Non-spherical multi-oscillations of a bubble in a compressible liquid
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Abstract: Bubble dynamics are associated with wide and important applications in cavitation
erosion in many industrial systems, medical ultrasonics and underwater explosions. Two
recent developments to this classical problem are reviewed in this paper. Firstly,
computational studies on the problem have commonly been based on an incompressible fluid
model. However, a bubble usually undergoes significantly damped oscillation due to the
compressible effects. We model this phenomenon using weakly compressible theory and a
modified boundary integral method. This model considers the energy loss due to shock waves
emitted at minimum bubble volumes. Secondly, the computational studies so far have largely
been concerned with the first-cycle of oscillation. However, a bubble usually oscillates for a
few cycles before it breaks into much smaller ones. We model both the first- and second-
cycles of oscillation and predict damped oscillations. Our computations correlate well with
the experimental data.
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1. Introduction

Bubble dynamics is a classical problem. Traditional research into this topic has generally
been associated with the mechanism of cavitation erosion in many industrial systems, such as
ship propellers, turbines, pipelines and cryogenic pumps [1-7]. These continue to remain
important application areas and the challenge still stands, since cavitation erosion still
presents a problem and its mechanism has not been fully elucidated [8].

Recent research on bubble dynamics is associated with important medical applications,
including extracorporeal shock wave lithotripsy [9-11], tissue ablating (histotripsy) [12-13],
and oncology and cardiology [14]. Erosion mechanisms of cavitation are widely utilised in
ultrasound cavitation cleaning - one of the most effective cleaning processes for electrical and
medical micro-devices [15].

Bubble dynamics is associated with shock waves at the start, subsequent growth and
collapse of the bubble, and a high-speed liquid jet.The shock wave propagates at a much
smaller time scale than the bubble oscillation, so the two phenomena are usually modelled
separately. The shock wave is modelled using a compressible model and the bubble dynamics
are largely modelled using an incompressible model.

The inviscid model based on the boundary integral method (BIM) is grid-free in the flow
domain and has been widely used in bubble boundary interactions for axisymmetric cases
[16-26] and for three dimensional configurations [27-36]. Bubble dynamics have also been
simulated using domain approaches coupled with various interface-capturing schemes based
on the Euler equation or Navier-Stokes equations [37-51].
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The separated modelling of the shock wave and bubble dynamics works only before the
end of the collapse phase, when shock waves are often generated again by strong
compression of the bubble content and/or jet impact. A significant part of the energy of the
bubble system will be lost due to the generation and propagation of shock waves. As a result,
the maximum volume and oscillation period of the bubble are reduced significantly from the
first-cycle of oscillation to the second-cycle [52-53]. A compressible model has to be used to
simulate both the shock wave and bubble dynamics at the end of collapse.

The radial dynamics of spherical bubbles in compressible fluids have been studied
extensively for many decades [54-55]. [56] and [57] modeled spherical bubble dynamics in a
compressible liquid by using matched asymptotic expansions. They proved the well-known
Herring equation. [58-60] employed the doubly asymptotic approximations for spherical
bubble dynamics for both the external liquid and the internal gas.

We will model this phenomenon based on a weakly compressible theory [61-62],
because the associated liquid flow is often associated with a low Mach number. It has been
confirmed from many experiments in the literature that the maximum velocity of a boundary-
induced bubble jet is lower than 200 ms™ at normal ambient pressure [53].

We will study the multi-oscillations of bubble dynamics since in reality the oscillation
usually takes at least a few cycles before the bubble breaks down into much smaller ones.
Our compressible model predicts the energy loss associated with the generation and
propagation of shock waves at the end of collapse. The computational results of the bubble
shapes correlate well with experimental data up to the end of the second oscillation.

2. Mathematical modeling

Consider gas bubble dynamics in an inviscid and compressible liquid. The maximum
bubble radius Rm is chosen as the reference length, the density p« in the undisturbed liquid as
the reference density. The reference pressure is Ap = pw - pv, Where ps is the hydrostatic
pressure in the undisturbed liquid and pv is the partial pressure of vapour of the bubble. The
reference velocity is thus obtained as U =./Ap/p, .We introduce non-dimensional quantities
indicated by asterisks as follows,

r U 0}
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where r is the position vector, t is the time, ¢ is the velocity potential of the liquid and p is
the pressure. The sound speed c¢ is normalised by its value ¢« in the undisturbed liquid. In the
following discussion we refer to dimensionless quantities unless specified otherwise.

