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Abstract 

Unmanned aircraft system (UAS) has been fast developing by leveraging advanced 

technologies such as power and flight control systems. The applications of UAS in 

urban environments also show a significant increase, with prominent use cases such as 

parcel delivery, security patrol, aerial photography, and data collection, which 

significantly facilitate our daily life and public services. However, the rapid boom of 

UAS operations in and around urban airspace poses challenges for aviation regulatory 

bodies and brings various safety risks to the public. Specifically, drone operations may 

fail and crash into people, causing ground fatality risk. Airborne collisions between 

drones yield air risk, and the falling of collided drones causes knock-on ground risk.  

These safety risks could result in severe casualties to third-party people and 

considerable property loss to urban infrastructures, which need immediate research 

efforts to assess and mitigate the safety risks. This research problem is further 

complicated due to various uncertainties, such as weather and population movement in 

low-altitude urban environments. To solve these problems under uncertainties, 

mathematical models and algorithms are needed. However, these models and 

algorithms are lacking in the emerging UAS operational problems, which requires 

considerable efforts to bridge these research gaps. Therefore, this thesis focuses on 

developing a Third-party Risk Assessment and Mitigation System (TRAMS) by 

leveraging mathematical optimization and machine learning techniques. TRAMS 

considers both ground risk and air risk with the objective of minimizing safety risks and 

improving the efficiency and resilience of UAS operations.  

First, ground risk assessment and mitigation problems are solved by a novel UAV 

flight path optimization method that considers an integrated cost assessment model. The 

assessment model incorporates fatality risk, property damage risk, and noise impact, 

which is an extension of current third-party risk indicators at modeling and assessment 

levels. To solve the proposed optimization problem, a hybrid estimation of distribution 

algorithm (EDA) and CostA* (named as EDA-CostA*) algorithm is proposed, which 

provides global and local heuristic information for path searching in cost-based 

environments. Simulation results demonstrate the effectiveness and reliability of the 

developed optimization model in reducing risk costs.  



 
 

xi 

 

Second, aiming at handling uncertainties in ground risk studies due to people's 

movement, a two-stage stochastic route optimization model is proposed to jointly make 

flight approval and execution decisions. In the first stage, the approval decision is made 

by checking the feasibility of flight missions based on the target level of safety and 

flight duration to eliminate unsafe flight plans. The route selection and departure time 

decisions are made in the second stage by considering stochastic risk conditions to 

further reduce the ground risk. Numerical studies demonstrate that our proposed 

stochastic route optimization model performs the best in fatality risk reduction 

compared to distance-based and conventional risk-based methods. 

Third, air risk assessment and mitigation are conducted to prevent airborne flight 

conflicts. A decision-making framework is proposed to adaptively select the most 

suitable resolution strategy for different types of flight conflicts. The proposed 

framework is formulated as a double-layer optimization problem considering 

scheduling, speed adjustment, and rerouting strategies for conflict resolution. The 

framework's first layer is established to decide which strategy should be selected for 

what type of conflict. The second layer is developed as a mixed-integer nonlinear 

programming (MINLP) model to optimize the decision variables of the strategies 

selected by the first layer. The model is solved by a novel meta-heuristic stochastic 

fractal search (SFS) algorithm. Simulation results show that the proposed framework 

can resolve all conflicts with little cost of flight delays. 

Finally, to cope with uncertainties (e.g., flight delay and trajectory deviation) in 

conflict resolution decisions, a chance-constrained UAM traffic flow management 

(UTFM) optimization model is proposed to generate robust conflict-free trajectories and 

reduce flight delays. The model includes a probabilistic constraint of separation 

requirement to cope with trajectory time deviations caused by environmental 

disturbances, such as wind. To solve the model, we convert the probabilistic constraint 

into a deterministic constraint with a risk-bounded separation guarantee. Numerical 

studies demonstrate the proposed model's effectiveness, robustness, and scalability. The 

proposed chance-constrained UTFM model forms an additional layer of safety 

assurance in the pre-tactical phase, which enables fast flight disruption recovery in the 

UTFM system under delay and trajectory uncertainties. 
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Chapter 1 

1 Introduction  

The rapid advancement of technologies in unmanned aircraft systems (UAS), 

commonly referred to as drones or air taxis, in and around urban airspace brings huge 

opportunities to unlock the potential of the sky [1], [2]. Because UAS operations not 

only generate considerable economic benefits but fast humanitarian assistance. For 

instance, companies such as Amazon, Meituan, and UPS are developing drone-based 

delivery services for small packages [3], [4]. While other companies such as Airbus, 

Ehang, and Joby Aviation are exploring urban air mobility (UAM) applications for 

passenger transport in urban environments [5], [6]. Drone delivery and urban air taxi 

services have great potential to reshape the traditional ways of people and cargo flows 

with faster speed and better experiences. 

On the other hand, UAS operations also demonstrate the humanitarian benefits, such 

as medicine or vaccine transport during the Covid-19 pandemic [7], fire-fighting 

response and people rescue in high-rise buildings [6]. Which offers fast and effective 

assistance for people in need and prevents them from the risks of exposure to dangerous 

environments. What is more, UAS liberates us from labor-consuming tasks such as 

security patrol, disaster inspection, and traffic monitoring, which enables us to do some 

more creative work. People with recreational and educational purposes of using drones 

may also appreciate the UAS development, as it gives them unprecedented convenience 

and experiences to explore.  
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1.1 Motivation 

Although the UAS industry has been developing fast in the last few decades, UAS 

operations in urban environments are still very limited due to the everlasting safety 

being hard to guarantee. For example, as shown in Fig. 1.1, a drone may crash and cause 

third-party risk to (i) third-party people on the ground that do not benefit from the drone 

operations, and (ii) third-party people on-board other aircraft are related to air risk [8]–

[11]. Airborne collisions between drones yield air risk, and the falling of collided drones 

causes knock-on ground risk. These safety risks could result in severe casualties to third-

party people and considerable property loss to urban infrastructures. What is more, there 

is very limited research that have been done on the risk analysis and prevention for 

emerging UAS operations, leaving the safety risk management of the UAS traffic 

system in its weak. This arouses our study on the development of a Third-party Risk 

Assessment and Mitigation System (TRAMS) by leveraging mathematical optimization 

and machine learning techniques.  

The TRAMS integrates ground risk studies (Chapter 3, Chapter 4, and Chapter 5) 

and air risk studies (Chapter 6 and Chapter 7). The ground risk studies produce risk-

minimizing routes for individual flight missions. Based on the generated risk-

minimizing route, the air risk studies handle multiple flight missions to revolve flight 

conflicts and disruptions under uncertainties. Incorporated ground risk and air risk 

studies for third-party people, the TRAMS enables safe, resilient, and efficient UAS 

operations with flight recovery capability under uncertainties in urban environments. 
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Fig. 1.1: Illustration of third-party ground risk and air risk caused by UAS operations 

in urban environments. 

As mentioned above, TRAMS considers both third-party ground risk and air risk 

with the objectives of minimizing safety risks and improving the efficiency and 

resilience of UAS operations. Compared with non-risk-based UAS traffic management 

systems, the risk-based multi-UAV systems are increasingly important thanks to their 

huge benefits, such as: 

• Safer UAS operations. The risk-based system takes a wide range of third-party risks 

into account, and these risks are identified, assessed, and used when conducting 

route planning and decision-making. This enables UAVs to avoid high-risk areas, 

such as locations with dense populations and vehicles (e.g., city square), critical 

infrastructures (e.g., nuclear powerplant), and security facilities (e.g., airport and 

police office). 

• A more resilient multi-UAV system. By generating conflict-free strategic 4D routes, 

the potential conflicts are solved before flight. While the flight recovery in the pre-

tactical phase makes the multi-UAV system more resilient to handle various 

uncertainties such as flight delays and trajectory deviation due to wind. 

• More efficient management of airspace resources. By conducting risk-based route 

planning and decision-making for each flight plan, we can maximize the utilization 
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of limited urban airspace and create more supplies to meet the increasing demand 

of UAS operations. 

• Better societal perception and acceptance. The societal acceptance of UAV 

operations in urban is one of the biggest barriers to developing UAS applications 

[12]. By conducting risk-based planning, third-party risks such as fatality risk, 

property damage risk, noise, and privacy impacts are evaluated and mitigated. That 

helps to win support from the public to implement UAS operations. 

Above-discussed benefits greatly attract attention to UAS research and development. 

The safety risk is one of the major challenges for UAS traffic management in urban 

environments. Efficiency and resilience are also important aspects for the development 

of the UAS traffic system. These challenges have been given wide consideration by 

industry and academia. However, there are still quite a few significant research gaps 

that need to be filled to enable safe, resilient, and efficient UAS operations in urban 

environments.  

(1) Safe operations require quantitative modelling and accurate assessment of third-

party risks to conduct risk mitigations. What is more, risk-based route planning 

methods are not well defined and developed to solve risk-minimizing route 

planning problems effectively and robustly. 

(2) Existing works treated ground risk assessment and mitigation statically and 

separately, which fails to provide support for time-dependent decision making. 

What is more, the studies on time-dependent route optimization under stochastic 

risk conditions have not been seen to jointly optimize flight approval and 

execution decisions for emerging UAS operations. 

(3) Intelligent decision-making approaches for 4D trajectory optimization and flight 

conflict resolution are not well developed to adaptively solve different types of 

conflicts with tailored strategies. 

(4) Models are lacking for disruption recovery of UAS traffic flows that are more 

vulnerable under uncertainties of individual flight missions and challenging 

weather conditions in low-altitude urban airspace.  

The above-discussed research gaps motivate us to develop a third-party risk 

assessment and mitigation system (TRAMS) to achieve safe, resilient, and efficient 

UAS operations in urban low-altitude airspace. 
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1.2 Objective and Scope 

The objective of this research is to study risk-based route planning and decision-

making for safe UAS operations in urban environments. This thesis aims to investigate 

and answer the following four questions: (1) how to model and assess third-party risks 

(fatality, property damage, etc.) in urban environments? (2) how to formulate and solve 

the risk-based UAV route planning problem to minimize the safety risk in the planning 

phase. (3) how to adaptively resolve flight conflicts among multi-UAV routes and 

generate conflict-free 4D routes for UAS operations? (4) how to handle uncertainties 

effectively and resiliently in risk assessment and route optimization decisions.  

To make the scope of this thesis clearer, the following assumptions are made: 

• This thesis studies risk-based unmanned aircraft traffic management problems 

and will not investigate the behavior of individual UAVs at the robotic level 

with motion control decisions. 

• The risk mitigation in this thesis is conducted from the perspective of air traffic 

management. Other mitigation approaches such as equipping parachutes for 

UAVs or using lighter and softer manufacturing materials are not considered in 

this work. 

• The risk of a midair collision between a UAV and commercial aircraft is not 

considered in this work, as the aerodrome control zone is treated as a restricted 

area where the UAV is strictly not allowed to enter. The risks of UAVs 

intruding security-related bases and facilities are also out of the scope of this 

study. 

• Unmanned aircraft refers to both quadrotor UAVs and fixed-wing UAVs. To 

cope with both types of UAVs, hovering is not made as an option in the problem 

formulation of this thesis, as fixed-wing UAVs are unable to hover at the speed 

of zero. 

• This thesis provides fundamental developments of concepts of operations, 

mathematical models, and algorithms, which can be applied to UAS traffic 

management (UTM), urban air mobility (UAM), and advanced air mobility 

(AAM) for risk assessment and mitigation, flight trajectory, and traffic flow 

optimization. 
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1.3 Contributions of Thesis 

This thesis studies third-party risk assessment and mitigation problems for safe, 

resilient, and efficient UAS operations in urban environments. The key research 

contributions of this thesis are highlighted and presented in Fig. 1.2. 

First, we introduce a risk-based AirMatrix concept of operations (ConOps), which 

enables digitalized low-altitude urban airspace management by incorporating various 

data sources, such as third-party risk, flight plans, communication, navigation, and 

surveillance of unmanned aircraft. The risk-based AirMatrix ConOps provides both 

safety assurance and flight flexibility for unmanned aircraft system (UAS) traffic 

management.  

Second, we propose a novel flight path optimization method that considers an 

integrated cost assessment model. The assessment model incorporates ground fatality 

risk, property damage risk, and noise impact, which is an extension of current third-

party risk indicators at modeling and assessment levels. The developed method allows 

the quantitative evaluation and mitigation of ground risk by generating risk-minimizing 

3D routes for each flight. 

Third, we develop a two-stage stochastic route optimization model to jointly make 

flight approval and execution decisions to minimize the total ground risk of UAS 

operations. To the best of our knowledge, this is the first time that the risk-based route 

optimization problem has been resolved under stochastic risk conditions caused by 

population movement. 

Fourth, we propose an adaptive decision-making framework for multi-UAV conflict 

resolution considering scheduling, speed adjustment, and rerouting strategies with 

investigations of their inner mechanisms. The adaptive framework contributes to the 

conflict resolution for air traffic control and management of emerging UAS operations 

in low-altitude urban airspace. 

Fifth, we develop a chance-constrained unmanned air traffic flow management 

(UTFM) optimization model with fast disruption recovery to solve observed disrupted 

flights (reactive approach) and improve their resilience in response to future 

uncertainties (proactive approach). The UTFM model adds an additional safety 

assurance layer for the UAS traffic management system. 
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Lastly, we propose a third-party risk assessment and mitigation system (TRAMS) 

by integrating ground risk studies (Chapter 3, Chapter 4, and Chapter 5) and air risk 

studies (Chapter 6 and Chapter 7). The ground risk studies produce risk-minimizing 

routes for individual flight missions. Based on the generated risk-minimizing route, the 

air risk studies handle multiple flight missions to revolve flight conflicts and disruptions 

under uncertainties. Incorporated ground risk and air risk studies for third-party people, 

the TRAMS enables safe, resilient, and efficient UAS operations with flight recovery 

capability under uncertainties in urban environments. 

Risk-Based Concepts of Operations for Unmanned Aircraft System (UAS) 

Fundamentals of Risk-Based Unmanned Aircraft System Operations

(Chapter 3)

- AirMatrix concept
- Trajectory-based Operation (TBO)

- Separation requirement

Ground Risk Assessment and Route Planning 

Deterministic Risk-Based 
Route Optimization for 
Ground Risk Mitigation

(Chapter 4)

- Meta-heuristic algorithm

- RiskA* method

- Machine learning

  

Stochastic Route Optimization for Risk Mitigation

Stochastic Route 
Optimization under 

Ground Risk Uncertainties

(Chapter 5)

- Stochastic programming

- Nonlinear regression

Uncertain risk conditions

  

4D Trajectory Optimization with Adaptive Conflict Resolution

Multi-UAV 4D Trajectory 
Optimization and 

Conflict Resolution

(Chapter 6)

- MINLP model

- Stochastic fractal search

- Large-scale simulation

  

Robust UAS Traffic Flow Optimization

Robust Unmanned Air 
Traffic Flow Management 

(uATMF) under Delay 
Uncertainties

(Chapter 7)

- Chance-constrained 
optimization

- Computational 
intelligence

Flight conflicts among multiple routes Outcome: Robust UAS traffic flow

Outcome: UAS operational concepts and requirements

Uncertainties due to delay and 
trajectory deviations

Safe, resilient, and efficient UAS operations with flight recovery capability under uncertainties in urban environments

?

?

?

Outcome: Risk-minimizing 3D route

Outcome: Robust multiple risk-minimizing routes

Outcome: Strategic conflict-free 4D routes

 

Fig. 1.2: Research framework and contributions of the thesis. 

1.4 Outline of Thesis 

The rest of the thesis is organized as follows. 

Chapter 2 conducts an extensive literature review from perspectives of (i) third-

party risk modelling and assessment, (ii) ground risk mitigation through risk-based 

route optimization, and (iii) air risk prevention by conflict detection and resolution. Key 

research gaps are identified and summarized at the end of this Chapter. 
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Chapter 3 provides the fundamental concepts of operations for risk-based airspace 

management and UAS traffic flow management under the AirMatrix framework.  

Chapter 4 presents the modelling of a novel UAV flight path optimization method 

that considers an integrated cost assessment model. The model enables the quantitative 

assessment of ground risk for an urban area, and the generation of risk-minimizing 

routes for individual UAV flights. 

Chapter 5 proposes a two-stage stochastic route optimization model to handle 

uncertainties in ground risk studies. We first study the risk-based route optimization 

problems under stochastic risk conditions caused by population movement. The 

proposed model allows the generation of robust multi-UAV risk-minimizing routes. 

To solve the flight conflict among multiple flight routes, Chapter 6 builds a double-

layer decision-making framework to adaptively select the best suitable resolution 

strategy for different types of flight conflicts, which subsequently generate conflict-free 

4D flight trajectories. 

Chapter 7 studies the safe and resilient UAS traffic flow problems and develops a 

chance-constrained UAM traffic flow management (UTFM) optimization model to 

cope with uncertainties (e.g., flight delay and trajectory deviation) in conflict resolution 

decisions.  

Chapter 8 concludes the key research findings of the thesis and discusses the 

possible directions of future works based on our study. 
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Chapter 2 

2 Literature Review 

Route planning and decision-making are one of the most critical and active research 

topics in the air traffic management field for both manned and unmanned aircraft. In 

this Chapter, we conduct a comprehensive literature review on research topics of (i) 

third-party risk modelling and assessment, (ii) single UAV risk-based route planning, 

and (iii) multi-UAV route optimization and decision making for conflict detection and 

resolution. Key research gaps are also summarized at the end of this Chapter. Note that, 

as risk-based route planning and decision-making for UAS operations is an emerging 

area, more specific literature is also provided for each research problem in the following 

Chapters.  

2.1 Third-Party Risk (TPR) Modelling and 

Assessment 

Risk modelling and assessment for UAS operations have been widely studied [8]–

[12]. UAS risk analysis is divided into two groups [13], which are the hazards and 

consequences. The hazards are factors that might be causing the failure of UAS 

operation, while the consequences are the potential damage the failed UAV may cause 

to human life or property. The hazards can be further divided into internal hazards and 

external ones. Internal hazards are the factors from UAV itself such as hardware issues 

and software issues. So, it can also be regarded as an airworthiness part. The UAS 

airworthiness certification has been studied [14] and a risk matrix concept was proposed 

to provide a structured classification of all risks. That helps regulatory bodies to make 

regulations based on the levels of risk. Other internal hazards were also investigated 
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such as UAS propulsion system issues and battery issues [15], [16]. These are key 

hardware issues that can cause the total failure of UAS operations. Software issues are 

also important such as the flight control system [15] and related algorithms [17]. The 

malfunctions of the systems can result in a complete loss of control of UAS. On the 

other hand, external hazards are also critical, and the main factors are weather, signal 

condition, and obstacles. Convective weather (e.g., thundering, and heavy rain) can 

cause the failure of UAS operation [16], [17]. Bad signal conditions cause the loss of 

communication and control, thus resulting in the failure of UAS [18]. Navigation signal 

condition also matters, as the loss of navigation can cause great flight deviations [19], 

which greatly increases the collision probability of UAS with obstacles in urban dense 

building areas [20], [21].  

Failed UAS may cause damage to human life and property, and this arouses the 

consequences of UAS risk analysis. the consequence is mainly classified into three 

groups: fatality risk, property damage risk, and other risks [13]. Fatality risk is regarded 

as the primary risk type because it is pertaining to human life [13], [17], [22]. Falling 

UAVs may hit people and vehicles on the ground, causing fatalities. This type of risk is 

highly correlated with population density and traffic density [10]. Property damage risk 

is another important issue. Falling UAVs may hit the building and cause damage [23], 

[24]. UAVs operating in low-altitude airspace also bring societal issues such as noise 

impact and privacy concerns to the public [12]. These issues are considered 

psychological risk costs of UAV operation to the public, which need to be mitigated in 

the mission planning phase. 

Above we discussed the existing works on the hazards (internal and external) and 

consequences of UAS risk analysis. We further analyze the works on modelling and 

assessment of these risk factors. The authors proposed a framework to conduct the 

qualitative risk analysis for UAV operations based on international safety standards and 

quantitative analysis using Bayesian network modelling [17]. With the risk analysis, the 

risk-cost map for UAS operations was proposed to help better manage the safety 

concerns of UAS [25]. Factors contributing to the risk management of UAS operations 

were also studied by analyzing historical accident data and conducting exploratory 

factor analysis [26]. Based on these frameworks and concepts [13], risk modelling and 

assessment can be classified into ground risk, air risk, and other risks. 
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The above studies from the research community are more focused on specific risk 

types modelling and assessment. While regulatory reports provide a conceptual 

framework for risk analysis. Joint Authorities for Rulemaking of Unmanned Systems 

(JARUS) proposed a framework for risk analysis of drone operations [13], [27]. The 

proposed specific operational risk assessment (SORA) classifies risk types as air risk, 

ground risk, and other risks. The risk values are contributed by their probability of 

happening and the severity of consequences. And the SORA also gives a detailed 

process to conduct the risk assessment for UAS operation. The International Civil 

Aviation Organization (ICAO) proposed the general safety risk management framework 

for UAS operation, which gives a global view of the UAS risk assessment [28].  In the 

following year, the Federal Aviation Authority (FAA) also issued a report that studied 

unmanned aircraft systems risk management [29]. [28] 

2.1.1 Ground Risk 

As to ground risk modelling and analysis for people on the ground, a third-party 

casualty risk model was proposed based on a target level of safety approach with even 

tree analysis, to predict the casualty of UAS operations [8]. The study found that the 

UAS weight and population density are two key factors influencing ground casualty. 

Clothier et al [10] studied the risk modelling of UAS for people on the ground and 

proposed a barrier Bow Tie model for risk analysis and mitigation. The proposed model 

can assist regulators to determine airworthiness regulations for UAS. There are also 

some existing studies focused on impact probability and severity models to people and 

vehicles on the ground. Pioneer works studied the probability of fatalities and the 

fatality rates associated with a ground impact on pedestrians, and analysis results 

showed that the risk of fatality to humans is low in the condition of light UAVs 

operating in areas with low population density [23]. Follow-up works studied the impact 

severity of UAVs to people, and they subsequently proposed the weight threshold of 

falling UAV impact ground people based on the injury scale and criterion [30]. The 

authors [31] reviewed and presented the main mathematic models for conflict and 

collision probability estimation, which provide insights into the collision risk 

assessment of UAS.   

The risk assessment model of UAV to ground vehicles was also established. The 

authors [32] defined the possible ground impact area of falling UAVs and developed 
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the collision probability model, which helps in the identification of high-risk areas of 

the road network. The risk of UAS impact obstacles due to limited supporting 

infrastructure was also studied [24]. Based on the UAV impact probability and severity 

studies, the researcher proposed a risk-based approach for small UAV operations [33] 

and generated the probabilistic map using Monte Carlo simulation for more accurate 

ground impact risk analysis [34]. By using these proposed models and methods, some 

practical studies have been performed to model the third-party risk in urban 

environments [35], [36], and the level of risk for the UAV system was also proposed to 

identify critical areas and actions [15]. The analysis and modelling of these risks 

facilitate the generation of a risk-aware map, which can be used for risk mitigation by 

conducting airspace management and UAV route planning [22], [37]. 

2.1.2 Air Risk 

Air risk is another branch of risk analysis, which consists of the airborne conflict 

risk between UAV and UAV, and UAV with crewed manned aircraft and other flying 

objects [38]. To prevent air risk, conflict detection and resolution studies have been 

studied with various types of strategies. Scheduling is an effective way to tackle pre-

flight conflicts. By adjusting the departure time, potential conflicts or congestion can be 

solved [39]. Compared with commercial aircraft, the scheduling of UAS operations has 

more challenges, as the UAS traffic network is more complex in low-altitude urban 

airspace. Another conflict resolution strategy is to adjust the flight speed, which 

subsequently adjusts the ETA for the succeeding waypoints of a flight [40], [41]. To 

overcome the uncertainty impact on the pre-planned 4D routes, one study [42] proposed 

a dynamic adjustment method to adjust the airspeed in response to the leads or lags of 

flight, which increased adherence to the estimated time of arrival at each waypoint in 

the pre-planned route. Rerouting is another effective way to tackle flight conflict. By 

adjusting the 3D geometric trajectory, potential conflicts can be resolved in the spatial 

dimension. Compared with the scheduling strategy, the rerouting strategy changes the 

flight trajectory to avoid conflicts, convective weather, and other risky areas [43], [44].  

UAVs may also hit the critical components (e.g., engine and windshield) of manned 

aircraft and cause catastrophic accidents [45], especially in the vicinity of the airport. 

Studies investigated the collision risk of UAS posed on commercial manned aircraft in 

aerodrome areas [46], [47], and Monte-Carlo simulation was used to predict the 
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collision probability within terminal airspace [46], [47]. And the authors developed a 

3D Monte-Carlo UAS positional distribution model, based on the flight dynamics of the 

UAS, to help assess the risk posed by the UAS to aircraft operating inside the aerodrome. 

Follow-up works studied how to minimize the aerodrome alert zone, and this study 

helps to release more airspace for UAS operations [22], [48], [49]. The authors 

investigated the trajectory data of manned aircraft in terminal airspace. By clustering 

the trajectory data, they found the main feathers of the traffic flow and the unutilized 

volume of terminal airspace. The identified unutilized airspace could potentially be used 

for UAS operations. Air risk analysis faces several other challenges such as low-altitude 

urban airspace management [50]–[52], Airlink network design [53]–[55], and 

management for non-cooperative flying objects [56], [57]. Although these challenges 

are not in the scope of this work, there are potential research topics to explore. 

2.1.3 Other Risks 

The last branch for UAS risk analysis is other risks. UAS operating in low-altitude 

urban airspace brings societal issues such as noise impact and privacy concerns to the 

public [12]. These issues are of great concern and considered psychological risks of 

UAV operation to the public, which has the same priority to be mitigated before UAS 

operations can be largely implemented in urban areas. A study reported that the public 

is not well-accepted drone operations, as they see the drone operation as a risky activity 

that may hit them or directly interfere with their privacy [58]. And the authors 

recommended that the risk analysis and mitigation of drone operation in urban 

environments is critical before we can proceed to commercial and hobby applications. 

The follow-up work studied the public acceptance of drone applications with two factors 

that fears and concerns, and potential benefits can be obtained [12]. The author 

concluded that the public would say “yes” unless some of their key concerns can be 

solved such as fears and privacy issues. In another direction, the authors studied the 

effects of UAS noise on people [59]. They measured the reported loudness, annoyance, 

and pleasantness from the participants, and results suggested that drone flight paths 

along the road traffic can significantly help to mitigate drone noise issues, as the noise 

made by road traffic itself is well louder than the noise drone produces. To facilitate 

drone path planning for mitigating noise, the researcher investigated acoustic mapping 

for drone operations [60]. The generated noise exposure map identifies high-noise areas 

where the drone path should avoid. Another study [61] proposed the air-taxi noise 
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emission model and found that the number of UAM vehicles is the evident factor to 

predict noise emission for air-taxi operations in urban environments. The similar 

reasoning also applies to safety risks posed to people on the ground [9], [11], [62]. As 

we can see, the other risks mainly contain noise and privacy issues from the public. The 

public is more concerned about the risk and privacy issues of drone operations. 

In summary, the UAS risk analysis involves the hazards and consequences of drone 

failure and contains ground risks, air risks, and other risks. Among all the risk hazards, 

the weather and signal conditions attracted more research attention. For the 

consequences of drone operation, more studies are on fatality risks of people on the 

ground, while the public shows more concerns about noise and privacy issues. They can 

only accept extensive operations before the risk issues can be mitigated. However, fewer 

studies are on third-party risk assessment and mitigation. Noise issues are even less 

considered as an impact risk cost to the public, which needs to be quantitatively assessed 

and mitigated when UAVs operate in urban low-altitude airspace. 

2.2 TPR-Based Single UAV Route Planning 

As one of the key enablers for autonomous UAS operation, route planning problems 

have been extensively investigated. The route planning is to generate a feasible, optimal, 

sequence of waypoints while avoiding collisions for UAV moving. The 4D route 

planning is distinct from its 3D counterpart because of the involvement of time. For the 

optimization of the 4D route, there are two types of variables in discrete environments, 

explained in Fig. 2.1. One is the spatial variable, which consists of the 3D coordinates 

of each UAV waypoint. The other is temporal variables, and they are estimated time of 

departure (ETD), estimated time of arrival (ETA) of destination, and ETA of passing 

each waypoint. Speed is also considered a time-related variable, as the adjust of speed 

changes the ETA for the following waypoints. We discuss the variables in a discrete 

manner, and they are the ones to be planned and optimized in 4D route optimization 

problems. 
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Spatial variable and 
function f(X)

Temporal variables and 
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Optimization variables of UAV 4D routes

• Estimated time of departure (ETD)

• Estimated time of arrival (ETA)

• (Speed of UAV at each route segment)

3D coordinates of waypoint
x, y and z

Discrete variables (to be optimized)

• Evenly distributed

• Distributed based on specific modelling rules

Discretized by position Discretized by time

 

Fig. 2.1:  Decision variables in the 4D route optimization problem. 

The objectives of route planning can be classified into (i) minimizing flight distance 

(or time) and (ii) minimizing safety risk of the flight route, which can be referred to as 

distance-based and risk-based planning, respectively. We conduct a comprehensive 

literature review to discuss the main methods and algorithms used for both planning 

types. 

2.2.1 Distance-Based Route Planning Methods 

For distance-based route planning, the methods mainly include graph-based 

decomposition, mathematical modelling, potential field based, and sample-based 

methods. 

A. Graph-based method 

Graph-based methods are extensively used for single UAV path and route planning 

[63]–[65]. The idea of graph-based methods is to construct a discrete directed or 

undirected graph where the vertex represents a collision-free node, and the edge 

presents a unique collision-free path or arc. The planned path or route is a series of 

waypoints that connects the start point and end point. On the node and edge, there is 

always a weight representing the cost of being chosen to travel. With this graph structure, 

exact methods such as the Dijkstra algorithm, or swarm intelligent algorithms such as 

genetic algorithm, ant colony algorithm, and A* algorithm are employed to find a 
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feasible, even optimal, solution always with objectives to minimize flight distance and 

flight time or to maximize utilization of UAV. Authors [63] modelled the travel 

salesperson (TSP) to maximize the collected information using drones, and a modified 

genetic algorithm was used to find the solution while avoiding the forbidden areas. 

Works were also conducted on the comparison of 3D path planning and 4D trajectory 

planning [64]. The 4D one considered the time of passing each path point and it 

performed better than the 3D one in terms of predictability and safety, whereas the 

computation time is greater, especially in complex environments. To deal with this issue, 

other researchers [65] proposed the evolutionary optimization algorithm incorporated 

with t-distribution to reduce the computational complexity. 

B. Mathematical programming method 

Mathematical modelling is another widely used method. UAV path and route 

planning problems are always modelled as linear programming (LP), integer 

programming (IP), mixed integer linear programming (MILP), and mixed integer 

nonlinear programming (MINLP) problems for different missions with various 

optimization objectives and constraints [66]–[69]. The integer programming model was 

developed to solve the routing problem for UAVs with considerations of human factors 

and workload, and the heuristic algorithm was devised to solve the IP problem [66]. To 

improve the solution quality, the authors proposed a new evolutional method to 

decompose the path planning with better waypoints being exploited [67]. By 

considering the time dimension, some researchers studied the time-dependent TSP 

problem and constructed the integer programming model to minimize operational costs 

[68]. And a heuristic Branch and Cut algorithm was proposed to solve the modelled 

problem to optimality. Apart from offline planning, some authors investigated the 

dynamic path planning problem [69]. They developed a multi-objective path planning 

framework considering the safety index to minimize the risk of the planned path. Results 

show that the proposed model can be conducted online with acceptable latency to avoid 

unexpected obstacles. Robustness and reliability are two important indicators for route 

planning methods and algorithms. From a mathematical theory point of view, authors 

conducted several great works [70]–[72]. Dimitri investigated the robust shortest path 

planning problem and proposed a minimax formulation. Dynamic programming was 

employed with semi contractive model. Another work studied the reliable path planning 

problem for drone delivery and a stochastic time-dependent network was proposed to 
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enlarge the delivery range [72]. The above-discussed methods model the path/route 

planning problems as proper optimization problems. As we can choose any resealable 

objectives and constraints, that empower the mathematical model with great 

applicability for various real-world problems. 

C. Sampling-based method 

The sampling-based method has its unique advantages of implicitly exploring the 

obstacles and generating collision-free routes. The fast processing speed makes it 

popular in dealing with online route planning and conflict resolution problems [73]–

[76]. Two main sampling-based methods are the probabilistic roadmap method (PRM) 

[77] and the rapidly exploring random tree (RRT) method [73], [74]. One thing they 

have in common is that their fundamental scheme is sampling. The PRM has only a 

one-round sampling process while RRT uses the incremental sampling process. Once 

the start point and end point are determined, the PRM will generate a whole sampling 

road map for given environments. The RRT starts from the origin point (or destination 

point, backward RRT) and generates the collision-free configuration. The nearest point 

to the current one will be selected as the next point to move and the process evolves till 

reaching the destination. This character of RRT makes it capable of dealing with online 

fast route planning conflict resolution to avoid dynamic obstacles [75]. Over the years, 

RRT methods have been extensively used in UAS online path planning [73], route 

optimization [74], real-time conflict resolution [75] and motion planning [76] in various 

fields and environments. The application of these methods in UAS route optimization 

and real-time decision-making would be another promising branch. 

D. Potential field based method 

Potential field (PF) based methods are another widely used continuous approaches 

to solve route planning, conflict resolution, and network optimization problems [52], 

[78]–[80]. The idea of potential field based methods is that the destination has an 

attractive potential field to appeal agent moving toward the target while obstacles have 

a repulsive potential field to repel the agent from collisions. Potential field methods 

have first been extensively used in robotics in applications of real-time obstacle 

avoidance [81] and navigation [82] for mobile robots. In recent years, they were also 

introduced in transportation fields such as UAV route planning [80], obstacle avoidance 

[79] and target-following [78], [79]. These studies show that the PF methods have a 
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good performance in point-to-point (origin to destination or object to obstacle) potential 

field modeling and planning with fast computational speed. These findings will benefit 

large-scale UAS route optimization and conflict resolution. 

2.2.2 Risk-Based Route Planning Methods 

Risk-based methods aroused in recent years due to the critical need for risk 

mitigation for UAS operating in urban environments. This method contains the risk 

modelling and assessment part to generate the risk-based map for route planning. 

Algorithms employed to cope with risk-based route planning are various based on the 

different fitness functions developed [22], [83]–[86]. Traditional methods have various 

optimization objectives such as minimizing travel distance and cost and maximizing 

flight duration. However, these methods are always considered obstacle avoidance but 

ignore risks underneath the UAV flying route. Extended from conventional distance or 

cost-based path planning problems, the risk-based methods relied on risk maps for path 

planning [22], [83]. Various methods and algorithms were developed to generate the 

risk map and to cope with the risk-based path planning problems. The A*-based 

algorithms, for instance, were developed together with Dubins Curves for risk-based 

path planning and smoothing [83]. In the follow-up study, the authors [85] developed a 

RiskA* algorithm to minimize the risk of the produced path. Genetic algorithm and 

Dijkstra methods are also popular in addressing this problem and have been chosen as 

benchmarks to compare with A*-based path planning algorithm [37], [87]. Other 

methods such as the Markov decision process used a hierarchical method to maximize 

efficiency and minimize risks [84]. A rapidly exploring random tree (RRT) was 

proposed to minimize the third-party risk of UAV takeoff trajectories [88]. And Tabu 

search algorithm was employed to optimize the UAV route to minimize the cost of 

damaged cargo [89]. What is more, authors [90] also developed a risk-aware graph 

search algorithm to select paths that have a high probability to yield low risk. On the 

other hand, the UAV operational environments have also been covered from factory-

like areas [84] to inhabited areas [91] and to urban environments [92]. In different areas, 

the risk types are various. For instance, in factory areas, the main risk sources are critical 

infrastructure and property damage. While in inhabited areas and urban areas, 

population and vehicle density, high-rise buildings are more sensitive for risk-based 

path planning. 
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In summary, for single UAV route planning, the graph-based method and 

mathematical programming are two main branches. The sample-based method performs 

well in exploring the implicit obstacles and online conflict resolution while potential 

field-based models work well in continuous route generation and real-time conflict 

resolution problems. As multi-agent systems and reinforcement learning methods 

mainly solve the interaction and collaboration problems among multiple agents, their 

uses for single UAV route planning are still lacking. Furthermore, risk-based route 

planning methods have been studied less for emerging UAS operations in urban 

environments. Where the distribution of risk cost in each grid cell is unpredictable and 

uneven, making the risk-based route search a difficult problem. 

2.3 TPR-Based Multi UAVs Trajectory Optimization 

and Decision Making 

We have discussed the single UAV route planning problems, and various methods 

and models have been presented and surveyed for optimizing the single route. In real-

world operations, multiple UAVs are operating in airspace. It is necessary to study 

cooperative planning of multiple UAV flights that consider the accumulated safety risk 

posed by many UAV flights in an urban area. There are two aspects to investigating 

cooperative planning and decision-making. One is to conduct multi-UAV trajectory 

optimization to generate feasible or even optimal flight timetables and routes. The other 

is to perform cooperative decision-making for conflict detection and resolution to 

reduce air risk. We give a literature review on these two aspects regarding the overall 

cooperative planning and decision-making strategies. 

2.3.1 Multi-UAV Trajectory Optimization 

Cooperative planning for multi-UAV mainly includes task allocation, scheduling, 

and route planning problems. Cooperative UAVs belong to the same group and can 

share information for achieving the same goal. Distributed control and decision-making 

methods can be used for cooperative operations. Noncooperative operations have 

different tasks and may not be able to communicate with each other. Therefore, 

concertized control and decision-making methods can be used in this kind of operation. 

Due to the limited airspace capacity and resources, it may not be able to support all 
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UAVs operating at the same time. Scheduling is to arrange, control and optimize 

airspace and timing resources so that the task requirement of multiple UAVs can be 

satisfied. As single UAV route planning and optimization is part of multi-UAV planning, 

the fundamental methods used for single planning are also applicable in multi-UAV 

planning. There are still some new features for multi-UAV route planning and 

optimization, as the number of UAS involved increases and applications become more 

complicated. The widely used methods for multi-UAV cooperative planning can be 

concluded as follows. 

Graph-based methods are also extensively used for multi-UAVs route planning. 

Same as the single UAV planning method, the graph-based method is to construct a 

graph with collision-free vertices (nodes) and edges (links). Route planning is to find a 

special case of minimum cost flow based on the constructed graph. Authors studied the 

four-dimensional (4D) route planning problems for multi-UAVs in various 

environments [93], [94]. They modelled the multi-objective problems with the motion 

control to produce the collision-free route, while the online replanning functions were 

also considered to deal with unexpected obstacles. Particle swarm-based and hybrid 

optimization algorithms were proposed to solve their proposed models. Follow-up 

studies compared the performances between the genetic algorithm (GA) and PSO for 

online route optimization [95]. Various scenarios were proposed to compare the two 

types of algorithms, and statistical studies were also made to see the significance of the 

results. Their results showed that GA performs better than PSO in terms of route quality. 

Mathematical programming also played a key role in solving the UAS route 

optimization problems. It has the advantage of modeling both discrete and continuous 

problems with various objectives and constraints. The authors [96] developed a path-

planning model using partially observable Markov decision processes (POMDPs) to 

track multiple ground targets. Delivery missions using multi-UAVs were also modelled 

as MILP problems and heuristic simulated annealing (SA) has been improved to solve 

the proposed model [97]. Some authors paid attention to heterogeneous vehicles to deal 

with delivery and exploration missions [98]–[100]. To solve their proposed models, the 

authors developed hybrid GA to improve the quality of the route, a modern evolutionary 

approach to minimize total flight distance, and an adaptive large neighborhood search 

metaheuristic to solve large-scale problems to optimality. Based on that, researchers 

proposed a two-layer mission planning model to improve the survivability of the drone 
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while ensuring the quality of solutions [101]. The flying sidekicks TSP problem was 

modelled to solve delivery missions using multiple drones [102], and MILP and 

probabilistic planning were constructed to better ensure the constraint satisfaction [103]. 

Different from single UAV planning, the mathematical methods used for multi-UAV 

problems consider the scheduling for both cooperative and noncooperative UAS 

operations. That greatly increases the computational complexity compared with the pure 

route planning model. To reduce computational time, several heuristic algorithms have 

been designed to find optimal solutions.  

2.3.2 Decision-Making for Conflict Detection and Resolution 

A. Pre-Flight Decision Making for Generating Conflict-Free 4D Routes 

Uncertainties may occur before or during UAV flights such as malfunction of UA, 

instruction from air traffic control agent, demand changes from the customer side, etc. 

Some of the issues are significant and cannot be solved by local planning. Global 

mission changes are required to replan a feasible, even optimal, flight plan. Global 

change presents the four-dimensional pre-planned route is completely changed, which 

involves operational time and a 3D route. There are extensive studies [104]–[109] 

worked on the global mission change problems in various fields such as manned and 

unmanned air traffic management, autonomous cars, intelligent transportation system, 

etc.  

In the civil aviation field, authors studied the scheduling and mission replanning 

problems for air traffic management. The authors modelled the 0-1 integer 

programming to optimize the runway throughput and schedule and reschedule the 

aircraft with consideration of safe separation. As airline flight operation is a sequential 

process, rescheduling or rerouting causes downstream impacts on following flights 

[105]. The authors studied the impacts of two main rerouting strategies called distance 

saving and distance increasing reroutes. They found that the former performs better and 

is more likely to be conducted in one of the major air transportation markets. Based on 

that work, other authors investigated the traffic flow dynamic model for scheduling and 

routing. The developed an ILP model to maximize the capacities of the airport and en 

route airspace [106]. A recent study [110] developed a pre-departure flight planning 

method to generate 4D conflict-free trajectories by assigning flights on different flight 

levels given the OD and desired departure time of each flight. This study has been 
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demonstrated by simulations with a real-world city environment for urban air mobility 

operations.[108] 

The scheduling problems are complex in terms of computation, and the feasible 

region could be nonconvex. To solve the nonconvex optimization problems for drone 

scheduling and path planning, the authors investigated an approach to transform a 

nonconvex problem into two convex subproblems without sacrificing the optimality of 

the solution [111]. They also proposed an exact algorithm to solve the transformed 

convex problems. What is more, some authors paid attention to modeling the more 

robust methods and algorithms for task assignment and path planning problems [109], 

[112]. They introduced iterative strategies to improve the performance of the task 

assignment algorithm and their methods improved the stability of proposed algorithms 

while reducing the computational complexity. To consider the mission priority in task 

assignment and scheduling problems, some studies proposed priority-based traffic 

scheduling models [107], [113]. In these studies, resources were provided to meet the 

demand for high-priority missions. Several applications in bus priority control and 

communication channel allocation were investigated to minimize the total passenger 

waiting time and to reduce the number of vehicles used.  

Above mentioned works studied the pre-flight scheduling and mission planning 

problems using various models for several applications. However, there are still several 

research gaps that require more effort to meet: (1) most of the existing works conducted 

the scheduling and routing separately. They first planned the route and then for time; (2) 

a large majority of the existing scheduling studies focused on either OD mission or 

coverage mission, leaving the utilization of airspace resources in an unsafe and 

inefficient way.  

B. Real-Time CD&R to Handle Flight Uncertainties 

Real-time conflict detection and resolution is a major player in solving flight 

uncertainties in dynamic environments during the operation. On one hand, local change 

for conflict resolution is much more affordable compared with global mission change, 

as the latter causes significant downstream impacts for follow-up flights [105]. On 

another, most of these unexpected obstacles only interfere with a small segment of the 

pre-planned route, so UAV only needs to adjust the influenced part of the route. For 

instance, birds or other UAVs may interfere with a pre-planned route, but that 
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interference only lasts for a few seconds as the route is cleared when these obstacles 

pass. To this end, local conflict resolution has attracted extensive attention in recent 

years. Studies are mainly on UAV motion control and 4D trajectory (4DT) adjustment 

to avoid collisions. As this thesis studies the problems in traffic planning and 

management sides, we do not focus on motion planning but on 4D trajectory adjustment 

for conflict resolution. 

The four-dimensional trajectory includes 3D spatial dimension and time dimension. 

4DT changes, therefore, are about the adjustment for the 3D path and the time of passing 

each path point [114]–[117]. The most frequently used way is to adjust the departure 

time of a flight so as to avoid detected potential collision on its trajectory [118]. The 

authors constructed an optimization model to conduct the routing and scheduling for 

large-scale UAS operations in urban environments. They first planned the 3D paths for 

all operations and then conducted the scheduling to arrange a feasible, aiming for 

optimal, departure time. Once pre-planned 4DT was determined, the potential collision 

can be detected using time separation. For instance, two consecutive flights must have 

more than 30 seconds of separation to pass the same waypoint. A penalty was 

incorporated into the optimization model for potential collision, which was reflected on 

the departure time of corresponded flight. Some other works focused on the time 

uncertainty and time of passing waypoint [116], [119]. Uncertainties during flights 

make pre-planned trajectories fail. To capture the flight time uncertainties and minimize 

the influence on the original 4DT, the authors proposed chance-constrained 

programming to solve that issue. While pilot attention is another source of uncertainty 

[116]. A time geography concept was proposed, and a time-space prism scheme was 

developed to capture the pilot's attention uncertainty during flight. The proposed 

method performed well in dealing with conflict detection and resolution.  

Another branch of existing works studied the 3D spatial path adjustment for conflict 

resolution. Local rerouting is one of the primary players [43], [119], [120]. Researchers 

use mathematical programming models to construct timely rerouting, and effective 

algorithms such as Branch-and Cut have been proposed to solve the problems. Other 

studies investigated the routing problems when aircraft encounter convective weather 

during flight. What is more, the prohibited, restricted, and dangerous (PRD) areas are 

other sources of threats that are required to be avoided for aviation operations [43], [52]. 

In these studies, some researchers modelled the airspace in a discrete manner and 
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developed a cellular automation algorithm to solve the rerouting problem with the 

objectives of minimizing collision risk and travel distance. Other researchers, in contrast, 

use continuous methods such as potential field-based models to conduct the rerouting 

and network optimization.  

Besides, some authors used line-of-sight vectors and relative velocity vectors to 

perform conflict resolution for cooperative UAVs and formation missions [121]. While 

a new form of potential field based method [122], called collision-avoidance vector field 

was proposed to avoid both static and dynamic obstacles in complex environments for 

UAV operations. The proposed vector field method considered UAV kinematics and 

approximate speed modulation, which enables smooth and collision-free paths for 

multi-UAVs operations. B-spine curves have also been used to connect each waypoint 

and produced a continuous collision-free route [123]. As mentioned in previous 

literature, the RRT method conducts a single-query scheme. It builds a tree inclemently 

from the origin point to the destination point by sampling and selecting the nearest 

collision-free configurations at a fast speed. Based on that, RRT-based methods (DRRT, 

RRT*, etc.) have been extensively used for UAV conflict resolution, especially for 

online ones. 

Reinforcement learning (RL) is another emerging approach to solve real-time 

conflict resolution problems. It has been used for solving sequential decision-making 

problems such as UAS route planning, resource allocation, and autonomous navigation 

[124]–[129]. The action policy is a key enabler of RL to plan the route from one status 

to another and to reach a desired goal. By using different forms of Markov decision 

models, the RL can cope with both discrete and continuous problems. Given an RL 

planner, in each status, the agent makes a pre-defined action to maximize the reward 

value function based on the current observation. It performs as an approximate dynamic 

programming to estimate the gradient vectors in the optimization process. And it has 

great advantages that does not rely on historical data but on observations of surrounding 

environments. Which enables the RL method to solve complex tasks in unknown 

environments even with partial observability. One of the works studied the resource 

balancing and allocation problem in a complex logistics network [124]. The standard 

multi-agent reinforcement learning (MARL) was improved with the novel cooperative 

mechanism for state and reward design, which efficiently and effectively improves 

transportation performance.  
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Other studies investigated the UAV autonomous navigation problem in complex 

environments with partially observable information [125], and MARL has also been 

used for heterogeneous vehicle route planning and scheduling for monitoring and 

delivery missions [130]. In recent years, deep learning has been incorporated with 

MARL and formed new approaches named multiagent deep RL (MADRL), which 

enables us to solve more complex tasks with larger scales [131], [132]. Although the 

MARL and MADRL approaches have unique advantages compared with traditional 

graph-based and mathematical programming methods, there are also several challenges 

such as the robustness, explainable ability, and applicability to solve real-world 

problems [128], [133].  

2.4 Research Gaps 

Existing works have studied the route planning and decision-making problems for 

UAS operations.  However, there are a number of critical research gaps that need to be 

filled to cope with the unique challenges posed by the expected high-density UAS 

operations in complex and uncertain urban low-altitude airspace. Key research gaps are 

summarized as follows. 

(1) Safe operations require quantitative modelling and assessment of third-party 

risks to conduct risk mitigations. What is more, risk-based route planning methods are 

not well defined and developed to solve risk-minimizing route planning problems 

effectively and robustly. 

