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SUMMARY

With the development of small consumer audio-enabled devices, such as mobile
phones, tablet computers, light-weight laptop computers, and flat-panel televisions,
the demand to reproduce good bass sounds with inherently small loudspeakers has
never been greater. Enhancement of bass sounds by simply amplifying low frequency
audio components does not work well, and may even overload and damage small
loudspeakers. Thus, due to the limitations of miniature loudspeakers, physical bass
enhancement is impossible without using bulky subwoofers.

However, an alternative way to enhance bass is by tricking our human auditory
system into perceiving fuller bass sounds. This is called the psychoacoustic bass
enhancement system, or virtual bass system (VBS). By making use of the
phenomenon known as the “missing fundamental,” by which our auditory system
reconstructs the fundamental frequency (virtual pitch) from harmonics even if the
fundamental frequency is completely missing, we can trick our ears to hear low
frequencies, which cannot be efficiently reproduced by the small loudspeakers, from
their higher harmonics, which are carefully injected into the original audio signal
stream and situated in the mid-frequency range where loudspeakers can reproduce
them well. Thus, physical bass frequencies that cannot be reproduced by small
loudspeakers can be replaced by the perception of psychoacoustic bass frequencies
that is synthesized in the human auditory system, thereby extending the experience of
low-frequency bandwidth for listeners.

One technique to inject harmonics in the mid-range is processing signals

nonlinearly, using nonlinear devices (NLDs). While injecting harmonics in the
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original audio signal stream can be viewed as introducing distortions, such distortions
can be either good or bad. A good and carefully introduced distortion can cause
warmer and fuller audio effects due to the missing fundamental effect creating the
sense of richer harmonics. Some examples of good, intentionally introduced audio
distortions are those produced by FuzzBox in electric guitar amplifiers, and by
vacuum tube synthesizers.

Whereas NLDs will produce both harmonic (desirable) and intermodulation
components (undesirable); the latter have no harmonic structure and therefore
contribute only to the perception of signal distortion. However, due to the auditory
masking phenomena of our human auditory system, we cannot hear all such physical
audio components; the extent to which these intermodulation distortion components
cause perceivable artifacts is a good question for study. Moreover, there are infinite
possibilities for NLDs (even if we restrict ourselves to static nonlinear systems only).
The kinds of NLD static curves that can create the perception of deep bass with
minimal undesirable bad distortions offer another possibility for research.

To address these research questions, this dissertation performed a single-tone
harmonic analysis of a selected and derived pool of NLDs and a multitone
intermodulation distortion analysis of such NLDs, and conducted two listening test
experiments, on bass intensity and distortion quality, respectively; relating the
subjective results with objective results. To aid in objective analysis, exact distortion
components computation algorithms, including harmonic analysis and synthesis on
polynomial (HASP) and the Yeary-Oo-Gan algorithm (YOGA), were developed from

first principles and used in harmonic and intermodulation distortion analysis of

viil



NLDs. The perceptual nonlinear distortion model Rnonlin was used to correlate
subjective listening tests results. Derivatives of NLD analyses were performed to

ascertain optimal NLDs for VBS, and for psychoacoustic enhancement of bass for

miniature loudspeakers.
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CHAPTER 1

INTRODUCTION

1.1 Motivation

Modern consumer electronics, such as flat-screen televisions (TVs) and portable
handheld devices, require smaller and flatter loudspeakers, often at the expense of
audio performance. Human hearing perception generally ranges from 20-20000 Hz
[Moo003] [Zwi61], while audio bass frequency generally ranges from 20-250 Hz
[Ows99]. However, due to the form-factor limitation, the physical bass reproduction
in small loudspeakers can be extremely poor [NHO7] [OG09a] [LA0O4], causing an
unavoidably poor bass response [LA04, p.54]. Enhancing the bass by simply
amplifying low frequency audio components is usually undesirable because of limited
excitation in small loudspeakers, and may overload or damage the loudspeakers
[GKTO1].

However, an arguably better way to enhance bass would be to trick our human
auditory system into perceiving bass that is not physically present [BC99] [SD99]
[PPAOO] [GKTO1] [LAO02] [TSY10]. This kind of system is called the psychoacoustic
bass enhancement system [Kar02] [OG09b]. In this dissertation, we call this system
the virtual bass system (VBS). A psychoacoustic phenomenon, known as the
“missing fundamental” (also called residue pitch or virtual pitch [Mo003]), states that

our auditory system reconstructs the fundamental frequency from the harmonics in



the absence of low frequencies [Moo03] [POF05]. In other words, we can trick our
ears to hear low frequencies from the higher harmonics in the absence of low
frequencies. In that sense, physical bass frequencies, which cannot be reproduced by
the loudspeakers, can be reproduced virtually by the psychoacoustic bass frequencies
that are synthesized in the human auditory systems. Thus, we can virtually extend the
low frequency bandwidth with VBS [LAO04] [GKTO1] [LA02] [BC99] [Kar02]
[OGO09b]. Some of the successful deployments of VBS include wave-field synthesis
[PRL10], audio crosstalk cancellation [TGTO00], virtual surround [TG99], game
stations [GKTO1], flat TV sets [BBHO07], active noise control headsets [GK04], VoIP
speech intelligibility [THHOS8], piezoelectric loudspeakers [LOGO09] [CAHI11]
[KGEO(2], wide-area psychoacoustic correction for problematic room modes
[HH10a], and acoustic echo cancellation [RCP10] [CRP11].

The virtual bass system may be implemented in either time or frequency
domains. For the time-domain approach, a nonlinear device (NLD) [LA02] [OG09b]
[PRL10] [BBHO7] [LOG09] [CAH11] [OGHI11] [OGL10] [OGO08a] [OGO8b] is
commonly used to create harmonics to enhance bass perception. In other words, NLD
is used to distort the original clean signal and produces harmonics that can extend the
human auditory an octave lower, or perceive the missing fundamental. This is a blind
approach [LA04], which passes a pre-filtered signal directly to the NLD to synthesize
harmonics related to the missing fundamental. The blind approach using NLD can
create intermodulation distortion in addition to the desired harmonic distortion (see
pp- 666 of [LSPO8]). Intermodulation components are not harmonically related to the

original frequency components in the clean signal, and are hypothesized to be purely



distortion artifacts. However, our human auditory system also works nonlinearly
[Mo003], and there are complex psychoacoustic phenomena taking place when audio
signals are being processed by the auditory system. For example, the psychoacoustic
masking effect [Moo03] [FZ07] [GL03a] [GL03b] [V0i06] plays an important role in
determining which part of the audio signal can be perceived. Not all the tonal
components are perceived by our human auditory system. In other words, a tone may
be physically present, but psychoacoustically absent. Moreover, the advantage of the
blind approach is its lower computation complexity, which is much more suited for
real-time signal processing.

There is, however, a non-blind approach [LA04], where a pitch detector is
employed to determine the fundamental frequency within the original signal from
which a related harmonic series can be synthesized. There are some drawbacks to the
non-blind approach. First, the pitch detector can find up to two multi-pitches at the
same time, using an adaptive notch filter approach [LSPO08]. Second, the pitch
detector approach results in increased computational complexity, compared to the
NLD-based approaches. For example, due to the ease of implementation and lighter
computational load, an NLD-based approach has been successfully implemented in a
fixed-point real-time DSP platform (demonstrated in [OGO9b]). Third, the pitch
detector needs highly accurate pitch-tracking capability to avoid faulty pitch detection
and audible (annoying or—for some—unbearable) artifacts. (For problems in pitch
detection, see [CRR76] and [RCR76].). Fourth, a harmonic generator is required to

synthesize harmonics that do not cause severe artifacts and timbre differences. The



main advantage of the non-blind approach is that no intermodulation component is
generated.

Under the frequency-domain approach, a phase vocoder is used to shift
harmonics from the bass frequency region into the mid-frequency region [BLO6].
Recently, Hill and Hawksford proposed a hybrid VBS approach (combining phase
vocoder and NLD); their subjective listening test indicated good performance from
this hybrid approach [HH10b]. They also showed that some types of audio tracks
(drums and “oldies”) are more suited to the NLD-based approach.

In this dissertation, we shall focus on the NLD-based blind approach, in which
static (memoryless) nonlinear systems are used in the VBS implementation.
Nonlinear devices produce both harmonics and intermodulation components.
However, due to the auditory masking phenomena, intermodulation distortion may or
may not be perceived as artifacts. More in-depth, objective and subjective studies on
how intermodulation affects bass perception have been carried out in this dissertation.
Moreover, there are many possible types of NLDs, even if we restrict ourselves to
static nonlinear systems only; we wish to know what kind of static nonlinear curves
can create deeper bass perception without sacrificing quality.

The major objectives of this dissertation are

e To conduct objective evaluations of NLDs; and
e To conduct subjective evaluations of NLDs.
The above objectives are sub-divided into the following goals. For the objective

evaluations, we intend



e To perform single-tone harmonic analyses of a selected and derived pool of
NLDs;

e To perform the multitone intermodulation distortion analyses of such
NLDs; and

e To correlate the subjective data with perceptually motivated models.

For the subjective evaluations, the tasks are

e To conduct a first subjective listening experiment, to test the bass intensity
generated by such NLDs; and

e To conduct a second subjective listening experiment to test the distortion
artifacts caused by NLDs.

Thus, the central objective of this research is greater understanding of the
distortion and bass perception effects of various types of NLDs and to relate the
results of two listening tests with the objective measures, such as single tone,
multitone and predictive nonlinear distortion perceptual models. While fulfilling the
targeted objectives, we will also find suitable NLDs, as well as new mathematical

tools to perform tonal analyses.

1.2 Contributions of the Dissertation

This dissertation focuses on the analytical and perceptual evaluations of NLDs for
VBS. Its major contributions are highlighted as follows:

Harmonic Analysis and Synthesis on Polynomials (HASP): The Schaefer-Suen
equation of nonlinear harmonic analysis and synthesis for power series nonlinearity

[Sch70] [Sue70] is modified in closed-form equations to accommodate the



polynomial nonlinearities. The essence of this work is the development of 7riple
Duality Theorem, relating harmonic analysis, synthesis, and symmetries of the
nonlinearities [OGC11]. Insights gained from the theoretical work are translated into
the HASP algorithm. The HASP is used in harmonic analysis of NLDs as well as
harmonic synthesis with a modulator to enhance low frequency performance of a
directional loudspeaker [LOGO09]. Fast Fourier transform (FFT) has well-known
inherent limitations in spectrum analysis, such as sampling aliasing, spectrum
leakage, and the need to use windows. However, all the mathematical analysis tools
developed in this dissertation do not have the above-mentioned limitations of FFT.
Due to the fast computational speed of FFT, it is mainly used for measurement
systems, but may not be a suitable tool for analysis and synthesis, where individual
tonal components can be exactly analyzed and synthesized.

Yeary-Oo-Gan Algorithm (YOGA): The intermodulation analysis is a well-
researched topic in signal processing, communication, circuit design, and
measurement. To develop the mathematical tool for the intermodulation analysis of
NLDs, we build on the recent works of Yeary [YeaO8]. In his work, the
intermodulation distortion components are efficiently computed at the output of
polynomial nonlinearities by two lemmas. However, there are two main limitations in
his original technique. We solve both limitations and cut the computational load by
half. The resultant algorithm is named YOGA and will be used in our intermodulation
distortion analysis of selected NLDs in this dissertation.

Harmonic Addition Theorem (HAT): In literature, Phasor Addition Theorem is

used to add multiple tonal components having the same frequency but different



amplitudes and phases [MSY03]. The trick is to convert the tones into phasors, add
them in phasors and convert them back into trigonometric forms. However, the
closed-form formula to perform such tricks is lagging in the literature. To fill this gap,
we derive the closed-form and exact formula; we also provide a mathematical proof
for this closed-form formula and convert the formula into an algorithm called HAT.
Design and Statistical Analysis of Distortion and Bass Listening Experiments:
The statistical analysis on analysis of variance (ANOVA) and confidence intervals
were carried out. Listening test results are correlated with perceptual model, Rnonlin
[TMZ04]. The final contribution of this dissertation is the NLD curvature derivative
analysis and categorization of the NLDs into the following groups: 1) Good; 2) Bass-

Killers; 3) Not Recommended; and 4) Highly Distorted [OGH11].

1.3 Organization of the Dissertation

This dissertation is organized as shown in Figure 1.1.

In Chapter 2, research on the missing fundamental effect is reviewed, and blind
and non-blind approaches on virtual bass enhancement and different NLDs used in
previous studies are presented and reviewed.

In Chapter 3, Triple Duality Theorem is formulated with detailed and rigorous
mathematical proofs. This work result in the HASP algorithm and its pseudocode is
presented. HASP is used to perform both harmonic analysis and harmonic synthesis.

In Chapter 4, the intermodulation analysis of NLDs is performed. The

limitations of precise intermodulation product computing technique (PIPCT) are



solved. In addition, the exponential computational growth of PIPCT is reduced by
half, by using a proposed algorithm known as YOGA.

In Chapter 5, we design listening tests to evaluate distortion and bass intensity
derived from different NLDs. Statistical analyses are also carried out, with a detailed
correlation study between the experimental data and perceptual nonlinear distortion
model, Rnonlin. In addition, a curvature derivative analysis is performed to classify
NLDs by different degrees of bass enhancement and distortion perception.

Finally, Chapter 6 concludes the dissertation and discusses some future works

related to our research topics and contributions.
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CHAPTER 2

THEORY OF MISSING FUNDAMENTAL AND

VIRTUAL BASS SYSTEM

2.1 Introduction

This chapter presents the missing fundamental theory, which is used in the
development of the virtual bass system (VBS). The missing fundamental theory
originates from pitch perception research in psychoacoustics. The theory was later
applied into audio engineering field to solve audio low-frequency (bass) reproduction
problem of small- or medium-sized loudspeakers and low-quality headphones.

The organization of this chapter is as follows: Section 2.2 reviews the history
and relevant findings on the theory of missing fundamentals in pitch perception. A
review of the literature on VBS with regard to the theory of missing fundamentals is
provided in Section 2.3, with a special emphasis on the nonlinear device (NLD)-based

approach, which is the main thrust of this dissertation.
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2.2 Pitch and the Theory of Missing Fundamentals

Pitch was defined as “attribute of auditory sensation in terms of which sounds may be
ordered on a musical scale” in the 1960 American National Standard Institute (ANSI)
standard [ANSI60] [Moo03, p. 3] [Ter00]. In the 1994 edition of ANSI standard
[ANSI94], pitch is described as “that attribute of auditory sensation in terms of which
sounds may be ordered on a scale extending from low to high. Pitch depends mainly
on the frequency content of the sound stimulus, but it also depends on the sound
pressure and the waveform of the stimulus.” In [Moo03], Moore explains the concept
of pitch as “. . . a subjective attribute of a stimulus, and as such cannot be measured
directly. However, for a sinusoid, the pitch is closely related to the frequency; the
higher the frequency, the higher the pitch. For a more complex sound, the pitch is
often investigated by asking the subject to adjust a sinusoid so that it has the same
pitch as the complex sound. The frequency of the sinusoid is then taken as a measure
of the pitch of the complex sound.”
Other pitch-related terms used in this dissertation include:

e Fundamental frequency (Fy) is the rate at which a periodic wave repeats itself
[Chel0]; pitch is the perceptual correlate of Fy.

e Period of a wave is related to pitch; wave period is the reciprocal of Fy, so the
longer the period, the lower the pitch. The range of F for musical pitch is within
about 30—-5000 Hz. [Chel0].

e Tone loosely refers to the perceived musical qualities of a sound. Less
subjectively, however, pure tones and complex tones differ in that a pure tone is a

sinusoidal waveform containing a single component, whereas a complex tone is a
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periodic waveform with multiple components that are harmonically related to
(i.e., are integer multiples of) Fy. According to Moore, “a sound that evokes a
pitch is often called a ‘tone,” especially when the pitch has a clear musical
quality” [Moo03].

Figure 2.1 illustrates some pitch-evoking stimuli. Figure 2.1 (a) shows a pure
tone stimulus of 100 Hz. A pure tone evokes pitch as well as complex tones; the pitch
of a pure tone is similar to the pitch of complex tones of the same period. For
example, except for Figure 2.1 (d), all stimuli have the same period in Figure 2.1 and
the evoked pitch is hypothesized to be same, or very similar. Moreover, for complex
tones, the fundamental frequency need not be present to evoke pitch. This important
finding is known as the theory of the missing fundamental.

Figure 2.1 illustrates the missing fundamental concept. The waveforms in
Figure 2.1 (b) and (c) have the same periodicity, but panel (c) has the fundamental
frequency (Fo) while panel (b) does not. However, they both evoke the same pitch as
that of the pure tone in panel (a). Panel (d) shows a complex tone with its partial
frequencies, spaced over twice the length of the Fy, which is equal to the largest
common divisor of the partial frequencies. Therefore, the pitch evoked by the
complex tone in panel (d) is twice as high—an octave—than those of panels (a), (b)
and (c). Notice the relationship between period and pitch. For higher pitch, the period
of the stimulus is narrower and vice versa. Figure 2.1 (e) shows a complex tone with
six partials in alternating sine/cosine phases, whereas panel (f) shows the same in
cosine phase. Notice that, although spectral envelopes look the same in panels (e) and

(f), their temporal envelopes look different.
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Figure 2.1: Time (left) and spectral (right)
(adapted and modified from [Chel0]).

plots of various stimuli that evoke pitch
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Fourier’s theorem, which has had great impact on mathematics, physics, and
engineering, states that any periodic wave can be constructed as the linear addition
(superposition) of sinusoids with frequencies that are integer multiples of Fy [Fou09a]
[Fou09b].

In 1834, Georg Simon Ohm extended Fourier’s theorem to the auditory domain
by stating that the human ear is able to separate musical sound into pure harmonic
tones, which can be expanded by means of Fourier’s theorem [Lin66] [Tur77],
[Ohm73]. This hypothesis is also stated as “a pitch corresponding to a certain
frequency can only be heard if the acoustic wave contains power at that frequency”
[HA09], and is known as Ohm’s acoustical law [HAO09].

August Seebeck was unconvinced [Ohm43] [Ohm44] [Ohm73] [See41] [See43]
[Seed4a] [Seed44b]; he countered Ohm on this hypothesis with a series of experiments
using synthesized stimuli where the fundamental was weak or absent [See41] [See43]
[Seed44a] [Seed44b]. Seebeck raised the question of why harmonic series are
dominated by their fundamental pitch [Plo67]; he concluded that “harmonics must
reinforce the fundamental tone by direct physical action, and the presence of Fy is not
essential for hearing a pitch corresponding to this frequency.” For this insight,
Seeback should be regarded as the father of missing fundamental theory.

Hermann von Helmholtz revived the Ohm—Seebeck controversy, which had
seemed to have ended in 1849 with Seebeck’s death (at only forty-four years of age)
[Tur77]. In 1856, Helmholtz publicly announced his acceptance of Ohm’s hypothesis
and recognized the hypothesis as Ohm’s accoustical law [Tur77] [Hel54] [Hel56]

[Hel95]. Alain de Cheveigné reasoned that Helmoltz’ acceptance might be due to the
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audibility of upper harmonics and desire of Helmoltz to fit together his auditory
theory with the physical theory of Fourier [Che04]. Such was Helmoltz’s professional
prestige that his favoring of Ohm’s acoustical law led to its general acceptance for
about a century [POF05].

In 1924, Fletcher published a study concluding that pitch is the same even when
Fo and a large number of harmonics from a complex tone are eliminated, and
hypothesized that the missing fundamental phenomenon is due to the nonlinearity of
ear [Fle24]. In 1939-1940, Schouten, using an optical siren (an acoustical instrument
for producing musical tones) investigated the missing fundamental phenomenon again
and confirmed that the presence of Fy was not a requirement for pitch perception
[Sch38] [Sch39] [Sch40a] [Sch40b] [Sch40c]. Follow-up work by Licklider
supported the missing fundamental theory [Lic51]. Licklider masked Fy with noise
and reported that perceived low pitch was unaffected [Lic54]. These experimental
studies contradict Ohm’s accoustical law, according to which Fy must be present for a
stimulus to sound low-pitched. Although Ohm’s hypothesis of the ear as a frequency
analyzer was accepted by Helmholtz, modern psychoacoustic experiments repeatedly
confirm the perception of missing fundamentals. Plomp investigated further and
concluded that the frequency components can be “heard out” only if their frequency
separation exceeds the critical bandwidth [Plo64], [Plo68]. Once the psychoacoustic
perception of missing fundamentals had been confirmed, researchers could establish
models for existence region, dominance region, and pitch perception—for which

reviews of the literature are herein presented.
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Existance region

Among pure tones, frequencies above 4000-5000 Hz do not create a melodic
pitch [POF05]. The human ear is also limited in its ability to perceive pitch for
harmonic complex tones. Much of the initial research into the existence region of
harmonic complex pitch was performed by Ritsma [Rit62] [Rit63]. Using amplitude-
modulated sinusoids containing three sinusoidal components, he showed that residue
pitch exists only for the existence region, which has both upper and lower limits
[POFO05]. His findings showed that there is no pitch for components with frequencies
above 6000 Hz, which is therefore considered to be the upper limit of the existence
region [POF05]. The lower limit depends on a sound’s Fy, and harmonic spectral
region. In Pressnitzer ef al. [DPKO1], the lower limit ranges from 35 Hz with a lower
harmonic cutoff frequency of 200 Hz to around 300 Hz with a lower harmonic cutoff
frequency of 3200 Hz [POF05]. The studies conducted by Moore and Rosen [MR79]
and by Kaernbach and Bering [KBO1] show that pitch produced by unresolved
harmonics, though weaker than that produced by resolved harmonics, can still
produce a perception of musical pitch. Resolvability refers to the ability of cochlear

filtering to isolate individual partials of a complex sound [Che10].

Dominance region

Investigations of the dominance region raise the question of which harmonics
play vital roles in pitch perception. Ritsma’s study concluded that the frequency band
that includes the third, fourth and fifth harmonics tends to dominate the perception of

pitch for fundamental frequencies in the range of 100400 Hz, for stimuli of at least
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50 dB and above, and amplitude exceeding an minimum absolute level of about
10 dB above threshold [Rit67].

On the other hand, Plomp said that pitch is determined by the fourth and higher
harmonics for Fy up to about 350 Hz; and by the third and higher harmonics for Fy up
to about 700 Hz. His finding indicates that pitch is not only dependent on harmonic
number but also on frequency [Plo67]. Pattern and Wightman, however, found that
the dominance region was a function of the absolute as well as the relative frequency
of the components [PW76].

Moore et al. in 1984 concluded that “the harmonics, which dominate in
determining the pitch of a complex tone are those which are most discriminable. For
complex tones with equal-amplitude harmonics these are usually the lowest
harmonics (1-5). However, high harmonics can be dominant if they are the highest
components in a complex, or if their level is incremented relative to other
components” [MGS84]. Apart from these, Moore et al. in 1985 [MGP85] reported,
“For complex tones with equal amplitude harmonics, and with fundamental
frequencies of 100, 200, or 400 Hz, the dominant harmonics always lie within the first
six harmonics. However, there are considerable individual differences in which of the
lower harmonics are dominant, and in the distribution of dominance across
harmonics. For some subjects the first, second, and third harmonics are more
dominant than the fourth and fifth harmonics, contrary to the classical concepts of the

dominance region.”
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Dai found that harmonics closest to 600 Hz tend to dominate; his results
contradicted previous findings that the dominant harmonics were of fixed harmonic
ranks regardless of their frequencies [Dai00].

Thus, although researchers could not agree on a unified theory for the
dominance region, some agreements could be made among them. In summary, the
dominant harmonics are generally from first to fifth, while the dominant harmonic
number decreases with increasing Fy. For the very low Fy (e.g., 50 Hz), harmonic

numbers higher than fifth may be dominant [POF05].

Pitch perception

Another important research area is pitch models. Cheveigné’s broad definition
of a model is: a thing that represents another thing in some way that is useful
[POF05]. For the pitch perception model, he argued that “one pitch model may
predict behavioral data quantitatively, while another is easier to explain, and a third
fits physiology more closely [POFO05]. Criteria of quality are not one-dimensional, so
models cannot always be ordered from best to worst.”

Understanding of how humans perceive pitch, and how scientists might best
model pitch perception has been a matter of intense debate for many years and is not
yet resolved. However, most of that controversy is beyond the purview of this
dissertation. Instead, the theory of missing fundamental is herein assumed to be valid;
our main focus is how best it can be applied to solve the audio low-frequency
bandwidth limitation problem in audio engineering perspective. However, for the
sake of completeness, a brief review of pitch models found in literature on the

missing fundamental theory is offered here.

18



The pioneer in this field is the place hypothesis by Helmholtz [Hel54].
According to Helmholtz, pitch is determined from the position of maximum
excitation along the basilar membrane, within the cochlea, in the inner ear. However,
the place hypothesis cannot explain the fact that a pure tone and complex tone (a sum
of multiple pure tones with harmonic frequencies) can evoke the same pitch.
Therefore, it fails to explain the theory of missing fundamental.

Modern pitch models can be generally classified into three major groups:
temporal models, pattern recognition models, and autocorrelation models.

Temporal models include the works of de Boer [Boe56] and Schouten [Sch62]
[POFO05]. According to the temporal model, pitch is extracted from the periodicity of
the acoustic waveform. De Boer [Boe56] suggested that the effective cue is the
spacing between peaks of the temporal fine structure of the stimulus waveform;
Schouten et al. [Sch62] reported that zero-crossings worked as well [POFO05].
Wightman [Wig73] argued that such fine-structure theories are phase-sensitive, and
mentioned that “since the relative phases of the spectral components of a waveform
determines its temporal fine structure, changes in these phase relations are expected to
affect pitch.” In addition, virtual pitches (i.e., missing fundamentals) were still heard
even when the harmonics could not interact because they were presented sequentially
or to different ears. Due to the above-mentioned two problems, the debate has now
shifted to pattern recognition and autocorrelation models [Chel0].

The best known pattern recognition models are of Goldstein [Gol73],
Wightman [Wig73], and Terhardt [Ter74]. In pattern recognition models, the partials

of a periodic sound form a pattern of frequencies. Two parts are involved in pattern
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recognition models: one produces the pattern and the other looks for a match within
templates [POF05]. De Boer describes the pattern recognition in his Ph.D.
dissertation [Boe56] and later promoted by Goldstein [Gol73], Wightman [Wig73],
and Terhardt [Ter74]. The drawback is that the pattern recognition models work only
when partials are resolved. However, pitch can also be heard using stimuli for which
there are no resolved partials. Pattern recognition models cannot explain such a pitch.

The pioneer work in autocorrelation model was done by Licklider [Lic51]. In
autocorrelation models, each sample of the waveform is used as an event. Each is
compared to every other sample and the inter-event interval that gives the best match
on average indicates the period. If the samples are equal, their products are large, and
the autocorrelation function (ACF) has peaks at the period and its multiples. The
peak is the cue to the pitch. Licklider’s duplex theory of pitch perception states that
the auditory system employs both frequency analysis (in the cochlea) and
autocorrelation analysis (in the central auditory system). The latter is therefore an
analysis of trains of nerve impulses that have been transformed by the cochlea from
acoustic stimuli. In other words, in Lickerlider’s model, the ACF is calculated within
the auditory nervous system, for each channel of the auditory filter bank [Che04].
Licklider’s theory was later simplified and implemented computationally by Meddis
and Hewitt [MH91a]. Meddis and Hewitt’s model was categorized as a special case
of the four-stage pitch extraction general model by Meddis and O’Mard [MO97].
There exists the multiple mechanism hypothesis, which states that pitch is processed

by different mechanisms: pattern recognition for resolved and autocorrelation for
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unresolved. However, current understanding of how we perceive pitch is still

incomplete [Chel0].

2.3 Application of the Missing Fundamental Theory in the

Low-Frequency Audio Bandwidth Limitation Problem

Due to physical limitation of audio reproduction devices, small loudspeakers and low
quality headphones cannot reproduce low frequency components in audio signals.
This problem is commonly known as the low-frequency audio bandwidth limitation
problem. For loudspeaker acoustics, this bass reproduction problem can be

summarized by two loudspeaker modeling equations as follows [LA04]:

noc(ﬁj, 2.1)
m

1 [k
fo=5 (2.2)

where 7 is the energy conversion efficiency that is defined as a ratio between time-
averaged acoustically radiated power and time-averaged electrical power, and f; is the
resonance frequency of the loudspeaker. In (2.1) and (2.2), m is the mass, S is the
loudspeaker cone area, and £; is the total compliance that combines suspension and
cabinet influence. For small loudspeakers, cone area and mass are small, and total
compliance is high. Therefore, the resonance frequency is high, while energy
conversion efficiency is low. To further reduce the resonance frequency of

loudspeaker, the total compliance must be decreased. Otherwise, the mass must be
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increased, requiring larger cabinet volume. Therefore, small loudspeakers physically
limit bass reproduction.

