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In Bayesian probabilistic programming, a central problem is to estimate the normalised posterior distribution
(NPD) of a probabilistic program with conditioning via score (a.k.a. observe) statements. Most previous
approaches address this problem by Markov Chain Monte Carlo and variational inference, and therefore could
not generate guaranteed outcomes within a finite time limit. Moreover, existing methods for exact inference
either impose syntactic restrictions or cannot guarantee successful inference in general.

In this work, we propose a novel automated approach to derive guaranteed bounds for NPD via polynomial
solving. We first establish a fixed-point theorem for the wide class of score-at-end Bayesian probabilistic
programs that terminate almost-surely and have a single bounded score statement at program termination.
Then, we propose a multiplicative variant of Optional Stopping Theorem (OST) to address score-recursive
Bayesian programs where score statements with weights greater than one could appear inside a loop. Bayesian
nonparametric models, enjoying a renaissance in statistics and machine learning, can be represented by
score-recursive Bayesian programs and are difficult to handle due to an integrability issue. Finally, we use
polynomial solving to implement our fixed-point theorem and OST variant. To improve the accuracy of the
polynomial solving, we further propose a truncation operation and the synthesis of multiple bounds over
various program inputs. Our approach can handle Bayesian probabilistic programs with unbounded while
loops and continuous distributions with infinite supports. Experiments over a wide range of benchmarks show
that compared with the most relevant approach (Beutner et al., PLDI 2022) for guaranteed NPD analysis via
recursion unrolling, our approach is more time efficient and derives comparable or even tighter NPD bounds.
Furthermore, our approach can handle score-recursive programs which previous approaches could not.
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1 INTRODUCTION

Bayesian probabilistic programming [40, 50] is a programming paradigm that incorporates Bayesian
reasoning into programming languages, and aims at first modelling probabilistic models as proba-
bilistic programs and then analyzing the models through their program representations. Compared
with traditional approaches [8, 10, 32, 33] that specify an ad-hoc programming language, proba-
bilistic programming languages (PPLs) [50] provide a universal framework to perform Bayesian
inference. PPLs have two specific constructs: sample and score [7].! The sample construct de-
scribes the prior probabilities, allowing to draw samples from a (prior) distribution. The score
construct records the likelihood of observed data in the form of “score(weight)”,* and is typically
used to weight the current execution in Monte Carlo simulation. Nowadays, Bayesian probabilistic
programming has become an active research subject in statistics, machine learning and program-
ming language communities, for which typical Bayesian programming languages include Pyro [5],
WebPPL [21], Anglican [49], Church [20], etc.

In this work, we consider the analysis of the normalised posterior distribution (NPD) in Bayesian
probabilistic programs. The general statement of the problem is that: given a prior distribution
p(z) over the latent variables z € R" of interest, and a probabilistic model represented by a
probabilistic program whose distribution p(x, z) is obtained by observing the event x € R™ with
the likelihood p(x|z), the target is to calculate the NPD p(z|x) by Bayes’ rule. There are two
mainstream variants of the NPD conditioning. The first is soft conditioning [46] that assigns a non-
negative weight to the program based on the probability (density) of a given event occurring. The
second is hard conditioning that restricts the weights to be either 0 or 1. Hard and soft conditioning
are incomparable in general, as in some situations “hard conditioning is a particular case of soft
conditioning” [40, Page 42], while in other cases hard conditioning is more general.

In the literature, there are two classes of approaches to address the NPD problem. The first is
approximate approaches that estimate the NPD by random simulation, while the second is formal
approaches that aim at deriving guaranteed bounds for NPD. In approximate approaches, two
dominant methods are Markov chain Monte Carlo [17] and variational inference [6]. Although
approximate approaches can produce approximate results efficiently, they cannot provide formal
guarantee within a finite time limit. Moreover, as shown in Beutner et al. [4], approximate ap-
proaches may produce inconsistent results between different simulation methods, which led the
machine learning community to develop new variants [31]. In formal approaches, there is a large
amount of existing works such as (1)PSI [18, 19], AQUA [25], Hakaru [35] and SPPL [43], aiming to
derive exact inference for NPD. However, these methods are restricted to specific kinds of programs,
e.g., programs with closed-form solutions to NPD or without continuous distributions, and none of
them can handle probabilistic programs with unbounded while-loops/recursion. In recent works,
Zaiser et al. [59] and Klinkenberg et al. [27] used probability generating functions (PGF) to do
exact inference for NPD. However, the former work cannot handle loopy programs, and both of
them require a closed-form solution to NPD and only work for discrete observations. The recent
work by Beutner et al. [4] infers guaranteed bounds for NPD and handles unbounded recursion
and continuous distributions. This approach relies on recursion unrolling and hence suffers from
the path explosion problem.

ISometimes observe is used instead of score [22], which has the same implicit effect.
2The argument “weight” corresponds to the likelihood each time the data is observed.
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Challenges and gaps. In this work, we focus on developing formal approaches to derive guaranteed
bounds for NPD over loopy probabilistic programs in the setting of soft conditioning. From the
literature, a main challenge is to develop new techniques that circumvent the path explosion
problem from the approach [4]. Another challenge (and gap) is that existing approaches cannot
handle the situation where score statements with weights greater than 1 appear inside a loop
(which we refer to as score-recursive programs), which has received significant attention in statistical
phylogenetics [41, 47].

For score-recursive programs, the following example shows that score inside a loop may cause
an integrability issue and thus requires careful treatment. Consider a simple loop “while true do if
prob(0.5) then break else score(3) fi od”. In each loop iteration, the loop terminates directly with
probability % and continues to execute a score command “score(3)” with the same probability.
It follows that the normalising constant in NPD is equal to ), P(T = n) - 3" = Z;o:l(%)" = oo,
so that the infinity makes the posterior distribution invalid. This is noted in e.g. Staton et al.
[46] thatunbounded weights may introduce the possibility of “infinite model evidence errors”. To
circumvent the drawback, previous results (e.g., Borgstrom et al. [7]) allow only 1-bounded weights.

In probabilistic program analysis, polynomial solving [9, 10, 12, 52, 55] is a well-established
technique and naturally avoids the path explosion problem in the approach of Beutner et al. [4]. In
this work, we leverage polynomial solving to address the NPD problem. Note that simply applying
well-known polynomial solving techniques does not suffice for the following reasons: (a) Polynomial
solving is tight usually over a bounded region (see e.g., Weierstrass Approximation Theorem [26]),
and in general is not accurate if the region is unbounded; (b) Polynomial solving synthesizes a
single bound. However, having a single bound is not enough to get tight bounds for NPD, as one
needs different bounds for different program inputs to achieve tightness in the normalisation.

We address the challenges and gaps mentioned above. Our contributions are as follows.

Our contributions. In this work, we present the following contributions:

e First, we establish a fixed-point theorem and a multiplicative variant of Optional Stopping
Theorem (OST) [15, 58]. Our fixed-point theorem targets Bayesian probabilistic programs that
have almost-sure termination and a single score statement at the end of the programs with a
bounded score function (referred to as score-at-end Bayesian programs), which is a wide class
of Bayesian programs in the literature [4, 18, 19]. Our OST variant targets score-recursive
Bayesian programs and addresses the integrability issue in these programs.

e Second, we apply polynomial solving techniques with our fixed-point theorem and OST
variant. In addition to existing polynomial solving techniques, our approach improves the
accuracy of the derived NPD bounds by the following: First, we propose a novel truncation
operation that truncates a probabilistic program into a bounded range of program values.
Second, we devise our algorithm to synthesize multiple bounds for various program inputs.

Experimental results show that our approach can handle a wide range of benchmarks including
non-parametric examples such as Pedestrian [4] and score-recursive examples such as phylogenetic
models [41]. Compared with the previous approach [4] over score-at-end benchmarks, our approach
reduces the runtime by up to 15 times, while deriving comparable or even tighter bounds for NPD.

Limitations. Our approach has the combinatorial explosion in the degree of polynomial solving.
However, by our experimental results, a moderate choice of the degree (e.g., < 10) suffices. Moreover,
our synthesis of multiple bounds for various inputs mitigates the combinatorial explosion. Another
limitation is that in our polynomial solving, we utilize linear and semidefinite programming solvers,
which may produce unsound results due to numerical errors.

Due to space constraints, we put the missing technical and proof details to our full version [57].
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start := sample uniform(0,3);
pos := start; dist:=0;
linit © h(pos, dis) = ay - pos + ay - dis + a3
B = {(pos,dis) | pos € [0,5],dis € [0,5]}
M=21x10"%0
while pos>0 do
step := sample uniform(0,1);
if prob(0.5) then
pos := pos — step
else
pOs := pos + step
fi;
dist := dist + step
od;
score (pdf (normal(1.1,0.1) ,dist));
polynomial approximation g

lambda := sample uniform(0,2);
time :=10; amount:=0;
linit © while time>0 do
wait := sample uniform(0,0.5);
time := time — wait;
if prob(0.5-lambda) then
birth .= sample uniform (0,0.01);
amount := amount + birth;
score (1.1)
fi;
od;
return lambda
fout :

return start

bout Fig. 2. A Phylogenetic Birth Model

Fig. 1. A Pedestrian Random Walk

2 MOTIVATING EXAMPLES

We present two motivating examples to highlight our key novelties.

2.1 Pedestrian Random Walk

Consider the pedestrian random walk example [30] in Fig. 1. In this example, a pedestrian is lost
on the way home, and she only knows that she is at most 3 km away from her house. Thus, she
starts to repeatedly walk a uniformly random distance of at most 1 km in either direction of the
road with equal probability, until reaching her house. Upon the arrival, an odometer tells that she
has walked 1.1 km in total. However, this odometer was once broken and the measured distance
is normally distributed around the true distance with a standard deviation of 0.1 km. We want to
infer the posterior distribution of the starting point.

