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Abstract

As an important technology of the new-generation mobile communication sys-

tem, polar codes have been selected as the control channel coding standard in the

5th generation (5G) enhanced Mobile Broadband (eMBB) scenario. In the case of

finite code length, the channel polarization is incomplete, which causes a negative

impact on decoding efficiency. Thus, how to construct an effective polar decoding

scheme has attracted researchers in the field of communication.

In this thesis, we first introduce the background of our research, including 5G

channel coding schemes, the basic concept of polar codes, and the current polar

encoding and decoding algorithms. We then propose an improved belief propaga-

tion (BP) based polar decoding algorithm by taking advantage of the low-density

parity-check (LDPC) like BP decoding algorithm, graph similarity analysis, and

the list decoding scheme. In a more detailed explanation, our approach involves

the utilization of both cosine similarity analysis and kernel principal component

analysis (K-PCA) methods. These techniques are instrumental in effectively clus-

tering the sparse BP decoding graphs based on their structural similarities. It is

important to note that the structural similarity among these graphs plays a piv-

otal role in determining the overall decoding performance, as it greatly influences

how well each decoding graph performs its decoding tasks. A sparse graph list

generation algorithm is also presented for the first time. In comparison to some

conventional list selection methods used previously, our proposed scheme not only

approaches global optimality but also does so with higher computational efficiency.

This innovation addresses the challenge of optimizing graph selection while keeping

computational requirements reasonable, making it a significant contribution to our

decoding framework. Simulation results show that the proposed decoding scheme

xv
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can achieve error-rate performance improvement while having low complexity and

latency.

Keywords:5G communication system, Channel coding, Polar codes,

Belief propagation



Chapter 1

Introduction

In this chapter, we provide the background and motivation of our research by

introducing the 5th generation (5G) communication system and 5G polar coding

schemes. Then we discuss the objectives and contributions of our research. Finally,

the organization of the thesis is presented.

1.1 Background and Motivation

The wireless communication system is an indispensable and important means

of information transmission in today’s society. The first-generation mobile cellular

system provides voice call service through analog communication. The system

can communicate flexibly without being limited by a fixed location. The second-

generation digital communication system has been significantly upgraded. Mobile

phones have introduced call and text encryption, picture messaging, short message

service, etc., which changed the traditional communication mode. The Internet

access and data transmission rates of the third-generation communication system

have greatly improved. The emergence of smartphones has transformed users from

being media consumers to becoming content providers, and have promoted the goal

of higher throughput of fourth-generation mobile communications.

With the continuous improvement of the communication requirements, 5G

mobile Communication officially became commercial in 2020. Based on the higher

peak communication rate, 5G puts more emphasis on “Internet of Everything”,

and builds an intelligent ecosystem where all people and all things can communi-

cate with each other. To this end, 5G considers three flexible application scenar-

ios: enhanced mobile broadband (eMBB), massive machine type communication

1



2 1.1. Background and Motivation

(mMTC), and ultra reliable low latency communication (URLLC) [1]. Obviously,

these application scenarios put forward higher requirements for various indicators

of the communication system. To ensure spectrum efficiency, energy efficiency, and

cost-effectiveness, it is necessary to reach a peak rate of 100 Gbps, mobility of 1000

km/h, a delay of 1ms, a user experience rate of 0.1 1 Gbps, a connection density

of 106/km2, and a traffic density of 100 Tbps/km2 [2]. In addition, the increasing

demand for capacity and the shortage of spectrum resources pose great challenges

to the key technologies of communication systems.

5G adopts different channel coding methods from Long-Term evolution (LTE)

and other communication systems. The actual communication environment is a

non-ideal channel, which is mixed with noise and other interference factors. In

order to counter noise interference, channel coding technology adds redundancy to

the source information to improve transmission efficiency. In general, the more re-

dundant information is added, the stronger the anti-interference ability of codeword

transmission, but the lower the channel transmission rate. With the development

of the communication system, some outstanding channel coding schemes have been

applied to practical systems, such as convolution code, interlaced code, turbo code,

etc. The channel coding scheme used in LTE is turbo code, while its throughput

is not satisfactory at the long code length [3]. In addition, turbo code adopts it-

erative decoding. Even when the code length is very short, this method will lead

to increased complexity and latency, which is difficult to meet the low latency re-

quirements of 5G. Compared with turbo codes, low-density parity-check (LDPC)

codes have better performance in the case of long code lengths, thus it is applied

to data channel transmission in 5G eMBB scenario [4].

In 2008, E. Arıkan first proposed the concept of polar code in [5]. It is strictly

proved from the mathematical formula that polar code can reach the Shannon limit

in a specific channel. In 2016, under the unified comparison standard of multiple

operators and terminal manufacturers around the world, polar code was recognized

by the 3rd Generation Partnership Project (3GPP) as the channel coding method of

the control channel in the 5G eMBB scenario [6]. Although polar code has excellent

coding performance, compared with turbo code and LDPC code, the application

of polar code in the practical environment is not mature, and there are still many

problems to be solved. The successive cancellation list (SCL) decoding [7] and the

cyclic redundancy check (CRC) aided SCL (CA-SCL) were designed as the baseline

algorithms for polar code, which can achieve satisfactory error-rate performance
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for infinite length codewords. However, SCL-based decoding algorithms have high

decoding latency and calculation complexity with the increase of code length due

to the serial decoding structure. Arıkan later proposed a pipelined implementa-

tion of polar code and the belief propagation (BP) polar decoder [8]. Due to its

parallel decoding structure, the BP decoder has fewer convergence steps over suc-

cessive cancellation (SC) based decoding algorithms, but its error-rate performance

is worse than SCL-based schemes. Thus, it is necessary to design a polar decoding

scheme that offers superior performance while maintaining low complexity.

1.2 Objectives

The objectives of this thesis are listed as follows:

• Designing a polar decoding scheme with a good tradeoff between performance

and complexity : Researchers have been working on decreasing the memory

complexity and decoding latency of the original BP decoder and simplify-

ing the hardware implementation for practical utility. For example, [9] dis-

cussed an express polar decoding scheme to reduce decoding complexity by

reducing the number of messages exchanged between nodes. Later, a sparse

BP decoding method is developed to convert a BP factor graph to the cor-

responding sparse graph representation (like the LDPC bipartite graph) for

polar codes by flattening the factor graph and pruning or merging some edges

and nodes that have no contribution to the decoding process. However, due

to error accumulation during iterations caused by numerous short loops in

sparse graphs, the decoding performance of the LDPC-like BP decoder is

not comparable to that of the original BP decoder. It is noticed that sparse

graphs converted from different permuted factor graphs may have different

structures and thus have different decoding performance due to the change

of short loops on graphs [10]. Considering the performance gain obtained by

the BPL decoder over the original BP decoder, the list decoding scheme may

also help improve the decoding performance of the LDPC-like BP decoder

by combining the LDPC-like BP decoder based on different sparse graphs.

• Proposing an improved list generation algorithm: For a polar codeword of

length N = 2n, whose BP factor graphs contain n stages, there are n! dif-

ferent permuted factor graphs with the same encoding behavior. It is proved



4 1.3. Major Contribution

that the different structures of the permuted factor graphs may result in

different decoding performance for the same received codeword due to the

changes of short loops in these permuted factor graphs [10], [12]. Based on

the above observation, authors in [11] proposed a list decoding scheme based

on the BP decoding algorithm for polar codes. BP list (BPL) decoder starts

with L branches that function as independent parallel BP decoders and out-

put the final decoding result by making a comparison between each result

from the corresponding decoding branch to select the best one. The original

BPL decoding method generates the list based on the cyclic-shift selection

method and selects the final output by the minimum Euclidean distance

(MED) criterion. How to effectively select decoding graphs to construct the

list is the key factor that determines the decoding performance of the BPL

decoder. There are many graph selection methods proposed for BPL genera-

tion by setting the reasonable evaluation criterion for factor graphs later, such

as error upper-bond based selection [13] and reinforcement learning aided se-

lection [14]. About output selection, a deep learning based scheme has later

been proposed in [15] to obtain a more accurate output by comprehensively

processing a list of decoding results.

• Scientifically evaluating the performance of decoding algorithm: The perfor-

mance of the proposed decoding algorithm needs to be comprehensively an-

alyzed under different polar code construction parameters, in terms of both

error-rate performance, complexity, and latency. By comparing with the typ-

ical BP-based polar decoding algorithms and some improved schemes, the

superiority of the proposed decoding scheme should be clearly reflected.

1.3 Major Contribution

The major contribution of this thesis is the proposed polar decoding scheme,

named BP-based sparse graph list (BP-SGL) decoding algorithm. To generate

the proposed decoder, a sparse list generation algorithm is presented for the first

time. The outstanding features of the proposed BP-SGL decoding scheme are

summarized as follows:



Chapter 1. Introduction 5

• Compared with the traditional BP decoding schemes and some current state-

of-the-art (SOTA) BP-based decoding algorithms, the proposed BP-SGL de-

coder has performance gains accross a wide range of signal-to-noise ratios

(SNRs).

• Due to the parallel decoding framework and single-stage decoding structure,

the proposed BP-SGL exhibits significantly reduced latency compared to the

original n-stage BP decoding algorithms. Moreover, when compared to the

original BPL decoding, which also belongs to the list structure, the proposed

BP-SGL consumes much lower computing power consumption.

• The proposal BP-SGL can achieve the globally optimal property. The pre-

vious BPL construction methods can only generate a locally optimal list by

ranking each permuted BP factor graph. we propose a sparse graph selec-

tion scheme to construct a sparse graph list with strong overall performance.

Cosine similarity analysis and kernel principal component analysis (KPCA)

method are used to cluster the decoding sparse graphs. The sparse graph

list is constructed by selecting one graph from each group. Testing results

confirm the efficiency of the proposed list generation scheme.

1.4 Organization of the Thesis

The organization of this thesis is as follows. Chapter 1 introduces the back-

ground of our research, including the digital communication system, channel mod-

els, and 5G communication technical requirements. We analyze the limitations of

some current 5G polar coding schemes as well. In Chapter 2, the basic concept and

construction principle of polar codes are discussed. Different channel polarization

schemes are also analyzed and compared. In Chapter 3, Two kinds of polar de-

coding algorithms, namely SC-based decoding algorithms and BP-based decoding

algorithms, are introduced. Some improved BP-based decoding schemes are also

investigated and compared. Chapter 4 proposes the BP-SGL decoder by taking

advantage of the list decoding scheme and the LDPC-like BP decoding algorithm

to achieve error-rate performance improvement while having low complexity and

latency. The key idea of the proposed list construction method is the similarity

comparison of decoding sparse graphs. Testing results verify that selecting graphs

with significant structural differences is helpful in constructing a list with good
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overall performance. Simulation results show that the proposed BP-SGL decod-

ing scheme can achieve performance gains over traditional BP decoding and some

SOTA BP-based decoding algorithms, with a significant reduction in complexity

and latency. Finally, Chapter 5 makes a summary of the research at this stage,

analyzes some open problems to be solved, and provides the recommendations for

the future work.