(2) Existing works treated the ground risk assessment and mitigation in a static and 

separate manner, which fails to provide support for time-dependent decision making. 

What is more, the studies on time-dependent route optimization under stochastic risk 

conditions have not been seen to jointly optimize flight approval and execution 

decisions for emerging UAS operations. 

(3) Intelligent decision-making approaches for 4D trajectory optimization and flight 

conflict resolution are still lacking to adaptively solve different types of conflicts with 

tailored strategies. 
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(4) Models are lacking for disruption recovery of UAS traffic flows that are more 

vulnerable under uncertainties of weather conditions and flight delays in low-altitude 

urban environments.  

The above-discussed research gaps motivate us to develop a third-party risk 

assessment and mitigation system (TRAMS) by leveraging mathematical optimization 

and machine learning techniques to achieve safe, resilient, and efficient UAS operations 

in urban low-altitude airspace. 
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Chapter 3 

 

3 Concepts of Risk-Based Unmanned 

Aircraft System Operations 

This Chapter introduces the basic terminologies and concepts such as the AirMatrix 

concept and risk-based airspace, which are used through this thesis. The third-party risks 

in urban environments are also investigated with detailed modelling and assessment, 

which provides risk mapping information for routing planning and decision-making. 

3.1 Risk-Based Airspace with AirMatrix Concept  

With the development of unmanned aircraft systems (UAS), commercial 

applications are rapid and booming. The Federal Aviation Administration (FAA) has 

estimated that the number of registered drones has reached 1 million and over 80% of 

them are under recreational licenses [134]. The rapidly increasing number of drones is 

a great challenge to regulating bodies such as the FAA and the Civil Aviation Authority 

of Singapore (CAAS). Large-scale UAV operations in low altitude and complex 

airspace may compromise the safety (e.g., midair collision) and efficiency (congestion 

and delay) of urban air transport. The need to manage and optimize UAS operations 

both safely and efficiently is crucial and urgent. To deal with these issues, numerous 

research has been conducted in areas such as detect and avoid, path planning and 

mission scheduling, etc. However, the problems of how to integrate UAS operations 
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into current airspace and what kind of operational rules these operations should follow 

are still left unsolved.  

Studies on the concept of operation for UTM systems are emerging areas. 

Pioneering works have been conducted to explore UTM ConOps [135], [136] not only 

from the whole framework but detailed elements which consist of airspace management, 

operational rules, flight scenarios, etc. Urban Air Mobility (UAM), as a new branch, 

has developed fast in recent years based on expected fast growth in passenger air-taxi 

and air-cargo transportation. To enable this kind of operation in the current airspace and 

air traffic management system, a concept of operation has been proposed [137] in terms 

of airspace management, operational rules, traffic management regulations, essential 

infrastructures, etc.  

The first UTM conceptual framework was proposed by NASA. After that, studies 

have been conducted to keep the evolution of the UTM framework moving till a refined 

and comprehensive UTM ConOps was issued in 2018. The ConOps for airspace 

management was well presented and discussed in the operational concept part with 

objectives to illustrate key conceptual and operational elements regarding UTM 

operations. With the evolution and development of the UTM system, the UTM ConOps 

v2.0 has been released. One of the major updates of this version is taking more complex 

operations into account, including operations across both uncontrolled and controlled 

airspace. 

The concept of U-space as European drone outlook studies was proposed [138], 

evolved [139], and released [1] by the SESAR team focusing on airspace management 

and safety aspects to support UTM operations from the user’s point of view. The 

airspace rules and procedures for UTM operation have been well investigated and 

definitions for different airspace volumes were proposed. Flight rules, risk assessment, 

conflict management, etc. were also discussed. Another key component of the U-space 

ConOps is safety and social aspects. The ground risk, airport-related risk, and air risk 

have been analyzed, while social privacy and perception of drone operations in urban 

environments were also described. Contingency plans as the elements in this part were 

studied, and several new frameworks and procedures have been proposed for safety 

management. Further, the concept of operations for specific operation risk assessment 

(SORA) [13], [27] and risk cost map [22], [25], [85] for drone operations were studied 

considering operational risks and navigational deviations [19], [140].  
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In another group of state-of-the-art studies [55], [141], [142], researchers from Air 

Traffic Management Research Institute (ATRMI) at Nanyang Technological University 

combined and produced a ConOps with a labyrinth of unilateral digital lanes to support 

high-speed UAS operations. Based on that, a modular UTM system has been proposed 

and the core modules of the framework are urban airspace management, flight 

management, and risk management. Then, a preliminary ConOps was proposed for 

urban airspace management, which is the AirMatrix, a dynamic and scalable urban 

traffic management framework. In the framework[143], UAS route planning is an 

important component of UAV operations planning. Proper flight management and 

airspace management can significantly reduce the risk of UAS mid-air collision and 

improve the total utilization of urban airspace more UAS operations can be carried out 

simultaneously within specific airspace [14]. The dynamic AirMatrix traffic network 

and the risk-aware network have been proposed and discussed to provide safer and more 

efficient airspace and traffic management.  

Existing UTM frameworks and ConOps are more focused on the big picture to 

describe the essential conceptual and operational elements and requirements regarding 

UTM operations, but fewer details were given for implementation purposes. What is 

more, existing ConOps considers airspace configuration and operational rules only from 

a few points of view, there is still a lot of room for improvement. In this regard, our 

work concentrates on the ConOps of UAS airspace configuration and operational rules, 

investigating the AirMatrix network (Fig. 3.1(a)) combined with different resolutions 

(Fig. 3.1(b)) and corridor (Fig. 3.1(c)). Free-flight operation and trajectory-based 

operation (Fig. 3.1(d)) are studied and compared through simulation studies. An 

airspace risk-aware map (Fig. 3.1(e)) and risk assessment procedure are proposed. The 

ConOps of contingency management regarding airspace management is also being 

studied and discussed in this work. 

In this section, the AirMatrix ConOps is discussed with UAV movement rules in 

the proposed airspace network. To balance the airspace complexity and operational 

flexibility, the ConOps of different resolution AirMatrix is proposed. Further, to connect 

the different resolutions and segregated airspace areas, the AirMatrix corridor is 

introduced with detailed illustrations. 
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3.1.1 AirMatrix Airspace Concepts 

The AirMatrix airspace concept describes an airspace structure (Fig. 3.2(a)), which 

provides discrete and standardized units to manage urban airspace, and the airspace is 

divided into uniform air blocks. This configuration allows quantitative analysis for a 

vast range of subjects. For example, the air blocks can encode information on command-

and-control signal strength, population density underneath, etc. Such information can 

be served as metrics for safe flight planning. Therefore, the setting and properties of the 

AirMatrix can be dynamically adjusted according to the change in environments. 

       

(a). AirMatrix                    (b). Different resolutions                   (c). AirMatrix corridor 

                     

(d). Trajectory-based operation                     (e). Risk-aware airspace 

Fig. 3.1:  Main components of airspace configuration and operational rule. 

To make the statement clearer, terms used in this Chapter are defined below. 

• Movement freedom: number of possible waypoints UAV can choose as the 

next waypoint to fly. 

• Flight flexibility: number of air blocks in certain airspace.  

• Traffic density: number of UAVs per unit airspace and per unit time. 
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• Route crossing point: more than two air routes intersect with at a same altitude 

level. 

• Airspace complexity: there are four contributors to airspace complexity in this 

Chapter. They are movement freedom, flight flexibility, traffic density, and 

crossing route points. In a given airspace, with the increase of all these 

contributors, the airspace complexity will rise accordingly. 

Aerial vehicles (AVs) operating in such an airspace structure will follow the 

operational rules. One rule is how AVs move from one node to another. Unlike the free-

flight operation, AirMatrix-based operation is one type of trajectory-based operation in 

which AVs will follow a set of waypoints with certain movement freedoms. In the 

proposed AirMatrix ConOps, AVs have enabled 26 movement freedoms from one node 

to another as shown in Fig. 3.2(b). 

                 

(a) Airspace structure                                      (b) Flight rule of UAV in AirMatrix 

airspace 

Fig. 3.2:  AirMatrix airspace structure. 

3.1.2 Adaptive Resolutions of AirMatrix 

As aforementioned, the AirMatrix provides discrete and standard units of airspace, 

which is useful for uniformized airspace management. However, in some situations, 

uniformized air blocks will not be able to keep the operations safe and effective. In this 

regard, the different resolution of AirMatrix is proposed to balance the airspace 

complexity and traffic density. 

The size of the air block significantly influences the airspace complexity and flight 

flexibility. For instance, with the decrease in air block size (Fig. 3.3(a) from Area 1 to 
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Area 4), the flexibility of flight will increase. Because in trajectory-based operational 

environments, Area 4 provides more waypoints for AVs to operate in the same area 

compared with Area 1, and the traffic density would increase accordingly from Area 1 

to Area 4 if each air block serves the same number of operations. As the traffic density 

and flight flexibility both increase with the reduction of air block size, the airspace 

complexity will increase. With this relationship among air block size, flight flexibility, 

traffic density, and airspace complexity, different airspace areas can be designed with 

different resolutions. For instance, in densely populated areas, to ensure the safety of 

operation, the AirMatrix can be designed with a big size of air block to reduce the 

flexibility and complexity of airspace. While in sparse areas with less population, more 

flexibility can be given to achieve better efficiency. 

Regarding three-dimensional airspace network design, the relationship between air 

block size and flight flexibility is illustrated in Fig. 3.3(b). The air block size reduces 

from Layer 3 to Layer 2, and Layer 1. For high-altitude layers, operations are more for 

high-speed, long-distance air taxi or air cargo travel, since high-altitude layers have 

fewer obstacles (e.g., buildings) to avoid. To this end, the main trunk route should be 

allocated for high-altitude layers to enable such kind of operations. While for very low 

altitude operations in urban environments (Layer 1), AVs need to avoid obstacles, 

taking off and landing frequently. In that case, more flight flexibility should be given, 

and the air block size should be small. 

Area 1 Area 2

Area 3 Area 4

      
x

y

z

Layer 1

Layer 2

Layer 3

 

(a)  In different flight areas                           (b) At various flight layers 

Fig. 3.3:  Flexible resolutions of AirMatrix Network. 

As depicted in Fig. 3.3(a), AirMatrix is formed by four different resolutions 

according to the respective population densities. For example, the parking area is less 

populated, while the industry zone has a medium population density. The residential 
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area has a high population density and stations (MRT, shopping mall, hospital) have 

very high density. If the uniform resolution is applied in different population density 

areas, there will be unutilized nodes and links for parking and industry areas, wasting 

airspace resources. However, there would be insufficient flexibilities (nodes and links 

in the network) for high-demand areas such as a downtown area with dense high-rise 

buildings that need to be avoided. 

3.1.3 AirMatrix Corridor 

AirMatirx corridor serves as a bridge to connect separated areas with different 

resolutions and to provide high-speed traffic flow services, acting as a highway. The 

corridor plays two roles in contributing to safe and efficient operations. One is to 

provide an air tunnel where high-speed traffic flows are supported. In a completely 

covered large area, high-speed operations between separated areas are highly required. 

For instance, in the Singapore context, assuming AirMatrix can cover the whole country, 

operations between CBD, airport, and residential areas can be intense. And these 

operations are always time sensitive. Enabling high-speed traffic will be beneficial for 

these operations. Another role the corridor plays is to connect separated and reserved 

areas since not all areas are eligible to be covered by AirMatrix due to insufficient 

capacities in communication, navigation, and surveillance (CNS) or constraints (e.g., 

prohibited, restricted, and dangerous areas). Thus, the corridor can connect these 

separated areas and enable a smooth flow of AV traffic.  

Each AirMatrix corridor has at least two layers. The traffic flows in these layers are 

separated laterally or vertically and it is one-way traffic (e.g., the traffic is only allowed 

for left-to-right operations in the same layer, see Fig. 3.4(a)). In the corridor, AVs will 

practice safety separation considering CNS performance. There are also transiting areas 

for AVs to change flight altitude and enter or leave the current corridor to smoothly join 

the next part. By doing so, the structure can mitigate risks from head-on collisions and 

will also improve efficiency by separating the traffic. 

Fig. 3.4(b) shows the complex airspace with multiple crossing corridors and traffic 

flows. In each corridor, traffic is regulated in the corridor and cannot change the flight 

altitude. In transiting airspace, all traffic is allowed to change their flight altitudes. In 

Fig. 3.4(c), the side view of the complex airspace and operational rules is presented. P1 

to P4 present the four corridors. Taking corridor P1 as an example, the climbing, 
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descending, and straight flight in transiting areas are represented as left-turn, right-turn, 

and straight-flight in the Cartesian coordinate system, which helps for the kinematic 

analysis of complex traffic flows in corridor airspace. 

L
Transiting area

W

Dsep

Corridor entrance Corridor exit

Transiting area

   

Transiting 
airspace

 

      (a) Traffic flow in AirMatrix corridor                        (b)  Corridor crossing 

P2

P1
P4

P3

Side view of 
transiting airspace

P4 to P1

P2 to P3

 

(c) Illustration of flight rules in the transiting airspace 

Fig. 3.4:  Concept of AirMatirx corridor and traffic flows. Note that in (c), the flight 

level change is illustrated up, straight, and down as shown in corridor P1. While the 

change among different corridors is illustrated with yellow dash lines from P4 to P1, 

and from P2 to P3. 

3.1.4 Risk-Based Airspace Concept 

Risk assessment and modelling is one of the key players in the role of aviation safety. 

Strategic risk assessment and risk-based route planning can significantly prevent safety 

issues from happening. In this section, the airspace risk assessment will be discussed 

under the framework of the AirMatrix. 
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This section will describe the risk cost map. Ground risks (UAVs hit pedestrians 

and vehicles on the ground) and air risks (UAVs hit manned aircraft) will be discussed. 

The modelling for each of these risks will be analyzed and incorporated into the risk 

cost map.  

The airspace risk cost map is illustrated in Fig. 3.5. The map is formed in AirMatrix. 

Each link has a risk cost value computed according to the risk severity within the 

specified area. The color of the air block represents the risk cost value, in which different 

colors stand for different levels of risk severity. The route shown in Fig. 3.5 is the one 

avoiding the high-risk cost area (red color). It is obvious to see that the route is not the 

shortest-distance one, but its risk cost is much lower than the one entered the high-risk 

area.  

The key point of this part is to illustrate the risk cost map and to propose risk 

assessment views. Ground risk and air risk are considered in the risk assessment process. 

1) Ground people risk. As UAVs may lose control or power when flying and falling 

UAVs may hurt ground pedestrians. The risk cost of UAV hitting pedestrians is 

modelled as follows: There are three steps of a crash incident that will cause damage to 

pedestrians: (a) malfunction of UAV; (b) the falling UAV impacting pedestrians on the 

ground; and (c) the fatality damage caused to the pedestrian. 

 

Fig. 3.5:  Illustration of risk cost map and risk-based route planning. 

2) Ground vehicle risk. There are also three factors when UAV causes an incident 

in road traffic: (a) UAV crashes above the road traffic; (b) UAV hits the vehicle on the 

ground; (c) crashed UAV causes a traffic accident and subsequent injuries to people. 
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Such as the ground pedestrian model, the expected fatality of a UAV impacting a ground 

vehicle can be defined as the number of vehicle accidents per hour caused by falling 

UAVs. 

3) Air risk presents the collision risk between UAVs and manned aircraft. The safety 

issues of collision between manned aircraft and UAVs are crucial to the UTM-ATM 

integration. To this end, the present work also considers airports as risk areas where the 

risk should be accounted for. The incidence of collision between manned aircraft and 

UAV can be defined as the number of collisions per flight hour of UAV. 

To safely and efficiently utilize urban airspace, several concepts of operations 

(ConOps) about urban airspace utilization are proposed and demonstrated in this work. 

The proposed ConOps concentrates on airspace configuration and operational rules 

from three aspects. Firstly, AirMatrix airspace configuration is introduced and 

expanded with operational rules in the network. To balance flight flexibility and 

airspace complexity, a different resolution AirMatrix is introduced. Moreover, the 

AirMatrix corridor is proposed to connect reserved areas with safe and efficient traffic 

flows considering Communication, Navigation, and Surveillance (CNS) performance. 

Secondly, Free-Flight Operation (FFO) and Trajectory-Based Operation (TBO) are 

illustrated and compared in terms of operational efficiency and airspace capacity based 

on simulation studies. Thirdly, under the AirMatrix framework, airspace risk 

assessment and contingency management are investigated to provide suggestions for 

urban airspace safety management and fail-safe system design. 

3.2 Separation Requirement of AirMatrix under 

Trajectory Deviations 

With the fast development of unmanned aircraft vehicle (UAV) operations in urban 

environments, low-altitude air traffic is projected to be crowded. That would arouse the 

problem of how to determine the safe separation between two UAV operations in 

structured airspace, as shown in Fig. 3.6. Similar to road traffic, how to determine the 

separation between each traffic lane for air traffic is also critical. It turns out to be a 

trade-off between safety and efficiency. Too wide a lane is a waste of land or airspace 

resources, while too narrow will have safety risk issues, as drones in the adjacent lane 
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may collide with each other. Separation requirement between UAV operations becomes 

an essential challenge needing to be solved to ensure safety and improve the efficiency 

of urban low-altitude air traffic. 

 

Fig. 3.6: AirMatrix airspace concept. 

As aforementioned, the size of the standardized airspace cube can significantly 

influence the safety and efficiency of UAV operations. This work therefore will 

investigate the size of the airspace cube using a statistical method based on historical 

flight trajectory data. Specifically, this work will investigate two main problems: (i) Are 

the means and variances of UAV trajectory deviation in different flight timings 

statistically the same at a certain significance level. (ii) with the increase in flight height, 

is there any trend of the mean trajectory deviation. 

Here, we define UAV trajectory deviation as the spatial deviation between the actual 

trajectory and the pre-planned trajectory. And we will investigate three axes of UAV 

operation, namely lateral, longitudinal, and vertical axis (Fig. 3.7(a)). That is 

corresponding to the size of the length (l), width (w), and height (h) of the airspace cube. 

To achieve this, one way is to obtain the standard deviation σ of specific drone 

operations, which can be obtained by analyzing historical flight data. For instance, we 

would like to achieve a drone flying within the airspace cube 99% of the time. The 

minimum obstacle clearance can be therefore obtained as 2*3σ=6σ (Fig. 3.7(b)) [46]. 

To get the trusted standard deviation σ, we need to study if the means and variances 

of trajectory deviation are the same for various operations in different flight times. We 

will conduct multiple flight experiments and collect flight data for analysis. 
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(a) Three axes of drone1     (b) Correlation between cube size and deviation 

Fig. 3.7: Illustration of how to determine the separation in three axes [46]. 

3.2.1 Separation Requirement Concerning Flight Technical Error 

(FTE) 

As shown in Fig. 3.8, the workflow of this work starts with data input. There are 

five days of data are input and each dataset includes UAV trajectory data with more 

than 50 data points. Each data point is taken as the average trajectory deviation in three 

seconds. We conduct the normality test for obtained trajectory deviation data before 

proceeding to hypothesis testing and regression analysis. 

The normality test data will be used in two branches. First, we use the data to 

conduct hypothesis testing with null hypothesis H0 and alternative hypothesis H1. The 

null hypothesis is presented as the population means from five testing days’ data are 

statistically the same. While the alternative hypothesis is not all the population means 

are the same. If H0 is accepted, meaning that there is statistically significant evidence 

that all flight experiments have the same standard deviation. If reject H0, we perform a 

post hoc test to see which group(s) has a different σ causing the rejection. After 

identifying the abnormal observation(s), we can remove these outliers and continue to 

test the remaining samples. After iteration, we finally get the trusted standard deviation 

σ for cube size computation. 

Another branch is regression analysis. We first compute the predicated parameters 

for both linear trends and quadratic trends, and then we conduct the test to see if the two 

 
1 https://www.oreilly.com/library/view/building-smart-drones/9781788477512/01335d5a-7ab3-4c8e-b1e8-9604821f5071.xhtml 
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trends are significant. Next, we will compute the measure of association strength to see 

which trend is more dominant. With all that done, we can conclude the two questions 

we investigate in this work. 

Accept Ho

Conduct hypothesis 
testing for n groups of 

sample data

H0: all population means 
are the same

H1: not all the same

Use σ to determine the 
air block size

Perform Post-Hoc test 
to find which group(s) 
caused us to reject null 

hypothesis H0

Analyze and role out 
outlier sample 

group(s) from the 
total n sample groups

Yes

No

Start

Input: Historical 
drone flight 

trajectory data

Check the normality of obtained data

Conduct regression 
analysis to see if trajectory 

deviation is different in 
different altitude 

Perform linear trend test 
and quadratic trend test

Compute measure of 
association strength to see 

which trend is more 
dominant

Discussions and conclusions
 

Fig. 3.8: Framework for determination of UAV separation requirements. 

3.2.2 Hypothesis Testing for Trajectory Deviations Due to FTE 

For the hypothesis testing part, there are two independent variables: flight testing 

time and flight height. The dependent variable is the UAV flight trajectory deviation. 

They are presented as follows. 

Independent variables: 

(1) Testing time: Day 1, Day 2, Day 3, Day 4, and Day 5. 

(2) Flight height: 10 meters, 15 meters, and 20 meters. 

Dependent variable: 

(1) UAV flight trajectory deviation from reference path. 
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We define 𝜇𝑖_𝑗 as the sample mean for 𝑖th day of 𝑗 flight height. For instance, 𝜇1_10 

means the trajectory deviation mean of Day 1 at a flight height of 10 meters. Similarly, 

𝜎𝑖_𝑗  is the variance of trajectory deviation for 𝑖 th day of 𝑗  flight height. So, the 

hypothesis testing for the effect of different data of flying on trajectory deviation can be 

presented as:  

Hypothesis (1): for population means 

H0: 𝜇1_10 = 𝜇2_10 = 𝜇3_10 = 𝜇4_10 = 𝜇5_10 

H1: Not all the means are the same 

Hypothesis (2): for population variances 

H0:  𝜎1_10
2 = 𝜎2_10

2 = 𝜎3_10
2 = 𝜎4_10

2 = 𝜎5_10
2  

H1: Not all the variances are the same 

We will conduct the model comparison analysis to test the proposed hypotheses. 

3.2.3 Regression Analysis on The Trend of Trajectory Deviations 

The second part of this study is to conduct regression analysis to see if there is a 

significant trend of trajectory deviation with the increase in flight height. The 

independent variable is flight height, which has three choices of 10 meters, 15 meters, 

and 20 meters. The dependent variable is the flight trajectory deviation. They are 

presented as follows. 

Independent variables: 

(1) Flight height (X): 10 meters, 15 meters, 20 meters. 

Dependent variable: 

(2) Trajectory deviation (Y) from reference path. 

We conduct linear trend analysis and quadratic trend analysis. And the 

hypothesis test will also be performed to see if the trends are significant. 

(1) The linear trend model and hypothesis are given as  

𝑌 = 𝛽0 + 𝛽1𝑥 

H0: 𝛽1 = 0 
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H1: 𝛽1 ≠ 0 

(2) The quadratic trend model is presented as 

𝑌 = 𝛽0 + 𝛽1𝑥 + 𝛽2𝑥
2 

After the computation of predicted parameters and hypothesis testing, the measure 

of association strength for each trend will also be computed to see which trend is more 

prominent. 

3.2.4 Flight Experiment Design and Numerical Analysis 

A. Flight experiments and data collection 

Five groups of sample data are obtained by drone experiment flying at different 

timings on the NTU campus. The experiment is performed with three flight heights 

(10m, 15m, and 20m), and the same experiment is conducted on five different days. The 

obtained actual flight trajectory will be processed based on the reference trajectory, 

which is a pre-planned path that a UAV is supposed to follow. After processing, we 

obtain the UAV flight trajectory deviation data for each testing day and at different 

flight heights. 

B. Normality test for trajectory deviations 

Deviations in the lateral axis 

The raw data is obtained after processing, and they are provided in Appendix A. 

There are five days of testing data, and each day has three flight heights. We compute 

the mean and variance of these data and obtained results are given in Table 3.1. 

With obtained data, we conduct the normality test using the Lillietest function. 

MATLAB software is used in this analysis study to perform tests. We call this function 

and load our data. The obtained histogram and Quantile-Quantile plot for normal 

distribution is given as Fig. 3.9. We also compute the statistical values for this example 

data, and obtained p_value is 0.4737, which is significantly greater than 0.05. So, we 

can conclude that the selected example data is normally distributed at a 0.05 significance 

level. 

We conducted the same analysis for all five days’ trajectory deviation data in 

different flight heights and different three axes. The trajectory deviations in different 
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axes are significantly different due to the flight dynamics (see Fig. 3.7(a)). So, we 

perform the normality test for obtained data with three groups: lateral axis, longitudinal 

axis, and vertical axis group. The obtained results are shown in Table 3.2. 

 

Table 3.1: Means and deviations of obtained sample data. 

Test 

day 

Flight 

height 

Lateral axis Longitudinal axis Vertical axis 

Mean 

(m) 

Var. 

(m) 
Mean (m) 

Var. 

(m) 
Mean (m) 

Var. 

(m) 

Day 1 

10 m 5.0306 0.0379 3.6234 0.0647 0.1248 0.0058 

15 m 5.1346 0.0575 3.6554 0.0736 0.1623 0.0139 

20 m 5.4006 0.1089 3.7314 0.0804 0.1892 0.0151 

Day 2 

10 m 5.0386 0.0408 3.6260 0.0638 0.2015 0.0076 

15 m 5.1526 0.0569 3.6720 0.0699 0.1663 0.0065 

20 m 5.4086 0.0744 3.7280 0.0779 0.2193 0.0082 

Day 3 

10 m 5.0406 0.0439 3.6060 0.0794 0.0959 0.0040 

15 m 5.1306 0.0562 3.6580 0.0890 0.0988 0.0028 

20 m 5.4186 0.0944 3.7220 0.0830 0.1104 0.0020 

Day 4 

10 m 5.0546 0.0555 3.6434 0.0787 0.1698 0.0059 

15 m 5.1366 0.0689 3.6914 0.0951 0.2254 0.0048 

20 m 5.3666 0.1193 3.7514 0.1379 0.4228 0.0357 

Day 5 

10 m 5.0366 0.0695 3.6060 0.0696 0.1974 0.0166 

15 m 5.1786 0.0715 3.6040 0.0877 0.0734 0.0014 

20 m 5.3866 0.1586 3.6920 0.0896 0.4267 0.1136 

 

As we can see from the results for the lateral axis, all data has p_value>0.05, except 

for the trajectory deviation data on Day 4 at 15 meters of flight height in the lateral axis. 

The p_value for it is 0.0237<0.05. This part of the data does not follow normal 

distribution at a 0.05 significance level. We remove this part of the data for the following 

analysis. 

Deviations in the longitudinal axis 

In this part, we test the normality for longitudinal group data. We employ the 

MATLAB Lillietest function, and the obtained results are given in Table 3.2. As we can 

see, the only dataset which has no significant normality is on Day 1 at 20 meters. The 
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p_value for that dataset is 0.0226<0.05. So, we remove that dataset for the following 

analysis. 

 

Fig. 3.9: One example of the histogram and Quantile-Quantile plot for normal 

distribution. 

Table 3.2: P-values for three groups of experiment data (p>0.05~normal). 

Axis Lateral Longitudinal Vertical 

Timing and 

height (m) 
10 15 20 10 15 20 10 15 20 

Day 1 0.4737 0.5000 0.5000 0.3470 0.5000 0.0226 0.0448 0.0023 0.0010 

Day 2 0.3936 0.5000 0.5000 0.5000 0.5000 0.1262 0.0323 0.2693 0.1317 

Day 3 0.3807 0.2908 0.1641 0.1298 0.2987 0.3016 0.0149 0.1391 0.1216 

Day 4 0.4767 0.0237 0.1611 0.5000 0.1246 0.5000 0.2907 0.0010 0.1938 

Day 5 0.3246 0.5000 0.2977 0.5000 0.5000 0.3988 0.0082 0.0126 0.0038 

 

Deviations in the vertical axis 

We also test the normality for vertical group data. Quite differently, the vertical 

group data shows significantly less normality. This is because UAV flight dynamics, 

and in the vertical axis its performance is more stable and reliable, thus has very few 

deviations in the vertical axis. The mean vertical deviation is around 0.2 meters, which 

is significantly smaller than the deviations in the other two axes. So, in the following 

hypothesis testing and regression analysis, we will not involve the vertical group data. 
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C. Homogeneity test for the variance of trajectory deviation 

Above we have tested the normality of all three groups’ data. In this part, we check 

if all obtained trajectory deviation data follow the normal distribution with the same 

population variance. To do that, the Vartestn function is used, and the obtained test 

results are given in Fig. 3.10. 

 

Fig. 3.10: Results of homogeneity test for the variance of trajectory deviation. 

As P_value=0.1729>0.05, we can conclude that the variance among all obtained 

data has no significant difference at a 5% significance level. 

D. Hypothesis testing 

In this part, we conduct one-way ANOVA to test if the trajectory deviations have a 

significant difference between five different testing days. We use MATLAB ANOVA 

tool to conduct the analysis. 

(1) Hypothesis (1): for population means at a flight height of 10 meters. 

H0: 𝜇1_10 = 𝜇2_10 = 𝜇3_10 = 𝜇4_10 = 𝜇5_10 

H1: Not all sample means are the same 

(2) Hypothesis (2): for population means at a flight height of 15 meters. 

H0: 𝜇1_15 = 𝜇2_15 = 𝜇3_15 = 𝜇4_15 = 𝜇5_15 

H1: Not all sample means are the same 

(3) Hypothesis (3): for population means at a flight height of 20 meters. 

H0: 𝜇1_20 = 𝜇2_20 = 𝜇3_20 = 𝜇4_20 = 𝜇5_20 

H1: Not all sample means are the same 
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After computation, the p-values at different flight heights are p_10=0.9885, 

p_15=0.8688, and p_20=0.9461. As all p_values are greater than 0.05, we accept the 

null hypotheses that the population means in different testing days has no significant 

difference at a 0.05 significance level. The homogeneity test is also performed for the 

three groups of data, and there is no significant difference in variances between different 

samples. The results are presented in Fig. 3.11. 

   

(a)  10 meters                           (b)  15 meters                       (c)  20 meters 

Fig. 3.11: Results of homogeneity test for sample variance. 

We also conducted the power of the test for these three hypotheses, and the observed 

power for lateral deviations is 0.66, while for longitudinal and vertical deviations are 

0.53 and 0.58. As we can see the powers are relatively not satisfactory, and we can 

increase the power by adding more sample points. 

E. Regression analysis for different flying height 

In this part, we conduct the regression analysis to see if the trajectory deviation 

means have a trend with the increase in flight height. As discussed above, we only study 

the lateral group and longitudinal group data. As vertical deviations are small enough 

to be negligible. In regression analysis, the independent variable is flight height, which 

are 10, 15, and 20 meters. While the dependent variable is the mean of flight trajectory 

deviation. The independent and observed dependent variables used in the regression 

analysis are given in Table 3.3. 

(1) Independent variable (x)= flight height (m) 

(2) Dependent variable (y)= observed trajectory deviation 

First, we conduct linear trend analysis and hypothesis test, and the model is 

presented as 

Linear trend analysis:  
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𝑌 = 𝛽0 + 𝛽1𝑥; H0: 𝛽1 = 0, H1: 𝛽1 ≠ 0 

Regression analysis for lateral trajectory deviation 

Based on the regression model, we use the MATLAB regression function to 

compute the lateral trajectory deviation trend parameters. We have  𝛽0 = 4.6603,  𝛽1 =

0.0356. Thus, 𝑦 = 4.6603 + 0.0356𝑥.  

 

Table 3.3: Independent and observed dependent values for regression analysis. 

Axis Lateral Longitudinal 

x (m) 10 15 20 10 15 20 

y (m) 5.0402 5.1466 5.3962 3.621 3.65615 3.725 

 

To test if the linear trend is significant, we perform the hypothesis test with the null 

hypothesis H0: β_1=0, while the alternative hypothesis is H1: β_1≠0. The obtained 

results are:𝑅2 =  0.9488, and 𝐹𝑜𝑏𝑠 = 18.5411>𝐹(0.05,1,150−3) = 3.84. 

Based on the results, we can conclude that the linear trend is significant at a 0.05 

significance level. We further conduct the quadratic analysis and obtained the predicted 

parameters as 𝑦 = 5.2570 − 0.0503𝑥 + 0.0029𝑥2 

Finally, we compute the measure of association strength for both linear and 

quadratic trends, and the results are given below. Based on the computed measure of 

association strength, we can see that the quadratic trend is more dominant, though not 

strong, for the sample data with R2
alerting is 55.69%. This is also more evident than the 

linear trend for these data with 44.31% of R2
alerting. 

 SS R2 

Linear 101.881 0.4431 

Quadratic 128.023 0.5569 

 

 We plot the predicted means based on a model that includes both linear and 

quadratic trend components, presented in Fig. 3.12. In general, the estimated means 

have a significant linear trend as we can see from the Figure below. The blue line is the 

estimated linear trend. The predicted means corresponding to 1st and 3rd heights are 

significantly close to the actual sample means. While for the 2nd height, the predicted 
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mean is greater than the actual sample mean. For the quadratic trend, we can see that 

the means are significantly close to the actual means for all three points. The deviation 

between quadratic means and actual sample means is not significant. 

 

Fig. 3.12: Predicted means for both linear and quadratic trends in the lateral axis. 

Regression analysis for Longitudinal trajectory deviation 

We conduct the same regression analysis for longitudinal trajectory deviation. The 

procedures are similar to the abovementioned lateral analysis. We obtained the 

predicted parameters as 𝛽0 = 3.5114,  𝛽1 = 0.0104. Thus, we have the predicted linear 

trend model 𝑦 = 3.5114 + 0.0104𝑥. The other obtained results are: 𝑅2 = 0.9662 and 

𝐹𝑜𝑏𝑠 = 28.5712>𝐹(0.05,1,150−3) = 3.84. 

Based on the results, we can conclude that the linear trend is significant at a 0.05 

significance level. We further conduct the quadratic analysis and obtained the predicted 

parameters as 𝑦 = 3.6518 − 0.0098𝑥 + 0.0007𝑥2. 

Finally, we compute the measure of association strength for both linear and 

quadratic trends, and the results are given below. Based on the computed measure of 

association strength, we can see that the linear trend is more dominant, though not strong, 

for the sample data with R2
alerting is 53.03%. This is also more evident than the linear 

trend for these data with 46.97% of R2
alerting. 

 SS R2 

Linear 6.511 0.5303 

Quadratic 5.768 0.4697 
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We plot the predicted means based on a model that includes both linear and 

quadratic trend components, presented in Fig. 3.13. In general, the estimated means 

have a significant linear trend as we can see from the figure below. The blue line is the 

estimated linear trend. The predicted means corresponding to 1st and 3rd heights are 

significantly close to the actual sample means. While for the 2nd height, the predicted 

mean is greater than the actual sample mean. For the quadratic trend, we can see that 

the first mean is significantly close to the actual mean, while the other two predicted 

means are not well close to the actual means. 

 

Fig. 3.13: Predicted means for both linear and quadratic trends in the longitudinal axis. 

F. Application of tested results in air block size determination 

After the above tests and analysis, we know that the obtained trajectory data follow 

the normal distribution at a 0.05 significance level, while the obtained data on different 

testing days and different flight heights have the same means and variances at a 0.05 

significance level. So, we can say that the UAV flight trajectory deviation is consistent 

in different flight times and flight heights. We can use the obtained standard deviation 

to determine the size of the air block. Based on the analysis in Fig. 3.7(b), we know the 

size of the air block in one particular axis is six times its standard deviation (6σ) in that 

axis at a 0.01 significance level. Therefore, we can have the following results shown in 

Table 3.4. The safe obstacle clearance means that UAVs operating in such size as an air 

block will 99% of the time does not fly out of the air block. This size also does not 

consider any safety buffer and protection zone for the air traffic corridor. 
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Table 3.4: Estimated safe obstacle clearance at 0.01 significance level. 

Parameters Lateral Longitudinal 

Variance (m) 5.19 3.67 

Standard trajectory deviation (m) 2.28 1.92 

Safe obstacle clearance (m) 14 11 

 

This work studies a statistical method for the determination of air block size to make 

a better trade-off between the safety and efficiency of drone operations. Hypothesis 

testing is conducted to test the means and variances of sample data. The regression 

analysis is also performed to investigate the trend of trajectory deviation with the 

increase of the flight height. The main findings of this part can be concluded as follows. 

(1) The UAV flight trajectory deviation at the same height follows normal distribution 

when the sample size is 50 at a 0.05 significance level. While the trajectory deviation 

in different testing data and different flight heights also follow the normal 

distribution, which has the same variance. 

(2) The means of trajectory deviation in different testing days are statistically the same 

at a 0.05 significance level. This indicates that flight timing has no significant 

impact on the mean trajectory deviations. 

(3) With the increase in flight height, the trajectory deviation of the drone will increase. 

The trajectory deviation will become significantly larger in both lateral and 

longitudinal axes when UAV flies higher. The linear increasing trend is more 

evident in lateral deviation while the quadratic trend dominates in the longitudinal 

deviation. 

The research findings of this part rely on the obtained experimental data in a specific 

environment we selected. In future works, more experiments can be conducted with 

other types of UAV and flight environments to collect finer sample data used for UAV 

separation requirement analysis. Moreover, separation requirements for flights with 

payloads (e.g., parcel delivery cases) can also be investigated, as the payloads may serve 

as a damper to mitigate the deviation effect or act as a booster to amplify the deviation 

due to inertia effects. Note that different types of UAVs in different environmental 

conditions may yield different results. More flight experiments and testing are still 

required to understand different flight technical errors to support the investigation of 

UAV separation requirements. Wind information plays a significant role in trajectory 
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deviation analysis [144], which should be considered and incorporated into trajectory 

deviation analysis in future studies. Besides, with more data becoming available for 

more types of UAVs, the methodology of trajectory deviation analysis can be extended 

to more AAM operations.  

3.3 Research Strategies with AirMatrix Concept 

This Chapter proposes concepts of operations (ConOps) for UAS operations in 

urban airspace. The proposed ConOps focuses on risk-based airspace configuration and 

rules.  

Firstly, AirMatrix airspace configuration is introduced and expanded with 

operational rules in the network. To balance flight flexibility and airspace complexity, 

a different resolution AirMatrix is introduced. Moreover, the AirMatrix corridor is 

proposed to connect reserved areas with safe and efficient traffic flows considering 

Communication, Navigation, and Surveillance (CNS) performance.  

Secondly, free-flight operation (FFO) and trajectory-based operation (TBO) are 

illustrated and compared in terms of operational efficiency and airspace capacity based 

on simulation studies. Thirdly, under the AirMatrix framework, airspace risk 

assessment and contingency management are investigated to provide suggestions for 

urban airspace safety management and fail-safe system design.  

In the AirMatrix concept, one important question is to determine the size of the air 

block, which is to determine the safe separation between two UAV operations. This 

chapter proposes an evaluation framework for the determination of flight technical error 

(FTE) by investigating flight trajectory deviations, which is to support the establishment 

of separation requirements for safe UAV operations in low-altitude urban airspace 

under AirMatrix concepts.  

The studies in this chapter prepare the fundamental concepts of operations and 

operational environments for third-party ground risk assessment and mitigation in 

Chapter 4 and Chapter 5, and air risk mitigation in Chapter 6 and Chapter 7.   
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Chapter 4 

 

4 Ground Risk Modelling and Mitigation  

In this Chapter, ground risk assessment and mitigation problems are solved by a 

novel unmanned aerial vehicle (UAV) flight path optimization method that considers 

an integrated cost assessment model. The assessment model incorporates fatality risk, 

property damage risk, and noise impact, which is an extension of current third-party risk 

indicators at modeling and assessment levels. To solve the proposed optimization 

problem, a hybrid estimation of distribution algorithm (EDA) and CostA* (named as 

EDA-CostA*) algorithm is proposed, which provides global and local heuristic 

information for path searching in cost-based environments. Simulation results 

demonstrate the effectiveness and reliability of the developed optimization model in 

reducing risk costs. 

4.1 Risk Modelling and Assessment 

In this section, the third-party risk models are proposed with the introduction of new 

risk sources of societal impacts on the public. An integrated risk assessment model is 

developed to capture risk factors and identify high-risk areas for risk-based route 

planning problems. 

4.1.1 Third-Party Risks in Urban Environments 

In metropolitan environments, there are dense populations, high-rise buildings, 

critical infrastructure, etc. UAVs operating in such low-altitude airspace will encounter 

various risk issues [26]. In this Chapter, the scope of operation altitude is below 400 
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feet above ground level [145]. Recent studies investigated various risks in urban 

environments, and most of their attention is on the risks of the impact on ground people 

and vehicles [10], [146], midair collision with small UAVs and manned aircraft [46], 

[147], [148], noise impact [12], as well as UAV operational cost and efficiency [149]. 

We conclude the primary risk and impact factors, as illustrated in Fig. 4.1. 

(1) Fatality risk. Crashed UAV impacts pedestrians and vehicles on the ground, 

causing fatalities on people.  

(2) Property damage risk. Crashed UAV hits critical infrastructures or collides with 

high-rise buildings, causing property loss. 

(3) Noise impact. Noise impact on the public is a big concern for the acceptance of 

UAV operations in urban environments, which will be assessed and mitigated. 

The risk factor of a midair collision between UAV and manned aircraft in urban 

airspace [48] is not considered in this work, as the aerodrome control zone is treated as 

a restricted area where the UAV is strictly not allowed to enter. The risks of UAVs 

intruding on military-related bases and facilities are also out of the scope of this study. 

Fatality risk of 
impacting people and 
vehicle on the ground 

hp

lobs.

hs

Noise impact 
on people

Property 
damage risk 
to buildings

hv

 

Fig. 4.1:  Illustration of fatality risk, property damage risk, and noise impact of UAV 

operations in metropolitan environments. 

The risk factors of population density, vehicle density, and buildings are discretely 

distributed in metropolitan environments. Subdivision of airspace into smaller units 

enables more flexible management [150]. To quantitatively assess these risks, urban 

low-altitude airspace is divided into discrete three-dimension air block units and the 

centroid of the unit is denoted as 𝑣𝑥𝑦𝑧 (Fig. 4.2(a)). UAVs have 26 possible choices to 
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move from one vertex to another, and it follows the centroid point to maintain safe 

separation from other UAVs in adjacent air blocks. Risk cost assessment of each 

airspace unit is conducted based on its pertaining environments such as population 

density and vehicle density underneath. The risk is represented as colored air blocks 

(Fig. 4.2(b)), and the 3D cost-based flight path is illustrated in Fig. 4.2(c). UAVs operate 

in complex 3D risk maps to avoid high-risk areas (presented in red color) and to 

minimize total operational risk cost. 

y

x

z

Destination

Risk cost

Low High

(a) 26 options from current 

position to next position
(c) 3D view

Origin

(b) Risk-based airspace and flight path
 

Fig. 4.2:  Illustrations of risk-based airspace and flight path planning. 

The core of the risk-aware airspace model and route planning is the accurate and 

quantitative risk value of each airspace unit. To achieve this, an integrated risk 

assessment model is proposed to compute the risk value. 

4.1.2 Risk Modelling and Assessment 

The integrated cost assessment model includes three parts: fatality risk model, 

property damage risk cost model, and noise impact cost model. We develop the 

corresponding models for the cost assessment.  

4.1.2.1 Fatality risk model 

Fatality risk is caused due to UAV crashes to pedestrians and persons in ground 

vehicles, and the unit is the number of fatalities per flight hour. The fatality risk is 

denoted as 𝑐r_f, and it consists of the risk to pedestrians 𝑐r_p and to the person in the 

vehicle 𝑐r_v. 

𝑐r_f = 𝑐r_p + 𝑐r_v                                                                (4.1) 
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A. Fatality Risk Model: Risk of UAV impacts people on the ground 

UAVs may lose control and crash to pedestrians on the ground (see Fig. 4.1). To 

evaluate the fatality risk to pedestrians, there are three processes [22], [151] need to be 

considered: (1) system failure of UAV; (2) UAV crashes to pedestrians; and (3) fatal 

damages caused to the pedestrians. That falling UAV hits people on the ground causing 

fatalities is a sequential action, which is associated with the three processes mentioned 

above. The risk cost of UAV crashes to pedestrians 𝐶r_p is defined as the number of 

fatalities per flight hour, denoted as 

𝐶r_p = 𝑃crash𝑁hit
p
𝑅𝑓
p
                                                        (4.2) 

where 𝑐r_p is the risk value associated with the fatality of pedestrians, and 𝑃crash is the 

probability of UAV system failure. Note that 𝑁hit
p

 is the number of pedestrians hit by 

crashed UAVs (correlated with population density), and 𝑅𝑓
p
 is the fatality probability 

that people are killed in UAV accidents.  

The 𝑃crash  is primarily determined by the reliability of the UAV system itself, 

including hardware and software reliabilities. The 𝑅𝑓
p
 is correlated with the weight and 

falling height of the UAV. The uncertain variable in Eq. (4.2) is 𝑁hit
p

, which associates 

with the population density, defined as 

𝑁hit
p
= 𝑆_hit𝜎p                                                                (4.3) 

where 𝑆_hit  is the size of crash impact area, and 𝜎p  is the population density in the 

administrative unit. 

The fatality probability 𝑅𝑓
p

 is associated with two main factors: impact kinetic 

energy and sheltering effects. The kinetic energy 𝐸imp  of falling UAV primarily 

determines the severity of impact, while the sheltering coefficient 𝑆𝑐 affects the degree 

of impact on the people and vehicles, as the buffering effects of buildings and trees will 

soften the. The sheltering coefficient 𝑆𝑐 is introduced as the absolute real number 𝑆𝑐 =

(0,1] [152], and the fatality probability is presented as 

𝑅𝑓
𝑝 =

1

1 + √
𝛼
𝛽
(
𝛽
𝐸imp

)

1
4𝑆𝑐

                                            (4.4) 
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where 𝛼 is the impact energy that might cause 50% fatality with 𝑆𝑐 = 0.5, while 𝛽 is 

the impact energy threshold required to cause fatality as 𝑆𝑐 approaching zero (see Fig. 

2 in (Dalamagkidis et al 2008)). Based on that, we take 𝛼 =106 J and 𝛽 =100 J.  

The impact kinetic energy 𝐸imp of the falling UAV is known as 

𝐸imp =
1

2
𝑚𝑣2                                                               (4.5) 

where 𝑚 (kg) is the mass of the falling UAV, and 𝑣 is the velocity when the UAV hits 

the ground. The processes to compute 𝑣 will be presented below. 

The vertical drag force 𝐹𝑑 of falling UAV is related to its size and materials, as well 

as the density of air, etc., denoted by [30] 

𝐹𝑑 =
1

2
𝑅𝐼𝑆_hit𝜌𝐴𝑣TAS

2                                                                   (4.6) 

where 𝑅𝐼 is the drag coefficient that is related to the UAV type, and 𝜌𝐴 is the density of 

air (1.225 kg/m3 at sea level), and 𝑣TAS is the true airspeed of the falling UAV. 

The acceleration of UAV can be then presented as  

𝑎 =
𝐹𝑔 − 𝐹𝑑

𝑚
= 𝑔 −

𝑅𝐼𝑆_hit𝜌𝐴𝑣TAS
2

2𝑚
                                         (4.7) 

where 𝐹𝑔 is the gravitational force, 𝐹𝑔 = 𝑚𝑔. (g=9.8m/s2) 

Thus, the velocity 𝑣 of UAV hits the ground at moment 𝑡 can be obtained as 

𝑣 = ∫ (𝑔 −
𝑅𝐼𝑆_hit𝜌𝐴𝑣TAS

2

2𝑚
)𝑑𝑡

𝑡

0

= √
2𝑚𝑔

𝑅𝐼𝑆hit𝜌𝐴
(1 − 𝑒−

ℎ𝑅𝐼𝑆hit𝜌𝐴
𝑚 )         (4.8) 

where ℎ is the start falling height of the UAV above the ground surface. 

B. Fatality Risk Model: Fatality risk to persons in the vehicle 

  Fatality risk to persons in the vehicle is modelled and there are also three 

components of a crash UAV accident on vehicles [32]: (1) UAV system failure; (2) 

falling UAV hits a vehicle; (3) the crash accident causes a direct fatality to people or 

causes a traffic accident which subsequently kills persons in the vehicle. 

Fatality risk that UAV crashes to persons in the vehicles is defined as the number 

of fatalities per flight hour, denoted as 
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𝐶r_v = 𝑃crash𝑁hit
v 𝑅𝑓

v                                                             (4.9) 

where 𝑁hit
v  is the number of vehicles hit by the crashed UAV, and 𝑅𝑓

v is the average 

fatality probability that persons in vehicles are killed in accidents, which can be obtained 

by: (annual total fatalities caused by car accidents)/(annual total number of car 

accidents). 

