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ABSTRACT   

Phase is an important component of an optical wavefield bearing the information of the refractive index, optical 
thickness, or the topology of the specimen. Phase retrieval is a central problem in many areas of physics and optics since 
the phase of a wavefield is not accessible directly. The most well-established method for obtaining quantitative phase is 
through interferometry, such as digital holography. However, this class of methods relies on coherent illumination, 
therefore, plagued with problems of speckle that prevent the formation of high quality images. On a different note, 
quantitative phase can be retrieved by transport-of-intensity equation (TIE) using only object field intensities at multiple 
axially displaced planes. TIE has been increasingly investigated during recent years due to its unique advantages over 
interferometric techniques: it is non-interferometric, works with partially coherent illumination, computationally simple, 
no need to phase unwrapping, and does not require a complicated optical system. In this paper, we will review some 
recent new developments in TIE phase retrieval: including its numerical solution, treatment of boundary problem and the 
low-frequency artifacts, and configurations for dynamic phase imaging. We also reexamine TIE in terms of phase-space 
optics, demonstrating the effect of partially coherent illumination on phase reconstruction, and connecting it to light field 
imaging at the geometry optics limit. 
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1. INTRODUCTION 
When it comes to "phase measurement" or "quantitative phase imaging", many people will automatically connect them 
with "laser" and "interferometry". Indeed, conventional quantitative phase imaging and phase measurement techniques 
rely heavily on the superposition of two beams with a high degree of coherence: complex interferometric device, 
stringent requirement on the environmental stability, and associated laser speckle noise greatly limit its applications in 
the field of microscopic imaging. On the other hand, in spite of the insufficiency for interferometry, mircoscopists and 
biologists tend to use partially coherent illuminations (like Kohler's illumination in a conventional microscope) to 
achieve optimum spatial resolution, higher signal-to-noise ratio, and better image quality. To compensate for the inability 
to get the quantitative phase information, they also combine various types of sophisticated phase contrast imaging 
technology to make phase specimens become visible.  

Although phase objects cannot be observed directly, they incessantly, and implicitly manifest their existence: the 
twinkling of stars in the night, the distorted scene outside the window in the rain, the network of bright lines at the 
bottom of a swimming pool in the sunshine. These are all manifestations of phase, implying the inextricably ties between 
phase and intensity of light wave. In 1983, Teague [1] first establish the quantitative relationship between the 
longitudinal intensity variation and phase of transporting light with use of a second-order elliptic partial differential 
equation, so called transport of intensity equation. With only intensity measurements at several distances along its 
propagation direction, the phase can be quantitatively retrieved by solving the equation deterministically, without 
resorting to interferometry or separated reference wave. 
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3. SOLUTION 
TIE is an elliptic partial differential equation for the phase function φ . With a specified boundary condition, one may 
find a unique solution provided that the intensity distribution is strictly positive [3]. That is, the phase can be uniquely 
determined by solving TIE with determined intensity and longitudinal intensity derivative (by simply capturing a 
minimum of two intensity images at different z planes and using them to estimate I z∂ ∂ ).  Though everything looks 
quite easy and straightforward, the rigorous implementation of the TIE phase retrieval tends to be difficult because the 
corresponding boundary conditions are not easy to obtain in practice. Such boundary conditions are usually based on a 
priori knowledge [4], for example, if the sample is isolatedly placed in the center of the camera field of view (FOV), 
surrounded by a unperturbed plane wave, then one can safely define some simplified boundary conditions, e.g., the 
homogeneous Dirichlet/Neumann boundary conditions, or the periodic boundary conditions. In this case, the most 
popular fast Fourier transform (FFT) based TIE solver [5-7] works well because it implies periodic boundary conditions 
due to the cyclic nature of the discrete Fourier transform. However, this situation is rather restrictive and does not reflect 
general experimental conditions. When the actual experimental situation violates those imposed assumptions, e.g., 
objects are located at the image borders, severe boundary artifacts will appear, seriously affecting the accuracy of the 
phase reconstruction [4, 8, 9]. To our knowledge, the boundary error problem is one major obstacle for the TIE to 
gaining extensive applications in the field of high-precision phase measurement. 
 

