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Abstract

The Voronoi diagram is a decomposition of a space, determined by distances to a given
set of objects. As a fundamental geometric data structure, Voronoi diagrams have been
widely applied in various computer graphics and visualization applications. While there
is a popular Fortune’s sweep line algorithm, there is no effective technique to parallelize
it.

Centroidal Voronoi tessellation (CVT) is a special type of Voronoi diagram such that
the generating point of each Voronoi cell is also its center of mass. The CVT has
broad applications in computer graphics, such as meshing, stippling, sampling, etc. The
existing methods for computing CVTs on meshes either require a global parameteri-
zation or compute it in the restricted sense (that is, intersecting a 3D CVT with the
surface). Therefore, these approaches often fail on models with complicated geometry
and/or topology. To get intrinsic CVT on meshes, we need to compute discrete geodesic
efficiently. The existing exact discrete geodesic algorithms are relatively slow while
the approximate geodesic methods suffer from numerical problems and are sensitive to
mesh tessellation. Thus we need an efficient and accurate method to compute discrete

geodesics.

To tackle these issues, we studied CVT and discrete geodesic problem systematically.
We present a sweep circle algorithm for construct Voronoi diagrams in parallel and the
Saddle Vertex Graph (SVG) to efficiently compute discrete geodesics on meshes. Com-
bined discrete geodesic with CVT, we present two efficient algorithms for computing
intrinsic CVT on meshes. Furthermore, we propose one application of CVT and dis-
crete geodesics, anisotropic shape distribution on meshes. Our contributions are listed

as follow:



We first present a new algorithm, called sweep circle, for constructing Voronoi diagram.
Starting with a degenerate circle centered at an arbitrary location, our algorithm sweeps
the circle by increasing its radius across the plane. Our sweep circle algorithm is flexible
in allowing multiple circles at arbitrary locations to sweep the domain simultaneously,
thus is parallel in nature. We demonstrate the efficacy of our parallel sweep circle algo-

rithm using GPU.

Second, we propose the Saddle Vertex Graph (SVG) to efficiently compute discrete
geodesics on triangle meshes. The SVG is a sparse undirected graph that encodes com-
plete geodesic distance information, which can be solved efficiently using the shortest
path algorithm (e.g., Dijkstra algorithm). It does not require any numerical solver, and
is numerically stable and insensitive to the mesh resolution and tessellation. The experi-
mental results on real-world models demonstrate significant improvement to the existing

approximate geodesic methods in terms of both performance and accuracy.

Thirdly, we introduce two intrinsic algorithms for computing CVT on triangle meshes.
The first algorithm adopts the Lloyd framework, which iteratively moves the genera-
tor of each geodesic Voronoi diagram to its mass center. The second algorithm uses
the L-BFGS method to accelerate the intrinsic CVT computation. Thanks to the intrin-
sic nature, our methods work well for models with arbitrary topology and complicated

geometry.

Finally, we show the shape distribution application. We demonstrate an automatic
method for computing anisotropic 2D shape distribution on arbitrary 2-manifold mesh-
es. Our method allows the user to specify the direction as well as the density of the
distribution. Our method does not require global parameterization of the input 3D mesh.
Instead, it computes local parameterization on the fly using geodesic polar coordinates.
Thanks to the SVG for solving geodesic computation problem efficiently, the local pa-

rameterization can be computed at little cost.

il
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Chapter 1

Introduction

1.1 Problem Statement

1.1.1 Voronoi Diagrams

The Voronoi diagram is a special kind of decomposition of a space, determined by dis-
tances to a given set of objects in the space. As a fundamental geometric data structure,
Voronoi diagrams have been widely applied in various computer graphics and visu-
alization applications, including collision detection [106], meshing [124]], vector field
visualization [[73]], artistic effect, image segmentation [114], just to name a few. Among
many efficient algorithms for the construction of Voronoi diagram, Fortune’s sweep line
algorithm [39] is popular due to its elegancy and simplicity. Given a set of 2D points
(called sites), the sweep line algorithm maintains a vertical sweep line moving from left
to right across the plane as the algorithm progresses. During the algorithm, on the left
side of the sweep line, the input sites have already been inserted into the Voronoi di-
agram, and on the right side the sites have not been inserted yet. Each site to the left
of the sweep line generates a parabola of points equidistant from the sweep line and
that point. The wavefronts of all parabolas form a curved beach line, which follows the

sweep line moving from left to right. As the sweep line moves, the beach line cuts out

1



CHAPTER 1. INTRODUCTION

the Voronoi diagram’s edges. The sweep line algorithm is proven to be optimal with
O(n) space complexity and O(nlogn) time complexity. In spite of its simplicity and

popularity, there is no effective technique to parallelize the sweep line algorithm.

1.1.2 Discrete Geodesics

The discrete geodesic problem plays an important role in compute graphics. In 1987,
Mitchell, Mount and Papadimitriou published the MMP algorithm [79], which com-
putes the single-source geodesic distance in O(n*logn) time, where 7 is the number of
vertices. Then in 1990, Chen and Han [[16] improved the time complexity to O(n?),
which remains the best complexity. However, extensive experiments have shown that
the CH algorithm often runs 10° to 10* times slower than the MMP algorithm. Xin and
Wang realized that such slowness is due to the extremely large number of operations to
the useless windows (a data structure to that will be explained later), so they modified
the CH algorithm by adopting window filtering and maintaining windows in a priority
queue. Although the improved CH (or ICH) algorithm has O(n”logn) time complexity,

it outperforms both the MMP and the CH algorithms.

So why can the theoretical time complexity not indicate the real performance in the dis-
crete geodesic problem? The exact geodesic algorithms, such as MMP, CH and ICH, all
adopt the same computational framework: each edge is partitioned into a set of interval-
s, called windows, and each window encodes the geodesic distance from the source to
any point in the interval. The windows are maintained in either a sorted data structure
(like a priority queue in the ICH and MMP algorithms) or a hierarchical data structure
(like a tree in the CH algorithm). In each iteration, the algorithms propagate one win-
dow across a triangle by computing the window’s children windows. The algorithms

terminate when all windows have been processed. Thus, window complexity is a key
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factor to measure the real performance of the algorithm. Mitchell et al. [/9] and Chen
and Han [16] noted that the number of windows is O(n?), which means that none of
the window propagation algorithms can break the theoretical O(n?) time barrier. On
the other hand, Surazhsky et al. [109] observed that the window complexity grows as
approximately O(n'?) on real-world models. In practice, the MMP and the ICH al-
gorithms run in sub-quadratic time. Surazhsky et al. [109] also observed that given
a smooth surface, adding a random noise at each vertex can reduce the window com-
plexity significantly. This interesting observation is confirmed by the experience that
computing the geodesic on a bumpy real-world model usually takes less time than that
for a smooth synthetic model of similar complexity. However, the existing literature has
not addressed the question of the relation between the algorithm’s time complexity and

the surface’s geometric features.

1.1.3 Intrinsic Centroidal Voronoi Tessellation

The centroidal Voronoi tessellation (CVT) is a particular Voronoi tessellation of a com-
pact domain yielded by a set of samples such that each site locates at the same place
with the centroid of its Voronoi cell. For example, Figurdl.I{a) shows a Voronoi tes-
sellation of a circular domain where the sites do not locate at the same place with the
centroids of the Voronoi cells (not a CVT), while Figurgl.T(b) shows a CVT of the same
domain. CVT generates an evenly spaced distribution of sites in the domain with respect
to a given density function, and is therefore very useful in many fields, such as optimal
quantization, clustering, data compression, optimal mesh generation, cellular biology,
optimal quadrature, coverage control, and geographical optimization. An excellent in-
troduction to the theory and applications of CVT is given in Du et al. [30] and Okabe et

al. [81].
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Figure 1.1: (a) An ordinary Voronoi tessellation of a circular domain with seven sites
marked with black dots and the centroids of the Voronoi cells marked with small circles;
(b) a CVT of the same domain with seven sites. Figures are taken from [68]].

Although the CVT in Euclidean space has been extensively studied, relatively little
progress has been reported towards computing the CVT on curved surfaces. A com-
mon step in computing the CVT is to construct the Voronoi diagrams in each iteration,
while an alternative is to directly update the sites instead of really reconstruct the whole
VD in each iteration [99], [100]. It is fairly simple to construct the Voronoi diagrams in
Euclidean space (e.g., R? and R?), since many efficient algorithms and software tools
are readily available. However, it is technically challenging to compute VD on curved
surfaces. Some researchers tackle this challenge by computing the restricted Voronoi
diagrams [124]], which is the intersection between the input mesh and the Voronoi dia-
gram in R3. These approaches are embedding space dependent and may fail on models
with complicated geometry and/or topology. Others adopt the global parametrization to
map the surface to the parametric domain, such as Euclidean plane E2, the sphere S,
or hyperbolic disk H2, in which the 2-dimensional CVT is computed [103]. It is known
that parameterizing models with complicated geometry and/or topology is computation-
ally expensive and often suffers serious numerical issues. To our knowledge, there is no

method for computing the CVT on arbitrary surfaces.

4



CHAPTER 1. INTRODUCTION

1.2 Objectives

In this thesis we aim to find a fully parallel algorithm for calculating Voronoi Diagrams,
and for efficiently computing intrinsic CVT on the surface, we want a fast and accurate
algorithm for computing discrete geodesics. Also we demonstrate one applications of

the CVT and discrete geodesics, anisotropic shape distribution.

Fast Parallel Algorithm for Voronoi Diagrams. We tackle the challenge of fast com-
puting a Voronoi Diagram by proposing a new algorithm, called the untransformed
sweep circle, for computing Voronoi diagrams. Starting with a degenerate circle (of
zero radius) centered on an arbitrary point (not necessarily a site), as the name suggests,
our algorithm sweeps the circle by increasing its radius across the plane. At any time
during the sweeping process, each site inside the sweep circle defines an ellipse com-
posed of points equidistant from that point and from the sweep circle. The union of all
ellipses forms the beach curve, a star shape inside the sweep circle, which divides the
portion of the plane within which the Voronoi diagram can be completely determined,
regardless of what other points might be outside of the sweep circle. As the sweep circle

progresses, the intersection of expanding ellipses traces out the Voronoi edges.

We show that the sweep-line algorithm is a degenerate form of the proposed sweep
circle when the circle center is at infinity, and our algorithm also has the same time
and space complexity as its line counterpart. However, our algorithm fundamentally
distinguishes itself from the sweep-line algorithm in that it allows multiple circles at
arbitrary locations to sweep the domain simultaneously. This leads to a very natural
parallel implementation, while the sweep-line algorithm does not have such a feature.
Compared with the traditional sweep circle technique [23]], our algorithm is fairly easy to
implement, since the most complicated numerical operation is nothing more than an arc

cosine calculation. Furthermore, our algorithm supports the computation of additively

5
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weighted Voronoi diagrams in which the Voronoi edges are hyperbolic and straight line

segments.

Efficient Algorithm for the Discrete Geodesic Problem. All of the existing algorithms
compute the globally shortest geodesic by propagating the distance information in the
wavefront order, thereby tackling the discrete geodesic problem in a global manner. In
this thesis, we take a completely different approach, observing the discrete geodesic’s
very strong local structure. The richer the geometric features of the mesh, the stronger
such local structures are. This allows us to break down the original problem into easily

solvable sub-problems.

In moving towards this goal, we propose the Saddle Vertex Graph (or SVG), a novel
method for computing the geodesic distance on a triangle mesh. The SVG is a sparse
undirected graph that has the same vertex set as the input mesh. Each SVG edge corre-
sponds to a direct geodesic path that does not pass through any saddle vertex. The SVG
encodes complete geodesic information in that a geodesic path on the mesh is a shortest
path on the corresponding SVG; therefore, the discrete geodesic problem is converted

into a shortest path problem.
The SVG has several unique features that distinguish it from other algorithms.

e Firstly, it is highly efficient, since computing the single-source geodesic distances
on a real-world model takes O(Dnlogn) time, where n = |V| is the number of
mesh vertices and D (D < n) measures the complexity of the SVG. Moreover, as
the Dijkstra algorithm does not involve any numerical computation, the SVG is

much faster than the fast marching method (FMM).

e Secondly, users can intuitively control the accuracy by specifying the local cov-
ering range of the saddle vertices. The computed geodesic distance is guaranteed

to be a metric, i.e., satisfying the symmetry condition and the triangle inequality.

6
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Since it does not require any numerical solver, the SVG method is numerically

stable and robust to the mesh triangulation and tessellation.

e Thirdly, the SVG exhibits a strong local structure that enables it to be constructed
in a completely local and parallel manner. Furthermore, the SVG’s average de-
grees depend on the model’s details, and is insensitive to the mesh size. The more
details and complicated geometry the model has, the stronger such local charac-
teristics are, and the smaller the average degree of the SVG vertices. Therefore,
the results for SVG are much better for real-world models with details than the

poor results that existing approximate algorithms often produce.

e Last but not least, it naturally links the discrete geodesic problem with the short-
est path problem, which has been studied extensively. Therefore, the discrete
geodesic problem can immediately take advantage of existing resources as well as

new developments in the shortest path problem (such as parallelization).

Intrinsic Centroidal Voronoi Tesselation. We present two intrinsic algorithms for
computing the centroidal Voronoi tessellation on arbitrary triangle meshes. Our first
algorithm adopts the Lloyd framework, which iteratively moves the generator of each
geodesic Voronoi diagram to its mass center. Based on the discrete exponential map, our
method can efficiently compute the Riemannian center and the center of mass for any
geodesic VD. Our second algorithm uses the L-BFGS method (limited-memory BFEGS),
which uses the CVT energy function and its gradients to approximate the Hessian ma-
trix. The L-BFGS method has better performance due to its super-linear convergence
rate. Thanks to the intrinsic feature, our methods are independent of the embedding
space, and work well for models with arbitrary topology and complicated geometry,
where the existing extrinsic approaches often fail. Moreover, our methods are insensi-

tive to the mesh resolution and tessellation, and can be applied to surfaces embedded
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in arbitrary dimensional space. The promising experimental results demonstrate the

efficacy of our methods.

Application. We demonstrate one application of CVT and discrete geodesics, shape

distribution on the surface.

Sampling has a wide range of applications in computer graphics, such as geometry pro-
cessing, texturing, and rendering. Among many sampling techniques, blue noise is
popular due to its excellent spatial and spectrum properties. In the past decade, many
elegant blue noise sampling algorithms have been proposed. However, most of the exist-
ing approaches compute isotropic sample distributions meeting certain constraints, such
as efficiency, spectral properties, maximal distribution, and so on. To date, little research
effort has been reported for anisotropic sampling on 3D models compared to isotropic
sampling on 3D models. We propose a practical method for parallel computing the dis-
tribution of anisotropic shapes on arbitrary manifold meshes. Given a 3D model M and
a set of 2D anisotropic shapes, the user specifies the desired distribution density as well
as the orientation of each class. Then our algorithm automatically distributes the given
2D objects on M satisfying the density and direction constraints. Unlike the existing
approaches [[10, [118]], which usually assume the 2D objects are isotropic and of simple
geometry, our algorithm applies for complex 2D objects and can guarantee the distri-
bution is collission-free, which is a critical constraint in many applications. Moreover,
our method does not require the global surface parameterization of the input 3D models.
Instead, it computes local parameterization on the fly using geodesic polar coordinates.
Thanks to the SVG method for geodesic computation, the local parameterization can be
computed at little cost. Furthermore, our method has a natural parallel structure and it is
also intrinsic in that it depends only on the mesh metric instead of the embedding space.
We evaluate our algorithm on real-world models with non-trivial topology and observe

promising results.
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1.3 Thesis Organization

The reminder of this report is organized into following parts: Chapter [2 reviews the re-
lated work of Voronoi diagrams, discrete geodesic, CVT and some related techniques.
Then in Chapter [3] we introduce the sweep circle algorithm. In Chapter 4] we present
the Saddle Vertex Graph (SVG) to efficiently solve the discrete geodesic problem and in
Chapter [5| we use discrete geodesics to compute intrinsic CVT on meshes. We demon-
strate one application in Chapter [6] an automatic method for computing anisotropic 2D
shape distribution on the mesh. Lastly, we conclude our work and provide some future

directions in Chapter



Chapter 2

Related Work

In this chapter, we mainly review the existing research work related to Voronoi dia-
gram, centroidal Voronoi tessellation(CVT), and discrete geodesics. Discrete geodesics
is closely related to intrinsic computation of Voronoi diagram and CVT on the surface.

Also we review some literature in exponential map and shape distribution.

2.1 Voronoi Diagrams

Voronoi diagrams are a fundamental geometric structure, which can be dated back to
1644. It is named after Georgy Fedoseevich Voronoi in 1908. He is a Russian mathe-
matician, who studied and defined the general n-dimensional case. Since then, Voronoi
diagrams have been extensively studied and widely applied to many science and engi-
neering fields, including computer graphics, image processing, robot navigation, com-
putational chemistry, materials science, climatology, etc. [4}81], due to its nice geomet-

ric properties.

As the dual of Voronoi diagrams, Delaunay triangulations also have many useful prop-
erties. For example, in all triangulations of a planar point set the Delaunay triangulation

maximizes the minimum angle, which is helpful for quality mesh generation [101} 40].

10
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There are a large array of literature on the Delaunay triangulation problem. For ex-
ample, Devillers [25] proposed a hierarchial data structure to compute the Delaunay
triangulation on a 2D plane. Both Voronoi diagram and Delaunay triangulation can be
computed in the optimal O(nlogn) time for a set of n sites in 2D [60]. Among these
algorithms, some are in a divide-and-conquer scheme [98, 49, |32]], while others are in-
cremental [45]104]]. The same optimal worst-case bound is also obtained by Fortune’s
elegant sweep line algorithm [39] and the traditional sweep circle algorithm [23]]. Dinis
and Mamede [27] extends the sweep line algorithm to spherical domain by sweeping
the sphere with a circular line. Their approach uses sweep circle on the sphere during
propagation based on closed form formula, while our sweep circle is more generalized

and can be computed on arbitrary 3D surfaces.

For Voronoi diagram of moving points, Albers et al. [2] showed the upper bound of
the number of topological events and presented a numerically stable algorithm for the
update of the topological structure of Voronoi diagram, using only O(logn) time per
event. Zhou et al. [[130] presented the bi-cell filtering technique to utilize the connectivi-
ty coherence of the Delaunay triangulation of moving points, which leads to an efficient

algorithm to compute the dynamic Delaunay triangulation.

For 3D Voronoi diagram, Browstow et al. [11] suggested computing the facets of each
Voronoi region, from which the edges and vertices of the region can be constructed.
Their algorithm is of an O(n*) time complexity theoretically but runs in O(n*logn) time
in practice. Finney [38] proposed an algorithm to compute the vertices of each Voronoi
region, and then to compute the edges and facets of the region by identifying the sites
that define each vertex. Tanemura et al. [[/3] presented an algorithm that determines
the Voronoi region for each site by computing all Delaunay tetrahedra, which have the

site as a common vertex. By representing the 3D domain as a 3D tetrahedral mesh,

11
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Yan et al. [125] presented an efficient algorithm for computing the 3D clipped Voronoi

diagram.