This example is modeled as a non-parametric probabilistic program whose number of loop
iterations is unbounded, where the blue part is the annotations used for the Bayesian inference
of this example. In the program, the variables start, pos, step, dis represent the starting point,
the current position, the distance walked in the next step and the travelled distance so far of
the pedestrian, respectively. As the program variables start, step simply receive samples, the key
program variables are pos, dist.

This program terminates with probability 1 and has a score statement at termination with a
bounded score function indicated by the probability density function pdf(normal(1.1,0.1), dist)
of the normal distribution with mean 1.1 and deviation 0.1. Note that pd f(normal(1.1,0.1), dist) =
pdf(normal(dist,0.1), 1.1). Bayesian probabilistic programs that have score statements at termi-
nation widely exist in the literature [4, 18, 19], and we call them score-at-end programs. We propose
a novel approach for Bayesian inference over such programs via fixed-point conditions.

Our approach decomposes the Bayesian inference into the computation of expected weights,
i.e., expected score values from various initial program inputs. For this example, we have the
initial value for the variable pos ranges over [0, 3], and the initial value for the variable dist fixed
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to be 0. We partition the range of initial values into multiple pieces (e.g., dividing [0,3] into
[0,0.1],[0.1,0.2],...,[2.9,3]), and solve the expected weights for each piece. Within each piece,
we establish a polynomial template h for the upper bound to be solved and use fixed-point theory
to solve the template. A template for this example at the entry point of the loop is given by the
linear template h(pos, dis) = a; - pos + az - dis + as (see the annotations), and the prefixed-point
condition to solve h as an upper bound is given by

ewt(h) := 0.5 - Egsep [[pos — step > 0] - h(pos — step, dis + step) + [pos — step < 0] - g(dis + step)]
+0.5 - Egzep [h(pos + step, dis + step)] < h(pos, dis).

where the left-hand-side ewt(h) of the inequality expresses the expected value of the template after
one loop iteration, for which the expectation is taken w.r.t the sampling of the step variable. Note
that here we use a polynomial g to approximate the density function of the normal distribution to
allow a uniform polynomial reasoning.

For this example, simply solving the polynomial template h does not suffice, as we have find that
polynomial solving produces trivial constant bounds even with high degrees. Hence, we consider
a novel truncation operation that truncates the probabilistic program into a bounded range, so
that we can utilize the strong approximation ability of polynomials over bounded ranges. In this
example, we can choose the bounded range to be B = {(pos, dis) | pos € [0, 5], dis € [0, 5]}, so that
the program state space is partitioned into sets of states within B and outside B. The execution of
the program is also changed in the sense that once the execution jumps out of the bounded range,
the program halts immediately. In conjunction with the bounded range, we associate a polynomial
M that over-approximates the expected weights outside the bounded range. In this example, we
have that when jumping out of the bounded range, either dist > 5 or pos > 5, and in both cases
we have dist > 5 (as the pedestrian needs to travel at least the maximal pos in the walk). Hence,
we can choose M = 2.1 X 1073 since pdf(normal(1.1,0.1), dist) < 2.1 x 1073% when dist > 5
according to its monotonicity. Given the bounded range B with the over-approximation M, we
then solve the template h by the following (informal) modified prefixed-point conditions: (a) When
within the bounded range B, we have ewt(h) < h; (b) When outside B, we have M < h.

The example is handled in [4] by exhaustive recursion unrolling that has the path-explosion
problem. Our approach circumvents path explosion and derives comparable bounds to the approach
in Beutner et al. [4] with runtime two-thirds of that of Beutner et al. [4].

2.2 Phylogenetic Birth Model

Consider a simplified version of the phylogenetic birth model [41], where a species arises with
a birth-rate lambda, and it propagates with a simplified constant likelihood of 1.1 at some time
interval. For simplicity, we assume constant weights that can be viewed as over-approximation
for a continuous density function. This example can be modelled as a probabilistic loop in Fig. 2.
In this program, the variables lambda, time, amount, wait stand for the birth rate of the species,
the remaining propagation time, the current amount of the species and the propagation time to
be spent, respectively. The variable lambda is associated with a prior distribution, and the NPD
problem is to infer its posterior distribution given the species evolution described by the loop.
The main difficulty to analyze the NPD of this example is that its loop body includes a score
statement score(1.1) with the constant score function greater than 1. We call such programs
score-recursive. As stated previously, this incurs an integrability issue that cannot be solved by
previous approaches. To address this difficulty, we propose a novel multiplicative variant of Optional
Stopping Theorem (OST) that allows a stochastic process to scale by a multiplicative factor during
its evolution. Based on the OST variant, we apply polynomial solving with truncation as in our
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S == skip | x := ES | score(EW) | return x | S5 S,

| while Bdo S od | if Bthen S; else S; fi | if prob(p) then S else S, fi
B :=true | false | =B | BjandB; | BijorB; | Ey < E; | Ey 2 E; Eu=x|c|E1+Ey| E1—Ez | E1 *E;
D :=normal(cy,cz) | uniform(cy,cz) | -+ ES :=E | sample D EW :=E | pdf(D, x)

Fig. 3. Syntax of Our Probabilistic Programming Language

fixed-point approach. Our experimental result on this example shows that the derived bounds
match the simulation result with 10 samples.

3 PRELIMINARIES

We first review basic concepts from probability theory, then present our Bayesian probabilistic
programming language, and finally define the normalised posterior distribution (NPD) problem.
We denote by N, Z and R the sets of all natural numbers, integers, and real numbers, respectively.

3.1 Basics of Probability Theory

We recall several basic concepts and refer to standard textbooks (e.g. [37, 58]) for details.

Given a probability space (Q, ,P), a random variable is an ¥ -measurable function X : Q —
R U {+0c0, —co} where the measurable space over R U {+c0, —co} is taken as the Borel space. The
distribution function F of X is given by F(x) = P({w : X(w) < x}). A non-negative Borel measurable
function f is a density function of X if it satisfies F(x) = f_xm f(t)dt. The expectation of a random

variable X, denoted by E(X), is the Lebesgue integral of X w.r.t. P, i.e, fQ X dP. A filtration of
(Q, F,P) is an infinite sequence {7}, of o-algebras such that for every n > 0, the triple (Q, 75, P)
is a probability space and F, € Fny1 C F. A stopping time w.rt. {F,},., is a random variable
T : Q — NU{0, co} such that for every n > 0, the event {T' < n}is in 7. Recall the Borel measurable
space (R", Xgn) where Ygn is the o-algebra generated by the open subsets in R”.

A discrete-time stochastic process is a sequence I' = {X,,}* | of random variables in (€, 7, P). The
process I' is adapted to a filtration {F,},_, if for all n > 0, X,, is a random variable in (Q, %, P). A
stochastic process ' = {X,} " adapted to afiltration {¥},,_, is a martingale (resp., supermartingale,
submartingale) if for all n > 0, E(|X,|) < oo and it holds almost surely that E[X,,,; | 7] = X,

(resp., B[ Xn+1 | Ful < X, B[ Xnt1 | Ful = X,). Applying martingales to the formal analysis of
probabilistic programs is a well-studied technique [8, 10, 13].

3.2 Bayesian Probabilistic Programs

The syntax of our Bayesian probabilistic programming language (PPL) is given in Fig. 3, where
¢,c1,¢2 € R are real constants, p € (0, 1] and the metavariables S, B and E stand for statements,
boolean and arithmetic expressions, respectively. Our PPL is imperative with the usual conditional,
loop, sequential and probabilistic branching structures as well as the following new structures:
(a) sample constructs of the form “sample D” that sample a value from a prescribed distribution
D (e.g., normal distribution, uniform distribution, etc.) over R; (b) score statements of the form
“score(EW)” that weight the current execution with a value expressed by EW, where pdfiD, x) is
the value of the probability density function w.r.t. the distribution D at x. We also have return
statements (i.e., return) that return the value of a program variable. Note that although probabilistic
branches can be derived from sampling of Bernoulli distributions, we include probabilistic branches
here to have specific algorithmic treatment for probabilistic control flows.

In our PPL, we distinguish two disjoint sets of variables in a program: (i) the set V,, of program

"

variables whose values are determined by assignments (i.e., the expressions at the RHS of “:=");
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0.5 lambda
0.5 wait := sample uniform(0,0.5)
step := sample uniform(0, 1) time = time — wait
pos = pos — step birth := sample uniform(0,0.01)
dist + step amount := amount + birth
wt = 1.1

pos >0 time > 0
SN —— ]
o — ] P
5

0.5 - lambda

wait := sample uniform(0,0.5)
pos + step time := time — wait

dist = dist + step wt =1

wt:=1
1
wt := pdf (normal(1.1,0.1), dist)

Fig. 4. The WPTS of Pedestrian Fig. 5. The WPTS of Phylogenetic Model

pos < 0 time < 0

(ii) the set V; of sampling variables whose values are independently sampled from prescribed
probability distributions each time they are accessed (i.e., each “sample D" is a sampling variable).
A valuation on a set V of variables is a function v : V' — R that assigns a real value to each variable
in V. A program (resp. sampling) valuation is a valuation on V}, (resp. V;). The set of program (resp.
sampling) valuations is denoted by Val, (resp. Val,), respectively. For the sake of convenience, we
fix the notations in the following way: we always use v € Val, to denote a program valuation, and
r € Val, to denote a sampling valuation.