We introduce the bubble wall Mach number as follows,

e=—o, (2
C

which is assumed to be small in the present study. We assume that the flow associated with
cavitation gas bubble dynamics is subsonic, more specifically, a weakly compressible flow
with a low Mach number. There are strong pressure impulses as the bubble nears its
minimum volume, which are characterised by an abrupt and large change in the pressure in
the liquid. These strong pressure impulses are often termed as shock waves in the field of
bubble dynamics.

The liquid flow at a low Mach number is governed by the equation of mass conservation,
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and the Bernoulli equation,
0. +1
ot. 2
where §=./pgR,, /Ap is the buoyancy parameter, and g is the gravitational acceleration.
We divide the fluid domain into two regions: the inner region near the bubble where (X,
Yy, 2)=0(Rm) and the outer region far away from the bubble where (x, y, 2)=0(Cx»T).
Using matched asymptotic expansions, the outer solution to second order satisfying the
wave equation can be found analytically as follows,

2 p.+8%2. = 0(82). (3b)

V..

¢=gW+O(§), (@)
T
where F=r /(CwT) =e¢r. and mp (t) is the negative rate of the bubble volume,
oo(q, L.
my(t.)= ] %ds(q)- (5)
S
The inner solutions to first order satisfies Laplace’s equation,
Vip. = 0(82) : (6a)
The kinematic material boundary condition on the bubble surface S is,
jtr = V.. +0[?) on’s. (6h)

The dynamic condition on the bubble surface can be expressed using the Bernoulli
equation,
dop. 1

dt. 2
where the liquid pressure pLon the bubble surface is given by,

L pL+8°L +O(82) onsS, (6¢)

V..

A
V-
Pl = Pys + pgo*[v—oj —-o.V.-n onS. @)
Pgo==Pgo/Ap is the initial partial pressure of the non-condensable gas content of the bubble; V=«
is the bubble volume and Vo~ is its initial value, and A is the ratio of the specific heats of the
gas content; V«n provides the surface curvature and o*=c/(RmAp) is the surface tension
coefficient. We assumed in (7) that the expansion and contraction of the bubble gas is
adiabatic.

The far field boundary condition of the inner solution is obtained by matching the outer
solution as follows

0. — —sm+im+o(§) as r~—»oo, (6d)
271 2n T
The boundary conditions on the rigid boundary is,
Prel,_, = 0, (6e)

where v is the dimensionless standoff distance of the bubble from the boundary, defined ay =
S/Rm.
The initial boundary condition on the spherical bubble is given as follows,

P, o = -R.. L, ON L= Rox- (61)

Examining the initial and boundary problem of (6), one can see that the compressible
effects appear only in the far field condition (6d).
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3. Numerical modelling

To solve the initial boundary problem (6) using the usual boundary integral method [63],
we make the following decomposition

po=w-gMol) ©)
2
Substituting (3.1) into (2.6) yields

V2o =0(s?), (9a)
3[ =v.®+0(£?) ons, (9b)

dq) 1 2 2 mg(t*) 2

=2V @] - p. -2z +e—+0

dt. 2 Pom ot ey T (¢%) ons. (90)
®.|, =0, (9d)
. =00, (%)
®,.| ,=-R.(0) on r.=R,. (9f)

Because @ satisfies Laplace’s equation (9a), its solution may be represented in terms of a
boundary integral on the bubble surface S when the flow domain is in a singly-connected
form as follows

ple. )0l 1)= | [ P0o(e 0000 asg) qo
S an on
where B(r« t+) is the solid angle at the field point r« at the time t«, under which the liquid
domain is viewed from the field point r=. The solution (10) also satisfies the condition on the
rigid boundary (9d) and the far field condition (9e).

At each time step, we have a known bubble surface S and a known potential distribution
® on the bubble surface. With this information we can calculate the tangential velocity on the
bubble surface. The normal velocity on the bubble surface is obtained after solving the
boundary integral equation (10). The bubble shape and the potential distribution on it can be
further updated by performing the Lagrangian time integration to (9b) and (9c), respectively.
The details on the numerical model using the BIM for the problem can be found in [63-65].

A high-speed liquid-jet often forms and subsequently penetrates through the bubble for
non-spherical collapse. The liquid domain is then transformed from a singly-connected to a
doubly-connected form, which results in non-uniqueness of the potential problem (9). The
doubly-connected domain can be made singly-connected by using a vortex sheet ([66] and
[67]) or a branch cut [68]. [69] and [70] modeled the dynamics of a bubble ring with a vortex
ring inside, started with a circular cross-section. [71-72] developed a vortex ring model from
these earlier ideas to model the topological transition of a bubble and the subsequent toroidal
bubble. The vortex ring model was used for modelling the toroidal bubble in this work since
it avoids the treatment of the branch-cut or the vortex sheet.

