁl)(blT + bl)] )
]flg = Zwl [b;bl - Bzri)l] .
]

The TFD Schrodinger equation (51) with lEIgBM of Eq. (52) is equivalent to the Liouville-von Neu-
mann equation (45) with Hgpgyr, and all observables evaluated via Eqs. (51) and (45) are identical.
The total phonon-mode number in ﬁgBM doubles that in Hggy of Eq. (10), and electron-phonon
coupling strengths in ﬁgBM are renormalized by temperature-dependent factors: cosh(f;) for the
physical modes and sinh(6;) for the tilde modes. If T — 0, then 6; — 0, with vanishing coupling
to the tilde space, and the standard Schrodinger equation fully reinstated. Temperature effects en-
ter the system via dynamically mingling the physical (b, b;r) and the tilde (b, Bzr) variables. It is
essential that the TFD Hamiltonian of Eq. (52) is isomorphic with the original SBM Hamiltonian
of Eq. (10). The TFD Schrédinger equation (51) can be treated as the usual Schrodinger equation,

with all relevant derivations unaffected.

6 The spin-boson model and its variants

Popularized by Leggett, the SBM is a paradigmatic instrument for the study of a two-state system
interacting with a dissipative bath [121]. We summarize in this section a few recent applications of
Davydov’s Anséatze to the ground-state and the dynamic properties of the SBM variants, including
the sinusoidally driven SBM, the two-bath SBM, the two-spin SBM, and the cavity-embedded SBM.

Despite much theoretical and numerical work devoted to the SBM, a consensus remains elusive
on the dynamics of Hamiltonian (10) in much of the phase diagram. Shown in Fig. 2 is a rough
sketch of the dynamics phase diagram of SBM obtained using the multi-D; Ansatz with Monte Carlo

é_swse_“/wc is

importance sampling (as discussed in Sec. 5.1). The spectral density form J(w) = 2ow
adopted, where w, is the cutoff frequency, « is the coupling strength, and s is the spectral exponent.
We set € = 0 and A = w./10.. It is believed that for s < 1, with increasing coupling strength
«, a dynamical coherent-incoherent crossover occurs before a delocalized-to-localized transition, as
unveiled by an ML-MCTDH approach and the technique of quantum master equations [122, 123, 124,
125]. As shown in Fig. 2, the solid line separates the localized phase (upper) from the delocalized

phase (lower), while two dashed lines meet at the critical point s, marking the coherent-incoherent
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Figure 2: A rough drewing of the SBM phase diagram. The solid line separates the delocalized
phase (lower) from the localized phase (upper), while the dashed lines mark the coherent-incoherent
crossover. The lower dashed line intersects with the solid line at sy, and the two dashed lines meet
at the critical point s.. For s. < s < 1, the two dashed lines map the domain into three parts with
shaded area corresponding to the incoherent state. Outside the shaded area is the coherent state.
For s < s, there is only the coherent state. We set ¢ = 0 and A = w,/10.

crossover. The lower dashed line intersects with the solid line at syx. The shaded area bordered
by the dashed lines in Fig. 2 represents the incoherent phase, and the rest of the phase diagram
is the coherent phase. The solid line in Fig. 2 depicts the localized-delocalized phase transition
and intersects with the coherent-incoherent transition line at sy, which is larger than s.. For the
sub-Ohmic dephasing fluctuations case, a similar phase diagram can be obtained [126]. Most recent
results from the numerically “exact” QUAPI method seem to lend support and explanation to the
topology of such phase diagrams [127], while an additional study using the multi-D; Ansatz reveals
substantial effects of the system and bath initialization on the dynamic phase diagram [128].

As shown in the upper panel of Fig. 3, the low-temperature dynamics (kg7 /w. = 0.01) from the
D=2 Ansatz and QUAPI are in perfect agreement. At high temperatures (kgT'/w. = 0.2), dynamics
obtained by the Djlw =2 Ansatz and QUAPI remain in good agreement despite a tiny discrepancy
between the QUAPI and the D=2 Ansatz populations, which may be attributed to insufficient
number of bath modes in the variational method, as displayed in the lower panel of Fig. 3. From
Eq. (37), o; inflates at high temperatures, leading to large values of f,;(0) and g¢,;(0) for high-
frequency modes which may be safely disregarded at low temperatures. It follows that the required

modes number N of and the sampling number increase at high temperatures. However, the single
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Figure 3: Population difference P, (t) comnputed by the multi-D; Ansétze (solid lines) with M =1
(1-Dyq, green) and M = 2 (2-Dq, purple) and the QUAPT approach (black circles) for s = 1, e = 0,
A=0.1, « = 0.05, and two temperatures, T'/w. = 0.01 and 0.2. The initial condition of a factorized
bath is used.
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Figure 4: Time-dependent fluorescence plotted as a function of frequency w and time ¢ from the
multi-D7 Ansatz for o = 0.1, wg = 0.2w,, w; = wp, and Q = 1.5wy with N = 150 and M = 15.