There are also some algorithms [45] [116} S]] available for d-dimensional Voronoi dia-
grams (d > 3). The combinatorial complexity of the Voronoi diagram is ®(n [4/ 21) [S9]
and it can be computed in O(nlogn + nld/ 21) optimal time [14, 17, 96]]. The duality of
the Voronoi diagram and the Delaunay triangulation still holds in higher dimensions.
Guibas et al. [48] proved that Delaunay triangulations can be computed in O(n [4/ 21)

time through randomized incremental point insertion.

There are several techniques, such as randomization [88] and divide-and-conquer [[19],
for parallel computation of Voronoi diagrams. However, these parallel algorithms are
rather complicated and highly non-trivial to implement. To improve the performance
of computing the Voronoi diagram, many researchers focus on computing approximate
Voronoi diagram on discrete spaces with the help of the modern graphics hardware.
Hoff III et al. [S1] developed a highly efficient algorithm for computing generalized
Voronoi diagrams in 2D and 3D using rasterization hardware. The algorithm first di-
vides the space into regular cells; then for each cell it computes the closest primitive
and the distance to that primitive using polygon scan-conversion and Z-buffer depth
comparison. Sud et al. [106] computed the 2nd order discrete Voronoi diagram using G-
PU and applied it to perform N-body culling. Very recently, Rong et al. [90] presented a
GPU-assisted Voronoi diagram algorithm for accelerating the computation of Centroidal
Voronoi Tessellation (CVT). These graphics hardware accelerated algorithms are effi-
cient, but produce only a discrete approximation of the Voronoi diagram. Our algorithm,
in contrast, computes the exact 2D Voronoi diagram in parallel. Besides, Cao et al. [[13]
proposed a parallel banding algorithm on the GPU to compute the distance map for a

binary image.

12
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To compute the geodesic Voronoi diagram on a 2-manifold mesh M, the Euclidean nor-
m is replaced by the geodesic metric. Such a metric change results in fundamental
change in the bisector and Voronoi regions between the Euclidean plane and a curved
2-manifold. For example, a bisector in R? is a line segment, while a bisector on a tri-
angle mesh may contain both line segments and hyperbola segments. Given a genus-g
mesh M, it was shown in [[67] that the bisector of two distinct points on M can have at
most g + 1 separated components and a Voronoi region of a point in S can be bounded
by one or more closed bisectors (see Figure[2.1). Liu [69] proved that the combinatorial
complexity of geodesic Voronoi diagram on M is O((m+ g)n), where m is the number
of points in S and 7 is the number of triangles in the mesh. Edelsbrunner and Shah [335]]
showed that for a general topological space, if a closed ball property is satisfied, then
the dual Delaunay triangulation of Voronoi diagram exists. Recently, Liu et al. [/0]
showed that the intrinsic Delaunay triangulation on mesh M can be obtained by the du-
ality of a geodesic Voronoi diagram on M. They proved that this duality exists under two
practical assumptions and proposed an efficient algorithm for constructing the Delaunay

triangulation.

We refer the readers to [33]] for in-depth discussion on the properties of Delaunay trian-

gulation and Voronoi diagram on a 2-manifold mesh.

2.2 Centroidal Voronoi Tessellation

The centroidal Voronoi tessellation (CVT) is a special Voronoi diagram in which every
seed x; locates at the same place with the centroid c¢; of its Voronoi cell Q; ,and was first
introduced by [30]. But long before similar concepts have been studied in various areas,
e.g., k-means in computer vision, pattern recognition and optimal quantization in signal

processing.
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@

Bisector

N

\

Geodesic Voronoi diagram

Figure 2.1: Bisector and geodesic Voronoi diagram. Row 1: The bisector (red) of two
sites (green) on the double-torus has three separated components. Besides line segments,
a bisector on triangle mesh may also contain hyperbola segments. Row 2: The geodesic
Voronoi diagram of four sites. Each Voronoi cell is bounded by two or three closed
bisectors.
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To compute the CVT, one of the earliest algorithms is introduced by [74]], which is a
probabilistic algorithm. Although it will surely convergence, its convergence is quite
slow. Lloyd presented a deterministic method, which is published officially in [72].
Du et al. [29] proved the convergence of Lloyds algorithm later. Because of its robust-
ness and simplicity, Lloyds algorithm is used widely. Ju et al. [S3] combined Lloyds
algorithm with MacQueens method, and presented a parallel probabilistic Lloyd algo-
rithm. Liu et al. [68] proved that the energy function of CVT has C?> smoothness in
convex domains and in most other commonly encountered domains with smooth densi-
ty. With this C? continuity, one can compute CVT by the quasi-Newton method (e.g.,
L-BFGS [66]), which has super linear convergence rate, thus, significantly outperforms
the Lloyd algorithm. Lévy and Liu [64] presented L, CVT, which generalizes CVT by
minimizing a higher-order moment of the coordinates on the Voronoi cells. This gener-
alization allows for aligning the axes of the Voronoi cells with a predefined background
tensor field (anisotropy). Recently, Rong et al. [89]] extended CVT from Euclidean space

to hyperbolic and spherical space by using global parameterization.

Both the Lloyd algorithm and the Newton algorithm require computing the Voronoi di-
agrams in each iteration. Although it is fairly simple to construct the VD in Euclidean
space (e.g., R? and R?), computing VD on curved surfaces is technically challenging.
Alliez et al. [3] conformally parameterized genus-0 open surface to a disk and evaluat-
ed the centroids over the density function expressed in parameter space rather than on
the surface. Thanks to the angle-preserving and local isotropic properties of conformal
parameterization, a well-shaped triangle in parameter space will not be deformed too
much once lifted back into R3, except for its size, which can be easily compensated
by the weighted density function in R?. Rong et al. [89] generalized the CVT energy
function from R? to spherical space S? and hyperbolic space H? and then combined all

of them into a unified framework - the CVT in universal covering space (UCS). They
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adapted Lloyd’s iteration to compute the CVT in the embedded fundamental domain
of the UCS. If a centroid is outside of the fundamental domain by one side, they per-
formed a rigid motion to move it to the opposite side of the fundamental domain. The
adjusted centroids are all inside the fundamental domain and are used as the new sites
in the next iteration. Rong et al. [90] proposed a GPU-based method for computing
the CVT on the plane and observed significant speedup of these GPU-based methods
over their CPU counterparts. Their method also works for some 3D models that can be
represented as a geometry image. However, as mentioned above, global parametrization
is computationally expensive and may suffer from serious numerical issues if the sur-
face has complicated geometry and non-trivial topology. For example, the Bunny’s ears
are shrunk to very tiny regions under spherical conformal parameterization [46], which

poses a great numerical challenge to compute the CVT on S?.

Yan et al. [[124] proposed a different approach. Rather than constructing the CVT on
the mesh directly, they repeatedly computed restricted Voronoi diagrams (RVD), de-
fined as the intersection between the input mesh and a Voronoi diagram in R3. Their
method uses a kd-tree to quickly identify and compute the intersection of each trian-
gle face with its incident Voronoi cells. The time complexity for computing RVD is
O(mlogn), where n is the number of seed points and m is the number of triangles of the
input mesh. Their method also adopted the quasi-Newton method for fast convergence.
They demonstrated that the restricted RVD-based method is flexible for computing the
CVT with a non-constant density function. However, their method is embedding s-
pace dependent and may fail on models with complicated geometry/topology. Recently,
Lévy and Bonneel [63] proposed an elegant method for constructing curvature-adaptive
anisotropic meshes. Their idea is to transform the 3D anisotropic space into a higher
dimensional isotropic space, in which the mesh is optimized by computing a CVT. Lévy

and Bonneel’s method overcomes the d-factorial cost of computing a Voronoi diagram
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of dimension d by directly computing the restricted Voronoi cells with an algorithm
called Voronoi Parallel Linear Enumeration, which can be easily parallelized. Their
method is extrinsic due to the computation of intersection between the (higher dimen-

sional) Voronoi cells and the surface.

2.3 Discrete Geodesics

The discrete geodesic problem has four variations, namely, single-source single-destination
(SSSD), single-source all-destinations (SSAD), multi-sources all-destinations (MSAD),
and all-pairs (AP). Among them, solving the SSAD geodesic distances and paths is
of particular interest, as it is the foundation of the other three. Sections 2.1 and 2.2
review the discrete wavefront propagation methods and the PDE methods, which are
two major techniques for solving the SSAD problem. Section 2.3 reviews the (1 + €)-
approximation algorithms, which can guarantee the accuracy of the computed geodesic
distances. Sections 2.4 discusses other types of discrete geodesics and the methods for

computing geodesics on discrete domains other than meshes.

2.3.1 Discrete Wavefront Propagation Methods

Two representative methods are the MMP algorithm [79] and the CH algorithm [16],
which simulate the wavefront propagation in a discrete manner. They partition mesh
edges into intervals, called windows, where each window encodes the geodesic paths
that are in the same face sequence. Then they propagate windows across mesh faces
and update the geodesic distance of vertices when they are swept by some windows.
The MMP algorithm maintains a priority queue for windows and propagates the win-
dow closest to the source at a time, whereas the CH algorithm organizes windows in

a tree and processes them in a breadth-first search order. Given an n-face mesh, the
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MMP algorithm runs in O(n*logn) time and the CH algorithm has an O(n?) time
complexity. Both algorithms have many variants, such as performance improvemen-
t [109],[1211,[69],[71],[123], parallelization [127], and handling degeneracy [71]. It
is worth noting that there are at most O(n?) windows on an n-face mesh [79], so the
window propagation algorithms have a worst-case O(n?) time complexity on general
polyhedral surfaces, which is known as the theoretical quadratic time barrier. In prac-
tice, as observed in [[109], the MMP algorithm and the improved CH algorithm [121]]

run in O(n'>logn) time on real-world meshes.

Schreiber and Sharir [95] proposed an elegant algorithm for computing geodesic dis-
tances on a convex polytope in O(nlog(n)) time, reaching the theoretical lower bound.
Later, Schreiber [94]] generalized the optimal-time algorithm of convex polytope to three
realistic scenarios, including terrain, uncrowded polyhedron and self-conforming mod-
el, which can be concave. These optimal-time algorithms have significant theoretical
values, however, they have limited applications in computer graphics, since most real-

world models are nonconvex.

Kapoor [53] proposed an algorithm for computing shortest paths on any polyhedral
surfaces in an O(nlog2 n) time complexity. However, due to lack of technical details, it
is not possible to verify the claim. To date, the problem of computing exact geodesic

distances on general polyhedral surfaces in subquadratic time still remains open.

2.3.2 PDE Methods

The PDE methods solve the Eikonal equation |Vu(x)| = 1 with boundary condition
u(s) = 0 on discrete domains, where s is the source. In contrast to the exact methods,
which are computationally expensive, the PDE methods are very easy to implement and

efficient.
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Using an upwind finite difference approximation to the gradient and a Dijkstra-like
sweep, Sethian [58]] proposed the fast marching method (FMM), which provides a so-
lution to the Eikonal equation in time O(nlogn) on a regular grid. A similar algorithm
based on a different discretization of the Eikonal equation was developed independent-
ly by Tsitsiklis [111]. Later, the FMM was generalized to arbitrary triangulated sur-
faces [58]], unstructured meshes [97]], implicit surfaces [77l], parametric surfaces [[1035]]
and even broken meshes [[12]]. Since the FMM uses a strict updating order and a priority
queue to manage the narrow band containing the wavefront, it is non-trivial to paral-
lelize the FMM. Using raster scan on a completely regular structure, Weber et al. [[117]
developed a parallel FMM on geometry images, which runs in O(n) time. Other parallel

methods for solving the Eiknoal equation include [[129], [42]], and [24].

The heat method [22] is based on a completely different strategy. It places heat at the
source vertex and then diffuses the heat in a very short time. Since the normalized gra-
dient of the heat function coincides with the gradient of the geodesic distance function,
the heat method computes the geodesic distance by solving a Poisson equation. Using
Cholesky factorization of the Laplacian matrix, both the heat flow and the Poisson e-
quation can be solved in linear time. Wang et al. [113] use the concept of heat flow
to compute the geodesic distances and paths from sources to the boundary of a mesh
surface, which can be considered as a special case of the multiple sources geodesic path

problem.

Recently, Belyaev and Fayolle [/] introduced a variational approach for computing the
distance to a surface (a curve in 2D) and proposed efficient iterative schemes for mini-
mizing the energy functionals. They also investigated several PDE-based distance func-
tion approximation schemes, including Poisson distance, p-Laplacian distance and L-

distance.
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The PDE methods work for a wide range of discrete domains, including regular grids,
point clouds, and unstructured triangular and tetrahedral meshes. However, they provide

only the first-order approximation, which is highly sensitive to mesh tessellation.

2.3.3 Other Methods

Kanai and Suzuki [54] proposed an approximate algorithm for computing geodesic paths
on polyhedral surfaces. The algorithm constructs a graph using the original vertices and
Steiner points added on the edges. It computes an initial shortest path between the two
given points. Then it iteratively improves the graph by adding more Steiner points to
the region where the path passes through. The algorithm computes a geodesic path in
O(nlogn) time. Since the algorithm determines the location of Steiner points using
heuristics, there is no theoretical guarantee of the approximation error. Moreover, it is

not practical to extend the algorithm for the single-source geodesic distances.

Xin et al. [120] presented an algorithm for iteratively evolving an initial closed path on
a given mesh into an exact geodesic loop. The algorithm has an empirical O(mk) time
complexity, where m is the number of vertices in the region bounded by the initial loop
and the final geodesic loop, and k is the average number of edges in the edge sequences
that the evolving loop passes through. Their algorithm guarantees to terminate within

finite steps.

2.4 Exponential Map

With the above-mentioned discrete geodesic algorithms, we can compute the geodesic
path on the surface. For any two points p and ¢ on a 2-manifold surface, the geodesic

path between p and ¢ is a local shortest path connecting p and g on the surface [28]]. If
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the surface is smooth, the geodesic is a curve on the surface whose geodesic curvature is
always zero. Since geodesic curvature is only dependent on the first fundamental form,

the geodesic is intrinsic to the surface.

After we obtain the geodesic path, we can compute the exponential map, which defines a
geodesic polar coordinate system on meshes (see Figure[2.2)). Let p € M be an arbitrary
point on a smooth surface M. The exponential map exp,, : T,M — M at p is a map from
the tangent plane at p to p’s local neighborhood. Given a radial line on the tangent plane
which originates at p and has direction v € T,M, the exponential map sends p +1v to a
unique geodesic curve 7y originating at p such that y'(0) = vand ||(r)|| = 1. Conversely,
given an arc-length parameterized geodesic y originating at p, ¥(0) = p, there is a unique
tangent direction ¥'(0) on the tangent plane exp;l(y) = 7/(0). The exponential map
has been used in various graphics applications, such as decal compositing [93]], texture

mapping [107], Poisson disk sampling [128]], etc.

Figure 2.2: Exponential map naturally defines a geodesic polar coordinate system on
curved surfaces.
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2.5 Sampling and Shape Distribution

The widely used sampling techniques include blue noise [20], point repulsion [112],
centroid Voronoi tessellation (CVT) [30], stratified sampling [[80], spectral sampling [84],

and polyominoes [83]], just name a few.

Among them, Poisson disk sampling is popular due to its nice spatial and spectral prop-
erties. Dart throwing [20] is a popular technique to generate isotropic blue noise samples
due to its simplicity. However, it is time consuming since a large number of trials are
discarded due to conflicts. Many techniques have been proposed to improve the perfor-
mance of dart throwing, including effective spatial data structures [78,131}143}34], kernel
density model [36]], and tile-based approaches [[18}162, 161, 83]. Wei [118] presented the
phase group algorithm, which subdivides the sample domain into grid cells and drawing
samples concurrently from multiple cells that are sufficiently far apart to avoid conflicts.
Li et al. [65] generalized the isotropic blue noise sampling to the anisotropic setting. By
using parameterization, their technique can generate high quality anisotropic sampling
on surfaces. Bowers et al. [10] extended the phase group algorithm for Poisson disk
sampling on 3D surfaces. Wei [119] introduced multi-class blue noise sampling where
each individual class and their union exhibit blue noise properties. Chen et al. [15]

presented bilateral blue noise sampling for handling problems with non-spatial features.

Besides point-based sampling, distributing 2D objects has a wide range of graphic ap-
plications. For example, line segment distributions are used in rendering applications,
such as motion blur, defocus blur and scattering media [[108]], and rectangle distributions
are used to simulate decorative mosaics [50, 6]. Feng [37]] generated non-overlapping
ellipses with blue noise characteristic. Sun et al. [108]] proposed a frequency analysis of

line segment sampling, which can be generalized to arbitrary non-point shapes.
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In contrast to the 2D counterpart, shape distribution on 3D surfaces remains largely un-
explored. Bowers et al. [10] computed Poisson disk distributions on 3D surfaces by
space partition. With a global parameterization, Li et al. [65] presented an algorithm to
distribute ellipse samples that exhibit anisotropic blue noise properties on 3D surfaces.

They also evaluated the spectrum of anisotropic blue noise by warping and sphere sam-

pling.
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Parallel Computing 2D Voronoi
Diagrams Using Untransformed Sweep
Circles

This chapter presents a new algorithm, called untransformed sweep circle, for construct-
ing Voronoi diagram in R?. Starting with a degenerate circle (of zero radius) centered at
an arbitrary location, as the name suggests, our algorithm sweeps the circle by increas-
ing its radius across the plane. At any time during the sweeping process, each site inside
the sweep circle defines an ellipse composing of points equidistant from that point and
from the sweep circle. The union of all ellipses forms the beach curve, a star shape
inside the sweep circle which divides the portion of the plane within which the Voronoi
diagram can be completely determined, regardless of what other points might be out-
side of the sweep circle. As the sweep circle progresses, the intersection of expanding
ellipses defines the Voronoi edges. We show that the sweep line algorithm is the degen-
erate form of the proposed sweep circle algorithm when the circle center is at infinity,
and our algorithm has the same time and space complexity as the sweep line algorith-
m. Our algorithm is called untransformed because it’s different with Dehne & Klein’s

sweep circle algorithm, which requires to transform the Voronoi diagrams on the surface
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of a cone. Our algorithm directly computes the Voronoi diagrams on the original do-
main without the transformation. Our untransformed sweep circle algorithm is flexible
in allowing multiple circles at arbitrary locations to sweep the domain simultaneously.
The parallelized implementation is pretty easy without complicated numerical compu-
tation; the most complicated case is nothing but an arc-cosine operation. Furthermore,
our algorithm supports the additively weighted Voronoi diagrams of which the Voronoi
edges are hyperbolic and straight line segments. We demonstrate the efficacy of our

parallel sweep circle algorithm using GPU.