Apart from this physical limitation, Figure 2.2 shows that more amplification
of sound level is required to achieve the same loudness perception for low-frequency
signals compared to mid-frequency signals. In order to generate higher sound
pressure level (SPL), larger cone area and mass are needed in addition to higher
power requirements. In fact, very small loudspeakers cannot reproduce bass

frequencies at all [BLO5], and their output sound quality is unpleasing [Bec02].
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Figure 2.2: Equal loudness contours depicting the variation in loudness with
frequency. MAF indicates Minimum Audible Field. Source from [Moo03].

There are two ways to overcome this bandwidth limitation problem: physical
bandwidth extension and psychoacoustic bandwidth extension. Figure 2.3 illustrates
these concepts. The thin arrows indicate the shifting of energy when extending low-

frequency bandwidth. The wide arrows point to the direction of audio bandwidth
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extension (audio bandwidth extension direction is to the left, i.e., the low frequency

bandwidth extension).

Energy Energy

N N

/
/
/
| / |
/
/

Low Frequency Mid-Frequency Low Frequency Mid-Frequency
Region Region Region Region

(a) (b)

Figure 2.3: (a) Physical audio bandwidth extension. (b) Psychoacoustic bandwidth
extension. Planes indicate audio bandwidth; dotted line extension indicates the
bandwidth is to be extended virtually. (Adapted and modified from [LAO04]).

In the direct approach, physical bandwidth extension boosts low frequency
components by adding signal components in the lower frequency region, as shown in
Figure 2.3 (a). Nevertheless, the loudspeaker must be able to reproduce the added
audio low frequency components for this approach to be effective.

On the other hand, the psychoacoustic bandwidth extension technique
(Figure 2.3 (b)) injects useful signal components in mid-frequency range, where
majority of loudspeakers have relatively flat responses. By applying the “missing
fundamental” as described in Section 2.1, the bandwidth extension takes place
psychoacoustically. Even though physical bass frequencies may be missing, listeners
can still perceive bass enhancement in this latter mode. The following sections
introduce the techniques behind the psychoacoustic signal processing approach to

enhance bass perception.
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Psychoacoustic signal processing techniques are employed to enhance bass
virtually [LA04] [GKTO01] [LA02] [BC99] [Kar02] [OGO9b]. These techniques are
also known as virtual bass (VB) processing and can be categorized mainly as blind
and non-blind signal processing. The non-blind VB signal processing algorithms
extract characteristics from incoming signals; the blind VB signal processing
algorithms do not exploit incoming signal characteristics (such as pitch information),
but passively modify the signal with certain transformations or rules. Mono-channel
processing of the blind/non-blind virtual bass system (VBS) is diagrammed in
Figure 2.4; the stereo channel processing diagram is shown in Figure 2.5.

As shown in both Figures 2.4 and 2.5, bass frequencies are filtered by a low-
pass filter (LPF); its output is fed into a signal processing module that can be either
blind or non-blind. Audio high-frequency components are filtered by a high-pass
filter (HPF) while LPF extracts audio low-frequency components, which lie in the
bass frequency range (60-250 Hz) or sub-bass range (1660 Hz). Generally, these
frequency ranges cannot be reproduced by small loudspeakers due to their physical
limitations. Figure 2.5 depicts the basic stereo VBS structure. Since bass is
considered non-directional due to the larger wavelength (see Table 2.1), the incoming
left and right stereo channels are combined as a middle channel. This mono channel is
then low-pass filtered and fed into a signal processing module. The processed signal
is added back into the high-passed filtered left and right channels to create a stereo

virtual bass effect.
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x(n) ——@ y(n)
Signal Processing
o LPF > Module
(blind / non-blind)

Figure 2.4: The blind/non-blind VBS in simplified blocks (mono channel).

x;(n) ——e—»  HPF ——mt  Delay —b@—b ¥y, (n)

Signal Processing
LPF > Module
A (blind / non-blind)
x;(n)——e&—» HPF —» Delay [—— 22 ()

Figure 2.5: The blind/non-blind VBS in simplified blocks (stereo channels).

Table 2.1 shows the classification of audible frequency ranges and their
wavelengths. Note that the bass and sub-bass regions have wavelengths that are long
and behave as if omnidirectional. The higher frequency ranges represent the presence
and brilliance characteristics of audio signal while the frequencies have shorter

wavelength that behave as more directional sound waves.
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Table 2.1: Audio frequency ranges and wavelengths (speed of sound = 343 m/s at
20°C) [Ows99].

Range Name Wavelength (m)
16 - 60 Hz Sub-Bass 214-57m
60 — 250 Hz Bass 57-1372m
250 - 2 kHz Low Mids 1.372-0.172m
2 kHz - 4 kHz High Mids 0.172-0.086 m
4 kHz - 6 kHz Presence 0.086 -0.0572m
6 kHz — 16 kHz Brilliance 0.0572-0.0214 m

2.3.1 VBS non-blind signal processing module

The details of VBS using non-blind signal processing module are further illustrated in
Figure 2.6. The signal processing module consists of two sub-modules, namely pitch
detector and harmonic generator. The pitch detector detects the pitch (or fundamental
frequency Fy), and multiple pitches of the audio signal. The detected pitches are fed
into the harmonic generator, which generates harmonics that are integral multiples of
the detected pitches. The objective of the non-blind signal processing module is to
create the missing fundamental effect so that virtual bass can be perceived by the
listener.

In Figure 2.7, F, is the first harmonic and it is in the same frequency bin as F,
but magnitude may not be the same; AF is the gap between subsequent harmonics and
is equal to the frequency bin of Fy. The main reason for using a pitch detector is to
avoid audio intermodulation distortion (IMD) products, which are generally present in
blind VBS. (Blind VBS will be described in more detail in Section 2.3.2.)

Musical signals generally consist of different instrumentations and vocals,

which make the pitch detection a challenging task. That is why multiple pitch
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detection plays a key role in the success of non-blind VBS. In the literature, multiple
pitch detection is a branch of auditory scene analysis (ASA) [Bre94] [Kla06].
Multiple pitch detection can be implemented through different methods, which vary

in their ability to distinguish different aspects of multiple pitches in real time.

x, (n) HPF —— > Delay > » v, (n)

Non-blind Signal Processing Module

Pitch Harmonic
- . s |
LPE i | Detector Generator
\4
xp(n) HPF ——»  Delay >@ » V(1)

Figure 2.6: VBS non-blind signal processing making use of pitch detector and
harmonic generator.

The generation of harmonics by the harmonic generator itself is another
challenging task and open to future research, because the perception of music is
mainly based on three pillars—pitch, timbre and loudness. The harmonic generator’s
main task is to create the virtual pitch effect by generating harmonics. However,
harmonic amplitudes play a major role in timbre perception [RP82] [MR79]. If
harmonics are generated without consideration of perceptual quality, severe distortion
can be perceived and the naturalness of the original audio signal can be destroyed.
The recent work of Lee et al. on this topic did not cover how to generate harmonics
for psychoacoustic bass enhancement without sacrificing audio quality [LSPO§],

contending that blind VBS generates IMD products that are perceived as pure
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distortion in the ears. However, the masking effect also takes place in the human
auditory system when music is being played. The generated IMDs may not be heard
even though they exist, due to the masking effect. Therefore, a tone may be physically

present, but not perceived.

Fundamental
Frequency

Harmonics ——
AF
S

P

Fo 2F, 3F, 4F, 5F, 6F,

Harmonics ——
AF
>

P

™
|
|
|
|
|
AF  2Fy 3F, 4F, 5F, ©6F,

Figure 2.7: The missing fundamental phenomenon. Fy is perceived by the listener
even though it may be absent in the harmonics. This is also called virtual pitch.
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2.3.2 VBS blind signal processing module

VBS blind signal processing techniques can be categorized into two approaches: the
frequency domain approach (diagrammed in Figure 2.8) and the time domain

approach (diagrammed in Figure 2.9).

x, (n) »  Delay F@ > v, (n)

----------------------------------------------------------

Phase Vocoder

i Pitch 3
LPF #» FFT |[» Shifter » IFFT —Q

Blind Signal Processing Module

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

X (1) »  Delay >@ > ), (n)

Figure 2.8: The frequency domain approach using a phase vocoder.

x, (n) HPF ——»  Delay *@ > 3, (n)

Blind Signal Processing Module

LPF & » NLD

____________________________________

\
X, (1) LPE | » Delay 1) > (1)

Figure 2.9: The time domain NLD-based VBS blind signal processing framework. .
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The VBS frequency domain approach using phase-vocoder [LD99] was
proposed by Bai et al. [BL06]. Low frequencies, which might not be reproduced by
the small loudspeakers, are low-pass-filtered and pitch-shifted to the mid-range audio
frequency region. Pitch shifting and frequency shifting differ in that pitch shifting
multiplies a constant to every frequency components that is to be shifted, whereas
frequency shifting adds a constant to every frequency components. The advantage of
pitch shifting over frequency shifting is that phase coherence is preserved, according
to Bai ef al. [BL06]. Since NLD is not used in the frequency domain approach, there
is no IMD. Bai et al. argue that IMD, generated by NLD, may be perceived as
distortion; therefore, their approach does not have this problem. However, their
method has two limitations. The first one is that the signals are processed frame-by-
frame because FFT is used. If phase propagation is not properly dealt with, the
phasiness artifact will be audible [BL06]. The second is that as pitch is shifted to mid-
range and signal amplitudes are adjusted to match the loudness, the naturalness of the
original signal may be lost.

The NLD-based approach is diagrammed in Figure 2.9. The system makes use
of nonlinearity to generate harmonics, which in turn create virtual bass effects, while
NLD is a nonlinearity or memoryless nonlinear system. The main difference between
linear and nonlinear systems results from the superposition principle. All linear
systems hold the superposition property, whereas nonlinear systems do not.

The superposition principle can be further generalized as follows [Sch80].

yn(t):T{xn(t)}, forn=12,3,...,N, (2.3)

(1) = ﬁ:a,,xn ), (2.4)

n=1
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where a,, are arbitrary constants (real or complex) and N is the number of inputs.

Then, the superposition principle is

¥ =T{x(0)} = T{Z @z, (z)} =Yalln0)=Yan0. @5

n=1
Equation (2.5) implies that the linear system’s response to the linear combination of
inputs is equivalent to the linear combination of responses to each individual input.
The implication of this superposition principle is the development of the convolution
integral. This convolution integral means that if the response A(¢) for a specific input

0(t), unit impulse, is known, then the response to any input that is a linear

combination of translations of 0(¢) is available. That is,

ht)=T {6(t)} , (2.6)
y(t)= T h(t)x(t—7)dr. (2.7)

The transfer function, or frequency response of the linear time-invariant (LTI) system
can be derived from (2.7). Another major difference between linear and nonlinear
systems is that linear systems can never introduce new frequency components at the
output, whereas nonlinear systems always do. This property can be described

mathematically in the following derivations. Using (2.7),

x(t)=e’", (2.8)

y(0) = [ ()" Vdr = [ h(z)e " dr = H(jw)e’™, (2.9)

—00

where H(jw) is the Fourier transform of the unit impulse response, /(f). The Fourier

transform and its inverse are
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fﬂjaﬁzzThujefmdf, (2.10)

h(t) =i]iH(ja))e’mdw. (2.11)
If the input is
x()=) a,e™, (2.12)
using (2.5) and (2.9),
()= a,H(jo,)e™". (2.13)

Then, if the input signal is a cosine tone,

A A A A
x(t)=Acoswt =—e’" + =/ = x (1) +—=x, (1), 2.14
() o= ) 5 1(0) 5 ,(0) (2.14)

where x, () =e’" and x,(¢) =x, (t)=e /™", then
w(O=T{x0)}=H(jo)e™, (2.15)

1O =T {x,(0)) = H(=jo)e ™ = H (jo)e ™ =y (1), (2.16)
() = T{%xl(mfxz(r)} = RO+ 1O =S O+ 0
= éH(ja)o)ej""’t +£H*(ja)0)efj’”°t
2 2
= §|H(ja)0)| e/l g/ +§|H(ja)0)| e/l gt
_ ? | ooy /00 ; | (jeoy)| & meeten)

_ §|H(]a)0)| I:ej[(u0t+49((u0)] + e*]-["’ot*g("’o)]]
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= A|H(jo,)|cos[a,t + 0(w,)] (2.17)
Equation (2.17) expresses a special characteristic of a LTI system when LTI system is
fed by a single tone. The only changes are the single tone’s amplitude and its phase.
No additional frequency component is generated at the output. In contrast, in
nonlinear systems, for which the superposition principle does not hold true, there are
harmonics at the output when the system is fed by a single tone.

To show how a memoryless NLD generates harmonics when fed by a single

tone, let the NLD be
y(0) =[x@)]", (2.18)
where x(t) = Acosw,t is the input signal, and y(¢) is the output of nth order monomial
NLD. From (2.18),
y(t)=[Acosayt] = A"[coswyt]". (2.19)

Using the following trigonometric identities,

n—1
2 &(n .
o (chos((n —2k)6) if n is odd,
cos" O = = . (2.20)
L |
1 n 2 (n
— +— cos((n—2k)0 if n 1s even.
2 (n/zj 2" Z(;J ((n=209)
Substituting @ = @t and by using (2.19), (2.20) becomes
n-1
n 2
2; Z(ZJCOS((I’I—Zk)a)Ot) if n is odd,
W(0)= A" [cosopt]' = . ) 2.21)
24
An n 2An 2 n
— +— cos((n—2k)w,t if n is even.
22 (n/2j 2’ ,;(kj (n=2bye) ifn
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By using (2.21), the harmonic generation pattern of monomial NLD can be seen,

when the NLD is fed by a single cosine tone. Table 2.2—which can be derived from

(2.18) and (2.21) — illustrates this harmonic generation pattern up to the fifth order

of monomial NLD.

Table 2.2: Harmonic generation pattern of monomial NLD of order », fed by a single

tone.
no oy =[x@®)]",x(t) = Acos ayt,w, = 27 fit DC o, 20, 30, 40, S0,
i 2 2
2 A l+lcos(2a)0t) 4 4
L2 2 2 2
i 3 3
3 4 icos(a)ot)+lcos(3a)0t) 34 4
| 4 4 4 4
4 A _§+icos(2a) t)+lcos(4a) 1) 34 44° A
18 8 T8 ’ 8 8 8
10 5 1 104° 54° A
5 A’| —cos(w,t) +—cos(3m,t) + —cos(5a,t el
|16 (@) 16 (Bet) 16 Gat) 16 16 16

From Table 2.2, the following are observed:

I. A monomial NLD is a nonlinear system without memory, where the

superposition principle does not hold true. Harmonics are generated when the

system is fed by a single tone.

2. The odd-ordered monomial NLD generates only odd harmonics, whereas the

even-ordered monomial NLD generates only even harmonics and DC.

3. The highest harmonic’s number is equal to the order of monomial NLD—e.g.,

the second-order monomial NLD generates up to the second harmonics, the

third-order monomial NLD generates up to the third harmonics, etc.

The above three observations were reported in [OGO8a], The mathematical

proofs of the relationships between harmonic number and polynomial order and
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symmetries of nonlinear function will be presented in Chapter 3 as the Triple Duality
Theorem. Moreover, the theoretical developments of tonal analysis algorithms are
presented in Chapter 3 and 4 in detail.

If a nonlinear system is time-invariant and uses memory, the relationship

between the input and the output can be expressed as
y=hy+ _LO h(7))x(t —7,)d7, + 'LO _LO hy(zy,7,)x(t —7)x(t —7,)d7d7,
+f f J:OO hy(z,,7,,7)x(t —7,)x(t —7,)x(t —7;)dr dr,d7, +...

[ bt )X =) -1, Xt -7, d (2.22)

where #h (7,,...,7,)=0 for any 7,<0,i=12,...,n. The h/(z,...,z,) are multi-

dimensional functions and are called the Volterra kernels. To simplify the complex

expression of (2.22), let H [x(¢)] be an n"-order Volterra operator that is defined as

H,xO1= " [ (5 z )5t 7). x(t~7,)d7, ... dx, (2.23)
Hence, (2.22) can be expressed as
y(@)=hy+H [x@)]+ H,[x(O)]+...+ H [x(?)], (2.24)
and can be visualized as in Figure 2.10.
However, a non-linear system can be approximated as a polynomial function if

it is memory-less. This polynomial function is also named as a polynomial NLD

[OGO8b] [LOGO9]. The polynomial NLD or function can be expressed as

9(0) = hy + hx (@) + B[O +...+ hy[x(0)]°, (2.25)
where x(f) is the input signal, y(f) is the output signal, and l;l.,i =0,...,0 are the

polynomial coefficients. Due to the multi-dimensional nature, the nonlinear systems
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with memory as expressed in (2.22) are harder to analyze and are not used in VBS. So
far, NLDs in VBS are memoryless and can be approximated as in (2.25), and

visualized as in Figure 2.11.

hO
—» M,
x() —s» H, y(1)
Ll H

Figure 2.10: Nonlinear time-invariant system with memory as expressed in the
equation (2.24).

x(t) —

Figure 2.11: Polynomial memoryless NLD, as expressed in the equation (2.25).
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2.4 Conclusions

In this chapter, we have reviewed the theory of missing fundamental, including the
Ohm-Seeback-Helmholtz controversy, existence region and dominance region of the
pitch perception, and categories of pitch models. Finally, the application of missing
fundamental theory to VBS research has been analyzed. The literature detailing VBS
research has also been reevaluated with special emphasis on NLD-based blind signal
processing technique. In the next chapter, harmonic analysis and synthesis on NLD
will be assessed together with the development of the Triple Duality Theorem that
links to the relationship between symmetries of nonlinear functions, and harmonic

analysis and synthesis.
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CHAPTER 3

HARMONIC ANALYSIS AND SYNTHESIS IN

NONLINEAR DEVICES

3.1 Introduction

In Chapter 2, the theory of missing fundamental was previewed, and the signal
processing techniques to apply missing fundamental in VBS were introduced. Thus,
to design sound systems or audio signal processing systems, such as VBS in this
dissertation, audio researchers must work with various synthesis tools, and sometimes
need to create new tools. To analyze sound, they have an array of choices, including
traditional discrete Fourier transform (DFT), spectrograms, and wavelets etc.
However, every tool has its own strengths and weaknesses. Because sound systems,
such as audio amplifiers and loudspeakers, are nonlinear [Corl1] [KI1i06], objective
tonal analysis metrics such as total harmonic distortion (THD) and intermodulation
distortion (IMD) are commonly used to analyze or quantify any distorted sounds they
produce [Cab99]. In contrast, to create enjoyable nonlinear audio effects [Bar98]
(“Fuzzbox,” e.g. [Zol02] [Bod84]), or to overcome audio bandwidth limitations
[LAO2], such as VBS [OG10] [OGL10], nonlinearities can be carefully inserted into

the signal processing chain.
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A sound synthesis technique heavily used in computer music synthesis (CMS)
[DJ97] and sound design [Far10] is waveshaping [Bur79] [Arf79] [Sch70] [Sue70],
which uses Chebyshev polynomials of the first kind, to synthesize sounds with user-
specified harmonic spectra.

This chapter presents the mathematical and computational works on harmonic
analysis and synthesis of NLDs. The duality relationships between harmonic sound
analysis, synthesis, and nonlinear function symmetries are derived in Section 3.2. An
algorithm to perform harmonic analysis and synthesis is proposed with case studies.
Generalized harmonic analysis using the Taylor series approximation technique on
arc-tangent square root (ATSR) and a family of parameterized exponentials (EXPs)
NLDs are presented in Section 3.3. In addition to harmonic analysis, harmonic
synthesis with modulation technique is investigated with a subjective listening test for
the bass enhancement of a parametric loudspeaker in Section 3.4. Finally, Section 3.5

summarizes and concludes this chapter.

3.2 Triple Duality Theorem

In [Far10], Farnell stated that any sound can be generated from first principles of
sound analysis and synthesis. Inspired by his slogan, the objectives of this section are
1. To show mathematically how nonlinear sound analysis and synthesis are dual
in nature;
2. To relate analysis—synthesis to symmetries of nonlinear functions; and

3. To transform design equations into algorithms for audio researchers.
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3.2.1 Power series and polynomial nonlinearities

Let a power series be defined as
y=f(x)=2 hx", (3.1
n=0

where /, € R represents the power series coefficient of the nth term, x, and y denote

input and output of the power series, respectively, and f(x) represents a power series

function. The symbol R denotes the set of all real numbers. Because the upper bound
of summation in (3.1) is the positive infinity, the degree of the power series is

unbounded. Let us define a polynomial nonlinearity,
P=fx)=>hx", (3.2)

under the assumption that lim,_, y =y where ﬁn, 0O, and y denote the coefficient
of the nth term, the highest degree, and the output of the polynomial nonlinearity,

respectively. Like f(x) in (3.1), f (x) denotes a polynomial function.

3.2.2 Harmonic analysis and synthesis of power series

Let us define the input single tone with arbitrary amplitude 4 € R and zero initial
phase as

x(t) = Acos(wt), 3.3)
where @ is the angular frequency in radian per second and ¢ is the time in seconds.
Since (3.1) and (3.2) are memoryless (static or time-independent) systems, we omit

the time parameter ¢ throughout this chapter.
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When the single tone (3.3) is applied to the input of (3.1), the output is a

Fourier series:

o(t) = C—2° + i ¢, cos(kat), (3.4)

k=1

where ¢, e R are Fourier coefficients if k£ €Z", and harmonic amplitudes if ke N.

The symbols Z" and N denote the set of all positive integers including zero and the

set of all natural numbers, respectively. Note that in (3.4), ¢,/2 is the DC component.
Two analysis and synthesis problems are defined as follows:

(1) Given (3.3) and (3.1), (3.4) can be expressed as a function of 4 and 4, such
that ¢, =3,(4,h,) for keZ", where J,(.) is an analysis function that
generates ¢, from 4, and 4.

(11) Given (3.3) and (3.4), (3.1) can be expressed as a function of 4 and ¢, such
that h, =3 (4,c,) for neZ", where 3 (.) is a synthesis function that
generates /4, from ¢, and 4.

Note that J3_(.) and 3, (.) are harmonic analysis and synthesis equations of the

power series, respectively. Let n=k+2j for analysis and k=n+2j for synthesis.
Schaefer derived 3,(.) and J,(.) for the special case of 4=1 using Chebyshev
polynomials (see (15) and (18) of [Sch70]). Rearranging the terms in the original

equations of Schaefer to seek some interesting patterns that are to be used in the next

section, Schaefer harmonic analysis and synthesis equations can be rewritten as

1 & h (k+2)
=3 (A=1,h)=—> - , 35
C, a( n) 2]{,1 = 22j [ ] j ( )
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forn=k+2j and £=0,1,2,...,and

e n+2j(n+j
ho=3.(Ad=1,¢)=2" (—1)1—( , jc, (3.6)
g jz_(; n+j j )"

for k=n+2j and n=0,1,2,...,where

(“J % r0<p<al 3.7)
p)” Pia—p)!

are binomial coefficients. To overcome the unit input amplitude constraint, Suen used
Pascal’s triangle and some trigonometric identities (see (9) and (10) of [Sue70] for the
original equations); we rearranged the terms of his equations, to extract the pattern in

the next section. The resultant analysis and synthesis equations are given as:

- 1 & o b (k+2)
Cy :Ja(A»hn):FE A 2’@( . } (3.8)
=0 J

forn=k+2j and £k=0,1,2,...,and

2L n+2j(n+j
h =3 (A,c,.)= -1y ——= C., 39
,=3,(4,¢,) e ]Z_(;( ) n+j[ i) (3.9)

for k=n+2jand n=0,1,2,....
Comparing (3.5) and (3.6) with (3.8) and (3.9), we note that the differences
are A*"*/ inside the summation for analysis, and l/ A" for synthesis. Therefore, (3.8)

and (3.9) are solutions of the analysis and synthesis problems in a power series.

3.2.3 Harmonic analysis and synthesis of polynomial nonlinearities

Equations (3.8) and (3.9) are analysis and synthesis equations for the power series in

(3.1), but these are not closed-form equations for polynomial nonlinearities in (3.2).
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In this section, we derive the closed-form design equations for polynomial
nonlinearities.

Let us define a truncated Fourier series as
P P
s() = 3°+ > ¢, cos(kar), (3.10)
k=1
where P is the upper bound of the summation or the highest harmonic number,
¢, (k=1,2,..., P) are truncated Fourier series coefficients or harmonic amplitudes, and

¢,/2 is the DC component. Suppose that the total number of harmonics at the output

of polynomial nonlinearity in (3.2) is finite, and can be represented by the truncated

Fourier series in (3.10). As in Section 3.2.2, two problems are defined as follows:

(1) Given (3.3) and (3.2), (3.10) can be expressed as a function of 4 and fzn such
that ¢, = ﬁa(A, fzn) for keZ", where ﬁa (.) is an analysis function that

generates ¢, from l;n and 4.

(i) Given (3.3) and (3.10), (3.2) can be expressed as a function of 4 and ¢, such
that ﬁn zﬁs(A,ék) for neZ", where ﬁs(.) is a synthesis function that
generates /, from ¢, and A.

Note that ﬁa () ﬁs(.) are harmonic analysis and synthesis equations of polynomial

nonlinearities, respectively. Unlike 3, (.) and 3 (.) in (3.8) and (3.9), which are

infinite series, ﬁa (.) and 3 (.) are closed-form equations that we derive, based on

S
some integer number patterns in harmonic index k, power series index n and

summation index j, as shown in (3.8) and (3.9).
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j Analysis J Synthesis
Fl0 1 2 3 - n>~/0 12 3 -
00246 00 24 6
Power 1 1 3 5 7 1)1 357
Series 2 12 4 6 8 212 4 6 8
31357 9 333579?-
A e S VA L T R RS Y
(a) (b)
J Analysis J | Synthesis
kN0 1 2 e L n 01 2 - L
o, o
Polynomial 1 13
Nonlinearities 2 || n=k+2j | 2|1 k=n+2j
Lk ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, Ln ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 3.1: The mathematical relationship between indices ., n, and j. (a) Analysis
table of power series (b) Synthesis table of power series (c) Analysis table of
polynomial nonlinearities (d) Synthesis table of polynomial nonlinearities.

From (3.8) and (3.9), the index number relationships are n=k+2;j for analysis
and k=n+2j for synthesis. The differences between power series and polynomial
nonlinearities are infinite index upper bounds in Figure 3.1 (a) and (b). The finite

index upper bounds, such as L,, L,, and L, are shown in Figure 3.1 (¢) and (d)

represent finite index upper bounds of harmonic number, polynomial coefficient, and
summation, respectively. Therefore, by obtaining such upper bounds, we provide a

lemma and its proof as solutions for the above defined problems.
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Power Series Polynomial Nonlinearities

Function A _ Function
pproximation A
>
1) ey f(x)
Analysis Synthesis  Analysis < > Synthesis
o (?) Approxm;anon > 2(0)
Fourier Series Truncated
Function Fourier Series
Function
Power Series Polynomial
Coefficients N - Coefficients
I pproximation }’l\n
0« | (P—n)/2]
3.(4:h,) S(4e) 5,4k, 3.(4.8)
¢, Approximation . é,
Fourier Series ® < L(Q ~k)/ 2J Truncated
Coefficients Fourier Series
Coefficients

Figure 3.2: Analysis and synthesis link between power series, polynomial
Nonlinearities, Fourier series, and truncated Fourier series.
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Lemma 1:
For analysis, L, =max(k)=QeZ" and L, =|(L,—k)/2]=|(Q-k)/2] for
ke{0,1,2,...,0}. L ,=max(n)=PeZ', L,=|(L,—-n)/2|=[(P-n)/2| for

synthesis. The closed-form design equations, ¢, = 30 (A,ﬁn) and hAn = 3S(A,ék) , are

R . L@ R] ge2ip (f 40
A dy-L y 2ih,,( .J} (3.11)
2 7=0 2" J
forn=k+2j and k=0,1,2,...,(L, =0),
) 2;1—1 Lj=\_(P’")/2J . n+2] n +]
h =3 (4e)= 1y 22 C,, 3.12
~Sa=2r Yy (.12

for k=n+2j and n=0,1,2,...,(L, = P).

Proof:

Denote sup(.) as the supremum or the least upper bound and inf(.)as the
infimum or the greatest lower bound. Suppose ﬁn , for n=k+2j exists in (3.11) and

¢,, for k=n+2j exists in (3.12). For (3.11), L, denotes the highest harmonic
number. L, =sup {k+inf(2/)} <QO.

Because jelZ” and inf(2))= 2j|j=0 =0,L, =sup(k)<0. Also,
k,QeZ",L, =Q. For (3.11), L, denotes the index upper bound. L, =sup(;) and
k+2sup(j)<Q where k,jeZ". L, <(Q—k)/2 implies L, =|(Q—k)/2|, where
|_xj denotes the largest integer not greater than x. For (3.12),

L =sup{n+inf(2j)} <P denotes the highest degree of the polynomial. Because
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jeZ" and inf(2j):2j|f:0 =0, L =sup(n)<P. Because n,PeZ", L =P. For
(3.12), L, denotes the index upper bound. L, =sup(j) and n+2sup(j)<P where
n,jeZ" . Thus, L, =| (P-n)/2]|.0. E.D.