The average number of vehicles that might be hit by crashed UAV can be defined 

as the ratio of the total projected area of all vehicles and the total road area, denoted as 

𝑁hit
𝑣 = 𝑆_hit𝜎𝑣                                                                 (4.10) 

in which 𝜎v is the traffic density in the administrative unit 𝑢. 

C. Estimation of population density and traffic density using gravity model  

The population density and traffic density distributions in metropolitan 

environments are the essential variables which will directly influence the UAV 

operational risk costs as discussed in Eqs. (4.3) and (4.10). Based on the previous 

studies, these density distributions are strongly correlated with the consumption 

amenities [153], which attracts people and vehicle. To quantitively assess this 

correlation between consumption amenities and population density, the gravity model 

was used to calculate the population density [154]. Inspired by the gravity model [52] 

and population mapping method [155], we have the following formulas to compute the 

population density in urban environments. 

The population density of a unit 𝑢 is given as 

𝜎p = 𝑒
(1−𝑟2)𝜎p.avg                                                      (4.11) 

where 𝜎p.avg  is the average population density in the given area. Note that 𝑟 is the 

radius of the gravity influence area induced by the amenity, which is given as 1 km in 

this work. As shown in Fig. 4.3, the population density decreases in an inverted 

exponential pattern with the increase of the radius 𝑟 . In the first 0.3 km of 𝑟 , the 

population density index remains high, which captures the high population density 

distribution in the vicinity of amenities. While in the range of 0.3 km to 1.0 km, the 

index drops linearly, presenting an even decreasing trend of population density. 

Similarly, the road traffic density distribution can be denoted as  

𝜎v = 𝑒(1−𝑟
2)𝜎v.avg                                                  (4.12) 
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where 𝜎v.avg is the average traffic density in the given area. 

4.1.2.2 Property Damage Risk Cost Model 

Dense high-rise building in urban environments is another challenge for UAV 

operations. Potential collisions with buildings pose property damage risks, and densely 

distributed high-rise buildings also limit the speed of traffic flow, resulting in the 

inefficiency of the UAS system [156]. The property damage risk cost model also 

integrates the operational efficiency cost, which is accounted for the planning and 

optimization of airspace and traffic flow. 

 

Fig. 4.3:  Illustration of population density index changes with influence radius r. 

The flight altitude is a primary variable of the property damage risk model. As  Fig. 

4.4(a) depicted, in the low-altitude layer (Layer 1, for instance), the density of the 

building is high. UAV operating in Layer-1-type airspace needs to frequently perform 

deconfliction to avoid obstacles, increasing risks and efficiency loss. In the high-altitude 

layer (i.e., Layer 4), in contrast, there are few buildings to affect UAV operations, so 

that operational safety and efficiency can be significantly improved. Here, we assume 

that the operation will be affected if the flight distance of a drone from buildings is 

smaller than the separation minima. The building density distribution at different 

heights plays a key role in property damage risk modelling, which is correlated with the 

collision probability of UAVs with buildings. The building height distribution is not fit 

with the standard normal distribution but the log-normal distribution [20], [21], height 

is a nonnegative value, and its distribution is not symmetrical (Fig. 4.4(b)). Based on 
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these characteristics, the correlation between building height and property damage risk 

cost 𝑐r_p.d is established as 

𝜓(ℎ; 𝜇, 𝜎) =
1

ℎ𝜎√2𝜋
𝑒
−
(𝑙𝑛ℎ−𝜇)2

2𝜎2                                                (4.13) 

𝑐r_p.d = {
𝜓(𝑒𝜇),     0 < ℎ ≤ 𝑒𝜇

𝜓(ℎ),           ℎ > 𝑒𝜇
                                              (4.14) 

where ℎ is the building height, 𝜇  and 𝜎  are the mean and standard deviation of the 

logarithmic variable. Note that 𝑐r_p.d is the risk cost of property damage upon drone 

operation. For buildings with a height smaller than the threshold of 𝑒𝜇, the risk cost 

equals the one which the height 𝑒𝜇 has Eq. (4.14) defines). This is because below that 

height (ℎ = 𝑒𝜇), buildings are dense, and the risks are high. The biggest risk cost value 

is therefore taken as the one with height ℎ = 𝑒𝜇. In this study, the building density and 

height data are obtained from a downtown area (size: 6km×6km) in Singapore. A total 

number of 3366 buildings are included in the selected area. By computing statistical 

features, the mean value for the log-normal distribution is obtained as 𝜇 =3.0467. While 

for buildings with a height greater than 𝑒𝜇, the operational risk cost is computed as the 

log-normal distribution presents in Eq. (4.13) . Meaning that with the increase in 

building height (ℎ > 𝑒𝜇), the property damage risk cost decreases, as in higher layers 

there are fewer building obstacles to influence the safe operations of UAVs. Note that 

the property damage risk factor is to facilitate the determination of an optimal flight 

layer in particular areas.  

           

(a) Illustration of building height distribution       (b) Log-normal distribution of building 

height 
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Fig. 4.4:  Building obstacles impact on UAV operation in urban areas. In (a), the 

building height data is selected from a particular city area in Singapore, where 100 

building clusters have been selected to illustrate the building height distribution. In (b), 

the statistical features of building height distribution are analyzed using log-normal 

distribution. Here, the height frequency presents the number of buildings at such height. 

4.1.2.3 Noise impact cost model 

Noise impact is another important societal issue and needs to be mitigated when 

UAVs operate in low-altitude urban environments [12]. That should be therefore 

considered as a cost when conducting UAV flight planning. The impact of noise on the 

public is in effect when UAVs operate close to people, especially at nighttime. While 

with the increase of flying altitude, the impact will decrease to the threshold which will 

not have effects for people on the ground. The correlation of noise impact cost and its 

flying height is illustrated in Fig. 4.5. As we can see from Fig. 4.5(a), the key factor of 

noise impact cost is UAV flying height, as the sound propagation is correlated with the 

height and distance of UAV away from the people. 

 An approximation of sound propagation is the spherical spreading, which is 

presented as 

𝐼(𝑠𝑖) =
1

ℎ2 + 𝑑2
                                                             (4.15) 

where 𝐼(𝑠𝑖) is the sound intensity at height ℎ and distance d from the point directly 

under the UAV. Here d is taken as 30 feet [157]. The sound intensity is further converted 

as sound level, 

𝐿(𝑠𝑙) = 𝜛Lℎ𝐼(𝑠𝑖)                                                          (4.16) 

in which 𝐿(𝑠𝑙) is the sound level (dB); 𝜛 is the conversion factor from sound intensity 

to sound level; Lℎ is the reference noise produced by a drone, taken as Lℎ = 55dB [158]. 

𝑐noise = 𝐿(𝑠𝑙) = 𝜛Lℎ
1

ℎ2 + 𝑑2
                                   (4.17) 

where 𝑐noise is the cost of noise impact upon drone operation in the given airspace unit. 

Noise impact will not be considered as a cost for UAV operation if flying height exceeds 

the threshold. Based on previous studies [59], [61], we take the height threshold as the 

one that corresponds to the noise level of 40 dB, illustrated in Fig. 4.5(b). 
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(a) Illustration of noise impact            (b) Correlation of noise level and flying height 

Fig. 4.5:  UAV noise impact on people. 

4.2 Risk-based UAV flight path optimization 

In this Section, the cost-based path planning is modelled, and the solution algorithm 

is also developed. First, we propose an integrated cost model for the optimization of the 

UAV flight path considering fatality risk, property damage risk, and noise impact. 

Based on the integrated cost model, we formulate the risk cost-based path planning as 

a minimum cost flow problem in an undirected graph. To solve the formulated problem, 

we propose a hybrid algorithm that incorporates the estimation of distribution algorithm 

(EDA) and CostA* algorithm. 

4.2.1 Integrated risk cost model 

The total operational cost integrates fatality risk cost, property damage risk cost, and 

noise impact cost. As the weightage of these three types of cost might be different due 

to their significance or user preferences, the contribution of each type of cost will also 

be various. For instance, aviation regulators may take safety as the top priority, requiring 

a very low fatality risk cost of UAV operation. In this regard, the weight of fatality cost 

should be increased. By doing so, areas with dense populations and vehicles will be 

identified as high-risk areas by the proposed model, and the path planning will 

subsequently avoid these areas. To quantify the significance and preferences of UAS 

stakeholders on different risk types, the weight factor 𝛼𝜏 is introduced. As the three risk 

cost factors are exclusive and are normalized into the range of (0, 1], the integrated cost 

assessment model is developed as an additive linear model 
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𝑐𝑣 = ∑ 𝛼𝜏𝜔𝜏𝑐𝜏
𝜏={r_f,r_p.d,noise}

                                                           (4.18) 

where 𝑐𝑣  is the integrated cost of a vertex. Here 𝛼𝜏  is weight factor, 𝜔𝜏  is a 

normalization factor and 𝑐𝜏  is the cost value. Note that 𝜏 = { r_f,  r_p. d, noise } 

corresponds to fatality risk, property damage risk, and noise impact, respectively. Here 

{ 𝛼𝜏: 𝛼1, 𝛼2, 𝛼3 } ∈ [0,1], and 𝛼1 + 𝛼2 + 𝛼3 = 1 . Note that { 𝜔𝜏: 𝜔1 = 𝜔r_f, 𝜔2 =

𝜔r_p.d, 𝜔3 = 𝜔noise}, and {𝑐𝜏: 𝑐1 = 𝑐r_f, 𝑐2 = 𝑐r_p.d, 𝑐3 = 𝑐noise}. 

The normalization factor 𝜔𝜏  is used to eliminate the magnitude effect among 

different risk types [159]. The cost 𝑐𝜏 is divided by the maximum cost value 𝑐𝜏_max. 

Here 𝑐𝜏_max  is defined as the maximum cost value among all vertices in a given 

environment. For example, the given environment has meshed into standard airspace 

units that have 100 vertices. The fatality risk is computed for all vertices and the 

maximum cost value is ten, for instance. Then, the fatality risk value of all 100 vertices 

will be divided by ten, and all the cost values will fall in the range of (0,1]. The 

correlation between the normalization factor and the maximum cost value is denoted as 

𝜔𝜏 =
1

𝑐𝜏_max
                                                                   (4.19) 

4.2.2 Problem formulation of cost-based path planning 

To facilitate the cost assessment, airspace is divided into uniform three-dimensional 

units. These units consist of vertices and edges and can be represented as a graph. The 

cost-based path planning problem is a special case of the minimum cost flow problem, 

which is to find a path in the graph from origin to destination with minimum cost. We 

modelled the problem as follows: 

Let 𝐺 = (𝑉, 𝐸, 𝐶) be an undirected, connected, and weighted graph for which: 

𝑉 = {𝑣1(𝑥1, 𝑦1, 𝑧1), 𝑣2(𝑥2, 𝑦2, 𝑧2), … , 𝑣𝑛(𝑥𝑛, 𝑦𝑛, 𝑧𝑛)}, 𝑛 ∈ ℕ presents the finite set 

of graph vertices of the divided airspace.  

𝐸 ⊂ 𝑉 × 𝑉 denotes the finite set of edges connecting the vertices in the graph. 

𝐶: 𝐸 → ℝ0
+ presents the weight function of the edge.   

 In this Chapter, the weight represents the cost of the edge. The cost of an edge 

𝑒𝑖(𝑣𝑖, 𝑣𝑖+1) can be denoted as 𝑐𝑒𝑖 . The integrated cost is given to the vertex of the 
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airspace unit centroid. To align with that, the cost of the edge 𝑐𝑒𝑖 is represented by the 

cost of the vertex on the edge, denoted as 𝑐𝑣𝑖 . The weight function of the edge is 

equivalent to the cost function of the vertex as shown in Eq. (4.18). Let 𝑠 and 𝑡 be 

distinct vertices of 𝐺. A path 𝑃 from 𝑠 to 𝑡 in 𝐺 is called the most cost-effective path if 

𝐶𝑃 is minimum among all paths from 𝑠 to 𝑡 in 𝐺.   

The objective of this work is to optimize the integrated cost of the planned path, 

denoted as 

min: 𝐶𝑃 = ∑ 𝑐𝑣𝑖
𝑣𝑖∈𝑉𝑃

                                                          (4.20) 

where 𝐶𝑃 is the total cost of path 𝑃, and 𝑐𝑣𝑖 is the cost of the air block that contains a 

vertex 𝑣𝑖. Note that 𝑉𝑃 is the set of vertices on path 𝑃. 

As Fig. 4.2 shows, 26 available vertices can be chosen as the next point to move. 

Specifically, six vertices are straightly connected with the current vertex, while 12 

vertices are connected as planar diagonals and eight vertices are connected as cubical 

diagonals. To ensure the planned flight path is operationally valid in the sense that a 

complete sequence of waypoints is provided for autonomous navigation, the constraint 

of waypoint selection is presented as 

{
 
 

 
 𝑥𝑖+1 = 𝑥𝑖 + 𝛿𝑥

𝑖               

𝑦𝑖+1 = 𝑦𝑖 + 𝛿𝑦
𝑖               

𝑧𝑖+1 = 𝑧𝑖 + 𝛿𝑧
𝑖                

𝛿𝑥
𝑖 , 𝛿𝑦

𝑖 , 𝛿𝑧
𝑖 ∈ {−𝜆, 0, 𝜆}     

                                                  (4.21) 

where (𝑥𝑖+1, 𝑦𝑖+1, 𝑧𝑖+1) is the next path point 𝑣𝑖+1 choosing to move, and  (𝑥𝑖, 𝑦𝑖 , 𝑧𝑖) is 

the current position 𝑣𝑖. Note that 𝛿𝑥
𝑖 , 𝛿𝑦

𝑖 , and 𝛿𝑧
𝑖  are the movements corresponding to the 

x-axis, y-axis, and z-axis, respectively. The step size of the movements is 𝜆.  

Another constraint is to ensure the planned flight does not collide with buildings. 

The path of a UAV flight should not enter the airspace units that are occupied by 

buildings. 

𝑢𝑘 ∈ 𝑈Obs, 𝑘 ≥ 0                                                           (4.22) 

in which 𝑢𝑘  is the building-occupied airspace unit, and 𝑈Obs  is the set of all the 

building-occupied units. The motivation for making Eq. (4.22)  a constraint is to 

improve computational efficiency. The building-occupied airspace blocks will be 
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disabled during the path-searching process, and they will not be evaluated by the fitness 

function which is the most time-consuming part of the algorithm. 

4.2.3 Solution algorithm for cost-based path planning 

This section develops a hybrid algorithm to solve the cost-based path optimization 

problem. The algorithm incorporates the estimation of distribution algorithm (EDA) and 

the A* algorithm. To improve computational efficiency, the k-means method is 

introduced to identify low-cost clusters that are used as local heuristic guidance for path 

searching. Detailed developments of the algorithm are presented in the following 

sections. 

A. EDA-A* algorithm for cost-based path planning 

To solve the developed cost-based path optimization problem, there are several 

types of algorithms we can choose from. The exact method, such as the Dijkstra, is one 

of the classic and effective methods for graph-based path-searching. However, Dijkstra 

is a computational inefficiency method, especially in dealing with large-scale problems 

such as the one in this Chapter. To improve efficiency, an extension of the Dijkstra 

method was made with heuristic information, and a new algorithm called the A* 

algorithm was developed [160]. The computational efficiency of the A* algorithm is 

significantly higher than the Dijkstra method. While the A* algorithm can still be an 

exact method if an appropriate heuristic value can be obtained. In the distance-based 

environment (Fig. 4.6(a)), the heuristic value can be surely obtained either as Manhattan 

distance or Euclidean distance. However, in the cost-based environment (Fig. 4.6(b)), 

an appropriate heuristic value is difficult to be obtained because the distribution of cost 

values is uneven and unpredictable in different airspace units.  

If the heuristic value is taken too big, it may exceed the lower bound and that reduces 

the heuristic effectiveness. In contrast, if the heuristic value is too small, although it 

might be within the lower bound, the computational efficiency will be significantly 

reduced. Finding a proper heuristic value can make a good compromise between 

solution quality and computational efficiency. That motivates this Chapter to propose a 

global optimization method to assist the estimation of the exact lower bound. What is 

more, as the scale of the problem gets larger, it becomes more difficult for the heuristic 
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methods that are initiated with only one solution to search for the outstanding solutions 

from the feasible region.  
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Fig. 4.6:  Illustration of heuristic value in the distance-based environment and the cost-

based environment. Note that (a) shows that in the distance-based environment, the 

conventional A* algorithm has two options to choose its heuristic value: Manhattan 

distance and Euclidean distance. For (b) in the cost-based environment, the heuristic 

information may not be effective, as the risk cost distribution is uneven and 

unpredictable from the current node (𝑥𝑖, 𝑦𝑖) to the target node (𝑥end, 𝑦end). For (c), the 

global heuristic distance path is directly from the current node to the destination. While 

the local heuristic direction is generated by connecting the cluster centroids. The 

heuristic value is approximate to the exact lower bound by incorporating both the global 

and local heuristic information. 

Swarm-based methods initiate with a number of solutions and are suitable to solve 

the above-proposed problem. The estimation of distribution algorithm (EDA) [161], 

[162] is one of the typical swarm-based algorithms for solving both discrete and 

continuous optimization problems. The EDA algorithm is a stochastic method, and it 

performs well in terms of global searching. That makes it a suitable method to optimize 

the searching region and estimate the lower bound of the heuristic value in cost-based 

environments. Besides, the EDA method also has no limitation for the number of 

variables in the optimization process. That aligns with the requirement for the 

optimization variable of this Chapter. As in this Chapter, the optimization variables of 

the cost-based path planning problem are coordinates of path points, and the number of 

the points may not be the same for different flight paths. 

The core of EDA is to generate and sample explicit probabilistic models of 

promising solutions to guide the search for the optimum. The optimization process can 
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be seen as a series of incremental updates of the probabilistic model to achieve the 

global optimal solution. To reduce the complexity of the optimization process, authors 

[163] proposed a method by using a binary integer to avoid exploring irrelevant areas. 

Inspired by their works, this Chapter develops a hybrid algorithm called EDA-A*, 

which integrates the EDA and A* algorithms. The outer loop of the EDA-A* algorithm 

is to solve a binary 0-1 optimization problem, which aims for optimizing the feasible 

region for path searching. The optimized feasible region will be input in the inner loop, 

where the A* algorithm is used, to generate the cost-effective path. The workflow and 

pseudocode of the EDA-A* algorithm is presented in Fig. 4.7 and Algorithm 1. 

i>Nmax (No. of iteration) 

EDA-A* begins with ith iteration

Obtain initial solutions of feasible region 
using EDA

Select the dominant paths which have low 
cost and increase the probability of being 

chosen for these path points 

i=i+1

Yes

No

Output: the generated UAV flight path 
and its cost

Conduct path planning using A* for each 
solution based on the obtained feasible region

Input: Integrated cost dataset 

 

Fig. 4.7:  Framework of EDA-A* algorithm. 

The main loop of the EDA-A* algorithm is from Line 6 to Line 23 as shown in 

Algorithm 1. In this algorithm, the species include a number of populations. One 

population refers to a complete path-searching region based on the selected environment. 

The EDA method is used to optimize the searching region by selecting the low-cost 

airspace units along with the reference path from origin to destination. The A* algorithm 

is used to produce the cost-effective path using the optimized searching region. The 

essential part of the EDA-A* algorithm is the probability update function (Line 22), 

which is used to balance the exploitation and exploration of the search process. By 

selecting the dominant populations from the species, the function is updated towards 
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that individual belonging to the dominant populations will have increased probabilities 

to be selected as optimal points.  

As defined in Eq. (4.23), the probability array 𝒑𝑖+1  of being selected for next 

candidate solutions consists of two parts. The first part is to exploit the current best 

solution by using the currently obtained probability array 𝒑𝑖 . The second part is to 

explore the search space for better solutions. Each candidate solution point in the array 

𝑫𝑠 is divided by the total number of dominant species N𝑠. The more times a candidate 

point is selected (based on fitness value), the higher probability it will have in 𝒑𝑖+1, and 

eventually it has higher probability to be selected as a solution point. The balance of the 

exploitation and exploration is adjusted by the learning rate 𝑙rate. Specifically, there will 

be no exploitation process if 𝑙rate = 1 , as the current best probability has no 

contribution to the next status. In contrast, there will be no exploration process if 𝑙rate =

0, as the next status is completely contributed by the current best probability. The update 

function is denoted as 

𝒑𝑖+1 = (1 − 𝑙rate)𝒑𝑖 + 𝑙rate
𝑫𝑠
N𝑠
                                                (4.23) 

 

 

Algorithm 1: Hybrid EDA-A* algorithm for cost-based path planning

1: input: cost value of each airspace unit (Cost), origin and destination (OD) of UAV flight, obstacle information

2: output: generated path (path ), total cost of the path (TotalCost )

3: path =null ;

4: TotalCost =0;

5: initialize the probability matrix p  of EDA

6: for i =1:n iter Do % outer loop, n iter is the number of iterations

7:             while j <=n ppl Do % n ppl is the number of populations in the species

8:                   r =rand(size(Cost)); % initialize the probability (r ) of being selected for each airspace unit 

9:                   species{ j ,1} = 1.*(r { j ,1}<p i{ j,1} ); % select path searching space by comparing r  and p i

10:                   j =j +1;

11:             end while 

12:             save species % selected path searching spaces 

13:             for k =1:n ppl  Do % inner loop

14:                   path =A*(OD, species, obstacle); % generate path using A* algorithm

15:                   TotalCost =FitnessValue(path );

16:                   T_cost=[T_cost;TotalCost ];

17:             end for 

18:       T_cost(C _np, :)=max(T_cost); % eliminate populations that have no feasible path found

19:       FitnessValue=T_cost;

20:       [Fitness, index] = sort(FitnessValue);

21:       Ds {:, 1} = species{index(:), 1}; % select dominant populations

22:       p i+1= (1-l rate)*p i+l rate*Ds /Ns ; % probability update function: Eq. (23)

23: end for



 
 

67 

 

As EDA is a stochastic method based on a probabilistic model, during the iteration, 

path planning in some populations (feasible regions) might be trapped by obstacles and 

may not be able to find a feasible path from origin to destination. The total cost 𝐶_np for 

these populations will be replaced by the maximum cost among the whole species (Line 

18). In subsequent iterations, these populations will be eliminated, and the selected 

dominant population is guaranteed to find a feasible path. 

B. An improvement of EDA-A* with fast computation: EDA-CostA* 

In EDA-A* algorithm, the EDA is used to select the feasible region for path 

planning, and A* is used to produce the path based on the selected region. With heuristic 

information, the A* algorithm conducts very fast compared with the Dijkstra method. 

However, the A* algorithm is called for every population of the species at every 

iteration (a for loop from Line 13 to Line 17 in Algorithm 1). That makes the overall 

EDA-A* algorithm take more computational time as the problem scale gets larger. To 

cope with this problem, we further improve the EDA-A* algorithm by introducing the 

k-means method to provide both global and local heuristic information for path 

searching (see Fig. 4.6(c)). The improved hybrid algorithm is named EDA-CostA*, and 

its workflow is presented in Fig. 4.8. 

The EDA-CostA* algorithm has three main functions. The first function is the EDA 

algorithm, which is used to globally optimize the feasible region that has low costs 

among all searching space. The second function is the k-means algorithm, which is used 

to cluster the low-cost regions and to identify the global heuristic distance and local 

heuristic direction. The identified heuristic information will be used to estimate the 

lower bound of the heuristic value that will be ingested into the third function (CostA*) 

to generate the cost-effective path.  

The global heuristic distance ℎDist is improved from Euclidean distance to estimate 

the total cost from the current node to the destination, which is presented as 

{
 
 

 
 ℎDist = 𝒽heuDist√(𝑥𝐷 − 𝑥𝑖)

2 + (𝑦𝐷 − 𝑦𝑖)2 + (𝑧𝐷 − 𝑧𝑖)2         

𝒽heuDist = min{(
1

𝑁𝑉open
∑ 𝑐𝑣𝑖

𝑣𝑖∈𝑉open

) , (
1

𝑁𝑉Ctrs
∑ 𝑐𝑣𝑗

𝑣𝑗∈𝑉Ctrs

)}
                 (4.24) 

in which (𝑥𝑖, 𝑦𝑖 , 𝑧𝑖)  is the coordination of the current point and (𝑥𝐷 , 𝑦𝐷 , 𝑧𝐷)  is the 

destination point, which is used to compute the Euclidean distance. Note that 𝒽heuDist 
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is the heuristic distance factor, which takes the minimum value among the mean cost of 

all open vertices Vopen and the mean cost of cluster centroid vertices VCtrs. Taking the 

minimum value is because a smaller value is more likely to fall within the lower bound 

and that leads to a better quality of solution for CostA* algorithm [160]. When the 

heuristic value is down to zero, the CostA* will then be equivalent to the Dijkstra 

method. The determination of the heuristic value for the algorithm is to make a trade-

off between the quality of the solution and computational efficiency. 

The local heuristic direction ℎDrctn is defined as the distance from the current point 

(𝑥𝑖, 𝑦𝑖 , 𝑧𝑖)  to its nearest cluster centroid (𝑥cen_𝑜 , 𝑦cen_𝑜 , 𝑧cen_𝑜) as illustrated in Fig. 

4.6(c), which is denoted as 

ℎDrctn = √(𝑥cen_𝑜 − 𝑥𝑖)2 + (𝑦cen_𝑜 − 𝑦𝑖)2 + (𝑧cen_𝑜 − 𝑧𝑖)2                         (4.25) 

The detailed pseudocode of the EDA-CostA* algorithm is presented as Algorithm 

2. 

The identified heuristic information above will be ingested into the third function 

(CostA*) to generate the cost-effective path. In the CostA* algorithm, the solution point 

is evaluated by the cost function 𝑓(𝑐), which is defined as the sum of costs from two 

parts, as denoted in Eq. (4.26). The first part is the integral of the cost from the origin 

point to the current point, presented as 𝑔(𝑐). The second part is the heuristic value ℎ(𝑐), 

which is determined by both global heuristic information ℎDist  and local heuristic 

information ℎDrctn.  

 

Algorithm 2: EDA-CostA* algorithm for fast cost-based path planning

1: input: cost value of each airspace unit (Cost), origin and destination (OD) of UAV flight, obstacle information

2: output: generated path (path ), total cost of the path (TotalCost )

3: path =null

4: TotalCost =0;

5: Pbest=EDA(Cost); % obtain the best population Pbest

6: if  sum(Pbest(i , j , k ))==1 Do % obtain open points for path searching

7:      Pindiv=[i , j , k ];  % get the position of individual open point

8:      Pall=[Pall; Pindiv]; % obtain the positions of all open points

9: end if

10: Pcentroid=k-means(Posn); % obtain the positions of cluster centroids

11: [h Dist, h Drctn]=f (Pcentroid) % obtain heuristic information by Eq. (24) and Eq. (25)

12: [path , TotalCost ]=CostA*(OD, obstacle, h Dist, h Drctn);
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i>Nmax (No. of iteration) 

EDA-CostA* begins with jth iteration

Generate solutions of feasible region
 using EDA

Select the dominant paths which have low cost 
and increase the probability of being chosen for 

these path points 

j=j+1

Yes

No

Output the optimal feasible region and produce 
global heuristic information

Input: Integrated cost dataset 

Identify low cost clusters using k-means and 
produce local heuristic information

Conduct cost-based path planning using the 
approximated heuristic value

Output: optimized cost-effective UAV
 flight path

Obtain the approximated lower bound of heuristic 
value based on both global and local information

 

Fig. 4.8:  Workflow of EDA-CostA* algorithm. 

As Fig. 4.6(c) illustrates, the heuristic distance path provides the global heuristic 

information ℎDist, which is directly from the current node to the destination. While the 

heuristic direction path provides local heuristic information ℎDrctn, which connects the 

cluster centroids. To avoid the local path search deviating too far from the global path, 

the deviation between the local path and the global path is evaluated and constrained. 

The deviation is defined as the difference between ℎDrctn and ℎDist_cen over ℎDist_cen. 

Here ℎDist_cen  is the heuristic distance from the current point to the point that is 

projected from the cluster centroid on the global track. If the deviation does not exceed 

the threshold 𝜀, which means the local cluster centroid is not far from the global track. 

The ℎDrctn will be used as the heuristic information for the current point. In contrast, 

the ℎDist will be used. Here the 𝜀 is taken as 0.2, which presents the deviation between 

the global path and the local path. The cost function is denoted as 
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𝑓(𝑐) = 𝑔(𝑐) + ℎ(𝑐) = ∫ 𝑐𝑣𝑑𝑣
𝑣𝑖
𝑣𝑜

+ ℎ(𝑐)

{
ℎ(𝑐) = ℎDrctn, 𝑖𝑓 

(ℎDrctn − ℎDist_cen)
ℎDist_cen

< 𝜀

ℎ(𝑐) = ℎDist, 𝑖𝑓 
(ℎDrctn − ℎDist_cen)

ℎDist_cen
≥ 𝜀  

                               (4.26) 

The pseudocode of the CostA* algorithm is presented as Algorithm 3.  

 

To summarize, there are two similarities between the EDA-A* and EDA-CostA* 

algorithms. They use the same cost data as input, and they both employ EDA to generate 

the initial solution of feasible regions. The difference between the two algorithms is the 

computational efficiency. In EDA-A*, the A* algorithm is called for every single 

iteration to produce the path for all populations, which consumes significant 

computational time. While for EDA-CostA*, the CostA* is only called once to generate 

the cost-effective path based on the optimized feasible region by EDA, which 

significantly reduces the computational time. 

4.3 Simulation Studies and Results 

To demonstrate the integrated cost assessment model and the developed cost-based 

path planning algorithms, we perform simulations and case studies in a representative 

metropolitan area. First, the cost assessment model is implemented in a real-world 

environment to generate the cost-based airspace map. Based on the map, the proposed 

Algorithm 3: CostA* algorithm

1: input: cost value of each airspace unit (Cost), origin and destination (OD) of UAV flight, obstacle information

2: output: generated path (path )

3: for i  = 1:26 Do % possible choices of next path point

4:       next = [x (i ), y (i ), z (i ), Cost(x (i ), y (i ), z (i ))]; % coordinates of the next point and its cost value

5:       Motion=[Motion; next];

6: end for

7: MotionMode{} = Motion; % store the cost value matrix for every open point

8: g (c)=f (MotionMode{c}); % the integral of the cost from origin point to current point

9: Obtained the global heuristic information h Dist by Eq. (24) and local heuristic information h Drctn by Eq. (25)

10: if   ((h Drctn - h Dist_cen)/h Dist_cen) <ԑ  Do % approximate heuristic value by Eq. (26)

11:       h (c)=h Drctn; % deviation is acceptable, path searching direction follows local low-cost cluster

12: else 

13:       h (c)=h Dist; % deviation is unacceptable, path searching direction follows global track

14: end if

15: f (c)=g (c)+h (c); % overall cost function

16: if f (c) < open( f (:)) Do % distance from current point to destination less than that of the points in open list

17:       Putting current point as father point, and it will be included in the path

18: end if
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algorithms are used to produce a cost-effective path. Simulations and statistical analysis 

are conducted to test how well the proposed cost assessment model and algorithms can 

be generalized to other urban patterns. 

4.3.1 Case study of the integrated cost assessment model 

A typical metropolitan area (6km×6km) in Singapore is selected for the modelling 

of risk-based airspace, and the allowable altitude in this study is chosen as 120 meters 

(400 feet) above the ground. The size of each air block is 100m×100m×30m. The 

selected metropolitan area has dense high-rise buildings, shopping centers, city squares, 

residential areas with dense populations, parks, etc., which are representative of modern 

megacities. A total number of 3366 buildings are included in the selected area. The 

selected environment has two administrative districts, and the average population 

densities are 8.358×103 and 7.219×103 (people/km2) [164]. The average traffic density 

in the road of the given area is obtained as 7.12×103 (vehicle/km2) [165]. Based on the 

average population and vehicle densities, we estimate the population density 

distribution using Eq. (4.11) and traffic density distribution using Eq. (4.12). Obtained 

population and traffic distribution results are illustrated in Fig. 4.9. 

       
(a) Population density distribution                  (b) Traffic density distribution 

Fig. 4.9: Distribution of population density and traffic density in the selected urban 

environment. 

In this case study, the UAV is selected as one of the most used drones (DJI Phantom 

4). The drone weight is 1.38 kg and in urban environments the crash probability 𝑃crash 

is 3.42×10-4 per flight hour [8]. The size of the UAV crash impact area is 𝑆_hit = 0.0188 

m2 and the drag coefficient is 𝑅𝐼 = 0.3 [30]. The number of casualties caused by an 

average traffic accident is 𝑅𝑓
v= 0.27 [166]. For the integrated cost model, the weight 
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factors of fatality risk, property damage risk and noise impact are given as 𝛼1= 0.5, 𝛼2= 

0.25, 𝛼3= 0.25, respectively. The fatality risk cost is given a high weightage of 0.5, 

while the property damage cost and noise impact cost are given the same weight as 0.25 

in this study. Based on the obtained data, the total integrated cost of each flight layer is 

computed and illustrated in Fig. 4.10.  

In Fig. 4.10(a), the average cost of flight Layer 1 is the highest. The locations with 

high fatality risks are identified on the map. For instance, the location (20, 55) on the 

map has the highest risk cost, as there are shopping streets, highway intersections, and 

dense populations in real-world environments. Thus, the fatality risk and property 

damage risk there is high, making the total cost high. In Layer 2 (Fig. 4.10(b)), with the 

increase of flight altitude, the costs are significantly reduced for property damage and 

noise impact, whereas the fatality risk cost increases by 7.7% compared with the one in 

Layer 1.  In the third and fourth flight layers, as shown in Fig. 4.10(c) and Fig. 4.10(d), 

the flight altitude increases to 90 and 120 meters. The high-risk areas in these two layers 

are still clearly identified while the total cost has not changed much from Layer 3 to 

Layer 4 because of two reasons. For one thing, the fatality risk only slightly increases 

by 4.09% from Layer 2 to Layer 3 and 2.66% from Layer 3 to Layer 4 after the altitude 

is over 60 meters. That is because UAV impact over such height is mostly causing 

fatalities. For another, the influence of the noise impact exceeds the height threshold 

(Eq. (4.17) and Fig. 4.5(b)) and contributes nothing to the integrated cost, while the 

property damage cost is significantly small. The integrated costs in Layer 3 and Layer 

4 are therefore significantly small while the high-cost areas are identified. 

4.3.2 Cost-based flight path planning 

Based on the obtained cost-based map, we conduct the cost-based path planning 

with algorithm comparisons in terms of solution quality and computational time. The 

heuristic effectiveness of our proposed EDA-based method is also demonstrated by 

simulation results. Lastly, the influence of different risk types on the cost-based path 

planning results is investigated. 
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(a)  Layer 1: h=30 m                                     (b)  Layer 2: h=60 m 

               
(c)  Layer 3: h=90 m                                           (d)  Layer 4: h=120 m 

Fig. 4.10: Integrated risk cost mapping for different flight layers. 

4.3.2.1. Cost-based path planning in a real-world environment 

The flight paths optimized by our proposed hybrid algorithm can avoid obstacles 

and high-cost areas identified by our proposed cost assessment model. The results of 

the 3D view with risk map, top view, and 3D view without risk map are presented in 

Fig. 4.11(a), Fig. 4.11(b), and Fig. 4.11(c).  Observed from a 3D view, the drone flight 

height for most of the time is 120 meters, which is the top layer of the modelled 

environments. Flying at such height significantly reduced the property damage risk and 

noise impact cost, and the fatality cost can also be reduced by avoiding high population 

density and vehicle density areas such as locations (10, 12), (40, 40) and (42, 39) shown 

in the top view Fig. 4.11(b). In a real-world environment, these identified high-risk cost 

locations are shopping streets, hospitals, schools, or highway conjunctions, where the 

population density and vehicle density are significantly higher than the rest of the areas. 
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Being able to quantitively identify high-risk areas using our proposed model can 

facilitate the risk management of low-altitude urban airspace and cost-based path 

optimization. Which subsequently enables safe UAV operations in metropolitan 

environments. 

   

        (a)  3D view                (b)  Top view            (c)  3D view (without risk cost map) 

Fig. 4.11: Cost-based paths generated in a real-world environment. 

In the simulations, five algorithms are used to generate the cost-based flight path. 

They are Dijkstra, RiskA*, ACO, EDA-A* and EDA-CostA* algorithms. Dijkstra 

algorithm, as an exact method, is used to generate the optimal solutions as a basis for 

comparison. The other two main types of cost-based path planning algorithms are the 

heuristic A*-based (RiskA*) method [85] and the evolutionary ACO (Ant Colony 

Optimization: ACO)-based method [22], [167]. In this study, the heuristic value of the 

RiskA* algorithm is taken as the average cost of all cells in the map. The same cost-

based map is used for all five algorithms for path planning. 

The path planning results of five algorithms are obtained and presented in Table 4.1. 

Compared with the Dijkstra algorithm, the flight path produced by EDA-CostA* is 2.06% 

shorter while it uses a mere 3.05% computational time, whereas the risk cost of the path 

is 4.58% greater than the Dijkstra one. For the path produced by the ACO algorithm, it 

has a 1.51% more risk cost and a 1.22% longer distance. However, its computational 

time is significantly greater than all the other algorithms, with 785.98% greater than the 

Dijkstra method. For EDA-A* algorithm, its performance makes a good trade-off 

among the risk cost, flight distance, and computational time. As to RiskA* algorithm, 

it consumes only 0.16% of the time and the path is 90.65% long compared with the path 

produced by Dijkstra. However, it has the highest cost index, with 28.8% higher than 

the basis generated by Dijkstra. As it fails to avoid some high-cost areas such as 
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locations (11, 12) and (43, 45) as shown in Fig. 4.11(b). Furthermore, the heuristic value 

of RiskA* is also hard to obtain and it plays a key role in optimization performance, as 

analysis shown in Table 1 of reference [85]. The determination of a proper heuristic 

value for RiskA* is unsolved, especially when the environment changes. That is the key 

motivation for our proposed hybrid EDA-A* and EDA-CostA* algorithms to solve the 

cost-based path planning problems in various environments. Simulations and tests are 

conducted below to demonstrate the performance of our proposed algorithms.  

 

Table 4.1: Comparison results of the five cost-based path planning algorithms. 

Performan

ce\ 

Indicators 

Computational results 
Performance ratio compared with 

Dijkstra (optimal in cost reduction) 

Dijkst

ra 

RiskA

* 
ACO 

EDA-

A* 

EDA-

CostA

* 

RiskA* ACO 
EDA-

A* 

EDA-

CostA* 

Risk cost 

index 
1102.6 

1420.

2 

1119.3

2 

1126.2

6 

1153.0

7 

128.80

% 

101.51

% 

102.14

% 

104.58

% 

Distance 

(km) 
9.73 8.82 9.85 10.11 9.53 

90.65

% 

101.22

% 

103.94

% 

97.94

% 

Computatio

n time (s) 
3806.2 6.106 

29916.

2 
984.87 116.22 0.16% 

785.98

% 

25.88

% 
3.05% 

 

4.3.2.2. Heuristic effectiveness of using EDA to estimate the lower bound 

As we discussed in the above Section, it is difficult to obtain the exact heuristic 

lower bound in a cost-based environment, as the cost values are distributed unevenly 

and unpredictably. That motivates this Chapter to propose an EDA-based method to 

better estimate the exact lower bound of heuristic value. As EDA is a stochastic method, 

the estimated heuristic value may not be a global optimal but suboptimal. We conduct 

simulations to demonstrate the performance of our proposed EDA-based method in 

estimating the exact lower bound. The exact lower bound is defined as the exact cost 

from the current point to the destination, which is the baseline in this study. The baseline 

value for each path point is obtained by the cost-based Dijkstra method. The estimated 

lower bound is defined as the approximate cost from the current point to the destination, 

which is computed by our proposed EDA-based method.  

In the simulation, the environment is the same as the one used in Section 4.3.1. A 

path is generated, and it has 73 path points. Both the exact heuristic value and the 

estimated heuristic value of each path point are obtained and presented in Fig. 4.12(a). 
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The absolute error and the relative error between the estimated values and the exact 

values are also computed, shown in Fig. 4.12(b). 

The results in Fig. 4.12(a) show that the estimated heuristic value is estimated to the 

exact heuristic value, while the estimated values are higher than the exact values except 

for the values in point 63 and point 71. That enables the high computational efficiency 

for EDA-CostA* in the path searching process, whereas it may sacrifice the optimality 

of results as discussed in Table 4.1. The absolute error between the estimated value and 

exact value shows a decreasing trend (Fig. 4.12(b)), from 93.92 at the origin point to 

zero at the destination. The relative error shows a stable trend with around 5% error in 

the first half of the points. The trend intensifies as the points approach the destination. 

That is because the exact heuristic value (the denominator in the computation of relative 

error) becomes smaller when approaching the destination. A small change in the 

difference (the numerator in the computation of relative error) between the estimated 

value and the exact value will lead to a significant relative error. Overall, the obtained 

results demonstrate the high heuristic effectiveness of proposed EDA-based methods 

compared with the baseline, with an average estimation error of 5.65%. 

 

Fig. 4.12: Heuristic effectiveness of our proposed EDA-based methods. 

4.3.2.3. Influence of different risk cost types on cost-based path planning 

To demonstrate the influence of different risk cost types on safe UAV operations, 

we conduct four groups of path planning simulations: (1) Path1: without considering 

any risk cost; (2) Path2: only considering fatality risk cost; (3) Path3: considering 

fatality risk cost and property damage risk cost; (4) Path4: considering all three costs. 

The environment of the four simulations is the same as the one which is generated in 

the previous Section. As the EDA-CostA* algorithm performs well among the other 

methods in terms of computational efficiency and effectiveness, it is applied for each of 
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the four simulations to generate the flight path. Obtained results are shown in Fig. 4.13 

and Table 4.2. 

Path 1 goes from the origin (1, 1, 1) to the destination (60, 60, 4) with almost a 

straight line. This path avoids obstacles in locations such as (30, 32) and (40, 40) shown 

in Fig. 4.13. However, it does not avoid high-cost areas where population density and 

vehicle density are high, resulting in the total cost of Path1 being the highest among all 

paths, with a risk cost index of 1698.25 (see Table 4.2). Whereas the distance of the 

path is the shortest as it goes almost straight to the destination. For Path2 the fatality 

risk is considered. This path successfully avoids the high population density areas (10, 

12), (40, 45), (42, 15) shown in Fig. 4.9(a) and high vehicle density areas (8, 20), (45, 

10), and (55, 40) shown in Fig. 4.9(b). As the fatality risk cost has a high proportion in 

the integrated cost model, avoiding that makes a significant reduction (23.68%) of cost 

for Path2, compared with Path1. For Path3 the fatality risk and property damage risk 

are both considered. The produced path3 not only avoids the high fatality risk areas but 

avoids dense high-rise building areas such as (20, 20) and (30, 30) shown in Fig. 4.4(a), 

which Path1 and Path2 fail to do so. By adding property damage risk into the model, 

Path3 can avoid dense building areas, thus the cost of its path further drops by 5.94% 

compared with Path2. For Path4, it considers all three cost types, the integrated cost of 

Path4 has a further reduction of 2.48% compared with Path3. 

 

Fig. 4.13: Top view of the generated paths considering different risk cost types. 
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Overall, the fatality risk cost is the primary factor in the integrated cost assessment 

model, followed by property damage risk cost and noise impact cost. With more risk 

types getting considered, a more accurate cost-based map will be generated to produce 

a lower-cost path for safe UAV operations. While the distance of the produced path will 

be longer as the UAV may need to travel a longer distance to avoid obstacles and high-

risk areas. Analysis of the trade-off between the integrated cost and flight distance is 

performed in the following subsection.  

 

Table 4.2: Results of the four paths considering different risk cost types. 

Performanc

e\ Indicators 

Computational results 
Performance ratio compared with 

Path1 

Path1 Path2 Path3 Path4 Path1 Path2 Path3 Path4 

Risk cost 

index 
1698.25 

1296.0

2 

1195.1

8 

1153.

10 
100.00% 

76.32

% 

70.38

% 

67.90 

% 

Flight 

distance 

(km) 

8.35 10.22 10.01 9.53 100.00% 
122.32

% 

119.88

% 

114.08

% 

 

 

4.3.3 External validity of the integrated cost assessment model 

Above, the integrated cost assessment model is used in a specific urban pattern, 

which is a downtown area selected in Singapore. To demonstrate how well the proposed 

model can be generalized to other urban patterns, we conduct external validities in this 

section. Here, external validity refers to how well the outcome of a study can be 

expected to apply to other settings. In our case, two groups of urban environments are 

generated for validity. One group has the same size environments, and the other has 

different size environments. The detailed parameter settings of the environments are 

given in the following subsections.  

4.3.3.1. External validity in environments with the same size 

The environmental parameters are randomly generated in the simulations to 

eliminate the selection bias. Population density is taken from the range of [5, 25] ×103 

(people/km2), which covers the most densely populated cities worldwide [168]. The 

building height distribution of all generated patterns follows a log-normal distribution. 

The size of the environment is 6km×6km×120m (Length, Width, Height). The 

integrated cost assessment model is used to compute the cost value of each airspace unit 
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in 100 independent simulation environments, and the distance-based and cost-based 

Dijkstra methods are used to generate the flight path. The distance-based Dijkstra 

algorithm is performed in a distance-based map without considering the integrated cost 

(Eq. (4.20)). While the cost-based Dijkstra is conducted in the cost-based map to 

minimize the integrated cost. Comparison is made between these two algorithms to see 

how much percentage of the integrated cost can be reduced by using the cost-based 

algorithm. The simulation starts from the origin (1, 1, 1) to the destination (60, 60, 4) in 

the generated environments.  

In the 100 sample environments, the total cost is significantly produced by using 

cost-based Dijkstra. While the flight distance shows the opposite trend. The flight 

distance of the paths produced by cost-based Dijkstra is greater than that of the distance-

based Dijkstra algorithm. To further present the quantitative relationship of the cost and 

distance, we computed the differences between total cost and total flight distance 

generated by the above two algorithms for all 100 simulations. The differences are 

defined as the results obtained by cost-based Dijkstra compared with the results 

obtained by distance-based Dijkstra. The differences of total cost and flight distance are 

presented in Fig. 4.14. 

 

Fig. 4.14: Differences of total cost and total flight distance for the generated path in same size 

environments (6km×6km×120m). The baseline is the cost and distance of the path produced by 

the distance-based Dijkstra algorithm. The percentage differences of total cost and total flight 

distance can be obtained by (𝐶cost_Dijkstra − 𝐶distance_Dijkstra)/𝐶distance_Dijkstra  and 

(𝐷cost_Dijkstra − 𝐷distance_Dijkstra)/𝐷distance_Dijkstra, respectively. 

To test the reliability of the model for the population (all urban patterns), we 

conducted statistical analysis to find a 95% confidence interval for the cost reduction 

and flight distance increase. In this case, we have two sets for testing. One is the 
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integrated cost and the other is the flight distance. Each of the tests has two sample 

groups, and they are the integrated cost of path produced by cost-based Dijkstra (Group 

1) and by distance-based Dijkstra (Group 2). Each group has 100 samples. As the 

sample sizes are large (𝑛1>30 and 𝑛2>30), we use normal distribution the compute the 

confidence interval. The sample means (𝑥̅1 and 𝑥̅2) and sample variances (𝑠1
2 and 𝑠2

2) 

of the two groups are computed and presented in Table 4.3.  

The population means of Group 1 and Group 2 are presented as 𝜇1 and  𝜇2. The 

confidence interval of the cost reduction effect can be then described as (𝜇2 − 𝜇1)/𝑥̅2, 

where the interval of 𝜇2 − 𝜇1 can be computed by (𝑥̅2 − 𝑥̅1) ± 𝑍𝛼/2√𝑠1
2/𝑛1 + 𝑠2

2/𝑛2. 

The obtained result shows that a 95% confidence interval for cost reduction is (𝜇2 −

𝜇1)/𝑥̅2 ∈ [0.4264, 0.4415]. This means that our proposed integrated cost assessment 

model is effective for various types of urban patterns, and the average total cost is 

reduced by [42.64%, 44.15%] at a 95% confidence level. Similarly, we obtained the 

testing results for flight distance. The average flight distance will increase by [17.36%, 

19.23%] at a 95% confidence level by using the cost-based Dijkstra algorithm. That is 

because UAVs need to travel longer distances to avoid high-cost areas. 

 

Table 4.3: Statistical analysis for cost reduction and flight distance increase. 