Do Ansatz (M = 1)is considerably more accurate at high temperatures than at low temperatures
(cf. the upper panel of Fig. 3). As a result, the increased CPU time due to the added bath modes
and increased sampling is compensated by a reduced Ansatz multiplicity, so the Davydov-Ansatz

method with importance sampling remains efficient at high temperatures.

6.1 The driven spin-boson model

The multi-D; Ansatz has also been applied to a sinusoidally driven SBM problem [97]:

1
H(t) = §w00'z + Qcos(wyt)oy + Hr + Hsr, (53)

where wy is the qubit transition frequency and o, , are the Pauli matrices. 2 is the Rabi frequency
and w, is the driving frequency. Hr = ZkNil wkblbk, with by, (bZ) the annihilation (creation) operator
of the kth bosonic mode and N, the mode number. The qubit-reservoir coupling Hamiltonoian Hsg
reads Hsg = 0,/2 Zgil A (b + b;i), where \; is the coupling strength between the kth mode and
qubit, giving rise to an Ohmic spectral density J(w) = Zgil M(w — wy) = 2awO(we — w), where
a is a dimensionless coupling strength, w. is the cut-off frequency, and O(-) is the Heaviside step
function. Time evolution of the bosonic population can be computed for each bath mode by using
the multi-D; Ansatz, and consequently, the time-resolved fluorescence spectrum can be evaluated
accurately. Fig. 4 shows the photon number distribution versus emission frequency and time, which
unveils the real-time formation of emission peaks [97]. The variational method with the multi-D;
Ansatz offers a powerful tool to compute the spectral evolution, capturing accurate dynamics of both

the qubit and the field.
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Figure 5: (a) Schematic of a 2-bath SBM. One spin is coupled to two independent baths with diagonal
(Z) or off-diagonal (X) spin-bath coupling. (b) Schematic plot of the phase diagram of the 2-bath
SBM with two identical baths s = 5 and « = /3, where s (5) and « () represent the spectral exponents
and coupling strengths, respectively, for the bath spectral density functions J,(w) (Jz(w)). Three
phases (localized, critical and free) are displayed in the s-a plane with two critical spectral exponent
values, s* and 1.0.

6.2 The two-bath spin-boson model

There are several studies extending the standard SBM. One way is to couple the spin to a bath with
simultaneous diagonal and off-diagonal coupling [129]. Another way is to couple a single spin to two
baths, each with its individual form of spin-bath coupling. It is handy to use the multi-D; Ansatz
to investigate a two-bath SBM which is given by

. € A o o
A = S0 B St TN )+ E A b, (59
1 ] ]

where ¢ = 1,2 is the bath index, A; (¢;) is the diagonal (off-diagonal) coupling strength for the Ith
bath mode, and € and A are the spin bias and tunneling constant, respectively. To study quantum
phase transitions (QPTs), we set ¢ = A = 0 and adopt a logarithmic discretization scheme by
partitioning the frequency domain [0, w,] into L intervals w,[A~!, A=(¢=D], where I = 1,2,..., L, and
we set we = 1 and A = 2 [130].

The 2-bath SBM of Eq. (54) has been recently examined using the HDA methodology [35, 131,
132], yielding a phase diagram as displayed in Fig. 5(b). The arrow in Fig. 5(a) denotes a spin, and Z
and X refer to the diagonal and off-diagonal coupling, respectively, with corresponding bath spectral

1=5w% and J,(w) = 26w} 5w®. Here a and 3 are the dimensionless

densities given by J,(w) = 2aw
coupling strengths, and s and 5 denote the spectral exponents. The 2-bath SBM may be realized in the
lab as an impurity in a magnet coupled to two spin-wave modes [133, 134, 135, 136], a superconducting
qubit connected to electromagnetic fluctuations of two linear circuits, [137, 138, 139], a SQUID-based
charge qubit coupled to two cavity fields[140], and thermal transport between two reservoirs coupled

with a molecular junction [141].
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Figure 6: Time evolution of the population difference of two spins coupled to a common bath with
s = 1 and various coupling constants «. Other parameters are Ay = Ay = 0.1w,, V = 0.05w.. The
perturbative results are presented only for the moderately weak coupling strengths.