The analysis and synthesis duality relationships are illustrated in Figure 3.2,

where f(x), f(x), g(t),and g(t) are expressed in (3.1), (3.2), (3.4), and (3.10), and

3,(A4,h), 3.(4,¢,), S.(A4,h), and 3.(4,¢,) are shown in (3.8), (3.9), (3.11), and

a

(3.12), respectively.

3.2.4 Triple Duality Theorem for sound analysis and synthesis

In this section, the mathematical relationships between nonlinear function symmetries

and harmonic generation patterns are discussed.

For VjeZ",let n=k+2j, n>2j for analysis equations in (3.8) and (3.11),
and k=n+2j, k>2j for synthesis equations in (3.9) and (3.12). Let
E" ={0,2,4,...} be a set of all positive even numbers and O" ={1,3,5,...} be a set of

all positive odd numbers with E"JO" =Z" and E'(NO" =, where U and () are
union and intersection set operators, respectively, and & is the symbol for the empty
set.

Lemma 2: The following statements are true:
1) VneE" & VkeE",
2) VneO" < VkeOr,

3) Vnel' < Vkel’,
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where the symbols <>, and V denote “if and only if (iff),” and “for all,” respectively.

Proof:

Let Ae{neE" > true,ng E" — false}, and Bel{k e E" — true,k ¢ E* — false} be
two conditions that can either be true or false, and n,k € Z" . Because

(E'UO" =Z")A(E'NO" =2), (3.13)
where A denotes the logical conjunction (AND) operator. Set
—~(A)=—(neE")=n¢E " =ne0", and ~(B)=—(k€E")=kgE =k eO", where
— denotes negation. Let — denotes implication. To prove 4 — B, assume
that A — —(B). By (3.11), k=n-2j, n>2j. Setting n=2€E", and j=0€Z",
k=2-2(0)=2€E", which contradicts the assumption. Because A4 A —|(B ) ,
A—>B.

To prove B— A, assume that B——(4). By (3.12), n=k-2j, k>2j.
Setting k=2€E", and j=0e€Z", n=2-2(0)=2€E", which contradicts the
assumption. Because 374—|(A) ,B—>A4. Because A—>B and B—> A4, A< B.
Furthermore, due to (3.13), neE"¢0O" and keE" ¢O", which implies that
VneE < VkeE". Suppose Ce{neO" >true,ng O" > false}, and
DelkeO" > true,k ¢ 0" — false} be two conditions that can either be true or
false, and nkeZ. By (3.13),-(C)=—(ne0")=ng¢0" =neE", and

—~(D)=—(keO)=keO" =keE".
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To prove C — D, assume that C — —(D). Set n=1€0" and j=0€Z".
Because k=n—2; for n>2; from (3.11), k=1-2(0)=1€O" that contradicts the
assumption. Because C45—(D), C—>D. To prove D->C, assume that
D——(C). Set k=1€0" and j=0€Z". Because n=k—-2; for k>2; from

(3.12), n=1-2(0)=1€ O" that contradicts the assumption. Because D 74 C,D->C.
Because C - D and D — C, C <> D . Furthermore, due to (3.13), n€O" ¢ E" and
k€O ¢ E", which implies that Vne O <> Vk e O".

To prove VnelZ <> VkeZ', let {n,n,}cZ", neE’, and n,e0",
whereas  {k,k,} cZ",k,€E" and k,€O". Because n €E' <>k €E" and
n,eO < k,e0", n,n,eE"UO" =Z" <k ,k,eE'UO" =Z".

Because E'(10" =3, VneZ <> VkeZ . Q. E. D.

The mathematical results of Lemma 2 can be interpreted as follows: For
analysis, if system functions f(x) or f (x) in (3.1) and (3.2) contain indices n that
are all even (or all odd) numbers, the signal functions g(¢) or g(¢) in (3.4) and (3.10)
will contain indices k& that are all even (or odd) numbers, respectively. In other
words, power series or polynomials with even (or odd) orders can generate only even
(or odd) harmonics. Note that the DC component is a constant term ¢,/2 in (3.4) or

¢,/2 in (3.10) with & =0 which is an even number. For the synthesis, if the signal

functions contain indices k that are all even (or all odd) numbers, the system
functions contain indices # that are all even (or all odd) numbers, respectively. The

last statement of Lemma 2 means that for analysis, if the system functions contain
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both even and odd numbers, the generated harmonics contain both even and odd
numbers and vice versa for synthesis.

Following this line of thought, we link the analysis and synthesis dualities
with function symmetries. If f(x) is even symmetric, f(x)= f(—x) and if f(x) is
odd symmetric, f(x)=—f(—x) If f(x) is non-symmetric, f(x)# f(-x)#—f(—x).
Lemma 3 and its proof show the links between function symmetries and order n of
f (x)= f(x) is assumed, the

f(x) or f‘ (x) . Because convergence condition lim

n—>0

general statement of Lemma 3 and its proof is based on f(x) but the result is also
applicable to f (x).
Lemma 3: The following statements are true.
D f(x)=f(-x)o>Vnek,
2) f)=—f(=x)>VneO",
3) f(x)#= f(—x)#—f(—x)>Vnel".
Proof: Let f(x)= ZHET hx".
fEx)= h(=x)" =Y h,(x)" = f(x)<>VneE".
fEx0)=2 h(=x)" == h(x)'=—f(x)>VneO".
fE0)=2 hx)" £ ()" =f(x)2- h,(x)' ==f(x)
<—>—|(‘v’n eE+)/\—|(‘v’n eO+)=(3n eE+)/\(3n € O+) =VnelZ'. Q.E.D.
The logic symbol 3 denotes “there exists.” Based on these lemmas, we state

and prove the Triple Duality Theorem, which shows the relationships between

function symmetries, order of nonlinearities, and harmonic numbers.
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Triple Duality Theorem:
) f(x)=f(-x) > VneE < VkeE",
) f(x)=—f(-x) > VneO" & VkeOr,
3) f(X)# f(~x)#—f(—x) > Vnel < Vhel
Proof: Using Lemma 2 and 3,
(VneE &> VkeE)A(f(x)=f(-x)>VneE")
- f(x)= f(-x) > VneE' & VkeE".
(VneO" & VkeO ) A(f(x)=—f(-x) > VneO")
- f(x)=—f(-x) > VneO" & VkeO".
(VneZ' & VkeZ )A(f(x)# f(-x)#—f(-x) <> Vne L)
- f(0)# f(-x)# —f(~x) > VneZ < Vnel".
Q.E.D.

Corollary: Let A  denote any positive integer including  zero.
dn=AeZ <3Jk=Ael".

Proof: By Lemma 1, k=n-2j, for j=0,1,..., L..

J

Thus,
dn=A—->Jk=A-2min(j)=A-2(0)=A. By Lemma 1, n=k-2j for
J=0,1,....L,. Thus, Jk=A—>In=A-2min(j)=A-2(0)=A. Because
dn=A—>3Jk=Aand Idk=A—>3TIn=A,In=A3Jk=A for AeZ". Q.E.D.

The Triple Duality Theorem describes the relationships between function

symmetries, harmonic patterns, and order of nonlinearity. The corollary states that if
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an integer number is a nonlinearity order, this particular integer number is the

harmonic number and vice versa.

3.2.5 Harmonic Analysis and Synthesis on Polynomial (HASP)

Using design equations in (3.11) and (3.12), we propose the HASP algorithm. HASP
consists of only two routines HASP Analysis and HASP Synthesis, which are

presented in Table 3.1 and Table 3.2, respectively.

Table 3.1: Analysis routine of HASP.

function C = HASP_Analysis (A, H)

Input: Amplitude of input single tone A and an array H of length Q +1 containing polynomial coefficients such that
Hifl=hy, HI21=h,, ..., HIQ+1]=h,.

Output: An array of C length Q+1 containing amplitudes of harmonics such that C[1]=¢,, C[2]=¢,,
ClQ+1]=¢,.

for k < 0 to Q step 1do

sum «0;

for j «<— 0 to floor((Q — k) / 2) step 1do

Hlk+2x j—1] (k+2><jj
22></ j

sum < sum + A% x
od;
1 )
Ik +1] ¢ - sum;

od;
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Table 3.2: Synthesis routine of HASP.

function H = HASP_Synthesis(A, C)
Input: Amplitude of input single tone A and an array C of length P +1 containing truncated Fourier series

coefficients such that C[1]=¢,, C[2]=¢,, ..., CIP+1]=C,.

Output: An array H of length P+1 containing polynomial coefficients such that H[1]=ﬁ0, H[2]=ﬁ1,
HIP +1]=h, .
sum «0;
for j < 1to floor (P/2) step 1do
sum <« sum +(=1)’ xC[2x j+1];
od;
comment: computations of fzn ,n=1...,P;
forn<1to P step 1do

sum <« 0;

for j «<— 0 to floor((P—n)/2) step 1do
sum <« sum +(—1)! xwx[nfijC[n+2xj+1];
(n+ ) J

od;

Hin+1«

x.sumj

n

od;
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3.2.6 Case studies using HASP

f(x) and f (x) are the power series and polynomial nonlinearity, defined in (3.1)

and (3.2), respectively. They can be related as follows:

o . [
f(x)= Zhnx” ~ f(x)=) hx", (3.14)

n=0

with the convergence assumption

lim £ (x) = £ (x). (3.1)
where A, h,,..., and ﬁo,le,... are series and polynomial coefficients, respectively. QO

is the highest order of polynomial. Given the values of f(x) at M +1 distinct values

of x,and for m=0,1,....,M , f(x,)= f(x,). That is
m O0"m

0 . A .
D hxh =hy+hx, +hx, +-+hyx? = f(x,), (3.16)
n=0

for 0<m< Q<M . Equation (3.16) can also be written as

>

1 x, x x? 0 (%)
1 x X xZ A X
Lo BIKIE A (3.17)
1 x, xj/[ xAQ/[ };M S(x,)
VGRUWH)X(QH) h;]R(‘I‘/[*;XI feRlJV[H)xl

where V is the Vandermonde matrix. Because V is singular [PhiO3], the
approximating polynomial vector h can be obtained as

h=Vf. (3.18)

By (3.18), memoryless nonlinear functions can be polynomial-approximated

and HASP Analysis can be used to compute the individual harmonic contents at the
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output of polynomial nonlinearities. On the other hand, HASP Synthesis can be
applied to construct the polynomial nonlinearities instantly when the information on
the harmonic content is pre-defined.

Table 3.3 shows numerical results as case studies or examples. The first
column of the table are acronyms of four nonlinear functions that are odd-symmetric.
They are normalized hyperbolic tangent (NTANH), inverted NTANH, negated
NTANH, and inverted and negated NTANH functions. The functions are plotted in
Figure 3.3. The second column shows the closed-form formulae of the functions. The
third and fourth columns consist of approximated polynomial coefficients and
truncated Fourier coefficients for the case of unity input amplitude. This example
shows that given the third column, using HASP Analysis, we can obtain the fourth
column, or given the fourth column, using HASP synthesis, we can obtain the third
column data. Note that triple duality theorem predicts that odd symmetric
nonlinearities can generate only odd harmonics, and maximum harmonic number is
equivalent to the largest polynomial order. In these examples, the maximum harmonic
number is 3, and the largest polynomial order is third order.

Table 3.3: Harmonic analysis and synthesis results of a family of normalized
hyperbolic tangent functions. Note: & = (¢* +1)/(e* —1).

Acronym | £(x) R b R & & & &

NTANH (e —e™) 0 12863 0 -0.2977 0  1.0630 0 -0.0744
“ (e*+e™)

INTANH 1"{1 + X/aj 0 07372 0 02438 0  0.9200 0  0.0609
2 1-x/a

N2TANH (e —e") 0 -1.2863 0 02977 0 -1.0630 0 00744
“ (e +e")

IN2TANH 1 In[1_ X/aj 0 -0.7372 0 -0.2438 0 -0.9200 0 -0.0609
2 1+x/a
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NTANH INTANH

1 1

05 ' .

0 0
05 05

! 05 0 05 1 '1-1‘ 05 0 0.5 1

N2TANH IN2TANH

1 1

05 0.5

0 0
05 05

! -0.5 0 05 .1 1 -05 0 05 ..1

Figure 3.3: In-out plots of four normalized hyperbolic tangent functions. The dotted
diagonal lines in upper left and right subplots represent y = x and the dotted diagonal

lines in lower left and right subplots are y =—x. The four solid curves represent the
four nonlinearities presented in Table 3.3, respectively.

3.3 Generalized Harmonic Analysis

Generalized harmonic analysis is a term used here to derive generalized closed-form
harmonic analysis formulae from the given NLD nonlinear functions with the help of
Taylor’s series. The objective is to study the effect of the parameterizations of the
nonlinear functions on the harmonic generation patterns and to relate the findings

with the single-tone objective metric, THD.
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3.3.1 Generalized harmonic analysis of ATSR NLD

In [OGL10], we proposed an NLD that can generate both even and odd harmonics
that are essential for bass perception. The proposed NLD is termed arc-tangent square

root (ATSR) and is defined as

frase () =atan™ (Bx) +y1-(Cx) —v, (3.19)
where {a,f,w,} are the four parameters that control the harmonics generation
pattern and intensity. The mathematical relation between these four parameters and
harmonic generation will be considered next.

By using Taylor’s series [CC04], (3.19) can be expressed as follows:

Frrsn ()= aﬂZ(( D oo fone vy ((1 ?n)l(j”jl' Ly (3.20)

H(x) J2(x)

If we limit the highest order of polynomials to O, with the highest even order as Q,,

and the highest odd order as O, we can state this relationship as

0.=0, 0 =0.-1, if mod(Q,2)=0,
{0..0,} = . (3.21)
Qo = Q’ Qe = Qo _1’ lf mOd(Q’ 2) = 19

where mod(Q,2) is the modulus operator finding the remainder of division of Q

by 2. An estimated polynomial approximation of the ATSR is written as

0,-1

fx)= aﬂZ(( ' B+ Z ((1 gz)n),(jfi' —y. (3.22)
i) fr(x)

The input-output transfer characteristic of (3.22) is shown in Figure 3.4. Notice

that fl(x) and fz(x) are the odd-symmetric and even-symmetric functions that
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generate odd and even harmonics, respectively. These odd and even harmonic blocks
are combined in parallel, and a constant y is subtracted from their combined result.
The parameters a and f are used to control the intensity and harmonic patterns of the

odd harmonics, while y and ¢ are used to control the even harmonics.

ATSR Interpolation (=25, B=0.9, w=25, [=0.9)

1 T T T T T T T T

output, f(x)

original
+  polynomial approximated (Q=12)

T 08 -06 04 02 0 0.2 0.4 0.6 0.8 1
input, x

Figure 3.4: The input-output plot of the original ATSR NLD and polynomial
approximated ATSR NLD. The parameters are setas ¢ =2.5, =09, yw =2.5, and

¢ =0.9. The polynomial approximation orderis Q0 =12, O, =12, and O, =11.

The output signal of the ATSR, excited by the sinusoidal signal in (3.3), can

be formulated by [OGL10]

0
(1) = 30 +Y_ ¢, cos(kar),k €{1,2,3,...,0}
k=1
O . P 0,
= Zd, cos(lwt) +?°+ Zém cos(mwt)—y, (3.23)
I=1 m=2

0] P ()

for/e{l,3,...,0,},me{2,4,...,0.}.
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The generalized closed-form formulae for both even and odd harmonics’ amplitudes

can be formulated as [OGL10]

0,1 1421
. 2 AT (=1 2 B (1+427
G-y AVED P YL mrre{lsng). (G29)
2= 2°7(1+2)) J
and
Qe—m

s _ ¥V N (=A4$)"* (m+2,)! m+2j
em = 2m—1 Z

- S0, forme{0,2,...,Qe}. (3.25)
- (l—m—2j)(mzzjj!22’”+4-’ J j

Equations (3.24) and (3.25) generalize the single-tone harmonic analysis of the

S

ATSR function. It is noted that in (3.24), odd harmonics’ amplitudes, d, are

influenced by the two parameters of ATSR function, a, f, and the input single tone

amplitude, 4. Likewise in (3.25), even harmonics’ amplitudes, ¢, are influenced by v,

{,and A.

3.3.2 Generalized harmonic analysis of parameterized EXP NLDs

The exponential NLDs are used in psychoacoustic bass enhancement system (also
called a virtual bass system) [Kar02] [OG10] [PRL10]. In this subsection, we analyze
the harmonic generation pattern of exponential NLDs, and show that THD may not be
a preferred metric to measure the nonlinear distortion caused by NLDs.

Let us first define two basis exponential functions as
fixe)=e", fxe)=e”, (3.26)
where x is single tone input signal defined in (3.3). We then derive some closed-form

formulae for parameterized exponential NLDs from (3.26). Let us define exponential
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1 (EXP1) and exponential 2 (EXP2). First, a tunable exponential parameter b is

substituted in the place of e in (3.26):

S (x,0) =0, (3.27)
Sexpr (X,0)=07" (3.28)
By Taylor’s series, from (3.27),
Fanb) =8 = = o iy = 3 0 (3.29)
and from (3.28),
Fan ) =7 =™ = o) =3 0 (330)

The transfer characteristics of (3.29) and (3.30) are plotted in Figure 3.5 for
b=1.1to 10 with a step-size of 1.1. The closed-form harmonic analysis equations for

(3.29) and (3.30) can be obtained as follows:

Ok
&l = (Alnbj {jZZ;J éir;i/jll) (331)
and
A —Alnb {%J —Aln b/Z)
Cklexps = ( j 120 ATt j+1) (3.32)

where I'(.) is a gamma function [Sch71] [Leb72], A4 is the amplitude of input tone in
(3.3), b is the base parameter of the exponential NLD, and ¢, are the truncated

Fourier series coefficients that can be written as

/ [ Acos(ar)] =%°+i5k cos(kat), (3.33)
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where Q is the highest order of polynomial NLD and the largest harmonic number.
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Figure 3.5: Nonlinear transfer characteristics of EXP1 and EXP2. The parameter b
varies from 1.1 to 10 with a step-size of 1.1.

To derive half-range exponential 1 (HREXP1), half-range exponential 2
(HREXP2), full-range exponential 1 (FREXP1), and full-range exponential 2
(FREXP2), we borrow the idea from data mining applications [HKO06]: the essence of

the idea is to transform the output interval from [y . .,y .1 to [V, ,V..] for the

input interval [x

min ? xrnax

]. The followings are set:
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y=f(x); 7=f):
Vs = MAX[f (0] P = max [ (x)]; (3.34)
Vi =Min[f(X)]; $ = min[ f(x)],

where f (x) denotes the normalized nonlinear function. By (3.34), the min-max

normalization formula can be written as

Y = Viin

j}: (j}max _ymin)_'_j}min’ (3‘35)

Yimax ™ Vimin
where y is the original data value to be normalized. y,_, and y_ are maximum and
minimum of the original data values, whereas y is the normalized data value. y_,
and y_. are maximum and minimum of the normalized data values, respectively.

Table 3.4 shows the numerical values settings to be substituted into (3.35) for

full-range and half-range EXP1 and EXP2 nonlinearities and the resultant equations.

Table 3.4: Numerical values settings.

NLD ymax ymin ymax ymin y y
X _ K1
HREXP1 +1 0 b b b b b4
b-b
2 pi-x
HREXP2 +1 0 b b b bbz b1
p ) bx _ b71
FREXP1 +1 -1 b b b 2 = -1
b2 _ bW—x
FREXP2 +1 -1 b b b 2( T j—1
We define
b -1
D (b)= 5 Dy(B) = (3.36)
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and use (3.36) and Table 3.4 to present the relationships between the half-range and

full-range and half-range exponential NLDs and (3.27) and (3.28) as follows:

Srexp1(X,0) = @ (D) frpy (x,0) + D, (b), (3.37)
Jrurexp2 (%,0) = B[ @ (D) [, (x,0) + @, (D) ], (3.38)
Jrrexpr(X:0) = 2 f g (3 ) =1, (3.39)
and
Jrexps (Xs0) = 2 f s (X, ) = 1. (3.40)

The nonlinear transfer characteristics of (3.37), (3.38), (3.39), and (3.40) are plotted

in Figure 3.6 for b =1.1 to 10 with a step-size of 1.1.

output
)
|
|
output

output
o
T
|
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|
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|
|
|
L
|
|
I
1
output

Figure 3.6: Nonlinear transfer characteristics of HREXP1, HREXP2, FREXP1, and
FREXP2. The parameter b varies from 1.1 to 10 with a step-size of 1.1. The increase
in parameter b increase nonlinear curvatures.

63



The following closed-form harmonic analysis equations for the half-range and

full-range exponential NLDs are derived:

60 HREXPI 2| @ (b) e +@ (b)} ék>0 HREXP1 q)l(b) ék>0 EXP1° (3'41)
éO HREXP2 2{b @ (b) TELE 4 D (b)}}’ 6k>0 HREXP2 =bCD2(b) é/€>0|15XP2'(3'42)
éo FREXPL 2(60 HREXP1 _1); ck>0|FREXP1 2ck>0|HREXPl ) (3.43)
60 FREXP2 2( HREXP2 1); ék>0|FREXPz = 2ék>0|HREXP2 . (3~44)

The THD metric is defined by [Shm05]

2.1
THD = Y&z " (3.45)
H

1

where H, for n=2,3,... are the amplitudes of harmonics. Note that H =|c

because ¢, can be either positive or negative, representing the same phase or 180

degrees out of phase with respect to the input sinusoidal signal in (3.3). Next, we
compare the THD scores of six derived exponential NLDs for 4=1 and b =exp(l).
We observe that, although exponential NLDs have different closed-form expressions,
they all turn out to yield the same THD scores, which is 24.34 % in Table 3.5. The
numerical results are listed in Table 3.5 for ease of comparison.

The three-dimensional THD plots for the six exponential NLDs are also
shown in Figure 3.7. Two parameters 4 and b vary from —60 dBFS to 0 dBFS and
from 1.1 to 10, respectively. The dBFS stands for decibel relative to digital full scale.

As predicted by Table 3.5, all the plots are exactly equal implying that, even though
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nonlinear transfer function plots are different, six exponential NLDs result in the

same THD scores regardless of input parameter and base parameter.

HREXP2

HREXP1

Figure 3.7: Three dimensional THD plots of six exponential NLDs.
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Table 3.5: The truncated Fourier series coefficients (up to 5™ harmonic) of six
exponential NLDs and their respective THD scores [4 =1,b =exp(1)].

EXP1 EXP2 HREXP1 HREXP2 FREXP1 FREXP2
DC 1.2661 1.2661 0.3821 0.6179 -0.2357 0.2357
¢, 1.1303 -1.1303 0.4809 0.4809 0.9618 0.9618
¢, 0.2715 0.2715 0.1155 -0.1155 0.2310 -0.2310
¢, 0.0443 -0.0443 0.0189 0.0189 0.0377 0.0377
C, 0.0055 0.0055 0.0023 -0.0023 0.0047 -0.0047
Cs 0.0005 -0.0005 0.0002 0.0002 0.0005 0.0005
THD 24.34% 24.34% 24.34% 24.34% 24.34% 24.34%

3.3.3 Synthesis of polynomial NLD and harmonic shifting technique

In the last sections, we showed that static memoryless nonlinearities can be
approximated using polynomials. Hence, with a set of appropriate coefficients, a
polynomial-based NLD can be used to represent different NLDs. Here in this section,
we use HASP Synthesis, as outlined in Table 3.2, to control the amplitude of the
generated harmonics.

However, as some harmonics (depending on the fundamental frequency) may
lie in the non-reproducible frequency band of a loudspeaker (as shown in Figure 3.8),
we attempt to counter this problem by splitting the low frequencies (0-770 Hz) into
3 filter bands and introduce a harmonic shifting technique to shift the affected
subbands to the reproducible frequency band.

A polynomial NLD is described in (3.2). It is a memoryless nonlinear
system—i.e., the current output sample depends only on the current input sample; and

superposition principle does not hold true. This system is shown in Figure 3.9.
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Figure 3.8. Typical frequency response of a loudspeaker.
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Figure 3.9. Block diagram of a polynomial NLD.
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Figure 3.10. Magnitudes of generated harmonics and DC-term of NLD in frequency
domain with different decay rates.

The generated harmonics (by a single tone) including the DC term and the
fundamental frequency can be described by (3.10). In the frequency domain, they can
be viewed as shown in Figure 3.10.

The process of NLD analysis is defined as finding the amplitudes of the
harmonics, given the polynomials’ coefficients. Conversely, NLD synthesis obtains
the polynomial coefficients from the amplitudes of the harmonics. Based on
psychoacoustic research findings [Dai00] [MGP85], the first five harmonics are

critical for bass perception. In order to generate up to the fifth order harmonics, the
highest order of polynomials should be five, i.e. ﬁn,ne{l,2,3,4,5}, are to be
synthesized, given ¢,,k €{1,2,3,4,5}. Individual harmonic’s magnitude can be set

and the polynomial-based NLD’s five coefficients can be synthesized easily using
HASP Synthesis.

However, a problem associated with the complexity and harmonic wastage
may arise. In the case of a 5™-order polynomial-based NLD and a single tone with
fundamental frequency of 100 Hz from band 1 (see Figure 3.11), the synthesized

harmonics of up to 5" order are 100, 200, 300, 400 and 500 Hz. In the case of a
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highly-directional speaker that uses ultrasonic transducers with cut-off frequency of
700 Hz, none of the harmonics can be reproduced. Higher harmonics may need to be
reproduced, but with reduced impact on the bass perception. These ultrasonic
transducers cannot reproduce low frequencies due to their physical limitation (i.e., not
having enough air volume or large diaphragm to vibrate to emit low frequencies).
Hence, our next proposed technique on harmonic shifting attempts to address
this issue by shifting the synthesized harmonics in the non-reproducible frequency

band to the reproducible frequency band.

HPF
Fc =770 Hz

<

- Band 3
™ 400~770H7 [ NLP

X
. /4 A
p Band2 | b

[200 ~ 400 Hz]

Band 1 Harmonic
0~20007 ™ NP ™ Ghifting

Figure 3.11. Block diagram of a simplified VBS.

3.3.4 Harmonic shifting using double sideband suppressed carrier

modulation scheme

Double sideband suppressed carrier (DSB-SC) modulation technique can be used to
shift specific low-frequency subbands that lie in the non-reproducible frequency band
of the speaker to the resonating frequency of the speaker. The carrier frequency can

be suitably chosen to lie in the reproducible frequency band (i.e., above the
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fundamental resonant frequency) of the speaker that faithfully reproduces the
harmonics. The frequency spectrum produced by amplitude modulation is
symmetrically spaced above and below the carrier frequency. One of the reasons for
using DSB-SC modulation technique over single-side band (SSB) modulation is
decreased complexity. Furthermore, sub-harmonics (lower side band) can also be
produced that may enhance the bass perception [HMO07].

Assuming the case of a single tone, fy with unity amplitude, the DSB-SC

equation can be expressed as

(1) =V, cos(w,t)xV, cos(w,t)x2
fo Je

_Vbe {cos[(a)C +,)t |+cos| (o, —com)t]}X2 (3.46)

2
=V V. {cos[(a)c + @, )t]+cos[(w, - o, )t]},

where )() is the modulated spectrum, Vi, is the amplitude of the single tone, V. is the
amplitude of unmodulated carrier, w,=2xf,, is the single tone angular frequency in
radians/s and w.=2zxf. is the unmodulated carrier angular frequency in radians/s

[HMO7]. Note that (3.46) has been multiplied by 2 in order to get unity output.

3.3.5 Case study: combining polynomial synthesis and harmonic

shifting

This section illustrates an example in combining polynomial synthesis and harmonic

shifting. A single tone, f, =100Hz, which falls within band 1 (see Figure 3.11) is fed

into a 5™-order polynomial-based NLD with a cutoff frequency f; of 700 Hz.
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Coefficients for the polynomial-based NLD are computed based on the
desired harmonics’ magnitudes. The following will present a guideline for selection
of the harmonics’ magnitude. ¢, can be set based on 2 known parameters: desired
decay rate and magnitude of the first harmonic. Setting the magnitude of the first

harmonic ¢, =0.9 and a linear decay rate, based on the difference between 2

harmonics, A of 0.1 dBFS, the other 4 magnitudes can be computed based on (3.47)
below:

A=¢, —¢, ., 3.47
k k+1

where ¢,,k €{1,2,3,4,5}. Table 3.6 shows the computed magnitudes.

Table 3.6: Computed magnitudes of harmonics.

¢, 09
¢, 08
¢, 0.7
¢, 06
6, 05

After applying the harmonic shifting technique, the synthesized harmonics
(100, 200, 300, 400, and 500) Hz are now shifted to (800, 900, 1000, 1100 and 1200)
Hz with additional harmonics (200, 300, 400, 500 and 600) Hz being generated as a
result of the DSB-SC modulation. Assuming the case of a highly directional speaker
with cut-off frequency of 700 Hz, all the frequencies in the upper side band (above
the carrier), lie in the reproducible region, while most frequencies in the lower side
band (below the carrier) are greatly attenuated. However, these attenuated frequencies

may still be perceivable to a certain extent. The magnitude of these shifted harmonics
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(dependent on the frequency band) and the f; (dependent on the speaker’s cut-off
frequency) must be carefully selected so as to produce desirable results.
Equation (3.48) below can be used to shape the harmonic spectrum in 2 steps

if necessary.