The rest of the chapter is structured as follows. Section briefly reviews some math
prelimitaries. Then we introduce the key concepts and properties of the untransformed
sweep circle algorithm in Section and then present the parallel implementation on
modern GPUs in Section [3.3] We provide the detailed experimental results in Sec-
tion [3.4] then we discuss the fundamental differences between the untransformed sweep

circle algorithm and Dehne & Klein’s sweep circle method [23]] in Section

3.1 Preliminaries

This section briefly reviews the theoretical background of Voronoi diagram and For-

tune’s sweep line algorithm.

Let S = {s1,52,---,5,} be a set of points (called sites) in R?. The Voronoi cell Vor(s;)
of a site s; is

Vor(si) = {x € RY||x —si| < [lx—s,]| Vj,j # i},
where || p — ¢|| denotes the Euclidean distance between points p and ¢g. The Voronoi cell
Vor(s;) is the set of all the points x that are at least as close to s; as to any other site s; in

S. All the Voronoi cells form a partition of the given space. It is well known that each

Voronoi cell is convex and contains exactly one site. A Voronoi cell is unbounded if and
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only if the corresponding site lies on the convex hull of S. The number of Voronoi edges

and vertices is O(n).

The Delaunay triangulation is the dual structure of the Voronoi diagram. By dual, we
mean two Voronoi sites are connected by a line segment if they share a Voronoi edge.
Figure [3.1@) shows an example of 2D Voronoi diagram and its dual Delaunay triangu-

lation.

(a) (b)

Figure 3.1: (a) An example for the Voronoi diagram (black) and its dual Delaunay trian-
gulation (blue). (b) Fortune’s sweep line algorithm [39]] maintains a sweep line (green)
and a beach line (blue) moving from left to right. The region left to the beach line
contains the partial Voronoi diagram with a correctly computed topological structure
(the solid black lines). The right region corresponds to the to-be-determined part of the
Voronoi diagram.

Fortune’s sweep line algorithm [39] maintains a sweep line and a beach line as the
algorithm progresses. Without loss of generality, assume the sweep line is a vertical
straight line moving from left to right across the plane. Each site left of the sweep line
defines a parabola of points equidistant from that point and from the sweep line. The
beach line is the boundary of the union of these parabolas, which splits the plane into

two regions: the left region contains a partial Voronoi diagram with a correctly computed

topological structure, and the right region corresponds to to-be-determined part of the
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Voronoi diagram. As the sweep line progresses, the vertices of the beach line, at which
two parabolas cross, trace out the edges of the Voronoi diagram, see Figure[3.1(b). Some

important properties of the sweep line algorithm are as follows:
e The beach line intersects each horizontal line at exactly one point.
e When a parabolic segment disappears, a Voronoi vertex is generated.

e For the region on the left hand side of the beach line, the Voronoi diagram has been
determined, while the region on the right corresponds to the to-be-determined

Voronoi diagram.

o The sites on the left of the beach line can be classified into two groups: fixed sites
whose Voronoi cells have been determined and active sites whose Voronoi cell is

under computation.

e Suppose x; is an active site, then the parabolic segment determined by x; is totally

inside x;’s Voronoi cell.

In the sweep line algorithm, a balanced binary search tree is used to maintain the combi-
natorial structure of the beach line, and a priority queue listing potential pending events
that possibly change the beach line structure. It can be shown that there are O(n) events
to process and O(logn) time required to process each event, and hence the total time is

O(nlogn).

Although the sweep line algorithm is conceptually elegant and widely adopted, it is
non-trivial to parallelize and implement it on modern GPUs. As shown in Figure [3.2]
to compute the Voronoi diagram for the square domain in parallel, we partition it to a
set of square-shaped blocks with side length 7, and then run the sweep line algorithm

for each block independently. Without loss of generality, we assume that at least one
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site is contained in the green block. It can be shown that only the sites in the red round-
cornered rectangle, (4\/§ + 21+ 1)7? in size, affect the Voronoi diagram of the green
block. Therefore, we need to place a sweep line at the left boundary of the red round-
cornered rectangle (see Figure [3.2(a)) and consider the sites located inside this area
in the subsequent sweeping process. In this example, as sites A and B are inside the
red region, the sweep line algorithm results in a Voronoi edge bisecting A and B (see
the yellow line segment in Figure [3.2b)). However, the correct Voronoi diagram (the

dotted blue lines in

(a) (b)

Figure 3.2: (a) To compute the Voronoi diagram for the green region, one has to apply
the sweep line algorithm to a much larger domain (in red). (b) At the conclusion of the
sweep line algorithm, one has to trim the computed Voronoi diagram with the centered
region. The doted blue lines are the real Voronoi edges.

Figure[3.2((a)) consists of only part of the bisecting line of A and B due to the existence of
site C, of which is outside of the red region. In fact, it can be shown that only the Voronoi
diagram inside the green region is correct and contributes to the final result. Therefore,
we have to trim the computed Voronoi diagram (of the entire red region) with the cen-
tered green region to get the final result. In other words, each sweep line algorithm

computes the Voronoi diagram for a region of size (4\/5 +2m+1)72, but only the result

28



CHAPTER 3. PARALLEL COMPUTING 2D VORONOI DIAGRAMS USING UNTRANSFORMED SWEEP
CIRCLES

2 : _ 1 _
is used. Roughly speaking, 1 avaianiD) 92.3%

computation is totally wasted. Due to these drawbacks, it is difficult to parallelize the

inside the centered region of size T

sweep line algorithm in an efficient and effective manner. To our knowledge, there is no

such algorithm known to the community.

The proposed untransformed sweep circle algorithm overcomes the drawbacks of the

sweep line algorithm, and can be naturally extended to parallel setting.

3.2 Untransformed Sweep Circle Algorithm

3.2.1 Algorithm Description

In contrast to the sweep line algorithm, which propagates the sweep/beach line from left
to right, our algorithm starts with a degenerate circle at an arbitrary location and then
sweeps the circle by increasing its radius to cover the entire domain. Our untransformed

sweep circle algorithm contains four fundamental elements:

e The sweep circle, centered at the user-specified or a random location ¢, sweeps

the plane by increasing its radius. The initial radius is usually set to zero.

e The beach curve is a set of consecutive elliptic segments, each of which bisects
a site and the sweep circle. The beach curve splits the plane into two regions:
the inside region contains a partial Voronoi diagram with a correctly computed
topological structure, and the outside region corresponds to an undetermined part

of the Voronoi diagram that will be computed later.

e A touching event occurs when the sweep circle touches a new site. As a result, a

new elliptic segment is inserted into the current beach curve.

e A vanishing event occurs when an elliptic segment disappears. Consequently, a

new Voronoi vertex is generated.
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Figure [3.3] illustrates the basic idea of sweep circle for a two-site example. Initially,
we place a degenerate circle (i.e., a point) at the user-specified or at random location
c. Assume the circle center does not coincide with any site. The circle grows un-
til it touches the closest site, say s1, which triggers the first touching event (see (b)).
As a result, we construct a degenerate ellipse with focus points s; and c, satisfying
|x—s1]| + ||x — ¢|| = R, where R = ||c — s1|| is the radius of the current sweep circle.
Clearly, the initial beach curve is a line segment (i.e., degenerate ellipse). Throughout
the sweeping process, the ellipse always satisfies the constraint ||x —s;||+|x —c¢|| =R
for the increasing radius R. It can be shown that the ellipse is the bisector of s; and the
sweep circle ®(c,R). Furthermore, the beach curve is always inside the sweep circle
(see (c)). The next event (again, a touching event) occurs when the sweep circle reaches
the second site s,, which creates an ellipse ||x — 52|+ ||x — ¢|| = R (now R = ||c — 52|
This newly generated ellipse is inserted into the current beach curve. Thus, the updated
beach curve contains two elliptic segments, each of which is the bisector of the sweep
circle and the corresponding site (see (d)). As the sweep circle progresses, the vertices
of the beach curve, at which two ellipses cross, trace out the bisector (in red) of s; and
s> (see (e)). Note that the continuous animation is used to illustrate the basic concept
of sweep circle. In fact, our algorithm sweeps the circle and processes the events in a

discrete manner.

Figure shows the circle sweeping on a domain with five sites. The key idea of our
untransformed sweep circle algorithm is to maintain the (circular) ordered list of elliptic
segments and trace out the vertices of the beach curve. The two neighboring (in circular
order) elliptic segments correspond to an active Voronoi edge and the two neighboring
active edges (in circular order) are joined by an elliptic segment. When an elliptic seg-
ment vanishes (i.e., a vanishing event occurs), the two neighboring active edges meet at

a point, which defines a Voronoi vertex (see the insets in Figure (d),(£),(g)). When
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Figure 3.3: Illustration of sweep circles for two sites. The beach curve consists of elliptic
segments, each of which corresponds to a site. The elliptic segment is the bisector of
the corresponding site and the sweep circle. The vertices of the beach curve trace out
the bisector between two sites. The sweep circle, the beach curve and the bisector are
drawn in green, blue and red, respectively.

Figure 3.4: Applying the sweep circle algorithm to a domain with five sites. (a) The
sweep circle touches the first site. (b) The sweep circle touches the second site. (c)
The vertices of the beach curve, at which two ellipses cross, trace out the bisector of
the two corresponding sites. (d) An elliptic segment (in red) is vanishing, as a result,
the neighboring two segments will eventually meet. The intersection point is a Voronoi
vertex. (e) The circle is expanding toward the fifth site. (f) The sweep circle touches the
fifth site. (g) The beach curve follows the growing sweep circle and the vertices of the
beach curve trace out the Voronoi edges. (h) The algorithm stops when the event queue
is empty. At this moment, the Voronoi diagram structure has been fully determined.
The beach curve and the Voronoi edges are drawn in blue and black, respectively. The
vanishing elliptic segments are highlighted in red (see the insets).
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the sweep circle touches a new site (i.e., a touching event occurs), a new Voronoi edge is
generated. The discrete events are maintained in a priority queue sorted by the distances
of the corresponding sites to the center ¢ (from near to far). Throughout the algorithm,
the Voronoi diagram inside the beach curve has been determined. The algorithm stop-
s when the priority queue is empty and at this moment the complete Voronoi diagram
is known. The essential data structures in the untransformed sweep circle algorithm

include the Voronoi diagram, the beach curve and the event manager, shown as follows:

/12D point, vector or interval

typedef pair<double,double> double2;

//Lists of sites and Voronoi vertices
vector<double2> SiteList;

vector<double2> Voronoi VertexList;

struct VoronoiEdge {
//two endpoints of the edge
int vertl, vert2;
//two sites contributing to the bisector
int sitel, site2;
&

vector< VoronoiEdge> VoronoiEdgeL.ist;

//An active edge, shared by two consecutive elliptic
//segments, contains one fixed endpoint and an
/lextending direction
struct ActiveEdge {

int indexFixedEndpoint;

double2 extendingDirection;
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EllipticSegment* leftSegment;
EllipticSegment* rightSegment;
¥
struct EllipticSegment {
//One focus point is the center of the sweep circle
double? circleCenter;
/[The other focus point is a site
int indexActiveSite;
//Sandwiched by two neighboring active edges.
ActiveEdge* leftActiveEdge;
ActiveEdge* rightActiveEdge;
&
//The beach curve contains the elliptic segments in
/[circular order

BalancedBinaryTree<EllipticSegment> beachCurve;

//Discrete events are handled from near to far
enum EventType {TOUCH, VANISH};
struct Event {

EventType type;

double whenOccur;

int indexSiteToTouch;

EllipticSegment* segmentToDisappear;

}

priority_queue<EventType> EventQueue;

Since two neighboring elliptic segments trace out an active Voronoi edge and two neigh-

boring active Voronoi edges sandwich an elliptic segment, we use pointers to maintain
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the relationship between ActiveEdge and EllipticSegment. We also use a balanced bi-
nary tree to dynamically maintain the beach curve that contains the elliptic segments
in a circular order. The complete structure of the Voronoi diagram, such as the incident
edges of a Voronoi vertex and the bounding edges of a Voronoi cell, can be induced from
the above data structures. The pseudo code of our untransformed sweep circle algorithm

is shown in Algorithm 1.

3.2.2 Correctness

This subsection proves the correctness of our untransformed sweep circle algorithm.
Consider a set of 2D sites S = {sy,s2,---, 5, }. Let us denote ®(c,R) by the sweep circle

centered at ¢ with radius R.

Lemma 3.1 Each elliptic segment of the beach curve bisects the sweep circle ©(c,R)
and the corresponding site s;. When the center c coincides with a site s;, the elliptic

segment degenerates into a circular arc.

Proof: Let e; be the ellipse corresponding to site s;, i.e., e; = {x|||x —c|| + [[x —si]| =
R}. For any point x € ¢;, the shortest distance between x and the sweep circle is
d(x,®(c,R)) =R — |lx—c|| = ||x—s;||. Thus, the ellipse is the bisector of the sweep

circle and s;. When ¢ = s;, we obtain ||x —c|| = &, which is a circle.
Lemma 3.2 For any two sites satisfying ||c — si|| < R and ||c —sj|| <R, the ellipses
ei = {xf|x — ¢l + [lx = sil| = R}

and
ej={xlllx—cll+ llx—s;l =R}
intersect at exactly two points, which are on the bisector of s; and s .
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Algorithm 1 Untransformed sweep circle algorithm for computing 2D Voronoi diagram
1: Input: A set of 2D sites S = {sy,---,s,} and the center of the sweep circle c;

2: Output: The Voronoi diagram of §
3: //7 : a binary tree to maintain the beach curve;
4: /I"V - the Voronoi vertex and edge structure;
5: /12 : the priority queue of discrete events
6: Push n touching events into 2 sorted by ||c —si||, | <i<n.
7: while 2.isEmpty() == false do
8: Pop up the top event g from 2;
9: if g is a touching event then
10: Insert a new ellipse E into .7;
11: /ISuppose E splits the existing elliptic segment
12: /IE" into E{ and E), and let p be the intersection
13: /Ipoint.
14: Build two radial edges rooted at p, one shared by E| and E, the other shared
by E and E;
15: Compute the time when E, E7, and E}, disappear;
16: Push the vanishing event into 2Z;
17: else if g is not out of date then
18: /g is a vanishing event.
19: /[Let E denote the vanishing
20: /lelliptic segment, E1 and E; the two neighboring
21: /lelliptic segments. If one of them is out of data,
22: /Iso 1s the event. see Figure
23: Create a Voronoi vertex v;
24: Terminate the two active edges, joined by E, at v;
25: Update the Voronoi structure 7;
26: Create an active Voronoi edge e;
27: Push a vanishing event according to e and its neighboring active edges into
the queue 2;
28: end if

29: end while
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Figure 3.5: Out of date events. The red elliptic segment is sandwiched by two Voronoi
edges, say /1 and /5, and will vanish when the sweep circle touches the point wi. As a
result, a vanishing event ¢ has been pushed into the priority queue 2. However, when
the sweep circle touches the site s4, the edge /; is intercepted by a newly-created Voronoi
edge (see the inset). Therefore, the event g is out of date when it is popped from the
queue 2, which is simply ignored by the sweep circle algorithm.

Proof: The number of intersection points of two ellipses is from 0 to 4. First, the number

of intersection points of ¢; and e; is at least 2 since:

e The two ellipses share a common focus point ¢, which is completely inside the

ellipses e; and e;.

e Let p; € ¢; (resp. p; € e;) be the closest point on ¢; (resp. e;) to the sweep circle

®(c,R). Then p; is outside of e; and p is outside of ¢; (see the above figure).

On the other hand, the intersection points between e; and e; satisfy ||x —s;|| = ||x — s/]|
that determines a straight line L. Any intersection point in e;(]e; must be a subset
of L(e; (or LMej). This implies that the number of intersections cannot exceed 2.
Therefore, the two ellipses e; and e; meet at exactly two points, which determine the

bisector of s; and s;.

Lemma 3.3 The beach curve is a closed star shape with center c, and is always inside

the sweep circle ®(c,R).
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Proof: Let e; be the ellipse corresponding to the site s;, i.e., ||x —c|| + ||x — x;|| = R.
Clearly, the ellipse e; is inside the sweep circle ®(c,R), since ||x —c|| < R. Let Q =
Usicoe.r){* | X —¢ll + [lx = si]| < R} denote the union of the ellipses which are inside
the sweep circle. The beach curve is the boundary of Q. Due to the fact d o d =0, the

beach curve is closed.

Then we show dQ is star shaped. Observe that each ellipse ||x — s;|| + [[x —c|| = R is
a star shape with respect to the center c. Assume the beach curve is not a star shape
w.r.t, ¢, there must exist two points p; € e;, p; € e; on the beach curve such that p;, p;,c
are collinear and p; is between p; and c. Therefore, p; is totally inside e; since e; itself
forms a star shape w.r.t. ¢. This contradicts to the assumption that p; € e; is on the

beach curve, which is the boundary of | Je;.

Lemma 3.4 The shortest distance between the center ¢ and the beach curve is at least

RT_d, where d is the distance between ¢ and the nearest site.

Proof: Suppose the s* is the nearest site to the center ¢. Then the ellipse ||x — s*|| 4 [|x —
¢|| = R must be completely inside the beach curve. Observe that the shortest distance
between the ellipse and the center c is RT_d. So the shortest distance between the beach

curve and c is at least 1%1.
Lemma 3.5 The elliptic segment corresponding to site s; is inside the Voronoi cell of s;.

Proof: We distinguish the input site set S into the outside group So = {sj|s; ¢ ®(c,R)}

and the inside group Sy = {sj|s; € ©®(c,R)}.

We first examine the inside group S;. Let s; € S; be a site inside the sweep circle and

e; be the corresponding ellipse ||x — s;|| + ||x — ¢|| = R. For any point x € ¢;, we have
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d(x,s;) < d(x,s}), Vsj € So, since the ellipse ¢; is the bisector of the sweep circle and

the site s; (by Lemma[3.1).

Then, we prove that Vx € e;, d(x,s;) < d(x,s;) for any s; € S; by contradiction. Assume
there is a point ¥ € ¢; and a site s; € Sy such that d(%,s;) > d(%,s;). Let e; be the ellipse
of site s}, i.e., e; = {x|||x — ;|| + ||x — ¢|| = R}. Then the point X must be completely
inside the ellipse e; since || — ;|| + [|¥ —c|| < R. Observing that the beach curve is
exactly the boundary of the union of ellipses inside the sweep circle, X is not on the

beach curve, which leads to a contradiction!

Putting it together, the elliptic segment e; is closer to s; than any other sites in S. Thus,

e; 1s inside the Voronoi cell of s;.

Lemma 3.6 The intersection of consecutive elliptic segments of the beach curve lies on

the Voronoi edges.

Proof: Suppose x is the intersection of two consecutive elliptic segments e and e,
corresponding to sites s; and so, respectively. By Lemma[3.5] e; (resp. e;) is inside the
Voronoi cells of sy (resp. s2). Thus, the intersection of e and e; is of equal distance to

s1 and s, (and closer to s; and s than any other sites), i.e., it lies on the Voronoi edge.