Groups 

Integrated cost (cost index) Flight distance (m) 

Cost-based 

Dijkstra 

(Group 1) 

Distance-based 

Dijkstra 

(Group 2) 

Cost-based 

Dijkstra 

(Group 1) 

Distance-

based Dijkstra 

(Group 2) 

Sample size 𝑛1=100 𝑛2=100 𝑛1=100 𝑛2=100 

Sample mean 𝑥̅1=18584 𝑥̅2=32831 𝑥̅1=10560 𝑥̅2=8628 

Sample variance 𝑠1
2=1594657 𝑠2

2=4859067 𝑠1
2=254418 𝑠2

2=0 

 

4.3.3.2. External validity in environments with different sizes 

Simulations are conducted to further test the reliability of the proposed cost 

assessment model in environments of different sizes. The simulations include 30 

randomly generated environments with the size of 1km×1km, 2km×2km, …, 

30km×30km. The height of the environment is 120 meters with four flight layers. The 

integrated cost assessment model is used to produce the cost-based map, and the cost-

based Dijkstra and distance-based Dijkstra algorithms are used to generate the path. The 
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total cost and total distance of the generated path are obtained for both algorithms. The 

differences between the total cost and total distance by using cost-based Dijkstra, 

compared with distance-based Dijkstra, are presented in Fig. 4.15. 

By using the proposed cost-based path planning method, the average total cost for 

the 30 environments is reduced by 42.35%, with a variance of 1.54%. Whereas the flight 

distance increases by 12.03%, with a variance of 0.15%. The results demonstrate that 

the integrated cost assessment model and cost-based path planning methods are also 

effective in environments of different sizes. Compared with the results obtained in the 

same-size (6km×6km) environment, the average total cost increases by [0.29%, 1.80%] 

while the average total flight distance reduces by [5.33%, 7.23%] in 30 different-size 

environments. With the increase in environment size, the difference of total cost has no 

significant change while the difference of total flight distance slightly decreases. The 

difference of total cost has no significant change because the flight path without 

considering cost will always go through the high-cost areas that the cost-based path will 

always avoid (as shown in Section 5.2.2). The increase in environment size only 

changes the value of total cost but not the percentage of the difference. For the total 

flight distance, because the search space becomes larger for a flight path with the 

increase of environment size, which provides more alternatives for the path to avoid 

high-cost areas. The path can choose the shortest one among the alternatives, which 

reduces the flight distance.  

 

Fig. 4.15: Differences in total cost and total flight distance of the generated path in 

different sizes of environments. The baseline is the cost and distance of the path 

produced by the distance-based Dijkstra algorithm. 
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4.3.4 Reliability analysis of the proposed algorithms 

Above we demonstrated that the proposed integrated cost assessment model is 

effective to generate a cost-based map in various types of urban patterns. With that map, 

the cost-based algorithm can produce a cost-effective flight path. To test the reliability 

of proposed cost-based algorithms in different urban environments, we perform 

simulations based on the urban patterns used in Section 4.3.1. The cost-based Dijkstra 

algorithm is used to generate the optimal solution as a basis for comparisons with EDA-

A* and EDA-CostA* algorithms. Three indicators of the total cost, total flight distance, 

and computational time are obtained and presented in Fig. 4.16 and Table 4.4. 

 

Fig. 4.16: Reliability analysis of the proposed cost-based path planning algorithms. 

In the overall 100 simulations, the cost-based Dijkstra algorithm performs the best 

in terms of total cost reduction, followed by EDA-A* and EDA-CostA* with an average 

performance rate of 102.76% and 105.47%, respectively. It means that the average total 

cost of the path produced by EDA-A* and EDA-CostA* algorithms are 2.76% and 5.47% 

greater than that of the Dijkstra method. On the other hand, the EDA-CostA* algorithm 

provides the best performance in terms of average total distance and average 

computational time, with 0.4% shorter total distance and a mere 2.07% in computational 

time. Followed by EDA-A* algorithm, it saves 0.17% travel distance while spending 

24.12% computational time compared with the Dijkstra method. Analysis results show 
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that the proposed EDA-A* and EDA-CostA* algorithms have good robustness, with a 

mere 1.29% and 2.54% standard deviation in total cost, while 2.18% and 4.29% for total 

distance (see Table 4.4). 

Table 4.4: Reliability analysis results of the proposed algorithms with 100 

independent simulations. 

Performanc

e\Algorithm 

Average total cost 
Average total flight 

distance 
Average 

computation  

time (s) 

Average 

percenta

ge of the 

time  
Indicator 

ratio 

Standard 

Deviation 

Indicator 

ratio 

Standard 

Deviation 

Dijkstra 100.00% 0.00% 100.00% 0.00% 4120.35 100.00% 

EDA-A* 102.76% 1.29% 99.83% 2.18% 993.68 24.12% 

EDA-

CostA* 
105.47% 2.54% 99.60% 4.29% 85.24 2.07% 

 

 

In summary, the EDA-CostA* is the fastest algorithm in terms of computation and 

it is much faster than the other two algorithms. While it also has a good performance in 

the quality of solutions. Its performance is made possible by the heuristic information 

scheme and the algorithm’s structure (see Algorithm 3) without the need to call the A* 

algorithm in every loop. The EDA-CostA* algorithm can be used for large-scale and 

time-sensitive cost-based path planning applications. The EDA-A* algorithm performs 

well in both solution quality and computational efficiency, and it can be applied to the 

trade-off case. Cost-based Dijkstra can be employed to produce the minimum cost path 

if computational time is not sensitive. 

4.4 Summary 

Risk mitigation for UAV operation is a key enabler for the opening of airspace to 

entice investment and promote innovations in this field. By conducting risk cost-based 

path planning, the UAV operational risks and impacts on populations in urban areas can 

be significantly reduced before flight. In this Chapter, the UAV flight path optimization 

problem has been studied with consideration of an integrated cost assessment model of 

fatality risk, property damage risk, and noise impact for safe UAV operations in 

metropolitan environments.  

First, the developed UAV flight path optimization method is effective and reliable 

in minimizing the risk cost of the flight path. The method has been applied to a 
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downtown area in Singapore and to 100 sample environments to optimize flight paths. 

The total integrated costs of the optimized paths have an average reduction by [42.64%, 

44.15%] at a 95% confidence level, compared with the costs of the paths produced by 

the distance-based Dijkstra algorithm. Whereas the average flight distance of the path 

increased by [17.36%, 19.23%]. That indicates a trade-off exists between the risk cost 

and flight distance. Because UAVs may need to travel a longer distance to avoid not 

only obstacles but high-risk cost areas [90]. 

Second, the proposed integrated cost assessment model can capture comprehensive 

risk types in urban environments including fatality risk, property damage risk, and noise 

impact. Instead of taking the average population density into the fatality risk cost model, 

this Chapter introduced a gravity model to estimate population density distribution on a 

finer scale. This enables the opening of more airspace, as only the high population 

density areas will be identified.  

Third, the extension of third-party risk in societal indicators (property damage risk 

and noise impact) is conducive for UAV flight path optimization in cost-based 

environments. The flight path will tend to fly at a lower altitude if only considers fatality 

risk, as the fatality risk is smaller at a lower flight altitude due to the kinetic energy 

being lower. However, UAVs flying at lower altitude encounter more risks of property 

damage, operational efficiency loss, and noise impact. Because in lower altitude 

airspace the buildings are denser, which increases the collision probability of UAVs 

with buildings. That also limits the flight speed and increases the intensity of flight 

maneuvers, resulting in a loss of operational efficiency [169]. Noise impact also matters, 

and it can be solved by flying at a higher altitude.  

Finally, the developed cost-based path planning algorithm provides a novel scheme 

to determine the heuristic information for path-searching methods in cost-based 

environments. The simulation results show the effectiveness and reliability of the 

developed algorithm in solving cost-based path optimization problems. The proposed 

hybrid EDA-CostA* algorithm performs best in computational time consuming only 

2.07% of the time compared with the Dijkstra method, while it can reach an average of 

94% optimality of solution quality.  
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Chapter 5 

 

 

5 Stochastic Route Optimization under 

Ground Risk Uncertainties 

Chapter 4 studies the deterministic ground risk assessment and mitigation problems, 

where population density is considered a static parameter. To handle uncertainties in 

ground risk studies due to population movement, this Chapter studies the stochastic 

route optimization model to jointly make flight approval and execution decisions. In the 

first stage, the approval decision is made by checking the feasibility of flight missions 

based on the target level of safety and flight duration to eliminate unsafe flight plans. 

The route selection and departure time decisions are made in the second stage by 

considering stochastic risk conditions to further reduce the ground risk. The method 

developed in this Chapter is at the time scale of the pre-tactical flight phase to optimize 

the flight approval and execution decisions on the day of operations. 

5.1 Introduction 

The predicted large-scale UAS operations [4] in urban environments bring severe 

safety risk issues, as unmanned aircraft may crash and cause fatality risk to people on 

the ground [9], [147]. This poses significant challenges for aviation authorities and UAS 

operators to safely approve and execute UAS flight missions in urban airspace where 

people’s movement can result in stochastic ground risk conditions. Aviation authorities 

are required to make the approval decision for a specific UAS flight plan, as they need 
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to ensure that the operational risk of a flight plan is in an acceptable target level of safety 

(TLOS). TLOS can be determined by referring to the general aviation standards [27]as 

10-6 (fatalities/flight hour) [27]. However, the evaluation method of fatality risk for a 

specific flight plan based on its flight route and estimated time of departure (ETD) is 

still missing, especially under stochastic risk conditions [170]. UAS operators, on the 

other hand, need to decide the flight plan by optimizing flight routes and ETD under 

stochastic risk conditions to reduce the operational risk. That is to meet the TLOS 

requirement and to reduce the operating costs tied to the fatality risks (e.g., insurance 

fees for flight missions) [166]. 

The interdependencies of flight approval and execution decisions are complicated 

due to stochastic risk conditions. As an approved flight plan may not be safe when the 

time of execution, executing this flight plan may cause unacceptable safety risks 

(measured by TLOS). While an initially unapproved flight plan could become safe when 

executed, which yields an efficiency loss for operators. To enhance safety and improve 

efficiency, an integrated model of flight approval and execution is needed to jointly 

optimize flight approval and execution (route selection and ETD) decisions. 

Specifically, a risk assessment model is required to evaluate the fatality risk of a flight 

plan to support the approval decision. While a risk-based route planning method is 

needed to generate the risk-minimizing route sets under different risk conditions as input 

for route selection. Lastly, a stochastic route optimization model is required to make 

joint decisions under uncertain risk conditions to reduce the total expected fatality risk 

cost of all flight plans. 

Stochastic programming provides a robust framework to handle decision-making 

problems under uncertainties [171]–[173], which provides a powerful tool to develop 

the stochastic optimization model in this work. It evolved from deterministic linear 

programming with the introduction of time-dependent random variables, which allows 

it to capture the stochasticity of the optimization problem with more robust performance 

compared with deterministic methods [174]. Thanks to its strengths, stochastic 

programming has been widely applied in various fields such as supply chain [175], 

vehicle route problems [176], and solar power management [172]. In these models, the 

optimization problem was typically formulated as two-stage stochastic programming to 

approximate a full sequential multistage problem, which has shown a good trade-off 

between optimization performance and computational cost [171], [176]. In their settings, 
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the first-stage decision was used to make strategic decisions such as route network 

generation and selection of power storage unit, while the decisions made in the second 

stage are to tactically optimize the actions in response to observed uncertainties. 

In the aviation field, several problems fit into the strengths of stochastic 

programming, which has joint decision-making capabilities for strategic and tactical 

planning by different stakeholders [171], [177], [178]. One typical problem is airport 

scheduling and operations [171]. Strategic airport scheduling is to control the 

overcapacity of arranged flights being cancelled due to limited airport capacity, which 

is determined a few months before operations by the airport side. Tactical interventions 

for flight operation based on observed uncertainties (e.g., weather) help to reduce delay 

costs, which are decided a few hours or minutes before departure by the air traffic 

controller. Another branch of air traffic management studies handles flight arrival 

decisions of sequencing and scheduling with two-stage stochastic optimization models 

[177], [178]. In these settings, the scheduling is considered as the first-stage decision 

that is under uncertain traffic conditions at arrival points, and the decision variable at 

this stage is taken as the time of arrival at a sequencing point. In the second stage, the 

sequencing decision is made with a binary variable to determine the order of arriving 

flights. Their results demonstrated that the two-stage stochastic model performs well in 

resolving joint decision-making problems. 

After the discussions above, one key research gap is that existing works treated the 

ground risk assessment and mitigation in a static and separate manner, which fails to 

provide support for time-dependent route optimization. Another critical research gap is 

that studies on time-dependent route optimization under stochastic risk conditions have 

not been seen to jointly optimize flight approval and execution decisions for emerging 

UAS operations. In this Chapter, an emerging UAS route optimization problem is 

considered where safety is a paramount factor that requires civil aviation authorities 

(CAAs) to make the flight approval decision at an acceptable target level of safety. An 

approval decision is made based on the ground risk of the flight plan, while the risk of 

the plan is determined by the flight route generated in the risk condition at the time of 

operation. The more effective the risk-minimizing route, the more flight plans will be 

approved for execution. These interdependencies are further complicated by risk 

uncertainties due to population movement. An approved flight mission may violate the 

TLOS requirement when operating due to ground risk uncertainty, resulting in a safety 
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accident. In contrast, an unapproved flight plan which violated TLOS when made 

approval decision may become feasible at the time of operating thanks to risk conditions 

changed. These interdependent decision-making difficulties give rise to the most 

notable research gap, a lack of an integrated model to jointly optimize flight approval 

and execution decisions with the objective of minimizing the total ground risk of all 

UAS flight operations. 

This Chapter develops a two-stage stochastic route optimization model to jointly 

make flight approval and execution decisions with the objective of minimizing the total 

ground risk of UAS operations under uncertain risk conditions. This Chapter makes four 

major contributions to the safety risk management of UAS operations. 

(i) We propose a time-dependent risk assessment model to evaluate the fatality 

risk based on stochastic population density for specific UAS flight plans. The 

model provides support for aviation authorities to decide if a specific flight plan 

(with flight route and ETD) can be approved under a given target level of safety 

(TLOS). 

(ii) We build a data-driven population density prediction model based on a spatial-

temporal public transportation dataset to estimate the population density, which 

acts as a critical parameter in the time-dependent risk assessment model. 

(iii) We propose a discretized time-dependent risk-based route planning algorithm 

(TD-RiskA*) with a parallel computing scheme. The algorithm enables fast 

generation of the risk-minimizing route set for all flight OD pairs in polynomial 

time. 

(iv) We formulate the time-dependent risk-based route optimization (TD-RRO) 

problem as a two-stage stochastic optimization model. The first-stage decision 

is to determine the feasibility of a flight mission in terms of TLOS and flight 

duration requirements. While route selection and departure time-related 

decisions are made in the second stage with the objective of minimizing total 

ground risk cost. The developed model allows UAS users (delivery or air taxi 

companies) to optimize the routes and timetables of their flight missions to 

avoid high-risk conditions. 

 The rest of this Chapter is organized as follows: Section 5.2 presents the problem 

statement and definitions of key parameters used in this Chapter. The formulations of 

the risk assessment model, population density prediction model, and time-dependent 
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risk-based route planning model are conducted in Section 5.3. Section 5.4 develops the 

time-dependent route optimization model in deterministic and stochastic forms. 

Numerical analysis and discussions are performed in Section 5.5, followed by the 

summary in Section 5.6. 

5.2 Problem Statement 

The aim of this Chapter is to develop a stochastic route optimization model to reduce 

the ground risk of time-dependent UAS operations over people on the ground, thus 

ensuring appropriately safe UAS operations that meet the target level of safety (TLOS). 

In this section, the concepts of time-dependent ground fatality risk and TLOS are 

introduced, followed by a risk mitigation approach via time-dependent risk-based route 

planning. 

5.2.1 Time-Dependent Ground Risk and Target Level of Safety 

Unmanned aircraft may lose control and crash into people on the ground, causing 

fatalities. To evaluate the ground fatalities caused, a concept of ground risk is proposed, 

which is defined as the expected number of fatalities caused by UAS operations per 

flight hour [27]. To quantify the ground risk, the fatality rate 𝜆fatality  has been 

introduced as 

𝜆fatality = 𝜆LOC𝑁people𝑃(fata|coli,LOC)                    (5.1) 

where 𝜆fatality  is the expected ground fatality rate per flight hour for a specific UA 

operation, and 𝜆LOC is the rate of loss of control (LOC) for a specific type of UA, which 

is determined by the product reliability of the UA and operational failures. Note that 

𝑁people  is the expected number of people being collided during a LOC event, and 

𝑃(fata|coli,LOC) is the conditional probability of a UA causing a fatality for the impacted 

people on condition of a failed UA colliding with that person.  

In the above parameters, 𝜆LOC and 𝑃(fata|coli,LOC) are determined variables with a 

given UA type and operational environment. While 𝑁people  is a time-dependent 

variable, which is correlated with the spatial-temporal population density. The 

population density varies in different spatial locations of a flight route, which 

subsequently results in different ground risk costs, shown in Fig. 5.1(a). Due to the 
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population movement, the population density at the same location is stochastically 

distributed, as presented in Fig. 5.1(b). That makes the ground risk a probabilistic time-

dependent parameter. 

(a) Ground fatality risk associated with population density  

DestinationOrigin

Low

High

Crash risk to people

Population 
density

t1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

Hour of a day
0

(b) Stochastic population density at a particular location   

Fig. 5.1: Ground fatality risk associated with spatial-temporal population density. 

The ground risk of flying over a grid cell 𝑣𝑖 at time 𝑡 is denoted as 𝑐𝑣𝑖_𝑡, which is 

equivalent to the ground fatality rate 𝑐𝑣𝑖_𝑡~λ𝑣𝑖_𝑡. The total ground risk cost 𝐶𝑃𝑘_𝑡 of a 

flight route 𝑃𝑘 at time 𝑡 is the summation of the ground risk of each route grid cell, 

denoted as 

𝐶𝑃𝑘_𝑡 = ∑ 𝑐𝑣𝑖_𝑡
𝑣𝑖∈𝑃𝑘

                                      (5.2) 

To evaluate if a UA operation is appropriately safe, a quantitative and justifiable 

TLOS has been defined for UAS operations based on general aviation third-party 

ground risk [27], denoted as 

𝜆TLOS = 𝜆(GAaccident)𝑁(fata|GAaccident)        (5.3) 

where𝜆(GAaccident) is the accepted accident rate for manned general aviation operations. 

While 𝑁(fata|GAaccident) is the expected number of ground fatalities per accident. 

With the total ground risk cost of a flight route and the defined TLOS, we can define 

the condition of a TLOS violation as follows. 

Definition 1 (TLOS violation): Let 𝑃𝑘 be the route of flight 𝑘 and let 𝐶𝑃𝑘_𝑡 be the total 

ground risk cost of the route 𝑃𝑘 at time 𝑡. The required target level of safety (TLOS) is 

denoted as 𝜆TLOS. The condition of a TLOS violation is defined as the expected ground 

risk cost of a flight route is larger than the required TLOS, denoted as 

𝐶𝑃𝑘_𝑡 > 𝜆TLOS, 𝑃𝑘 ∈ ℙ, 𝑡 ∈ 𝑇                   (5.4) 

where ℙ is the set of all types of UA flights and 𝑇 is the set of all times of the day.  
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UA operations in urban environments may need to fly over areas with high 

population density during rush hours (e.g., 7:00-9:00 and 18:00-20:00, as shown in Fig. 

5.1(b)) when transport demands are at peaks. That may fail UA operations due to TLOS 

violations. Reducing the ground risk for UAS operations through appropriate mitigation 

measures is therefore critically needed. 

5.2.2 Risk Mitigation through Risk-Based Route Planning 

According to Eq. (5.1), ground risk can be reduced from three aspects: (i) reducing 

the loss of control rate of UA (i.e., improving the reliability of UA products), (ii) 

reducing the number of people at risk of UA operations, (iii) reducing the effects of UA 

impact to people (e.g., using lighter and softer materials). Aspects (i) and (iii) are related 

to the UA design and manufacturing perspectives, which are out of the scope of this 

research. 

The focus of this Chapter is on aspect (ii) reducing the number of people at risk of 

UA operations, which is to conduct time-dependent risk-based route optimization to 

avoid high-risk areas where population densities are high at the time of UA operations. 

Here, the risk-based route is defined as a flight route with the objective of minimizing 

the ground risk associated with the waypoints of the route. A feasible risk-based route 

is defined as a route whose total ground risk is smaller than the required TLOS. An 

illustration of a feasible route 𝑃1 at time 𝑡1 is shown in Fig. 5.2(a). The total risk cost of 

this route 𝐶𝑃1_𝑡1 is less than the required TLOS, making it a feasible route in terms of 

ground risk. However, when the operation timing changed, for instance, to 𝑡2 , the 

ground risk distribution is changed due to population movement, as illustrated in Fig. 

5.2(b). Consequently, the risk cost of the route changed to 𝐶𝑃1_𝑡2 , which is no longer 

smaller than the TLOS, making it an infeasible route. In the new risk condition (at 𝑡2), 

another risk-based route 𝑃2  is generated, which is feasible in terms of ground risk 

requirement (𝐶𝑃2_𝑡2 < TLOS). Hence, we introduce the concept of time-dependent risk-

based (TDRB) route, which is defined as a set of feasible routes for an OD flight 𝑘 

denoted as 𝑃𝑘
TDRB = {𝑃1, 𝑃2, … , 𝑃𝑚}, 𝑘,𝑚 ≥ 1;  𝑘, 𝑚 ∈ 𝑁+ . The feasible routes are 

generated in different timings when the risk conditions are different due to the stochastic 

population density. 
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(b) Risk-based flight route at t2 (8:00 am)
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Fig. 5.2: Time-dependent risk-based flight routes from a residential area to a central 

business district (CBD) area in Singapore. Note that a safe route (measured by TLOS) 

for a given OD pair can be different because of stochastic ground risk conditions due to 

population movement. 

The aim of this Chapter is to minimize the total expected ground risk for UAS 

operations in the presence of time-dependent fatality risk induced by population 

movement. While ensuring that all flight routes are feasible in terms of the TLOS 

requirement. A general form of the time-dependent route optimization problem is 

formulated as  

min: 𝔼{𝐶𝑃𝑘_𝑡|𝐶𝑃𝑘_𝑡 ≤ 𝜆TLOS, 𝑃𝑘 ∈ ℙ, 𝑡 ∈ 𝑇 }               (5.5) 

5.3 Principles of Risk Assessment and Risk-Based 

Route Planning 

In this section, we define the fundamentals of a ground risk assessment model with 

a core population density parameter. A regression model is developed to predict the 

population density distribution. With the estimated time-dependent population density, 

a dynamic risk map is obtained. Based on the risk map, a time-dependent risk-based 

route planning method is proposed to generate the risk-minimizing routes for each flight 

plan. This section prepares the formulation of the stochastic route optimization problem 

in the following section. 
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5.3.1 Ground Risk Assessment Model 

As defined in Eq. (5.1), the ground risk is quantitatively captured by the ground 

fatality rate 𝜆fatality. In this Chapter, our aim is to evaluate the total ground risk of a 

flight route in grid environments, as defined in Eq. (5.2). The total ground risk is 

defined as 𝐶𝑃𝑘_𝑡, and its basic element is the risk cost 𝑐𝑣𝑖_𝑡, which presents the expected 

casualties per operation per flight hour at the location 𝑣𝑖  at time 𝑡. Thus, it can be 

calculated with the fatality rate 𝜆𝑣𝑖_𝑡 products the overfly time ∆𝑡𝑣𝑖 on the route segment 

represented by its centroid 𝑣𝑖. The risk cost 𝑐𝑣𝑖_𝑡 is denoted as 

𝑐𝑣𝑖_𝑡 = 𝜆𝑣𝑖_𝑡∆𝑡𝑣𝑖                                                 (5.6) 

𝜆𝑣𝑖_𝑡 = 𝜆LOC𝑁𝑣𝑖_𝑡
crash𝑃fatal                                (5.7) 

where 𝜆LOC is the loss of control rate of a UA, and 𝑁𝑣𝑖_𝑡
crash is the expected number of 

people that are at risk of a UA crash event at time flight time 𝑡, and 𝑃fatal is the fatality 

probability on the condition of a crashed UA hitting a person. 

We further decompose 𝑁𝑣𝑖_𝑡
crash into 𝐴crash (size of the crash area of a specific UA), 

𝑆𝑐  (sheltering coefficient), and 𝑑𝑣𝑖_𝑡  (population density at a location 𝑣𝑖  at time 𝑡 ), 

denoted as 

𝑁𝑣𝑖_𝑡
crash = 𝐴crash𝑆𝑐𝑑𝑣𝑖_𝑡                                  (5.8) 

Here 𝐴crash  is the function of UA wingspan and flight velocity, and 𝑆𝑐  is the 

fraction of the population that is exposed to the risk of UA operations. Note that only 

the population density 𝑑𝑣𝑖_𝑡 is a time-dependent variable due to people movement over 

a day in urban environments. 

To obtain the population density distribution, studies have been conducted by 

utilizing two major sources of data. One group uses cellphone data, which gives the 

exact locations of population distribution at different times [155]. However, cellphone 

data is highly restricted due to public privacy and security issues. Obtaining a complete 

cellphone dataset for all populations is also challenging, as people may use different 

telecommunication networks while some may not allow the cellphone location open 

while using [179]. The other group of research works [180], [181] uses public 

transportation data (accounting for 70% of passengers [182]) to capture the patterns of 
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passenger flow and population movement within a city environment, which inspires the 

prediction of the spatial-temporal population movement in this research. 

5.3.2 Population Density Prediction Model 

In this Chapter, we utilize the public transportation data to estimate and predict the 

population density and subsequently derive the time-dependent ground risk for risk-

based UA flight route optimization. The definition of population density based on the 

public transportation data in grid environments is proposed. As shown in Fig. 5.3(a), 

people moving in and out of train/bus stations are exposed to the risk of UA operations. 

By looking at the tape-in and tape-out data, the number of people in a location can be 

obtained, and the population density of this location can be derived from the size of this 

location. A formal definition of population density is presented as follows. 

Definition 2 (Population density). Let 𝑣𝑖 be the centroid of a grid that a flight travels 

and let 𝐴𝑣𝑖 be the size of this grid. Let 𝜌𝑣𝑖_𝑡
In  and 𝜌𝑣𝑖_𝑡

Out be the number of people moving 

in and moving out of the grid during the time period preceding time 𝑡. The population 

density of the grid 𝑣𝑖 at time 𝑡 can then be defined as 

𝑑𝑣𝑖_𝑡 = (
𝜌𝑣𝑖_𝑡
In + 𝜌𝑣𝑖_𝑡

Out

𝐴𝑣𝑖
)                             (5.9) 

The population density for grids that have public transport stations can be obtained 

by the model above. While for grids without such stations, the diffusion process is 

needed to approximate a population density, which commonly employs gravity-based 

models [170]. In the gravity-based model, with the increase in the distance between the 

grid 𝑣𝑖 and its nearby grid 𝑣(𝑖+𝜏), the population density reduces over the grided map 

(as illustrated in Fig. 5.3(b)). The grid 𝑣𝑖 with stations exerts influence for the nearby 

grids within its influential distance 𝑟 with an exponential gradient [52], defined as 

𝑑𝑣(𝑖+𝜏)_𝑡 = {
𝑑𝑣𝑖_𝑡 (

1

𝑒2𝑟
2) , 0 < 𝑟 ≤ 1 and 𝑑𝑣𝑖_𝑡 (

1

𝑒2𝑟
2) ≥ 𝑑𝑣(𝑖+𝜏)

census

𝑑𝑣(𝑖+𝜏)
census, 𝑟 > 1 or 𝑑𝑣𝑖_𝑡 (

1

𝑒2𝑟
2) < 𝑑𝑣(𝑖+𝜏)

census                    

(5.10) 

where 𝑑𝑣(𝑖+𝜏)_𝑡 is the estimated population density of the grid 𝑣(𝑖+𝜏), and 𝑑𝑣(𝑖+𝜏)
census is the 

census population density. The diffusion process ceases when the distance between 

grids exceeds the influential range 𝑟. For the rest of the grids that exceed 𝑟 and have no 
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stations, the population density for them is assigned as the census population density 

[22], [27].  
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Fig. 5.3: Conceptual view of the calculation and diffusion process of population 

density. 

In this section, a regression model is used to predict the variable 𝑑𝑣𝑖_𝑡. We assume 

𝑑𝑣𝑖_𝑡 follows a normal distribution 𝑑𝑣𝑖_𝑡 ∈ 𝑁(𝜇𝑣𝑖_𝑡, 𝜎𝑣𝑖_𝑡
2 ), with the population mean and 

variance of 𝜇𝑣𝑖_𝑡 and 𝜎𝑣𝑖_𝑡
2 , respectively. To estimate the population mean and variance, 

the sample mean 𝑑̂𝑣𝑖_𝑡 and sample variance 𝑠̂𝑣𝑖_𝑡
2  are introduced, which are derived from 

the historical observations of the population density. The observations were made at the 

same location and time. The same time t refers to the time during any day; and 

observations are made on different days. We define the 𝜌th observation at the location 

𝑣𝑖 at time 𝑡 is 𝑑𝑣𝑖_𝑡
𝜌

∈ ℝ. The estimation parameters are denoted as 

𝜇𝑣𝑖_𝑡 = 𝑑̂𝑣𝑖_𝑡 =
1

𝑛
(∑𝑑𝑣𝑖_𝑡

𝜌

𝑛

𝜌=1

) , 𝑑𝑣𝑖_𝑡
𝜌

∈ ℝ, 𝑛 ∈  ℤ+                      (5.11) 

𝜎𝑣𝑖_𝑡
2 = 𝑠̂𝑣𝑖_𝑡

2 =
1

(𝑛 − 1)
(∑(𝑑𝑣𝑖_𝑡

𝜌
− 𝜇𝑣𝑖_𝑡)

2
𝑛

𝜌=1

) , 𝑑𝑣𝑖_𝑡
𝜌

∈ ℝ, 𝑛 ∈  ℤ+ (5.12) 

Note that Eq. (5.11) and Eq. (5.12) define the sample mean and variance derived 

from the historical observations. Where 𝑛 is the sample size, which is required to be 

𝑛 ≥ 30 based on the Central Limited Theorem [183] to justify the normality assumption 
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for the estimation of the population parameters. Note that the sample variance is divided 

by (𝑛 − 1) to yield statistically unbiased estimators. 

To facilitate the generation of prediction interval, we convert the normal distribution 

of that variable 𝑑𝑣𝑖_𝑡 follows into its standard form, denoted as 

𝑍 =
(𝑑𝑣𝑖_𝑡 − 𝜇𝑣𝑖_𝑡)

√𝜎𝑣𝑖_𝑡
2 +

𝜎𝑣𝑖_𝑡
2

𝑛

=
(𝑑𝑣𝑖_𝑡 − 𝜇𝑣𝑖_𝑡)

𝜎𝑣𝑖_𝑡√1 +
1
𝑛

~𝑁(𝑍; 0, 1)                   (5.13)
 

Based on the standard normal distribution, the prediction interval for future 

observation of 𝑑𝑣𝑖_𝑡 under a confidence level of (1 − 𝛼) is determined as 

𝒫

(

 −𝑍𝛼
2
<
(𝑑𝑣𝑖_𝑡 − 𝜇𝑣𝑖_𝑡)

𝜎𝑣𝑖_𝑡√1 +
1
𝑛

< 𝑍𝛼
2

)

 = (1 − 𝛼)                         (5.14) 

(𝜇𝑣𝑖_𝑡 − 𝑍𝛼
2

√
𝜎𝑣𝑖_𝑡
2

𝑛
) < 𝑑𝑣𝑖_𝑡(𝛼) < (𝜇𝑣𝑖_𝑡 + 𝑍𝛼

2

√
𝜎𝑣𝑖_𝑡
2

𝑛
) (5.15) 

In this Chapter, the predicted population density is used to compute the ground risk 

cost. To ensure the safety of UA operations, we take the conservative prediction value, 

which is the upper bound of the prediction interval as the future observation of 𝑑𝑣𝑖_𝑡, 

denoted as 

𝑑𝑣𝑖_𝑡(𝛼) = (𝜇𝑣𝑖_𝑡 + 𝑍𝛼
2

√
𝜎𝑣𝑖_𝑡
2

𝑛
)                                (5.16) 

An example is given to demonstrate the derivation of the prediction model from 

historical transportation data. One train interchange station in Singapore is selected with 

historical passengers’ tape-in and tape-out data. The data is taken as hourly weekday 

average number of passengers, and 52 weeks (𝑛=52) of data is collected, which are 

shown as grey lines in Fig. 5.4. By using Eqs. (5.11)-(5.15), the prediction lower and 

upper bounds are obtained as shown in red and blue lines. For a given grid cell 𝑣𝑖, the 

population density 𝑑𝑣𝑖_𝑡 is the function of time ℱ(𝑡) that a flight flying over that grid 

cell. 
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Fig. 5.4: Time-varying prediction interval (at 95% confidence level) of the population 

density at a typical train interchange station in Singapore. 

With the population density prediction model, the time-dependent risk cost maps 

can be obtained. Based on the maps, time-dependent risk-based route planning can be 

conducted to find risk-minimizing routes for safe UAS operations. 

5.3.3 Time-Dependent Risk-based Route Planning Approach 

The time-dependent risk-based route planning problem is to find risk-minimizing 

routes (measured by ground risk) for an OD pair in risk-based maps under stochastic 

risk conditions. This problem is considered NP-hard and difficult to solve [184]–[186]. 

While it becomes tractable if a particular departure time is given, which makes the 

subproblem a discretized one. To solve the risk-minimizing route planning subproblem 

at each discretized time point, this Chapter proposes a time-dependent risk-based A* 

(TD-RiskA*) algorithm, and its detailed developments are shown in Algorithm 1. 

The proposed TD-RiskA* algorithm differs from the conventional distance-based 

A* algorithm. It requires the input of the risk cost map 𝑀_𝑡𝑚 at time point 𝑡𝑚. The map 

is then used to evaluate the risk cost of candidate choices for each route point. The 

candidate choice is defined as the degree of freedom (DoF) of UAS motions in a grid 

environment, and the DoF is 26 in 3D space with a motion angle interval of 45 degrees. 

To evaluate the overall risk cost of each motion from the current point, two functions 

are needed. One function 𝑔(𝑐) is needed to calculate the integral of risk cost from the 

origin to the current route point. While the other function ℎ(𝑥) is employed to estimate 
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the heuristic value from the current point to the destination, and a well-developed hybrid 

EDA-(k-means) algorithm [170] is used to estimate the heuristic value in this work. The 

obtained overall risk cost function 𝑓(𝑥) is used in the route search process by evaluating 

if the current point is the best among the 26 candidate choices of the father point. After 

searching, the algorithm outputs the risk-minimizing route for a given OD pair at the 

given time-dependent risk map.  

 

The number of executions of each script in the route search loop is 𝑛 (number of 

DoF), which makes the complexity of the TD-RiskA* algorithm 𝑂(𝑛). However, the 

generation of risk-minimizing route sets using TD-RiskA* at all discretized time points 

(𝑚) for all OD pairs (𝑘) requires a more significant number of computations, making 

the overall complexity of generating route sets 𝑂(𝑛3) . To improve computational 

efficiency, a parallel computing scheme is introduced and presented in Fig. 5.5. 

In the parallel computing process, individual flight pair is assigned to every single 

one of the risk maps associated with different time points to generate the risk-

minimizing routes concurrently. By doing so, the computation complexity reduces from 

𝑂(𝑛3) to 𝑂(𝑛), which enables the fast decision-making of route set generation. The 

obtained set of routes is considered as candidate options for each OD pair to select in 

the optimization model. 

 

Algorithm 1: Time-dependent risk-based A* (TD-RiskA*) algorithm for risk-minimizing routes generation

1: i. Initilization with data input

2: OD pair f k: map.start=[x (0), y (0), z (0)], map.goal=[x (g), y (g), z (g)]

3: Time-dependent risk cost map M_t m: An array stores the risk cost of every grid cell

4: ii. Evaluataion of risk cost for adjacent points

5: for j  = 1: DoF Do % possible choices of next route point, DoF is 26 in 3D space with angle interval of 45 degrees

6:       next = [x (j ), y (j ), z (j ), M_t m(x (j ), y (j ), z (j ))]; % coordinates of the next point and its risk cost value

7:       Motion=[Motion; next];

8: end for

9: MotionMode{} = Motion; % store the cost value matrix for every open point

10: iii. Overall risk cost function

11: g (c)=f (MotionMode{c}); % Calculation of integral of the risk cost from origin to current point 

12: h (c)=EDA-k_means(map, M_t m); %Estimation of hueristic cost from current point to the destination

13: f (c)=g (c)+h (c); 

14: IV. Route search process

15: if f (c) < open( f (:)) Do % The risk cost from current point to destination less than that of the points in open list

16:       Putting current point as father point, and it will be included in the planned route

17: end if

18: Output : Route of flight f k at time t m (P_f k_t m)
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OD pair: f1

(i) The set of Flight OD pairs: F={f1, f2,..., fk} 
(ii) The set of time-dependent risk maps: 

M={M_t1, M_t2,..., M_tm}

OD pair: f2     OD pair: fk

Risk map 
at t1: M_t1

Risk map 
at t2: M_t2

  
Risk map at 

tm: M_tm

Parallel computing process

The set of routes for all flights at all time slots: 
P={P_f1_t1, P_f1_t2,...,P_fk_tm}

Route of f1 at 
t1: P_f1_t1

Route of f1 at 
t2: P_f1_t2

  
Route of fk at 

tm: P_fk_tm

Time-dependent risk-based A* (TD-RiskA*) algorithm

 

Fig. 5.5: Parallel computing framework to generate the set of candidate routes. 

5.4 Two-Stage Stochastic Route Optimization Model 

In this section, we develop the Time-Dependent Risk-based Route Optimization 

(TD-RRO) problem as a two-stage stochastic programming optimization model. In the 

first stage, the feasibility decision is made to determine if the generated route at a 

particular time meets the TLOS and flight duration requirements. While in the second 

stage, route selection and time-related flight decisions are made for the feasible routes 

to further reduce ground risk cost. The deterministic TD-RRO model is first developed, 

followed by its stochastic form of TD-RRSO, in which the concept of risk scenario is 

introduced to incorporate dynamic risk uncertainties. 

5.4.1 Deterministic Time-Dependent Risk-based Route Optimization 

(TD-RRO) model 

Under deterministic flight environments, the ground risk costs are determined 

values. The feasibility and route selection decisions are conducted concurrently to 

minimize the total ground risk cost for all flight missions. The route set for each OD 

pair 𝑘 is pre-generated by using TD-RiskA* algorithm as we developed in Section 5.3.3.  

Decision variables 
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(i). Route feasibility decision 𝑥𝑘. A binary variable to decide the feasibility of the 

generated flight route. 

𝜒𝑘 = {
1, if there is a feasible route 𝑝𝑘 for OD pair 𝑘,
0, otherwise                                                              

 

(ii). Route selection 𝜒𝑝𝑘_𝑣𝑖. A binary variable to decide if a flight 𝑓𝑘, with departure 

time 𝑡𝑘 falls in the period 𝜏𝑚 = [𝐿𝑚, 𝑈𝑚],𝑚 ∈ M, travels on the optimal route 

among the time-dependent candidate routes. Note that 𝑝𝑘  is a feasible and 

optimal route for OD pair 𝑘. The time interval 𝜏𝑚 corresponds with the period 

of the risk scenario, which defines the risk map 𝑀_𝑡𝑚. 

𝜒𝑝𝑘_𝑣𝑖 = {
1, if an OD pair 𝑘 travels on route 𝑝𝑘 = {𝑣𝑖 , 𝑖 = 1,2, … , 𝑙},
0, otherwise                                                                                    

  

𝜒𝑝𝑘_𝑣𝑖
𝑡 = {

1, if the departure time of 𝑝𝑘 falls in 𝜏𝑚 = [𝐿𝑚, 𝑈𝑚],
0, otherwise                                                                          

 

(iii).  Departure time flexibility 𝑡𝑓𝑘
flex. An appropriate postponement of departure time 

can help avoid high-risk periods to reduce the ground risk. The departure time 

flexibility is denoted as 𝑡𝑓𝑘
flex, which is a continuous variable. The initial and 

actual departure time are then denoted as 𝑡𝑓𝑘
dep

 and 𝑡′𝑓𝑘
dep

, respectively. The 

correlation between them is 𝑡′𝑓𝑘
dep

= 𝑡𝑓𝑘
dep

+ 𝑡𝑓𝑘
flex. 

Objective function 

The overall objective of the TD-RRO model is to minimize the total ground risk 

cost of all flight OD pairs, which is defined as 

min: 

𝐶total = ∑ ∑ 𝑐𝑣𝑖
𝑣𝑖∈𝑝𝑘𝑝𝑘∈ℙ

𝜒𝑝𝑘𝑣𝑖
𝑡 = ∑ ∑ 𝜂𝑐𝑑𝑣𝑖𝑡

𝑣𝑖∈𝑝𝑘𝑝𝑘∈ℙ

𝜒𝑝𝑘𝑣𝑖
𝑡

= ∑ ∑ 𝜂𝑐ℱ(𝑡
′
𝑓𝑘

dep
)

𝑣𝑖∈𝑝𝑘𝑝𝑘∈ℙ

𝜒𝑝𝑘_𝑣𝑖
𝑡 (5.17a)

 

where 

𝑐𝑣𝑖_𝑡 = 𝜆LOC𝑁𝑣𝑖_𝑡
crash𝑃fatal = (𝜆LOC𝐴crash𝑆𝑐𝑃fatal)𝑑𝑣𝑖_𝑡 = 𝜂𝑐𝑑𝑣𝑖_𝑡          (5.17b) 

𝑑𝑣𝑖_𝑡 = ℱ (𝑡′𝑓𝑘
dep
) , 𝑣𝑖 ∈ 𝑝𝑘                                                                            (5.17c) 

Here 𝐶total is the total ground risk cost. The constant variables 𝜆LOC, 𝐴crash, 𝑆𝑐, and 

𝑃fatal are converted to 𝜂𝑐. While the ground risk is transformed as population density, 
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which is the function of the actual time 𝑡′𝑓𝑘
dep

 of departing from the location 𝑣𝑖 ∈ 𝑝𝑘, 

where 𝑝𝑘  is the selected route for the flight 𝑓𝑘 . The function ℱ(𝑡) is the regression 

model derived in Section 5.3.2 to estimate the population density. 

Constraints 

(i). Feasibility requirements. This constraint is to ensure that the pre-generated route 

for OD pair 𝑘 is feasible and airworthy in terms of flight duration and TLOS 

requirements. That is because the operation of electric-powered eVTOLs is 

highly constrained by the flight duration [187], and by the stringent safety 

requirement of TLOS [9].  

∑𝜒𝑘
𝑘∈𝐾

= 1, 𝜒𝑘 = {0,1}, 𝑘 ∈ 𝐾                                               (5.18) 

Note that 𝜒𝑘 = 1, if the following conditions hold 

∑ 𝑙𝑣𝑖
𝑣𝑖∈𝑝𝑘

≤ 𝐿𝑓𝑘 , ∀𝑓𝑘 ∈ 𝐹                                                                     (5.19) 

𝐶𝑃𝑘_𝑡 = ∑ 𝜂𝑐𝑓 (𝑡
′
𝑓𝑘

dep
, 𝜇𝑣𝑖_𝑡 , 𝜎𝑣𝑖_𝑡)

𝑣𝑖∈𝑝𝑘

≤ 𝜆TLOS, ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇 (5.20) 

where Eq. (5.19)  defines the flight duration feasibility, and Eq. (5.20) defines the 

TLOS feasibility requirement. 

(ii). Route selection constraints. Ensure that the flight travels on the selected feasible 

route, 

∑ 𝜒𝑝𝑘_𝑣𝑖
𝑝𝑘∈𝑃

= 𝜒𝑘, ∀𝑣𝑖 ∈ 𝑝, 𝑘 ∈ 𝐾                                                (5.21) 

𝜒𝑝𝑘_𝑣𝑖 = {0,1}, ∀𝑣𝑖 ∈ 𝑝, 𝑘 ∈ 𝐾                                                    (5.22) 

Ensure the route 𝑝𝑘 that flight travelling on is the time-dependent feasible route with 

departure time 𝑡 falls in the time interval 𝜏𝑚 = [𝐿𝑚, 𝑈𝑚], 

∑ 𝜒𝑝𝑘_𝑣𝑖
𝑡

𝑡∈𝜏𝑚

= 𝜒𝑝𝑘_𝑣𝑖 , ∀𝑣𝑖 ∈ 𝑝, 𝑝𝑘 ∈ ℙ,𝑚 ∈ 𝑀                      (5.23) 

𝜒𝑝𝑘_𝑣𝑖
𝑡 = {0,1}, ∀𝑣𝑖 ∈ 𝑝, 𝑝𝑘 ∈ ℙ, 𝑡 ∈ 𝑇                          (5.24) 
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(iii).  Departure time flexibility constraint. Ensuring the postponed flight time is 

within the threshold 𝑇flex, which presents the maximum tolerable waiting time 

for a flight plan 𝑓𝑘, denoted as 

𝑡𝑓𝑘
flex ≤ 𝑇flex, ∀𝑘 ∈ 𝐾                                                       (5.25) 

𝑡′𝑓𝑘
dep

= 𝑡𝑓𝑘
dep

+ 𝑡𝑓𝑘
flex, ∀𝑘 ∈ 𝐾                                       (5.26) 

∀ 𝑡𝑓𝑘
flex, 𝑡𝑓𝑘

dep
∈ ℚ+, 𝑇flex ∈ ℤ+                                      (5.27) 

5.4.2 Stochastic Model Considering Risk Scenarios: TD-RRSO 

To cope with stochastic ground risk conditions due to population movement, a time-

dependent risk-based route stochastic optimization (TD-RRSO) model is formulated as 

a two-stage stochastic optimization program. In the model, the risk-based route planning 

decisions are made based on the statistical analysis of the expected ground risk 

conditions, while the feasibility, route selection, and time-related flight decisions are 

made based on predicted risk conditions, which are characterized by risk scenarios. 

Definition 3 (Risk scenario 𝜔): Stochastic ground risk conditions for UAS operations 

are defined as a finite set of risk scenarios Ω, where any risk scenario 𝜔 ∈ Ω. Under a 

scenario 𝜔, the stochastic ground risk condition is represented by a vector with random 

variables as 

𝜉(𝜔) = (𝑑𝑣𝑖_𝑡(𝜔), 𝜇𝑣𝑖(𝜔), 𝜎𝑣𝑖(𝜔), 𝑡𝑓𝑘
dep
(𝜔))                     (5.28) 

In the two-stage stochastic model, the risk-based routing decision 𝐱 = (𝑥, 𝑦, 𝑧) is 

made in the first stage, which is to generate the route set at different time points 

according to historical ground risk conditions. While the route selection and time-

related flight decisions 𝐲(𝜔) = (𝜒𝑘(𝜔), 𝜒𝑝𝑘_𝑣𝑖(𝜔), 𝜒𝑝𝑘_𝑣𝑖
𝑡 (𝜔), 𝑡𝑓𝑘

flex(𝜔), 𝑡′𝑓𝑘
dep
(𝜔)) are 

made for a given scenario 𝜔 ∈ Ω in the second stage to determine: (i) which candidate 

route is selected to fly at a particular ETD, (ii) when exactly to depart with consideration 

of time flexibility. 

The two-stage stochastic model is formulated as  

min𝔼𝜉[ℎ(𝐱, 𝜉)]                                                               (5.29) 

s.t. 

∑𝜒𝑘
𝑘∈𝐾

= 1                                                                    (5.30) 
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𝜒𝑘 = {0,1}, 𝑘 ∈ 𝐾                                                                    (5.31) 

where for each risk scenario 𝜔 ∈ Ω, 

ℎ(𝒙, 𝜉(𝜔)) = 𝑚𝑖𝑛
𝒚(𝜔)

∑ ∑ 𝜂𝑐𝑓 (𝑡
′
𝑓𝑘

𝑑𝑒𝑝(𝜔))

𝑣𝑖∈𝑝𝑘𝑝𝑘∈ℙ

𝜒𝑝𝑘_𝑣𝑖
𝑡 (𝜔)                      (5.32) 

        s.t. 