G-éka a > 1,
Ge” O<a<l,
C, = (3.48)
Gc, a=1,
G a=0.

The first step is to select a suitable decay rate by adjusting a. « >1 results in a
steeper decay curve, while a <1 results in a more gradual decay curve. Once a
suitable a is selected, the next step is to select a suitable gain, G where G >1 causes
amplification and 0 < G <1 causes attenuation. The result is a new set of harmonics,

¢ ke{l,2,3,4,5}. We canset =1 and G =1 to retain the initial set of ¢, since it

may not be necessary to further modify the spectrum for bands that do not require the
process of harmonic shifting.

Figure 3.11 illustrates an example of a simplified VBS where frequencies
below 770 Hz are split into filter bands and each is processed by a NLD. As most of
the synthesized harmonics from band 1 fall into non-reproducible frequency band,
DSB-SC modulation technique is used to shift frequencies in band 1 to the
reproducible frequency band before mixing. This combined technique can further

enhance the bass perception.
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Figure 3.12 shows spectrogram plots of (a) original input signal, (b) processed

signal without modulation, and (c) processed signal with modulation. Figures 3.12 (b)

and (c) both clearly show increased energies across the frequencies (y-axis),

illustrating the

effects of the synthesized harmonics. On the other hand,

Figure 3.12 (c) shows increased energies from 700 to 1100 Hz and a reduction of

energies from 0 to 200 Hz, signifying the effects of the shifted harmonics.
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Figure 3.12: Spectrogram plots with (a) orginal input signal, (b) processed signal
without modulation, and (c) processed signal with modulation. [Color Keys: Red =
Strong energy, Yellow = weak energy, Blue = weaker or lack of energy]
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3.3.6 Subjective evaluation and results

Subjective testing was carried out to examine the effectiveness of the proposed
method over the unprocessed sound track. The bass enhancement algorithm was
implemented using Analog Device’s BlackFin 533 Ez-Lite Kit [Anall]. Appropriate
values for the harmonics’ magnitudes were selected. In order to demonstrate the
problem of high cut-off, a highly directional speaker [Ame07] with cut-off of
approximately 1000 Hz was used in the test. Twenty-four subjects, 2040 years of
age, participated in the tests. Arrangement of the speaker, position of subject and the
conditions of listening room followed the ITU standard ITU-R BS.1116 [ITU97].
Multi-stimuli with hidden reference and anchor (MUSHRA) of ITU-R BS.1534-1
[ITUO1] were used as the test procedure. Rating scales were based on ITU-T P.1534
continuous scale and ITU-R 5-point continuous impairment scale [ITU90]. Three
stimuli with appropriate amounts of bass energies were used for our subjective tests.
They were:

e Stimulus 1: Puff Daddy — I’ll Be Missing You

e Stimulus 2: Britney Spears — I Love Rock 'N' Roll

e Stimulus 3: Empire Brass Quintet — Hopper Dance

Two models are evaluated in the listening test. Model 1 (M1) uses the

polynomial-based NLD without DSB-SC modulation and Model 2 (M2) uses the
same polynomial-based NLD but with DSB-SC modulation technique. Data are
compiled and plotted in a bar diagram. Figure 3.13 below contains the compiled

scores for both models on two attributes, bass quantity and impairment. Scores for
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anchor (high-passed signal) and reference signal are not included here. Scores were

computed by taking the mean of the scores from 24 subjects.

Bass (M1)
Impairment (M1)
El Bass (M2)
E Impairment (M2)

Scores

Stimulus 1 Stimulus 2 Stimulus 3

Stimuli

Figure 3.13: Listening test results.

It is clear from Figure 3.13 that both models showed significant enhancement of
bass perception, especially on stimulus 2, with M1 and M2 having scores of 3.9 and
4.1, respectively. It can also be observed that impairment was generally imperceptible
with a score of 4.5 and higher for each stimulus. Feedback from subjects mentioned
the better quality in terms of naturalness and sensation of the processed sounds.
Results also show that M2 employing DSB-SC modulation outperformed M1, with at

least half a unit difference in all stimuli and a maximum of 1.2 in stimulus 2.

3.4 Conclusions

Triple Duality Theorem has been stated and proved in this chapter. Detailed
mathematical analysis on the relationship between harmonic analysis, synthesis and

symmetries of nonlinear function has been proved. The mathematical findings are
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converted into an algorithm, known as HASP. HASP has been listed and applied to
the cases of harmonic analysis and synthesis. The generalized harmonic analysis on
ATSR and EXP nonlinearities are presented. The harmonic analysis on EXP NLDs
shows that THD metric may not be suitable to measure the degree of nonlinearities.
The harmonic synthesis idea is combined with DSB-SC modulation technique to
make parametric array loudspeakers sound bassy. The subjective listening test results
support the feasibility of the idea.

In general, this chapter has shown the duality relationship between sound
analysis and synthesis. We have also proposed a set of closed-form design equations
for sound analysis and synthesis, and the HASP algorithm. The significance of this
work lies in its duality relationship and simplicity. For duality, we uncover the
relationships between analysis-synthesis, and nonlinear functions’ symmetries,
whereas, for simplicity, we propose computational efficient HASP routines that are

easy to implement for sound synthesis and nonlinear harmonic distortion analysis.
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CHAPTER 4

MULTITONE ANALYSIS ON NONLINEAR

DEVICES

4.1 Introduction

When a multitone signal is applied to an NLD, both harmonics and intermodulation
components are generated. There are different techniques to compute the harmonics
and intermodulation components at the output of polynomial nonlinearities without
using discrete Fourier transform (DFT), which has well-known limitations if used to
compute output components, such as frequency resolution, spectral leakage, and
sampling aliasing [OSB99].

The precise intermodulation product computing technique (PIPCT) has been
proposed to compute intermodulation products at the output of polynomial nonlinear
equations [Yea08], for which PIPCT is used to compute intermodulation components
precisely and efficiently, when NLD is fed by a multitone signal.

However, there are two limitations in PIPCT: (a) input multitone components
must have unitary or constant amplitude; and (b) each phase of the input multitone
components must be preset to zero (i.e., the phase values of the intermodulation
components cannot be computed). Given these limitations, the following research
problems are defined:

1. Reduction of the computational load of PIPCT up to 50%;
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2. Overcoming the constant input amplitudes limitation; and

3. Elimination of the zero-input phase limitation.

This chapter is organized as follows: First, an overview on PIPCT is introduced
in Section 4.2. In Section 4.3, mathematical analysis on the two lemmas from [YeaOS8]
is carried out. With the insight gained from this analysis, a technique to reduce
computational load is proposed, with solutions for the two limitations in Section 4.4.
In Section 4.5, the harmonic addition theorem is proposed and two original proofs are
offered for it. The harmonic addition theorem is used to add overlapping frequency
components having different amplitudes and phases. A detailed description of the
proposed algorithm is also described in this section. Section 4.6 shows the simulation
results and point out FFT pitfalls on intermodulation distortion spectral analysis.

Finally, Section 4.7 summarizes and concludes this chapter.

4.2 Overview of PIPCT

The two lemmas of PIPCT are based on the monomial nonlinearity. The monomial

nonlinearity is defined as
y, (0 =[x0]", (4.1)
where x(7) is the input, y (¢) is the output, and g is the order of monomial

nonlinearity. Let us consider the input as a multitone signal with its components

having arbitrary amplitudes ( 4, ), frequencies ( @, ), and phases (¢, ) as follows:

x(t)= E A4, cos(ot+¢,), (4.2)

k=0

78



where £ is the index number and N is the number of input multitone components. Let

us define the output from the monomial nonlinearity as

y,(0)= LZ_]:B,( cos(at+y,), 4.3)

k=0
where B, @,, and y, are amplitudes, frequencies, and phases of the output
components, respectively. In (4.3), k is the index number and L is the number of
output components. Note that some of the output components may overlap, i.e., share
the same frequencies. Let us write a polynomial nonlinearity as
¥ = f[x0)]

ho + () + by [xO] +-+ hy [xO] +hy [x(0)]°

}’Z‘q [x(t)]q (44)

Il
Me

=
Il
f=}

9 .
D hy, @),
q=0

where f (.) 1s the polynomial-approximated nonlinear function, };q is the polynomial

coefficients, Q is the highest order of polynomial nonlinearity, and ¢ is the index of
the monomial nonlinearity. The polynomial nonlinearity is formed by adding
monomial nonlinearities, each of which is multiplied by a polynomial coefficient.

The input signal to the monomial nonlinearity for the case of PIPCT is
N-1
x(1) =AY cos(a,t), 4.5)
k=0

where 4, = 4 and ¢, =0 in (4.2). That is, the amplitudes of the input multitone are a

constant and initial phases are all set to zero.
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Let us form a column vector f with N number of input multitone frequencies,
@,,®,,...,0, , from (4.2) or (4.5) as follows:
f=[w, o .. o,,] eR", (4.6)

where R denotes all column vectors with N real components, while [.]" is the

transposed operation. Since the polynomial multiplication is equivalent to the

convolution [Yea08], the following process can be restated:

Az)=a,+az+a,z" ++a, z"", 4.7)
B(z)=by+bz+b,z" +---+b, 2", (4.8)

and
C(z)=A(z)xB(z)=c, +c,z+c,z° +-+-+ cz(N_l)zz(N_”. (4.9)

The column vectors with polynomial coefficients of (4.7), (4.8), and (4.9) are

az[a0 a, ... ay, aN_l]TeRN, (4.10)

b=[b, b - by, b,,] eR", (4.11)
and

e=[c, ¢ ] R (4.12)

Notice that the vector ¢ can be formed from the vectors a and b by convolution as
follows:

¢ < conv(a,b)=a®b, (4.13)
where ® is the convolution operator and « is the symbolic assignment operator. The

vector elements of {a,b,c} can be related by
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N-1
G = Z a;b,_;, (4.14)
=0

for 0<i<2(N-1)and 0<i—j<N-1.

Lemma 1 for PIPCT:

A new column vector d, which lists the sum and difference a, +b,_ ; and
a,—b, ; correspondingly to each produce term a;b, ; in (4.14) can be constructed.

1

The vector d is defined as

d=[d, d, .. d,, d, ] eR", (4.15)
where each element of d is formed by symbolic splitting as
d < split(c), (4.16)
where each element of ¢ by convolution in (4.14) is split into two elements of d as
ab o [(a,+b,).(a,-b ) |- (d,.d,..), (4.17)
for 0<i<2(N-1), 0<i—j<N-1,and 0<k<(L;-1). The vector length of d is

L,=2N*.

Lemma 2 for PIPCT:
Referring to the monomial nonlinearity in (4.1) and the output signal in (4.3),

the scaling factor of (1/2)' is associated with each spectral component

[cos(@,t),...,cos(@, t)]. Thatis each B, = (1/2)*" in (4.3) for k=0,1,...,L—1.
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Due to the two limitations of PIPCT, as described in Section 4.1, y, in (4.3),

the phases of the output components cannot be computed. Lemma 2 is only valid for

the special case of 4, =1 in (4.2) for the monomial nonlinearity in (4.1).

The two limitations are solved in the next sections with the detailed
descriptions of algorithmic development from the monomial nonlinearity in (4.1) to
the polynomial nonlinearity in (4.4). Moreover, the insights gained from the analysis
of Lemma 1 help us to further develop the computational reduced technique to

compute the output components—amplitudes, frequencies, and phases.

4.3 Analysis of Lemma 1 of PIPCT

The trigonometric interpretation of Lemma 1 is provided as follows: For ¢ =2 in (4.1)
and N =2 in (4.5), the trigonometric expansion (and their respective polynomial

multiplication and expansion) is given by

C(z) A(z)=ay+a;z B(z)=by+bz

y(t) =[x()]" =[cos(w,t) + cos(wt)]x[cos(w,t) + cos(wt)]

2
ayb, ayb,z abyz a\bz

= cos(aw,t) cos(a,t) + cos(m,t) cos(w,t) + cos(w,t) cos(m,t) + cos(ayt) cos(wyt),

(4.18)
where the equivalent polynomial multiplication in (4.9) is
C(z)=A(z)B(z)
=(a,+a,z)x(b, +bz)
=ayb, +abz+abyz+abz’ (4.19)

e
Co 1 Cy

—_—— — 5
=ayb, +(ah +ab,)z+ab, z

_ 2
=c,+cz+ec,z.
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For g=21in (4.1) and N=3 in (4.5),

C(z2) A(z):a0+alz+azz2 B(z):bo-¢—hlz+bzz2

y(t) =[x(@)]’ =[cos(w,t) + cos(at) + cos(w,t)]x [cos(m,t) + cos(wyt) + cos(wyt)]

2
agby agh z abyz agh,z

= cos(w,t) cos(m,t) + cos(m,t) cos(w;t) + cos(w,t) cos(m,t) + cos(w,t) cos(w,t)

ab,z* ayby* ab, 2

+ cos(m,t) cos(w,t) + cos(m,t) cos(m,t) + cos(w,t) cos(w,t)

3 4
aybz ayb,z

+ cos(m,t) cos(wyt) + cos(w,t) cos(w,t),
(4.20)

where
C(z)=A(z2)B(z)

=(a, +az+a,z’ +a,z°)(b, + bz +b,z" +b,2")
¢ o & o (4.21)

= Uy + (b, +apby) 2+ (agb, + ab, +ayby) 2 +(aghs + ab, + b, +ahy) 2

=c,+cz+c,z’ +e,z.
Notice that the polynomial coefficients of C(z) in (4.9) are related to the
polynomial coefficients of A(z) in (4.7) and those of B(z) in (4.11) by the

convolution operation in (4.14). The algebraic expansions of polynomial coefficients
of C(z) are in triangular pattern, as shown in Table 4.1. The first two sub-tables
represents N =2 and N =3 in (4.19) and (4.21), respectively, while the last sub-table
shows the generalized triangular pattern for N = n + 1, where n is a positive integer

greater than or equal to one.
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Table 4.1: Triangular pattern of the polynomial coefficients of C(z) for the cases of
N =2,3 and the general case of N=n + 1. Note ¢ = 2 for all the cases.

N=2 ¢, = ayb,
¢ =ayb +ab,
¢, =ab,
N=3 ¢, = ab,

¢ =a,b +ab,

¢, = ayb, +a,b, +a,b,
¢, =ab, +a,b,

€y = azbz

N=n+1 cozaobo

¢ =ayb +ab,

¢, =ayb, +a,b, +a,b,
Cn = a()bn + a]bn—l +eeet an—lbl + anb()

c2n72 = an72bn + anflbnfl + anban

62)171 = anflbn + anbnfl

c2n = anbn

The number of components generated in d by PIPCT [YeaO8] is derived by
recursion as follows: Starting from the second monomial [i.e., ¢g=2 in (4.1)] , set
a <« fand b < f, where a, b, and f are as defined as shown in (4.10), (4.11), and (4.6)

respectively. Based on Lemma 1, the output frequency components are available in d

(which is also equivalent to the vector length L™

, where g denotes the nonlinearity

order of the monomial nonlinearity) as defined in (4.15) by the convolution operation
in (4.14) and splitting operation in (4.17). The total number of generated frequency

components for the second-order case is given as

2N)
LT =2N? _2N) 5 ) : (4.22)
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where N is the vector length of a and b, respectively. It should also be noted that N is
also the number of input components in (4.2). Equation (4.22) is the vector length of
d by the Lemma 1 for the second order monomial nonlinearity. For the third order
monomial [i.e., ¢ =3 in (4.1)] , the computed d in the second order is reapplied, and
the two input vectors are reset as follows: a «— d and b« f. Again, a new vector d is
generated by applying the Lemma 1. Hence, the total number of generated frequency

components for the third order monomial case is

IPCT — (2N)3

L™ =2NL — (4.23)

d,s d,
Therefore, the total number of generated frequency components in d can be
formulated recursively for any monomial nonlinearity order ¢ that is a positive

integer and greater than one as

(2N)'
o

LEZP = 2NL§§ ICT = (4.24)

Equation (4.24) shows a computational growth of the Lemma 1. It can be
concluded that the number of frequency components grows exponentially with g. In
the next section, a technique will be proposed to decrease the computational growth

by exploiting triangular symmetric pattern of polynomial multiplication, while

obtaining the same final results as the original technique.
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4.4 Proposed Technique for Monomial NLDs

In this section, theoretical analysis on reduction of exponential computational growth
is presented, the upper and lower bounds for computational cost savings are derived,

and the solutions for the two limitations of PIPCT are proposed.

4.4.1 Reduction of exponential computation growth

The proposed technique is identified as modified PIPCT (MPIPCT) and compared
with PIPCT described in the last section. Since Lemma 1 is based on the recursive
computation, the number of generated components in d is first reduced for the case
of ¢ = 2, and a generalized formula is derived, stating how much the size of d is
reduced if the triangular symmetric pattern is exploited. This reduction leads to
significant computational savings, especially for high-order monomials.

The essence of this idea is based on the triangular symmetric pattern of
polynomial coefficients expansion in ¢, as illustrated in Table 4.2 and Figure 4.1. The

reduction is achieved based on the following observations: As an example, note that

ayh, ay+b ay—b

cos(wyt) cos(wt) =1/2 cos((w, + @)t) +1/2 cos((@w, — w,)t)

(4.25)
aby a+by a—by
cos(wt) cos(m,t) =1/2 cos((w, + @, )t) +1/2 cos((w, — w,)1).
By (4.25) and since cos(—¢) =cos¢,
a.b, = ab,, (4.26)
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Therefore, a b and a b, are the same and can be reduced to 2ab, such that the

repeating terms can be reduced and recorded using gain multiplier € {1,2}. When the

two terms in any coefficient of C(z) are repeating, they can be reduced to one as
(ayby,ab,) > 2x(ab,), (4.27)

where gain multiplier = 2. Based on this idea of reducing repeating terms by
introducing the gain multiplier, we study the triangular symmetric pattern of

polynomial coefficient expansion of C(z), to derive the generalized equations

revealing how much components growth can be reduced by such reduction from the
exploitation of triangular symmetry (See Figure 4.1). For the purpose of mathematical

analysis, let us define two more vectors as follows:

d=[c, ¢ .. cI'H]T eRF, (4.28)
and

e=[e, ¢ ... eIH]T eRF, (4.29)

where ¢’ holds the coefficients of the reduced triangular symmetric pattern and e

holds the repeating terms (See Table 4.2 and Figure 4.1). Let us define

T N
g= [go & - Eso gS—l] < {132} > (4.30)
to store the gain multipliers, where S is the length of g .

Figure 4.1 is the pictorial representation of triangular symmetric pattern and
reduced triangular symmetric patterns presented in Table 4.1. From Table 4.2, the

repeating terms for each coefficient of C(z) can be formulated as
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where |_x_| is the ceiling function: min{m | m > x, integer m} . Notice thatn=N—1 is

the coefficient index for the symmetry of the folding row of the triangular symmetric

€

€ni>

[k/2], fork=0,1,..,N-1,

fork=N,N+1,...,2(N -1),

fork=0,1,...2n, wheren =N —1,

pattern and reduced triangular symmetric pattern.

Table 4.2: Triangular symmetric pattern, reduced triangular symmetric pattern, and
repeating terms for the cases of N = 2, 3 and the general case of N = n+1 for the

second order monomial nonlinearity.

N Elements of ¢ Elements of ¢' Elements of e Elements of g
2 ¢, =a,h, €y =ayh, e,=[0/2]=0 g, =1
(1) (1) Q)
— | e = 1/2 =1 =2
¢, =ayb, +ab, ¢y =agh, =[12] 9
6 =ab, Cy =ab, 6,=6,,=6=0 g9, =1
3 ¢, =a,h, Co =agh, e,=[0/2]=0 g,=1
1) 1) (1)
r— [ e = 1/2 =1 g =2
’
Cy=asb +ab, Cy=agh, ! |_ —l !
1) 1) (1)
— — 0 e,=|2/2|=1 =2,9,=1
C, =ab, +ab, +a,b, C, =a.b, +ab, »=[212] 9: =49
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Figure 4.1: Triangular symmetric pattern, reduced triangular symmetric pattern of
polynomial expansions, and gain multipliers in Table 4.2.
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To derive the generalized formula describing the number of terms that can be

discarded without losing the information while reducing the computational load, let

W(N),, be the total number of repeating terms, parameterized by N for the case of

the second-order monomial nonlinearity. The pattern of the repeating terms can also

be observed from Table 4.3. The total number of repeating terms for second-order

monomial nonlinearity is

2(N-1)

Y(N),,= D, e=

N-3
_ 2.
3[N2 1j+4z k, if N isodd,

o (4.32)

N

N 2
B + 42 k, if N is even.
k=1

Table 4.3: Pattern of repeating terms in ¢ for N =2,3,...,11.

N P(N),-, Pattern

2 1 1+2x(0)

3 1+2x(0+1)

4 2+2x(0+1+1)

5 10 2+2x(0+1+1+2)

6 15 3+2x(0+1+1+2+2)

7 21 3+2x(0+1+1+2+2+3)

8 28 4+42x(0+1+1+2+2+3+3)

9 36 4+2x(0+1+14+2+2+3+3+4)

10 45 5+2x(0+1+14+2+2+3+3+4+4)
11 55 5+2x(0+1+1+2+2+3+3+4+4+59)

Equation (4.32) can be further simplified by using Gauss summation formula

[Eve69] and the closed-form formula for triangular numbers [CG96]. Let us denote

T(n)=1+243+-+(n-D)+n=>Y k=

n(n+1)

(4.33)
k=1 2
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where T(n) is both the triangular number and the sum of the first » natural numbers.
By applying (4.33) to (4.32) for both cases of odd and even N (substituting

n=(N-3)/2 and n=N/2-1 into (4.33) first and then back into (4.32)), (4.32)

becomes

NN-D)

V(N = N=2. (4.34)

Therefore, the total number of repeating terms in d for ¢ =2 can be expressed as
O(N),, =2¥(N),_, =N(N-D. (4.35)

By incorporating g, such repeating terms can be discarded from the computation, the

total number of essential components left in d for g =2,

LT = [P - (), =2[ N = ¥(N),., |- (4.36)

q=2 2

Substituting (4.22) and (4.35) into (4.36), the simpler expression is obtained as

L™ = N(N +1). (4.37)

Here, we proceed to derive the expression for any arbitrary positive integer g. We

note that for g > 2, the distributive rule, i.e., ax(b+c)=axb+axc can be applied to
extend the result for g > 2.

Notice that PIPCT is a recursive computational technique. Nevertheless, at the
initialization stage of the algorithm, the following vector assignments are performed.
a<f, (4.38)
and
b «f. (4.39)
At the end of every recursion, except for the very first one, the following vector

assignments are performed:
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a<d, (4.40)

and
b« f, (4.41)

where d in (4.15) is the resultant vector from one recursion. For ¢ > 2, the distributive

rule can be applied as follows:

D(z)

C(2)=D(2)xB(z) =(d, +dz+++d 2" ) (b, + bz +--+by =)

(4.42)
=b,D(z)+bD(z)z+---+b, D(z)z"".

Two explicit examples for N =2 and g = 2,3 are described as follows. From (4.18)

dy=ay+by, go=I1 di=ay—by, g =1 dy=ay+b;, g,=2

O =[xOF = cosl(@, + @, 11+ cosl(@, — o]+ x2cosl (@, + )]

dy=ay=by, g;=2 dy=ay+by, g4=1 ds=a,=by, gs=I

+ % x2cos[(w, — w,)t] +%cos[(a)1 +w)t]+ %cos[(a)1 —w)t].

(4.43)

By applying the distributive rule,

Vs O =[x(O)] =y, OXOT

dy=ay+by+by, gy=1 di=ay+by—by, g =1 dy=ay—by+by, g,=l1

= (%] cos[(w, + @, + ) )t]+ (%j cos[(w, + @, — w,)t] + (%j cos[(w, — @, + w,)t]

2 dy=ay—by—by, g;=1 dy=ay+b+by, g,=2 ds=ay+b—by, gs=2

2 2
+ (—j cos[(@w, — w, — w,)t]+ [%) 2cos[(w, + o, + w,)t] + (%j 2cos[(w, + o, — w,)t]
1 2 dg=ay—b+by, g¢=2 1 2 d,=ay—-b—by, g;=2 1 ) dg=ay+b +by, gg=1
+ (Ej 2cos[(w, — o, + w,)t]+ [Ej 2cos[(w, — o, — w,)t]+ (Ej cos[(w, + , + w, )t]
1 2 dy=a;+b—=by, gy=1 | 2 dyg=a,=b+by, gip=1 1 2 dy=ay=b—by, g,=1
+ (5] cos[(w, + @, — w,)t]+ (Ej cos[(w, —a, + w,)t] + (5] cos[(w, —w, —w,)t]
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2 dyp=ag+by+b, gp;=1 diz=ag+by=by, g3=1 diy=ay=by+b;, gi4=1

cos[(@, + @, + m,)t]+ (%) cos[(@, + @, — w,)t]+ (%} cos[(w, —a, + m,)t]

dis=ay—by=b, g;s=1 diy=ag+b—by, g;;=2

j cos[(w, — @, — o, )t]+ (%) 2cos[(w, + o, + w))t]+ (%j 2cos[(w, + o, — )]

dig=ag+b+by, g5=2

2 dig=ap=b+b, g;5=2 dig=ay—b—b;, g9=2 dy=a+b+by,  gy=1

2cos[(w, — o, + w))t]+ (%J 2cos[(w, — o, —w))t]+ (%J cos[(@, + o, + w,)t]

2 dy=aj+b—=by, gy =1 dy=a,=b+b;, gxn=1 dyy=a=b—b, gy=l

cos[(w, + @, — @, )t]+ [%) cos[(@, —w, + w))t]+ (%j cos[(w, —w, —w))t].

(4.44)
To show the pattern more clearly, polynomial coefficients of D(z), the gain

mulitpliers vector g, the respective amplitudes and frequencies of components [B, and

@, 1n (4.3)] are listed in Table 4.4 for (4.43) and (4.44).
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Table 4.4: Symbolic representations for the cases of ¢ =2,3 and N = 2.

qg=2 q=3
D(z) g B, @, D(z) g B, D,
dy=a+b, 1 B=Y2x1 @y=ay+e, |d=a+b+b, 1 B =(12)'x1 @ =0,+0,+0,
d=a,-b, 1 B=12x1 &=0,-0, ,=a,+b,—b, 1 B1:(1/2)2><1 @, =, + @, — o,
dy=a,+b, 2 B,=12x2 @&,=w,+o, ,=a,—b,+b, 1 32:(1/2)2X1 @, = ay— @, + o,
d,=a,-b, 2 B,=12x2 @&,=w,-o =a,—b,—b, 1 33:(1/2)2><1 @, = ay— @, — w,
d,=a+b 1 B =12x1 @&,=0o+o L, =a,+b+b, 2 B,=(1/2) x2 @=@to+a
d;=a,—b, 1 B, =12x1  éa@y=w,—w, . =a,+b, —b, 2 35:(1/2)2X2 @ =y + o, — @,
s =a,—b,+b, 2 36:(1/2)2X2 @5 = 0, — 0, + @,
L =a,—b,—b, 2 B7:(1/2)2><2 @, =0y — 0, - @,
s =a,+b+b, 1 38:(1/2)2x1 @y = 0+ 0, + @,
b =a;+b by 1 BQ:(1/2)2><1 Wy = O+ 0, — @,
w=a,—b+b, 1 10:(1/2)2><1 Oy =0, — o, +a,
L =(1/2) x1 Gu=o - o -,

@ )

>

3
Il
—

~
S)

o
Il
—
=
[\)
~
©
X

2 —
<] @y =0+ +a

“"”
QQJ
|
&
|
=
% x m ® % x ® ® W

8
S
Il
—
=
[\

2 - _
x] On=0+0—0

)
Il
E)
+
=
=
N
Ebo
]
=
~
)

)
)
)2><1 Wy =0, — O + @,
)

N
Il
E)
|
=
+
=
N
mbo
Il
=
~
)

2 S = — @ —
x1 Op=0—0—0

=
—_~ o~ o~ o~ o~ o~~~ —~ o~~~
—
=
\S)
Sl
X

The pattern in Table 4.4 repeats for any positive integer number ¢ > 2 and
N> 2. When the splitting rule in (4.26) is applied, the total number of repeating terms
indforg>2is

D(N),., =2ND(N), . (4.45)

q>2

By (4.35) and recursion,
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D(N),., =(2N)"" O(N),_,. (4.46)

q>2 =
Hence, the number of components generated in d for ¢ >2 after removing the
repeating terms is

(4.47)

q>2"

LI(\]/IPIPCT — Lﬁzl:ZCT _ @(N)

q>2

By (4.24), (4.34), (4.35), (4.36), (4.46), and (4.47), the total number of generated

components in d is

2| N*-¥(N),, |, forg=2,
Ll;APIPCT _

. Y(N),-
LEIPCT{I—%} forg>2,

g 2

(4.48)

(

N+1)N, forg =2,
(N+1) LT, forg>2.