Chapter 2

Basic Theory of Polar Codes

In this chapter, we introduce the basic concept of polar codes. Firstly, we give

the principle of the polarization phenomenon. Then, we present some typical polar

code construction methods. Finally, the polar code encoding scheme is introduced.

2.1 Channel Polarization Phenomenon

By combining and splitting N (N = 2n) independent channels, N new in-

terdependent channels can be obtained. With the increase of code length, the

newly split channels will develop into two extremes. Part of them will be close to

the perfect channels, i.e., noiseless channels with a channel capacity close to “1”.

The others will be close to the completely noisy channels with a channel capacity

close to “0”. This process of polarization of channel capacity is called the chan-

nel polarization phenomenon. As can be seen from the above description, channel

polarization consists of two steps, that is channel combining and channel splitting.

The details of channel combining and channel splitting will be introduced in

the following parts. In this section, a channel is denoted as W : X → Y , where X

and Y represent channel input and channel output, respectively. W (y|x) is used

to express the channel transition probability, where x ∈ X (x ∈ {0, 1}), y ∈ Y . A

channel W after N times of use is expressed as WN : XN → Y N , and the channel

transition probability of WN is WN(yN1 |xN
1 )=

∏N
i=1W (y|x). WN : XN → Y N

denotes that N original independent channels are combined into one channel.

7
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2.1.1 Channel Combining

Channel combining is denoted as WN : XN → Y N , which can be achieved

iteratively. When there is only one channel, W1 ≜ W,W1 : X → Y . If there are

two independent channels, the channel combined with them is W2 : X
2 → Y 2. The

channel transition probability of W2 is

W2(y
2
1|u2

1) = W (y1|u1 ⊕ u2)W (y2|u2). (2.1)

Further, combining two W2 channels can obtain W4 : X4 → Y 4. The channel

transition probability of W4 can be calculated as

W4(y
4
1|u4

1) = W2(y
2
1|u1 ⊕ u2, u3 ⊕ u4)W2(y

4
3|u3, u4). (2.2)

Figure 2.1 and Figure 2.2 show the above two processes of channel combining.

Figure 2.1: Channel combining for W2.

Figure 2.2: Channel combining for W4.

When the number of channels is N , the general expression of channel combin-

ing can be presented, as shown in Figure 2.3. The inputting bit sequence uN
1 first

transformed into sN1 (s2i−1 = u2i−1 ⊕ u2i, (s2i = u2i, 1 ≤ i ≤ N/2). Then, sN1 is
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mapped into xN
1 by bit order processing R. Finally, xN

1 will be inputted into two

WN/2 channels. The transformation from uN
1 to xN

1 describes the mapping from the

combining channel WN to N original channels W , which will be further discussed

in Section 2.3).

Figure 2.3: Channel combining for WN .

2.1.2 Channel Splitting

Channel splitting refers to the process of converting the combining channel

WN into N independent sub-channels W
(i)
N : X → Y N × X i−1, 1 ≤ i ≤ N . The

channel transition probability of W
(i)
N can be obtained by

W
(i)
N (yN1 , ui−1

1 |ui) ≜
∑

uN
i+1∈XN−i

WN(y
N
1 |uN

1 )

2N−1
, (2.3)

where, ui and (yN1 , ui−1
1 ) denote the input and output of channel W

(i)
N , respectively.

The equation expresses that the value of ui can be estimated, on the condition that

the input bit ui and the channel transition probability of channel W
(i)
N from ui−1

1

to yN1 are known.
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To sum up, channel polarization can realize the transformation of channel

capacity [16]. Assuming that the binary input symmetric capacity of the original

channelW is denoted as I(W ), when the code lengthN approaches infinity, the pro-

portion of split channels with channel capacity approaching “1” is approximately

N · I(W ), and the proportion of channel capacity approaching “0” is approximately

N · (1 − I(W )). For a reliable channel with a channel capacity of “1”, the infor-

mation bits can be placed directly without any encoding, that is, the code rate is

“1”. For unreliable channels with a channel capacity of “0”, the frozen bits known

to both the sender and the receiver can be placed, that is, the code rate is “0”.

Thus, when the code length approaches infinity, the achievable code rate of polar

codes is N · I(W )/N = I(W ), which indicates that, in theory, polar codes can be

proved to reach channel capacity.

2.2 Polar Code Construction Methods

Based on the principle of channel polarization, N independent channels are

converted into N interdependent channels and ranked according to channel capac-

ity. The Kmost noiseless bit channels will be used for information bits transmission

and the other N−K bits will be set as the known frozen value to construct a source

bit sequence uN
1 .

Polar codes are constructed based on the concept of channel polarization.

As previously introduced, channel polarization includes channel combining and

channel splitting. Through these two steps, the channel capacity of each subchannel

will present a trend of two-stage differentiation. With the increase of code length

(i.e. the number of the original independent channels), the capacity of part of the

subchannels will tend to “1”, while the capacity of the remaining subchannels will

tend to “0”. Polar code uses this phenomenon of channel polarization to transmit

information bits on K subchannels with capacity tending to “1” (i.e. the index set

of these K subchannels is represented by A), and transmit frozen bits on the other

(N − K) subchannels (that is, fixed bits known to both transmitter and receiver,

usually set to all zero). The codeword thus formed is the source bit sequence, and

the code rate can be denoted as R = K/N . In this section, several methods used

to calculate the subchannel capacity and thus determine A will be described.
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2.2.1 Bhattacharyya Parameter

E. Arıkan proposed the Bhattacharyya parameter method in [5], which can

evaluate the reliability of each subchannel for binary erasure channel (BEC) condi-

tions. BEC is a subset of the binary-input discrete memoryless channel (B-DMC).

For a B-DMC W , there are two important channel parameters, which are symmet-

ric capacity

I(W ) ≜
∑
y∈Y

∑
x∈X

1

2
W (y|x) log W (y|x)

1
2
W (y|0) + 1

2
W (y|1)

, (2.4)

and Bhattacharyya parameter

Z(W ) ≜
∑
y∈Y

√
W (y|0)W (y|1). (2.5)

The Bhattacharyya parameter is equal to the erasure probability of BECs [17].

I(W ) denotes the measure of channel rate, which is the maximum rate of re-

liable transmission of channel W under equal probability input. The higher the

value of I(W ), the better the transmission capacity of the channel. Z(W ) repre-

sents the channel reliability, which is the upper limit of the maximum likelihood

decision error probability when channel W only transmits “0” or “1”. Thus, con-

trary to I(W ), the greater Z(W ) is, the less reliable the channel is. The value

range of I(W ) and Z(W ) is [0,1]. The mathematical relationship between them is

I(W
(i)
N ) = 1−Z(W

(i)
N ). It indicates that If and only if Z(W

(i)
N ) = 0, I(W

(i)
N ) = 1; If

and only if Z(W
(i)
N ) = 1, I(W

(i)
N ) = 0. Z(W ) of each subchannel can be recursively

obtained by

{
Z(W

(2i−1)
N ) = 2Z(W

(i)
N/2)− (Z(W

(i)
N/2))

2,

Z(W
(2i)
N ) ≤ (Z(W

(i)
N/2))

2.
(2.6)

After obtaining Z(W ) of all sub-channels, the information subchannel index

set A can be formed by sorting subchannels and selecting K subchannels with

the lowest Z(W ). The channel transmission rate can be improved by transmitting

information bits on these subchannels with smaller Z(W ).
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2.2.2 Monte Carlo Simulation

Arıkan further proposed a polar code construction method based on Monte-

Carlo simulation, to achieve the sub-channel reliability estimation for non-B-DMC

channels.

Monte Carlo simulation is essentially a numerical statistical method based on

the theory of probability and statistics. When applied to the construction of polar

codes, the specific steps are as follows. Under a specific SNR, assume that the

transmitter sends a sequence of zero bits with a length of N , and the sequence is

known by the receiver. When decoding the bit from a certain subchannel and the

decoding of the previous bits are all correct, if the decoding decision of the receiver

is “1”, it indicates that there is an error in this channel decoding, and that will be

counted into the number of errors. After all testings are completed, calculate the

ratio of the error number of each subchannel to the total simulation number. This

ratio can be used to roughly estimate the error probability of each subchannel. If

the error rate of one subchannel is small, it means that this subchannel is reliable.

The accuracy of the Monte Carlo simulation method for polar code construc-

tion is strongly affected by SNR and the number of simulations. Especially in the

case of high SNR, if the number of simulations is not enough, the performance of

this construction method will be degraded. The more the number of simulations,

the higher the accuracy of the Monte Carlo simulation construction method, but

it also in the meanwhile means high time/calculation complexity.

2.2.3 Density Evolution

Density evolution (DE) is a method to analyze the progressive performance of

the modern efficient error correction and coding methods. Polar code construction

by DE method was proposed in [18] and can be generally applied to non-B-DMC

channels. DE is calculated based on the Tanner graph, as shown in Figure 2.4.

Tanner graph consists of variable nodes (VNs) and check nodes (CNs). The message

of VN is represented by the form of the log-likelihood ratio (LLR) as

L
(i)
N (yN1 , ûi−1

1 ) = log
W

(i)
N (yN1 , ûi−1

1 |0)
W

(i)
N (yN1 , ûi−1

1 |1)
. (2.7)

In the Tanner graph, the LLR value corresponding to each VN can be calcu-

lated by the following recursive formula
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Figure 2.4: DE iteration based ob Tanner graph of P(8,4).

 L
(2i−1)
N = 2tanh−1

(
tanh

(
L
(i)
N/2

(y
N/2
1 ,û2,2i−2

i,o ⊕û1,2i−2
i,e )

2

))
· tanh

(
L
(i)
N/2

(yN
N/2+1

,û2i−2
i,e )

2

)
,

L
(2i)
N = L

(i)
N/2(y

N
N/2+1, û

2i−2
i,e ) + (−1)û2i−1 ·L(i)

N/2(y
N/2
1 , û2i−2

1,0 ⊕ û2i−2
1,e ).

(2.8)

The decision formula of the expected bit is

{
ûi = 0, L

(i)
N (yN1 , ûi−1

1 ) ≥ 0,

ûi = 1, L
(i)
N (yN1 , ûi−1

1 ) < 0.
(2.9)

If LLR is regarded as a random variable, its probability density function (PDF)

can be represented by ρ(z). As mentioned above, if the transmitter sends all “0”

bits and the receiver determines one bit as “1”, it means that the decision is wrong.

Thus, The error decision probability of a VN is denoted as

Pe =

∫ 0

−∞
ρ(z)dz. (2.10)

According to Figure 2.4, when estimating the i-th bit channel, take ui as the root

node and extend to the right to form a decoding tree. Let ρx denote the PDF of

LLR of the rightmost bits, and ρ
(i)
N denote the PDF corresponding to L

(i)
N (yN1 , ûi−1

1 ).

