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New Families of MDS Symbol-Pair Codes from
Matrix-Product Codes

Gaojun Luo, Martianus Frederic Ezerman, San Ling, and Xu Pan

Abstract—In emerging storage technologies, the outputs of the
channels consist of overlapping pairs of symbols. The errors
are no longer individual symbols. Controlling them calls for a
different approach. Symbol-pair codes have been proposed as a
solution. The error-correcting capability of such a code depends
on its minimum pair distance instead of the usual minimum
Hamming distance. Longer codes can be conveniently constructed
from known shorter ones by a matrix-product approach. The
parameters of a matrix-product code can be determined from the
parameters of the ingredient codes. We construct a new family of
maximum distance separable (MDS) symbol-pair matrix-product
codes.

Codes which are permutation equivalent to matrix-product
codes may have improved minimum pair distances. We present
four new families of MDS symbol-pair codes and a new family
of almost MDS symbol-pair codes. The codes in these five new
families are permutation equivalent to matrix-product codes.
Each of our five constructions identifies permutations that can
increase the minimum pair distances. We situate the new families
among previously known families of MDS symbol-pair codes to
highlight the versatility of our matrix-product construction route.

Index Terms—Matrix-product code, maximum distance sepa-
rable code, symbol-pair code.

I. INTRODUCTION

The traditional model for information transmission over
noisy channels divides a message into individual information
units. The writing and reading processes are done on individual
symbols. Emerging storage technologies, however, come with
a high write resolution and a low read resolution. Writing and
reading individual symbols cannot be carried out consistently
in channels whose outputs consist of overlapping pairs of sym-
bols. To overcome the physical limitations on such channels,
Casutto and Blaum in [3], followed by Casutto and Litsyn in
[4], introduced and gave early constructions of symbol-pair
codes. In this new framework, the outputs and the errors are
no longer individual symbols. They are overlapping pairs of
adjacent symbols.

G. Luo, M. F. Ezerman, and S. Ling are with the School
of Physical and Mathematical Sciences, Nanyang Technological
University, 21  Nanyang Link, Singapore = 637371, e-mails:

{gaojun.luo, fredezerman, lingsan } @ntu.edu.sg.

M. F. Ezerman is also with Sandhiguna, Suite 707 Graha Pena, Jalan Raya
Batam Center, Teluk Tering, Kota Batam, Kepulauan Riau, 29461, Indonesia,
e-mail: fred @sandhiguna.com.

X. Pan is with the School of Mathematics and Statistics, Central China
Normal University, Wuhan 430079, China, e-mail: panxu@mails.ccnu.edu.cn.

G. Luo, M. F. Ezerman, and S. Ling are supported by Nanyang Tech-
nological University Research Grant No. 04INS000047C230GRTO1. National
Natural Science Foundation of China (Grant No. 11971175) partially supports
S. Ling. X. Pan is supported by the State Scholarship Fund of China
Scholarship Council (CSC).

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

A. Symbol-Pair Codes

Let © denote a code alphabet that consists of ¢ elements.
The symbol-pair read of a codeword a = (ag,...,an—1) €
O" in a symbol-pair read channel is

((a07a1)7 ey (an_l, ao)) .

Hence, each codeword a € ©" has a unique symbol-pair
representation in (©,©)™. To characterize the symbol-pair
error-correcting capability, the pair distance between any two
codewords a = (ag, ...,an,—1) and b = (bg,...,b,—_1) in O™
is defined as

dp(a,b) =[{0 <i<n—1:(a;ait1)# (bi,bis1)}], (1)

with the subscripts taken modulo n. The pair weight wp(a)
of ais dp(a,0). The set O™ equipped with the pair distance
is a metric space [3, Section II.A]. We denote a symbol-pair
code C by (n,k,dp)y when C C ©" has size x and minimum
pair distance

dp :=min{dp(a,b) : a,b € C,a # b}. (2)

The error-correcting capability of a symbol-pair code close-
ly resembles that of a classical code as it is measured in terms
of the minimum pair distance. It was established in [3] that
an (n,k,dp)q-code C can correct up to ¢ pair errors if and
only if dp > 2t + 1. For fixed n and &, our general aim is
to construct an (n, k, dp),-symbol-pair code with as large dp
as possible. Chee et al. in [6] derived a Singleton-type bound
for an (n, k, dp),-code that says

ng”*d}’” forg>2and 2 <dp <n. 3)

A maximum distance separable (MDS) symbol-pair code is an
(n, K, dp)4-code with & = ¢"~47*2_ Since k is completely de-
termined by ¢, n, and dp, we often omit « and write (n, dp),-
code instead of (n,k,dp)q-code. The Singleton defect of a
code is the difference (n — dp + 2) — log, x. A code is an
almost maximum distance separable (almost MDS) symbol-
pair code if its Singleton defect is 1.

B. Known Results

Explicit constructions of MDS symbol-pair codes are both
theoretically and practically significant. We know from [6] that
each classical MDS code of dimension greater than 1 leads
to an MDS symbol-pair code. The same work gave several
constructions of MDS symbol-pair codes by interleaving and
extending classical MDS codes. Using tools from projective
geometry, Ding et al. proposed another construction of MDS
symbol-pair codes in [18]. Cyclic and constacyclic codes are
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powerful ingredients in the construction of MDS symbol-
pair codes because of their rich algebraic structures. Kai,
Zhu, and Li in [26] constructed MDS symbol-pair codes
of minimum pair distances dp € {5,6} from almost-MDS
constacyclic codes. Following their idea, Li and Ge in [2]]
presented three new classes of MDS symbol-pair codes, also
with minimum pair distances dp € {5,6}. Using repeated
root cyclic or constacyclic codes, many families of MDS
symbol-pair codes with minimum pair distances dp < 12
were built in [7], [9]-[12], [27], [30], [31]. In addition to
giving construction methods, the respective authors of [9]-
[12] completely determined the distance distributions of the
constructed codes. Some families of MDS symbol-pair codes
over finite rings derived from repeated root cyclic codes were
presented in [13]-[16], [20].

Aside from the design of MDS symbol-pair codes, deriving
good lower bounds for minimum pair distances of well-
known families of linear codes is an important topic in the
theory of symbol-pair codes. It plays a crucial role in our
understanding of the error-correcting capability of the codes.
Combining Discrete Fourier Transform (DFT) and the BCH
bound, Cassuto and Blaum proved in [3] that a simple-root
cyclic code with at least ¢ roots has dp > ¢ + 2. This
lower bound improves to ¢+ 3 whenever the Hartmann-Tzeng
bound is applicable. Yaakobi, Bruck, and Siegel have shown
in [36] that a binary cyclic code of dimension &k > 2 and
minimum Hamming distance d has minimum pair distance
dp > d+ [d/2]. Chen, Lin and Liu generalized the results of
[3] by providing two lower bounds for the dp of constacyclic
codes and another lower bound for the dp of repeated-root
cyclic codes in [7]. Elishco, Gabrys, and Yaakobi in [!7]
employed a linear code with minimum Hamming distance d to
construct codes with minimum pair distance dp > [3d/2]. In
[34], lower and upper bounds on pair weights of g-ary cyclic
codes were provided by a geometric approach.

C. Our Contributions and Techniques

We construct new families of MDS symbol-pair codes. The
techniques and results can be summarized as follows.

1. Matrix-product codes, which we will review in Section

II, were introduced by Blackmore and Norton in [1] to
construct longer codes from known shorter ones. Another
early treatment was done by Ozbudak and Stichtenoth
in [32]. Some quasi-cyclic codes as well as generalized
Reed-Muller codes can be written as matrix-product
codes. We utilize matrix-product codes to construct MDS
symbol-pair codes. This approach, to the best of our
knowledge, has never been attempted before.
Based on the minimum pair distance of shorter linear
codes, we derive a lower bound for the minimum pair
distance of matrix-product codes. Measured against this
lower bound, we construct long symbol-pair codes with
good minimum pair distance. For ¢ = 5, Table II lists
numerous symbol-pair codes with Singleton defect 0 or
1 that we construct in this paper. The total number of
such g-ary symbol-pair codes increases superlinearly as
q grows.
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We compile and present the parameters of known MDS
symbol-pair codes in Table I with our results included.
We put as Entry 6 a family of MDS symbol-pair codes
of minimum pair distance dp = 6 that we obtain based
on this lower bound. The parameters of this family of
codes are covered by the union of Entries 2 and 21 in
Table I. Our construction method for Entry 6 is new if the
length is smaller than g+ 2, since it is based on classical
non-MDS codes, whereas known codes of comparable
parameters in Entry 21 came from classical MDS codes.

2. Very recently, Liu and Pan in [23] demonstrated that
permuting the positions of the entries in a code can some-
times increase the pair distance. It is, therefore, natural to
try using permutations on a code to improve its minimum
pair distance. We start with matrix-product codes with
large minimum pair distances. By identifying permuta-
tions, on the coordinates of the codes, that improve on the
minimum pair distances, we present four families of MDS
symbol-pair codes which are permutation equivalent to
matrix-product codes. The resulting parameters are listed
in five entries as Entries 7, 11, 12, 17, 22, and 23 in Table
I. The table makes it clear that the parameters of these
MDS symbol-pair codes are new. The parameters given in
Entries 7, 11, and 17 outperform previously known ones,
listed as Entries 4, 8 and 16, in terms of their alphabet
sizes and on the flexible choices of their length.

After this introduction, Section II introduces preliminary
concepts and collects useful known results on generalized
Reed-Solomon codes and matrix-product codes. Section III
establishes a lower bound on the minimum pair distance of
matrix-product codes and, further, on that of a family of
MDS symbol-pair codes. We use the bound to propose a
direct construction of a new family of MDS symbol-pair MP
codes. In Section IV we construct four new families of MDS
symbol-pair codes and a new family of almost MDS symbol-
pair codes from codes which are permutation equivalent to
matrix-product codes. Section V concludes the paper. All
computations are done in MAGMA V2.26-10 [2].

II. PRELIMINARIES

Let F, be the finite field with ¢ = p' elements, where
p is a prime and ¢ is a positive integer, and let [ be the
multiplicative group of F,. We use the shorthand notation
[a] :=={1,2,...,a} and [a,b] := {a,a+1,...,b}, for integers
a < b. A linear code C with parameters [n,k,d], is a k-
dimensional subspace of Fj with minimum Hamming distance
d. Its dual code is

n—1

ct = {x:(xo,...,xn_l) ey : incizO

i=0
for all ¢ = (¢cq,...,cn-1) € C}. ()]
Let a = (6p,...,0,—1) be a vector of length n, where

0o,...,0,—1 are distinct elements of IF,, and let u =
(ug, .- un—1) € (Fy)". For 0 < k < n, the generalized
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TABLE I
PARAMETERS (n,dp)q OF KNOWN (n, g"~dP+2) dp)q-MDS SYMBOL-PAIR CODES WITH ¢ = p' FOR A PRIME p AND A POSITIVE INTEGER ¢.

No. (n,dp)q Constraints Reference(s)
1 (n,5)q 5<n<¢*+q+1 [18], [26]
2 (n,6)q max{6,q+ 2} < n < ¢* (71, 118]
3 n=¢>+1 [26]
4 q=p.n=p?+p, and 2{p [27]
5 g=p,n=2p>—2p,and 2¢p [27]
6 n =3m and m € [3,¢] Corollary 1
7 n=q%+qand q # 4,5, q # 2! with odd integer ¢  Theorem 15
8 (n,7)q g=p>5and n=3p [7]
9 g=p=>5andn=4p [27], [31]
10 g=p,5|(p—1),and n=5p [311
11 3|(g—1),2¢¢q and n = 3mp, with m € [1,q/p]  Theorem 10
12 2|gand n =2q+ 2 Theorem 7
13 (n,8)q g=p3|(p—1),and n=3p 7
14 g=p5|(p—1),and n=5p [31]
15 2| ¢ and n = 2m, with m < g+ 2 [6]
16 (n,10)q g=p,3|(p—1),and n=3p [30]
17 3| (¢ —1) and n = 3mp, with m € [1,q/p] Theorem 12
18 (n,12)q4 q=p,3|(p—1),and n =3p [30]
19 (2n,20)4 3<£<n-1<gq [6]
20 (2n,2n — 4)4 2|gand n < qg+2 [61
21 (n,0)q 4<t<n<q+1 (6]
22 (2n,20+1)4 1<l<n—-1<gq Theorem 7
23 (2¢+2,2¢g—-1)q 2|gq Theorem 7
Reed-Solomon (GRS) code GRSk (a,u) is given by a parity-check matrix
_ | 18 e
GRSk(a,u) :={(uof(00), .. s un—1f(0n-1)): (1 By o (/B’Y)q> . (6)

f(z) € F,[o), with deg(f(x)) < k}, (5)

Let A = (o, ;) ; be a K x N matrix over Fy, with

. i€[K], je[N

We know, e.g., from [24, Chap.ter 9] .that GRSk(a,.u) isan K < N. For every i € [K], let C; be an [n, k;, d;],-linear
[n,k,n —k +1],-MDS code with parity-check matrix code. The matrix-product (MP) code C := (C1,--- ,Ck) - A

l " o o with constituent codes Cy,--- ,Ck is

/ I . !