Notice that (4.24) and (4.48) are analytical formulae describing the number of
resultant components in d for the monomial nonlinearity in (4.1) by PIPCT and

MPIPCT. For visual comparison, the number of components in d for both techniques
is plotted in Figure 42 for ge{2,3,4,5} and Figure 4.3 for ¢€{6,7,8,9}and
for N =2,3,...,20. Although the number of generated frequency components in d

using MPIPCT is always fewer than those generated by PIPCT, the final result of

intermodulation products’ frequencies, and amplitudes are exactly the same.

95



800

600

400

200

Generated Components

Generated Components

q=2

PIPCT
MPIPCT

15

20

PIPCT
MPIPCT

20

Generated Components

Generated Components
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96



By incorporating gain multipliers, gi, the Lemma 2 can be modified as

q-1
Amplitudes of Ouput Components = B, = (lj g,
2 (4.49)

k=0,2,.., I -1,

where

Lﬁ“f €T which is formulated in (4.48), is the total number of generated

components for the gth order monomial using the proposed technique, MPIPCT.

4.4.2 Upper and lower bounds for computational cost savings

This section presents the derivations of the theoretical upper and lower bounds on
how much we can save the number of component growth in d, while retaining the
same computational results of PIPCT and reducing the computational complexity.

To quantify the number of components we can save in d, a metric termed
% Saving, which direct affects computational time and complexity of the algorithm

development, is defined as follows:

LPIPCT __ yMPIPCT
d d

% Saving = —————"——x100%, (4.50)

PIPCT
L

d,

where L,"" and L"™"" are the number of components in d of PIPCT and MPIPCT,

respectively, for any positive integer number of monomial nonlinearity, ¢ > 2.
Theorem 4.1: By applying the triangular symmetric pattern, and gain

multipliers, the frequency component growth in d can be saved from 25% for N =2,

which is the lower bound, to 50% for N — 400, which is the theoretical upper bound,

regardless of the monomial nonlinearity order, q.
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Proof:

For the lower bound (i.e., two input tones, N = 2),

the second-order monomial, ¢ =2 : by (4.24) and (4.35),

D(N),-

PIPCT
Ld

(% Saving)q:2 = x100%

_NNV=D 000 4.51)
(2N)*/2

11
=[_——jx100%:25%.

2 2N

orders larger than the second order, g >2: by (4.24), (4.35), and (4.46)

P(N),.

g>2 LPIPCT
d

(% Saving) x100%

2N o),
- 2N)Y)2

x100% (4.52)

_ (l_ijm()% — 25%.
2 2N

For the theoretical upper bound (N — +)

lim (% Saving) = lim {(%—ﬁjxloo%} =50%. (4.53)

N+ 9z N>+

Hence, component growth in d can be reduced from 25% as the lower bound to a
theoretical maximum of 50% as the upper bound, by exploiting the triangular

symmetric pattern of polynomials for ¢ = 2, and by using gain multiplier,

g,,.k=0, 1,...,L’l‘1m)CT —1, to record the number of repeating terms. Since component
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growth in d is reduced, computational speed becomes faster without any

compromises.

4.4.3 Solutions for the two limitations of PIPCT

To solve the two limitations of PIPCT described in Section 4.1—the need to use
constant input amplitudes, and the absence of input and output phase information—

we start by observing the following patterns for N=2 and g = 2,
1 2
Yy () = [Z A, cos(w,t + (pk)}
k=0
=B, cos(wyt +y,)+...+ Bs(it+ys) (4.54)
5
= z B cos(ot+y,),
n=0
and for N=2 and g = 3,
1 3
Yy=3 (= {Z A, cos(w,t + (Dk):|
k=0
=B, cos(apt +y,)+...+ By (@0t + ;) (4.55)

23
= z B cos(ot+y,),
n=0

by incorporating the amplitude and phase information ( 4, and ¢, ) of input multitone
signal in (4.2). B,, @,, and v, of (4.54) and (4.55) are listed in Table 4.5 and 4.6 to

reveal the emerged patterns vividly.
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Table 4.5: Amplitudes, frequencies, and phases computation with gain multiplier g
for the case of N=2 and g = 2.

D(z) g Amplitude B, Frequency @, Phase i/,

dy=a,+b, 1 B, =1/2x1x A x A, @y = Wy + @, Vo =0+,
d,=a,—b, 1 B, =1/2x1x A x A, @, = wy— V=0, -0,
d,=a,+b, 2 B, =1/2x2x A x A, @, =y +, Wy =0, + 0,
d,=a,-b, 2 B, =1/2x2x A x A &, = w,—o, Vo= p—
d, =a,+b, 1 B, =1/2x1x A x A, @, =0, + o, V,=0,+o,
d;=a,—b, 1 B, =1/2x1x A x A, @y =0, -, Ve=0,—0,

From Tables 4.5 and 4.6, with arbitrary amplitudes of input multitone, (4.49)
can be further modified to solve the constant input amplitude limitation of PIPCT as

follows:

1Y
Amplitudes of Ouput Components =B, =| — A,
p p p , (2) ng ; 456

for k =0,1,..., NPT —1,

where H A, is the product of the respective input amplitudes (having the same index

n

number as that of frequencies o, ; see Tables 4.5 and 4.6) of the output frequency @, ,

g 1s the gain multiplier of the output component, and B; is the amplitude of the
output component, which is indexed by £, respectively. As shown in Tables 4.5 and

4.6, the phases of the output components,y, , can be computed exactly in the same
way as those of frequencies, @,. For example, from Table 4.5: & =, —®, and

¥, =@, —@,. From Table 4.6: &, = o, + v, —®, and v, =@, + ¢, — @,.
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Table 4.6: Amplitudes, frequencies, and phases computation with gain multiplier g

for the case of N=2 and g = 3.

D(z) g Amplitude B, Frequency @, Phase y,

d,=a,+b, +h, 1 BO:(1/2)2><1><A0><A0><A0 @y = @y + @y + @, Vo =0+ 0+ 0,
d,=a, +b,—b, 1 B, = (1/2) x1x Ay x Ay x A @ =y + wy -, Vi =0+ 0y — @,
d,=a,—b,+b, 1 B, = (1/2)’ x1x Ay x A x A, @, = wy— wy + @, W, =0y~ 0y + @,
d,=a,—b,—b, 1 BB=(1/2)2><1><A0><A0><A0 @, =y — 0y, — W, Vi=0,— 0y — Py
d,=a,+b +b, 2 B4=(1/2)2><2><A0><A1><A0 @, =0+ + @, V=00t
ds=a,+b,—b, 2 BS=(1/2)2><2><A0><A1><A0 @5 = 0y + 0, — 0, Vs=0,+0,— 0,
ds=a,—b,+b, 2 BG=(1/2)2><2><A0><A1><A0 @y = @, — 0, + 0, Vs =0 — 0+ 0,
dy=a-b-b, 2 B =(12) x2x A x A xA @, =0y~ o~ @y V=0 0=,
dy=a,+b +b, 1 BB:(1/2)2><1><A1><A1><A0 @y =0+ 0+ @, Vo= +o o,
dy=a,+b,—b, 1 B, =(1/2)’ x1x A x A x A, @y =y + 0 — @, Vo=@ + 0 — 0,
do=2a,—b,+b, 1 B10=(1/2)2><1><A1><A1><A0 O =0 — 0, + @, V=0 — 0+,
dyy=a,=b b, b B, =(12) xIxAxA XA By = o~ 0=, Vi=0— 0=y
d,=a,+by+b, 1 BWZ:(1/2)2><1><A0><A0><A1 @y, =0y + @y + Vi =0+ 0y + ¢
d,=a,+b,—b, 1 BWB=(1/2)2><1><A0><A0><A1 By =0y + @y — @, Wi =@+ 0y — @,
d,,=a,—by+b, 1 BM:(1/2)2><1><A0><A0><A1 By =0y — Wy + @, Wi =0y — P+ @,
dis =8y —by = b, 1 Bw=(1/2)2><1><A0><A0><A1 W5 = Oy = Wy = Vis =0~ P~ P
d=2a,+b,+b, 2 BWS:(1/2)2><2><A0><A1><A1 O =y + @, + @, Ve =0+ O+ ¢
d,=a,+b,—b, 2 BW=(1/2)2><2><A0><A1><A1 Oy =y + @, — o, Vi =0+ — ¢
ds=a,—b,+b, 2 BWB=(1/2)2><2><A0><A1><A1 O =@y — 0, + @, Vi =0y — P+ ¢
0y =8 b =b, 2 B, =(Y2) x2x A xA XA By =0y~ — Vie=00 =P =,
dy =a,+b+b 1 BZO:(1/2)2><1><A1><A1><A1 Oy = 0+ 0+ @ Vo =0+ 0+,
dy =a,+b,—b, 1 BZW=(1/2)2><1><A1><A1><A1 @y =0+ @, — @, Vp=0+0,—¢
dy,=2a,—b,+b, 1 BZZ=(1/2)2><1><A1><A1><A1 @y =0, — 0+ o, Vyp=0,— 0+,
Oy =8~ b, =D, 1 By, =(1/2)" x1x A x A x A Wy = O — O — Yu=P—P—¢
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4.4.4Modified PIPCT

Based on the derivations in the previous section, we propose the computational steps
of MPIPCT. Equation (4.1) defines the monomial nonlinearity with input x(¢) in (4.2)

and output y,(¢) in (4.3). In matrix form, let us define

X=[A o ¢]eR™, (4.57)
Y,=[B, @, w,]eR™ (4.58)

for the input and output matrices for MPIPCT, where

A=[4, 4 .. 4,,] eR™, (4.59)
o=[o, o .. w,,] eR™, (4.60)
T X

o=[p, o ... oy, eR™, (4.61)
B T JMPIPCT |

B, =B, B .. Buma,K| €R" | (4.62)
B s MPIPCT |

®,=|d @ .. Opwme, | R (4.63)
B T JMPIPCT

V=W Vi Ve, eR™ 7, (4.64)

are amplitude, frequency, and phase vectors of the input and output signal in (4.2) and

(4.3), respectively, where L} "' is given by (4.48). The MPIPCT algorithm takes in

the input matrix X in (4.57) and the scalar integer number g > 2, which indicates the
order of monomial nonlinearity. In functional form, this can be represented as:

Y, < MPIPCT(X, ), (4.65)

The simplified pseudo-code for MPIPCT is presented in Table 4.7.
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Table 4.7: Pseudocode of MPIPCT algorithm.

function [Y,]= MPIPCT(X,q)
[* frequency */
acw
b—w
c<«conv(a,b)
d <« split(c)
g < compute_gain(d)
d «reduce(d)
w,,<«d
[* phase */
aco
b«g¢o
c<«conv(a,b)
d <« split(¢)
d < reduce(d)
Y, , < d
[* amplitude */
B, < []A
for i< 3 to g step 1 do
[* frequency */
acw,
b—w
d «distribute(a , b)
W, «d
[* phase */
acy,
b«—o
d «distribute(a, b))
Y, <d
[* amplitude */
B, « []A
g < update(g)
od
[* amplitude */
B, < (1/2)"'xgoB,  I*element-wise multiplication */
[* frequency and phase computation */
for i <1 to length(B, )
if ,[i]<0
Y[« -y [i], W, [i]<—w,[]
od
Y, «[B, @, w,]
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4.5 Proposed Technique for Polynomial NLD

In the previous section, the proposed technique for monomial nonlinearity for
intermodulation distortion analysis was presented. In this section, we extend the
proposed technique in the case of polynomial nonlinearity. We first derive the closed-
form expression to add components having the same frequencies but arbitrary
amplitudes and phases. This expression is termed Harmonic Addition Theorem
(HAT), which is also known in literature as Phasor Addition Theorem [MSY03].
However, the derived expression in this chapter is new and in closed form. Based on
this derived expression, a pseudo-code sub-routine is presented. The second half of
this section presents the detailed steps to develop the technique used in cases of

monomial nonlinearity for polynomial nonlinearity, using HAT.

4.5.1 Harmonic Addition Theorem (HAT)

Theorem 4.2:
ZZZI B, cos(wt+y,)= Bcos(@t + ), (4.66)
where
M M-l M
B= \/Z B + 22 Z B B cos(y, —v,), (4.67)
o el n=m+1

M .
2 B SO,

B, cosy,

W = atan2 T <W<T, (4.68)
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and B, and y, are amplitudes and phase of the components having the same

frequency @. M is the total number of components to be added. B and y are the

resultant amplitude and phase, respectively.

Proof:

Let us define a sub-problem to formulate a generalized formula for the addition
of complex numbers in polar form without needing to convert them into complex

rectangular form. Let x,(¢) be a complex exponential signal function, given by

x, (=Y. B, exp(jy,)=D.B,2v,, (4.69)

m=1 m=1
where B, is the amplitude and y,, is the phase of the mth complex number in polar

form or in phasor notation. M is the total number of complex numbers to add, the

objective is to convert (4.69) into

x,(t) = Bexp(jy) = BLy, (4.70)
where B is the amplitude and  is the phase. In other words, the problem is to
formulate B and w of (4.70) in terms of B, and v, for m=1,2,...,M of (4.69).

To solve this sub-problem, starting from M = 2, we note that

B= \/(B1 cosy, + B, cosy,)’ +(B, siny, + B, siny,)’

(4.71)
= \/Z = \/Bf +B; +2B,B, cos(y, —y,),.
and
W= atan2(2“iz1 B, siny,, an:l B, cosy, ), - <y <7 (4.72)
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For the computation of y, atan2 function [MM89] is used to exactly locate the angle
in any of the four quadrants in the complex plane. Notice that the ordinary atan

function range is, however, —7/2 <y < /2 in contrast to the atan2 function range of
- <y <rm. Table 4.8 displays y,, for M =2,3,4,5,6. The symbolic expansion

patterns in Table 4.8 can be generalized as follows:

M 2 M 2
B =y, =(ZBm cosy/mj +(ZBm sint//m] =<, +24,,, (4.73)
m=1 m=1
where
M
& =Y B2, (4.74)
m=1
and
M-1 M
Ay =Y, >, BB, cos(y, —,). (4.75)
m=1 n=m+1

For both cases of positive and negative angles in (4.70), let us define

x_(1)=)_B, exp(—jy, )= Bexp(-jy), (4.76)

m=1

and

M = —_
x,. ()= B, exp(jy,,) = Bexp(jy). (4.77)
m=1
Using (4.76) and (4.77), and Euler’s formula,

A ~ 1 T ) 1 o )
> B, cos(wt+y,) = EGXP(Ja)t)ZBm exp(jy, )+ exp(=jai) > B, exp(—jy,)

m=1 m=1 m=1

x (1) x (1)

1 o , 1 L .
=—exp(jar) B, exp(jy,,) +—exp(—jor) B, exp(—jv,,)
2 N S/ o T Irmy

x. (0 x (1)
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= g{exp[j(a}t+lﬁ)]+exp[_j(@t+l/7)]}

= Bcos(@t + ). Q.E.D.

Table 4.8: Algebraic and trigonometric expansions of y, for the cases of
M =2,3,4,5,6.

M Y
2 & A

=B} +B; +2BB, cos(y, ~y,)
3 &

——
=B’ +B.+B. +2]
BB, cos(y; —y,) + BB cos(y; —yy) 4} A
B,B; cos(y, — ;)]
4 5
=B +B:+B:+B.+2]
BB, cos(y, —,) + BB, cos(y, —y/3) + BB, cos(y, —y, ) +
B,B, cos(y, —/3) +B,B, cos(v, —y,) + A

B,B, cos(y, —w, )]
5 &
=B} +B; +B; + B+ B +2
BB, cos(y; —y,) + BB, cos(v/, —/3) + BB, cos(y, —y, )+ B,B; cos(/; —/s) +
B,B; cos(y, ;) + B,B, cos(w, —y,) + B,B; cos(y, —y5) +
BB, cos(y; —v,) +B;B; cos(y; —ys) +

B,B; cos(y, — ;)]
6 4%
=B} +B; +B.+B.+B. +B; +2]

B,B, cos(y, —,)+ BB, cos(y, —w,) + BB, cos(y, —w,) + B,B; cos(y, — v ) + BB, cos(y, — )
B,B, cos(w, — )+ B,B, cos(y, =, ) + B,B; cos(y, — ;) + B,B; cos(y, — )

B,B, cos(y, —w,) + B,B, cos(y, — ;) + B,Bs cos(y, — ;) A
B,B; cos(, —5) +B,B; cos(y, —5)

B;B; cos(ys — )]
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Table 4.9: Pseudocode of HAT algorithm.

function [B,7]= HAT(B.,y)

Input: Two arrays B and w of length A7 containing the amplitudes and phases of components in
(4.66), respectively, such that B[1]=B,,B[2]=B,,....BIM]=B,,; v[ll=v, w[2]=w,,...w[M]=yw,, .
Output: The resultant amplitude and phase, B and v in (4.66).

M <« length(B);
suml«0; sum2<«0; sum3<«0; sumé4 <0
form < 1to M step 1do
sum1<« sum1+B[m]x B[m];
od;
form<«1to M —1step 1do
forn<m+1to M step 1do
sum2 < sum?2 + B[m]x B[n]x cos(y/[m]—y/[n]);
od;
od;
B« sqrt(sum1+2x sum2);
for m <~ 1to M step 1do
sum3 « sum3+ B[m]xsin(y[i]);
sum4 « sum4 + Afi1x cos(w1i]);
od;
W < atan2(sum3,sum4);

F
Alternatively, by using (4.76) and (4.77), and Fourier transformation, denoted by <,

M F M M
> B, cos(@t +y,) < 8(0-d) Y B, exp(jy,) + m6(@+m,) Y B, exp(—jy,)

m=1 m=1 m=1

X, (0) %, (1)

= 76 (w — @) Bexp(j) + 78 (@ + @) B exp(— ji7)
%,_/ %,_/

X, (1) x (1)

= B[75(w— @) exp(jy) + 78 (0 + @) exp(— ji)]

F o
< Beos(wt +y). Q.E.D.
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We next convert HAT into the algorithm using (4.67) and (4.68). The

pseudocode is listed in Table 4.9.

4.5.2Yeary Oo Gan Algorithm (YOGA)

In this subsection, the detailed algorithmic development of the proposed technique
from the case of monomial nonlinearity to polynomial nonlinearity is presented. The
polynomial nonlinearity equation is presented in (4.4) and is illustrated in Figure 4.4.
The pseudo-code of YOGA is shown in Table 4.10. The block diagram with symbols

and signal-flow is presented in Figure 4.4 for the theoretical development.

Yo (@)

(1) ®

x(f) ———— []3

\\T

fx®)]

Figure 4.4: Block diagram representation of the polynomial nonlinearity in (4.4).
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To develop the technique further, let us denote the output signal function as

—_— P —~
y(t)=DC+)_ B, cos(a,t +y,), (4.78)
k=1

where DC is the DC component, and Ek, @, , and y, are the amplitude, frequency,

and phase, respectively, of the kth component. From (4.78), the total number of non-

overlapping (not having the same frequency) components is P + 1. The objective is to

obtain Z/DZ’, Z§k ,o,and v, , k=1,...,P, given (4.2) and (4.4).

YOGA
3
h >
/’;l Y(X)
> >
Y. 'Q Y(X) Y(SR Y(()LA)
MPIPCT 2 : 2 ' p
*: (2" order) |V > ks
.. MPIPCT Y; '& Y}(X) YS(SR 1(3(01:) Matrix Y+ Yf: Y
X 1 | (3 order) |V >R OLA Stacker | SR A >
/:l ) (SR (0L4)
Y, 4 Y, Y Y
MPIPCT AN g ] o B
J (4" order) |
/
: A ) (SR) (OL4)
4 Y, hy Yo Yoo Yoo
MPIPCT N
[(@-1)" order] |l R e
YQ hQ Y(()x) YéSR Yé)OLA)
+ | MPIPCT
(@" order) L SR oA —P»
ﬁ Monomials -

Figure 4.5: Block diagram, mathematical symbols and signal flows of YOGA.
SR: SortRow; OLA: OverLapAdd.

As shown in Figure 4.4 (and algorithmic configuration in Figure 4.5), a

polynomial nonlinearity consists of monomial nonlinearities connecting in parallel,
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each of which is multiplied by a gain (polynomial coefficient) h ,» where g is the order

of polynomial in this case. For the algorithmic development, referring to Figure 4.5,

we define the following matrices:

A A A A A T
h=[h B o by | eROMY (4.79)

A

which contains the polynomial coefficients {ﬁo,};,...,hgfl,ﬁg} .

. T
Yéx) = [ho 0 0:| eR™, forqg=1, (4.80)
. T
YI(X) = [hlA ) (p] eRY, forg=2, (4.81)
and
. . _ T Lll\j/ilPIPCTX3
Y =[hB, @, w,|eR™ ° forg=23..0, (4.82)

where {A, ®, @} are amplitude, frequency, and phase vectors of input multitone as
defined in (4.59), (4.60), and (4.61), respectively. {B,® ,y } are amplitude,

frequency and phase vectors of output components from the gth order monomial

nonlinearity as defined in (4.62), (4.63), and (4.64) respectively. N is the total number

of input components and

L™ in (4.48) is the total number of output components

from the gth order monomial nonlinearity. At each and every branch of the gth order
monomial, the two operations SortRows (SR) and OverLapAdd (OLA) are performed
to further reduce the computational growth of components, which in turn leads to
saving the computational load. The SR operation can be mathematically described as

follows.

Y = SortRows( Y\, @,V ), forg=2.3,....0, (4.83)
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where SortRows(.) sorts the matrix Yq(x) as specified by the column, whereby the

symbol (|) denotes the ascending order. Let us define

_DC‘SR) OSR  BR ]
B(SR) (I)(SR) \I](SR) MPIPCT
(SR) _ 1 1 1 Ly x3 .
Y, : . |eR™ , forg=2,3,...,0,
(SR) ~ (SR) (SR)
L qu (")Tq \Ill"q |

(4.84)

as the output matrix from the SR module at the monomial nonlinearity branches for

the second order and above, where
T
DC® =[DC™ ... DCFM |,

represents DC component column vector. Let

0 =[o, ... 0,]

denote the zero column vector for frequencies and phases of DC components.

BE{SR):[BI(SR) BSR)]T,fork:L“"rq’
o =[0, . @] fork=l..T,
ye =y Y] fork=1...T,,

(4.85)

(4.86)

(4.87)

(4.88)

(4.89)

represent amplitude, frequency, and phase column vectors, whose components are

grouped together if their respective frequencies are the same. We denote M for the

the total number equal-frequency components in the kth column vector and T,

denotes the total number of B™ or @** SR in Y;SR).

or " or y,

The OLA operation can be described by

Yq(OLA) P . OverLapAdd (Y;SR) ) ,
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where the input matrix Y;SR) is given in (4.84) and the output matrix can be

formulated by
i (OLA) M (SR) ]
DC > DC, 0 0
Y(OLA) B Bl(OLA) (_HAT(B§SR)’\|’§SR)) 031 V/I(OLA) (_HAT(BESR),“’%SR))
q B . . . 5
B < HAT(BE W) 6 b e HAT(BE i)
'pC o 0 ]
(OLA) ~ (OLA)
_ Bl . a.)l v, . c R(1+rq)x3
B e vl
_DC(OLA) 0 0 :| R(Hr )3 f 23 Q
= - € 7, forg=2,3,...,0,
(OLA) (OLA) (OLA)
L B‘I (Dq \Ilq
(4.91)
where
T
B =[Bf°LA) BﬁOLA)] eR", forg=2,3,...,0, (4.92)
T
@O :[@1 @FJ eR™, forg=2,3,...,0, (4.93)
(oLa) __ [, (oLa) oray 1’ r, =3 _
v, =y, SR 2 eR ", forg=2,3,...,0. (4.94)

The OLA operation, as its name implies, adds the amplitudes and phases of the
overlapping frequency components. HAT algorithm, as presented in Section 4.4.1, is
used to add the components having the same frequency but different amplitudes and
phases.

All the output matrices from the monomial nonlinearity branches are stacked

as follows:
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(4.95)

!

i «— 1 X X (9]
+ MatrlXStaCkel ( ié ) , Yl( ) , {Y(;OLA) }
q

where
Y,
Y hy 0 0
...... };1 A ® ®
Yos |V IS B ey |=[B. o v R (496)
(OLA)  ~(OLA) (OLA)
_Bq:Q mq:Q \Vq:Q i
YéOLA)
and
0
Foy =1+N+D (14T, (4.97)
A T
B.=[h hA B - B[, (4.98)
~To ~ (OLA) ~ oLa) 17 4.99
o.=[0 0 o o], (99)
T
O W] (4.100)

Referring to Figure 4.5, similar to the monomial branches, the stacked matrix

Y, goes through RS and OLA operations. The followings are mathematical
(4.101)

descriptions of these operations.
Y&R <Lsortrows(Y+,m+,~l«), forg=2,3,...,0,

where
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where

—~(SR)

DC. 0"V P
R(SR) (SR & (SR)
B+,1 ('0+,1 ‘|’+,1
R(SR) H(SR) & (SR)

L B+,P (’0+,P \|’+,P |
——~(SR) ——~(SR)
DC+ = DC+,1

(SR) _
0% =0,

= (SR) 5 (SR)
B+,k = |:B+,]

(D+,k - |:a)+,k
—(SR) ~
— (SR)
Ve = [‘//+,1

eR"™ forg=23,...,0,

—sr)
DC+,M 5

T

0, ]

=(SR)

@,

T
B+,M:| , fork=1,...,P,

L fork=1,...,P,

v fork=1,...,P,

(4.102)

(4.103)

(4.104)

(4.105)

(4.106)

(4.107)

are DC, zero, amplitude, frequency, and phase column vectors, respectively. P is the

number of output components excluding DC [See (4.78)]. Notice that components

with the same frequency [@, , in (4.106)] has been grouped together. Next, OLA

operation is carried out to add the components having the same frequency as follows:

Y <22 OverLapAdd (YfSR) ) ,

where the final output matrix is
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—_ —(SR)
DC«Y" DCow 0 0
B« HAT(BEY.900) @ v, < HAT(BEY.¢(")

< (SR)

§P<—HAT(1A3(+S,§),\TI(+S;)) &y, <—HAT(B+,P ,\pg%;v)

DC 0
_ Bl a31 1/71 E]R(1+P)x3 (4109)
EP aA)P V7P

B o vy
and
B=|B B, .. B,|eR™, (4.110)
o=[a @ .. @,]eR™, (4.111)
v=[v, v, .. v,]eR™, (4.112)

are amplitude, frequency, and phase vectors of the output multitone components

whose elements {B,,®,,%,}, which we want to compute for harmonic and
intermodulation analysis, for k=1,2,...,P from (4.78). Based on these detailed

analysis, the pseudocode for YOGA is presented in Table 4.10.
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Table 4.10: Pseudocode of YOGA.

function [Y]= YOGA(X,h)
[* step 1; monomial nonlinearity computations */
W, ]« MPIPCT(X,qg), forg=2.3,...,Q;

q q

Y,=[B, @
[*step2: g=1and g=2 */

Y

[ﬁo 0 0]TeR1X3,forq:1;

\ [@A w (p]r eR™ forq=2;

[* step 3: amplitude multiplication with polynomial coefficients */
L(ETAM’MT)XS

B, l.pq:|T eR™ ,forg=23,...,Q;
[* step 4: SR operation for monomial nonlinearity branches*/
Y = SortRows (Y, @, ), for g=23,...,Q;
[* step 5: OLA operation for monomial nonlinearity branches */
YW 2% OverLapAdd( Y™ ), forg=23,....Q;

Yy <[

q

I* step 6: matrix stacking operation */
Y. <—MatrixStacker(Yéx),wx)’ {Y(OLA)}Q )

q 4=2
[* step 7: SR operation for polynomial nonlinearity */
Y = sortrows (Y, ,w, ), forg=23,....Q;
I* step 8: OLA operation for polynomial nonlinearity */
Y 24— OverLapAdd( Y™ );

4.6 Simulations and Comparisons with FFT Outputs

Fast Fourier transform (FFT) is a fast computational algorithm of DFT. FFT has four
fundamental limitations (pitfalls), namely frequency resolution, aliasing, spectral
leakage, and the picket fence effect [OSB99] [Sun0O1]. FFT is a batch-processing
technique that processes signals in the digital domain. Signals are assumed by the
FFT analyzer to be periodic. The frequency resolution problem is due to Af = f, /L,

where Af'is the frequency resolution, f, is the sampling frequency, and L is the FFT

buffer size. A large buffer size is needed to analyze high-frequency signals in fine-
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frequency resolution since f, must be large in order to avoid aliasing problems.

