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Abstract

This thesis is concerned about the central limit theorems for the spiked
eigenvalues of separable sample covariance matrices and their applications.

The first problem is to test a p—dimensional time series model of the
form: x; = Mx, ; + Y%y, 1 <t < T where y; = (Yy,--+,Y;,) and
$1/2 i the square root of a symmetric positive definite matrix. Here
Yij = > peobeZik; with 3722 |b;| < oo is a linear process where {Z;;}
are independent and identically distributed (i.i.d.) random variables with
EZ;; =0, E|Z;;|* =1 and E|Z;;|* < 0. Let X = (x1,--+ ,x1)" and X* be
the conjugate transpose. We establish both the convergence in probability
and the asymptotic joint distribution of the first £ largest eigenvalues of
B = (1/p)XX* and B = (1/p)(X — X)(X — X)" when IT = I. Then we
give two new unit root tests for high-dimensional time series as applications.
We also provide some simulation results about the two tests.

Then we extend our theoretical results to the more general case. We
study the separable sample covariance matrix 'XQX'T7 with two different
kinds of I'T? and each of them has some extremely large eigenvalues. We
prove the central limit theorems of the largest eigenvalues for the two cases

and give two examples in time series data.






Chapter

Introduction

There have been an increasing interest and significant developments on
the theory and methodologies for handling high-dimensional data in recent
years. Understanding high-dimensional sample covariance matrices, includ-
ing its eigenvalues and eigenvectors, has proved to be extremely useful for
such developments. Indeed, random matrix theory has provided useful esti-
mation and testing procedures for high-dimensional data analysis. Recent
discussions on this topic can be found in [Johnstone (2007), |[Paul and Aue
(2014)) and [Yao et al.| (2015)).

Research towards understanding the eigenvalues of sample covariance
matrices dates back to as early as the studies of Fisher| (1937)), [Hsu| (1939)
and [Roy| (1939), and has become increasingly active since the publication
of the celebrated work of Marcenko and Pastur| (1967), in which the au-
thors established a limiting spectral distribution (MP type distribution)
for a sample covariance matrix for the case where p and T" are comparable.
More recent research has been devoted to establishing asymptotic properties
for the eigenvalues and eigenvectors of high-dimensional sample covariance

madtrices.
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There are currently two main lines of research about asymptotic dis-
tributions of the largest eigenvalues of high—dimensional random matrices.
The first line of research is concerned with the Tracy-Widom law of the
largest eigenvalues of random matrices. It is well known that limiting dis-
tributions of the largest eigenvalues of high-dimensional random matrices,
such as Wigner matrices, follow the Tracy-Widom law, which was originally
discovered by [Tracy and Widom (1994)) and Tracy and Widom| (1996) for
Gaussian Wigner ensembles. The largest eigenvalue of the Wishart matrix
was investigated in Johnstone (2001). Several progresses for general sample
covariance matrices have also been made, and we refer to Bao et al.| (2015])

and |[El Karoui| (2007) among others.

Empirical data from wireless communication, finance and speech recog-
nition often suggest that some extreme eigenvalues of sample covariance
matrices are well separated from the rest. For example, the signals are of-
ten much bigger than noisy. This intrigues the second line of research about
the spiked eigenvalues, which was first proposed in |Johnstone| (2001)). Sig-
nificant progresses have been made in recent years on the behaviour of
these spiked eigenvalues. For instance, the CLTs of the largest eigenvalues
of complex Gaussian sample covariance matrices with a spiked population
were investigated in Baik et al| (2005), which also reported an interesting
phase transition phenomenon. Baik and Silverstein| (2006)) further consid-
ered almost sure limits of the extreme sample eigenvalues of the general
spiked population. [Paul| (2007) established a CLT for the spiked eigenval-
ues under the Gaussian population and the population spikes being simple.
The fluctuation of the extreme sample eigenvalues of the general spiked

population with arbitrary multiplicity numbers was further reported in [Bai

and Yaol| (2008).



Most of the above existing studies rely on the assumption that the ob-
servations of high dimensional data are independent, although dimensional
correlation structure can be allowed. Observations of high—dimensional data
in economics and finance are often highly dependent across time. We can’t
assume that the fluctuation of the stock market today is independent with
the fluctuation yesterday. In view of this, [Zhang (2006) investigated the
empirical spectral distribution (ESD) of the sample covariance for the case
where the data matrices are of the form A;ZA,, where A; and A, are pos-
itive semidefinite matrices and Z has independent entries satisfying some
moment assumptions. This model is referred to as the separable covari-
ance model and allows for some dependence among observations recorded
over different time points. |Liu et al.| (2015) studied the ESD of sample
covariance matrices and symmetrized sample autocovariance matrices con-
structed from a linear process. Note that their setting also accommodates
dependence among observations due to the fact that linear processes are
built from the same innovation vectors. However, the above two papers
considered the ESD only. To the best of our knowledge, there is no exist-
ing work available to deal with the largest eigenvalues of sample covariance
matrices generated from high—dimensional nonstationary time series data.
The main difficulty is that the properties of the population covariance ma-
trices of the non-stationary data are unknown yet (even though we may
make some assumptions about the error process). This thesis belongs to
the second line of research about the spiked eigenvalues. We investigate the
spiked eigenvalues of separable covariance matrices in some special cases.
The main contribution of this paper is to establish several joint asymptotic
distributions for the first several largest eigenvalues of separable covariance

matrices in some special cases. An additional contribution of this paper
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is to propose two new unit root tests for testing nonstationarity of high—
dimensional dependent time series.

The main content of the thesis is organized as follows.

e In Chapter [2| we establish several joint asymptotic distributions for
the first several largest eigenvalues of sample covariance matrices of

high—dimensional nonstationary time series data.

e In Chapter [3, we extend the CLT to the general case: the separable
sample covariance matrix IXQXTT7 with two different kinds of I'T”

and each kind of I'TT has some extremely large eigenvalues.

e In Chapter [} we give some discussions about our results and future

research.



Chapter 2
Chapter

CLT for Largest Eigenvalues and Unit
Root Testing for High—Dimensional

Nonstationary Time Series

2.1 Introduction

The Chapter will be organized as follows. Section 2.2 establishes an asymp-
totic distributional theory for the first several largest eigenvalues of the co-
variance matrix of a high-dimensional dependent time series. Section 2.3
proposes two new unit root tests that are devoted to testing nonstationarity
for high dimensional dependent data. Section 2.4 evaluates both the size
and power properties of the proposed tests. Section 2.5 gives some con-
cluding remarks. Appendix A establishes some useful results for truncated
versions of sample covariance matrices by truncating linear processes. Ap-
pendix B gives the full proofs of the main theorems in Sections 2.2-2.3. The
proofs of the results listed in Appendix A are given in Appendix C. Ap-

pendix D discusses some possible extensions of the main models to include
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a cointegrating structure and a deterministic trending component.

2.2 Asymptotic Theory

This section first introduces some necessary assumptions before we estab-
lish new asymptotic properties for the largest eigenvalues of the covariance

matrix of a vector of high—dimensional time series.

2.2.1 Matrix models

The chapter is to consider high—dimensional covariance matrices for non-

stationary time series. Specifically, define the following linear processes:

Yij =Y biZior; (2.1)
k=0
with ) |b;| < oco. Suppose that y; = (Y, --,Ys) is a p-dimensional
i=0

time series, where {Z;;} are independent and identically distributed (i.i.d.)
random variables with EZ;; = 0, E|Z;;|* = 1 and E|Z;;|* < oco. Consider a

p—dimensional time series model of the form:
x; = x; 1 + 2%y, 1<t <T, (2.2)

where the spectral norm of the coefficient matrix IT is bounded by one

(0 < ||TT]> < 1).

— ZT x ZT x. / .
Define X = (%t, e ,%) as a T X p matrix. Introduce the
non-centered and centered sample covariance matrices
|
B = -XX (2.3)
p

and

(2.4)
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with X = (x31, -+ ,x1)’. Here we point out that when IT = 0, ¥ satisfies
some conditions and Y;;’s are i.i.d random variables, the Tracy-Widom dis-
tribution has been established for the large eigenvalue of B in Bao et al.
(2015)). Also, when IT = 0, ¥ is a block matrix with spiked eigenvalues and
Y;;’s are i.i.d random variables, an asymptotic distribution (Gaussian dis-
tribution under some conditions) for the largest eigenvalues of B has been
discussed in |Paul (2007) and Bai and Yao| (2008)). It is not clear yet how
the largest eigenvalues of B may behave when Y;;’s have some dependence
structure. One case is that IT = 0, but X is involved in . When IT =1,
becomes nonstationary. The main motivation for considering such a
model is the proposal of two unit root tests to be discussed in the next
section.

This thesis is to investigate the largest eigenvalues of B and B for the
cases where IT =T or ||TI||s = ¢ < 1. Throughout the thesis, we make the

following assumptions about the coefficients b; and X::
(A1) 27 ifbi] < oo.

(A2) S°% b = s # 0.

(A3) There exist two positive constants My and M; such that |3y < M
and &) > M.
P

(A4) Let T'— oo and p — oo such that limg, \/Tﬁ = 0.

Here || - ||2 stands for either the spectral norm of a matrix or the Euclidean
norm of a vector. The linear process includes both MA(g) and AR(1)
models. Assumption A2 is easily satisfied. Note that we do not require p
and T to be of the same order, which is being commonly used in the random

matrix theory literature. Assumption A3 covers some commonly used 3.
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For example one may verify that the identity matrix I and the Toeplitz
matrices satisfy it. However, we point out that Assumption A3 rules out
the case where cross-sectional dependence has a factor model structure,
which leads to very large eigenvalues of 3. We also need to make some

assumptions about Z;; and x.

(A5) {Z;;} are ii.d random variables with mean zero, variance one and
bounded fourth moment. Let z;, = (Zy,---,Z,)", where ¢ can be

either positive or negative integer (for the purpose of introducing A7

below).
(A6) Elxoll3 = O(p).

(A7) xo = Y. B X122 1+ 015215 + b_y, where ||Z1][> < My, || B> <
k=0

My and z = (Zy,---,Z,)" is independent of z; for any ¢, in which

{Z;} are ii.d random variables with mean zero, variance one and

L ~
finite fourth moments. The coefficients satisfy > |bx| + [b_1| < oo
k=0

and [[B_o2 = O(p).

2.2.2 Main results for non-centered sample covari-

ance matrix B

To characterize the limits in probability of the eigenvalues of B, define for

k=1,---,T,

1 AT +1—
with g = 2L+ 1= R)m

Aeg=——
"7 2(1 + cos6y) °oT+1

(2.5)

and

Ve = Ak <a0 +2) a;(—1y Cos(jﬁk)> : (2.6)

=1
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where
k=0

v and A, are useful in studying the mean and variance of the largest

eigenvalues. We first characterize the magnitude of Ay and .

Proposition 1. Let Assumptions A1 and A2 hold. For any fized constant

k > 1, there is a constant ¢, such that

Tk
Th_rgoﬁ =c; >0 (2.8)
and
A 1
lim £ = lim % = —— (2.9)

Toooyy  Toeo N (2k—1)2
We are now at a position to state the main results; their proofs are given
in Appendix B. The first theorem develops an upper bound in probability
for the spectral norm of B for the stationary case. The second theorem
gives a limit in probability and a joint distribution for the first k largest

eigenvalues of B for nonstationary data.

Theorem 1. Let Assumptions A1-A6 hold. When 0 < ||II]js = ¢ < 1, we
2
(+v7)
Bl = — | . 2.1
IBla=0, | 25 (2.10)

Theorem 2. Let Assumptions A1-A5 hold. Let py be the kth largest eigen-
value of B. Let I1 =1 and k is fized.

obtain

(1) If Assumption A6 holds, we have
Pk — ’Yk@ ;
— Ly (2.11)
g
as p and T tend to infinity, where i.p. means convergence in probabil-

1ty.
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(2) If Assumption A7 holds, the random vector

D tr(X tr(3))’
\/—_(pl—% 3 )) (2.12)
M p
converges weakly to a zero-mean Gaussian vector w = (wy,--- ,wy)’

with covariance function cov(w;,w;) =0 for any i # j and var(w;) =

ﬁ with 6 = lim @, as p and T tend to infinity.

p—0o0

Remark 1. The result holds for the complex case as well. In fact when Z

1s complex, set

Re(Zy) = Zf, and Im(Zy,) = Z}.. (2.13)

v v

/
Let Zg and Zin be independent. Then \4_15 <p1 — 71@, N ’yk@)

P P

converges weakly to a zero-mean Gaussian vector w = (wy, -+ ,wy)" with

var(w;) = 52%(1 — 2B(ZF)?E(ZL)?). in which § = lim "2 When
Pp—00

i # j, cov(w;, w;) = 0.

Remark 2. If Assumption A7 does not hold but Assumption A6 is true,

then Theoremﬁ remains true under Assumptions A1-A3, A5 and . lim
, p—00
0.

S

Remark 3. We now compare our results with those in|Bai and Yao (2008).
Bai and Yao (2008) needs to assume that the observations are independent
and that 3 has a spiked structure. In my thesis, the observations are highly
dependent. Furthermore, we need not assume a spiked structure of 3, since

the spiked eigenvalues come naturally from the random walk structure.
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2.2.3 Main results for centered sample covariance ma-
trix B

We now consider the largest eigenvalues of B. To characterize the limits in

probability of the eigenvalues of B, define for k =1,---, T,

- 1 - T —
Ay = ——=— with Qk:( k)

—_— 2.14
2(1 + cos 6y,) T (2.14)

and
e = A (ao +2 Z a;(—1) cos(j@k)> ) (2.15)
j=1
We below characterize the magnitude of A, and 7. The result is similar to

Proposition [I}

Proposition 2. Let Assumptions A1 and A2 hold. For any fixed constant

k > 1, there is a constant ¢, such that

Mk
Th_rggoﬁ =c, >0 (2.16)
and -
Y 1
lim 25 — jim 2= L (2.17)

T—00 71 T—00 )\1 k2

We next list the results, which are similar to Theorems [1] and [2|

Theorem 3. Let Assumptions A1-A6 hold. When 0 < ||II]js = ¢ < 1, we

obtain
2
B2 = O, M . (2.18)

Theorem 4. Let Assumptions A1-A5 hold. Let py be the kth largest eigen-
value of B. Let II =1 and k is fixed. We then have the following results:
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as p and T tend to infinity,

o — B
— ™y, (2.19)
71

and the random wvector

VP (P1 —MN tTf)) Ok — 7 triﬁi))) (2:20)

- s Pk Tk
T
converges weakly to a zero-mean Gaussian vector W = (wy,--- ,wy)" with
covariance function cov(w;, w;) = 0 for any i # j and var(w;) = %f with
. »2
6= lim ")
p—oo P

Remark 4. It is noted that Theorem |4 doesn’t need Assumptions A6 and
A7 due to the structure of B.

We are now ready to introduce two new unit root tests for the high—
dimensional time series case before the proofs of the theorems are given in

Appendix B below.

2.3 Unit Root Testing

This section is to explore an application of the main results to the proposal
of a new unit root test for a high—dimensional time series setting.

Unit root testing is to check whether time series data are nonstationary
or not. Existing studies on this topic can be found in Dickey and Fuller
(1979), Chan and Wei (1988)) and Phillips and Perron| (1988). In the past
two decades, unit root testing in panel data has received much attention.
Many researchers (e.g. |Choi (2001)), [Levin et al.| (2002) and Im et al.[ (2003)))
consider the time series case where the error process is independent across

individuals. There are also some results (see, for example, (Chang (2004),
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Pesaran| (2003) and Pesaran et al.| (2013)) that have considered the case
where the error process is cross—sectional dependent. A book by [Pesaran
(2015) summarizes some recent developments about unit root testing for
both time series and panel data settings. In the above literature, researchers
often need to first estimate the covariance matrix of a panel of times associ-
ated with cross—sectional dependence. However, when the dimensionality of
the time series becomes large, it is hard to consistently estimate it without
imposing some structure on the covariance matrix. We therefore propose
two new tests using the covariance matrices of high—dimensional time series
under consideration.

To this end, a key observation is that Theorems [2] and [ indicate that
the largest eigenvalues of B and B are of order T? in probability (the order
of 71 and 91, which are given in Propositions [1] and [2)), while Theorems [1}
and Assumption (A4) imply that when 0 < ¢ < 1, || Bll2 = 0,(7") and
|B|l2 = 0,(T). This motivates us to propose two new unit root tests based

on the largest eigenvalues.

2.3.1 The model and test statistics

We consider the following model:
x¢ = (I —ID¢+ TIx,_y + X%y, 1<t < T, (2.21)

where ¢ is a p-dimensional vector. The null hypothesis Hy is II = I and

the alternative hypothesis H; is ||II||2 < 1.