o= u090 ulel unflgnil {(Cl,-“ ,CK)'A :Ct €C1, ,CKECK}:
: : : ’ K K
T A L AR {(Z Ceou, ZCZ Oée,zv) te1€Cy, o0 Ck € CK} :
=1 =1

for some u' = (ug,...,u;,_1) € (F;)". The dual code of (7

GRSk(a,u) is GRSi(a,u)* := GRS, _i(a,u’).
Let w be an element with multiplicative order s in 7. An
[n, k,d]g-code C, with ged(n,q) = 1, is w-constacyclic if

If G; is a generator matrix of C; for each i € [K], then the
MP code C in (7) is Fy-linear of length Nn with generator

(Wep—1,¢€0,...,Cn_2) € C for each (co,c1,...,¢cn—1) € C. matrix
We associate each codeword (cg,c1,...,c,_1) € C with the o1 G oG - oan Gh
polynomial ¢(x) = co + 12 + ... + ¢p_12" " € F,[x]. This o a1 G agp Ga -+ agn G2 ®

representation allows for the identification of C as an ideal
in F,[z]/{z™ — w). The monic polynomial g(x) of degree
n — k in the ideal is a divisor of z" — w and is called
the generator polynomial of C. If r = ordg,(q) and v is a Let{ € [K]andlet1l <i; < ... <iy < N be ¢ indices. For
primitive n'"' root of unity in F,-, then the roots of ™ —w a K x N matrix A, the ¢ x ¢ submatrix A{[{]; {i1,...,i¢}}
are the elements 37 for j € [0,n — 1] with 3" = w. The of A is formed by the first £ rows and ¢ selected columns
collection D = {i € [0,n — 1] : g(87%) = 0} is the defining of A with indices i1, ...,is, The matrix A is nonsingular by
set of the w-constacyclic code C. If n = ¢+ 1, s = ¢ — 1, columns (NSC) if A{[¢];{i1,...,%¢}} is nonsingular for each
and /3 is a primitive element of F,2, then we know from /¢ € [K] and for each selection of column indices 1 < i; <
[28] that the w-constacyclic code with generator polynomial ... < i, < N. Given a K x N NSC matrix A, there is no
g(z) = (x — B)(z — Bv) has parameters [¢ + 1,q — 1,3], and limitation on the numbers of columns if K = 1. For K > 1,

o1 Gxg oag2 Gg - agny Gk
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however, it was shown in [1] that there exists a X x N NSC
matrix over I, if and only if K < N <gq.

Example 1. Let 31, ..., By be IV distinct elements of FF,. For
1 < K < N < g, a well-known example of an NSC matrix is
the Vandermonde matrix

B1 B2 BN
} : . )
K-1 pK-1 aK-1
1 2 N
n

The next lemma presents the minimum Hamming distance
and the dimension of an MP code.

Lemma 1. ([1], [32]) Let C := (Cy,--+ ,Ck) - A be an MP
code. If rank(A) = K, then dim(C) = > ,_ k;. For each
1 € [K), let A; be the submatrix formed by the first i rows
of A and let D; be the linear code with generator matrix
A;. If N\; is the minimum Hamming distance of D;, then
the minimum Hamming distance of C is d(C) > _Em[ilr(l]{di)\i},

where d; is the minimum Hamming distance of C;. Equality
holds if Cy,...,Ck are nested codes, that is, Cxx C --- C Cy.
In addition, \; = N — i + 1, for each i € [K]|, provided that
the matrix A is NSC.

When A is a square matrix, the next lemma gives a known
characterization of the dual C* of an MP code C.

Lemma 2. ([1]) Let C := (C1,--- ,Ck) - A be an MP code.
Let C;+ be the dual of C;, for each i € [K]. Let (A~%)T be the
transpose of the inverse of A. If A is a nonsingular N x N
matrix, then C is an MP code given by

(Ci -+, Cr) - (AT (10)
III. A LOWER BOUND ON THE MINIMUM PAIR DISTANCE
OF A GIVEN MP CODE

In this section we prove a lower bound on the minimum
pair distance of any MP code based on the minimum pair
distances of its constituent codes. We also present a family of
MDS symbol-pair MP codes.

For a vector a € Ty, recall that wg(a) and wp(a) denote
the Hamming weight and the pair weight of a, respectively.
Cassuto and Blaum calculated in [3] that wp(a) is equal to the
sum of wy(a) and another parameter, denoted by L(S(a)),
whose definition we now recall.

Definition 1. If B is a proper subset of [0,n — 1], then B
can be partitioned into subsets Bj, By, ..., By such that all
elements of B;, for 1 < j < k, are consecutive modulo n.
The partition of B is minimal if k is the smallest possible.
The minimal partition of B is clearly unique, up to relabeling
of the indices. Hence, we let L(B) be the smallest integer that
makes the partition of B minimal.

Example 2. For n = 10 with B = {0, 1,2,5,6,7,9}, we have
L(B) =2 with B=1{9,0,1,2} U {5,6,7}. O

For a vector a = (ay, ..
n, the support of a is S(a) := {0 <i < n:

Sap—1) € Fy with 0 <wpg(a) <
a; 7& 0} We
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have wp(a) = wy(a) + L(S(a)) from [3, Theorem 2]. It is
also evident that 1 < L(S(a)) < wg(a). For an [n,k,d],-
code C with d < n, its minimum pair weight dp(C) is in
[d 4+ 1, min{n, 2d}].

The following lemma helps in estimating the minimum pair
distance of an MP code. Let B = {b1,...,b.} be a set of
integers and let r be an integer. We use the notation B +r for
the set {by +r,...,b. +r}.

Lemma 3. Let B be a proper subset of [0,m — 1] with
cardinality |B| = g > 0. Let A = (aivj)iE[O,m—l],je[O,n—l] be
an m X n matrix over ¥y such that the i*™ row has { nonzero
elements for each i € B and the other entries are zero. If

a=(ao,0,- s Am—1,01--+,00,n—1s-->Gm—1,n—1)

is a vector of length mn, then wp(a) > (g + L(B)).

Proof: Let a be an arbitrary vector of length mn that
satisfies the conditions in the lemma. We can verify that
wy(a) = g and wp(a) = lg+ L(S(a)). Our goal is to deter-
mine the minimum value of L(S(a)). Let B := {h1,...,hy}
and let the subsets Bi,..., By form the minimal partition
of B as in Definition 1. We write a; ; = aj+m,; for each
i € [0,m—1] and j € [0,n — 1]. If hy > 0, then the
indices that signify the positions of nonzero elements in
a = (ag,a1,...,amn—1) belong to the sets B; + jm, again,
with ¢ € [k] and j € [0,n — 1]. We study the support of a by
noting the possible positions of its nonzero entries among the
entries written as * in the expression

B, Bi+jm
0 0 0
C50,%,00,%,0,...,0,%, ..., 8,
Bi+(n—1)m (m—1—hyg)

0,...,0, *,... 50).

> ,0,.. (11)

We instantiate a set F'. For each ¢ and each j in the stipulated
range, we include the set B;+jm as an element in ' whenever
B; 4+ jm intersects the support of a nontrivially. Hence, we
deduce that L(S(a)) > |F|. To determine the smallest feasible
|F'|, we need to establish the existence of a nonzero vector a
whose support is covered by a minimum number of sets B; +
jm. We observe that B;, B;+m, ..., B;+ (n—1)m cover the
positions of | B;|¢ nonzero components of a for any ¢ € [k]. In
addition, we need only ¢ out of the n sets B;, B;+m, ..., B;+
(n —1)m to cover the | B;|{ positions. Since wy (a) = £g and
S |Bi| = g, we get |F| > ¢k. Equality holds if S(a) =
Ui_ USZg (Bi + jm). Thus, wp(a) > (g + L(B)).

The case of h; = 0 can be similarly proven. The detail is
omitted for brevity. [ ]

By Lemma 1, the minimum Hamming distance of an MP
code is related to the minimum Hamming distances of its
constituent codes. We obtain a similar result for the minimum
pair distance of an MP code.

Theorem 4. Let K and N be positive integers with K < N.
For each i € [K], let C; be an [n, k;,d;],-code with d; < n
and minimum pair distance dp(C;). Let A be a K x N matrix
of (full) rank K over F, and let C = (C1,--- ,Ck) - A be an
MP code. Let p; be the minimum Hamming distance of the
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Fy-linear code generated by the first i rows of A. Then the
minimum pair distance of C is

dp(C) > min{dp(C;)p;}. (12)
1€[K]
If A is an NSC matrix, then p; = N —i+1 for each i € [K],
making dp(C) > m[i[r(l]{dp(ci)(N —i+1)}
1€

Proof: Let A = (aixj)ie[K jelv) be given. By the
definition of an MP code, each codeword ¢ € C is
of the form Zf:l Czaz,1,~~,2£(:1 ceae,N |, where ¢, €
Cy for each ¢ € [K]|. Let ¢; # 0 and ¢, = 0
for any r > ¢ Writing ¢, = (cg1,...,Com), We

t t t
obtain c = (E Co100,15- -, E Conaels-- -, E Ce,nae,N>,
=1 =1

(=1 =
which, in an n x N matrix form, becomes

t

> i—1 Ce1ae,N
t

> 0=1 Ce,200,N

t

Do Ce1a2
t

D e=1 Ce2a0,2

t
Zle Ce1a0,1
D01 Ce200,1
M, = ,
t t t
D=1 Cn@e1 D gy Con@e2 2 0=1Ctne,N

We confirm that each row of M, is a codeword of the linear
code D; whose generator matrix

a1 aiz2 a1,N

@21 Aa22 as N
Gt -

at1 At at N

is formed by the first ¢ rows of A. If (¢14,...,¢45) # O,
then the it row of M, is a nonzero codeword of D;, since
rank(Gt) = t. Let us assume that the minimum Hamming
distance of D; is p;. Since ¢, = (c¢1,. - -, Crn) # 0, there are
at least wy (c;) rows of M. with the property that each row
contains at least p; nonzero elements. Applying Lemma 3, we
derive wp(c) > pi(wm(c) + L(S(cy))). Since

dp(Cr) = JJwele) = wn(ed) + L(S(en)}

min
ct€C\ {0
we arrive at dp(C) > pydp(C;) and, finally, conclude that
dp(C) = _em[%l]{dP(Cz‘)Pi}

If the matrix A is NSC, then D is an [N, ¢, py = N—t+1],-
MDS code by the linear independence of any ¢ columns of G;.
This completes the proof. ]

Remark 1. Choosing constituent codes with large minimum
pair distances and using Theorem 4, we construct many long
linear codes with large minimum pair distances. Let ¢ = 5
and let A be a K x N NSC matrix. Choosing Cy,...,Cx to
be random [n, k;,n —k; + 1]-GRS codes with 1 < k; <n <5
and K < N <5, we obtain 64 symbol-pair codes which are
optimal or almost optimal with respect to the Singleton-type
bound in (3). The parameters of the constructed MP codes
are listed in Table II and the lower bound on dp follows
immediately from Theorem 4. We see in the table that different
(K, N) choices may lead to the same set of parameters 7,
k, and dp. Deciding if the codes with the same parameters
are equivalent lies outside the scope of our present work.
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More generally, we can let ¢ grow and we use classical MDS
codes over IF, as the constituent codes to derive MP codes
with excellent pair distance properties. Figure 1 counts the
number A of distinct sets of parameters n, k, and dp for
q € {4,5,7,8,9} to exhibit their growth. Asymptotically, the
total number of optimal or almost optimal symbol-pair codes
that we can construct by Theorem 4 increases superlinearly in
q as the values of log, (N\) show. O

Example 3. Using binary codes
C1 ={(000), (100), (011), (111)}, C2 = {(000), (011)},
1 01
0 1 1
{(000000000), (100011111), (000011011),
(111000111),(011000011),(111011100),
(100000100), (011011000)}.
We quickly determine that dp(C1) = 2 and dp(C2) = 3. The
respective codes generated by A and (1,0, 1) have parameters

[3,2,2]2 and [3,1, 2]5. By Theorem 4, we know that dp(C) >
4. By direct observation, we confirm dp(C) = 4. O

Example 4. We use the [5, 3, 3]5 and [5, 4, 2]5-codes C; and
Cs, with respective generator matrices

andA:( ),theMPcodeC:(Cl,Cg)-Ais

C:

G1 = 01 0 4 0 and GQ = ;
00 1 4 3 0 01 0 3
0 0 0 1 1
. 1 1 1
and the NSC matrix A = 1 2 3 to construct the MP

code C = (Cy,Cz) - A whose generator matrix is

1001 2100121001 2
01 0400104001040
001 4300143400143
G=]1 0004200033000 2
010010200240 3¢0°0 3
001 03 002010030 4
0o 0011000220002 2
We have dp(C1) = 4, dp(C3) = 3, and dp(C) = 8 >
min{4(3-1+1),3(3—-2+1)} =6. ]

The following corollary to Theorem 4 gives a new family
of MDS symbol-pair codes.