 
Fig. 3 The boundary conditions for a partially differential equation. 

The most well-known fast TIE solver is proposed by Paganin and Nugent [7], which involves the use of FFT to 
implement the inverse Laplacian operator. Despite its popularity, it implies periodic boundary conditions, forcing the 
phase outside the domain to be periodically extended. When the opposite boundaries of the true phase distribution match 
poorly, this periodic assumption can cause serious boundary error across the reconstructed phase [4, 10]. It can be 
expected since generally the phase at the right boundary has nothing to do with the phase at the left boundary.  
Alternatively, Volkov et al. [8] suggest to symmetrically extend the intensity images into a four times larger size before 
using Paganin and Nugent’s FFT-based solver to remedy the boundary error problem. This method has proven to work 
well in certain circumstances. Actually, taking the data outside the domain as a reflection of the data inside is equivalent 
to imposing two special cases of the (homogeneous) Dirichlet and the Neumann boundary conditions [4]. In spite of the 
value of this technique, it does not guarantee the elimination of the boundary artifacts. It can still create significant 
boundary artifacts since the assumed boundary conditions may not coincide with the ground truth data. Figure 4 shows 
an example of boundary artifacts arising from a simulated complex object extending across the image boundary, 
reconstructed using the Paganin and Nugent’s standard FFT-based method (Fig. 4(d)), the even symmetric extension 
method (Fig. 4(e)), and the odd symmetric extension method (Fig. 4(f)). Note severe boundary errors can be obviously 
observed in all results because of the fact that none of the three classes of boundary conditions ((3)-(5)) can be fulfilled 
completely. Such kind of artifacts does not just appear at image borders but propagates inside the domain and degrades 
the reconstruction accuracy prevailingly.  
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Fig. 4. Phase retrieval for a complex object covering the image boundary. (a) Phase distribution. (b) Intensity distribution. (c) 
Axial intensity derivative. (d) Phase retrieved by the FFT-based method (periodic boundary conditions). (e) Phase retrieved by 
the even symmetrization method (Zero Dirichlet boundary conditions). (f) Phase retrieved by the odd symmetrization method 
(Zero Neumann boundary conditions). 

To this end, we recently developed a new method to solve the TIE with experimentally measurable boundary 
conditions, though an efficient numerical algorithm with use of fast discrete cosine transform (DCT) [10]. The new 
method has several substantial advantages: First, it clearly defines the TIE phase retrieval as an inhomogeneous 
Neumann boundary value problem, and the corresponding boundary values can be directly measured around a hard-
edged aperture located in the in-focus plane. Second, it is based on an elegant formulation that requires no a 
priori knowledge about the test object and special-purpose detection scheme to explicitly extract the boundary signals. 
Finally, it retains the major advantages of the FFT-based solvers – fast and computationally simple for the rectangular 
domain. The first step of the approach is to introduce a hard-edged aperture in the object plane (or its conjugated plane). 
Then the in-focus intensity image captured by the camera can be obviously represented as  

0
0 ,

0
I

I A I
othersΩ

⎧ ∈Ω
= = ⎨

⎩

r                                                                     (3) 

where 0I  is the intensity when there is no aperture; AΩ  is the aperture function ( AΩ  = 1 when ∈Ωr , AΩ  = 0 when 
∉Ωr ). The function of the aperture is to generate the required inhomogeneous Neumann boundary conditions for 

solving the TIE. Substituting Eq. (3)  into the TIE (Eq. (1)), it can be derived that for this particular intensity distribution, 
the intensity transport can be written in the following form [10] 