) - \/ﬁ(m 771@)
Theoremstates that under Hy : II = I, the statistic L, = — v
converges weakly to a standard normal variable. Note that 71@ and

P
Y1V 260 are both unknown in practice. We would like to emphasize that ~,

@ and # can not be estimated individually. However, it is possible to
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estimate their product as a whole. Specifically speaking, an estimator of

ol tT‘(E)

N is proposed as follows.

Define X, = (x¢ — Xp_1) (xg —Xg_1) for 1 < f,g <T. A direct calcu-

m1 )
lation yields EXf, = ajy_gtr(X). Moreover, note that > a;(—1)? cos(j6:)
j=1

mi

can be approximated by ) a; for an appropriate m; to be specified below.
j=1

sl tr(X)

In view of this, we propose an estimator of X as
T i mi Tﬁj )\4{
i ivitj
oy = Y —— 49 A — (2.22)
' ;p(T—l) ;;MT—J—D

2 tr(Ez)

We next find an estimator for v, . The strategy is to find an es-

tr(X)

232 and ~v1—— first and then construc-
p p

timator for the ratio of v

t its estimator in conjunction with p,,,, the estimator of :\*—i @ Ty
this end, we first find an estimator for a2tr(3?). One may verify that
Var(Xs,) = (af;_, +aj)tr(X?). Tt is also noted that aj;_g = o(| f — g|) due
to Assumption Al so that the term aj;_4 in Var(Xs,) can be negligible
when choosing |f — g| sufficiently large. We then propose an estimator for

a2 tr(X?) as follows:

T2 T
X

g, __ f=efrlry Lo

70 (T = 3[Ty/2))(T/2] - 1)

(2.23)

Furthermore, one may verify (by calculating the mean and variance)

that
\/502,0 \/tT(Ez)
p P .p.
T, u®) =0
i; p(T;l) b

as p and 7' tend to infinity. We may then construct S,z ,,,, the estimator
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of 1—1 2@, as follows:

SO'
/2720
Z p(T;l)

=2

So2.my =

where my is specified below.
Also, note that v /A = ¥/ A1. Once the two estimators are available,

we can construct the following test statistics, T and T, of the form:

P1 — /\1,Ltm1
Th = o orm 2.24
N \/ﬁ )\ISUQ,mQ ( )
and -
= P1 — Aifbm,
Ty =/ p——""L, 2.25
N =D MSorm (2.25)

where A; and \; are given in (2.5)) and (2.14)), respectively.

Theorem 5. Let Assumptions A1-A5 hold, my = [\/p] and my tends to
infinity. Under Hy : TI =1, we have

Ty -2 N(0,1) (2.26)

as p and T tend to infinity, where 4 stands for convergence in distribution.

Furthermore, if Assumptions A7 also holds, under Hy : II =1, we have
Ty -5 N(0,1) (2.27)
as p and T tend to infinity.

Remark 5. The conditions imposed on my and mo can be further relazed.
For example, if there exists a positive integer s such that b; = 0 for any
1> 51n , we find a; = 0 for any i > s in . So we don’t need to
estimate a; for any i > s and one can choose my = my = min{s, [\/p|} in
this case. This point helps us to simplify the design and the verifications of

the assumptions for the simulation in Section 4 below.



Chapter 2. CLT for Largest Eigenvalues and Unit Root Testing
18 for High—Dimensional Nonstationary Time Series

Now we investigate the power of Ty and Ty for the case where {Y;;} in

(2.1)) are i.i.d..

Theorem 6. Let Assumptions A1-A5 hold with b; =0 fori > 1. Consider
Hy: II = I for 0 < ¢ < 1. Then under the case of m; = mo = 0, we
have

lim P (Ty > ColHy) =1 (2.28)

p,T"—00
for some Cy > L., where £, is the a-level critical value of the standard
normal distribution.
Furthermore, if ||¢]|3 = O(p), then

p, T—00

Remark 6. Although Tn and Tx may have the same asymptotic results
when p and T are big enough, there may be differences under the small
sample case. In fact under Hy, xqo affects the largest eigenvalues of B but
doesn’t affect the largest eigenvalues of B. So it may affect the size of Ty
when the sample is small. Under Hy, ¢ affects the largest eigenvalues of B
but doesn’t affect the largest eigenvalues of B. It may affect the power of
Tn when the sample is small. So Ty may be more useful than Ty when we
don’t have ¢ or xo. But when we have the condition that ¢ = 0 and x¢ = 0,
Y1 ~ 471 so that Ty can have a stronger power than T under small sample

cases.

Remark 7. There are some well-known panel unit root tests (e.g. |Choi

(2001) and | Levin et al.| (2002)). They considered the case of I1 = diag(¢1, - - -

and used the estimators of @; to test whether I1 = 1. Moreover, when the
covariance matrix X 1s involved, it has to be estimated in order to test

whether II =1 (e.g. |\Chang (2004)). So such existing tests may only work

790N)
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for the finite-dimensional case. By contrast, our test makes the best use
of the properties of the largest eigenvalues of B instead of estimating ;.
In addition, we do not impose special structures, such as sparsity on the

covariance matrix 2.

Before the proofs of Theorems are given in Appendix B, we evaluate
the finite-sample performance of the proposed tests and also compare them

with two natural competitors in Section 4 below.

2.4 Simulation

This section is to conduct some simulations to investigate the size and power

of Ty and Tl.

2.4.1 The selection of m; and m,

Recalling Remark 5], we below propose a method to choose suitable m; and

msy. Note that

T—3
T—j—1) .
= p( J ) i.p. aj
G = 2%
T a
T—1
= p(T—-1)

with the rate ﬁ as p and T tend to infinity. Particularly (; = O(ﬁ)
if a; = O(one can verify it by calculating the mean and the variance of
X;i+;). Moreover, if there exists a positive integer s such that b; = 0 for
any ¢ > s in (2.1]), we find a; = 0 for any ¢ > s in . So one can choose
m; = my = min{s,[,/p]} in this case. In practice one can see whether
a; = 0 by comparing (; with p~1/2T~Y4. Here p~1/2T~1/* is used as a

bound instead of ﬁ since the convergence rate of p,,, to %% should be
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o(p~/?) to ensure that \/p(fim, — :\’—11%) = 0(1). In view of this, we propose

the following way of selecting m; and ms:

iy = iy = min{{0 < i < [VA] 1G] < VATV < < (VB UYL

(2.30)

The equation means that choosing an smaller integer between [,/p] and the
smallest number i which satisfies |¢;| < p~'/*T~'/* for any i < j < [\/D).

Note that m, and my work well when p and T are big enough. While

when p and T are small, m; and my may be affected by Z—é If a; # 0 but

Z—g is small, m; and my may cause some problem when p and T are small.

2.4.2 The parametric bootstrap method

We also consider a parametric bootstrap method for our test statistics Ty
and Ty. Let ¥ = %ZtT:l(xt — x¢1)(x¢ — x¢_1). If there is a constant
C' > 0 such that 5 < C, we can find that || 3 |;= O,(1) and @ =
M + Op(\%)), where M; > 0. It is easily seen that Assumption A3 still
holds for 33. We then draw a new sample %X; = %X¢_1 + 22y, where vy is
a p-dimensional random vector from N(0,I,) and y is independent over
t. Note that Assumptions A1-A7 still hold for %¢. Let X = (X1, ,%7).
We define Ty and TN from X, the analogues of Tl and Ty, respectively.
It follows from Theorem [5| that Ty —% N(0,1) and Ty - N(0,1). So
for any p and T we can redraw %x; for many times (e.g. 200 times) to
get an empirical distributions for each of Ty and TN. Then we use the
critical values from the empirical distributions to replace the critical values
calculated from N(0,1). When p and T are not big, the simulations show

that TN and TN based on the critical values from the empirical distributions

perform better than these tests associated with the corresponding critical
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values calculated from N(0,1).

2.4.3 Comparison with the existing tests

There are several existing unit root tests available for panel data. Some of
them consider the case where there is no cross-sectional dependence (see,
for example, the IPS test proposed in Im et al| (2003)). If there is cross-
sectional dependence, the IPS test doesn’t work. To test for nonstationar-
ity in the panel data case with cross-sectional dependence, (Chang] (2004))
showed that the Bootstrap method with estimation of 3 performs better for
the case where p is fixed and T is large. (Chang (2004)) also stated that the
Bootstrap-OLS performs better than Bootstrap-GLS when p is large. Fur-
thermore, GLS doesn’t work when p > T'. We therefore compare T with
the t-statistic corresponding to the Bootstrap-OLS t,, and the F-statistic
corresponding to Bootstrap-OLS F);..

We use the setting y; = z; and X = (Zz’,j) = (0.3|i_j‘>. We compare
the size performance of our test Ty with the two tests ¢, and F);, under
Hy with xg = 0 and ¢ = 0. Table 2.1 reports the results of the three tests
based on 1000 replications, 500 bootstrap replications and different values
of p and T. The nominal size throughout this section is set to be 0.05.

Then, we compare our test Ty with the two tests ¢, and F*_ under Hy

ols ols

and xg = 0,% = (Ei,j) = (ﬁ) We sample each element of ¢ from

the standard normal distribution. The results of the three test statistics

based on 1000 replications, 500 bootstrap replications and different values

of p and T are reported in Table 2.2.

*

One can observe that when p becomes large, both ¢,

and F;. have a
poor size property even though yy is independent over t. This indicates that

their asymptotic distributions may not hold under the null hypothesis when
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Table 2.1: The empirical size of three tests

the test T \ p > 10 20 40 60 80

TN 40 0.057 0.057 0.041 0.048 0.050 0.040
40 0.045 0.028 0.014 0.000 0.000 0.000
40 0.054 0.044 0.027 0.000 0.003 0.001
TN 60 0.053 0.050 0.048 0.055 0.048 0.044

60 0.046 0.031 0.016 0.003 0.000 0.000
F. 60 0.044 0.047 0.024 0.007 0.000 0.002
TN 80 0.053 0.048 0.041 0.052 0.048 0.041
t 80 0.045 0.033 0.023 0.006 0.000 0.000

ols

t*

ols

F*

ols

t*

ols

E. 80 0.064 0.035 0.027 0.011 0.003 0.000
Table 2.2: The empirical size of three tests
the test T \ p 5 10 20 40 60 80

Tn 40 0.070 0.056 0.062 0.052 0.038 0.043

40 0.036 0.013 0.008 0.001 0.000 0.000
F}. 40 0.056 0.029 0.014 0.001 0.000 0.000
Ty 60 0.061 0.060 0.047 0.041 0.045 0.053
60 0.041 0.037 0.011 0.001 0.000 0.000

60 0.052 0.054 0.027 0.002 0.000 0.000
Ty 80 0.055 0.058 0.053 0.048 0.041 0.048
ths 80 0.041 0.043 0.015 0.006 0.000 0.000
F 80 0.041 0.045 0.035 0.008 0.000 0.000

ols

t*

ols

t*

ols

F

ols
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p is large. One of the reasons is that when p is large and the population
covariance matrix does not have any special structures, we cannot find any
consistent estimates for the population covariance matrix and the unknown
parameters involved. As a consequence, their asymptotic distributions may

fail to hold under the null.

2.4.4 Simulation results for Ty under an M A (1) mod-

el

We now consider the setting where y; = ¥zy 1 + z¢, ¥ = 0.5 and ¥ =
<Em) = (0.3|i_=7|). To show the performance with the non-diagonal II,

we design the following matrix as an alternative one:

(

05 =7

()i =502 |i—jl=1,

0 |i—jl>2
\

We consider the performance of Ty and set ¢ = 0. Under Hy we set
xo = 0. Under H; we generate the data by with ¢t = —51,-50,--- ,T.
Using an asymptotic critical value calculated from N(0, 1), the size and
power results of T based on 1000 replications and different values of p,
T and IT are reported in Table 2.3. We also use the parametric bootstrap
method proposed in Section 4.2. The size and power results of Ty based
on 1000 replications, 200 bootstrap replications and different values of p, T’
and IT are reported in Table 2.4.
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Table 2.3: The results for Ty and MA(1)

p T 1I(size) 0.95I (power) 0.91 (power) II, (power)

20 20 0.019 0.102 0.216 0.510
20 30 0.037 0.109 0.672 0.830
20 40 0.036 0.346 0.951 0.935
20 60 0.043 0.896 1.000 0.997
20 80 0.039 0.997 1.000 1.000
40 20 0.019 0.102 0.580 0.710
40 30 0.028 0.301 0.964 0.938
40 40 0.031 0.752 0.999 0.974
40 60 0.034 0.997 1.000 0.998
40 80 0.033 1.000 1.000 1.000
60 20 0.021 0.100 0.766 0.876
60 30 0.029 0.421 0.998 0.981
60 40 0.033 0.905 1.000 0.989
60 60 0.045 1.000 1.000 0.998
60 80 0.046 1.000 1.000 1.000
80 20 0.020 0.116 0.870 0.932
80 30 0.029 0.561 1.000 0.996
80 40 0.032 0.966 1.000 0.997
80 60 0.036 1.000 1.000 1.000

80 80 0.034 1.000 1.000 1.000
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Table 2.4: The results for Ty and MA(1) with the parametric bootstrap method

p T I(size) 0.95I (power) 0.91 (power) Iy (power)

20 20 0.031 0.144 0.636 0.812
20 30 0.063 0.464 0.974 0.936
20 40 0.051 0.818 0.998 0.992
20 60 0.049 0.992 1.000 1.000
20 80 0.082 1.000 1.000 1.000
40 20 0.061 0.140 0.860 0.838
40 30 0.051 0.578 0.990 0.972
40 40 0.041 0.926 1.000 0.990
40 60 0.052 0.998 1.000 1.000
40 80 0.054 1.000 1.000 1.000
60 20 0.055 0.126 0.930 0.932
60 30 0.048 0.676 1.000 0.994
60 40 0.068 0.972 1.000 0.996
60 60 0.053 1.000 1.000 1.000
60 80 0.056 1.000 1.000 1.000
80 20 0.055 0.132 0.950 0.960
80 30 0.047 0.742 1.000 0.994
80 40 0.056 0.984 1.000 0.996
80 60 0.054 1.000 1.000 1.000

80 80 0.057 1.000 1.000 1.000
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2.4.5 Simulation results for Ty under an MA (1) mod-

el

We still use the setting in Section 4.4 but sample each element of ¢ from
the standard normal distribution. In each case, we use the critical value
calculated from either N(0, 1) or by the parametric bootstrap method. The
size and power results of Ty based on 1000 replications and different values

of p, T" and IT are reported in Tables 2.5-2.6.

When p is small, the size and power results of T and T based on the
critical value either calculated from N (0, 1) or by the bootstrap method are
reported in Tables 2.7 and 2.8. From Tables 2.7 and 2.8, one can observe
that while Ty and Ty roughly have similar size values, the power of Ty
is slightly better than that of Thy. The power of the statistics of T and
Ty improves when p and 7T increase. The parametric bootstrap (proposed
in this thesis) based critical value in each case results in a stable size and
better power than using an asymptotic critical value for the case where p

is as small as p = 5 or p = 10.