The existence of three phases, the “localized phase,” the “critical phase,” and the “free phase”,
has been predicted by a perturbative renormalization group theory, for s =35, a =p,ande =A =0
[134, 142, 143]. This was later confirmed by numerical means in the strong, the intermediate, and
the weak coupling regime [144]. A continuous QPT separating the localized and the critical phase
was claimed to exist only for s* < s < 1, and a critical exponent of s* = 0.75 was estimated from
DMRG, while for s > 1, the impurity behaves as a free spin in the “free phase.” [144] Moreover, a
critical exponent of s* = 1/2 was recently by a mean-predicted field analysis [35], at variance with
the aforementioned DMRG result. Employing the multi-D; Ansatz, rotational- and parity-symmetry
breaking is found to occur along the localized-to-critical phase transition, and a critical spectral

exponent of s* = 0.49(1) is determined, in good agreement with the mean-field predictions [35].

6.3 The two-spin spin-boson model

Making use of the multi-D; Ansatz [61], we have studied a 2-spin SBM with two spins interacting
with a common reservoir, the Hamitonian of which is given by

2

o A;
Hig ™ = =Y Showi+ Vovos + }:mwm+ “}:Mm+m
=1 I

(b +b),  (55)

where A; is the tunneling amplitude of the ith spin, 0,; (1 = x, ¥, 2) is the y-component Pauli matrix
of the ith spin, b; (blT) is the annihilation (creation) operator of the [th reservoir mode of frequency wj.
Al (5\1) is the strength of coupling between spin 1 (2) and the bath. The bath spectral density is given
by J(w) =Y, A26(w — wy) = 20wl w*O(w. — w), where « is the dimensionless coupling constant, s

is the spectral exponent, w, is the cutoff frequency, and ©(-) is the Heaviside step function.
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Figure 7: Comparison of emission spectra calculated with the multi-Dy (M= 3, or 3-D;) Ansatz and
the multi-Dy (M = 3,5,6) Ansatz, or the , or 3-, 5-, 6-D2 Ansatz.

As shown in Fig. 6, the spin dynamics an Ohmic bath (s = 1) have been calculated by the multi-
D; Ansatz, the time-dependent numerical renormalization group (TD-NRG), and the perturbative
variational master equation (VME) approach. From weak to strong coupling, the TD-NRG and the
multi-D; results agree with each other. Interestingly, as shown by the two methods, the two spins are
found to be localized at strong coupling. But large deviations appear between the two approaches
when the two spins are coupled to a sub-Ohmic bath. While it is well known that the application
of the NRG to the sub-Ohmic SBM has led to unreliable conclusions regarding quantum critical
behavior [145], the relative deviations of the multi-D; trial states, i.e., Eq. (23), are found to be

diminutive in this regime, indicating unambiguously that the multi-D; results are robust [61].

6.4 Vacuum Rabi splitting in a dissipative bath

In this subsection, we consider a model system in which a qubit is coupled simultaneously to a cavity

and a radiation bath. The model Hamiltonian is given by

R 1 A Ak

Hyps = 400 + webibe + Ec(bc +b)o, + Zk:wkbzbk + Zk: S+ bl)o, (56)
where wy is the qubit energy, o; (i = x,y, z) denotes the Pauli matrices, b, (b};) is the annihilation
(creation) operator of the cavity mode of frequency we, by (bL) is the annihilation (creation) operator
of the bath mode of frequency wg, A. and \g are the cavity- and bath-qubit coupling strengths, respec-
tively. We adopt an Ohmic-type bath spectral density, J(w) = >, A26(wy —w) = 2aw exp(—w/wWeut )
where « is the dimensionless coupling constant and weyt is the cut-off frequency. The emission spec-

trum has been calculated using the multi-D; and multi-Ds Ansétze with a number of multiplicities
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Figure 8: Comparison of emission spectra calculated by the methods of the 12-D; Ansatz, the
modified time-local master equation, and the modified time-nonlocal master equation, for the case
of @ = 0.2,w. = wp, and A\ = 0.3wp. Initial states used in the upper and lower panel are |e, 0.) and
lg, 1.), respectively.