4. Comparisons of computations with experiments

We carried out experiments [73] for bubble dynamics near a rigid boundary to validate
the numerical model. Bubbles were generated using a focused laser pulse emitted from a Q-
switched Nd, YAG laser system (LOTIS TIlI LS-2134UTF, wavelength 532nm, pulse
duration approximately 6ns). Bubble evolution was recorded using an Olympus (i-SPEED 3)



high-speed camera at a frame rate of 100,000 frames per second (fps), while a high-power
LED flashlight (WARSUN MX900, up to 900 lumens) provided back-lighting.

Figure 1 compares the computation with experiment for bubble dynamics at Rm = 1. 5
mm and y = 1.0, near a rigid wall (below the bubble in the figure). The bubble shapes of the
experiment are shown in the upper row and the numerical results shown in the lower row,
along with the velocity field of the liquid flow. They agree well until the end of the collapse
phase. A liquid jet develops close to the end of collapse and the jet velocity increases with
time. The maximum jet velocity calculated at the instant of impact is 81 m/s, which is within
the range of experimental results from 77 - 114 m/s reported by [53]. After the jet impacts the
opposite bubble wall, a toroidal bubble is formed as shown in the last frame of the simulation
results.

100 n77s

Figure 1. Comparison of the experiment (in the upper row) and the BIM computation (in the
low row) for the bubble shapes for a cavitation bubble near a rigid boundary at Rm = 1. 5 mm
and y = 1.0, from the start of jet formation to jet impact.

Figure 2 compares the results between the computation and experiment immediately
before and after jet impact for a cavitation bubble near a rigid boundary at Rm = 1. 5 mm and
vy = 2.0. Before jet impact, the liquid flow velocity along the axis of symmetry is directed
towards the wall. However, after jet impact, a stagnation of the liquid flow forms within the
jet tunnel and the velocity inside the jet tunnel exhibits two different directions. The liquid
above the stagnation flows upwards, which brings along the tiny-bubbles formed at the
interface between the jet and the bubble gas. This is believed to be the cause of the counterjet.
In the meantime the liquid down the stagnation flows downwards, causing the formation of a
liquid ‘“tail’ in the lower part of the bubble.

Figure 2b shows the liquid velocity fields immediately before and after the rejoining of
the toroidal bubble respectively. Before rejoining, the stagnation point is associated with both
up- and downward liquid flows inside the jet tunnel forming the counterjet and the bubble tail
respectively. After rejoining, there is no upward liquid flow, so the counterjet starts to
disappear.

Figure 3 shows a comparison of the time-evolution of the equivalent bubble radius Req
among the compressible BIM, the incompressible BIM and the experiment [74] for a bubble
near a rigid wall at Rm = 2 mm, y = 2.45. This case was chosen as the experimental results
were available, measured directly using a digital version of the photographic series and image
processing techniques [38]. The initial conditions for the compressible BIM are Ro=0.2 mm,
Rio =300 ms™ and pgo= 5 MPa. Other parameters used for the calculation are p=1000 kgm,
6 =0.07 Nm?, p» = 101 kPa and py = 2.98 kPa. The compressible BIM predicts significant
damping of oscillation of the bubble; its maximum radius and oscillation period reduce about
25% from the first-cycle to the second-cycle of oscillation. There is about a 5% discrepancy

between the results of the compressible BIM and the experiment. This may be due to the
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viscous effects and heat transfer neglected in the model and/or the measurement errors in the
experiment.

(a) (b)
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Figure 2. Comparison of the experiment (in the upper row) and the BIM computation (in the
low row) for the bubble shapes for a cavitation bubble near a rigid boundary at Rm = 1. 5 mm
and y = 2.0: (a) counterjet formation after jet impact, and (b) counterjet disappearance after
the rejoining of the toroidal bubble.
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Figure 3. Comparison of the time-evolution of the bubble equivalent radius Req among (1) the
compressible BIM model [75], (2) the incompressible BIM model, (3) the incompressible
viscous model [38], (4) the Rayleigh-Plesset equation for a corresponding spherical bubble in
an infinite liquid, and (5) the experiment ™! for a bubble near a rigid wall at Rm = 2mm, y =
2.45. The initial conditions used for (1) and (2) are Ro=0.2 mm, R = 300 ms™ and pg = 5
MPa. The initial conditions used for (3) and (4) are Ro= 0.4 mm, R = 0 and pgo = 5.65 MPa.