In summary, for the case of p = 5 or p = 10, Tables 2.7 and 2.8 show that
the size and power values of T and Ty based on the asymptotic critical
value of N(0,1) are much less stable and reasonable than those based on
the parametric bootstrap critical value in each case. Tables 2.3-2.6 then
show that when p > 20 and T > 20, there are stable sizes and reasonable
power values for both T and Ty based on 1000 replications, 200 bootstrap

replications and different values of p, T" and II.
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Table 2.5: The results for Ty and MA(1)

p T I(size) 0.95I (power) 0.91 (power) Iy (power)
20 20 0.018 0.018 0.013 0.100
20 30 0.042 0.029 0.124 0.213
20 40 0.043 0.071 0.290 0.383
20 60 0.046 0.264 0.746 0.733
20 &0 0.055 0.580 0.959 0.907
40 20 0.016 0.034 0.075 0.176
40 30 0.033 0.081 0.290 0.363
40 40 0.034 0.235 0.584 0.572
40 60 0.044 0.708 0.985 0.919
40 80 0.043 0.968 1.000 0.987
60 20 0.014 0.036 0.144 0.254
60 30 0.029 0.202 0.523 0.518
60 40 0.036 0.408 0.823 0.729
60 60 0.039 0.870 0.999 0.936
60 80 0.042 0.993 1.000 0.998
80 20 0.012 0.064 0.191 0.310
80 30 0.032 0.267 0.661 0.644
80 40 0.037 0.532 0.934 0.800
80 60 0.043 0.945 1.000 0.971
80 80 0.039 0.997 1.000 1.000
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Table 2.6: The results for Ty and MA (1) with the parametric bootstrap method

p T 1I(size) 0.95I (power) 0.91 (power) II, (power)

20 20 0.034 0.144 0.239 0.326
20 30 0.051 0.310 0.606 0.596
20 40 0.061 0.502 0.837 0.782
20 60 0.067 0.824 0.986 0.971
20 80 0.078 0.946 1.000 0.996
40 20 0.040 0.188 0.352 0.412
40 30 0.049 0.412 0.695 0.660
40 40 0.045 0.604 0.873 0.782
40 60 0.054 0.950 0.999 0.972
40 80 0.053 0.994 1.000 0.998
60 20 0.034 0.232 0.452 0.504
60 30 0.049 0.506 0.807 0.704
60 40 0.047 0.728 0.961 0.850
60 60 0.048 0.980 1.000 0.980
60 80 0.062 1.000 1.000 0.998
80 20 0.033 0.276 0.512 0.534
80 30 0.040 0.548 0.903 0.826
80 40 0.046 0.816 0.986 0.910
80 60 0.052 0.990 1.000 0.986

80 80 0.064 1.000 1.000 0.998
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Table 2.7: The results for Ty and small p
p T critical value T (size) 0.95I (power) 0.9I (power) I, (power)
5 20 N(0,1) 0.040 0.056 0.008 0.070
bootstrap 0.084 0.114 0.308 0.560
5 30 N(0,1) 0.039 0.014 0.010 0.038
bootstrap  0.077 0.180 0.580 0.762
5 40 N(0,1) 0.051 0.002 0.012 0.030
bootstrap 0.079 0.262 0.772 0.882
5 60 N(0,1) 0.055 0.000 0.006 0.002
bootstrap 0.079 0.570 0.938 0.986
5 80 N(0,1) 0.049 0.000 0.002 0.002
bootstrap  0.076 0.816 0.992 0.992
10 20 N(0,1) 0.023 0.078 0.048 0.202
bootstrap 0.085 0.132 0.462 0.664
10 30 N(0,1) 0.031 0.016 0.142 0.330
bootstrap  0.075 0.240 0.826 0.896
10 40 N(0,1) 0.039 0.042 0.322 0.416
bootstrap 0.077 0.580 0.972 0.966
10 60 N(0,1) 0.037 0.126 0.558 0.502
bootstrap  0.069 0.894 1.000 0.998
10 80 N(0,1) 0.049 0.246 0.678 0.598
bootstrap  0.064 0.982 1.000 1.000
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Table 2.8: The results for Ty and small p

p T critical value I(size) 0.95I(power) 0.9I(power) II(power)
5 20 N(0,1)  0.031 0.014 0.008 0.024
bootstrap ~ 0.046 0.086 0.155 0.238

5 30 N(0,1)  0.039 0.002 0.002 0.006
bootstrap  0.066 0.132 0.284 0.422

5 40 N(0,1)  0.051 0.000 0.000 0.002
bootstrap  0.071 0.170 0.417 0.518

5 60 N(0,1)  0.050 0.000 0.000 0.002
bootstrap  0.063 0.328 0.712 0.754

5 80 N(0,1)  0.053 0.000 0.000 0.000
bootstrap ~ 0.069 0.466 0.896 0.926

10 20 N(0,1) 0.025 0.004 0.009 0.081
bootstrap  0.049 0.098 0.218 0.308

10 30 N(0,1)  0.043 0.002 0.018 0.068
bootstrap  0.056 0.214 0.450 0.471

10 40 N(0,1) 0.046 0.014 0.031 0.108
bootstrap  0.073 0.300 0.653 0.684

10 60 N(0,1)  0.062 0.022 0.117 0.168
bootstrap ~ 0.069 0.560 0.904 0.880

10 80 N(0,1)  0.057 0.022 0.217 0.234
bootstrap  0.075 0.748 0.991 0.960
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2.5 Conclusions and Discussion

This thesis has developed an asymptotic theory for the largest eigenvalues
of the covariance matrix of a high—dimensional time series vector. As an
application, a new unit root test developed for testing nonstationarity in
high—dimensional time series vectors has been proposed and then discussed
both theoretically and numerically. The small sample properties discussed
in Section 4 have offered the support to the theory established in Sections
2 and 3.

One possible extension involves the case where either a deterministic
trending time series component or a factor model structure is included in
model (2.21)). As a consequence, it may be more appropriate to compare
the corresponding versions of T and T with those proposed by [Im et al.
(2003)), Pesaran| (2003) and Pesaran et al.|(2013). As suggested by the refer-
ees, another extension of model is to take into account certain type of
cointegrating structures. Appendix D of the supplementary document gives
some brief discussion about possible extensions, which require developing

new techniques and should be left for future research.
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Appendix A: Results for truncated matrices

This section is to consider the truncated version of the sample covariance

matrix. Let Y = (y1,---,y7) be a T X p random matrix. Define

!
Y= Zkai—k:,j
k=0
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with | = max{p,T}, a truncated version of Y;; in (2.1). However, to simplify
notation, we let b; = 0 for all 4 > [ in this section, so that we can still use Yj;

instead of Yj;;. In this way a; defined in (2.7) and Y}; in ([2.1]) respectively become

l—i l
ai =Y bbryi, Y=Y bZi gy
k=0 k=0
Furthermore let F = (Fj;) be a T' x (T + [) matrix with

bH*'*‘ Z§]§Z+l7
Fy={ (2.31)

0 otherwise.

It follows that Y = FZy, where Zy is a (T'+ [) x p random matrix with
(Zp)i,j = Zi—1j. For the sake of notation simplicity, we below denote Zy by Z
and (Zp)ij by Zij. Let A = (Aij)rxT = (a;—j|)rxT. We then have A = FF’.
We would like to remind the readers that I depends on T, so that a);_; depends
on T.

We also assume that xg = 0 in this section.

Appendix A.1: Upper bound of the spectral norm of B for stationary

data This subsection is to investigate the upper bound of the spectral norm of

B for stationary data.

Proposition 3. Suppose that Assumptions A1-A5 hold. When 0 < ||II|s = ¢ <

2
8Y . a; T
lim P ||B||2§ZZ¢‘2|M0 144/ =
T—00 (1—¢) P

The proof of the proposition is available from Appendix C.1.

L

I
=

Appendix A.2: Convergence in Probability and CLT of the first &

largest eigenvalues when IT =1

Define C = (Cyj)1<ij<r to be a T' x T lower triangular matrix with

Cij =0 forj>iand Cj; =1 for1 <j <. (2.32)
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In this case one has

B=(1/p)XX* = (1/p)CYXY*C" = (1/p)CFZpEZ:;F*C*. (2.33)
Proposition 4. Suppose that Assumptions A1-A5 hold. Let py be the kth largest
tr(X)
Pk—Yk —p

eigenvalue of B. When II =1, L — 0 in probability.

71

Proposition 5. Suppose that Assumptions A1-A5 hold. Let py, be the kth largest

eigenvalue of B. When IT =1, ( ppl;il%, cee p%;lw)’ converges weakly to a

zero-mean Gaussian vector w = (wq,--- ,wg) with covariance cov(w;, w;j) =
0 : tr(x?

B iy (2 — AB(ZF)PE(Z])?) and 6= limy, o, "

The proofs of the propositions are available from Appendix C.2.
Appendix A.3: The results for B

The following results for B are similar to those for B. In view of (2.33)), write

B = (1/p)HCFZ,XZ F*C*H", (2.34)
where H=1 — %, with the p x 1 vector 1 consisting of all one.

Proposition 6. Suppose that Assumptions A1-Ab5 hold. Let py, be the kth largest

_ o tr(®)
etgenvalue of B. When II =1, M# — 0 in probability.

Proposition 7. Suppose that Assumptions A1-A5 hold. Let py, be the kth largest

eigenvalue of B. When II = 1, ( p’ﬁﬁ%ﬁl, e ,\/f)ﬁ’“,_y;;”“)’ converges weakly to a

zero-mean Gaussian vector W = (wy,--- , W) with covariance cov(w;,w;) =
6 : tr(x?

0ij 52— AE(ZE)E(Z})?) and § = lim, oo T

The proofs of the propositions are available from the supplementary file.

Appendix B: Proofs of the Main Results

This section is to prove that the results obtained in Section 4 still hold for
the general linear process (without the truncation step performed there) and

the general initial vector xg. We define a T X p matrix Xg = (X0, " ,Xo)’
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consisting of the initial vector xg of the time series. When II = I, we may
rewrite X = CYXY2 + Xy and X = 1T:VCYEV2 + Xgo so that the sample

covariance matrices B and B can be rewritten as follows:

1 1 1 1 1
B=_-XX*=-CYXY*C*+ -CYXZ2X* + ~XoZ'/2Y*C* x +-X(Xo"
D D p b p
(2.35)

and

_ 1 _ | 11’ 11’
B=-X-X)(X-X) =-IT-—)CYXY"'C"(I- —)*. 2.36
e L S CE'S
Lemma 1. Recall the definitions of Y, A and 7y in Section 2. Letl = max{p,T'}
and Y be the truncated matriz of Y in Section 4. Define

Yoo =Melaog +2 D aji(—1) cos(jby))
1<j<T—1

where

aj1 = Z bkbkfj- (2.37)
J<k<l

Then when IT =1,

1/p)C(YXY*" - Y XY[)C* _
H( / ) ( 1 1) _ Op(p 1/2) (238)
V1,1 2
and
Pa =l _ gy, (2.39)

V1,0
Proof of Lemma[1, We consider ([2.39) first. To this end, observe that Assump-

tion (A1) implies that

[e.9]
Zz’|ail < 00, (2.40)
i=0

because

o o0

S ilaid <300S bllbesd = SO 1B ilbeal) < 3kl i)
=0 k=0 k=0 k=0

1=0 1=0 =0
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Write

e =l _ szmzzwkubk il 2 lal

T LU\ > j=1 k>l i>T
oo
A2 (b (bkl +2)  layl
L\ s j=1 k>l j=>T

From (2.40) and Assumption (A1), we obtain that

ST+ 23 10>l + 2> Jagl = o(1)

k>l j=1 k>l §i>T

Moreover, Lemmaand Assumption (A1) (or (2.90)) imply that - is bound-

ed. So we conclude ([2.39)).
Now, we consider ([2.38)). Using Lemma [2| in the supplementary file, observe

that
1/p)C (YY" — Y| IY*) C* C |3 . .
H( /P)C( 1ZY) < ICllz | (1/p)(YEY" -~ YiZY1") |2
M, 2 M
= lel | (1/p)(YEY* = YIZY") |2 .

As before le is bounded. So we just need to consider || (1/p)(YXY" —
Y 1XY1) [J2. Let K = (Kjj)i<i<ri<j<p = Y — Y. We can obtain that K;; =
2 k=1 bk Ziog g and
E|K;|* = Z b2
k=l+1
By Assumption (A1), we can get
E|K|* = Z by <172 Z k2 |b|? = o(172),
k=41 k=l+1

which implies

=o(TI™?).

1
VP

F2
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This, together with ([2.80]), implies that

(2.41)
| (1/p)(YEY™ = Y1ZYY) [lo=[ (1/p)(KEY)" + Y K" + KXK") ||
1 1 1
<2| =K |z IZ2 | —=Y1ll2 + || =K ||Z [|Z]]2 = 0p(p~/?).
I 7 17 1]l 7 l2 + | 7 17 [1Z]l2 = op(p™/7)
This concludes (2.38)). O]

Proof of Theorem[J At first we prove (2.11)). Recalling (2.35)),
1 1 1 1 1
B=-XX*=-CYZY*C"+ -CYZ?Xy" + =X Z/2Y*C* + =X Xo".
p p p p p
Assumption A6 implies that

1 *
H;XOXO 2 = Ou(T) (2.42)
and that
1 1
|2 Y= Xo"|l2 = O, <T” | eysyrery > : (2.43)

(1/p)C:12Y*C* as
(1/p)CYSY*C* 1, (1/p)CYSY*C

Ba! B4t 1,1
gin] (1/p)CY12Yi"C* n M, (1/p)C(Y2Y* — YIEYI*)C*
4! Y1, 4! Y1,

From |D we have limp_, % = 1. This, together with 1} Proposition

(2.38]), (2.42), (2.43) and Lemma [5| in the supplementary file, implies (2.11)).

We can write

(2.44)

We next prove the CLT. In fact we just need to prove

1
HCYSUQXO*

5 = 0,(p~1/%T?). (2.45)

2

Note that Equation 1| implies that H%CYZI/QXO*HQ = Op(T3/2). Re-
mark 2l then follows.

The assumption A7 implies that

1
||];X0X0*||2 = 0,(T). (2.46)
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Our aim is to prove (2.45). Note that rank(CYXY2Xg*) = 1. Recalling

Assumption A7, we can then find

T t 2
= \/T\l Z (Z y;21/2x0> , (2.47)

1
HCY21/2X0*
p

2 p t=1 \i=1

t t o ¢
Z y;21/2x0 - Z ygzl/Z Z 21?7y + Z YQ21/25_1221/2Z
=1 =1 k=0 i=1

t
+> ¥z bos. (2.48)
i=1
By (2.1) and a variable change we may write

t

t t 0 t
Movi=d D by |+ D 7 <sz’j>- (2.49)
=1 Jj=1 1=J Jj=—00 =1

Let (€—21,...,6-2p) = €_o = »1/2p_,. Assumptions A3 and A7 imply
&> = O(p). Then

t t
Sy L= Y v
=1

i=1
It follows that

t
E (Z ygzl/%g) =0 (2.50)
=1

and
t _ t t 2 0 t 2
Var (Zy;21/2b_2> =k b | + ) (Zbi_j) = O(pt),
i=1 j=1 \i=j j=—o00 \i=1
(2.51)
which imply
t ~
> yiZbg = 0, (p' ). (2.52)

i=1

As in (2.49)), write
t R B t t 0 t
S iV mePE =0 [ D ZABYPEPE D> b | + D ZE5, (Zbi_])
i=j i=1

i=1 Jj=1 J=—00
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Assumption A7 implies that Z is independent of z¢ and that b_; is bounded.
It follows that

t
> yiEV2h 3517 = 0,(p'/?t?). (2.53)
=1

Now we consider the first term of the right hand of (2.48]). From ({2.49)), write
t ©

> vES i

i=1 k=0

00 t 0 00 t
= 222321/2211/22—k5k Zbi_]‘ + Z Zz321/2211/2z_k5k (Z bi_j> .

j=1 k=0 i=j j=—00 k=0 i=1

Direct calculations imply

t o] o] t
E <Z yjx!l/? ngzllpz—k> = Ztr (21/2211/2) by (Z b¢+k> = O(p)
i=1 k=0 k=0 i=1

(2.54)
and
t ©
Var (Z yin/2 Z bk211/2z_k> = O(pt). (2.55)
i=1 k=0
Equations (2.52)—(2.55)) and Assumption A4 imply

1
|=CYZY2X "y = O, (max(p~/2T3/2,T)) = 0,(p~1/%T?). (2.56)

p
The proof of Theorem [2|is completed. ]

Proof of Theorem [ Define Xom = (IIxg,: - - ,IITx0)" and Xy = X — Xorr.
Write

B = (1/p)XX* (2.57)

= (1/p)XinXia™ + (1/p)XinXon™ + (1/p)XonXan™ + (1/p)XonXom ™.

Observe that

T

1(1/p)Xom ™ Xomll2 = [[(1/p) > M'xoxpIT" | <

1 2
—||xol|*. 2.58
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This, together with Assumption A6, implies
1(1/p)Xom " Xormll2 = Op(1). (2.59)
Recalling (2.79)), we have

* O *
|(1/p)Xim " Xqml2 < 511(1/p)Y Y |2

Mo
(1-¢)
We then conclude from (2.79)), (2.80) and (2.41]) that

8> >0 lail T
lim P 1/p)X1a*X < == _My|1 — =1. 2.
Jim P [(/p) X Xam 2 < 1-pz + (2.60)

By Holder’s inequality

1(1/p)Xon X112 < VII(1/p)Xor Xonll2/(1/p) X1 Xam 2. (2.61)

Thus, equations (2.59)-(2.61]) ensure Theorem

The proof of Theorem [3|is simple since B = HBH. So ||B|2 < ||B]|2 since
[Hll2 = 1.
Theorem [4 are similar to Theorem [2l We only need to replace the results

of Appendix A.2 by those in Appendix A.3. Note that we don’t need to prove
(2.45) since (2.36) implies that xg doesn’t affect B.