(M = 3,5,6), and the results are compared in Fig. 7. As shown in Fig. 7, the vacuum Rabi splitting
is clearly visible in the emission spectrum, for the case of @ = 0.05,w. = wp, and A\, = wp/10. One
readily notes that the 3-Dp result coincides with the 6-Ds result, which confirms that the multi-D;
state with the multiplicity M is a special case of the multi-Ds states with the multiplicity 20 [73].

Due to great succuss in accurately modeling qubit-cavity dynamics of the dissipative Rabi model,
multiple Davydov Ansétze are now used to benchmark second-order perturbative methods based on
canonical transformations and master equations [146]. Shown in Fig. 8 is a comparison of emission
spectra calculated by the multi-D; Ansatz with M = 12, the modified time-local master equation,
and the modified time-nonlocal master equation, for the case of @ = 0.2, w. = wp, and A, = 0.3wy.
The initial states used in the upper and lower panel of Fig. 8 are |e, 0.) and |g, 1.), respectively, where

le) (]g)) is the qubit excited (ground) state and |n.) (n = 0,1) is the cavity number state.
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Figure 9: Phase diagram of the near zone-center self-trapping in g-¢-J space for the Global-Local
Ansatz (solid) and Toyozawa’s Ansatz (dashed). In the region under the solid-line ax-shaped curve
(where J is small), there is a single solution to the set of self-consistency equations derived from the
Global-Local Ansatz, and the transition from small-polaron correlations to large-polaron correlations
is smooth. Within the ax-shaped region, the Global-Local Ansatz has two convergent solutions that
coexist. For Toyozawa’s Ansatz, the region where two solutions coexist is much larger.

7 The extended Holstein Hamiltonian

In the original treatment by Holstein, only the site-diagonal exciton-phonon coupling was considered

[147, 28, 29], and the site-space Holstein Hamiltonian is written as
ﬁHolstein = _JZ ail(an+1 + anfl) +w Z b;rlbn + ﬁg}i{aigph, (57)
n n

ﬁg)iigph = QWZ(bIL + bn)a;an,
n

A~

where J is the nearest-neighbor transfer integral, and H%*8

ex—ph 18 the diagonal coupling Hamiltonian

with coupling strength g. Many of the methods used to study the Frohlich Hamiltonian have also
been applied to the Holstein Hamiltonian. For example, the intermediate coupling theory of Lee,
Low, and Pines (LLP) [148], which was developed in 1953 for the Frohlich Hamiltonian, was sub-
sequently employed by Merrifield [26] to treat the Holstein molecular crystal model, Eq. (57). In
place of the LLP transformation, which eliminates the exciton coordinate from Eq. (57), accurate,
momentum-conserving variational wave functions, such as Toyozawa’s Ansatz and the Global-Local
Ansatz, can be utilized to describ the ground state properties of Eq. (57). Additionally, the delocal-
ized Dy Ansatz, ]\I/ffm) of Eq. (9), has been found to be considerably more accurate than the two
aforementioned Ansétze, producing ground state energies of an accuracy rivaling that of the much
more computationally demanding DMRG method (cf. Table I of Ref. [34]).

Off-diagonal coupling is the dependence of the transfer integral on nuclear coordinates, which is

also known as “nonlocal coupling.” Optical and transport properties of molecular systems are strongly
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Figure 10: Time dependence of the exciton probability Pe(t,n) for a parameter set of T' = 1,J =
0.1,W = 0,9 = 0,¢ = 0.3 for a lattice of 10 sites, obtained with (a) the D}/=20 Ansatz and (b) the
HEOM method. The difference in Pec(t,n) between (a) and (b), labelled as AP (t,n), is shown in
panel (c).

influenced by off-diagonal coupling; in particular, it is believed that off-diagonal coupling plays a
dominant role in how transport species are scattered in aromatic hydrocarbon crystals [149, 150, 151,
152, 153], in the V}, center in alkali halides [154, 155], in antiferromagnetic semiconductors [156], and in
excimer spectra [157]. But off-diagonal coupling is customarily omitted due to difficulties in achieving
reliable solutions [158]. It has been demonstrated that the HDA methodology can treat off-diagonal
coupling to any desired precision by increasing the complexity in the Ansatz [60, 37, 159, 118]. Fig. 9
displays the phase diagram of the near zone-center self-trapping in g-¢-J space for the Global-Local
Ansatz (solid) and Toyozawa’s Ansatz (dashed). In the region under the solid-line ax-shaped curve
(where J is small), there is a single solution to the set of self-consistency equations derived from
the Global-Local Ansatz, and the transition from small- to large-polaron correlations is smooth.
Within the ax-shaped region, the Global-Local Ansatz has two convergent solutions that coexist.
For Toyozawa’s Ansatz, the region where two solutions coexist is much greater. In general, as the
variational trial state becomes more sophisticated by adopting more variational parameters, the space
of multiple coexisting solutions grows smaller, inferring the absence of formal QPTs in the Holstein
systems.