On the premise that ui−1
1 is known, LLR of the i-th polarization subchannel L

(i)
N

can be obtained by
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
ρ
(2i−1)
N = ρ

(i)
N/2 ⊙ ρ

(i)
N ,

ρ
(2i)
N = ρ

(i)
N/2 ⋆ ρ

(i)
N ,

ρ
(1)
1 = ρx

(2.11)

where, ⊙ and ⋆ denote the convolution operation of VNs and CNs, respectively.

Based on DE method, the threshold value of the codeword transmission in the

corresponding polarization subchannel can be calculated. The higher the threshold

value, the higher the reliability of this codeword transmission, that is, the stronger

its ability to withstand noise. By taking advantage of this, the reliability of each

subchannel can be calculated and the polar code can then be constructed.

2.2.4 Gaussian Approximation

In the practical application, DE has high computational complexity and stor-

age requirements. In order to ensure the coding performance under the Gaus-

sian white noise channel with lower complexity, the Gaussian approximation (GA)

method for polar code construction was proposed in [19]. GA is an approximate

method of DE. Its basic idea is to simplify the infinite-dimensional message density

in DE to Gaussian distribution or Gaussian mixture distribution for analysis. In

linear design, this can not only simplify the problem but also greatly improve the

accuracy of approximation [20].

Assuming that the transmitted signal passes through an additive white Gaus-

sian noise (AWGN) channel, its noise variance is σ2, and binary phase shift keying

(BPSK) modulation is used. The received bit sequence y can be represented as

y = (1− 2x) + z, (2.12)

where, x denotes transmitted bit sequence, and z denotes channel noise which

obeys Gaussian distribution (i.e. z ∼ N(0, σ2)). When transmitted bits are all

zero, which means that y = 1 + z, the LLR of y is

LLR(y) = log
P (y|x = 0)

P (y|x = 1)
=

2

σ2
y, (2.13)

where, y ∼ N(1, σ2). It can be found that LLR∼ N(2/σ2, 4/σ2). In the decoding

stage, the LLR of the expected bit ûi can be calculated as
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LLR
(i)
N = log

W
(i)
N (yN1 , ûi−1

1 |ui = 0)

W
(i)
N (yN1 , ûi−1

1 |ui = 1)
. (2.14)

From this, LLR
(i)
N also obeys Gaussian distribution, whose variance is twice the

average, that is D(LLR
(i)
N ) = 2E(LLR

(i)
N ). According to the GA theorem, it can be

calculated that

E(LLR
(1)
N ) = ϕ−1{1− [1− ϕ(

2

σ2
)]N}, (2.15)

where, ϕ(x) is shown in the following formula

ϕ(x) =

{
1− 1√

4πx

∫ +∞
−∞ tanhu

2
e−

(4−x)2

4x du, x > 0

1, x = 0
(2.16)

and can be simplified as

ϕ(x) =

{
e−0.45627x0.86+0.0218, 0 < x < 10
π
x
(1− 10

7x
)e−

x
4 , x ≥ 10

(2.17)

By iteration, E(LLR
(i)
N ) can be obtained according to E(LLR

(2i−1)
N ) = ϕ−1

(
1−

(
1− ϕ

(
E(LLR

(i)
N/2)

))2)
,

E(LLR
(2i)
N ) = 2E(LLR

(i)
N/2).

(2.18)

The initial condition is LLR
(1)
1 = 2

σ2 .

The bit error rate (BER) performance formula under BPSK modulation is

P (γi) =
1

2
erfc(

√
SNR), (2.19)

where, erfc(x) denotes the complementary error function and it is known that

SNR N( 2
σ2 ,

4
σ2 ). Thus, the above formula can be transformed as

P (γi) =
1

2
erfc(

√
E

2
). (2.20)

Define P (ε) as an event that there are bit errors occurring in the codeword,

It is easy to obtain that
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P (ε) = 1−
∏

(1− P (γi)). (2.21)

It means that the smaller P (γi), the smaller P (ε). Considering that erfc(x) is

a monotone decreasing function, the larger E, the smaller the error probability

P (γi). Therefore, by calculating E(LLR) of subchannels according to Eq.(2.18),

the K most reliable subchannels can be picked out.

2.2.5 Design SNR

The design SNR (d-SNR) can help improve the construction efficiency of polar

codes. No matter what construction method is adopted, the selection of informa-

tion bits is always closely related to the value of the current SNR. When simulating

the performance of polar code, SNR is often used as the abscissa of the simulation

diagram, and BER or block error rate (BLER) is usually used as the ordinate. In

theory, each time a new simulated SNR is brought in, a new polarization channel

index set A must be reconstructed. This traditional polar construction method

is called point-by-point construction. However, this repetitive work significantly

increases the time complexity and computing power consumption of polar code

construction.

It is found [21] that there is always a perfect SNR for a specific code rate

to construct A, which is defined as d-SNR. The d-SNR is not calculated, but an

empirical value based on values of a large number of simulations. After determining

d-SNR, it only needs to substitute this SNR to construct the polarization channel

index set A once, and then store it. In the future, at this bit rate, no matter

which SNR value is used for simulation, the polar code can be constructed by

directly placing the current message into the stored information bit index. Since the

information bit index set is constructed only once, the time/calculation complexity

can be substantially reduced.

2.3 Polar Code Encoding Principle

Polar code with code length N and K information bits, denoted as P(N,K), is

generally constructed by a generator matrix GN , and can be expressed [5] as

xN
1 = uN

1 ·GN . (2.22)
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Figure 2.5: System diagram considered in this thesis. We employ binary
discrete sequences as the signal model, with u representing the information bit
sequence and x representing the coded bit sequence. BPSK modulation and
AWGN channels are mainly considered in this work.

The generator matrix GN can be further presented by

GN = BN ·F⊗n, (2.23)

where, F =

[
1 0

1 1

]
is the Arıkan’s kernel, which can be obtained from recursive

formula F⊗n = F ⊗ F⊗n−1. BN is the sorting matrix to complete the reverse bit

reordering operation. Reverse bit reordering needs the following steps. First, the

decimal sequence number i ∈ {1, 2, ..., N} of each original sequence is expressed

as (i− 1)→ {bn, bn−1, ..., b1} in binary, where bn is the most significant bit. Then

reverse the above binary sequence to get {b1, b2, ..., bn}. Finally, take b1 as the most

significant bit and re-present the sequence number in decimal by {b1, b2, ..., bn} →
(j − 1), to make the value of the i-th element of the current output sequence the

j-th element of the original sequence. The recursion of BN is defined as

BN = RN(I2 ⊗BN/2), (2.24)

where I2 is a two-dimensional unit matrix, and B2 = I2. The matrix RN is a

permutation matrix, which separates the odd-order elements and even-order ele-

ments from the input sequence, that is, the odd-order elements are sorted first, and

then even-order elements, which can be described as {b1, b2, b3, b4, ..., bN} × RN=

{b1, b3, b5, ...bN−1, b2, b4, b6..., bN}. In the subsequent studies, BN is usually ignored

when constructing generator matrix GN , and thus GN = F⊗n. We follow this

polar encoding scheme in our research.
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Polar Code Decoding Schemes

3.1 SC-based Decoding Algorithms

In this chapter, we provide an overview of prevalent polar code decoding ap-

proaches, including SC-based decoding and BP-based decoding. The strengths and

weaknesses of each algorithm will also be elaborated.

3.1.1 SC Decoding Algorithm

The SC decoding algorithm was proposed in [5] by Arıkan as the baseline

decoding scheme for polar codes. SC decoding uses the recursive calculation to

decode all bits in turn. A specific bit is decoded based on the assumption that the

previous bit is decoded correctly. In the SC decoding graph, LLR information and

estimated values of previous bits are transmitted from the parent node to the child

node. The bit decision rule is as follows

ûi =

{
h(L

(i)
N (yN1 ), ûi−1

1 ), i ∈ A
0, i /∈ A

(3.1)

where, h(x) denotes the bit decision function of information bits. The LLR value

of information bit is defined as the ratio of the probability that “0” is transmitted

to the probability that “1” is transmitted under the condition that (yN1 , ûi−1
1 ) is

known. The value of the LLR can be calculated as

LLR = log

(
W

(i)
N (yN1 , ûi−1

1 )|0
W

(i)
N (yN1 , ûi−1

1 )|1

)
(3.2)

18
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From this, it can be seen that if LLR ≥ 0, the probability that “0” is trans-

mitted is greater than the probability that “1” is transmitted. Thus, the decoding

algorithm will determine that the bit received is “0”. The bit decision function

h(x) can be expressed as

ûi =

{
1, L

(i)
N (yN1 , ûi−1

1 ) ≥ 0

0, L
(i)
N (yN1 , ûi−1

1 ) < 0
(3.3)

In specific calculation, the value of L
(i)
N (yN1 , ûi−1

1 ) can be obtained by f(x) and

g(x), which are represented as follows

f(x, y) = log
1 + ex+y

ex + ey
, (3.4)

g(x, y, uk) = (−1)ukx+ y. (3.5)

Thus, the recursive formula of LLR can be calculated as

{
L
(2i−1)
N (yN1 , û2i−2

1 ) = f(L
(i)
N/2(y

N/2
1 , û2i−2

1,o ⊕ û2i−2
1,e ), L

(i)
N/2(y

N
N/2+1, û

2i−2
1,e )),

L
(2i)
N (yN1 , û2i−1

1 ) = g(L
(i)
N/2(y

N/2
1 , û2i−2

1,o ⊕ û2i−2
1,e ), L

(i)
N/2(y

N
N/2+1, û

2i−2
1,e ), û2i−1).

(3.6)

The initial item is that L
(1)
1 (yi) = log W (y|0)

W (y|1) . According to Gaussian approximation

theory, the LLR of y can be calculated by

L(y) = log
p(y|0)
p(y|1)

=
2y

σ2
, (3.7)

where, p(y|x) and σ2 denote the Gaussian posterior distribution probability and

the channel noise variance, respectively.

The whole process of the SC decoding algorithm can be presented through

Figure 3.1. The rightmost column is the LLR of the received bit sequence, i.e.
2yN1
σ2 . The leftmost column represents the source bit sequence ûN

1 to be decoded. In

the decoding stage, the LLR values at each node are calculated in turn, and the

LLR updates at each node are carried out in the order from right to left. After

all nodes are traversed, L
(i)
N (yN1 , ûi−1

1 ) can be obtained, based on which ûi can be

estimated. If the LLR ≥ 0, ûi = 0, otherwise ûi = 1. Since SC decoding features the

serial decoding structure which performs decoding in the order of accepting bits,
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Figure 3.1: SC decoding diagram for P(8, 4).

the longer the code length, the longer the time-spending will be, which will have a

great negative impact in practical applications with high real-time requirements.