∑ 𝜒𝑝𝑘_𝑣𝑖(𝜔)

𝑝𝑘∈𝑃

= 𝜒𝑘, ∀𝑣𝑖 ∈ 𝑝, 𝑘 ∈ 𝐾                                                (5.33) 

∑ 𝜒𝑝𝑘_𝑣𝑖
𝑡 (𝜔)

𝑡∈𝜏𝑚

= 𝜒𝑝𝑘_𝑣𝑖(𝜔), ∀𝑣𝑖 ∈ 𝑝, 𝑝𝑘 ∈ ℙ,𝑚 ∈ 𝑀                (5.34) 

𝑡′𝑓𝑘
dep
(𝜔) = 𝑡𝑓𝑘

dep
(𝜔) + 𝑡𝑓𝑘

flex(𝜔), ∀𝑘 ∈ 𝐾                                     (5.35) 

𝑡𝑓𝑘
flex(𝜔) ≤ 𝑇flex, ∀𝑘 ∈ 𝐾                                                                  (5.36) 

𝐶𝑃𝑘𝑡 = ∑ 𝜂𝑐𝑓 (𝑡
′
𝑓𝑘

dep
(𝜔))

𝑣𝑖∈𝑝𝑘

≤ 𝜆TLOS, ∀𝑘 ∈ 𝐾, 𝑡 ∈ 𝑇              (5.37) 

𝜒𝑝𝑘_𝑣𝑖(𝜔)  = {0,1}, ∀𝑣𝑖 ∈ 𝑝, 𝑘 ∈ 𝐾                                              (5.38) 

𝜒𝑝𝑘_𝑣𝑖
𝑡 (𝜔) = {0,1}, ∀𝑣𝑖 ∈ 𝑝, 𝑝𝑘 ∈ ℙ, 𝑡 ∈ 𝑇                                  (5.39) 

∀ 𝑡𝑓𝑘
flex(𝜔), 𝑡𝑓𝑘

dep
(𝜔) ∈ ℚ+, 𝑇flex ∈ ℤ+                                           (5.40) 

The combined form of the two-stage stochastic optimization model can be 

represented as  

min 𝔼𝜉[ℎ(𝐱, 𝜉)] = ∑𝒫𝜔
𝜔∈𝜉

(∑ ∑ 𝜂𝑐𝑓 (𝑡
′
𝑓𝑘

dep
(𝜔))

𝑣𝑖∈𝑝𝑘𝑝𝑘∈ℙ

𝜒𝑝𝑘_𝑣𝑖
𝑡 (𝜔))  (5.41) 

s.t.  

     Constraints (30)-(40). 

where 𝒫𝜔 is the probability of each risk scenario, and ∑ 𝒫𝜔
𝜉
𝜔=1 = 1, 𝒫𝜔 ∈ [0,1]. 

 Note that the decision variables include both binary ones (𝜒𝑘, 𝜒𝑝𝑘_𝑣𝑖 , and 𝜒𝑝𝑘_𝑣𝑖
𝑡 ) 

and continuous variables (𝑡𝑓𝑘
flex and 𝑡′𝑓𝑘

dep
). The objective function (Eq.(5.32)) and 

Constraint (Eq. (5.37) ) are nonconvex and nonlinear functions derived from the 

regression model as depicted in Fig. 5.4. That makes the optimization problem a 

nonconvex mixed integer nonlinear programming (MINLP) model, which is NP-hard 
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[188]. The recourse matrix is random in both stages, making the problem even more 

difficult to solve.  

To handle stochastic programming (SP) problems, several groups of approaches 

have been proposed. One group is decomposition methods. Benders decomposition has 

made the first significant progress in solving SP problems with continuous recourse 

[189]. Follow-up works extended the decomposition approach to solve stochastic 

integer programming problems based on the L-shaped method [190], branch and bound 

[191], split cuts [192], and dynamic programming [193]. However, the decomposition 

approaches require considerable computational effort to obtain lower bounds in dual 

decomposition, which is inefficient in solving large-scale problems with fast 

convergence speed [177].  

These computational challenges motivate the use of meta-heuristic evolutionary 

algorithms, as they are not sensitive to the problem size and have little cost to optimality 

loss [141], [177], [194]. The analysis of convergence guarantee for meta-heuristic 

algorithms forms a theoretical stand [195] and makes them a primary alternative for 

solving large-scale global optimization problems. As the main interest of this work is 

not on the solving methods of the MINLP problem, an effective and well-proven meta-

heuristic algorithm proposed in our previous work [141], [194] is used to solve the 

developed nonconvex MINLP problem in this Chapter. 

5.5 Numerical Analysis and Discussion 

We implement our proposed optimization model using real-world public 

transportation data and census population density data to demonstrate the model’s 

performance in terms of ground risk assessment and mitigation. Computations were 

conducted using Matlab software at version 2020a on a workstation with an eight-Core 

Intel i9 CPU (2.5 GHz) and 32 GB RAM. 

The simulation environment is selected from an area in Singapore with a size of 

6,000m×6,000m×120m (width × length × altitude), which is meshed into standard 3D 

blocks with a size of 100m×100m×30m. The census population density of the selected 

environment is 8.358×103 (people/km2), and the basic parameters (defined as 𝜂𝑐 in Eq. 

(5.17b)) used in the risk assessment model are referred from a previous research work 

[170]. The public transportation data is taken from one subway station in Singapore 

with historical passengers’ tape-in and tape-out data. The data is taken as hourly 
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weekday average number of passengers, and 52 weeks of data are collected to develop 

the population density estimation model. 

5.5.1 Time-Dependent Candidate Routes under Different Risk 

Scenarios 

5.5.1.1 Generation of Risk Scenario 

In this subsection, we generate the time-dependent risk-based routes for a given OD 

pair under different risk scenarios. The risk scenarios are defined and generated by 

incorporating historical population movement data (as shown in Section 5.3.2) and the 

risk levels used in UAS operations [27], [196], as shown in Table 5.1. Within one 

scenario, the distribution of uncertain parameters (i.e., population movement conditions 

in this work) remains at the same level. For instance, in the negligible risk scenario (S1), 

the population movement is almost inconceivable, which corresponds to midnight hours. 

The fatality risk makes no difference at 01:00 am or 04:00 am in terms of risk-based 

route optimization. While it makes a difference across different scenarios due to 

significant changes in population density. 

 

Table 5.1: Scenario definition based on UAS operational risk levels associated with 

population density. 

Scenario  

(Risk level) 
Description 

S1 (Negligible) 
Fatality risk is negligible, as the population movement is inconceivable 

(00:00-05:00) 

S2 (Low) 
Fatality risk is low, as population density is sparse (05:00-07:00, 

21:00-24:00) 

S3 (Medium) 
Fatality risk is medium, as frequent population movement (09:00-

18:00) 

S4 (High) 
Fatality risk is high, as population density is at its peak (07:00-09:00, 

18:00-20:00) 

 

5.5.1.2 Candidate Routes under Different Scenarios 

According to the generated scenarios, population density distributions are computed 

and used for the generation of corresponding risk maps. The maps are then used to 

produce time-dependent risk-based routes using TD-RiskA* algorithm for a given OD 

pair under each scenario. The produced risk-minimizing candidate routes under each 

scenario are presented in Fig. 5.6. 
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Fig. 5.6(a)-(d) demonstrates that the fatality risk distribution derived from 

population density is significantly different across different risk scenarios. That 

subsequently results in different optimal routes (measured by risk cost) for the same OD 

pair, as shown in Fig. 5.6(e). Under the negligible risk scenario, the population density 

exposed to the risk of UAS operations is approximately zero. The obtained risk-

minimizing route under this scenario is the same as the distance-minimizing route, 

which directly flies from origin to destination. For other scenarios, the fatality risk 

increases with the increase of the risk level. The obtained routes avoid high-risk areas 

to reduce the total ground risk cost, while the distance of these routes shows an increased 

trend compared with Scenario 1, as these routes need to travel longer distances to avoid 

high-risk areas. 

        

(a) S1: Negligible risk scenario                      (b) S2: Low risk scenario 

                  

(c) S3: Medium risk scenario                         (d) S4: High risk scenario 
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 (e) Top view of risk-based routes under different scenarios 

Fig. 5.6: Time-dependent risk-based candidate routes for a single OD pair under 

different risk scenarios. 

The above results demonstrate the spatial-temporal differences of the risk conditions 

for UAS operations, which suggests that the route optimization should consider both 

the actual departure time (operating in which scenario) and the risk condition (how 

exactly to fly in a scenario). Joint decision-making is conducted using our proposed TD-

RRO model for both two factors, and the performances are presented in the following 

section. 

5.5.2 Optimization Performance of TD-RRO model 

5.5.2.1 Time-Dependent Risk Optimal Routes 

A toy problem with a small scale of OD pairs is first solved to demonstrate the 

decision-making process of the TD-RRO model. We then solve a large-scale problem 

in comparison with the distance-based (DB) model [197] and static risk-based (RB) 

model [85] in terms of risk cost and flight distance. The OD pairs are randomly 

generated with coordinates of origin and destination selected from the range of 𝑥, 𝑦 ∈

[1,60], 𝑧 ∈ [1,4]. The estimated time of departure (ETD) is randomly assigned to the 

OD pairs in the range of [1, 24*60=1440] minutes.  

In the toy problem, six OD pairs are randomly generated. The set of candidate routes 

for each OD pair is produced using TD-RiskA* algorithm, shown in color lines in Fig. 

5.7. With the set of candidate routes, the TD-RRO model is employed to obtain the 

time-dependent optimal route for each OD pair by conducting the feasibility decision 
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(defined by Eqs. (5.18)-(5.20)) and route selection decision (Eqs. (5.21)-(5.24)). 

Obtained results are presented as the dotted black line. 

 

Fig. 5.7: Set of candidate routes with the selected time-dependent optimal route for 

different OD pairs. 

To demonstrate the generalizability of the model, a large-scale case is created with 

100 randomly generated OD pairs. Comparisons are made among three different route 

planning methods: (i) Distance-based (DB) A* method, (ii) Conventional risk-based 

(RB) method RiskA*, and (iii) our method TD-RRO model. The ground risk of obtained 

optimal routes by the three methods is evaluated and given in Fig. 5.8 and Table 5.2. 

Our proposed TD-RRO method performs best in reducing ground fatality risk (by 

36.13% on average), while the average risk cost of a flight mission in all scenarios meets 

the TLOS requirement (<10-6), as shown in Table 5.2. Followed by the risk-based (RB) 

method, which significantly reduces the risk cost (by 28.82% on average) compared 

with the distance-based method, as it avoids the empirical high-risk areas. However, in 

the high-risk scenario (S4), the average risk cost (1.25×10-6) exceeds the TLOS 

requirement, making flight missions at S4 infeasible. That is because the empirical risk 

map used in the RB method cannot fit all scenarios where the risk conditions are 

different in spatial-temporal dimensions. Our proposed TD-RRO method, on the other 

hand, makes joint decisions to determine the optimal route for flight missions according 

to the risk scenarios they belong to, which selects the most suitable route for each flight 

mission.  
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Fig. 5.8: Our proposed TD-RRO method performs best in ground risk reduction at all 

risk scenarios compared with distance-based (DB) and risk-based (RB) methods (by 

36.13% and 28.82% on average, respectively).  

Viewing the performances from individual scenarios in Table 5.2, significant risk 

mitigations are made in medium-risk scenario S3 (51.33%) and high-risk scenario S4 

(56.41%), which are at periods of frequent population movement. Fatality risks at some 

locations with train/bus stations are remarkably high. Avoiding these locations can 

significantly reduce the risk cost of a flight route, while failing to do so can result in 

unbearably high-risk cost as demonstrated by the routes generated by the DB method in 

S3 and S4 scenarios. In negligible risk scenario S1, the average risk cost of the routes 

has no significant difference (2.81%), as the risk map is generated by using census 

population density, which is a constant for the whole area. Note that the average risk 

cost of the routes by all three methods increases with the change of scenario from S1 to 

S4, as the risk level increases. This means operating in periods associated with low-risk 

scenarios can reduce the risk cost, suggesting that decision-makers can better arrange 

their flight plans at different periods of the day to increase the flight approval (feasibility) 

rate and reduce the overall ground risk cost. 

The optimal routes generated by the TD-RRO method have an efficiency loss in 

flight distance, as shown in Fig. 5.9 and Table 5.3. The routes produced by risk-based 

approaches (TD-RRO and RB) have longer flight distance (by 7.87% and 8.56%, 

respectively), compared with the DB method. That is because the flight will have to 

travel a longer distance to avoid high-risk areas. While for the routes generated by TD-

RRO and RB methods, there is no significant difference (0.15%) in terms of flight 
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distance. Based on obtained results in this case, we demonstrate that the TDRB routes 

generated by TD-RRO significantly reduce the fatality risk by 36.13%, while it has little 

cost to operational efficiency by 7.87% in terms of flight distance increase. 

 

Table 5.2: Average ground risk (Fatality/flight.hr) and comparison of our TD-RRO 

method with DB and RB methods. 

Scenarios DB RB TD-RRO 
TD-RRO vs. 

DB 

TD-RRO vs. 

RB 

S1 

(Negligible) 
2.96×10-7 2.94×10-7 2.88×10-7 -2.81% -2.06% 

S2 (Low) 8.52×10-7 7.86×10-7 5.63×10-7 -33.96% -28.40% 

S3 (Medium) 1.26×10-6 9.81×10-7 6.12×10-7 -51.33% -37.67% 

S4 (High) 1.52×10-6 1.25×10-6 6.63×10-7 -56.41% -47.15% 

Average 9.82×10-7 8.29×10-7 5.31×10-7 -36.13% -28.82% 

 

 

Fig. 5.9: The efficiency loss (measured by distance) of routes generated by the TD-RRO 

method is acceptable, with an average of 7.87% longer than that of the distance-based 

method. 

5.5.2.2 Optimal Routes with Departure Time Flexibility (DTF) 

A. Optimal Routes vs. Optimal Routes with DTF 

Above, we demonstrate the performance of the time-dependent risk-based routes 

generated by the TD-RRO model, which conducts the route feasibility and selection 

decisions. This section analyses the performance of optimal routes with departure time 



 
 

111 

 

flexibility (DTF), which is another decision variable to further reduce risk cost by 

adjusting the actual departure time, defined in Eq. (5.17c). The DTF is considered the 

waiting time of a flight plan to avoid high-risk periods so as to reduce operational risk 

costs. The simulation environment and flight plan with 100 OD pairs use the same 

settings described in Section 5.5.1. The estimated time of departure (ETD) is randomly 

assigned to each OD pair in the range of [1, 1440] minutes, and the threshold of DTF is 

taken as 15 minutes. The selected risk optimal route for each OD pair is used as the 

basis for the comparison with the optimal route with DTF. Obtained results are 

presented in Fig. 5.10. 

 

Table 5.3: Average ground risk (Fatality/flight.hr) and comparison of our TD-RRO 

method with DB and RB methods. 

 Scenarios DB RB TD-RRO 
TD-RRO vs. 

DB 

TD-RRO vs. 

RB 

S1 (Negligible) 5515.40 5881.93 5547.70 0.59% -5.68% 

S2 (Low) 5024.99 5418.09 5445.58 8.37% 0.51% 

S3 (Medium) 5516.91 6109.62 6134.15 11.19% 0.40% 

S4 (High) 5146.81 5610.32 5730.49 11.34% 2.14% 

Average 5301.03 5754.99 5714.48 7.87% -0.66% 

 

The optimal route with time flexibility performs better than that of the original 

optimal routes in terms of ground risk reduction, as shown in Fig. 5.10(a). Notable risk 

reductions are seen in OD pairs (e.g., OD-14, OD-61, and OD-78). That indicates a 

postponement of departure time (DTF) contributes to the risk cost reduction, as the risk 

conditions in a given scenario may become better at new ETD (for instance, a postponed 

departure in S4 could avoid high-risk conditions at peak hours). While a number of OD 

pairs (54 in total) show no risk reduction because the risk condition may become even 

worse after the postponement of these flights.  

To have a deeper understanding of this situation, we further study the correlations 

among departure time flexibility, risk scenario, and risk reduction. Obtained results are 

given in Fig. 5.10(b). Seven routes are generated in S1, and none of them has had the 

risk cost reduced (0%, as shown in Table 5.4). As in S1, the risk condition remains 

constant due to inconceivable population movement. The ETD of a flight will not be 

postponed for risk reduction if the risk cost has no space to reduce, which makes the 

optimized postponement of ETD for each OD pair zero. In Scenario 2 (low risk 
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scenario), the risk cost of a large portion of OD routes (35.85%) is reduced by DTF 

within the 15-minute threshold. That portion further increases to 72.22% and 63.64% 

in S3 and S4, respectively. Because in and around peak hours of population movement 

in S3 and S4, a slight ETD postponement helps avoid high-risk periods to reduce ground 

risk cost. While the percentage of risk reduction decreases with the increase of scenario 

risk level from S2 (18.36%), S3 (16.82%) to S4 (11.19%). This is because the 

fundamental risk cost of a given route increases with the rise of risk level from S2 to 

S4, as demonstrated in Fig. 5.8.  

 

(a) Departure time flexibility (DTF) has contributions to ground risk reduction 

 

(b) Risk reduction contributed by DTF at each scenario 

Fig. 5.10: Performance of departure time flexibility (DTF) in ground risk reduction. 

Obtained results demonstrate that the departure time flexibility can reduce risk cost 

by 11.59% on average, with a success rate of 42.93% under all scenarios. It also suggests 

that the ETD postponement decision should be made case-by-case, as not all flight plans 

are suitable for postponing their initial ETD. That further emphasizes the significance 
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of our proposed TD-RRO model, which enables automatic decision-making of DTF for 

safe UAS operations. 

 

Table 5.4: Average risk reduction per departure time flexibility (DTF) hour. 

Scenarios 
S1 

(Negligible) 

S2 

(Low) 

S3 

(Medium) 

S4 

(High) 
Average 

Risk reduction 0% 18.36% 16.82% 11.19% 11.59% 

Rate of 

postpone 
0.00% 35.85% 72.22% 63.64% 42.93% 

 

 

Note that the unit of average risk reduction is converted from risk cost per flight 

mission to risk cost per flight hour for practical uses, as the unit of TLOS is fatality per 

flight hour. For instance, the risk reduction for a 15-minute (1/4 hour) flight route is 5%, 

and the converted risk reduction is 20% per flight hour for this route. 

B. Sensitivity of DTF threshold 

We study the sensitivity of the departure time flexibility (DTF) threshold, which 

determines the upper bound of the ETD postponement. The threshold of DTF is taken 

in the range of [5, 60] minutes with an interval of 5 minutes. Sensitivity analysis results 

are shown in Fig. 5.11.  

Absolute risk cost reduces linearly with the increase of the DTF threshold in all 

scenarios except for S1, as shown in Fig. 5.11(a). That is because a larger threshold 

allows more ETD postpones avoiding high-risk periods. For instance, the initial ETD 

of a flight is 7:30 pm, and the postponement of ETD can avoid high-risk hours if the 

threshold is more than 30 minutes (new ETD becomes 8:00 pm onwards). For individual 

scenarios, there is no risk reduction in S1 by postponing ETD, while the absolute risk 

reduction in S3 is the most notable one. As S3 is the starting or closing of high-risk 

periods, ETD postponement can effectively help flights avoid operating in high-risk 

periods. S2 and S4 correspond to risk conditions that last for a long period of time, and 

an ETD postponement may not be able to convert them to another low-risk condition.  

To further analyze the effectiveness of ETD postponement, we study relative risk 

reduction, which is defined as the risk reduction of a flight route per flight hour. As 

shown in Fig. 5.11(b), the relative risk reduction shows no significant changes with the 

increase of the DTF threshold, which corresponds to the linear trend in the absolute risk 

reduction, as shown in Fig. 5.11(a). Meaning that the unit gain of ETD postponement 
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remains the same. Decision-makers will have to cast the same magnitude of delays to 

obtain the risk reduction for a flight plan. Besides, the relative risk reduction under 

individual scenarios shows a different pattern. The S2 has the most relative risk 

reduction (18%) among all scenarios, whereas its absolute risk reduction is the second 

least. That is because the fundamental risk cost for a given flight route increases with 

the risk of risk condition from S2 to S4. The fundamental risk cost acts as a denominator, 

which decreases the relative risk cost from S2 to S4 as demonstrated in Fig. 5.11(b).  

     

(a) Absolute risk reduction over total time        (b) Relative risk reduction per unit time 

Fig. 5.11: Ground risk cost reduction with the increase of departure time flexibility 

(DTF) threshold. Note that absolute risk reduction is defined as the risk reduced with a 

total DTF. While the relative risk reduction is defined as the risk reduced per DTF hour. 

5.5.3 Benefits of Stochastic Optimization by TD-RRSO Model 

In this subsection, we assess the benefits of stochastic optimization results obtained 

by our TD-RRSO model by introducing the value of the stochastic solution (VSS) and 

the expected value of perfect information (EVPI). The impact of route selection 

flexibility under stochastic risk conditions is investigated. The risk conditions 

associated with population density are categorized into four scenarios based on the risk 

level classification rule in the civil aviation field [27], [196], which is given in Table 

5.1. The risk condition, specifically the risk cost of each grid cell in each scenario, is 

represented as risk maps, depicted in Fig. 5.7(a)-(d). We assume the probability of each 

scenario (defined in Eq. (5.41)) is equal, which is taken as 25%. 

To assess the VSS and EPVI, three types of problems needed to be solved under the 

defined scenarios, and they are: (i) the solution of the recourse problem (RP), also 
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known as here and now solution, which is the optimal solution obtained by the TD-

RRSO model in this work, (ii) wait and see (WS) solution from a deterministic problem 

based on perfect information, which corresponds to the solution obtained by our 

proposed deterministic TD-RRO method, and (iii) the expected value (EEV) solution 

resulting from a deterministic problem with replacing all random variables by a single 

nominal scenario. With these definitions, the VSS and EPVI are obtained as VSS=EEV-

RP and EVPI= RP-WS [171]. After computation, the obtained results are presented in 

Fig. 5.12 and Table 5.5. 

The WS solution, not surprisingly, performs best with the lowest risk cost for all 

flight routes, as it has perfect information. While the RP solution considering stochastic 

risk conditions achieves the second-best performance with all generated flight routes 

that met the TLOS requirement (<10-6 fatalities/flight.hr). However, the EEV performs 

the worst, with 18 flight routes exceeding the TLOS requirement under stochastic risk 

conditions. That is because EEV only considers a single expected risk condition to make 

decisions for route selection in all risk scenarios. 

 

Fig. 5.12: Comparison of wait and see (WS), recourse problem (RP), and expected value 

(EEV) solutions. 

With the WS, RP, and EEV results, we obtained the VSS and EVPI, as shown in 

Table 5.5. The VSS quantifies the benefits of our stochastic optimization model TD-

RRSO compared with a deterministic solution that directly optimizes first-stage and 

second-stage solutions with a single scenario (i.e., considering the average risk 

condition among all scenarios). The EVPI evaluates the residual cost of the risk 

uncertainty originating from the fact that the first-stage feasibility decisions need to be 

made before the uncertainty is solved, which marks the key difference with the 
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independent decision-making in the first-stage and second-stage, separately. Based on 

the results obtained in our case, the VSS is the reduction of 38.96% of risk cost, while 

the risk cost can be further reduced by 11.77% if perfect information can be obtained. 

 

Table 5.5: Value of stochastic optimization and expected value of perfect information. 

Indicators 

Average risk cost at all scenarios Risk reduction 

WS RP EEV VSS EVPI VSS EVPI 

Results 
6.07E-

08 

6.75E-

08 

9.26E-

08 
2.52E-08 6.72E-09 38.96% 11.77% 

 

5.6 Summary 

This Chapter studies the stochastic route optimization problem under dynamic 

ground risk for safe UAS operations in urban environments. The problem is developed 

as a two-stage stochastic route optimization model. The first-stage decision handles the 

route feasibility requirements regarding the target level of safety and flight duration. 

While the route selection and departure time-related decisions are made in the second 

stage to cope with stochastic risk conditions. Simulation results demonstrate the good 

performance of the proposed model in terms of ground risk mitigation. The main 

conclusions of this work are summarized as follows. 

(i) The developed time-dependent risk assessment model allows quantitative 

evaluation of the dynamic ground risk for specific UAS operations. That enables 

quantitative feasibility evaluation for specific flight plans with respect to the 

target level of safety at different departure times. This finding is used in the first 

stage of the stochastic optimization model to decide the feasibility of the flight 

routes. 

(ii) The proposed time-dependent risk-based route planning method TD-RiskA* 

with parallel computing scheme enables large-scale route set generations in 

polynomial time, which prepares the route selection decision in the second stage 

of the stochastic route optimization model.  

(iii) Under a deterministic risk condition, the developed time-dependent risk-based 

route optimization (TD-RRO) model can significantly reduce the ground fatality 

risk (by 36.13%) while having only little cost to operational efficiency (by 
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7.87%) in terms of flight distance increase, compared with the routes generated 

by the distance-based method. 

(iv) Under uncertain risk conditions, our proposed TD-RRSO model performs well 

in risk mitigation, as it jointly optimizes the route feasibility decision (before the 

uncertainty is resolved) and route selection and departure time decisions (after 

the uncertainty is resolved). The benefits of the stochastic model are quantified 

by the value of the stochastic solution (VSS) and the expected value of perfect 

information (EVPI). Based on simulation results, the VSS is the reduction of 

38.96% of risk cost, while the cost can be further reduced by 11.77% if perfect 

information can be obtained. 

(v) Departure time flexibility (DTF) contributes to ground risk reduction (by 11.59% 

on average). However, the DTF decision should be made on a case-by-case basis, 

as not all flights are suitable for postponing their initial estimated time of 

departure. That further emphasizes the significance of our proposed TD-RRSO 

model, which enables automatic decision-making of DTF for safe UAS 

operations. 

The research findings of this work can provide support for (i) aviation authorities to 

decide if a specific flight plan (with flight route and estimated time of departure) can be 

approved under a given target level of safety, (ii) eVTOL users (delivery or air taxi 

companies) to optimize the routes and timetables of their flight missions to avoid high-

risk conditions. Which ultimately contributes to the safety risk management of UAS 

operations in low-altitude urban airspace.  
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Chapter 6 

 

6 Multi-UAV 4D Trajectory Optimization 

and Conflict Resolution for Air Risk 

Mitigation 

In Chapter 5, the ground risk assessment and mitigation problems are studied to 

produce robust and risk-minimizing flight routes for individual operations. However, 

there are demands (e.g., drone delivery) for multiple flight operations in the same 

spatial-temporal space, resulting in a high-density UAS traffic flow. The high-density 

traffic increases the number of potential flight conflicts and delays that need to be 

addressed. 

 In this Chapter, flight conflict detection and resolution for air risk mitigation is 

conducted at the strategic phase to produce conflict-free four-dimensional trajectories 

(4DT). An adaptive conflict resolution framework is proposed to optimize the strategies 

used for different types of conflicts with explainable mechanisms and to optimize UAV 

4D routes. The framework is formulated as a double-layer optimization problem, and 

scheduling, speed adjustment and rerouting strategies are considered for conflict 

resolution. The first layer of the framework is established as a probabilistic selection 

model to make decisions on which strategy is selected for what type of conflict. The 

second layer is developed as a mixed integer nonlinear programming (MINLP) model 

to optimize the decision variables of the strategies selected by the first layer. A novel 

meta-heuristic stochastic fractal search (SFS) algorithm is then developed to solve the 

proposed problems. Simulation results demonstrate the effectiveness and robustness of 

the proposed framework and algorithms. 
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6.1 Introduction 

Air risk of flight conflict is a major challenge for safe UAV operations. The various 

UAV applications always require operating at the same period in the same airspace, as 

flight demands (e.g., food delivery and passenger transport) have peaks [198], [199]. 

That increases the potential flight conflicts. To solve these challenges, the risk-based 

UAV 4D route optimization with adaptive conflict resolution problem is investigated. 

By generating risk-based routes, UAVs can avoid not only explicit obstacles but the 

implicit high-risk areas where the probability of causing fatalities and damages is high. 

With the obtained risk-based routes, an effective conflict resolution method is required 

to optimize the pre-planned 4D routes by solving the conflicts using different types of 

strategies. 

The strategies consist of two aspects. The first aspect is from the temporal dimension 

including the scheduling and speed adjustment strategies. The scheduling is to change 

the estimated time of departure (ETD) of each flight while the speed adjustment will 

change the estimated time of arrival (ETA) of each waypoint. The second aspect is from 

the spatial dimension and the strategy is rerouting, which is to adjust the flight route by 

changing the coordinates (x, y, z). The commonly used uncertainty models in conflict 

resolution studies are also discussed in this section.  

A. Strategies in temporal dimension: scheduling and speed adjustment 

Scheduling is an effective way to tackle pre-flight conflicts. By adjusting the 

departure time, potential conflicts or congestion can be solved. In civil aviation fields, 

scheduling problems have been studied to optimize the air traffic flow management 

system. A 4D strategic deconfliction problem at a continental scale was developed as a 

mixed-integer programming model to optimize the trajectory interactions [39]. In this 

study, the departure time of flights can be shifted to solve the potential trajectory 

interactions. In a follow-up study, the wind-optimal flight trajectories were considered 

in the strategic deconfliction problem for the North Atlantic oceanic airspace [200]. The 

objective of this study is to minimize the conflicts by changing the departure time and 

trajectory, while constraints are given to minimize the deviations of the flight plan from 

the initial one.  Authors also developed mathematical models to maximize the runway 

throughput [104] as well as to utilize en-route capabilities [106]. A follow-up work [201] 
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considered the demand and supply balance and proposed an integrated flight scheduling 

framework to efficiently optimize the traffic flow. 

 Compared with commercial manned aircraft, the scheduling of UAS operations has 

more challenges, as the UAS traffic network is more complex in low-altitude urban 

airspace. In recent years, researchers have studied the UAS scheduling problems with 

various optimization objectives, ranging from minimizing flight conflicts [94], [116], 

[142] and flight delays [118], [186], to maximize the coverage rate of surveillance 

missions [111], [112]. To achieve these objectives, various models have been proposed. 

Mathematical programming is the most used one. Based on different modelling 

requirements of decision variables, authors [118] developed the mixed-integer linear 

programming model to optimize the pre-planned routes in discrete environments where 

the departure time was taken as an integer. In other studies of [185], [199], [202], the 

models involve energy constraints or payload constraints, which are nonlinear. 

Optimization problems were developed as mixed-integer nonlinear programming to 

generate feasible flight routes. To solve the proposed optimization models, both exact 

methods such as the branch-and-cut algorithm [185], and dynamic programming 

algorithm [203], and heuristic algorithms such as the auction algorithm [109], and 

genetic algorithm [118] were developed. In some cases, the feasible region of 

scheduling problems is nonconvex due to the complex objective or constraint functions 

[103]. To solve the nonconvex optimization problems for drone scheduling, the authors 

investigated an approach to transform a nonconvex problem into two convex 

subproblems without sacrificing the optimality of the solution [111]. They also 

proposed an exact effective algorithm to solve the transformed convex problems. What 

is more, some authors paid attention to developing more robust methods and algorithms 

for scheduling and task assignment [112]. They introduced iterative strategies to 

improve the performance of the task assignment algorithm and their strategies improved 

the stability of proposed methods while reducing the computational complexity.  

Another conflict resolution strategy is to adjust the flight speed, which subsequently 

adjusts the ETA for the succeeding waypoints of a flight. The adjustment of ETA 

changes the time difference between two consecutive flights passing a waypoint. For 

instance, accelerating the preceding flight while decelerating the succeeding one widens 

the time difference, which solves a conflict. Speed adjustment is also an effective and 

commonly used strategy for flight conflict resolution in air traffic management fields. 

To solve the aircraft conflict resolution problem, a geometric optimization method was 
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developed [204]. The velocity vector strategy was used to change the heading and speed 

of the aircraft, and the optimized 4D trajectories, therefore, have minimum deviations 

from the initial ones. In a follow-up study, a subliminal speed control method was 

proposed to solve the CD&R problems with only minor adjustments of speed [205]. 

That generated the minimum deviations for the initially-planned trajectories and 

therefore reduced the air traffic controllers’ workload on handling the conflicts [52]. 

Some research works also studied the robust conflict resolution problems with 

uncertainties that wind components and velocities of aircraft were randomly generated 

in a reasonable range [40], [41]. To overcome the uncertainty impact on the pre-planned 

4D routes, one study [42] proposed a dynamic adjustment method to adjust the airspeed 

in response to the leads or lags of flight, which increased adherence to the estimated 

time of arrival at each waypoint in the pre-planned route. Another work [206] studied 

the speed approach for UAV conflict resolution, while the critical speed range for 

potential conflicts was considered to reduce the computational cost. To solve the 

potential conflicts in UAV formation flight, researchers [121], [207] investigated the 

speed change strategy based on potential field vectors. The idea of these studies is to 

generate a conflict-free envelope by adjusting the flight speed of the UAV. A recent 

study [208] has the same mind to generate conflict-free UAV 4D routes. In that study, 

the airspace was divided into standardized air blocks where the airspace occupation time 

and rate were considered. The occupied air blocks were disabled for other routes, which 

prevents flight conflicts. 

B. Strategy in spatial dimension: rerouting 

Rerouting is another effective way to tackle flight conflict. By adjusting the 3D 

geometric trajectory, potential conflicts can be resolved in the spatial dimension. 

Compared with the scheduling strategy, the rerouting strategy changes the flight 

trajectory to avoid conflicts, convective weather, and other risky areas [43], [44]. For 

manned aircraft, rerouting is not a preferred conflict resolution strategy considering 

safety and efficiency issues. Commercial manned aircraft are only allowed to fly within 

the airway boundary, and lateral rerouting may deviate the trajectory out of the 

boundary resulting in risk issues. The altitude change is also a fuel-consuming and 

unsafe way, which is demonstrated by a number of research works that aim to minimize 

the trajectory deviations from the initial one when using the rerouting strategy [39], 

[209]–[211].  
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From an efficient point of view, minimizing the flight distance is always one of the 

objectives for solving both manned and unmanned conflict resolution problems using 

the rerouting strategy. However, it would be more challenging for UAS operations, as 

rerouting may generate extra flight distance and that may make the mission infeasible 

for battery-powered UAVs due to its limited flight duration. To solve this problem, 

some authors [119], [185] proposed the energy-constraint rerouting method to ensure 

the UAV is able to safely return home. Come to the application of rerouting strategy, it 

was conducted by using both discrete and continuous methods. In discrete environments, 

the airspace is meshed into units and the UAV operates from one waypoint to another. 

Rerouting in that environment is to search for an alternative route point-by-point using 

methods such as A* [208] and the ant colony algorithm [167]. The advantage of discrete 

rerouting is that the traffic flow can be better organized via the waypoint-based network, 

which is good for high-density traffic management [55], [212]. On the other hand, 

researchers also investigated the rerouting problems using continuous approaches such 

as vector fields [79], [122]. Their proposed vector field methods considered UAV 

kinematics and approximate speed modulation, which enabled smooth and conflict-free 

routes for multi-UAV operations. B-spline curves have also been used to connect each 

route waypoint and produced continuous conflict-free routes for several application 

uses [123], [213]. Compared with the discrete method, the continuous methods perform 

better in terms of local route optimization and route smoothing. Instead of changing the 

coordinates of the route in three dimensions, some authors investigated the flight-level 

adjustment method for deconfliction [110]. They proposed a flight-level assignment 

strategy to solve conflicts for pre-planned 4D routes, and the operational information 

was considered to determine the assigned flight level. 

C. Uncertainties in flight conflict resolution 

The common uncertainties considered in conflict resolution models for manned 

aircraft are weather uncertainties [42], [200], [210], [211], and trajectory prediction 

uncertainties [39], [40], [205]. The weather uncertainty models are always developed 

with a probability density function that is derived from the data of weather forecasts for 

the prevailing wind in large-scale space. While the aircraft trajectory prediction 

uncertainties are always presented as random variables of velocities and positions in 

reasonable ranges. However, in the small-scale low-altitude urban airspace, weather 

conditions are difficult to predict (e.g., wind shear in the landing phase for manned 
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aircraft), which makes it difficult to develop the weather uncertainty model for UAS 

operations. The trajectory uncertainties for UAS operations are also preferred to be 

solved in the tactical phase at robotic levels [214]–[216]. 

As discussed above, existing works have investigated conflict resolution problems 

with various strategies considered. However, there are still several research gaps and 

challenges as UAS operations introduce into urban environments with larger scale and 

higher requirements for conflict resolution capabilities. First, existing studies have 

fewer considerations of the third-party risks when UAS operates in urban environments. 

The third-party risk is defined as the people and property not associated with and not 

directly benefit from the UAS operations, such as fatality risk to people on the ground 

[8], [9]. These risks should be considered when conducting specific conflict resolution 

strategies. Because existing conflict resolution methods may not perform well in a risk 

environment, some solution points may turn out to be high-risk areas and therefore 

invalid for planning. Second, conflict resolution strategies in works of literature are 

separately modelled and used such as only conducting scheduling or rerouting. However, 

some types of conflicts cannot be solved by scheduling (or speed adjustment) such as 

the head-to-head conflict [217]. Rerouting also has its issue. It pays a high price for 

downstream impact [105], as replanned routes may intersect with other initial routes 

causing new conflicts. What is more, there are very few studies that have combined 

different strategies to solve flight conflicts. A decision-making method is still lacking 

to adaptively select the most suitable resolution strategy for different types of flight 

conflicts. 

This Chapter will focus on the strategic deconfliction for multiple UAVs in risk-

based environments. An adaptive decision-making method is developed to solve the 

different types of flight conflicts with different strategies. To make the scope of this 

Chapter clearer, the following assumptions are made: 

(1) The risk map and the pre-planned route for each UAV flight are generated by an 

existing study [170]. The focus of this Chapter is on strategic deconfliction among 

multiple UAVs. 

(2) The UAV refers to both quadrotor and fixed-wing unmanned aerial vehicles. As 

fixed-wing UAVs are unable to hover at the speed of zero, hovering is not made an 

option in the problem formulation section. 
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6.2 Modelling of Risk-Based 4D Route and Flight 

Conflict 

In this section, the concept of the risk-based 4D route optimization problem is 

introduced. Conflict detection based on the 4D routes is defined and the decision 

variables for solving the detected conflicts are also discussed.  

The risk-based 4D route is a sequence of waypoints in discrete space with 3D 

coordinates and time, which considers the operational risks to third parties. The 3D 

coordinates include (x, y, z), while the two primary temporal information are estimated 

time of departure (ETD) and estimated time of arrival (ETA). The ETD is only 

influenced by the scheduled departure time, while the ETA can be influenced by both 

the ETD and flight speed. For instance, rescheduling the ETD will subsequently change 

the ETA, given the same flight speed. While the ETA can also be influenced if the speed 

is changed for a flight route, given the same ETD.  

We define the 4D route on a directed graph 𝐺 = (𝑊,𝐴), where 𝑊 = {0,1,2, … ,𝑤 +

1} is a set of waypoints. Note that waypoint0 represents the original location while 

waypoint 𝑤 + 1 presents the destination. Here 𝐴 = {𝐴𝑖𝑗(𝑤𝑖, 𝑤𝑗), ∀𝑖, 𝑗 ∈ 𝑁node} is the 

set of arcs that connect two adjacent waypoints, where 𝑤𝑖 = (𝑥𝑖, 𝑦𝑖 , 𝑧𝑖)  and 𝑤𝑗 =

(𝑥𝑗 , 𝑦𝑗 , 𝑧𝑗). Note that 𝑁node is the total number of nodes in the graph. We further define 

crossing waypoint (CWP) as 𝑊CP = {CWP1,CWP2,… , CWP𝑘}, ∀CWP𝑘 ∈ 𝑊. The CWP 

is defined as at least two arcs intersecting with each other.  

Let 𝑇 = {𝑡𝑖: ∀𝑡𝑖 ∈ [0,∞), ∀𝑖 ∈ 𝑁node} be the set of ETAs. Note that 𝑡𝑖 is the ETA 

of UAV passing the waypoint 𝑤𝑖 . Let 𝑈 = ({𝑈1, 𝑈2, … , 𝑈𝑎, … , 𝑈𝑁uav}, 𝑎 ∈ 𝑁uav) be 

the set of UAVs and 𝑅4D = {𝑅4𝐷
1 , 𝑅4𝐷

2 , … , 𝑅4𝐷
𝑎 , … , 𝑅4𝐷

𝑁uav} be the set of 4D routes. Here 

𝑁uav is the total number of UAVs. A 4D route of 𝑈𝑎 is denoted as 𝑅4𝐷
𝑎 = ({𝑊𝑖

𝑎}, 𝑖 ∈

𝑁node), where 𝑊𝑖
𝑎 = ({𝑿𝑖

𝑎, 𝑡𝑖
𝑎}, 𝑿𝑖

𝑎 ∈ ℝ3).  

As shown in Fig. 6.1, four 4D routes corresponding to the respective UAVs are 

illustrated with different origins and destinations (ODs). An example of a 4D route of 

UAV 𝑈𝑎  is denoted as {𝑤1, 𝑤2, CWP1, 𝑤3, CWP3, 𝑤4, CWP5, 𝑤5} , which has three 

crossing waypoints (CWP1, CWP3, CWP5).  

Based on the definition of the 4D route, flight conflict is defined as two or more 

UAVs arriving at the same waypoint while the difference of their ETAs is smaller than 
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the minimum safe separation. Formally, a flight conflict is detected if the following 

condition holds 

{
𝑅3𝐷
1 ∩ 𝑅3𝐷

2 , … ,∩ 𝑅3𝐷
𝑎 , … ,∩ 𝑅3𝐷

𝑁uav = CWP𝑢, (𝑎 ≥ 2, 𝑢 ≥ 1, ∀𝑎, 𝑢 ∈ 𝑁uav) 

|𝑡CWP𝑢
𝑎 − 𝑡CWP𝑢

𝑏 | < ∆𝑡conflict, (𝑎, 𝑏 ∈ 𝑁uav, 𝑎 ≠ 𝑏)                                        
       (6.1) 

where 𝑅3𝐷
𝑎  is the set of waypoints for the three-dimensional route 𝑈𝑎, while CWP𝑢 is 

the 𝑢 th crossing waypoint. Note that 𝑡CWP𝑢
𝑎  and 𝑡CWP𝑢

𝑏  are ETAs of 𝑈𝑎  and 𝑈𝑏  at 

CWP𝑢, respectively. Here, ∆𝑡conflict is the separation minima. 

To solve the flight conflict, this Chapter proposes an adaptive decision-making 

method for conflict resolution to optimize pre-planned 4D routes. The known 

information is initial 4D routes including (𝑥, 𝑦, 𝑧, 𝑡) at each waypoint. Our goal is to 

optimize the 4D routes with the objective of minimizing the number of flight conflicts, 

third-party risk, and operational costs. The optimization variables of the 4D route 

include spatial variables and temporal variables. The spatial variables are 3D 

coordinates (𝑥, 𝑦, 𝑧)  and they are discretized by position. The temporal variables 

include ETD and ETA. The resolution strategies are conducted based on these variables 

to solve flight conflicts. 
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Fig. 6.1: Illustration of multi-UAV 4D routes in the risk-based airspace. 
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6.3.1 Strategies for Conflict Resolution 

The strategies for flight conflict resolution can be classified into two aspects from 

temporal and spatial dimensions. From a temporal aspect, the strategies are to change 

the ETD and ETA. The ETD can be directly adjusted by changing the departure time of 

the corresponding UAV. The ETA of each waypoint has two ways to adjust. One is to 

change the ETD, which will change the global ETA for every single waypoint. The 

other is to adjust the flight speed (accelerate or decelerate) of UAV in each route 

segment, and the ETA of all succeeding waypoints will be altered. On the other hand, 

the spatial strategy is rerouting, which is to adjust the 3D coordinates of the route. The 

illustration of scheduling, speed adjustment, and rerouting strategies are presented in 

Fig. 6.2. 

Scheduling is to adjust the estimated time of departure illustrated in Fig. 6.2(a). The 

ETD for a particular 𝑈𝑎 can be presented as 𝑡Dep
𝑎 . Here, 𝑇Dep = {𝑡Dep

𝑎 , 𝑎 ∈ 𝑁uav} is the 

set of pre-planned departure times for all UAVs. Due to the capacity limitations of 

airspace, the preferred departure time proposed by UAV users may not be approved. To 

obtain the feasible or even optimal departure time for all missions, scheduling is 

required. By adjusting departure time, the ETA for each waypoint is changed 

accordingly, and that helps to globally resolve flight conflicts and congestion. 

Speed adjustment is to solve flight conflict by increasing (decreasing) the speed, 

and the ETA is brought forward (backward) to avoid flight conflict from the temporal 

dimension. Let 𝑉𝑎 = {𝑣𝑖𝑗
𝑎 , 𝑖, 𝑗 ∈ 𝑁node} be the set of speed for the 4D route of 𝑈𝑎, and 

the UAV speed at the arc 𝐴𝑖𝑗
𝑎  is presented as 𝑣𝑖𝑗

𝑎 . As shown in Fig. 6.2(b), 𝑈𝑎 has speed 

of 𝑣𝑖𝑗
𝑎 , and 𝑈𝑏 has speed of 𝑣𝑖𝑗

𝑏 , assuming 𝑣𝑖𝑗
𝑎 = 𝑣𝑖𝑗

𝑏 . The 𝑈𝑎 and 𝑈𝑏 are at same flight 

altitude and approaching the same waypoint. There is a chance that the two UAVs will 

have a conflict at the crossing waypoint.  In this scenario, speed adjustment can be used 

to solve the conflict. As 𝑈𝑏 has entered the buffer zone while 𝑈𝑎 is outside the zone, 

the strategy is to increase the 𝑣𝑖𝑗
𝑏  and decrease the 𝑣𝑖𝑗

𝑎 , and subsequently the 𝑡𝑗
𝑏 at 𝑤𝑗 is 

brought forward and 𝑡𝑗
𝑎 is brought backward. Thus, the time difference of the two UAVs 

is widened, and 𝑈𝑏 can pass 𝑤𝑗 and exit conflict zone before 𝑈𝑎 enters. 

Rerouting is another strategy for conflict resolution, and there are two ways to do 

so. One is only to change the flight altitude 𝑧𝑖  and the other is to adjust the 2D 

coordinates (𝑥𝑖, 𝑦𝑖)  of waypoint 𝑤𝑖 . The flight altitude change is one of the most 
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effective strategies to solve conflict for manned and unmanned aircraft [127]. This 

strategy considers the remaining flight range of the flight to determine which one is 

climbing up or descending. For instance, a UAV approaching its destination will soon 

descend to land, and climbing is not considered unless there are no other solutions. As 

shown in Fig. 6.2(c), the 4D routes of 𝑈𝑐 and 𝑈𝑑 have one segment in common with 

the same flight altitude while they are operating in an opposite direction. In this case, 

scheduling and speed strategies fail to work as they can only postpone the flight conflict 

but cannot solve it. In that case, rerouting is the effective way and the flight altitude of 

𝑈𝑑 is changed to a higher flight level, as 𝑈𝑐 is going to land.  

Another way of rerouting is to change the 2D coordinates of the route. In certain 

situations, the change of 2D coordinates solves flight conflict in a more energy-efficient 

way as it diverts UAVs into planar space without the need for vertical movement. For 

instance, two UAVs operating at the same altitude have a flight conflict at a crossing 

waypoint. As there are a few more alternative waypoints that can be chosen to fly, the 

quickest strategy, in this case, is to divert one of the UAVs to avoid conflict. The 

principle of diverting which UAV relies on their remaining routes and destinations to 

maximize the smooth transiting and minimize the impact on the current traffic network. 

One example is given in Fig. 6.2(c). The UAVs 𝑈𝑒 and 𝑈𝑓 have conflict in CWP1. The 

𝑈𝑒  is heading to 𝑤2  with original route of passing 𝑤0 , CWP1 and 𝑤2 , while 𝑈𝑓  is 

moving straightly forward passing CWP1 and 𝑤0 in sequence. In this case, we divert 

the 𝑈𝑒 from original route (yellow line) to the updated one (red line), which solves the 

conflict and does not increase the distance-related cost. 

As discussed above, different strategies have their unique advantages and 

weaknesses. Temporal strategies (scheduling and speed adjustment) solve flight conflict 

and congestion in a global view, but they are unable to solve certain types of conflicts 

such as head-to-head ones. Spatial strategy (rerouting) is capable of solving conflicts 

more locally with immediate resolution effects, but it always has a global impact on the 

overall flight plans. That is because the change of certain routes may influence other 

initial ones causing new conflicts. In summary, one strategy cannot fit all flight conflict 

situations. Different types of conflicts should be solved by different strategies that suit 

the conflicts. However, when it comes to several resolution strategies with their unique 

pros and cons, it is challenging to choose the most suitable one for a specific type of 
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conflict. To meet this challenge, we propose a double-layer optimization framework, 

presented in the following sections. 
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Fig. 6.2: Decision-making strategies for UAV conflict resolutions. 

6.3.2 A Decision-Making Framework for 4D Routes Optimization 

In this section, a double-layer decision-making framework is proposed to optimize 

UAV 4D routes and the overall workflow is presented in Fig. 6.3. The first layer of the 

framework is constructed as an adaptive decision-making method, which is used to 

optimize the strategy assigned for different types of flight conflicts. The output of the 

first layer is the specific resolution strategies for different types of flight conflicts.  The 

second layer of the framework is developed as a mixed-integer nonlinear programming 

(MINLP) model to optimize the decision variables of the strategies selected from the 

first layer. While an improved stochastic fractal search algorithm is used to solve the 

developed optimization problem. The final optimization output is the conflict-free 4D 

routes with a minimized number of flight conflicts, operational costs, and delays. 

