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1

Abstract

This thesis is concerned about the central limit theorems for the spiked

eigenvalues of separable sample covariance matrices and their applications.

The first problem is to test a p–dimensional time series model of the

form: xt = Πxt−1 + Σ1/2yt, 1 ≤ t ≤ T where yt = (Yt1, · · · , Ytp)′ and

Σ1/2 is the square root of a symmetric positive definite matrix. Here

Ytj =
∑∞

k=0 bkZt−k,j with
∑∞

i=0 |bi| < ∞ is a linear process where {Zij}

are independent and identically distributed (i.i.d.) random variables with

EZij = 0, E|Zij|2 = 1 and E|Zij|4 <∞. Let X = (x1, · · · ,xT)′ and X∗ be

the conjugate transpose. We establish both the convergence in probability

and the asymptotic joint distribution of the first k largest eigenvalues of

B = (1/p)XX∗ and B̄ = (1/p)(X− X̄)(X− X̄)
∗

when Π = I. Then we

give two new unit root tests for high-dimensional time series as applications.

We also provide some simulation results about the two tests.

Then we extend our theoretical results to the more general case. We

study the separable sample covariance matrix ΓXΩXTΓT with two different

kinds of ΓΓT and each of them has some extremely large eigenvalues. We

prove the central limit theorems of the largest eigenvalues for the two cases

and give two examples in time series data.





Chapter 1
Introduction

There have been an increasing interest and significant developments on

the theory and methodologies for handling high-dimensional data in recent

years. Understanding high-dimensional sample covariance matrices, includ-

ing its eigenvalues and eigenvectors, has proved to be extremely useful for

such developments. Indeed, random matrix theory has provided useful esti-

mation and testing procedures for high-dimensional data analysis. Recent

discussions on this topic can be found in Johnstone (2007), Paul and Aue

(2014) and Yao et al. (2015).

Research towards understanding the eigenvalues of sample covariance

matrices dates back to as early as the studies of Fisher (1937), Hsu (1939)

and Roy (1939), and has become increasingly active since the publication

of the celebrated work of Marcenko and Pastur (1967), in which the au-

thors established a limiting spectral distribution (MP type distribution)

for a sample covariance matrix for the case where p and T are comparable.

More recent research has been devoted to establishing asymptotic properties

for the eigenvalues and eigenvectors of high-dimensional sample covariance

matrices.
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There are currently two main lines of research about asymptotic dis-

tributions of the largest eigenvalues of high–dimensional random matrices.

The first line of research is concerned with the Tracy-Widom law of the

largest eigenvalues of random matrices. It is well known that limiting dis-

tributions of the largest eigenvalues of high-dimensional random matrices,

such as Wigner matrices, follow the Tracy-Widom law, which was originally

discovered by Tracy and Widom (1994) and Tracy and Widom (1996) for

Gaussian Wigner ensembles. The largest eigenvalue of the Wishart matrix

was investigated in Johnstone (2001). Several progresses for general sample

covariance matrices have also been made, and we refer to Bao et al. (2015)

and El Karoui (2007) among others.

Empirical data from wireless communication, finance and speech recog-

nition often suggest that some extreme eigenvalues of sample covariance

matrices are well separated from the rest. For example, the signals are of-

ten much bigger than noisy. This intrigues the second line of research about

the spiked eigenvalues, which was first proposed in Johnstone (2001). Sig-

nificant progresses have been made in recent years on the behaviour of

these spiked eigenvalues. For instance, the CLTs of the largest eigenvalues

of complex Gaussian sample covariance matrices with a spiked population

were investigated in Baik et al. (2005), which also reported an interesting

phase transition phenomenon. Baik and Silverstein (2006) further consid-

ered almost sure limits of the extreme sample eigenvalues of the general

spiked population. Paul (2007) established a CLT for the spiked eigenval-

ues under the Gaussian population and the population spikes being simple.

The fluctuation of the extreme sample eigenvalues of the general spiked

population with arbitrary multiplicity numbers was further reported in Bai

and Yao (2008).
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Most of the above existing studies rely on the assumption that the ob-

servations of high dimensional data are independent, although dimensional

correlation structure can be allowed. Observations of high–dimensional data

in economics and finance are often highly dependent across time. We can’t

assume that the fluctuation of the stock market today is independent with

the fluctuation yesterday. In view of this, Zhang (2006) investigated the

empirical spectral distribution (ESD) of the sample covariance for the case

where the data matrices are of the form A1ZA2, where A1 and A2 are pos-

itive semidefinite matrices and Z has independent entries satisfying some

moment assumptions. This model is referred to as the separable covari-

ance model and allows for some dependence among observations recorded

over different time points. Liu et al. (2015) studied the ESD of sample

covariance matrices and symmetrized sample autocovariance matrices con-

structed from a linear process. Note that their setting also accommodates

dependence among observations due to the fact that linear processes are

built from the same innovation vectors. However, the above two papers

considered the ESD only. To the best of our knowledge, there is no exist-

ing work available to deal with the largest eigenvalues of sample covariance

matrices generated from high–dimensional nonstationary time series data.

The main difficulty is that the properties of the population covariance ma-

trices of the non-stationary data are unknown yet (even though we may

make some assumptions about the error process). This thesis belongs to

the second line of research about the spiked eigenvalues. We investigate the

spiked eigenvalues of separable covariance matrices in some special cases.

The main contribution of this paper is to establish several joint asymptotic

distributions for the first several largest eigenvalues of separable covariance

matrices in some special cases. An additional contribution of this paper
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is to propose two new unit root tests for testing nonstationarity of high–

dimensional dependent time series.

The main content of the thesis is organized as follows.

• In Chapter 2, we establish several joint asymptotic distributions for

the first several largest eigenvalues of sample covariance matrices of

high–dimensional nonstationary time series data.

• In Chapter 3, we extend the CLT to the general case: the separable

sample covariance matrix ΓXΩXTΓT with two different kinds of ΓΓT

and each kind of ΓΓT has some extremely large eigenvalues.

• In Chapter 4, we give some discussions about our results and future

research.



Chapter 2
CLT for Largest Eigenvalues and Unit

Root Testing for High–Dimensional

Nonstationary Time Series

2.1 Introduction

The Chapter will be organized as follows. Section 2.2 establishes an asymp-

totic distributional theory for the first several largest eigenvalues of the co-

variance matrix of a high–dimensional dependent time series. Section 2.3

proposes two new unit root tests that are devoted to testing nonstationarity

for high dimensional dependent data. Section 2.4 evaluates both the size

and power properties of the proposed tests. Section 2.5 gives some con-

cluding remarks. Appendix A establishes some useful results for truncated

versions of sample covariance matrices by truncating linear processes. Ap-

pendix B gives the full proofs of the main theorems in Sections 2.2-2.3. The

proofs of the results listed in Appendix A are given in Appendix C. Ap-

pendix D discusses some possible extensions of the main models to include
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a cointegrating structure and a deterministic trending component.

2.2 Asymptotic Theory

This section first introduces some necessary assumptions before we estab-

lish new asymptotic properties for the largest eigenvalues of the covariance

matrix of a vector of high–dimensional time series.

2.2.1 Matrix models

The chapter is to consider high–dimensional covariance matrices for non-

stationary time series. Specifically, define the following linear processes:

Ytj =
∞∑
k=0

bkZt−k,j (2.1)

with
∞∑
i=0

|bi| < ∞. Suppose that yt = (Yt1, · · · , Ytp)′ is a p–dimensional

time series, where {Zij} are independent and identically distributed (i.i.d.)

random variables with EZij = 0, E|Zij|2 = 1 and E|Zij|4 <∞. Consider a

p–dimensional time series model of the form:

xt = Πxt−1 + Σ1/2yt, 1 ≤ t ≤ T, (2.2)

where the spectral norm of the coefficient matrix Π is bounded by one

(0 ≤ ‖Π‖2 ≤ 1).

Define X̄ =
(∑T

t=1 xt

T
, · · · ,

∑T
t=1 xt

T

)′
as a T × p matrix. Introduce the

non-centered and centered sample covariance matrices

B =
1

p
XX∗ (2.3)

and

B̄ =
1

p
(X− X̄)(X− X̄)

∗
(2.4)
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with X = (x1, · · · ,xT)′. Here we point out that when Π = 0, Σ satisfies

some conditions and Ytj’s are i.i.d random variables, the Tracy-Widom dis-

tribution has been established for the large eigenvalue of B in Bao et al.

(2015). Also, when Π = 0, Σ is a block matrix with spiked eigenvalues and

Ytj’s are i.i.d random variables, an asymptotic distribution (Gaussian dis-

tribution under some conditions) for the largest eigenvalues of B has been

discussed in Paul (2007) and Bai and Yao (2008). It is not clear yet how

the largest eigenvalues of B may behave when Ytj’s have some dependence

structure. One case is that Π = 0, but Σ is involved in (2.1). When Π = I,

(2.2) becomes nonstationary. The main motivation for considering such a

model is the proposal of two unit root tests to be discussed in the next

section.

This thesis is to investigate the largest eigenvalues of B and B̄ for the

cases where Π = I or ‖Π‖2 = ϕ < 1. Throughout the thesis, we make the

following assumptions about the coefficients bi and Σ:

(A1)
∑∞

i=0 i|bi| <∞.

(A2)
∑∞

i=0 bi = s 6= 0.

(A3) There exist two positive constants M0 and M1 such that ‖Σ‖2 ≤ M0

and tr(Σ)
p
≥M1.

(A4) Let T →∞ and p→∞ such that limT, p→∞
√
p

T
= 0.

Here ‖ · ‖2 stands for either the spectral norm of a matrix or the Euclidean

norm of a vector. The linear process includes both MA(q) and AR(1)

models. Assumption A2 is easily satisfied. Note that we do not require p

and T to be of the same order, which is being commonly used in the random

matrix theory literature. Assumption A3 covers some commonly used Σ.
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For example one may verify that the identity matrix I and the Toeplitz

matrices satisfy it. However, we point out that Assumption A3 rules out

the case where cross-sectional dependence has a factor model structure,

which leads to very large eigenvalues of Σ. We also need to make some

assumptions about Zij and x0.

(A5) {Zi,j} are i.i.d random variables with mean zero, variance one and

bounded fourth moment. Let zt = (Zt1, · · · , Ztp)′, where t can be

either positive or negative integer (for the purpose of introducing A7

below).

(A6) E‖x0‖2
2 = O(p).

(A7) x0 =
∞∑
k=0

b̃kΣ1
1/2z−k + b̃−1Σ2

1/2z̃ + b̃−2, where ‖Σ1‖2 ≤M0, ‖Σ2‖2 ≤

M0 and z̃ = (Z̃1, · · · , Z̃p)′ is independent of zt for any t, in which

{Z̃j} are i.i.d random variables with mean zero, variance one and

finite fourth moments. The coefficients satisfy
∞∑
k=0

|b̃k| + |b̃−1| < ∞

and ‖b̃−2‖2 = O(p).

2.2.2 Main results for non-centered sample covari-

ance matrix B

To characterize the limits in probability of the eigenvalues of B, define for

k = 1, · · · , T ,

λk =
1

2(1 + cos θk)
with θk =

2(T + 1− k)π

2T + 1
, (2.5)

and

γk = λk

(
a0 + 2

∞∑
j=1

aj(−1)j cos(jθk)

)
, (2.6)
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where

ai =
∞∑
k=0

bkbk+i. (2.7)

γk and λk are useful in studying the mean and variance of the largest

eigenvalues. We first characterize the magnitude of λk and γk.

Proposition 1. Let Assumptions A1 and A2 hold. For any fixed constant

k ≥ 1, there is a constant ck such that

lim
T→∞

γk
T 2

= ck > 0 (2.8)

and

lim
T→∞

γk
γ1

= lim
T→∞

λk
λ1

=
1

(2k − 1)2
. (2.9)

We are now at a position to state the main results; their proofs are given

in Appendix B. The first theorem develops an upper bound in probability

for the spectral norm of B for the stationary case. The second theorem

gives a limit in probability and a joint distribution for the first k largest

eigenvalues of B for nonstationary data.

Theorem 1. Let Assumptions A1–A6 hold. When 0 ≤ ‖Π‖2 = ϕ < 1, we

obtain

‖B‖2 = Op


(

1 +
√

T
p

)2

(1− ϕ)2

 . (2.10)

Theorem 2. Let Assumptions A1–A5 hold. Let ρk be the kth largest eigen-

value of B. Let Π = I and k is fixed.

(1) If Assumption A6 holds, we have

ρk − γk tr(Σ)
p

γ1

i.p.−→ 0 (2.11)

as p and T tend to infinity, where i.p. means convergence in probabil-

ity.
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(2) If Assumption A7 holds, the random vector

√
p

γ1

(
ρ1 − γ1

tr(Σ)

p
, · · · , ρk − γk

tr(Σ)

p

)′
(2.12)

converges weakly to a zero-mean Gaussian vector w = (w1, · · · , wk)′

with covariance function cov(wi, wj) = 0 for any i 6= j and var(wi) =

2θ
(2i−1)4

with θ = lim
p→∞

tr(Σ2)
p

, as p and T tend to infinity.

Remark 1. The result holds for the complex case as well. In fact when Z

is complex, set

Re(Zjk) = ZR
ij , and Im(Zjk) = ZI

ij. (2.13)

Let ZR
ij and ZI

ij be independent. Then
√
p

γ1

(
ρ1 − γ1

tr(Σ)
p
, · · · , ρk − γk tr(Σ)

p

)′
converges weakly to a zero-mean Gaussian vector w = (w1, · · · , wk)′ with

var(wi) = 2θ
(2i−1)4

(1 − 2E(ZR
i1)2E(ZI

i1)2), in which θ = lim
p→∞

tr(Σ2)
p

. When

i 6= j, cov(wi, wj) = 0.

Remark 2. If Assumption A7 does not hold but Assumption A6 is true,

then Theorem 2 remains true under Assumptions A1-A3, A5 and lim
T, p→∞

p
T

=

0.

Remark 3. We now compare our results with those in Bai and Yao (2008).

Bai and Yao (2008) needs to assume that the observations are independent

and that Σ has a spiked structure. In my thesis, the observations are highly

dependent. Furthermore, we need not assume a spiked structure of Σ, since

the spiked eigenvalues come naturally from the random walk structure.
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2.2.3 Main results for centered sample covariance ma-

trix B̄

We now consider the largest eigenvalues of B̄. To characterize the limits in

probability of the eigenvalues of B̄, define for k = 1, · · · , T ,

λ̄k =
1

2(1 + cos θ̄k)
with θ̄k =

(T − k)π

T
, (2.14)

and

γ̄k = λ̄k

(
a0 + 2

∞∑
j=1

aj(−1)j cos(jθ̄k)

)
. (2.15)

We below characterize the magnitude of λ̄k and γ̄k. The result is similar to

Proposition 1.

Proposition 2. Let Assumptions A1 and A2 hold. For any fixed constant

k ≥ 1, there is a constant c̄k such that

lim
T→∞

γ̄k
T 2

= c̄k > 0 (2.16)

and

lim
T→∞

γ̄k
γ̄1

= lim
T→∞

λ̄k
λ̄1

=
1

k2
. (2.17)

We next list the results, which are similar to Theorems 1 and 2.

Theorem 3. Let Assumptions A1–A6 hold. When 0 ≤ ‖Π‖2 = ϕ < 1, we

obtain

‖B̄‖2 = Op


(

1 +
√

T
p

)2

(1− ϕ)2

 . (2.18)

Theorem 4. Let Assumptions A1–A5 hold. Let ρ̄k be the kth largest eigen-

value of B̄. Let Π = I and k is fixed. We then have the following results:
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as p and T tend to infinity,

ρ̄k − γ̄k tr(Σ)
p

γ̄1

i.p.−→ 0, (2.19)

and the random vector

√
p

γ̄1

(
ρ̄1 − γ̄1

tr(Σ)

p
, · · · , ρ̄k − γ̄k

tr(Σ)

p

)′
(2.20)

converges weakly to a zero-mean Gaussian vector w̄ = (w̄1, · · · , w̄k)′ with

covariance function cov(w̄i, w̄j) = 0 for any i 6= j and var(w̄i) = 2θ
i4

with

θ = lim
p→∞

tr(Σ2)
p

.

Remark 4. It is noted that Theorem 4 doesn’t need Assumptions A6 and

A7 due to the structure of B̄.

We are now ready to introduce two new unit root tests for the high–

dimensional time series case before the proofs of the theorems are given in

Appendix B below.

2.3 Unit Root Testing

This section is to explore an application of the main results to the proposal

of a new unit root test for a high–dimensional time series setting.

Unit root testing is to check whether time series data are nonstationary

or not. Existing studies on this topic can be found in Dickey and Fuller

(1979), Chan and Wei (1988) and Phillips and Perron (1988). In the past

two decades, unit root testing in panel data has received much attention.

Many researchers (e.g. Choi (2001), Levin et al. (2002) and Im et al. (2003))

consider the time series case where the error process is independent across

individuals. There are also some results (see, for example, Chang (2004),
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Pesaran (2003) and Pesaran et al. (2013)) that have considered the case

where the error process is cross–sectional dependent. A book by Pesaran

(2015) summarizes some recent developments about unit root testing for

both time series and panel data settings. In the above literature, researchers

often need to first estimate the covariance matrix of a panel of times associ-

ated with cross–sectional dependence. However, when the dimensionality of

the time series becomes large, it is hard to consistently estimate it without

imposing some structure on the covariance matrix. We therefore propose

two new tests using the covariance matrices of high–dimensional time series

under consideration.

To this end, a key observation is that Theorems 2 and 4 indicate that

the largest eigenvalues of B and B̄ are of order T 2 in probability (the order

of γ1 and γ̄1, which are given in Propositions 1 and 2), while Theorems 1,

3 and Assumption (A4) imply that when 0 ≤ ϕ < 1, ‖B‖2 = op(T ) and

‖B̄‖2 = op(T ). This motivates us to propose two new unit root tests based

on the largest eigenvalues.

2.3.1 The model and test statistics

We consider the following model:

xt = (I−Π)φ+ Πxt−1 + Σ1/2yt, 1 ≤ t ≤ T, (2.21)

where φ is a p-dimensional vector. The null hypothesis H0 is Π = I and

the alternative hypothesis H1 is ‖Π‖2 < 1.

Theorem 2 states that underH0 : Π = I, the statistic Lp =
√
p(ρ1−γ1 tr(Σ)

p )
γ1
√

2θ

converges weakly to a standard normal variable. Note that γ1
tr(Σ)
p

and

γ1

√
2θ are both unknown in practice. We would like to emphasize that γ1,

tr(Σ)
p

and θ can not be estimated individually. However, it is possible to
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estimate their product as a whole. Specifically speaking, an estimator of

γ1
λ1

tr(Σ)
p

is proposed as follows.

Define x̆f,g = (xf − xf−1)′ (xg − xg−1) for 1 ≤ f, g ≤ T . A direct calcu-

lation yields Ex̆f,g = a|f−g|tr(Σ). Moreover, note that
m1∑
j=1

aj(−1)j cos(jθ1)

can be approximated by
m1∑
j=1

aj for an appropriate m1 to be specified below.

In view of this, we propose an estimator of γ1
λ1

tr(Σ)
p

as

µm1 =
T∑
i=2

x̆i,i
p(T − 1)

+ 2

m1∑
j=1

T−j∑
i=2

x̆i,i+j
p(T − j − 1)

. (2.22)

We next find an estimator for γ1

√
2 tr(Σ

2)
p

. The strategy is to find an es-

timator for the ratio of γ1

√
2 tr(Σ

2)
p

and γ1
tr(Σ)
p

first and then construc-

t its estimator in conjunction with µm1 , the estimator of γ1
λ1

tr(Σ)
p

. To

this end, we first find an estimator for a2
0 tr(Σ

2). One may verify that

V ar(x̆f,g) = (a2
|f−g|+a2

0)tr(Σ2). It is also noted that a|f−g| = o(|f −g|) due

to Assumption A1 so that the term a|f−g| in V ar(x̆f,g) can be negligible

when choosing |f − g| sufficiently large. We then propose an estimator for

a2
0 tr(Σ

2) as follows:

Sσ2,0 =

[T/2]∑
f=2

T∑
g=f+[T/2]

x̆2
f,g

(T − 3
2 [T/2])([T/2]− 1)

. (2.23)

Furthermore, one may verify (by calculating the mean and variance)

that √
Sσ2,0
p

T∑
i=2

x̆i,i
p(T−1)

−

√
tr(Σ2)
p

tr(Σ)
p

i.p.→ 0

as p and T tend to infinity. We may then construct Sσ2,m2
, the estimator
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of γ1
λ1

√
2 tr(Σ

2)
p

, as follows:

Sσ2,m2
=
|µm2|

√
2
Sσ2,0
p

T∑
i=2

x̆i,i
p(T−1)

where m2 is specified below.

Also, note that γ1/λ1 = γ̄1/λ̄1. Once the two estimators are available,

we can construct the following test statistics, TN and T̄N , of the form:

TN =
√
p
ρ1 − λ1µm1

λ1Sσ2,m2

(2.24)

and

T̄N =
√
p
ρ̄1 − λ̄1µm1

λ̄1Sσ2,m2

, (2.25)

where λ1 and λ̄1 are given in (2.5) and (2.14), respectively.

Theorem 5. Let Assumptions A1–A5 hold, m1 = [
√
p] and m2 tends to

infinity. Under H0 : Π = I, we have

T̄N
d−→ N(0, 1) (2.26)

as p and T tend to infinity, where
d−→ stands for convergence in distribution.

Furthermore, if Assumptions A7 also holds, under H0 : Π = I, we have

TN
d−→ N(0, 1) (2.27)

as p and T tend to infinity.

Remark 5. The conditions imposed on m1 and m2 can be further relaxed.

For example, if there exists a positive integer s such that bi = 0 for any

i > s in (2.1), we find ai = 0 for any i > s in (2.7). So we don’t need to

estimate ai for any i > s and one can choose m1 = m2 = min{s, [√p]} in

this case. This point helps us to simplify the design and the verifications of

the assumptions for the simulation in Section 4 below.
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Now we investigate the power of TN and T̄N for the case where {Ytj} in

(2.1) are i.i.d..

Theorem 6. Let Assumptions A1–A5 hold with bi = 0 for i ≥ 1. Consider

H1 : Π = ϕI for 0 ≤ ϕ < 1. Then under the case of m1 = m2 = 0, we

have

lim
p,T→∞

P
(
T̄N > C0|H1

)
= 1 (2.28)

for some C0 > `α, where `α is the α–level critical value of the standard

normal distribution.

Furthermore, if ‖φ‖2
2 = O(p), then

lim
p,T→∞

P (TN > C0|H1) = 1. (2.29)

Remark 6. Although T̄N and TN may have the same asymptotic results

when p and T are big enough, there may be differences under the small

sample case. In fact under H0, x0 affects the largest eigenvalues of B but

doesn’t affect the largest eigenvalues of B̄. So it may affect the size of TN

when the sample is small. Under H1, φ affects the largest eigenvalues of B

but doesn’t affect the largest eigenvalues of B̄. It may affect the power of

TN when the sample is small. So T̄N may be more useful than TN when we

don’t have φ or x0. But when we have the condition that φ = 0 and x0 = 0,

γ1 ≈ 4γ̄1 so that TN can have a stronger power than T̄N under small sample

cases.