Corollary 1. Let ¢ > 2 be a prime power. Then there exists
a (3N, 6),-MDS symbol-pair code for each N € [3, q|.

Proof: Let Ci = -+ = Cn_g be the [3,3, 1]q-GRS
code GRSs(a,v) and let Cn_q be the [3,2,2],-GRS code
GRS>(a,v). The minimum pair distances of GRS3(a, V)
and GRS>(a,v) are 2 and 3, respectively [0]. Let A be an
(N —1) x N NSC matrix over FF,. We can then define an MP
code C := (Cy,--- ,Cn—1) - A. By Lemma I, the code C has
length 3N and dimension 3N — 4. It follows from Theorem
4 that dp(C) > 6. By the Singleton-type bound in (3), we
conclude that dp(C) = 6. Thus, C is a (3N, 6),-MDS symbol-
pair code. [ ]
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TABLE II
LIST OF SYMBOL-PAIR CODES OF LENGTH Nn, SIZE x = 5F, MINIMUM PAIR DISTANCE dp, AND SINGLETON DEFECT § FOR ¢ = 5 FROM THEOREM 4.

Noo. K N Nn k dp> 6§ |Noo K N Nn k dp> 6
1 2 2 6 4 3. <13 3 4 12 8 6 0
2 6 5 3 0 | 34 129 4 <1
3 8 5 4 <135 16 9 8 <1
4 8 6 3. <1 36 6 11 6 <1
5 8 6 4 0 |37 3 5 15 7 9 <1
6 8 7 3 0 | 38 15 8 8 <1
7 10 6 5 <1(39 4 4 12 10 3 <1
8 0 7 4 <1 40 12 11 3 0
9 0 8 3 <1 | 4 6 13 4 <1
10 0 8 4 0 | 42 6 14 3 <1
11 0 9 3 0 | 43 16 14 4 0
2 2 3 9 5 6 0 | 44 16 15 3 0
13 9 4 6 <1 45 20 16 5 <1
14 12 5 8 <1 46 20 17 4 <1
15 12 7 6 <1 47 20 18 3 <1
6 2 4 12 4 9 <1 48 20 19 3 0
17 12 5 8 <1|49 4 5 15 10 6 <1
18 6 5 12 <1 50 15 11 6 0
19 15 4 12 <1 51 5 12 4 <1
20 3 3 9 6 4 <1 52 20 13 8 <1
21 9 7 3 <1 53 20 15 6 <1
22 9 8 3 0 |5 5 5 15 13 3 <1
23 129 4 <155 15 14 3 0
24 12 10 3 <1/ 56 20 17 4 <1
25 12 10 4 0 | 57 20 18 3 <1
26 12 1 3 0 | 58 20 18 4 0
27 5 11 5 <1/ 59 20 19 3 0
28 15 12 4 <1 60 25 21 5 <1
29 15 13 3 <161 25 22 4 <1
30 15 13 4 0 | 62 25 23 3 <1
31 15 14 3 0 | 63 25 23 4 0
32 3 4 12 7 6 <1 64 25 24 3 0

Fig. 1. The numbers N\ of distinct sets of parameters obtained by Theorem 4 and the values of log, (N) for ¢ € {4,5,7,8,9}.

Number of distinct sets of parameters for Log q of Number of distinct sets of parameters for
0=4,5,7,8,9 aeTE

25

2
)
m 235
2.3
4 5 7 8 9 4 5 7 8 9

(a) Numbers A (b) Values of log, (N)

We give an example that illustrates Corollary 1. pair distance dp = 6 and generator matrix

Example 5. Let N = 3 and ¢ = 4 and let w be a primitive

element of Fy. Let 11 1 1 1 1 1 1 1
01 w 0 1 w O 1 w
C1 = GRS3((0,1,w), (1,1,1)), G=|[0 1 w? 0 1 w? 02 12 wz
11 1 w w w w w w
Cy = GRS>((0,1,w),(1,1,1)), and
2 2(( w), ( ), an 01 w 0 w w?> 0 w? 1

1 1 1
A= <1 w w2> '
Hence, the code (C1,Cq) - A is a (9,6)4-MDS symbol-pair
The MP code (C1,C2) - A is a [9,5, 3]4-code with minimum  code. O

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.
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IV. MDS SYMBOL-PAIR CODES FROM PERMUTATION
EQUIVALENT MATRIX-PRODUCT CODES

We now investigate the minimum pair distance of codes
that are permutation equivalent to MP codes to construct four
new families of MDS symbol-pair codes and a new family of
almost MDS symbol-pair codes.

Let C; and Cy be two IFy-linear codes. If there is a per-
mutation 7 on the coordinates of C; that makes 7(C1) = Ca,
then C; and Cq are permutation equivalent. Equivalent codes
have the same length, dimension, and minimum Hamming
distance. Permutations, however, do not necessarily preserve
pair distances [23]. Given a linear code with a small Singleton
defect, that is, its minimum pair distance nearly meets the
Singleton-type bound, an equivalent MDS symbol-pair code
may be derivable by permuting the code’s coordinate positions.

Cassuto and Blaum introduced an interleaving approach in
the construction of new symbol-pair codes in [3].

Proposition 5. Let Cy and Cy be, respectively, codes with
parameters [n, ki, d], and [n, ka,d]q. Then the code

-5 Clin—1, C2,n—1) :
. ;Cz}n*l) S Cz for 7= 1, 2}

C:= {(6170, €205 - -

(¢i0, - (13)
has length 2n, dimension ki + ko and minimum pair distance

2d.

Applying Proposition 5 on classical MDS codes C; and C,
results in the five families of MDS symbol-pair codes due to
Chee et al. in [6]. We note that the code C in (13) is equivalent
to the MP code (C1,Cz) - A under a permutation 7 when A
is the identity matrix of order 2. Viewing a codeword c of
(C1,C2) - A as a 2 x n matrix, the codeword 7(c) is obtained
from c by reading the matrix off by columns.

Motivated by the above construction, we study linear codes
that are permutation equivalent to a given MP code. The
following lemma is useful in determining the supports of the
codewords of an MP code.

Lemma 6. Let Cix C --- C Cy be nested Fy-linear codes
of length n and let A be a K x N NSC matrix. We write
a codeword b of the MP code (Cy,---,Ck) - A as b =
(by,...,by), where each b; is a vector of length n. For each
s € [0, K — 1], if there are exactly s zero vectors among the
vectors by, ..., by, then b is a codeword of Csy1, for every
j € [N]. If the number of zero vectors among by,...,by is
greater than K — 1, then b = 0.

Proof: We prove for the case that Cx # Cx_1 # -+ #

Cy. The respective proofs of the other cases follow a similar
route and are omitted for brevity.

Let the basis of C; be {gi,...
Cx CCx-1 S-S Cy, we have

,gk, } for i € [K]. Since

Ci ={ui 181+ . + Uik, 8t Uity Uik, € Fyl,

with 1 < kg < kg1 < < ki. Given A =
(as,5)ie[k],je[n]» for any codeword b = (by,--- ,by) in the

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

MP code (Cy,--+,Cx) - A, the block b; can be expressed as

K k. z
b; = Z Z (Z a,.7iu,.7g> gs, with kg1 =0. (14)

z=14=1+k,1; \r=1

It is easy to see that b; is a codeword of C; for each i € [N].
Recall that A{[t]; {i1,...,%:}} is a t Xt submatrix of A formed
by the first £ rows and ¢ selected columns of A with indices
AT T Isz1 = szs = 0, then

- uge) A{lgl {ins - ig}} = 0,
for g € [s] and £ € [kgi1 + 1, k).

(uu, .
(15)

Since A is NSC, we deduce that (uqy,...,ug¢) = 0 for
g € [s] and £ € [kg11 + 1,ky]. The nonzero blocks of b
are, therefore, in Cs4q. If there are at least K zero vectors
among by, ..., by, then, by the definition of an NSC matrix,
we obtain b; = 0 for any j € [N]. [ |

Using Lemma 6, we propose a new construction of symbol-
pair codes whose parameters are different from those of the
symbol-pair codes in Proposition 5.

Theorem 7. Let Co C Ci be MDS codes with respective
parameters [n,n — €, + 1], and [n,n — L+ 1,0),. If ¢ > 2,
then there exists a (2n,20 + 1)4-MDS symbol-pair code.

Proof: We select an a € F; with o # 1. We use the

NSC matrix A = }

code C := (C1,C3) - A. By Lemma 1, C has length 2n and
dimension 2n — 2¢ + 1. Let ¢ = (cg,c1) be a codeword in
C, with Cy = (8070, . 7CO,TL—1) and Cp = (6170, ey Cl,n—l)-
By Lemma 6, cg € C; if ¢c; = 0 and ¢; € Cy if ¢y = 0.
Furthermore, cg,c; € C; if cg and c; are nonzero vectors.
Let 7 be the permutation on the indices of ¢ such that
T(C) = (6070701,0, -5 COn—1, Cl,n—l)o If exactly one of cg
and c; is a zero vector, then dp(7(c)) > 2¢+2. If both ¢( and
c; are nonzero, then dp(7(c)) > 20+ 1 since d(7(c)) > 2¢.
Hence, dp(7(C)) > 2¢+1. By the Singleton-type bound, 7(C)
is a (2n,2¢ + 1),-MDS symbol-pair code. [ |

over F, to construct the MP

Remark 2. We can always select nested GRS,,_¢(a,v) C
GRS, —¢+1(a, v)-codes of length n < ¢ to ensure the exis-
tence of a (2n,2¢+1),-MDS symbol-pair code whenever g is
a prime power, 1 < ¢ <n—1, and n < q. For classical MDS
codes over [F, of length ¢ + 1, we know, e.g., from [19], that
nested MDS codes C; and Cs in Theorem 7 exist only when ¢
iseven and ¢ = ¢—1 or £ = 3. Thus, there exist MDS symbol-
pair codes with parameters (2¢+2,7), and (2¢ +2,2q —1),.
O

Example 6. Let ¢ = 5, a := (0,1,2,3,4), and u :=

(1,1,1,1,1). Let C; be the [5,3,3]5-GRS code GRS3(a,u)

and let Cy be the [5,2, 4]5-GRS code GRS»(a, u), which is a
1 1

1 2)

7(C), as defined in Theorem 7, is permutation equivalent to an

MP code. The code 7(C) is a [10, 5, 4]5-code with generator

subset of Cy. Using the NSC matrix A = the code
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matrix
1111111111
0 01 1 2 2 3 3 4 4
0 01144 4411
1111111111
0 01 2 2 4314 3
Since dp(7(C)) = 7, we have here a (10,7)5-MDS symbol-

pair code. O

As stated in the introduction, most known constructions of
MDS symbol-pair codes in the literature were based on cyclic
or constacyclic codes. These two families of codes have rich
algebraic structures that greatly help in ensuring the MDS
property. In the case of MP codes, we still have to check
whether an MP code achieves the Singleton-type bound in
(3) from its parity-check matrix. Lemma 2 gives us a parity-
check matrix of an MP code C := (Cy,--- ,Ck) - A when A
is a square matrix. Using MDS codes as the constituent codes
of the MP code C := (C1,C2) - A in Theorem 7 ensures that
C is an MDS symbol-pair code. It is natural to consider MP
codes C := (Cy,---,Ck) - A with A being a square matrix
of order K > 2. In such cases, we have more flexibility in
choosing the constituent codes of the corresponding MP code
C. To construct MDS symbol-pair codes via the matrix product
construction route, we would like to determine all feasible
constituent codes of the MP codes.

Lemma 8. Let C; be a linear code with parameters [n, k;, d;]q
Sor each i € [K] such that Cx C --- CCy and 3 < K < q.
Let A be a square matrix of order K over Fy with the NSC
property. We use A and Cy,--- ,Ck to define an MP code
C:=(Cy,--,Cx)- A If a permutation equivalent code & of
C is an MDS symbol-pair code with minimum pair distance
dp > 6, then the relationship between K and dp is listed in
Table I11.

Proof: Let ¢ = (cy,...,cx) be a codeword of C. By
Lemma 6, if there are ¢« — 1 zero vectors among the vectors
c1,...,cx for each ¢ € [K], then the Hamming weight
wg(c) > (K — i+ 1)d;. Since £ is permutation equivalent
to C and is an MDS symbol-pair code with minimum pair
distance dp, it follows from the definition of pair weight that

dp < 2(K—i+1)d;, which is equivalent to d; > {ﬁ—‘ ,
for each i € [K]. By the Singleton bound on the Hamming
distance of linear codes, we have k; < n — [ﬁ—‘ + 1.
We note £ has length Kn and dimension Zfil k;. By the
bound in (3), we arrive at

K K dp
> hi=Kn—dp+2<Kn+ K- [2(1(—2—&-1)—‘ ,

i=1 i=1

(16)
from which we get
us d
P
—— | - K <dp—2. 17
;{Q(K—i—i—l)—‘ = 17

If K > 5, then the left hand side of (17) is greater than or
equal to (Z?:1 é—’;) — 5, which implies that dp < 21+ 1—3’7 If
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K > 4, then the left hand side of (17) is greater than or equal
to (ijl ‘é—l; — 4, which implies that dp < 48. If K = 3,
the nequality (17) holds for each dp > 6. The entries in Table
IIT are the outcomes of substituting relevant values of dp and
K to (16). ]

Based on Lemma 8, one can write a heuristic that identi-
fies the parameters of feasible constituent codes to produce
all the possible MP codes which may meet the Singleton-
type bound in (3). And then, we check whether these MP
codes or their permutation equivalent codes indeed achieve
the Singleton-type bound from their parity-check matrices.
We propose the following heuristic to generate an MP code
C := (Cy, -+ ,Ck) - A with the requirement that the nested
constituent codes Cx C --- C Cy are classical MDS codes
with parameters [n, k;, d;]4 for each ¢ € [K] and A is a square
matrix of order K over F, with NSC property.