In addition, when SC decoding algorithm makes decoding decisions for each

bit, it needs to assume that the decoding results of the previous bits are correct.

However, in the case of finite code length, due to incomplete channel polarization,

there will still be some information bits that cannot be decoded correctly. When an

error occurs in the decoding of the previous information bits, it will lead to a more

serious error delivery since the SC decoder needs to use the estimated values of the

previous information bits when decoding the next information bit. Therefore, for

polar codes with finite code length, the SC decoder may not achieve ideal decoding

performance.

3.1.2 SCL Decoding Algorithm

To solve the problem that SC is prone to error propagation when channel

polarization is insufficient, [22] proposed the SCL decoding scheme.

According to the decoding principle, the SC decoding process can also be

represented by a binary tree T (E, V ), where E and V denote the edge set and

node set in the tree, as shown in Figure 3.2. The depth of a node, denoted as d

is defined as the shortest path length from the node to the root node. For polar
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Figure 3.2: Binary tree decoding form for SC decoding.

codes with code length N , the node set V of the binary tree can be divided into

N + 1 subsets according to the depth d, which is recorded as Vd (d = 0,1,...,N).

V0 includes root node only (i.e. |V0| = 1). In addition to the leaf node that is

the node whose depth is N , each node v ∈ Vd in the binary tree is connected to

two subsequent nodes belonging to Vd+1 through two edges marked with “0” and

“1” respectively. The value of the bit sequence uN
1 corresponding to a node v is

defined as the marking sequence of all edges from the root node to this node v.

For example, if a node v represents the bit sequence u, its left and right successor

nodes represent paths (ui
1, u

i+1
1 ) = 0 and (ui

1, u
i+1
1 0) = 1, respectively. Thus, each

path from root node to node v ∈ Vd with depth d represents one possible value of

ud
1. Define the set of edges connecting nodes with depth i−1 and i as the i-th edge,

denoted as Ei. It is easy to find that Ei = 2i for any i ∈ 1, 2, ..., N . Each path

from the root node to any node corresponds to a metric. Therefore, The decoding

process is actually the process of finding the appropriate path on the binary tree.

At each node, the connected subsequent edge with the highest transfer probability

will be selected as part of the path. For example, in Figure 3.2, the expected bit

sequence is û4
1 = [0, 0, 1, 1].

SC decoding algorithm only retains the path with the maximum transfer prob-

ability when decoding each bit, and judges this bit directly. To improve the de-

coding performance, SCL increases the number of candidate paths allowed to be

retained after each layer of path search, from only allowing the best path for next

expansion to the best L path for the next expansion, and no hard decision is di-

rectly made on the current decoding bit. Similar to SC decoding algorithm, SCL

decoding algorithm still starts from the root node of the binary tree and searches

the path layer by layer to the leaf node layer. The difference is that after each layer
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is expanded, the subsequent paths are reserved as much as possible (the number

of paths reserved for each layer should not be greater than L).

When L = 1, which means that only one path is reserved for each layer of

the decoding tree, SCL algorithm degenerates into SC algorithm. When L ≥ 2N ,

all paths of the decoding tree are reserved, that is, maximum likelihood decoding.

It can be observed that SCL decoding actually includes the above two decoding

methods. When 2 ≤ L < 2N , how to select the best L paths to be reserved from

all 2L paths is the most important issue. Obviously, it is not feasible to only rely

on the LLR of each bit, thus it is necessary to select more appropriate indicators

to evaluate the cost of each path. In SCL decoding algorithm, this indicator is

expressed as path metric (PM).

For any path l ∈ {1, 2, ..., L} and any received bit i ∈ {1, 2, ..., N} during SCL

decoding, PM can be calculated by

PM
(i)
l =

i∑
j−1

ln(1 + e−(1−2ûj [l]) ·L(j)
N [l]), (3.8)

where, L
(j)
N [l] = log

(
W

(i)
N (yN1 ,ûi−1

1 [l]|0)
W

(i)
N (yN1 ,ûi−1

1 [l]|1)

)
. Assuming the probability of “0” and “1”

bits sent by the transmitter is the same, for any two different l1, l2 ∈ {1, 2, ..., L},
if and only if PM

(i)
l1

> PM
(i)
l2
, the following formula is established

W
(i)
N (yN1 , ûi−1

1 [l1]|ûi
1[l1]) < W

(i)
N (yN1 , ûi−1

1 [l2]|ûi
1[l2]). (3.9)

From Eq. (3.9), the PM is inversely proportional to the path transition prob-

ability. For any decoding path, the greater the transfer probability, the higher the

probability that the path is the correct path, and the smaller the PM value. Based

on this, the best L path can be selected from 2L paths for subsequent decoding.

Eq. (3.8) can be further simplified as

PM
(i)
l ≈

{
PM

(i−1)
l , ûi[l] = δ(L

(i)
N [l])

PM
(i−1)
l + L

(i)
N [l], ûi[l] ̸= δ(L

(i)
N [l])

(3.10)

where, δ(x) = 1
2
(1 − sign(x)), PM

(0)
l = 0. If frozen bits are taken into account

during decoding, the above formula can be written as
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PM
(i)
l ≈


PM

(i−1)
l , ûi[l] = δ(L

(i)
N [l])

PM
(i−1)
l + L

(i)
N [l], ûi[l] ̸= δ(L

(i)
N [l])

+∞, i /∈ A and error in decoding of ui

(3.11)

The decision formula of the information bit is as follows

ûi = δ(L
(i)
N (yN1 , ûi−1

1 )). (3.12)

In sum, SCL decoding algorithm is a breadth-first search algorithm. When the

algorithm is implemented, it first expands, then prunes, and finally reaches the leaf

nodes. In the decoding process, the decoding performance is improved by reserving

multiple paths, but the complexity of the algorithm is also greatly increased due

to the increase in the number of paths.

CA-SCL is an optimization algorithm of SCL. CRC is a typical channel error

detection method, which is highly operable and effective and thus widely used in

the practical communication system. In CA-SCL decoding, a CRC bit sequence is

added at the end of the sender’s message through a specific calculation method,

and the receiver can check whether the recovered data is wrong based on the CRC

bit sequence.

CA-SCL first performs SCL decoding on the received codeword. Among the

reserved multiple paths, the first path that passes CRC verification is selected as

the output decoding result [23], not the path with the smallest PM. If the length

of the original information bit sequence is k and the length of the added CRC bit

sequence is m, the whole K polar code information bits can be obtained, where

K = k+m. After polar encoding, the complete polar codeword with length N can

be obtained.

Denote the set of paths reserved in the i-th layer of the polar code tree of as

L(i), and the specific steps of CA-SCL decoding scheme with L paths are as follows:

(1) Initialize: The initial path set of the root node, that is, the path set of

layer 0, is empty, and the PM value is 0.

(2) Expand: For each sequence in the list, two sequences of length i are gen-

erated which are corresponding to the decoding bit is bit “0” and “1” respectively

(i.e. L(i) = {(di−1
1 , di)|di−1

1 ∈ L(i−1), di ∈ {0, 1}}). For each di ∈ L(i), update PM.

(3) Compete: If the number of paths generated in the previous step is greater
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than L, those paths with the larger PM values will be discarded, and only L paths

with the smaller PM values will be retained. If the number of paths is no more

than L, proceed to the next step.

(4) CRC aided decoding: Repeat step (2) and step (3) until SCL decoding is

completed. Sort paths according to their PM values from small to large, and then

extract the CRC bit sequence added at the end of each output information bit

sequence for CRC verification. If the information bit sequence generated by one

path passes the CRC verification, the decoding will be terminated immediately,

and this result is selected as the decoding output. If the last path does not pass

CRC verification, the result generated by the first path will be selected as the

decoding output.

CA-SCL decoding algorithm provides a simple prior information for the final

decoding output by adding CRC bit sequence after the original information bits,

and has better decoding performance than the original SCL algorithm. However,

compared with the original SCL decoding scheme, due to the addition of CRC

bits and the calculation for CRC verification, the decoding throughput of CA-SCL

decreases and the decoding complexity of CA-SCL increases.

3.1.3 SC-Flip Decoding Algorithm

When the code length of a polar codeword is limited, the subchannels cannot

be fully polarized and some information bits cannot be correctly decoded. When

an error occurs in decoding one information bit, considering that the SC decoder

needs to use the estimated value of the previous information bit when decoding the

subsequent information bits, it will lead to more serious error transmission. If the

bit decision value of the first error can be corrected before decoding the subsequent

bits, the error rate can be reduced. Based on the above idea, SC-Flip algorithm

was proposed in [24]. When the CRC verification fails, SC-Flip scheme will try

to correct the first wrong bit. Under the condition of high SNR, the calculation

complexity of SC-Flip algorithm is close to the original SC decoding, but it can

obtain more ideal decoding performance than the original SC algorithm.

The first wrong bit usually appears in the key set [25]. Figure 3.3 shows a

full binary tree with code length N=16, whose 16 leaf nodes represent the input of

the polar encoding module successively. The black nodes and white nodes denote

information bits and frozen bits, respectively. If all child nodes of a parent node
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Figure 3.3: The key sets used in SC-Flip.

are black/white, the parent node should also be marked as black/white. If there

are both black and white child nodes of a parent node, it is marked with gray. If

the parent node of a black node is not black, the one with the lowest sequence

number of its corresponding information bits belongs to the key set, as the nodes

marked in Figure 3.3. It can be observed that whether a node belongs to the key

set only depends on its position, and the first failed decoded bit in SC decoding

is almost in this set. Therefore, the SC-Flip algorithm can be simplified by only

flipping the specific bits.

3.2 BP-based Decoding Algorithms

3.2.1 BP Decoding Algorithm

According to the principle of polar encoding, the construction of polar codes

is a problem of selecting polarization channels, and the selection of polarization

channels is actually based on the optimal SC decoding performance. According to

the polarization channels transition probability function, each polarization channel

is not independent of each other but has a definite dependency: the polarization

channel with a large serial number depends on all polarization channels with a

smaller serial number. Based on this dependence between polarization channels,

when SC decoding algorithm makes decoding decisions for each bit, it needs to

assume that the decoding results of the previous bits are correct. And it is in SC

decoding algorithm that the polar codes are proved to reach the channel capacity.
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Therefore, for polar codes, the most suitable decoding algorithm should theoret-

ically be based on SC decoding. However, in the case of finite code length, due

to incomplete channel polarization, there will still be some information bits that

cannot be decoded correctly. When an error occurs in the decoding of the previous

information bits, it will lead to a more serious error delivery since the SC decoder

needs to use the estimated values of the previous bits when decoding the next bit,

thus for polar codes with finite code length, SC-based decoders may not achieve

ideal performance. In addition, due to the serial decoding structure of SC-based

decoding methods, the longer the code length, the longer the latency will be, which

makes it inefficient for some real-time systems. To obtain low decoding latency,

Arıkan arose a BP decoding algorithm for polar codes in [8].