Various types of entanglement in Eq. (57) have been evaluated using Toyozawa’s Ansatz [160, 161].
For exmaple, it has been shown that analyzing the quantum entanglement between excitonic and
phononic DOF's leads to effective characterization of the small and large polaron regimes [161]. The
small (large) polaron regime corresponds to a high (low) level of bipartite exciton-phonon entangle-
ment. Additionally, decreasing the coupling strength through the self-trapping line triggers a sudden

drop in the exciton-phonon entanglement. In the presence of off-diagonal coupling, self-trapping
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occurs with significant changes in entanglement at both the Brillouin-zone center and edge. [160].
By combining the TFD method with the variation scheme employing the multi-Ds Ansatz, the
finite-temperature dynamics of a Holstein polaron can be unveiled with high precision [79]. Using
the HEOM result as a banchmark [162], it has been convincingly shown that the finite-temperature
variation with the multi-Do Ansatz is an efficient and reliable apparatus to describe the dynamics of
the Holstein polaron at any temperature and in the presence of off-diagonal coupling, as illustrated
in Fig. 10 for a lattice of 10 sites. The discrepancy between the multi-Dy Ansatz of multiplicity 20
and the HEOM method is shown to be negligible in Fig. 10 (c). It has been known that an increase
in temperature may inhibit polaron mobility for weak to moderate diagonal coupling. By combining
the multi-Ds Ansatz with the TFD method, it can be clearly shown that off-diagonal coupling can

also lead to phonon-assisted transport that becomes dominant at high temperatures.

8 Dynamics of cavity-assisted SF

SF is a spin-allowed process of exciton multiplication in which a singlet exciton splits into two triplet
excitations of roughly half the energy of their singlet parent. Much attention has surrounded SF
as a potential enabler of photovoltaic devices to bypass the Shockley-Queisser limit in conversion
efficiency [163]. There are several factors that can affect the dynamics of SF, such as molecular
modes that are coupled to electronic excitations. These modes are shown to play a dominant role
in the SF process according to recent theoretical estimates [164, 165] and ultrafast spectroscopic
measurements [166, 167, 168]. It was demonstrated that efficient fission in pentacene derivatives
[169, 170, 171] and crystalline tetracene [172, 173] has been facilitated by high-frequency phonon
modes via vibronic resonances. Using the multi-Dy Ansatz, it has been revealed that additional
channels for rapid intramolecular SF [174] can be established by high frequency modes off-diagonally
coupled to electronic DOF's. Insufficient attention has been devoted to CIs mediated SF dynamics
in molecular systems such as pentacene, tetracene, and rubrene crystals and thin films. Meanwhile,
much interest is emerging in hybrid light-matter states in molecular/materials sciences, in which
strong light-matter interactions come into existence by coupling cavity photonic modes with various
electronic/vibrational DOFs of molecular species. It is logical to merge the best of both worlds
by harnessing cavities to improve SF as it has unequivocally been demonstrated in the lab that
CI-mediated SF processes in rubrene can be engineered by microcavities [175, 176, 177].

Previously, measured linear/nonlinear spectral signals were interpreted only in terms of model
Hamiltonians such as the Holstein-Tavis-Cummings (HTC) model and the Fermi Golden Rule, which

do not adequately capture the dynamics of Cl-driven SF in microcavities. In addition, the current
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understanding of phonon-assisted SF mechanisms is inadequate. To gain dynamic information on
population transfer and spectral relaxation, a more realistic model system, e.g., an ab initio exciton
model, needs to be considered [178, 179, 180, 181]. Multiple Davydov Ansétze come handy in this
respect to offer an accurate, efficient description for the exciton-phonon dynamics with many DOF's,
producing associated nonlinear response functions and spectroscopic signals with great precision
[74, 105, 174, 182].

