
Invited paper

Self-consistent polaron states in the presence of
simultaneous local and nonlocal exciton-phonon coupling

Yang Zhao a , David W. Brownb , Katja Lindenberg b , c , *

aDepartment of Phys ics 0319, Universi ty of Cal i fornia at San Diego, La Jol la.
CA 92093. USA.

b Ins t i tute of Nonl inear Science 0402, Univers i ty of Cal i fornia at San Diego,
La Jol la . CA 92093. USA.

c Department of Chemistry 0340, Univers i ty of Cal i fornia at San Diego, La
Jol la . CA 92093. USA.
* Corresponding author.

Abstract

A canonical transformation method originally proposed by Munn and Silbey is
used to diagonalize partially a model Hamiltonian which incorporates both local
and nonlocal exciton phonon coupling. At the heart of the method is a secular
elimination principle which poses a difficult self-consistency problem. We take a
numerical approach, solving the general self-consistency problem to desired
accuracy. Among the differences between our findings and those of the original work
are polaron binding energies much larger and Debye Waller factors much smaller
than originally anticipated.

1. Introduction

In this paper we are concerned with that part of polaron theory focussed on the
problem of “nonlocal” exciton-phonon (or electron-phonon) interactions. In order to
distinguish clearly “local” from “nonlocal” coupling, we define local coupling as a
nontrivial dependence of diagonal Hamiltonian matrix elements ൏ ݊ȁܪȁ݊ ൐ upon
phonon states, and we similarly define nonlocal coupling as a nontrivial dependence of
nondiagonal Hamiltonian matrix elements ൏ ݉ȁܪȁ݊ ൐ upon phonon states, where ȁ݉ ൐
and ȁ݊ ൐ are the rigid-lattice Wannier states of the exciton. The body of polaron theory
identified with local coupling is quite large, including the “optical” polaron of Fröhlich [1,
2], small and large polaron of Holstein [3]. The body of polaron theory identified with
nonlocal coupling is smaller, but includes the generic contribution of nonlocal coupling to



the phonon-assisted transport of excitons and charge carriers [4, 9] and applications
more chemical in nature, such as the problem of excimer formation [10, 12].

In this paper we address ourselves to a method introduced by Munn and Silbey [9]
which is essentially a perturbation method, but which contains an element of optimization.
Munn and Silbey generalized the displaced oscillator transformation common in local-
coupling polaron theory [13] to the case of combined local and nonlocal coupling. This
involves a secular elimination principle which leads to a set of complicated self-
consistency equations. Here we follow the approach of Munn and Silbey; however, we solve
the problem numerically and examine the properties of the resulting solution. Related
computations following different approaches have been performed by Song [14] and
Umehara [15].

2. Local and nonlocal coupling

We begin with the general Hamiltonian describing the so-called linear local and nonlocal
exciton-phonon coupling in a translationally invariant system.

where ௠ܽ
ା creates an exciton in the rigid-lattice Wannier state m, and Qn and Pn are the

coordinate and momentum describing the Einstein oscillator at the site m. For definiteness,
we choose

It is advantageous to implement our analysis in k-space, for which we adopt the
transformation conventions



In order to define a momentum space form for the triadic ௠ߛ ௡
௟ , we use translational invariance

to define relative coordinates. We follow Munn and Silbey in defining coordinates relative to
the site associated with the exciton creation operator (cf. (1)); thus, with ൌߤ ݊െ ݉ and
ൌݒ ݈െ ݉

This implies that the triple Fourier transform involved in going from (1) to (8) below
yields

For the coupling geometry considered in this paper,

We further define dimensionless coupling constants ௞݂
௤

, etc., such that any f is related to the

corresponding ߛ through the relation f ൌ �ሺʹ ܯ ¾߱ ଷ)ିଵȀଶߛ . With these conventions,

Transformation of the Hamiltonian is carried out as H→ =෩ܪ eL He- L, with

where the coefficients ௞ܣ
௤ have the symmetry property ௞ܣ

௤ = ൫ܣ௞ି௤
ି௤ ൯*. This transformation

yields polaron and dressed phonon operators

In the presence of nonlocal coupling, the polaron created by ෤ܽ௡
ା represents a superposition of

bare exciton states which, although centered on the site n, is at least somewhat delocalized.
This delocalization is manifested in the nondiagonality of ௡௠ߠ , and is in large measure
responsible for the greater complexity of nonlocal coupling theory relative to comparable



analyses employing local coupling only.