Remark 7. There are some well–known panel unit root tests (e.g. Choi

(2001) and Levin et al. (2002)). They considered the case of Π = diag(ϕ1, · · · , ϕN)

and used the estimators of ϕi to test whether Π = I. Moreover, when the

covariance matrix Σ is involved, it has to be estimated in order to test

whether Π = I (e.g. Chang (2004)). So such existing tests may only work
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for the finite-dimensional case. By contrast, our test makes the best use

of the properties of the largest eigenvalues of B instead of estimating ϕi.

In addition, we do not impose special structures, such as sparsity on the

covariance matrix Σ.

Before the proofs of Theorems 5–6 are given in Appendix B, we evaluate

the finite–sample performance of the proposed tests and also compare them

with two natural competitors in Section 4 below.

2.4 Simulation

This section is to conduct some simulations to investigate the size and power

of TN and T̄N .

2.4.1 The selection of m1 and m2

Recalling Remark 5, we below propose a method to choose suitable m1 and

m2. Note that

ζj =

T−j∑
i=2

x̆i,i+j
p(T−j−1)

T∑
i=2

x̆i,i
p(T−1)

i.p.−→ aj
a0

with the rate 1√
pT

as p and T tend to infinity. Particularly ζj = O( 1√
pT

)

if aj = 0(one can verify it by calculating the mean and the variance of

x̆i,i+j). Moreover, if there exists a positive integer s such that bi = 0 for

any i > s in (2.1), we find ai = 0 for any i > s in (2.7). So one can choose

m1 = m2 = min{s, [√p]} in this case. In practice one can see whether

aj = 0 by comparing ζj with p−1/2T−1/4. Here p−1/2T−1/4 is used as a

bound instead of 1√
pT

since the convergence rate of µm1 to γ1
λ1

trΣ
p

should be
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o(p−1/2) to ensure that
√
p(µm1− γ1

λ1
trΣ
p

) = o(1). In view of this, we propose

the following way of selecting m1 and m2:

m̂1 = m̂2 = min{{0 ≤ i < [
√
p] : |ζj| < p−1/2T−1/4, i < j < [

√
p]}∪{[√p]}}.

(2.30)

The equation means that choosing an smaller integer between [
√
p] and the

smallest number i which satisfies |ζj| < p−1/2T−1/4 for any i < j < [
√
p].

Note that m̂1 and m̂2 work well when p and T are big enough. While

when p and T are small, m̂1 and m̂2 may be affected by
aj
a0

. If aj 6= 0 but

aj
a0

is small, m̂1 and m̂2 may cause some problem when p and T are small.

2.4.2 The parametric bootstrap method

We also consider a parametric bootstrap method for our test statistics TN

and T̄N . Let Σ̇ = 1
T

∑T
t=1(xt − xt−1)(xt − xt−1)′. If there is a constant

Ċ > 0 such that p
T
≤ Ċ, we can find that ‖ Σ̇ ‖2= Op(1) and tr(Σ̇)

p
=

Ṁ1 + Op(
1√
p
), where Ṁ1 > 0. It is easily seen that Assumption A3 still

holds for Σ̇. We then draw a new sample ẋt = ẋt−1 + Σ̇1/2ẏt where ẏt is

a p-dimensional random vector from N(0, Ip) and ẏt is independent over

t. Note that Assumptions A1-A7 still hold for ẋt. Let Ẋ = (ẋ1, · · · , ẋT)′.

We define ṪN and ˙̄TN from Ẋ, the analogues of TN and T̄N , respectively.

It follows from Theorem 5 that ṪN
d−→ N(0, 1) and ˙̄TN

d−→ N(0, 1). So

for any p and T we can redraw ẋt for many times (e.g. 200 times) to

get an empirical distributions for each of ṪN and ˙̄TN . Then we use the

critical values from the empirical distributions to replace the critical values

calculated from N(0, 1). When p and T are not big, the simulations show

that ṪN and ˙̄TN based on the critical values from the empirical distributions

perform better than these tests associated with the corresponding critical
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values calculated from N(0, 1).

2.4.3 Comparison with the existing tests

There are several existing unit root tests available for panel data. Some of

them consider the case where there is no cross-sectional dependence (see,

for example, the IPS test proposed in Im et al. (2003)). If there is cross-

sectional dependence, the IPS test doesn’t work. To test for nonstationar-

ity in the panel data case with cross-sectional dependence, Chang (2004)

showed that the Bootstrap method with estimation of Σ performs better for

the case where p is fixed and T is large. Chang (2004) also stated that the

Bootstrap-OLS performs better than Bootstrap-GLS when p is large. Fur-

thermore, GLS doesn’t work when p ≥ T . We therefore compare TN with

the t–statistic corresponding to the Bootstrap-OLS t∗ols and the F-statistic

corresponding to Bootstrap-OLS F ∗ols.

We use the setting yt = zt and Σ =
(

Σi,j

)
=
(

0.3|i−j|
)

. We compare

the size performance of our test TN with the two tests t∗ols and F ∗ols under

H0 with x0 = 0 and φ = 0. Table 2.1 reports the results of the three tests

based on 1000 replications, 500 bootstrap replications and different values

of p and T . The nominal size throughout this section is set to be 0.05.

Then, we compare our test T̄N with the two tests t∗ols and F ∗ols under H0

and x0 = 0,Σ =
(

Σi,j

)
=
(

1
(i−j)2+1

)
. We sample each element of φ from

the standard normal distribution. The results of the three test statistics

based on 1000 replications, 500 bootstrap replications and different values

of p and T are reported in Table 2.2.

One can observe that when p becomes large, both t∗ols and F ∗ols have a

poor size property even though yt is independent over t. This indicates that

their asymptotic distributions may not hold under the null hypothesis when
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Table 2.1: The empirical size of three tests

the test T \ p 5 10 20 40 60 80

TN 40 0.057 0.057 0.041 0.048 0.050 0.040

t∗ols 40 0.045 0.028 0.014 0.000 0.000 0.000

F ∗ols 40 0.054 0.044 0.027 0.000 0.003 0.001

TN 60 0.053 0.050 0.048 0.055 0.048 0.044

t∗ols 60 0.046 0.031 0.016 0.003 0.000 0.000

F ∗ols 60 0.044 0.047 0.024 0.007 0.000 0.002

TN 80 0.053 0.048 0.041 0.052 0.048 0.041

t∗ols 80 0.045 0.033 0.023 0.006 0.000 0.000

F ∗ols 80 0.064 0.035 0.027 0.011 0.003 0.000

Table 2.2: The empirical size of three tests

the test T \ p 5 10 20 40 60 80

T̄N 40 0.070 0.056 0.062 0.052 0.038 0.043

t∗ols 40 0.036 0.013 0.008 0.001 0.000 0.000

F ∗ols 40 0.056 0.029 0.014 0.001 0.000 0.000

T̄N 60 0.061 0.060 0.047 0.041 0.045 0.053

t∗ols 60 0.041 0.037 0.011 0.001 0.000 0.000

F ∗ols 60 0.052 0.054 0.027 0.002 0.000 0.000

T̄N 80 0.055 0.058 0.053 0.048 0.041 0.048

t∗ols 80 0.041 0.043 0.015 0.006 0.000 0.000

F ∗ols 80 0.041 0.045 0.035 0.008 0.000 0.000
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p is large. One of the reasons is that when p is large and the population

covariance matrix does not have any special structures, we cannot find any

consistent estimates for the population covariance matrix and the unknown

parameters involved. As a consequence, their asymptotic distributions may

fail to hold under the null.

2.4.4 Simulation results for TN under an MA(1) mod-

el

We now consider the setting where yt = ψzt−1 + zt, ψ = 0.5 and Σ =(
Σi,j

)
=
(

0.3|i−j|
)

. To show the performance with the non–diagonal Π,

we design the following matrix as an alternative one:

(Π2)ij =


0.5 i = j,

0.2 |i− j| = 1,

0 |i− j| ≥ 2.

We consider the performance of TN and set φ = 0. Under H0 we set

x0 = 0. Under H1 we generate the data by (2.21) with t = −51,−50, · · · , T .

Using an asymptotic critical value calculated from N(0, 1), the size and

power results of TN based on 1000 replications and different values of p,

T and Π are reported in Table 2.3. We also use the parametric bootstrap

method proposed in Section 4.2. The size and power results of TN based

on 1000 replications, 200 bootstrap replications and different values of p, T

and Π are reported in Table 2.4.
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Table 2.3: The results for TN and MA(1)

p T I (size) 0.95I (power) 0.9I (power) Π2 (power)

20 20 0.019 0.102 0.216 0.510

20 30 0.037 0.109 0.672 0.830

20 40 0.036 0.346 0.951 0.935

20 60 0.043 0.896 1.000 0.997

20 80 0.039 0.997 1.000 1.000

40 20 0.019 0.102 0.580 0.710

40 30 0.028 0.301 0.964 0.938

40 40 0.031 0.752 0.999 0.974

40 60 0.034 0.997 1.000 0.998

40 80 0.033 1.000 1.000 1.000

60 20 0.021 0.100 0.766 0.876

60 30 0.029 0.421 0.998 0.981

60 40 0.033 0.905 1.000 0.989

60 60 0.045 1.000 1.000 0.998

60 80 0.046 1.000 1.000 1.000

80 20 0.020 0.116 0.870 0.932

80 30 0.029 0.561 1.000 0.996

80 40 0.032 0.966 1.000 0.997

80 60 0.036 1.000 1.000 1.000

80 80 0.034 1.000 1.000 1.000
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Table 2.4: The results for TN and MA(1) with the parametric bootstrap method

p T I (size) 0.95I (power) 0.9I (power) Π2 (power)

20 20 0.031 0.144 0.636 0.812

20 30 0.063 0.464 0.974 0.936

20 40 0.051 0.818 0.998 0.992

20 60 0.049 0.992 1.000 1.000

20 80 0.082 1.000 1.000 1.000

40 20 0.061 0.140 0.860 0.838

40 30 0.051 0.578 0.990 0.972

40 40 0.041 0.926 1.000 0.990

40 60 0.052 0.998 1.000 1.000

40 80 0.054 1.000 1.000 1.000

60 20 0.055 0.126 0.930 0.932

60 30 0.048 0.676 1.000 0.994

60 40 0.068 0.972 1.000 0.996

60 60 0.053 1.000 1.000 1.000

60 80 0.056 1.000 1.000 1.000

80 20 0.055 0.132 0.950 0.960

80 30 0.047 0.742 1.000 0.994

80 40 0.056 0.984 1.000 0.996

80 60 0.054 1.000 1.000 1.000

80 80 0.057 1.000 1.000 1.000
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2.4.5 Simulation results for T̄N under an MA(1) mod-

el

We still use the setting in Section 4.4 but sample each element of φ from

the standard normal distribution. In each case, we use the critical value

calculated from either N(0, 1) or by the parametric bootstrap method. The

size and power results of T̄N based on 1000 replications and different values

of p, T and Π are reported in Tables 2.5-2.6.

When p is small, the size and power results of TN and T̄N based on the

critical value either calculated from N(0, 1) or by the bootstrap method are

reported in Tables 2.7 and 2.8. From Tables 2.7 and 2.8, one can observe

that while T̄N and TN roughly have similar size values, the power of TN

is slightly better than that of T̄N . The power of the statistics of T̄N and

TN improves when p and T increase. The parametric bootstrap (proposed

in this thesis) based critical value in each case results in a stable size and

better power than using an asymptotic critical value for the case where p

is as small as p = 5 or p = 10.

In summary, for the case of p = 5 or p = 10, Tables 2.7 and 2.8 show that

the size and power values of TN and T̄N based on the asymptotic critical

value of N(0, 1) are much less stable and reasonable than those based on

the parametric bootstrap critical value in each case. Tables 2.3–2.6 then

show that when p ≥ 20 and T ≥ 20, there are stable sizes and reasonable

power values for both TN and T̄N based on 1000 replications, 200 bootstrap

replications and different values of p, T and Π.
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Table 2.5: The results for T̄N and MA(1)

p T I (size) 0.95I (power) 0.9I (power) Π2 (power)

20 20 0.018 0.018 0.013 0.100

20 30 0.042 0.029 0.124 0.213

20 40 0.043 0.071 0.290 0.383

20 60 0.046 0.264 0.746 0.733

20 80 0.055 0.580 0.959 0.907

40 20 0.016 0.034 0.075 0.176

40 30 0.033 0.081 0.290 0.363

40 40 0.034 0.235 0.584 0.572

40 60 0.044 0.708 0.985 0.919

40 80 0.043 0.968 1.000 0.987

60 20 0.014 0.036 0.144 0.254

60 30 0.029 0.202 0.523 0.518

60 40 0.036 0.408 0.823 0.729

60 60 0.039 0.870 0.999 0.936

60 80 0.042 0.993 1.000 0.998

80 20 0.012 0.064 0.191 0.310

80 30 0.032 0.267 0.661 0.644

80 40 0.037 0.532 0.934 0.800

80 60 0.043 0.945 1.000 0.971

80 80 0.039 0.997 1.000 1.000
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Table 2.6: The results for T̄N and MA(1) with the parametric bootstrap method

p T I (size) 0.95I (power) 0.9I (power) Π2 (power)

20 20 0.034 0.144 0.239 0.326

20 30 0.051 0.310 0.606 0.596

20 40 0.061 0.502 0.837 0.782

20 60 0.067 0.824 0.986 0.971

20 80 0.078 0.946 1.000 0.996

40 20 0.040 0.188 0.352 0.412

40 30 0.049 0.412 0.695 0.660

40 40 0.045 0.604 0.873 0.782

40 60 0.054 0.950 0.999 0.972

40 80 0.053 0.994 1.000 0.998

60 20 0.034 0.232 0.452 0.504

60 30 0.049 0.506 0.807 0.704

60 40 0.047 0.728 0.961 0.850

60 60 0.048 0.980 1.000 0.980

60 80 0.062 1.000 1.000 0.998

80 20 0.033 0.276 0.512 0.534

80 30 0.040 0.548 0.903 0.826

80 40 0.046 0.816 0.986 0.910

80 60 0.052 0.990 1.000 0.986

80 80 0.064 1.000 1.000 0.998
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Table 2.7: The results for TN and small p

p T critical value I (size) 0.95I (power) 0.9I (power) Π2 (power)

5 20 N(0,1) 0.040 0.056 0.008 0.070

bootstrap 0.084 0.114 0.308 0.560

5 30 N(0,1) 0.039 0.014 0.010 0.038

bootstrap 0.077 0.180 0.580 0.762

5 40 N(0,1) 0.051 0.002 0.012 0.030

bootstrap 0.079 0.262 0.772 0.882

5 60 N(0,1) 0.055 0.000 0.006 0.002

bootstrap 0.079 0.570 0.938 0.986

5 80 N(0,1) 0.049 0.000 0.002 0.002

bootstrap 0.076 0.816 0.992 0.992

10 20 N(0,1) 0.023 0.078 0.048 0.202

bootstrap 0.085 0.132 0.462 0.664

10 30 N(0,1) 0.031 0.016 0.142 0.330

bootstrap 0.075 0.240 0.826 0.896

10 40 N(0,1) 0.039 0.042 0.322 0.416

bootstrap 0.077 0.580 0.972 0.966

10 60 N(0,1) 0.037 0.126 0.558 0.502

bootstrap 0.069 0.894 1.000 0.998

10 80 N(0,1) 0.049 0.246 0.678 0.598

bootstrap 0.064 0.982 1.000 1.000
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Table 2.8: The results for T̄N and small p

p T critical value I(size) 0.95I(power) 0.9I(power) Π2(power)

5 20 N(0,1) 0.031 0.014 0.008 0.024

bootstrap 0.046 0.086 0.155 0.238

5 30 N(0,1) 0.039 0.002 0.002 0.006

bootstrap 0.066 0.132 0.284 0.422

5 40 N(0,1) 0.051 0.000 0.000 0.002

bootstrap 0.071 0.170 0.417 0.518

5 60 N(0,1) 0.050 0.000 0.000 0.002

bootstrap 0.063 0.328 0.712 0.754

5 80 N(0,1) 0.053 0.000 0.000 0.000

bootstrap 0.069 0.466 0.896 0.926

10 20 N(0,1) 0.025 0.004 0.009 0.081

bootstrap 0.049 0.098 0.218 0.308

10 30 N(0,1) 0.043 0.002 0.018 0.068

bootstrap 0.056 0.214 0.450 0.471

10 40 N(0,1) 0.046 0.014 0.031 0.108

bootstrap 0.073 0.300 0.653 0.684

10 60 N(0,1) 0.062 0.022 0.117 0.168

bootstrap 0.069 0.560 0.904 0.880

10 80 N(0,1) 0.057 0.022 0.217 0.234

bootstrap 0.075 0.748 0.991 0.960
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2.5 Conclusions and Discussion

This thesis has developed an asymptotic theory for the largest eigenvalues

of the covariance matrix of a high–dimensional time series vector. As an

application, a new unit root test developed for testing nonstationarity in

high–dimensional time series vectors has been proposed and then discussed

both theoretically and numerically. The small sample properties discussed

in Section 4 have offered the support to the theory established in Sections

2 and 3.

One possible extension involves the case where either a deterministic

trending time series component or a factor model structure is included in

model (2.21). As a consequence, it may be more appropriate to compare

the corresponding versions of TN and T̄N with those proposed by Im et al.

(2003), Pesaran (2003) and Pesaran et al. (2013). As suggested by the refer-

ees, another extension of model (2.21) is to take into account certain type of

cointegrating structures. Appendix D of the supplementary document gives

some brief discussion about possible extensions, which require developing

new techniques and should be left for future research.
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Appendix A: Results for truncated matrices

This section is to consider the truncated version of the sample covariance

matrix. Let Y = (y1, · · · ,yT )′ be a T × p random matrix. Define

Yij,l =

l∑
k=0

bkZi−k,j
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with l = max{p, T}, a truncated version of Ytj in (2.1). However, to simplify

notation, we let bi = 0 for all i > l in this section, so that we can still use Yij

instead of Yij,l. In this way ai defined in (2.7) and Ytj in (2.1) respectively become

ai =
l−i∑
k=0

bkbk+i, Ytj =
l∑

k=0

bkZt−k,j .

Furthermore let F = (Fij) be a T × (T + l) matrix with

Fij =


bl+i−j i ≤ j ≤ i+ l,

0 otherwise.

(2.31)

It follows that Y = FZp, where Zp is a (T + l) × p random matrix with

(Zp)i,j = Zi−l,j . For the sake of notation simplicity, we below denote Zp by Z

and (Zp)i,j by Zij . Let A = (Aij)T×T = (a|i−j|)T×T . We then have A = FF′.

We would like to remind the readers that l depends on T , so that a|i−j| depends

on T.

We also assume that x0 = 0 in this section.

Appendix A.1: Upper bound of the spectral norm of B for stationary

data This subsection is to investigate the upper bound of the spectral norm of

B for stationary data.

Proposition 3. Suppose that Assumptions A1-A5 hold. When 0 ≤ ‖Π‖2 = ϕ <

1,

lim
T→∞

P

‖B‖2 ≤ 8
∑

i≥0 |ai|
(1− ϕ)2

M0

(
1 +

√
T

p

)2
 = 1.

The proof of the proposition is available from Appendix C.1.

Appendix A.2: Convergence in Probability and CLT of the first k

largest eigenvalues when Π = I

Define C = (Cij)1≤i,j≤T to be a T × T lower triangular matrix with

Cij = 0 for j > i and Cij = 1 for 1 ≤ j ≤ i. (2.32)
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In this case one has

B = (1/p)XX∗ = (1/p)CYΣY∗C∗ = (1/p)CFZpΣZ∗pF∗C∗. (2.33)

Proposition 4. Suppose that Assumptions A1-A5 hold. Let ρk be the kth largest

eigenvalue of B. When Π = I,
ρk−γk tr(Σ)

p

γ1
→ 0 in probability.

Proposition 5. Suppose that Assumptions A1-A5 hold. Let ρk be the kth largest

eigenvalue of B. When Π = I, (
√
pρ1−γ1γ1

, · · · ,√pρk−γkγ1
)′ converges weakly to a

zero-mean Gaussian vector w = (w1, · · · , wk)′ with covariance cov(wi, wj) =

δij
θ

(2i−1)4
(2− 4E(ZRi1)2E(ZIi1)2) and θ = limp→∞

tr(Σ2)
p .

The proofs of the propositions are available from Appendix C.2.

Appendix A.3: The results for B̄

The following results for B̄ are similar to those for B. In view of (2.33), write

B̄ = (1/p)HCFZpΣZ∗pF∗C∗H∗, (2.34)

where H = I− 11′

T with the p× 1 vector 1 consisting of all one.

Proposition 6. Suppose that Assumptions A1-A5 hold. Let ρ̄k be the kth largest

eigenvalue of B̄. When Π = I,
ρ̄k−γ̄k tr(Σ)

p

γ̄1
→ 0 in probability.

Proposition 7. Suppose that Assumptions A1-A5 hold. Let ρ̄k be the kth largest

eigenvalue of B̄. When Π = I, (
√
p ρ̄1−γ̄1γ̄1

, · · · ,√p ρ̄k−γ̄kγ̄1
)′ converges weakly to a

zero-mean Gaussian vector w̄ = (w̄1, · · · , w̄k)′ with covariance cov(w̄i, w̄j) =

δij
θ
i4

(2− 4E(ZRi1)2E(ZIi1)2) and θ = limp→∞
tr(Σ2)
p .

The proofs of the propositions are available from the supplementary file.

Appendix B: Proofs of the Main Results

This section is to prove that the results obtained in Section 4 still hold for

the general linear process (without the truncation step performed there) and

the general initial vector x0. We define a T × p matrix X0 = (x0, · · · ,x0)′
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consisting of the initial vector x0 of the time series. When Π = I, we may

rewrite X = CYΣ1/2 + X0 and X̄ = 11′

T CYΣ1/2 + X0 so that the sample

covariance matrices B and B̄ can be rewritten as follows:

B =
1

p
XX∗ =

1

p
CYΣY∗C∗ +

1

p
CYΣ1/2X0

∗ +
1

p
X0Σ1/2Y∗C∗ ∗+

1

p
X0X0

∗

(2.35)

and

B̄ =
1

p
(X− X̄)(X− X̄)

∗
=

1

p
(I− 11′

T
)CYΣY∗C∗(I− 11′

T
)∗. (2.36)

Lemma 1. Recall the definitions of Y, λk and γk in Section 2. Let l = max{p, T}

and Yl be the truncated matrix of Y in Section 4. Define

γk,l = λk(a0,l + 2
∑

1≤j≤T−1

aj,l(−1)j cos(jθk))

where

aj,l =
∑
j≤k≤l

bkbk−j . (2.37)

Then when Π = I,∣∣∣∣∣∣∣∣(1/p)C(YΣY∗ −YlΣY∗l )C∗

γ1,l

∣∣∣∣∣∣∣∣
2

= op(p
−1/2) (2.38)

and

|γk,l − γk|
γ1,l

= o(1). (2.39)

Proof of Lemma 1. We consider (2.39) first. To this end, observe that Assump-

tion (A1) implies that
∞∑
i=0

i|ai| <∞, (2.40)

because

∞∑
i=0

i|ai| ≤
∞∑
i=0

i
∞∑
k=0

|bk||bk+i| =
∞∑
k=0

|bk|(
∞∑
i=0

i|bk+i|) ≤
∞∑
k=0

|bk|(
∞∑
i=0

i|bi|).
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Write

|γk,l − γk|
γ1,l

≤ λk
γ1,l

∑
k>l

b2k + 2

T−1∑
j=1

∑
k>l

|bk||bk−j |+ 2
∑
j≥T
|aj |


≤ λk

γ1,l

∑
k>l

b2k + 2

∞∑
j=1

|bj |
∑
k>l

|bk|+ 2
∑
j≥T
|aj |

 .