Let us consider, as an example, two rubrene dimers embedded in an optical cavity and coupled
to a cavity photon mode, which can be described by the Hamiltonian H = Ej:1,2 Hﬁ) + Hc+ Hgl\)4
Here HM) represents the jth pristine dimer, H¢ refers to the cavity-field Hamiltonian (He = wcCtC
with CT (C) being the photon creation (annihilation) operator with frequency wc), and H, gl\)/[ specifies

the dimer-cavity interaction. In the diabatic representation, each rubrene dimer is represented by a

five-electronic-state, two-vibrational-mode system,

Hﬁ) — Z |k(j)>(6k—|—h,(€j))<k(j)|
k=g, 8 110) 5P TTY
+ (1SINTTD| | TTOY (ST )AQY). (58)

Here |g\)) is the ground state of jth dimer, |S£j )> is the singlet electronic state coupled to the triplet-
pair state |T7)), while |Sr(Lj )> and |T'T, éj )> are higher-lying singlet and triplet states, respectively.
A is the coupling constant specifying the |S1)-|T'T") CI responsible for the SF, ¢ are the electronic
)

energies, and hg are the phonon Hamiltonians including one interstate coupling mode (subscript ¢)

and one primary tuning mode (subscript t):
D = b9 4 QY
hy=35 3 wallPYP +QEP)
a=c,t
Here h =1, Qg ) and Po([j ) are, respectively, dimensionless coordinates and momenta of the interstate
coupling (o = ¢) and tuning (o = t) modes with frequencies w,, and kj are the intrastate coupling
strengths. An effective model of Cl-mediated SF has been established in Refs. [183, 182, 184, 185],
where the tuning mode )¢ is the dimensionless SF reaction coordinate, and (. is an antisymmetric
interstate coupling mode linking the states ]59 )> and |T71)). Our model here is augmented with

the inclusion of the higher-lying |T'T; T(Lj )) and \S,(Lj )), which routinely appear in spectroscopic signals

simulation of molecular systems [186]. Within the dipole approximation and the rotating wave

approximation, the dimer-cavity-photon interaction Hamiltonian reads Hg1\)/1 = %(CX 4 CtX),

where XT = \ng))(g(j)\ + nslS,gj)><S§j)\ + nT]TTij)MTT(j)\, and  is the vacuum Rabi frequency
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Figure 11: Collective polaritonic PESs at le) = Q£2) = 0 along the symmetric tuning mode in the
singly-excited manifold.

for a molecular emitter. The Rabi splitting of IV identical molecules in the cavity is approximately

Agr = /(we —¢es,)? + NQ2 in the Franck-Condon regime (see, e.g., Ref. [187]). The state Sy)

(TTY) is optically bright (dark), and only the S§j ) state is coupled to the cavity. ng and np control
the cavity-induced transitions Sfj )-Sﬁlj ) and TTY-TT, 7(lj ).

The total number of excitations is conserved as the number operator Ne, = CTC 45 ik |k (kG|
commutes with the system Hamiltonian H. The two identical dimers have their Hamiltonians pa-
rameterized according to Refs. [183, 182, 184, 185]: €5, = 2.23 eV, epr = 2.28 €V, wy = 0.186 eV,
we = 0.0154 eV, kg, = 0.372 eV, kpr = —0.372 eV, and A = 0.0745 eV. Only tentative energy
assignments are available for higher-lying singlet and triplet states [183, 188, 189, 190, 191, 192].
Following Ref. [183] we set €5, = 4.33 eV and e7p, = 4.68 eV. It is also reasonable to assume that
ks, = kg, and K77, = K77. Identical transition dipole moments are assumed for all allowed transi-
tions, and ng = nr = 1 is set. The cavity mode is given a frequency of wo = 2.256 eV, matching the
pristine CI position (without cavity). It is also almost in electronic resonance with the bright S%j )
state. We set 2 = 0.2 eV, which leaves the cavity-matter interaction in the strong-coupling regime.

We first consider the singly-excited manifold of (Nex) = 1, where the state vectors span a 5-
dimensional space with the basis set |1¢, g™, g®), IOC,Sgl),g(Q)), 0c, TTM, g2, |Oc,g(1),S§2)>,
and [0¢, g, TT®) (the cavity states are labeled as |ic), where i = 0,1,2 numbers the cavity
photons). Displayed in Fig. 11 are the collective cuts along the symmetric tuning mode QEI) = EQ)

through adiabatic polaritonic PESs. Gradient color lines are used to mark the polaritonic nature
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Figure 12: Real part of the 2DES spectrum of the cavity-assisted SF system, computed in the
impulsive limit for a few population times, T, = 0,16,32,48 fs (as indicated in the panels). An
electronic dephasing time of 74 ~ 125.7 fs is used.

of these states. There are one dark-state CI and two bright-state polaritonic Cls. Located at
E =2.256 eV and Qél) = EQ) = 0.07, the dark-state CI is formed by the states decoupled from the
cavity mode, coinciding with the cavity-free CI of the rubrene dimer [183, 182, 184, 185]. The two
polaritonic Cls originate in the dimer-cavity coupling. Due to two dimers being identical and their
individual electronic states being doubly generate, the collective excitonic states can be expressed as
symmetrized /antisymmetrized combinations of these states.