Proof of Theorem[5. At first we prove that the error of the estimator p,, is

o(p_l/z). Let my = [\/p). From 1} and 1} we have

ao + 2 Z a;(— J cos(jbh) | — [ ao+2 Z a;(— J cos(j61)
1<5<my 1<j<00
<20 Y ol =o(p ') (2.62)
1+m1<j<oo

and

ag + 2 Z aj(— 1) cos(561)) — (ag + 2 Z aj

1<5<my 1<5<my

<2 Z laj] (1 — cos Jm ) = 0('*T~?) = o(p~/?). (2.63)

1<j<my 2r+1
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In view of ([2.6]) it suffices to prove

pimy = (a0 +2 Y aj) | = 0p(p™'/%). (2.64)

1<j<ma

A direct calculation shows the following mean and variance

tr(X
Epim, — [a0+2 ) a ( ):0,
1<5<m, p
1 YiXYi+j
Var Z T—j5-1 Z D
1<5<my 2<i<T—j

> . B> .
COU(yf Yi+i Yg Yg+_]>

SID NI SHID D sl Y
\<i7m o< ferizzgery T == DT =j=1)
Moreover, we have
> 5
/ / 1 St
YeXYiri YelYeti |
Cov < g sk J) = — | =—EIZy|" > bkbrribkrg- fOrig— 15l (ktg—r>0)
p p p P
tr(X?) 2
+ E|Zi;|"(a)7—g)a| p+i-g—j| T Ol f+i-gl I f—g—iI) |
From the above, Assumption (A1) and (2.40)), we conclude that
Var (jum,) = O(p"'miT~) = o(p™). (2.66)

Then (2.65) and (Z66) imply ([2:63).
Now we prove
/ 1552 0,0l [tr(32)
p P 7.p.
T A
Z Xi,i D

i=2
Let 5’027070 = S,200 — agtr(X2). It is then sufficient to show that

p(T—-1)

50'2,0,0

gz~

From Assumptions A2 and A3 we have for large enough T,

adtr(X2) > a2 M?p, (2.67)
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where we have used the fact that tr(X%?2) > @. When T is large enough,

3 T?
T - S(1/2)) (/2 - 1) > (2.68)
We next expand 5’02’070 in terms of Z;; and write it a sum of the terms involving
the high order of Z;; and the terms involving the low order of Z;;. Specifically,

write 50.27070 = SO'Q,O,O,h + ;5'0.270707[7 Where

(2.69)

SO'Q,O,O,h
1 (T'/2] T
- E) _ Z Z

p
( Z Yiyiy Yiyia Z 5111 Zsin (bf—51bg—sDf +i—s1bg+j—so

i1,i0=1 81,82=—00

Jrbf—81bg*ﬁbf—&-i—szbgﬂ'fﬁ +bf—51b9752bf+i szbg+j 51

Fbf—s50g—510f4i—s,bg+j— s1) 3221111 Z slllbf s1bg—s10fi—s, bg4j— 51)-

Zl =1 §1=—00

Note that by = 0 when k < 0. We can then conclude from Assumption Al that

E|‘§02,0,0,h| = o(p*T?). (2.70)
(2.67) and (2.70) imply that
E|S,z2004] 9
—_— = T = o(1). 2.71
i) =T = ol (271)
It can be derived that
3 N
(T = [T/2)(T/2] = DES,2 0,04 (2.72)
[17/2] T

= Z Z (ag—fag—ftr(zz) "‘ag—fag—f(”’(z))Q)
=2 g=f+[T/2]
= o(p2T71).

This, together with (2.67) and (2.68]), implies that

ESU'Q,O,O l

T (32) o(pT~%) = o(1). (2.73)
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By (2.67)), (2.68) and the assumption Al, one can also verify that

502 0,0, ) —1
V s | = T+ =o(1). 2.74
ar (a?)tr( 2)> o(p p ) =o(1) ( )

This, together with (2.71]) and (2.73)), shows that

S02 0,0
T = 0,(1).
agtr(Ez) op(1)
This, together with (2.62)-(2.64), implies that S,z ,, — ‘“’7%(22) “P4 0 when
me tends to infinity. Since the two estimators are available, it’s easy to complete
the proof with Theorems [2 and [ O
Proof of Theorem[f. We claim that
L%y 2aptr(X)
P 0 (2.75)
2 oT-1) pi+e)
and
2a0+/2tr(X2?) ip.
Sy — 220V ip (2.76)

vP(1+¢)
Indeed, the proofs of and are similar to that of Theorem( replacing
m1 = mgy there by 0). Moreover from Theorem [3| we have p; = o,(T"). This,
together with (2.75)) and (2.76]), ensures that

tr(X)
_— B P Zp
TN + \/;tr(zﬂ) — 0, (2.77)
Vv p

which further yields (2.28]).
When ||¢]l2 = O(p), from Theorem 1| we have p; = Op(T'). This, together

with (2.75)) and ([2.76]), ensures that

tr(%)

E P ’L.p.
Ty + \@ 2B (2.78)
p

which further implies ([2.29)). O
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Appendix C: Proofs of the results in Appendix A

Appendix C.1: Proof of the result in Appendix A.1

Proof of Proposition[3 By (2.2]) we may write

t—1

o= Y Ty,
k1=0

This, together with (2.3)), implies that

T t—1 t—1
1
*X X = thxt — Z Hklzl/z}’t klyt k221/21—11k2
t 1 t=1 k1=0 k2=0
1 T—1 T-1 T
25 9 L o
p 1=0 ko=0 t=max (k1,k2)+1

Note that

T

Z yt*kly;—kg = Y/Ciq ész
t=max (kl ,k2)+1

where Cj, is a T x T matrix with elements ék,ij =I(i—j = k). It’s easy to know
|Cll2 < 1. We then conclude that

T—1T-1

* Mo 1.,
H*X Xl < Z > SOI“HQH YUY 2| Z]2 < = )QH*Y Y2
=0k2=0 ¥ p
My
< —= *Z*Z 2|lAll2- 2.79
a _@)QHP 2| A (2.79)

As we know the matrix A is a Toeplitz matrix so that [[Alls <23 .5qla;| (see
Pan et al.| (2014)). From Assumption (A4) and the results in |Chen and Pan
(2012) and [Bai and Silverstein| (2006 we have

2
1 T
lim P [ [|-22%|, < 4 (1 + /) = 1. (2.80)
T—o00 p P

Proposition then follows from ([2.79)).
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Appendix C.2: Proofs of the results in Appendix A.2

We prove the results in Appendix A.2 in this section. We below investigate

the eigenvalues and eigenvectors of CFF*C* = CAC* at first.
C.2.1: Eigenvalues of CAC*

We consider the eigenvalues of CAC* in this subsection. These are some
crucial steps.

Since it is very hard to find the eigenvalues of CAC* directly, we use the
following strategy. At first, we note that the eigenvalues of CAC* and AC*C
are the same. We obtain the eigenvalues and eigenvectors of C*C by first studying
(C*C)~ L. The next key step is to construct a matrix A, defined in in
the supplementary file which has the same eigenvectors as C*C. In the mean
time, it is easy to find the eigenvalues of A, C*C. We then use the eigenvalues
of of CA,L,C* to approximate those of CAC*. Our results are summarized in
the following lemmas and theorems.

The first two lemmas describe the eigenvalues of C*C and determine their

limits.

Lemma 2. A\ > Xy > --- > Ap > 0 are given in . One can verify that they

are the eigenvalues of C*C.

Proof of Lemma[3.
Let Mt = (C*C)~!. Define the characteristic function of Mt by gr(A\) =
det(AIT — Mt). We can verify that the entries of the inverse matrix C~!, a

T x T lower triangular matrix, are as following

1=,
C’igl =401 i=j+1, (2.81)

0 otherwise.
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It follows that M, ;, the elements of M = (C*C)~!, satisfy

1 i=7=1,
2 i=7>1,

M;; = (2.82)
0 otherwise.

By the cofactor expansion we obtain a recurrence relation as following
gr(A) = (A = 2)gr—1(A) — gr—2(N). (2.83)

Consider A € (0,4) at first. Hence we may write A = A(#) = 2 + 2cosf. We

can further solve (2.83) to get
_ sinT0 +sin(T +1)0

A 2.84
9 () i (2.54)
When sin @ # 0, gr(\) = 0 is equivalent to

sin 70 + sin(T + 1)0 = 0. (2.85)

Let hp(0) = sin T9 +sin(T +1)0 = 2sin(T +1/2)fcoss. Note that (2.5) gives
T different solutions which satisfy hr(6) = 0 and siné # 0. On the other hand,
observe that there are at most T solutions for gr(\) = 0. The proof is complete.

O
Lemma 3. Using the notation in ,
Ak 4
lim — = ———— 2.86
Toeo T2 72(2k — 1)2 (2:86)
for any fized k.
Lemma 4| below specifies the eigenvectors of C*C.

Lemma 4. Let Xx = (251, ,zk1) be a T x 1 vector with

wpi = (=) sin(T — i+ 1)0y, —1<i<T+1. (2.87)
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Then {Xx,1 < k < T} are orthogonal and satisfy for any k
C*Cxy = \pXx. (2.88)

Lemmas [3]and [4 can be verified with some straightforward computations and

a simple fact that
sin(k + 7)8 + sin(k — j)0 = 2sin k6 cos j6. (2.89)

We omit the details here.
Lemma [5| below specifies the eigenvalues of A, C*C and gives their approx-
imation to those of AC*C.

Lemma 5. Define v by

=X |ao+2 > a;(—1) cos(jby) | . (2.90)
1<j<T—1

For any fized constant k > 1, there is a constant cj, such that

lim %’“ = >0 (2.91)

T—o00 2
and
Ak 1

im 2% = lim 2 —__—
M T, T @k - (2:92)

Let By > B > --- > Br be the eigenvalues of AC*C. If A satisfies Assump-
tions (A1) and (A2), then for any fixed integers i > 1 and j > 1, the following

equation holds
Bi — i

_ -1
| =oa™. (2.93)

For any € > 0 there exists Ty and ko where ko is a fized number independent of

T such that when T > Ty and k > ko,

B

" <e. (2.94)
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Proof of Lemma [3]
Let us prove ([2.91)) and (2.92)) first. Note that

ag + 2 Z a;(—1)7 cos(j0x) | — [ a0 +2 Z a;

1<j<T-1 1<j<o0
(
<2 Z laj| |cos( 2T+1 )—1 +2Z\aj|
1<j<T—1 T<j
For a fixed k, we can find a jj to satisfy § < % < 3. It follows that
Jj2k — 7 J(2k — )m o
2 2 laglleos(Tomy ) —11<2 3 lal(Tr)
1<j<jk 1<j<jk
21 (2k — 1)272 , (2k — 1)7? ,
< TS lagl < ST ST g
2 J J
QT+ 43, @T+1) 52,
and that
j(2k —
2 Y JalleosZon T )42 Y agl <4 Y o
Je<j<T-1 T<j J2Jk
1) :
< ]k1423|aj|—ﬁ Z Jlagl-
J2Jk 1<j<0

From the assumption (A2), (2.40) and truncation conditions we can find

2
o0
T}grgo ag + 2 Z ) cos(jb) :Tlgrgo ag + 2 Z aj :<;bz‘) =5 >0.

1<5<T~1 1<j<oo
(2.95)
In view of (2 -7 - and -, we can prove and (| -
Now, we consider the eigenvalues of AC*C. From
sin(T' — i)0x, = —sin(T + i + 1)6y. (2.96)
In view of (2.87) and (2.96)), we obtain
Tki = Tk1—i, =T < ) < 0 (297)

and

Tki = —Tk,2T+2—is T+2<qi<2T. (2.98)
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We construct a new matrix A, whose the s—th row, anm s, satisfies

Am sXKk = Q0Tk s+ Z aj(Tps—j+Thsti) = | ao+2 Z a;(—1) cosjby | ks

1<j<T—-1 1<j<T—1
(2.99)
Let ag be the sth row of A. We can find that
agXg = agTy,s + Z ;T s—j + Z AjTh sy j (2.100)
1<j<s—1 1<j<T-s
We further define T' x T" matrix A; by
ai+j_1 1 ‘|‘j S T7
(Al)ij =\ —02r—i—j+2 1+7>T+3, (2'101)
0 T'+1<i+j5<T+2.
Let
Am=A+A, (2.102)
One can verify
AnXk = |ag+2 Z aj(—l)jcosjﬁk Xk. (2.103)
1<j<T-1
It follows that
ALC'Cxy = M\ AmXk = Xk, (2.104)
which implies that ~; is the eigenvalues of A,,C*C.
Now we consider CA;C*. It is easily seen that,
ICAICT 2 < T'max{[(CALCT)i ]} (2.105)

Recalling (2.101]) we can find that

T—1
max{|(CAIC*); |} <2 ila|. (2.106)
Z?]

=1
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We conclude from ([2.105)) that

T-1
ICAICH 2 <2 ila,|T.
=0
In view of (2.40]), we have
T—1
ICAIC™ |2 <2 ilas|T = O(T). (2.107)
1=0

Let 41 > A2 > -+ > A be the eigenvalues of CA,,C*. For fixed integers i,
B; is the ith largest eigenvalue of CAC*. It follows that

Bi — i
Vi

_IC(Am— AT 2 _ [CAC! >
B Y i

(2.108)

From (2.90) and (2.92)) we can find T; for any fixed ¢ such that when T > T;,
% = 7. By (291) and (107) we can prove (Z03).
(2.94) follows from Lemma [7| directly.

O
Lemma 6. Suppose that A satisfies Assumptions (A1) and (A2). Then
. T+1)7T ‘ .
tr (AC C):a0(2)+ Z aj(T =7+ 1)(T - j) (2.109)
1<j<T-1
and
: B . Tk 8
| — =1 = . 2.11
T tr (AC*C)  Toeo tr(AC*C)  n2(2k — 1)2 (2.110)
Proof of Lemma [0

One can verify (2.109)) with some computation. Observe that

T—53+1)(T—3 _
ag + Z aj( (T+137(“ ) — (ao + 2 Z aj) = O(T 1).
1<i<T~-1 2 1<j<o0

This, together with (2.86)), (2.90), (2.95), (2.93) and the assumption (A2),
implies (2.110). O
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Lemma 7. Suppose that A satisfies the assumptions (A1) and (A2). For any
e > 0, we can find Ty and ko, where kg is a finite number independent of T', such

that when T > T,

‘M <e (2.111)
mM
Proof of Lemma[7 Observe that
o oo
1 3 1 x?
= - = 2.112
D T T iR s (2.112)
k=1 k=1
For any € > 0, we can find kg such that
ko 2
1 s €
Y - =<3 (2.113)
—1)2
P (2k—1) 8 3
From ([2.92)), (2.93)) and (2.110f), we can also find Ty such that when T > Ty,
ko k
1 0
3 _ = Pl € (2.114)
(2k - 1)2 Y1 3
k=1
and
tr(AC*C) r? €
—_— - —| < = 2.115
- <3 (2.115)
It follows from ([2.113])-(2.115]) that
‘Zmo Br| _ |tr(ACTC) 3L, By 2116)
! ga! gs!
O

C.2.2:Eigenvectors of CAC*

This section is to investigate the eigenvectors of CAC*. At first we normalize
{Xkhi<k<r to get {¥kti<k<r. Then we study the eigenvectors of of AC*C
by representing them with {yx}i<x<r. At last we give some results about the
eigenvectors of CAC*, which are necessary for the proof in Section 3.4. Our

results are as follows.
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Lemma 8. Recall the eigenvectors Xy defined in Lemmal[fl Then

2T + 1
ST () = YR (2.117)

Let

- Xk
Yk = 7=—-
(%l

(2.118)

Then {yx}1<k<T are orthogonal and the jth element of yx, yi ;, satisfies

|k 2
\/2T+1 T V2T 1
1

Ykl = (2.119)

Proof of Lemma[8 From (2.87) we obtain
|| < 1.

Lemma(8|can be then proved with some straightforward computations. We ignore

details here. O
Lemma 9. Let {ux}i<k<r be orthogonal and real vectors such that ||ug| = 1
and

CAC*uk = ﬂkuk. (2.120)

Define fy, = ﬁ such that

fio = 57 gy (2.121)
with
S0 =1 (2.122)
Then when k > 1 is fized,
T S o) (2.123)
E?:la%j)‘j ’

where {\;} are given in Lemma[3
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-1

Proof of Lemma[9 From fyx = ﬁ and (2.120)), we have ||fx|| =1 and

AC*Cfy = Bify. (2.124)

From (2.102) and (2.124]), we have

ffC*CAC*Cf;,  ffC*C(Am — A;)C*Cf
|Ctie||? | Ctic[|?

Br =

It follows that

|£:C*C A, C*Cfy| — |f;C*CA,C*Cfy|
| Cicl|?

£:C*CAmWC*Cfie| + |f,C"CAICCfie|
| Cic]|?
(2.125)

< Bk <

By (2.88)), (2.118) and (2.121]), we have

ICh| = /5702 7. (2.126)

Equations (2.88]), (2.104)), (2.118]) and (2.121)) imply that

C*CAnC*Cfi = C*CEL a);An C* Cyj = C*CEL ayj7,5; = S an A5

This and (2.121]) ensure

fiC*CAmC* Cfic = 1 a? 7). (2.127)

From (2.107)), we have

|£:C*CA,C*Cfy|
[|Cic|>

This, together with (2.125)-(2.127)), implies that

T 2 A ).
Ej:lakj%)v

< ||CACH||2 = O(T).