BP decoding algorithm which features parallel decoding structure is more fea-

sible in terms of application for long codes decoding. In BP decoding, each bit can

be decoded at the same time due to the parallel architecture of BP decoder. The

iterative BP decoding of polar codes is based on the factor graph. If the impact of

some short loops on the factor graphs is negligible, the decoding of each bit can be

considered independent without mutual influence. However, in SC-based decoding

algorithms, whether the present bit can be decoded correctly is totally affected by

the previous bits, which means once one bit is decoded incorrectly, all following

bits will be interfered. Therefore, compared with SC-based decoding algorithms,

BP decoder process each bit in parallel and ‘independently’, which greatly reduces

the decoding time and calculation complexity.

Figure 3.4: BP factor graph (left) and processing element (right).

Figure 3.4 shows the factor graph of P(8,4). The nodes at the leftmost column

represent the expected bit sequence ûN
1 , among which red ones denote frozen bits.

Nodes at the rightmost column denote the expected construction codeword x̂N
1 . All
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other black nodes in the factor graph are hidden nodes which are used to complete

message processing and transmission. Two kinds of messages are propagated over

the whole factor graph, that are left-to-right messages (R-messages) and right-

to-left messages (L-messages). All R-messages of frozen nodes are initialized as

+∞, and the L-messages of x̂N
1 can be initialized with the LLR of the received

codeword yN1 . Any other node messages without prior knowledge will be initialized

as 0. During each iteration, the L-messages and R-messages are propagated from

stage to stage throughout the whole factor graph, and updated in each processing

element (PE) as follows


Rout,1 = f(Rin,1, Lin,2 +Rin,2)

Rout,2 = f(Rin,1, Lin,1) +Rin,2

Lout,1 = f(Lin,1, Lin,2 +Rin,2)

Lout,2 = f(Rin,1, Lin,1) + Lin,2

(3.13)

where, f(x, y) = ln 1+ex+y

ex+ey
≈ sign(x)sign(y)min(|x|, |y|). The expected bits can be

acquired by

L(ûi) = Li,1 +Ri,1, (3.14)

L(x̂i) = Li,n+1 +Ri,n+1. (3.15)

The decoding result is decided as

ûi =


0, i /∈ A
0, i ∈ A and L(ûi) ≥ 0

1, otherwise

(3.16)

x̂i =

{
0, L(x̂)i) ≥ 0

1, otherwise
(3.17)

The iterative decoding will stop when x̂ = û ·G, or the predetermined number of

iterations, denoted as Nit,max, has been reached.

Compared with SC decoding, BP decoding achieves much higher throughput

and lower latency due to its parallelism. By transferring and updating the soft

messages between different layers of the factor graph in parallel, the confidence

level can be improved and the goal of correct decoding can be achieved. However,

BP decoding introduces a higher computational complexity and degraded error-rate



28 3.2. BP-based Decoding Algorithms

performance compared with SC decoding. Many efforts have been made to help

performance improvement of polar BP decoding [11], [13], [26]-[29]. Among them,

BPL decoding [11], [26], [28], [29] has been considered as an effective scheme to

achieve impressive error-rate performance. To solve the problem of high complexity

and latency, an LDPC-like polar BP decoder was proposed in [27]. In Section 3.2.2

and Section 3.2.3, the above two improved BP-based decoding schemes and their

superiority and inferiority will be introduced.

3.2.2 BPL Decoding Algorithm

It is shown in [16], [30] that for a factor graph of polar code with code length

N = 2n, there exists n stages and thus n! different representations corresponding

to different permutations of the original factor graph. A permuted factor graph

can be represented by a vector Π = permute(n), in which the order of elements

describes the order of stages after permutation (i.e., for the original factor graph,

Π = [0, 1, ..., n − 1]. In this manner, the original factor graph of P(8,4) and one

stage permuted representation of that are demonstrated in Figure 3.5.

Figure 3.5: The original BP factor graph and its one corresponding permuted
factor graph for P(8, 4).

It is proved that permuting stages within a polar factor graph does not change

the encoded codeword when information bits and frozen bit places stay the same

[31], while having a huge influence on the decoding performance. Stage permutation

of factor graph can help solve error floor problem [32] and obtain performance

improvement, due to changing the properties of short loops in the decoding graph.

In the initial BPL decoding scheme, if the decoding based on one factor graph

fails, another different permuted factor graph will be employed for the decoding

operation, where the latter permuted factor graph is randomly selected [26]. To
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optimize the above process, a permuted factor graph selection method was proposed

in [12] to choose the better graph selectively in case of decoding failure. It is noted

that in the above studies, these permuted factor graphs are utilized in a sequential

manner until a correct codeword is obtained, which is similar to the decoding

structure of SC/SCL. As a result, the throughput of this multiple permutations

decoding scheme much decreased than the original BP decoder which is based on

only one factor graph. The more the number of permuted factor graphs used in

BPL, the lower the throughput of the decoding. In order to solve the above issue,

a BPL decoder featuring the parallel decoding structure was proposed in [11].

Figure 3.6: The diagram of BPL decoding scheme for polar codes.

Figure 3.6 shows the diagram of BPL decoding. L parallel independent BP

decoders based on different permuted factor graphs are combined to operate decod-

ing at the same time by using the same received symbol. These permuted factor

graphs are generated by l (1 ≤ l ≤ L) cyclic shifts of the original factor graph.

G-matrix is used as early stopping criterion. Those decoded results which can pass

the G-matrix verification will be then compared to the received symbol in terms

of Euclidean distance, and the result with MED to the received codeword will be

selected as the final output of BPL decoder.

Compared with the original BP decoding, BPL decoding achieve improvement

in error-rate performance and latency (since the average iterations required of BPL

are usually fewer than that of the original BP). Some follow-up studies focus on

finding better list construction methods, as methods discussed in [33], [34], [35]

which lead to faster convergence, and algorithms proposed in [13], [14], [28], [29]

which help achieve further performance gains. However, in terms of calculation
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complexity, BPL decoding has a multiple growth compared with the original BP

decoding, due to the utilization of multiple BP decoders. This matter makes it

difficult to apply BPL decoding in the actual systems, especially those with limited

computing power.

3.2.3 LDPC-like BP Decoding Algorithm

LDPC code is a communication coding method proposed by Gallager in 1962

[4]. Today, with the rapid growth of information transmission rate, LDPC codes

have broad application prospects. At present, in the field of 5G communication,

LDPC codes and polar codes are equally popular and are the current research

hot spot [36], [37], [38], [39] which have the possibility to replace turbo codes in

the near future. LDPC codes have significant advantages in decoding algorithm.

The construction and decoding of LDPC codes are both based on a sparse parity-

check matrix, denoted as H-matrix, in which most elements are “0” and only a few

elements are “1”. This feature can help to reduce a lot of computation and improve

decoding efficiency in the decoding process. At the same time, the sparse matrix

makes the influence of continuous burst errors on decoding small. On FPGA, the

algorithm has good parallelism and low hardware complexity, which enables LDPC

codes to become the most popular codes applied in industry and arises continuous

research enthusiasm in the academic community. At present, the main decoding

algorithms of LDPC include BP/log-BP algorithm and min-sum algorithm. In

order to combine the advantages of LDPC code and polar code, many studies have

focused on the joint use of these two coding schemes. In [40], the concatenation of

the inner LDPC codes with the outer polar codes was investigated, where the usage

of polar codes were to remedy the error floor of LDPC codes. Concatenations of

polar codes with outer LDPC codes were studied in [41] to improve the performance

of polar codes with finite length. At the same time, it is found that BP algorithm

has great mobility when decoding these two codes, which becomes the important

foundation of the LDPC-Polar joint system. In [42], based on BP decoding for polar

codes, the concatenation framework with the outer LDPC codes was discussed,

where a set of encoded bits of a polar codeword is chosen to be protected by an

outer LDPC codeword. The research in [43] focused on the dependence among

the information bit errors and arose a method to break the dependence through

the outer LDPC codes. Some research mainly dedicated to analysis about BP

factor graph shows that the existing factor graph has redundancy. Authors in [44]



Chapter 3. Polar Code Decoding Schemes 31

propose a low-complexity calculation method, in which the update of messages can

be calculated by the local structure composed of some nodes as a whole but not

node by node.

Figure 3.7: The original BP factor graph and the corresponding dense graph
for P(8,4).

Figure 3.8: Converting the original BP factor graph to LDPC-like sparse graph
for P(8,4).

The traditional n-stage polar BP factor graph can be converted to the LDPC-

like structure as in Figure 3.7. However, its dense nature causes poor performance.

In [27], an LDPC-like BP decoder was proposed to present a sparse representation

of the original BP factor graph. A BP factor graph can be transformed to an

LDPC-like sparse graph by expanding all stages, as shown in Figure 3.8, where the

black VNs are hidden VNs (HVNs) and the green VNs are channel VNs (CVNs). It

can be found that there are N · (n+1) VNs and N ·n CNs for code length N polar

code with n stages. LDPC decoding is also based on message iterative updates.

The CN update can be calculated as
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yc→v =
∏

v′∈Vc/v

sign(xv′→c) ·ϕ

 ∑
v′∈Vc/v

ϕ(|xv′→c|)

 , (3.18)

where ϕ(x) = ϕ−1(x) = − log(tanh(x
2
)). The above equation can be simplified into

yc→v =

 ∏
v′∈Vc/v

sign(xv′→c)

( min
v′∈Vc/v

|xv′→c|
)
. (3.19)

The VN update can be computed as

xv→c = Linit
v +

∑
c′∈Cv/c

yc′→v, (3.20)

where Linit
v denotes the prior knowledge of VN v. The specific value can be calcu-

lated also by LLR of the received symbols as Lch,i = log P (xi=0|yi)
P (xi=1|yi) .

Owning to the sparse feature of LDPC decoding graph, LDPC decoding itself

has faster message update speed and simpler hardware implementation than the

original polar BP decoding, which makes the LDPC-like BP decoding method

meaningful and valuable for practical applications. However, in the simulations of

LDPC-like BP decoding algorithm [27], its decoding performance is worse than that

of the original BP decoder. The first reason is that although the approximation

calculation can be the same as original message calculation theoretically, it will

still have a small gap in practical simulation. Especially with long code length and

big iteration number, the accumulation of gap will be more obvious, which leads to

the larger gap with the performance of original BP decoding. The second reason

is that the transformed sparse graph is just LDPC-like but not the same as the

original LDPC decoding graph based on H-matrix. There are usually more short

loops in the LDPC-like sparse graph than the conventional LDPC Tanner graph,

which causes negative impact on decoding performance. At present, there is none

research on optimizing the decoding structure of LDPC-like BP decoder.