Aliasing problems occur when nonlinearity-introduced components or original signal

components exceed the Nyquist frequency (folding frequency;f,/2). These

components are folded back to the Nyquist interval, and FFT cannot distinguish
between the original spectral line and aliased spectral lines. Spectral leakage
problems occur when the signal is not captured in integral number of periods of the
waveform, and due to non-periodic truncation in time, discontinuity in the sampled
signal occurs. This discontinuity results in energy leakage in spectral domain, causing
line spectrum to combine with adjacent lines. FFT samples the frequency spectrum
and its inability to distinguish between two frequency sample points causes the picket
fence effect, i.e., the computation of the spectrum is limited to integer multiples of
Af .

To illustrate these FFT pitfalls in spectral analysis, and advantages of using the
proposed technique that does not use FFT, we simulate the square law nonlinear static
device, y(t) = 0.5x°(¢), with a multitone input signal having two components (i.e.,
N =2). We used four cases to compare FFT results with our proposed technique. The
numerical data for both input and output obtained from our proposed technique are
listed in Table 4.11. A simple FFT with rectangular windowing is used to capture
both input and output signals of such four cases and presented in Figure 4.6.
MATLAB was used to compute both our technique and FFT. The sampling
frequency f, is 48 kHz. The input signal is (1—1/f5)seconds long from time zero.
Therefore, FFT size is 48,000 and the frequency resolution is 1 Hz. The input

multitone signal has two components whose amplitudes, frequencies, and phases are
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listed in Table 4.11 for the four cases. These input signals’ FFT results are plotted in
the left column of Figure 4.6. For each case, input multitone is synthesized as the data
in Table 4.11, and output signal is then fed into FFT and plotted the results in the
right column of Figure 4.6. Note that the input and output spectra are zoomed into the

span of 0—100 Hz for easy comparison.

Table 4.11: Amplitudes, frequencies, and phases for the four examples.

Case _Input Multitone Components Output Multitone Components
Amplitude  Frequency Phase Amplitude  Frequency Phase
(Hz) (Deg) (Hz) (Deg)
I 1.000 20.000 36.000 0.045000 10.000 9.000
0.120 30.000 63.000 0.385800 20.000 36.000
0.090648 30.000 63.000
0.005400 40.000 90.000
0.125000 60.000 108.000
0.045000 70.000 135.000
0.005400 80.000 162.000
0.000216 90.000 189.000
II 1.000 20.240 36.000 0.045000 19.180 9.000
0.120 21.300 63.000 0.385800 20.240 36.000
0.090648 21.300 63.000
0.005400 22.360 90.000
0.125000 60.720 108.000
0.045000 61.780 135.000
0.005400 62.840 162.000
0.000216 63.900 189.000
11 1.000 20.000 36.000 0.385800 20.000 36.000
0.120 47910.000 63.000 0.125000 60.000 108.000
0.045000 47870.000 -9.000
0.090648 47910.000 63.000
0.045000 47950.000 135.000
0.005400 95800.000 90.000
0.005400 95840.000 162.000
0.000216 143730.000 189.000
v 1.000 20.000 36.000 0.385800 20.000 36.000
0.120 90.000 63.000 0.045000 50.000 -9.000
0.125000 60.000 108.000
0.090648 90.000 63.000
0.045000 130.000 135.000
0.005400 160.000 90.000
0.005400 200.000 162.000
0.000216 270.000 189.000
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Figure 4.6: Frequency-zoomed (0—100Hz) FFT-captured signals’ spectral plots for
the four example cases. Each row represents one of the four cases under this study.
Spectral plots in left column are input to the square law NLD, and those in right
column are output from the NLD. These spectral plots are to be compared with
numerical results obtained using our technique, as listed in Table 4.11.

For verification, the output signals from the square law device and synthesized
signals using results from Table 4.11 are plotted in continuous time domain, showed
side-by-side in Figure 4.7. The two columns are exactly the same. Hence, the
proposed technique can reconstruct the output signal because the output components’
amplitudes, frequencies, and phases can be precisely computed. The rest of this

section contains the study of the four cases.
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Output Signal from Square Law Device (Case ) Synthesized Signal using Results from Our Technique (Case |)
T T T T T T T T T 1 T T T T T T T T T

I I I I I I I I I -1 I I I I I I I I I

“o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Casel ll

§
|

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Case lll Case lll
T T T T T T T T T 1 T
= L L L L L L L L L _1 1 1 L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Case IV Case IV
MV\N\/WMW 0 WWWWWW
= L L L L L L L L L _1 1 1 L L L L L L L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Time (s) Time (s)

Figure 4.7: Output signals in continuous time domain from the square law device are
plotted in left column, and synthesized signals using results from our technique in
Table 4.11 are plotted in right column for the four cases. This figure also verifies our
technique and shows that the output signal in continuous time can be easily
synthesized using the results obtained from our technique.

In Case I, at 40 Hz, FFT cannot display the output spectrum line at amplitude
0.0054 which is smaller than the frequencies at 10, 20, 30, 60, and 70 Hz (See
Table 4.11 and Figure 4.6). Note that our technique can precisely compute
amplitudes, frequencies, and phases of the output multitone components. For this
particular case, no intermodulation components, but all harmonically related output
tones are generated because the two components of the input multitone signal are
harmonically related to each other. Since the input components’ frequencies are in
integer multiples, and FFT does not have any problem distinguishing between

frequency components for this case, there is no resolution problem for this case.
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Case II demonstrates the frequency resolution problem and the picket fence
effect of FFT. From Table 4.11, two input frequencies are very close to each other,
and are not in integer numbers. Since FFT resolution is set to 1 Hz, it cannot resolve
both input and output components well. In second row, right column of Figure 4.6, at
the output, only two major peaks are observed around 20 and 61 Hz. The frequencies
19.180, 20.240, 21.300, and 22.360 Hz cannot be clearly distinguished among one
another, and appear as one peak around 20 Hz. The frequencies 60.720, 61.780,
62.840, and 63.900 Hz also appear as a single peak around 61 Hz. Exact phase
computation of each components using FFT method in this case is thus impossible.

Case III demonstrates the aliasing problem. The second component of 47,910
Hz is far more than Nyquist frequency of 24000 Hz. Therefore, folding effect occurs
in both input and output FFT spectrum. The output component observed at 90 Hz is
an aliased component due to 47,910 Hz (i.e., 48,000 Hz — 47,910 Hz = 90 Hz).
Nonlinearity generates more components at the output; some of them are even higher
frequencies. There are multiple aliasing (folding effect) occurrences in the Nyquist
interval. Hence, the actual computed components from Table 4.11, 20, 60, 47870,
47910, 47950, 95800, 95840, and 143730 Hz appear at 20, 60, 130, 90, 50, 200, 160,
and 270 Hz, respectively, on the FFT spectrum as a mixture of aliased and non-
aliased components. From 0—-100 Hz, only four components of 20, 50, 60, and 90 Hz
are observed as shown in the third row, right column of Figure 4.6.

Case IV shows that on the FFT spectrum, aliased and non-aliased components
look exactly the same although their time domain plots look different (See the fourth

row of Figures 4.6 and 4.7). The output frequencies set of 20, 50, 60, 90, 130, 160,
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200, and 270 Hz turn out to be the same as the aliased and non-aliased frequencies of
Case III. Hence, on the FFT spectrum, frequency lines of Case IV look exactly the
same as those of Case III, although their time domain plots show otherwise. In other
words, this case reveals FFT aliasing problem from another point of view.

Hence, phase computation using FFT is not straightforward and approximate,
and is prone to error under the conditions of aliasing, and other pitfalls mentioned
above, whereas the proposed technique can precisely compute individual amplitudes,

frequencies, and phases without any variations in error.

4.7 Conclusions

In this chapter, we proposed a technique to reduce the computational steps of the
Lemma 1 of PIPCT by using triangular symmetric pattern and gain multiplier. With
this technique, a large number of components in d do not need to be computed, thus
significantly reducing computational time. The generalized formulac were derived
from the first principle to compute the number of components generated by two
techniques, PIPCT and MPIPCT. These techniques were compared, with step-
reduction concepts depicted in equations, tables, and plots. A theorem was stated and
proved that MPIPCT can reduce exponential component growth by 25-50%. We
further showed how the two limitations of PIPCT can be solved by observing a
mathematical pattern and modifying Lemma 2.

The Harmonic Addition Theorem was proposed to extend the computational
algorithm for monomial nonlinearities to cases of polynomial nonlinearity. The

proposed algorithm, YOGA, allows exact and efficient computation of any order of
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polynomial nonlinearity with any number or combinations of amplitude, frequency
and phase of input multitone. Simulation examples were given for easy comparison
with FFT methods, and to highlight the pitfalls of using FFT in the four cases shown
in Section 4.6.

In the next chapter, YOGA from this chapter and HASP algorithms (developed
in last chapter) will be used to assess the traditional objective metrics such as THD
and TIMD and compared with the perceptually motivated nonlinear distortion metrics

and computational models, such as GedLee and Rnonlin.

124



CHAPTER 5

PERCEPTUAL EVALUATIONS OF NLDS

5.1 Introduction

The core objective of this chapter is to identify the most appropriate type of NLDs in
the context of a VBS to achieve the best bass-intensity perception with minimum
perceived impairment arising principally from intermodulation distortion. The
techniques and algorithms developed in Chapter 3 and 4 are also applied in this
chapter to compute the objective metric computations in an attempt to find a suitable
metric to predict nonlinear distortion prediction.

The main thesis of VBS is that, when listening to a harmonic series with
missing fundamental, the human auditory system tends to perceive the fundamental
even though it is physically absent. Some simple examples can illuminate this
process. Consider the truncated harmonic series {50, 100, 150, 200, 250, 300} Hz; it
is evident that even if the series excludes 50 Hz, then it can easily be inferred, as the
relationships are integer-based. On the other hand, if the series only has even
multiples of 50 Hz, i.e. {100, 200, 300} Hz, then this is actually a harmonic series
with a fundamental of 100 Hz, so the original fundamental of 50 Hz cannot be
uniquely inferred, implying weaker likelihood of perception. However, for an odd
multiple series, i.e. {50, 150, 250} Hz, then it is clear that 50 Hz can be inferred.

Consequently, it could be argued that an NLD that produces mainly odd-order
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harmonics should be preferable to one which only produces even-order harmonics,
due to the way the fundamental is encoded uniquely into the sequence. Also, if the
aim is to minimize the perception of distortion, then an NLD that yields only a small
number of low-order harmonics—and preferably odd-order dominant terms—could
prove attractive. Indeed, an odd-order sequence could use as few as two harmonics to
uniquely define the fundamental, e.g. {150, 250}. For an NLD that delivers both even
and odd terms simultaneously, a question arises as to whether the perceptual roles of
even and odd harmonics are equal, or whether there is bias towards the odd terms in
the sequence. However, there is a further complication relating to the perception of
distortion, as the NLD must operate on audio signals normally possessing spread
audio spectra, possibly without dominant bass frequencies (notes). Consequently, the
nonlinearity will produce both harmonic (desirable) and intermodulation components
(undesirable, even though filtering is used in the synthesis process to mitigate their
generation). As the latter has no harmonic structure, it contributes only to the
perception of signal distortion. Therefore, each NLD will offer a distinct balance of
distortion and bass synthesis which is inevitably signal dependent; this leads to
complications in formal subjective evaluation, especially as some imperfections may
prove more acceptable (possibly even perceived as an enhancement) to a listener than
others [Bar98]. This is why non-perceptually motivated metrics fail to establish the
true performance of a VBS. As a result, intermodulation distortion analysis alone
cannot reveal the true perceptually relevant artifacts caused by such nonlinear
distortion, implying subjectively motivated measurements that are sensitive to the

psychoacoustics of VBS must be performed to arrive at any conclusive comments on
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perceived distortion. [CVAOla] [CVAOIDb] [VTCO04]. As such, the selection of an
optimum NLD methodology that minimizes the physical distortion components while
maximizing the perception of bass extension can be intelligently performed.
Traditional listening tests are notoriously time-consuming, expensive and
suffer numerous consistency problems; consequently, perceptually motivated models
that predict distortion scores are desirable. In [GL03a] [GL0O3b], Lee and Geddes
proposed the GedLee(G,,) metric, which incorporates an objective model of human
masking [GL03a]. However, this failed to accurately predict nonlinear distortion in
VBS [OG10]. A weakness of the GedLee metric for VBS is its application to the
entire auditory spectrum; because the low-frequency distortion generated by the
NLD-based VBS covers typically less than five octaves, its contribution is almost
hidden in the context of the full-band model. To address this limitation, Tan and
Moore et al. proposed two nonlinear distortion prediction models—Distortion Score
(DS) [TMZ03] and Rnonlin [TMZ04]. However, the input signal to the DS model
must be restricted to a multi-tone signal, whereas the input signal to the Rnonlin
model can be either music or speech signals. In this chapter, the Rnonlin model is
studied in terms of its applicability to VBS in the context of an audio system with a

highly restricted low-frequency performance.

In this chapter the following three research questions are addressed:

1. From a pre-selected pool of NLDs, which introduce severe and inappropriate
distortion artifacts?

2. From the subset of best-performing NLDs, which achieve good bass

perception?
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3. Can the Rnonlin perceptual model be applied successfully to NLD-based VBS
distortion analysis?
Two experiments were performed. The first experiment focused on Questions 1 and
3, where perceptual contributions of nonlinear distortion were tested and correlated
with the Rnonlin scores. The second experiment was designed to address Question 2.
This chapter is organized as follows: Section 5.2 describes the pre-selected set
of NLDs, while Section 5.3 compares and contrasts the objective metrics. Section 5.4
introduces the Rnonlin model for VBS. Section 5.5 and 5.6 then present the statistical
data analysis and results for distortion analysis and perception of bass enhancement
derived from Experiments 1 and 2, respectively. From these subjective studies, NLDs
are then categorized and analyzed further in Section 5.7 in terms of their input-output
characteristics and derivatives, in order to arrive at common features that correlate
well with good bass enhancement. Finally, Section 5.8 discusses approaches taken to
assess bass enhancement, and draws conclusions as to the efficacy of using the

Rnonlin model as a means of NLD performance sifting for VB applications.

5.2 NLD Functional Descriptors

Oda [Oda97] was first to propose a full-wave rectifier as an NLD in VBS.
Subsequently, Feremans et al. [FS98] employed an analog half-wave rectifier, and
Unemura [Une98] from Matsushita Electric again considered full-wave rectification
as the harmonic generator within television (TV) audio circuits, to overcome the
bandwidth limitation problem of modest loudspeakers. Larsen and Aarts then

developed a generic NLD framework [LA02] [LAO4], which has been adopted within
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many systems [PRL10] [AMJ06] [OGO08a] [OGO8b] [OG10] [OGL10], including the
present study. The generic framework is reproduced in Figure 5.1(a). However, in
order to evaluate certain NLD-specific subjective attributes, the modified framework
depicted in Figure 5.1(b) is used.

Thirteen NLDs were selected to exhibit a range of input-output symmetries
and harmonic generation; their respective closed-form functions are listed in
Table 5.1 with corresponding nonlinear transfer characteristics plotted in Figure 5.2.
All selected NLDs investigated in this chapter are zero-memory (or static) systems,
implying that a given output sample depends only on the corresponding input sample,
with no convolution dependency. Generation of even, odd or both even-odd
harmonics depends on the symmetry of the nonlinear transfer characteristics. The
NLDs possessing either even- or odd-order transfer characteristics are therefore
termed even-symmetric and odd-symmetric NLDs, respectively, whereas NLDs with
non-symmetric transfer characteristics are designated non-symmetric. As shown in
Figure 5.2, all the NLD input—output transfer characteristics pass through the origin;
hence for zero input, the DC output offset is zero. Also, for the input signal
normalized between *1 range, the output range is bounded between +1, with the

exception of the “EXP2” and “ATSR” NLDs.
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Left channel> HPF D

LPF | NLD [»| BPF @_ﬁ»

Right channé]] HPF D
(a)
————
Left channel | ;.50 | :}quzk—>
e
— LPF—> NLD
_ ————
Right channel HPF 1 : HPF 2 —»
e
LPF NLD
(b)

Figure 5.1: (a) The NLD-based signal processing framework proposed by Larsen and
Aarts [LA02] [LAO4]. LPF: low-pass filter; HPF: high-pass filter. (b) Block diagram
of our VBS configuration used in Experiment 1 and 2. Left and right channels are
processed separately; HPF2 in the dotted box is included only in Experiment 2, the
bass listening test.
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Table 5.1: The closed-form nonlinear equations, types of symmetry and harmonics
generation of the thirteen NLDs used in the Experiment 1.

TC Acronym Name f(x) f'(x) 1S 2H

1 ASQRT  Absolute X SE E
Square Root | | sgn(x)/(Z\/N),x #0

2 FWR Full-wave |x| sgn(x),x =0 ° J
Rectifier

3 saL Square Law X 2x ° .

4 HWR Half-wave 0.5(X+|X|) 0_5(x+sgn(x)),x #0 5N 6o
Rectifier

5 CLP  Clipper 0.5sgn(x), 0 if[x>05 0 0

if Lx >05 1 otherwise
x  otherwise
6 CUBE  Cube X 3y « o
FEXP1 Fuzz 1_g M 1_gM 2(y\a I ° L

Exponential 1 sgn(x) o 25(X)[ 1_2,1 J+ Sg?_();)j

8 FEXP2 Fuzz 1—gh 1_ g 2 (y\al o L
Exponential 2 sgn(—x) = —25(X)£ . _61 }r sgne (_x1)e

9 NSIG Normalized (e =N(e+1) e'e+1)  (e"-M)(e+Ne ® *
Sigmoid (@ +1)e—1 @ +0e-1 (& +1e-1

10  NTANH  Normalized (" —e")e+e™) e+e’ (e —e ") (e+e™) o o
Hyperb0|ic X -X _al _ ! - _al X -X\2
Tangent (e*+e™)e—e) e—e (e—e')e"+e™")

11 SQS Square Sign  x2sgn(x) 2xsgn(x) +2x°S(x) o °

12 ATSR Arc-tangent 2.5tan”"(0.9x) 2.25 2.025x N B
Square Root .95 [1—(0.9x)? 140817 1_081x°

-2.5
13 EXP2 Exponential 2 ¢ _ g e . °
e—1 e—1

Function Symmetry.

2Harmonics.
3Even Symmetry.

4Even Harmonics.

SNonsymmetry.
6Fundamental frequency (first harmonic) and
even harmonics.
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Figure 5.2: Zero-memory nonlinear transfer function plots of the thirteen NLDs.

5.3 Objective Metrics Calculations

Seven NLDs out of thirteen NLDs are polynomial approximated to the sixth order in
a least-square sense. According to the triple duality theorem, presented in Chapter 3,
the highest harmonic number generated by the sixth order polynomial is six.
Moreover, as reviewed in Chapter 2, the dominant harmonics for the missing
fundamental effect are within the first six harmonics. Therefore, the sixth order
polynomial is sufficient to represent the NLD that can create virtual pitch perception.

The objective of this section is to show that selected objective metrics fail to
reach the conclusion of which NLDs are suitable for VBS, and that the scores given
by them to predict the nonlinear distortion contradict one another.

First let us define the system and metrics. The sixth order polynomial equation

is given by
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f(x) = fzo + fllx+ fzzx2 + fz3x3 + }24x4 + f15x5 + ﬁﬁx(), (5.1)
where };l.,i €{0,1,2,...,6} are polynomial coefficients, f (x) 1is the polynomial
nonlinear function or NLD, and x is the input. To approximate the nonlinear transfer
function curves, the polyfit MATLAB function is applied. The polyfit function uses
the Vandermonde matrix, as discussed in Chapter 3. The coefficients for the seven
polynomials are listed in Table 5.2.

To assess the fitness of polynomial approximation, the relative root-mean-

square error (RRMSE) metric is defined as follows [Abul0]:

RRMSE = \/Z - f(X)],
T

where f'(x;) represents the exact value of NLD function in Table 5.1, f (x;) represents

(5.2)

the approximate value obtained from (5.1), and NP represents the total number of
points used in the calculation. The results of RRMSE for the seven NLDs are also
shown in Table 5.2.

Three categories of objective metrics will be used to calculate the scores. The
first kind is single-tone metric, THD, which equation is defined in (3.45) in
Chapter 3. The HASP Analysis algorithm from Chapter 3 is used to compute the
THD scores; results are listed in Table 5.2. The second kind is the multitone metrics.
Two multitone metrics such as THDyrand IMDyt are used, where IMD and MT
stand for intermodulation distortion and multitone, respectively. The THDyr and

IMDyr metrics are calculated as follows [CVAOla]:
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THD,,, = PIRLA (5.3)
B DI DI

2 M

TIMD, ., = ,
R DI TAED I ik

(5.4)

where Zil MT’ represents the power of all input multitone signal, Zkle IM;

represents the power of all intermodulation products, ZZZI H; is the power of all

harmonic products, N is the number of input primary tones, M is the number of
intermodulation products, and L is the number of harmonics.

Czerwinski et al. recommended the use of logarithmically equally spaced
multitone signals because they provide more accurate information about nonlinear
systems, compared to harmonic, two-tone intermodulation distortion measurements
[CVAOla] [CVAOIDb]. Logarithmically equally spaced multitone signal are also
preferable to other test signals in this case because the statistical properties of a
multitone signal resemble those of a noise or a musical signal. The detailed derivation
of the generation of multitone signal is not available in [CVAOIa] and [CVAO02b].

Here, we derive a generalized formula to generate logarithmically equally

spaced multitone signals. For the multitone frequencies @, ,k € {0,1,..., N —1}, assume
that 0, <, <---<o,_, and o, # o, fori= j; i, j{0,1,...,N —1}.The objective is to

obtain a generalize formula for the linear frequency multiplication factor § such that
w,,, = po,, fork=0,1,...,N-2, (5.5)

while the following logarithmically equally spaced condition is guaranteed:
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o= loglo(a)l)_k’glo(a)o) == loglo (a)N—] )_loglo (a)N—Z) (5.:6)
=log,,(@,,,)—log(®w,), for k =0,1,2,...,N -2,

This condition can be expressed as follows:

o = log,, (a)N—l)_loglo (0)0)
)

=log,, (@y_, /@, )/(N -1). (5.7)

Since
B=10" =log, {af, (5.8)
substituting (5.7) into (5.8), the following generalized formula is obtained:
f=log;y {log (@, /@, )/(N 1)}

= NRl/log;(} {loglo (wN—l/a)l—l )} (5.9)

By recursion, the logarithmically equally spaced multitone frequencies can be easily

computed as follows:

o, < f'w,, forn=0,1,...,N -1, (5.10)
where f is computed using (5.9), and @, is the lowest frequency. For example,
multitones with N={5, 10, 15, 20} Hz partials from the lowest frequency @, =1000
Hz to the highest frequency @, , =10000 Hz are shown in Figure 5.3.

The respective fs are obtained as {1.7783, 1.2915, 1.1788, 1.1288}. As for the
computations of THDyr and TIMDyt metrics, a multitone with five partials is used
with the unitary amplitudes, frequencies {1000.000, 1778.279, 3162.278, 5623.413,

10000.00} Hz and phases {2.690427, 3.351363, 4.750792, 4.362870, 4.953241}
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radians. The computational algorithm YOGA from Chapter 4 is used to compute

THDyr and TIMDyt scores, and the results are also shown in Table 5.2.

N=5 N=10

- (a{)3 (b5

Magnitude
Magnitude

10° 10° 10t 10° 10° 10!
Frequency (Hz) Frequency (Hz)

N=15 N=20

© L@

Magnitude
Magnitude

10° 10° 10* 10° 10° 10*
Frequency (Hz) Frequency (Hz)

Figure 5.3: Logarithmically equal spaced multitone signals. (a) five (b) ten (c)
fifteen, and (d) twenty components.

The third kind of objective metric used in this Section is the GedLee metric

(Gp). The equation is given by

G = J(cos%xj [m] dx, (5.11)

2
e dx

where x is the input, f (x) is the polynomial nonlinear equation in (5.1). The main

difference between G,, and {THD, THDyr, TIMDyr} is that G, is the property of the
system, not of a signal sent through the system [GL03a] [GLO3b]. When designing

the G, metric, Geddes and Lee proposed the three distortion principles:

136



1. High-frequency distortion products are masked to a greater extent than those
that are lower in the frequency.
2. Distortion products that lie closer to the masker are less likely to be perceived
than those that lie farther away.
3. Distortion products are likely to be more perceptible at lower signal levels
than at higher signal levels.
The G, has the following features:
1. It is more sensitive to higher order nonlinearities than the lower order
nonlinearities.
2. Itis weighted towards greater values for nonlinearities at lower signal levels.
3. It is immune to changes in offset and gain (first-order slope).
4. Tt is completely independent of the actual input signal that passes through the
system.
5. It is a frequency-independent measure for the frequency-independent
(memoryless) nonlinear systems.
The second derivative of the nonlinear transfer function in (5.11) makes G,, more
sensitive to the higher order nonlinearities. The second derivative is squared to
alleviate the sign problem. To address the second feature above, a cosine-squared
function, which is unity for small values of the signal, and zero for large ones, is
multiplied to the square of the second derivative of the nonlinear transfer function.
The resultant function is integrated from -1 to 1, giving a number of which the square
root yields a single number: G, [GL03a]. Therefore, the G,, metric is derived from

the general theory of nonlinear systems and the auditory masking mechanism.
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Table 5.2: The polynomial coefficients, MMSE, THD, THDyr, TIMDyr, and G,
scores of the seven NLDs.

FEXP1 FEXP2 NSIG NTANH SQS ATSR EXP2

hy 0.0000 0.0000 0.0000 0.0000 0.0000 0.0015 0.0000
h 1.4215 0.6410 1.0819 1.3100 0.2051 2.7335 1.5820

h, 0.0000 0.0000 0.0000 0.0000 0.0000 -1.0596 -0.7910
A} -0.7413 0.4665 -0.0896 -0.4080 1.2304 -0.9365 0.2634

A, 0.0000 0.0000 0.0000 0.0000 0.0000 0.0132 0.0659

A, 0.3318 -0.1120 0.0077 0.0991 -0.4511 0.2907 0.0137

ﬁé 0.0000 0.0000 0.0000 0.0000 0.0000 -0.3555 -0.0023
RRMSE 0.0059 0.0025 0.0000 0.0004 0.0088 0.0010 0.0000
THD 7.8516%  88973% _ 1.9613%  6.6871% | 19.9775% 31.9922% | 24.3424 %
THDwr 493573 % 374723 % @ 69.6498%  50.8743 % : 45.5609 %  35.2551% @ 57.2327 %
TIMDwr  © 63.5630 % 67.4929% : 23.3829%  62.7880 % : 65.1644 % 67.3945%  55.8381 %
Gm i 0.9742 0.7737 | 0.1771 0.6743 1.7628 3.0520 1.7971

Referring to Table 5.2, interpretation of the scores is that the higher the value
is, the higher perceived distortion will be.

However, the G,, of FEXP1 is 0.9742 and that of FEXP2 is 0.7737; whereas
the TIMDyt of FEXP1 is 63.5630 %, and that of FEXP2 is 67.4929 %. The G,, of
FEXP1 is higher than that of FEXP2, but TIMDyt of FEXPI is lower than that of
FEXP2. Thus, the two metrics give contradictory predictions of degrees of nonlinear
distortion. Another example of contradicting metrics is the THDyr and TIMDyr of
NSIG and NTANH. As shown in Table 5.2, the THDyr of NSIG (69.6498%) is
higher than the THDyr of NTANH (50.8743%). On the other hand, the TIMDyr of
NSIG (23.3829%) is lower than the TIMDyr of NTANH (62.7880%). A third
example of contradicting metrics from Table 5.2 is the THD and THDyr. The THD
of SQS (19.9775%) is lower than the THD of ATSR (31.9922%), whereas the

THDwmr of SQS (45.5609%) is higher than the THDyr of ATSR (35.2551%).
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Based on the above three examples, the four metrics contradict one another. In
the next Section, Rnonlin nonlinear distortion prediction model is verified with a

subjective listening test.

5.4 Rnonlin Psychoacoustic Nonlinear Distortion Model

The Rnonlin [TMZ04] is a computational model for perceptually motivated nonlinear
distortion prediction that can be used with both music and speech excitations [V0i06]
[SHO7]. Critically, it has been reported in [TMZ04] to achieve enhanced correlation
over the DS model [TMZ03] using distortion scores derived from listening tests. The
Rnonlin model is applied here to an NLD-based VBS evaluation, where the following
paragraphs describe key implementation blocks.

Figure 5.4 shows the block diagram of the Rnonlin model (shaded box), as
proposed in [SHO7]. In this VB study, the Rnonlin model is based on the published
steps given by Tan et al. [TMZ04] and Santis et al. [SHO7]. Both papers
recommended time alignment of input and output signals to compensate for the delay
caused by the system under test. Instead of performing offline time alignment as
proposed by previous researchers, zero-delay filters [OSB99] [Gus96] are employed
as shown in Figure 5.1(b), to time-align the clean signal with the VBS-processed
signal. The zero-delay filter was implemented using the MATLAB filtfilt function.