The transformed Hamiltonian can be separated into a band Hamiltonian and a scattering
interaction ෩ܪ ൌ ෩଴ܪ ൅ ෩whereܪ߂

where

where <∙∙∙> denotes the thermal average in the free-phonon basis at the temperature
T.

This separation has the appeal that the thermal average of the perturbation ෩ܪ߂

vanishes, and every term of ෩ܪ߂ containing a T operator remains bounded in a mean-
square sense. The one fly in the ointment is the last term of ෩ܪ߂ which contains phonon



displacement operators uncompensated by a T operator. This last term has the
potential to grow with increasing temperature, motivating Munn and Silbey's choice
of ௞ܣ

௤ to eliminate this potential secular growth

The problem of optimizing the zeroth-order Hamiltonian is now reduced to
determining the transformat ion coefficients ௞ܣ

௤
for given exciton-phonon

coupling parameters�݂௞
௤. Using Eqs. (14) - (17), one may show that the transformation

coefficients must satisfy the self-consistency equations

in which nq is the Bose distribution (since we compute only for the Einstein phonon
model, 2nq + 1 = cothଶ

ଵߚ¾߱ ) and the triadic ௞௞ܧ
௤

, is an auxiliary intermediate quantity
introduced for convenience. We emphasize that these self-consistency equations are the
exact consequence of the Munn-Silbey secular elimination scheme. We note that the
temperature enters explicitly only in (18), the exciton-phonon coupling constants enter
explicitly only in (20), and the tunneling matrix element does not enter at all.

3. Numerical solutions

Our aim is to solve (18)-(20) numerically, avoiding any restriction on the form of the
transformation coefficients. As a practical matter, however, computation is facilitated by
representing ௞ܣ

௤
in the form

The reader may observe that this form is not completely general since the explicit sin
functions force the imaginary part to vanish along the lines q = 0, 2k േߨ�. The q = 0 line
constitutes no restriction, however, since symmetry relations force ௞ܣ

଴ to be real.
Similarly, although it is not clear from the known symmetries that the q = 2k േߨ� lines do
not constitute a restriction, sample calculations using completely general ௞ܣ

௤Ԣݏ

consistently show that ௞ܣ
௤

is real along these lines. In our calculations we treat the q = 0



and q = 2k േߨ� lines as lines of removable singularities and choose the values of ௞ߟ
௤

along these lines to be continuous with neighboring values.
Computation proceeds by iteration, through which some initial guess for ߦ and ߟ is

made and the output is fed back into the self-consistency equations in a controlled way
to generate successive ߦ and ߟ . Computation ends when the output set is within
precision requirements of the last input set.

Significant wave vector dependence emerges in ௞ߦ
௤

and ௞ߟ
௤

when both local and nonlocal
coupling are order unity or greater (cf. Fig. 1), and wave vector dependence is strong when
nonlocal coupling is significantly greater than local coupling (cf. Fig. 2). Regardless of
coupling strength, the wave vector dependence of ௞ߦ

௤ and ௞ߟ
௤ has a characteristic "manta ray"

shape. The detail of this shape can be understood through an examination of the real-space
structure of the exciton-phonon coupling, which is addressed below.

Polaron bands are computed using ෩଴ܪ only (cf. Eq. (11)):

in which we have written ሚ௞ܬ as ௞݁ܬ
ିఙ௞ so as to make the Debye-Waller factor explicit. In

addition to the usual wave vector dependence due to the rigid lattice energy band ,௞ܬ this
energy band derives its structure from the wave vector dependence of the Debye-Waller factor
and the binding energy

In the Munn-Silbey approximate results,

Correspondence between our numerical results and this approximate analytical form is
limited. While we always find a bimodal variation of ௞ߪ and ௞ܧ

௕ symmetric about k =
0, ,ߨ and ± ,Ȁ2ߨ the amplitude of this wave vector variation is strongly suppressed relative
to (25) and (26); the average binding energy is significantly larger and the average
Debye-Waller factor significantly smaller than predicted by (25) and (26). Of the two
energy bands in Fig. 3 that we computed by our methods, the result for stronger nonlocal
coupling ( ଵ݂ ൌ ଴݂= 1.0) actually does contain a coupling-induced minimum; however, the



modulation is too small to be resolved in the figure.