From (2.40) and Assumption (A1), we obtain that

∑
k>l

b2k + 2
∞∑
j=1

|bj |
∑
k>l

|bk|+ 2
∑
j≥T
|aj | = o(1).

Moreover, Lemma 3 and Assumption (A1) (or (2.90)) imply that λk
γ1,l

is bound-

ed. So we conclude (2.39).

Now, we consider (2.38). Using Lemma 2 in the supplementary file, observe

that∣∣∣∣∣∣∣∣(1/p)C (YΣY∗ −YlΣYl
∗) C∗

γ1,l

∣∣∣∣∣∣∣∣
2

≤ ‖ C ‖22
γ1,l

‖ (1/p)(YΣY∗ −YlΣYl
∗) ‖2

=
λ1

γ1,l
‖ (1/p)(YΣY∗ −YlΣYl

∗) ‖2 .

As before λ1
γ1,l

is bounded. So we just need to consider ‖ (1/p)(YΣY∗ −

YlΣYl
∗) ‖2. Let K = (Kij)1≤i≤T,1≤j≤p = Y −Yl. We can obtain that Kij =∑∞

k=l+1 bkZi−k,j and

E|Kij |2 =
∞∑

k=l+1

b2k.

By Assumption (A1), we can get

E|Kij |2 =

∞∑
k=l+1

b2k ≤ l−2
∞∑

k=l+1

k2|bk|2 = o(l−2),

which implies

E

∣∣∣∣∣∣∣∣ 1
√
p
K

∣∣∣∣∣∣∣∣
F 2

= o(T l−2).



36
Chapter 2. CLT for Largest Eigenvalues and Unit Root Testing

for High–Dimensional Nonstationary Time Series

This, together with (2.80), implies that

(2.41)

‖ (1/p)(YΣY∗ −YlΣYl
∗) ‖2=‖ (1/p)(KΣYl

∗ + YlΣK∗ + KΣK∗) ‖2

≤ 2 ‖ 1
√
p
K ‖F ‖Σ‖2 ‖

1
√
p
Yl ‖2 + ‖ 1

√
p
K ‖2F ‖Σ‖2 = op(p

−1/2).

This concludes (2.38).

Proof of Theorem 2. At first we prove (2.11). Recalling (2.35),

B =
1

p
XX∗ =

1

p
CYΣY∗C∗ +

1

p
CYΣ1/2X0

∗ +
1

p
X0Σ1/2Y∗C∗ +

1

p
X0X0

∗.

Assumption A6 implies that

‖1

p
X0X0

∗‖2 = Op(T ) (2.42)

and that

‖1

p
CYΣ1/2X0

∗‖2 = Op

(
T 1/2‖1

p
CYΣY∗C∗‖1/22

)
. (2.43)

We can write (1/p)CYΣY∗C∗

γ1
as

(1/p)CYΣY∗C∗

γ1
=
γ1,l

γ1

(1/p)CYΣY∗C∗

γ1,l

=
γ1,l

γ1

(1/p)CYlΣY∗l C∗

γ1,l
+
γ1,l

γ1

(1/p)C(YΣY∗ −YlΣYl
∗)C∗

γ1,l
. (2.44)

From (2.39) we have limT→∞
γ1,l
γ1

= 1. This, together with (2.35), Proposition 4,

(2.38), (2.42), (2.43) and Lemma 5 in the supplementary file, implies (2.11).

We next prove the CLT. In fact we just need to prove∥∥∥∥1

p
CYΣ1/2X0

∗
∥∥∥∥

2

= op(p
−1/2T 2). (2.45)

Note that Equation (2.43) implies that ‖1
pCYΣ1/2X0

∗‖2 = Op(T
3/2). Re-

mark 2 then follows.

The assumption A7 implies that

‖1

p
X0X0

∗‖2 = Op(T ). (2.46)
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Our aim is to prove (2.45). Note that rank(CYΣ1/2X0
∗) = 1. Recalling

Assumption A7, we can then find

∥∥∥∥1

p
CYΣ1/2X0

∗
∥∥∥∥

2

=

√
T

p

√√√√ T∑
t=1

(
t∑
i=1

y′iΣ
1/2x0

)2

, (2.47)

t∑
i=1

y′iΣ
1/2x0 =

t∑
i=1

y′iΣ
1/2

∞∑
k=0

b̃kΣ1
1/2z−k +

t∑
i=1

y′iΣ
1/2b̃−1Σ2

1/2z̃

+

t∑
i=1

y′iΣ
1/2b̃−2. (2.48)

By (2.1) and a variable change we may write

t∑
i=1

y′i =
t∑

j=1

z′j

 t∑
i=j

bi−j

+

0∑
j=−∞

z′j

(
t∑
i=1

bi−j

)
. (2.49)

Let (c̃−2,1, . . . , c̃−2,p)
′ = c̃−2 = Σ1/2b̃−2. Assumptions A3 and A7 imply

‖c̃−2‖2 = O(p). Then
t∑
i=1

y′iΣ
1/2b̃−2 =

t∑
i=1

y′ic̃−2.

It follows that

E

(
t∑
i=1

y′iΣ
1/2b̃−2

)
= 0 (2.50)

and

V ar

(
t∑
i=1

y′iΣ
1/2b̃−2

)
= ‖c̃−2‖2

 t∑
j=1

 t∑
i=j

bi−j

2

+
0∑

j=−∞

(
t∑
i=1

bi−j

)2
 = O(pt),

(2.51)

which imply

t∑
i=1

y′iΣ
1/2b̃−2 = Op(p

1/2t1/2). (2.52)

As in (2.49), write

t∑
i=1

y′iΣ
1/2b̃−1Σ2

1/2z̃ = b̃−1

 t∑
j=1

z′jΣ
1/2Σ2

1/2z̃

 t∑
i=j

bi−j

+

0∑
j=−∞

z′jΣ
1/2Σ2

1/2z̃

(
t∑
i=1

bi−j

) .
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Assumption A7 implies that z̃ is independent of zt and that b̃−1 is bounded.

It follows that

t∑
i=1

y′iΣ
1/2b̃−1Σ2

1/2z̃ = Op(p
1/2t1/2). (2.53)

Now we consider the first term of the right hand of (2.48). From (2.49), write

t∑
i=1

y′iΣ
1/2

∞∑
k=0

b̃kΣ1
1/2z−k

=
t∑

j=1

∞∑
k=0

z′jΣ
1/2Σ1

1/2z−kb̃k

 t∑
i=j

bi−j

+
0∑

j=−∞

∞∑
k=0

z′jΣ
1/2Σ1

1/2z−kb̃k

(
t∑
i=1

bi−j

)
.

Direct calculations imply

E

(
t∑
i=1

y′iΣ
1/2

∞∑
k=0

b̃kΣ1
1/2z−k

)
=

∞∑
k=0

tr
(
Σ1/2Σ1

1/2
)
b̃k

(
t∑
i=1

bi+k

)
= O(p)

(2.54)

and

V ar

(
t∑
i=1

y′iΣ
1/2

∞∑
k=0

b̃kΣ1
1/2z−k

)
= O(pt). (2.55)

Equations (2.52)–(2.55) and Assumption A4 imply

‖1

p
CYΣ1/2X0

∗‖2 = Op(max(p−1/2T 3/2, T )) = op(p
−1/2T 2). (2.56)

The proof of Theorem 2 is completed.

Proof of Theorem 1. Define X0Π = (Πx0, · · · ,ΠTx0)′ and X1Π = X − X0Π.

Write

B = (1/p)XX∗ (2.57)

= (1/p)X1ΠX1Π
∗ + (1/p)X1ΠX0Π

∗ + (1/p)X0ΠX1Π
∗ + (1/p)X0ΠX0Π

∗.

Observe that

‖(1/p)X0Π
∗X0Π‖2 = ‖(1/p)

T∑
t=1

Πtx0x′0Π′
t‖2 ≤

1

p(1− ϕ2)
‖x0‖2. (2.58)
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This, together with Assumption A6, implies

‖(1/p)X0Π
∗X0Π‖2 = Op(1). (2.59)

Recalling (2.79), we have

‖(1/p)X1Π
∗X1Π‖2 ≤

M0

(1− ϕ)2
‖(1/p)Y∗Y‖2.

We then conclude from (2.79), (2.80) and (2.41) that

lim
T→∞

P

‖(1/p)X1Π
∗X1Π‖2 ≤

8
∑

i≥0 |ai|
(1− ϕ)2

M0

(
1 +

√
T

p

)2
 = 1. (2.60)

By Holder’s inequality

‖(1/p)X0ΠX1Π
∗‖2 ≤

√
‖(1/p)X0Π

∗X0Π‖2‖(1/p)X1Π
∗X1Π‖2. (2.61)

Thus, equations (2.59)-(2.61) ensure Theorem 1.

The proof of Theorem 3 is simple since B̄ = HBH. So ‖B̄‖2 ≤ ‖B‖2 since

‖H‖2 = 1.

Theorem 4 are similar to Theorem 2. We only need to replace the results

of Appendix A.2 by those in Appendix A.3. Note that we don’t need to prove

(2.45) since (2.36) implies that x0 doesn’t affect B̄.

Proof of Theorem 5. At first we prove that the error of the estimator µm1 is

o(p−1/2). Let m1 = [
√
p]. From (2.5) and (2.40) we have∣∣∣∣∣∣

a0 + 2
∑

1≤j≤m1

aj(−1)j cos(jθ1)

−
a0 + 2

∑
1≤j≤∞

aj(−1)j cos(jθ1)

∣∣∣∣∣∣
≤ 2

∑
1+m1≤j≤∞

|aj | = o(p−1/2) (2.62)

and ∣∣∣∣∣∣
a0 + 2

∑
1≤j≤m1

aj(−1)j cos(jθ1))− (a0 + 2
∑

1≤j≤m1

aj

∣∣∣∣∣∣
≤ 2

∑
1≤j≤m1

|aj |
(

1− cos
jπ

2T + 1

)
= O(p1/2T−2) = o(p−1/2). (2.63)
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In view of (2.6) it suffices to prove

|µm1 − (a0 + 2
∑

1≤j≤m1

aj)
tr(Σ)

p
| = op(p

−1/2). (2.64)

A direct calculation shows the following mean and variance

Eµm1 −

a0 + 2
∑

1≤j≤m1

aj

 tr(Σ)

p
= 0,

V ar

 ∑
1≤j≤m1

1

T − j − 1

∑
2≤i≤T−j

y′iΣyi+j

p


=

∑
1≤i,j≤m1

∑
2≤f≤T−i

∑
2≤g≤T−j

Cov(
y′fΣyf+i

p ,
y′gΣyg+j

p )

(T − i− 1)(T − j − 1)
. (2.65)

Moreover, we have

Cov

(
y′fΣyf+i

p
,
y′gΣyg+j

p

)
=

1

p


p∑
i=1

Σ2
ii

p
E|Zij |4

∞∑
k=0

bkbk+ibk+g−fbk+g−f+j1(k+g−f≥0)

+
tr(Σ2)

p
E|Zij |2(a|f−g|a|f+i−g−j| + a|f+i−g|a|f−g−j|)

]
.

From the above, Assumption (A1) and (2.40), we conclude that

V ar (µm1) = O(p−1m1T
−1) = o(p−1). (2.66)

Then (2.65) and (2.66) imply (2.64).

Now we prove √
|Sσ2,0,0|

p

T∑
i=2

x̆i,i
p(T−1)

−

√
tr(Σ2)
p

tr(Σ)
p

i.p.−→ 0.

Let S̃σ2,0,0 = Sσ2,0,0 − a2
0tr(Σ

2). It is then sufficient to show that

S̃σ2,0,0

a2
0tr(Σ

2)
= op(1).

From Assumptions A2 and A3 we have for large enough T ,

a2
0tr(Σ

2) ≥ a2
0M

2
1 p, (2.67)
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where we have used the fact that tr(Σ2) ≥ (trΣ)2

p . When T is large enough,(
T − 3

2
[T/2]

)
([T/2]− 1) ≥ T 2

9
. (2.68)

We next expand S̃σ2,0,0 in terms of Zij and write it a sum of the terms involving

the high order of Zij and the terms involving the low order of Zij . Specifically,

write S̃σ2,0,0 = S̃σ2,0,0,h + S̃σ2,0,0,l, where

(2.69)

S̃σ2,0,0,h

=
1

(T − 3
2 [T/2])([T/2]− 1)

[T/2]∑
f=2

T∑
g=f+[T/2]

(

p∑
i1,i2=1

Σi1i1Σi1i2

T∑
s1,s2=−∞

Z3
s1i1Zs2i2(bf−s1bg−s1bf+i−s1bg+j−s2

+bf−s1bg−s1bf+i−s2bg+j−s1 + bf−s1bg−s2bf+i−s2bg+j−s1

+bf−s2bg−s1bf+i−s1bg+j−s1)− 3

p∑
i1=1

Σ2
i1i1

T∑
s1=−∞

Z4
s1i1bf−s1bg−s1bf+i−s1bg+j−s1).

Note that bk = 0 when k < 0. We can then conclude from Assumption A1 that

E|S̃σ2,0,0,h| = o(p2T−2). (2.70)

(2.67) and (2.70) imply that

E|S̃σ2,0,0,h|
a2

0tr(Σ
2)

= o(pT−2) = o(1). (2.71)

It can be derived that

(T − 3

2
[T/2])([T/2]− 1)ES̃σ2,0,0,l (2.72)

=

[T/2]∑
f=2

T∑
g=f+[T/2]

(ag−fag−f tr(Σ
2) + ag−fag−f (tr(Σ))2)

= o(p2T−1).

This, together with (2.67) and (2.68), implies that

ES̃σ2,0,0,l

a2
0tr(Σ

2)
= o(pT−3) = o(1). (2.73)
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By (2.67), (2.68) and the assumption A1, one can also verify that

V ar

(
S̃σ2,0,0,l

a2
0tr(Σ

2)

)
= o(pT−2 + p−1) = o(1). (2.74)

This, together with (2.71) and (2.73), shows that

S̃σ2,0,0

a2
0tr(Σ

2)
= op(1).

This, together with (2.62)-(2.64), implies that Sσ2,m2
− a0
√

2tr(Σ2)√
p

i.p.−→ 0 when

m2 tends to infinity. Since the two estimators are available, it’s easy to complete

the proof with Theorems 2 and 4.

Proof of Theorem 6. We claim that

T∑
i=2

x̆i,i
p(T − 1)

− 2a0tr(Σ)

p(1 + ϕ)

i.p.−→ 0 (2.75)

and

Sσ2,0 −
2a0

√
2tr(Σ2)

√
p(1 + ϕ)

i.p.−→ 0. (2.76)

Indeed, the proofs of (2.75) and (2.76) are similar to that of Theorem 5 ( replacing

m1 = m2 there by 0). Moreover from Theorem 3 we have ρ̄1 = op(T ). This,

together with (2.75) and (2.76), ensures that

T̄N +

√
p

2

tr(Σ)
p√
tr(Σ2)
p

i.p.−→ 0, (2.77)

which further yields (2.28).

When ‖φ‖2 = O(p), from Theorem 1 we have ρ1 = Op(T ). This, together

with (2.75) and (2.76), ensures that

TN +

√
p

2

tr(Σ)
p√
tr(Σ2)
p

i.p.−→ 0, (2.78)

which further implies (2.29).
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Appendix C: Proofs of the results in Appendix A

Appendix C.1: Proof of the result in Appendix A.1

Proof of Proposition 3. By (2.2) we may write

xt =

t−1∑
k1=0

Πk1Σ1/2yt−k1 .

This, together with (2.3), implies that

1

p
X
′
X =

1

p

T∑
t=1

xtx
′
t =

1

p

T∑
t=1

t−1∑
k1=0

t−1∑
k2=0

Πk1Σ1/2yt−k1y′t−k2
Σ1/2Π′k2

=
1

p

T−1∑
k1=0

T−1∑
k2=0

Πk1Σ1/2

 T∑
t=max (k1,k2)+1

yt−k1y′t−k2

Σ1/2Π′k2 .

Note that

T∑
t=max (k1,k2)+1

yt−k1y′t−k2
= Y′C̃′k1

C̃k2Y

where C̃k is a T ×T matrix with elements C̃k,ij = I(i− j = k). It’s easy to know

‖C̃k‖2 ≤ 1. We then conclude that

‖1

p
X∗X‖2 ≤

T−1∑
k1=0

T−1∑
k2=0

ϕk1+k2‖1

p
Y∗Y‖2‖Σ‖2 ≤

M0

(1− ϕ)2
‖1

p
Y∗Y‖2

≤ M0

(1− ϕ)2
‖1

p
Z∗Z‖2‖A‖2. (2.79)

As we know the matrix A is a Toeplitz matrix so that ‖A‖2 ≤ 2
∑

i≥0 |ai| (see

Pan et al. (2014)). From Assumption (A4) and the results in Chen and Pan

(2012) and Bai and Silverstein (2006) we have

lim
T→∞

P

‖1

p
ZZ∗‖2 ≤ 4

(
1 +

√
T

p

)2
 = 1. (2.80)

Proposition then follows from (2.79).
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Appendix C.2: Proofs of the results in Appendix A.2

We prove the results in Appendix A.2 in this section. We below investigate

the eigenvalues and eigenvectors of CFF∗C∗ = CAC∗ at first.

C.2.1: Eigenvalues of CAC∗

We consider the eigenvalues of CAC∗ in this subsection. These are some

crucial steps.

Since it is very hard to find the eigenvalues of CAC∗ directly, we use the

following strategy. At first, we note that the eigenvalues of CAC∗ and AC∗C

are the same. We obtain the eigenvalues and eigenvectors of C∗C by first studying

(C∗C)−1. The next key step is to construct a matrix Am defined in (2.102) in

the supplementary file which has the same eigenvectors as C∗C. In the mean

time, it is easy to find the eigenvalues of AmC∗C. We then use the eigenvalues

of of CAmC∗ to approximate those of CAC∗. Our results are summarized in

the following lemmas and theorems.

The first two lemmas describe the eigenvalues of C∗C and determine their

limits.

Lemma 2. λ1 ≥ λ2 ≥ · · · ≥ λT ≥ 0 are given in (2.5). One can verify that they

are the eigenvalues of C∗C.

Proof of Lemma 2.

Let MT = (C∗C)−1. Define the characteristic function of MT by gT (λ) =

det(λIT −MT). We can verify that the entries of the inverse matrix C−1, a

T × T lower triangular matrix, are as following

C−1
ij =


1 i = j,

−1 i = j + 1,

0 otherwise.

(2.81)
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It follows that Mi,j , the elements of MT = (C∗C)−1, satisfy

Mij =



1 i = j = 1,

2 i = j > 1,

−1 |i− j| = 1,

0 otherwise.

(2.82)

By the cofactor expansion we obtain a recurrence relation as following

gT (λ) = (λ− 2)gT−1(λ)− gT−2(λ). (2.83)

Consider λ ∈ (0, 4) at first. Hence we may write λ = λ(θ) = 2 + 2 cos θ. We

can further solve (2.83) to get

gT (λ) =
sinTθ + sin(T + 1)θ

sin θ
. (2.84)

When sin θ 6= 0, gT (λ) = 0 is equivalent to

sinTθ + sin(T + 1)θ = 0. (2.85)

Let hT (θ) = sinTθ+sin(T +1)θ = 2 sin(T +1/2)θcos θ2 . Note that (2.5) gives

T different solutions which satisfy hT (θ) = 0 and sin θ 6= 0. On the other hand,

observe that there are at most T solutions for gT (λ) = 0. The proof is complete.

Lemma 3. Using the notation in (2.5),

lim
T→∞

λk
T 2

=
4

π2(2k − 1)2
(2.86)

for any fixed k.

Lemma 4 below specifies the eigenvectors of C∗C.

Lemma 4. Let x̃k = (xk,1, · · · , xk,T )′ be a T × 1 vector with

xk,i = (−1)T−i sin(T − i+ 1)θk, −l ≤ i ≤ T + l. (2.87)
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Then {x̃k, 1 ≤ k ≤ T} are orthogonal and satisfy for any k

C∗Cx̃k = λkx̃k. (2.88)

Lemmas 3 and 4 can be verified with some straightforward computations and

a simple fact that

sin(k + j)θ + sin(k − j)θ = 2 sin kθ cos jθ. (2.89)

We omit the details here.

Lemma 5 below specifies the eigenvalues of AmC∗C and gives their approx-

imation to those of AC∗C.

Lemma 5. Define γk by

γk = λk

a0 + 2
∑

1≤j≤T−1

aj(−1)j cos(jθk)

 . (2.90)

For any fixed constant k ≥ 1, there is a constant ck such that

lim
T→∞

γk
T 2

= ck > 0 (2.91)

and

lim
T→∞

γk
γ1

= lim
T→∞

λk
λ1

=
1

(2k − 1)2
. (2.92)

Let β1 ≥ β2 ≥ · · · ≥ βT be the eigenvalues of AC∗C. If A satisfies Assump-

tions (A1) and (A2), then for any fixed integers i ≥ 1 and j ≥ 1, the following

equation holds ∣∣∣∣βi − γiγj

∣∣∣∣ = O(T−1). (2.93)

For any ε > 0 there exists T0 and k0 where k0 is a fixed number independent of

T such that when T ≥ T0 and k ≥ k0,∣∣∣∣βkγ1

∣∣∣∣ ≤ ε. (2.94)



2.6 Acknowledgments 47

Proof of Lemma 5.

Let us prove (2.91) and (2.92) first. Note that∣∣∣∣∣∣
a0 + 2

∑
1≤j≤T−1

aj(−1)j cos(jθk)

−
a0 + 2

∑
1≤j≤∞

aj

∣∣∣∣∣∣
≤ 2

∑
1≤j≤T−1

|aj |
∣∣∣∣cos(j(2k − 1)π

2T + 1
)− 1

∣∣∣∣+ 2
∑
T≤j
|aj |.

For a fixed k, we can find a jk to satisfy π
3 ≤

jk(2k−1)π
2T+1 ≤ π

2 . It follows that

2
∑

1≤j≤jk

|aj ||cos(
j(2k − 1)π

2T + 1
)− 1| ≤ 2

∑
1≤j≤jk

|aj |(
j(2k − 1)π

2T + 1
)2

≤ 2jk(2k − 1)2π2

(2T + 1)2

∑
1≤j≤jk

j|aj | ≤
(2k − 1)π2

(2T + 1)

∑
1≤j≤∞

j|aj |

and that

2
∑

jk<j≤T−1

|aj ||cos(
j(2k − 1)π

2T + 1
− 1)|+ 2

∑
T≤j
|aj | ≤ 4

∑
j≥jk

|aj |

≤ j−1
k 4

∑
j≥jk

j|aj | ≤
3(2k − 1)

2T + 1

∑
1≤j≤∞

j|aj |.