                         ( )2
0 0 .Ik A I I I

z n
φφ φ δΩ ∂Ω

∂ ∂
− = ∇ +∇ ⋅∇ −

∂ ∂
                                                        (4) 

where δ∂Ω  is the Dirac delta function around the aperture edge. Equation (4) suggests that the axial intensity derivative 
signals (longitudinal variations of the intensity) consist of two non-overlapping components: (1) the intensity variation 
inside the domain due to the phase slope and curvature as if the aperture is not present; (2) a delta-function-like signal 
sharply peaked at the aperture boundary, which provides the exact Neumann boundary conditions for the TIE (Eq. (4)). 
Since the whole axial intensity derivative (the LHS of Eq. (4)) is experimentally measurable through finite difference 
scheme (note the aperture must be smaller than the image FOV so that all the boundary signals can be captured), and the 
two RHS terms do not overlap in space, there is enough information to solve the TIE uniquely without requiring a prior 
knowledge of the boundary conditions. The inhomogeneous boundary value problem has been proven to be well-posed, 
because it automatically satisfies the following compatibility condition (derived from integrating both sides of Eq. (4) 
over all space) [10]: 
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The physical picture described by Eq. (5) is just the energy conservation law – the total energy (intensity) of an isolated 
region is constant and unchangeable, and the loss of energy inside the region arising from energy flow across the region 
boundary. A detailed derivation of the DCT-based solver can be found in [10], and the final solution of the phase takes 
the following form 

( ) ( ) ( )2 1 2 ,DCT DCT DCT DCT

I
k I

z
φ − − − ∂⎡ ⎤

= − ∇ ∇ ∇ ∇⎢ ⎥∂⎣ ⎦

r
r r                                                   (6) 

where DCT∇  and 2
DCT
−∇  are respectively the gradient and inverse Laplacian operator calculated through DCT-based 

approaches (see Appendix C of [10] for details). It should be noted that all the source data and related computations must 
be strictly limited to the rectangular-shaped area Ω , which includes both the aperture boundary and the region inside it 
(so that all the boundary signals can be enclosed in Ω ). In this way, the measured intensity derivative can be treated as 
one entity, without requiring special-purpose detection scheme to explicitly extract the boundary signals (which has been 
known to cause serious difficulties [11, 12]). 
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Fig. 5. Phase retrieval for a complex object covering the image boundary with the DCT-based method. (a) Phase distribution. (b) 
Intensity distribution (with a square aperture). (c) Axial intensity derivative. (d) Enlarged region corresponding to the lower right 
quarter of Fig. 1(c). (e) Enlarged region corresponding to the lower right quarter of Fig. 3(c), boundary signals can be clearly 
observed along the aperture edge (red shaded areas). (f) Phase retrieved by the DCT-based method (inhomogeneous Neumann 
boundary conditions). The red box in (f) outlines the aperture edge. 

Figure 5 shows the same sample as in Fig. 4 but reconstructed through the DCT-based approach. A rectangular 
aperture is introduced in the in-focus plane (Fig. 5(b)) and the corresponding axial intensity derivative is shown in Fig. 
5(c). From the enlarged regions shown in Figs. 5(d) and 5(e), it can be clearly seen that the aperture generates additional 
boundary signals (corresponds to the second term on the RHS of Eq. (4)), which cannot be observed in the absence of the 
aperture. With correct boundary conditions as well as the corresponding DCT-based TIE solver, the reconstructed result 
is free from any boundary artifacts, and closely matches the ground-truth image (Fig. 5(f)). This practical performance of 
this approach has been verified by applications of the micro-optics characterization [13], confirming that it effectively 
avoid the boundary error even when objects are located at the image borders. 

4. PHASE DISCREPANCY COMPENSATION  
It should be note that the standard procedure for solving the TIE includes the introduction of the so-called “Teague’s 
assumption” that the transverse flux is conservative so that an a scalar potential (auxiliary function) ψ  exists that 
satisfying 
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In this way, the TIE can be reduced to two following standard Poisson equations 

 ( ) ( )21 ,
I

z k
ψ

∂
= − ∇

∂
r

r                                                                 (8) 

and 

( ) ( ) ( )1 2 ,I ψ φ−⎡ ⎤∇⋅ ∇ = ∇⎣ ⎦r r r                                                                 (9) 