Aside from SF energetics, the Davydov Ansatz methodology can also accurately simulate all
other dynamic observables and spectroscopic signals. In CI models with reduced dimensionality, a
dephasing time, represented by 74, accounts for factors such as temperature, environmental pertur-
bations, and the vibronic density of states. The value of 74 is typically between several dozen and a
few hundred femtoseconds [193, 38]. Simulated 2D electronic spectra (2DES) S(w., Tw,w;) at a few
population times, T,, = 0, 16, 32,48 fs, are presented in Fig. 12, which has two pronounced diagonal
peaks (DPs) and two cross peaks (CPs). The diagonal peaks, DP1 (w, = 2.297 eV, w; = 2.297 V)
and DP2 (w; = 2.429 eV, w; = 2.429 eV) reveal the middle polariton (MP) and the upper polariton
(UP) bands, respectively, while the cross peaks, CP1 (w, = 2.429 eV, w; = 2.297 eV) and CP2
(wr = 2.297 eV, w; = 2.429 eV) quantify the coupling and polaritonic coherence between the MP
and UP states.
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9 Conclusions and Discussion

In this Perspective, I give an overview of the past decade’s developments of the family of Davydov’s
Anséatze with applications to a few many-body quantum systems of interest in chemical physics. It
has been demonstrated that the Davydov Ansétze, in combination with standard time-dependent
variation and its finite-temperature extensions, offer an all-around toolbox for numerically efficient,
accurate evaluations of dynamic and spectroscopic properties of a large variety of many-body prob-
lems. Initially proposed as possible carriers of vibrational energy in proteins, Davydov’s solitons after
undergoing momentum-space projection were found to provide great approximations to the ground-
state wave functions of the generalized Holstein Hamiltonian [29, 34], inferring the absence of QPTs
in the Holstein systems [194, 195]. Pioneered by Shore and Sander half a century ago, the multiple
Davydov Ansétze were developed as improved versions of their single-Ansatz counterparts, allowing
for incrementally more accurate descriptions of the nuclear DOF's of the many-body wave functions.
For sufficiently large multiplicities, one achieves a numerically “exact” solution to the many-body
Schrodinger equation in the form of the multiple Davydov Ansétze, two versions of which, name-
ly, the multi-D; and the multi-Dy Ansétze, have been implemented, with great success, to several
many-body quantum systems of broad interest, including the SBM variants [36, 61, 60, 196], dissi-
pative Landau-Zener transitions [197], and the generalized Holstein molecular crystal model in 1D
[32, 34, 37, 79] and 2D [198].

Nonperturbative, numerically “exact” for large Ansatz multiplicities, the multiple Davydov An-
sétze are also capable to handle dynamic properties of large, realistic materials systems and extract
multidimensional spectroscopic signals for close comparison with experiment [74, 105]. As a practi-
cal application, the variational HDA method has been used to simulate many-body dynamics and
nonlinear spectroscopic signatures of cavity-assisted, CI-controlled SF systems, an example of which
in rubrene has been discussed in great detail in this Perspective [176, 177]. With algorithmic imple-
mentation in graphic processing units, the Davydov trial states have also been applied to efficiently
model exciton-phonon dynamics in mesoscale light-harvesting systems containing more than 1600
pigments [199], highlighting the capability of the HDA methodology in accurate simulation of large-
system quantum dynamics. In addition, Zheng et al. have adopted the multi-Ds Ansatz to explore
the composite photon-qubit-phonon dynamics in hybrid circuit quantum electrodynamics (QED) de-
vices [200, 201, 202, 203]. Thanks to explicit treatments of individual bosonic DOF's within the HDA
framework, involvement of all photon/phonon modes in the system dynamics can be unveiled clearly,
facilitating photonic-state engineering in QED devices in quantum information and computation.