T 2 AN
Zj:lak;ﬂj)v

—0O(T) < B < +O0(T).
Egﬂ:la%j)\j Zlea%jAj
By Lemma [5], for any fixed k we have
a2\ Az \;
TR0 oy <i<nl, MY oY), (2128
J= 1ET 10416‘7)\ /Bk ( )— — )= 12T 1ak])\ 6k+ ( ) ( )
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Note that {uy}1<k<r are orthogonal and {yx}1<k<7 are orthogonal. When

k # m, from (2.88)), (2.118) and (2.121])) we have

0= Ul — f:C*Cfy, ST ajomiA;
IO Cll I CHi| Ol
This implies that
ST oA = 0. (2.129)
Moreover let vy; = M We have
>T a2 A\
J=1""kj"J
Sijvg =1 (2.130)
Note that (2.128) is equivalent to
ST 25 oY <1<l 02 o (2.131)
j=1 k] =4 A=Yy . .
Bk Bk
Also (2.129) implies that
S UkjUmj = 0. (2.132)

We consider vy; for fixed k below. When k =1 and T is big enough, Lemma

and (ZT31) imply

- i
O(T 1) ’ Z] 1 %]/BJ

B1— 2 9 181 —ml
— Ull .
B1 b1

In view of 1}1 we have ﬁlﬂ_l“ = O(T7!) and M =3 +0(1). It
follows that (2.133) implies that v, = 1+O(T~") and ¥1_yv?; = O(T~"). From
(12.132)), for any k # 1 we have

>(1- U%l)

(2.133)

lug1on1| = ‘E]T:2Ukjvlj| < \/EJT:QUI%]' \/EJT:QU%]‘ - O(T_1/2)~ (2.134)
This implies vZ; = O(T~'). It’s similar to obtain that v3, = 14+ O(T~!) and
vi, = O(T™!) for any k # 2.

By repeating these steps we conclude that vik =1+ 0(T™1) for any fixed k.

This implies (2.123)).
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Lemma 10. Let (Sk1, - ,Sk1+1) = sk = &\/%“k Then {sk}i<k<T are or-

thogonal and
> Sp;=0(T. (2.135)

Proof of Lemma . Note that {sk}1<k<T are orthogonal and real due to orthog-
onality of {ug}i<k<7. We conclude from and (2.121)) that

F*C*Cfy, 1
Sk = = Qi )\ F* Yi = Sk,M T Sk,R. (2.136)
VICE| 7l Chl| %10 T
where
! MF'F L s A FL (2.137)
SKM = —— e Wk AME Yk, SkR = —— 5 £k A F Y. .
VlIC] ALy [ /7RI

By Holder’s inequality, we have

1 1
= ||l —=mz 7% N3] < —————||F |21/ 2202 N2
Hsk,RH ” ﬁ’YlHkaH JER Ok A yJH — ﬁ’YlHkaHH ||2 J?’ékak] J

Recalling A = FF*, we have

[Fll2 = VI[All2-

Since A is a Hermitian Toeplitz matrix, from |[Pan et al. (2014),

1Az <2 ) Jaxl.

0<k<I

By (2.40) we can get
[Fll2 = V[[All2 < oo

From Lemma |3} (2.123)), and (2.126]) we can obtain that for any fixed k,

Y02 N2
\/ J7#k Yk < J#kakj J\/ﬁ OT1/2
| Ct|| 100N

This, together with (2.91)), implies that for any fixed k,

Isirll = O(T~1/?). (2.138)
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A . 1 .
Similarly, we can also obtain that makk)\k is bounded for any fixed k.
Let Sy a7 be the jth element of sy v and Sk g ; be the jth element of sy r.

From (2.119), (2.123)) and (2.137) and the assumption (A1) we can obtain that

for any fixed k,

|Sk,,5] < |k A —e= Y [bn| = O(T7 /%), (2.139)
= A HCf [ V2T 11 Z
It follows from (2.136)), (2.137) and (2.139) that for any fixed k,
T+l T+
Z Sl%,j <8 Z(SI%,R,J' + SliM,j)
j=1 j=1
2
T+l T+l
<8 Spa;+8(D Sir;| =o@™. (2.140)
O

C.2.3: Proof of Proposition [4]

This subsection is to establish convergence in probability of the spiked eigen-
values of a kind of separable sample covariance matrices, which is enough for our

purposes.

Lemma 11. Let D = %WZEZ*W*, where W is a T x (T + 1) matriz, ¥ is
a p X p positive-definite matriz with | X||2 < Moy, and Z is defined below .
Order the eigenvalues of WW™ as 71 > --- > 7p with 71 being bounded. Suppose

that {7 }1<k<7 satisfy the following conditions.
(C1) For any fized k, there is a constant cx, > 0 such that

lim Tk = Ck. (2141)
T—o0

(C2) For any € > 0 there exist Ty and ko, where ko is a constant independent of
n and T, such that when T > Ty,

Y ml<e (2.142)
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For any fized k, denote the first k largest eigenvalues of D by p1 > -+ > pp.

tr(X)
p

Then pj — c; — 0 in probability.

Proof. We can find V such that

VW*WV* = diag(Tlv T aTT-‘rZ) = AT+15

VV* = V*V = I,

where 7, = 0 when k > T. So D* = %VZZZ*V*ATH has the same nonzero
eigenvalues as %ZEZ*W*W.
To prove this lemma, it suffices to prove that for any § > 0 and fix number

k,

tr(S
lim P ( o — e )‘ > 5) = 0. (2.143)
T—00 p

In view of (2.142)), we can find kg > 0 such that
1)
>l < (2.144)

Write Ay = A¥+1 + A¥+1’ where

A¥+l = diag{Tl,TQ, - 7Tk0707 . 70}
A%—i—l = dlag{oa T 707 Tko+15 Thko+2," " * 7TT+Z}- (2145)

Let h = tr(; VZZ*V*AR,,). Note that E(VZZ*V*)y; = p and Var(VZZ' V")

00. We can evaluate the mean and variance of h as follows
T+l

(VZZ*V*) 17k 5
E h = = J—
(h) Z E D Z Tk < 4M,
k=ko+1 k>ko
and
T
VZZ*V*
Var(h) = Var Z <( >kka>
k=ko+1 p

2

< ZT: Var <(VZZ*V*)kka) _0 ((Zk>ko Tk)2> _0 (;) .

k=ko+1 p p
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As 3 is positive-definite, we have || [VZEZ*V* AR, [l2 < tr(;VZEZ*V*AR,) <
Mpoh. It follows that

1
lim P (HVZEZ*V*A%+l
p

T—o00

> 5) = 0. (2.146)
, 2

Denote the kth largest eigenvalue of %VZEZ*V*A¥+1 by p,]c\/[. From the
definition of A¥I+1, we conclude that %VZEZ*V*A%rl has the same nonzero
eigenvalues as its upper left kg x kg block. By Theorem 7.1 of Bai and Yao
(2008), it’s easy to prove that the limit of off-diagonal elements in the upper left
ko X ko block is 0 in probability. Recall that kg is a a constant which doesn’t
depend on T'. We conclude that the nonzero eigenvalues of }%VZZ]Z*V*AI%/I+1 are
diagonal elements of the upper left kg x kg block. From Theorem 7.1 of |Bai and
Yao (2008), the limit of diagonal elements in the upper left kg x kg block can be

obtained as follow

tr(X)| 8
lim P < pM r{ )‘ > > = 0. (2.147)
T—o00 2
It follows from (2.139)), (2.146) and (2.147)that
tr(3
lim Pl — M| > )
T—o0
. tr(X
< dim PR - nTE L > )
T— o0
. tr(X) ) . )
< M v M _ z
< fim P(lpp = A | > 5) + lim P(lpi = pxl > 5)
< Jim Pl — A > 3) +TlggoP(H§VZEZ ViApalz > 5) =0

O]

We apply Lemma |11| with D = %, where B is defined in 1) Lemmas
and [7] ensure that the conditions of Lemma [T1] are satisfied, so that Proposition
[ holds.

C.2.4: Proofs of Proposition
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Proof. Recalling the definitions of uy and sy in the above lemmas, we denote

(ug, -+ ,ur) by U and F%U by S. Note that {uk}lngT and {Sk}lgkgT are

both orthogonal and real. Since st‘si = 0 for ¢ # j we have

SS*=A= dlaug{ﬁ1 ﬁT} (2.148)
M g
In view of (2.33)), let
B 1
p=YBY_lgzsrs (2.149)
71 p

The eigenvalues of D are ordered as f’y—? <. < f; 1

To rewrite D as a block matrix we first introduce the following notation. For

a fixed number k > 0, let Zj = (le, o Z(T—‘,—l) ')/.

Set V1 = L(&l, ... ,fp) \[le = \[(Sl )t 7Sk*)lz and Vo = %(T/]J e
fQ2Z = T(Skﬂ ;oo ,srt) Zwhere Qu = (s17, -+, sk") and Q2 = (s41”, -+
Then

&= (&), &(k) = (sizj, -+ sizy) (2.150)
and
= (ni(k+1), . 0j(p)) = (Sicrazs, »5725)" (2.151)

Let A1 = cov(§5) = Q1Q1™ and Az = cov(n;) = Q2Q2". In view of (2.148)), we
have

Al—dlag{ﬁl B’“} Az—diag{ﬁkﬂ,--- ﬂT} (2.152)
2! 71 il 71

From Lemmas |§| and (2.112)) we can find a constant M}, such that

7T2

Th_r)n [tr(A2)| = hm [tr(A) —tr(Aq1)] =g~

In view of (2.149)-(2.151)), we can rewrite D as

ViXVi® ViEVy* Wi W
D - 12V1 12 V2 A 11 1z | (2.154)
V2XVi® VXVy® Wa1 Wa

M»

My. (2.153)
]:1 21— 1

777p) =
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The characteristic polynomial of D is
0= Mt —D| = |[Ap_x — Wag||AIx — Ky (V)] (2.155)

where

Kp()\) =Wji + le(AIT,k — W22)71W21. (2.156)

We conclude from Lemmas [f and [7] that Waz = VoEVy* = 1QeZXZ7Qj
satisfies the conditions of Lemma Lemma immediately implies that the

=
Ve+1 tr(®)

Tp in probability. On the other hand,
o tr(2)
W# — 0 in probability. Since

we want to study the first k largest eigenvalues, from Lemma |5 and (2.155)), it’s

largest eigenvalue of Waa, p, tends to

from Lemma we also see that when j < k,

sufficient to consider the characteristic polynomial
0= AL — Kp(V)] = |G, (2.157)
where
G(A) ={Gij(M}i<ij<i = Al = Kp(A). (2.158)
From (2.156) we write
Kp(\) = Wi+ Wia(A\Ip_x — Wa2) "Wy
= ViZV* + ViZVo (Mg — Wao) Vo XV, *

= Vi(Z+Ap(N)V1T,

where
Ap(\) = Vo *(A\IT_i — Wa2) 'V, (2.159)
It follows that
1 tr(X
Kp()\) = %Rp + Aq ; ) + VlAp(/\)Vl*, (2.160)
where
tr(X%) tr(X%)

Rp = {Rij}lgi,jgk = \/f)V12V1* — WAI = \/]5V12V1* — \/];Al » .
(2.161)



Chapter 2. CLT for Largest Eigenvalues and Unit Root Testing
60 for High—Dimensional Nonstationary Time Series

Now we consider the Hermitian matrix V3 Ap(A)V1* in (2.160). When A is a
solution of (2.157)), we have A > |[Waz||2 in probability due to Lemmal[l1] Hence
the eigenvalues of (AIp_x — Wa2)~! and VPV1Ap(A) V1™ are non-negative in
probability when A is a solution of . Evidently we have

IVPV1Ap(M)V1*|l2 < B3] (AIr—x — Wa2) ot (/pV1 V3 V2 Vi), (2.162)

Note that eigenvalues of /pV1V5Va V1™ are also non-negative.
The next aim is to prove E(,/pV1V5V2V1™) = 0,(1).
Let h; = (\/bV1V3V2V1¥);; > 0. we can claim that h; = op(1). In fact

1
hj = ms;zz*Qngzz*sj. (2.163)
Let EZ3 =y, E(Z})* = z and E|Z;|* = x 4+ 1. Write
1
E(h;) = ——s;i*F(ZZ*Q4Q2ZZ")s; 2.164
(hj) Nk ( 2 )sj (2.164)
1 p p
= —— > s"B(z:7; Q5 QazZm2z}y )s;
Pvp i=1 m=1
1 p p
= p—p(z si"E(ziz; Q5Q2Zm2Zm " )sj + Z si" E(ziz; Q5Q2ziz;”)sj).
i=1 m#i i=1

Consider the first term on the right hand of (2.164). When ¢ # m,
Sj*E(ZiZ?QEszmZm*)Sj = Sj*E(ZiZi*)QEQzE(ZmZm*)Sj = S;Q§Q2Sj.

Recall that {Sy}i1<k<7 are orthogonal and real. Since j < k, from the definition

of Q27
si* B (2i2; Q5Q22mzm")sj = s]Q3Qas; = 0, (2.165)

which implies the first term of on the right hand of (2.164]) equals 0.
Consider the second term on the right hand of (2.164) now. Let P =

(Prt)lgntST—i-l = Q§Q2 and HY = (Hg)m)lgi,mgT—&—l = ZinQ§Q2ZVZv* = ZVZiPZVZV*'
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Then

E(H{,) = E(ZwZy, Y, PuZi,7Zw)
1<rt<T+l

PiE|Zip|* + 3, i PrrE| Zi|* E| Zy|? i=m,
PinE|Ziy|*E| Zmo|? + PriEZ2 E(Z},)? i # m.
Pz + ZTH P, i=m,

It follows that

IN

* *
g s;"E(zvzyPzyzy" )s;

C
M”@
I

s;" E(HY)s;
v=1
p T+l T+
v=1 m=1
T+l p T+l T+l

M%

S5:85i( Py + Z Pr) 4> Y Y S5iSim(Pim + Puiy?)

v=1 i=1 m=1,m#i
T+ p THl T+l

S*SJZ( m(w—l—yz +ZPM +ZEZ im zm+szyZ)

v=1 i=1 m=1

0z

S
Il
i

~
o

M@

114

i
I¥
—

p THI n T+l T+
trP) (e =1 =yl + 1) 3 >S5S+ > > SjiSim(Pom + Pniy2)
v=1 i=1 v=1i=1 m=1
T+l T+I
r(P)(Je — 1= yz| + Vplsil> + 2D Y S5iSjm(Pim + Priyz)
i=1 m=1

tr(P)(|lz — 1 — yz| + Dp|ls;|* + ps;Ps;j + pyzs; Ps;.

By (2.165)) and P = Q5Qz2, we have

p
> 8§ BlavzyPavay)s; < tr(P)(|e — 1= yz| + Dpls;
v=1

Also, we have

tr(P) =tr(Q5Q2) = tr(Az).
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From ([2.153)), (2.163]) and (2.165)) we can obtain

1

E(h;) < N

tr(P)(Jz — 1 — yz| + 1)||sj]|* — 0, (2.166)

as claimed.

Since k is a fixed number, we can obtain

k
E(tr(/pV1V3VaV1") = > E(h;) = op(1). (2.167)
J=1
It follows from [|(AIT_x — Waz2) |2 = O,(1), (2.162) and (2.167) that
IViAR(M))Vi*[l2 = 0p(p™ /). (2.168)

Now we consider %Rp = %(Rij) in (2.160). From (2.161)) and the definition

of Vl, Ql and Al,

1
Ri; = %(S?ZEZ*SJ- — sis;tr(X)). (2.169)

Note that E(s{z1z}s;) = s{s;. With Theorem 7.1 of Bai and Yao (2008]), we
can prove that R;; converges weakly to a zero-mean Gaussian variable r;; with

bounded variance. It follows that

1
—Rii = O0,(p~V/?). 2.170
\/I) 1) P( ) ( )
Note that Altr;fz) is a diagonal matrix and hence we can find that any off-

diagonal element of Iy —Ky(\) is O,(p~1/2). This, together with , implies
that for any i # j, Gi;(\) = Op(p~'/?) with X satisfying |G(\)| = 0. Similarly,
Ci(\) = A— %ﬁ)ﬁi +0,(p~1/?) is absolutely bounded with X satisfying |G()\)| =
0.

Denote by Qy all the permutations o of the set {1,2,--- ,k}. By the Laplace

formula for a determinant we have

k
0 =IGW|=Y_ sen(0) [[Gjo,(N)
o€y, Jj=1
k
— Z sgn(o) H Gjo;(N) + H Gjj(A).