This treatment makes the TIE conveniently solvable by Fourier transform-based methods for periodic or some simplified 
homogeneous boundary conditions [6, 7], or the DCT-based method for inhomogeneous Neumann boundary conditions 
[10]. However, it is important to remark that the Teague’s auxiliary function does not always exist in practical situations 
since the transverse energy flux may not be conservative, and consequently it would produce results that would not 
adequately match the exact solution [14, 15]. This discrepancy has not yet been recognized as a significant problem since 
previously the TIE was mainly applied for weak absorbing specimens, like optical components and biological samples. 
Although in such cases the methods using Teague’s auxiliary function are not exactly accurate, they provide a very good 
approximation for the exact solution to the TIE because the transverse energy flux is nearly irrotational. However, the 
phase error is often nonnegligible and may even be relatively large when the measured sample exhibits a strong 
absorption. This obviously poses a significant problem in the practice of the TIE phase retrieval, which has been 
generally acknowledged to be quantitative. To this end, we have present the theoretical analysis of the phase discrepancy 
owing to the Teague’s auxiliary function as well as a simple iterative algorithm to compensate such phase errors [16]. 
The recovered phase is firstly pushed back to Eq. (1) to generate the intensity derivative data, and then followed by a 
consistency checking procedure with the measured I z∂ ∂ , the difference between the two intensity derivatives is called 
error signal, which is used as the source term for the next round TIE reconstruction. The algorithm usually converges 
very rapidly and the phase discrepancy can be eliminated after three to five iterations. 

 
Fig. 6. Simulation results of the iterative compensation algorithm. (a) Intensity distribution. (b) Phase distribution. (c) Phase 
error before compensation. (d) Phase error after five iterations of the compensation. 
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5. AXIAL INTENSITY DERIVATIVE ESTIMATION 
The TIE requires to know the in-focus intensity I  and axial intensity derivative I z∂ ∂ . Experimentally, I  is easy to 
obtain. However, the intensity derivative along the optic axis cannot be directly measured. Conventionally, it is 
approximated by a finite difference between two out-of-focus images, recorded symmetrically about the in-focus plane 
with z±Δ  defocus distance. 

 ( ) ( ) ( ) .
2

z zI I I
z z

Δ −Δ∂ −
≈

∂ Δ
r r r

                                                  (10) 

The phase errors originate from the noise in the captured intensities and the nonlinear error component related to the 
finite difference approximation. Since the low-frequency phase structure shows less phase contrast than the high-
frequency phase structure as the wave propagation [17-19], the TIE is very sensitive to low-frequency artifacts, 
especially when the defocus distance is chosen too small. Using a larger separation provides a better signal to noise ratio; 
nevertheless, the breakdown of the linear approximation that underlies the finite difference approximation induces 
nonlinearity errors that will reduce the phase resolution. To obtain a compromise between nonlinearity error and the low-
frequency noise, there exists an optimal distance which is dependent on both the maximum physically significant 
frequency of the object and the level of noise [20-22]. A priori knowledge of these two aspects is difficult not be known 
in advance.  

 

 
Fig. 7. Effect of the noise and nonlinearity errors on TIE phase retrieval. (a) Small defocus is sensitive to low-frequency noise; 
(b) large defocus causes phase blurring.  

To overcome this difficulty, one may simply increase the number intensity measurements at multiple planes [22, 23]. 
With more intensity measurements ( ) , ,...,0,...,j zI j n nΔ = −r , the longitudinal intensity derivative can be represented by 
their linear combination: 

 ( ) ( )
.

n
j j z

j n

a II
z z

Δ

=−

∂
≈

∂ Δ∑
rr                                                              (11) 