The result for the incompressible BIM was obtained with the same initial conditions as
the compressible BIM. The first maximum radius of the bubble obtained with this model is
about 20% larger than the experimental value, because the acoustic radiation to the far field
due to the compressible effects at the early expansion phase was neglected in this model. This
discrepancy can be corrected by setting the initial conditions for an incompressible model,
such as the initial conditions used for the Rayleigh-Plesset equation to be given later on. The
initial conditions for the compressible model used here were to show the energy loss of a
bubble system due to acoustic radiation during both the early expansion and around the end
of the collapse phase, that is neglected in an incompressible model. The oscillation amplitude
and period are almost the same during the first two cycles of oscillation since the
compressible effects at the end of the collapse phase were neglected in the model.

The compressible effects neglected at the start of the first-cycle of oscillation can be
corrected for by adjusting the initial conditions as shown in the result using the Rayleigh-
Plesset equation for a spherical bubble in an infinite liquid with the initial conditions for the
incompressible model: Ro=0.4 mm, Ry=0 and pqo = 5.65 MPa. However the bubble undergoes
undamped oscillation in the model.

[38] calculated this case based on the incompressible Navier-Stokes equations with the
viscosity coefficient for water chosen as 102 kgm*s™*. Their model predicts well the radius
evolution during the first-cycle of oscillation but does not predict the significant damped
oscillation observed in the experiment.

The compressible BIM successively predicts the acoustic radiation both at the beginning
of the expansion phase and at the end of the collapse phase. Its agreement with the
experiment indicates that the energy loss of a bubble system is primarily associated with
acoustic radiation due to the compressible effects.

Figure 4 compares the compressible BIM and the Keller equation for the radius history
R(t) for a spherical bubble in an infinite liquid starting at Ro= 0.2 mm, Rio= 300 ms™ and pgo
=5 MPa. The compressible BIM agrees very well with the Keller equation for more than
three cycles of oscillation. This confirms that the compressible BIM predicts the
compressible effects at the same level of accuracy as the Keller equation for a spherical
bubble, which in fact are both valid to the first two orders of O(1) and O(g). The small
difference should be due to the numerical errors in the BIM approach as well as the higher
order difference of O(c?) between the two models. The first collapse we call the ‘principal
collapse’ is associated with the most significant energy being lost to the far field through
acoustic radiation. The “principal collapse’ is associated with a significant initial bubble wall
velocity, a feature not present in subsequent rebounds as the bubble wall velocity is small at
the beginning of rebounds [26].
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Figure 4. Comparison of the history of the bubble radius R for a spherical bubble starting at
Ro=0.2 mm, Ry = 300 ms™? and pgo= 5 MPa among (1) the compressible BIM model, (2) the

Keller equation 51,

5. Summary and conclusions

Bubble dynamics are associated with generation of shock waves, a liquid jet and a vortex
ring. The shock wave is a pressure impulse but the associated liquid flow is usually subsonic
with a small Mach number. Weakly compressible theory is thus implemented for this
phenomenon using the method of matched asymptotic expansions in terms of the bubble-wall
Mach number. As a result, the inner flow near the bubble is described by Laplace’s equation
with the compressible effects appearing only in the far field condition. The problem is thus
modelled approximately using the boundary integral method. The toroidal bubble formed
towards the end of the collapse phase is modelled using a vortex ring model. The
computation traces the repeated topological changes of the bubble from a singly-connected to
a doubly-connected form, and vice versa.

This theory models the energy loss due to shock waves emitted both at the beginning of

expansion phase and at the end of the collapse phase. It thus predicts the significantly damped
oscillation, where both the maximum bubble radius and oscillation period are reduced
significantly from the first- to second-cycles of oscillation. The computational results of the
bubble shapes correlate well with the experimental data to the end of the second-cycle of
oscillation for a bubble initiated at various distances from the rigid boundary.
Our computations have revealed a possible mechanism for a counter-jet formed for a bubble
collapsing near a rigid wall at some standoff distance. After jet impact the opposite bubble
wall the jet penetrates through the bubble. A stagnation of the liquid flow may form within
the jet tunnel and the liquid velocity inside the jet tunnel exhibit two different directions. The
liquid on the side of the stagnation away from the wall flows away from the wall, which
brings tiny-bubbles formed at the interface between the liquid jet and the bubble gas. The
numerical results thus suggested that the counterjet is formed by the stagnation, the
associated high pressure zone and the back-flow of the liquid through the jet tunnel.
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