Example 3.1. Fig. 1 shows a Bayesian probabilistic program written in our PPL. In this program,
the set of program variables is V,, = {start, pos,dis, step}, and the set of sampling variables is
V; = {sample uniform(0, 3), sample uniform(0, 1)}. At the execution of sample uniform(0, 3),
it samples a value uniformly from [0, 3] and assigns it to the variable start in the initialization.
During the loop iteration, each time sample uniform(0, 1) is executed, it samples a value uniformly
from [0, 1] and assigns the value to the variable step. O

Below we present the semantics for our PPL. In the literature, existing semantics are either
measure-based [29, 46] or sampling-based [4, 30]. To facilitate the development of our approach,
we consider the transition-based semantics [9, 11] so that each probabilistic program is transformed
into an equivalent form of weighted probabilistic transition system (WPTS). A WPTS extends a
PTS [9, 11] with weights and an initial probability distribution.

Definition 3.2 (WPTS). A weighted probabilistic transition system (WPTS) II is a tuple
II= (Vp> Vt, L> [inib fouts Hinit, @> z) (T)

for which:

e V,, and V; are finite disjoint sets of program and sampling variables.

e L is a finite set of locations with special locations £y, fout € L. Informally, a location corre-
sponds to a cut point in a Bayesian probabilistic program, &y is the initial location and £y
represents program termination.

o [linit is the initial probability distribution over R/ with a bounded support (denoted by
supp (tinit)), We call each v € supp (pinit) an initial program valuation.

e D is a function that assigns a probability distribution D(r) to each r € V;. We abuse the
notation so that O also denotes the joint distribution of all independent variables r € V;.

o T is a finite set of transitions where each transition 7 € T is a tuple (¢, @, Fy, . .., Fx) such
that (a) £ € L is the source location, (b) ¢ is the guard condition which is a logical formula over
program variables V;, and (c) each Fj = (¢}, p;, upd;, wt;) is called a weighted fork for which
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(i) £/ € L is the destination location of the fork, (ii) p; € (0,1] is the probability of occurrence
of this fork, (iii) upd; : RI%I x RIVMl — RI%! is an update function that takes as inputs the
current program and sampling valuations and returns an updated program valuation, and
(iv) wt; : Rl x RIVil — [0, 00) is a score function that gives the likelihood weight of this fork
depending on the current program and sampling valuations.

In a WPTS, update functions correspond to assignment statements to program variables, and
score functions correspond to the cumulative multiplicative weight of a basic block of statements
from the score statements in the block. Note that if there is no score statement in the block, then the
score function of the block is constantly 1. We always assume that a WPTS I1 is deterministic and
total, i.e., (1) there is no program valuation that simultaneously satisfies the guard conditions of two
distinct transitions from the same source location, and (2) the disjunction of the guard conditions of
all the transitions from any source location is a tautology. The transformation from a probabilistic
program into its WPTS can be done in a straightforward way (see e.g. [9, 12]).

Example 3.3. Fig. 4 shows the WPTS of the program in Fig. 1 which has two locations y;t, fout-
The value of step is initialised to 0. The initial probability distribution ;s over RI%! is determined
by the joint distribution of (start, pos, dis, step) where start ~ uniform(0,3) and pos, dis, step
observe the Dirac measures Dirac({start}), Dirac({0}) and Dirac({0}), respectively, e.g., the
probability of the event “dis € {0}” equals 1. The circle nodes represent locations and square nodes
model the forking behavior of transitions. An edge entering a square node is labeled with the guard
condition of its respective transition, while an edge entering a circle node stands for a fork, which
is associated with its probability, update functions and score functions. The WPTS of the program
in Fig. 2 is analogously given in Fig. 5.3 O

Below we specify the semantics of a WPTS. Consider a WPTS II in the form of (7). Given a
program valuation v and a guard condition ¢ over variables V,,, we say that v satisfies ¢ (written as
v [ @) if ¢ holds when the variables in ¢ are substituted by their values in v.

A state is a pair £ = (£,v) where ¢ € L (resp. v € R represents the current location (resp.
program valuation), respectively, while a weighted state is a triple © = (¢, v, w) where (£,v) is a
state and w € [0, o) represents the cumulative multiplicative likelihood weight.

The semantics of II is formalized by the infinite sequence T’ = {@n = (£, Vo, Wn) }n>0 where
each (Z’;,,Vn, wy) is the random weighted state at the n-th execution step of the WPTS such that
£, (resp. Vy, Wy) is the random variable for the location (resp. the random program valuation,
the random variable for the multiplicative likelihood weight) at the n-th step, respectively. The
sequence I starts with the initial random weighted state @0 = (Z’;),VO, wo) such that 0 is constantly
bnit, Vo € supp (pmlt) is sampled from the initial distribution p,; and the initial weight wy is
constantly set to 1.* Then, given the current random weighted state G) = (t’n, Vi, wn) at the n-th
step, the next random weighted state ®n+1 = ({’,,+1, Vp+1, Wne1) 1s determined by: (a) If s = Lout, then
(£ns1, Va1, Wna1) takes the same weighted state as (L0, Vi, Wn) (ie., the next weighted state stays at
the termination location £yy); (b) Otherwise, @,,H is determined by the following procedure:

e First, since the WPTS II is deterministic and total, we take the unique transition 7 =
(fn, ¢, F1, ..., Fr) such that v, | ¢.

e Second, we choose a fork F; = (¢}, p;, upd;, wt;) with the probability p;.

o Third, we obtain a sampling valuation r € supp (D) by sampling each r € V; independently
from the probability distribution D(r).

3Here we omit the update functions if the values of program variables are unchanged.
“This follows the traditional setting in e.g. [4].
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e Finally, the value of the next random weighted state (Z’;,H, Vi1, Wne1) is determined as that
of (¢}, upd; (¥, 1), Wn - Wtj(V,, 1)). Note that the weight is obtained in the style of the multi-
plicative score.

Unlike several semantics (such as Staton et al. [46]) that integrates score statements with sampling,
our semantics separates them and have a special construct score(—) for score statements.

Given the semantics, a program run of the WPTS II is a concrete instance of T, i.e., an infinite
sequence @ = {Oy},>¢ of weighted states where each ©, = (£,, v,, w,,) is the concrete weighted
state at the n-th step in this program run with location ¢,, program valuation v, and cumulative
multiplicative likelihood weight w,. A state (¢, v) is called reachable if there exists a program run
© = {Op }n>o such that ®,, = (¢, v, w) for some n and w.

Example 3.4. Consider the WPTS in Example 3.3. Suppose the initial program valuation is
(1,1, 0,0) which means that the initial values of start, pos, dis, step are 1,1, 0, 0, respectively. Then
starting from the initial weighted state (£p;, (1,1,0), 1), a program run could be

(finit> (1,1,0,0), 1) = (finit> (1,0.5,0.5,0.5), 1) = (finit, (1, —0.1,1.1,0.6), 1) — (fout, (1,—0.1,1.1,0.6), 3.9894).

After the final execution, the program valuation becomes (1, -0.1,1.1,0.6) and the loop terminates. We
0

Teali . : _ 1
capture the likelihood weight with pdfinormal(1.1,0.1),1.1) = Vool

the current weight (i.e., 1). Thus the final weight of this run is 3.9894. o

e 2x01® =3.9894 and multiply it to

Given an initial program valuation viu;: of a WPTS, one could construct a probability space over
the program runs via their probabilistic execution described above and standard constructions such
as general state space Markov chains [34]. We denote the probability measure in this probability
space by Py, (—) and the expectation operator by Ey, , [-].

Vinit

3.3 Normalised Posterior Distribution

Below we fix a WPTS 11 in the form of (t). The termination time of the WPTS II is the random
variable T given by T(w) := min{n € N | £, = £y} for every program run w = {(£,, Vi, Wn) }n>0
where min ) := co. That is, T(w) is the number of steps a program run o takes to reach the
termination location fo¢. The WPTS I is almost-surely terminating (AST) if Py, (T < o) =1 for
all initial program valuations vin; € supp (gnit)- Given a designated initial program valuation vip;
and a measurable subset U € 2w, the expected weight [II]y, . (U) restricted to U is defined as
[Mv,. (U) = Ey,, [[Vr € U] - wr] where [—] is the Iverson bracket such that [¢] = 1 if ¢ holds
and [¢] = 0 otherwise. (Recall that V7 and wr are the random vector and variable of the program
valuation and the multiplicative likelihood weight at termination, respectively.) If 7 = RI%?!, then
[y, (R1Y!) is called the unrestricted expected weight, or simply expected weight for short. The
normalised posterior distribution (NPD) is defined as follows.

Definition 3.5 (NPD). The normalised posterior distribution (NPD) posteriory of IT is defined by:

posteriory (U) := [II](U)/Zx for all measurable subsets U € v,

where [IIJ(U) = f(V [I]v(U) - pinit(dv) is the unnormalised posterior distribution w.r.t. U with
V := supp (finit), and Zg := [II](RI%!) is the normalising constant. Il is integrable if 0 < Z; < co.