3.3 Summary

In this chapter, we provide an extensive exploration of polar code decoding

schemes, aiming to offer a comprehensive understanding of some common polar

decoding methods within the context of modern communication systems. The
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chapter is organized into two major sections. Chapter 3.1 introduces the fun-

damental SC-based decoding scheme and its variants, such as SCL and SC-Flip,

which enhance error correction capabilities under specific conditions. We further

present some vulnerabilities of the adoption of SC-based algorithms in the practical

communications, such as high complexity, long decoding latency and error prop-

agation. Then, in Chapter 3.2, we discuss the principles of BP decoding and its

variants, including BPL and LDPC-like BP schemes. We show that BP decoding

can be faster and more flexible in its application. Nevertheless, when compared

with SC decoding, BP decoding exhibits limitations in error correction, especially

for short codes. These observed challenges serve as the motivation behind our quest

to explore optimized polar decoding solutions.
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The Proposed BP-SGL Decoding

of Polar Codes

In this chapter, we will present a novel polar code decoding scheme. To begin,

we will provide an overview of the scheme’s background knowledge and its fun-

damental framework. Subsequently, we will elaborate the specific implementation

methods. Lastly, we will showcase the benefits of the proposed scheme through

simulation results.

4.1 Preliminaries

We hope to improve the decoding performance of the LDPC-like BP decoding

while retaining its advantages of low complexity and low implementation difficulty.

In order to explore the characteristics of LDPC-like sparse graphs, we first take

P(8,4) as an example for analysis. There are total (log2 8)! permuted factor graphs

and thus six LDPC-like sparse graphs converted from the corresponding permuted

factor graphs. By comparing their structures, it is found that there are three pairs

of identical sparse graphs, and these different three graphs can be essentially the

same by changing the position of nodes.

Two among these six sparse graphs are shown in Figure 4.1 and Figure 4.2,

respectively. The sparse graph in Figure 4.1 is transformed from the original BP

factor graph with Π=[0,1,2] and we mark each variable node with a serial number

from 1 to 8. The sparse graph in Figure 4.2 is transformed from one permuted

BP factor graph with Π=[1,2,0]. Observing the edges between VNs and CNs, we

find that it a one-to-one correspondence can be established between the VNs in

34
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Figure 4.1: Sparse graph converted from factor graph with Π=[0,1,2] for
P(128,64).

Figure 4.2: Sparse graph converted from factor graph with Π=[1,2,0] for
P(128,64).

these two sparse graphs, as marked above. A loop passing through the VNs with

the same numbers can be considered logically identical. Obviously, the received

bits involved in the logically identical loops in these two sparse graphs are changed

due to the permutation of VNs. Therefore, the decoding result of LDPC-like BP

decoder based on one sparse graph may be better than that based on another sparse

graph for the same received codeword. Considering the performance improvement

of BPL decoding over the original BP decoding, list decoding scheme may also

be beneficial to improve the decoding performance of LDPC-like BP decoder. We

thus propose a BP-SGL decoding scheme for polar codes.

How to select effective sparse graphs to construct the sparse graph list is the

most important factor that decides the performance of the BP-SGL decoder. As

mentioned before, many BPL generation methods have been proposed. However,
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these existing BPL generation methods are only applicable to evaluate BP factor

graphs, not LDPC-like sparse graphs, and cannot guarantee a globally optimal list.

By “a globally optimal list”, we mean the following scenario: There are totally k

lists, and we can select the best list based on the evaluation of each list. For

example, [13] selects the best L permuted factor graphs by ranking the upper error

bounds of each graph, where the evaluation object is each factor graph, not a list

as a whole. Similarly, the list selection scheme in [28] by ranking the quality of

legitimate “decoding lists” is also based on the evaluation of each factor graph,

not a list as a whole. [29] constructs a list by “finding optimal permutations”, not

the optimal list. Even though [14] selects a list based on the evaluation of each

list, it cannot guarantee a globally optimal list unless it can traverse all randomly

generated lists, which is impossible in actual calculations (e.g.
(
127
7

)
≈ 9 × 1010

randomly generated lists for code length 128). Therefore, it is critical to explore

an effective algorithm for sparse graph list generation.

In the initial experiment, it is observed that many LDPC-like BP decoders

based on different sparse graphs tend to generate the same decoding result for the

same received codeword by a high probability. Take P(128,64) as an example.

There are 7! = 5040 sparse graphs and after removing the duplicated ones, there

are 2384 graphs remaining. We first select the first sparse graph, converted from

the original factor graph, to build an LDPC-like BP decoder, and input a certain

number of known samples, which can be considered as received codewords, to it,

then collecting all unsuccessfully decoded samples as a dataset. It is obvious that

this first sparse graph is not applicable for decoding those codewords in the dataset.

To find valid sparse graphs for successfully decoding samples in the dataset, the

necessary condition is that there are sparse graphs whose decoding results of sam-

ples in the dataset differ from the original incorrect results. We then use all the

other 2383 sparse graphs to decode these codewords in the dataset. Surprisingly,

it is found that there are a large number of repetitions within the decoding re-

sults, and the number of different decoding results is limited. The grouping results

of these 2384 sparse graphs according to their decoding results are shown in Fig-

ure 4.3. Considering that the decoding results generated based on sparse graphs

within the same group are likely to be the same, the sparse graph list for P(128,64)
can be simply constructed by picking out one sparse graph from each group.

The above analysis shows that there may be some correlation between these

sparse graphs. Thus, it will become a reasonable mechanism to efficiently select
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Figure 4.3: Sparse graphs grouping for P(128,64).

sparse graphs based on their correlation.

4.2 Details of the Proposed Decoding Scheme

4.2.1 List Generation Algorithm

Theoretically, the upper performance limit of BP-SGL decoding is to add all

sparse graphs to the list. However, considering the implementation complexity and

processing capacity of the actual system, the size of the list is not allowed to be

too large. In order to approach the optimal decoding effect under the restriction of

limited list size, the sparse graphs with low structural similarity should be selected

as more as possible to form the list. From the perspective of a received codeword,

if it can not be decoded correctly based on one sparse graph, those sparse graphs

with high similarity to this one are very likely to produce the same wrong decoding

result, which not only makes no contribution to decoding performance improvement

but also causes waste of computing resource due to duplicate contribution. Thus,

the lower the structural similarity between sparse graphs in the list, the better the

overall performance of the list.

A graph G(V,E), where V and E are respectively the vertex set and edge

set, can be represented by an adjacency matrix Jadj. Under the condition that

the sparse parity-check matrix Hspa of each sparse graph is known, which is given

after LDPC-like BP pruning, Jadj of a sparse graph can be expressed as Jadj =(
0 Hspa

HT
spa 0

)
. Graph kernel [45] is a typical graph similarity evaluation method,
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where a kernel matrix is constructed based on Jadj to describe the similarity rela-

tionship between graphs. Referring to this idea, we use a low-dimensional dense

similarity description vector s to label each sparse graph.

Assuming that there are T sparse graphs to be compared, each sparse graph

can be labeled by a vector s ∈ R1×T . A similarity description matrix S ∈ RT×T ,

each row of which is a similarity description vector corresponding to a sparse graph,

can fully describe the similarity between any two sparse graphs. In specific, Sij,

the element at i-th row and j-th column in S, describes the similarity between the

i-th sparse graph and the j-th sparse graph. The label vector s can be obtained by

cosine similarity calculation, which is a technique for finding the similarity between

two vectors [46]. Cosine similarity is derived by using the Euclidean dot product

formula

a ·b = ∥a∥ ∥b∥ cos(θ). (4.1)

The cosine similarity s of two vectors a and b is defined as

s ⟨a,b⟩ = cos(θ) =
a ·b
∥a∥ ∥b∥

. (4.2)

Considering the difference in matrix dimensions, centered cosine similarity calcu-

lation is applied in the actual simulation. Centered cosine similarity calculation

is an improvement of the original cosine similarity calculation in the condition of

dimension missing, and can be calculated by

s ⟨a,b⟩ =
∑n

i=1(ai − ā)(bi − b̄)√∑n
i=1(ai − ā)2

∑n
i=1(bi − b̄)2

, (4.3)

where ā and b̄ represent the average of vector a and b, respectively. Converting

each Jadj into a one-dimensional vector, S can be obtained by using Eq. (4.3).

KPCA [47] method is performed to generate a visual low-dimensional matrixV

by extracting the most important information contained in S. Figure 4.4 shows the

visualization result ofV for P(128, 64). Two principal components PC1 and PC2 of

each s are extracted based on the sigmoid kernel function and the Laplacian kernel

function, respectively. In a physical sense, PC1 and PC2 denote two directions in

which the projection variances of all label vectors are maximum. In a mathematical

sense, PC1 and PC2 represent the two largest eigenvectors of the covariance matrix

of S. According to Figure 4.4, sparse graphs of P(128, 64) can be clustered into 4
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Algorithm 1: BP-SGL Generation Algorithm
Input :

N , n, K, A; // Parameters of the polar code.
L; // Number of sparse graphs (SGs) in the list.
Πi, 1 ≤ i ≤ n!; // Stage permutations.
numComponent, kernelFunction; // Parameters of KPCA.

Output : L|BP−SGL|; //BP-based sparse graph list.

1: // Initialization.
2: Hspa←∅; // A set of sparse parity check matrix Hspa.
3: Jadj←∅; // A set of adjacency matrix Jadj.
4: L|BP−SGL|←∅;
5: // Generate Hspa.
6: for i = 1, 2, ..., n! do
7: Hi

spa = GenerateSG(N , K, A, Πi);
8: Hi

spa = ZeroPadding(Hi
spa); // Make all Hi

spa the same size.
9: Hi

spa = SortRows(Hi
spa); // Permute rows in Hi

spa.

10: if IsNotEqual(Hi[HVNs]
spa , ∀ Hspa ∈ H[HVNs]

spa ) then
11: // H[HVNs] means the part in H corresponding to HVNs.
12: Hspa ← Hi

spa; // Delete duplicate Hspa.
13: end if
14: end for
15: // Generate Jadj.
16: T = |Hspa|; // Number of Hspa in Hspa.
17: for i = 1, 2, ..., T do
18: Ji

adj = ConvertToAdj(Hi
spa);

19: Jadj ← Ji
adj;

20: end for
21: // Generate similarity description matrix S.
22: for i = 1, 2, ..., T do
23: Ji

adj=Flatten(Ji
adj); // Flatten into one dimension.

24: for j = 1, 2, ..., T do
25: Jj

adj=Flatten(Jj
adj);

26: Sij = s(Ji
adj,J

j
adj) by Eq. (5);

27: end for
28: end for
29: // Group SGs by KPCA.
30: KPCA = BuildModel(numComponent,kernelFunction);
31: V = Kernal PCA.train(S); // Extract information from S.

32: G[k]|SG| = Group(V); // k groups generated.

33: // Select SGs to construct the list.
34: for i = 1, 2, ..., minimum(L,k) do
35: L|BP−SGL| ← SG ∈ Gi|SG|;
36: end for
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Figure 4.4: Sparse graph grouping results based on the sigmoid kernel function
(left) and the Laplacian kernel function (right) for P(128,64).

groups. Pick out one sparse graph from each group and finally a list containing L

(i.e. L=4 in the case of Figure 4.4) sparse graphs can be constructed. The detailed

BP-SGL generation algorithm is presented in Algorithm 1.