Referring to Figure 5.4, the Rnonlin model takes in both the clean signal and
the processed signal and produces a score, known as the Rnonlin score. Both the clean
signal and the processed signal pass through the outer and middle ear (OME) transfer
function, which is based on the ANSI/ASA S3.4-2007 standard [ANSIO7]. The 40

immediate frequency values, together with their respective decibel-magnitudes of the
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middle-ear transfer function are obtained from Table 3 of the standard [ANSIO7]. In
addition, the function gene Middle Ear Transfer function in [Genl0] is used to

implement the middle-ear transfer function, plotted in Figure 5.5 (a).

Input Signal (Music/Speech) ‘

Clean Signal

X(n)

VBS with Delayless
Filtering

Processed Signal, y(n)

{ v /
i Outer and Middle Outer and Middle
i Ear Correction Ear Correction }
| v r
40 1-ERBy wide 40 1-ERBy wide i
i | Gammatone Filters Gammatone Filters 3
(1,2,..j...,40) (1,2,.....,40)
YV .40.. VY YV .40 VY |

v A4 !
i Frame i of Output of Frame i-1, i, i+1 of 3
: Filter j Output of Filter j i

Maximum values

of cross-correlation
th

for i frame

i Level

i | weighting ;
i Average Xmax §
i (over all frames) |
'\Bnonlin Model }

Rnonlin Score

Figure 5.4: Block diagram of Rnonlin calculation algorithm (Redrawn from [SHO7]).
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Figure 5.5: (a) middle-ear transfer function (b) free field to ear drum transfer
function (c) diffuse field to ear drum transfer function (d) outer and middle-ear
transfer functions for the three listening conditions: free field, diffuse field, and
headphone.

The OME transfer function filter is a cascade structure of the outer-ear
transfer function filter and the middle-ear transfer function filter. For the outer-ear
transfer function, there are three listening conditions [ANSIO7] to be considered:
listening in free field, listening in diffuse field, and listening through headphones. For
cases of listening in free field and diffuse field, numerical values described in Table 1
and 2 of the ANSI standard [ANSIO7] are used, respectively. The resultant transfer
functions are plotted in Figure 5.5 (b) and (c). In the case of listening through
headphones, the outer-ear transfer function can be removed, leaving only middle-ear

transfer function, with the assumption that the frequency response of the headphone is

flat [ANSIO7]. Based on interpolated values, the OME transfer function is designed
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using a 4097-coefficient finite-impulse response (FIR) filter for the fir2 function in
MATLAB [Genl0].

To implement 40 equivalent rectangular-bandwidth (ERB) filter banks
[Mo0003] in the Rronlin model, Auditory Toolbox [Sta98] functions, MakeERBFilters
and ERBFilter-Bank, are used. Filter coefficients for the frequencies range from 35
Hz to 24 kHz are obtained using the MakeERBFilters function; actual filtering for
both clean and processed signals are performed using the ERBFilterBank function. As
shown in Figure 5.4, both clean and processed signals pass through the OME and 40
ERB filter banks.

At the output of each ERB filter, both clean and processed signals are split
into 30 ms frames. Let L denotes the number of samples in a frame, which is equal to
1323 samples for a 30 ms frame sampling at 44.1 kHz. The cross-correlation between
the clean signal and the processed signal at the ith frame at the jth filter is computed

by concatenating the i-1, i and i+1 frames for the time lags of 77 between £10 ms or

1441 unit samples [Voi06]. This cross correlation computation step can be expressed

concisely as,

ro- cov {x(n), y(n— 77)} (5.12)

Jvar{x(n)} X Var{y(n - 77)} ,

or in full form as

iL+n

D> x(n)y(n—n;))

v, (s i) = SR : (5.13)
’ iL+n - iL+n -
\/[ > x(n;)) j{ > y(n-n;)) ]
n=(i—-1)L+1+n n=(i—-1)L+1+n
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for —441<p<+441 [TMZ04] [SHO7]. In (5.12), cov{.} and wvar{.} denote

covariance and variance, respectively. For each ith frame at the jth filter, the

maximum correlated value is computed as

X, ()= max [r (;j:m)], (5.14)

—441<p<+441

for i=1,2,...,| total number of samples/L | and j=1, 2,..., 40. Tan et al. [TMZ04]

assumed that the value of X, _ provides a measure of the processed signal that is

affected by the frequency components not present in the original signal. Referring to
Figure 5.4, the remaining steps are weight computation and application of weights

to X (i;j). The weighting is implemented in the model based on the assumption

that the low-level output at the ERB filter banks corresponds to small levels of
perceived distortion [TMZ04]. The individual levels for each frame and each filter are

computed as

. 1 & . .
Level(i; j)=10xlog, | — > y(n;J)y(n;J)}, (5.15)

n=(i-1)L+1
and for each ith frame, the maximum value of the jth filter is taken as

max_weight (i) = max [Level(i; j)] , (5.16)
forj=1,2,...,40. By using max weight(i), the weights, which are applied to
X, (i; ), are computed as

max

if Level(i; j) > max_weight (i) —40

weighting (i, j) = max_weight(i);

elseif Level(i, j) > max_weight(i)—80 and Level(i, j) < max_weight(i) —40

weighting (i, j) = (Level(i, J)—(max_weight(i)— 40))/40;
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else weighting (i, j) = 0. (5.17)
The pseudocode (5.17) shows that the scaling is performed in such a way that if the
level is within 40 dB from the maximum value, the weight is assigned to the
maximum weight. If the level is lower than 40 dB from the maximum value but
higher than 80 dB from the maximum value, the weight is scaled linearly with level.
If the level is lower than 80 dB from the maximum value, the weight is assigned to
zero. The objective is to ensure that low-level outputs are assigned weight equal to
zero, very high level outputs are assigned the maximum weight and the remaining
intermediate levels are assigned weights proportionally to the level.
The final Rnonlin score is obtained by the following steps. First, the

normalized weights,

normalized weight(i, j) = :zezgh.tmg.(z,].) : (5.18)
z]—=1 weighting (i, j)
are applied to X, (7; /) as,

X i weighted (i, ))=X_ (i, j)xnormalized weight(i, j). (5.19)

max

(i, j) are then summed across all filters and averaged across the frames to

max_weighted

yield the final Rnonlin score,
Rnonlin = Mean {Z X o weightea (i j)} (5.20)
1 j -

Rnonlin ranges from 0 to 1, where 0 represents the worst perceptual distortion score
and 1 represents no distortion; the Rnonlin score therefore decreases with increases in

distortion.
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5.5 Experiment 1: Distortion Listening Test

The objective of this section is to evaluate the perceived quality of different NLDs
and to investigate the ability to predict the quality of perceived distortion using the
Rnonlin model. The design and analysis of the distortion listening test are presented
while statistical analysis techniques such as ANOVA, nonlinear regression and

correlation analysis are used to analyze the listening test data.

5.5.1 Audio materials

Six audio files from the Sound Quality Assessment Material (SQAM) CD [EBUOS]
were selected for Experiment 1. The selected audio files together with their respective
durations in seconds are listed in Table 5.3. The term Audio Sequence/Stimulus (AS)
is used to denote the audio files. A speech signal AS1 was included in the listening
test to investigate whether the NLDs under test have any special influences on speech

signal as compared to musical soundtracks.

Table 5.3: Audio materials selected for the Experiment 1.

AS Content SQAM Tracks Seconds Genres

1 Female speech in English 49 4 Speech
2 Pop music Eddie Rabbit 70 14 Pop

3 Bass-clarinet 17 8 Clarinet
4 Piano Schubert 60 12 Piano

5 Vocal Bass 47 11 Vocal

6 Soprano Mozart 61 4 Classical
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5.5.2 Listeners

A total of 40 pre-screened and paid listeners (10 females and 30 males, average age:
25 years [range: 20-35 years]) were selected to carry out the subjective listening test

for this experiment. All the listeners were briefed on the details of the listening test.

5.5.3 Processing of Audio Materials

All .wav files were processed offline and based on the VBS block diagram shown in
Figure 5.1 (b). The input signal is first separated into low- and high-frequency bands
using the low-pass filter (LPF) and the high-pass filter 1 (HPF1), respectively. The
Park-McClellan filter design algorithm [OSB99] was used to design both HPF and
LPF FIR digital filters, each with a cutoff frequency of 280 Hz. The magnitude
responses for both HPF and LPF FIR filters are plotted in Figure 5.6 with pass-band

ripple and stop-band attenuation set to 1 dB and 60 dB, respectively.
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Figure 5.6: Magnitude responses of LPF and HPF1 FIR filters.
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As discussed in Section 5.3, zero-phase digital filtering is performed using the
MATLARB filtfilt function instead of the normal filter function. Note that high-pass
filter 2 (HPF2) is not used in Experiment 1 in order to evaluate the full-range
perceived distortion. There are 84 audio files consisting of one reference signal,
thirteen NLD-processed signals for six audio stimuli (AS) where all .wav files are

normalized to -1 dB full scale (dBFS) before inputting into the VBS.

5.5.4 Listening test configuration

Listening tests were conducted in a quiet room located at NTU where a personal
computer ran the listening software. A Sennheiser HD600 headphone set was
connected to a Creative Extigy USB-external sound card and a comfortable listening
level established which then was rigorously maintained throughout all experiments.
The graphical user interface (GUI) program (i.e. listening software) shown in Figure

5.7 was developed in Microsoft Visual Basic .NET 2008.

Virtual Bass System Distortion Listening Test (V4.0)

Clean, completely undistorted 1>- 10

Subject Mo

Very distorted 1

Reference

’ Save

Processed

Figure 5.7: Graphical user interface used during Experiment 1.
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Each NLD represents one test condition (TC) in Experiment 1. There are
thirteen TCs, each of which was tested on the six AS. TC/AS randomization was
performed by the GUI program during startup for every listener to facilitate a robust
double-blind testing procedure and to reduce the recency effect (i.e., bias toward
recent events) [ZRBO08]. A 10-points scale with 0.1 resolution was employed to grade
the sound quality of each of the processed audio tracks. The highest unit 10 represents
a “clean, completely undistorted” audio signal while the lowest unit 1 represents a
“highly distorted” audio signal. This scale was used to compare the obtained
distortion scores with the distortion scores predicted by the Rrnonlin model, whose

nonlinear regression results are shown in Section 5.5.6.

5.5.5 ANOVA analysis

The resulting mean scores for the six AS, with 95% confidence intervals, are sorted in
descending order and listed in Table 5.4. From Table 5.2 and 5.4, notice that G,,
metric fails to predict correctly for the case of FEXP1 and FEXP2 for AS 1, 2 and 4.
According to G,,, FEXP1 is more distorted than FEXP2, but the mean values of AS 1,
2, and 4 indicate otherwise.

To compare the mean values using global hypothesis testing, one-way
analyses of variance (ANOVA) were performed. In ANOVA, there are independent
variables (factors) and dependent variables (levels). One-way ANOVA is used to test
whether two or more levels of a factor have the same mean, as it allows inferences
about whether samples are drawn from a population having the same mean. For the

first ANOVA test, the factor is the mean score of a TC for a fixed AS with 13 levels,
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each representing a TC. Because six AS were used in the listening test, this ANOVA
test is repeated six times for different AS. On the other hand, for the second ANOVA
test, the factor is the mean score of an AS for a fixed TC with 6 levels, again each
representing an AS. Again, 13 ANOVA tests were carried out for 13 different TCs.

Table 5.4: Mean scores (MSs), upper confidence bounds (UCBs) and lower

confidence bound (LCBs) of six audio sequences from Experiment 1 data. Mean
scores are sorted in descending order.

AS TC MS LCB ucB AS TC MS LCB ucB
1 NTANH  7.66 6.97 8.34 4 NSIG 9.52 9.31 9.74
CLP 743 6.79 8.07 CLP 9.50 9.23 9.76
NSIG 740 6.72 8.09 FEXP1 9.46 9.19 9.73
FEXP1 7.38 6.75 8.01 NTANH 933 9.07 9.60
FEXP2 6.81 6.10 7.51 FEXP2 9.29 8.99 9.59
EXP2 6.46 5.74 717 EXP2 9.06 8.73 9.39
HWR 5.11 4.44 5.78 HWR 8.98 8.66 9.30
SQS 5.05 4.39 5.71 SQS 7.95 7.31 8.60
ATSR 4.96 4.30 5.61 CUBIC 7.70 7.06 8.33
CUBIC 4.62 3.88 5.35 SQL 7.58 6.92 8.24
SQL 4.34 3.70 4.98 ATSR 717 6.56 7.78
FWR 2.99 240 3.59 FWR 5.22 4.45 5.99
ASQRT  1.62 1.32 1.93 ASQRT 140 1.15 1.64
2 NSIG 9.16 8.60 9.72 5 CLP 9.40 9.02 9.78
CLP 9.14 8.81 9.47 FEXP2 9.40 9.20 9.61
FEXP1 9.09 8.75 9.42 NSIG 9.23 8.69 9.77
NTANH  8.98 8.56 9.4 EXP2 9.14 8.64 9.65
EXP2 8.92 8.42 9.41 FEXP1 9.13 8.64 9.62
FEXP2 8.59 8.10 9.08 HWR 9.04 8.58 9.49
HWR 7.54 6.83 8.26 NTANH  9.04 8.52 9.57
ATSR 717 6.44 791 ATSR 7.95 7.34 8.57
SQS 547 4.70 6.24 SQS 6.93 6.33 7.53
FWR 5.10 439 5.81 CUBIC 6.51 5.79 7.23
SQL 5.02 4.25 5.78 SQL 6.33 5.64 7.02
CUBIC 5.01 4.26 5.76 FWR 5.38 458 6.18
ASQRT  1.69 1.37 2.02 ASQRT 1.7 1.31 2.12
3 CLP 9.25 8.83 9.67 6 CLP 9.62 9.44 9.81
NSIG 9.19 8.74 9.63 HWR 9.53 9.26 9.80
FEXP2 9.12 8.74 9.49 EXP2 9.50 9.23 9.76
FEXP1 8.97 8.62 9.33 NTANH 942 9.02 9.81
NTANH 897 8.48 9.46 FEXP2 9.41 9.1 9.72
EXP2 8.75 8.27 9.23 FEXP1 9.39 9.04 9.74
HWR 747 6.76 8.18 NSIG 9.39 9.14 9.65
ATSR 6.62 5.88 7.36 ATSR 8.97 8.59 9.34
SQS 5.99 5.28 6.70 SQS 8.25 7.62 8.87
CUBIC 5.63 491 6.36 FWR 8.18 7.53 8.83
SQL 5.63 4.92 6.35 CUBIC 8.16 7.60 8.72
FWR 5.54 4.78 6.30 SQL 7.85 7.18 8.53
ASQRT  1.66 1.34 1.99 ASQRT 312 249 3.76

149



For each factor, the global hypotheses to test are defined as follows. For a

fixed AS (i.e. for each AS1, A4S2,...,456),

Hy o fye) = Hrey == Hyers
(i.e., means of all levels are equal),
(5.21)
H, :pie # fye fori# je{l,2,...,13}
(i.e., at least two means are not equal).
For a fixed TC (i.e. for each TC1,7C2,...,TC13),
Hy iy = Hyso = = Hygg
(i.e., means of all levels are equal),
(5.22)

a

H, :pg#u,g forizjeil2,... 6}

(i.e., not all the means are equal).

In (5.21) and (5.22), H, is the null-hypothesis and /, is the alternative-hypothesis,
where fi,1, frcas---» tye; denote mean-opinion scores of the 13 TCs for a fixed AS
and g, Myg»---» M5 denote mean-opinion scores of the 6 AS for a fixed TC. In

(5.21) the condition whether all TCs (each representing a respective NLD) generate
the same mean is tested. In addition, the condition whether all AS generate the same
mean is tested in (5.22). In other words, (5.21) tests the equivalence of the mean
values of different NLDs on distortion perception, while (5.22) tests for the condition
whether at any fixed TC or NLD, the choice of any audio stimulus can generate the
same mean value.

Table 5.5 shows the generic data format for a single-factor ANOVA test which
holds true for both ANOVA tests (5.21) and (5.22), where the symbols are defined as

follows: L, number of levels, namely L =13 is used for the fixed-AS and L =6 is
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used for the fixed-TC ANOVA tests; n, number of subjects, n =40 is applied to both

fixed-AS and fixed-TC ANOVA tests; N =L xn, the total number of observations;

..;» listening test distortion scores where i ranges from 1 to L and j from I to n;

¥,, mean scores for level i and y, grand mean.

Table 5.5: Data format for a single-factor ANOV A [MonO1].

Level Observations Averages

1 i Y2 Yin )_}]:Zj:lyl/'/n
2 Yao Voo e E=Z;=1y2f/”
L Yoo Ve - Yin i :Zj:lyu/n

y=Y /L

Table 5.6 summarizes a single-factor ANOVA table. The following symbols are

defined. Let SS,, SS,, and SS, be Between Group sum-of-squares, Within Group

sum-of-squares and Total sum-of-squares, respectively. Note that df denotes the
degree of freedom that is equal to L—1 and N —L for Between Group and Within
Group, respectively. These degrees of freedom are used to calculate mean squares

from sum-of-squares. Hence, MS, and MS,, denote the treatments, mean squares

and error mean squares, which can also be interpreted as explained variance and
unexplained variance, respectively, for the F-Ratio calculation as follows:

Explained Variance

0= ] ;
Unexplained Variance

_ Between groups (levels) variance (5.23)
Within groups (levels) variance '

MS,
MS,,
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Table 5.6: ANOVA table for a single-factor model [MonO1].

Source Variation  Sum of Squares df Mean Square F-Ratio
Between SSB :nz[L:l(_)_/i _):})2 L-1 MSB =SSB/(L—1) FO =MSB/MSW
Groups

1thi L n — — — _
Wlthln SSW — ZiZIZj:I(yU _yi)Z N L MSW = SSW/(N L)
Groups
Total SS,; =88, +SS,, N-1

The F-Ratio is compared against the F-critical value which is defined as

ch‘ = Fa,L—l,N—L’ (5.24)

where « is the significance level (for 95% confidence level, & =0.05); L—-1 and

N — L are numerator and denominator degree of freedoms, respectively. F . can be

crit.
obtained from the standard statistical tables or software packages. The decision rule is

stated as

F,>F

crit.

= reject H,
(5.25)
F,<F,

crit.

= do not reject H,.
An alternative interpretation of the same information uses the P-value that is defined
as

P = prob(F,, >F,)), (5.26)
where prob(.) is the probability. Since « is chosen as 0.05, which can also be

considered as the probability upper bound, the decision rule is formulated as

P<(a=0.05)=reject H,,
(5.27)
P> (a=0.05)= do not reject H,.

In Table 5.7, six F-tests are performed for the six AS, for each hypothesis in (5.21).

From the standard F statistic table, F.. =F.

crit. 0

osa2507 & 1.75. All the six F-Ratios are
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much greater than F, . , so H s can be rejected for all six AS. Alternatively, the same

rit. >
conclusion can be reached—that the means for all 13 TCs are not the same at the 95%

confidence level for all six AS—by noting that the F-tests are all less than 0.05.

Table 5.7: Fixed-AS ANOVA Table using Experiment 1 data.

AS Source Sum of Squares  df Mean Square F-Ratio P-Value

AS1 Between Groups 1690.08 12 140.84 34.28 0.0000
Within Groups 2083.03 507 4.10853
Total 37731 519

AS2 Between Groups 2643.5 12 220.292 63.87 0.0000
Within Groups 1748.64 507 3.449
Total 4392.15 519

AS3 Between Groups 242563 12 202.136 61.09 0.0000
Within Groups 1677.46 507 3.30861
Total 4103.1 519

AS4 Between Groups 2569.2 12 2141 100.17 0.0000
Within Groups 1083.61 507 213729
Total 3652.81 519

AS5 Between Groups 2438.17 12 203.18 67.55 0.0000
Within Groups 1525.02 507 3.00793
Total 3963.19 519

AS6 Between Groups 1456.52 12 121.377 58.57 0.0000
Within Groups 1050.67 507 2.07234
Total 2507.19 519

In Table 5.8, 13 F-tests are performed for the 13 TCs, each testing hypothesis
(5.22). All F-tests show that all P-values are less than 0.05. Thus, the alternate
hypothesis is accepted in preference of the null hypothesis, which indicates that there
is a statistically significant difference between the means of the 6 AS at the 95%
confidence level for all 13 TCs. The same conclusion can be obtained by examining

the F-values and noting that ,, = F| s ,,, = 2.21. Hence, from the ANOVA analysis

rit.
tests, it can be concluded that not all NLDs cause the same degree of the distortion
perception, and that distortion perception is dependent on the audio stimuli used in

the listening test experiment.
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Table 5.8: Fixed-TC ANOVA Table using Experiment 1 data.

TC Source Sum of df Mean F-Ratio P-Value
Squares Square

ASQRT Between Groups 77.9837 5 15.5967 10.28 0.0000
Within Groups 354.984 234 1.51703
Total 432.968 239

ATSR Between Groups 361.423 5 72.2846 18.33 0.0000
Within Groups 922.593 234 3.94271
Total 1284.02 239

CLP Between Groups 132.696 5 26.5391 17.17 0.0000
Within Groups 361.769 234 1.54602
Total 494.465 239

CUBIC Between Groups 415.812 5 83.1623 17.87 0.0000
Within Groups 1089.05 234 465407
Total 1504.86 239

EXP2 Between Groups 240.63 5 48.1261 20.79 0.0000
Within Groups 541.612 234 2.31458
Total 782.242 239

FEXP1 Between Groups 118.353 5 23.6707 13.55 0.0000
Within Groups 408.662 234 1.74642
Total 527.016 239

FEXP2 Between Groups 203.409 5 40.6818 22.70 0.0000
Within Groups 419.339 234 1.79205
Total 622.748 239

FWR Between Groups 546.706 5 109.341 21.68 0.0000
Within Groups 1180.24 234 5.04377
Total 1726.95 239

HWR Between Groups 527.427 5 105.485 34.87 0.0000
Within Groups 707.889 234 3.02516
Total 1235.32 239

NSIG Between Groups 123.353 5 246705 10.98 0.0000
Within Groups 525.687 234 2.24653
Total 649.04 239

NTANH Between Groups 81.2107 5 16.2421 7.16 0.0000
Within Groups 530.659 234 2.26777
Total 611.87 239

SQL Between Groups 391.902 5 78.3805 16.67 0.0000
Within Groups 1100.26 234 4.70196
Total 1492.16 239

SQS Between Groups 347.715 5 69.543 15.87 0.0000
Within Groups 1025.69 234 4.38327
Total 13734 239

5.5.6 Nonlinear regression for Rnonlin

In this section, the statistical nonlinear regression model fitting and validation work
are presented. The goal is to verify that the Rnonl/in model can be used to predict

perceptual distortion created by different zero-memory NLDs. From the ANOVA
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result it was concluded that the mean scores of each TC of the six AS are not equal in
the statistical sense. Hence, an individual nonlinear regression analysis is required for
each and every AS.

Figure 5.8 shows the conceptual block diagram illustrating the data analysis
sequences involved in nonlinear regression statistical model building and correlation
analysis for the Rnonlin perceptual model. Note that this work involves two stages of
cascade modeling, namely perceptual distortion score computing and statistical
nonlinear regression. The Rnonlin model, labeled as Block (a) in Figure 5.8, takes in
both clean and processed signals for each TC. Since the listening tests were
conducted using stereo headphones, Rnonlin scores are computed separately for left
and right channels, each using the process depicted in Figure 5.8. The average

Rnonlin score for both channels is used for each TC.

Block (b) in Figure 5.8 represents the listening test data preparation step.
Opinion scores (OS) from the listening test were split into 60 % training data and
40% validation data. The training data set is used to build the nonlinear regression
model and the validation data set is used to verify whether statistical modeling has
over-fit the data. The model that is built using the training data set might also capture
statistical noise and systematic components of the model. Thus, to assess this risk of
over-fitting, the validation data set is used to access the model fitness in terms of

correlation analysis.

155
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- Data Opinion Scores > Analysis » 40
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Listening Test
(b)
AS1, AS2, ..., AS6; TC1, TC2, ..., TC13

Figure 5.8: A block diagram describing the statistical data analysis steps from the
Rnonlin model to nonlinear regression model curve-fitting to correlation analysis. The
data flow in this diagram is repeated for six times for the six AS. The accompanying
data preparation steps are illustrated in Figure 5.9.

For every statistical analysis the data preparation step is crucial. Figure 5.9

shows the data preparation steps for a single AS, a process repeated over all AS. The

uppermost table in Figure 5.9 represents the OS, ; data set obtained from the listening
test, where i represents the subjects’ index from 1 to 40 and j represents the TC

from 1 to 13. Therefore the OS, ; table consists of 40 x 13 entries.
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Figure 5.9: Data preparation steps and data structures used in Rnonlin regression
model analysis and correlation analysis and model validation process.
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Next to ensure observations recorded in rows are independent, the rows in the

AS data set are shuffled and split into 60 % training data set, OS*, and 40 %

i,j?
validation data set, OSf? . The OS data records in both training data set and validation
data set are then averaged across all subjects and the resultant values stored in two

data sets namely, OSY", and OS}’ for j=1,...,13. The averaged scores for the

training data set, OSfO, is augmented with the Rnonlin data set, Rnonlinj , as shown

in the bottom left block of Figure 5.9, to form the final data preparation step. Note
that Rnonlin; denotes the Rnonlin scores for the 13 TCs obtained from the Rnonlin
model as shown in the Block (a) of Figure 5.8. For the nonlinear regression, the
dependent variable is OSfO and the independent variable is Rnonlin; . Figure 5.8

shows the nonlinear regression model curve-fitting block labeled as Block (c) where
the inputs are Rnonlin; as computed by the Rnonlin model and the opinion scores,
oSy

The scatter plots and their respective superimposed regression curves for the six
AS are plotted in Figure 5.10. The nonlinear empirical equation [TMZ04] used in
fitting the regression model is expressed as,

a+bx Rnonlin®

Score = , (5.28)
a+ Rnonlin®

where a, b, and c¢ are the regression coefficients, Rnonlin is the number computed

by the Rnonlin model and Score is the averaged score obtained from the experiment.

Note that Rnonlin ranges from 0 to 1 and Score ranges from 1 to 10 The

Levenberg-Marquardt nonlinear least square algorithm [SWO03] was chosen to
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Mean Opinion Scores

Mean Opinion Scores

compute the estimated regression coefficients, {a,b,c}. Table 5.9 presents the

nonlinear regression coefficients, asymptotic 95% confidence intervals of the

coefficients, and goodness-of-fit measures, such as R*> and Rfdj for the six different

AS. The R’ statistics indicate how much the fitted model explains the percentage

variability in Score. The adjusted R’ statistics, Rfdj, which are more suitable for

comparing models with different numbers of independent variables, also indicates the

percentage variability in Score. In Table 5.9, R’ and Rjdj are presented in

percentage. Higher percentage values of R® and Rjdj results in better fitting of the

model to the experimental data.
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Figure 5.10: Mean subjective opinion scores from Experiment 1 plotted against the

computed distortion scores, Rnonlin for the six AS.
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Table 5.9: Nonlinear regression coefficients, confidence interval and goodness of fit
results for the six AS.

95% Confidence Interval

AS Parameter Estimate Lower Upper R’ R,

AS1 a 60355.8 55868.9 64842.8 91.5% 89.8 %
b 567758. 567758. 567758.
c 9.47863 9.02134 9.93592

AS2 a 59352.6 54561.5 64143.7 89.2% 87.0%
b 599961. 599961. 599961.
c 8.57878 7.57847 9.57909

AS3 a 47294.0 42468.6 52119.4 80.9% 77.1%
b 364875. 364875. 364875.
c 10.8835 10.0142 11.7528

AS4 a 0.253971 -0.464548 0.972491 93.0% 91.6%
b 11.3465 4.95164 17.7413
c 12.5454 -2.20465 27.2954

AS5 a 159.941 -66486.4 66806.3 91.2% 89.5%
b 1352.27 -552739. 555444,
c 9.98696 -8.00839 27.9823

AS6 a -70711.6 -73915.8 -67507.3 91.6% 89.9%
b -626481. -626481. -626481.
c 7.03893 6.3548 7.72305

After the model has been built and the estimated regression coefficients

{a,b,c} obtained, the next step is to compute the prediction scores, PS;, for
j=12,...,13 using the regression equation in (5.28). This process is represented by
Block (d) in Figure 5.8. Inputs to Block (d) in Figure 5.8 are Rnonlin; and the model
coefficients {a,b,c} . The output from Block (d) is PS;. The scatter plots of mean-

opinion scores versus predicted scores using both training data and validation data

sets are plotted in Figures 10 and 11, respectively.

The final step of the statistical analysis of the Rnonlin model and verification is
the correlation analysis which is illustrated as a Blocks (e.1) and (e.2) in Figure 5.8.

There are two correlation analyses: (1) between the model-predicted scores PS; and
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the opinion scores OSf0 from training data set and (2) between the model-predicted
scores PS; and the opinion scores OSJ‘.‘O from the validation data set. The correlation
coefficient between PS; and OS{ is denoted as 7, and that between PS; and OS?’
is denoted as r,,. Note that OSfO is used to build the regression model while PS; is

obtained from the model using Rnonlin; . OS;10 is a validation data set and is not used

in the model building process. The purpose of this analysis is to assess model
accuracy by correlating the OSs with the predicted scores using both training and
validation data sets. If the correlation scores using the validation data set does not
drop significantly, it can safely be claimed that the model does not over-fit the data
and can be used for predicting perceived distortion without running the subjective

listening test.