Thus, it offers more flexibility for improving the accuracy and noise resistance in derivative estimation. The only 
difference in these multiple planes derivative estimation methods  lies in the coefficients ia  in Eq. (11), and it has been 
found that all these method can be unified into Savitzky-Golay differentiation filter (SGDF) with different degrees if the 
finite difference [Eq. (11)] is viewed from the viewpoint of the digital filter [21]. The different viewpoint from the digital 
filter in signal processing provides great insight into the behaviors, the shortcomings, and the performance of these 
existing intensity derivative estimation algorithms, revealing that in traditional multiple planes derivative estimation 
methods, the contradiction between low-frequency artifacts and high-order nonlinearity errors is still irreconcilable. 
Based on the unified framework, we have propose an optimal frequency selection (OFS) method efficiently solves the 
contradiction between low-frequency artifacts and high-order nonlinearity errors, improving the noise resistance and 
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phase reconstruction accuracy significantly. The OFS is a three-step process with the basic idea that selecting the optimal 
components of the phase recovered from SGDFs with various degrees in spatial frequency domain to account for both 
phase SNR and nonlinearity error: First, estimate the intensity derivatives with SGDFs with different degrees through Eq. 
(11). Second, reconstruct the phase distributions with TIE using the estimated intensity derivatives. Finally, extract the 
optimal frequency components from these phase distributions using a complementary filter bank in spatial frequency 
domain and then recombine them into a composite phase. Recently, the concept of the OSF has been extended to 
unequally (exponentially) spaced defocus planes [24], and explicitly taking the influence of spatial coherence of the 
illumination into account [25]. 

 
Fig. 8. The flow chart for the optimal frequency selection scheme. 

6. PHASE SPACE REPRESENTATION  
The fact that TIE is not restricted to the purely coherent regime but works also with a partially coherent source seems to 
be very well known. However, partially coherent field does not have a well-defined phase since the field experiences 
statistical fluctuations over time, which brings up an important question about what “phase” is being measured in such 
scenarios. Phase-space optics provides an elegant description of TIE under partially coherent illumination. Let ( )U x  be 
a stationary and ergodic quasi-monochromatic (optical frequency cω λ= , where c  is the speed of light and λ  is the 
wavelength) paraxial scalar field with arbitrary coherence, where x  is the two-dimensional spatial vector. This partially 
coherent field can be characterized by the Wigner distribution function (WDF) [26] 

( ) ( ), , exp 2 ,
2 2

W i dω π
′ ′⎛ ⎞ ′ ′= Γ + − −⎜ ⎟

⎝ ⎠∫
x xx u x x ux x                                                   (12) 

where x  and u  are the two-dimensional spatial and spatial frequency vectors, respectively, Γ  is the mutual intensity 
related to the ensemble average ( ) ( ) ( )1 2 1 2, U U ∗Γ =x x x x . With use of the Liouville transport equation [26] , we can 
derive a generalized transport of intensity equation (GTIE) which is valid under partially coherent field 

( ) ( ), .
I

W d d
z ωλ ω

∂
= −∇ ⋅

∂ ∫∫x

x
u x u u                                                         (13) 

Note the only assumption employed in deriving Eq. (13) is the paraxial field to be stationary and ergodic, thus it is 
general enough to cover various optical fields with arbitrary spatial and temporal coherence. The spectral dependence ω  
can be eliminated by assuming the field to be quasi-monochromatic, and thus the GTIE for partially spatially coherent 
fields can be written as  

( ) ( ), .
I

W d
z

λ
∂

= − ∇ ⋅
∂ ∫x

x
u x u u                                                           (14) 

In completely coherent case, the field can be fully described by the 2D complex amplitude ( ) [ ]( ) exp ( )U I iφ=x x x , 
whereφ  is the (conventional) phase. From the time(space)-frequency analysis perspective, the completely coherent field 
can be regarded as a mono-component signal, and the first conditional frequency moment of WDF (instantaneous 
frequency) relates to the transverse gradient of the phase of the complex field [27]: 
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or equivalently, 

( ) ( ) ( )ˆ ˆ .out inφ φ φ⎡ ⎤∇ = ∇ +⎣ ⎦x xx x x                                                            (19) 

This representation shows the generalized phase accrues upon propagation through the object, behaving precisely as 
would the conventionally defined phase. In general, the determination of object phase requires two independent 
measurements, performed respectively with and without the presence of the specimen. The sample-free measurement is 
used to characterize the incident beam ( )înφ x  and is subsequently subtracted from the total generalized phase ( )ôutφ x  to 
get the net phase introduced by the object only. However, if the illumination is chosen judiciously to directly nullify 

( )înφ x , 

( ), 0.=∫ inW du x u u                                                                     (20) 

The total generalized phase ( )ôutφ x  directly gives ( )φ x  and one single measurement is sufficient to recover the object 
phase even though the illumination is not fully coherent. For purely coherent illumination, Eq. (20) simply means the 
incident illumination is an on-axis plane wave. For the illumination created by an incoherent extended source, the 
condition Eq. (21) means the primary source distribution must be symmetrical about the optical axis. 