4.2.2 Validity Test of the Generated List

The clustering results of sparse graphs based on two different kernel functions

are completely the same, as shown in Figure 4.5. It indicates that the constructed

similarity description matrix S truly contains effective structural similarity infor-

mation of the sparse graphs, and the main features extracted by KPCA can help

distinguish sparse graphs with different structural features. According to the above

clustering results, sparse graphs of P(128, 64) can be clustered into four groups.

The list can be constructed by picking out one sparse graph from each group. In

our simulation, the sequence of the final selected sparse graph is #1, #2, #10,

#403. It is found that #1, #2 and #10 belongs to three groups in Figure 4.3

respectively. It indicates that selecting sparse graphs according to the clustering

results can indeed cover the graphs with different structural features.

More validation tests are performed, as shown in Figure 4.6. Let c = |DT∩DL|
|DT |

describe the coverage of the list for all possible decoding results of a codeword,

where set DT contains decoding results of a codeword by all T sparse graphs and

set DL contains decoding results of the same codeword by the list with L sparse

graphs. Testing results show that the average of c, denoted as c̄, is at least 98.4%

at different testing SNRs.

From another perspective, the non-coverage rate (NCR) of the generated list,

which can be considered as the lower-bound on BLER of BP-SGL and can be
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Figure 4.5: Statistics of sparse graph grouping results (Figure 4.4) based on
the sigmoid kernel function (upper) and the Laplacian kernel function (under)
for P(128,64).

Figure 4.6: List grouping validity testing for P(128,64) at different SNRs; Test
num denotes the number of codewords tested.

Figure 4.7: Non-coverage rate (NCR) of the generated sparse graph lists.
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calculated by 1-c̄ as shown in Figure 4.7, is extremely low. It means that the

decoding contribution of the list containing L (L≪ T) SGs is almost equivalent to

that of all T SGs. Adding any other sparse graph to the list hardly contributes to

decoding performance improvement, since its decoding result will almost certainly

be the same as at least one of the results produced by the list. As Figure 4.7 shows,

the decoding performance of BP-SGL with list size 4, 8, and 16 for P(128,64) is

almost the same. Using different polar code design parameters, such as changing

the d-SNR, the above conclusion is still established. It indicates that the proposed

BP-SGL generation algorithm can not only select the effective sparse graphs but

also avoid calculation redundancy.

4.3 Performance Evaluation

In this section, we compare the error-rate performance and complexity and

latency between some existing BP-based polar decoding algorithms and the pro-

posed BP-SGL decoding. We carry out the system simulation and experiment on

MATLAB. The system architecture of the simulation is presented in Figure 4.8.

About the polar encoder, we generate the polarization channels based on the Bhat-

tacharyya parameter with a d-SNR of 0 dB, which enables the structure of joint

channels to be the fixed and known information. The maximum iterations is fixed

as Nit,max = 200. u denotes the information bit sequence with the fixed frozen

positions. x is the encoded polar codeword. BPSK modulation is applied as the

modulator. The simulation is executed on AWGN channels, thus the channel noise

distribution conforms to Gaussian distribution, and noise added on each bit is the

independent noise point which is irrelevant to each other. In the receiving end, s̃

denotes the received signal mixed with channel noise. A list of decoding results

can be generated by the BP-SGL decoder, and the final output will be obtained

after the post verification.

4.3.1 Error-rate Performance Comparison

The BLER performance comparisons between the proposed BP-SGL and some

typical BP-based decoding schemes are presented. Figure 4.9 and Figure 4.10 show

the BLER comparison of Arıkan’s original BP, LDPC-like BP, the original BPL,

and our proposed BP-SGL for P(128,64) and P(256,128), respectively.
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Figure 4.8: System framework of simulation.

Figure 4.9: BLER comparison between Arıkan’s original BP [8], LDPC-like BP
[27], BPL (cyclic-shift) [11], and the proposed BP-SGL for P(128,64); Nit,max =
200.

Figure 4.10: BLER comparison between Arıkan’s original BP [8], LDPC-
like BP [27], BPL (cyclic-shift) [11], and the proposed BP-SGL for P(256,128);
Nit,max = 200.
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Results show that the proposed BP-SGL decoder has 0.2 dB and 0.17 dB

performance gains over the LDPC-like BP decoder and the original BP decoder,

respectively. When compared with the original BPL (cyclic-shift) decoding, it

can be observed that the proposed BP-SGL achieves 0.1 dB performance gain

over BPL (cyclic-shift) in the high SNR region. LDPC-like BP decoder has poor

performance due to error accumulation caused by some short loops on one sparse

graph. Such error may be effectively reduced by decoding on another sparse graph

with a more appropriate structure. Therefore, the proposed BP-SGL decoder has

a great performance improvement over the LDPC-like BP decoder and can even

outperform the BPL (cyclic-shift) decoder.

Further comparison between SOTA BP-based decoding algorithms [28], [48]

and the proposed decoding scheme is presented in Figure 4.11. It can be observed

that the proposed BP-SGL can outperform BPL (EXIT-Chart) [28] when Eb/N0 >

3.6 dB, and can achieve near 0.1 dB performance gain at around BLER = 10−4.

To visually show the performance gain brought by the list selection scheme, we

compare the EXIT-Chart aided selection method and our proposed list selection

method, for SGL with list size L = 8. As shown in Figure 4.11, under the same

decoder architecture, our generated BP-SGL can achieve 0.14 dB performance gain

over EXIT-Chart based SGL.

Figure 4.11: BLER comparison between SOTA BP-based decoding algorithms
[28], [48] and the proposed BP-SGL.
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Deep learning methods have shown great value in many aspects such as signal

and image processing, object detection and tracking, speech processing, and be-

havior recognition. It has also become a popular trend to improve traditional com-

munication technology by using deep learning methodologies. Many deep learning

aided BP-based decoding schemes have been explored in recent years [48], [49], [50].

As shown in Figure 4.11, the proposed BP-SGL can obtain 0.1 dB performance gain

over NND proposed in [48] for P(64,32). It further presents the superiority of the

proposed decoding method.

4.3.2 Complexity and Latency Analysis

In order to quantitatively compare the complexity, the number of additions,

multiplications and comparisons in one iteration of decoding are counted. For

BPL decoding, there are L · 2N · log2N additions, multiplications and comparisons

in one iteration, where L is list size and N is code length. For the proposed

BP-SGL, let Dvi and Dcj denote the degree of VN vi and CN cj in the sparse

graph, respectively. It can be calculated that in one iteration of BP-SGL decoding,

there are L ·
∑num(VN)

i=1 2Dvi additions and L ·
∑num(CN)

i=1 Dcj(Dcj − 2) comparisons.

To facilitate the overall comparison of complexity, we use the number of floating

point operations (FLOPs) required to quantify the calculation complexity [51]. In

specific, each addition/comparison requires two FLOPs and each multiplication

requires six FLOPs.

Table 4.1: Complexity and latency comparison between BPL (cyclic-shift) [11]
and the proposed BP-SGL at BLER = 10−3.

Polar codes Decoder
Iterations

Complexity
(×105 FLOPs)

Latency
(CCs)

Iavg Imax Cavg Cmax tavg tmax

P(128,64)
Proposed BP-SGL 6.2 9.0 1.4 2.1 12.4 18.0

BPL (cyclic-shift) [11] 2.6 4.0 1.9 2.9 36.4 56.0

P(256,128)
Proposed BP-SGL 8.4 12.0 7.0 10.0 16.8 24.0

BPL (cyclic-shift) [11] 3.2 5.0 10.5 16.4 51.2 80.0

Table 4.1 compares the calculation complexity and decoding latency of the

original BPL (cyclic-shift) and the proposed BP-SGL at BLER=10−3. Both the
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average (i.e. Iavg, Cavg, and tavg) and the worst case (i.e. Imax, Cmax, and tmax) are

considered. Even though BP-SGL uses more iterations than BPL (cyclic-shift), it

has 26.3%∼33.3% lower Cavg and 27.6%∼39.0% lower Cmax compared with BPL

(cyclic-shift), due to less processing elements. The latency is quantified as the

number of clock cycles (CCs) during the decoding process and can be calculated

by 2 · I · log2N and 2 · I for polar-like BP decoding and LDPC-like BP decoding,

respectively, where I is the number of iterations. As Table 4.1 shows, the proposed

BP-SGL has 65.9%∼67.2% tavg reduction and 67.9%∼70.0% tmax reduction over

BPL (cyclic-shift), due to its single stage structure, which gives BP-SGL advantages

in real-time systems.

Table 4.2: Complexity and latency comparison between SOTA BP-based al-
gorithms [28], [48] and the proposed BP-SGL at BLER = 10−3.

Polar codes Decoder
Iterations

Complexity
(×105 FLOPs)

Latency
(CCs)

Iavg Imax Cavg Cmax tavg tmax

P(256,128)
Proposed BP-SGL 8.4 12.0 7.0 10.0 16.8 24.0

BPL (EXIT-Chart) [28] 3.1 5.0 10.2 16.4 49.6 80.0

P(64,32)
Proposed BP-SGL 4.6 6.0 0.3 0.4 9.2 12.0

NND [48] 5.0 5.0 0.4 0.4 60.0 60.0

Moreover, Table 4.2 shows that the proposed BP-SGL has 31.4% lower Cavg

and 66.1% lower tavg than BPL (EXIT-Chart). The reduction of Cmax and tmax

of BP-SGL over BPL (EXIT-Chart) can achieve 39.0% and 70.0%, respectively.

When compared with NND [48], the proposed BP-SGL can obtain 25.0% Cavg

reduction and 84.7% tavg reduction. Even considering the worst case, the proposed

BP-SGL has 80.0% lower tmax than NND and no increase in Cmax. In conclusion,

the proposed BP-SGL has much superior comprehensive performance, especially

in latency-sensitive and low computational budget application scenarios.

4.4 Discussion

In this section, we make a further discussion on some issues that may attract

people’s concern.
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• The flexibility about list generation: How easy is it to adjust the list genera-

tion may be one concern. In the simulation, the time spent on list construc-

tion is related to the specific code design parameters, mainly code length.

For code length 128 (with 7!=5040 sparse graphs) and 256 (with 8!=40320

sparse graphs), it takes about 1.2 and 10.5 hours to construct the list. What

we need to emphasize is that the above values are the time consuming for

constructing the optimal list. If only a sub-optimal list is required, which

does not search the entire space of (log2N)!, as the existing list construction

methods do, the time required will be greatly reduced. For example, if we fix

the number of sparse graphs to be classified as 3000, it only takes about 0.6

and 0.8 hour to construct the list for P(128,64) and P(256,128), respectively.
The shorter the code length, the less computing time is required. Considering

that polar codes are used for control channel, where code length between 20

to 200 is mainly considered, the time spent on BP-SGL construction for polar

codes is acceptable. In addition, the list construction is offline, which means

that for fixed parameters, the list only needs to be built once and does not

need to be searched again.