Lemma 3.7 The Voronoi diagram inside the beach curve has been completely deter-

mined.

Proof: For every point p inside the beach curve, the site which is closest to p can
be determined by the elliptic segment passing through p. Thus, the Voronoi diagram
inside the beach curve can be completely determined regardless of the sites outside of

the sweep circle.
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Lemma 3.8 The current beach curve contains an elliptic segment corresponding to the

site s; if and only if s; € ®(c,R) and its Voronoi cell is still open.

Proof: <: Assume the current beach curve still contains one of its elliptic segments,
say e. This implies that part of this Voronoi cell lies outside the current beach curve,
which cannot be determined by our algorithm (see Lemma|3.7). Thus, the Voronoi cell
is not yet complete, which contradicts to the assumption that the Voronoi cell of s; is

closed.

= If the Voronoi cell of s; is still open, it must intersect the current beach curve at two
or more points. Without loss of generality, consider two intersection points p; and p»
joined by one or more elliptic segments that are inside the Voronoi cell of s;. So every
point x on this curved segment is closer to s; than any other sites, which implies that x
satisfies the equation ||x — s;|| 4 ||x — ¢|| = R. Thus, the current beach curve must contain

the elliptic segment of site s;.

When the algorithm stops, there are exactly k elliptic segments remaining on the beach
curve, corresponding to the k sites on the convex hull of the input sites S, see the above

figure.

Lemma 3.9 Let s be the nearest site to the sweep circle center ¢ and dy = ||c — s||.
Given the sweep circle ©(c,R), the disk ©(c, RT_d) has been completely determined.
Especially, when c is exactly one of the sites, the known Voronoi region is covered by
(e, %) When the algorithm stops, there are exactly k elliptic segments remaining on

the beach curve, corresponding to the k sites on the convex hull of the input sites S.

Proof: According to Lemma the ellipse ||x — s|| + [|x — ¢/ = R must be totally
enclosed inside the beach curve. Also, the perihelion of the ellipse (with ¢ being the

main focus) is closer to ¢ than any other points on the ellipse. Therefore, the Voronoi
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diagram inside the disc ®(c, R_de) has been completely determined. When c is exactly

one of the sites, i.e., dy = 0, the Voronoi diagram inside ©(c, §) is completely known.

Furthermore, with sufficiently large radius R, all the Voronoi vertices can be enclosed
in the disc ®(c, 1%%)’ which implies that all the Voronoi cells are closed and totally
inside the beach curve except those sites locating on the convex hull of the site set S. By

Lemma [3.8] there are k elliptic segments remaining on the beach curve, corresponding

to the k sites on the convex hull.

Finally, the following theorem reveals the relationship between the sweep line algorithm

and our untransformed sweep circle algorithm.

Theorem 3.1 The Fortune’s sweep line algorithm [39] is a degenerate form of our

sweep circle algorithm if the center c is at infinite distance to the sites.

Proof: The site s; contributes to the beach curve after the sweep circle hits s; and before
the corresponding Voronoi cell becomes a closed polygon. During this period, the ellip-
tic segment of s; is inside this Voronoi cell (by Lemma [3.5) and it is closer to the focus
point s; than the other focus point ¢, the center of the sweep circle since ¢ is assumed
to be at infinite distance to the sites. The distance between s; and its elliptic segment is

very limited, and cannot exceed the size of s;’s Voronoi cell.

Under this condition, if the center c is at infinite distance to s;, the eccentricity of the
ellipse approaches 1. As a result, the sweep circle becomes a straight line and the
elliptic segment becomes a parabola segment. At the same time, the beach curve still
serves as the bisector of the sweep line and the active sites, exactly the same situation
with that achieved in Fortune’s sweep line algorithm. Therefore, we can conclude that
Fortune’s sweep line algorithm is the degenerate form of our untransformed sweep circle

algorithm.
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3.2.3 Complexity

Theorem 3.2 The untransformed sweep circle algorithm computes the Voronoi diagram

in O(nlogn) time and requires O(n) space.

Proof: First of all, sorting the sites according to the distances to the sweep center re-
quires O(nlogn) time. In the following, we come to analyze the time cost of the sweep-

ing process.

First, we show the number of elliptic segments, as well as that of the events, is O(n).
There are two kinds of events, namely, the touching event and the vanishing event.
The number of touching events is equal to the number of sites n. When the sweep
circle touches a new site, the algorithm splits an existing elliptic segment of the current
beach curve into two and then add a new elliptic segment corresponding to the new site.
Therefore, at most 2 elliptic segments are generated, and at most 3n vanishing events
need to be considered throughout the algorithm. Note that some vanishing events may

be out of date and are discarded when the sweep circle progresses (see Figure [3.5)).

Second, we show handling each event takes O(logn) time. For the touching event, a
new elliptic segment is inserted into the beach curve, maintained by a balanced binary
tree .7. The insertion takes O(logn) time. For the vanishing event, the priority queue

2 is updated, which also takes O(logn) time.

Third, the Voronoi diagram, the balanced binary tree and the priority queue require O(n)
space to store the vertex-edge structure, the O(n) elliptic segments and O(n) events,

respectively.

Putting it altogether, the sweep circle algorithm takes O(nlogn) time and requires O(n)

space.
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3.3 Parallel Sweep Circles

To compute the Voronoi diagram in a parallel fashion, we need to partition the domain
and then solve each sub-domain independently. To use the sweep line algorithm, one
needs to place the initial sweep line at one side of the to-be-computed region, and then
moves it in a certain direction across such region. As shown in Figure[3.2] the sweep line
algorithm needs to sweep the region much larger than the desired region. Furthermore,
as only the centered region is correct, one has to trim the computed Voronoi diagram to

get the final result.

Compared to the classical sweep line algorithm, the proposed untransformed sweep
circle algorithm has two unique advantages, which makes it preferable for parallel im-
plementation. First, the sweep circle can be placed anywhere in the domain. Second,
the beach curve of our sweep circle algorithm is closed and the Voronoi diagram in-
side the beach curve can be completely determined regardless of the sites outside the
sweep circle. Thus, each sweep circle thread can work independently. Even though the
sweep circles may have overlap, we do not need any postprocessing to trim the Voronoi

diagram.

Given a 2D domain Q containing sites S, we can partition the domain € into disjoint
sub-regions, Q = JiL; Q;, Q;NQ; = @, Vi # j. Then each sub-region ; is assigned
a sweep circle thread, which places a sweep circle at arbitrary location inside ;. In
practice, one can set the center c; the barycenter of ;. Each thread stops when its event
queue is empty. If one sub-region contains no sites at all, we can merge that region with
neighboring region such that each sub-region contains at least one site. The pseudo code

of the parallel sweep circle algorithm is shown in Algorithm 2.

In fact, since each sweep circle thread cares for only the Voronoi structure inside €;,

we can modify the sweep circle algorithm such that it can terminate early, i.e., without
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Algorithm 2 Parallel sweep circle algorithm

Input: A 2D region Q containing n sites S = {s1,---, s, } and a partition of Q into m
disjoint sub-regions Q;, Q;(Q; = T Vi # j.
Output: The Voronoi diagram of §
parallel for each sub-region Q; do
Compute the barycenter c; of Q;
Run the sweep circle algorithm centered at c;
parallel end for

processing all the vanishing events in the event queue. By Lemma the Voronoi
diagram inside the beach curve is complete. Thus, we can test whether the beach curve
contains the entire sub-region ;. If so, we can stop the sweep circle algorithm for ;.
In practical application, the sub-region Q; is usually modeled by a polygon. So this
test can be implemented easily. Let R; denote the radius of the sweep circle when the
algorithm stops. The following theorem provides an upper bound of the stopping radius

Rg:

Theorem 3.3 Given the sub-region Q,, let ®(c;,r;) D Q; be the smallest covering disc.
The site s € Q; is the nearest one to the center c;. Define d = ||c;s||. The sweep circle
algorithm for the sub-region Q; can stop when the radius Ry > 2r;+d or the event queue

is empty, or whichever occurs first.

Proof: By Lemma[3.3] the ellipse ||x — s|| + ||x — ¢;|| = R must be inside the beach curve,

since s is the nearest site to the center ¢;. By Lemma the beach curve can contain

a disc ®(c;, RT_d) completely. In order to ensure that the Voronoi diagram inside €; has

been fully determined, we require the terminating radius R; satisfying RSZ_ 4 > r;, which

completes the proof.

We would like to point out the above upper bound of the stopping radius Ry = 2r; +d is
very conservative. Based on our experiments, we observe that the beach curve usually

follows the sweep circle very closely. As a result, the stopping radius is usually slight
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Figure 3.6: In practice, the beach curve follows the sweep circle very closely, which
leads to a small stopping radius R;. For a domain £ with 1000 randomly distributed
sites, we partition € into equally sized regular hexagons and compute the ratio of the
number of sites inside the hexagon to the number of sites inside the sweep circle. The
average ratio of 10 experiments is 71.9%, which implies that the parallel sweep circle
algorithm is very effective, since only less than 28.1% computation is “wasted”.
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larger than the size of the sub-region r;. In practice, we can partition the domain into
equally sized regular hexagon, which is very effective to reduce R;. The theoretical
lower bound of R; is Ry = r;, which occurs for the uniformly distributed sites with such

hexagonal partition.

Furthermore, as the Voronoi diagram inside the beach curve is guaranteed to be correct,
the overlap among the sweep circles does not affect the final result. This feature signifi-
cantly distinguishes our algorithm from the sweep line algorithm, which has to trim the

computed voronoi diagrams.

3.4 Experimental Results

We implemented our untransformed sweep circle algorithm in C++ and tested it on a PC
with an Intel Xeon 2.50GHz CPU and 8GB memory. The graphics card is an NIVDIA
GTX 580 with 512 cores and 1.5GB memory. Our program is compiled using CUDA4.0

RC2.

We have shown that the sweep circle has the same time and space complexity as the
sweep line algorithm. To measure and compare the practical performance, we count the
number of discrete events for the sweep circle algorithm and the sweep line algorithm.
We randomly generate up to 1000 sites in a unit square and then run the sequential sweep
circle and sweep line algorithms. Although based on different sweeping strategies, both
approaches have very similar number of events, as shown in Figure Due to the
trigonometric functions used for computing the joint point between consecutive elliptic
segments, its computational cost for processing each event is slightly higher than that of
the sweep line algorithm. As a result, the single-core sweep circle algorithm is slower
than the sweep line algorithm. However, as mentioned before, the proposed sweep circle

algorithm is superior than the sweep line algorithm due to its parallel nature. With the
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parallel untransformed sweep circle algorithm, the average number of events can be

significantly reduced by increasing the number of sweep circles.

Figure 3.7: Both the sequential sweep circle and sweep line algorithms have very sim-
ilar number of discrete events. With the parallel sweep circle algorithm, the average
number of events for each GPU thread is significantly reduced. The horizontal axis and
the vertical axis show the number of sites and the average number of discrete events
respectively. The number in the bracket represents the number of sweep circles.

Figure [3.9] shows an example of 250 sites within an irregular domain, which is par-
titioned into m> (m = 2,3,4,5) sub-regions. Each sub-region &; is assigned a GPU
based sweep circle thread, which outputs the Voronoi diagram inside the correspond-
ing beach curve. Although the neighboring beach curves have overlap when the sweep
circles progress, all the threads can run independently without any data conflicts or syn-
chronization. Figure [3.8] demonstrates a comparison of our sweep circle algorithm with
CGAL [1] and Triangle [102]]. In this experiment, the number of sweep circles of our
algorithm is 25. Due to the limitation of time, our implementation has not been opti-
mized. But our sweep circle algorithm still shows satisfactory parallel speedup ratio.
Considering that modern Graphics Computing Devices always have hundreds of cores,

our algorithm has great potential of speedup.
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Figure 3.8: The comparisons with CGAL [1]] and Triangle [102] show that our sweep
circle algorithm has parallel speedup ratio of 1.63 and 1.73 respectively. The horizontal
axis and the vertical axis shows the number of sites and computing time respectively.

Our algorithm can be applied to 3D surface by using parameterization. Figure [3.10]
shows two genus-0 3D models which are conformally parameterized to disc and square
using the harmonic map [46] and the holomorphic 1-form method [47]. We generate
200 and 600 random sites on the 3D face and sheep model. Then we run the parallel
sweep circle algorithm on the 2D parametric domain using the Euclidean distance and
the parameterization induces the Voronoi diagram on the 3D surface. See Figure [3.11]
An interesting work is to use the geodesic distances instead of the Euclidean distance,
which would result in an intrinsic geodesic Voronoi diagram on surface. As this is

beyond the scope of this report, we will address it in the future work.

The proposed sweep circle framework can be easily extended to the additively weight-
ed Voronoi diagram, for which the conventional Euclidean distance is modified by the

weights assigned to each site. We represent each site s; as a disk of radius r; centered at
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Figure 3.9: Parallel computing Voronoi diagram using GPU based sweep circle algo-
rithm. The entire domain is uniformly divided into m? sub-regions (where m = 2,3,4,5
for this experiment), and a sweep circle thread is run for each sub-region independent-
ly. The intermediate results are shown in the left and the right most column is the final
result. The active edges, the sweep circle and the beach curve are drawn in cyan, green
and blue, respectively.

Figure 3.10: 3D models and their parameterization.
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Figure 3.11: Our method can be applied to 3D surfaces by using parameterization.
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si, where r; is the weight of site s;. The active edge structure is also modified to contain

both the line segments and hyperbolic segments, as shown in Figure[3.12]

Figure 3.12: Computing the additively weighted Voronoi diagram, where the conven-
tional Euclidean distance is modified by the weights assigned to the generator sites. The
weights are illustrated by the size of the site. The resulting Voronoi diagram contains
both hyperbolic segments and line segments. The animation from (a) to (e) illustrates
the sweeping process.

3.5 Discussion

Generally speaking, a divide-and-conquer Voronoi algorithm needs to overcome two
difficulties: 1) computing the Voronoi diagram in a sub-domain; and 2) merging the
separate results into a complete diagram. Taking Figure for an example, a paral-

lelized sweepline algorithm needs to distinguish the diagram in the green square from
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other part for merging purpose, because the computed result outside the green square
may be incorrect. However, our algorithm are different than the sweepline algorithm
to this point, due to the property that our algorithm guarantees the computed Voronoi

diagram behind the beach curve is globally correct.

The robustness is very important for computing Voronoi diagram and Delaunay trian-
gulation. For example, In-Circle test is a frequent routine in computing Delaunay trian-
gulation. The operation, however, is error-prone. Different than the In-Circle operation,
we use a sweep circle to determine the priority in handling sites. Suppose s; and s>
are in a nearly equal distance to the sweep circle center. Even if the handling orders
of s1 and s, are reversed due to numerical problems, it will not affect the final Voronoi
diagram since s; and s; lead to changes in different parts of the beach curve. Instead,
we found two cases are critical to the robustness of the sweep circle algorithm: 1) When
we insert a new elliptic arc segment e, it intersects an existing elliptic arc e; that nearly
vanishes; and 2) two consecutive elliptic arc segments vanish in a very short time gap.
These cases happen when more than 3 Voronoi cells share a common vertex. In our im-
plementation, we use a tolerance 1e — 7 to identify if the vanishing point is a high-order

Voronoi vertex.

Thurston [110] observed the sweep circle technique allows to compute the Voronoi di-
agram locally, which shows the Voronoi diagram can be parallelized in nature. Dehne
and Klein [23]] applied the sweep circle to compute a type of transformed Voronoi dia-
gram. Although their algorithm also supports multiple sweep circles, it is fundamentally

different with our untransformed sweep circle algorithm.

(1) In the traditional sweep circle algorithm, the edges are very complicated in the
transformed representation, which is computed on the cone. By contrast, our
algorithm is easy to implement since the most complicated operation is nothing

but an arc-cosine calculation.
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(ii)

(iii)

(iv)

The beach curve consists of elliptic segments in our untransformed sweep circle
algorithm, while the beach curve is rather complicated data structure on the cone
in Dehne and Klein’s sweep circle algorithm (they didn’t mention the representa-

tion form of the beach curve in [23]).

Our algorithm is very natural to extend onto 2D weighted Voronoi diagrams, while
it is not clear whether it is easy or not for Dehne and Klein’s sweep circle algo-

rithm to support 2D weighted Voronoi diagrams.

Dehne and Klein’s sweep circle algorithm can be easily extended to the Voronoi

diagram on the surface of a cone, while it seems not easy for our algorithm.
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Chapter 4

Saddle Vertex Graph for Computing
Discrete Geodesics

This chapter presents the Saddle Vertex Graph (SVG) for efficiently computing dis-
crete geodesics on triangle meshes. The SVG is a sparse undirected graph that encodes
complete geodesic distance information - for example a geodesic path on the mesh is
equivalent to a shortest path on SVG - which can be solved efficiently using the shortest
path algorithm (e.g., Dijkstra algorithm). The SVG method solves the discrete geodesic
problem from a local perspective. We have observed that the polyhedral surface has
some interesting and unique properties, such as the fact that the discrete geodesic ex-
hibits a strong local structure, which is not available on the smooth surfaces. The richer
the details and complicated geometry of the mesh, the stronger such local structure will
be. Taking advantage of the local nature, the SVG algorithm breaks down the discrete
geodesic problem into significantly smaller sub-problems, and elegantly enables infor-
mation reuse. It does not require any numerical solver, and is numerically stable and
insensitive to the mesh resolution and tessellation. Users can intuitively specify a model-
independent parameter K, which effectively balances the SVG complexity and the ac-
curacy of the computed geodesic distance. More importantly, the computed distance is

guaranteed to be a metric. The experimental results on real-world models demonstrate
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significant improvement to the existing approximate geodesic methods in terms of both

performance and accuracy.

Exact polyhedral distance: ICH 127s; MMP 144s
Our result: 1.96s, max err. 0.11%, rms err. 0.05%, mean err. 0.04%

Figure 4.1: It takes 39.1 seconds to construct an approximate SVG for the 1.5M-face
Dragon on an Nvidia Tesla K20 GPU. Then any subsequent computation of the single
source geodesic distance takes less than 2.0s on a 2.66GHz Intel Xeon machine using
a single core. Therefore, our method is highly desirable to the applications that re-
quire frequent geodesic computations. Moreover, our method guarantees the computed
geodesic distance is a metric, which distinguishes itself from all the other approximate
geodesic algorithms.

4.1 Preliminary

Let M = (V,E,F) be a triangle mesh representing an orientable 2-manifold where V,
E and F are the vertex, edge and face sets, respectively. Let n = |V| be the number of

vertices. Throughout the chapter, we always assume the mesh M is connected.