In this work, we consider the automated interval bound analysis for the NPD of a WPTS. Formally,
we aim to derive a tight interval [[,u] C [0, co) for an integrable WPTS II and any measurable set
U € Zgw such that [ < posterior; (U) < u. To achieve this, we consider bounds on [O)(U), Zn.
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NPD Bounds. Assume we have two intervals [lqy, uq/], [Iz,uz] € [0, 00) such that the
unnormalised posterior distribution [II](U) € [lqy, uqs] and the normalising constant Zy €

[lz, uz]. If 11 is integrable, then we have the NPD posteriory (U) € [lﬂ Uy,

uz’ Iz

To analyze the quantity [II] (/) derived from expected weights restricted to U, we construct
a new WPTS Il¢, from the original IT and a measurable set U € Xy, . Consider a probabilistic
program P and its WPTS II, given a measurable set U € 3, we construct a new program
Pq; by adding a conditional branch of the form “if v; ¢ U then score(0) fi” immediately after
the termination of P and obtain the WPTS Il¢s of Pqg,. Thus, I1¢; simply restricts the program
valuation at termination to U when taking the final cumulative weight. In this way, we transform
the analysis of [II] () into that of [[I¢J(R!%?!) in the following, since [IT](U) = [II¢J(R"?!).
Therefore, from Definition 3.5, we can reduce the bound analysis of NPD to that of unrestricted
expected weights in the rest of the paper. See details in the full version [57].

4 THEORETICAL APPROACHES

Below we present two approaches for deriving bounds of unrestricted expected weights.

4.1 The Fixed-Point Approach

Our fixed-point approach targets score-at-end Bayesian programs that terminate almost-surely and
have a single score statement with a bounded weight at the termination. We formally define the
notion of score-at-end programs directly over WPTS’s. A WPTS II is score-at-end if: (i) IT has AST;
(ii) there is exactly one transition 7 in the WPTS that involves the destination location £, and this
transition 7 takes the form r = (£, —, F) with the single weighted fork F = (o, 1, id, wt) where id
is the identity function and wt is score-bounded by a constant M > 0, i.e., wt € [0, M]; and (iii) all
transitions other than the transition 7 have the score function constantly equal to 1. Such programs
widely exist in the literature [4, 18, 19].

To demonstrate the approach, we recall several basic concepts in lattice theory. Given a complete
lattice (K, C) and a function f : K — K, the supremum of K is denoted by | | K, while the infimum
of K is denoted by [ | K. An element k € K is called a fixed-point if f (k) = k. The least (resp. greatest)
fixed-point of f, denoted by lfpf (resp. gfpf), is the fixed-point that is no greater (resp. smaller)
than every fixed-point under C. Moreover, k is a prefixed-point if f (k) E k and a postfixed-point if
k C f(k). We apply Tarski’s fixed-point theorem as follows.

THEOREM 4.1 (TARsKI [48]). Let (K, ) be a complete lattice and f : K — K be a monotone function.
Then, both Ifp f and gfp f exist. Moreover, Ifp f =[]{x | f(x) T x} andgfp f = |{x|xC f(x)}.

Based on Theorem 4.1, we present our fixed-point approach for score-at-end WPTS’s. Below
we fix a score-at-end WPTS I1. We define A as the set of states (£, v) where ¢ is a location and v
is a program valuation. Given a maximum finite value M € [0, o), we define a state function as a
function h : A — [-M, M] such that for all v € RI%"!, h(£yy, v) € [0, M]. The intuition of a state
function hk is that h(¢, v) gives an estimation of the expected weight when the WPTS II starts with
the initial location ¢ and the initial program valuation v. We denote the set of all state functions
with the maximum value M by K. We also use the usual partial order < on Ky that is defined in
the pointwise fashion, i.e., for any hy, hy € K, by < hy iff by (€, v) < hy(¢€,v) for all (£,v) € A. Tt is
straightforward to verify that (%, <) is a complete lattice.

To connect the complete lattice (K, <) with expected weights, we define the expected-weight
function ewry by ewr (8it, v) := [II]y (R"?!), and omit the subscript IT if it is clear from the context.
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Informally, ewy (£, V) is the expected weight of the program starting from an initial program
valuation v. Note that if the weight at termination is bounded by a maximum value M, then we have
ewnr € Ky. We consider the following higher-order function over the complete lattice (K, <).

Definition 4.2 (Expected-Weight Transformer). Given a finite maximum value M € [1, c0), the
expected-weight transformer ewtry : Ky — K is the higher-order function such that for each state
function h € K); and state (¢£,v), if T = (£, ¢, Fy, . . ., F) is the unique transition that satisfies v |= ¢
and F; = ([jf,pj, upd;, wt;) for each 1 < j < k, then we have that

Y5 p B [wtj(v, r) - h(e), upd,(v, r))] IO # Gy

ewtri(h)(£,v) := {1 (1)

otherwise
In (1), the expectation E, [—] is taken over a sampling valuation r that observes the distribution .

Informally, given a state function h, the expected-weight transformer ewt; computes the expected
weight ewtr(h) after one step of WPTS transition. Note that in (1), the weight wt;(v,r) equals 1
when the location ¢ does not refer to the score statement at the end of the program, as we consider
that the WPTS II is score-at-end. This implies that ewt is indeed a higher-order operator for the
complete lattice (%K, <) when the maximum value M is a bound for the weights in the score
statement. By the monotonicity of expectation, we have that ewt;; is monotone.

We will omit the subscript IT in ewty(h) if it is clear from the context. In the next definition, we
define potential weight functions that are prefixed/postfixed points of the operator ewtr(h).

Definition 4.3 (Potential Weight Functions). A potential upper weight function (PUWF) is a function
h: L x Val, — R that has the following properties:

(C1) for all reachable states (£, v) with £ # £y, we have ewt(h)(¢,v) < h(¢,v);
(C2) for all reachable states (¢, v) such that £ = £,,;, we have h(f,v) = 1.

Analogously, a potential lower weight function (PLWF) is a function h : L X Val, — R that satisfies
the conditions (C1°) and (C2), for which the condition (C1’) is almost the same as (C1) except for
that “ewt(h) (¢, v) < h(£,v)” is replaced with “ewt(h) (¢, v) > h(£,v)”.

Informally, a PUWF is a state function that satisfies the prefixed-point condition of ewt at non-
terminating locations, and equals one at termination. A PLWF is defined similarly by using the
postfixed-point condition. The main theorem below states that potential weight functions serve
as bounds for expected weights. The proof establishes that the fixed point of ewtyy is unique and
equals ew when the WPTS IT has AST, and applies Tarski’s Fixed Point Theorem to use prefixed
and post-fixed points to derive upper and lower bounds. See our full version [57] for the proof.

THEOREM 4.4 (FIXED-POINT APPROACH). [Ty, (RIY?)) < h(&pit, Vinit) (resp. [y, (R >
h(&nit, Vinit) ) for any bounded PUWF (resp. PLWF) h over I1 and initial state ({iit, Vinit)-

REMARK 1. Although our fixed-point approach targets score-at-end programs, it can be extended
to Bayesian programs such that in any execution of the program, only a bounded number of score
statements are executed and they are all bounded. This is because one can find a bound for the overall
weight of the boundedly many score functions to apply our fixed point theorem. The intuition here is
that our fixed point approach can handle Bayesian programs whose multiplicative cumulative score
values are always bounded by some constant. Especially, this approach can handle programs where all
execution cycles are score-bounded by one. O
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4.2 The OST Approach

Below we propose a novel approach to address the NPD problem of Bayesian programs that have
score statements with weights greater than 1 inside loop bodies. We refer to such programs score-
recursive, and they have received significant attention recently (such as the phylogenetic birth
model in Section 2.2). We say that a WPTS is score-recursive if it has a cycle of transitions on
which there is a score statement with score function taking a value greater than 1. Our fixed-point
approach requires bounded score, and therefore cannot handle all score-recursive programs.

We first derive a novel multiplicative variant of the classical Optional Stopping Theorem (OST)
that tackles the multiplicative feature of score statements, then applies our OST variant to potential
weight functions (Definition 4.3) to address the NPD problem. The classical OST requires bounded
changes of the weight value, and thus cannot handle score-recursive programs.

Our OST variant applies to bounded-update score-recursive WPTS’s. Informally, a WPTS has the
bounded-update property if the change of values of the program variables is bounded by a global
constant for every transition in the WPTS. This property is fulfilled in many realistic probabilistic
models as the change of value of a variable in a single step is often bounded. Formally, a WPTS II
has the bounded-update property if there exists a real constant » > 0 such that for every reachable
state (£,v) and fork F; = (t’j’.,pj, updj, wt;) from a transition with the source location ¢, we have
that Vr € supp (D) Vx € V,,, |updj (v,r)(x) — v(x)| < . The OST variant is given as follows.

THEOREM 4.5 (OST VARIANT). Let {X,}," be a supermartingale adapted to a filtration ¥ =
{Fn}ory, and k be a stopping time wir.t. the filtration F. Suppose that there exist positive real numbers
b1, by, c1, ¢9, €3 such that ¢y > c3 and
(A1) P(k > n) < c; - e~ 2™ for sufficiently largen € N, and
(A2) foralln e N, | X1 — Xp| < by - nb2 . %" holds almost surely.

Then we have that E (|X,|) < o and E (X)) < E(Xp).

Our OST variant relaxes the classical OST that we allow the next random variable X,,;; to be
bounded by that of X,, with a multiplicative factor e®. The intuition is to cancel the multiplicative
factor with the exponential decrease in P(k > n) < c¢;-e~“". We note that the exponential decrease
is essential to cancel multiplicative scaling in score statements, as shown in challenges and gaps
in Section 1. The proof resembles [55, Theorem 5.2] and can be found in the full version [57].

Below we show how our OST variant can be applied to handle bounded-update score-recursive
programs. Fix a bounded-update score-recursive WPTS II in the form of (). We reuse the expected-
weight transformer defined in Definition 4.2 and potential weight functions given in Definition 4.3.
The difference with our fixed-point approach is that we no longer require that the score function
wt; in (1) equals one for locations that do not lead to termination.