Most recently, by constructing ab initio-parametrized multispecies Hamiltonians, the HDA approach
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has been successfully utilized to investigate exciton dynamics and time- and frequency-resolved flu-
orescence spectra in nanocavity-integrated monolayers of transition metal dichalcogenides (TMD)
[204], establishing dynamical and spectroscopic signatures of the polaronic and polaritonic effects in
these extremely promising, atomically thin semiconductors. To my knowledge, among all materials
systems whose dynamic and spectroscopic properties have been simulated by a numerically accurate,
fully quantum method at finite temperatures, the TMD monolayers are the most complex, chal-
lenging multidimensional CI construct. Our HDA study reveals the pivotal role of multidimensional
CIs in controlling the many-body dynamics of highly intertwined excitonic, phononic, and photonic
modes in complex materials systems.

The HDA approach belongs to a large family of methods which involve Gaussian basis functions
in solving the Schrédinger equation in a multidimensional Hilbert space, a body of work that can be
traced back to the semiclassical thawed Gaussian approximation [205] and the frozen Gaussian ap-
proximation [206, 207]. In the thawed Gaussian approximation, the center of a Gaussian wave packet
follows the Newtonian dynamics, but its width is adjusted based on an effective potential derived
from truncating the PES around the center of the Gaussian at second order. In the frozen Gaussian
approximation, the wave-packet width remains constant, and the PES nonlinearity is accounted for
approximately. The MS method of Martinez and coworkers [57, 58, 208] adopts adaptive linear super-
positions of Gaussian basis sets that follow classical trajectories, where the set of Gaussian basis func-
tions can expand via a process called “spawning,” designed to more accurately capture nonadiabatic
dynamics at coupled PESs and/or tunneling effects. The variational multi-configurational Gaussian
(vMCGQG) approach of Burghardt and coworkers [209, 70], analogous to the HDA methodology, solves
coupled EOMs for the Gaussian parameters via time-dependent variation. Werther and Grossman-
n invented an “apoptosis” procedure removing quasi-degenerate Gaussian wave packets [210, 211]
during wave-function propagation. The coupled-coherent states (CCS) method developed by Sha-
lashilin and co-workers [69, 212, 213, 214] uses nuclear wave functions in a basis of trajectory-guided
Gaussians evolving on an averaged quantum potential. Extension of the CSS method to include
multiple coupled PESs leads to the multiconfigurational Ehrenfest (MCE) method [65, 66, 220]. The
Hagedorn wave packets [215, 216] and the generalized coherent state method [62, 67, 217] employ
products of Gaussians and multi-dimensional polynomials as basis functions. The aforementioned
Gaussian methods may differ in the detailed basis-function choices and in the specific methods of
solutions for the variational parameters. Nonetheless, the common Gaussian basis functions often
allow for smooth migration of the tools developed within the HDA formalism to other Gaussian

methods and vice versa. For instance, the HDA approach to the computation of multidimensional
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spectroscopic signals [59, 104] was transferred to the MCE framework [218, 219]. While it is hard to
exhaust the likely methodological “exchanges,” it would be promising to extend the HDA machin-
ery of evaluating multidimensional diabatic/adiabatic wave packets [64] to other Gaussian methods,
and to combine the Davydov Ansétze with methods of ab initio electronic-structure calculations for
on-the-fly dynamics simulations by adopting techniques from, for example, the ab initio MS (AIMS)
[221], the external-field AIMS [222, 223, the ab initio multiple cloning (AIMC) [224], and the direct
dynamics variant of vMCG [225].

To conclude, the HDA methodology and its finite-temperature extensions offer practitioners of
quantum simulations with an accurate, effective tool for evaluating multiple-species, many-body
dynamics together with multidimensional, fully quantum spectroscopic signals, including both tran-
sient and steady-state responses, for a wide range of many-body particle-boson systems in chemical
physics. It is promising to use the HDA machinery to probe the femtosecond dynamics of cavity
QED systems and atomically thin, novel semiconductors in order to to untangle fascinating dynamic
intricacies of intertwined excitonic, phononic, and photonic modes in complex materials systems in
the presence of quantum light. It is also a challenging task to employ the HDA methodology to study
nonlinear and mode-mode coupling effects in quantum transport and multidimensional spectroscopy,
to upgrade the multi-coherent-state description to handle systems with fermionic and rotational D-
OFs, and to develop state-of-the-art deep-learning techniques to help speed up dynamics simulation
of increasingly more complex materials systems [226]. The HDA methodology belongs to the class of
variational quantum algorithms (VQAs) that have recently emerged as a leading strategy to address
the current constraints of limited qubit numbers and noise processes in quantum computing [227].
VQAs are now being proposed for all applications as they appear as the best hope to secure the
quantum computational advantage. In light of this development, the coming years will likely see
a much greater level of development of the HDA methodology as well as its application to various

many-body problems in chemical physics.
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