6.3.2.1 First layer: An Adaptive Method for Strategy Allocation 

The adaptive decision-making (ADM) method is to determine which strategy should 

be assigned to solve what type of flight conflict. The initial multiple 4D routes are 

checked to detect flight conflicts, which are, if any, processed to find the best suitable 

resolution strategies. Let 𝐶 = {𝑐1, 𝑐2, … , 𝑐𝑖}  be the set of flight conflicts. Let 𝑆 =

{𝑠1, 𝑠2, 𝑠3} be the set of strategies for conflict resolution. If flight conflicts are detected, 

the ADM method is used to select the suitable resolution strategy from 𝑆. Note that 𝑁fc 

is the total number of conflicts detected. Here 𝑛𝑠1  is the number of the scheduling 

strategy being allocated for conflict resolution, while 𝑛𝑠2 and 𝑛𝑠3 are the number of 

speed adjustment and rerouting strategies being used. The 𝑖th conflict is denoted as 

𝑐𝑖, 𝑖 ∈ 𝑁fc, and each conflict is allocated with a resolution strategy.  
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We further define the objective function of optimizing 𝑖th flight conflict is 𝑓𝑖(𝐬𝑖), 

where 𝐬𝑖 is a feasible solution in searching space of set 𝑆. Note that 𝐬𝑖 = 𝑔𝑖(𝐱𝒊, 𝑡𝑖, 𝑣𝑖), 

where 𝐱𝒊, 𝑡𝑖, 𝑣𝑖 are decision variables for resolution strategies. So, the objective function 

for conflict resolution can be denoted as 𝑓𝑖(𝑔𝑖(𝐱𝒊, 𝑡𝑖 , 𝑣𝑖)). The objective of the ADM 

method is to solve 𝑓1, 𝑓2, … , 𝑓𝑞 to find better strategies 𝐬𝑖. Instead of solving the flight 

conflicts one after another, the ADM processes all flight conflicts concurrently to obtain 

the best possible strategies for each type of conflict and to generate globally optimized 

multiple 4D routes. 
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Flight Conflict (ci) detected?
No

Yes

Flight 
Conflict1

Flight 
Conflict2

   
Flight 

Conflict i

Strategy for c1 Strategy for c2     Strategy for ci
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Fig. 6.3: Overall workflow of the decision-making framework. 

Instead of using a combination of strategies for each UAV, a single strategy will be 

used for a particular UAV. For one thing, any changes on the initial flight plan 
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(departure time, flight speed, and 3D route) will have negative impacts on either user’s 

side or traffic management side, which should be minimized [40], [204], [205]. For 

another, all conflicts can be solved by a single strategy if the suitable one can be found. 

The ADM method is proposed to find the suitable strategy for every single UAV. 

6.3.2.2 Second layer: A MINLP Model for 4D Routes Optimization 

To optimize the decision variables 𝐱𝒊, 𝑡𝑖, 𝑣𝑖 of the obtained strategies 𝑠1, 𝑠2, … , 𝑠𝑖, 

the mathematical formulation of the second layer is developed. Parameters, decision 

variables, objective function, and constraints used in the formulation are given as 

follows. 

Sets  

𝑊 = {0,1,2, … , 𝑤 + 1} is the set of waypoints. 

𝑊CP = {CWP1,CWP2,… , CWP𝑘}, ∀CWP𝑘 ∈ 𝑊, is the set of crossing waypoints. 

𝐴 = {𝐴𝑖𝑗(𝑤𝑖, 𝑤𝑗), ∀𝑖, 𝑗 ∈ 𝑁node} is the set of arcs. 

𝑈 = {𝑈1, 𝑈2, … , 𝑈𝑎, … , 𝑈𝑁uav} is the set of UAVs, and 𝑎 ∈ 𝑁uav. 

𝑅4D = {𝑅4𝐷
1 , 𝑅4𝐷

2 , … , 𝑅4𝐷
𝑎 , … , 𝑅4𝐷

𝑁uav} is the set of 4D routes. 

𝑉𝑎 = {𝑣𝑖𝑗
𝑎 } is the set of speed for the 4D route of 𝑈𝑎. 

𝑇Dep = {𝑡Dep} is the set of pre-planned departure times for all UAVs. 

𝑇0 = {𝑡0} is the set of actual departure times for all UAVs. 

𝑇𝑖
𝑎 = {𝑡𝑖

𝑎: ∀𝑡𝑖
𝑎 ∈ [0,∞), ∀𝑖 ∈ 𝑁node, 𝑎 ∈ 𝑁uav} is the set of ETAs of 𝑈𝑎 passing 𝑤𝑖. 

Parameters 

𝑤𝑖(𝑥𝑖, 𝑦𝑖 , 𝑧𝑖): coordinates of waypoint 𝑖, ∀𝑖 ∈ 𝑁node. 

𝐴𝑖𝑗(𝑤𝑖, 𝑤𝑗): arc connects two adjacent waypoints 𝑤𝑖 and 𝑤𝑗. 

𝑟𝑖: risk index value of waypoint 𝑤𝑖. 

𝑈𝑎: 𝑎th UAV.  

CWP𝑘 : 𝑘 th crossing waypoint. Here 𝑘 ∈ 𝐾 , and K is the number of crossing 

waypoints. 

𝑣𝑖𝑗
𝑎 : speed of 𝑎th UAV at the arc 𝐴𝑖𝑗. 

𝑡Dep
𝑎 : pre-planned departure time of 𝑈𝑎. 

𝑡0
𝑎: actual departure time of 𝑈𝑎. 

𝑡𝑤𝑖
𝑎 : ETA of 𝑈𝑎 passing waypoint 𝑤𝑖. 

𝑅4𝐷
𝑎 : 4D route of 𝑈𝑎. 𝑅4𝐷

𝑎 = ({𝑊𝑖
𝑎}, 𝑖 ∈ 𝑁node, 𝑎 ∈ 𝑁uav). 

Decision variables  
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𝑤𝑖
𝑎 ∈ {0,1}: equals to 1 if 𝑈𝑎 passes waypoint 𝑤𝑖; equals to 0 otherwise.   

𝑣𝑖𝑗
𝑎 : the speed of 𝑈𝑎 passes arc 𝐴𝑖𝑗, which is taken as the integer variable with the 

unit of km. Here 𝑣min
𝑎 ≤ 𝑣𝑖𝑗

𝑎 ≤ 𝑣max
𝑎 . 

𝑡0
𝑎: the actual departure time of 𝑈𝑎, which is taken as the integer variable with the 

unit of second. 

Objective function (MINLP) 

The objective of the proposed model is to minimize the third-party risks, flight 

delays, and airborne time-related costs. The overall objective function is denoted as 

min: 𝑓obj = 𝜔risk𝑅TP + 𝜔t_delay𝑇delay +𝜔t_air𝑇air                                (6.2) 

where 𝜔risk, 𝜔t_delay, and 𝜔t_air are weightage factors for risk, delay, and airborne time, 

respectively. Note that {𝜔risk , 𝜔t_delay , 𝜔t_air} ∈  [0,1], and 𝜔risk + 𝜔t_delay +

𝜔t_air =1. 

Safety is the top priority for UAV operations in urban environments. The first sub-

objective of the model is to minimize the third-party risks caused by UAVs, presented 

as  

𝑅TP = ∑ ∑ 𝑟𝑖
𝑎𝑤𝑖

𝑎

𝑖∈Wp

𝑁uav

𝑎=1

                                                                (6.3) 

where 𝑅TP is the total risk of UAV routes, and 𝑟𝑖
𝑎 is the risk value of waypoint 𝑤𝑖

𝑎 of 

𝑈𝑎. Note that Wp is the set of waypoints that are passed by UAV.  

The second sub-objective of the model is to minimize the overall flight delays 

𝑇delay = ∑ |𝑡0
𝑎 − 𝑡Dep

𝑎 |

𝑁uav

𝑎=1

                                                        (6.4) 

where 𝑇delay is the total delay of all UAVs. Here 𝑡0
𝑎 is the actual departure time and 

𝑡Dep
𝑎  is the pre-planned departure time of UAV 𝑈𝑎. Note that the 𝑇delay is a nonlinear 

function, as it is the summation of the absolute value of the time difference between 

actual departure and pre-planned departure, 

Compared with flight distance, airborne time is more crucial for UAV operations in 

terms of operational safety (limited battery life) and efficiency (time-related flight costs). 

The third sub-objective is to minimize the total airborne time, denoted as 
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𝑇air = ∑ ∑ (
𝑑𝑖𝑗

𝑣𝑖𝑗
𝑎)                                                                       

𝑤𝑖, 𝑤𝑗∈Wr

𝑁uav

𝑎=1

          = ∑ ∑ (√(𝑥𝑖 − 𝑥𝑗)2 + (𝑦𝑖 − 𝑦𝑗)2 + (𝑧𝑖 − 𝑧𝑗)2/𝑣𝑖𝑗
𝑎)

𝑤𝑖, 𝑤𝑗∈Wr

𝑁uav

𝑎=1

         (6.5) 

in which 𝑇air is the total airborne time consumed by all UAVs, and the total number of 

UAVs is denoted as 𝑁uav. Here, 𝑤𝑖 and 𝑤𝑗 are neighboring waypoints, which belong to 

a set of waypoints Wr for a route. The neighboring correlation is defined by the absolute 

difference of their index 𝑖 and 𝑗, denoted as: |𝑖 − 𝑗| = 1. Note that 𝑑𝑖𝑗 is the Euclidean 

distance of the arc 𝐴𝑖𝑗(𝑤𝑖,  𝑤𝑗), and 𝑣𝑖𝑗
𝑎  is the speed of 𝑈𝑎 in 𝐴𝑖𝑗. The function of 𝑇air 

is nonlinear, as the decision variable 𝑣𝑖𝑗
𝑎  is the divisor in the function. Both Eq. (6.4) 

and Eq. (6.5) are nonlinear functions, therefore the optimization problem is developed 

as an MINLP model.  

Constraints 

{

𝑥𝑖+1 = 𝑥𝑖 + 𝜉𝑥
𝑖 , 𝑥𝑖 ∈ {0, 𝑙, 2𝑙, … , 𝑋max}

𝑦𝑖+1 = 𝑦𝑖 + 𝜉𝑦
𝑖 , 𝑦𝑖 ∈ {0, 𝑙, 2𝑙, … , 𝑌max}

𝑧𝑖+1 = 𝑧𝑖 + 𝜉𝑧
𝑖 , 𝑧𝑖 ∈ {0, 𝑙, 2𝑙, … , 𝑍max}

, ∀ 𝜉𝑥
𝑖 , 𝜉𝑦

𝑖 , 𝜉𝑧
𝑖 ∈ {−𝑙, 0, 𝑙}, ∀𝑖 ∈ 𝑁node       (6.6) 

|𝜉𝑥
𝑖 | + |𝜉𝑦

𝑖 | + |𝜉𝑧
𝑖 | ≠ 0, ∀ 𝜉𝑥

𝑖 , 𝜉𝑦
𝑖 , 𝜉𝑧

𝑖 ∈ {−𝑙, 0, 𝑙}                                                              (6.7) 

|(𝑡0
𝑎 + 𝑇air

𝑎 ) − (𝑡Dep
𝑎 + Tair_planned)| ≤ 𝑇delay

𝑎 , ∀𝑎 ∈ 𝑁uav                                        (6.8) 

∑ (
𝑑𝑖𝑗

𝑣𝑖𝑗
𝑎)

𝑖,𝑗∈𝑁p

≤ 𝑇BTRY
𝑎 , ∀𝑎 ∈ 𝑁uav                                                                                      (6.9) 

∑ 𝑈O
𝑎

𝑎∈𝑁uav

= ∑ 𝑈D
𝑏

𝑏∈𝑁uav

                                                                                                     (6.10) 

𝑣min
𝑎 ≤ 𝑣𝑖𝑗

𝑎 ≤ 𝑣max
𝑎 , ∀𝑎 ∈ 𝑁uav                                                                                      (6.11) 

0 < 𝑡Dep
𝑎 ≤ 𝑇slot, 𝑡𝑖𝑗

𝑎 , 𝑡0
𝑎 > 0, ∀𝑖, 𝑗 ∈ 𝑁node, ∀𝑎 ∈ 𝑁uav                                            (6.12) 

Constraint (6.6) ensures the consistency of flight motion in discrete space, and 26 

candidate waypoints can be chosen as the next waypoint, including planar diagonal and 

cubical diagonal. Constraint (6.7) restricts that hovering is not allowed during flight, as 

the UAV refers to both the quadrotor and the fixed-wing unmanned aerial vehicles in 

this Chapter. Constraint (6.8) restricts the arrival delay of the flight. The flight arrival 
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time to a destination should not exceed the threshold 𝑇delay
𝑎 , otherwise the 

corresponding flight will be regarded as a delayed flight. Where 𝑡0
𝑎  is the actual 

departure time and 𝑇air
𝑎  is the actual airborne time, while 𝑡Dep

𝑎  is pre-planned departure 

and 𝑇air_planned  is the pre-planned airborne time. Constraint (6.9) ensures the flight 

time of the planned route does not exceed the battery life of the UAV. Constraint (6.10) 

ensures that traffic flow from origins to destinations is balanced. If a flight cannot reach 

its destination, that flight will be rejected. Constraint (6.11) ensures the assigned flight 

speed is within the range of UAV speed capability. Constraint (6.12)  ensures the 

assigned departure time for each flight is within the given departure time window.  

6.3 Improved Stochastic Fractal Search (ISFS) 

Algorithm 

In Section 6.3, the adaptive conflict resolution problem is developed as an MINLP 

optimization model. The model has several decision variables that act under various 

constraints. The bounds of the constraints include both simple forms such as the range 

of flight speed (Constraint (6.11) ) and nonlinear relationships such as the flight 

duration (Constraint (6.9) ). The MINLP has been proven as a Non-Deterministic 

Polynomial (NP-hard) problem [218] with the complexity of O(n!) [219]. With the 

increase of the problem size n, the search space for the high-dimensional optimization 

problem increases dramatically. The solution quality and computational efficiency for 

such type of problem become more unacceptable if using classical optimization 

methods such as exhaustive methods [211]. Furthermore, as the conflict resolution 

problem is highly combinatorial, the classical methods are only applicable to solve the 

problem with a small number of aircraft [211], [220]. That motivates the use of 

metaheuristic algorithms. 

Metaheuristic algorithms, as approximate methods, are not sensitive to the size of 

the search space [221], [222] and have become the primary alternative to solve large-

scale global optimization problems. The stochastic fractal search (SFS) algorithm is one 

of the novel and powerful metaheuristic algorithms for solving both discreet and 

continuous optimization problems [194]. The SFS is a stochastic algorithm, and it 

performs well in global optimization problems. That makes it a suitable algorithm to 
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solve the proposed constrained CD&R optimization problem with objectives to globally 

minimize the total number of flight conflicts and total costs. Besides, the SFS algorithm 

has been proven the better performance in terms of solution quality and convergence 

time in various engineering and optimization problems [194], [223], [224], which 

enables the strategic deconfliction to be completed in a shorter time with a better 

solution. That subsequently improves the UAV traffic performance and accelerates the 

process for strategic flight planning. The flexibility of the base SFS algorithm also 

allows it to be extended and implemented in solving the proposed MINLP problem in 

this Chapter. 

The SFS algorithm has two key processes, the diffusion process and the update 

process, to provide exploitation and exploration capabilities in solving optimization 

problems. The fundamental concept of SFS is to mimic the diffusion property in fractals, 

which can be widely seen in the self-similarity of patterns in nature such as trees, 

crystals, snowflakes, etc. Based on the diffusion property, each particle (point or 

individual solution) tries to simulate the branching property of a dielectric breakdown 

and propagate from the central point. This property allows the central point to create a 

series of new particles adjacent to each other with the capability of moving in different 

directions at various distances. With the diffusion property, the initial energy at a central 

point can be effectively exploited to other objects that have reactions to this energy. The 

exploration of solutions is performed in the selection and update process based on the 

fitness function. 

In this Chapter, we improve the SFS algorithm from two aspects. First, to minimize 

the number of flight conflicts, we propose a conflict penalty-guided fitness function to 

evaluate the solution candidates. Solutions with more flight conflicts will have a higher 

probability of being discarded in the next optimization process. After optimization, the 

obtained solution achieves conflict-free routes with a minimum number of flight delays 

and total cost. Second, we introduce an exploitation and exploration balancing scheme 

to improve the effectiveness of conflict resolution methods in a risk-based environment. 

The scheme improves the searching diversity of the SFS algorithm by considering the 

fitness value and solution point distance to the best point. That prevents new solution 

points from being too close to the existing best point, which avoids the solutions being 

trapped in local minima. With the improved SFS, we develop adaptive decision-making 

method to allocate the best suitable strategies for different types of flight conflicts. 
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6.4.1 Penalty-Guided Fitness Function in Exploitation and 

Exploration Processes 

6.4.1.1 Exploitation and exploration processes 

In the SFS algorithm, the diffusion process performs exploitation tasks while the 

update process provides exploration capabilities. The diffusion process is to search for 

new solutions by creating particles adjacent to the central point. The position of new 

particles in the search space is distributed based on Gaussian random walks, denoted as 

𝑃𝑖
𝜂
= 𝑃𝑖 + Gaussian(𝜇𝑃, 𝜎) = 𝑃𝑖 +

1

√2𝜋𝜎
𝑒−(𝜇𝑃−𝜎)

2/2𝜎2                    (6.13) 

𝑃𝑖
𝜂
= 𝑃𝑖 + Gaussian(𝜇𝑃, 𝜎) + (𝜀𝑃best − 𝜀

′𝑃𝑖)                                      (6.14) 

where 𝑃𝑖
𝜂
 is the 𝜂th new particle created by central particle 𝑃𝑖, and 𝜂 is the number of 

new particles generated. Here 𝜇𝑃 is the mean of Gaussian distribution of new particle 

positions, which is equal to the absolute value of 𝑖th solution particle denoted as |𝑃𝑖|. 

Here, 𝑃best is the particle with the best solution in the current group. Note that 𝜀 and 𝜀′ 

are weightage factors to adjust the degrees of exploitation and exploration. They are 

random values following the uniform distribution and are in the range of [0,1]. Here, 𝜎 

is the standard deviation, computed by 

𝜎 = |
log (𝑁Iter)

𝑁Iter
𝑃𝑖 − 𝑃best|                                                       (6.15) 

Note that, 𝑁Iter is the number of iterations. 

After the diffusion process, the particles are evaluated by the fitness function. The 

update process is to select particles that have a high fitness value while ensuring the 

high diversity of solution particles. The first update process is to select the particles with 

good fitness values. The 𝑗th diffused seed particle of  𝑃𝑖 will be updated, only if the 

following condition holds 

{

𝑃𝑎𝑖 < 𝜀, 𝜀 ∈ [0,1]

𝑃𝑎𝑖 =
rank(𝑃𝑖)

𝑛p
    
                                                                      (6.16) 

in which 𝑃𝑎𝑖  is the probability of a particle being updated, and 𝑛p  is the number of 

particles. Particles with good solutions are ranked higher in the diffusion group and are 

given a smaller value of rank(𝑃𝑖), so that these particles are secured and exploited. On 

the contrary, particles with bad solutions will be updated to search for new positions.  

The first update process function is denoted as 



 
 

136 

 

𝑃𝑖
′(𝑗) = 𝑃𝑟(𝑗) − 𝜀(𝑃𝑡(𝑗) − 𝑃𝑖(𝑗))                                             (6.17) 

where 𝑃𝑖
′(𝑗) is the updated position of the 𝑖th particle, and 𝑗 is the dimension of current 

points. Here, 𝑃𝑟  and 𝑃𝑡  are other particles randomly selected from the current 

population.  

The second update process is to ensure high diversity of solutions by considering 

the positions of other solution particles in the whole population, formulated as 

𝑃𝑖
′′ = 𝑃𝑖

′ − 𝜀′(𝑃𝑡
′ − 𝑃best), 𝜀

′ ≤ 0.5                                         (6.18) 

𝑃𝑖
′′ = 𝑃𝑖

′ + 𝜀′(𝑃𝑡
′ − 𝑃𝑟

′), 𝜀′ > 0.5                                              (6.19) 

Three reference points are employed in the update process, and they are the position 

of the current particle 𝑃𝑖
′, randomly selected particle 𝑃𝑡

′ (or 𝑃𝑟
′) and the position with the 

best particle 𝑃best. 

6.4.1.2 Penalty-guided fitness function 

Once obtained the initial population of particles, we evaluate the fitness value and 

select the best individual solution. In this Chapter, the objective function is to minimize 

the total operational cost that includes third-party risks, flight delay, and airborne time 

(as denoted in Eq. (6.2)). What is more, flight conflict is the most important risk factor, 

and it should be minimized in the strategic deconfliction phase. As the flight conflict 

may dominate the objective function, it is considered a significant penalty in the fitness 

function of the algorithm. Solution candidates who have flight conflicts will be 

significantly penalized with an extra value, and the overall fitness function is denoted 

as 

𝑓value = 𝑓obj(𝑤, 𝑡, 𝑣) + 𝜓(𝑤, 𝑡, 𝑣)                                              (6.20) 

where 𝜓(𝑤, 𝑡, 𝑣) is the penalty function. The total conflict penalty is correlated with the 

number of conflicts, which can be computed by 

𝜓(𝑤, 𝑡, 𝑣) =∑𝜔fc𝑓obj(𝑤, 𝑡, 𝑣)𝑖

𝑁fc

𝑖=1

                                             (6.21) 

in which 𝜔fc is the weightage factor of flight conflict and 𝑁fc is the total number of 

flight conflicts in a solution. 

Assuming an optimization problem has a solution with dimension N, each 

individual particle is considered a potential solution, and it is an N-dimensional vector. 

The initialization of particles is randomly conducted within the constraints of the 

problem, which is denoted as 
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𝑃𝑖 = 𝐵lower + 𝛾(𝐵upper − 𝐵lower)                                         (6.22) 

where 𝑃𝑖 is the 𝑖th root particle in the population. Here 𝐵lower and 𝐵upper are the lower 

bound and upper bound of the constraint vectors. Note that 𝛾 is a random number and 

𝛾 ∈ [0,1]. When 𝛾 = 0, the 𝑖th root particle 𝑃𝑖 = 𝐵lower, while 𝑃𝑖 = 𝐵upper when 𝛾 = 1 

6.4.2 Exploitation-Exploration Balancing Scheme 

Exploitation and exploration are two key requirements for optimization algorithms, 

as exploitation is to utilize the current best solution while exploration is to search for 

better solutions [225]. A good trade-off between them yields a high-quality solution 

while maintaining a reasonable computational time [226]. In the SFS algorithm, the 

update processes do not consider the distance between the solution candidate to the best 

particle in the population. Too many particles close to the best one leads to an ineffective 

diversity of exploration.  

To solve this problem in meta-heuristic search algorithms, researchers proposed a 

fitness-distance balance (FDB) method [227]. The FDB method proposed a score value 

to evaluate each particle in selection and update processes. The score value incorporates 

the fitness value of each particle (computed by Eq. (6.20)) and the distance value 

between the solution particle and the best particle. That ensures particles with high 

fitness values are selected while avoiding selecting the particles that are too close to the 

best particle. 

The score values of each particle in the population are computed, and the score 

vector 𝑆𝑃 is presented as 

𝑆𝑃 = [𝑠1 𝑠2    ⋯ 𝑠𝑛]𝑇                                                                 (6.23) 

where 𝑠1 is the score value of 𝑃1, and 𝑛 is the number of particles in the population. 

To calculate the distance values between solution particles and the best particle, we 

denote the position of the best particle in the population is 𝑋best. The distance value for 

each solution particle is computed by 

𝑑𝑃𝑖 = √(𝑥1𝑃𝑖 − 𝑥1𝑃best) + (𝑥2𝑃𝑖 − 𝑥2𝑃best) + ⋯+ (𝑥𝜁𝑃𝑖 − 𝑥𝜁𝑃best)       (6.24) 

where 𝑑𝑃𝑖  is the distance between the 𝑖th solution position (𝑥1𝑃𝑖 , 𝑥2𝑃𝑖 , … , 𝑥𝜁𝑃𝑖) of 𝑃𝑖 

(𝑃𝑖 ≠ 𝑃best) and the best solution position (𝑥1𝑃best , 𝑥2𝑃best , … , 𝑥𝜁𝑃best) of 𝑃best. Here, 𝜁 

is the dimension space of the particles (∀𝑖=1
𝑛 , 𝑃𝑖 ∈ ℝ

𝜁). 

Accordingly, we have the distance vector 𝐷𝑃, presented as 



 
 

138 

 

𝐷𝑃 = [𝑑1 𝑑2    ⋯ 𝑑𝑛]
𝑇                                                        (6.25) 

The fitness value is computed by Eq. (6.20), and the fitness vector 𝐹𝑃 is expressed 

as 

𝐹𝑃 = [𝑓1 𝑓2    ⋯ 𝑓𝑛]
𝑇                                                           (6.26) 

To prevent the dominance of fitness value or distance value in the score function, 

normalizations are conducted. Specifically, the distance vector and the fitness vector 

are divided by the maximum value among their vectors, respectively. The normalized 

distance vector is denoted as 𝐷𝑃_norm = 𝐷𝑃/𝑑max  (𝑑max = max{𝑑1, 𝑑2, … , 𝑑𝑛} and 

𝑑max ≠ 0). While the normalized fitness vector can be denoted as 𝐹𝑃_norm = 𝐹𝑃/𝑓max 

(𝑓max = max{𝑓1, 𝑓2, … , 𝑓𝑛} and 𝑓max ≠ 0). After the normalizations, all distance values 

and fitness values fall within the range of [0, 1]. The obtained score vector 𝑆𝑃 is then 

denoted as 

𝑆𝑃 = 𝜔FDB𝐹𝑃norm + (1 − 𝜔FDB)𝐷𝑃norm            (6.27) 

where 𝜔FDB is a parameter to adjust the weightage of fitness value and distance value 

when conducting the selection and update process in the FDB method, which is in the 

range of [0, 1]. When 𝜔FDB = 1, only the fitness value will involve and the solution 

searching process is conducted in a greedy manner, meaning that the exploitation is 

effective. In contrast, when 𝜔FDB = 0, only the distance value will be counted, which 

provides a good variation of population and great exploration capability. 

The pseudo-code of the ISFS algorithm is presented in Algorithm 1. The input 

includes all initial 4D route information and the Risk Cost dataset, which is generated 

by computing the risk index in pertaining environments [170]. The ISFS algorithm has 

two key processes. One is the diffusion process (Line 5 to Line 8), which is to exploit 

the first obtained best solution by searching its neighbors. The other is the update 

process (Line 9 to Line 16). The first update process is to randomly explore the solutions 

in the population, while the second update process is to ensure the diversity of the search 

by considering other solution points in the population.  

Throughout the whole process, the fitness value is computed by the improved 

penalty-guided fitness function. That guides the solution to a minimum number of flight 

conflicts. On the other hand, the improved fitness-distance balancing strategies are used 

in the update process (Line 11 and Line 14) to avoid the explored points that are too 

close to the current best point, which improves the diversity of ISFS and avoids the 

search being trapped in local minima. The ISFS algorithm is an evolutionary 
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metaheuristic algorithm. As shown in Algorithm 1, the number of executions for each 

script in the main loop of the ISFS is n. That gives the complexity of ISFS O(n). 

6.4.3 ISFS-Based ADM Method for Strategy Allocation 

Based on the ADM framework and the ISFS algorithm, we develop the ADM 

method using a probabilistic scheme to optimize the strategies allocated for conflict 

resolution. The pseudo-code of the ADM method is presented in Algorithm 2.  

The core of this method is to sample explicit probabilistic models of the promising 

solutions, which guides the search for the optimum. The input of the ADM method is 

the lower bound and upper bound of decision variables. The initialization is to generate 

a probability matrix for strategy allocation. The main optimization loop (Line 3 to Line 

19) is an incremental process of the probability that a strategy with a better fitness value 

will be chosen for conflicts. In each iteration, the dominant population with a better 

fitness value is selected and the corresponding probability is updated by the formula 

shown in Line 18. The learning rate 𝑙rate is introduced to adjust the trade-off between 

the exploitation of the last-step probability matrix and the exploration for the next 

probability increment. Here the 𝑙rate  is taken as 0.5 to balance exploitation and 

exploration. For the ADM algorithm, the complexity of the outer loop is O(n) while the 

ISFS algorithm is called in the inner loop. That makes the complexity of the overall 

ADM algorithm O(n2). 

 

Algorithm 1: Improved Stochastic Fractal Search (ISFS) Algorithm

1: Input: Initial 4D routes (x, y, z, t), RiskCost Dataset

2: Initialization: generate a population (P) of n  solution points with N -dimension

3: Selection: obtain the first best solution by evaluate the fitness value

4: while i <= n gen Do % Optimization loop, n gen is the number of generation loops

5:        begin Diffusion process (Exploitation)

6:             Searching neighbors of the first best solution point (Eq. (6.13) and Eq. (6.14))

7:             Update the fitness value and the best solution point

8:        end

9:        begin Update process (Exploration)

10:             First update process

11:
            Update the position of solution based on two random points in P (Eq. (6.17))

            and fitness-distance balancing (Eq. (6.27))

12:             Update the fitness value and the best solution point

13:             Second update process

14:
            Update the position of solution based on other solution points

            in P (Eq. (6.18) and Eq. (6.19)) and the fitness-distance balancing (Eq. (6.27))

15:             Update the fitness value and the best solution point

16:        end

17: end

18: Return (BestSolution , fitnessValue )
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6.4 Numerical Studies and Results 

Simulations are conducted in a real-world urban environment to demonstrate the 

performance of the proposed adaptive decision-making framework. A comprehensive 

sensitivity analysis is performed for the multiple parameters used in the proposed model.  

The proposed algorithm is also applied to an increasing density of air traffic and 

algorithm comparisons are carried out to demonstrate the effectiveness and reliability 

of the ISFS algorithm. 

6.5.1 Environment Setup and Initial 4D Routes Generation 

A typical urban environment is selected for third-party risk modelling and risk-

based route planning and decision making. The size of the selected low-altitude airspace 

is 6,000m×6,000m×120m (width, length, and altitude). Based on the AirMatrix concept 

[55], the airspace is divided into standard discrete air blocks with a size of 

100m×100m×30m. The selected urban area is full of dense high-rise buildings, central 

business districts, city squares, shopping centers, residential areas, parks, etc., which are 

representative of modern megacities. More detailed environmental risk factors and data, 

such as population density and vehicle density, can be found in a previous study [170]. 

Algorithm 2: Adaptive Decision Making (ADM) Algorithm for Strategy Allocation 

1: Input: lower bounds and upper bounds of (x, y, z, t, v) 

2: Initialization: probability update function Pupdate of strategy allocation 

3: while i<= ngen Do % main loop 
 

4:       Generate species: Randomly allocate the strategies (Sj) for each conflict 

5:           for j = 1:3 Do 

6:                   if  j==1 Do % use S1: Scheduling strategy 

7:                        Solution1=ISFS(species, Pupdate);  

8:                        else if  j==2 Do % use S2: Speed adjustment strategy 

9:                               Solution2=ISFS(species, Pupdate); 

10:                        else Do % use S3: Rerouting strategy 

11:                               Solution3=ISFS(species, Pupdate); 

12:                        end if 

13:                  end if 

14:           end for 

15:       FitnessValue=FitnessFunction(Solution1, Solution2, Solution3) 

16:       [FitnessValue, index] = sort(FitnessValue); 

17:       dominantPop{:, 1} = species{index(:), 1}; %select dominant population 

18:       Pupdate = (1-lrate)*Pupdate+lrate*dominantPop/dominantNo; %update probability matrix 

19: end while 

20: Return (BestSolution, FitnessValue) 
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With the risk mapping data, we perform risk-based 4D route planning for all UAVs. 

We assigned 100 flights for this simulation in the selected airspace. The origin point 

and destination point of each mission are randomly selected within the boundaries, and 

the flight distance of each assigned mission is in the range of [2, 8] km. The time 

window for the departure of the 100 flights is 60 minutes, and the ETD for each flight 

is randomly assigned within the range. The default speed of the UAV is taken as 8 m/s. 

We use an exact method, the Dijkstra algorithm, to obtain the optimal pre-planned 4D 

routes.  

Other parameters used in this study are given in Table 6.1. There are five decision 

variables (x, y, z, t, v) for each 4D route. Based on the boundary of the simulation 

environment and air block size, the range of (x, y, z) can be determined. The range of 

UAV speed is taken as [5, 15] m/s based on one of the most used drone specifications 

[228]. The time window for departure is taken as 60 minutes, so the range of ETD for 

100 flights is [1, 3600] s. There are three constraint thresholds. The safe separation for 

flight conflict is determined by the minimum time difference of consecutive UAVs 

passing the same waypoint. The succeeding UAV should not reach the conflict zone 

boundary before the preceding UAV exists in the zone (illustrated in Fig. 6.2(b)). Based 

on that, the separation minima ∆𝑡conflict for flight conflict can be obtained as 30 seconds. 

The threshold of flight delay 𝑇delay
𝑎  is taken as 20 minutes (1200 s), and the battery 

duration 𝑇BTRY
𝑎  is taken as 25 minutes (1500 s). As flight missions may need to be taken 

over before the battery of the previous flight runs out, a slot of 5 minutes (300 s) should 

be allocated for the takeover. As to the weightage factors of the three sub-objectives in 

the MINLP model, we take the weightage of operational risk 𝜔risk is 0.5, while the 

flight delay weightage 𝜔t_delay and airborne time weightage 𝜔t_air are taken as 0.25. 

Here, we take the conflict penalty weightage 𝜔f𝑐 as 0.10 times of total cost index in 

each corresponding iteration. 

 

Table 6.1: Parameters used in simulation studies. 

Decision 

variables 
Range of value 

Constraint 

thresholds 
Value 

Weightage 

factors 
Value 

𝑥 [1, 60] ∆𝑡conflict (s) 30 𝜔risk 0.50 

𝑦 [1, 60] 𝑇delay
𝑎  (s) 1200 𝜔t_delay 0.25 

𝑧 [1, 4] 𝑇BTRY
𝑎  (s) 1500 𝜔t_air 0.25 

𝑣 (m/s) [5, 15]   𝜔f𝑐 0.10 

ETD (s) [1, 3600]      



 
 

142 

 

 

With the environment set up, we generate 100 UAV 4D routes and detect the flight 

conflicts as shown in Fig. 6.4. The OD pairs of 100 flights are randomly distributed in 

the environment map, and 74 flight conflicts are detected. Basically, there are two 

characteristics of conflict distribution. The most obvious one is in the middle of the 

simulation map where flight routes densely intersect with each other, and the dense 

traffic causes more conflicts than other areas. The conflict also occurs at waypoints 

where more than two routes are intersecting with. For instance, as shown in Fig. 6.4(b), 

the conflicts in positions of (1500, 4300), (3900, 4400), and (5500, 5000) are not in a 

dense area, but they have three routes crossed at the positions, which makes these 

waypoints vulnerable to have flight conflicts. All these potential flight conflicts threaten 

the safe operations of UAVs in urban areas and need to be mitigated.  

    

       (a) 3D view                                                                                      (b) Top view 

Fig. 6.4: Pre-planned 4D routes with detected flight conflicts (74 conflicts). 

6.5.2 Results of Conflict Resolution and 4D Routes Optimization  

We use our proposed adaptive decision-making method to optimize the obtained 

pre-planned 4D routes. The simulations are conducted in four groups by using different 

strategies: (1) Scheduling, which means only the estimated time of departure (ETD) for 

UAV flight 𝑡0
𝑎 is the decision variable to optimize the routes using the proposed MINLP 

model. (2) Speed adjustment, only the flight speed 𝑣𝑖𝑗
𝑎  is the decision variable. (3) 

Rerouting strategy, only the flight altitude and 2D coordinates can be changed. (4) 

Adaptive decision-making method, which adaptively employs all three individual 

strategies as presented above. The decision variables of the ADM strategy are (𝑤𝑖, 𝑣𝑖𝑗
𝑎 , 

𝑡0
𝑎), and the MINLP model is used to optimize the 4D routes. The ISFS algorithm is 



 
 

143 

 

used to solve the developed optimization problems, and the ADM method is used to 

find the optimal solution for strategy allocation. The total cost index computed by Eq. 

(6.20) is normalized to [1, 100,000] for all four simulations by using four different 

strategies. The obtained results are presented in Fig. 6.5. and  

Table 6.2. The number of each strategy used in the ADM method is presented in Fig. 

6.6. 

After optimization, flight conflicts are significantly reduced in all situations where 

different strategies are used. In the temporal dimension, scheduling and speed 

adjustment strategies perform well with a reduction of conflict number from 74 (Fig. 

6.4(b)) to 9 (Fig. 6.5(a)) and 11 (Fig. 6.5(b)), respectively. These two strategies do not 

change the 3D routes, which has less impact on global flight plans. The conflict 

distributions are also not congested, which gives more space for further resolution 

reactions. As to the rerouting strategy, it changes the overall layout of the pre-planned 

routes. The flight conflicts in optimized routes are reduced from 74 to 12, whereas the 

conflicts are congested in certain areas, such as the position of (4000, 3000) in Fig. 

6.5(c). Our proposed ADM method performs the best, with no flight conflict exists in 

the optimized routes as shown in Fig. 6.5(d). 

The locations of the conflicts are not the same in the three optimized routes by 

individual strategies. That is because each of the strategies has its unique way to 

optimize the 4D routes. By adjusting the departure time, the scheduling strategy globally 

changes the ETA of all waypoints for the pertaining route, and that avoids the traffic 

getting congested at one area in a short period of time. It subsequently avoids conflicts, 

especially conflict clusters. That explains the sparse conflict distribution in Fig. 6.5(a). 

The speed adjustment optimizes the 4D routes by changing the flight speed of UAV. 

Same as scheduling, it also does not change the layout of the routes, which avoids 

conflict clusters by allocating different speeds for conflict affected UAVs. For the 

rerouting strategy, it optimizes the 4D routes in spatial dimension by diverting the flight 

to avoid conflicts. However, rerouting increases the risk cost, as any change to the pre-

planned optimal routes will increase the risk cost index, and there are still conflict 

clusters as shown in Fig. 6.5(c). On the other hand, our proposed ADM strategy 

adaptively employs scheduling, speed adjustment and rerouting strategies to select the 

best suitable strategy for different types of conflicts. For instance, to solve head-to-head 

flight conflicts, a rerouting strategy is used. As shown in Fig. 6.5(d), three routes are 

optimized by rerouting strategy, as the locations of these routes have several conflict 
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clusters and head-to-head conflicts (Fig. 6.4(b)). The affected routes are rerouted to 

solve these clusters. Specifically, the flight altitude of the route1 is changed and the 2D 

coordinates (x, y) of the route2 are completely changed, while the route3 is locally 

diverted to avoid flight conflicts. 

  

(a) Scheduling                                       (b) Speed adjustment 

     

(c) Rerouting                                  (d)  Adaptive dicision-making 

Fig. 6.5:  Optimization results by using different conflict resolution strategies. 

The performance of optimized 4D routes is evaluated by cost index, number of flight 

conflicts and number of flight delays, which are presented in Fig. 6.6(a), Fig. 6.6(b) and 

Fig. 6.6(c), respectively. As discussed above, the proposed ADM method takes 

advantage of the other three individual strategies to provide the most suitable solution 

for each type of conflict. Its performance excels among the other three strategies, with 

the lowest cost index of 32697.21 and no flight conflict, shown in  

Table 6.2, meaning that no flight is rejected due to conflicts. Followed by the speed 

adjustment strategy, with a cost index of 38764.99. And it performs the best in reducing 
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the number of flight delays, as it does not change the departure time and flight route. 

So, the arrival delay is controllable within the threshold of 𝑇delay
𝑎 , though the number of 

flight conflicts is large.  

 

(a) Total cost index 

  

(b) Number of flight conflicts                 (c) Number of flight delays 

Fig. 6.6:  Comparison of different conflict resolution strategies. 

As to the scheduling strategy, it has the second least conflict number, but it causes 

the most flight delays as shown in  

Table 6.2. The reason is that the scheduling strategy optimizes the 4D routes only 

by adjusting the departure time, which most of the time postpones departure time and 

subsequently causes flight delays. Lastly, for rerouting strategy, it has the worst cost 

index and a huge number of conflicts. As the pre-planned 3D routes are generated by 

the Dijkstra algorithm, which is optimal. Any change in the pre-planned routes will 

increase the risk cost and flight distance, which are two key contributors to compute the 

fitness value. What is more, the change of pre-planned routes resolves some conflicts, 

however, it also has an impact on other unchanged routes, which may produce new 

flight conflicts. 

Speaking of convergency speed, the scheduling and speed strategies have better 

performance, as their decision variables in the optimization problem are only departure 



 
 

146 

 

time and flight speed, respectively. The rerouting strategy is the slowest one and cannot 

even get converged within 500 iterations. The reason is that this strategy has three 

decision variables (x, y, z), and each of the variables will have a bigger value range when 

airspace size becomes larger. That increases the algorithm searching space and the 

optimization process needs more generation to find desirable solutions. The 

convergence speed of the ADM method is the second fast one, as most of the strategies 

employs are the scheduling and speed adjustment (see Fig. 6.7). 

 

Table 6.2: Comparison results of different conflict resolution strategies. 

Strategies Total cost index 
Number of 

conflicts 

Number of flight 

delays 

Scheduling 56208.46 9 58 

Speed adjustment 38764.99 11 0 

Rerouting 74348.46 13 22 

ADM method 32697.21 0 6 

 

As we can see from Fig. 6.7, the number of Speed strategy used notably increases 

while the number of the other two strategies decreases. After optimization, the number 

of speed adjustments used in the ADM method is 88, while the scheduling and rerouting 

strategies are 9 and 3, respectively. This indicates that the most suitable strategy for 

most conflicts is the Speed strategy. Because changing flight speed is effective to solve 

conflicts and it brings the least impact on a global flight plan, as it does not change the 

departure time and pre-planned 3D routes. However, there are still some flight conflicts 

the Speed strategy is unable to handle. For instance, the conflict cluster situation (as 

shown in Fig. 6.4(b), at the position of (x: 2000-5000, y: 3000)). In that case, the 

scheduling strategy is more suitable to solve the conflict clusters by adjusting the 

departure time of the pertaining UAVs. In addition, the Speed strategy is also invalid in 

another type of conflict, which is the head-to-head conflict (as shown in Fig. 6.2(c), the 

conflict of UAV c and UAV d). The most effective strategy for that case is rerouting, 

which changes the flight altitude or diverts 2D coordinates to avoid conflicts (as shown 

in Fig. 6.5(d)).  

In this Chapter, there are multiple parameters used in the algorithm and the 

mathematical model. They can be classified as algorithm-related parameters and 

mathematical model-related parameters. The algorithm-related parameters are the basic 

ones that influence the solution quality and computational efficiency of the algorithm 
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for all application cases. The sensitivity analysis for these parameters has been well 

conducted in the base SFS algorithm [194], and will not be covered in this Chapter. 

While for the model-related parameters, a sensitivity analysis is needed to investigate 

the influences of parameters on the optimization results of the multiple 4D flight routes. 

The model-related parameters include the constraint thresholds and the weightage 

factors, which are explained and presented in Table 6.1.  

 

Fig. 6.7:  Number of strategies used in the ADM method. 

6.5.3 Sensitivity Analysis for Parameters Used in Proposed Model 

6.5.3.1 Parameters in the thresholds of constraints 

A. Threshold of separation minima 

The thresholds of constraints include separation minima, battery duration, and 

departure delay. The determination of the threshold for separation minima is a 

compromise between the safety and efficiency of air traffic. A larger separation between 

aircraft makes a safer flight operation. However, it reduces the efficiency of air traffic 

flow and airspace utilization, as a larger separation requires a bigger safety buffer and 

conflict protection zone for each flight, which occupies more airspace. For the threshold 

of battery duration, it is determined by the battery capacity of the UAV. A better battery 

duration enables UAVs to execute a flight path with a longer distance. Lastly, the 

threshold of departure delay is determined by the user’s acceptance of the time of delay. 

A larger threshold of departure delay can increase the punctuality rate of flights, as it 

increases the tolerability for the delay.  

In the study, the separation minima are taken from the range of [5, 500] seconds 

with an interval of five seconds. The thresholds of battery duration and departure delay 
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are taken from the range of [2, 100] minutes with an interval of two minutes. Sensitivity 

analysis is conducted for all three types of thresholds.  

The threshold of separation minima is directly correlated with the number of flight 

conflicts. As discussed above, increasing the threshold for separation minima will 

increase the number of conflicts given the same density of air traffic. While the 

threshold does not correlate with flight delays, as changing the separation minima will 

not affect the departure time and arrival time. The sensitivity analysis results concerning 

an average number of conflicts and the total cost index for separation minima are 

presented in Fig. 6.8. 

Fig. 6.8(a) shows the average number of conflicts with the changes in the separation 

minima thresholds before and after optimization. The percentage of conflict resolution 

after optimization is also presented. Before optimization, with the increase of the 

separation threshold, the average number of conflicts significantly increases. That is 

because a larger threshold causes more violations of separation minima, which produces 

more flight conflicts. While the average number of conflicts ceases to increase once the 

separation minima exceed a certain threshold. The reason is that the threshold of 

separation minima is too large, and the time difference between flights that will pass the 

same crossing waypoints is no longer smaller than the separation minima, as defined in 

Eq. (6.1). In this study, the threshold of separation minima is 290 seconds, and the 

average number of conflicts under that threshold is 4.64. After optimization, the average 

number of conflicts is significantly reduced. When the minimum separation is below a 

certain threshold, all conflicts can be solved (100% resolution) by using the adaptive 

strategies developed in this Chapter. In this study, the threshold for zero-conflict (no 

conflict) is 75 seconds with the traffic density being 100 flights/hour in the environment 

with a size of 36 km2. Passing that threshold, the conflicts cannot be completely solved. 

With the further increase of the threshold, the average number of conflicts increases 

exponentially while the percentage of conflict resolution drastically decreases to zero 

when exceeding the full-conflict (no more conflicts) threshold of 345 seconds in this 

case.  

Fig. 6.8(b) shows the total cost index with the changes of the separation minima 

thresholds before and after optimization. The results of the total cost index follow the 

same trends as the average number of conflicts, as the cost of flight conflict is the only 

contributor to the total cost index in the analysis of separation minima thresholds. While 

the percentage of the cost reduction shows a different trend. It increases significantly 
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before exceeding the zero-conflict threshold (75 seconds) and then decreases to aero 

when exceeding a full-conflict threshold (345 seconds). The percentage of cost 

reduction is defined as (𝐶beforeOpt − 𝐶afterOpt)/𝐶beforeOpt . Note that 𝐶beforeOpt  and 

𝐶afterOpt are total cost before and after optimization, respectively. Before exceeding the 

zero-conflict threshold, all conflicts can be solved and the 𝐶afterOpt does not increase. 

While the 𝐶beforeOpt continues to rise with the increase of the separation threshold. That 

makes the percentage of the cost reduction an increasing trend. After exceeding the 

zero-conflict threshold, both the 𝐶beforeOpt and 𝐶afterOpt begin to rise as the number of 

conflicts increases, which results in a decreasing trend for the percentage.  

   

(a) Average number of conflicts per flight                    (b) Total cost index 

Fig. 6.8: Sensitivity analysis for the thresholds of separation minima. 

In summary, the conflict resolution and optimization results are highly sensitive to 

the threshold of separation minima. Exceeding a certain threshold of separation minima, 

the algorithm will not be able to solve all conflicts. With the further increase of the 

threshold, the average number of conflicts will begin to rise. The total cost index follows 

the same trend as the average number of conflicts shown.   

B. Thresholds of flight delay and battery duration 

The sensitivity analysis for the thresholds of flight delay and battery duration is 

conducted. The threshold of flight delay is used to evaluate the number of delays, and 

the threshold of battery duration is used as a constraint for flight distance. Both factors 

do not correlate with the number of flight conflicts. These two thresholds will be 

evaluated by the average number of delays and the total cost index. The obtained results 

are presented in Fig. 6.9. 

As defined in Eq. (6.4), a departure delay is determined by the difference between 

the actual departure time and the pre-planned one. In the optimization process, the actual 
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departure time of some flights could be significantly changed to resolve conflicts. That 

will yield flight delays if the time difference exceeds the threshold of the departure delay.  

As shown in Fig. 6.9(a), the average number of delays is sensitive to the threshold 

of the flight delay. With the increase of the threshold, the number of flight delays 

exponentially decreases all the way to zero when the threshold exceeds 56 minutes in 

this case study. However, 88% of the flight delays are within the threshold of 20 minutes 

(the average number of delays is 0.12), as the overall delay is to be minimized in the 

optimization process defined in Eq. (6.4) . The total cost index shows a linearly 

decreasing trend (Fig. 6.9(b)) with the increase of flight delay threshold, as the number 

of flight delays is a contributor to the calculation of the total cost index. When the 

threshold exceeds 56 minutes, the delays are reduced to zero and the total cost index 

gets converged.  