THEOREM 4.6 (OST ApProACH). Let I be a bounded-update score-recursive WPTS. Suppose that
there exist real numbers ¢; > 0 and ¢y > ¢3 > 0 such that
(E1) P(T > n) < ¢y - e~ for sufficiently largen € N, and
(E2) for each score function wt in I1, we have |wt| < e.
Then for any polynomial PUWF (resp. PLWF) h over I1, we have that [I]y,, (RY) < h(linit, Vinit)
(resp. [I]v, (R2l) > h(binit, Vinit) ) for any initial state (i, Vinit), respectively.

Proor SKETCH. For upper bounds, we define the stochastic process {X,},>; as X, := h(£,, V,)
where (£,,v,) is the program state at the n-th step of a program run. Then we construct another
stochastic process {Y,,}7”  such that ¥, := X, - "L W; where W is the weight at the i-th step of

the program run. We consider the termination time T of IT and prove that {Y,}, , satisfies the
prerequisites of our OST variant (Theorem 4.5) by matching (A1) with (E1) and (A2) with (E2).

Proc. ACM Program. Lang., Vol. 8, No. PLDI, Article 202. Publication date: June 2024.



Static Posterior Inference of Bayesian Probabilistic Programming via Polynomial Solving 202:13

Then by Theorem 4.5, we obtain that E [Yr] < E [Yy]. By (C2) in Definition 4.3, we have that Y =
h(tr,vr)-T1" Wi = Wr. Thus, we have that [[]y,, (RI"?!) = By, [wr] = E[[15' W] <E[Y] =
h(#nit, Vinit). Lower bounds are derived similarly. The full proof is put in the full version [57]. O

REMARK 2. Our OST approach handles programs with unbounded score by weights greater than 1
that appear inside loop bodies, but with prerequisites in Theorem 4.6 (i.e., bounded update, (E1) and
(E2)) to ensure the integrability to apply our extended OST. Note that our OST approach directly handles
non-score-recursive WPTS’s as in such WPTS the score value inside loops is bounded by one. O

5 ALGORITHMIC APPROACHES

In this section, we present algorithms for our fixed-point and OST approaches. Recall the task is to
compute bounds for unrestricted expected weights over Bayesian probabilistic programs.

5.1 Fixed-point Approach for Score-at-end Programs

Our algorithm for the fixed-point approach solves a polynomial template h w.r.t the fixed point
conditions in Theorem 4.4. The details of our algorithm (inputs and stages) are as follows.
Inputs: The inputs include a score-at-end WPTS II = (V}, Vi, L, finit, fouts Hinit» D, T) parsed from
a Bayesian probabilistic program P written in our PPL, and extra parameters d, m, for which d
is the degree of the polynomial to be solved and m is the number of partitions that divides the
support supp (Uinit) of the initial distribution uniformly into m pieces for which our algorithm
solves a polynomial for each piece. Note that whether a WPTS is score-at-end or not can be done
by checking the score statement and applying techniques from [9, 11] to check AST.

Stage 1: Pre-processing. Our algorithm has the following pre-processing to obtain auxiliary
information for the input WPTS.

Invariant: To have an over-approximation of the set of reachable program states, our algorithm
leverages external invariant generators (such as [45]) to generate numerical invariants for the
WPTS. We denote the generated invariant at each location ¢ by I(£) and treat each invariant I(¢)
directly as the set of program valuations satisfying I(¢).

Bounded range: Our algorithm calculates a bounded subset B of program valuations encoded as a
logical formula @5 (so that B = {v | v |= ®g}) by heuristics. A simple heuristic here would be to
run the WPTS for a small number of transitions and determine the bounded range of each program
variable as the range covered by these transitions. The input WPTS will be truncated onto the
bounded range B to increase the accuracy of the polynomial solving. Moreover, our algorithm
calculates an extended bounded range B” of B by examining all transitions from B, i.e., for all v € B,
all locations ¢ # £out and all weighted forks F = ([J’., pj, upd e wt;j) in some transition with source
location ¢ and all r € supp (D), we have that updj (v,r) € B’. Note that the exact choice of the
bounded range is irrelevant to the soundness of our fixed-point approach.

Polynomial approximation: In the case that the score function g at the termination is non-polynomial,
our algorithm leverages external polynomial interpolators to calculate a piecewise polynomial
approximation of g over B’ with an error bound € > 0 such that |g(v) — ¢’(v)| < eforall v e B’.
Our algorithm then replaces g with ¢’ to avoid non-polynomial arithmetic. We prove that the
replacement is sound up to the additive error € in our full version [57].

Example 5.1. Recall the Pedestrian example in Section 2.1 and its WPTS II in Fig. 4. We choose
the algorithm parameters as d = 1 and m = 30 to exemplify our algorithm. We derive an invariant I
simply from the loop guard so that I(£nit) = pos > 0 and I(£out) = pos < 0. As the program variables
start, step simply receive samples, we only consider the key program variables pos, dist. The
bounded range is denoted by B = {(pos, dis) | pos € [0,5],dis € [0,5]}, and the extended bounded
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range is given by B’ = {(pos, dis) | pos € [—1,6],dis € [0, 6]}. Since the program is score-at-end and
its score function g at the termination is non-polynomial (i.e., g(dis) = pdf (normal(1.1,0.1), dis)),
we choose a polynomial approximation ¢’ of g with the error bound € = 107°. O

Stage 2: Partition. Our algorithm splits the set V' := supp (uinit) of initial program valuations
uniformly into m > 1 disjoint partitions V}, ..., V,, and construct a set W = {vy,...,v;,} such
that each v; € V;. Our approach tackles each V; (1 < i < m) separately to obtain polynomial

bounds [;, u; such that [;(v) < [[H]]V(RM') < u;(v) for all v € V. It follows that the interval bound
for [TTIJ(R!"?!) can be derived by integrals of polynomial bounds over all V}’s, that is,

; /V i) (d) < [ R = A [ (R - e (dv) < ; A (Ve (AV). ()

Example 5.2. We obtain the set V = {(pos, dis) | pos € [0, 3], dis = 0}, and partition V uniformly
into m = 30 disjoint subsets on the dimension pos, i.e., V; = {(pos,dis) | pos € [0,0.1],dis =
0}, ..., Va0 = {(pos,dis) | pos € [2.9,3],dis = 0}. We calculate the midpoints of the dimension pos
for all ‘V;’s, and construct the set ‘W = {(0.05,0), (0.15,0),..., (2.95,0)}. m]

Stage 3: Truncation. Our algorithm performs a truncation operation to improve the accuracy.
Intuitively, the truncation operation restricts the program values into the bounded range B calculated
from the pre-processing, and over-approximates the expected weight outside the bounded range by
a truncation approximation. A truncation approximation is a function M : RIY»| — [0, c0) such that
each M(v) is intended to be an over- or under-approximation of the expected weight [II], (R!"!)
outside the bounded range B. The truncation operation is given as follows.

Definition 5.3 (Truncation Operation). Given the bounded range B and a truncation approximation
M the truncated WPTS Ilp pq is defined as TIg pq := (V, Vi, L U {#}, finit, fouts finits D> T M) where
# is a fresh termination location and the transition relation T g A1 is given by

Tam ={{dANDg, F1,....Fx) | (£, P, F1,...,Fx) € T and € # Loy}

UL d A (=Bg), FM L FM¥Y (0, By F) € Tand € # fou) )
U {(bour, true, Fy, ), (#, true, Fy)}

for which (a) we have F, := (£, 1, id, 1) (£ € {£ou, #}) where id is the identity function and 1 is the
constant function that always takes the value 1, and (b) for a weighted fork F = (¢’, p, upd, wt) in
the original WPTS II we have F ME .= Fif ¢ = £, and FM¥ = #, p, upd, M) otherwise.

Informally, we obtain the truncated WPTS by restraining each transition to the bounded range B
and redirecting all transitions jumping out of the bounded range but not into the location £y to the
fresh termination location #. We add the self-loop (4, true, Fy) to ensure determinism and totality.

We call a truncation approximation M upper (reps. lower) if for all reachable state (¢, v) such
that v ¢ B, it holds that [IT], (RI"?l) < M(v) (resp. [Ty (R"?!) > M(v)). We prove the correctness
that [I]y, (R < [Mp pm]v,, (RI"?!) for all initial program valuations viy;; if M is an upper
truncation approximation, and [[]y,, (R"?!) > [[Ig sy, (R!"!) if M is lower. The detailed
theorem statement and proof is given in Wang et al. [57].

To calculate truncation approximations, our algorithm takes a bound M for the score function and
has 0 and M as the trivial lower and upper truncation approximations. To sharpen the truncation
approximations, our algorithm either utilizes the monotonicity of program variables to tighten the
estimation of the values of the score function at the termination, or derives polynomial truncation
approximations by applying polynomial solving to our fixed-point approach without truncation.

Proc. ACM Program. Lang., Vol. 8, No. PLDI, Article 202. Publication date: June 2024.