Step 1: Choose ¢, K € [3,q], and a target dp = Kn —
ZiKzl k; + 2. If g is odd, then the length n of a constituent
code is 2 <n < g+ 1. If ¢ > 2 is even, then the length n of
a constituent code is 2 < n < ¢ + 2, with some well-known
restriction on its dimension when n = q + 2.

Step 2: Guided by Lemma 8, we infer the inequalities

dp dp dp
> | —= > | — .. > | =] -
T s P P £

2 4
(18)
Step 3: Since the constituent codes are all classical MDS
codes, the sum of their dimensions is
K K
Y ki=Kn—>Y di+K=Kn—dp+2.
i=1 i=1
Step 4: List tuples (dq,ds,...,dx) of feasible minimum
distances of the constituent codes such that both (18) and (19)
are met. Since the codes are classical MDS, each tuple gives
a set of parameters of the constituent codes.

Example 7. We choose ¢ = 11, n > 6, K = 3, and
dp = 10. Hence, (d; > 2,ds > 3,d3 > 5) by (18). Taking
(19) into account, the feasible tuples (di, d2,d3) are (2,3,6),
(2,4,5), and (3, 3,5). The following are the three options for
the respective parameters of the nested constituent codes.

19)

° [n,n — 1, 2]11, [TI,,TL — 2, 3]11, [H,TL — 57 6}11.

. [n,n - 1, 2]11, [n,n - 3,4]11, [n,n - 4, 5}11.

. [n,n - 2,3]11, [n,n — 2, 3]11, [n,n — 4, 5}11.
We will show in Theorem 12 that a permutation equivalent
MP code from the third option generates an MDS symbol-
pair code. O

Example 8. We choose ¢ = 11, n > 5, K = 4, and
dp = 10. Hence, (dl > 2,d2 > 2,d3 > 3,d4 > 5) by (18)
Taking (19) into account, the only feasible tuple is (2,2, 3,5).
The following is the choice of the parameters of the nested
constituent codes.

[n7n - 172]117 [nan - 1; 2]117 [nan - 2a3]11a [n7n - 475]11-

One can proceed with the construction of the desired MP codes
or their permutation equivalent codes and check whether they
can produce MDS symbol-pair codes or not. O
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9
TABLE III
VALUES THAT dp CAN TAKE, GIVEN 3 < K < g, FOR A FIXED ¢, AS DEFINED IN LEMMA 8.
No. K Range for dp
1 3 dp > 6
2 4 dp € {6,7,8,10,11,12, 14, 15, 16, 18,20, 22, 23, 24, 48}
3 5 dp € {6,7,8,10,12, 16}
4 6<K<q dpce€{678,10,12}
A. Constructions from MP codes with a square matrix A of code. Since « is of order 3, we have
order 3
. S . 1 i
We begin our treatment by considering a specific case of ( A*l)T =211 a2 «
dp = 7. By Lemma 8, if one wants to construct an MDS 3 1 a a2
symbol-pair MP code C := (Cy,Ca,C3)- A, then the constituent ' ' '
codes must be C; = Co with parameters [n,n — 1,2], and C3 By Lemma 2, a parity-check matrix of C is
with parameters [n,n — 3,4],.
Next, we consider an MP code (C1,C2,C3) - A over F,, H; 511 H;
where 3 | (¢ — 1) and A is a 3 x 3 NSC matrix. Let a = H=|H o a2H1
(Bo,---,Bn—1) be a vector of length N, where B, ..., Bn_1 Hs aHs o’Hs
are distinct elements of IF,. We use as C; = Ca the GRS code = (g()T,o, s agJN—lngOa T 7gIN—1>g;07 T 7g;,N—1) .
GRSn_1(a,v) with parity-check matrix Hy = (1,1,---,1). (2D

Our C; is the GRS code GRSy_3(a,v) with parity-check
matrix

1 1 ... 1
H3= |6 B BN-1
B 67 B 1

Let « be an element of multiplicative order 3 in ;. We define
the MP code

1 1 1
C:=(C1,C2,C3)- A, with A= |1 o a?]. (20)
1 o of

For a set D of vectors, we denote by S(D) the set {S(a) :
a € D} that contains the support S(a) of a € D. To calculate
the minimum pair distances of C and its permutation equivalent
code &£, we need the following lemma.

Lemma 9. Let 3 | (¢ — 1) and let o be an element of
multiplicative order 3 in F,. Let C be the MP code in (20).
Let D; := {c € C : wy(c) = i}, that is, D; is the set of all
codewords of Hamming weight i in C. Let the coordinates of
every codeword of C be indexed by the set [0,3N — 1]. Then
we have the following results.

1) The support set S(D,) is the union of two sets
{{i17i2,i3,i4} IN < i1 < dg < i3 < 14 <
(] + 1)N with j = 071,2} and {{il,i27i3,i4} :
AN < iy < i < (1 + 1N, joN < i3 < iy <
(Jj2 + 1)N, and i, mod N + Bis mod N = Bis mod N +
ﬂi4 modeor 0 < jl #]2 < 2}

2) The support set S(Ds) is a subset of the union of two
sets {{il,ig,ig,i4,i5} DN < iy < dg < iz < iy <
i5 < (] + 1)Nf07‘ j = 0,1,2} and {{il,iQ,ig,i4,i5} :
1IN <i1 <i9<izg< (jl—l-l)NLlnd JoN <z < iy <
(ja + 1)N for 0 < j1 # ja < 2}.

Proof: By Lemma 1, we know that C is a [3N, 3N —5, 4],-
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Let ¢ = (c1,c2,c3) be a codeword of C. If there is exactly
one nonzero block among ¢4, ¢z, and cg, then it follows from
Lemma 6 that c; € Cs for each j € [3]. We note that C3 is an
[N, N —3,4],-code. By computing the determinants, we infer
thatg/, . g/, &/, &}, are F-linearly dependent, for each
j€0,2)and 0 < t; < ty < t3 < tg < N. If there exists
exactly one block c¢; = 0, then, by Lemma 6, we know that
c; € Cy for each j € [3]. Since Cy is an [N, N — 1, 2],-code,
by computing the determinants, we confirm that ngl,tl’ g;rm,
8,1, 8,1, are Fy-linearly dependent for each j; # jo €
[0,2], 0 <t <tg < N, and 0 < t3 <ty < N if and only if
Be, + Bt, = Pty + Pr,. Since column gzt corresponds to the
index t+ Nj of ¢, Condition 1) holds. The fact that Condition
2) is met can be demonstrated in a similar way. u

By Lemma 1, the MP code C constructed in Lemma 9 has
parameters [3N, 3N — 5, 4],. By Theorem 4 and Lemma 9 we
obtain dp(C) = 5, which is not optimal with respect to the
Singleton-type bound. Based on S(D,) and S(Ds) in Lemma
9, we identify suitable permutations on the coordinates of C
that increase the minimum pair distance in such a way that we
obtain a family of MDS symbol-pair codes. Each code £ in
this family is permutation equivalent to a code C from Lemma
9.

Theorem 10. There exists a (3mp, 7),-MDS symbol-pair code
for each m € [1, q/p] whenever q is a power of an odd prime
p such that 3 | (g — 1).

Proof: We begin by proving the case of m = 2 and g > p.

Let C be the MP code in (20). Let N = 2p and let o be an

element of multiplicative order 3 in F,. Let € F, \ F,, and
let

a=(0,....p—1,z,..., 2 +p—1) (22)

be a vector of length 2p, that is, 3; = i and Bi4p = z + 4

for i € [0,p — 1]. By (21) in the proof of Lemma 9, C has a
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parity-check matrix

H; Hy Hy
H=\|H a2H1 oy
H3 OéHg a2H3
= (goT,ov s 7g(—)|:2p—1? g1T,07 s 7g1|:2p—1? ng,ov s ang,zp_1) .
(23)

Let the coordinates of a codeword ¢ of C be indexed by [0, 6p—
1]. For every ¢ € [0,6p — 1], we write £ = i + 2pj with
i €10,2p—1] and j € [0,2]. We define a permutation 7 on
[0,6p — 1] as 7(i + 2pj) = j + 3i. To be more specific, 7(C)
has a parity-check matrix

’goT,2p—1ag1T,2p—1ag2T,2p—1) .
(24)

For any codeword 7(c) with wg(7(c)) = 4, Lemma 9 says
that the four nonzero terms of 7(c) cannot appear in four
consecutive coordinates. This implies that L(S(7(c))) > 1,
which is equivalent to dp(7(C)) > 6. Since the column
vectors g o, 81 . 801. &1 are Fy-linearly dependent and
the minimum Hamming distance of 7(C) is greater than or
equal to 4, there exists a codeword in 7(c) of the form
(a,0,0,¢,d,0,...,0), with a,b,c,d € F}, which implies that
dp(7(C)) =6.

Next, we consider a code &, that is equivalent to 7(C) via
a permutation p on [0, 6p — 1] defined by

T(H) = (89.0:81.0:82.0:" -

p(j + 3i) =
J+3(((i —p+j)modp)+p), ifiéep,2p—1].
(25)

Let 7(c), written as

(€0,05€1,05€2,05€0,1, C1,1, €215 - - - s COp—15Clp—1, C2,p—1,

bO,zn bl,p> b2,p7 bU,p+1a bl,p+1a b2,p+17 .-

be a codeword of 7(C) whose index (3, ) corresponds to j+3i

for each j € [0,2] and ¢ € [0,2p — 1]. Hence, we can write
p(7(c)) = (co,0,€1,p—1,C2,p—25C0,1,€1,0, C2,p—1, - -

C1,p—2,C2 p-3, bo,p, b1,2p—17 b2,2p—27 bO,p+17 bl,;m

-, C0,p—1,

bo2.2p—1, -, b0,2p—1b1,2p—2b2 2p—3).

Using Lemma 9, we can confirm that p(7(C)) does not contain
any codeword of Hamming weight 4 or 5 whose nonzero
entries appear in consecutive coordinates.

We can now prove that there is no codeword u € p(7(c))
of Hamming weight 4 and L(S(u)) = 2. Thanks to the proof
of Lemma 9, we know that gj—';tl, gj—z,tz, g;z,tg’ gj—;M are -
linearly dependent for each j; # ja € [0,2], 0 < t1 < tg <
2p, and 0 < t3 < t4 < 2p, if and only if B¢, + Bt, = By + By
with 3, = ¢ and B;4, = z+1 for i € [0, p— 1]. We divide our
justification into the following nine cases.

Case 1: If the four nonzero components are cg;,

C1,(i—1) mod p» €0,j aNd €1 (j_1) mod p With 7 # j, then i+ j =
i+ j — 2, which is impossible since p is odd.
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-, bo,2p—1b1,2p—1b2,2p—1)5

Case 2: If the four nonzero components are c1,(;—1) mod p
€2,(i—2) mod p> €1,(j—1) mod p and €2,(5—2) mod p with ¢ 7é .ja
then ¢ + j — 2 =i + j — 4, which is a contradiction.

Case 3: If the four nonzero components are ¢z (;—2) mod p»
€0,i+1> C2,(j—2) mod p and €0,j+1 with ¢ £ j, then i+ j — 4 =
i+ j+2, which is impossible since p is odd and ged(3,p) = 1.

Case 4: If the four nonzero components are cg;,
C1,(i—1) mod p» bO,j and bl,(j—l) mod p+p> then ¢ + j + & =
i+ 7 + x — 2, which is absurd.

Case 5: If the four nonzero components are ¢1,(;—1) mod p-
€2,(i—2) mod p> bl.,(jfl) mod p+p and b2,(j72) mod p+p> then we
obtain the contradiction ¢t +j —24+x =i+ j — 4+ z.

Case 6: If the four nonzero components are ¢y, (;—2) mod ps
€0,i+1>» b27(j_2) mod p+p and b07j+1, then ¢ +] —44+z=1+
j 4+ 2 + x, which is impossible.

Case 7: If the four nonzero components are by,
bl,(ifl) mod p+p> bO,j and bl,(jfl) mod p+p with ¢ 7é j7
then 7 4 j 4+ 2x =7 4 j 4+ 2x — 2, which is impossible.

Case 8: If the four nonzero components are
bl,(i—l) mod p+p> b2,(i—2) mod p+p> bl,(j—l) mod p+p and
b2,(j—2) mod p+p With @ # j, then we have the contradiction
1+j+2r—2=i+7j+2x—4.