From the assumption (A2), (2.40) and truncation conditions we can find

lim
T→∞

a0 + 2
∑

1≤j≤T−1

aj(−1)j cos(jθk)

 = lim
T→∞

a0 + 2
∑

1≤j≤∞
aj

 =

( ∞∑
i=0

bi

)2

= s2 > 0.

(2.95)

In view of (2.86), (2.90) and (2.95), we can prove (2.91) and (2.92).

Now, we consider the eigenvalues of AC∗C. From (2.5)

sin(T − i)θk = − sin(T + i+ 1)θk. (2.96)

In view of (2.87) and (2.96), we obtain

xk,i = xk,1−i, −T ≤ i ≤ 0 (2.97)

and

xk,i = −xk,2T+2−i, T + 2 ≤ i ≤ 2T. (2.98)
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We construct a new matrix Am whose the s–th row, am,s, satisfies

am,sx̃k = a0xk,s+
∑

1≤j≤T−1

aj(xk,s−j+xk,s+j) =

a0 + 2
∑

1≤j≤T−1

aj(−1)jcosjθk

xk,s.

(2.99)

Let as be the sth row of A. We can find that

asx̃k = a0xk,s +
∑

1≤j≤s−1

ajxk,s−j +
∑

1≤j≤T−s
ajxk,s+j . (2.100)

We further define T × T matrix Al by

(Al)ij =


ai+j−1 i+ j ≤ T,

−a2T−i−j+2 i+ j ≥ T + 3,

0 T + 1 ≤ i+ j ≤ T + 2.

(2.101)

Let

Am = A + Al. (2.102)

One can verify

Amx̃k =

a0 + 2
∑

1≤j≤T−1

aj(−1)jcosjθk

 x̃k. (2.103)

It follows that

AmC∗Cx̃k = λkAmx̃k = γkx̃k, (2.104)

which implies that γk is the eigenvalues of AmC∗C.

Now we consider CAlC
∗. It is easily seen that,

‖CAlC
∗‖2 ≤ T max

i,j
{|(CAlC

∗)i,j |}. (2.105)

Recalling (2.101) we can find that

max
i,j
{|(CAlC

∗)i,j |} ≤ 2

T−1∑
i=1

i|ai|. (2.106)
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We conclude from (2.105) that

‖CAlC
∗‖2 ≤ 2

T−1∑
i=0

i|ai|T.

In view of (2.40), we have

‖CAlC
∗‖2 ≤ 2

T−1∑
i=0

i|ai|T = O(T ). (2.107)

Let γ̃1 ≥ γ̃2 ≥ · · · ≥ γ̃T be the eigenvalues of CAmC∗. For fixed integers i,

βi is the ith largest eigenvalue of CAC∗. It follows that∣∣∣∣βi − γ̃iγj

∣∣∣∣ ≤ ‖C(Am −A)C∗‖2
γj

=
‖CAlC

∗‖2
γj

. (2.108)

From (2.90) and (2.92) we can find Ti for any fixed i such that when T > Ti,

γ̃i = γi. By (2.91) and (2.107) we can prove (2.93).

(2.94) follows from Lemma 7 directly.

Lemma 6. Suppose that A satisfies Assumptions (A1) and (A2). Then

tr (AC∗C) = a0
(T + 1)T

2
+

∑
1≤j≤T−1

aj(T − j + 1)(T − j) (2.109)

and

lim
T→∞

βk
tr (AC∗C)

= lim
T→∞

γk
tr(AC∗C)

=
8

π2(2k − 1)2
. (2.110)

Proof of Lemma 6.

One can verify (2.109) with some computation. Observe that∣∣∣∣∣∣a0 +
∑

1≤j≤T−1

aj
(T − j + 1)(T − j)

(T+1)T
2

− (a0 + 2
∑

1≤j≤∞
aj)

∣∣∣∣∣∣ = O(T−1).

This, together with (2.86), (2.90), (2.95), (2.93) and the assumption (A2),

implies (2.110).
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Lemma 7. Suppose that A satisfies the assumptions (A1) and (A2). For any

ε > 0, we can find T0 and k0, where k0 is a finite number independent of T , such

that when T ≥ T0, ∣∣∣∣
∑

k>k0
βk

γ1

∣∣∣∣ < ε. (2.111)

Proof of Lemma 7. Observe that

∞∑
k=1

1

(2k − 1)2
=

3

4

∞∑
k=1

1

k2
=
π2

8
. (2.112)

For any ε > 0, we can find k0 such that∣∣∣∣∣
k0∑
k=1

1

(2k − 1)2
− π2

8

∣∣∣∣∣ < ε

3
. (2.113)

From (2.92), (2.93) and (2.110), we can also find T0 such that when T ≥ T0,∣∣∣∣∣
k0∑
k=1

1

(2k − 1)2
−
∑k0

k=1 βk
γ1

∣∣∣∣∣ < ε

3
. (2.114)

and ∣∣∣∣ tr(AC∗C)

γ1
− π2

8

∣∣∣∣ < ε

3
. (2.115)

It follows from (2.113)-(2.115) that∣∣∣∣
∑

k>k0
βk

γ1

∣∣∣∣ =

∣∣∣∣∣ tr(AC∗C)

γ1
−
∑k0

k=1 βk
γ1

∣∣∣∣∣ < ε. (2.116)

C.2.2:Eigenvectors of CAC∗

This section is to investigate the eigenvectors of CAC∗. At first we normalize

{x̃k}1≤k≤T to get {ỹk}1≤k≤T . Then we study the eigenvectors of of AC∗C

by representing them with {ỹk}1≤k≤T . At last we give some results about the

eigenvectors of CAC∗, which are necessary for the proof in Section 3.4. Our

results are as follows.
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Lemma 8. Recall the eigenvectors x̃k defined in Lemma 4. Then

ΣT
j=1(xk,j)

2 =
2T + 1

4
. (2.117)

Let

ỹk =
x̃k

‖x̃k‖
. (2.118)

Then {ỹk}1≤k≤T are orthogonal and the jth element of ỹk, yk,j, satisfies

|yk,j | =
|xk,j |√

2T+1
4

≤ 2√
2T + 1

. (2.119)

Proof of Lemma 8. From (2.87) we obtain

|xk,j | ≤ 1.

Lemma 8 can be then proved with some straightforward computations. We ignore

details here.

Lemma 9. Let {uk}1≤k≤T be orthogonal and real vectors such that ‖uk‖ = 1

and

CAC∗uk = βkuk. (2.120)

Define fk = C−1uk
‖C−1uk‖

such that

fk = ΣT
j=1αkjyj (2.121)

with

ΣT
j=1α

2
kj = 1. (2.122)

Then when k ≥ 1 is fixed,

α2
kkλk

ΣT
j=1α

2
kjλj

= 1 +O(T−1), (2.123)

where {λj} are given in Lemma 2.
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Proof of Lemma 9. From fk = C−1uk
‖C−1uk‖

and (2.120), we have ‖fk‖ = 1 and

AC∗Cfk = βkfk. (2.124)

From (2.102) and (2.124), we have

βk =
f∗kC∗CAC∗Cfk
‖Cfk‖2

=
f∗kC∗C(Am −Al)C

∗Cfk
‖Cfk‖2

.

It follows that

|f∗kC∗CAmC∗Cfk| − |f∗kC∗CAlC
∗Cfk|

‖Cfk‖2
≤ βk ≤

|f∗kC∗CAmC∗Cfk|+ |f∗kC∗CAlC
∗Cfk|

‖Cfk‖2
.

(2.125)

By (2.88), (2.118) and (2.121), we have

‖Cfk‖ =
√

ΣT
j=1α

2
kjλj . (2.126)

Equations (2.88), (2.104), (2.118) and (2.121) imply that

C∗CAmC∗Cfk = C∗CΣT
j=1αkjAmC∗Cỹj = C∗CΣT

j=1αkjγjỹj = ΣT
j=1αkjγjλjỹj.

This and (2.121) ensure

f∗kC∗CAmC∗Cfk = ΣT
j=1α

2
kjγjλj . (2.127)

From (2.107), we have

|f∗kC∗CAlC
∗Cfk|

‖Cfk‖2
≤ ‖CAlC

∗‖2 = O(T ).

This, together with (2.125)-(2.127), implies that

ΣT
j=1α

2
kjγjλj

ΣT
j=1α

2
kjλj

−O(T ) ≤ βk ≤
ΣT
j=1α

2
kjγjλj

ΣT
j=1α

2
kjλj

+O(T ).

By Lemma 5, for any fixed k we have

ΣT
j=1

α2
kjλj

ΣT
j=1α

2
kjλj

γj
βk
−O(T−1) ≤ 1 ≤ ΣT

j=1

α2
kjλj

ΣT
j=1α

2
kjλj

γj
βk

+O(T−1). (2.128)
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Note that {uk}1≤k≤T are orthogonal and {ỹk}1≤k≤T are orthogonal. When

k 6= m, from (2.88), (2.118) and (2.121) we have

0 = U∗kUm =
f∗kC∗Cfm
‖Cfk‖‖Cfm‖

=
ΣT
j=1αkjαmjλj

‖Cfk‖‖Cfm‖
.

This implies that

ΣT
j=1αkjαmjλj = 0. (2.129)

Moreover let υkj =
αkj
√
λj√

ΣTj=1α
2
kjλj

. We have

ΣT
j=1υ

2
kj = 1. (2.130)

Note that (2.128) is equivalent to

ΣT
j=1υ

2
kj

γj
βk
−O(T−1) ≤ 1 ≤ ΣT

j=1υ
2
kj

γj
βk

+O(T−1). (2.131)

Also (2.129) implies that

ΣT
j=1υkjυmj = 0. (2.132)

We consider υkj for fixed k below. When k = 1 and T is big enough, Lemma

5, (2.130) and (2.131) imply

O(T−1) =

∣∣∣∣1− ΣT
j=1υ

2
1j

γj
β1

∣∣∣∣ ≥ (1− υ2
11)

β1 − γ2

β1
− υ2

11

|β1 − γ1|
β1

. (2.133)

In view of (2.91)-(2.93), we have β1−γ1
β1

= O(T−1) and β1−γ2
β1

= 8
9 + o(1). It

follows that (2.133) implies that υ2
11 = 1+O(T−1) and ΣT

j=2υ
2
1j = O(T−1). From

(2.132), for any k 6= 1 we have

|υk1υ11| = |ΣT
j=2υkjυ1j | ≤

√
ΣT
j=2υ

2
kj

√
ΣT
j=2υ

2
1j = O(T−1/2). (2.134)

This implies υ2
k1 = O(T−1). It’s similar to obtain that υ2

22 = 1 +O(T−1) and

υ2
k2 = O(T−1) for any k 6= 2.

By repeating these steps we conclude that υ2
kk = 1 +O(T−1) for any fixed k.

This implies (2.123).
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Lemma 10. Let (Sk,1, · · · , Sk,T+l)
′ = sk = F∗C∗uk√

γ1
. Then {sk}1≤k≤T are or-

thogonal and

T+l∑
j=1

S4
k,j = O(T−1). (2.135)

Proof of Lemma 10. Note that {sk}1≤k≤T are orthogonal and real due to orthog-

onality of {uk}1≤k≤T . We conclude from (2.88) and (2.121) that

sk =
F∗C∗Cfk√
γ1‖Cfk‖

=
1

√
γ1‖Cfk‖

ΣT
j=1αkjλjF

∗ỹj = sk,M + sk,R, (2.136)

where

sk,M =
1

√
γ1‖Cfk‖

αkkλkF
∗ỹk, sk,R =

1
√
γ1‖CLk‖

Σj 6=kαkjλjF
∗ỹj. (2.137)

By Hölder’s inequality, we have

‖sk,R‖ = ‖ 1
√
γ1‖Cfk‖

Σj 6=kαkjλjF
∗ỹj‖ ≤

1
√
γ1‖Cfk‖

‖F‖2
√

Σj 6=kα
2
kjλ

2
j .

Recalling A = FF∗, we have

‖F‖2 =
√
‖A‖2.

Since A is a Hermitian Toeplitz matrix, from Pan et al. (2014),

‖A‖2 ≤ 2
∑

0≤k≤l
|ak|.

By (2.40) we can get

‖F‖2 =
√
‖A‖2 <∞.

From Lemma 3, (2.123), and (2.126) we can obtain that for any fixed k,√
Σj 6=kα

2
kjλ

2
j

‖Cfk‖
≤

√√√√Σj 6=kα
2
kjλj

ΣT
j=1α

2
kjλj

√
λ1 = O(T 1/2).

This, together with (2.91), implies that for any fixed k,

‖sk,R‖ = O(T−1/2). (2.138)
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Similarly, we can also obtain that 1√
γ1‖Cfk‖αkkλk is bounded for any fixed k.

Let Sk,M,j be the jth element of sk,M and Sk,R,j be the jth element of sk,R.

From (2.119), (2.123) and (2.137) and the assumption (A1) we can obtain that

for any fixed k,

|Sk,M,j | ≤
1

√
γ1‖Cfk‖

|αkk|λk
2√

2T + 1

l∑
h=0

|bh| = O(T−1/2). (2.139)

It follows from (2.136), (2.137) and (2.139) that for any fixed k,

T+l∑
j=1

S4
k,j ≤ 8

T+l∑
j=1

(S4
k,R,j + S4

k,M,j)

≤ 8

T+l∑
j=1

S4
k,M,j + 8

T+l∑
j=1

S2
k,R,j

2

= O(T−1). (2.140)

C.2.3: Proof of Proposition 4

This subsection is to establish convergence in probability of the spiked eigen-

values of a kind of separable sample covariance matrices, which is enough for our

purposes.

Lemma 11. Let D = 1
pWZΣZ∗W∗, where W is a T × (T + l) matrix, Σ is

a p× p positive-definite matrix with ‖Σ‖2 ≤ M0, and Z is defined below (2.31).

Order the eigenvalues of WW∗ as τ1 ≥ · · · ≥ τT with τ1 being bounded. Suppose

that {τk}1≤k≤T satisfy the following conditions.

(C1) For any fixed k, there is a constant ck > 0 such that

lim
T→∞

τk = ck. (2.141)

(C2) For any ε > 0 there exist T0 and k0, where k0 is a constant independent of

n and T , such that when T ≥ T0,∣∣∣∣∣∣
∑
k>k0

τk

∣∣∣∣∣∣ < ε. (2.142)
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For any fixed k, denote the first k largest eigenvalues of D by ρ1 ≥ · · · ≥ ρk.

Then ρj − cj tr(Σ)
p → 0 in probability.

Proof. We can find V such that

VW∗WV∗ = diag(τ1, · · · , τT+l) = ΛT+l,

VV∗ = V∗V = IT+l,

where τk = 0 when k > T . So D∗ = 1
pVZΣZ∗V∗ΛT+l has the same nonzero

eigenvalues as 1
pZΣZ∗W∗W.

To prove this lemma, it suffices to prove that for any δ > 0 and fix number

k,

lim
T→∞

P

(∣∣∣∣ρk − ck tr(Σ)

p

∣∣∣∣ > δ

)
= 0. (2.143)

In view of (2.142), we can find k0 > 0 such that∣∣∣∣∣∣
∑
k>k0

τk

∣∣∣∣∣∣ < δ

4M0
. (2.144)

Write ΛT+l = ΛM
T+l + ΛR

T+l, where

ΛM
T+l = diag{τ1, τ2, · · · , τk0 , 0, · · · , 0}

ΛR
T+l = diag{0, · · · , 0, τk0+1, τk0+2, · · · , τT+l}. (2.145)

Let h = tr(1
pVZZ∗V∗ΛR

T+l). Note that E(VZZ∗V∗)kk = p and V ar(VZZ∗V∗)kk
p <

∞. We can evaluate the mean and variance of h as follows

E(h) =
T+l∑

k=k0+1

E
(VZZ∗V∗)kkτk

p
=
∑
k>k0

τk <
δ

4M0

and

Var(h) = Var

 T∑
k=k0+1

(
(VZZ∗V∗)kkτk

p

)
≤

 T∑
k=k0+1

√
Var

(
(VZZ∗V∗)kkτk

p

)2

= O

(
(
∑

k>k0
τk)

2

p

)
= O

(
1

p

)
.
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As Σ is positive-definite, we have ‖1
pVZΣZ∗V∗ΛR

T+l‖2 ≤ tr(
1
pVZΣZ∗V∗ΛR

T+l) ≤

M0h. It follows that

lim
T→∞

P

(∥∥∥∥1

p
VZΣZ∗V∗ΛR

T+l

∥∥∥∥
2

>
δ

2

)
= 0. (2.146)

Denote the kth largest eigenvalue of 1
pVZΣZ∗V∗ΛM

T+l by ρMk . From the

definition of ΛM
T+l, we conclude that 1

nVZΣZ∗V∗ΛM
T+l has the same nonzero

eigenvalues as its upper left k0 × k0 block. By Theorem 7.1 of Bai and Yao

(2008), it’s easy to prove that the limit of off-diagonal elements in the upper left

k0 × k0 block is 0 in probability. Recall that k0 is a a constant which doesn’t

depend on T . We conclude that the nonzero eigenvalues of 1
pVZΣZ∗V∗ΛM

T+l are

diagonal elements of the upper left k0 × k0 block. From Theorem 7.1 of Bai and

Yao (2008), the limit of diagonal elements in the upper left k0 × k0 block can be

obtained as follow

lim
T→∞

P

(∣∣∣∣ρMk − τk tr(Σ)

p

∣∣∣∣ > δ

2

)
= 0. (2.147)

It follows from (2.139), (2.146) and (2.147)that

lim
T→∞

P (|ρk − λk
tr(Σ)

p
| > δ)

≤ lim
T→∞

P (|ρMk − λk
tr(Σ)

p
|+ |ρMk − ρk| > δ)

≤ lim
T→∞

P (|ρMk − λk
tr(Σ)

p
| > δ

2
) + lim

T→∞
P (|ρMk − ρk| >

δ

2
)

≤ lim
T→∞

P (|ρMk − λk
tr(Σ)

p
| > δ

2
) + lim

T→∞
P (‖1

p
VZΣZ∗V∗ΛR

p+l‖2 >
δ

2
) = 0.

We apply Lemma 11 with D = B
γ1

, where B is defined in (2.33). Lemmas 5

and 7 ensure that the conditions of Lemma 11 are satisfied, so that Proposition

4 holds.

C.2.4: Proofs of Proposition 5
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Proof. Recalling the definitions of uk and sk in the above lemmas, we denote

(u1, · · · ,uT) by U and F∗C∗U√
γ1

by S. Note that {uk}1≤k≤T and {sk}1≤k≤T are

both orthogonal and real. Since s∗j si = 0 for i 6= j we have

SS∗ = Λ = diag

{
β1

γ1
, · · · , βT

γ1

}
. (2.148)

In view of (2.33), let

D =
U∗BU

γ1
=

1

p
S∗ZΣZ∗S. (2.149)

The eigenvalues of D are ordered as ρT
γ1
≤ · · · ≤ ρ1

γ1
.

To rewrite D as a block matrix we first introduce the following notation. For

a fixed number k > 0, let zj = (Z1j , · · · , Z(T+l)j)
′.

Set V1 = 1√
p(ξ1, · · · , ξp) = 1√

pQ1Z = 1√
p(s1

∗, · · · , sk
∗)′Z and V2 = 1√

p(η1, · · · , ηp) =

1√
pQ2Z = 1√

p(sk+1
∗, · · · , sT

∗)′Z where Q1 = (s1
∗, · · · , sk

∗)′ and Q2 = (sk+1
∗, · · · , sT

∗)′.

Then

ξj = (ξj(1), · · · , ξj(k))′ = (s∗1zj, · · · , s∗kzj)
′ (2.150)

and

ηj = (ηj(k + 1), · · · , ηj(p))′ = (s∗k+1zj, · · · , s∗Tzj)
′. (2.151)

Let Λ1 = cov(ξj) = Q1Q1
∗ and Λ2 = cov(ηj) = Q2Q2

∗. In view of (2.148), we

have

Λ1 = diag

{
β1

γ1
, · · · , βk

γ1

}
, Λ2 = diag

{
βk+1

γ1
, · · · , βT

γ1

}
. (2.152)

From Lemmas 5, 6 and (2.112) we can find a constant Mk such that

lim
T→∞

|tr(Λ2)| = lim
T→∞

|tr(Λ)− tr(Λ1)| =

∣∣∣∣∣∣π
2

8
−

k∑
j=1

1

(2i− 1)2

∣∣∣∣∣∣ < Mk. (2.153)

In view of (2.149)-(2.151), we can rewrite D as

D =

 V1ΣV1
∗ V1ΣV2

∗

V2ΣV1
∗ V2ΣV2

∗

 4
=

 W11 W12

W21 W22

 . (2.154)
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The characteristic polynomial of D is

0 = |λIT −D| = |λIT−k −W22||λIk −Kp(λ)| , (2.155)

where

Kp(λ) = W11 + W12(λIT−k −W22)−1W21. (2.156)

We conclude from Lemmas 5 and 7 that W22 = V2ΣV2
∗ = 1

pQ2ZΣZ∗Q∗2

satisfies the conditions of Lemma 11. Lemma 11 immediately implies that the

largest eigenvalue of W22, ρ, tends to
γk+1

tr(Σ)
p

γ1
in probability. On the other hand,

from Lemma 11, we also see that when j ≤ k,
ρj−γj tr(Σ)

p

γ1
→ 0 in probability. Since

we want to study the first k largest eigenvalues, from Lemma 5 and (2.155), it’s

sufficient to consider the characteristic polynomial

0 = |λIk −Kp(λ)| = |G(λ)|, (2.157)

where

G(λ) = {Gij(λ)}1≤i,j≤k = λIk −Kp(λ). (2.158)

From (2.156) we write

Kp(λ) = W11 + W12(λIT−k −W22)−1W21

= V1ΣV1
∗ + V1ΣV2

∗(λIT−k −W22)−1V2ΣV1
∗

= V1(Σ + Ap(λ))V1
∗,

where

Ap(λ) = ΣV2
∗(λIT−k −W22)−1V2Σ. (2.159)

It follows that

Kp(λ) =
1
√
p
Rp + Λ1

tr(Σ)

p
+ V1Ap(λ)V1

∗, (2.160)

where

Rp = {Rij}1≤i,j≤k =
√
pV1ΣV1

∗ − tr(Σ)
√
p

Λ1 =
√
pV1ΣV1

∗ −√pΛ1
tr(Σ)

p
.

(2.161)
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Now we consider the Hermitian matrix V1Ap(λ)V1
∗ in (2.160). When λ is a

solution of (2.157), we have λ > ‖W22‖2 in probability due to Lemma 11. Hence

the eigenvalues of (λIT−k −W22)−1 and
√
pV1Ap(λ)V1

∗ are non-negative in

probability when λ is a solution of (2.157). Evidently we have

‖√pV1Ap(λ)V1
∗‖2 ≤ ‖Σ‖22‖(λIT−k −W22)−1‖2tr(

√
pV1V∗2V2V1

∗). (2.162)

Note that eigenvalues of
√
pV1V∗2V2V1

∗ are also non-negative.