Static Posterior Inference of Bayesian Probabilistic Programming via Polynomial Solving 202:15

Example 5.4. We choose the bounded range [0, 5] X [0, 5] that specifies [0, 5] for both the variable
pos, dis. The truncation approximations are set to My, = 2.1 X 107°** and Myqy, = 0. The values
2.1x 10733, 0 are calculated by the monotonicity of the density function pdf(normal(1.1,0.1), dis)
and the values of dis at 5, 6, respectively. We obtain two truncated WPTS’s IIg s, and I1g pq,,,,. O

Stage 4: Polynomial Solving. Our algorithm establishes d-degree polynomial templates for
1 m,, and IIg a4, . and derives polynomial upper and lower bounds for the expected weights
Mg My, v, (RI%ely and g a4, v, (RI%?!) for each initial program valuation v; € V; in ‘W by
solving the templates w.r.t the PUWF and PLWF constraints (i.e., (C1), (C2), (C1’) from Definition 4.3),
respectively. The correctness of this stage follows from Theorem 4.4 and that polynomials are
bounded over a bounded range. Below we present the details in Step A1 - A3. We focus onIlg m,,
and polynomial upper bounds. The case of lower bounds considers ITIg pq,, and is similar.

Step A1. In this step, for each location £ ¢ {£yy, fi}, our algorithm sets up a d-degree polynomial
template h, over the program variables V,,. Each template is a summation of all monomials in
the program variables of degree no more than d, for which each monomial is multiplied with an
unknown coefficient. For £ € {£,u, #}, our algorithm assumes h, = 1.

Step A2. In this step, our algorithm establishes constraints for the templates h,’s from (C1), (C1’)
in Definition 4.3 (as (C2) is satisfied directly by the form of h;). For every location £ € L\ {fou, i},
we have the following relaxed constraints of (C1) to synthesize a PUWF over I1g u,,,:

(D1) For every program valuation v € I(£) N B, we have that ewt(h)(¢£,v) < h(¢, V).
(D2) For every program valuation v € I(£) N (B \ B), we have that My, (v) < h(¢£,v).

For lower bounds over IIg ., our algorithms have the relaxed PLWF constraints (D1’) and
(D2’) which are obtained from (D1) and resp. (D2) by replacing “ewt(h)(£,v) < h(¢,v)” with
“ewt(h)(£,v) > h(¢£,v)” in (D1) and resp. “My,(v) < h(f,v)” with “Miow(v) > h(£,v)” in (D2),
respectively. We have that (D1) and (D2) together ensure (C1) since My, (v) < h(#,v) implies that
ewt(h)(¢,v) < h(¢,v) for every location ¢ € L\ {£ou, 1} and program valuation v € I(¢) N (B’ \ B).
The same holds for (D1°) and (D2’).

Note that in (D1), the calculation of ewt(h) (¢, v) has the piecewise nature that different sampling
valuations r may cause the next program valuation to be within or outside the bounded range, and
to satisfy or violate the guards of the transitions in the WPTS. In our algorithm, we have a refined
treatment for (D1) that enumerates all possible situations for a sampling valuation r that satisfy
different guards in the calculation of ewt(h) (¢, v), for which we use an SMT solver (e.g., Z3 [14])
to compute the situations. As for (D2), we use (D2) to avoid handling the piecewise feature in the
computation of ewt(h) (£, v) from within/outside the bounded range (i.e., the computation is a direct
computation over a single-piece polynomial), so that the amount of computation of ewt(h) (£, v) is
reduced by ignoring the piecewise feature. The use of (D2) to reduce the computation follows from
the extended bounded range in the pre-processing. The same holds for (D1’) and (D2’).

Example 5.5. Recall Examples 5.1, 5.2 and 5.4, we set up the 1-degree template hy, , (pos, dis) = a; -
pos+ay-dis+as withe unknown coefficients ay, as, a3 € Rand hy(pos, dis) = 1 for £ = {€yy, §}. Then
the bounded range D; = I(£yit) N B in (D1) is defined such that pos € [0,5] A dis € [0,5]. Consider
to derive upper bounds from I1g A1,,. We make a fine-grained treatment for (D1) by splitting the
range D and enumerating all possible situations for the sampling valuation sample uniform(0, 1)
that the next program valuation satisfies or violates the loop guard “pos > 0”. In detail, Dy is split
into Dy; = {(pos, dis) | pos € [0,1),dis € [0,5]} and Dy, = {(pos, dis) | pos € (1,5],dis € [0,5]},
where Dy; stands for the situation that with different sampling valuations the next program
valuation may satisfy the loop guard (so that the next location is #pit) or violate the loop guard (so
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that the next location is directed to £,), and D;, stands for the situation that the next program
valuation will definitely satisfy the loop guard and the next location is £y

We first show the PUWF constraints for IIg ,,- Recall that the program has two probabilistic
branches with probability 0.5. When the current program valuation is in D;;, we observe that (a) if
the loop takes the branch pos := pos + step, then the next value of pos remains to be non-negative
and the loop continues, and (b) if the loop takes the branch pos := pos — step, then the next value
of pos either satisfies or violates the loop guard, depending on the exact value of step € [0, 1].

Then we have the constraint (D1.1) over Dy; that has expectation over a piecewise function on
step derived from whether the loop terminates in the next iteration or not, as follows:

(D1.1) Vpos,dis. pos € [0,1) Adis € [0,5] =
0.5 Bgep [[pos — step > 0] - by, (pos — step, dis + step) + [pos — step < 0] - g’ (dis + step) |
+0.5 - Eqtep [y (pos + step, dis + step) | < hg,, (pos, dis).

When the current program valuation is in D;;, we observe that the next program valuation is
guaranteed to satisfy the loop guard, and hence we have the constraint (D1.2) over Dy, as follows:

(D1.2) Vpos,dis. pos € (1,5] Adis € [0,5] =
0.5 - Estep | e (pos — step, dis + step) | +0.5 - Egrep | he,, (pos + step, dis + step)| < hy,, (pos, dis).

The range Dy = I(fnit) N (B” \ B) in (D2) is represented by the disjunctive formula ® := (pos €
[0,6] Adis € [5,6]) V (pos € [5,6] Adis € [0,6]). For the program valuation in Dy, its next location
is #;. Recall the truncation approximation My, = 2.1 X 107**. From (D2), we have two constraints
from the disjunctive clauses in @ as follows:

(D2.1) Vpos, dis. pos € [0,6] A dis € [5,6] = 2.1x 107 < h,_ (pos, dis).
(D2.2) Ypos, dis. pos € [5,6] Adis € [0,6] = 2.1 x 1073 < h;  (pos, dis).

For I g mq,, . the PLWF constraints (D1°.1) to (D2’.2) are obtained from the PUWF constraints above
by replacing “<” with “>” and 2.1 x 10733 with 0. ]
Step A3. In this step, for every initial program valuation v; € V; in ‘W where V;’s and ‘W
are obtained from Stage 2, our algorithm solves the unknown coefficients in the templates h,
(¢ € L\{fout, i}) via the well-established methods of Putinar’s Positivstellensatz [38] or Handelman’s
Theorem [23]. In detail, our algorithm minimizes the objective function hy, , (v;) for each v; in ‘W
which subjects to the PUWF constraints from the previous step to derive polynomial upper bounds
over IIg p,,. For lower bounds, we use PLWF and consider to maximize the objective function.
Note that the PUWF or PLWF constraints from Step A2 can be represented as a conjunction of
formulas in the form Vv € $.(g(v) > 0) where the set P is defined by a conjunction of polynomial
inequalities in the program variables and g is a polynomial over V}, whose coefficients are affine
expressions in the unknown coefficients from the templates, and such formulas can be guaranteed
by the sound forms of Putinar’s Positivstellensatz and Handelman’s Theorem. The application of
Putinar’s Positivstellensatz results in semidefinite constraints and can be solved by semidefinite
programming (SDP), while the application of Handelman’s Theorem is restricted to the affine case
(i-e., every condition and assignment in the WPTS or the original program is affine) and leads to
linear constraints and can be solved by linear programming (LP). The details on the application of
Putinar’s Positivstellensatz and Handelman’s Theorem are given in the full version [57].

Example 5.6. Recall Examples 5.2, 5.4 and 5.5, we have that V; = {(pos, dis) | pos € [0,0.1],dis =
0}, ..., Va0 = {(pos,dis) | pos € [2.9,3],dis = 0} and the set W = {(0.05,0), (0.15,0), ..., (2.95,0)}.
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Pick a point v; = (0.05,0) € V; from W, and to synthesize the upper bound for [IIg a1, [v, (RI%),
we solve the following optimization problem whose objective function is A, (0.05,0), i.e.,

Min 0.05 - a; + a3 s.t. constraints (D1.1)-(D2.2)

Dually, the lower bound for [IIg a4, ]v, (RI"!) is solved by Max 0.05 - a; + a3 s.t. (D1°.1)~(D2’.2).
Although the constraints are universally quantified, the universal quantifiers can be soundly (but
not completely) removed and relaxed into semidefinite constraints over the unknown coefficients
a;’s by applying Putinar’s Positivstellensatz, where we over-approximate all strict inequalities (e.g.,
”<”) by non-strict ones (e.g., “<”). Then we call an SDP solver to solve the two optimization problems
and find the solutions of a;’s, which will generate two polynomial bound functions Up;, Lw; such
that [[Hg,Mup}]v(RWP‘) < Upi(v)+eand Lwy(v) —€ < [[HB,MIOW}]V(RWP‘) for all program valuation
v € V; with the polynomial approximation error € = 107°. O

Stage 5: Integration. As a consequence of Stage 4, our algorithm obtains polynomial upper bounds
Upper = {Up1,...,Upm} for the expected weights {[IIg m,,[v, (R, ., Mg My, Iv,m (R}

w.r.t. the m partitions V,, ..., V,,. Then our algorithm integrates these polynomial upper bounds
to derive the upper bound for [IIg m,, | (RI%!). In detail, we have that
[Mpm, J(RY) < 37, fv,- Upi(v) - Ldv=:u (2)

Similarly, the lower bound for [[Ig . ]J(R!%!) is given by
l=3" /‘V,- Lw;(v) - dv < [IIg pm,,, J(RI%) (3)

with the polynomial lower bounds Lower = {Lwy, ..., Lw,,} generated in Stage 4. Note that [/, u]
is also the interval bound for the original [II[(RI%!) as [II5 a1, Jvie (R < [y, (R <
[T, Moy Dvini (R!%!) for all initial program valuations vin;. The details are in the full version [57].
If the score function g at the termination is non-polynomial, our algorithm integrates the
polynomial approximation error ¢ = volume(V) - € caused by its polynomial approximation g’ to
the two bounds, i.e, I’ =] — ¢ and ' = u + ¢, where volume (V) is the volume of V and € is the
error bound. In practice, to ensure the tightness of the interval bounds, we can control the amount
of € so that the approximation error ¢ is at least one magnitude smaller than the values of [, u.
The correctness of our algorithm is stated as follows. The pseudo code is in Algorithm 1.