• The influence of Nit,max: In our simulation, we fix the maximum iteration as

Nit,max = 200. We show the influence of different Nit,max at Eb/N0 = 4 dB

in Figure 4.12 and Figure 4.13. It can be observed that with the increase of

Nit,max, the decoding performance gets better, while when Nit,max exceeds a

certain value (i.e. Nit,max = 80 for BPL (cyclic-shift) and Nit,max = 100 for

the proposed BP-SGL), the performance will not continue to improve. In the

meanwhile, BP/BPL decoding converges faster than LDPC-like BP/BP-SGL.

Figure 4.12: BLER comparison between Arıkan’s original BP [8], LDPC-like
BP [27], BPL (cyclic-shift) [11], and the proposed BP-SGL for P(128,64).
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Figure 4.13: BLER comparison between Arıkan’s original BP [8], LDPC-like
BP [27], BPL (cyclic-shift) [11], and the proposed BP-SGL for P(256,128).

We further present the decoding performance comparisons of BP-SGL with

different Nit,max in Figure 4.14. It can be found that at low SNRs, the de-

coding performance at larger Nit,max is better than that at smaller Nit,max.

With the increase of simulation SNR, the performances at different maxi-

mum iterations tend to converge. It indicates that in bad channel conditions

(i.e. low SNR region), The comprehensive benefit of using large Nit,max is

higher. While in good channel conditions (i.e. high SNR region), the cost

performance will be better by using a smaller Nit,max.

Figure 4.14: BLER performance comparison of the proposed BP-SGL under
different maximum iterations.

• Error-rate performance under different code rates : Whether it can perform

well under different code rates R is also a consideration dimension to measure

whether a decoding scheme is excellent. For this, we present the BLER

comparisons of the proposed BP-SGL and BPL (cyclic-shift), with R = 1/3

and R = 2/3 for P(128,64), in Figure 4.15. It can be found that with different
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code rates, the proposed BP-SGL always shows better BLER performance

than BPL (cyclic-shift) in the high SNR region.

Figure 4.15: BLER performance comparison between the proposed BP-SGL
with different code rates R for P(128,64).

• The influence of d-SNR: In the simulations, we set the d-SNR as 0 dB for

polar code construction, which is a commonly selected d-SNR under Bhat-

tacharya parameter method.

Figure 4.16: BLER performance comparison of LDPC-like BP decoding
[27] and the proposed BP-SGL based on different construction parameters for
P(256,128).

However, based on our extensive testing, we find that the best d-SNR for

LDPC-like BP decoding under Bhattacharya parameter is 3 dB, as shown in

Figure 4.16. It can be observed that the BLER performance of LDPC-like BP
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decoding based on d-SNR=3 dB is the same as that based on by-point SNR.

We thus further investigate the BLER performance of the proposed BP-SGL

under d-SNR = 3 dB. As shown in Figure 4.16, 0.4 dB performance gain can

be obtained by changing d-SNR from 0 dB to 3 dB. While in the same time,

because the structure of the sparse graph is changed due to different d-SNRs,

the calculation complexity per iteration of BP-SGL with d-SNR = 3 dB is

increased by 27.2% than that of BP-SGL with d-SNR = 0 dB.

• Adding CRC to the proposed decoding process : One big problem in SOTA

polar decoding is to find decoders that can benefit from CRC. In our simula-

tion, we try to add an outer CRC-6 code from 5G standard g(x) = x6+x5+1

to polar codes to help error detection and early termination. It is observed

that the proposed BP-SGL hardly achieves performance gain from the outer

CRC code, as shown in Figure 4.17.

Figure 4.17: Performance comparison between CRC-aided BP-SGL and BP-
SGL for P(128, 64).

One difficulty to apply the CRC-aided scheme for LDPC-like BP decoding is

that assuming the default code rate remains constant, the outer CRC code

needs to be placed into the original frozen position, which will change the

feature of some nodes in the original LDPC-like dense bipartite graph. Thus,

the pruning and merging standard needs to be adjusted accordingly, and it

is likely to disrupt the similarity grouping conclusion of sparse graphs. How

to well design CRC bits for BP-SGL decoding is an open problem worthy of

attention.
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• Performance evaluation on fading channel scenario: Since fading channels

are quite common in real-world scenarios, we also provide here a brief per-

formance comparison analysis under Rayleigh fading channel.

Figure 4.18: Performance comparison between the original BP [8] and the
proposed BP-SGL under Rayleigh fading channel (only amplitude considered)
for P(128, 64).

Figure 4.19: Performance comparison between the original BP [8] and the
proposed BP-SGL under Rayleigh fading channel (only amplitude considered)
for P(256, 128).

As shown in Figure 4.18 and Figure 4.19,we compare the BER and BLER

performance between our proposed BP-SGL decoding scheme and the original

BP decoding for P(128, 64) and P(256, 128), respectively, where we only

consider the signal amplitude attenuation caused by channel environment

(i.e. flat fading). It can be observed that the proposed decoding scheme still

exhibits a significant performance advantage when considering the influence
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of channel fading. This advantage is most prominent when observing BLER,

especially at very high SNRs.

Figure 4.20: Performance comparison between the original BP [8] and the
proposed BP-SGL under Rayleigh fading channel (only amplitude considered)
for P(256, 128).

In Figure 4.20, we further consider the normal fading scenario where ampli-

tude and phase both fluctuate. In such scenario, the performance further de-

teriorates, while the fact is still held that the proposed BP-SGL outperforms

the original BP. One thing to note is that different from the performances

on AWGN channel, in Rayleigh fading channel, the longer code length has

worse performance. This happens because we do not use multipath, so the

increase in code length also affects the number of bits that are interfered.

4.5 Summary

In this chapter, we first clarify the presence of redundancy, or repetition, within

the sparse graphs corresponding to the BP decoding graphs of a fixed code length.

Based on that, we develop a sparse list generation algorithm in Chapter 4.2 to help

produce a list decoder with the globally optimal decoding performance. We pro-

vide detailed algorithmic steps and explanations and demonstrate the effectiveness

of the proposed algorithm. In Chapter 4.3, we compare our proposed decoding

scheme with existing decoding schemes, also with some SOTA solutions, in terms

of both error rate and computing complexity. Comprehensive simulation results

indicate that our proposed scheme achieves an improvement in error rate while

simultaneously reducing complexity and latency. To further enhance our work, in
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Chapter 4.4, we conducted additional discussions regarding the impact of other

design parameters and different channel models during the simulation process and

the fading channel scenario. These discussions and analyses, while highlighting our

contributions, also pointing out areas where further consideration and improvement

can be made.
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Conclusion

5.1 Summary

In this thesis, we first introduced the background of the research in Chap-

ter 1. The basic concept and construction principle of the 5G polar codes were

presented in Chapter 2. Also, the polar encoding method was shown in Chapter 2.

In Chapter 3, several typical polar decoding algorithms and their specific imple-

mentation processes were introduced. Two SOTA polar decoding schemes (i.e.

BPL decoding, and LDPC-like BP decoding) were also discussed in Chapter 3.

The BPL decoder has performance improvement over the traditional BP decoder

but much higher complexity, and the LDPC-like BP decoder contributes to the

complexity and latency reduction but it has performance degradation compared to

the original BP decoder. In Chapter 4, with the purpose of combining the strong

points of both the list decoding method and the LDPC-like BP decoding algo-

rithm, we propose the BP-SGL decoding method for the first time. A sparse graph

list generation algorithm based on graph similarity comparison was presented for

the first time. Considering that the graph selection criteria used by the existing

BPL construction methods are only applicable to evaluating BP factor graphs, not

LDPC-like sparse graphs, and can not guarantee a globally optimal list, we propose

a sparse graph selection scheme to generate a sparse graph list with good overall

performance. By constructing a similarity description matrix and extracting the

main features by KPCA method, all sparse graphs can be clustered into different

groups. A sparse graph list can be constructed by picking out one sparse graph

from each group. Assuming that the difference in decoding performance based on

sparse graphs within the same group is negligible, testing results verify that the

54
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decoding results generated by the sparse graph list can cover that by all sparse

graphs to at least 98.40%. It means that a small-size list containing only a very

limited number of sparse graphs can be constructed, and its decoding performance

is almost equivalent to a super-large list containing all sparse graphs. The MED

criterion is applied as the output selection method. Simulation results show that

the proposed BP-SGL decoding has 0.2 dB performance gain over LDPC-like BP

decoding, and 0.1 dB performance gain over BPL decoding in the high SNR re-

gion with up to 33.3% average complexity reduction and 67.2% average latency

reduction. Compared with the deep learning aided BP decoding, BP-SGL can

achieve 0.1 dB performance gain with 25.0% average complexity reduction and

84.7% average latency reduction. In conclusion, the proposed BP-SGL has excel-

lent comprehensive performance in terms of both performance and complexity and

latency, especially in application scenarios with high real-time requirements and

limited computing power, such as control channels in 5G eMBB scenario. At the

end of Chapter 4, some issues which may incur people’s concerns were discussed.

Finally, in Chapter 5, the conclusion of the thesis and the recommendations for

future works involving 5G polar coding have been presented. The details of the

possible future research are listed in Section 5.2.

5.2 Recommendations for Future Work

This thesis mainly focuses on BP-based decoding schemes for 5G polar codes.

We have presented a better decoding algorithm in terms of both decoding perfor-

mance and efficiency. In the future, more efforts should be made in the following

aspects:

• Research on the proposed decoding algorithm in different fading channels :

The BP-SGL decoding algorithm proposed in this thesis was designed and

simulated only in AWGN channels and the basic Rayleigh fading channels. In

other more complicated fading channels, the decoding scheme has not been

analyzed and tested. Considering that the decoding process of polar codes

will change in different fading channels, it is necessary to further study the

universality of the proposed decoding algorithm in other types of channels.
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• Research on graph similarity evaluation methods : Cosine similarity calcula-

tion is applied as the graph similarity evaluation criterion in this thesis. Ex-

ploring more effective graph similarity evaluation methods may help polish

the proposed list generation algorithm. Some typical graph kernels can di-

rectly be used to evaluate the similarity between labeled graphs, while sparse

graphs have no labels. It may help improve list generation by effectively la-

beling the nodes in the sparse graph and then using the graph kernel method

to evaluate the graph similarity.

• Research on polar code construction methods : In this thesis, only the polar

decoding scheme is optimized based on LDPC-like BP decoding algorithm.

[27] mentioned that the proposed BP factor graph pruning method may also

be helpful for further research on polar encoding. For example, based on the

sparse graph, an improved selection scheme of frozen bits may be possible.

In addition, if an outer CRC code can be effectively designed, it may also

help achieve performance gain.
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