The next aim is to prove E(
√
pV1V∗2V2V1

∗) = op(1).

Let hj = (
√
pV1V∗2V2V1

∗)jj ≥ 0. we can claim that hj = op(1). In fact

hj =
1

p
√
p
s∗j ZZ∗Q∗2Q2ZZ∗sj. (2.163)

Let EZ2
ij = y, E(Z∗ij)

2 = z and E|Zij |4 = x+ 1. Write

E(hj) =
1

p
√
p
sj
∗E(ZZ∗Q∗2Q2ZZ∗)sj (2.164)

=
1

p
√
p

p∑
i=1

p∑
m=1

sj
∗E(ziz

∗
i Q
∗
2Q2zmz∗m)sj

=
1

p
√
p

(

p∑
i=1

∑
m 6=i

sj
∗E(ziz

∗
i Q
∗
2Q2zmzm

∗)sj +

p∑
i=1

sj
∗E(ziz

∗
i Q
∗
2Q2zizi

∗)sj).

Consider the first term on the right hand of (2.164). When i 6= m,

sj
∗E(ziz

∗
i Q
∗
2Q2zmzm

∗)sj = sj
∗E(zizi

∗)Q∗2Q2E(zmzm
∗)sj = s∗j Q

∗
2Q2sj.

Recall that {Sk}1≤k≤T are orthogonal and real. Since j ≤ k, from the definition

of Q2,

sj
∗E(ziz

∗
i Q
∗
2Q2zmzm

∗)sj = s∗j Q
∗
2Q2sj = 0, (2.165)

which implies the first term of on the right hand of (2.164) equals 0.

Consider the second term on the right hand of (2.164) now. Let P =

(Prt)1≤r,t≤T+l = Q∗2Q2 and Hv = (Hv
im)1≤i,m≤T+l = zvz∗vQ∗2Q2zvzv

∗ = zvz∗vPzvzv
∗.
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Then

E(Hv
im) = E(ZivZ

∗
mv

∑
1≤r,t≤T+l

PrtZ
∗
rvZtv)

=


PiiE|Ziv|4 +

∑
r 6=i PrrE|Ziv|2E|Zrv|2 i = m,

PimE|Ziv|2E|Zmv|2 + PmiEZ
2
ivE(Z∗mv)

2 i 6= m.

=


Piix+

∑T+l
r=1 Prr i = m,

Pim + Pmiyz i 6= m.

It follows that

p∑
v=1

sj
∗E(zvz∗vPzvzv

∗)sj

=

p∑
v=1

sj
∗E(Hv)sj

=

p∑
v=1

T+l∑
i=1

T+l∑
m=1

S∗jiSjmE(Hv
im)

=

p∑
v=1

T+l∑
i=1

S∗jiSji(Piix+

T+l∑
r=1

Prr) +

p∑
v=1

T+l∑
i=1

T+l∑
m=1,m 6=i

S∗jiSjm(Pim + Pmiyz)

=

p∑
v=1

T+l∑
i=1

S∗jiSji(Pii(x− 1− yz) +

T+l∑
r=1

Prr) +

p∑
v=1

T+l∑
i=1

T+l∑
m=1

S∗jiSjm(Pim + Pmiyz)

≤ tr(P)(|x− 1− yz|+ 1)

p∑
v=1

T+l∑
i=1

S∗jiSji +

n∑
v=1

T+l∑
i=1

T+l∑
m=1

S∗jiSjm(Pim + Pmiyz)

= tr(P)(|x− 1− yz|+ 1)p‖sj‖2 + p
T+l∑
i=1

T+l∑
m=1

S∗jiSjm(Pim + Pmiyz)

= tr(P)(|x− 1− yz|+ 1)p‖sj‖2 + ps∗j Psj + pyzs∗j Psj.

By (2.165) and P = Q∗2Q2, we have

p∑
v=1

s∗jE(zvz∗vPzvzv
∗)sj ≤ tr(P)(|x− 1− yz|+ 1)p‖sj‖2.

Also, we have

tr(P) = tr(Q∗2Q2) = tr(Λ2).
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From (2.153), (2.163) and (2.165) we can obtain

E(hj) ≤
1
√
p
tr(P)(|x− 1− yz|+ 1)‖sj‖2 → 0, (2.166)

as claimed.

Since k is a fixed number, we can obtain

E(tr(
√
pV1V∗2V2V1

∗)) =

k∑
j=1

E(hj) = op(1). (2.167)

It follows from ‖(λIT−k −W22)−1‖2 = Op(1), (2.162) and (2.167) that

‖V1Ap(λ))V1
∗‖2 = op(p

−1/2). (2.168)

Now we consider 1√
pRp = 1√

p(Rij) in (2.160). From (2.161) and the definition

of V1, Q1 and Λ1,

Rij =
1
√
p

(s∗i ZΣZ∗sj − s∗i sjtr(Σ)). (2.169)

Note that E(s∗i z1z∗1sj) = s∗i sj. With Theorem 7.1 of Bai and Yao (2008), we

can prove that Rij converges weakly to a zero-mean Gaussian variable rij with

bounded variance. It follows that

1
√
p
Rij = Op(p

−1/2). (2.170)

Note that Λ1
tr(Σ)
p is a diagonal matrix and hence we can find that any off-

diagonal element of λIk−Kn(λ) is Op(p
−1/2). This, together with (2.158), implies

that for any i 6= j, Gij(λ) = Op(p
−1/2) with λ satisfying |G(λ)| = 0. Similarly,

Gii(λ) = λ− tr(Σ)βi
pγ1

+Op(p
−1/2) is absolutely bounded with λ satisfying |G(λ)| =

0.

Denote by Ωk all the permutations σ of the set {1, 2, · · · , k}. By the Laplace

formula for a determinant we have

0 = |G(λ)| =
∑
σ∈Ωk

sgn(σ)

k∏
j=1

Gj,σj (λ)

=
∑

σ∈Ωk,σ 6=[1,2,··· ,k]

sgn(σ)
k∏
j=1

Gj,σj (λ) +
k∏
j=1

Gjj(λ).
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Recall that any off-diagonal element of G(λ) is Op(p
−1/2). We conclude that

when σ 6= [1, 2, · · · , k],
∏k
j=1Gj,σj (λ) = Op(p

−1) since there are at least two

different j1 and j2 such that σj1 6= j1 and σj2 6= j2. Since k is fixed, we have∏
1≤j≤k

Gjj(λ) = −
∑

σ∈Ωk,σ 6=[1,2,··· ,k]

sgn(σ)
k∏
j=1

Gj,σj (λ) = Op(p
−1). (2.171)

Then when λ satisfies |G(λ)| = 0, there exists j (not bigger than k) such that

|Gjj(λ)| = o(1). When i 6= j, from (2.160), (2.168) and (2.170)

|Gjj(λ)−Gii(λ)|

≥ tr(Σ)

p
|(Λ1)jj − (Λ1)ii| − |

1
√
p
Rjj −

1
√
p
Rii| − |(V1Ap(λ)V1

∗)jj − (V1Ap(λ)V1
∗)ii|

=
tr(Σ)|βj − βi|

pγ1
+Op(p

−1/2).

By Lemma 5 we can obtain that for any i 6= j, |Gii(λ)| ≥ tr(Σ)
p (| 1

(2i−1)2
−

1
(2j−1)2

|) + op(1). This, together with (2.171), implies that |Gjj(λ)| = Op(p
−1).

Hence |Gjj(λj)| = Op(p
−1) for any λ1 > λ2 > · · · > λk satisfying |G(λj)| = 0 for

1 ≤ j ≤ k. Write

(λ1, λ2, · · · , λk) = (λ1−G11(λ1)+Op(p
−1), · · · , λk−Gkk(λk)+Op(p

−1)). (2.172)

It follows that(
√
p

(
λ1 −

γ1

γ1

tr(Σ)

p

)
, · · · ,√p

(
λk −

γk
γ1

tr(Σ)

p

))
=(

√
p

(
λ1 −

γ1

γ1

tr(Σ)

p
−G11(λ1) +Op(p

−1)

)
, · · · ,√p

(
λk −

γk
γ1

tr(Σ)

p
−Gkk(λk) +Op(p

−1)

))
.

Using this, by (2.158), (2.160), (2.152), (2.161), (2.168) and Lemma 5 we

further obtain

(2.173)

√
p[λj −

γj
γ1

tr(Σ)

p
−Gjj(λj) +Op(p

−1)]

=
√
p[λj −

γj
γ1

tr(Σ)

p
− λj +

βj
γ1

tr(Σ)

p
+

1
√
p
Rjj + (V1An(λj)V1

∗)jj +Op(p
−1)]

= Rjj +O(
√
pT−1) + op(1).
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Recalling (2.169), we have

(R11, · · · , Rkk)′ =
(

1
√
p

(s∗1ZΣZ∗s1 − s∗1s1tr(Σ)), · · · , 1
√
p

(s∗kZΣZ∗sk − s∗ksktr(Σ))

)′
.

Note that E(s∗i z1z∗1sj) = s∗i sj. From Theorem 7.1 of Bai and Yao (2008), we

can find that (R11, · · · , Rkk)′ converges weakly to a zero-mean Gaussian vector

w = (w1, · · · , wk)′.

We next determine the covariance between wi and wj for the complex case

and the real case in a unified way. To this end, let ω = limp→∞

∑
1≤i≤p Σ2

ii

p and

θ = limp→∞
tr(Σ2)
p = limp→∞

tr(ΣΣ′)
p . When i 6= j, from Theorem 7.1 of Bai and

Yao (2008), we have

cov(wi, wj)

= lim
T→∞

ω(E | ξ1(i) |2| ξ1(j) |2 −(E | ξ1(i) |2)(E | ξ1(j) |2))

+ lim
T→∞

(θ − ω)(Eξ̄1(i)ξ1(j))(Eξ̄1(j)ξ1(i)) + lim
T→∞

(θ − ω)(Eξ1(i)ξ1(j))(Eξ̄1(i)ξ̄1(j)).

In view of (2.150), we have

E(| ξ1(i) |2| ξ1(j) |2)− E(| ξ1(i) |2)E(| ξ1(j) |2) (2.174)

= E(s∗i Z1Z∗1sis
∗
j Z1Z∗1sj)− E(s∗i Z1Z∗1si)E(s∗j Z1Z∗1sj).
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Recall that {sk}1≤k≤T are orthogonal and real. We obtain

(2.175)

E(s∗i z1z∗1sis
∗
j z1z∗1sj)

= E

 T+l∑
f1=1

T+l∑
f2=1

Sif1Sif2Zf11Z
∗
f21

 T+l∑
f1=1

T+l∑
f2=1

Sjf1Sjf2Zf11Z
∗
f21


=

T+l∑
f1=1

∑
f2 6=f1

Sif1Sif2Sjf1Sjf2

(
EZ2

f11

(
Z∗f21

)2
+ E|Zf11|2|Zf21|2

)

+ E

 T+l∑
f1=1

S2
if1 |Zf11|2

 T+l∑
f2=1

S2
jf2 |Zf21|2


= (yz + 1)

T+l∑
f1=1

∑
f2 6=f1

Sif1Sif2Sjf1Sjf2

+ E

 T+l∑
f1=1

S2
if1 |Zf11|2

 T+l∑
f2=1

S2
jf2 |Zf21|2

 .

Since {sk}1≤k≤T are orthogonal, we conclude from (2.135) that

(2.176)

(yz + 1)

T+l∑
f1=1

∑
f2 6=f1

Sif1Sif2Sjf1Sjf2

= (yz + 1)

T+l∑
f1=1

Sif1Sjf1

T+l∑
f2=1

Sif2Sjf2 − (yz + 1)

T+l∑
f1=1

S2
if1S

2
jf1

= −(yz + 1)

T+l∑
f1=1

S2
if1S

2
jf1 = O(T−1)

and

(2.177)

E

 T+l∑
f1=1

S2
if1 |Zf11|2

 T+l∑
f2=1

S2
jf2 |Zf21|2


=

T+l∑
f1=1

S2
if1S

2
jf1(E|Zf11|4 − 1) + E(s∗i z1z∗1si)E(s∗j z1z∗1sj)

= E(s∗i z1z∗1si)E(s∗j z1z∗1sj) +O(T−1).
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Summarizing (2.174), (2.175), (2.176) and (2.177), we conclude that

lim
T→∞

ω(E | ξ1(i) |2| ξ1(j) |2 −(E | ξ1(i) |2)(E | ξ1(j) |2)) = 0.

Since {sk}1≤k≤T are orthogonal and real, we also have

Eξ̄1(i)ξ1(j) = 0, Eξ̄1(j)ξ1(i) = 0

and

Eξ1(i)ξ1(j) = 0, Eξ̄1(i)ξ̄1(j) = 0.

This implies

cov(wi, wj) = 0. (2.178)

By (2.13) and (2.150) we can obtain

V ar(wi)

= ω lim
T→∞

{E | ξ1(i) |4 −2(E | ξ1(i) |2)2 − (Eξ1(i)2)(Eξ̄1(i)2)}

+θ lim
T→∞

(E | ξ1(i) |2)2 + θ lim
T→∞

(Eξ1(i)2)(Eξ̄1(i)2)

= ω lim
T→∞

{E | ξ1(i) |4 −2(E | ξ1(i) |2)2 − (Eξ1(i)2)(Eξ̄1(i)2)}

+θ
1

(2i− 1)4
+ θ

1

(2i− 1)4
(1− 4E(ZRi1)2E(ZIi1)2).

From Lemma 5

lim
T→∞

{E | ξ1(i) |4 −2(E | ξ1(i) |2)2 − (Eξ1(i)2)(Eξ̄1(i)2)}

= lim
T→∞

{E |
T+l∑
j=1

SijZj1 |4 −2(
βi
γ1

)2 − (
βi
γ1

)2(E(ZRi1)2 − E(ZIi1)2)2}

= lim
T→∞

{E(
T+l∑
j=1

SijZ
R
j1)4 + E(

T+l∑
j=1

SijZ
I
j1)4 +

2E(
T+l∑
j=1

SijZ
R
j1)2(

T+l∑
j=1

SijZ
I
j1)2} − 1

(2i− 1)4
(2 + (E(ZRi1)2 − E(ZIi1)2)2).
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Recalling that ZRj1 and ZIj1 are independent, we have

2E(
T+l∑
j=1

SijZ
R
j1)2(

T+l∑
j=1

SijZ
I
j1)2 = 2E(

T+l∑
j=1

S2
ij(Z

R
j1)2)E(

T+l∑
j=1

S2
ij(Z

I
j1)2)

and

E(

T+l∑
j=1

SijZ
R
j1)4 + E(

T+l∑
j=1

SijZ
I
j1)4 + 2E(

T+l∑
j=1

SijZ
R
j1)2(

T+l∑
j=1

SijZ
I
j1)2

= 3[(

T+l∑
j=1

S2
ijE(ZRj1)2)2 + (

T+l∑
j=1

S2
ijE(ZIj1)2)2] +

T+l∑
j=1

S4
ij [E(ZRj1)4 + E(ZIj1)4 − 3(E((ZRj1)2)2 + (E(ZIj1)2)2)]

+2E(
T+l∑
j=1

S2
ij(Z

R
j1)2)E(

T+l∑
j=1

S2
ij(Z

I
j1)2)

= 3[
T+l∑
j=1

S2
ijE(ZRj1)2 +

T+l∑
j=1

S2
ijE(ZIj1)2]2

+
T+l∑
j=1

S4
ij [E(ZRj1)4 + E(ZIj1)4 − 3((E(ZRj1)2)2 + (E(ZIj1)2)2)]−

4E(
T+l∑
j=1

S2
ij(Z

R
j1)2)E(

T+l∑
j=1

S2
ij(Z

I
j1)2)

= (2 + (E(ZRi1)2 − E(ZIi1)2)2)(

T+l∑
j=1

S2
ij)

2

+
T+l∑
j=1

S4
ij [E(ZRj1)4 + E(ZIj1)4 − 3((E(ZRj1)2)2 + (E(ZIj1)2)2)].

In view of Lemma 5, (2.135) and (2.148), we have

(2 + (E(ZRi1)2 − E(ZIi1)2)2)(

T+l∑
j=1

S2
ij)

2 = (2 + (E(ZRi1)2 − E(ZIi1)2)2)(
1

(2i− 1)4
+O(T−1))

and

T+l∑
j=1

S4
ij [E(ZRj1)4 + E(ZIj1)4 − 3((E(ZRj1)2)2 + (E(ZIj1)2)2)] = O(T−1).
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So we can obtain

lim
T→∞

{E | ξ1(i) |4 −2(E | ξ1(i) |2)2 − (Eξ1(i)2)(Eξ̄1(i)2)} = 0.

It follows that

V ar(wi) = θ
1

(2i− 1)4
(2− 4E(ZRi1)2E(ZIi1)2).

This, together with (2.173), (2.178) and the assumption (A4), implies Theo-

rem 5.

Appendix C.3: Proofs of the results in Appendix A.3

We now list some results which are similar to those in the above section.

Lemma 12. Recall λ̄1 ≥ λ̄2 ≥ · · · ≥ λ̄T−1 > 0 in (2.14). One can verify that

they are the positive eigenvalues of C∗H∗HC.

Proof of Lemma 12. We can write C∗H∗HC = diag{0, M̄T−1}, where M̄T−1

is a (T − 1) × (T − 1) invertible matrix. Let M̈T−1 = (M̄T−1)−1. Define the

characteristic function of M̈T by gT (λ) = det(λIT−1 − M̈T−1). One can verify

that {M̈i,j}, the entries of M̈T−1, satisfy

M̈ij =


2 i = j,

−1 |i− j| = 1,

0 otherwise.

(2.179)

By the cofactor expansion we obtain a recurrence relation as following

gT (λ) = (λ− 2)gT−1(λ)− gT−2(λ). (2.180)

Consider λ ∈ (0, 4) at first. We then write λ = λ(θ) = 2+2 cos θ. We can further

solve (2.180) to get

gT (λ) =
sinTθ

sin θ
. (2.181)
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When sin θ 6= 0, gT (λ) = 0 is equivalent to

sinTθ = 0. (2.182)

Let h̄T (θ) = sinTθ. Note that (2.14) gives T − 1 different solutions which satisfy

hT (θ) = 0 and sin θ 6= 0. On the other hand, observe that there are at most T −1

solutions for gT (λ) = 0. The proof is complete.

Lemma 13. Using the notation in (2.14),

lim
T→∞

λ̄k
T 2

=
1

π2k2
(2.183)

for any fixed k.

Lemma 14 below specifies the eigenvectors of C∗H∗HC.

Lemma 14. Let ẍk = (0, ẍk,1, · · · , ẍk,T−1)′ be a T × 1 vector with

ẍk,i = (−1)T−i sin(T − i)θ̄k, −l ≤ i ≤ T + l. (2.184)

Then {ẍk, 1 ≤ k ≤ T − 1} are orthogonal and satisfy for any k

C∗H∗HCẍk = λ̄kẍk. (2.185)

Lemmas 13 and 14 can be verified with some straightforward computations

and the fact (2.89).

Lemma 15 below specifies the eigenvalues of AmC∗H∗HC and gives their

approximation to those of AC∗H∗HC.

Lemma 15. Define γ̄k by

γ̄k = λ̄k

a0 + 2
∑

1≤j≤T−2

aj(−1)j cos(jθ̄k)

 . (2.186)

For any fixed constant k ≥ 1, there is a constant ck such that

lim
T→∞

γ̄k
T 2

= ck > 0 (2.187)
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and

lim
T→∞

γ̄k
γ̄1

= lim
T→∞

λ̄k
λ̄1

=
1

k2
. (2.188)

Let β̄1 ≥ β̄2 ≥ · · · ≥ β̄T be the eigenvalues of AC∗H∗HC. If A satisfies

Assumptions (A1) and (A2), then (2.93) and (2.94) still hold with βi and γi

replaced with β̄i and γ̄i respectively.

Lemma 16. Suppose that A satisfies Assumptions (A1) and (A2). Then

lim
T→∞

β̄k
tr(AC∗H∗HC)

= lim
T→∞

γ̄k
tr(AC∗H∗HC)

=
6

π2k2
. (2.189)

Lemma 17. Suppose that A satisfies the assumptions (A1) and (A2). For any

ε > 0, we can find T0 and k0, where k0 is a finite number independent of T , such

that when T ≥ T0, ∣∣∣∣∣
∑

k>k0
β̄k

γ̄1

∣∣∣∣∣ < ε. (2.190)

Lemma 18. Recall the eigenvectors ẍk defined in Lemma 14. Then

ΣT−1
j=1 (ẍk,j)

2 =
T

2
. (2.191)

Let

ÿk =
ẍk

‖ẍk‖
. (2.192)

Then {ÿk}1≤k≤T are orthogonal and the jth element of ÿk, yk,j, satisfies

|ÿk,j | =
|ẍk,j |√

T
2

≤
√

2√
T
. (2.193)

Lemma 19. Let {ük}1≤k≤T−1 be orthogonal and real vectors such that ‖ük‖ = 1

and

HCAC∗H∗ük = β̄kük. (2.194)

Let (S̈k,1, · · · , S̈k,T+l)
′ = s̈k = F∗H∗C∗ük√

γ̄1
. Then {s̈k}1≤k≤T−1 are orthogonal

and

T+l∑
j=1

S̈4
k,j = O(T−1). (2.195)
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The proofs of Lemma 15–Lemma 19 are similar to those of the counterparts

in the above sections. We omit the details here. Appendix D: Discus-

sion about cointegrating structure and deterministic

trending

Appendix D.1: Discussion how the rank of Π− I affects performance

This section is to discuss how the rank of Π− I affects performance of the

statistics. To this end we first develop two theorems about the largest eigenval-

ues of centered and non-centered sample covariance matrices for the case when

rank(Π− I) is not necessarily full. Some simulations are also conducted to see

how the rank of Π− I affects the performance of the statistics.

Theorem 7. Suppose that Assumptions A1-A6 hold. The matrix Π is symmetric

and rank(Π− I) = p− p1. The eigenvalues of Π satisfy

λ1(Π) = · · · = λp1(Π) = 1 > ϕ ≥ λp1+1(Π) ≥ λp(Π) ≥ −ϕ.

There exists a p×p matrix UΠ such that UΠUΠ
′ = I and Π = UΠdiag{Ip1 ,ΠR}UΠ

′,

where ΠR = diag{λp1+1(Π), · · · , λp(Π)}. We can write UΠ = (UM1
′,UR1

′)′,

where UM1 is a p1× p matrix and UR1 is a (p− p1)× p matrix. Let ρk be the kth

largest eigenvalue of B with k fixed.

(1) Let Σ̄ = UM1ΣU′M1 be a p1 × p1 matrix. When tr(Σ̄)
p ≥ c > 0,

ρk − γk tr(Σ̄)
p

γ1

i.p.−→ 0.