Case 9: If the four nonzero
b2,(i—2) mod p+ps 00,i+1> D2,(j—2) mod p+p and boj+1 with
1# j,theni+j+2x —4 =i+ j+ 2z + 2, which is absurd.
We can then conclude that the pair distance of the codewords
of Hamming weight 4 or 5 in p(7(C)) is > 7. Since p(7(C))
is a [6p, 6p— 5, 4]4-code, its codewords with Hamming weight
6 have pair distance dp > 7. Thus, dp(p(7(C))) > 7. By the
Singleton-type bound, p(7(C)) is a (6p, 7),-MDS symbol-pair
code.

Since F, can be written as the union F, := Ufﬁ (x; +TF,),
one can select a vector a of length mp whose coordinates are
chosen from the m distinct additive cosets in I, arranged in
order as in (22). Using a method analogous to the one above,
we can show that there exists a (3mp,7),-MDS symbol-pair
code for each m € [1, q/p]. |

The following example illustrates Theorem 10.

Example 9. Let p = 5, ¢ = 25, and m = 2. Let

w be a primitive element of Fos. Let C; = Cy =

GRSg(a,u) be a [10,9,2]s5-code with parity-check matrix

H1:(1 111 11111 1)andlet(,’3::

GRS7(a,u) be a [10,7,4]25-code with parity-check matrix
11111 1 1 1 1 1

H3 — 012 3 4 w w4+l w—+2 w+3 w—+4 .

<o 12232 42 w? (w+1)? (w+2)% (w+3)?2 (w+4)2)

components are

Suppose that A is an NSC matrix with

1 1 1 1
(A—l)T _ = 1 w16 ,w8
3\ w® Wit

The MP code C constructed in Theorem 10 is a [30, 25, 4]o5-
code with parity-check matrix in (26). We use colors to
highlight our permutations 7 and p on the coordinates [0, 29]
of C in (27).

Thus, we have dp(p(7(C))) = 7 and p(7(C)) is a (30, 7)25-
MDS symbol-pair code. a
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111111 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
111111 1 11 1 w'l w® w® w® wl wl® wo Wi wo W W w® W Ww® W Ww® W Wt 8w
H= 111111 1 11 1w w® w® w® w® w® w® wd w® w® w'® w'l w!'l wl® w!® Wb Wt Wl W6 !t (26)
01234 w w22 w® w2 w7 0 w® w4 w2 w2 W 2 W3 W w 0 w' w2 WP wt W7 W4 W 3 W
01441 w?w?® 2 w*w!® 0 w® w?° w?¥ W w0 wtw? 4 3 0 w'® w* w* w'® 3 4 w?? w0 w?
0,1,2,3,4,5,6,7,8,9, 10,11,12,13,14,15,16,17, 18,19, 20,21, 22,23, 24, 25, 26, 27, 28, 29,
s
0,10,20, 1,11,21, 2,12,22, 3,13,23, 4,14,24, * 5,15,25, 6,16,26, 7,17,27, 8,18,28, 9,19, 29,
Lp
0,14,23, 1,10,24, 2,11,20, 3,12,21, 4,13,22, * 5,19,28, 6,15,29, 7,16,25, 8,17,26, 9,18, 27. (27)

Shifting our attention to dp = 10, for the the MP code
C := (C1,Cs,C3) - A we have three choices for the parameters
of feasible constituent MDS codes.

e C; =Cqisan [n,n—2,3],-code and C3 is an [n,n—4,5],-

code.

e Cy is an [n,n — 1,2],-code, Cz is an [n,n — 3,4],-code,

and Cs is an [n,n — 4, 5],-code.

e Cyis an [n,n —1,2],-code, Cs is an [n,n — 2, 3],-codes,

and C3 is an [n,n — 5, 6]4-code.

Our third new construction of MDS symbol-pair codes
is for dp = 10 and K = 3 as stated in Theorem 12.
Let By,...,Bn—1 be distinct elements of F,. Let a
(Bo,---,Bn=1) be a vector of length N over F, and let
3] (¢g—1). We use the GRS code GRSN_2(a,v) as By = Bs
and the GRS code GRSNn_4(a,v) as Bs. Their respective
parity-check matrices over [F, are

1 1 . 1
Bl:(ﬁo Br - 5N1> and

1 1 ... 1
B.— Bo P BN-1
ST B B Br—1
8y B B

Fixing an element « of multiplicative order 3 in IF, we define
the MP code

1 1 1
B:= (61,62, 83) A, withA=11 « a? . (28)
1 o2 «a

The following lemma determines the support of the code-
words with Hamming weights up to 8 in B.

Lemma 11. Ler q be a prime power with 3 | (¢ — 1). Let B

be the MP code in (28). Let D; = {c € B : wy(c) = i} and

let the coordinates of each codeword of B be indexed by the

elements in [0,3N — 1]. Then we obtain the following results.

1) The support set S(Ds) is {{i1,42,13,04,15} : N < i3 <
Qg <z <4 <i5 < (j+1)N and j € {0,1,2}}.

2) The support set S(Dg) is the union of two sets

{{il,ig,i37i4,i5,i6} AN < < <z < iy < iy <

iﬁ < (j+1)N forj = 0, ]., 2} and {{i17i2,i3,i4,i5, 26} N

j1N§i1<i2<i3<(j1+l)N, JolN < iy < i5 <
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i6 < (J2+1)N, and Bi; mod N+ Bis mod N+ Bis mod N =
Bis mod N+ Bis mod N+ Big moa N for 0 < ji # jo < 2}
The support set S(D7) is a subset of the union of two
sets {{il,ig,ig,i4,i5,i6,i7} N < i < ig < i3 <
iy < i5 < ig < i7r < (j+ 1)N for j = 0,1,2} and
{{’i17i2,7;3,i4,i5,i6,i7} : le < < 1o < i3 <
(ji + )N and joN < iy < i5s < ig < iy <
(j2+1)N for 0<j1 # jo <2}

The support set S(Dg) is a subset of the union of three
sets {{i1,i2,i3,i4,i5,i6,i7,i8} _jN < <19 <ig <
iy < iy < 1g < 7 < ig < (]+1)N,j = 071,2},
Hir, iz, i3, 40,45, 06, 07,08} @ AN < i1 < iz < iz <
(i + DN and §oN < iy < i5 < ig < iy <
ig < (j2+1)N for 0 < j1 # jo < 2}, and
{{il,ig,i3,i4,i5,i6,i7,i8} : le < < ig < ig <
1y < (]1+1)N and joN < i5 < ig < i7 < ig <
(je +1)N for 0<j1 # j2 <2}

Proof: The proof can be completed by a method analo-

gous to the one used in proving Lemma 9. [ ]

Choosing suitable permutations on the coordinates of B
gives us a new family of MDS symbol-pair codes.

3)

4)

Theorem 12. Let ¢ > 4 be a power of a prime p with 3 |
(g—1). We let p > 4 if ¢ = p. Then there exists a (3mp, 10)4-
MDS symbol-pair code for each m € [1,q/p].

Proof: We start with the case of m = 2 and ¢ > p. Let
B be the MP code in (28). Let « € F, \ IF,, and let
a=(0,...

,p—1,$,...,$+p—1) (29)

be a vector of length 2p. By Lemma 1, B is a
[6p,6p — 8,5]-code. We retain the permutations 7 and p
from the proof of Theorem 10. For a codeword ¢ =
(Cj’o,... ,ij_/l\7 bj,p7~-~7bj,2p—1)j€[0,2] in B, we infer that
p(7(c)) = (¢, b), where

= (€0,i» C1,(i—1) mod p> €2,(i—2) mod p)ic[0,p—1] and

b = (bo,i, b1,(i—1) mod p+p> b2,(i—2) mod p+p)iclp,2p—1]-
Using Lemma 11 and the same argument as in the proof of
Theorem 10, we get dp(p(7(c))) > 10 if the Hamming weight
of ¢ is an element in [5,8]. Hence, dp(p(7(B))) > 10. The
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Singleton-type bound confirms that p (7(B)) is a (6p,10),-
MDS symbol-pair code.
Since we can write, in terms of cosets, F, :=
9/P (2; + ), the proof for the case of m = 1 or m > 2
can be completed by letting a be a vector of length mp as in
(29) whose coordinates are chosen from the m distinct additive

cosets in [Fy. |

Example 10. Let p = 5, ¢ = 25, m = 2 and let w be a
primitive element of Fo5. Let B; = By := GRSs(a,u) be a
[10, 8, 3]25-code with parity-check matrix

Hi= (015234 wit whe wis wid)
and let Bs := GRS7(a,u) be a [10, 6, 5]25-code with parity-
check matrix

111 1 1 1 1 1 1 1
012 3 4 w w—+1 w—+2 w—+3 w—+4
H3 = | 012232 4% w? (wt1)? (wt2)? (w+3)? (wtd)? | -
01 2% 3% 43 w? (w+1)? (w+2)? (w+3)® (w+4)3
We use the NSC matrix A with

1 1 1 1
(A—l)T P 1 w16 UJS
3\ w® w6

to build the [30, 22, 5]35-code C with parity-check matrix in
(30)

Let 7 and p be the permutations defined in Example 9. After
some computation, we verify that p(7(C)) is a (30, 10)25-MDS
symbol-pair code. O

B. Constructions from MP codes with a square matrix A of
order p — 1

By Lemma 8, if one wants to construct an MDS symbol-
pair code with dp = 7, then the corresponding MP code C :=
(C1,---,Ck) - A with K > 3 must have constituent codes C;
with parameters [n,n, 1], for i € [K — 3], C; with parameters
[n,n—1,2], fori € {K —2, K —1}, and Cx with parameters
[n,n — 3,4],. Let the matrix A be defined by

1 1 1
1 o af-1
A=1. . . ) ;

i aK._l a(K—l.)(K—l)

where K | (¢—1) and « is an element of multiplicative order
K in F,. Let a = (Bp,...,0Bn—1) be a vector of length N
whose entries f3y, . .., Sy —1 are distinct elements of . Let C;
be the GRSN(a, v) for each i € [K — 3]. We use as Cx_o =
Ck—1 the GRS code GRSy _1(a,Vv) with parity-check matrix
(1,1,---,1). The code Cx is the GRS code GRSy _3(a, V)
with parity-check matrix

1 1 - 1
Bo B BN-1
8 Bt B

In Theorem 10, we construct an MDS symbol-pair code with
dp = 7 by using the MP code (Cx_2,Cx—_1,Ck) - A when
K = 3. The MDS property of the code is proved by the
F,-linear independence of some columns of a parity-check
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matrix of C. Using a similar technique as in Theorem 10, we
can obtain a (Kmp,q™P=5 6), symbol-pair code for each
m € [1,q/p] whenever ¢ is a power of an odd prime p and
K > 2 is even. This code is an almost MDS symbol-pair
code. However, this code is not optimal as there exists better
(n, 6),-MDS symbol-pair codes with max{6,g+2} < n < ¢*
in Table I. If K > 3 is odd, we cannot determine the minimum
pair distance of the permutation equivalent code £ of C since
the IF,-linear independence of some columns of a parity-check
matrix of C is generally unknown. The searches that we have
performed in MAGMA do not yield any MDS symbol-pair code
with dp = 7 for odd K > 3.

In what follows, we provide a construction of almost MDS
symbol-pair codes with length (p — 1)q and dp = 7. This
construction produces good alternative codes to MDS symbol-
pair codes due to the non existence of g-ary MDS symbol-pair
codes of length (p — 1)¢q and minimum pair distance 7.

Theorem 13. Let p > 3 be a prime and let q be a power of
p. Then there exists an (m(p— Dp, qm(p_l)p_6,7)q-alm0st
MDS symbol-pair code for each m € [1,q/p).