THEOREM 5.7 (SOUNDNESS). If our algorithm finds valid solutions for the unknown coefficients in
the polynomial templates, then it returns correct interval bounds for [IT](RI"?)).

Proor. Let h;’s (¢ € L) be the solved polynomial templates. Since the extended range B’ is
bounded, we can find a bound M such that all the values these h,’s take fall in [-M, M] within B’.
By applying Theorem 4.4 to the truncated WPTS and Eq. (#), we obtain the desired result. O

5.2 OST Approach for Bounded-Update Score-Recursive Programs

The algorithm for our OST approach over bounded-update score-recursive programs follows
similar stages as for our fixed-point approach. The main difference lies at the pre-processing and
truncation stages. In the pre-processing stage, the difference includes the following: (i) To apply
Theorem 4.6, our approach checks the prerequisites (E1) and (E2) by external approaches. For
example, the condition (E1) can be checked by existing approaches in concentration and tail bound
analysis [12, 52], and the condition (E2) by SMT solvers. (ii) Our current algorithmic approach does
not tackle score statements with non-polynomial score functions inside a loop body. In general,
non-polynomial score functions inside the loop body can also be handled by piecewise polynomial
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Algorithm 1: The Algorithm for Fixed-Point Approach

Input :A score-at-end WPTS II, Parameters d, m
Output:The upper bound u and the lower bound [ for [II] (RI%])

Pre-processing: (1) Invariant generation I. (2) Bounded range B and extended bounded range B’. (3)
Polynomial approximation for non-polynomial score function at termination.
Partition: Splits the set V := supp (uinit) into m > 1 disjoint partitions V1, ..., Vi, and construct a
set W ={vy,..., v} s.t.v; € V.
Truncation:
(1) Restricts the program values into the bounded range B;
(2) Over (resp. under) -approximate the expected weight outside the bounded range B with truncation
approximation Myp (resp. Mioy);
(3) Construct the truncated WPTS Ilg Map (resp. I1g A4y, ) for upper (resp. lower) bounds.

Polynomial Solving: Establish d-degree template h and constraints over h,

for each ¢ do
Establish constraints (D1) (within truncate range I(£) N B) and (D2) (outside truncated range

I(¢) N (B"\ B)); /* upper bound */
Establish constraints (D1’) (within truncate range I(¢) N B) and (D2’) (outside truncated range
I(t)n (B"\ B)); /% lower bound */
end

Optimize hg, (v;) for each v; in W with the constraints above, and produce polynomial upper and
lower bounds Upper = {Up1,...,Upm}, Lower = {Lwy,...,Lwp}.

Integration: Integrate the upper and lower bounds,

[Mp pm, JR) < 572, [ Upivdv =u, [lg p,, JRIYD > 272 [ Lwi(v)dv =: 1

approximation. A direct way is to provide upper and lower polynomial bounds for the original non-
polynomial function, which avoids the calculation of the propagation of approximation errors along
loop iterations. The same applies to sampling variables inside loop bodies with non-polynomial
probability density (or mass) functions.

In the truncation, the difference is that our OST approach derives polynomial truncation approx-
imations by applying polynomial solving to our OST approach without truncation. The soundness
of the algorithm (producing correct bounds for expected weights) follows from Theorem 4.6.

6 EXPERIMENTAL RESULTS

In this section, we present the experimental evaluation of our approach over a variety of benchmarks.
First, we show that our approach can handle novel examples that cannot be addressed by existing
tools such as [18, 19, 25, 35]. Then we compare our approach with the state-of-the-art tool GuBPI [4]
over score-at-end Bayesian programs. (Note that GuBPI could only handle score-at-end programs.)
Finally, even though the problem of path probability estimations is not the focus of our work,
we demonstrate that our approach works well for this problem, for which we also compare the
performance of our approach with GuBPL. We implement our algorithms in Matlab. All results are
obtained on an Intel Core i7 (2.3 GHz) machine with 16 GB of memory, running MS Windows 10.

6.1 Experimental Setup

Since our approach is completely orthogonal to GuBPI, we conservatively have the experimental
setup in order to minimize the advantage of the external inputs to our algorithms in the comparison.
Inputs. All benchmarks are in the form of a single while loop. We set two locations for each
benchmark, i.e., £yt for the entry of the while loop and £y for termination. We denote the loop
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guard by ¢. We implement a parser from probabilistic programs into WPTS’s in F#. We conduct our
experiments with various parameters combination of d, m and present the results in Tables 1 to 3.

Stage 1: Pre-processing. The pre-processing is illustrated as follows.

Invariant: We take the conservative setting that simply derives the invariant from the loop guard ¢
so that I(fin;t) = ¢ and I(£oyr) = —.

Bounded range: To minimize the advantage of the choice of the bounded range to our approach,
we have a conservative setting that has the bounded range to cover a majority part of program
executions. Having a smaller bounded range would result in more accurate results, as polynomial
solving is more accurate over a smaller bounded range. In detail, for each program variable x, we
have B/ as the interval that is the projection of the support of the initial distribution onto the
variable x. Then we choose a large deviation J for all B} (x € ) to get intermediate intervals IB,,
i.e, each IB, is given by IB, := [{1 — §, {3 + 8] where [(1, {z] = By/. The final bounded range B is
given as the intersection of the Cartesian product of all IB,’s and the loop guard.

Polynomial approximation: In the case that the input is a score-at-end Bayesian program and the
score function is non-polynomial, we use the polynomial interpolator in Matlab to obtain a piecewise
polynomial approximation for the score function. We do not have polynomial approximations in
our OST approach since the benchmarks considered do not have non-polynomial score functions.

Stage 2: Partition. We partition the set of initial valuations uniformly into m disjoint subsets
W, ..., Vn, and choose the midpoints v; of each partition V.

Stage 3: Truncation. Our approach calculates the truncation approximations as described in Sec-
tion 5. For score-at-end programs, our approach either gets them by the direct bounds from the
score function, further improves them by heuristics such as monotonicity, or derives polynomial
truncation approximations by applying polynomial solving to our fixed-point approach without
truncation. For score-recursive programs, our approach gets the truncation approximations by
directly applying polynomial solving under our OST variant without truncation.

Stage 4: Polynomial solving. In applying the Positivstellensatz’s, we use the LP solver in Matlab
(resp. Mosek [1]) for solving linear (resp. semidefinite) programming, respectively.

6.2 Results

We focus on unbounded while loops as they distinguish our approach with previous approaches
most significantly, and compare with the most relevant tool GuBPI [4]. To compare our approach
with GuBPI fairly, our measurement of the time cost of our approach includes the time taken to
generate all the extra inputs.

NPD - Novel Examples. We consider 10 novel examples adapted from the literature, where all 7
examples with prefix “Pp” or “RDWALK” are from [4], the two “RACE” examples are from [52],
and the last example is from statistical phylogenetics [41] (see also Section 2). Concretely, the
“RACE(V2)” and “BIRTH” examples are both score-recursive probabilistic programs with weights
greater than 1, and thus their integrability condition should be verified by the existence of suitable
concentration bounds (see Theorem 4.6); other examples are score-at-end probabilistic while loops
with unsupported types of scoring by previous tools (e.g., polynomial scoring score(y) where y is a
single-variable polynomial). Therefore, no existing tools w.r.t. NPD can tackle these novel examples.
The results are reported in Table 1, where the first column is the name of each example, the second
column contains the parameters of each example used in our approach (i.e., the degree d of the
polynomial template, the number m of partitions and the bounded range of program variables),
the third column is the used solver, and the fourth and fifth columns correspond to the runtime
of upper and lower bounds computed by our approach, respectively. Our runtime is reasonable,
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Table 1. Results for Novel Examples

Benchmark Parameters Solver gpp er L'ower
Time (s) | Time (s)

Pp(v1) d = 6, m = 60,pos, dis € [0,5] SDP 54.65 52.39
Race(v1) d=6,m=40,ht € [0,5] LP 87.43 86.27
RACE(V2) d=6m=40,ht € [0,5] LP 81.19 81.18
RpWALK(V1) d=6m=60,x,y € [0,5] LP 46.65 47.72
RDWALK(V2) d=6,m=60,x19 € [0,5] LP 97.45 103.65
RDWALK(V3) d=6m=60,x,y € [0,5] LP 48.61 49.39
RpWALK(V4) d=6,m=60xy € [0,5] LP 98.75 98.21
PpMB(v3) d =4, m=60,pos,dis € [0,5] LP 15.26 14.57
PDMB(v4) d = 4,m = 60, pos, dis € [0,5] LP 16.07 16.12
BIRTH d =6, m = 40, lambda € [0, 2], time € [0, 10] LP 14.72 16.66

" It is a score-recursive probabilistic program with weights greater than 1.

start

(a) Pp(v1) (b) RACE(V2)

0 05 1 15 2 25 3
start

(c) ROWALK(V1) (d) PDMB(v3) (c) PDBETA(V1) (d) PpBETA(V2)

Fig. 6. NPD Bounds of Novel Examples Fig. 7. NPD Bounds of Comparison

The red and the blue lines mark the upper and lower bounds of our results; the black bold
stars mark the simulation results; the brown and green dotted lines mark the upper and lower
bounds generated by GuBPI (we denote by —0.1 the infinity bounds).

that is, most examples can obtain tight bounds within 100 seconds, and the simulation results by
Pyro [5] (10° samples per case) match our derived bounds. We display part of the comparison in
Fig. 6, see our full version [57] for other figures.