Furthermore, when lim
T→∞

p−p1
p = 0,

ρk − γk tr(Σ)
p

γ1

i.p.−→ 0.
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(2) Suppose that the Assumption A7 holds. Then when tr(Σ̄)
p ≥ c > 0, the

random vector p
√
p1

ρ1 − γ1
tr(Σ̄)
p

γ1
, · · · , p

√
p1

ρk − γk tr(Σ̄)
p

γ1

′

converges weakly to a zero-mean Gaussian vector w = (w1, · · · , wk)′ with

covariance cov(wi, wj) = δij
2θ

(2i−1)4
in which θ = limp→∞

tr(Σ̄2)
p1

.

Furthermore, when lim
T→∞

p−p1√
p = 0, the random vector

√pρ1 − γ1
tr(Σ)
p

γ1
, · · · ,√p

ρk − γk tr(Σ)
p

γ1

′

converges weakly to a zero-mean Gaussian vector w = (w1, · · · , wk)′ with

covariance cov(wi, wj) = δij
2θ

(2i−1)4
, in which θ = limp→∞

tr(Σ2)
p .

Proof of Theorem 7. In fact we only need to write B = 1
pXU′M1UM1X∗ +

1
pXU′R1UR1X∗. Then we can use Theorem 2.1 to study 1

pXU′R1UR1X∗ and

use Theorem 2.2 to study 1
pXU′M1UM1X∗. From the differences between the

orders of 1
pXU′R1UR1X∗ and 1

pXU′M1UM1X∗, we can complete the proof.

Theorem 8. Let Assumptions A1-A6 hold. The matrix Π is symmetric and

rank(Π− I) = p− p1. The eigenvalues of Π satisfy

λ1(Π) = · · · = λp1(Π) = 1 > ϕ ≥ λp1+1(Π) ≥ λp(Π) ≥ −ϕ.

There exists a p×p matrix UΠ such that UΠUΠ
′ = I and Π = UΠdiag{Ip1 ,ΠR}UΠ

′,

where ΠR = diag{λp1+1(Π), · · · , λp(Π)}. We can write UΠ = (UM1
′,UR1

′)′,

where UM1 is a p1 × p matrix and UR1 is a (p − p1) × p matrix. Let ρ̄k be the

kth largest eigenvalue of B̄ with k fixed.

(1) Let Σ̄ = UM1ΣU′M1 be a p1 × p1 matrix. When tr(Σ̄)
p ≥ c > 0,

ρ̄k − γ̄k tr(Σ̄)
p

γ̄1

i.p.−→ 0.
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Furthermore, when lim
T→∞

p−p1
p = 0,

ρ̄k − γ̄k tr(Σ)
p

γ̄1

i.p.−→ 0.

(2) When tr(Σ̄)
p ≥ c > 0, the random vector p

√
p1

ρ̄1 − γ̄1
tr(Σ̄)
p

γ̄1
, · · · , p

√
p1

ρ̄k − γ̄k tr(Σ̄)
p

γ̄1

′

converges weakly to a zero-mean Gaussian vector w̄ = (w̄1, · · · , w̄k)′ with

covariance cov(w̄i, w̄j) = δij
2θ
i4

, in which θ = limp→∞
tr(Σ̄2)
p1

.

Furthermore, when lim
T→∞

p−p1√
p = 0, the random vector

√pρ̄1 − γ̄1
tr(Σ)
p

γ̄1
, · · · ,√p

ρ̄k − γ̄k tr(Σ)
p

γ̄1

′

converges weakly to a zero-mean Gaussian vector w̄ = (w̄1, · · · , w̄k)′ with

covariance cov(w̄i, w̄j) = δij
2θ
i4

, in which θ = limp→∞
tr(Σ2)
p .

The proof of Theorem 8 is similar to that of Theorem 7.

Theorem 9. When lim
T→∞

p−p1√
p = 0, Theorem 3.1 in the main paper still holds.

Proof of Theorem 9. In fact we only need to study x̆f,g in this case. Write

x̆f,g = (xf − xf−1)′ (U ′M1UM1 + U ′R1UR1) (xg − xg−1) .

Since p− p1 = op(p
1/2), we can find that

E((xf − xf−1)′ U ′M1UM1 (xg − xg−1)) = a|f−g|tr(Σ̄) = a|f−g|tr(Σ)(1+op(p
−1/2))

and

V ar((xf − xf−1)′ U ′M1UM1 (xg − xg−1) = (a2
|f−g| + a2

0)tr(Σ̄2))

= (a2
|f−g| + a2

0)tr(Σ2)(1 + op(p
−1/2)).
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Moreover, one can verify that

(xf − xf−1)′ U ′R1UR1 (xg − xg−1) = Op(M0(p− p1)) = op(p
1/2).

So the two estimators still work in this case. The proof is complete.

It is difficult to estimate γ1
trΣ̄
p in Theorem 7 or γ̄1

trΣ̄
p in Theorem 8 and we

do not know how to estimate them at this stage. As a consequence we have to

pay a price and impose a condition that (p − p1)/
√
p → 0, which is a bit strict

requirement.

From the above Theorems, we can find that the rank of Π− I may play an

important role. We below run some simulations to see this. We set the different

matrices for Π and different ranks for Π− I as follows:

Πc0 = I− 11′

p
, rank(Πc0 − I) = 1, (2.196)

Πc1 = diag{Ip−[p/4], 0.9I[p/4]}, rank(Πc1 − I) = [p/4], (2.197)

Πc2 = diag{Ip−[p/2], 0.9I[p/2]}, rank(Πc2 − I) = [p/2], (2.198)

and

Πc3 = diag{Ip−[3p/4], 0.9I[3p/4]}, rank(Πc3 − I) = [3p/4], (2.199)

We use the setting yt = ψzt−1 + zt with ψ = 0.5 and Σ has the entries

Σi,j = 0.3|i−j|.

Observe that the finite–sample performance of Πc0 can be different when

using an asymptotic critical value calculated from N(0, 1) and that based on the

parametric bootstrap method when p is small. In fact although rank(Πc0 − I) =

1, 1√
p isn’t small enough when p is 5 or 10. From the proofs of Theorems 7 and 9,

we can find TN (and T̄N ) is the sum of two parts. When p−p1√
p isn’t small enough,

the second part(stationary part) can’t be ignored and it leads to the power. Note

that when p is small, if we use the critical value from N(0, 1), the power is very
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Table 2.9: The results of TN

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

20 20 0.025 0.017 0.034 0.112 0.216

20 30 0.035 0.027 0.072 0.262 0.672

20 40 0.031 0.041 0.135 0.440 0.951

20 60 0.038 0.042 0.191 0.564 1.000

20 80 0.040 0.040 0.224 0.629 1.000

40 20 0.021 0.048 0.103 0.270 0.580

40 30 0.028 0.060 0.211 0.594 0.964

40 40 0.031 0.061 0.282 0.685 0.999

40 60 0.037 0.082 0.358 0.812 1.000

40 80 0.046 0.112 0.403 0.831 1.000

60 20 0.018 0.040 0.157 0.446 0.766

60 30 0.037 0.074 0.311 0.751 0.998

60 40 0.036 0.098 0.391 0.832 1.000

60 60 0.038 0.114 0.459 0.865 1.000

60 80 0.037 0.162 0.482 0.900 1.000

80 20 0.018 0.053 0.301 0.574 0.870

80 30 0.026 0.082 0.415 0.853 1.000

80 40 0.036 0.121 0.467 0.925 1.000

80 60 0.036 0.148 0.555 0.942 1.000

80 80 0.051 0.169 0.604 0.944 1.000
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Table 2.10: The results of TN with the parametric bootstrap method

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

20 20 0.043 0.097 0.223 0.458 0.636

20 30 0.054 0.128 0.352 0.712 0.974

20 40 0.066 0.187 0.425 0.774 0.998

20 60 0.077 0.217 0.463 0.842 1.000

20 80 0.070 0.162 0.535 0.854 1.000

40 20 0.053 0.152 0.337 0.568 0.860

40 30 0.056 0.198 0.467 0.826 0.990

40 40 0.042 0.194 0.499 0.844 1.000

40 60 0.053 0.225 0.583 0.924 1.000

40 80 0.063 0.248 0.613 0.910 1.000

60 20 0.038 0.173 0.358 0.694 0.930

60 30 0.046 0.236 0.600 0.906 1.000

60 40 0.055 0.240 0.627 0.946 1.000

60 60 0.037 0.282 0.674 0.954 1.000

60 80 0.054 0.255 0.678 0.958 1.000

80 20 0.053 0.206 0.541 0.798 0.950

80 30 0.054 0.284 0.657 0.940 1.000

80 40 0.055 0.269 0.726 0.972 1.000

80 60 0.060 0.303 0.688 0.978 1.000

80 80 0.064 0.321 0.756 0.980 1.000
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Table 2.11: The results of TN and small p

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

5 20 0.046 0.028 0.019 0.012 0.008

5 30 0.054 0.025 0.013 0.008 0.010

5 40 0.039 0.013 0.002 0.002 0.012

5 60 0.052 0.029 0.013 0.002 0.006

5 80 0.048 0.030 0.011 0.006 0.002

10 20 0.023 0.019 0.017 0.014 0.048

10 30 0.030 0.025 0.025 0.058 0.142

10 40 0.031 0.029 0.036 0.062 0.322

10 60 0.030 0.011 0.038 0.112 0.558

10 80 0.036 0.029 0.057 0.126 0.678

small. While if we use the critical value from the parametric bootstrap method,

the power is much bigger (also see Tables 2.4 and 2.6 in main paper). So the

performances are different when p is small.

The performances of Πc1, Πc2 and Πc3 show that the stationary part plays

a more important role when p−p1√
p becomes larger.

Appendix D.2: Some extensive discussions about deterministic components

This section is to discuss how to deal with the deterministic components of

the time series and the difficulties when establishing general theory for them.

There is another way of presenting models containing deterministic compo-

nents. Specifically speaking, write

xt = φ+ Πxt−1 + Σ1/2yt, 1 ≤ t ≤ T. (2.200)
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Table 2.12: The results of TN with the parametric bootstrap method and small

p

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

5 20 0.111 0.095 0.126 0.154 0.308

5 30 0.125 0.141 0.179 0.258 0.580

5 40 0.133 0.112 0.175 0.328 0.772

5 60 0.122 0.126 0.208 0.342 0.938

5 80 0.112 0.103 0.257 0.392 0.992

10 20 0.069 0.103 0.187 0.236 0.462

10 30 0.068 0.116 0.269 0.462 0.826

10 40 0.072 0.137 0.341 0.516 0.972

10 60 0.087 0.139 0.354 0.592 1.000

10 80 0.101 0.137 0.379 0.642 1.000



2.6 Acknowledgments 79

Table 2.13: The results of T̄N

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

20 20 0.019 0.010 0.014 0.012 0.013

20 30 0.023 0.018 0.024 0.044 0.124

20 40 0.035 0.018 0.030 0.106 0.290

20 60 0.032 0.024 0.084 0.259 0.746

20 80 0.044 0.040 0.115 0.405 0.959

40 20 0.016 0.008 0.018 0.046 0.075

40 30 0.032 0.014 0.046 0.124 0.290

40 40 0.030 0.023 0.097 0.215 0.584

40 60 0.046 0.050 0.185 0.514 0.985

40 80 0.031 0.060 0.282 0.648 1.000

60 20 0.020 0.018 0.038 0.056 0.144

60 30 0.030 0.027 0.088 0.205 0.523

60 40 0.030 0.037 0.144 0.351 0.823

60 60 0.033 0.073 0.258 0.603 0.999

60 80 0.043 0.092 0.360 0.775 1.000

80 20 0.013 0.016 0.050 0.082 0.191

80 30 0.026 0.033 0.109 0.261 0.661

80 40 0.032 0.055 0.179 0.483 0.934

80 60 0.040 0.084 0.330 0.735 1.000

80 80 0.038 0.111 0.386 0.803 1.000



80
Chapter 2. CLT for Largest Eigenvalues and Unit Root Testing

for High–Dimensional Nonstationary Time Series

Table 2.14: The results of T̄N with the parametric bootstrap method

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

20 20 0.056 0.050 0.112 0.190 0.239

20 30 0.071 0.106 0.184 0.376 0.606

20 40 0.072 0.128 0.282 0.544 0.837

20 60 0.065 0.158 0.418 0.737 0.986

20 80 0.071 0.158 0.458 0.778 1.000

40 20 0.028 0.088 0.164 0.252 0.352

40 30 0.055 0.122 0.256 0.439 0.695

40 40 0.053 0.138 0.310 0.564 0.873

40 60 0.060 0.168 0.470 0.783 0.999

40 80 0.066 0.214 0.562 0.866 1.000

60 20 0.056 0.086 0.204 0.288 0.452

60 30 0.047 0.152 0.296 0.525 0.807

60 40 0.050 0.174 0.378 0.692 0.961

60 60 0.040 0.218 0.500 0.838 1.000

60 80 0.057 0.252 0.590 0.908 1.000

80 20 0.038 0.120 0.210 0.340 0.512

80 30 0.046 0.130 0.315 0.597 0.903

80 40 0.064 0.180 0.416 0.713 0.986

80 60 0.047 0.215 0.588 0.884 1.000

80 80 0.050 0.286 0.597 0.887 1.000
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Table 2.15: The results of T̄N and small p

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

5 20 0.057 0.030 0.024 0.016 0.008

5 30 0.056 0.032 0.022 0.012 0.002

5 40 0.054 0.032 0.022 0.006 0.000

5 60 0.055 0.040 0.018 0.004 0.000

5 80 0.049 0.038 0.030 0.000 0.000

10 20 0.024 0.028 0.006 0.026 0.009

10 30 0.028 0.034 0.012 0.014 0.018

10 40 0.036 0.022 0.010 0.016 0.031

10 60 0.049 0.022 0.010 0.022 0.117

10 80 0.038 0.030 0.012 0.044 0.217

To deal with φ, we define

˜̃xt = xt −
t

T
xT. (2.201)

Under H0 we can find that

˜̃xt = ˜̃xt−1 + Σ1/2(yt − ȳ), 1 ≤ t ≤ T, (2.202)

where ȳ =
∑T
t=1 yt

T . Let X̃ = (˜̃x1, · · · , ˜̃xT)′, we can find that

(1/p)X̃X̃
∗

= (1/p)CHYΣY∗HC∗, (2.203)

where H = I−11′/T . It turns out that the largest eigenvalues of (1/p)CHYΣY∗HC∗

have the same limit distributions as those of (1/p)HCYΣY∗C∗H. So Theorems

2.3 and 2.4 hold for (1/p)X̃X̃
∗
. The sample covariance matrix (1/p)X̃X̃

∗
can

also remove the influence of φ under H0. We can propose a test T̃N which is
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Table 2.16: The results of T̄N with the parametric bootstrap method and small

p

p T Πc0(size) Πc1(power) Πc2(power) Πc3(power) 0.9I(power)

5 20 0.079 0.066 0.092 0.106 0.155

5 30 0.099 0.074 0.100 0.146 0.284

5 40 0.111 0.106 0.092 0.188 0.417

5 60 0.094 0.112 0.132 0.260 0.712

5 80 0.110 0.114 0.196 0.326 0.896

10 20 0.045 0.078 0.114 0.158 0.218

10 30 0.080 0.096 0.166 0.257 0.450

10 40 0.091 0.108 0.240 0.372 0.653

10 60 0.102 0.134 0.309 0.524 0.904

10 80 0.085 0.114 0.326 0.608 0.991
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similar to TN and T̄N . Moreover one can prove that Theorem 3.1 still holds for

T̃N . Indeed, its size is good as one can see from Table 13 below. Unfortunately,

under H1, (1/p)X̃X̃
∗

can’t remove the influence of φ. As a consequence, the

power of the test may behave differently for different values of φ under H1.

We run simulations for T̃N with the critical value from the limit distribution

N(0, 1). The parameters are set to be the same as those in Tables 2.4, 2.6 and 2.8

in the main paper. The results of T̃N on 1000 replications and different values of

p, T and Π are reported in Table 2.13. The nominal size is set to be 0.05. One

can find that the size is good but the power is chaotic for different values of φ.

Alternatively, instead of using (2.201) we may also let x̂t = xt − x̄ − (t −
T+1

2 ) 2
T−1(xT− x̄), where x̄ =

∑T
t=1 xt

T . In this way, the influence of φ under both

H0 and H1 can be removed. Under H0,

x̂t = x̂t−1+Σ1/2yt+
2

T − 1
(TΣ1/2ȳ−

T∑
i=1

T − i+ 1

T
Σ1/2yi), 1 ≤ t ≤ T. (2.204)

Let X̂ = (x̂1, · · · , x̂T)′. Note that (1/p)X̂X̂
∗

also has the form

(1/p)X̂X̂
∗

= (1/p)CHsYΣY∗H∗sC
∗, (2.205)

where the definition of Hs comes from (2.204). Unfortunately, the property of

CHsH
∗
sC is more difficult to study and we have not obtained any result about

it yet. Hence we fail to establish CLT for the largest eigenvalues of (1/p)X̂X̂
∗
.

A more complicated model can be considered similarly.

xt = α+ βt+ Πxt−1 + Σ1/2yt, 1 ≤ t ≤ T. (2.206)

Let zt = xt − xt−1 − xT
T −

xT−xT−1−x1

T−1 (t− T+1
2 ). It can remove the influence of

α and β under both H0 and H1. Let z̃t = z̃t−1 + zt. Under H0,

z̃t = z̃t−1 + Σ1/2yt −Σ1/2ȳ −
t− T+1

2

T − 1
Σ1/2(yT − y1). 1 ≤ t ≤ T, (2.207)

Let Z̃ = (z̃1, · · · , z̃T)′. Define the sample covariance matrix:

(1/p)Z̃Z̃
∗

= (1/p)CHvYΣY∗H∗vC∗, (2.208)
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Table 2.17: The results for T̃N and MA(1)

p T I(size) 0.95I(power) 0.9I(power) Π2(power)

10 20 0.037 1.000 0.873 0.802

10 30 0.044 1.000 0.705 0.700

10 40 0.055 1.000 0.469 0.582

10 60 0.045 1.000 0.113 0.312

10 80 0.058 1.000 0.015 0.155

20 20 0.033 1.000 0.996 0.934

20 30 0.040 1.000 1.000 0.922

20 40 0.033 1.000 1.000 0.829

20 60 0.050 1.000 1.000 0.699

20 80 0.044 1.000 0.996 0.425

40 20 0.015 1.000 1.000 0.996

40 30 0.027 1.000 1.000 0.997

40 40 0.032 1.000 1.000 0.987

40 60 0.042 1.000 1.000 0.955

40 80 0.044 1.000 0.998 0.878

60 20 0.011 1.000 1.000 0.956

60 30 0.021 1.000 1.000 0.924

60 40 0.030 1.000 1.000 0.897

60 60 0.035 1.000 1.000 0.725

60 80 0.043 1.000 1.000 0.486

80 20 0.009 1.000 1.000 0.993

80 30 0.021 1.000 1.000 0.996

80 40 0.027 1.000 1.000 0.990

80 60 0.031 1.000 1.000 0.945

80 80 0.036 1.000 1.000 0.869
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where the definition of Hv comes from (2.207). Unfortunately, studying the

property of CHvH
∗
vC is even more challenging. We haven’t obtained any result

for (1/p)Z̃Z̃
∗

yet. We are going to further pursue this in future research, however.





Chapter 3
Central Limit Theorem for the spiked

Eigenvalues of Separable Sample

Covariance Matrices

3.1 Introduction

Most of the existing studies in random matrix field rely on the assumption that

the observations of high dimensional data are independent, although dimensional

correlation structure can be allowed. However, high–dimensional data in eco-

nomics and finance are often highly dependent across time. We can’t assume

that the fluctuation of the stock market today is independent with the fluctua-

tion yesterday. In view of this, Zhang (2006) investigated the empirical spectral

distribution (ESD) of the sample covariance for the case where the data matrices

are of the form A1ZA2, where A1 and A2 are positive semidefinite matrices and

Z has independent entries satisfying some moment assumptions. This model is

referred to as the separable covariance model and allows for some dependence

among observations recorded over different time points.
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In Chapter 2 we study the CLT of the largest eigenvalues for high-dimensional

non-stationary time series. However it cannot handle the case when time series

data contain a deterministic trend. In view of this we consider a kind of separable

sample covariance matrices. Recalling the model in (2.33), we can find that the

largest eigenvalues of CFF∗C∗ are very big and Σ is bounded. A direct question

is whether the CLT can be extended to the separable sample covariance matrices

with this form. In this Chapter, we study this question.

The Chapter will be organized as follows. Section 3.2 establishes the CLTs for

two different cases. Section 3.3 provides two models in time series as two examples

of the theoretical results. Section 3.4 and Section 3.5 prove the theoretical results

in Section 3.2.

3.2 Theoretical Result

We consider the separable sample covariance matrix ΓXΩXTΓT , where Σ1 =

ΓΓT , X = (x1, ...,xn) = (xij)p×n and Γ are p × n and (p − L) × p matrices.

Moreover, let the spectral decomposition of Γ be VΛ1/2U, where V and U are

(p−L)×(p−L) and (p−L)×p orthogonal matrices respectively(VVT = UUT =

I), Λ is a diagonal matrix consisting of the descent ordered eigenvalues of Σ1.

Moreover, suppose that there are K eigenvalues of Σ1 much bigger than others.

Then we can write Λ =

ΛS 0

0 ΛP

, where ΛS = diag(µ1, ..., µK) and ΛP =

diag(µK+1, ..., µp−L) and µ1, ..., µK are the K spiked eigenvalues. In addition,

we write U =

U1

U2

 and Σ = UT
2 ΛPU2. We focus on the asymptotic property

of the largest K eigenvalues of ΓXΩXTΓT .

We need to make the following assumptions:

Assumption 1. xj, j = 1, ..., n are i.i.d. random vectors. {xij: i = 1, ..., p,

j = 1, ..., n} are independent random variables with finite fourth moment such
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that Exij = 0. E|
√
nxij |2 = 1 and E|

√
nxij |4 = γ4i.

Assumption 2. There exists δn satisfying

lim
n→∞

δ−4
n

1

np

p∑
i=1

n∑
j=1

E|
√
nxij |4I(|

√
nxij | > δn 4

√
np) = 0, δn ↓ 0, δn 4

√
np ↑ ∞.(3.1)

Assumption 3. Ω is nonnegative. There exist two positive constants M0 and

M1 such that ‖Ω‖2 ≤M0 and tr(Ω)
n ≥M1.

Assumption 4. The spiked eigenvalues of population covariance matrix are

much bigger than others. Precisely speaking, for ∀ε > 0, there is Kε which

doesn’t depend on n and p such that when n and p are big enough,

µKε(1 +
√

p
n)2M0

µK
tr(Ω)
n

< ε. (3.2)

Assumption 5. The spiked eigenvalues of the population covariance matrix are

much bigger than others. Precisely speaking, for ∀ε > 0, there is Kε which doesn’t

depend on n and p such that when n and p are big enough,

∑p−L
i=Kε

µiM0

µK
tr(Ω)
n

<
ε

2
. (3.3)

Remark 8. When n
p → 0, µi = i−1−σ and σ > 0. We can find that the Assump-

tion 5 holds but the Assumption 4 doesn’t hold. Conversely, When n
p → c > 0,

Ω = I, µK =
√
p and µi = 1 for any i > K, then the Assumption 4 holds but the

Assumption 5 doesn’t hold.