Proof: Let By, ..., Bn_1 be distinct elements of [, and
define a vector a = (S, ..., Sn—1) of length N. Let C; be the
GRSy (a,v) foreach i € [p—5]. Let Cp—y = Cp_3 = Cp_2 be
the GRS code GRSy _1(a, v) with parity-check matrix H; =

(1,1,---,1) and let C,—q be the GRS code GRSy_3(a, V)
with parity-check matrix
1 1 .- 1
Hy= |60 (1 BN-1
s Bt B
Let « be a primitive element of I, and
1 1 e 1
1 le% e ap72
A=
1 or-2 o2 (r—2)

We construct an MP code C := (Cq,---,Cp_1) - A of length
(p — 1)N and dimension (p — 1) N — 6. Since

1 1 e 1
o 1 1 a! a~(P=2)
Cp-1 : : ’
1 a2 a—(P=2)(p—2)

Lemma 2 confirms that the code C has parity-check matrix

Hy (X4H1 a4(p_2)H1
Hy Olng 053(p72)H1
H= 31
H; 012H1 QQ(piz)Hl GD
Hy «oHs> O[p_2H2
We begin by proving the case m = 2. Let
a=(0,....,p—1L,z,..., 2 +p—1) (32)

be a vector of length 2p with « € Fy \ F),. We express H as

T T T T
(go,m 5 80,2p—15" " 9y 8p—2,00" " ’gp72,2p71) )
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11111 1 1 1 1 1 1 1 1 1 1 1 1 1r 1 1 1 1 1 1 1 1 1 1
01234 w w?? w® w? w!”™ 0 1 2 3 4w w?? w?® w? w” o 1 2 3 4w w?? w?® w? wl’
111111 1 1 1 1 w8 wll wl6 w6 w16 w16 16 16 16 w16 w8 wd w® w® w® w® w® wd w® Wl
H— 01234 w w22 0 w2 w7 0 W' w2 w0 w* W7 W W 3 W 0 W W w? w0 W 2 W W w (30)
= 111111 1 1 1 1 w® w® w® wd u{s w® wd “{8. w® w® wl® w6 w}a w6 w16 16 116 16 416 4,16 | -
01234 w w?® w?® w? w'” 0 w® w?* w2 W W 2 WBW® w o lel w?? wit w4‘ w” wl* W’ 3 w?
01441 w?w?® 2 w*w'® 0 wd w?° W w® Ww° wtw?t 4 3 0 w'® w* w* w'® 3 4 w?? w0 w?
01324w? 3 w2! 2 w3 0 w® w2 w w20 W' W2 W W Wl 0 W6 W0 W22 Wt W2 W10 W13 W22 10
with then the corresponding columns
. T T T T
34 8p—2,1> 80,p» 8p—2,j mod p+p> 80,(j—1) mod p+p

47 21 % iy 12
gi,j:<a O, o, a0 ], (0] )and

ijip = (a4i7a3i’a2i7ai7ai($ +j),ai(3:+j)2)

for each ¢ € [0,p — 2] and 7 € [0,p — 1]. Let
¢ = (co,---,Cp—2) be a codeword of C with ¢; =
(€0, Cip—1,bi0, -+, bip—1). One immediately confirms

that the coordinates c¢; ; and b;; correspond to respective
columns g and g/, of H for each i € [0,p — 2] and
j € [0, p — 1]. Extending the permutations 7 and p previously
defined in Theorem 10, we get p (7(c)) = (¢, b) with

Cc= (CO,i mod ps -+ -y Cp—2,(i—p+2) mod p)iG[O,p—l] and

b= (bO,i mod ps -+ bp—2,(i—p+2) mod p)ie[o,pfl] . (33)

Next, we show that dp(p(7(C))) 7 by considering
the number of nonzero vectors c; in a codeword c
(coy...,Cp_2).

Case 1: There is exactly one nonzero vector c; among the
vectors Co, ..., Cp_2. By Lemma 6, we know that c¢; € C,_1.
The corresponding codeword ¢ of C has Hamming weight
wg(c) > 4. It is clear from (33) that L(S(p(r(c))) > 4,
which is equivalent to wp(p(7(c))) > 8.

Case 2: There are exactly two nonzero vectors c¢; and c;
among the vectors cy,...,c,_2. By Lemma 6, we infer that
ci;¢; € Cp_o. The Hamming weight of the corresponding
codeword c of C is greater than or equal to 4. One can verify
by (33) that L(S(p(7(c)))) > 1. If wy(c) > 5, then it is
clear that wp(p(7(c))) > 7. Our next task is to prove, by
contradiction, that there is no codeword ¢ with wy(c) = 4
and L(S(p(7(c)))) = 2. Our justification is divided into three
cases.

Case 2.1: If wy(c) = 4 and the four nonzero components
of p(7(c)) are

Ci,j1 mod p; Ci+1,(j171) mod ps Ci,jz mod ps Ci+1,(j271) mod p>
then the corresponding columns

T T T T
gi,jl mod p» gi+1,(j171) mod p’ gi,jz mod p’ gi+1,(j271) mod p

are [F,-linearly dependent. This is contrary to the fact that

o it o it
1 1 1 1 - o

. . . . = 2a'(a—1 — 0.
Jjioa—1 j2 jo—1 ( J(G2=51)” #
Ji Gi—=1% j3 (j2—1)?

Case 2.2: If wy(c) = 4 and the four nonzero components
of p(7(c)) are

Cp—2.1, b0,07 bp72,j mod p» bO,(j—l) mod p»
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are [F-linearly dependent, which contradicts

ar=? 1 aP—? 1
11 1 1 B
1 T j+x j—14+=x
Low? (+a)? (-1+2)
(a2~ 1)(j— 1)(j + o - 1)(w —2) £0.
Case 2.3: For the other cases of wgy(c) = 4, using

the same argument as in Cases 2.1 and 2.2, we reach a
contradiction. In addition, the codeword p(7(c)) with four
nonzero components ¢g o, €1,p—1, €o,p—1 and C1,0 confirms that
wp(p(7(c))) = 7.

Case 3: There are three or four nonzero vectors among
the vectors cg,...,c,—2. By Lemma 6, we know that these
nonzero vectors belong to Cp,_3 = C,_4. This implies that
the corresponding codeword ¢ of C has Hamming weight
wp(c) > 6. Hence, we conclude that wp(p(7(c))) > 7.

Case 4: There are exactly five nonzero vectors among the
vectors Cg,...,Cp_3. By Lemma 6, these nonzero vectors
are in the [n,n,1]-code C,_5. The corresponding codeword
c of C has Hamming weight wg(c) > 5. If wy(c) > 6,
then wp(p(r(c))) > 7. We show that there does not exist
any codeword of Hamming weight 5 in p(7(C)) with five
consecutive nonzero entries, as the following four cases reveal.

Case 4.1: If wy(c) = 5 and the five nonzero components
of p(7(c)) are
Ci,j mod p> Ci+1,(j—1) mod p» Ci+2,(j—2) mod p»
Ci4+3,(j—3) mod p» Ci+4,(j—4) mod ps

then the corresponding columns

T T T
8i,j mod p» 8i+1,(j—1) mod p> 8i+2,(j—2) mod p>
T T
gi+3,(j73) mod p> gi+4,(j74) mod p

are [F-linearly dependent, which contradicts

a3l 3G+ o3(i42)  3(43)  3(i+4)
Q22U+ Q2(i42)  2043)  2(i+4)

o i+l ai+? o3 ottt | =
1 1 1 1 1

Jj J—-1 j=-2 ;j5=-3 ;-4

- 1) a? =13 (® - 1)2#0. (34)

Case 4.2: If wy(c) = 5 and the five nonzero components
of p(7(c)) are

Cp—5,4, Cp—4,3, Cp—3,2, Cp—2.1, bo,0,
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then the corresponding columns

T T T T T
8Bp—54> Bp-43 Bp-32 Bp-21> Bop

are [F;-linearly dependent. This contradicts

a3(P=5)  3(p—4)  3(p=3) ,3(p-2) ,3(p-1)
a2(P=5)  2(p—4)  2(p-3) ,2(p-2) ,2(p-1)
aP~® aP—? aP~—3 aP—2 aP~1 =
1 1 1 1 1
4 3 2 1 x
8P+ (1) (a?-1)2(a®-1)((a?~1)(a®—1)+z) # 0.

(35)

Case 4.3: In all other cases when wy(c) = 5, we proceed
as in the proof of Cases 4.1 and 4.2 to derive a contradiction.

Case 5: There are more than five vectors among the vectors
Co,...,Cp—2. One can verify that the pair distance of the
codeword p(7(c)) is > 7 since its Hamming weight is > 5.

In summary, in all of the above cases, we can show that
the minimum pair distance of p(7(C)) is 7 when C has length
2(p — 1)p and dimension 2(p — 1)p — 6. Since F, can be
expressed as F, := J”/% (2, + F,,), one can construct a vector
a of length mp whose coordinates are chosen from the m
distinct additive cosets in IFy, arranged in order as in (32).
In a similar manner, we can demonstrate the existence of an
(m(p — 1)p, qm(”_l)p—6,7)q—almost MDS symbol-pair code
for each m € [1,q/p). [ |

Example 11. Let ¢ = p = 5. Let (7 = C; = C3 =
GRS4(a,u) be a [5,4,2]5-code with parity-check matrix

H=011111)

and let C4 := GRS3(a,u) be a [5,2,4]5-code with parity-
check matrix

11 1 1 1

Hy,=(10 1 2 3 4

0 1 22 32 42

We can define an NSC matrix A such that
1 1 1 1
_ 11 3 32 33

T+

(A ) - 4 1 32 34 36
1 3% 36 39

The MP code C constructed in Theorem 13 has parameters
[20, 14, 4]5 and parity-check matrix

11111111111111111
11111333334444422

H = 11111444441111144
- 11111222224444433
01234024130432103
01441023320411403

The permutations 7 and p on the coordinates [0,19] of C
defined in Theorem 13 are as follows.

0,1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19
s

After some computation, we confirm that p(7(C)) is a
(20,54, 7)5-almost MDS symbol-pair code. a

Remark 3. In Theorem 13, we construct an
(m(p — 1)p, qm(p_l)p_6,7)q symbol-pair code, for each
m € [l,q/p], by an MP code (Ci,---,Cp_1) - A, that
is , with K = p — 1. For some K # p — 1 such that
K | (¢ — 1), we have confirmed by computation in MAGMA
that there also exist some symbol-pair codes with parameters
(mpK,qm”K_‘a,?)q, e.g., (52,1346,7)13 with K = 4 and
qg = p = 13. However, we cannot prove the existence of
almost MDS symbol-pair codes when K # p — 1. Whether
the corresponding determinants in the form of (34) and (35)
are nonzero or not is unknown in the general case.

C. Constructions from MP codes using a square matrix A of
order q

For an MP code C := (Cy,--- ,Ck)- A with K > 3 to have
dp = 6, its constituent MDS codes must come in one of the
following possibilities.

o C; is an [n,n, 1]4-code for each ¢ € [K —2] and Cx—1 =

Ck is an [n,n — 2, 3],-code.

e C; is an [n,n, 1],-code for each i € [K — 2], Cx_1 is an
[n,n —1,2],-code, and Ck is an [n,n — 3, 4],-code.

e C; is an [n,n,1],-code for each i € [K — 3], Cx_2 =
Ck—1isan [n,n—1,2],-code, and Cx is an [n,n—2, 3]4-
code.

We show that the first possibility leads to MDS symbol-pair

codes when K = q.

Proposition 14. Let q be a prime power. Then there exists
a (q2 +q, 6)q—MDS symbol-pair code if one of the following
statements holds.

1) qis odd and there exists a primitive element o of ¥ such
that

(a+1)(a—3), a(a+4),
a?™?(a?72 +4), (@7 + 1)(a"? = 3)

are either 0 or square elements of T,.
2) q is even and there exists a primitive element o of Iy
such that

Tr((1+a)™h) = Tr(a??)
=Tr(a) = Tr((1+ 42" =0,

where 'Tr is the trace function from F to Fs.

Proof: 1) Let ¢ be an odd prime power. Let o be a
primitive element of F, satisfying Statement 1) and let 3 be a
primitive element of F 2. Let C; be a [¢+1, ¢+ 1, 1],-code for
each i € [¢ — 2] and let C;,—1 = C, be the 39! -constacyclic

O, 5’ 10’ 15’ 1, 6, 117 167 2’ 7’ 12’ 17’ 3’ 87 13, 18, 47 9’ 147 19 code with parameters [q—|— 1, q— 1, S]q and parity—check matrix

2
0,9,13,17,
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1,5,14,18, 2,6,10,19, 3,7,11,15, 4,8,12,16.

6‘1

(ﬁv)") ’

_ (1 B
Hl(l By
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defined in (6) with v = $9~L. The primitive element o may
or may not be equal to 3971, Let

1 1 e 1 1

1 o e =2 0
A= : :

1 92 ala=2)@=2) ¢

1 1 1 0
be an NSC matrix of order q. We define an MP code C :=

(C1,--+,Cy) - A of length ¢> + ¢ and dimension ¢* + ¢ — 4
and immediately confirm that
0 1 1 1
0 a~ ! a—(@—2)
A7l = b
q _ 1 . . .
0 a—(a-2) a—(@=2(@-2) 1

qg—1 0 e 0 1
By Lemma 2, the code C has parity-check matrix
H— Hl aH1 Oéq_2H1 0]
H, H - H, H, )’

with O being the 2 x (¢ + 1) zero matrix. (36)

We denote the columns of H as

T T T T
(go,m 80,0 1 8¢—1,00" 7" 7gq71,q)

T
g =

{mwaawwawmmwf,ﬁiemq%jeMQ
(0,0,87,(By))) T, ifi=q—1,7€][0,q

Let ¢ = (c¢i)ig[0,q—1) be a codeword of C with ¢; =
(Ci0y-- - s Cig)- Itis clear that S0 4 _0cijgi; =0 Leto

be a permutation on the coordinates of C such that

¢(C) = (Cog mod (g+1)5 €1,(j—1) mod (g+1)s+ - - >
Cq—1,(j—q+1) mod (¢+1))jef0,q-  (37)

We establish dp(¢(C)) = 6 based on the number of nonzero
vectors ¢; in a codeword ¢ = (¢;)ic(0,q—1]-

Case 1: There is exactly one nonzero vector c, among
the vectors cg,...,cq—1. By Lemma 6, we have c¢; € C,.
The corresponding codeword ¢ € C has Hamming weight
wy(c) > 3. It is clear, by (37), that L(S(¢(c))) > 3, which
is equivalent to wp(¢(c)) > 6.