The total vertex angle of a vertex v € V is the sum of interior angles formed by the
edges incident at v. A vertex v is called spherical if its total vertex angle is less than
27, Euclidean if the total vertex angle equals 27, and saddle if the total vertex angle is
greater than 27. Let ¥(p,q) denote a geodesic path between p and ¢. Note that there
may be multiple geodesic paths between p and g. We denote d(p, q) the globally shortest

geodesic distance between p and q.
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Clearly, a geodesic path must be a straight line inside a triangle. When crossing over an
edge, the geodesic path must also correspond to a straight line if the two adjacent faces
are unfolded into a common plane. Mitchell et al. [79] proved the following theorems

of discrete geodesics.
e There exists a geodesic path from the source to any other point on the surface.

e A geodesic path goes through an alternating sequence of vertices and edges such
that the unfolded image of the path along any edge sequence is a straight line
segment and the angle of the path passing through a vertex is greater than or equal

to .

e A geodesic path cannot pass through a spherical vertex unless it is an endpoint or

a boundary point.

Both the MMP and CH algorithms adopt a similar window propagation framework, in
which the saddle vertices play a critical role by acting as “relays” that propagate the
windows from the source towards the destination. As Figure 4.2(a) shows, when a
geodesic wavefront passes through a saddle vertex v, it splits into three arcs; the left and
right arcs remain centered at the original source, but the central arc is originated at v.
These arcs are then propagated with respect to their own centers, causing the geodesic
path to be split at v (see Figure 4.2(b)). This is the reason that saddle vertices are
called pseudosources in the MMP, CH, and ICH algorithms. As Figure .2|c) shows, a
typical geodesic path ¥ may pass through one or more saddle vertices, and two different
geodesic paths y(sy,#1) and Y(s2,7,) may share common segments.

Remark. A geodesic path y(s,#) on a smooth surface is both straightest and locally
shortest. Therefore, two geodesic paths cannot share a common segment. However,
the locally shortest geodesic path is not equivalent to the straightest geodesic path on a

piecewise linear surface [87]. Due to this fundamental difference between the smooth
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(a) (b) (c)

Figure 4.2: Saddle vertex and geodesic path. (a) A saddle vertex v has the total vertex
angle )" 6; > 2m. When passing through v, the geodesic wavefront, a circle centered at
the source s, splits into three arcs. The middle arc (in pink) is centered at v, and the
left and right arcs remain centered at s. (b) The incoming geodesic path ¥ splits at the
saddle vertex v. All the outgoing geodesic paths are in the fanned area (shaded in dark
grey), which has angle ) 6; —2x. (c) A long geodesic path 7y usually passes through one
or more saddle vertices (the red points), which partition ¥ into several segments. Two
geodesic paths y(s1,#1) and y(s2,t;) may share a large portion of their paths.
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surfaces and the polygonal surfaces, the discrete geodesic has some unique features that
are not available in the smooth counterpart. For example, the shortest geodesic cannot
be extended through a spherical vertex since it could be shortened by moving off the
corner. There exists a family of extension of a geodesic through a saddle vertex. Two
or more geodesic paths can share common segments with saddle vertices as endpoints.
Taking advantages of these unique features of the discrete geodesic, we define our saddle

vertex graph in the next section.

4.2 Saddle Vertex Graph
4.2.1 Definition

Definition 1. Consider y(p,q) a globally shortest geodesic path between p and g. 7 is

called direct if it does not pass through any saddle vertex, and indirect otherwise.

An indirect path contains one or more saddle vertices, by which the geodesic path is

partitioned into several segments, each of which is a direct path.

Let Vs denote the set of saddle vertices and Vy denote the set of non-saddle vertices (i.e.,

Euclidean and spherical vertices), then we have |V | = |Vs| + |Vy/.

Definition 2. Consider a non-saddle vertex v € Vy. The saddle neighbors of v, denoted
by .(v), are the saddle vertices which can be reached from v via a direct geodesic path.
Similarly, the non-saddle neighbors of v, denoted by .4 (v), are the non-saddle vertices

which can be reached from v via direct geodesic paths.

Definition 3. The direct neighbors of a vertex v € V are the vertices that can be reached

from v via direct geodesic paths.

Definition 4. An S-S edge is a direct geodesic path between two saddle vertices. An

N-S edge is a direct geodesic path between a non-saddle vertex and a saddle vertex. An
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N-N edge is a direct geodesic path between two non-saddle vertices. Let Esg, Ens, and

Eny denote the set of S-S edges, N-S edges, and N-N edges, respectively,

Ess = {v(p,q)|p,q € Vs and ¥(p, q) is direct},
Ens ={Y(p,q)|p € Vn, g € Vs and ¥(p,q) is direct},

Eny ={y(p,q)|p.q € Vy and y(p,q) is direct}.

Clearly, the sets Egs, Eys and Eyy are disjoint. Figure 4.3 shows examples of S-S, N-S
and N-N edges on the Bimba model. We are now ready to define the Saddle Vertex

Graph.

Definition 5. The SVG associated to a triangle mesh M = (V,E, F) is an undirected

graph S = S; |JS> US3 formed in three tiers.

e The tier 1 sub-graph S; = (Vs, Ess), which is the core network, consists of all the

S-S edges connecting the saddle vertices via direct geodesic paths.

e The tier 2 sub-graph S, = (VsJVy, Eys) contains the N-S edges, which are the

direct geodesic paths connecting the non-saddle vertices to the saddle vertices.

e The tier 3 sub-graph S3 = (Vy, Eyn) contains the N-N edges, which are the direct

geodesic paths connecting the non-saddle vertices.

The SVG is connected and encodes the complete geodesic paths between any two ver-

tices.

Throughout this chapter, we use {p, ¢} to denote the undirected SVG edge between p
and ¢, and ||{p,q}|| to denote its length, i.e., the geodesic distance d(p,q), and || pq|| to

denote the Euclidean distance between p and g.
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saddle vertices S-S edges

N-S edges N-N edges

Figure 4.3: The SVG on the 9K-face Bimba. The saddle vertices are drawn in red. For
illustration purpose, we show only the S-S, N-S and N-N edges incident to a vertex.

4.2.2 Data Structure

We use the conventional incidence list to store the SVG. Each vertex stores its incident
edges (i.e., the direct geodesic paths) and each edge stores one incident vertex and its

length (i.e., the geodesic distance).

struct SVGVertex {
int id;
bool is_saddle;
vector<SVGEdge> edges_incident_to_nonsaddle_vertices;
vector<SVGEdge> edges_incident_to_saddle_vertices;
bi
struct SVGEdge {
int v2;
double length, theta;
bi
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In order to find the geodesic path, we also as-
sociate each SVG edge with an angle 8, which
measures the direction of the geodesic path with
respect to its endpoint vo. The reference direc-
tion (the red edge in the figure on the right) is defined by using v;’s local information,
such as its first incident mesh edge. To obtain the geodesic path (v, v;), we back-trace
the curve from the endpoint v,: with the reference direction and the angle 6, we can
obtain the first segment of 7y, which is a straight line in triangle 7', where T is one of v;’s
incident triangles. We then unfold 7"’s adjacent triangle - say, 7’ - into a common plane
to extend the line to 7’. We repeat this unfolding until the geodesic path reaches v;. As
the direct geodesic path does not pass through the saddle vertex, this unfolding leads to
a unique face/edge sequence and thus produces a unique geodesic path. The procedure

Backtrace(e) is defined to compute the direct geodesic path for an SVG edge e.

4.3 SVG Construction

The exact SVG contains all direct geodesic paths, by which we can compute the ex-
act polyhedral distance between any two vertices. In practice, we have found that an
approximateE] SVG with only a subset of the direct geodesic paths can still lead to high-
ly accurate geodesic distance, but requires much less memory and is more efficient to

construct than the exact SVG.

By approximate, we mean that the SVG’s edge set is a subset of the exact SVG’s edge set. Each SVG
edge (p,q) in the approximate SVG is still an exact direct geodesic path, which measures the accurate
geodesic distance between p and g.
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4.3.1 Parameter

Our goal is to find a model and resolution insensitive parameter that can intuitively and
effectively control the SVG complexity. Therefore, the maximal SVG edge length is not
suitable, since it is resolution-dependent. The relative SVG edge length cannot be used

either, since it is model dependent and may not be effective for anisotropic meshes.

We use the maximal number of mesh vertices covered by a geodesic disk, denoted by K,
as the parameter for controlling the SVG complexity. Given a vertex v € V, we consider
a geodesic disk ®(v,R) centered at v with a radius R that contains no more than K mesh

vertices. Then the direct geodesic paths within ®(v,R) are taken as the SVG edges.

There are a few advantages of using K as the parameter. First, it is a good measure of the
computational cost. Computing the geodesic disk ®(v,R) with the ICH/MMP algorithm
takes the worst-case O(K?logK) time and empirical O(K'logK) time. Second, the
parameter K directly controls the number of direct geodesic paths in the disk ®(v,R),
which is insensitive to the mesh resolution and tessellation. Let us examine the geodesic
disks ®(v,R) on a model M in low resolution and high resolution, denoted by M; and
My, respectively. Fixing the value of K of course leads to geodesic disks of different
radii on M; and Mj,. The radius Ry, is small, so the vertex density is high and the direct
geodesic paths are short. On the other hand, the radius R; is big, so the vertex density is
low and the direct geodesic paths are long. Regardless of the size, the large and small
disks roughly contain the same number of direct geodesic paths originated from v, since
each geodesic path uniquely corresponds to a tangent direction at v and these tangent
directions are intrinsic and insensitive to the mesh resolution and tessellation. Therefore,
the parameter K is model independent and can be used to control the SVG complexity

and analyze the time complexity of SVG construction.

61



CHAPTER 4. SADDLE VERTEX GRAPH FOR COMPUTING DISCRETE GEODESICS

4.3.2 Computing Direct Geodesic Paths

To construct the SVG, we must compute the direct
geodesic paths. We adopt the half-edge data struc-
ture to store the triangle mesh M. Each mesh edge
is decomposed into two half-edges, with opposite di-
rections. A window w associated to a half-edge e =
(vi,v;)is a 5-tuple (bg, by,dy,d;, o), where by, by de-
fine the endpoints of w (by is closer to the vertex v;
where the half-edge is originated), dy, d; are the corresponding distances to the pseu-
dosource, and o is the geodesic distance from the source s to the pseudo source §. We

define the direct window as follows:
Definition 6. A window w = (bg,b;,dy,d;, o) is said direct if 6 = 0.

Intuitively, a direct window is an interval on a half-edge for which there is a direct
geodesic path from the source to any point in the interval. To obtain the direct geodesic
paths, we run the single source geodesic algorithm (like the ICH or MMP algorithm)
for each vertex. The local structure of the SVG means that it is not necessary for the
geodesic algorithm to run for the entire mesh, which would be very time-consuming.
When a window w propagates, the value ¢ of w’s child windows cannot decrease.
Therefore, the geodesic algorithm can simply stop when all direct windows have been

processed.

4.3.3 Algorithm

Our SVG construction algorithm is shown in Algorithm 1. For each vertex v; € V, we

run the procedure ComputeDirectGeodesicPaths (see the Supplementary Material for
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the pseudocode), which takes v; as the source and computes a geodesic disk ®(v;,R)
that contains no more than K vertices. Then all the directed geodesic paths in ®(v;,R)

are taken to form the SVG edges.

Computing the direct geodesic paths is the bottleneck of the entire SVG construction
algorithm. In our implementation, we choose the ICH algorithm to compute the direc-
t geodesic paths due to its better performance and less memory requirement than the
MMP algorithm. Moreover, the geodesic disks can be computed in parallel on the GPU:
the mesh data structure is accessible to all threads in the read-only manner, and each
thread of ComputeDirectGeodesicPaths maintains its own data (for example, the win-
dows and the priority queues). To avoid the written conflicts, the thread for vertex v;
produces directed SVG edges originated from v;. These directed edges are then con-
verted into undirected edges by checking whether the opposite edges are available. See
lines 5-9. Let N be the number of threads. The worst-case time complexity for comput-
ing the direct geodesic paths is O(nK?logK/N) and the empirical time complexity is

O(nK'>10gK/N).

Algorithm 3 Constructing the SVG
Require: A triangle mesh M = (V,E, F) and the maximal number of vertices K in each
geodesic disk;
Ensure: The saddle vertex graph S;
1: if each v; € V then
2 parallel S; < ComputeDirectGeodesicPaths(M, v;, K);
3: end if
4 S+ UV si
5. for each edge (s,7) € S do
6: if edge (7,5) ¢ S then
7
8
9

add (z,s) into #’s incident edges;
end if
: end for
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4.4 Computing Discrete Geodesics Using SVG

4.4.1 Dijkstra’s Algorithm and Label Correcting Algorithm

If the SVG is exact, according to Proposition 2, computing a geodesic path on the mesh
is equivalent to find a shortest path on the SVG. On the other hand, the shortest path on
an approximate SVG provides an approximated geodesic path. On each occasion, we

adopt the Dijkstra algorithm [26] to compute the shortest path on the SVG.

SVG naturally links the discrete geodesic problem on polyhedral surfaces and the short-
est path problem on graphs, since computing the geodesic distance between p and g is
equivalent to finding a shortest path on the corresponding saddle vertex graph. Dijkstra’s
shortest path algorithm [26]] is a widely used technique for computing the shortest path.
In the following, we review some fundamental concepts of the Dijkstra algorithm and

its improvements.

Let G = (N,A) be an undirected graph, where N and A are the sets of nodes and arcs,
respectively. Let w;; > 0 be the non-negative weight of the arc (n;,n;). To compute the
shortest paths from a single node, say n1, to all of the other vertices, the Dijkstra algo-
rithm maintains a label vector (dy,ds, ..., d, N|) and a set of nodes %, called the candidate
list, starting with d; = 0, d; = oo for i # 1, € = {1}. The Dijkstra algorithm iteratively
processes the nodes from the candidate list 4" and terminates when % is empty. Upon

termination, each label d; is the shortest distance from the source n; to node n;.

The Dijkstra algorithm takes the node with the smallest label in the candidate list %
Since each node enters and exits € exactly once, Dijkstra’s algorithm takes |V| iter-
ations. The Dijkstra algorithm has many variants, which is distinguished by the data
structures used to compute the minimal label node from . Examples include binary

heap, Fibonacci heap, etc.
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The Dijkstra algorithm is known as a label setting (LS) method, since the node removed
from the list is permanently labeled and never enters the list again. Methods that do
not follow this node selection policy are called label correcting (LC). These methods
maintain a queue for the candidate list 4" and the nodes can enter and exit the queue
in constant time O(1). Therefore, selection of the node to be removed from % is faster

than Dijkstra’s algorithm, at the expense of multiple entrances of nodes in €.

We adopt the Small Label to the Front (SLF) scheme [8] for node insertion and the
Large Label Last (LLL) scheme [9] for extraction: When a node n; enters the queue %,
its labels d; is compared with the label d; of the top node n; of €. If d; < d;, node n;
is entered at the top of ¢’; otherwise n; is entered at the bottom of 4". The top node n;
exits the queue % if its label is less than a threshold; otherwise send #; to the bottom of

% . The threshold is usually set as the mean value of the labels of all the nodes in %

| Method | Pre-computing time | Space | SSAD | Query points |
GTU [122] O(mn®logn) o(m?) O(n) arbitrary
SVG [126] O(nkK*1ogK) O(Dn) O(Dnlogn) mesh vertices only
LC-SVG+GUT O(nK*1ogK) O(Dn) | empirical O(Dn) arbitrary

Table 4.1: Time and space complexities. n: # of vertices; m: # of sample points specified
by the user; K: the size of geodesic disk containing the direct geodesic paths; D: model-
dependent-but-resolution-insensitive constant; SSAD: single-source all-destinations.

The label setting algorithm performs at most one iteration per node, but requires some
extra overhead (e.g., extracting the node with minimum label) per iteration. The label
correcting methods, in contrast, takes more iterations than the Dijkstra algorithm, but the
overhead per iteration is smaller. We evaluate the performance of the SLF-LLL based
label correcting method on SVGs of a wide range of real-world models. As Table [6.1]
shows, the label correcting driven SVG can almost double the runtime performance

of the Dijkstra driven SVG. It is worth noting that the LC-enhanced SVG has an em-

65



CHAPTER 4. SADDLE VERTEX GRAPH FOR COMPUTING DISCRETE GEODESICS

pirical O(Dn) time complexity to compute the single-source all-destinations geodesic

distances, since the graph has O(Dn) edges and the overhead per iteration is O(1).

4.4.2 Single-source Single-destination (SSSD)

To compute the single-source single destination geodesic distance d(s,t), we adopt the
widely used Ax search [86] [109], which searches only a thin region surrounding the
geodesic path y(s,7). Our SSSD algorithm contains two steps: first, we use Bidirec-
tionalDijkstra on the mesh edges to get the shortest distance Uy, which is the upper
bound of the geodesic distance d(s,#). Second, we use the Ax search on the SVG guided
by the upper bound Uy;. If the SVG is exact, the Ax search applies to the tier 1 graph S,
otherwise, the search applies to the entire saddle vertex graph S;JS2JS3. During the
bidirectional Ax search, we prune the search by allowing only the point p satisfying the
inequality ds(p) + || pt|| < Uy, where ds(p) is the shortest distance from the point s to p
and || pt|| is the Euclidean distance from p to z. The figure on the right shows an example
of computing the single-source single-destination geodesic distance on the 263K-vertex
Lucy model. The exact polyhedral distance is 0.8188. Given an approximate SVG with
K =100, the upper bound U obtained by bidirectional Dijkstra search is 0.8410 and our
computed geodesic distance is 0.8191. The bidirectional Dijkstra search region, colored
in blue, contains 89.5K vertices, and the Ax search region, colored in red, contains on-
ly 17.3K vertices. Simply running the bidirectional Dijkstra search on the SVG takes
0.078s. However, running the BidirectionalDijkstra on the mesh and the Ax search on
the SVG take only 0.028s and 0.021s, respectively. Therefore, the Ax search can im-
prove the performance for the SSSD problem, especially when p and g are far away.
The geodesic path ¥(p,q) can also be obtained easily. Let {ej,ez,---,er} be the short-

est path from p to g on the SVG. Then the geodesic path y(p,q) = [J;Backtrace(e;). The
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Algorithm 4 Computing the SSSD Geodesic Distance
Require: A triangle mesh M = (V,E,F), the associated saddle vertex graph S =
S1 US> US3 and two vertices py,p2 € V.

Ensure: The geodesic distance d(p1, p2).

1: if py, py are direct neighbor then

2 retum |[{p1,p2};

3: end if
4: U < BidirectionalDijkstra({V,E}, p1,p2);
5: if S is exact then
6
7
8
9

Sll < Sl;
for i=1,2 do
if Di ¢ Vs then
: S} < 87 U{pi and its N-S edges};
10: end if

11: end for

12: AxDijkstra(S], p1,p2,U);

13: else

14: A*Dijkstra(& US>USs, pi1, p2, U);
15: end if

16: return dp, (p2);

time complexity to obtain y(p, q) is O(k), where k is the number of triangles crossed by

the path ¥(p,q).