Assumption 6. There exists a small positive constant c such that µK −µK+1 ≥

cµK .

Assumption 7. The spiked eigenvalues of the population covariance matrix are

much bigger than max{1, pn}. Precisely speaking, the eigenvalues µi =
max{1, p

n
}

di
,

where di → 0, i = 1, 2, ...,K. And for i = K + 1, ..., p − L, µi are bounded by a

constant C.
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Assumption 8. αL = µK = ... = µK−nL < αL−1 = µK−nL+1... < α1 = µn1 =

... = µ1, Moreover, there exists a small constant c such that αi−1 − αi ≥ cαi,

i = 1, 2, ...,L. n1,..., nL are finite.

Remark 9. In fact, the Assumption 7 implies Assumptions 4 and 6.

Denoting the i-th largest eigenvalue of ΓXΩXTΓT by λi, we first prove the

following proposition to ensure the convergence in probability:

Proposition 8. For ΓXΩXTΓT satisfying Assumptions 1, 3 and 4 or Assump-

tions 1, 3 and 5, the i-th largest eigenvalue λi converges to µi in probability after

rescaling. Precisely speaking, we have uniformly for all i = 1, ...,K

λi − µi trΩn
µi

trΩ
n

→ 0, in probability. (3.4)

Proof. RecallKε in the Assumption 4. For any ε > 0, we write Λ =

ΛS,ε 0

0 ΛP,ε

,

where ΛS,ε = diag(µ1, ..., µKε−1) and ΛP,ε = diag(µKε , ..., µM−L). Note that the

non-zero eigenvalues of ΓXΩXTΓT equal those of UXΩXTUTΛ. By weyl’s in-

equality, we have

|σi(Λ1/2UXΩ1/2)− σi(

Λ
1/2
S,ε 0

0 0

UXΩ1/2)| ≤ σ1(

0 0

0 Λ
1/2
P,ε

UXΩ1/2),

where σi(A) is the i-th largest singular value of A. Let Pε =

0 0

0 Λ
1/2
P,ε

UXΩ1/2.

By the results in Bai and Silverstein (2006) and Chen and Pan (2012), under As-

sumption 3, with probability tending to 1, we have ‖PεPε
T ‖ ≤ µKε(1+

√
p
n)2M0.

We can also find that ‖PεPε
T ‖ ≤ tr(PεPε

T ) and tr(PεPε
T ) ≤ 2

∑M−L
j=Kε

µjM0

with probability tending to 1. Then we find that when (3.2) or (3.3) holds,

‖PεPεT ‖
µK

tr(Ω)
n

≤ ε with probability tending to 1.

Moreover, we define Sε =

Λ
1/2
S,ε 0

0 0

UXΩ1/2. by Theorem 7.1 of Bai and

Yao (2008), we can show that σi(Sε)
2

µi
trΩ
n

− 1 = op(1).
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We then conclude that

lim
p,n→∞

P (| λi

µi
trΩ
n

− 1| ≤ ε) = 1 (3.5)

for any ε > 0. (3.4) is proved.

Theorem 10. Suppose that Assumptions 1-3 and 7-8 hold. Define an event

Ed = {‖Ω1/2XTΣXΩ1/2‖ ≤ 4CM0(1 +
p

n
)}. (3.6)

Let θi be the solution to

E(uTi XΩ1/2(θiI−Ω1/2XTΣXΩ1/2)−1Ω1/2XTuiI(Ed)) = α−1
i .

Denote mi =
∑i−1

j=1 nj, for all i = 1, 2, ...,L. We have

√
n

αi
(λmi+1 − θi, λmi+2 − θi, ..., λmi+ni − θi)

d→ Ri, (3.7)

where Ri are the eigenvalues of ni×ni matrix Ri with zero-mean Gaussian entries

and the covariance of the (Ri)k1,l1 and (Ri)k2,l2 is

lim
n→∞

n2 × Cov(uTmi+k1XΩXTumi+l1 ,u
T
mi+k2

XΩXTumi+l2). (3.8)

Theorem 11. Suppose that Assumptions 1, 3, 5, 6 and 8 hold. Denote mi =∑i−1
j=1 nj, for all i = 1, 2, ...,L. We have

√
n

αi
(λmi+1 − αi

trΩ

n
, λmi+2 − αi

trΩ

n
, ..., λmi+ni − αi

trΩ

n
)
d→ Ri, (3.9)

where Ri are the eigenvalues of ni×ni matrix Ri with zero-mean Gaussian entries

and the covariance of the (Ri)k1,l1 and (Ri)k2,l2 is

lim
n→∞

n2 × Cov(uTmi+k1XΩXTumi+l1 ,u
T
mi+k2

XΩXTumi+l2). (3.10)

Remark 10. Actually, it follows from (3.62) that

θi
αi

=
trΩ

n
+ c̄ci ·

trΩ2

n
+O(

p

n
α−2
i ) + o(

1√
n

),
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where

c̄ =
1

p−K − L

p−L∑
j=K+1

µj , ci =
p−K − L

nαi
.

Remark 11. By Theorem 7.2 of Bai and Yao (2008) it is not hard to calculate

(3.8) and (3.10).

When the population spiked eigenvalues are simple, we can conclude that the

limiting distribution of extreme eigenvalues are Gaussian.

Proposition 9. Suppose the conditions of Theorem 10 hold. Moveover, nk1 =

nk2 = · · · = nkj = 1. Define an event We have

√
n(
λmk1+1 − θk1

αk1
,
λmk2+1 − θk2

αk2
, ...,

λmkj+1 − θkj
αkj

)
d→ R, (3.11)

where R are a vector with zero-mean Gaussian entries and the covariance of the

Rf and Rg is

lim
n→∞

n2 × Cov(uTmkf+1XΩXTumkf+1,u
T
mkg+1XΩXTumkg+1). (3.12)

Proposition 10. Suppose the conditions of Theorem 11 hold. Moveover, nk1 =

nk2 = · · · = nkj = 1. Define an event We have

√
n(
λmk1+1 − αk1 trΩn

αk1
,
λmk2+1 − αk2 trΩn

αk2
, ...,

λmkj+1 − αkj trΩn
αkj

)
d→ R, (3.13)

where R are a vector with zero-mean Gaussian entries and the covariance of the

Rf and Rg is

lim
n→∞

n2 × Cov(uTmkf+1XΩXTumkf+1,u
T
mkg+1XΩXTumkg+1). (3.14)

3.3 Applications in time series data

The data in time series often have the dependence over both the time and the

cross-section. So the separable sample covariance may have potential applications

in time series. In this section, we give two models in time series. One model is a

special case for Theorem 10 and another is a special case for Theorem 11.
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3.3.1 Stationary linear processes with factors

Consider a stationary linear process as follows.

yit =
∞∑
s=0

bszi,t−s (3.15)

and

zit =
K∑
s=1

φisfst +

p−K∑
s=1

Υisζst, (3.16)

where 1 ≤ i ≤ p−K − L and 1 ≤ t ≤ n.

We give some assumptions for the linear process.

Assumption 9.
∑∞

i=0 i|bi| <∞.

From the Assumption 9 we can find that when l is big enough
∑∞

s=l+1 bszi,t−s

is very small. So we can only consider the case yit =
∑l

s=0 bszi,t−s. Let Y be a

(p−K − L)× n matrix whose entries are yit. We can write 1
nYYT as the form

of ΓXΩXTΓT and check the Assumptions in Theorem 10.

Assumption 10. (x1t, · · · ,xpt)T = xt = 1√
n

(f1t, · · · , fKt, ζ1t, · · · , ζM−K,t)T ,t =

−∞, ..., n are i.i.d. random vectors. {xij: i = 1, ..., p, j = −∞, ..., n} are

independent random variables with finite fourth moment such that Exij = 0,

E|
√
nxij |2 = 1 and E|

√
nxij |4 = γ4i. There exists δn satisfying

lim
n→∞

δ−4
n

1

np

p∑
i=1

n∑
j=1

E|
√
nxij |4I(|

√
nxij | > δn 4

√
np) = 0, δn ↓ 0, δn 4

√
np ↑ ∞.(3.17)

Write X = (x1−l, · · · ,xn).

The Assumption 10 ensures that Assumptions 1-2 hold.

Definition 1. W is a (n+ l)×n whose entries are Wij = bl−i+jI{0 ≤ i−j ≤ l}.

Let Ω = WWT .

The Assumption 9 ensures that the Assumption 3 holds.
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Assumption 11. The (p −K − L) × (p −K) matrix Υ consists of the entries

Υis satisfing ‖ΥΥT ‖ ≤ C.

Assumption 12. There exists a positive constant c such that min1≤s≤K{
∑p−K−L

i=1 φ2
is} >

cp. Also Φ is a (p−K − L)×K matrix whose entries are φis.

Write Γ = (Φ,Υ). Assumptions 11-12 ensure that the Assumption 7 holds.

In fact ΓΓT = ΦΦT + ΥΥT. Assumption 12 implies that rank(ΦΦT) = K and

the K largest eigenvalue of ΦΦT is bigger than cp and Assumption 11 implies

that ‖ΥΥT ‖ ≤ C. Then we can find that the K largest eigenvalue of ΓΓT is

bigger that cp−C and the K + 1 largest eigenvalue of ΓΓT is not bigger than C.

Then we conclude that the Assumption 7 holds.

We then write

1

n
YYT = ΓXΩXTΓT . (3.18)

Moreover, Assumptions 1-3 and 7 hold. Then we can find that Theorem 10

works for the largest eigenvalues of 1
nYYT .

3.3.2 Nonstationary linear processes

Consider a nonstationary linear process as follows.

yit = yi,t−1 +
l∑

s=0

bszi,t−s (3.19)

and

zit =

n∑
s=1

Υisxst, (3.20)

where 1 ≤ i ≤ n− L and 1− l ≤ t ≤ p− l.

Let Y be a (n−L)× (p− l) matrix whose entries are yit. We next give some

assumptions and definitions to rewrite 1
nYTY in the form of ΓXΩXTΓT . We

also check the Assumptions in Theorem 11.
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Assumption 13. xi = (xi,1−l, · · · ,xi,p−l)T ,i = 1, ..., n are i.i.d. random vectors

and {xij: i = 1, ..., n, j = 1− l, ..., p− l} are independent random variables with

finite fourth moment such that Exij = 0. E|
√
nxij |2 = 1 and E|

√
nxij |4 = γ4i.

Let X = (x1, ...,xn).

Then we can find that the Assumption 1 holds.

Assumption 14. The (n− L)× n matrix Υ consists of the entries Υis.

Assumption 15.
∑∞

i=0 i|bi| <∞.

Definition 2. W is a p× (p− l) whose entries are Wij = bl−i+jI{0 ≤ i− j ≤ l}.

Let C = (Cij)1≤i,j≤p−l be a (p− l)× (p− l) lower triangular matrix with

Cij = 0 for j > i and Cij = 1 for 1 ≤ j ≤ i. (3.21)

Let Γ = CWT . We can conclude that Assumptions 5-6 hold.

Write
1

n
YTY = ΓXΩXTΓT . (3.22)

Moreover, Assumptions 1, 3 and 5-6 hold. Then we can find that Theorem

11 works for the largest eigenvalues of 1
nYTY.

Remark 12. One can see the details of the nonstationary linear processes in

Chapter 2.

3.4 Proof of Theorem 10

We give a new assumption

Assumption 16. For any k ∈ N+, there exist constants ck such that E|
√
nxij |k ≤

ck.

We will prove a weaker version of Theorem 10 in Section 4.1. i.e.

We assume Assumption 16 holds. Then we will show how to relax

Assumption 16 in Section 3.4.3.
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3.4.1 Proof of Theorem 10 under Assumption 16

Define V1 = Λ
1/2
S U1XΩ1/2 and V2 = Λ

1/2
P U2XΩ1/2. We prove CLT for a fixed

λi, i ∈ {1, ...,K}. By the definition of λi, it solves the equation

det(λiI− Λ1/2UXΩXTUTΛ1/2) = 0,

together with Proposition 8, with probability tending to 1. It is equivalent to

det(λiI− V1

[
I + V T

2 (λiI− V2V
T

2 )−1V2

]
V T

1 = 0.

By schur’s complement formula, it is also equivalent to

det(λiI− λiV1(λiI− V2V
T

2 )−1V T
1 ) = 0. (3.23)

Noting that UT
2 ΛPU2 = Σ, the above equation becomes

det(λiI− λiΛ1/2
S U1XΩ1/2(λiI−Ω1/2XTΣXΩ1/2)−1Ω1/2XTUT

1 Λ
1/2
S ) = 0.

i.e.

det(λiΛ
−1
S − λiU1XΩ1/2(λiI−Ω1/2XTΣXΩ1/2)−1Ω1/2XTUT

1 ) = 0. (3.24)

We abbreviate Y = XΩ1/2, and then (3.24) becomes

det(αiΛ
−1
S − αiU1Y(λiI−YTΣY)−1YTUT

1 ) = 0. (3.25)

Since the LHS of the equation above is a continue function of θi, we conclude

that θi = αi
trΩ
n (1 + o(1)). We denote λi − θi by νi. Then

U1Y(λiI−YTΣY)−1YTUT
1 = U1Y(θiI−YTΣY)−1YTUT

1

−νiU1Y(λiI−YTΣY)−1(θiI−YTΣY)−1YTUT
1 . (3.26)

Similar to the proof of Theorem 3.1 in Bai and Yao (2008), the key step is to estab-

lish the central limit theorem for the entries of
√
nαiU1X(θiI−XTΣX)−1XTUT

1

by the Leibniz formula for the determinant of a matrix. Let uTj be the jth row of
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U1. In the sequel, we only prove the central limit theorem for
√
nαiu

T
j Y(θiI −

YTΣY)−1YTul. Moreover, it is easy to see that

‖θ2
iU1X(λiI−XTΣX)−1(θiI−XTΣX)−1XTUT

1 − I‖∞ (3.27)

= op(1),

which implies that the randomness of θ2
iU1Y(λiI−YTΣY)−1(θiI−YTΣY)−1YTUT

1

does not affect CLT. Before proceeding, we define another event

E
(k)
d = {‖(Y(k))TΣY(k)‖ ≤ 4CM0(1 +

p

n
)}, (3.28)

where Y(k) = Y−xke
T
kΩ1/2, xk is the k-th column of X and ek = (0, .., 0, 1, 0, ..., 0)T

is p-dimensional vector with only k-th element being 1. Denote yk = xke
T
kΩ1/2.

We remind the readers that when we calculate the negligible terms, there are al-

ways several indicator functions such as I(Ed) and I(E
(k)
d ) involved in them. Ed

and E
(k)
d hold with high probability by the results in Bai and Silverstein (2006)

and Chen and Pan (2012), so they do not affect the CLT. One should notice that

we assume that E|xij |2 = 1
n . Denote Ek = E(.|x1, ...,xk) and ϑi = αi

θi
. Then we

have

αiu
T
j Y(θiI−YTΣY)−1YTulI(Ed)− αiEuTj Y(θiI−YTΣY)−1YTulI(Ed)

= ϑi

n∑
k=1

(Ek − Ek−1)uTj Y(I−YT Σ

θi
Y)−1YTulI(Ed) (3.29)

= ϑi

n∑
k=1

(Ek − Ek−1)

(
uTj Y(I−YT Σ

θi
Y)−1YTul − uTj Y(k)(I− (Y(k))T

Σ

θi
Y(k))−1(Y(k))Tul

)
I(Ed).

Here we aim at showing the central limit theorem for αiu
T
j Y(θiI−YTΣY)−1YTulI(Ed)

instead of αiu
T
j Y(θiI − YTΣY)−1YTul. Actually, since I(Ed) = 1 with high

probability, αiu
T
j Y(θiI−YTΣY)−1YTulI(Ed) and αiu

T
j Y(θiI−YTΣY)−1YTul

share the same central limit theorem. We define Σ
θi

= Σ̃, A = I −YT Σ̃Y and

Ak = I − (Y(k))T Σ̃Y(k). Then A = Ak − yTk Σ̃Y(k) − (Y(k))T Σ̃yk − yTk Σ̃yk.
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Moreover, in case there are only A−1
k involved in the equations we are calculat-

ing, we will replace I(Ed) by I(E
(k)
d ). This replacement aims at calculating the

expectations about xk. For example, we replace I(Ed) by I(E
(k)
d ) at the first line

of (3.41), which makes the expectation much easier.

We define Ak,2 = yTk Σ̃Y(k), Ak,3 = (Y(k))T Σ̃yk and Ak,4 = yTk Σ̃yk. We also

define ζkk = eTkΩ1/2A−1
k Ω1/2ek.

Noting that uTj Y = uTj Y(k) + uTj yk, we define

Ak,w = Ak −Ak,3. (3.30)

By the formula A−1 = B−1 − B−1(A−B)B−1

1+tr(B−1(A−B))
, we have

A−1 = A−1
k,w +

1

ak
A−1
k,w(Ak,2 + Ak,4)A−1

k,w (3.31)

= A−1
k +

A−1
k Ak,3A

−1
k

bk
+

A−1
k,w(Ak,2 + Ak,4)A−1

k,w

ak
,

where

ak = 1− xTk Σ̃Y(k)A−1
k,wΩ1/2ek − xTk Σ̃xke

T
kΩ1/2A−1

k,wΩ1/2ek (3.32)

and

bk = 1− eTkΩ1/2A−1
k (Y(k))T Σ̃xk. (3.33)

It follows that

(Ek − Ek−1)
(
uTj YA−1YTul) = (Ek − Ek−1)(I1 + I2 + I3 + I4), (3.34)

where

I1 = (uTj xk)(u
T
l xk)e

T
kΩ1/2A−1Ω1/2ek (3.35)

=
(uTj xk)(u

T
l xk)e

T
kΩ1/2A−1

k,wΩ1/2ek

ak

=
(uTj xk)(u

T
l xk)e

T
kΩ1/2A−1

k Ω1/2ek

ak(1− eTkΩ1/2Ak(Y(k))T Σ̃xk)

=
(uTj xk)(u

T
l xk)ζkk

akbk
,
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I2 =
∑
f 6=k

uTl xku
T
j xfe

T
f Ω1/2A−1Ω1/2ek (3.36)

=
uTj Y(k)A−1

k yTk ul

ak
+

uTj Y(k)A−1
k (Y(k))T Σ̃ykA

−1
k yTk ul

akbk

=
uTj Y(k)A−1

k yTk ul

ak
+

uTj Y(k)A−1
k (Y(k))T Σ̃xkx

T
k ulζkk

akbk
,

I3 =
∑
f 6=k

uTj xku
T
l xfe

T
f Ω1/2A−1Ω1/2ek (3.37)

=
uTj ykA

−1
k (Y(k))Tul

ak
+

uTj ykA
−1
k yTk Σ̃Y(k)A−1

k (Y(k))Tul

akbk

=
uTj ykA

−1
k (Y(k))Tul

ak
+

uTj xkx
T
k Σ̃Y(k)A−1

k (Y(k))Tulζkk

akbk

and

I4 =
∑
f,g 6=k

uTj yfA
−1yTg ul (3.38)

=
∑
f,g 6=k

uTj yfA
−1
k yTg ul +

∑
f,g 6=k

uTj yf
A−1
k Ak,3A

−1
k

bk
yTg ul

+
∑
f,g 6=k

1

ak
uTj yfA

−1
k,w(Ak,2 + Ak,4)A−1

k,wyTg ul

= uTj Y(k)A−1
k (Y(k))Tul +

uTj Y(k)A−1
k Ak,3A

−1
k (Y(k))Tul

bk

+
1

ak
uTj Y(k)A−1

k,w(Ak,2 + Ak,4)A−1
k,w(Y(k))Tul.

Noting that uTj Y =
∑

f uTj yf . One can verify that I2 + I3 is the f 6= k term

of uTj YA−1YTul. Similarly, I4 is the f 6= g term of uTj YA−1YTul.

By (3.35), we have akbkI(Ed) =
eTkΩ1/2A−1

k Ω1/2ek
eTkΩ1/2A−1Ω1/2ek

I(Ed) = 1 + o(1). Therefore,

we conclude an important formula in this thesis, i.e.

akbkI(Ed) = 1 + o(1), (3.39)
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with high probability. In fact, noticing that xTk Σ̃xk is the diagonal entry of

YT Σ̃Y, we have with high probability

|1− bk|I(Ed) = |eTkΩ1/2A−1
k (Y(k))T Σ̃xk|I(Ed) (3.40)

≤ ‖Ω1/2A−1
k (Y(k))T Σ̃1/2‖‖Σ̃1/2xk‖I(Ed)

= O(di).

(3.39)-(3.40) imply that there is a constant C1 > 2 such that max{ 1
ak
, 1
bk
}I(Ed) ≤

C1I(Ed).

Considering (Ek−Ek−1)(I4−uTj Y(k)A−1
k (Y(k))Tul) first. The term uTj Y(k)A−1

k (Y(k))Tul

involved in I4 disappears in I4 − uTj Y(k)A−1
k (Y(k))Tul. We claim the other two

terms of I4 at the RHS of (3.38) are negligible. In fact, consider the term

√
n

n∑
k=1

(Ek − Ek−1)
uTj Y(k)A−1

k Ak,3A
−1
k (Y(k))Tul

bk
I(Ed),

we calculate the upper bound of the variance

C2
1n

n∑
k=1

E|uTj Y(k)A−1
k Ak,3A

−1
k (Y(k))Tul|2I(Ed) (3.41)

= C2
1

n∑
k=1

EuTj Y(k)A−1
k (Y(k))T Σ̃2Y(k)A−1

k (Y(k))Tul

eTkΩ1/2A−1
k (Y(k))Tulu

T
j Y(k)A−1

k Ω1/2ekI(E
(k)
d ) + o(n−2).

By the definition of I(E
(k)
d ), we have

uTj Y(k)A−1
k (Y(k))T Σ̃2Y(k)A−1

k (Y(k))TulI(E
(k)
d ) (3.42)

≤ C2
d2
i

max{1, pn}
uTj Y(k)(Y(k))TulI(E

(k)
d ) = O(d2

i )→ 0.

Therefore, we only need to bound

n∑
k=1

EeTkΩ1/2A−1
k (Y(k))Tulu

T
j Y(k)A−1

k Ω1/2ekI(E
(k)
d ) ≤

n∑
k=1

E|eTkΩ1/2A−1
k (Y(k))Tu1|2I(E

(k)
d ).

(3.43)
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Intuitively, if we can replace Ak and Y(k) by A and Y respectively, then the

expectation above is bounded by

n∑
k=1

E|eTkΩ1/2A−1YTu1|2 = EuT1 YA−1ΩA−1YTu1 ≤M0EuT1 YYTu1 = O(1).

(3.44)

Therefore, we below replace Ak and Y(k) by A and Y respectively. First, we

replace Y(k) by Y. It follows that

n∑
k=1

E|eTkΩ1/2A−1
k (Y(k))Tu1|2I(E

(k)
d ) ≤ 2

n∑
k=1

E|eTkΩ1/2A−1
k YTu1|2I(E

(k)
d )

+2
n∑
k=1

E|eTkΩ1/2A−1
k Ω1/2ekx

T
k u1|2I(E

(k)
d ).