Case 2: There are exactly two nonzero vectors c; and c;
among the vectors cy,...,c,—1. We infer by Lemma 6 that
ci,¢; € Cq—1. The Hamming weight of the corresponding
codeword ¢ € C is > 6. This implies wp(¢(c)) > 7.

Case 3: There are exactly three nonzero vectors among
the vectors cg,...,cq—1. By Lemma 6, the three nonzero
vectors are in C,_o whose parameters are [¢ + 1,q + 1, 1],.
The corresponding codeword ¢ € C has Hamming weight
wg(c) > 3. If wy(c) > 4, then the fact that wp(p(c)) > 6
follows from (37). We argue that there is no codeword ¢ with
wg(c) = 3 and L(S(¢(c))) < 2 by considering the following
two cases.
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Case 3.1: If wy(c) = 3 and the three nonzero components
of ¢(c) are

Ciy,j1 mod (g+1)s Cii+1,(j1—1) mod (g+1)5 Ciz,ja>
with 41 € [O,q - 3], ig € [O,Q - 2], and io # iq1,11 + 1,
then the corresponding columns
T T T
81,51 mod (g+1)» 8i1+1,(j1—1) mod (g+1)° Sia,ja

are [F-linearly dependent. Thus,

ailﬂjl ai1+1ﬂj1*1 aizﬂjz
le 6]&*1 ﬂjz
Byt (Bt (By)

= B (@0~ af) (7 — o)

—(a” —a™)(y" 7 —97))
= 0. (38)
This implies that
J2 _ ~J1
T T e,
7]1*1 — At q
which, since v7 = 471, is equivalent to
fyj2 _ ,yjl _ ,y—jz _ ,y_jl
r}/jlfl _ r-)/jl B ry*jﬁ*l — »y*jl'
Simplifying the above equation, we confirm that
(Y =D =D =) =0 (39

Noticing that (j2 — j1) mod (¢ + 1) € [0,q], we have two
scenarios. If (j2 —j1) mod (g+1) € [0, ¢— 1], then we have a
contradiction as (39) fails to hold. If (jo—7j;) mod (¢+1) = ¢,
then we get that

(@ —a™)(y72 =) = (o —a™) (Y T = 97)
= (" —a) (YT =7t £ 0,
which contradicts to (38).

Case 3.2: For other cases of wy(c) = 3, we can use the
same argument as in Case 3.1 to reach a contradiction.

Case 4: There are exactly four nonzero vectors among
the vectors cg,...,cq_1. By Lemma 6, the four nonzero
vectors are in C,_3, which is an [¢ + 1,¢ + 1,1];-code.
The corresponding codeword ¢ € C has Hamming weight
wy(c) > 4. If wy(c) > 5, then wp(¢p(c)) > 6. It suffices
to show that the codeword ¢(c) with Hamming weigh 4 does
not have four consecutive nonzero components. We prove it
by contradiction and divide the proof into the following five
cases.

Case 4.1: If wy(c) =4 and the four nonzero components
of ¢(c) are
Cijs Cit1,(j—1) mod (q+1)»
Ci+2,(5—2) mod (g+1)s Ci+3,(j—3) mod (g+1)»

with 7 € [0, ¢ — 5], then the corresponding columns

T T
g5 gi+1,(j71) mod (q+1)

T T
8i+2,(j—2) mod (g+1)7 Bi+3,(j—3) mod (g+1)
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are [F,-linearly dependent, which contradicts

Oziﬂj ai+1ﬂj71 ai+2ﬂj72 aiJrSﬂjfB
a'(By) o (BT (BT @By TP
pooo L -
(Bv) (Br)7 1 (By)i—2 (Br) 72

= Y75 a(a = 1)*(y = 1)*(ay = 1)(7 — a) £ 0.

Case 4.2: If wy(c) = 4 and the four nonzero components

of ¢(c) are

Cq—1,55 €0,(j—1) mod (g+1)s

C1,(j~2) mod (¢+1)> €2,(j—3) mod (q+1)>

then the corresponding columns

T T
8q-1,5> 80,(j—1) mod (¢+1)>
T T
81,(j—2) mod (g+1)7 82,(j—3) mod (g+1)

are [F-linearly dependent. Thus, we have

0 5j—1 Oéﬁj_z O526]'—3

0 (B alBy) 2 2(By)?

B 5]*1 5%2 5]*3 -
By Byt By (By)E

754250 (a = D(y - 12+ (1 —a)y+1) =0,

which is equivalent to

¥ +(1-a)yy+1=0. (40)

By (40), we know that (7 + 1_70)2 = W. Since (a—
1)(e — 3) is either O or a square element of F,, we get v +
152 € F,, which is a contradiction.

Case 4.3: If wy(c) = 4 and the four nonzero components
of ¢(c) are

Cq—2,j5 Cq—1,(j—1) mod (q+1)»

€0,(j—2) mod (g+1)» €1,(j—3) mod (g+1)»

then the corresponding columns

T T
8g—2,j0 8g—1,(j—1) mod (g+1)
T T
80,(j—2) mod (q+1)> &1,(j—3) mod (g+1)

are [F,-linearly dependent. Thus we have

aq—2ﬁj 0 51—2 aﬁj_3
i HBY 0 (B By

B B~ 1 B -2 5]73
By (BT (BT (B

96725 12
- aet—qe3

(v + (a+2)y+1) =0,
which is equivalent to
V4 (a+2)y+1=0. (41)

We obtain a contradiction in the same way as in Case 4.2.
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Case 4.4: If wy(c) = 4 and the four nonzero components
of ¢(c) are

Cq—3,55 Cq72,(j71) mod (g+1)>
Cq—1,(j—2) mod (¢+1)> €0,(j—3) mod (g+1)>

then the corresponding columns

T T
8¢—3,51 8g—2,(j—1) mod (g+1)
T T
8¢—1,(j—2) mod (g+1)7 80,(j—3) mod (¢+1)

are [F-linearly dependent. This implies

a?=3p37 a?=2p7-1 0 Bi—3
a?3(By) al72(By) ! 0 (By)I—3 | _
ﬁ] ﬁj—l ﬁj—2 Bj—?) -
(B)I By~ (By)y? (By) R
45—6.25=5(n _ 1\2,q—3
2 7]1(_’Ya 1ot (V+ (@12 4+2)y+1) =0,

which is equivalent to
Y4+ (@2 42y +1=0. (42)

Using a similar method as in Case 4.2, we reach a contradic-
tion.

Case 4.5: If wy(c) = 4 and the four nonzero components
of ¢(c) are

Cqg—4,5j, Cq—3,(j—1) mod (q+1)>

€q—2,(j—2) mod (g+1)» €g—1,(j—3) mod (g+1)»

then the corresponding columns

T T
8g—4,50 8g—3,(j—1) mod (¢+1)
T T
8¢-2,(j—2) mod (q+1)> 8q—1,(j—3) mod (g+1)

are [F-linearly dependent. We then get

aq—4ﬁj aq—Sﬁj—l aq—2gj—2 0
a?4(By)T at3(By) T @t (By) 2 0
5]’ ﬂjfl 53'72 Bj—g
(Bv)! (By) ! Byy—2  (By)y?

BH=04275(y—1)20%170(1—a) (v* + (1 — a® %)y + 1) =0,
which is equivalent to

V+(1—al2)y+1=0. (43)

A contradiction follows in the same way as in Case 4.2.

Case 5: There are more than four nonzero vectors among
the vectors c, ..., cq—1. By Lemma 6, the nonzero vectors are
ina[g+1,q+1,1]4-code C,_4. The corresponding codeword
¢(c) of ¢(C) has Hamming weight wy(¢(c)) > 5, which
implies that wp(o(c)) > 6.

Taking all of the above cases into consideration, we have
shown that ¢(C) is a [¢*> + ¢,6],-MDS symbol-pair code.

2) We have just concluded that ¢(C) is a [¢® + ¢, 6],-MDS
symbol-pair code if and only the quadratic equations in (40),
(41), (42), and (43) fail to hold.

We now prove that 42 +uy+1 # 0 if Tr(u~') = 0, for u €
]FZ when ¢ = 2™ is even. Let us assume, for a contradiction,
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1

that v2 + uy + 1 = 0, which is equivalent to v 4+ vy~ ! = w.

Hence, we obtain
111 1
e N (R

We get a contradiction to Tr(u~1) = 0 because

Tr (1> =Tr ( ! + ! >
U L+~ (1+9)?
m—1

S () -

1=0
1 1

+ m
14+ (1+479)?
1 1

L+t

m—1 2i+1

3> (5)

+
1+~
=1.

Thus,
Y 4+ uy+1+#0if Tr(u™') =0 for u € F;.

The quadratic equations in (40), (41), (42), and (43) fail to
hold because

Tr((14+a) )

We can finally conclude that the code ¢(C) constructed in 1)
is a [¢%> + ¢, 6],-MDS symbol-pair code. [

Due to the nonexistence of cyclic codes with parameters
¢+ 1,9 — 1,3]; when ¢ is odd, we use constacyclic codes
as constituent codes to construct the MP code in Proposition
14. In the proof of Proposition 14, we show that ¢(C) is a
[¢® + g,6],-MDS symbol-pair code if and only if there exists
a primitive element « of I, such that the quadratic equations
in (40), (41), (42), and (43) do not hold. In general, it is hard
to propose a sufficient and necessary condition such that the
quadratic equations in (40), (41), (42), and (43) fail to hold. We
propose two sufficient conditions in Statements 1) and 2) of
Proposition 14. The proof of the existence of special primitive
elements requires number theoretic tools and is given in the
Appendix. The existence of primitive elements with properties
which are prescribed in Statements 1) and 2) leads to the
following theorem.

=Tr(a™!) = Tr(a) = Tr((1+a? %)~ = 0.

Theorem 15. Letr ¢ be a prime power such that q ¢ {4,5}.
If ¢ = 2™ with m being even or q is odd, then there exists a
(> +q, 6)q—MDS symbol-pair code.

Proof: By Proposition 20 in the Appendix, if ¢ is odd and
q > 317, then there exists a primitive element o of F, such
that (a+1)(a—3), a(a+4), a?2(a?72 +4), and (42 +
1)(a?72 — 3) are square elements in F,. Using Proposition 21
in the Appendix, if ¢ = 2™ with m > 22 being even, then
there exists a primitive element o of I, such that

Tr((1+a)™ ) = Tr(a??) = Tr(a) = Tr((1+a? )" 1) = 0.

By Proposition 14, there exists a (q2 + q76) -MDS symbol-
pair code if ¢ is odd and ¢ > 3'7 or ¢ = 2™ Wlth even integer
m > 22.

We recall that the code ¢(C) constructed in Proposition 14 is
a [¢*>+ ¢, 6],-MDS symbol-pair code if and only if there exists
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a primitive element « of I, such that the quadratic equations
in (40), (41), (42), and (43) fail to hold. By exhaustive
computations in MAGMA, we verify that there exists a primitive
element « in I, such that the quadratic equations in (40), (41),
(42), and (43) do not hold if ¢ € [3,3'7]\{4,5}. ]

Example 12. Let ¢ = 3 and let 8 be a primitive element of Fy.
Let C; be the 2-constacyclic code with generator polynomial
g1(z) = 1 and let C; = C3 be the 2-constacyclic code with
generator polynomial g1(z) = (z — 8)(z — 8°) and parity-

check matrix Lo 11
Hl(o 11 2)'

Using the NSC matrix A with

1

00 2
(A—l)Tz2 12 0],
111

we construct the [12,8,3]s-code C defined by Theorem 15
with parity-check matrix

101120220000
g_lor 1202210000
101110111011
0112011207112

The permutation ¢ on the coordinates [0, 11] of C is defined
by

0,1,2,3,4,5,6,7,8,9,10,11

Lo

0,7,10, 1,4,11, 2,5,8, 3,6,9.

After some computation, we deduce that ¢(C) is a (12,6)3-
MDS symbol-pair code. O

Remark 4. Since we cannot determine the existence of a
primitive element o of Fom such that

Tr((14+a)™") = Tr(@??) = Tr(a) = Tr((1+a?7)71) =0

when m > 1 is odd, we do not know in general whether there
exists a (22 4 2™, 6)q-MDS symbol-pair code for odd m >
1. We verify computationally in MAGMA that the code ¢(C)
constructed in Proposition 14 is a [22™+2™ 6],-MDS symbol-
pair code for each odd integer m € [3,49]. We conjecture
that such an MDS symbol-pair code exists for all odd integer
m > 1.

V. CONCLUDING REMARKS

As demand for data storage continues to increase, new tech-
nologies emerge to address crucial challenges that naturally
arise. Symbol-pair codes were originally proposed to better
control errors in channels whose outputs are overlapping pairs
of symbols. An important performance measure for a symbol-
pair code is its minimum pair distance, instead of the minimum
Hamming distance for the classical error-correcting code. A
Singleton-type bound leads to the definition of a maximum
distance separable (MDS) symbol-pair code.