UGQk,U¢[1,2,,k] jzl le
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Recall that any off-diagonal element of G()) is O,(p~/2). We conclude that
when o # [1,2,--- k], H§:1 Gjo;(A) = Op(p~!) since there are at least two
different j; and jp such that o;, # j1 and oj, # jo. Since k is fixed, we have

k
IT ¢y =- > sgn(o) [[ Gjo; (V) = Op(p™").  (2.171)
j=1

ISJSk Ger7o’7é[1727”'7k}

Then when \ satisfies |G ()| = 0, there exists j (not bigger than k) such that
|Gj;(N)| = o(1). When i # j, from (2.160)), (2.168) and (2.170)
|G (A) = Gu(N)]

tr(X 1 1 . .
> ( )I(Al)jj — (M)l = [—=Rjj — —=Rii| = [(V1Ap(A)V1")j; — (V1Ap(A) V1)l
VP VP
tr(3)|5; — Bi _
_ ( )| J |+Op(p 1/2)'
i
By Lemma [5[ we can obtain that for any i # j, |Giu(N\)| > tr(pz)(\ﬁ —

ﬁD + 0p(1). This, together with 1' implies that |Gj;(\)| = O,(p™1).
Hence |Gj;(Aj)] = Op(p~?) for any Ay > Ag > -+ > X satisfying |G(\;)| = 0 for
1 <5 < k. Write

(A, A2, k) = (M —=Gri(M)+0p(p7 1), A= Gre(Ae) +0,(p7 ). (2.172)

It follows that

(\/}3( 1—§1tréz))v""\/ﬁ< k_;y,ztrf))) _

<\/;3 (Al - mr;z) — Gi1(A1) + op(p1)> D <)\k

4!

B %tr(E)
M

— Grr(Ag) + Op(p1)>>

Using this, by (2.158)), (2.160)), (2.152)), (2.161), (2.168) and Lemma [5 we

further obtain

(2.173)
VPN — ,Zitri)z) — Gji(A) + Oplp™h)]
— VBl zjtr(pz) SV fjtrf) + \;ﬁRjj (V1AL V1) + Opp )]

= Ry +O0(/pT™") +0y(1).
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Recalling (2.169)), we have

(Ri1,- -+, Rgx) = <\/ﬁ(SIZEZ s1 —sis1tr(X)), - - ,%(skZEZ Sk —sksktr(E))> .

Note that E(s}z1z}s;) = si's;. From Theorem 7.1 of Bai and Yao| (2008), we
can find that (Ry1,--- , Rkx) converges weakly to a zero-mean Gaussian vector

w = (wi, - wg)"

We next determine the covariance between w; and w; for the complex case

N2
and the real case in a unified way. To this end, let w = lim,_, @ and

() _ limy_ o0 tr(iy). When i # j, from Theorem 7.1 of Bai and

Yao (2008]), we have

cov(w;, wj)
= Th_{gow(E | &(0) PLEG) 1P —(E | &G) P)YE|&G) 1)
+ Th_rgo(e — w)(EB&(1)&(5)(B&(5)6(6) + Tlggo(e — w)(B&(1)1(5)) (B (1)€1(5))-

In view of (2.150)), we have

E( &(i) Pl &) P) = B( &) P)YE(| &) ) (2.174)
= E(s{Z1Zisis;Z1Z7sj) — E(s{Z1Z1s;)E(s;Z1Z7s;j).
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Recall that {sk}i<r<7 are orthogonal and real. We obtain

and

(2.175)
E(szlz"isis}‘zlzisj)
T+l T+l T+l T+l
Z > SinSig 2 Zin Z > SinSirZmZin
fi=1 f2=1 f1=1 fa2=1
T+ )
Z Z Sif15i£255 £155 f (EZ]%ﬂ (Z}21) +E|Zf11|2|Zf21|2>
fi=1 fa#f1
T+l T+l
> SinlZml® ) | X SinlZpm
fi=1 fo=1
T+
Wz+1) > Y SinSirSinSis
f1=1 fa#f1
T+ T+l
Z S3f1’Zf11‘2 Z fz‘Zf21’
fi=1 fo=1
Since {sk}1<k<7 are orthogonal, we conclude from (2.135]) that
(2.176)
T+l
(Wz+1) > > SipSiSinSis
fi=1 fa#f1
T+l T+l T+l
(yz+1) Z SifSin Z SifSjif — Wz +1) Z Slfl Jf1
fi=1 fa=1 fi=1
T+l
—(yz+1) Y 8585 =0T
fi=1
(2.177)
T+l T+l
Z J”1|Zfll’2 Z Jf2‘Zf21|2
fi=1 fo=1

T+l

Z SZf1 Jfl E’Zf11‘4 — 1) + E(s{z121si )E(S}kzlz’isj)
fi=1

E(sizazisi) E(sjzazis;) + O(T ).
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Summarizing (2.174)), (2.175)), (2.176)) and (2.177)), we conclude that

Jim w(B166) P &G) P =(B] &) P)(E&G) ) =0.

Since {sk}1<kx<7 are orthogonal and real, we also have

E&i(1)61(j) = 0, E&1(j)€1(1) = 0
and
E&(1)61(5) = 0, B& (1)61(5) =
This implies
cov(w;, wj) = 0. (2.178)

By (2.13)) and (2.150) we can obtain

Var(w;)
= w lin {B[&@0) [* —2(E &) [)? - (B&()*)(B&()°)}
+0 lim (B &) )*+06 lim (B&(0)*)(B&()?)
= wlim (B[&@0) ' 2B &) )~ (B&(0))(B&L))
1 1

0 gy O gL~ 4B(ZEE(Z0)?).

From Lemma

Jim {E 16 0) [* =2(E | ) 1) = (B&()*) (B&())}

T+l
ﬁz /Bz
= Jlim{E| > Sz |* =2 = (2)(E(ZE) - B(Z)))?)
= g4t at
T+l T+
= TII_{EO{EZSU j1) +EZSU )’
T+l T+l

2B SaZP Sz —Zim<2+<E<Zﬁ>2—E<Zﬁ>2>2>.
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Recalling that Zﬁ and Z 3'11 are independent, we have

T+l T+l T+ T+

2B() SiZ3)* (Y 8 Z5)? = 2B()_ SH(ZDNEQQY S5(Z11)?)
j=1 j=1 j=1 j=1
and

T+ T+ T+ T+
EQ_SuZi)*+ EQ Sz + 2B Sy Zf) (> SiZ))?
j=1 j=1 j=1 j=1

T+l T+

= 3 S2EZE? + (Y SEE(ZL)) +
j=1 j=1
T+l
ST SLE(ZI + B(Z)! - 3(B(Z5))? + (B(Zh)%)?)]
j=1

T+l T+l
+2B(0Y " S3(ZEE” S%(Z4)?)
j=1 J=1
T+ T+l
= 3 SREZE)+ Y SEE(ZL)Y
— —
jT-i-l :
+ 3 SLIB(ZE) + B(Zh) = 3((E(Z5))? + (B(Zh)?))] -
j=1

T+ T+

4B SH(ZRMEQ S5(Z1)?)
i=1 i=1

T+l
= @+ (BE) - EZ))HQSH)?
j=1

T+l
+ ) SHEZD + E(ZL) - 3(E(Z))? + (E(Z)1)%)7).
j=1

In view of Lemma (2.135) and ([2.148)), we have

T+l

@ (B = PRI 55" = 2+ (B - B(Zh) gy + 0T )

and
T+l

N SLE(ZEY + E(Zh)' - 3((B(Z1)%)? + (B(Zh))D) = o(T 7).
j=1

71
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So we can obtain

Jim {E1&0) [* =2(E | &) [)? = (B&(0)*)(B&())} = 0.

It follows that

1
(2i— 1)

This, together with (2.173)), (2.178]) and the assumption (A4), implies Theo-

rem Bl

Var(w;) =0 (2—4E(Z})2E(ZL)?).

Appendix C.3: Proofs of the results in Appendix A.3

We now list some results which are similar to those in the above section.

Lemma 12. Recall \f > Xy > - > Ap_1 > 0 in . One can verify that
they are the positive eigenvalues of C*H*HC.

Proof of Lemma[13 We can write C*H*HC = diag{0, Mr_1}, where My_;
is a (T'— 1) x (T — 1) invertible matrix. Let Myt_y = (My_;)~'. Define the
characteristic function of Mr by gr(\) = det(AIp_1 — MT_l). One can verify
that {M”}, the entries of Mp_1, satisfy

2 1=17,
Mij=< -1 Ji—j|=1, (2.179)
0 otherwise.

By the cofactor expansion we obtain a recurrence relation as following
gr(A) = (A = 2)gr—1(A) — gr—2(A). (2.180)

Consider A € (0,4) at first. We then write A\ = A() = 242 cos . We can further

solve (2.180) to get
sinT6
gr(\) = (2.181)

sinf
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When sin @ # 0, gr(A) = 0 is equivalent to

sinT6 = 0.

(2.182)

Let h1(#) = sin TH. Note that (2.14)) gives T — 1 different solutions which satisfy
hr(0) = 0 and sin f # 0. On the other hand, observe that there are at most 7' — 1

solutions for gr(A) = 0. The proof is complete.

Lemma 13. Using the notation in ,

for any fized k.
Lemma |14] below specifies the eigenvectors of C*H*HC.
Lemma 14. Let Xy = (0, %51, ,Zxr—1)" be a T x 1 vector with
Gpi = (=) sin(T — )0y, —1 <i<T+1.
Then {Xx,1 < k <T — 1} are orthogonal and satisfy for any k

C*H*HCxy = \iXk.

(2.183)

(2.184)

(2.185)

Lemmas [13] and [I4] can be verified with some straightforward computations

and the fact (2.89).

Lemma [15| below specifies the eigenvalues of A, C*H*HC and gives their

approximation to those of AC*H*HC.

Lemma 15. Define ¥ by
=N (a0+2 D aj(—1) cos(jbr)
1<j<T—2
For any fized constant k > 1, there is a constant cp such that
Vi

lim — =c¢; >0
T—>c>ojj2 k

(2.186)

(2.187)
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and

o A ]
lim = = lim — = —.
T—o00 Y1 T—o00 \1 k2

Let By > By > -+ > Br be the eigenvalues of AC*H*HC. If A satisfies

Assumptions (A1) and (A2), then and still hold with B; and ~;
replaced with B; and ¥; respectively.

(2.188)

Lemma 16. Suppose that A satisfies Assumptions (A1) and (A2). Then

. B . Yk 6
7500 tr(AC*H*HC)  Toeo tr(AC*H*HC)  72k2 (2.189)

Lemma 17. Suppose that A satisfies the assumptions (A1) and (A2). For any
€ > 0, we can find Ty and ko, where kg is a finite number independent of T', such

that when T > Ty, B
Ek>k0 Bk

. < €. 2.190
71 ( )

Lemma 18. Recall the eigenvectors Xy defined in Lemma[Ij Then

T

ST () = 5 (2.191)
Let
. Xk
Vk = - 2.192
Tl (2.192)

Then {Jx }1<k<r are orthogonal and the jth element of Ji, yi ;, satisfies

. |Ey _ V2

| — I Y2 2.193

’yk7]| \/g = \/T ( )

Lemma 19. Let {iix }1<k<7—1 be orthogonal and real vectors such that ||| =1
and

HCAC*H*{iy = SByiix. (2.194)

Let (Sk,h e 7Sk’T+l), =8 = &\ﬁ?“k Then {8k }1<k<7—1 are orthogonal
and

T+l .
> S =0, (2.195)
j=1
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The proofs of Lemma [15}-Lemma [I9] are similar to those of the counterparts
in the above sections. We omit the details here. Appendix D: Discus-

sion about cointegrating structure and deterministic

trending
Appendix D.1: Discussion how the rank of IT — I affects performance

This section is to discuss how the rank of II — I affects performance of the
statistics. To this end we first develop two theorems about the largest eigenval-
ues of centered and non-centered sample covariance matrices for the case when
rank(II — I) is not necessarily full. Some simulations are also conducted to see

how the rank of IT — I affects the performance of the statistics.

Theorem 7. Suppose that Assumptions A1-A6 hold. The matriz II is symmetric
and rank(Il —I) = p — p1. The eigenvalues of II satisfy

A(ID) = - = Ay (TD) = 1 > 0 > Ay (I1) 2 A(ID) > —o

There exists a pxp matriz Un such that UnUn’ = I and I1 = Undiag{1,, , g }Ur,

where TIg = diag{\p,+1(I1), -+ , \p(II)}. We can write U = (Um1’, Ur1')’,
where Uppy is a p1 X p matriz and Ugy is a (p — p1) X p matriz. Let py be the kth

largest eigenvalue of B with k fized.

(1) Let ¥ = Um1 XUy be a pi x pr matriz. When @ >c>0,

Pk — 'Yk@ i
— .
il

Furthermore, when lim Z=PL = (),
T—oco P

Pk — ’Yk@ i
— .
il
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(2) Suppose that the Assumption A7 holds. Then when tr(pz) >c > 0, the
random vector
tr(%) tr()\
p PN p Pk Tk
\VP1 m ’ ’ v P1 M
converges weakly to a zero-mean Gaussian vector w = (wy,--- ,wy) with
2
covariance cov(w;, w;j) = 51-]-% in which 6 = limy_,o tr%).
Furthermore, when lim =Bl =0, the random vector
T—o0 VP
pr—m 2 pr — T /
P P
———— P ——
VP ga! VP !
converges weakly to a zero-mean Gaussian vector w = (w1, ,wy)" with
2
covariance cov(w;, w;) = Sijﬁ, in which 6 = limy_, @.

Proof of Theorem[7. In fact we only need to write B = %XU{VHUNHX* +
%XUhlURlX*. Then we can use Theorem 2.1 to study %XUiﬂURlX* and
use Theorem 2.2 to study %XU{VHUMlX*. From the differences between the

orders of %XUhlUR;lX* and %XUMIUMlX*, we can complete the proof. [J

Theorem 8. Let Assumptions A1-A6 hold. The matriz I1 is symmetric and
rank(IL —I) = p — p1. The eigenvalues of II satisfy

AL(IT) = -+ = My, (T1) = 1 > ¢ > Ay 1 (IT) > A, (T) > —o.

There exists a pxp matriz Un such that UnUn’ = I and II = Undiag{1,, , g }Ur,
where TIg = diag{Ap,+1(I1), -+ , \p(II)}. We can write Ug = (Um1’, Ur1'),
where Ungy is a p1 X p matriz and Ugy is a (p — p1) X p matriz. Let py be the

kth largest eigenvalue of B with k fized.

(1) Let ¥ = U1 XUy be a p1 X p1 matriz. When tr;@ >c>0,

e — pE
a1}
71
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Furthermore, when lim P=PL = (),
T—oo P
ﬁk—%L(E) ;
— P Mo
71

(2) When @ > ¢ >0, the random vector

_ _tr(® o tr(®)
p PL—Y1, p Pk Tk

VPl gl B/ gl

converges weakly to a zero-mean Gaussian vector W = (w1, --- ,wy)" with
. N 20 - . BT tr(X2)
covariance cov(w;, W;) = 0jj%7, in which 6 = limy, 5
Furthermore, when lim P=EL =0, the random vector
T—o00 VP
=M (%) Pk — 1, 2 /
) )
\/Z3 — y T \/i) —
! "M
. _ .
converges weakly to a zero-mean Gaussian vector W = (wy,- - ,wy)" with
. o . . . tr(X?
covariance cov(w;, ;) = 5ij%f, in which § = lim,_,o %

The proof of Theorem [§]is similar to that of Theorem [7}

Theorem 9. When Tlim P=PL — (), Theorem 3.1 in the main paper still holds.
— 00

VP
Proof of Theorem[9. In fact we only need to study X, in this case. Write
Zrg = (x¢ = x¢-1) (UpnUnit + Uy Urt) (xg — Xg-1) -
Since p — p1 = 0,(p'/?), we can find that
E((x¢ — x¢-1) UpnUnin (xg — Xg—1)) = ajp_gtr(E) = a5 _gtr(Z)(1+0,(p~/?))

and

Var((xe —x¢-1) Uy Uni (xg — Xg—1) = (af_y + ad)tr(£?))

— (aly_, + a)tr(Z2)(1+ 0, (p'1?)).
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Moreover, one can verify that
(x¢ — X¢—1) UpyUri (xg — Xg—1) = Op(Mo(p — p1)) = 0,(p*/?).

So the two estimators still work in this case. The proof is complete.

O]

It is difficult to estimate 71% in Theorem (7| or ”yl% in Theorem |8 and we
do not know how to estimate them at this stage. As a consequence we have to
pay a price and impose a condition that (p — p1)/,/p — 0, which is a bit strict
requirement.