The analysis for the threshold of battery duration shows that the optimization results 

are not sensitive to that threshold. Both the average number of delays and the total cost 

index have no significant changes with the increase of the battery duration threshold, as 

shown in Fig. 6.9(a) and Fig. 6.9(b). That is because the battery duration is only 

considered as a constraint for airborne time, as defined in Eq. (6.8). The airborne time 

is correlated with the flight distance and the flight speed of a route. To avoid conflicts, 

a long flight distance or a very slow flight speed could be assigned, which will increase 

the airborne time of UAVs for a specific route. In our proposed model, a strategy of 

generating a long flight route will be discarded in the optimization process, as a longer 

distance increases both the operational risk (Eq. (6.3)) and airborne time (Eq. (6.5)) 

that are minimized in the objective function. The slow speed (or even hovering) can 

also be avoided by the constraint given for the range of the flight speed (Eq. (6.11)). 

That all makes the results not sensitive to the battery duration threshold. 

   

            (a) Average number of delays per flight                 (b) Total cost index 

Fig. 6.9: Sensitivity analysis for the thresholds of flight delay and battery duration. 
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6.5.3.2 Weightage factors in the objective and penalty functions 

The weightage factors used in the objective function and penalty function may also 

influence the optimization results. These weightage factors are the weightage of flight 

conflict 𝜔f𝑐, weightage of operational risk 𝜔risk, weightage of flight delay 𝜔t_delay, and 

weightage of airborne time 𝜔t_air . In practical applications, these factors can be 

determined by users’ preferences or the significance of the factors. In this analysis, all 

factors are taken from the range of [0, 1] with an interval of 0.02 to demonstrate the 

sensitivity of optimization results with the changes of these factors. As the factors of 

𝜔risk, 𝜔t_delay, and 𝜔t_air are inclusive (Eq. (6.2)) in the computation of the total cost 

index, they will be evaluated by the average number of conflicts and the average number 

of delays. The constraint thresholds are used as the ones given in Table 6.1, and they 

are fixed in the analysis. Only the weightage factors will be analyzed in this subsection. 

The obtained results are presented in Fig. 6.10. 

The average number of conflicts is highly sensitive to the weightage of flight 

conflict, as shown in Fig. 6.10(a). There is a giant drop in the average number of 

conflicts when the weightage of flight conflict comes into play. When the weightage 

𝜔f𝑐=0, the number of conflicts is not reduced, as there is no penalty for flight conflicts 

in the optimization process. While when 𝜔f𝑐=0.02, the average number of conflicts is 

dramatically reduced from 0.74 to 0.05, as the penalty is introduced to discard solutions 

with flight conflicts. Though the weightage is small, it is the times of the total cost index, 

which makes the penalty effective. The more conflicts a solution has, the higher 

probability that the solution will be discarded in the next iteration. On the other hand, 

the average number of conflicts is not sensitive for the rest of the weightage factors, as 

they do not contribute to the penalty that is used to penalize the solutions with conflicts. 

However, these weightage factors have a knock-on effect for conflict resolution when 

they become large. For instance, when the weightage of the operational risk exceeds 

0.86, the average number of conflicts increases from 0 to 0.03, which is equivalent to 

three conflicts out of 100 flights. The reason is that too high an operational cost will 

deny the rerouting strategy, as it will increase the cost when changing the route from 

the original cost-optimal one.  

Come to the average number of flight delays, it is highly sensitive to the weightage 

of the flight delay, as presented in Fig. 6.10(b). With the increase of this weightage, the 

average number of delays has significantly decreased. That is because a larger 
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weightage of delay will make the delay cost higher. Solutions that use the scheduling 

strategy to delay the departure time will be reduced and that reduces the average number 

of delays. While the analysis results are less sensitive for the weightage of airborne time 

and flight conflict, compared with the weightage of delay. With the increase of the two 

weightage factors, the minimization of airborne time will dominate the objective 

function. Solutions with shorter airborne time will be selected, which increases the 

punctuality of ETA, and subsequently reduces the number of delays. In contrast, the 

average number of delays increases with the increase of the flight conflict weightage. 

The scheduling strategy would be used to solve a certain type of flight conflict when 

the weightage of conflict comes into play. For the last weightage factor of operational 

risk, the number of delays is not sensitive to it. As the operational risk is only correlated 

with the waypoints of the routes and does not influence the delays.  

  

(a) Average number of conflicts per flight 

 

 (b) Average number of delays per flight  

Fig. 6.10: Sensitivity analysis for the weightage factors. 
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6.5.4 Algorithm Testing in Different Air Traffic Densities 

Simulations are conducted to investigate the optimization performance of the 

proposed algorithm in scenarios with different air traffic densities. The highest density 

in this simulation is 300 drones per hour in an environment with a size of 36 km2. That 

is equivalent to 6,000 drone operations per hour (144,000 per day) in Singapore. 

Simulations are performed in the same environment with an increasing number of 

flights from 20 to 300 with an interval of 20. The ISFS algorithm is used to optimize 

the 4D routes, and the obtained results are presented in Fig. 6.11 and Fig. 6.12. 

In general, with the increase of flight density, the total cost index (Fig. 6.11(a)), 

number of flight conflicts (Fig. 6.11(b)), and number of flight delays (Fig. 6.11(c)) 

increase. It is also notable that within a range of flight numbers, the performance 

indicators have no significant changes. However, from one range to another, there is a 

great jump in terms of performance change. For instance, as we can see from the results 

in Fig. 6.11, there are four ranges of flight number, which are [20, 120], [140, 180], 

[200, 260], and [280, 300] with an interval of 20. In the first range, all indicators are 

convergent. With the increase in traffic density, the algorithm is still effective, but it 

needs more iterations to get converged.  

In addition, the case of 300 flights has an even better performance than that of the 

280 flights case, which reveals another finding: there has a clear threshold of airspace 

capacity, which can be evaluated by the operational performance. For instance, the 

increase in flight numbers within a certain group (e.g. [140, 180]) will not significantly 

influence traffic performance in terms of operational cost and flight conflicts. That is 

because, within a certain range, the proposed ADM algorithm can always find suitable 

strategies to handle flight conflicts and optimize the 4D routes. However, once the flight 

density exceeds a certain level of capacity threshold, the newly added flights will cause 

a significant impact on existing flight plans. After that, a new balance is established 

until the number of flights exceeds the next threshold. This finding can facilitate the 

determination of the airspace capacity threshold. 

Note that Fig. 6.12 shows the trends of the average cost index, rate of flight conflicts, 

and rate of flight delays. All the indicators increase exponentially with the increase in 

flight density. In the first range [20, 120], the average cost index and the number of 

flight delay slightly increases while there is no flight conflict. In this range, the traffic 

density is low, and the ADM method provides good solutions for all conflicts with only 
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a few flights exceeding the arrival delay threshold. That is because the scheduling 

strategy is used for a portion of conflicts, which may postpone some flights causing 

delays.  

 

(a) Total cost index 

 

(b) Number of flight conflicts                             (c) Number of flight delays 

Fig. 6.11: Optimization performances with different traffic densities. The traffic density 

is defined as the number of flights per hour in an environment with a size of 36km2. 

Come to the second range [140, 180], there is a rise in the indicators with an average 

cost index increases to 250 (Fig. 6.12(a)), the rate of conflict increases to 0.05 shown in 

Fig. 6.12(b), and rate of flight delays to 0.1 shown in Fig. 6.12(c). A steeper increase is 

from the second range to the third range, with the average cost index increasing from 

200 to 300 and the conflict rate from 0.05 to 0.15. The most significant jump is from 

the third range [200, 260] to the fourth range [280, 300], with the average cost index 

and rate of conflict doubled.  
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(a) Cost index                           (b) Flight conflicts                          (c) Flight delays 

Fig. 6.12: The average performance of indicators decreases with the increase of traffic 

density. The traffic density is defined as the number of flights per hour in an 

environment with a size of 36 km2. 

6.5.5 Comparison of Algorithms: ISFS, SFS, IA, and PSO 

To verify the performance of the proposed ISFS algorithm, we compare ISFS with 

other three well-known meta-heuristic search algorithms, which are the original 

stochastic fractal search (SFS), immune algorithm (IA), and particle swarm 

optimization (PSO) algorithm. The population size is taken as 50 for all algorithms and 

the number of iterations is taken as 500. The simulation environment is the same as the 

one we developed in Section 6.5.1. The number of flights is taken as 100 and the 

Dijkstra algorithm is used to generate the initial 4D routes as input for the optimization.  

Fig. 6.13 shows the optimization results by using the four algorithms. Our proposed 

ISFS algorithm performs the best in all indicators and has the fastest convergence rate. 

It has the lowest cost index (Fig. 6.13(a)) and has no flight conflict in optimized 4D 

routes (Fig. 6.13(b)), while the number of flight delays is also the smallest (Fig. 6.13(c)). 

Followed by the SFS method, it has the second lowest cost index and has no flight 

conflict after optimization. The PSO algorithm does not converge whereas its 

performance is good in minimizing the cost index and the number of conflicts. As for 

the IA method, although it has a fast convergence rate, the cost index of this method is 

two times more than that of the ISFS algorithm, and it has the largest number of flight 

delays among the four algorithms. 

To test the fairness of the algorithm comparison results and validate the reliability 

of the proposed ISFS method, we conducted 50 times of independent simulations with 

the same initial 4D routes in the same environment. The obtained statistical results are 

shown in Table 6.3.  
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  (a) Total cost index          (b) Number of flight conflicts    (c) Number of flight delays 

Fig. 6.13: Algorithm comparison results among ISFS, SFS, IA, and PSO. 

 

On average, the ISFS is the best among the four algorithms in terms of solution 

quality and convergence time. It has the lowest average cost index (32697.21) with the 

smallest standard deviation (1594.87). The convergence time of the ISFS is also the 

lowest (216.59 s). The optimized 4D routes using ISFS have no conflict in all 50 

simulations and the average number of flight delays is the smallest (6 delays). The 

results of the SFS method have an increase of 16.18% in cost index, 0.87% in standard 

deviation, and one flight conflict, compared with ISFS. The results produced by the 

PSO algorithm have a dramatic increase in cost index, flight conflicts, and delays with 

the largest standard deviation (6857.87). The performance of the IA method is down to 

the bottom of the list, with the average cost index more than doubled compared with 

ISFS. The number of flight conflicts and delays is the highest with 22 and 55, 

respectively.  

 

Table 6.3: Statistical results (on average) of the 50 independent simulations. 

Algorithms Cost index 

Standard 

deviation 

of cost index 

Number 

of 

conflicts 

Number of 

flight 

delays 

Convergence 

time (s) 

ISFS 32697.21 1594.87 0 6 216.59 

SFS 37988.46 1608.74 1 28 601.92 

IA 68557.40 4103.85 22 55 638.92 

PSO 55330.20 6857.87 19 46 803.55 

 

6.5 Summary 

This Chapter studies the flight conflict resolution problem for risk-based UAV 4D 

routes optimization in urban environments. A double-layer decision-making framework 
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is proposed to optimize multiple 4D routes, and an improved stochastic fractal search 

(ISFS) algorithm is developed to solve the problem. Simulations and comparison 

studies are performed to demonstrate the performance of the proposed model and 

algorithm. The main findings of this Chapter are concluded as follows. 

First, the adaptive decision-making method can solve flight conflicts and has better 

performance than individual strategy (e.g., scheduling or rerouting), as it selects the best 

suitable resolution strategies for different types of conflicts. Among the three individual 

strategies, the speed adjustment has the best performance in solving conflicts with the 

least disturbance caused to global planned routes. That is because the speed adjustment 

does not change the departure time and the initially-planned routes. 

Second, to optimize the risk-based 4D routes with assigned conflict resolution 

strategies, an MINLP model is proposed, and an improved stochastic fractal search 

algorithm is developed. By introducing the exploitation-exploration balancing scheme, 

the improved ISFS algorithm performs the best in reducing operational cost, flight 

conflicts and delays compared with the original SFS, IA, and PSO algorithms. Its 

performance is enabled by the improved fitness-distance balancing scheme that is used 

in the update processes to avoid exploring points that are too close to the current best 

point, which improves the searching diversity of ISFS. 

Third, the sensitivity analysis on the number of flights indicates that the proposed 

ISFS algorithm is effective in dealing with conflicts in different traffic density scenarios. 

There is also a clear trend that the performance indicators of 4D routes have no 

significant changes within the range of flight numbers. However, from one range to 

another, there is a great jump in terms of performance decreasing. That could be a useful 

finding to support the determination of airspace capacity using performance-based 

thresholds.  
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Chapter 7 

 

 

7 Robust Unmanned Air Traffic Flow 

Management (UTFM) under 

Uncertainties 

In Chapter 6, we study the multi-UAV 4D trajectory optimization problem with 

strategic deconfliction to produce conflict-free 4D trajectories. However, the strategic 

conflict-free trajectories could be disrupted due to uncertainties of flight delays and 

deviations of waypoint occupancy times. To cope with these uncertainties in conflict 

resolution decisions, this Chapter proposes a chance-constrained urban air mobility 

(UAM) traffic flow management (UTFM) optimization model to generate robust 

conflict-free trajectories and reduce flight delays. The model includes a probabilistic 

constraint of separation requirement to cope with trajectory time deviations caused by 

environmental disturbances, such as wind. To solve the model, we convert the 

probabilistic constraint into a deterministic constraint with a risk-bounded separation 

guarantee. Numerical studies demonstrate the proposed model's effectiveness, 

robustness, and scalability. The proposed chance-constrained UTFM model forms an 

additional layer of safety assurance in the pre-tactical phase, which enables fast flight 

disruption recovery in the UTFM system under delay and trajectory uncertainties. 



 
 

159 

 

7.1 Introduction 

To manage the complex and high-density UAM traffic flow safely and efficiently, 

several concepts of operations have been proposed. Free route airspace (FRA) [229] 

provides full flexibility and could accommodate high-density UAM operations. 

However, it only provides one safety assurance layer (tactical detection and avoidance), 

which may make the operations unacceptable due to the stringent target level of safety 

for the safety-critical UAM system [230]. The corridor-based operation, as a 

conservative concept [135], provides strong safety assurance by limiting eVTOLs 

operating only within the corridor, which makes it difficult to satisfy the entrance and 

exit demands of UAM operations that have flexible origins and destinations. Trajectory-

based operation (TBO) combines both advantages of safety assurance and flight 

flexibility, which is a fundamental concept to managing high-density air traffic in the 

Next Generation (NextGen) Air Transportation System [231]. As a core tenant of TBO, 

the aircraft's four-dimensional trajectory (4DT) plays a key role in enhancing the safety, 

efficiency, capacity, and resiliency of air traffic flows. By generating conflict-free 4DTs 

using strategic deconfliction [232], potential conflicts and congestion can be avoided 

before flight. However, the effectiveness of strategic planning could be significantly 

degraded due to uncertainties such as departure delays and environmental disturbances 

[230]. 

Departure delays, on the one hand, will directly cause arrival delays given the same 

flight speed, which starts a wave of delay propagations for the following flight legs 

[105]. On the other hand, departure delays cause a complete change in the estimated 

time of arrival (ETA) for all crossing waypoints (CWPs) in the delayed 4DT [233]. The 

changed ETA of the CWPs may yield new conflicts, as these CWPs were planned to be 

used and occupied by other 4DTs at that time. In real-world operations, the waypoint 

occupation time (WOT) of these CWPs can be probabilistically distributed due to 

environmental disturbances, especially the wind [234]. The probabilistic WOT fails the 

traditional conflict detection approaches that rely on a determined separation minima. 

Consequently, the traditional 4DT optimization methods with such a deterministic 

separation constraint become no longer applicable under uncertainties. 

The above-discussed uncertainties could disrupt the pre-planned conflict-free 4DTs, 

yielding new conflicts caused by delays and miss-detected conflicts due to probabilistic 
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waypoint occupation time. That breaks the strategic safety assurance layer and cascades 

too many conflicts that may not be solved by the tactical layer (on-board DAA) alone 

at an acceptable risk level (e.g., 10-6 fatalities/flight hour) [27]. It is, therefore, crucial 

to reconstruct the pre-flight safety assurance layer by recovering the disrupted 4DTs 

with resilient and conflict-free 4D trajectories in response to observed disruptions and 

future uncertainties.   

7.1.1 Studies on Air Traffic Flow Management under Uncertainties 

As a safety-critical system, the air traffic system has three safety assurance layers in 

the strategic, pre-tactical, and tactical flight phases [235]. The scope of this Chapter is 

on the pre-tactical phase with the aim of optimizing the disrupted conflict-free 4DTs 

that are generated in the strategic phase. The disrupted 4DTs are optimized in two 

procedures: (i) robust 4D trajectory optimization (to improve its resilience to future 

trajectory uncertainties), which is considered a proactive approach; (ii) disruption 

recovery (to optimize the observed disruptions), considered as a reactive approach. The 

focus of the literature review is on these two aspects.  

Aircraft 4D trajectory optimization problems have been extensively studied thanks 

to their advantages of improving the predictability of the traffic flow [232]. Among 

these, most of the work is done in the strategic phase to generate conflict-free 4DTs 

[142], which converts the optimization problem from four dimensions (latitude, 

longitude, altitude, and ETA) into one dimension (ETA of passing waypoints). This 

advantage makes the fast 4DT disruption recovery possible. However, the strategic 

4DTs have their weaknesses in that the effectiveness could be significantly degraded 

due to uncertainties [230], resulting in disrupted 4DTs with conflicts and delays. 

To cope with the aforementioned uncertainties, researchers have investigated the air 

traffic flow optimization problem [236] under various uncertainties. Capacity 

uncertainty is one of the main types, which could be impacted by weather conditions 

that are hard to be predicted [117], [233], [237].  To cope with the capacity uncertainty 

of airspace sectors, one study [237] formulated a chance-constrained optimization 

model with probabilistic sector capacities. An approximation-based algorithm was 

proposed, which allows efficient computation for large-scale chance-constrained 

optimization problems. A follow-up work [238] considered both departure and En route 

uncertainties to ensure no capacity violations while maintaining the in-trail separation 
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under trajectory uncertainties. The trajectory uncertainties result in deviations at spatial 

and temporal dimensions [117]. The spatial deviations could lead to safety risks in 

which flight trajectories exceed the airway boundary, while time deviations (e.g., ETA 

deviation) may yield congestion and misdetection of conflicts [233].  

To address separation violation risks under trajectory uncertainties, studies have 

been done on the development of robust conflict detection and resolution (CD&R) 

models under weather uncertainties with the objectives of minimizing delays, conflicts, 

and deviations from nominal trajectories [210], [239], [240]. In these studies, the 

weather uncertainties are described as random variables that follow a certain 

distribution. To obtain a more accurate uncertainty distribution, recent works [241], 

[242] employed data-driven approaches to predict flight trajectories in spatial-temporal 

dimensions. The proposed data-driven models demonstrated better prediction accuracy 

by utilizing the real-time observed weather information in the air traffic control system. 

However, air traffic disruptions are inevitable in uncertain environments and need to be 

mitigated to reduce the cost of flight conflicts, delays, and cancellations. In one study 

[243], dynamic disruption management was formulated as a dynamic stochastic integer 

programming model to minimize the network-wide recovery cost. Another study 

integrated aircraft and passenger recovery and formulated it as a mixed integer linear 

programming model to minimize the overall cost from both the airline and passenger 

sides [244]. The well-developed strategic ATFM and pre-tactical disruption 

management under uncertainties form two safety assurance layers, which significantly 

improve safety by reducing the number of interventions at the tactical level by air traffic 

controllers [233]. 

Studies done in ATFM under uncertainties inspire the solving of UTFM challenges 

posed by unique features of high-density traffic flow, on-demand missions, and time-

sensitive decision making of the emerging UAM traffic flow [216], [245]. To 

accommodate the UAM traffic flow, an AirMatrix concept has been proposed in which 

the airspace is divided into standard 3D blocks [55], [142], [167]. These standard blocks 

allow digital information (e.g., weather, signal conditions, etc.) to be used for the 

optimization of trajectory-based operations [170]. Under the TBO concept, 4D 

trajectory optimization models were developed with strategic deconflicts to generate 

conflict-free 4DTs through strategies of rerouting, flight level change, and speed 

adjustment [110], [141], [246]. To cope with weather uncertainties, robust models for 

drone path planning [234] and 4D trajectory optimization [114] were developed by 
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considering probabilistic time deviations [247]. The above-discussed literature solves 

the 4DT optimization problem in the strategic phase, while the effectiveness of the 

strategic planning could be disrupted due to uncertainties (e.g., delays) that could only 

be known after the nominal departure time [230]. To minimize the disruption cost, 

ATFM fields have investigated the disruption management problem, however, 

disruption recovery studies are still lacking in the UTFM domain. It becomes even more 

challenging for the on-demand UTFM which requires fast decision-making within 

minutes [248], compared with the ATFM during the day of operations [243].  

Tactical decision-making handles flight disruptions in real-time manners, which 

forms another safety assurance layer for safe UAM operations. There is a series of 

pioneer works [216], [249] that have been done on UAM tactical CD&R with learning-

based approaches. The CD&R problems were formulated as a Markov Decision Making 

process, while Monte Carlo tree search and reinforcement learning approaches were 

employed to solve the developed problems in real time. To cope with the position 

uncertainty in real-time CD&R, risk-bounded separation models were introduced to 

generate more robust trajectories at a given risk level [249], [250]. The performance of 

deep reinforcement learning approaches has also been demonstrated in trajectory 

optimization for heterogeneous autonomous vehicles. Where multilayer network 

structure was used to capture the system’s complexity, while transfer learning 

techniques were developed and applied to enable planning performance for various 

types of vehicles [251], [252]. Their simulation and experiment results demonstrated 

the good performance of the models in applications of optimal parking maneuver and 

overtaking maneuver problems [253]. 

Digging further, a series of research works have been done to generate optimal 

trajectories for unmanned vehicles in real-time perspectives considering motion control 

uncertainties [254]–[257]. In these works, the probabilistic control actuation constraint 

and collision avoidance constraint were considered for fixed-wing UAV safe operations. 

The concerning problems were constructed as chance-constrained trajectory 

optimization models, and convex approximation techniques were introduced to convert 

the models into deterministic ones, which enables fast generation of safe UAV 

trajectories [254], [255]. To further handle multi-objective trajectory optimization 

problems, follow-up works developed hybrid swarm intelligent algorithms to solve the 

converted unconstrained models. The main contributions in these works were the 
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introduction of novel selection methods in exploration and exploitation processes [256], 

[257].  

Besides, authors [258] also modeled the capacity uncertainty of vertiport using 

mixed integer programming techniques to minimize congestion in the landing phase 

[258]. A follow-up work [259] further explored the uncertainty of Geo-Fencing 

boundaries, and a chance-constrained optimization model was developed to minimize 

the probability of collision between UAVs and Geo-Fences (e.g., buildings). Apart from 

the safety and efficiency objectives, researchers considered that fairness is equally 

important and should be improved when making decisions [250], [260]. Their 

simulation results demonstrated that fairness can be significantly improved with only 

little cost to the system efficiency if the fairness metric could be properly modeled.  

Prior literature has investigated the air traffic flow management problem for both 

manned and unmanned flights at strategic and tactical levels. However, models are 

lacking for the disruption recovery of UAM traffic flows that are more vulnerable under 

uncertainties of individual flight missions and challenging weather conditions in low-

altitude urban airspace [234]. Although robust traffic flow optimization has been well 

recognized as an important aspect of ATM, it has only recently been investigated for 

UAM operations with uncertainty modeling of vertiport capacity [258] and position 

deviations [250]. The modeling for time uncertainty of eVTOL’s trajectory has not been 

explored, especially in complex urban environments where weather and navigation 

conditions could lead to significant trajectory ETA deviations [19], [144], [261]. The 

time-sensitive UAM flight missions require an even faster decision-making tool, posing 

a challenge for solution algorithms, and an even bigger challenge is posed by the 

fairness requirement in that the decision space is reduced as non-delayed flights will not 

be adjusted [260]. 

7.1.2 Research Scopes 

To solve these unique challenges, this Chapter develops a chance-constrained 

UTFM optimization model with fast disruption recovery considering the ETA deviation 

that is derived from a proposed data-driven uncertainty distribution. This Chapter 

conducts three key research works for safe and resilient UAM traffic flow management. 

(i) We propose a chance-constrained UTFM optimization model with fast 

disruption recovery to solve observed disrupted 4DTs (reactive approach) and 
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improve their resilience in response to future uncertainties (proactive approach). 

Which forms another safety assurance layer for the UAM traffic system. 

(ii) We develop a probabilistic separation requirement model to adaptively 

determine the risk-bounded separation for flights in different uncertainty levels. 

The model enables the connection between the decision maker’s risk 

preferences and the choice of the trajectory uncertainty distribution. 

(iii) We propose a hierarchical stochastic search (HSS) algorithm to solve the 

developed optimization model in polynomial time with a safety guarantee of 

resolving all conflicts, making it a practical solution algorithm for UAM traffic 

flow optimization and disruption recovery. 

The rest of this Chapter is organized as follows: the problem statement and 

definition of parameters used in the UTFM model are presented in Section 7.2, followed 

by the formulation of the UTFM optimization problem under chance constraints in 

Section 7.3. The solution approaches are developed in Section 7.4, followed by the 

numerical analysis and discussions in Section 7.5. The summary is discussed in Section 

7.6. 

7.2 Problem of Decision Making under Uncertainties 

In this section, we illustrate the conflict-free 4D trajectory and how it will be 

disrupted due to flight delays and probabilistic waypoint occupation time caused by 

trajectory deviations. 

7.2.1 Disrupted Conflict-free 4DTs Due to Delays 

Aircraft's four-dimensional trajectory is defined in dimensions of latitude, longitude, 

altitude, and time [231]. The potential conflicts among multiple 4DTs can be resolved 

using the deconfliction method [141], which generates conflict-free 4DTs before flight. 

However, the conflict-free 4DTs could be disrupted by flight delays, resulting in new 

conflicts. As illustrated in Fig. 7.1(a), a delayed flight 𝑓2 arrives later (at 𝑡1
′) than the 

initially assigned time 𝑡1. The delayed arrival causes a conflict with a flight 𝑓1 at a 

crossing waypoint 𝑤cp. The 𝑓2 may travel multiple crossing waypoints and cause more 

conflicts with other flights due to the delayed arrivals, as shown in Fig. 7.1(b). The 

initial conflict-free 4DT of flight 𝑓2  has no conflicts with other 4DTs at crossing 
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waypoints. While the delayed arrival creates new conflicts as it changes the ETAs at the 

crossing waypoints. An example is illustrated in Fig. 7.1(c). The conflict-free 4DT of 

flight 𝑓2 delayed from 𝑡1 to 𝑡3, resulting in the subsequent changes of ETAs of all its 

waypoints. The changed ETAs at crossing waypoints (𝑤cp_2, 𝑤cp_4, . . . , 𝑤cp_𝑛) clash 

with the waypoint occupation time that are used by other 4DTs, creating conflicts.  
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Conflict at wcpDelayed arrival at t1'
wcp_1 wcp_2 wcp_n

wcp
T 1   2   3   4                              n

t1 
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Fig. 7.1: Disruption of conflict-free 4D trajectories due to departure delays. (a) A 

conflict caused by a delayed flight 𝑓2 at a crossing waypoint. (b) Flight conflicts caused 

by delays. The initial conflict-free 4D trajectory has no conflicts at all crossing 

waypoints, while the delayed 4DT causes new conflicts. (c) An example of ETAs of a 

delayed flight 𝑓2 clash with waypoint occupation time at several crossing waypoints. 

7.2.2 Probabilistic Uncertainty of Waypoint Occupation Time 

(WOT) 

The ETAs of delayed flights may clash with the WOT where the waypoints are used 

by other flights. The WOT is equivalent to a determined separation requirement if there 

are no trajectory deviations, as the WOT is the minimum required time for a flight 

passing the waypoint after the preceding flight left. In real-world operations, trajectory 

deviations are inevitable due to environmental disturbances [20] that make the WOT a 

probabilistic uncertainty. As illustrated in Fig. 7.2, the time of a flight arriving at a 

crossing waypoint before WOT is named ETA1, while the one after WOT is named 

ETA2. No conflict is generated on ETA1 and ETA2 at the crossing waypoint under a 

deterministic WOT. However, under a probabilistic WOT, the ETA1’ clashes with the 
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probabilistic WOT before entering the waypoint while ETA2’ clashes after passing the 

waypoint, causing conflicts. As WOT is caused by trajectory deviations in the temporal 

dimension, the distribution of WOT can be derived from the historical trajectory 

deviation data. That will be used for the robust UTFM optimization. 

t

t

t

No conflict

Conflict 
before WOT

Conflict 
after WOT Probabilistic WOT

Deterministic WOT

Flight conflict

ETA of delayed flights

Crossing waypoint
ETA1 ETA2

ETA1'

ETA2'

 
Fig. 7.2: Probabilistic uncertainty of the waypoint occupation time. 

 

7.2.3 Expression of Parameters and Terms 

The scope of this Chapter is on UTFM optimization with fast disruption recovery to 

solve conflicts and delays caused by uncertainties. Different from scheduled 

commercial flights, UAM operations are more flexible, and include both scheduled 

commuting services [186] and on-demand missions [262]. To optimize the delayed 

flights and cope with the on-demand operations within a short time, the pre-tactical 

phase for UAM operations is defined as [1, 10] minutes prior to the initial departure 

time. To ensure fairness, only delayed flights will be optimized by adjusting their speed 

and actual departure time. The non-delayed flights will operate as usual with initially 

planned 4D trajectories. By doing so, the second-order conflicts [239] will be avoided, 

and the robustness of the whole system can be improved. Under the pre-tactical phase 

for UAM operations, we define the parameters and terms used in this Chapter. 

Definition 1 (Arrival Delay): Let 𝑓𝑘 be the 𝑘th delayed flight. The initial arrival time 

and actual arrival time of 𝑓𝑘 to the destination can be denoted as 𝑡𝑓𝑘
arr and 𝑡′𝑓𝑘

arr
. The 

arrival delay 𝑡𝑓𝑘
arr_dly

 of flight 𝑓𝑘  is defined as the difference between 𝑡𝑓𝑘
arr  and 𝑡′𝑓𝑘

arr
, 

denoted as  

𝑡𝑓𝑘
arr_dly

= 𝑡′𝑓𝑘
arr
− 𝑡𝑓𝑘

arr                                                             (7.1) 
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where 𝑡𝑓𝑘
arr_dly

∈ 𝑅. Note that the initial arrival time 𝑡𝑓𝑘
arr is a constant variable obtained 

in the pre-planned phase. While the actual arrival time 𝑡′𝑓𝑘
arr

 is correlated with the actual 

departure time 𝑡′𝑓𝑘
dep

 and the actual airborne time 𝑡𝑓𝑘
AAT, denoted as 

𝑡′𝑓𝑘
arr

= 𝑡′𝑓𝑘
dep

+ 𝑡𝑓𝑘
AAT                                                               (7.2) 

The definitions of the postponed delay due to 𝑡′𝑓𝑘
dep

 and the actual airborne time 

𝑡𝑓𝑘
AAT are given as follows.  

Definition 1.1 (Postponed delay): Let 𝑡𝑓𝑘
dep

 be the initial departure time of 𝑓𝑘 . The 

postponed delay 𝑡𝑓𝑘
ppn

 of  𝑓𝑘 can be defined as 

𝑡𝑓𝑘
ppn

= 𝑡′𝑓𝑘
dep

− 𝑡𝑓𝑘
dep
                                                                (7.3)                   

Note that the actual departure time of delayed flights should not be less than the 

initial departure time, denoted as 𝑡′𝑓𝑘
dep

≥ 𝑡𝑓𝑘
dep

, and 𝑡𝑓𝑘
ppn

∈ 𝑅+ . The reason for 

postponing the already delayed departure flight is to resolve flight conflicts and reduce 

capacity-to-demand imbalance if other strategies failed to do so.  

Definition 1.2 (Actual airborne time: AAT): Let 𝑠𝑖𝑗_𝑓𝑘 ∈ 𝑆𝑓𝑘 be a trajectory segment 

of the delayed flight 𝑓𝑘. The flight time of 𝑓𝑘 on the segment 𝑠𝑖𝑗_𝑓𝑘 can be denoted as 

𝑡𝑠𝑖𝑗_𝑓𝑘. The actual airborne time of 𝑘th delayed flight 𝑡𝑓𝑘
AAT is defined as 

𝑡𝑓𝑘
AAT = ∑ 𝑡𝑠𝑖𝑗_𝑓𝑘

𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑓𝑘

= ∑
𝑙𝑠𝑖𝑗_𝑓𝑘
𝑣𝑠𝑖𝑗_𝑓𝑘𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑓𝑘

                                 (7.4) 

where 𝑙𝑠𝑖𝑗_𝑓𝑘
 is the length of the segment 𝑠𝑖𝑗, and 𝑣𝑠𝑖𝑗_𝑓𝑘

 is the flight speed of 𝑓𝑘 on the 

segment 𝑠𝑖𝑗_𝑓𝑘.  

The correlations of the time-related terms mentioned above are illustrated in Fig. 

7.3.  
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Fig. 7.3: Correlations among the time-related terms. Including the postponed time of 

delay 𝑡ppn, actual airborne time 𝑡AAT, and arrival delay 𝑡arr_dly. 
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Definition 2 (Flight conflict): A flight conflict is detected if the difference between 

𝑡𝑤cp(𝑖)_𝑓𝑘
ETA  (the ETA of a flight 𝑓𝑘 on 𝑤cp(𝑖)) and 𝑡𝑤cp(𝑖)

WOT  (the waypoint occupation time of 

𝑤cp(𝑖)) is smaller than the separation requirement 𝑡sep, denoted as 

|𝑡𝑤cp(𝑖)_𝑓𝑘
ETA − 𝑡𝑤cp(𝑖)

WOT | < 𝑡sep                                              (7.5) 

Note that 𝑡𝑤cp(𝑖)
WOT  is the ETA of a flight in a conflict pair, which comes first into the 

conflict buffer zone and occupies the waypoint at that period. Other flights should adjust 

and optimize their trajectories to avoid flight conflict. 

With the defined flight conflict condition, the probabilistic uncertainty of the 

waypoint occupation time can be handled by guaranteeing that the probability of the 

flight conflict is controlled in an acceptable risk level 𝛼 ∈ [0,1], which can be denoted 

as 

Pr(Conflict) ≤ 𝛼                                                                  (7.6)                                           

The Chapter aims to minimize flight arrival delays while ensuring conflict-free 

4DTs at an acceptable risk level 𝛼. 

7.3 Framework of Chance-Constrained UTFM 

Optimization 

7.3.1 Optimization Workflow 

To optimize the disrupted 4D trajectories due to flight delays and probabilistic WOT 

uncertainties, we propose a chance-constrained UTFM optimization framework, shown 

in Fig. 7.4. The framework includes (1) modeling of disrupted 4DTs due to flight delays 

and WOT uncertainties, (2) formulation of a chance-constrained optimization model for 

the recovery of the disrupted 4DTs, (3) construction of a data-driven uncertainty set for 

estimating the probabilistic WOT, and (4) development of a hierarchical stochastic 

search (HSS) algorithm to solve the proposed optimization model.  

The input of the framework is initial conflict-free 4DTs that have been optimized in 

the strategic phase. However, the uncertainties of departure delays and probabilistic 

WOT may disrupt flight plans and generate new conflicts. The first module of the 

framework is therefore designed to detect if there are flight delays and conflicts caused 

by these uncertainties. If no flight delays and conflicts are detected, the framework will 
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output the initial conflict-free 4DTs. While, if flight delays are detected, the 4DTs of 

the delayed flights need to be checked with other non-delayed ones to detect any further 

conflicts. If there are conflicts, the 4DTs of the delayed flights need to be adjusted to 

resolve the conflicts. Note that flight conflicts also need to be detected even if there are 

no flight delays, as the probabilistic WOT of crossing waypoints may violate the 

deterministic separation requirement given in the initial 4DTs.  

Flight delays and environmental uncertainties

Uncertain departure time of each flight Probabilistic waypoint occupation time

A chance-constrained optimization model

Minimize:
- Total arrival delay

4DT Conflicts (ci)?
No

Flight delays (di)?
No

Yes

Yes

Delayed flight  
f(d1)

Delayed flight 
f(d2)

    
Delayed flight 

f(di)

Input: Initial conflict-free 4D trajectories 

Output: Safe and resilient 4D trajectories
 with minimized arrival delays

Detection of flight disruptions (delays and conflicts)

Constrained by:
- Probabilistic separation 
requirement

Decision variables: 
- Flight speed
- Departure time
(for delayed flights)

Obtaining solutions with the HSS 
algorithm

Derivation of WOT 
uncertainty distribution 

Converting chance constrained 
model to a MINLP model

Solution methods

Construction of risk domain 
for conflict detection

 
Fig. 7.4: Chance-constrained UTFM optimization framework for 4D trajectory 

optimization in the pre-tactical phase. 

 

To optimize the disrupted flight trajectories in the presence of uncertainties, a 

chance-constrained UTFM optimization model is proposed with a probabilistic 

constraint of separation requirement at an acceptable risk level. The objective of the 
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UTFM model is to minimize total arrival delays with constraints of probabilistic 

separation requirement and flight duration. The decision variables of the model are 

flight speed and the actual departure time of delayed flights. The uncertain distribution 

of the WOT will be derived from historical flight experiment data via a data-driven 

approach. With the uncertainty distribution, the chance-constrained UTFM model can 

be then converted into a mixed integer nonlinear programming (MINLP) model by 

transferring the chance constraint into a deterministic constraint. The converted MINLP 

model will be solved by a developed hierarchical stochastic search (HSS) algorithm in 

a short time to meet the requirement of fast computation in the pre-tactical phase. The 

output after optimization will be safe and resilient 4D trajectories with minimized total 

arrival delays.  

7.3.2 Deterministic UTFM Optimization Model 

Pre-tactical UTFM optimization, forming another safety assurance layer, is to fill 

the gap between strategic deconfliction and tactical collision avoidance, with the aim of 

solving observed disrupted 4DTs (reactive approach) and improving their resilience in 

responding to future uncertainties (proactive approach). The objective of the model is 

to minimize the total arrival delay, and the decision variables are flight speed and actual 

departure time of all delayed flights. We first formulate the deterministic form of the 

UTFM optimization model and then develop the chance constraint of the probabilistic 

WOT. 

Decision variables 

𝑡′𝑓𝑘
dep

: actual departure time of 𝑓𝑘, a continuous variable. 

𝑣𝑠𝑖𝑗_𝑓𝑘: flight speed of 𝑓𝑘 at a segment 𝑠𝑖𝑗, an integer variable. 

Note that, the motivation of taking flight speed as an integer variable is due to safety 

and practical considerations for UAM operations [141], [205]. Using integer values for 

flight speed makes communication clearer between UAM operators and air traffic 

controllers to avoid confusion. It also allows better tracking and monitoring to detect 

speed deviations. Besides, the optimized speed by the proposed model is eventually 

used for manual or autonomous implementations where integer speed is a default setting 

in the current flight management system [211]. 

Objective function 
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The objective is to minimize the total arrival delay, which consists of ground delay 

determined by the postponed time of delay (Definition 1.1) and airborne delay defined 

as the actual airborne time (Definition 1.2). Based on Eqs. (7.1)-(7.4), the overall 

objective function is denoted as 

𝑇delay = ∑ 𝑡𝑓𝑘
arr_dly

𝑓𝑘∈𝐹𝐷

= ∑ 𝑡′𝑓𝑘
arr
− 𝑡𝑓𝑘

arr

𝑓𝑘∈𝐹𝐷

= ∑ (𝑡′𝑓𝑘
dep

+ 𝑡𝑓𝑘
AAT) − 𝑡𝑓𝑘

arr

𝑓𝑘∈𝐹𝐷

             

⇒ 𝑇delay = 𝜔ppn ∑ 𝑡′𝑓𝑘
dep

+

𝑓𝑘∈𝐹𝐷

𝜔AAT ∑ ∑
𝑙𝑠𝑖𝑗
𝑣𝑠𝑖𝑗_𝑓𝑘𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑓𝑘𝑓𝑘∈𝐹𝐷

                            (7.7) 

where 𝑇Delay is the total arrival delay, and 𝐹𝐷 is the set of all delayed flights. Note that 

𝜔ppn and 𝜔AAT are weightage factors for the postponed delay and the actual airborne 

time with 𝜔ppn + 𝜔AAT = 1 , 𝜔ppn, 𝜔ATT ∈ [0,1] . The actual departure time of a 

delayed flight may need to be further postponed, as the 4DTs of the delayed flights may 

not be feasible due to congestion and conflicts. The initial arrival time 𝑡𝑓𝑘
arr  is a 

determined value and is not included in the final form of the objective function. 

Constraints 

The separation constraint is to ensure conflict-free 4D trajectories. The actual time 

separation 𝑡𝑤cp(𝑖)
actual_sep

 between two flights (ETA of a host flight 𝑡𝑤cp(𝑖)_𝑓𝑘
ETA  and WOT of 

another flight 𝑡𝑤cp(𝑖)
WOT  in the traffic) at a crossing waypoint 𝑤cp(𝑖) should not be less than 

the separation requirement 𝑡sep, denoted as 

𝑡𝑤cp(𝑖)
actual_sep

= |𝑡𝑤cp(𝑖)_𝑓𝑘
ETA − 𝑡𝑤cp(𝑖)

WOT | ≥ 𝑡sep                                   (7.8) 

where 𝑡sep is a determined separation requirement in a deterministic conflict detection 

model.  

𝑡𝑤cp(𝑖)_𝑓𝑘
ETA = 𝑡′𝑓𝑘

dep
+ 𝑡𝑤cp(𝑖)_𝑓𝑘

AAT                                                       (7.9) 

Note that 𝑡𝑤cp(𝑖)_𝑓𝑘
ETA  can be obtained by actual departure time 𝑡′𝑓𝑘

dep
 and actual 

airborne time 𝑡𝑤cp(𝑖)_𝑓𝑘
AAT . The term 𝑡𝑤cp(𝑖)_𝑓𝑘

AAT  is defined as the actual airborne time spent 

on each segment in the set 𝑆𝑤cp(𝑖)_𝑓𝑘
 that contains segments from the origin to the current 

segment containing 𝑤cp(𝑖), denoted as 

𝑡𝑤cp(𝑖)_𝑓𝑘
AAT = ∑

𝑙𝑠𝑖𝑗
𝑣𝑠𝑖𝑗_𝑓𝑘𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑤cp(𝑖)_𝑓𝑘

, 𝑣𝑖𝑗_𝑓𝑘 ∈ ℤ+                            (7.10) 
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Flight duration constraint is to ensure the optimized trajectory can be completed 

within the power duration 𝑡𝑓𝑘
btry

 for a flight 𝑓𝑘, especially for battery-propelled eVTOLs. 

𝑡𝑓𝑘
AAT = ∑

𝑙𝑠𝑖𝑗
𝑣𝑠𝑖𝑗_𝑓𝑘𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑓𝑘

≤ 𝑡𝑓𝑘
btry

                                                      (7.11) 

Flight speed constraint is to ensure the planned speed is implementable for eVTOLs 

based on flight performances, denoted as 

𝑣𝑓𝑘
min ≤ 𝑣𝑠𝑖𝑗_𝑓𝑘 ≤ 𝑣𝑓𝑘

max                                                                    (7.12) 

Note that 𝑣𝑓𝑘
min and 𝑣𝑓𝑘

max are minimum and maximum speeds for a flight 𝑓𝑘, and 

𝑣𝑓𝑘
min may not start from zero as eVTOLs refer to both quadrotor and fixed-wing aerial 

vehicles. 

The actual departure time 𝑡′𝑓𝑘
dep

 of a delayed flight will not be less than the initial 

departure time 𝑡𝑓𝑘
dep

, denoted as 

𝑡′𝑓𝑘
dep

≥ 𝑡𝑓𝑘
dep
, ∀𝑡𝑓𝑘

dep
∈ 𝑅+                                                             (7.13) 

7.3.3 Chance-Constrained Model 

To develop the chance-constrained UTFM model, this work proposes to incorporate 

a probabilistic constraint for the separation requirement. Considering a probabilistic 

separation requirement 𝑡𝑤cp(𝑖)
rqd_sep

 between the ETA and WOT at a crossing waypoint 

𝑤cp(𝑖), the probabilistic constraint for the loss of separation at a risk level 𝛼 ∈ [0,1] can 

be denoted as 

Pr (𝑡𝑤cp(𝑖)
actual_sep

< 𝑡𝑤cp(𝑖)
rqd_sep

) < 𝛼, ∀𝑤cp(𝑖) ∈ 𝕨cp                                (7.14) 

The probability that the actual separation 𝑡𝑤cp(𝑖)
actual_sep

 is smaller than the required 

separation 𝑡𝑤cp(𝑖)
rqd_sep

 at 𝑤cp(𝑖) should be less than the risk level 𝛼.  

The condition of safe separation with a probabilistic guarantee at risk level 𝛼 can be 

then derived as  

Pr (𝑡𝑤cp(𝑖)
actual_sep

≥ 𝑡𝑤cp(𝑖)
rqd_sep

) ≥ 1 − 𝛼, ∀𝑤cp(𝑖) ∈ 𝕨cp (7.15) 

Based on Eqs. (7.4), (7.8) and (7.9), the actual separation can be obtained as 

𝑡𝑤cp(𝑖)
actual_sep

= |𝑡′𝑓𝑘
dep

+ 𝑡𝑤cp(𝑖)_𝑓𝑘
AAT − 𝑡𝑤cp(𝑖)

WOT |. 
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With the chance constraint of separation requirement, the chance-constrained 

UTFM optimization model is formulated in a probabilistic form, denoted as 

min:  𝑇delay = ∑ 𝜔ppn𝑡
′
𝑓𝑘

dep

𝑓𝑘∈𝐹𝐷

+ 𝜔AAT𝑡𝑓𝑘
AAT                    (7.16) 

Subject to: 

Pr (|𝑡
′
𝑓𝑘

dep
+ 𝑡𝑤cp(𝑖)_𝑓𝑘

AAT − 𝑡𝑤cp(𝑖)
WOT | ≥ 𝑡𝑤cp(𝑖)

rqd_sep
) ≥ 1 − 𝛼  (7.17) 

𝑡𝑓𝑘
AAT = ∑

𝑙𝑠𝑖𝑗
𝑣𝑠𝑖𝑗_𝑓𝑘𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑓𝑘

≤ 𝑡𝑓𝑘
btry

                                       (7.18) 

𝑣𝑓𝑘
min ≤ 𝑣𝑠𝑖𝑗_𝑓𝑘 ≤ 𝑣𝑓𝑘

max                                                      (7.19) 

𝑡′𝑓𝑘
dep

≥ 𝑡𝑓𝑘
dep
                                                                       (7.20) 

Compared with the deterministic model, the only difference comes from the 

replacement of the separation Constraint (7.8) with the Chance Constraint (7.17). That 

forms a chance-constrained UTFM optimization problem. 

7.4 Solution Approach for Chance-Constrained 

UTFM Problem 

The chance-constrained optimization model is an intractable problem, which is 

difficult to be solved directly [237]. Converting the chance-constrained problem into a 

standard optimization model makes it tractable, which has been proven effective for 

extensive chance-constrained optimization problems such as air traffic flow [237], risk-

bounded path planning [250], and robot collision avoidance [263]. However, a 

successful conversion requires two key points. One point is to define an appropriate risk 

domain (or success set) for the random variables in chance constraints [250]. The other 

point, a more crucial one, is to obtain an accurate probabilistic description of the random 

variables in the optimization model [264]. However, in many real-life applications, we 

do not have information to obtain the accurate probability distribution of the 

randomness, not even for the estimated one (e.g., the lack of historical UAM operational 

data to estimate WOT deviations). Without knowing the probability distribution, 

obtained results may not be feasible for implementation; or the solution is feasible but 

has a far greater cost than the truly optimal one [264]. For instance, an underestimated 

(small) WOT may lead to a significant number of conflicts, because other flights may 
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falsely find it safe and proceed to the waypoint while it is still occupied. On the contrary, 

an overestimated (large) WOT may lead to a significant number of delays, as the other 

flights are refused to enter the waypoint during the WOT even if it has not been occupied. 

To estimate the probability distribution on a finer scale, recent studies [241], [242], [264] 

proposed data-driven optimization frameworks, which use observation data of random 

variables to construct the uncertainty distribution. That is well-suited to the problem 

this Chapter studies.  

 To construct the data-driven uncertainty distribution, we conducted a number of 

flight experiments to obtain the historical flight trajectory data. The obtained data is 

used to derive the trajectory deviations on a temporal scale. By comparing with the pre-

planned waypoint occupation time (time of a flight passing the waypoint), we can obtain 

the probability distribution of the WOT. By adjusting the risk level in the defined risk 

domain, the optimization model connects the user’s risk preferences with the choice of 

uncertainty distribution.  