The correlation coefficients 7, and r,, are computed as follows:

Cov(PS,,08)
r()O = s
Jvar(Ps,)Var(0s?)

(5.29)

Cov(PS,,0S")
Tyo = ' ,
\/Var (PSJ. ) Var (OS;O )

(5.30)

where Cov(X ,Y ) denotes the covariance between the variable X and Y and

Var(Z) denotes the variance of the variable Z. ry, and r, are also known as

product-moment correlation coefficients or Pearson correlation coefficients [BCB03]
[HWJO03]. The values of these correlation coefficients always lie between +1. A value

of correlation coefficient close to +1 indicates a strong positive linear relationship,
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while a value close to —1 indicates a strong negative linear relationship resulting in
inverse proportionality between variables. A value of correlation coefficient closes to

0 represents neither linear nor nonlinear relationship between variables. The 7, and

r,, values for the six AS are listed in the second column of Table 5.10.

Table 5.10: Correlation analysis results for the training data set and the validation
data set.

Training Data Set (60%) (Sub-table A)

AS Teo ¢ statistics P-value 95% LCL 95% UCL
1 0.9577 11.0333 0.0000 0.8610 0.9876

2 0.9448 9.5644 0.0000 0.8214 0.9837

3 0.8997 6.8375 0.0000 0.6916 0.9699

4 0.9646 12.1278 0.0000 0.8827 0.9896

5 0.9551 10.6949 0.0000 0.8531 0.9868

6 0.9574 10.9910 0.0000 0.8600 0.9875
Validation Data Set (40%) (Sub-table B)

AS Ty ¢ statistics P-value 95% LCL 95% UCL
1 0.9303 8.4090 0.0000 0.7781 0.9793

2 0.8929 6.5764 0.0000 0.6730 0.9678

3 0.8621 5.6437 0.0002 0.5927 0.9580

4 0.9592 11.2581 0.0000 0.8659 0.9880

5 0.9816 17.0280 0.0000 0.9377 0.9946

6 0.9459 9.6715 0.0000 0.8248 0.9840
Correlation Difference Between Training Data Set and Validation Data Set (Sub-table C)

AS T —Tao z statistics P-value 95% LCL 95% UCL
1 0.0274 0.5739 0.5660 -0.5510 0.8121

2 0.0519 0.7716 0.4403 -0.4865 0.8401

3 0.0376 0.3783 0.7052 -0.6090 0.7801

4 0.0053 0.1601 0.8728 -0.6668 0.7389

5 -0.0264 -1.0090 0.3130 -0.8687 0.4014

6 0.0114 0.2722 0.7855 -0.6380 0.7609

After obtaining the correlation coefficients, the next statistical procedure is to
test whether there is any linear relationship between the variables in the population as
a whole. That is, the sample correlation » estimates the population correlation p .
This type of statistical test is known as inferential statistics and uses hypothesis

testing of the correlation technique. For the two-tail test, hypotheses are: H;:p =0
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versus H, :p#0, where H; is the null hypothesis and H,6 1is the alternative

hypothesis. Test statistics is given by

f=— = (5.31)

where r is the correlation coefficient representing r,, or r,, and n is the number of

data points (n = 13, in this case). A basic assumption is that test statistics are

distributed as a t-random variable with n—2 degrees of freedom. Thus, for a test

with significance level a =0.05, the critical value is ¢, , , =45, = 2.2 from the

standard ¢ table. The decision rule is given by

|t| > 1y, = TejeCt Hy,
(5.32)
|t| <t,p,, = donotreject H,.

Notice that the #-values are listed in the third column of Table 5.10, which are
all greater than the critical value of 2.2; hence, it can be concluded that the null
hypotheses are all rejected and the linear relationships between the predicted scores
and the opinion scores are strong. Alternatively, P-values show that they are all less
than the significance level of 0.05 which also points to the strong linear relationship
between the predicted scores and the OS.

The subsequent statistical test for the correlation analysis is the confidence
interval computation. Although the hypothesis test indicates that there is a linear
relationship, it gives no indication of the confidence interval. However, this additional

information can be obtained from a confidence interval for the population coefficient.
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To calculate this confidence interval, » must be transformed into a normal
distribution using the Fisher z-transformation,

z= llnH—r = arctan(r), (5.33)
2 1-r

where 7 is the sample correlation coefficient representing r,, or r,, for each AS. The

standard error of z is approximately l/ vn—3 . Thus the 95% confidence interval for

the true population value for the transformed correlation coefficient z is given by

z+1.96x1/</n-3. (5.34)
Since z has normal distribution, 1.96 standard deviations from the mean results in a
95% confidence level. However, the inverse of the Fisher transformation must be
used for the lower and upper limits of the confidence interval to obtain the 95%
confidence interval for the correlation coefficient. That is, the inverse Fisher
transformation is given as

e exp(2z)—1
exp(2z)+1’

(5.35)
where z is the transformed coefficient and » the correlation coefficient that can be
used to construct a confidence interval for the population correlation parameter p .
The upper and lower limits of the 95% confidence interval for the training data set

and the validation data set are listed in the fifth and sixth columns in Sub-tables A and

B of Table 5.10.

Sub-table C in Table 5.10 shows the statistical test results of the correlation
coefficients’ difference between training and validation data sets. The second column

of this section shows the difference between the correlation coefficients, i.e.
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Feo_ao = Tso — Ty - 1O determine whether a difference is significance, the hypothesis test
is repeated. Since the hypothesis test is inferential statistics, the null hypothesis is
formulated such that there is no difference between the correlation coefficients for the
two populations, i.e. training and validation. The null hypothesis will therefore be

tested against the non-directional alternative hypothesis. The hypotheses are:

H,:py = p, versus H :p,, # p,, - Note that p, and p,, are population correlation
coefficient parameters corresponding to sample statistics 7, and 7,. To test this

hypothesis, the first step is to convert the sample correlation coefficients into z using

the Fisher transformation as follows: z,, =arctan(r,,) and z,, =arctan(z,,). The z

statistics in the third column of the Sub-table C of the Table 5.10 is computed as

Z60 — 240 (5.36)

Z60-40 = ;
W (1 =3)+1/(n,, =3)
where 7y, and n,, are the number of observations in training and validation data sets

and equal 13. For & =0.05 significance level the decision rule is governed by
|z60_40| >z, OF |260_40| >1.96 = reject H,

(5.37)
|Z60-20] < 2o OF | 26940 £1.96 = do not reject H,,.

Notice that all the absolute values of the z statistics in the third column of the sub-
table C are less than 1.96, hence the null hypotheses for all six AS are rejected,
concluding that there is no difference between the correlation coefficients of the
training and validation data sets. Similar conclusion can be obtained from the P-
values analysis. Therefore, the obtained statistical models listed in Table 5.10 do not

over-fit the data.
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The last statistics test is the 95% confidence interval for the difference in the

correlation coefficients. This is carried out by the following procedures. z,, and

z,,are computed using the Fisher transformation, the 95% confidence interval in z is

(Zgo = Za0) £1.96\1/ (g, —3) +1/(m, = 3), (5.38)

where \/1/(;160—3)—1-1/(1140—3) is the standard error. Using the inverse Fisher

transformation described in (5.35), the upper and lower limits of the 95% confidence
interval for the correlation coefficient differences are computed. The results are listed
in the fifth and sixth columns of Section C of Table 5.10.

From this correlation analysis, it can be concluded that there is a strong linear
relationship between the predicted scores obtained from the Rnonlin model and those
scores obtained from the listening test, as verified by using separate validation data
sets. The differences in correlation coefficients between training and validation data
sets are found to be statistically insignificant. Hence it may be concluded that the
Rnonlin model can be used to predict the degree of perceived distortion produced by
different NLDs, and that the estimated nonlinear regression coefficients can be
derived so as to predict distortion scores for any zero-memory NLD under any of the
auditory stimuli reported in this chapter. These findings are carried forward into the

VBS experimental domain to assess NLD suitability.
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5.6 Experiment 2: Bass-Intensity Listening Test

Experiment 2 is carried out to assess the bass intensity of the NLDs selected from the
results obtained in Experiment 1. The results of Experiment 1 have shown that not all
NLDs have the same perceived distortion, and the Rnonlin model can be used to
predict the distortion scores. Based on the distortion scores obtained in Experiment 1,
five NLDs (ASQRT, FWR, SQL, CUBE and SQL) are found to have poor distortion
scores and were discarded in Experiment 2. The remaining eight NLDs are used in
Experiment 2 to test their reproduced bass intensity. The following subsections

present the detailed experiment design and the results obtained from this experiment.
5.6.1 Audio materials

Table 5.11 presents the three audio files used in Experiment 2, each of which contains
significant bass frequency content. A speech signal was not included in this
experiment, as the main objective is to evaluate only the bass-intensity enhancement
of the selected NLDs. The genre of the music signals are country, hip-hop and pop

with special emphasis on instrumental drums and synthesized bass.

Table 5.11: Audio materials selected for the Experiment 2.

AS Title Band/Single Seconds  Genres
1 Hotel California Eagles 5 Country
2 Superman Eminem 6 Hip-hop
3 Always Atlantic Starr 8 Pop

5.6.2 Processing of audio materials

A total of 11 TCs were generated based on the Multiple Stimuli with Hidden

Reference and Anchor (MUSHRA) methodology [ITUO1]. These TCs consist of eight
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NLD-processed soundtracks, one equalized (+12 dB gain for frequency < 250 Hz)
soundtrack, one original reference signal, and one anchor (500 Hz high-pass filtered)
signal. These TCs were performed over the three AS listed in Table 5.11. In this
experiment, all processed audio files are high-pass filtered by HPF2 (see Figure

5.1(b)) at 100 Hz to evaluate the virtual-bass effect generated by different NLDs.

5.6.3 Software and Hardware Experimental Configuration

Figure 5.11 shows the GUI used in Experiment 2. Instead of the conventional scale of
0 to 100 commonly found in MUSHRA software [Vin05], the scale ranged from —3 to
+3, where 0 indicates no bass enhancement when compared to the reference signal
(REF). The negative score represents “lesser bass” and the positive score represents
“more bass” intensity. Listeners could compare the performance of each TC with the
reference and the anchor signals together with other TCs to give an overall bass-
intensity rating. Two-stage double-blind randomization was performed with the
MUSHRA software while the hardware configuration is the same as described in

Experiment 1.

) MUSHRAM - Version 2.

Experiment 1/3

Sound © Sound  Sound  Sound - Sound  Sound - Sound - Sound - Sound | Sound - Sound

Figure 5.11: Graphical user interface used during Experiment 2 [Vin05].
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5.6.4 ANOVA analysis

A total of fifty subjects participated in Experiment 2. The obtained mean scores for
the three AS with 95% confidence intervals are sorted in descending order and listed
in Table 5.12. From Table 5.12, ATSR scores the highest, followed by EXP2, FEXP1
and NTANH. All listeners consistently identified the anchor (ANC), which is rated as

the lowest among all TCs. Note that among the TCs: NSIG, EQ and REF scores are

close to zero, while CLP, HWR and FEXP2 had negative bass-intensity scores.

Table 5.12: Mean scores (MS), upper confidence bounds (UCBs) and lower
confidence bound (LCBs) of six audio sequences from Experiment 2 data. MSs are

sorted in descending order.

AS TC MS LCB uCB AS TC MS LCB ucCB
1 ATSR 2.68 2.54 2.82 3 ATSR 2.73 2.58 2.88
EXP2 1.81 1.62 2.00 EXP2 1.77 1.57 1.97
FEXP1 1.18 1.03 1.33 FEXP1 1.20 1.02 1.38
NTANH  0.70 0.54 0.86 NTANH  0.80 0.63 0.97
NSIG 0.24 0.03 0.45 NSIG 0.30 0.09 0.51
EQ 0.13 -0.07 0.33 EQ 0.26 0.09 0.43
CLP -0.05 -0.24 0.14 REF 0.10 -0.07 0.27
REF -0.16 -0.33 0.01 CLP -0.21 -0.38 -0.04
HWR -0.19 -0.64 0.26 FEXP2 -1.14 -1.30 -0.98
FEXP2 -0.83 -1.05 -0.61 HWR -1.63 -1.78 -1.48
ANC -2.88 -2.96 -2.80 ANC 291 -3.00 -2.82
2 ATSR 2.77 2.65 2.89
EXP2 1.83 1.64 2.02
FEXP1 1.18 0.98 1.38
NTANH  0.99 0.79 1.19
EQ 0.42 0.26 0.58
NSIG 0.37 0.17 0.57
REF 0.04 -0.12 0.20
CLP -0.38 -0.57 -0.19
FEXP2 -0.92 -1.11 -0.73
HWR -1.34 -1.60 -1.08
ANC -2.93 -2.99 -2.87

Two hypotheses were tested with two single-factor ANOVA tests, such as the

fixed-AS and the fixed-TC. For a fixed AS (i.e., for each AS1, AS2, AS3),
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Hy e, = ey = = My, (1.e. means of all levels are equal),

(5.39)
H, e # fy fori# je{l,2,...,11} (i.e. at least two means are not equal).
For a fixed TC (i.e., for each TC1,7C2,...,TC11),
H, :p,g =M, =M, (1. meansofalllevels are equal),

(5.40)

H, :pg#u, forizjeil,2,3} (i.e. notall the means are equal).

The fixed-AS ANOVA performance listed in Table 5.13 confirms that there is
a statistically significant difference between the means of the 11 variables (TCs in this
case) at the 95% confidence level, since the P-values of the F-tests are less than 0.05

for all three AS.

Table 5.13: Fixed-AS ANOVA Table using Experiment 2 data.

AS Source Sum of Squares df Mean Square  F-Ratio P-Value
AST1 Between groups 1041.7 10 104.17 182.53 0.0000
Within groups 307.605 539 0.570696
Total 1349.31 549
AS2 Between groups 1235.29 10 123.529 298.27 0.0000
Within groups 223.225 539 0.414147
Total 1458.52 549
AS3 Between groups 1257.77 10 125.777 363.22 0.0000
Within groups 186.645 539 0.34628
Total 1444.42 549

Table 5.14 shows the fixed-TC ANOVA model used to test the validity of whether
the use of different AS cause any statistically significant differences in means
between the three variables (AS in this case) observed for each TC. The P-values for
CLP and HWR are 0.0413 and 0, respectively, with the remainder greater than 0.05.
Hence, contrary to the findings of Experiment 1, different AS do not influence bass
perception, even though the music tracks contained significant bass frequency

content.
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Table 5.14: Fixed-TC ANOVA Table using Experiment 2 data.

TC Source Sum of Squares  df Mean Square  F-Ratio P-Value

REF Between groups 1.85333 2 0.926667 2.61 0.0767
Within groups 52.14 147 0.354694
Total 53.9933 149

ANCHOR Between groups 0.0633333 2 0.0316667 0.40 0.6709
Within groups 11.63 147 0.0791156
Total 11.6933 149

EQ Between groups 2.11 2 1.055 2.76 0.0666
Within groups 56.205 147 0.382347
Total 58.315 149

ATSR Between groups 0.203333 2 0.101667 0.44 0.6459
Within groups 34.09 147 0.231905
Total 34.2933 149

CLP Between groups 2.72333 2 1.36167 3.26 0.0413
Within groups 61.45 147 0.418027
Total 64.1733 149

EXP2 Between groups 0.0933333 2 0.0466667 0.10 0.9018
Within groups 66.355 147 0.451395
Total 66.4483 149

FEXP1 Between groups 0.0133333 2 0.00666667 0.02 0.9830
Within groups 57.26 147 0.389524
Total 57.2733 149

FEXP2 Between groups 2.54333 2 1.27167 2.88 0.0596
Within groups 65.005 147 0.442211
Total 67.5483 149

HWR Between groups 58.0033 2 29.0017 24.08 0.0000
Within groups 177.07 147 1.20456
Total 235.073 149

NSIG Between groups 0.423333 2 0.211667 0.40 0.6684
Within groups 77.025 147 0.52398
Total 77.4483 149

NTANH Between groups 217 2 1.085 2.69 0.0711
Within groups 59.245 147 0.403027
Total 61.415 149

5.7 Selecting the best NLD for VBS

In the context of VBS, distortion can be classified as desirable or undesirable. A
desirable distortion can create the sensation of a warmer, richer and pleasing sound
quality by subjectively extending the low-frequency bandwidth, while undesirable
distortion induces perceptually unpleasant and discordant artifacts. This distortion
classification and the subsequent choice of NLD relates directly to harmonic and

intermodulation distortion generation as discussed in Section 0 and to the research
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Questions 1 and 2. Based on results from the two subjective listening experiments,
NLDs can now be classified into four sub-classes of Good, Bass-Killer, Not
Recommended and Highly Distorted, as shown in Tables 5.14 and 5.15. The Good
NLDs are chosen based on their good bass enhancement with minimum undesirable
distortion, while the Bass-Killer  NLDs suppress bass perception. The Not
Recommended NLDs produce modest bass enhancement together with undesirable
distortion while the Highly Distorted NLDs just produce a highly distorted bass
effect.

For the selected NLD transfer characteristics, Table 5.15 presents their second
derivatives, limits of first derivatives and harmonic generation; the nonlinear

functions and their first derivatives have already been listed in Table 5.1. f'(x) and
f"(x) denote the first derivative and second derivative of the nonlinear function
f(x), respectively. x =(0,+1] denotes that x is a real number larger than 0 but less

than or equal to 1. liom . f'(x) and liom . f'(x) denote the right-hand limit and the

left-hand limit of the first-derivative function f'(x), respectively. Some of the

nonlinear functions are discontinuous at the origin for the first-derivative function, so
both left-hand and right-hand limits are considered for these nonlinear functions. In
Figure 5.12 the first-derivative curves of the thirteen NLDs are shown, grouped under
the four classes.

In addition there are three types of symmetries {even (E), odd (O) and both
even and odd (B)} generation listed in Table 5.15. Table 5.16 summarizes the main
characteristics of the four classes of NLDs in terms of trends in their second

derivatives and harmonic generation.
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Table 5.15: Four classes of NLDs from 13 NLDS under study.
Class NLD f"(x) l_irré £'(x) Harmonic
Good EXP2 —e 1'(0) B
e—1
ATSR -3.6450x  1.64025x>  2.025 1'(0) B
1+0.81x%)"  (1-0.81x")"”  1-0.81x°
FEXP1 e o0 0
=x#0
l—e
NSIG ele+])  2e¥(e+]) 1'(0) 0
(e +D)e-1) (e +1)(e-1)
N 2e*(e" =1)(e+1) _e(e —D(e+De’
(e +1)’(e-1) (e +1)*(e-1)
NTANH 2" —e)(e+e™) N 2(e" —e™) (e+e™) f(0) 0
(e—e™)e" +e™) (e—e")e" +e)
Bass-Killer FEXP2 o -0 0
—,x#0
e—1
SQS 2 +o0 0
SQL 2 /(0) E
CUBE 6x /'(0) 0
Not Rec- HWR 0,x=0 lim f'(x)=+1  E+f
commended im0 =0
x—0,x<0
FWR 0,x#0 liom 0f’(x)=+1 E
=1
CLP 0 1'(0) 0
Distorted Wax * ) li(f:llo f(x)=—0

In line with the discussion in Section 5.1 on VBS requirements, Table 5.16
reveals that even-only harmonic NLDs are
enhancement, whereas NLDs that generate both even and odd harmonics or odd-only
harmonics yield good bass enhancement. However, considering just the types of
harmonics generated is insufficient to differentiate between Good and Bad NLDs, as
intermodulation distortion must be considered. Interestingly,
exhibit a second derivative in their transfer characteristic of less than zero over the

interval x = (0,+1]. This trend can clearly be seen in the top row of Figure 5.12, which

shows negative second derivatives for all Good NLDs.
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Table 5.16: Four classes of NLDs and the second-derivative pattern and harmonic
generation pattern. E: even; O: odd; B: both even and odd.

Harmonics
Class Derivative/Limit Pattern E 0 B
Good S"(x)<0,x € (0,+1] ® o
Bass-Killers f"(x)>0,xe(0,+1] L b
Not Recommended f"(x)=0,x € (0,+1] i d
Highly Distorted xliorgo f'(x) = o0, x~1>i01:£1<0 f'(x)=- o o

Bass-Killers, Not-Recommended and Highly-Distorted NLDs are all
considered Bad. From Table 5.16 all three groups contain either even or odd
symmetries but critically, Figure 5.12 shows that for Bass-Killer NLDs, the second
derivatives are greater than zero, the Not-Recommended NLDs have second

derivatives exactly zero over the interval x = (0,+1], while Highly-Distorted NLDs

have discontinuous first derivatives where left- and right-hand limits are infinite with
opposite signs (i.e. o).

Therefore by examining the harmonics generated by NLDs and taking their
second derivatives as presented in Table 5.16, a good performance set of NLDs can
be identified for virtual bass enhancement. In addition, when coupled with the
Rnonlin model the perceived distortion generated from different types of zero-

memory NLDs can be quantified, using disparate genres of musical soundtracks.
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EXP2 ATSR FEXP1 NSIG NTANH
16 2.2 16 1.1 1.3
g 1.1 0.6 1.1 1.0 0.9
065 0.5 34 0.5 065 0.5 1 08 0.5 0-59 0.5
X
FEXP2 sQs saL CUBE
16 2.0 2.0 3.0
11 1.0 1.0 15
[
065 0.5 % 0.5 % 0.5 1 % 0.5
X
HWR FWR CLP
2.0 2.0 10
1.0 1.0 o L
% 0.5 % 0.5 1.0 0.5 1
X X
ASQRT
4.0 -
4.0, 0

Figure 5.12: The first-derivative function plots of thirteen NLDs.

5.8 Conclusions

The three research questions posed concerning the usage and selection of NLDs in
VBS in terms of bass-intensity perception and distortion perception have been
addressed. The objective metrics were defined and computed across seven NLDs. The
results were compared and found to contradict one another in their predictions of
nonlinear distortion. On the other hand, a statistical correlation analysis confirmed
that the Rnonlin model can be used to predict perceived distortion generated by NLD-
specific VBS reliably. The ANOVA test showed that the amount of perceived
distortion is highly dependent on the selected AS, whereas the ANOVA test applied

to bass intensity derived from using different NLDs is not greatly dependent on the
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selected AS. Therefore, as long as there is bass content in the AS, a given NLD would
be expected to produce a consistent bass enhancement performance.

From the research findings discussed in the previous section, even-only
harmonic NLDs are inappropriate for virtual bass enhancement, whereas NLDs that
generate both even and odd harmonics or odd-only harmonics are considered suitable
candidates for good bass enhancement. However, there is still danger of falling within
the category of “bass killer” when the second derivative of the NLD curve is greater
than zero on the input interval 0 to 1. Therefore, to be considered a Good NLD for
virtual bass system, we conclude an NLD should not be even—symmetric, and that its
second derivative should be less than zero in the input interval 0—1.

In addition, some general performance trends have been identified, derived
from inspection of the input-output transfer characteristics of a set of zero-memory
NLDs. These observations correlate well with the results obtained for the set of Good
NLDs that return a good bass performance with minimal perceived distortion. These

trends should therefore serve as a useful guide in selecting suitable NLDs for VBS.
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CHAPTER 6

CONCLUSIONS AND FUTURE WORKS

6.1 Conclusions

The background, motivations, and objectives of this dissertation on NLD-based VBS

for psychoacoustic bass enhancement were introduced in Chapter 1. The main

conclusions of this dissertation are presented as follows:

o Analytical and computational techniques, HASP and YOGA, were developed to
evaluate nonlinear distortion caused by the NLDs, and to evaluate traditional

distortion metrics such as THD, THDwt, and TIMDr.

o The GedLee metric was included for cross-comparisons among these

objective distortion metrics.

o The Rnonlin psychoacoustic nonlinear distortion perceptual model was
used, as a more perception-focused metric was needed; it was cross-
validated with subjective listening test data and found to be suitable for

VBS’s nonlinear distortion modeling.

o Two main listening tests—for audio quality and bass intensity—were carried

out.
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o Statistical analyses—ANOVA, nonlinear regression, and correlation analysis—
were used to answer research questions; their derivative analyses showed a

general trend to aid selection of both generic and specific NLDs for better VBS.

Chapter 2 introduced and reviewed the missing fundamental theory from pitch
perception research in psychoacoustics. Starting from the Ohm-Seebeck controversy,
subtopics in pitch perception research, including existence regions, dominance
regions, and modeling for temporality, pattern recognition, and autocorrelation pitch
were discussed. A review of psychoacoustic pitch perception research was linked to
audio engineering research into the bass reproduction problem of small- or medium-
sized loudspeakers and low-quality headphones. Blind and non-blind signal
processing modules for VBS were introduced with special emphasis on NLD-based
signal processing technique.

Chapter 3 focused on three areas: development of the triple duality theorem,
generalized harmonic analysis, and synthesis of polynomials with harmonic shifting
technique for VBS with directional loudspeaker application. The original
mathematical proofs of the triple duality theorem were presented; a computational
harmonic analysis and synthesis algorithm, HASP, was derived from the theorem. A
generalized harmonic analysis was performed on ATSR and EXP NLDs to study the
effect of nonlinearity’s parameters. The THD metric was also tested and found to be
unreliable in assessing nonlinearity. A real-time synthesizer and harmonic shifting
technique was implemented, and a subjective listening test results showed the

feasibility of the algorithm.
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Chapter 4 deals with a computational algorithm development for multitone
analysis of NLDs. YOGA was developed as a general tool for computing
intermodulation distortion products and harmonics at the output of polynomial NLD.
The two limitations of PIPCT were solved; MPIPCT was proposed, and a theoretical
analysis showed that MPIPCT can reduce exponential component growth by 25-50%.
Thus, better computational efficiency (in terms of memory usage and speed) was
obtainable by using MPIPCT rather than PIPCT. The algorithm YOGA extended
MPIPCT from monomial NLD to polynomial NLD and allowed exact and efficient
computation of any order of nonlinearity with any number or combination of
amplitude, frequency and phase of input multitone. In addition to the algorithmic
development of YOGA, harmonic addition theorem (HAT) was proved with two
original mathematical proofs. The theorem was again transformed into the HAT
algorithm, which is a key component in YOGA. The pitfalls of FFT in nonlinear
distortion analysis were discussed, and the advantages of using YOGA over FFT were
highlighted. A generalized formula to generate logarithmically equally spaced
multitone signals was also derived and presented in Chapter 4.

Chapters 3 and 4 developed mathematical analysis and computational
techniques to assess nonlinear distortion using single-tone and multitone signals. To
achieve the objectives, many new mathematical properties of signals and systems
were discovered, proved, and presented.

Three research goals were addressed in Chapter 5—to (a) find out which types
of NLDs are suitable for VBS; (b) create deeper bass while maintaining pleasant

audio quality; and (c) ascertain whether Rnonlin nonlinear distortion model can be
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used to assess nonlinear distortion caused by NLDs. Statistical tests confirmed that
Rnonlin could be used for future nonlinear distortion predictions of NLDs in VBS.
Moreover, the derivative analysis in terms of input-output characteristics of NLDs

showed common features that correlate well with good bass enhancement.

6.2 Future Works

This section presents several investigations that are worthy to be pursued for further
research in psychoacoustic bass enhancement.

All the NLDs in this dissertation are zero-memory (memory-less) NLDs, and
due to the complexity of the analysis, non-zero memory NLDs were not considered to
be used in VBS. However, previously proposed technique such as integrator [LA02]
[LAO4] and recursive harmonic generation technique with a feedback loop [SD99]
can be considered non-zero memory NLDs. An examination of the theoretical link
between harmonic/intermodulation generation patterns of such non-zero memory
NLDs and perceptual nonlinear distortion scores prediction by Rnonlin can provide a
useful research topic.

Findings in Chapter 5 confirm that Rnonl/in model can predict the nonlinear
distortion prediction scores for VBS. The goal of VBS is to enhance the bass while
maintaining the lesser distortion artifacts. However, to predict the bass intensity, a
model is not yet available. A good and reliable model that can predict bass intensity
scores without having to run tedious subjective tests can be valuable for VBS

research, if this model does exist or can be constructed.
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Next, a computational aspect of YOGA can be further explored. As discussed
in Chapter 4, YOGA is a generic algorithm that can take in any order of polynomial
order and any number of multitone components. For the large input size and very high
order polynomials, however, YOGA takes a long time to simulate due to the
components growth in the memory even though 50% theoretical reduction of the
components has been achieved. To speed up simulation time, the graphics processing
unit (GPU) technology can be used to parallelize the execution of the algorithm on
many processor cores [Mcc08] [OHLOS] [SK11]. However, memory access time is
the main bottleneck in parallelism [HW11], the tradeoff between the memory usage
and computational speed gain for porting YOGA over GPU platform may be an

interesting research area to pursue.
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