Using translational invariance and definingܣ௠ ௡
௟ ൌ ଴ఓܣ

௩ , we may invert the double

Fourier transformation of ௞ܣ
௤

as in (5) to examine the real-space structure of the
transformation coefficients. Fig. 4 displays the result for the strong coupling case fo =
0.03, fl = 1.0. Apart from a renormalization of their magnitudes, the four dominant
positive/negative peaks correspond to the nonlocal coupling components of the exciton-
phonon interaction and the positive central positive peak corresponds to the local coupling
component. The balance of the structure visible in this figure out to fifth neighbors
must be attributed to an extended exciton structure supported by nonlocal exciton-
phonon coupling. The width of this broad component is controlled by the ratio of nonlocal
to local coupling.

It is the spreading of exciton-phonon correlations in space which is responsible for the
characteristic "manta ray" shape of the momentum-space structure noted earlier. If ଴ఓܣ

௩ is

truncated to include only the ൌߤ Ͳ , ± 1 components, the resulting ௞ߦ
௤

, and ௞ߟ
௤

are

independent of wave vector. If this truncation is expanded to include ൌߤ Ͳ, ± 1, ± 2,
± 3, the dominant bimodal structure seen in Fig. 1 is recovered. Including higher space
components of ଴ఓܣ

௩ does not alter the fundamental modulation frequency, but refines the

shape of the fundamental. When nonlocal coupling is weak or moderate relative to local
coupling (as in Fig. 1), ଴ఓܣ

௩ is fairly compact so that including components up to ߤ ൌ ± 3 is

sufficient to recover the basic shape of ௞ߦ
௤ and ௞ߟ

௤. The modulation in this regime is smooth
and nearly sinusoidal. When nonlocal coupling is large relative to local coupling (as in
Figs. 2 and 4), ଴ఓܣ

௩ is more broad so that components well beyond ߤ ൌ ± 3 make significant

contributions. The modulation of ௞ߦ
௤ and ௞ߟ

௤ in this regime is quite anharmonic.

4. Conclusion

We have followed the approach of Munn and Silbey for determining appropriate
zeroth-order polaron states in the presence of simultaneous local and nonlocal exciton-
phonon coupling. This approach leads to a highly nonlinear system of self-consistency
equations which we have solved numerically. The transformation coefficients which
define the structure of polaron states and energy band structure in this approach respond to
increasing nonlocal exciton-phonon coupling by developing dramatic momentum-space
modulations. These distortions can be related to a spreading of exciton-phonon correlations in
real space, suggesting a polaron state based on an extended exciton structure supported by
phonon-assisted exciton transfers. The width of this extended structure is in rough
empirical proportion to the ratio of the non-local to local exciton-phonon coupling
constants (f1/fo); as a trend in the ratio of a tunneling parameter to a local coupling parameter,
this resembles behavior found in the nonlinear theory of large polarons where the width of
the self-consistent localized state is related to similar ratios [3, 16-19]. Debye-Waller factors
and polaron binding energies familiar from local-coupling polaron theory acquire weak



wave vector dependences which display a characteristic modulation centered around| |݇ =
ʹȀߨ . These modulations have the potential to distort the polaron energy band, and for
resonance integrals J small enough, introduce new extrema in the energy band, and new
peaks into the density of states. The main consequences of nonlocal coupling, however, are
found to be a strong enhancement of band narrowing and the binding energy.
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List of Figures

Figure 1. Momentum-space components of ௞ܣ
௤ (cf. Eq. (32)). ௞ߦ

௤, ௞ߟ
௤for fo= f1=1.0.

Figure 2. Momentum-space components of ௞ܣ
௤

(cf. Eq. (32)). ௞ߦ
௤
, ௞ߟ

௤
for fo=0.03, f1=1.0.

Figure 3. Upper panel: logarithm of the Debye waller factor, based on Eq. (23). Center

panel: wave vector dependent binding energy, based on Eq. (24). Lower

panel: total polaron energy band, based on Eq. (22), using a rigid-lattice

bandwidth J = 1 and =ߝ 0. Chain-dotted ( ), fo=1.0, f1=0.3.

Solid ( ), fo=1.0, f1=1.0. For comparison, also plotted are corresponding

quantities from Ref. [9]. Dashed (------),fo=1.0, f1=0.3. Dotted (∙∙∙∙∙∙ ), fo=1.0,

f1=1.0

Figure 4. Real-space representation of the transformation coefficients for fo=0.03, f1=1.0;
translational invariance is used to display ଴ఓܣ

௩ .
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