7.4.1 Development of Data-Driven Uncertainty Distribution 

In this section, we construct the uncertainty distribution of the probabilistic variables 

of 𝑡𝑤cp(𝑖)
WOT  and 𝑡𝑤cp(𝑖)

prob_ETA
. The two variables follow the same distribution, as the WOT at 

𝑤cp(𝑖) is the ETA of another flight that is passing 𝑤cp(𝑖). The probabilistic 𝑡𝑤cp(𝑖)
prob_ETA

 

consists of a pre-planned ETA 𝑞𝑤cp(𝑖)
det_ETA and an uncertainty 𝑢𝑡 at a crossing waypoint 

𝑤cp(𝑖) . As 𝑞𝑤cp(𝑖)
det_ETA  is a constant variable once the pre-planned 4D trajectory is 

generated, the probabilistic property of 𝑡𝑤cp(𝑖)
prob_ETA

 is only contributed by the uncertainty 

𝑢𝑡 that acts on the arrival time. The probabilistic 𝑡𝑤cp(𝑖)
prob_ETA

 can be denoted as 

𝑡𝑤cp(𝑖)
prob_ETA

= 𝑞𝑤cp(𝑖)
det_ETA + 𝑢𝑡                                                    (7.21) 

where 𝑢𝑡 is the uncertainty set that presents the ETA deviation between the stochastic 

ETA and the pre-planned ETA. Here 𝑢𝑡 is a time-dependent set as the deviation may 

propagate during flight [265]. Note that 𝑡𝑤cp(𝑖)
prob_ETA

 is a time-varying variable.  

To model the time-varying deviation uncertainty distribution of 𝑢𝑡, a data-driven 

approach is proposed with the use of flight experiment data. According to existing 

studies [117], [233], the ETA deviations tend to follow a Gaussian distribution. The 

uncertainty set, therefore, obeys the Gaussian distribution 𝑢𝑡~𝒩(𝜇dev_𝑡, 𝜎dev_𝑡
2 ) where 
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𝜇dev_𝑡 and 𝜎dev_𝑡
2  are mean and variance of the uncertainty set at time 𝑡. The population 

mean and variance (𝜇dev_𝑡 and 𝜎dev_𝑡
2 ) can be considered equal to the observed sample 

ones 𝜇̂dev_𝑡  and 𝜎̂dev_𝑡
2 , if the observed sample size 𝑚  is large enough (i.e. 𝑚 >30) 

based on the Central Limited Theorem in statistical analysis.  

We define 𝑑𝜌_𝑡 ∈ ℝ is the ETA deviation of 𝜌th observation at time 𝑡, which is the 

difference between 𝜏𝜌_𝑡
ATA and 𝜏𝜌_𝑡

ETA. Note that 𝜏𝜌_𝑡
ATA is the actual time of arrival (ATA) 

at the observation location at time 𝑡, which is derived from historical flight trajectory 

data. While 𝜏𝜌_𝑡
ETA is the ETA at the same observation location, which is obtained from 

initial flight plans. 

The time-varying ETA uncertainty distribution of 𝑢𝑡~𝒩(𝜇dev_𝑡, 𝜎dev_𝑡
2 ) is modeled 

as 

𝑑𝜌𝑡 = 𝜏𝜌_𝑡
ATA − 𝜏𝜌𝑡

ETA, ∀𝑑𝜌𝑡 ∈ 𝑅                                              (7.22) 

𝜇dev_𝑡 = 𝜇̂dev_𝑡 =
1

𝑚
(∑𝑑𝜌𝑡

𝑚

𝜌=1

) ,𝑚 ∈  ℤ+                        (7.23) 

𝜎dev_𝑡
2 = 𝜎̂dev_𝑡

2 =
1

𝑚
(∑(𝑑𝜌𝑡 − 𝜇̂dev_𝑡)

2

𝑚

𝜌=1

) ,𝑚 ∈ ℤ+    (7.24) 

According to Eq. (7.21), 𝑞𝑤cp(𝑖)
det_ETA would be a constant once the pre-planned 4DT is 

generated. As the uncertainty of the trajectory time deviation 𝑢𝑡~𝒩(𝜇dev_𝑡, 𝜎dev_𝑡
2 ), the 

probabilistic ETA also follows a normal distribution with  𝑡𝑤cp(𝑖)
prob_ETA

~𝒩(𝜇𝑡, 𝜎𝑡
2), 𝜇𝑡 =

𝜇dev_𝑡 + 𝑞𝑤cp(𝑖)
det_ETA and 𝜎𝑡

2 = 𝜎dev_𝑡
2 . As the WOT is the ETA of the other flight in a 

conflict pair which comes first and occupies the waypoint, the WOT also follows the 

distribution of 𝑡𝑤cp(𝑖)
WOT ~𝒩(𝜇𝑡, 𝜎𝑡

2). 

7.4.2 Risk Domain with Uncertainty Distribution 

In this work, the risk domain is defined as the probabilistic waypoint occupation 

time 𝑡𝑤cp(𝑖)
WOT ~𝒩(𝜇𝑡, 𝜎𝑡

2) at a crossing waypoint 𝑤cp(𝑖), which is caused by the early or 

late arrivals of a flight due to trajectory uncertainty 𝑢𝑡. Within a WOT (risk domain), 

other flights are not allowed to enter as one flight is passing this waypoint. The range 

of the WOT is determined by the acceptable risk level 𝛼. A higher risk level corresponds 
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to a longer WOT, as it needs a larger safety buffer to handle higher uncertainties. A 

formal definition of the risk domain [250] based on risk level is given as follows. 

Definition 3 (Risk Domain): A set 𝒟 ∈ ℝ𝑑 that satisfies  

Pr(𝑻 ∈ 𝒟) < 𝛼                                                                              (7.25) 

is called a risk domain at an acceptable risk level 𝛼 for a random variable 𝑻. Let 𝑻 be a 

random variable with d-dimension and follows a d-dimension Gaussian distribution 

𝑻~𝒩𝑑(𝝁, 𝚺). In this work, the random variable is 𝑡𝑤cp(𝑖)
WOT , which follows 1-dimension 

Gaussian distribution (i.e., 𝑑 = 1). The probability density function of 𝑻 can be denoted 

as 

𝑓(𝑻) =
1

(2𝜋)1/2 √|𝚺|
exp [−

1

2
(𝑻 − 𝝁)𝑇𝚺−𝟏(𝑻 − 𝝁)]               (7.26) 

where 𝝁 is the expectation of 𝑻, and 𝚺 is the covariance. As 𝑑 = 1, the covariance of 𝑻 

equals to its variance 𝚺 = 𝜎2. 

Given a risk level 𝛼  (or confidence level 1 − 𝛼), we can find a value  𝑡(1−𝛼) =

𝐹−1(1 − 𝛼) such that 

Pr(𝑻 < 𝑡(1−𝛼)) = Pr(𝑻 < 𝐹
−1(1 − 𝛼)) = 1 − 𝛼                         (7.27) 

With the definitions above, we formulate the risk domain at a risk level 𝛼 for the 

waypoint occupation time (WOT). Specifically, the probabilistic waypoint occupation 

time 𝒕𝑤cp(𝑖)
WOT  is a one-dimension vector pertaining to a probabilistic period in which a 

crossing waypoint is occupied. Together with Eqs. (7.25)-(7.27), we can find a risk 

domain 𝒟𝑤cp(𝑖)_𝑡  at a risk level 𝛼 for the crossing waypoint 𝑤cp(𝑖), formulated as 

𝒟𝑤cp(𝑖)_𝑡 ∶= 𝒕𝑤cp(𝑖)
WOT < 𝐹−1(1 − 𝛼),   𝒕𝑤cp(𝑖)

WOT ∈ [𝑡𝑤cp(𝑖)
WOT_lower, 𝑡𝑤cp(𝑖)

WOT_upper
]       (7.28) 

The boundary of the risk domain 𝒟𝑤cp(𝑖)_𝑡  can be interpreted as a set of a period of 

time. The lower bound 𝑡𝑤cp(𝑖)
WOT_lower and upper bound 𝑡𝑤cp(𝑖)

WOT_upper
 are determined by the 

time-dependent normal distribution 𝒩𝑑(𝜇𝑡, 𝜎𝑡
2) at a risk level 𝛼. Where 𝜇𝑡 = 𝜇dev_𝑡 +

𝑞𝑤cp(𝑖)
det_ETA and 𝜎𝑡 = 𝜎dev_𝑡 denote the expectation and standard deviation of the random 

WOT distribution at a crossing waypoint 𝑤cp(𝑖) at time 𝑡. To ensure that the chance of 

conflict is less than the acceptable risk level 𝛼, the ETA of a flight 𝑓𝑘 on a crossing 

waypoint 𝑡𝑤cp(𝑖)_𝑓𝑘
ETA  should not be inside the WOT defined by its risk domain 𝒟𝑤cp(𝑖)_𝑡. 

According to Eq. (7.17), the separation constraint can be denoted as 

Pr (|𝑡𝑤cp(𝑖)_𝑓𝑘
ETA − 𝒕𝑤cp(𝑖)

WOT | ≥ 𝑡𝑤cp(𝑖)
rqd_sep

) ≥ 1 − 𝛼                           (7.29) 
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Either 𝑡𝑤cp(𝑖)_𝑓𝑘
ETA ≥ 𝑡𝑤cp(𝑖)

WOT_upper
, meaning that a flight arrives at the waypoint after 

WOT, then 

Pr (𝒕𝑤cp(𝑖)
WOT ≤ 𝑡𝑤cp(𝑖)_𝑓𝑘

ETA − 𝑡𝑤cp(𝑖)
rqd_sep

) ≥ 1 − 𝛼

⇒ (𝑡𝑤cp(𝑖)_𝑓𝑘
ETA − 𝑡𝑤cp(𝑖)

rqd_sep
) ≥ 𝐹−1(1 − 𝛼)             

                              (7.30) 

Or 𝑡𝑤cp(𝑖)_𝑓𝑘
ETA < 𝑡𝑤cp(𝑖)

WOT_lower, meaning that a flight arrives at the waypoint before it 

has occupied, then  

Pr (𝒕𝑤cp(𝑖)
WOT ≥ 𝑡𝑤cp(𝑖)_𝑓𝑘

ETA + 𝑡𝑤cp(𝑖)
rqd_sep

) ≥ 1 − 𝛼  

⇒ 1 − Pr (𝒕𝑤cp(𝑖)
WOT < 𝑡𝑤cp(𝑖)_𝑓𝑘

ETA + 𝑡𝑤cp(𝑖)
rqd_sep

) ≥ 1 − 𝛼 

⇒  Pr (𝒕𝑤cp(𝑖)
WOT < 𝑡𝑤cp(𝑖)_𝑓𝑘

ETA + 𝑡𝑤cp(𝑖)
rqd_sep

) ≤ 𝛼                

⇒  (𝑡𝑤cp(𝑖)_𝑓𝑘
ETA + 𝑡𝑤cp(𝑖)

rqd_sep
) ≤ 𝐹−1(𝛼)                          

                         (7.31) 

where 𝑡𝑤cp(𝑖)_𝑓𝑘
ETA = 𝑡′𝑓𝑘

dep
+ 𝑡𝑤cp(𝑖)_𝑓𝑘

AAT .  

7.4.3 Conversion of Chance-constrained Model to MINLP Model 

Compared with the probabilistic constraint in Eq. (7.17), Constraints (7.30) and 

(7.31)  are deterministic functions, which are tractable and implementable to our 

optimization problem. As a flight arrives at a waypoint either after (Eq. (7.30)) or 

before (Eq. (7.31)) it has been occupied by another flight, we convert this logical 

condition into linear constraints by introducing binary variables 𝜉1, 𝜉2 and a sufficiently 

large number 𝑀, which is always greater than 𝑡′𝑓𝑘
dep

+ 𝑡𝑤cp(𝑖)_𝑓𝑘
AAT + 𝑡𝑤cp(𝑖)

rqd_sep
. With that, 

the chance-constrained UTFM optimization model can be converted as a deterministic 

optimization model, denoted as 

min: 𝑇delay = 𝜔ppn ∑ 𝑡′𝑓𝑘
dep

+

𝑓𝑘∈𝐹𝐷

𝜔AAT ∑ ∑
𝑙𝑠𝑖𝑗
𝑣𝑠𝑖𝑗_𝑓𝑘𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑓𝑘

 

𝑓𝑘∈𝐹𝐷

              (7.32) 

Subject to: 

𝑡′𝑓𝑘
dep

+ 𝑡𝑤cp(𝑖)_𝑓𝑘
AAT − 𝑡𝑤cp(𝑖)

rqd_sep
≥ 𝐹−1(1 − 𝛼) − 𝑀𝜉1                              (7.33) 

𝑡′𝑓𝑘
dep

+ 𝑡𝑤cp(𝑖)_𝑓𝑘
AAT + 𝑡𝑤cp(𝑖)

rqd_sep
≤ 𝐹−1(𝛼) + 𝑀𝜉2                                    (7.34) 

𝜉1 = {
0, if (𝑡′𝑓𝑘

dep
+ 𝑡𝑤cp(𝑖)_𝑓𝑘

AAT ) ≥ 𝑡𝑤cp(𝑖)
WOT_upper

 

1, otherwise                                                
                                    (7.35) 
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𝜉2 = {
0, if (𝑡′𝑓𝑘

dep
+ 𝑡𝑤cp(𝑖)_𝑓𝑘

AAT ) < 𝑡𝑤cp(𝑖)
WOT_lower 

1, otherwise                                                
                                    (7.36) 

𝜉1 + 𝜉2 = 1                                                                                                   (7.37) 

𝑡𝑓𝑘
AAT = ∑

𝑙𝑠𝑖𝑗
𝑣𝑠𝑖𝑗_𝑓𝑘𝑠𝑖𝑗_𝑓𝑘∈𝑆𝑓𝑘

≤ 𝑡𝑓𝑘
btry

                                                                (7.38) 

𝑣𝑓𝑘
min ≤ 𝑣𝑠𝑖𝑗𝑓𝑘

≤ 𝑣𝑓𝑘
max                                                                                 (7.39) 

𝑡′𝑓𝑘
dep

≥ 𝑡𝑓𝑘
dep
                                                                                                 (7.40) 

The converted deterministic model is a mixed integer nonlinear programming 

(MINLP) model, which has two decision variables of the continuous 𝑡′𝑓𝑘
dep

 and the 

integer 𝑣𝑠𝑖𝑗_𝑓𝑘 under both the linear Constraints (7.33)-(7.34), (7.39)-(7.40), 0-1 integer 

constraints (7.35)-(7.36), and nonlinear Constraints (7.38). 

7.4.4 Hierarchical Stochastic Search (HSS) Algorithm 

Solutions for solving the NP-hard MINLP problems have been widely studied. 

Exact methods such as branch-and-bound or cutting-plane-based algorithms [120] are 

always applied to a relaxed form of MINLP to solve linear programming relaxations 

tightened by cutting planes at each node [266]. However, these methods would become 

exhaustive without an effective estimation of the lower and upper bounds of branches 

in the search space, making these methods inapplicable to solve the problem within an 

acceptable time at the pre-tactical phase in this work. Commercial solvers can also solve 

MINLP problems. However, the performance of solvers would be significantly reduced 

if the objective function is not linear [267] such as the one (Eq. (7.32)) in this work. 

Solver has also been proven as a highly time-consuming way to solve the MINLP 

problem [237], which makes it an inappropriate one in this work. Furthermore, the 

performance of exact methods and solvers drops with the increase of the search space 

size, while metaheuristic algorithms are less sensitive to the space size and nonlinear 

objectives[222], which motivates the use of a metaheuristic method. 

In this work, we develop a hierarchical stochastic search (HSS) algorithm to solve 

the modelled MINLP problem with fast computation. The HSS algorithm is inspired by 

a novel and powerful metaheuristic optimization framework [194], which transforms 

objectives and constraints into weighted penalties by adopting the constraint 

transcription method [268]. Specifically, weights of constraint penalties will be 
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assigned with much higher orders of magnitude than objectives to prevent violations of 

constraints. The separation constraints (Eqs. (7.33)-(7.37)), safety-critical ones, are 

also transferred to a penalty. Output solutions could be infeasible because of separation 

violations. A hierarchical safety guarantee is introduced by increasing the weights of 

the separation constraint in the next iterations if the separation is violated. 

After transformation, the developed MINLP model is converted as a cost function, 

formulated as 

{
 
 

 
 ℎcost = 𝐶obj + 𝐶sep + 𝐶btry 

𝐶obj = 𝑇delay                          

𝐶sep = 𝜔sep𝑛conflict             

𝐶btry = 𝜔btry𝑛btry_flat         

                                                     (7.41) 

where ℎcost is the total cost, and 𝐶obj is the cost of the objective function as shown in 

Eq. (7.32) . Note that 𝐶sep  and 𝐶btry  are penalty costs of separation violation and 

battery duration violation, which are correlated with the number of flight conflicts 

𝑛conflict and number of flight duration violations 𝑛btry_flat, respectively. Here 𝜔sep and 

𝜔btry are weights of conflict penalty and duration violation penalty. With the total cost 

function, the HSS algorithm can be used to find optimized results of the UTFM problem. 

In the HSS algorithm, exploitation and exploration are two core processes [141]. 

The exploitation process is to utilize the current best information by creating new 

solution points that are adjacent to the current best solution point distributed by 

Gaussian random walks, which can be denoted as 

𝑃new
𝜂

= 𝑃curr + (𝜀𝑃currbest − (1 − 𝜀)𝑃curr) + Gau(𝜇𝑃, 𝜎𝑃) (7.42) 

where 𝑃new
𝜂

 is the 𝜂th new point diffused by the current point 𝑃curr  for exploitation. 

Note that 𝑃curr_best is the best solution point in the current vector, and 𝜀 is the weightage 

factor to adjust the degree of exploitation. Here 𝜇𝑃 and 𝜎𝑃 are the mean and standard 

deviation of positions of the new points. 

The exploration process is to ensure a high diversity of solutions by searching for 

other solution points that are not adjacent to the current best point, denoted as 

{
𝑃new
𝜁

= 𝑃curr − 𝜀
′(𝑃rdm

′ − 𝑃curr_best), 𝜀
′ ≤ 0.5 

𝑃new
𝜁

= 𝑃curr + 𝜀
′(𝑃rdm

′′ − 𝑃rdm
′ ), 𝜀′ > 0.5        

                                  (7.43) 

where 𝑃new
𝜁

 is the 𝜁th updated position of 𝑃new
𝜂

, and 𝜁 is the number of points being 

updated. Here 𝑃rdm
′  and 𝑃rdm

′′  are two randomly generated points in the solution vector, 

and 𝜀′ is the weightage to adjust the degree of exploration. In this work, the factors of 
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𝜀 and 𝜀′ are both taken as 0.5 for exploitation and exploration balancing. The detailed 

fundamental development of the stochastic optimization framework can be found in 

[141]. 

As output solutions may still be infeasible due to violations of the separation and 

battery duration. A hierarchical safety guarantee is introduced by increasing the penalty 

weights of separation constraint and battery duration if violations are detected. With 

more violations detected, the corresponding updated penalty weights 𝜔sep
′  and 𝜔btry

′  

will be given a larger number. The weightage update function is given as 

{
 
 

 
 𝜔sep

′ = 𝜔sep (1 +
𝑛conflict
𝑁𝐹𝐷

)   

𝜔btry
′ = 𝜔btry (1 +

𝑛btry_flat

𝑁𝐹𝐷
)

                                                (7.44) 

Here, 𝑁𝐹𝐷  is the total number of delayed flights.  

With the modelling above, the pseudo-code of the population-based hierarchical 

stochastic search (HSS) algorithm is presented in Algorithm 1.  

 

 

 

In the initialization process, the candidate solution vectors are sampled based on the 

population size. Each solution vector has N-dimension, representing the decisions for 

all delayed flights 𝑁𝐹𝐷 . The current best solution vector 𝑃curr_best in each iteration is 

selected from the candidate solutions based on the cost function Eq. (7.41). The HSS 

Algorithm 1: Hierarchical stochastic search (HSS) algorithm

1: Input: Initial conflict- free 4DTs, Lower and upper bounds of decision variables (v , t dep)

2: Initialization: generate a population of solution vector P  with N-dimension

3: Selection: obtain the initial best solution by evaluating the cost value (Eq. (7.41))

4: while n conflict ≠0 || n btry_flat ≠0 % Optimization process

5:        begin: Exploitation process

6:             Searching neighbors of the initial best solution (Eq. (7.42))

7:             Update the current best solution point (P curr_best) and cost value (h cost)

8:        end

9:        begin: Exploration process

10:             Explore solution points based on two random points in P  (Eq. (7.43))

11:             Update P curr_best and h cost

12:        end

13:        begin: Evaluation process

14:             [n conflict, n btry_ flat] =f (P curr_best) % obtain number of violations by Eqs. (7.33)-(7.38)

15:                 if n conflict > 0 and/or n btry_flat > 0

16:                        Update weights of the conflict penalty and/or the duration violation penalty by Eq. (7.44)

17:                 end

18:        end

19: Return (P best, h cost)
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algorithm iterates to search the near-optimal solution vectors till meet the stopping 

criterion defined by 𝑛conflict ≠ 0 ∥ 𝑛btry_flat ≠ 0 . Meaning that the iteration stops 

when the number of conflicts and duration violations are both zero. 

The number of basic executions of the algorithm is n in the main loop (the While 

loop). Given a population size, the number of executions increases proportionally with 

the increase in the input size 𝑁𝐹𝐷 , as the termination condition is guaranteed for all cases 

of input size by adjusting not only the flight speed but the departure time to meet the 

termination condition if the speed adjustment fails to do so. That makes the time 

complexity of the algorithm 𝑂(𝑛). 

7.5 Numerical Analysis and Results 

In this section, simulations are conducted to demonstrate the effectiveness, 

robustness, and scalability of the developed chance-constrained UTFM optimization 

model and the HSS algorithm. The uncertainty distribution is first established based on 

the flight experiment data using a specific drone [269]. The optimization model is then 

applied to several cases to solve the disrupted 4DTs due to delays and trajectory 

deviations. Sensitivity analysis is also performed in various environments with different 

UAM traffic patterns and densities to demonstrate the generalizability and scalability of 

the proposed model and algorithm. Computations in this section were conducted using 

Matlab on a computer with Intel i9 2.5GHz processors and 32 GB RAM. 

7.5.1 Uncertainty Distribution based on Flight Experiment Data 

The flight experiments were conducted with the drone of DJI Inspire-1 (~3kg) under 

beyond visual line of sight (BVLOS) operations in the Waypoint Model using the DJI 

mobile application. The waypoints were manually chosen by setting (latitude, longitude, 

altitude), which formed a 3D quad pattern trajectory with a side length of 140 m. The 

flight speed was taken as 7 m/s, so the ETA to each waypoint can be computed by 

adding the expected airborne time with the departure time. With the 3D trajectory and 

ETA to each waypoint, the pre-planned 4D trajectories were obtained. After the 

experiment, a total of 52 independent flight trajectories with tracking information were 

obtained. As the scope of this work is on the ETA deviations, only the along-track 

trajectory deviation [144] is considered in the analysis. By comparing the along-track 
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time deviations of the pre-planned 4DTs and the historical ones, the cumulative ETA 

deviations at each step (0.2 s/step, as telemetry data are recorded at 5 Hz) were obtained 

and presented in Fig. 7.5. Note that the ETA deviation is defined as the historical ETA 

minus the pre-planned ETA at each step (Eqs. (7.19)-(7.21)). The flight time step starts 

with the latest time of the trajectory location being calibrated.  

The cumulative ETA deviations at each time step range from negative to positive 

values, as shown in Fig. 7.5(a). A negative deviation represents the historical ETA is 

smaller than the pre-planned one, meaning that the flight arrives earlier than the pre-

planned ETA, while a positive deviation means the flight arrives late. In general, the 

ETA deviation increases with the increase of the time step to the last calibration. To 

investigate the type of deviation distribution, normality tests were performed for 

deviations at each step that has one sample group (ETA deviation) with a size of 52. 

Obtained results are presented in Fig. 7.5(b), and the ETA deviations at all time steps 

follow a normal distribution (p-value>0.05) at a 95% confidence level. The mean and 

variance of the normal distributions at each step are obtained and shown in Fig. 7.5(c). 

In this section, we demonstrate the feasibility of the assumption made in Section IV-

A that the ETA uncertainty 𝑢𝑡 follows a normal distribution 𝒩(𝜇dev_𝑡, 𝜎dev_𝑡
2 ). With the 

obtained uncertainty distribution, the UTFM optimization model can be used to 

optimize the disrupted 4DTs. 

7.5.2 Optimization Performances of UTFM Optimization Model 

In this section, we demonstrate the performance of the proposed UTFM 

optimization model and HSS algorithm. The simulation environment is selected from 

an area in Singapore with a size of 6,000m×6,000m×120m (width×length×altitude). 

The selected airspace is meshed into standard 3D blocks with a size of 

100m×100m×30m. A total of 100 flights are randomly generated in the airspace at a 

one-hour time window. The origin and destination of these flights are randomly chosen 

in the environment under the constraint that the flight distance is in the range of [2, 8] 

km, with a speed of 7 m/s in accordance with the flight experiments in Section V-A. 

The initial conflict-free 4DTs are generated by a previous study [141]. The percentage 

of delayed flights is taken as 20%, and delayed flights are randomly chosen from the 

100 flights. The time of delays are random variables that follow a normal distribution, 
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and the mean and standard deviation of the distribution are taken as 600 and 300, 

respectively [117] in this study. 

 
(a) Cumulative ETA deviations at each step (0.2 s/step) 

 

(b) Normality test results (p-value>0.05, normal) 

 

(c) Mean and standard deviation of the ETA deviations 

Fig. 7.5: Uncertainty distribution of ETA deviations. 

 

Other parameters used in the simulations are given in Table 7.1. The decision 

variables are the actual departure time 𝑡′
dep

 and the flight speed 𝑣. Here 𝑡′
dep

 is in the 
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range of [1, 3600] s in a one-hour time window, and the flight speed is taken as integers 

ranging from [5, 20] m/s. The lower bound of the speed is taken as 5 m/s, meaning that 

hovering is not an option, as our model considers both quad-rotor drones and fixed-

wing eVTOLs. The upper bound of the speed (20 m/s) and battery duration 𝑡btry (18 

min) are constrained by the performance of DJI Inspire-1 [269] used in simulations. The 

risk level 𝛼 is given as 0.05. The weightage factors of 𝜔ppn and 𝜔AAT are both taken as 

0.5, indicating the same significance of the ground delay and the airborne delay. The 

initial penalty weights for conflict and duration violation are taken as 300, which 

represents that the penalty for one violation is equivalent to 300 seconds of delays in 

the optimization model. Uncertainty distribution of the ETA deviation is obtained in 

Section V-A. These uncertainties are ingested into the initial 4DTs, causing new 

conflicts as shown in Fig. 7.6(a). The UTFM optimization model is then applied to 

optimize the disrupted flights, and obtained results are shown in Fig. 7.6. 

Among the 20 delayed flights, there are 7 flights with their 4DTs intersected with 

other flights yielding 26 new conflicts, shown in Fig. 7.6(a). It means that not all delayed 

flights will cause new conflicts if the delayed ETAs at crossing waypoints do not fall 

into the corresponding risk domain that is defined by the waypoint occupation time. The 

flights with conflicts are labeled from #1 to #7 at the origin position of their paths, and 

the correlations between ETA and WOT of these conflicts are demonstrated in Fig. 

7.6(b). 

 

Table 7.1: Parameter settings in the simulations. 

Types Parameters Range of values 

Decision variables 
𝑣 (m/s) [5, 20] 

𝑡′
dep

 (s) [1, 3600] 

Constraint thresholds 
𝑡btry(min) 18 

𝛼 0.05 

Weights in objective and 

penalties  

𝜔ppn 0.5 

𝜔AAT 0.5 

𝜔sep 300 

𝜔btry 300 

 
The #1 delayed flight starts from the origin (x=1300, y=5900) to the destination 

(x=2900, y=1000), creating two conflicts at the flight time of 244 s and 664 s, shown at 

the top left of Fig. 7.6(b). The original ETAs (black-filled circles) of these two conflicts 

are outside the risk domain defined by a deterministic WOT (blue-shaded areas) if 
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uncertainty is not considered. However, the original ETAs fall into the risk domain 

under the WOT with uncertainty (red-shaded areas) that is caused by ETA deviations, 

yielding flight conflicts. Note that with the increase of the flight time, the probabilistic 

WOT becomes larger due to the uncertainty propagation. For instance, the WOT at the 

second conflict position (on 664 s) is significantly larger than the one in the first position 

(on 244 s) for the #1 delayed flight. By taking the uncertainty at a risk level of 0.05, the 

optimized ETAs (green-filled circles) are all outside the risk domains, meaning 

successful resolutions for conflicts. The optimization performance also extends to the 

other six delayed flights, and all conflicts are solved with optimized ETAs that are 

cleared from the probabilistic WOTs. 

To have a deeper view of the conflict condition for each crossing waypoint 

pertaining to the delayed flights, the correlations between actual separation and 

separation requirement before and after optimization are presented in Fig. 7.6(c). 

Delayed flights have a total of 105 crossing waypoints in which conflicts may occur if 

the time separation is violated. Under a deterministic separation requirement (black 

dotted line), only one conflict is detected (marked by the red ellipsoid), resulting in 25 

misdetections (marked by black ellipses) if consider the ETA deviation, an inevitable 

uncertainty in real-world UAM operations. After optimization, all separation violations 

are successfully resolved, as the optimized ETAs are outside the probabilistic WOTs 

that form the risk domains. Compared with the traditional 4DT optimization model 

which does not consider uncertainties, our proposed chance-constrained UTFM model 

significantly reduces and solves the misdetections of conflicts from 25 to zero at a risk 

level of 0.05.  

 
(a) Conflicts caused due to flight delays and ETA deviations 
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(b) Conflict detection and resolution in conditions with and without WOT 

uncertainties 

 
(c) Actual separation versus separation requirement in conditions with and without 

uncertainties 

Fig. 7.6: Optimization results of the disrupted 4DTs due to flight delays and ETA 

uncertainty. Note that the optimized ETAs can be earlier or later than the original ETAs, 

as demonstrated by delayed flight #1 in (b). As departure time can only be delayed, 

earlier optimized ETAs can only be done by increasing flight speed. Also note that the 

optimized ETAs of the #4 delayed flight in (b) are not inside the WOT. Large plotted 

green circles are for easy reading.  

7.5.3 Reliability Testing of Proposed Model and Algorithm 

In Section V-B, a case with 20% delayed flights is performed with a total of 100 

flights. More delayed flights represent more flight disruptions that need to be handled 

by the optimization model. Which increases the complexity of the optimization problem, 

as the input size of the problem increased. The increased input size brings challenges 
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for computational efficiency and solution quality. To demonstrate how different 

percentages of delayed flights will impact the initial 4DTs and optimization 

performances, we conduct sensitivity analysis on the percentage of delayed flights 

ranging from [1, 50] % with an interval of one percent. Note that the increment of the 

delay percentage is obtained by adding all existing delayed flights with one percent of 

new delayed flights that are selected from the unchosen flight set. That makes a reliable 

comparison in scenarios with different delay percentages by reducing the randomness 

effects of mission diversities (e.g., different departure times and flight distances). To 

further demonstrate the reliability of the proposed optimization model, simulations for 

each percentage of delayed flights are conducted 50 times independently in different 

traffic patterns that are randomly generated. Obtained results are presented in Fig. 7.7.  

In general, with the increase in the percentage of delayed flights, the degree of 

disruption on the initial conflict-free 4DTs becomes higher in terms of the number of 

flight conflicts, number of rejected flights, and average delay. Before optimization, the 

number of conflicts saw a slight increase (blue curve in Fig. 7.7(a)) within low delay 

percentages (<6%), followed by a significant increase with the rise of delayed flight 

percentage until reaching the threshold (18%) of a complete disruption where the 

number of conflicts has no notable increases. It reveals that within a low range of delay 

percentage, the disruptions to the entire traffic flow are not significant. That is because 

the chance is low to cause ETA clashes by only a few delayed flights. However, 

exceeding this low range, the number of conflicts increases rapidly, indicating that the 

initial conflict-free 4DTs are heavily impacted by the delayed flights, and the notable 

increase ceased until exceeding the threshold of a complete disruption where the 

effectiveness of the initially optimized conflict-free 4DTs has been degraded. 

After optimization, all conflicts are resolved by the proposed optimization model. 

While it has sacrifices of an increased number of flight rejections (Fig. 7.7(b)) and 

increased average flight delays (Fig. 7.7(c)). As in the objective function (Eq. (7.32)), 

the departure time of flights would be postponed solving conflicts. If the postponed 

departure time of a flight exceeds the time window (one hour in this case), this flight 

will be rejected, meaning that the traffic density exceeds the airspace capacity. As 

shown in Fig. 7.7(b), the average number of rejected flights is zero in the 50 independent 

simulations when the percentage of delayed flights is below 16%. In that range, the 

optimization model can solve all conflicts without the need to reject any flights. Which 

could facilitate the development of the capacity threshold for the UAM traffic 
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management system. Flights exceeding the capacity threshold should be allocated to 

next-time windows to avoid rejections. After optimization, the average flight delays are 

reduced in a low range of percentage (<9%), as shown in Fig. 7.7(c). When the 

percentage of delayed flights exceeds 10%, the average delay of optimized flights 

outnumbers the initial ones, which is the cost of solving conflicts. While the gaps of the 

delays before and after optimization are maintained in a linear manner. 

We also conduct simulations to investigate the influence of ETA uncertainty on 

optimization performance, as ETA uncertainty causes difficulties in generating robust 

flight 4D trajectories. The control variable in the simulations is the mean ETA deviation, 

which is taken from the range of [1, 15] minutes with an interval of one minute. 

Simulations are performed under each ETA deviation condition and obtained results 

demonstrate that the proposed method can solve all flight conflicts in an increasing ETA 

uncertainty condition. However, similar to the results in Fig. 7.7(b), the proposed 

method has a cost with a slightly increased number of flight rejections. 

 
Fig. 7.7: Reliability of the proposed model in 50 different traffic patterns with an 

incremental percentage of delayed flights. (At 0.05 risk level) 
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7.5.4 Impacts on UTFM under Different Risk Levels 

The simulations mentioned above are conducted at a risk level of 0.05. To 

demonstrate the influences of different risk levels on the UAM traffic and the 

corresponding optimization performances, simulations are conducted with six risk 

levels of {0.2, 0.1, 0.05, 0.025, 0.01, 0.001} with 20% delayed flights in 100 flights. 

Obtained results are presented in Table 7.2. 

With the decrease in the risk level, all indicators become worse. Because a lower 

risk level represents a more stringent safety requirement, which is equivalent to a higher 

separation requirement. A higher separation requirement results in a smaller airspace 

capacity, which yields more conflicts and delays if the traffic density remains 

unchanged. That is why the number of conflicts created by uncertainties (2nd row in 

Table 7.2) in the initial 4DTs saw an exponential increase with the decrease of risk 

levels. The optimized results show a similar pattern with all conflicts resolved (3rd row) 

while at little cost of flight rejections (4th row) and delays (5th row). 

 
Table 7.2: Optimization performances under different risk levels. 

Indicators\Risk level (𝛼) 0.2 0.1 0.05 0.025 0.01 0.001 

Initial 4DTs 
No. of conflicts 

caused 
22 24 30 35 39 43 

After 

Optimization 

No. of conflicts 0 0 0 0 0 0 

No. of rejected 

flights 
0 1 1 1 1 1 

Ave. delay  

change (s) 
24.0 21.4 22.3 25.7 32.5 47.0 

 

 

7.5.5 Scalability Analysis 

In the simulations above, the optimization model performs well in solving flight 

conflicts and optimizing delays. The reliability testing also demonstrates promising 

results in different traffic patterns at different risk levels, with a traffic density of 100 

(flights/hour/36 km2). However, higher traffic density could lead to more conflicts and 

leave less space for resolution maneuvers. To investigate the performances of the 
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proposed model and algorithm in scenarios with different traffic densities, scalability 

tests are conducted. The UAM traffic density is taken from 10 to 300 

(flights/hour/36km2) with an interval of ten. To reduce the random effects of individual 

flight missions, flights in the next traffic density scenarios are obtained by adding all 

current flights with ten new flights. Delayed flights are randomly chosen in each density 

scenario with a percentage of 20, which is considered the threshold of the complete 

disruption of initial optimized plans (Fig. 7.6(a)). Lastly, the computation time of the 

HSS algorithm in each scenario is recorded. All obtained results are shown in Fig. 7.8. 

The 20% delayed flights in increasing traffic density scenarios cause more 

disruptions to the initially optimized flight trajectories, reflected by a notable upward 

trend in the number of conflicts (blue curve in Fig. 7.8(a)). After optimization, all 

conflicts are solved (red curve in Fig. 7.8(a)), however, the traffic system pays a cost of 

an increased number of flight rejections (Fig. 7.8(b)) with the increase of the traffic 

density. Within a density of 150, conflicts can be solved through speed adjustment with 

only 5 flights being rejected due to their departure time exceeding the departure window. 

However, the average delays doubled from 25 seconds to 50 seconds per flight 

compared with the initial plans before optimization (Fig. 7.8(c)). That is because the 

average flight speed is reduced in high-density scenarios (Fig. 7.8(d)) to avoid conflicts, 

increasing the total airborne delay. With the increase of the traffic density, the average 

flight speed first saw a slight upward trend from 8 m/s to 11 m/s at the density of 110, 

while a downward trend dominates with the average speed drops to 9 m/s when reaching 

a density of 290 (flights/hour/36km2).  

Lastly, the computation time of the HSS algorithm for each density scenario is 

presented in Fig. 7.8(e). With the increase in traffic density, the computation time shows 

a low-slope linear trend, which demonstrates our analysis of the computation 

complexity O(n) in Section IV-D. Below the density of 100, the proposed HSS 

algorithm can solve the UTFM optimization problem within 5 seconds, and 12 seconds 

even for a density of 300, which is equivalent to 6,000 flights/hour in Singapore urban 

airspace below 400 ft. That makes the HSS algorithm a practical solution to handle high-

density UAM traffic flow optimization problems. 
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Fig. 7.8: Scalability analysis of the optimization model and the HSS algorithm in 

scenarios with different traffic densities. (flights/hour/36km2) 

 

7.6 Summary 

In this work, a chance-constrained urban air mobility (UAM) traffic flow 

optimization model is proposed to optimize the disrupted four-dimensional trajectories 

due to flight delays and trajectory uncertainties with the purposes of 1) ensuring system 

safety by resolving all conflicts caused by the uncertainties, and 2) improving system 

resilience by recovering delayed flights with robust and conflict-free trajectories. To 

solve the optimization model, a hierarchical stochastic search algorithm is developed 
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and validated in various traffic patterns and densities. Lastly, simulations are performed 

to demonstrate the effectiveness, reliability, and scalability of the proposed optimization 

model and HSS algorithm. From the obtained results, we demonstrate that: 

(i) The chance-constrained optimization model performs well in terms of solving 

flight conflicts in the presence of uncertainties. The model can successfully solve all 

conflicts in a wide range of traffic density scenarios only at little cost to the system 

efficiency, e.g., increased number of flight rejections and average flight delays. 

(ii) The chance-constrained model enables the connection between the user’s risk 

preferences and the choice of the trajectory uncertainty distribution (shown in Table 

7.2). Given a risk level α, a required safe separation will be derived from the uncertainty 

distribution of trajectory deviations, which has been tested as a normal distribution (at 

a 95% confidence level) through the flight experiment data.  

(iii) The proposed hierarchical stochastic search algorithm can solve the 

optimization model with a safety guarantee of resolving all conflicts. This is achieved 

by increasing the weights for conflict penalty through the weight update function, as 

shown in Algorithm 1. The computation of the hierarchical stochastic search algorithm 

can be completed in polynomial time, which makes it a practical solution algorithm to 

solve high-density UAM traffic flow optimization problems in various environments.  

(iv) Sensitivity analysis results show that the optimization performance is sensitive 

to traffic density but has no significant changes to traffic patterns in different 

environments. Given the same environment, the airspace capacity drops with the 

decrease of the risk level. Meaning that a smaller risk level (i.e., higher safety 

requirement) will have a cost to the capacity of the UAM traffic system. 

In summary, our proposed chance-constrained UTFM optimization model can 

significantly improve the safety and resilience of the UAM traffic system under flight 

delay and trajectory uncertainties with little cost to the system efficiency (e.g., delays). 

Which forms another safety assurance layer for the UAM traffic system, filling the gap 

between the strategic and tactical safety assurance layers. 
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Chapter 8 

 

8 Conclusion and Future Work 

In this Chapter, we summarize the research works conducted on risk assessment and 

mitigation for safe UAS operations. Followed by discussions of some future research 

directions based on our current works. 

8.1 Major Research Findings 

Third-party risk assessment and mitigation is one of the key challenges for the 

introduction of unmanned aircraft system operations into urban low-altitude airspace. 

For one thing, drone operations may fail and crash into people causing ground risk. For 

another, airborne collisions between drone yield air risk. These safety risks need to be 

quantitatively modeled and mitigated to enable safe and resilient UAS operations. This 

thesis, therefore, focuses on developing a Third-party Risk Assessment and Mitigation 

System (TRAMS) by leveraging mathematical optimization and machine learning 

techniques. TRAMS considers both ground risk and air risk with the objective of 

minimizing safety risks and improving the efficiency and resilience of UAS operations. 

First, we introduce a risk-based AirMatrix concept of operations (ConOps), which 

enables digitalized low-altitude urban airspace management by incorporating various 

data sources, such as third-party risk, flight plans, communication, navigation, and 

surveillance of unmanned aircraft. The risk-based AirMatrix ConOps provides both 

safety assurance and flight flexibility for unmanned aircraft system (UAS) traffic 

management. (Achieved in Chapter 3) 
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Second, we study the UAV flight path optimization problem with consideration of 

an integrated cost assessment model of fatality risk, property damage risk, and noise 

impact. The developed flight path optimization method is effective and reliable in 

minimizing the risk cost of the flight path. Besides, our developed cost-based path 

planning algorithm provides a novel scheme to determine the heuristic information for 

path searching methods in cost-based environments. The simulation results show the 

effectiveness and reliability of the developed algorithm in solving cost-based path 

optimization problems. This study allows the integrated assessment for various third-

party risk factors to generate a unified risk-cost map. With the map, the safety risk of 

an individual flight can be reduced by the path optimization model. (Achieved in 

Chapter 4) 

Third, the risk assessment results from the above work can be influenced by risk 

uncertainties due to population movement. Hence, we investigate the stochastic route 

optimization problem under dynamic ground risk for safe and robust UAS operations. 

The problem is developed as a two-stage stochastic route optimization model. The first-

stage decision handles the route feasibility requirements regarding the target level of 

safety and flight duration. While the route selection and departure time-related decisions 

are made in the second stage to cope with stochastic risk conditions. Simulation results 

demonstrate the good performance of the proposed model in terms of ground risk 

mitigation. The research findings of this work can provide support for (i) aviation 

authorities to decide if a specific flight plan (with flight route and estimated time of 

departure) can be approved under a given target level of safety, (ii) eVTOL users 

(delivery or air taxi companies) to optimize the routes and timetables of their flight 

missions to avoid high-risk conditions. Which ultimately contributes to the safety risk 

management of UAS operations in low-altitude urban airspace. (Achieved in Chapter 5) 

Fourth, mid-air collision between UAVs is considered as air risk, and the collided 

UAVs will fall and cause knock-on ground risk. To reduce these risks, we study flight 

conflict detection and resolution problems for large-scale high-density UAS traffic flow. 

An adaptive conflict resolution framework is proposed to optimize the strategies used 

for different types of conflicts with explainable mechanisms, and with the goal of 

optimizing UAV 4D routes. The framework is formulated as a double-layer 

optimization problem, and scheduling, speed adjustment, and rerouting strategies are 

considered for conflict resolution. The first layer of the framework is established as a 

probabilistic selection model to make decisions on which strategy is selected for what 
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type of conflict. The second layer is developed as a mixed integer nonlinear 

programming (MINLP) model to optimize the decision variables of the strategies 

selected by the first layer. A novel meta-heuristic stochastic fractal search (SFS) 

algorithm is then developed to solve the proposed problems. Simulation results 

demonstrate the effectiveness and robustness of the proposed framework and algorithms. 

(Achieved in Chapter 6) 

Lastly, we study the robust unmanned air traffic flow management (UTFM) 

problems under uncertainties of flight delay and trajectory deviations, which contribute 

to safe and resilient UAS traffic flow management. A chance-constrained urban air 

mobility traffic flow optimization model is proposed to optimize the disrupted four-

dimensional trajectories due to flight delays and trajectory uncertainties with the 

purposes of (i) ensuring system safety by resolving all conflicts caused by the 

uncertainties, and (ii) improving system resilience by recovering delayed flights with 

robust and conflict-free trajectories. To solve the optimization model, a hierarchical 

stochastic search algorithm is developed and validated in various traffic patterns and 

densities. Lastly, simulations are performed to demonstrate the effectiveness, reliability, 

and scalability of the proposed optimization model and hierarchical stochastic search 

algorithm. (Achieved in Chapter 7) 

In summary, the research works done in this thesis is to form a third-party risk 

assessment and mitigation system (TRAMS) by combining ground risk studies (Chapter 

3, Chapter 4, and Chapter 5) and air risk studies (Chapter 6 and Chapter 7). The ground 

risk studies produce a risk-minimizing route for individual flight missions. Based on the 

generated risk-minimizing route, the air risk studies handle multiple flight missions to 

revolve flight conflicts and disruptions under uncertainties. Incorporated ground risk 

and air risk studies for third-party people, the TRAMS enables safe, resilient, and 

efficient UAS operations with flight recovery capability under uncertainties in urban 

environments. 

This thesis presents some research works on safety risk management and traffic flow 

management for emerging unmanned aircraft system operations, and it can be further 

extended in several ways. 
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8.2 Future Research Directions 

Unmanned aircraft system operations, as an emerging domain, have been evolving 

fast with novel concept of operations such as advanced air mobility (AAM), which 

employes various types of eVTOLs to expand the boundaries of air transport services 

into urban, suburban, and rural areas. The mixed types of eVTOLs and various missions 

bring new challenges for risk identification, assessment, and mitigation, which require 

considerable research efforts. While emerging data sources such as demand distribution 

data and flight accident dataset could enable better sensing, learning, and managing 

capabilities for more accurate and comprehensive analysis of UAS risks. Moreover, 

research works on the development of hybrid human-AI system would also be needed 

to enable mixed high-density UAS traffic flow operating in complex low-altitude urban 

airspace. Specifically, this research work can be extended from the following aspects. 

 

(i). The concepts of operations for drone operations are still an open question, 

which needs considerable efforts to develop for areas such as air traffic service 

for UAS operations, airspace management for low-altitude urban airspace, and 

unmanned air traffic flow management concepts. 

(ii). Collision risk assessment between UAS and manned aircraft. The environment 

of this thesis is in low-altitude urban areas, and the integrated cost assessment 

model does not consider the risk cost of collision between UAVs with general 

aviation and commercial aircraft. The risk assessment models for air traffic 

conflict and collision [31] for a mixed type of aircraft require further 

developments.  

(iii). Risk modeling for advanced air mobility (AAM) with heterogeneous UAVs. 

This thesis considers the homogenous unmanned aircraft (UA) type for risk 

assessment and risk-based route optimization. The results can be different for 

heterogeneous UAs due to the difference in eVTOL size, weight, reliability (or 

failure rate), and operational purpose (parcel delivery or passenger transport) 

[270]. The risk modeling and assessment for various types of eVTOLs are 

needed to enable safe and harmonious operations for advanced air mobility 

[271]. 



 
 

197 

 

(iv). Risk mitigation approaches. In this thesis, risk mitigation is conducted from a 

perspective of air traffic management. The key is to perform flight route 

optimization to avoid high-risk areas with high population density. Other 

mitigation approaches can also be investigated. For instance, from a design 

perspective, eVTOLs can be equipped with parachutes to reduce the impact 

speed, which subsequently reduces the impact fatality probability. Besides, 

educating people to protect their head on response to a UAV crash accident also 

helps. As current crash severity assessment models assume the direct impact to 

a dummy head.  

(v). Tactical conflict detection and resolution in robotic levels. This thesis studies 

conflict resolution at strategic and pre-tactical levels to generate robust and 

conflict-free 4D flight trajectories. In the next steps, we can investigate tactical 

decision-making approaches for real-time conflict resolution to handle dynamic 

risks. There are also some other methods such as game theory [272] and deep 

reinforcement learning [273] have shed light on solving real-time conflict 

resolution problems, much more effects are still required to make these methods 

robust and implementable for real-world UAV operations. 

(vi). Integrated air traffic flow management for mixed types of UAVs. In the 

advanced air mobility concept of operations [137], there will be a mixed type 

of eVTOLs operating in urban airspace. Follow-up works are therefore needed 

to develop an unmanned air traffic flow optimization model considering various 

types of eVTOLs that have different specifications, flight performances, and 

trajectory uncertainties. In the models, apart from the trajectory uncertainty, 

other types of uncertainties could also impact the UAM traffic flow, such as 

probabilistic Geo-Fencing [259]. Future works are required to incorporate these 

uncertainties into the proposed UTFM model to ensure no violations of Geo-

Fencings (e.g., restricted areas) and to mitigate dynamic ground risks to third 

parties in urban environments. 
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