4.4.3 Multiple-sources All-destinations (MSAD)

The single-source and multiple-sources geodesic algorithms have the same computa-
tional framework. If the SVG is exact, we first run the Dijkstra search to the tier
1 graph S; and then update the geodesic distance for each non-saddle vertex g by
using the shortest distance from ¢’s saddle neighbors. Since it takes O(|Eys|) time
to update the geodesic distance for the non-saddle vertices, the time complexity is
O(|Ess|log|Vs| + |Ens|) = O(Drnlog(rn) + D(1 — r)n). If the SVG is approximate,
we run the Dijkstra search to the entire graph S;JS2JS3, which can reach all mesh

vertices. The time complexity is then O((|Ess| + |Ens| + |Enn|)log|V|) = O(Dnlogn).
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Algorithm 5 Computing the MSAD Geodesic Distance
Require: A triangle mesh M = (V,E,F), its saddle vertex graph S = S;JS2JS3 and
the set of sources & = {s;}" ,.
Ensure: V¢ €V, d(t) is the geodesic distance from  to its closest source s; € V.
1: if §'is exact then
2: Sll ~S1;

3 for each s; € G do

4 if s; ¢ Vs then

5: S} < 87 U{s; and its N-S edges};
6: end if

7: end for

8 Dijkstra(S}, S);

9: for each g € Vy do
00 dg) = minge ) {d0) + g}
11: end for
12: else
13: Dijkstra(S; US> US3,6);
14: end if

(a) Geodesic Voronoi diagram (b) Curve sources

Figure 4.4: The MSAD algorithm allows us to compute the geodesic Voronoi diagram
and the geodesic distances to curve sources. (a) 500 random selected vertices are used
as the seeds for the Voronoi diagrams. (b) The vertices on the curves are used as the
sources.
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4.4.4 Discrete Geodesic Distances Between Arbitrary Points

We notice that both the GTU method [[122] and the SVG method are graph-theoretic al-
gorithms: the former forms on a dense graph with O(m? +n) edges, where m is the num-
ber of samples (specified by the user), and the latter forms a sparse graph with O(Dn)
edges, where D(< n) is a model-dependent-but-resolution-independent constant. Each
of them has its own merits and limitations. The SVG method is promising since it is able
to compute highly accurate geodesic distances between any pair of mesh vertices. How-
ever, many applications require the distances between arbitrary points on the input mesh.
As Figure[4.5|(b) shows, linearly interpolating the vertex distances produces poor results
on meshes with large and/or irregular triangles, since distance is a non-linear function.
On the other hand, the GTU method can efficiently compute the geodesic distance be-
tween two arbitrary points in O(1) time. Unfortunately, the price of such a constant-time
algorithm is a very high memory usage and a long pre-computing time. In this section,
we show that the SVG method and the GTU method can be naturally combined so that

we can take advantage of the merits of both and avoid their limitations.

Consider a triangle mesh M = (V,E,F), where V, E and F are the set of vertices, edges
and faces, respectively. A vertex v is called saddle if the sum of its interior angles
exceeds 27. Mitchell et al. [[/9] proved that a discrete geodesic path cannot pass through
a spherical vertex unless it is an endpoint or a boundary point and the unfolded image

of the path along any edge sequence is a straight line segment.

The geodesic path y(v;,v;) between two vertices v;,v; € V is called direct, if it does not
pass through any saddle vertex. Otherwise, it can be partitioned into several segments
so that each segment is direct. Let I" = {y(v;,v;)|y(vi,v;) is direct,Vv;,v; € V'} denote
the set of all direct geodesic paths on M. Then the saddle vertex graph associated to

mesh M is an undirected graph G = (V,T"). All the existing exact geodesic algorithms,
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(a) (b)

() (d)

Figure 4.5: Computing the single-source all-destination geodesic distances on a low-
resolution mesh. (a) Let p be the source point (also a mesh vertex) and ¢ a point inside
a triangle Avjvovs. (b) Using the saddle vertex graph, we can accurately compute the
geodesic distances from p to any mesh vertex. With the geodesic distances defined on
each vertex, one can easily estimate the distances inside a triangle using linear interpo-
lation. However, the interpolated distances have very low accuracy, since the distance
is not a linear function. (c) The geodesic triangle unfolding method can significantly
improve the accuracy. With known geodesic distances d(p,v;), i = 1,2,3, we can un-
fold the geodesic triangles, A pvovs, Avipvs and Avivyp, onto R%. Then the geodesic
distance d(p,q) is approximated by the minimal distance of three Euclidean distances
d(pi,q). (d) The texture mapping reveals the high quality result by the GTU method.
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such as the MMP algorithm [79]], the ICH algorithm [[121]], and most recently, the FWP-
enhanced algorithm [[123]], can be used to construct SVG. Ying et al. [126] observed that
it is not necessary to compute all direct geodesic paths, in fact, a small subset of I" can
lead to a pretty good result. Therefore, they suggested a simple-yet-effective heuristic to
control the SVG size using a parameter K: for a vertex v, only the direct geodesic paths
within a geodesic disk containing K or less vertices are considered. They observed that
a typical K € [50,200] produces geodesic distances of accuracy 1073 ~ 10~*, which are

good for most applications.

The SVG (V,I') allows us to compute the geodesic distance between any pair of mesh
vertices. To combine SVG and GTU, we take all mesh vertices as the samples, i.e.,
m = n. This strategy has three advantages: First, we totally avoid the construction of
geodesic triangulation on M, since each f € F is a geodesic triangle. Second, we do
not need to explicitly compute and store the entire dense weighted graph for the GTU
method, since the SVG method allows us to compute the geodesic distance between any
pair of samples (i.e., vertices) on the fly. Third, as pointed out by Xin et al. [122]], the
larger the value of m, the higher the accuracy of the computed geodesic distance. The

best accuracy of the GTU method is obtained by setting m = n.

Now we are ready to compute the geodesic distance between arbitrary surface points
p,q € M. To ease presentation, we first address the simple case when one point, say
p €V, is a vertex, and the other g ¢ V is not. Let Avjv,v3 be the triangle containing
q. See Figure a). To compute the geodesic distance d(p,q), we first apply the
SVG method to compute geodesic distances d(p,v;), i = 1,2,3. Note that the three
geodesic distances together with three mesh edges v{v;, vov3, v3vy, form three geodesic
triangles. We unfold the geodesic triangles Apvovs, Avipvs and Avivap, onto R?,

and obtain three images of p, namely, p;, p» and p3. Finally, the geodesic distance
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d(p,q) is approximated by the minimal distance of three Euclidean distances d(p;,q).

See Figure [4.5/c).

The general case p,q ¢ V can be solved by unfolding both of the mesh triangles con-

taining p and g, respectively. Readers can refer to [122] for the details.

4.5 Experimental Results

Performance. Due to the computation of the exact geodesic paths, the SVG construc-
tion is expensive. Fortunately, the SVG can be constructed in a parallel manner. We
implemented the SVG construction algorithm on CUDA 5.0 and run it on an Nvidia
Tesla K20 graphics card with 2496 CUDA cores and 5GB memory to produce all the
SVGs. Take the 263K-vertex Lucy for example. It takes 3.68s, 12.84s, and 381.1s to
construct the SVG with K = 30, 100, and 1000, respectively. The computed SVGs are

stored in a binary file format, which will be used in the Dijkstra search.

We implemented the priority queue based Dijkstra algorithm and its two variants, bidi-
rectional Dijkstra search and Ax search, and tested our algorithms, SSSD, SSAD, M-
SAD on an Intel Xeon 2.66GHz CPU machine. Only a single core was used to compute
the various types of geodesic distances. Table shows the mesh complexity and per-
formance of our method and other approximate algorithms. Since all the other geodesic
algorithms are CPU-based, we also show the CPU pre-computation time of our method
to make a fair comparison. We have found that our CPU-based program is usually 10 to

40 times slower than the parallel program on the Tesla K20 GPU.

Our method solves the SSAD and MSAD geodesic distances in a unified framework.
The MSAD algorithm allows us to compute the geodesic Voronoi diagram and the

geodesic distances to curve sources. See Figure[5.3]

72



CHAPTER 4. SADDLE VERTEX GRAPH FOR COMPUTING DISCRETE GEODESICS

Table 4.2: Statistics of speed and accuracy. T (resp. T3): time for pre-computing on
the CPU (resp. GPU); T': time for solving the single-source geodesic distance; €: mean

relative error; S: memory required for storing SVG.
Model (JV]) ICH FMM GTU (m =3000) |Heat Method (1 = hz) SVG (K = 100) SVG (K = 1000)

TOTE] ¢ [T e [T € SMb) | Ty ()| T (8)[T (s) € S(Mb) [T () [T (9)[T (5) €
Armadillo (173K) |[10.45|| 7.57 [1.34% | 3878 | 7.28 |0.27% | 2.28 [ 0.26 | 0.92% | 313.3 | 168.1 | 8.82 | 0.29 {0.047% | 1905 | 4895 |247.1|0.72 {0.0011%
Bunny (72K) 6.33 || 2.45 [0.66% | 2315 | 2.03 |0.26% | 1.09 {0.10| 0.85% | 124.4 | 68.0 | 3.77 {0.10{0.041% | 966.5 | 2041 | 105.5 | 0.22 {0.0011%
Fertility (30K) 1.90 [[ 0.47 [1.18% | 684 | 0.63 |0.11% | 0.45 {0.03 | 0.56% | 54.4 | 29.1 | 1.69 | 0.04|0.041% | 417.8 | 843.3 | 43.9 | 0.12{0.0012%
Gargoyle (350K) || 80.1 || 46.1 [1.57% |28743[16.83]{0.29% [ 12.03 [ 0.53 | 0.96% | 633.2 [340.1 [ 18.20 | 0.44 [0.048% | 5282 | 9911 [ 508.7 | 1.41 [0.0009%
Lucy (263K) 182 || 15.8 [1.78% | 6872 [11.69]0.23% | 8.10 {0.37 | 0.91% | 477.8 | 259.4 | 12.84 | 0.39 | 0.056% | 3957 | 7451 |381.1{0.97 {0.0016%
Dragon (3M) 194.3 || 155.1]1.87% | 65599 128.1(0.31% Out of memory 5057 | 2894 | 151.2 | 4.11 | 0.048% Out of memory

Accuracy. We compare our approximate geodesic distance to the exact polyhedral dis-

tance [79] [121] and measure the relative difference |d(x,y) —d(x,y)|/d(x,y), where
d(x,y) and d( (x,y) are the exact and approximate distances, respectively. We report the
maximal, root-mean-square error, and mean relative differences. As Figure shows,
increasing K makes an approximate SVG approaching the exact SVG. Figure [{4.7(b)
plots the mean relative error as function of K. Figure .7|(c) shows the error vs K curves
with respect to the mesh resolution and tessellation. We down-sample the 144K-face
Bunny to 6 isotropic and anisotropic meshes. All the error vs K curves exhibit the same
pattern with slightly different ranges. The same parameter K = 30 produces consistent-
ly high quality results for all three meshes. This again justifies that the parameter K is
resolution and triangulation insensitive. Figure 4.6 shows the geodesic distances on the

Bimba with various K. Figure shows the results on the Bunny and the Armadillo.

See more results in the Supplementary Material.

The existing approximation algorithms usually work well for smooth surfaces. However,
their accuracy could be very low if the models have rich features. In sharp contrast, our
method works remarkably well for real-world models with geometric features, since
our method does take advantage of these details: the richer the geometric features, the
stronger the local characteristic of the discrete geodesic is, the more accurate SVG we
can construct (with a fixed K), and the more accurate geodesic we obtain. Our result on
the 1.5M-face Dragon has mean relative error less than 0.04%. Comparing to the result

of the exact algorithm, such a small error is not visually noticeable. See Figure
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FMM ¢ = 0.78% Heat € = 0.72% (8,1.96%) (16,0.61%) (30,0.13%) (50,0.08%) (100,0.035%)  exact

Figure 4.6: Visual comparison of the accuracy. The 2-tuple under the SVG result is
(K,€), where € is the mean relative error. K = 50 leads to high quality result, where the
difference to the exact result is hardly visible.

Metric. It is well known that given an undirected connected graph G, the set V of
vertices of G forms a metric space by defining d(x,y) to be the length of the shortest
path connecting the vertices x and y. Since we compute the geodesic distance by using
the shortest path distance on the SVG, the resulting distance is guaranteed to be a metric,
i.e., satisfying the symmetry condition and triangle inequality. All the other approximate

algorithms, such as the FMM, the AMMP algorithm, the heat method and the GTU

method, exhibit violations of metric properties.

(a) Degrees vs K (b) Mean relative error vs K (c) Mean relative error vs K

Figure 4.7: The parameter K effectively controls the SVG complexity and the accuracy
of the approximate geodesic distance. (a) A sufficiently large K produces the exact SVG.
(b) The mean relative error as a function of K on various models. (¢) The mean relative
error as a function of K on Bunny of various resolutions and tessellations.
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Our result Heat method Geodesic paths
Figure 4.8: The SVG method computes the geodesic path by unfolding a sequence of

triangles, which is stable and accurate. The other approximate algorithms computes the
geodesic path by tracing the gradient of the distance, which is sensitive to the triangu-
lation. The geodesic paths obtained by our method and the heat method are colored in
green and red, respectively.

Geodesic path. Like the other approximate algorithms, the heat method computes the
geodesic path by tracing the gradient of the distance function. Note that the discrete
gradient operator computes the exact gradient only if the underlying function is piece-
wise linear. However, the distance function is non-linear. Therefore, the gradient tracing
usually leads to incorrect result when the triangulation is poor. Our method computes
the geodesic path by triangle unfolding. Let y(s,7) € M be the geodesic path on M
and {po,p1},{p1,p2},- - ,{Pk, Pk+1} be the corresponding shortest path on the SVG,

where po = s and py; = t. Then the procedure |J*_,Backtrace({p;, pi+1}) can recover

the geodesic path y(s,?) accurately. See Figure

Domain. The heat method takes advantages of the well-established discrete Laplacian,
and can easily adapt to a variety of geometric domains, including high-degree nonplanar

polygonal meshes, and point clouds. Our method is limited to the triangle meshes.
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SVG K =30,0.0455 GTU m =3000,2.03s  Heatr = h? 0.10s
(0.253%,0.17%,0.12%) (0.97%,0.45%,0.26%) (1.84%,0.93%,0.83%)

SVG K = 100,0.29s GTU m =3000,7.28s  Heatt = h?, 0.26s
(0.13%,0.055%,0.047%)(0.59%,0.44%,0.27%) (1.96%,1.05%,0.92%)
Figure 4.9: Experimental results. The 3-tuple shows max relative error, root-mean-
square relative error and mean relative error. The exact results are not shown here since
our results are visually identical to the exact results.
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Chapter 5

Intrinsic Computation of Centroidal
Voronoi Tessellation (CVT) on Meshes

This chapter presents two intrinsic algorithms for computing CVT on triangle meshes.
The first algorithm adopts the Lloyd framework, which iteratively moves the generator
of each geodesic Voronoi diagram to its mass center. Based on the discrete exponential
map, our method can efficiently compute the Riemannian center and the center of mass
for any geodesic Voronoi diagram. The second algorithm uses the L-BFGS method to
accelerate the intrinsic CVT computation. Thanks to the intrinsic feature, our methods
are independent of the embedding space, and work well for models with arbitrary topol-
ogy and complicated geometry, where the existing extrinsic approaches often fail. The

promising experimental results show the advantages of our method.

The rest of the chapter is organized as follows. Section [5.1] and Section [5.2] present
our intrinsic Lloyd and L-BFGS CVT algorithms in details. Section [5.3] shows the ex-
perimental results, compares our method to the existing techniques and discusses its

advantages and limitations.
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Figure 5.1: Our intrinsic method can compute a high-quality centroidal Voronoi tes-
sellation on model with complicated geometry and topology. The CVT on the Pegaso
model was created by 3000 sites.

5.1 The Lloyd Framework

5.1.1 Overview

Let M = (V,E,F) be a triangle mesh representing a 2-manifold surface, where V, E and
F are the set of vertices, edges and faces, respectively. Let S = {s;|s; e M,i=1,--- ,m}

denote the set of sites on M.

Our algorithm adopts the Lloyd framework, which iteratively computes the geodesic
CVT on meshes. For each iteration, we first compute the multiple-sources all-destinations
geodesic distance with the sites s;, i = 1,--- ,m, as the sources. This geodesic distance
field on M induces a geodesic Voronoi diagram. Then for each geodesic Voronoi cell,
say £; € M, we compute its Riemannian center r;, which is defined as the average of

its corners. Next, we compute the exponential map exp(r;) at the Riemannian center
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Algorithm 6 Intrinsic computation of centroidal Voronoi tessellation on meshes
Require: A triangle mesh M = (V,E,F), the set of sites S = {s;|s; e M,i=1,--- ,m}
and the convergence threshold €;
Ensure: The centroidal Voronoi tessellation on M
1: do
2:  Compute geodesic distance field with {s;}" | as sources;
Form the geodesic Voronoi diagram;
fori=1tomdo
Compute the Riemannian center r; for Voronoi cell Q;;
Compute the center of mass c; for €;;
d,' — d(Si,Ci);
S; < Ci,
9: end for
o i di
10: while ==— > ¢

e A Al

rj, and map the Voronoi cell Q; to the tangent plane 7}, on which we can compute the
center of mass c;. The tangent plane 7}, contacts with the mesh at the Riemannian cen-
ter rj. Finally, we map the mass center from the tangent plane 7,; to the mesh using the
exponential map exp(r;). We update each site s; to the new mass center and then repeat

the above-mentioned procedure until the offsets of the sites are below the user-specified

threshold.

Our algorithm uses the tangent plane to facilitate the exponential map computation. In
Riemannian geometry, the exponential map takes a given tangent vector on the tangent
plane to the manifold, runs along the geodesic starting at that point. On the discrete
triangle mesh, we still takes a given tangent vector and runs along the discrete exact
geodesic algorithm like ICH or MMP. So it’s an exact method on the discrete mesh, but
if the discrete mesh approximates to the underlying continuous surface, there is some

approximation.
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iteration #1 #2 #4 #8 #16 #32 #64 #100
6.687 x 10744.425 x 10743.922 x 10743.536 x 10743.392 x 10743.319 x 10743.284 x 10743.271 x 10*

iteration #1 #2 #4 #8 #16 #32 #64 #100
6.687 x 10744.400 x 10743.736 x 1074 3.397 x 107%3.287 x 1074 3.259 x 10743.249 x 10743.245 x 10~*

Figure 5.2: Iteratively computing geodesic CVT on meshes. Row 1: the Lloyd algorith-
m; Row 2: the L-BFGS algorithm.
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5.1.2 Computing the Geodesic Voronoi Diagrams

Taking {s;}/" , as sources, we apply the SVG method in chapter 4| to compute the
multiple-source geodesic distance field. As a result, each mesh vertex is assigned a
geodesic distance to its closest source. Then we label an edge LE if its two endpoints
have different sources. Clearly, a LE edge is passed by a bisector. We further collect
into a list LT all the triangles in M that are incident to any LE edge. As [67] shows,
if a triangle t € LT has all its three edges labelled LE, then ¢ contains a branch point
in the geodesic Voronoi diagram; otherwise ¢ is passed through by a single piece of a
bisector. Based on the lists of LE and LT, we run the marching algorithm [67] to extract

the geodesic Voronoi diagram on M.