Many families of MDS symbol-pair codes have been ex-
plicitly built prior to our work. There are surely more families
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of interesting symbol-pair codes to be discovered. Here, we
construct matrix-product symbol-pair codes. Our approach is
simpler than most prior constructions and, to the best of our
knowledge, has never been attempted before. We have shown
how to use generalized Reed-Solomon codes of much smaller
length to construct families of MDS symbol-pair codes, either
directly or with additional well-chosen permutations on the
coordinate positions of the matrix-product codes. Finding more
efficient computational methods to determine the minimum
pair distance of a symbol-pair code is an interesting direction
to investigate.

For our current construction purposes, it suffices to exhibit
a pair of permutations 7 and p that always works. Our choice
is inspired by the approach from cyclic codes with repeated
roots. It allows us to determine the parameters of the MP
code under consideration by looking at a repeated-root cyclic
code which is permutation equivalent to the MP code. The
exact formulation of 7 and p is based on the supports of the
codewords, as stated before Theorem 10.

There are suitable alternatives to the 7 and p that we have
chosen in Theorems 10 and 12. Keeping the permutation T,
for instance, we can replace p by py, for £ = 1,2, which is
given by

pe(j +3i) =

J+3((i + (r mod 3)) mod p), ifie[0,p—1],

J+3(((s+ (r mod 3)) mod p) +p), ifiée[p,2p—1],
(44)

where r = j+/ and s = i—p. One can then show, by following
a similar route to the one in the respective proofs of Theorems
10 and 12, that the codes p; (7(C)) and p, (7(B)) are still
MDS symbol-pair codes. In [23, Corollary V.2], a necessary
and sufficient condition for permutations to preserve the pair
weights of any codeword in a linear code was proposed.
Generalizing this observation to some families of symbol-pair
codes, e.g., by finding all permutations which preserve the
MDS property of the codes in Theorems 10 and 12, deserves
a separate treatment beyond this work. The scope can of course
be widened to determining all permutations that preserve the
MDS property of any family of MDS symbol-pair codes.

In Lemma 8, we have provided a heuristic to generate MP
codes or their permutation equivalent codes which may achieve
the Singleton-type bound in (3). Based on the heuristic and
suitable choices of constituents codes, we have constructed
three families of MDS symbol-pair codes in Theorems 10,
12, and 15. A particularly interesting direction is to study if
we can use the general heuristic to explicitly build more new
families of MDS symbol-pair codes.
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APPENDIX

Several proofs of the results in Section IV require the
existence of primitive elements in I, with specific properties.
This Appendix demonstrate that those elements indeed exist.
We recall some basic results about character sums over finite
fields.

Let p be a prime and let ¢ be a power of p. Let Tr(-)
denote the trace mapping from [, to IF,,. For every a € F,, an
additive character of F, is defined as xo(z) = 3", with
x € Fy and ¢, = €*™V~1/?. The additive character x; () is
canonical whereas the additive character xo(z) is trivial. Let
« be a primitive element of FF,. For each i € [0,q — 2], a
multiplicative character of Fy is defined by (/) = (7 |,
with j € [0,¢ — 2] and (,_; = €2™V~1/(a=1 In addition,
we assume that 1;(0) = 0 for 7 € [0,q — 2]. The order of a
multiplicative character v; is defined to be the smallest positive
integer e such that (1;(a’))¢ = 1 for each j € [0,q — 2]. The
multiplicative character ¢ a1 of order 2 is called the quadratic
character of IF,. The respective orthogonality relations of
additive characters and multiplicative characters are given by

0, ifa#0
S vl =0 70 g
ocFy q, ifa=0
—2 JP
Yoy = {0 A
= ’ g—1, ifi=0"

Let Fy(x) be the rational function field. Given a non-trivial
additive character x and a multiplicative character ¢ of Iy,
we define a mixed character sum

Al fi6,9) = D x(f(@)élg(x)),

z€F \S

(45)

where f(z) and g(z) are rational functions of F,(x) and S
is the set of poles of f and g. This sum is degenerate if both
f(z) = h(z)? — h(x) +c, for some h(x) € Fy(z) and ¢ € Fy,
and g(z) = br(z)™, for some r(z) € Fy(x) and b € F,,, where
n is the order of ¢.

Castro and Moreno [5] proposed the following bound for
the character sum A(x, f; ®, g).

Lemma 16. [5] Let f(x) and g(x) be rational functions of
F,(x). Let £y be the number of distinct zeros and non-infinite
poles of g. Let £1 be the number of poles including the infinite
pole of f and let £y be the sum of the multiplicities of these
poles. Let {3 be the number of non-infinite poles of f which
are zeros or poles of g. Let x and ¢ be, respectively, a non-
trivial additive character and a multiplicative character of IFy.
If A(x, f;&,9) is the non-degenerate character sum in (45),
then

|A(X, f50,9)] < (bg + b1+ Lo — 3 — 2)\/q.
The following new version of the Weil bound was provided
in [35].

Lemma 17. [35] Let fi(z), .-, fs(x) € F4[z] be s monic,
distinct, and irreducible polynomials. Let { be the num-
ber of distinct roots of [][;_, fi(x) in its splitting field of
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Fy. Let ¢1,---,¢s be multiplicative characters of Fq. If
[T;_, ¢i(fi(2)) # 1 for some z € Fy, then, for each a; € F;
and i € [s], we have

> I ¢ilaifi(2))

z€F, i=1

<(-Dvg

Let o(t) be the Euler function and let u(t) be the Mobius
function given by

1, ift=1,
p(t) = < (=1)¢, if t is the product of £ distinct primes,
0, if ¢ is divisible by the square of a prime.

We know from [22, Lemma 3.23] that

Z 1, if’l"::l7
O =90 ifrs 1.

tlr
The following lemma gives a method to determine whether
an element of [F, is primitive.

(46)

Lemma 18. [8] Let z be an element of Fy. If
-1)
R P o= DI
70 e ”
where > s, 18 defined over all multiplicative characters ¢y of

order t, then

1 ifsi imitive el ' of F
P(z) = {0, if z is a primitive element of F,

Let w(t) denote the number of distinct primes factors of ¢.
Robin in [33] presented an upper bound for w(t).

otherwise.

Lemma 19. |
w(t) < 1.385log t

loglogt *
After we have recalled the above four essential lemmas,
we proceed to demonstrate the existence of special primitive
elements that are used in the proof of Proposition 15.

1 Given a positive integer t > 2, we have

Proposition 20. Let p be an odd prime and let ¢ = p™. If
m > 17, then there always exists a primitive element o of T,
such that (o + 1)(a — 3), a(a +4), a972(a?72 + 4), and
(@972 4+ 1)(a972 — 3) are square elements of F,.

Proof: Let o be a primitive element of IF,. It is easy to
see that o and a9~2 are not square elements. The statement
that (o +1)(a—3), a(a+4), a?72(a?72 +4), and (a9 2 +
1)(a?72 — 3) are square elements of F, is equivalent to the
statement that (o + 1)(av — 3), 1 + 4, and (1 + «)(1 — 3a)
are square elements and « + 4 is not a square element. Let
71 be the quadratic character of F,. It is easy to check that
n(z) = 1 if z is a square element of F, and n(z) = —1if =z
is not a square element of F,. We define the set U := {z €
F, : z is a primitive element, n((z+1)(z—3)) = n(1+4z) =
n((1 + 2)(1 —3z)) = 1, and n(z + 4) = —1}. If the set U
is not empty, then there exists a primitive element o of I,
such that (o + 1)(a — 3), a(a + 4), a?72(a?72 + 4), and

© 2022 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See https://www.ieee.org/publications/rights/index.html for more information.

(@772 +41)(a9=2 —3) are square elements of F,. Let N denote
the cardinality of U. For each z € I, we write

Q) = (((z+1)(2 = 3)) + 1)(n(1 +42) + 1)
(n((1+2)(1 = 32)) + (1 — n(z +4)).
The element z € F, has the properties that (z + 1)(z — 3),
144z, and (1 + 2)(1 — 3z) are square elements and z + 4

is not a square element if and only if Q(z) = 16. By Lemma
18, we deduce that

st"

z€F,

14 z
Z Mgg; ZW(’Z)Q( )
tl(q— 1)

_plg—-1) l)
WWAM;)>§§@

ZP

fl(

ﬁZZw

be ZEIF

q—l

where

One can then confirm that 1 is the only constant term in (Q(z)

and
=Y QG)=q¢-1+> (Q(2) -

z€F, z€F,

By Lemma 17, we have |3, ¢ (Q(2) — 1)’ <33y/4q. If L is
divisible by the square of a prime, then by the definition of the
Mobius function, we obtain P(¢) = 0. If £ # 1 is the product
of w(¥¢) distinct primes, then, by Lemma 17, we get

ZZ@ <

¢ |2€F,

[P(O)] <

0] > 48,/g=48,/4.
[

Summarizing all of the above cases, we arrive at

¢lg—1)(g—1)
‘N_ 16(¢ — 1) ‘ =
1‘%(( )) (33\[ +48,/g(2<(@ D — 1)) . @
We can, by using (47), infer that
pla—1(g-1) plg—1) wig—1
N= 16(g—1)  16(¢—1) (48\/52 - 15\/5) '

By Lemma 19, we have

wig—1) <

The set U is not empty if

1.3851og(q — 1)
loglog(g —1)

1.385 log(g—1

1 )
ﬂ—%+15>48-2W. (48)

Since p is an odd prime and g = p™, we check that (48) holds
for each p > 3 and m > 17. This completes the proof. |
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Proposition 21. Let m > 0 be an even integer and let g = 2™.
If m > 22, then there exists a primitive element o of Fy such
that

Tr((1+a)™!) = Tr(a?™?) = Tr(a) = Tr((1+a?72)" 1) = 0.
Proof: We define the set V. := {z € Fam
z is a primitive element with Tr((1 + 2)7!) = Tr(z71) =

Tr(z) = Tr((1 + 271)~!) = 0} of cardinality |V| = N. Let
X1 be the canonical additive character of Fom. By the orthog-
onality property of additive characters, an element z € Fom
satisfies

Te((1+2)71) = Te(e ™) = Tr(z) = Te((1+ 27171 =0

if and only if

1 a z)" ! r(z~ !
T(z) = ¢ >0 (<) 37y

a€clFy belF,
Z (_l)cTr(z) Z (_1)dTr((1+Z*1)—1) 1L (49)
ceFy delFy
By Lemma 18, we deduce that
p(2™ —1) p()
N = = 7/ LSt
> o Y g T
zelem\{O 1} £ (2m— be
o op2m-1) u(ﬁ)
- 16(2m — 1 Z Z o(f)
Z\ (2m—1) a,b,c,deF2
Z Z d)g(z) (z;a,b,¢,d)
d?e ZG]Fgm\{O 1}
SD
= 153 Z > P(tia,b,c.d), (50)
/\ (2m—1) a,b,c,d€F3
with
3 2
Az a,b, e, d) = 1 e+ (c+d)z+ (a+b)z+ b 7
z(1+ 2)
P(l;a,b,¢,d) = i Z Z de(2)A(z;a,b, ¢, d).

¢e z€Fam\{0,1}
Since m is even, we have x1(1) = 1. It is in the end easy to
check that
P(1;0,0,0,0) = 2™ — 2 and
P(1;1,0,0,1) = xa (1)(2™

Due to the orthogonality relation of multiplicative characters
and based on (46), we have

> P(1;0,0,0,0)

o(2m—1),6£1
_ (o)
0
1(4)

£)(2m—1),6£1
14
— 1
o Z( )

/M)

—2)=2"_2.

be(2)

g‘ (Qm

5

£(2m—1),0£1
=1.
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Using the same argument as shown above, we obtain
> P(1;1,0,0,1) =
£](2m —1),0#£1

For the other cases of ¢, a, b, ¢, and d, we can use Lemma 16
to deduce an upper bound of |P(¢;a,b,c,d)|. By Lemma 16
and (50), we obtain

p(2" 1)
N—- - —— P(¢;0,0,0,0)+ P(¢;1,0,0,1
16(2m—1) Z((77aa)+ (75,7))
f(2m—1)
2p(2m — 1)
=|N—-———2(2™ -1 51
e ] 1)
p(2m —1)
_— P(l;a,b,c,d
— 16(2"7‘*1) Z Z | ( 7a’7 ,C, )|
£ (2m—1) a,b,c,delFs
(a,b,c,d)#(0,0,0,0)
(a,b,c,d)#(1,0,0,1)
@(2m — 1) m/2ew(2™—
< ——2929.2™/4Q 52
—16(2m —1) (52)
From (52), we obtain
2m —1 m
Eaciiiat) (2(2’" — 1) —29.9m/2w(2 *U) .
16(2m — 1)
By Lemma 19, we have
1. log(2™ — 1
(1) < L3 log2" — 1)
loglog(2m — 1)
The set V' is not empty if
2% > %2% Lo %, (53)
Finally, we confirm that (53) holds for each m > 22. |

Remark 5. If m is odd in Proposition 21, then

Z (P(¢;0,0,0,0) + P(£;1,0,0,1)) = 0
f(2m 1)

and we cannot use (51) and (52) to estimate the value of V.
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