8. PHASE AND LIGHT FIELD 
For completely coherent fields, the phase-space representation is highly redundant because the complex field is defined 
only over the 2D plane x . The 2D intensity and the reconstructed phase distribution gives total knowledge about the 
complex field so that the behavior of the field can be perfectly predicted. Such complete knowledge permits a variety 
forms of coherent optical imaging systems such as the Zernike phase contrast and the differential interference contrast 
imaging to be computationally emulated without resort to actual optical hardware [29, 30]. If the phase varies slowly 
such that the approximations ( ) ( ) ( )2 2φ φ φ+ − − ≈ ⋅∇x x x x x x  is valid, the phase space redundancy becomes more 
apparent since the signal occupies only a single slice in phase space 

 ( ) ( ) ( )1, .
2

W I δ φ
π

⎡ ⎤= − ∇⎢ ⎥⎣ ⎦
x u x u x                                                               (21) 

The form of WDF given above now is a true energy probability distribution in phase-space, telling us the geometric ray 
or energy flow at single position travels only along single direction described by the phase normal. This is an 
advantageous feature to allow phase measurement simply by measuring the directions of the rays, using the Shack-
Hartmann sensor [31].  

(a) (b)

 
Fig. 10. Principle of the Shack-Hartmann sensor and Light field imaging. (a) Shack-Hartmann sensor. (b) Light field 

imaging. 
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New definition of "phase" using Light Field

f OL(x,O)dO t
= V. (x)

f L(x,e)ae 2ic

Mlle gradient of "phase" is the centroid of light field

The Shack-Hartmann sensor is an array of lenslets, each of which brings the incident field to a focus. When normally 
incident plane waves are shone onto the sensor, each lenslet brings the light to a focus at the center of its associated 
detector. If an aberrated wave is incident onto the sensor, then the location of each spot will be displaced by a vector 
proportional to the average phase gradient ( )φ∇ x  over the lenslet. This displacement may be sensed by, for example, a 
quadrant detector. The resulting signals should be integrated to create an estimate of the phase distribution. Though its 
conceptual simplicity, the disadvantage of the Shack-Hartmann sensor is obvious: the spatial resolution over the 
wavefront is limited by the size and number of the lenslets.   

For partially coherent field (include the condition of the totally incoherent fields), the 4D WDF is generally non-
redundant. From the geometrical optics perspective, the geometric ray at single position does not travel only in one 
direction; instead, it fans out to make a 2D distribution, which account for the higher dimensionality of the partially 
coherent field. The light field camera, as a counterpart of the Shack-Hartmann sensor in computer graphics community, 
allows joint measurement of the spatial and directional distribution of light [32]. The “light field” is a term commonly 
used in the computer graphics literature to represent a collection of light rays in geometric optics. It is parameterized by a 
four-variable function ( ),L x θ , taking into account both the geometrical position of the rays x  and also their directions 
θ  . It approaches the WDF at geometric optics limit [33]. Light field imaging enables us to apply ray-tracing techniques 
to compute synthetic photographs, change the focus and perspective view flexibly. However, it requires elaborate optical 
setups and significantly sacrifices spatial resolution (traded for angular information) as compared to conventional 
imaging technique.  

TIE provides a simple and deterministic way to recover phase from a set of defocused images. However, acquiring 
the through-focus image stack is usually time-consuming, as the sample stage or camera has to be moved between image 
captures. Though several configurations have been developed to eliminate the mechanical motion (see next session), 
light field imaging enables a totally new way to collect the entire image stack in single capture, as the intensity images at 
an arbitrary focal plane can be computationally reconstructed from the raw light field image. This undoubtedly suggests 
one viable way to convert the light field to the phase. 
 

 

Fig. 11. “Phase” is the centroid of the light field in geometric optics. 