Assume the sites s; are uniformly distributed. This assumption is reasonable, since the
distribution of the sites is improved after only a few Lloyd iterations (see Figure [5.2).
The SVG method takes worst-case O(% log(;)) time and empirical 0(%) time, where n
is the number of mesh vertices. The geodesic Voronoi diagram is then built in O(klogk)

time, where k is the number of triangles in LT. Figure [5.3]shows the geodesic distance

field and its induced geodesic Voronoi diagram on the double-torus model.

5.1.3 Computing the Riemannian Center

Let vy, vy, -+, v; be the corners of a Voronoi cell Q; € M. The Riemannian center is

defined as the local minima x of the following function

Ux)=Y d?(x,v), (5.1

-

1

where d(p,q) is the geodesic distance between p and ¢. If M has zero Gaussian cur-

vature (that is, developable), the Riemannian center exists and is unique. However, in

81



CHAPTER 5. INTRINSIC COMPUTATION OF CENTROIDAL VORONOI TESSELLATION (CVT) ON
MESHES

(a) Geodesic distance field (b) Geodesic Voronoi diagram

Figure 5.3: The multiple-source geodesic distance field induces a geodesic Voronoi
diagram. The cold (resp. warm) color in (a) indicates the small (resp. large) geodesic
distance.

general, the function U (x) is not convex, and the minimizer may not be unique. Kendal-
1 [57] and Karcher [56] showed the conditions to ensure the existence and uniqueness of
the Riemannian center of mass. Intuitively speaking, if the points v; are not too far from
each other, there exists a uniqgue Riemannian center of mass. Refer to [83/][91] for the

rigorous results.

Let x* € M be the local minimal of Equation (5.1)). Then x* satisfies
. k k
0=VU(x") =Y Va*(x*,v)=2Y d(x*,vi)Vd(x*,v;). (5.2)
i=1 i=1
Since d(, ) is the geodesic distance, Vd(x*,v;) € T»M is a unit tangent vector. There-
fore, d(x*,v;)Vd(x*,v;) represents a tangent vector with length d(x*,v;), denoted by 7.

Equation ll requires Z{;If} — 0, which means x* is the center of the terminal points

of 7;.

We iteratively compute the local minimal x*. Let x be the initial point, which could be

either one of the corner points v; or the site’s location s;. We compute the exponential
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Algorithm 7 Computing the Riemannian center
Require: A set of points vy, vy, - -+, v on M; the convergence threshold J;
Ensure: The Riemannian center x;

I: xX<vy;

2: do

3: X0 < X;

4.  Compute the exponential map exp, at x

5. The inverse map exp; ' brings the points v;, i = 1,--- , k, back to the tangent plane

IM;

6: £ Lo () ex,f’:l(vi);

7o x<—exp,(R);

8: while d(x,xp) > 0

map exp, at x. The exponential map exp, : T,M — M builds a geodesic polar coordinate
system at x. The inverse map exp; ! maps the point v; € M to the tangent plane T, M. Let
% € T,M be the average of the points exp; ' (v), ---, exp; ' (v¢). If £ does not equal x,
we send £ to the mesh M by the exponential map exp,(£). Setting x = exp, (%), we then
repeat the above procedure until the average X agrees with x. Note that the exponential
map, in general, does not preserve the area. However, when the Voronoi cells are small
with respect to the injectivity radius[85], we observe that our algorithm can generate
fairly good results. In our implementation, we set the initial point x = s;, which is the
center of the Voronoi region in the previous iteration. During the CVT iterations, the
sites are getting closer to the Riemannian center, making finding the Riemannian center
faster. We have observed that the iterative algorithm for finding Riemannian center

converges very fast, took only two or three steps for all test models in this chapter.

5.1.4 Computing the Center of Mass

Although the Riemannian center r is not the center of mass, it is close to all corners of
the Voronoi cell. Therefore, it is very natural to use r to compute the center of mass.

Let exp, be the exponential map at the Riemannian center and ¥; = exp, ! (v;) the pre-
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(a) (b)

() (d)

Figure 5.4: Computing the center of mass for the Voronoi cell Q;. It takes two iterations
(b) and (c) to obtain the Riemannian center ¢. The blue dot exp;1 (€) in (d) is the center
of mass.The green dots are the Voronoi cell €;’s projected images on the tangent plane.
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image of v;, which lies on the tangent plane 7,M. Since the points V;,i = 1,--- ,k, form

a polygon on the tangent plane, its center of mass ¢ € T,M is given by

| k=
X=— Z (X Xi 1) (XiYie1 — Xit1)i)

6A =

| k=
and y= A Z Vit Yit1) (XiYie1 = Xiv1Yi),

where (x,y) are the coordinates of ¢, (x;,y;) are the coordinates of ¥;, and A is the area
of the polygon

1k71

A=3 Y (xiyie1 —xip1yi),
i=1

Finally, the center of mass for Voronoi cell Q is given by ¢ = exp,(¢).

5.2 The L-BFGS Framework

Liu et al. [68] proved that the CVT energy function F has C? smoothness, thus, one
can use the Newton or quasi-Newton method to optimize the energy F. In this Section,
we adopt the L-BFGS method to accelerate the CVT computation. To compute the
numerical integration on meshes, we use the algorithm in Section {.4.4] to compute
the geodesic distance between any point (not necessarily a vertex) to the source point.
We use [44] to compute numerical integration on each triangle. The L-BFGS method
requires the gradient of the energy function for approximating the approximated Hessian

matrix. Given the energy function F, the gradient of the CVT energy is [52][30]:

oF

a_xi = Zm,-(xi - Ci);

where m; = [ p(x)d0o, c; is the center of mass of the Voronoi cell ;. We use the meth-

ods in Section [5.1.3] and Section to compute ¢;. Note that the seeds are restricted
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on the input mesh M, and the gradients are also constrained on the tangent space 7. Us-
ing the exponential map exp, : .M — M, we can compute the projection ¢; of ¢; on T.
During the L-BFGS optimization process, we use 2m;(x; — ¢;) as the gradient, so that it
is on the tangent plane at point x;. During each iteration in L-BFGS method, we get )2; on
T, for each Voronoi cell, and use the inverse map exp; ! to get x} = expy ! ()2:) Figure

shows the energy plot comparison between Lloyd method and L-BFGS method.

Algorithm 8 The L-BFGS algorithm for intrinsic CVT
Require: A triangle mesh M = (V,E,F), the set of sites S = {s;|s; e M,i=1,--- ,m}
and the convergence threshold €;
Ensure: The centroidal Voronoi tessellation on M;
1: do
2: Compute geodesic distance field with {s;}/" | as sources;

3: Form the geodesic Voronoi diagram;

4: fori=1tomdo

5: Compute the Riemannian center r; for Voronoi cell Q;;

6: Compute the center of mass ¢; on tangent plane 7;;

7: Compute energy F;(x) and gradient g—fl for Q;;

8: end for

9: Using L-BFGS method to compute all seeds §; on their tangent plane 7; ;
10: Compute all updated seeds s; on Q; using exp map;

11: while |[VF(x)|| > ¢

5.3 Experimental Results

5.3.1 Implementation

The combination of GTU and SVG method methioned in Section 4.4.4]can compute the
geodesic distance between arbitrary points. It can also compute the discrete exponential
map on triangle meshes. Thanks to the parallel structure of the Lloyd iteration, our
algorithm can be easily parallelized. Each thread takes a point (not necessarily a mesh
vertex) as the source, the Dijkstra algorithm used in the SVG method encodes both the

geodesic distance and the direction of the geodesic path emanating from the source. The
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Bimba 5000 sites Bunny 1000 sites

Double-torus 500 sites Sculpture 2000 sites

Figure 5.5: Convergence rate comparison between the Lloyd methd and the L-BFGS
method.

vertices are maintained in a priority queue according to the distance from the source and
are propagated across the mesh faces: pops a vertex from the queue and then computes
its neighbor vertices in the SVG which can add, modify, or remove existing vertices,
and updates the queue accordingly. When a vertex v enters the queue, it updates v’s
distance and direction, which are used for the polar coordinates. The Dijkstra algorithm

terminates if the wavefront has reached the user-specified radius.

The input mesh is encoded in the half-edge structure and stored in the CPU’s global
memory in a read-only manner. Each CPU thread maintains its own data (i.e., the source
point, the wavefront windows and the priority queue) in its own memory pool. Even
though two or more Dijkstra threads may compute on the overlapped regions, they do

not have any data and control conflicts, so each thread can proceed independently.
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Model Hg‘ ’V’ ‘ m ‘ T ‘ Qmin ‘ Qavg ‘ Gmin ‘ 6avg ‘
Armadillo |0]172,974| 1,500 | 2.12 |0.555(0.914|23.5|52.9
Bimba 0| 74,764 | 1,500 | 0.91 {0.639|0.926|35.4|53.9
Happy Buddha || 6 488,217 | 1,500 | 8.27 |0.456]0.901|21.5|51.4
Bunny 0] 72,020 | 5,000 | 0.63 |0.665|0.918|32.2|53.4
Double-torus ||2| 12,286 | 500 |0.076|0.651|0.935|29.8|54.6
Dragon 0]422,558| 1,500 | 6.18 {0.445|0.901|21.9|51.9
Knotty-bottle ||2| 96,830 | 2,000 | 1.44 {0.401|0.913|25.3|52.8
Pegaso 51333,727| 3,000 | 3.61 {0.401/0.913|23.4|52.7
Sculpture 31199,837| 2,000 | 1.92 |0.658|0.923|35.7|54.1
Spring 0]313,874|20,000| 5.25 |0.455|0.904 |22.6|52.1

Table 5.1: Statistics of the mesh complexity and the timing. g: genus; |V|: the number
of vertices; m: the number of sites; #iter: total number of iterations; 7: average time
for each Lloyd iteration measured in seconds on an Intel 2.50GHz CPU with four cores.
The last four columns are the quality measures for the dual Delaunay triangulation.

5.3.2 Results & Comparison

We adopted OpenMP to implement our method on an Intel 2.50 GHz CPU with four
cores. Our program asks the user to specify the number of sites, then it generates the
sites on the mesh randomly. We set the convergence threshold £ = 10~ in our imple-
mentation. Table [5.1] lists the model complexity and the performance of our algorithm
and Figure[5.10]shows the computed CVT on some 3D models. Figure[5.11|shows CVT

on high genus models.

To evaluating the quality of our results, we compute the Delaunay triangulation, which

is the dual graph of CVT. Then we adopt the following measures [41] [124]:

e Triangle quality: Let Q(¢) = 65, /(v/3p:h;) be the quality of a triangle ¢, where p;,
S; and A, are the inradius, area, and the length of the longest edge of ¢, respectively.
Let Qyin (resp. Quyvg) be the minimal (resp. average) quality measure. The closer
the value to 1.0, the more isotropic of the Delaunay triangulation, therefore, the

higher quality of the CVT one obtains.
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e Minimal angle: Let 6,,;, be the minimal of the smallest angle of all triangles and
0. the average of minimal angles of all triangles. The closer the values of 6,

and 6,,, to 60 degrees, the more isotropic of the triangulation one obtains.

Figure 5.6/ shows the quality improvement via the Lloyd iteration.

(a) CVT energy function (b) Triangle quality Q4  (c) Minimal angle 6,,,

Figure 5.6: Energy function and quality measures. The horizontal axis in the plots shows
the iteration number. The vertical axis in (a) is the normalized CVT energy function,

that is, % , where A is the area of the model.

Compared to the parameterization-based methods [3]], [89] [90], our method avoids the
inaccuracy due to the approximation and metric distortion in parameterization. Further-
more, our method can apply to models of arbitrary geometry and topology, for which
the parameterization is not easy to obtain. As Figure shows, our method outper-
forms the UCS method [89] and the RVD method [[124] in terms of quality (higher angle

measure Q. and lower number of singularities).

The restricted Voronoi diagram methods [[124] [125] approximate the CVT on surface
by computing the intersection of a 3D CVT and the input mesh. Although it works
fairly well for models with simple geometry, this approximation is extrinsic, that is,
embedding space dependent. Figure shows a Coil Spring model, where the coil
almost touches itself and leaves very small gap. The RVD method cannot distinguish the
geometrically-close-but-topologically-far pieces, and produces the wrong result. Our
method is completely intrinsic in that all the computations are based on the metric only.

So it can clearly distinguish these geometric “ambiguities”. To further demonstrate the
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(a) Input model

(b) Our result

(c) D.-M. Yan et al.’s result[[124]

Figure 5.7: Intrinsic vs. extrinsic. Consider the Coil Spring model, where the pitch of
the helix equals the diameter of the coil. Therefore, the coil almost touches itself and
leaves very small gap. See the closeup view. As an intrinsic method, our method is
independent of the embedding space and it can correctly separate the coil. The extrinsic
method [[124] computes the CVT by intersecting a 3D CVT with the model, which
cannot distinguish the two geometrically-close-but-topologically-separate pieces. The
Delaunay triangulations, the dual of the computed CVTs, are shown in this figure.

Figure 5.8: Due to its intrinsic property, our method can produce consistent results on
the various poses of the Lion model.
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efficacy of our intrinsic method, we apply it to the Lion model in various poses. As
Figure [5.§] shows, the computed CVTs are consistently among the near-isometric poses.
Figure [5.9]shows the CVTs with very few sites. Since each Voronoi cell is big, we can

clearly see the difference between the extrinsic RVD and our intrinsic CVT.

Kitten, 20 sites
Our result RVD [124]

Figure 5.9: The intrinsic CVT and extrinsic RVD with very few sites.

5.3.3 Limitation

The limitation of our intrinsic CVT method is that it requires the triangle mesh as the
computation domain and cannot be computed directly on point clouds. If the input data
is point clouds we need to reconstruct the surface first and then to compute intrinsic
CVT on the surface. In the future we hope to develop ways to directly compute the

intrinsic CVT on point clouds.
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Bimba 400 sites 1500 sites
Dragon 400 sites 1500 sites
Happy Buddha 1,500 sites Armadillo 1,500 sites

Figure 5.10: Experimental results. Images are rendered in high resolution that allows
close-up examination.
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1,000 sites

4-kid, g =8, 5000 sites

g =47,4000 sites Knot, g =2, 1000 sites Skull, g = 2, 1000 sites

Figure 5.11: Experimental results on high-genus models.
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UCS RVD Our result
Ouvg = 52.33 Ouvg = 54.52 Ouvg = 54.57
Ny =234 N, =163 Ny, = 161

UCS RVD Our result
Bvg = 50.90 Ouvg = 53.75 Ouvg = 53.83
N, = 626 Ny, =384 N, =370

UCS Our result
Ouvg = 50.82 Oug = 52.77
Ny = 620 N; =306

Figure 5.12: Comparison to the RVD method [[125] and the UCS method [89]. N;
denotes the number of singularities (i.e., vertices whose valence is not six).
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Application

In this chapter we present one application of CVT and discrete geodesics, an automat-
ic method for computing anisotropic 2D shape distribution on the mesh. Our method
allows the user to specify the direction as well as the density of the distribution. Us-
ing a pre-computed lookup table, our method can efficiently detect collision among the
to-be-distributed shapes on 3D meshes. In contrast to the existing approaches, which
usually assume the 2D objects are isotropic and of simple geometry, our method applies
for complex 2D objects and can guarantee the distribution is collision-free, which is a
critical constraint in many applications. It is able to compute multi-class shape distri-
bution. Moreover, it can also be implemented in parallel. Our method does not require
global parameterization of the input 3D mesh. Instead, it compute local parameteriza-
tion on the fly using geodesic polar coordinates. Thanks to the recent breakthrough in
geodesic computation, the local parameterization can be computed at little cost. As a
result, our method can be applied to meshes of complicated topology and geometry . Ex-
perimental results on a wide range of 3D models and 2D anisotropic shapes demonstrate
the good performance as well as the effectiveness of our method. We first introduce a
key technique called geodesic polar coordinates, then we present the anisotropic shape

distribution algorithm and the experimental results.
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Figure 6.1: Given a 3D triangle mesh M and a set of 2D anisotropic shapes, the user
first specifies a vector field for directional control (see the top-right inset) and a scalar
field for density control (see the bottom-left inset). Then our method automatically
distributes the given 2D shapes onto M, satisfying the user-specified directional and
density constraints. It takes only 2.9 seconds to distribute 4 classes of objects on this
400K -face Fertility model. Timing was measured on a quad-core CPU at 2.66GHz.

6.1 Geodesic Polar Coordinates

A key component for computing the shape distribution is to map the 2D object onto 3D
models. Global parameterization, adopted in the existing anisotropic sampling algorith-
m [63], is not a good choice, since global parameterization is computationally expensive
and it also produces large distortion, which may lead to numerical issues and/or visual
artifacts. A possible solution is the exponential map induced local parameterization,
which builds a geodesic polar coordinate system on 3D surfaces. Given a smooth sur-
face S and consider a point p € S. Each tangent direction v € T}, corresponds to a unique
geodesic } passing through p in direction v, i.e., }(0) = p and % (0) = v. Thus, a point
g € Y can be represented by a 2-tuple (p, 0), where p is the geodesic distance between

p and g, and 0, the polar angle, corresponds to the tangent direction v. Differential
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(a) Geodesic offsets (b) Parameterization result

Figure 6.2: Geodesic polar coordinates. (a) Our LC-enhanced SVG method is able to
compute the geodesic distances for curved sources. Each offset curve is then parame-
terized by arc-length. (b) The offset distance d together with the normalized arc-length
5 uniquely determine a point on the 3D surface. The geodesic polar coordinate system,
formed by the 2-tuple (&,5), defines a bijective map between R? and the patch on 3D
surface.

geometry can guarantee that on a sufficiently small neighborhood of p'}, the exponential

map is a diffeomorphism, i.e., both the function and its inverse are smooth.

Discrete exponential map has many applications in computer graphics and digital ge-
ometry processing, for example, surface decaling [93], Possion disk sampling [128]],
intrinsic CVT computation [[115], just name a few. Moreover, exponential map can be
extended to a general setting, where the source is a curve [107]. In spite of its pop-
ularity, the exponential map induced parameterization, in general, is not bijective due
to two reasons: First, geodesics are not unique when their lengths exceed the injective
radius. Consider two geodesic paths ¥,, %, of equal length p meet at a point g, then
both (p,0;) and (p, 6,) refer to the same point g. Second, as shown in [126], when
a geodesic path passes through a saddle vertex (whose cone angle is more than 27), it
splits into many outgoing geodesic paths, meaning that all the outgoing geodesic paths

share the same tangent direction. To fix the above-mentioned issues, Sun et al. [107]

"When p is less than the injective radius of p, the minimizing geodesic is unique, so that the geodesic
distance p and the polar angle can uniquely determine a point in the neighborhood.
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adopted a two-step strategy: They observed that the non-bijective issue occurs usually
on part of the to-be-parameterized patch. Thus, they proposed a method for quickly
detecting such regions. Then they computed a harmonic function to send these regions
to rectangular domain. Since the target domain is convex, the harmonic map is guaran-
teed to be bijective. Schmidt [92] applied Dijkstra’s algorithm to spread out the local

parameters and his method can parameterize self-intersecting strokes.