It is easy to see that

n∑
k=1

E|eTkΩ1/2A−1
k Ω1/2ekx

T
k u1|2I(E

(k)
d ) ≤M0

n∑
k=1

|xTk u1|2 = M0.

Therefore, it suffices to consider
∑n

k=1 E|eTkA−1
k YTu1|2. One should notice that

in the sequel we will omit the indicator function I(Ed) and I(E
(k)
d ) involved in

the equalities(inequalities). Recalling the definition below (3.29)

A = Ak −Ω1/2ekx
T
k Σ̃Y(k) − (Y(k))T Σ̃xke

T
kΩ1/2 −Ω1/2ekx

T
k Σ̃xke

T
kΩ1/2,(3.45)

together with (3.31), we conclude that

eTkΩ1/2A−1 =
eTkΩ1/2(Ak −Ω1/2ekx

T
k Σ̃Y(k))−1

ak

=
eTkΩ1/2A−1

k

ak
+
ζkkx

T
k Σ̃Y(k)A−1

k

akbk
.
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Summarizing the above, we have

n∑
k=1

E|eTkΩ1/2A−1
k YTu1|2I(E

(k)
d ) (3.46)

≤
n∑
k=1

E|eTkΩ1/2A−1
k YTu1|2I(Ed) + o(n−2)

≤ 2(
n∑
k=1

E|eTkΩ1/2A−1YTu1|2I(Ed)

+
n∑
k=1

E|ζkkxTk Σ̃Y(k)A−1
k YTu1|2)I(E

(k)
d ) + o(n−2).

The first term at the RHS of (3.46) is bounded by a constant referring to (3.44).

To control the second term, recalling that Y = Y(k) + xke
T
kΩ1/2, similar to the

previous conclusion, we have

n∑
k=1

E|ζkkxTk Σ̃Y(k)A−1
k YTu1|2I(E

(k)
d ) (3.47)

≤
n∑
k=1

E|ζkkxTk Σ̃Y(k)A−1
k (Y(k))Tu1|2I(E

(k)
d )

+

n∑
k=1

E|ζkkxTk Σ̃Y(k)A−1
k ekx

T
k u1|2I(E

(k)
d )

→ 0.

We turn to the more complex term

1

ak
uTj Y(k)A−1

k,w(Ak,2 + Ak,4)A−1
k,w(Y(k))Tul =

zk
ak
.

As before, we only need to control the case j = l = 1. Since ak is close to 1 with

high probability, it suffices to bound the variance of the following term

√
n

n∑
k=1

(Ek − Ek−1)zk,

i.e.

n
n∑
k=1

E|zk|2.
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For convenience, we only consider one part of the above term, which is

n
n∑
k=1

E|uT1 Y(k)A−1
k,wAk,2A

−1
k,w(Y(k))Tu1|2. (3.48)

Since

A−1
k,w = A−1

k +
A−1
k Ak,3A

−1
k

bk
,

there are four terms involved in (3.48). We consider the first one

n
n∑
k=1

E|uT1 Y(k)A−1
k Ω1/2ekx

T
k Σ̃Y(k)A−1

k (Y(k))Tu1|2 (3.49)

=
n∑
k=1

E|uT1 Y(k)A−1
k Ω1/2ek|2|uT1 Y(k)A−1

k (Y(k))T Σ̃2Y(k)A−1
k (Y(k))Tu1|2.

Similar to (3.41), we conclude that (3.49) tends 0. For the cross term, it is

n

n∑
k=1

E|uT1 Y(k) A−1
k Ak,3A

−1
k

bk
Ω1/2ekx

T
k Σ̃Y(k)A−1

k (Y(k))Tu1|2

≤ C2
1

n

n∑
k=1

E|uT1 Y(k)A−1
k (Y(k))T Σ̃eTkΩ1/2A−1

k Ω1/2ekΣ̃Y(k)A−1
k (Y(k))Tu1|2

≤ C2
1

n
d2
i

n∑
k=1

E|uT1 Y(k)(Y(k))Tu1|2 = o(1). (3.50)

For the fourth term, we have

n

n∑
k=1

E|uT1 Y(k) A−1
k Ak,3A

−1
k

bk
Ω1/2ekx

T
k Σ̃Y(k) A−1

k Ak,3A
−1
k

bk
(Y(k))Tu1|2

≤ C4
1n

n∑
k=1

E|uT1 Y(k)A−1
k Ak,3A

−1
k Ω1/2ekx

T
k Σ̃Y(k)A−1

k Ak,3A
−1
k (Y(k))Tu1|2

= o(1), (3.51)

where in the last inequality we apply the same argument as (3.40) to show

|xTk Σ̃Y(k)A−1
k (Y(k))T Σ̃xk| = O(d2

i )

with high probability. Next we consider I1, I2 and I3, which follows from (3.35)-
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(3.37) that

√
n

n∑
k=1

(Ek − Ek−1)
((ujxk)(ulxk)ζkk

ak
(3.52)

+
uTj Y(k)A−1

k Ω1/2ekx
T
k ul

ak
+

uTj Y(k)A−1
k (Y(k))T Σ̃xkx

T
k ulζkk

akbk

+
uTj xke

T
kΩ1/2A−1

k (Y(k))Tul

ak
+

uTj xkx
T
k Σ̃Y(k)A−1

k (Y(k))Tulζkk

akbk

)
We claim that the third term of (3.52) is negligible. In fact, since |ak|, |bk|

and ζkk ∼ 1 with high probability, 1
|ak| ,

1
|bk| , |ζkk| ≤ C1 with high probabiity.

Therefore, we only need to calculate the following term

n

n∑
k=1

E|uTj Y(k)A−1
k (Y(k))T Σ̃xkx

T
k ul|2. (3.53)

Denote ck = Σ̃Y(k)A−1
k (Y(k))Tuj and h = ul. Then we have

(3.53) ≤
maxf{γ4f}

n

n∑
k=1

E
( p∑
f=1

c2
kfh

2
f +

p∑
f 6=g

c2
kfh

2
g +

p∑
f 6=g

ckfhfckghg
)

≤
maxf{γ4f}

n

n∑
k=1

E
( p∑
f=1

c2
kfh

2
f +

p∑
f,g=1

c2
kfh

2
g +

p∑
f,g=1

ckfhfckghg
)

≤
maxf{γ4f}

n

n∑
k=1

E‖ck‖2. (3.54)

By the definition of ck, it is easy to see that

E‖ck‖2 = EuTj Y(k)A−1
k (Y(k))T Σ̃2Y(k)A−1

k (Y(k))Tuj

≤ d2
iu

T
j uj = d2

i → 0.

Similarly, the fifth term of (3.52) is negligible. Therefore, the main term of (3.29)

is

√
n

n∑
k=1

(Ek − Ek−1)
((uTj xk)(u

T
l xk)e

T
kΩ1/2A−1

k Ω1/2ek

ak
+ (3.55)

uTj Y(k)A−1
k Ω1/2ekx

T
k ul

ak
+

uTj xke
T
kΩ1/2A−1

k (Y(k))Tul

ak

)
.
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We below replace ak by 1 in the second term. Note that 1−ak = xTk Σ̃Y(k)A−1
k,wΩ1/2ek+

xTk Σ̃xke
T
kΩ1/2A−1

k,wΩ1/2ek. Write

uTj Y(k)A−1
k Ω1/2ekx

T
k ul

ak
(3.56)

= uTj Y(k)A−1
k Ω1/2ekx

T
k ul +

1− ak
ak

uTj Y(k)A−1
k Ω1/2ekx

T
k ul.

We aim to prove that

√
n

n∑
k=1

(Ek − Ek−1)
1− ak
ak

uTj Y(k)A−1
k Ω1/2ekx

T
k ul = op(1).

Since 1−ak
ak

= o(1) with high probability, it suffices to prove that

n
n∑
k=1

E|uTj Y(k)A−1
k Ω1/2ekx

T
k ul|2 = O(1). (3.57)

By a simple calculation, we have

n
n∑
k=1

E|uTj Y(k)A−1
k Ω1/2ekx

T
k ul|2 =

n∑
k=1

EuTj Y(k)A−1
k Ω1/2eke

T
kΩ1/2A−1

k (Y(k))Tuj ,

which is exactly (3.43). Therefore, (3.57) has been proved. In view of (3.56), we

only need to consider the term

√
n

n∑
k=1

(Ek − Ek−1)uTj Y(k)A−1
k Ω1/2ekx

T
k ul (3.58)

=
√
n

n∑
k=1

Eku
T
j Y(k)A−1

k Ω1/2ekx
T
k ul.

Similar to the proof of replacing ak by 1, by ‖A−1
k − I‖ = op(1), we can show

that

(3.58) =
√
n

n∑
k=1

Eku
T
j Y(k)Ω1/2ekx

T
k ul + op(1).

We next consider the first term at the RHS of (3.52). Similar to (3.56), we

can also replace ak by 1. Therefore, by (3.55)-(3.58), we get

(3.55) =
√
n

n∑
k=1

(
((uTj xk)(u

T
l xk)−

I(j = l)

n
)eTkΩek + uTj xku

T
l EkX

(k)Ωek

+uTl xku
T
j EkX

(k)Ωek
)

(3.59)

=
√
n(uTj XΩXTul −

I(j = l)trΩ

n
).
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Then the limit of the covariance is

lim
n→∞

n2 × Cov(uTmi+k1XΩXTumi+l1 ,u
T
mi+k2

XΩXTumi+l2). (3.60)

By Theorem 7.2 of Bai and Yao (2008) it is not hard to calculate them.

3.4.2 Calculation of Mean

In this section the aim is to calculate the expectation of uTj YA−1YTulI(Ed). In

fact, we only need to consider the case j = l since when j 6= l the expectation

is o( νi
θ2i

). At first, we define new events I(Ẽd) = I(tr(YTΣY) ≤ 4nCM0(1 + p
n))

and I(Ẽ
(k)
d ) = I(tr((Y(k))TΣY(k)) ≤ 4nCM0(1 + p

n)). It is easy to see that

I(Ẽd) = 1, I(Ẽ
(k)
d ) = 1

with high probability by the results in Bai and Silverstein (2006) and Chen and

Pan (2012). Denote A = Σ̃1/2YYT Σ̃1/2−I, rf = Σ̃1/2xf and Ag =
∑

f 6=g rfr
T
f −

I. Moreover, let A(η) = A + ηiI, and A(η) = A− ηiI, i2 = −1. Let η = n−3/4.

It is not hard to conclude that

E
√
nuTj YA−1YTujI(Ed) = E

√
nuTj YA(η)−1YTujI(Ẽd) + o(1).

In order to calculate the derivatives, we introduce a smooth cutoff function of

I(Ẽd):

X (x) =


1 if |x| ≤ 4nCM0(1 + p

n)

0 if |x| ≥ 4nCM0(1 + p
n) + 1,

.

whose derivatives satisfy |X (k)| ≤ 2, k ∈ N+. Therefore we have

E
√
nuTj YA(η)−1YTujI(Ẽd) = E

√
nuTj YA(η)−1YTujX (trYTΣY) + o(1).

Up to now, we are ready to prove the universality result, which means that

E
√
nuTj YA(η)−1YTujX (trYTΣY)
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does not depend on the distribution but the first two moments. In the sequel, we

define Ã = A(η) and F (Y) = uTj YÃ−1YTuj . Similar to the previous section,

we omit the term X (trYTΣY) and the relative arguments since ∂kX (trYTΣY)

∂xkfµ
= 0

with high probability. Moreover, we also need to define the following interpolation

matrix:

Definition 3. For t ∈ {0, 1}, 1 ≤ f ≤ p and 1 ≤ µ ≤ n, denote the density(or

probability mass function) of Xt
fµ by ρtfµ. For t ∈ [0, 1], we define the distribution

function by

ρtfµ = tρ1
fµ + (1− t)ρ0

fµ.

The interpolation matrix Yt is (Xt
fµ) with F tfµ being the distribution of Xt

fµ and

the entries {Xt
fµ} are mutually independent for all f, µ. Moreover, we introduce

the matrix

Yt,λ
(fµ) = Yt + (λ−Xθ

fµ)efe
T
µ , (3.61)

which differs from Yt at the (f, µ) position only.

By Lemma 7.9 of Knowles and Yin (2014), we have

√
n(EF (Y1)− EF (Y0)) =

√
n

∫
dt

p∑
f=1

n∑
µ=1

[
EF (Y

t,x1fµ
(fµ) )− EF (Y

t,x0fµ
(fµ) )

]
,

Since we assume that the first two moments of xiµ are 0 and 1
N respectively, it

suffices to prove

n−1
p∑

f=1

n∑
µ=1

EF (3)(Yt,0
(fµ))→ 0.

We need to calculate the derivative carefully. Since F (Y) = uTj YÃ−1YTuj , we

split the derivative into 3 parts:

EF (3)(Yt,0
(fµ)) = B1 +B2 +B3.

B1: We differentiate uTj Y twice. In this case, the derivative is equal to

(uTj Ω1/2ef )2eTµ
∂Ã−1

∂xfµ
eµ.
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It is easy to see that eTµ
∂Ã−1

∂xfµ
eµ = o(1). Together with

∑p
f=1(uTj Ω1/2ef )2 =

uTj Ωuj , we have proved in this case, n−1
∑p

f=1

∑n
µ=1B1 = o(1).

B2: We differentiate uTj Y once. Then the derivative equals

2uTj Ω1/2efe
T
µ

∂Ã−2

∂x2
fµ

YTuj = 2uTj Ω1/2efe
T
µ Ã−1 ∂Ã

∂xfµ
Ã−1 ∂Ã

∂xfµ
Ã−1YTuj

+2uTj Ω1/2efe
T
µ Ã−1eµΣ̆ffe

T
µ Ã−1YTuj ,

where Σ̆ = Ω1/2Σ̃Ω1/2. By cauchy’s inequality, we have

n−1
p∑

f=1

n∑
µ=1

EuTj Ω1/2efe
T
µ Ã−1eµΣ̆ffe

T
µ Ã−1YTuj

≤ n−1√np

√√√√ p∑
f=1

u2
jf Σ̆2

ff

√
EuTj YÃ−2YTuj

= O(di) = o(1).

We consider one part involved in the other term, i.e. ujfe
T
µ Ã−1eµe

T
f Σ̆YÃ−1YT Σ̆efe

T
µ Ã−1YTuj .

Similar to the previous inequality, we have

n−1
p∑

f=1

n∑
µ=1

E|uTj Ω1/2efe
T
µ Ã−1eµe

T
f Σ̆YÃ−1YT Σ̆efe

T
µ Ã−1YTuj |

≤ O(d2
i )

√∑
f

(uTj Ω1/2ef )2
√

EuTj YÃ−2YTuj = o(1).

Therefore, n−1
∑p

f=1

∑n
µ=1B2 = o(1). B3: We can handle B3 similar to B1

and B2, therefore, we have shown the universality result. By the arguments

of this section, E
√
nuTj YA−1YTujI(Ed) is not affected by the distribution of

X asymptotically. Therefore, we can find an asymptotic explicit expression of
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EuTj YA−1YTujI(Ed) by calculating the special case X = X0. i.e.

EuTj YA−1YTujI(Ed) (3.62)

= EuTj X0Ω1/2A−1Ω1/2(X0)TujI(Ed) + o(
1√
n

)

=
1

n
Etr(A−1Ω)I(Ed) + o(

1√
n

)

=
1

n

∞∑
g=0

trE(Ω1/2(X0)T Σ̃X0Ω1/2)gΩI(Ed) + o(
1√
n

)

=
trΩ

n
+ c̄c1 ·

trΩ2

n
+O(

p

n
α−2
i ) + o(

1√
n

),

where

c̄ =
1

p−K − L

p−L∑
j=K+1

µj , ci =
p−K − L

nαi
.

3.4.3 Relax Assumption 16: Truncation and Central-

ization

In this section, we relax Assumption 16. We need to truncate and centralize xfg.

Under Assumption 1, we first truncate xfg to x̂fg = xfgI(
√
n|xfg| < δn 4

√
np)

and then centralize it to x̃fg =
x̂fg−Ex̂fg

σi
, where σf is the standard deviation of

√
nx̂fg. It is easy to see that

P(Y 6= Ŷ) ≤
p∑

f=1

n∑
g=1

P(|
√
nxfg| ≥ δn 4

√
np)

≤ 1

np
δ−4
n

p∑
f=1

n∑
g=1

E|
√
nxfg|4I(|

√
nxfg| > δn 4

√
np)→ 0. (3.63)

Then we have

P(αiU1Y(λiI−YTΣY)−1YTUT
1 = αiU1Ŷ(λiI− ŶTΣŶ)−1ŶTUT

1 )→ 1.

Therefore, together with (3.24), we only need to consider

det(αiΛ
−1
S − αiU1Ŷ(λiI− ŶTΣŶ)−1ŶTUT

1 ) = 0. (3.64)
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Considering x̃fg, we have

|1− σ2
f | ≤ 2|E(nx2

fg)I(|
√
nxfg| > δn 4

√
np)|

≤ 2(np)−1/2δ−2
n E|
√
nxfg|4I(|

√
nxfg| > δn 4

√
np), (3.65)

|E
√
nx̂fg| ≤ δ−3

n (np)−3/4E|
√
nxfg|4I(|

√
nxfg| > δn 4

√
np), (3.66)

and

Etr(Ŷ − Ỹ)(Ŷ − Ỹ)T ≤
p∑

f=1

n∑
g=1

E|x̂fg − x̃fg|2

≤ 2

p∑
f=1

n∑
g=1

(
(1− σf )2

σ2
f

V ar(x̂fg) +
1 + (1− σf )2

σ2
f

|Ex̂fg|2). (3.67)

From (3.65) and the Assumption 2, we can find that

p∑
f=1

n∑
g=1

(1− σf )2

σ2
f

V ar(x̂fg) (3.68)

≤ C4

n

p∑
f=1

n∑
g=1

(np)−1δ−4
n (E|

√
nxfg|4I(|

√
nxfg| > δn 4

√
np))2

= o(
1

n
).

From (3.66) and the Assumption 2, we can see that

p∑
f=1

n∑
g=1

|Ex̂fg|2 (3.69)

≤ 1

n

p∑
f=1

n∑
g=1

(np)−3/2δ−6
n (E|

√
nxfg|4I(|

√
nxfg| > δn 4

√
np))2

= o(
1

n
).

These, together with (3.67), implies that

Etr(Ŷ − Ỹ)(Ŷ − Ỹ)T ≤
p∑

f=1

n∑
g=1

E|x̂fg − x̃fg|2 = o(
1

n
). (3.70)
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By (3.65)-(3.70), replacing Ŷ by Ỹ, we have

‖αiU1Ŷ(λiI− ŶTΣŶ)−1ŶTUT
1 −αiU1Ỹ(λiI− ỸTΣỸ)−1ỸTUT

1 ‖ = op(n
−1/2),

and

‖αiuTj Ŷ(λiI− ŶTΣŶ)−1ŶTul − αiuTj Ỹ(λiI− ỸTΣỸ)−1ỸTul‖ = op(n
−1/2).

Therefore, (3.24) can be rewritten as

det(αiΛ
−1
1 −αiU1Ỹ(λiI−ỸTΣỸ)−1ỸTUT

1 +op(n
−1/2)(11T−eie

T
i )+op(n

−1/2)eie
T
i ) = 0.

(3.71)

From the proof of Theorem 10, it is easy to see that the small term op(n
−1/2)

does not affect CLT. Therefore, we can prove Theorem 10 based on

det(αiΛ
−1
1 − αiU1Ỹ(λiI− ỸTΣỸ)−1ỸTUT

1 ) = 0. (3.72)

Recalling the proof of Theorem 10, all arguments hold for Ỹ and hence Assump-

tion 16 can be removed.

3.5 Proof of Theorem 11

We prove CLT for a fixed λi, i ∈ {1, ...,K}. Define V1 = Λ
1/2
S U1X and V2 =

Λ
1/2
P U2X. By the definition of λi, it solves the equation

det(λiI− Λ1/2UXΩXTUTΛ1/2) = 0.

Together with Proposition 8, with probability tending to 1, it is equivalent to

det(λiI− V1ΩV
T

1 − V1ΩV
T

2 (λiI− V2ΩV
T

2 )−1V2ΩV
T

1 ) = 0.
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It’s easy to see ‖(λiI− V2ΩV
T

2 )−1‖ = O(M0
µK

) and ‖Ω‖ ≤M0. Then we consider

the part Λ
−1/2
S V1V

T
2 V2V

T
1 Λ
−1/2
S . Note that

tr(Λ
−1/2
S V1V

T
2 V2V

T
1 Λ
−1/2
S )

= tr(U1XXTUT2 ΛPU2XXTUT1 )

=

K∑
j=1

(U1XXTUT2 ΛPU2XXTUT1 )jj

=
K∑
j=1

hj , (3.73)

where hj = (U1XXTUT2 ΛPU2XXTUT1 )jj . Note that uTj Σuj = 0. Write

Ehj = E(uTj XXTUT2 ΛPU2XXTuj)

= E(uTj XXTΣXXTuj)

=
1

n2

n∑
i1=1

∑
i2 6=i1

uTj Σuj +
n∑

i1=1

uTj E(xi1x
T
i1Σxi1x

T
i1)uj

≤ 1

n
tr(Σ) max

i
{γ4i}. (3.74)

Combining Assumption 5, (3.73) and (3.74) we can conclude that

Etr(Λ
−1/2
S V1V

T
2 V2V

T
1 Λ
−1/2
S ) ≤

K∑
j=1

1

n
tr(Σ) max

i
{γ4i} (3.75)

= o(
µK√
n

).

It follows that

‖Λ−1/2
S V1ΩV

T
2 (λiI− V2ΩV

T
2 )−1V2ΩV

T
1 Λ
−1/2
S ‖ = o(

1√
n

). (3.76)

Define

H =
√
nΛ
−1/2
S (V1ΩV

T
1 − diag{µ1

trΩ

n
, · · · , µK

trΩ

n
})Λ−1/2

S . (3.77)

and the ni × ni matrix R which has the element

Rfg = Hmi+f,mi+g. (3.78)
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By Theorem 7.2 of Bai and Yao (2008) it is not hard to conclude that

R
d→ Ri. (3.79)





Chapter 4
Discussions and Future Research

This research work develops CLTs of the largest eigenvalues of separable sample

covariance matrices ΓXΩXTΓT with two different kinds of ΓΓT . These theoret-

ical results have potential applications in time series data.

As a special case of the second kind of ΓΓT (see Section 3.3.2), we study the

high–dimensional nonstationary time series and propose two new unit root tests

in Chapter 2. The two tests can work when the high-dimensional time series data

don’t have the structure of factors. As we know, the existing tests work poor on

this case.

The example in Section 3.3.1 seems to have the same potential applications in

unit root tests. The trouble is how to estimate the parameters. The estimations

are one of our main future research work.

Another future work may be to consider the data with more complicated

deterministic components. It may extend the applications of the results.





Bibliography

Bai, Z. and Silverstein, J. “Spectral Analysis of Large Dimensional Random

Matrices.” 2nd Edition, Springer:New York. (2006).

Bai, Z. and Yao, J. “Central limit theorems for eigenvalues in a spiked population

model.” Ann. Inst. H. Poincaré, 44:447–474. (2008).
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