It would be more interesting to consider this problem from a different perspective: Eq. (15) suggests that the 
generalized phase is a scalar potential whose gradient yields the conditional frequency moment of the WDF. Under 
geometric optics approximation ( ) ( ), ,L W λ≈x θ x u , Eq. (15) becomes 

( )
( )

( )
, 1 .

2,

L d

L d
φ

π
= ∇∫

∫
θ x θ θ

x
x θ θ

                                                             (22) 

It is clear from the above definition that the quantity on the LHS is the centroid of the light field - the average direction 
of light at one given position, suggesting that the phase gradient can be easily recovered by a simple centroid detection 
scheme applied to the raw light field image. This is similar with the standard procedure in the Shack-Hartmann method. 
Compared to the first method, which first reconstructs the through-focus stack, then solves the TIE explicitly; the second 
method, which employs the definition of the generalized phase here, is inherently much easier and straightforward.  

It is quite understandable that the phase can be recovered from the light field since the 4D light field is inherently in 
a higher dimensionality which totally cover the 2-D phase information. But it would be quite interesting to consider 
whether the inverse of this process can be realized: with the knowledge of phase, is it possible to recover the whole light 
field? Apparently, the answer should be NO for the general cases. However, under certain conditions, we can indeed 
covert the phase to the light field. Besides the trivial case when the field is purely coherent, let us consider that the 
sample is illuminated by a spatial stationary illumination that is generally true for the experimental arrangements in 
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Fig. 13. Morphological changes of a macrophage during chemical-induced apoptosis. The upper row shows the color-coded 
3D phase distributions with phase values and cell thickness cross sections (lower row) in different periods after chemical 
treatment.  

10. DIRECT CONTINUOUS RECOVERY FOR DIGITAL HOLOGRAPHY 
One of the great advantages of TIE is able to directly reconstruct the continuous phase of the wave, without the need 
for phase unwrapping [35, 36]. Taking advantage of this appealing feature, we can combine it with digital holography. 
Numerical focusing is a unique capability of digital holography, where a single hologram is used to calculate the optical 
field at any number of image planes, emulating the focusing control of a conventional imaging system. This inspires us 
to properly combine these two techniques so that merits of both methods can be accrued. One can directly recover the 
continuous phase in digital holography based on solving the TIE from the normalized wavefield obtained during the 
numerical reconstruction of the hologram, and meanwhile, eliminate the tilt and quadratic phase aberration inherent in 
digital holography without cumbersome physical or numerical compensation procedure [37]. But it should be mentioned 
that though no need for unwrapping is an advantageous feature of the TIE, the famous “2π ambiguity problem” is since 
the TIE implies the phase is a continuous function [38]. 

11. CONCULSIONS AND FURTHER DIRECTIONS 
In this paper, we have introduced and reviewed some recent developments in TIE computational imaging, which can be 
broadly categorized as follows:  
• Fast, exact numerical solution and the boundary conditions problem 
• Axial intensity derivative estimation and the noise problem 
• Extension of transport of intensity equation to partially coherent fields 
• Relations between “phase” and light field 
• High speed through-focus stack collection for dynamic imaging 
This new approach to phase and light field endows the conventional microscope with the ability of 3D quantitative phase 
imaging, enabling us to obtain 3D morphology and optical properties of phase specimens with nanometer-scale and 
millisecond temporal resolution. The TIE-based imaging provides the following unique advantages： 
• It is non-interferometric, works with partially coherent illumination, like the built-in halogen lamp in a conventional 

microscope. 
• It does not require a complicated optical system, can well be compatible with the conventional bright field 

microscope. 
• It is a single beam method and less stringent to environmental instability. 
• It directly recovers the continuous phase without 2π discontinuity, so there is no need to phase unwrapping. 
•  It can provide high-quality, real-time phase measurement with high resolution in full four-dimension (lateral (x and 

y) and vertical (z) and temporal (t)). 
Despite these advantages, there are many unexplored problems in the application of this novel imaging method. 

Venue to extend the current study includes: 
• Fast numerical solution of TIE for a arbitrarily-shaped region 
• Extension of transport of intensity equation to recovery of the 4D coherence function 
• Extension of TIE to full 3D refractive index tomography for volumetric objects with low-coherent illumination 
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