Both Sun et al’s method and Schmidt’s method require local remeshing, which is a sig-
nificant overhead, especially when the to-be-parameterized patch is big. In this section,
we propose a simple-yet-effective method for computing the polar coordinates. Our
method is completely integrated into the geodesic computation framework, and the in-
duced parameterization is guaranteed to induce a  bijective  map.
Note that the combined SVG and GTU method
can compute geodesic distances with both point
sources and curve sources. Here we discuss the
case of curve source, since the point source is a
special case. Consider a curve c; as the source.
The u-axis is along the source curve c; and u
values range [0, 1] after the normalization by the
length of ¢;. Each geodesic offset curve is then parameterized by the arc-length to get
the corresponding u values. As shown in the above inset, ¢; and c; are two isoline curves,
Ug, U are the two corresponding start points of curve ¢; and ¢}, uy,, uy are two arbitrary
points on curve ¢; and c¢;. The u value at point u, is % and is % at point u,
where [(u.,uy) represents the length of curve between u, and u,. Note that the u value of
each point is only related to the arc-length on the corresponding iso-curve, meaning that

the polar coordinate is guaranteed to be bijective. In contrast to [[107], our method does
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not solve any linear system, thus, it is numerically stable and efficient. Computational

results show that our method is up to 10 times faster than [107]. See Figure[6.3]

(a) Extended exponential map [107] (b) Our result

Figure 6.3: Comparison with extended exponential map [[107]. Our result has compara-
ble quality as Sun et al.’s method [107]]. Since their method computes a harmonic map
to fix the non-bijective issue of the exponential map, it is more computationally expen-
sive than ours. It takes their method 1.7 seconds to parameterize the 10K-vertex patch,
whereas our method spends only (.18 seconds.

6.2 Shape Distribution Algorithm

A simple algorithm for distributing shapes is the traditional dart throwing method. Dart
throwing method can generate uniformly and randomly distributed samples but is not
efficient. It throws a large number of darts and only accepts a small percentage of them.
And it is not easy to be parallelized. Thus we present an improved algorithm inspired
from Ying et al. [128]. We first randomly generate a large number of points on the
surface following Osada et al. [82]’s algorithm, which are unbiased and insensitive to
mesh tessellation. Then we start to integrate the vector field from the point to both

direction to get a large number of curves. The curve serves as the center line of geodesic
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(a) Density control & singularities(b) Vector field (c) Central lines (d) Result

Figure 6.4: Algorithmic pipeline of single-class shape distribution. (a) User specifies
a scalar field to control the shape density and the locations of singularities and their
indices. (b) We adopt Crane et al.’s method [21]] to compute the vector field which
controls the shape orientation. (c¢) Our method automatically determines the locations,
sizes and orientations of the 2D objects. Each blue curve represents the central line of
one object. (d) Thanks to the minimal safe distance table, all distributed objects are
guaranteed to be collision-free.

polar coordinates, which is used to parameterize the shape on surface. Once a curve
is accepted, we use the curve as source and compute a geodesic region with distance
2r. The shapes with distance larger than 2r are guaranteed to be free of conflicts, while
shapes within 2r may or may not have conflicts. Then we use a technique introduced
in Section [6.2.1] called Minimum Safe Distance Table to check conflicts and reject all
the shapes, which have conflicts. The algorithm terminates when all predefined curves
have been processed. To parallelize the algorithm, we set a unique random value to
each shape. The value represents the shape’s priority. Then the candidate shapes can be

processed by multiple threads at the same time. Each thread checks the collision within

a shape’s neighbors. The shape with the higher priority will be accepted.

Our algorithm allows the user to control the density and the orientation of each class.
The user can specify density field by choosing the density center and specify vector
field by choosing singularities. Then we will generate a vector field using Crane et at.’s
method [21]. We distribute shapes along the vector field adaptively and anisotropically.

Please refer to Figure [6.4] for the algorithm overview.
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After the density field is generated, we can get a user specified spatial variety function
g(x) — [1,M], then an adaptive distribution is defined. Here M is the max value of the
density field, and min density is set to 1. We need to compute a geodesic region with
radius (1 + M)r for each point. Here r is the radius for point with minimum density.
For point p and g, we use the new min safe distance (the detail of min safe distance will

explained in Section [6.2.1):
8(p)+8(q)
2 D(“’ B)’

For multi-class, user can specify g;(x) — [1,M;] for each shape. We need to compute a

geodesic disk with radius r + max(M;r, r,). we use

gi(p) +8i(q)

D) Dm‘(OC,ﬁ),

if p,q are of the same class. We use D; ;(«, B) directly if p, g are different classes.

To make the surface shape distribution organized and controllable, we use the user-
controlled vector field to control the directions of shapes. We adopted a globally optimal
vector field generalization method from Crane et al. [21]. Our system allows the user
to set singularities and direction constraints on the surface directly, as shown in Figure
[6.4(a). Each singularity has an index indicating the number of full rotations along a
small loop around the vertex. The sum of index of singularities of a vector field on 3D
mesh is equal to the Euler characteristic [21]. The user also can sketch strokes on the
surface to specify the desired vector field direction. According to the strokes’ direction
of corresponding faces, we fix the vector field direction of the specific area. The vector

field is then computed by solving a convex optimization problem with linear constraint.

We use parallel sampling algorithm to generate a set of shapes centered as the curves fol-

lowing the vector field. Here we describe how to generate curves following the distance
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field. Each time we throw a point on the triangle mesh M, we trace the curve starting
from each point along the vector field. We use curve integration method, starting from
a surface point, we walk along the direction field on the triangle which the point belong
to. When we encounter an edge, we set the intersection point of the tracing curve and
the edge as the new starting point. We repeat this until the length of the curve reach a

given length /,,,,,. The resulting curves are piecewise linear polylines on the mesh M.

6.2.1 Single-class Shape Distribution

Figure 6.5: For long shapes, we divide it to several parts and test the intersection sepa-
rately.

A 2D object S is mapped to the surface along a curve, to make sure they do not intersect
each other we need an efficient method to check the conflict. For long shapes, we splite
the long shape into equal size parts and check each part using precomputed distance

table. Figure [6.5|gives a brief illustration.

Now we introduce the details of distance table technique. Given a 2D object S, we
compute the smallest covering circumcircle ®(c,r), here r is the radius and c is the
center (see Figure [6.7). We can compute the circle in linear time using [76]. We then
choose aray L from the center c to a fixed direction as the polar axis. Clearly, objects that
are 2r apart (distance between their center points) are guaranteed to be free of conflicts.

However, objects within 2r may or may not conflict, depending on their orientations.
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103

stars

221 stars

Figure 6.6: Comparison with Poisson disk sampling. Row 1: Poisson disk sampling
considers each sample as a disk and does not allow overlapping disks. Row 2: Our
method allows a more dense distribution than Poisson disk sampling, as long as the

stars are not overlapping.

To efficiently determine whether or not two objects conflict, we pre-compute a look up

table, named Minimum Safe Distance Table, or MSDT for short.

As shown in Figure[6.7(right), the relation between two objects A and B is determined by
the distance between two center points d(c4,cp) and the orientations of each object. The

latter is characterized by the angles between the polar axis and the line c4cp, denoted by

o and fB, respectively.
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We uniformly divide [0,27) into D intervals, and build a D x D look up table. For each
pair of angles {c, 3}, the entry D(a,3) is the minimum distance between the center

points that guarantees no conflict, which is computed as follows:

If the object is a 2D polygon with e edges, we can check the polygon intersection in
O(e?) time. Thus, the Minimum Safe Distance D(w,3) can be found by the binary

search of [0,2r] in O(D?e*1logr) time and with O(D?) space.

If the object is a 2D image with b boundary pixels, we check each boundary pixel of
shape B. If any boundary pixel locates inside shape A, the two shapes are conflicted. we

can test whether two objects are conflicted in O(b) time.

Figure 6.7: Left: circumcircle of shape. Right: The minimum safe distance between
two shapes (red line).

Putting it all together, the construction of MSDT takes O(D?blogr) time and occupies

O(D?) space.

Let C be the center-point of each shape, and vector (ﬁ be the orientation. During the
shortest path computation using SVG, we can unfold point O together with the center

C. Thus, the angles {a, 8} could be computed.

Our algorithm can compute (o, B, d,) for each point when computing the geodesic polar

coordinates. Thus it is quite efficient and does not requite additional computation cost.
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The pseudo-code in Algorithm [9) describes our distribution algorithm.

Algorithm input: vector field for each class O;, and target number of each class N;.

Algorithm 9 Parallel Single Shape Distribution
D + Minimum Safe Distance table.
S < a dense random curve set
// The orientation of each curve is guided by user specified vector field.
random_shuffle(S);
/I now, consider S as a queue of dart throwing curves.
foreach S; in S do S;.mylndex <— oo
curveOrder < 0
result <+ &

foreach parallel thread do:
while S is not empty do
atomic t < curveOrder + +
/It gets the value of curveOrder, and curveOrder was increased by 1.
atomic p < S.pop_front()
p-mylndex <t
{w} < use label correcting algorithm to compute geodeisc region centered at curve
¢ with radius 2r
isAccepted < true
foreach w; in {w}
if wi.d, < D[w;.o][w;.B] wi.myIndex < p.myIndex then
isAccepted <— false
break foreach loop
end if
end for
if isAccepted then
atomic result.push(c)
foreach w; in {w}
atomic remove w; from S
end for
end if
end while
end thread

output result
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6.2.2 Multi-Class Shape Distribution

Our method is different from the multi-class blue noise sampling in [[119], since we do

not allow overlapped shapes.

In multi-class case, for a group of k shapes {cy,cs,...,cx}, we have to compute (];)
different classes MSD table and k same class MSD table. thus, the time complexity is

O(k*D*blogr), takes O(k*>D?) memory space.

Similar to single shape distribution, we generate a dense point set. Each point is speci-
fied to a shape. A point has a probability p; to be i-th shape. p; is defined as:

NiA;

pi% =,

where A; is the area of i-th shape.

Let r; be the circumradius of i-th shape, and r,,, <~ maxr;,i = 1...k. For each point of
shape i, we compute a geodesic disk with radius r; + r,,;, and collect all neighbor points.

Then we check the MSD by looking up the table D; (¢, ).

6.3 Experimental Results

Performance. We implement the algorithm in C++ and test it on an Intel Xeon quad-
core CPU at 2.66GHz. Thanks to the nice parallel structure of our method, we also
use OpenMP to parallelize our algorithm so that it can take the advantage of all CPU
cores. We observe that our parallel implementation on a quad-core CPU is up to 3 times
faster than that of a single-core and it allows interactive manipulation on 3D models
with 100K faces. See Table[6.2]for running time performance. Figures[6.8] [6.9)and[6.12]

demonstrate our results on single-class and multi-class shape distribution.
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Table 6.1: Performance of geodesic algorithms. The ICH algorithm computes the exact
geodesic distances, whereas the SVG method and our LC-enhanced SVG+GTU method
compute the approximate distances. We set K = 50 for constructing the SVG. €: mean
relative error of our method and the SVG method. Columns 3 to 5 report the running
time (in seconds) of the geodesic algorithms.
’ Model ‘ |V| ‘ Ticu ‘ Tsve ‘ Tour ‘ € ‘

Torus 200K | 28.64 | 0.20 | 0.09 | 0.15%
Fertility | 400K | 49.47 | 0.37 | 0.21 | 0.14%
Kitten 548K | 93.85 | 0.48 | 0.30 | 0.16%
Bimba | 800K | 125.03 | 0.70 | 0.38 | 0.13%
Dragon | 1.28M | 266.38 | 1.09 | 0.60 | 0.20%

Table 6.2: Mesh complexity and running time performance. 77 and 7j: running time (in
seconds) on a quad-core CPU using a single core and all cores, respectively.

Model |F| | #of 2D shapes | T; | Tu
Bump Sphere | 50K 458 3.1 (1.1
Bunny 80K 561 42114
Fertility 400K 1,150 8129
Kitten 250K 864 95137

Robustness. Our method is intrinsic since both the collision detection and shape dis-
tribution depend on the metric only. Taking advantage of the intrinsic nature of the
geodesic algorithms [[126, [122], our method is insensitive to model resolution and tes-

sellation. See Figure for our results on the Bimba mesh with various tesselations.

Comparison to [65]. Our method and the anisotropic blue noise sampling method [65]]
differ in 4 aspects: First, their method is mainly designed for the 2D problem. Although
it can be extended to 3D surfaces via global parameterization, computing a high quality
parameterization for high-genus model is technically challenging. Our method is based
on local parameterization, which can be computed efficiently on the fly. Therefore, our
method can be applied to models of arbitrary geometry and topology. Second, their
method abstracts the anisotropic shapes by bounding ellipses so that collision detection
and quality evaluation can be done in an analytical manner. However, ellipse is not an

effective representation if the 2D shape has a highly concave boundary. As a result,
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Figure 6.8: Single-class shape distribution on the Kitten model with different density
and texture.

Figure 6.9: Multi-class shape distribution on a bumpy sphere with 50K faces.

their method may produce a distribution which is far from maximal. Thanks to the
minimal safe distance table, our method can faithfully keep the geometry of the 2D
shapes hereby allow a much denser distribution. See Figure Last but not the
least, results from [65] domonstrate single-class sampling only, whereas our method

can compute multi-class shape distribution.
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7K faces 30K faces 150K faces

Figure 6.10: Our method works well on the Bimba model with various resolutions.
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(a) Li et al.’s result (b) Our result

Figure 6.11: Comparison to [65]. The 2D Eagle shape is highly concave, so a sim-
ple bounding ellipse cannot capture its geometric features. As a result, requiring non-
overlapping ellipses is very pessimistic. Li et al.’s method [65] can distribute only 115
shapes. Obviously, the distribution is not maximal. Our method produces a much more
dense distribution, containing 224 eagles, since it allows overlapping ellipses as long as
the adjacent eagles do not collide.

Figure 6.12: More results.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

This thesis focuses on computing Voronoi Diagram and Centroidal Voronoi Tesselation
on surfaces. We also propose an efficient algorithm based on SVG to solve the discrete
geodesic problem. With SVG, we can compute intrinsic CVT on surfaces and avoid the
defects of the existing extrinsic methods. We also demonstrate one applications of CVT

and discrete geodesics, anisotropic shape distribution on meshes.

In Chapter [3| we present the untransformed sweep circle algorithm for 2D Voronoi dia-
gram. Our algorithm has the optimal O(nlogn) time complexity and O(n) space com-
plexity. The classical sweep line algorithm is the degenerate form of our algorithm
when the circle center is at infinity. Our algorithm is flexible in that it allows multiple
circles at arbitrary locations to sweep the domain simultaneously, which naturally leads
to a parallel implementation. It is easy to implement, without complicated numerical
calculation. We demonstrate the efficacy of our parallel sweep circle algorithm using
GPU. Although Voronoi diagrams in Euclidean space have been well studied and under-
stood, very little progress has been reported on computing Voronoi diagrams on curved

surfaces. In this report, we developed an intrinsic algorithm to compute the geodesic
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Voronoi diagram (GVD) on a surface, and used GVD to iteratively compute a geodesic

centroid Voronoi diagram on a surface.

In Chapter[d we propose the SVG data structure to tackle the discrete geodesics problem.
It is highly efficient, accurate, numerically stable and robust to the mesh resolution and
tessellation. Unlike the other approximate algorithms that usually produce less accurate
results for models with rich geometric features, our method works remarkably well for
such models. The user can intuitively control the accuracy as well as the SVG complexi-
ty by the parameter K, which specifies the maximal number of points in a geodesic disk.
The parameter K is independent to the scale, model, mesh resolution and tessellation.
Moreover, our method guarantees the computed distance is a metric. Experiments on
a large number of real-world models demonstrate that our method significantly outper-

forms the existing approximate algorithms in both accuracy and speed.

In Chapter [5| we present an intrinsic algorithm for computing centroidal Voronoi tessel-
lation on arbitrary triangle meshes. Our algorithm adopts the Lloyd framework, which
iteratively moves the generator of each geodesic Voronoi diagram to its mass center.
Based on the discrete exponential map, our method can efficiently compute the Rieman-
nian center and the center of mass for any geodesic VD. Thanks to its intrinsic feature,
our method works well for models with arbitrary topology and complicated geometry,
where the existing extrinsic approaches often fail. The promising experimental results

show the advantages of our method.

In Chapter [6] we present one application of CVT and discrete geodesics. We present
a practical method for computing anisotropic 2D shape distribution on arbitrary 2-
manifold meshes with user control. Our method has several advantages: First, unlike
the existing sampling approaches, which usually assume the 2D objects are isotropic and

of simple geometry, our method applies for complex 2D objects and can guarantee the
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distribution is collision-free, which is a critical constraint in many applications. Second,
it is able to compute multi-class shape distribution. Third, our method does not require
global parameterization of the input 3D mesh. Instead, it compute local parameteriza-
tion on the fly using geodesic polar coordinates, which has little computational cost.
Therefore, our method can be applied to models of complicated geometry and topology.
Last but not the least, our method has a natural parallel structure, and can be implement-
ed on multi-core CPUs. Experimental results on a wide range of 3D models and 2D
anisotropic shapes demonstrate the good performance as well as the effectiveness of our

method.

7.2 Future Work

Computing intrinsic surface Voronoi Diagram and Centroidal Voronoi Tessellation re-
quires efficient method to obtain geodesic distance. The SVG is an efficient method
compared to the existing discrete geodesic like ICH or MMP, but it has several disad-
vantages. The SVG method requires a user input parameter K, and it’s not intuitive
how to adjust the parameter K to obtain the desired accuracy. We are developing a
more efficient graph-theoretic frame work for computing discrete geodesics. The new
framework allows user to directly control the approximation error, while the existing
approaches such as the SVG requires a fine tuned parameter K. Furthermore, the new
frame work is for arbitrary triangle meshes, whereas SVG applies to triangle meshes

with sufficient number of saddle vertices.

We can use intrinsic Centroidal Voronoi Tessellation to segment the input mesh to super-
patches. The super-patches can greatly reduce the number of faces of the input mesh,

while maintaining the geometries boundaries. The existing method for computing super-
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patches is extrinsic and computationally inefficient. We plan to use our intrinsic CVT

method to solve the super-patch problem efficiently.

For the shape distribution project, we found it hard to theoretically guarantee the distri-
bution is maximal. In the future we hope to provide a theoretical proof that the method is

maximal, and if it’s not, we plan to find the modified algorithm to guarantee the maximal

property.
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