From the above Theorems, we can find that the rank of IT — I may play an
important role. We below run some simulations to see this. We set the different

matrices for IT and different ranks for IT — I as follows:

ITeo =1- 1pl,, rank(Ileo — I) = 1, (2.196)
ey = diag{Ip_p/a),0.9 5 4}, rank(Ile1 —I) = [p/4], (2.197)
Me2 = diag{Iy_[p/2, 0.9 5 21}, rank(Ilez —I) = [p/2], (2.198)
and
I3 = diag{Ip_3p/a), 0.9 35 41}, Tank(Ileg — I) = [3p/4], (2.199)

We use the setting yy = ¥z¢—1 + z¢ with ¢ = 0.5 and ¥ has the entries
% = 0.3l

Observe that the finite-sample performance of Il.g can be different when
using an asymptotic critical value calculated from N(0,1) and that based on the
parametric bootstrap method when p is small. In fact although rank(Ilee — I) =
1, % isn’t small enough when p is 5 or 10. From the proofs of Theorems and@
we can find Ty (and Tl) is the sum of two parts. When % isn’t small enough,

the second part(stationary part) can’t be ignored and it leads to the power. Note

that when p is small, if we use the critical value from N(0,1), the power is very
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Table 2.9: The results of Ty

p T IIe(size) Ilei(power) IIea(power) II.z(power) 0.9I(power)
20 20 0.025 0.017 0.034 0.112 0.216
20 30 0.035 0.027 0.072 0.262 0.672
20 40 0.031 0.041 0.135 0.440 0.951
20 60 0.038 0.042 0.191 0.564 1.000
20 80 0.040 0.040 0.224 0.629 1.000
40 20 0.021 0.048 0.103 0.270 0.580
40 30 0.028 0.060 0.211 0.594 0.964
40 40 0.031 0.061 0.282 0.685 0.999
40 60 0.037 0.082 0.358 0.812 1.000
40 80 0.046 0.112 0.403 0.831 1.000
60 20 0.018 0.040 0.157 0.446 0.766
60 30 0.037 0.074 0.311 0.751 0.998
60 40 0.036 0.098 0.391 0.832 1.000
60 60 0.038 0.114 0.459 0.865 1.000
60 80 0.037 0.162 0.482 0.900 1.000
80 20 0.018 0.053 0.301 0.574 0.870
80 30 0.026 0.082 0.415 0.853 1.000
80 40 0.036 0.121 0.467 0.925 1.000
80 60 0.036 0.148 0.555 0.942 1.000
80 80 0.051 0.169 0.604 0.944 1.000
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Table 2.10: The results of T with the parametric bootstrap method

p T IIg(size) Ilei(power) Ilep(power) II.z(power) 0.9I(power)
20 20 0.043 0.097 0.223 0.458 0.636
20 30 0.054 0.128 0.352 0.712 0.974
20 40 0.066 0.187 0.425 0.774 0.998
20 60 0.077 0.217 0.463 0.842 1.000
20 &0 0.070 0.162 0.535 0.854 1.000
40 20 0.053 0.152 0.337 0.568 0.860
40 30 0.056 0.198 0.467 0.826 0.990
40 40 0.042 0.194 0.499 0.844 1.000
40 60 0.053 0.225 0.583 0.924 1.000
40 80 0.063 0.248 0.613 0.910 1.000
60 20 0.038 0.173 0.358 0.694 0.930
60 30 0.046 0.236 0.600 0.906 1.000
60 40 0.055 0.240 0.627 0.946 1.000
60 60 0.037 0.282 0.674 0.954 1.000
60 80 0.054 0.255 0.678 0.958 1.000
80 20 0.053 0.206 0.541 0.798 0.950
80 30 0.054 0.284 0.657 0.940 1.000
80 40 0.055 0.269 0.726 0.972 1.000
80 60 0.060 0.303 0.688 0.978 1.000
80 80 0.064 0.321 0.756 0.980 1.000
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Table 2.11: The results of T and small p

p T IIe(size) Ilei(power) IIea(power) II.g(power) 0.9I(power)

5 20 0.046 0.028 0.019 0.012 0.008
5 30 0.054 0.025 0.013 0.008 0.010
5 40 0.039 0.013 0.002 0.002 0.012
5 60 0.052 0.029 0.013 0.002 0.006
5 &0 0.048 0.030 0.011 0.006 0.002
10 20 0.023 0.019 0.017 0.014 0.048
10 30 0.030 0.025 0.025 0.058 0.142
10 40 0.031 0.029 0.036 0.062 0.322
10 60 0.030 0.011 0.038 0.112 0.558
10 80 0.036 0.029 0.057 0.126 0.678

small. While if we use the critical value from the parametric bootstrap method,
the power is much bigger (also see Tables 2.4 and 2.6 in main paper). So the
performances are different when p is small.

The performances of Il¢1, Ilco and Il.3 show that the stationary part plays

pP—p1

Nz

a more important role when becomes larger.

Appendix D.2: Some extensive discussions about deterministic components

This section is to discuss how to deal with the deterministic components of
the time series and the difficulties when establishing general theory for them.
There is another way of presenting models containing deterministic compo-

nents. Specifically speaking, write

Xt = ¢+ Mxp_1 + By, 1<t <T. (2.200)
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Table 2.12: The results of T with the parametric bootstrap method and small

p
p T Ile(size) Ilei(power) Ilep(power) II.z(power) 0.9I(power)
5 20 0.111 0.095 0.126 0.154 0.308
5 30 0.125 0.141 0.179 0.258 0.580
5 40 0.133 0.112 0.175 0.328 0.772
5 60 0.122 0.126 0.208 0.342 0.938
5 80 0.112 0.103 0.257 0.392 0.992
10 20 0.069 0.103 0.187 0.236 0.462
10 30 0.068 0.116 0.269 0.462 0.826
10 40 0.072 0.137 0.341 0.516 0.972
10 60 0.087 0.139 0.354 0.592 1.000
10 80 0.101 0.137 0.379 0.642 1.000
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Table 2.13: The results of Tn

p T IIe(size) Ilei(power) IIea(power) II.z(power) 0.9I(power)
20 20 0.019 0.010 0.014 0.012 0.013
20 30 0.023 0.018 0.024 0.044 0.124
20 40 0.035 0.018 0.030 0.106 0.290
20 60 0.032 0.024 0.084 0.259 0.746
20 80 0.044 0.040 0.115 0.405 0.959
40 20 0.016 0.008 0.018 0.046 0.075
40 30 0.032 0.014 0.046 0.124 0.290
40 40 0.030 0.023 0.097 0.215 0.584
40 60 0.046 0.050 0.185 0.514 0.985
40 80 0.031 0.060 0.282 0.648 1.000
60 20 0.020 0.018 0.038 0.056 0.144
60 30 0.030 0.027 0.088 0.205 0.523
60 40 0.030 0.037 0.144 0.351 0.823
60 60 0.033 0.073 0.258 0.603 0.999
60 80 0.043 0.092 0.360 0.775 1.000
80 20 0.013 0.016 0.050 0.082 0.191
80 30 0.026 0.033 0.109 0.261 0.661
80 40 0.032 0.055 0.179 0.483 0.934
80 60 0.040 0.084 0.330 0.735 1.000
80 80 0.038 0.111 0.386 0.803 1.000
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Table 2.14: The results of T with the parametric bootstrap method

p T IIg(size) Ilei(power) Ilep(power) II.z(power) 0.9I(power)
20 20 0.056 0.050 0.112 0.190 0.239
20 30 0.071 0.106 0.184 0.376 0.606
20 40 0.072 0.128 0.282 0.544 0.837
20 60 0.065 0.158 0.418 0.737 0.986
20 &0 0.071 0.158 0.458 0.778 1.000
40 20 0.028 0.088 0.164 0.252 0.352
40 30 0.055 0.122 0.256 0.439 0.695
40 40 0.053 0.138 0.310 0.564 0.873
40 60 0.060 0.168 0.470 0.783 0.999
40 80 0.066 0.214 0.562 0.866 1.000
60 20 0.056 0.086 0.204 0.288 0.452
60 30 0.047 0.152 0.296 0.525 0.807
60 40 0.050 0.174 0.378 0.692 0.961
60 60 0.040 0.218 0.500 0.838 1.000
60 80 0.057 0.252 0.590 0.908 1.000
80 20 0.038 0.120 0.210 0.340 0.512
80 30 0.046 0.130 0.315 0.597 0.903
80 40 0.064 0.180 0.416 0.713 0.986
80 60 0.047 0.215 0.588 0.884 1.000
80 80 0.050 0.286 0.597 0.887 1.000
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Table 2.15: The results of Ty and small p

p T IIe(size) Ilei(power) IIea(power) II.g(power) 0.9I(power)

5 20 0.057 0.030 0.024 0.016 0.008
5 30 0.056 0.032 0.022 0.012 0.002
5 40 0.054 0.032 0.022 0.006 0.000
5 60 0.055 0.040 0.018 0.004 0.000
5 &0 0.049 0.038 0.030 0.000 0.000
10 20 0.024 0.028 0.006 0.026 0.009
10 30 0.028 0.034 0.012 0.014 0.018
10 40 0.036 0.022 0.010 0.016 0.031
10 60 0.049 0.022 0.010 0.022 0.117
10 80 0.038 0.030 0.012 0.044 0.217

To deal with ¢, we define

Xt = X¢ — TXT- (2.201)
Under Hy we can find that
X =%p1+ 22 (ye —§), 1<t <T, (2.202)
here ¥ — 2=1Yt Lot X = (54 .. Fm)
where y = === Let X = (X1, ,XT)’, we can find that
(1/p)XX" = (1/p)CHYSY*HC", (2.203)

where H = I-11'/T. It turns out that the largest eigenvalues of (1/p)CHYXY*HC*
have the same limit distributions as those of (1/p)HCYXY*C*H. So Theorems
2.3 and 2.4 hold for (1/p)XX". The sample covariance matrix (1/p)XX " can

also remove the influence of ¢ under Hy. We can propose a test Ty which is
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Table 2.16: The results of T with the parametric bootstrap method and small

p
p T Ile(size) Ilei(power) Ilep(power) II.z(power) 0.9I(power)
5 20 0.079 0.066 0.092 0.106 0.155
5 30 0.099 0.074 0.100 0.146 0.284
5 40 0.111 0.106 0.092 0.188 0.417
5 60 0.094 0.112 0.132 0.260 0.712
5 80 0.110 0.114 0.196 0.326 0.896
10 20 0.045 0.078 0.114 0.158 0.218
10 30 0.080 0.096 0.166 0.257 0.450
10 40 0.091 0.108 0.240 0.372 0.653
10 60 0.102 0.134 0.309 0.524 0.904
10 80 0.085 0.114 0.326 0.608 0.991
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similar to Ty and Tx. Moreover one can prove that Theorem 3.1 still holds for
Tn. Indeed, its size is good as one can see from Table 13 below. Unfortunately,
under Hy, (1 /p)f(f(* can’t remove the influence of ¢. As a consequence, the
power of the test may behave differently for different values of ¢ under Hi.

We run simulations for TN with the critical value from the limit distribution
N(0,1). The parameters are set to be the same as those in Tables 2.4, 2.6 and 2.8
in the main paper. The results of T on 1000 replications and different values of
p, T and II are reported in Table 2.13. The nominal size is set to be 0.05. One
can find that the size is good but the power is chaotic for different values of ¢.

Alternatively, instead of using (2.201]) we may also let X = x¢ — X — (t —

T+1) 2 Zthl Xt
T

5= )71 (XT — X), where X = . In this way, the influence of ¢ under both

Hy and H; can be removed. Under Hy,

N

2 T—i+1
R = Xe 142V 2y 2 (T2 N T T owl/290 1 <t < T. (2.204
Xt = Xg-1+ yt+T—1( y ; T yi), 1<t <T. ( )

Let X = (%1, ,%r)". Note that (1/p)XX" also has the form
(1/p)XX" = (1/p)CHYSY*H;C", (2.205)

where the definition of H; comes from (2.204]). Unfortunately, the property of
CH H;C is more difficult to study and we have not obtained any result about
it yet. Hence we fail to establish CLT for the largest eigenvalues of (1/ p)XX*

A more complicated model can be considered similarly.

x¢ = o+ Bt + Mxe 1 + X%y, 1<t < T. (2.206)
Let zy = X¢ — X¢—1 — 7 — W(t — %) It can remove the influence of

«a and B under both Hy and Hy. Let z¢ = z¢_1 + z¢. Under H,

t — T4l
7y = 741 + 2%y, — 225 — ﬁzl/Q(yT —y1). 1<t<T, (2.207)
Let Z = (%1, -+ , 7). Define the sample covariance matrix:

(1/p)ZZ" = (1/p)CH,YXY*H!C*, (2.208)
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Table 2.17: The results for Ty and MA(1)

p T I(size) 0.95I(power) 0.9I(power) Ily(power)

10 20 0.037 1.000 0.873 0.802
10 30 0.044 1.000 0.705 0.700
10 40  0.055 1.000 0.469 0.582
10 60  0.045 1.000 0.113 0.312
10 80  0.058 1.000 0.015 0.155
20 20 0.033 1.000 0.996 0.934
20 30 0.040 1.000 1.000 0.922
20 40 0.033 1.000 1.000 0.829
20 60  0.050 1.000 1.000 0.699
20 80 0.044 1.000 0.996 0.425
40 20 0.015 1.000 1.000 0.996
40 30  0.027 1.000 1.000 0.997
40 40  0.032 1.000 1.000 0.987
40 60 0.042 1.000 1.000 0.955
40 80 0.044 1.000 0.998 0.878
60 20 0.011 1.000 1.000 0.956
60 30 0.021 1.000 1.000 0.924
60 40 0.030 1.000 1.000 0.897
60 60 0.035 1.000 1.000 0.725
60 80 0.043 1.000 1.000 0.486
80 20 0.009 1.000 1.000 0.993
80 30 0.021 1.000 1.000 0.996
80 40  0.027 1.000 1.000 0.990
80 60 0.031 1.000 1.000 0.945

80 80  0.036 1.000 1.000 0.869
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where the definition of H, comes from (2.207). Unfortunately, studying the
property of CH,HC is even more challenging. We haven’t obtained any result

for (1/ p)ZZ* yet. We are going to further pursue this in future research, however.






Chapter

Central Limit Theorem for the spiked
Eigenvalues of Separable Sample

Covarlance Matrices

3.1 Introduction

Most of the existing studies in random matrix field rely on the assumption that
the observations of high dimensional data are independent, although dimensional
correlation structure can be allowed. However, high—dimensional data in eco-
nomics and finance are often highly dependent across time. We can’t assume
that the fluctuation of the stock market today is independent with the fluctua-
tion yesterday. In view of this, Zhang (2006) investigated the empirical spectral
distribution (ESD) of the sample covariance for the case where the data matrices
are of the form A1ZA,, where A and A, are positive semidefinite matrices and
Z has independent entries satisfying some moment assumptions. This model is
referred to as the separable covariance model and allows for some dependence

among observations recorded over different time points.



Chapter 3. Central Limit Theorem for the spiked Eigenvalues of
88 Separable Sample Covariance Matrices

In Chapter [2] we study the CLT of the largest eigenvalues for high-dimensional
non-stationary time series. However it cannot handle the case when time series
data contain a deterministic trend. In view of this we consider a kind of separable
sample covariance matrices. Recalling the model in , we can find that the
largest eigenvalues of CFF*C* are very big and X is bounded. A direct question
is whether the CLT can be extended to the separable sample covariance matrices
with this form. In this Chapter, we study this question.

The Chapter will be organized as follows. Section 3.2 establishes the CLT's for
two different cases. Section 3.3 provides two models in time series as two examples
of the theoretical results. Section 3.4 and Section 3.5 prove the theoretical results

in Section 3.2.

3.2 Theoretical Result

We consider the separable sample covariance matrix TXQXTT7T, where ¥; =
ITT) X = (x1,...,%,) = (Xij)pxn and I' are p x n and (p — L) X p matrices.
Moreover, let the spectral decomposition of T' be VAY/2U, where V and U are
(p—L) x (p—L) and (p— L) x p orthogonal matrices respectively(VV? = UUT =
I), A is a diagonal matrix consisting of the descent ordered eigenvalues of ¥;.

Moreover, suppose that there are K eigenvalues of ¥ much bigger than others.

A
Then we can write A = s , where Ag = diag(p1,...,ux) and Ap =
0 Ap

diag(pr+41, - p—1,) and p, ..., ug are the K spiked eigenvalues. In addition,

U
we write U = and ¥ = UJApU,. We focus on the asymptotic property
U,

of the largest K eigenvalues of IXQXTTT.