NPD - Comparision with GuBPI [4]. Since the parameters used in GuBPI and our approach are
completely different, it is infeasible to compare the two approaches directly. Instead, we choose
the parameters to our algorithms that can achieve at least comparable results with GuBPI. The
main parameters are shown in Table 2. We consider the Pedestrian example “Pp” from [4] (see also
Section 2.1), and its variants. For the variants of “Pp”, we enlarged the standard deviation of the
observed normal distribution to be 5 in all 6 variants whose prefix name are “Pp”; for the four
“PDBETA” examples, we also adjust the original uniform sampling uniform(0, 1) in the loop body by
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Table 2. Comparison with GuBPI

Benchmark Our Tool GuBPI
Parameters | Solver | Time (s) | # | Time (s) | #
Pp d =10, m = 60, pos, dis € [0, 5] SDP 3176.685 | ® | 5266.063 | e
PpLD d =6, m = 60, pos, dis € [0, 5] LP 4199 || 648.151 | e
PpBETA(V1) | d =6, m=60,pos,dis € [0,5] LP 99.86 e | 645.055 | o
PpBETA(V2) d = 6,m = 60, pos, dis € [0,5] LP 228.43 ° 653.237 o
PDBETA(V3) d = 6,m = 60, pos, dis € [0, 5] LP 101.36 o | 657.645 | o
PDBETA(v4) | d = 6,m = 60, pos, dis € [0, 5] LP 20886 | o | 686207 |o
PODMB(v5) | d =6, m = 60,pos,dis € [0, 5] LP 88.41 | e | 391772 | e
PARA-RECUR d=8m=60,p e [0,1] LP 36.61 o | 253728 | e

" o marks the trivial bound [0, 0], while ® marks the non-trivial ones.

different beta distributions. The main purpose to introduce these variants is to test the robustness
of our approach. The last example is from [18].

We report the results in Table 2 whose layout is similar to Table 1 except that the column “#”
displays whether or not the bounds are trivial, i.e., [0, co]. We also compare our results with GuBPT’s
and simulation results (10° samples per case), and show part of the comparison in Fig. 7 (see Wang
et al. [57] for other figures). Our runtime is up to 15 times faster than GuBPI while we can still
obtain tighter or comparable bounds for all examples. Specifically, for the first example “Pp”, our
upper bounds are a bit higher than GuBPI's when the value of start falls into [0, 0.7] (which is not
suprising as the deviation of the normal distribution in this example is quite small, i.e., 0.1, and
our approach constructs over-approximation constraints while GuPBI uses recursion unrolling to
search for the feasible space exhaustively), but our lower bounds are greater than GuBPI’s, and our
NPD bounds are tighter in the following.”> Note that the simulation results near 1 deviates largely
from our bounds, for which a possible reason is that Pb is a difficult example whose simulation
results can have high variances. For all 6 variants of “Pp”, our NPD bounds are tighter than GuBPIs,
in particular, our upper bounds are much lower than GuBPI’s. For the four “PDBETA” examples, we
found that GuBPI produced zero-valued unnormalised lower bounds, and its results w.r.t. NPD are
trivial, i.e., [0, co]. However, we can produce non-trivial results and our runtime is at least 2 times
faster than GuBPI. We believe that the main reason why our approach outperforms GuBPI is that
GuBPI has widening that may lose precision, while our approach uses polynomial solving with
truncation to achieve better precision.

Path Probability Estimation. We consider five recursive examples in [4, 44], which were also cited
from the PSI repository [18]. Since all five examples are non-paramteric and with unbounded
numbers of loop iterations, PSI cannot handle them as mentioned in [4]. We estimated the path
probability of certain events, i.e., queries over program variables, and thus constructed a new
bounded range for each query Q by the conjunction of the corresponding B (see Stage 3 in Sec-
tion 6.1) and query Q. The results are reported in Table 3 where the second column corresponds to
different queries, and the parameters in the third column are the degree d, the number m and the
bounded range, respectively. For the first three examples, we obtained tighter lower bounds than
GuBPI and same upper bounds, while our runtime is at least 2 times faster than GuBPIL. Moreover,
we found a potential error of GuBPL That is, the fourth example “cav-ex-5" in Table 3 is an AST
program with no scores, which means its normalising constant should be exactly one. However,

SWhen the value of start approaches 3, our NPD bounds is close to zero, but the upper bounds may be lower than zero,
which is caused by numerical issues of semi-definite programming.
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Table 3. Results for Path Probability Estimation

Benchmark | Query Our Tool GuBPI Simul
Parameters ‘ Time (s) ‘ Bounds Time (s) ‘ Bounds

I 01 6,1, [0, 30], [0, 4] 15.062 | [0.9698, 1.0000] | 38.834 | [0.7381,1.0000] | 0.9938
02 6,1, [0,40], [0, 4] 16321 | [0.9985,1.0000] | 37.651 | [0.7381,1.0000] | 0.9993
01 6,1, [0, 10], [0, 1] 3.85 [0.9940,1.0000] | 21.064 | [0.9375,1.0000] | 0.9991

AppUNI(L)
Q2 6,1, [0,15], [0, 1] 3.80 [0.9995,1.0000] | 14.941 | [0.9375,1.0000] | 0.9999
RpBox 01 | 4,1,[-0.8,0.8],[0,10] | 25.87 | [0.9801,1.0000] | 173.535 | [0.9462,1.0000] | 0.9999
v | Q1 6,1, [20, o], [0, 10] 3317 | [0.8251,0.9351] | 229.623 | [0.5768,0.6374] | 0.9098
Q2 6,1, [20, 0], [0, 20] 38.373 | [0.9405,1.0000] | 224.504 | [0.5768,0.6375] | 0.9645
J— 01 8,1, [1, 0], [0,0.1] 7.255 | [0.0023,0.0023] | 33.246 | [0.0023,0.0024] | 0.0023
02 8,1, [1, 0], [0,0.2] 8197 | [0.0025,0.0025] | 31.728 | [0.0025,0.0025] | 0.0025

" GuBPI’s result contradicts ours, and we found GuBPI produces wrong results for this example.
As we care about path probabilities, we compared bounds of unnormalised distributions for this example (the NPD can be derived in the same
manner above).

the upper bound of the normailising constant obtained by GuBPI is smaller than 1 (i.e., 0.6981).
A simulation using 10° samples yielded the results that fall within our bounds but violate those
by GuBPL Thus, GuBPI possibly omitted some valid program runs of this example and produces
wrong results. All our results match the simulation (10® samples per case).

7 RELATED WORKS

Approximate methods. Statistical approaches such as MCMC [17, 42], variational inference [6]
and Hausdorff measure [39] cannot provide formal guarantees for the outcomes w.r.t. posterior
distributions in a finite time limit. The work [24] proposes a novel sampling framework by combining
control-data separation and logical condition propagation, which is actually approximate methods.
In contrast, our approach has formal guarantees on the derived NPD bounds.

Guaranteed NPD inference. Most works on guaranteed inference (such as (1)PSI [18, 19], AQUA [25],
Hakaru [35], SPPL [43], etc.) are restricted to specific kinds of programs, e.g., programs with
closed-form solutions to NPD or without continuous distributions, and none of them can handle
unbounded while-loops/recursion. The most relevant work [4] infers the NPD bounds by recursion
unrolling. Our approach circumvents the path explosion problem from recursion unrolling by
polynomial solving, and outperforms this approach over various benchmarks. Several recent
works [27, 59] consider efficient posterior inference in Bayesian Probabilistic Programming. Note
that PGF-based inference methods [27, 59] can only be applied in discrete probabilistic programs.
[27] presents an extended denotational semantics for discrete Bayesian probabilistic while loops
and performs exact inference for loop-free programs and a syntactic class of AST programs,
while [59] calculates the PGFs in Bayesian probabilistic programs efficiently using approximation
and automatic differentiation, but cannot handle while loop. Our methods can handle continuous
Bayesian probabilistic programs and derive tight bounds for posterior distributions.

Static analysis of probabilistic programs. In recent years, there have been an abundance of works on
the static analysis of probabilistic programs. Most of them address fundamental aspects such as
termination [9, 11, 16], sensitivity [2, 54], expectation [3, 36, 55], tail bounds [28, 51, 53], assertion
probability [44, 52], etc. Compared with these results, we have that: (a) Our work focuses on
normalised posterior distribution in Bayesian probabilistic programming, and hence is an orthogonal
objective. (b) Although our algorithms follow the previous works on polynomial template solving [9,
10, 12, 55], we have a truncation operation to increase the accuracy which to our best knowledge is
novel. (c) Our approach extends the classical OST as the previous works [51, 55] do, but we consider
a multiplicative variant, while the work [55] considers only additive variants.
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