We need to make the following assumptions:

Assumption 1. x;, j = 1,...,n are i.i.d. random vectors. {x;;: i = 1,...,p,

j = 1,...,n} are independent random variables with finite fourth moment such
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that EXij =0. E|\/ﬁXij"2 =1 and E\\/ﬁxij|4 = Y45-

Assumption 2. There exists 6, satisfying

1 &K
. 5’7477 D EWnxg | I(Ivnxig| > 6, /mp) =0, 6,10, 6,/np T oo(3.1)
i=1 j=1

Assumption 3. Q is nonnegative. There exist two positive constants My and

M such that |2 < My and @ > M.

Assumption 4. The spiked eigenvalues of population covariance matriz are
much bigger than others. Precisely speaking, for Ve > 0, there is K. which
doesn’t depend on n and p such that when n and p are big enough,

(L 510 (5.2
E. .

LK trglﬂ)

Assumption 5. The spiked eigenvalues of the population covariance matriz are
much bigger than others. Precisely speaking, for Ve > 0, there is K. which doesn’t
depend on n and p such that when n and p are big enough,
L
Zf:KE pi Mo

LK trglﬂ)

< (3.3)

€
2
Remark 8. When % —0, i =i7'77% and 0 > 0. We can find that the Assump-
tion @ holds but the Assumption |4 doesn’t hold. Conwversely, When % —c >0,
Q=1 ux = /p and p; =1 for any i > K, then the Assumptzbn holds but the
Assumption [5] doesn’t hold.

Assumption 6. There exists a small positive constant ¢ such that g — pg11 >

CLK .

Assumption 7. The spiked eigenvalues of the population covariance matriz are
. p . . . - max{L,2}

much bigger than max{1, 2}. Precisely speaking, the eigenvalues p; = —a

where d; — 0,1 =1,2,.... K. And fori=K +1,....p— L, u; are bounded by a

constant C.
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Assumption 8. ay = ug = ... = g, < QL1 = UK -—pptl < QL = [y, =
... = u1, Moreover, there exists a small constant ¢ such that a;—1 — o; > cay,

1=1,2,...,L. ny,..., ng are finite.
Remark 9. In fact, the Assumption[7 implies Assumptions[f] and[6

Denoting the i-th largest eigenvalue of TXQXTTT by \;, we first prove the

following proposition to ensure the convergence in probability:

Proposition 8. For IXQXTTT satisfying Assumptions @ and|Z| or Assump-
tions[1}, [4 and[3, the i-th largest eigenvalue \; converges to u; in probability after

rescaling. Precisely speaking, we have uniformly for alli=1,..., K

Ai — i S . .
—a— — 0,in probability. (3.4)
i
As. 0
Proof. Recall K. in the Assumptionld] For any e > 0, we write A =
0 Ap.

where Ag. = diag(p1, ..., px.—1) and Ap. = diag(pk. , ..., pp—r). Note that the
non-zero eigenvalues of IXQX”T7 equal those of UXQXTUTA. By weyl’s in-

equality, we have

1/2
03 (A2UXQY?) — o Ase O UXOQY?)| < oy( 00 Uxn'/?)
Z “Lo o ~ o \o A2 ’
Pe

0 O
where 0;(A) is the i-th largest singular value of A. Let P, = s Uxal/2,
0 Ay
By the results in Bai and Silverstein, (2006]) and Chen and Pan| (2012), under As-
sumption with probability tending to 1, we have |P.P.T|| < ug. (1+ \/%)2M0.
We can also find that |P.P.T| < tr(P.P.T) and tr(P.P.T) < 2 Z;‘i}é i Mo
with probability tending to 1. Then we find that when (3.2) or (3.3) holds,
PP |

o < € with probability tending to 1.

1/2
0
Moreover, we define S, = Sie UXQY2. by Theorem 7.1 of Bai and
0 O
Yao (2008]), we can show that U;(tisi(): —1=o0p(1).

T n
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We then conclude that

Ai

p, //LZ n

for any € > 0. (3.4]) is proved.

O
Theorem 10. Suppose that Assumptions[T{3 and [}{8 hold. Define an event
¢, = {|QV2XTSXOY2|| < 4CMy(1 + %)}. (3.6)
Let 6; be the solution to
E(ulXQ2(0,1 — @/2XTeX 0?10l 2XTw,1(¢,)) = a; L.
Denote m; = 22;11 n;, for alli=1,2,...,L. We have
VI it — 0 A2 — s A ms — 0) 5 R, (3.7)

i
where R; are the eigenvalues of n; Xxn; matriz R; with zero-mean Gaussian entries

and the covariance of the (R;)k, 1, and (Ri)g,.1, s

lim n? x C’ov(u%#leQXTumiHl,uTTn#kzXQXTumiHQ). (3.8)

n—oo

Theorem 11. Suppose that Assumptions [1], [3, [3, [0 and [§ hold. Denote m; =
Z;;ll nj, for alli=1,2,...,L. We have

n trQ2 trQ2 trQ2
\F(Amiﬂ — Qi A2 — Qi ey Ay, — Qg
a; n n n

) 5 R, (3.9)

where R; are the eigenvalues of n; Xxn; matriz R; with zero-mean Gaussian entries

and the covariance of the (R;)k,1, and (Ri)ky1, 1S

nl;rgo n? x C’ov(u%#leQXTumiHl,u%ﬁkZXQXTumiHQ). (3.10)

Remark 10. Actually, it follows from that

0; trQ) trQ?
2= Gy +0(2a;2) + o
o n n

);

i
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where
_ _p-K-L
c= p— K o ; :U’J7 Ci = no;
] +1

Remark 11. By Theorem 7.2 of Bai and Yao (2008) it is not hard to calculate

F) and (F10).

When the population spiked eigenvalues are simple, we can conclude that the

limiting distribution of extreme eigenvalues are Gaussian.

Proposition 9. Suppose the conditions of Theorem hold. Moveover, ny, =

My = -+ =ng; = 1. Define an event We have
V(A T Amig i1 = O Ay +1 7 ij) 4R (3.11)
Oékl ) ak2 ) ) Olkj )

where R are a vector with zero-mean Gaussian entries and the covariance of the

R and Ry is

lim n? x Cov(u %k L Xxox? Wy 41,0 mk L XOxXT U, +1). (3.12)

n—o0

Proposition 10. Suppose the conditions of Theorem hold. Moveover, ny, =

My =+ = ng; = 1. Define an event We have
trQ2
Ay +1 — oy TS T Ay 41— g R
ka1 k1 mp,+1 — Ckg —— mp. + i n d
Vvn( L n_ = r ! )= R, (3.13)
oy gy Qg

where R are a vector with zero-mean Gaussian entries and the covariance of the
R and Ry is
lim n? x Cov(u %k L Xxox? Uy 41,0 %k L XOxT U, +1). (3.14)

n—o0

3.3 Applications in time series data

The data in time series often have the dependence over both the time and the
cross-section. So the separable sample covariance may have potential applications
in time series. In this section, we give two models in time series. One model is a

special case for Theorem [10| and another is a special case for Theorem
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3.3.1 Stationary linear processes with factors

Consider a stationary linear process as follows.

o0
Yit = Z bszi,tfs (315)
s=0
and
K p—K
zie =3 Gisfa+ > Tislet, (3.16)
s=1 s=1

where 1 <i<p—K—-Land1<t<n.

We give some assumptions for the linear process.
Assumption 9. )" i|b;| < co.

From the Assumption |§| we can find that when [ is big enough Z?‘;l 41 0s2it—s
is very small. So we can only consider the case y;; = Zi:o bszit—s. Let Y be a
(p — K — L) x n matrix whose entries are y;;. We can write %YYT as the form

of IXQXTTT and check the Assumptions in Theorem

Assumption 10. (xi, -+, xp)" =% = ﬁ(flt, o frn G i) Tt =
—00, ..., are i.i.d. random wvectors. {x;;: i = 1,..,p, j = —oo,...,n} are
independent random variables with finite fourth moment such that Ex;; = 0,

E|\/ﬁxij]2 =1 and E]\/ﬁxzj\A‘ = 74i. There exists 6, satisfying

1 &K
nh—>ngo 5;477!7 Z Z E|\/EXZJ’4I(|\/EX1]| > on Y np) =0, 0,10, b v/np T O‘é?’l?)
i—1 j—1

Write X = (X1-1,+* ,Xpn).

The Assumption [10] ensures that Assumptions hold.

Definition 1. W is a (n+1) x n whose entries are W;; = bj_;;1{0 <i—j < 1}.

Let @ = WWT,

The Assumption [J] ensures that the Assumption [3] holds.
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Assumption 11. The (p — K — L) x (p — K) matriz Y consists of the entries
Y;s satisfing | XYT|| < C.

Assumption 12. There exists a positive constant ¢ such that min<s< g { Zf;lK -

cp. Also ® is a (p — K — L) x K matriz whose entries are ¢;s.

Write I' = (®,T). Assumptions ensure that the Assumption |7| holds.
In fact I'TT = ®®T + YYT. Assumption [12|implies that rank(®®T) = K and
the K largest eigenvalue of ®®7T is bigger than c¢p and Assumption implies
that ||[YY7|| < C. Then we can find that the K largest eigenvalue of I'T7 is
bigger that cp — C and the K + 1 largest eigenvalue of I'T7 is not bigger than C.
Then we conclude that the Assumption [7] holds.

We then write

1
~“YY? =rxQxTr’. (3.18)
n

Moreover, Assumptions and [7] hold. Then we can find that Theorem

works for the largest eigenvalues of %YYT.

3.3.2 Nonstationary linear processes

Consider a nonstationary linear process as follows.

l

Yit = Yit—1 + Z bszit—s (3.19)
s=0
and
n
Zit = Z TisXst, (3.20)
s=1

where ] <i<n—Land1—-1<t<p-—1
Let Y be a (n — L) x (p— ) matrix whose entries are y;;. We next give some
assumptions and definitions to rewrite %YTY in the form of TXQXTI?. We

also check the Assumptions in Theorem

o7t >
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Assumption 13. x; = (X1, - ,XW_Z)T,Z' =1,...,n are i.1.d. random vectors
and {x;j: i=1,..,n, j=1—1,....p— 1} are independent random variables with
finite fourth moment such that Ex;; = 0. E]\/ﬁxij\Q =1 and E\\/ﬁxij|4 = Y4i-
Let X = (x1, ..., Xp).

Then we can find that the Assumption [I] holds.
Assumption 14. The (n — L) x n matriz X consists of the entries Y.
Assumption 15. >° i[b;| < oco.

Definition 2. W is a p x (p—1) whose entries are Wi; = bj_;1;1{0 < i—7 <1},

Let C = (Cyj)1<i,j<p—1 be a (p—1) x (p — 1) lower triangular matriz with

Cij=0 forj>iand Cjy; =1 forl1<j<i. (3.21)

Let ' = CW”. We can conclude that Assumptions [5H6| hold.
Write
1
YTy =rxoxTr7, (3.22)
n
Moreover, Assumptions and hold. Then we can find that Theorem
works for the largest eigenvalues of %YTY.

Remark 12. One can see the details of the nonstationary linear processes in

Chapter[3.

3.4 Proof of Theorem 10

We give a new assumption
Assumption 16. For any k € NT, there exist constants ¢y, such that E|/nx;;|F <
Ck.

We will prove a weaker version of Theorem in Section 4.1. i.e.

We assume Assumption holds. Then we will show how to relax
Assumption in Section
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3.4.1 Proof of Theorem under Assumption

Define V; = AY*U;XQY2 and V, = AY?U,XQY2. We prove CLT for a fixed
i, 1 € {1,..., K}. By the definition of J\;, it solves the equation

det(\I — AV2UXQXTUTAY?) = 0,
together with Proposition [8, with probability tending to 1. It is equivalent to
det(NI — Vi [T+ V5 (NI = VW) 1] Vi = 0.
By schur’s complement formula, it is also equivalent to
det(\I — N ViI — VoV =ty = o. (3.23)
Noting that U;FA pUs = X, the above equation becomes
det(MI — MAY 2T XQY2(AT — Q2XTEX0Y2) 10 2XTUTAY?) = 0.
ie.
det(\AGH — N UIXQY2 (NI - 2XTex V)10l 2XTuT) = 0. (3.24)
We abbreviate Y = XQ'/2, and then becomes
det(a;Ag' — ;Ui Y(LI - YISY) YT UT) = 0. (3.25)

Since the LHS of the equation above is a continue function of 6;, we conclude

that 6; = ai%(l +0(1)). We denote \; — 0; by v;. Then

U YO\ -YI2Y) 'YIul = U, Y61 - YI2Y) tyTuT
U YOI -YT2Y) (0,1 -YT2Y) 'yTUT. (3.26)
Similar to the proof of Theorem 3.1 in|Bai and Yao (2008), the key step is to estab-

lish the central limit theorem for the entries of v/na; U1 X (0,1 — XT2X) 1 XTUT

by the Leibniz formula for the determinant of a matrix. Let u;‘-F be the jth row of



3.4 Proof of Theorem |E| 97

U;. In the sequel, we only prove the central limit theorem for \/ﬁaiu;‘-rY(GiI —

YTYY) 1Y Tu;. Moreover, it is easy to see that

1670, X (LI - XTeX) 7L e1 — XTex) IXTutf — 1), (3.27)
= op(1),

which implies that the randomness of 02U Y (M I-YTSY)~1(0,1-YTSY) YT UT

does not affect CLT. Before proceeding, we define another event
e = Iy ) SY W < 40Mp(1+ B}, (3.28)

where Y(%) = Y—xkegﬂl/z, X}, is the k-th column of X and e, = (0, ..,0, 1,0, ...,0)T
is p-dimensional vector with only k-th element being 1. Denote y; = xkegﬂl/ 2,
We remind the readers that when we calculate the negligible terms, there are al-
ways several indicator functions such as I(&;) and I (Qfglk)) involved in them. &g
and C%l(ik) hold with high probability by the results in [Bai and Silverstein (2006)
and |Chen and Pan (2012])), so they do not affect the CLT. One should notice that
we assume that E|x;;|> = L. Denote E; = E(.|xq,...,x;) and ¥; = 5. Then we

have

o) Y(0,I - Y'SY) 'Y I (€) — aiBul Y(O,1 - YTSY) 'Y wI(€y)

& N
=i > (Ex — Ep_1)u] Y(I - YTaY)_lYTulI(QSd) (3.29)
k=1 ¢

=; > (Ex — Ex1)
k=1

(ufy (- YT§Y)_1YTul —ulY®(1 - (Y(’“))T§

YY) w) 1(€y).
Here we aim at showing the central limit theorem for aiu?Y(HiI—YTEY)*IYTulI (€q)
instead of oziu;‘-FY(GiI —YTYY)"'YTy,. Actually, since I(&;) = 1 with high
probability, a;u] Y (6;1-YTSY) 'Y wI(€;) and cyul Y(0,1-YTEY) 'Yy
share the same central limit theorem. We define 9% =3 A=I-YTYY and
Ap =1 (YO)YTSY®), Then A = Ay, — yI XYW — (YENTSy, — yI Sy,
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Moreover, in case there are only A;l involved in the equations we are calculat-
ing, we will replace I(&,) by I (E‘Eék)). This replacement aims at calculating the
expectations about xj. For example, we replace I(&y) by I ((’E&k)) at the first line
of , which makes the expectation much easier.

We define Ay o = ygiY(k), Az = (Y(k))Tnyk and Ap 4 = y{iyk. We also
define (i, = el QV/2A1Q 2.

Noting that u;FY = u;FY(k) + u;fyk, we define

Apw=Ar—Aps. (3.30)
By the formula A=! =B~ — %, we have
1
ATY = ALL ;kA;;(Ak,2 +Ara)ALL, (3.31)
_ae A AsA AL (Aka+ Ara)ALL
- 7k + bk + ar. )
where
ar=1-— xgiY(k)A,;}l)Ql/zek - xgixkegﬂl/zAgtﬂlﬁek (3.32)
and
by =1 — el QV2A N (Y) TS, (3.33)
It follows that
(Ex — Ex—1)(u] YAT'Y"w) = (Ep — Epm1)(Jy + Lo + I3+ Iy), (3.34)
where
L = (uijk)(uka)egﬂl/ZA_lﬂl/Qek (3.35)
(uijk)(u;[xk.)egﬁlﬂA,;}UQl/Qek
= ”

(uJTxk) (ul'xg)el Q/2A, 101 2%,

T ap(1— el QY2A,(Y(R)TSxy,)
(] xz) (u/ x5) e

agby,
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I = Z u?xku}ﬂxfe?ﬂlmA*lleek (3.36)
17k

W YOAyiw W YOATYE) SyA

ay arby,

u;FY(k)A,;lygul N u;‘.FY(k)Agl(Y("“'))Tf]xkx;{ul(kk

ay agby,

)

Is = Zu?xkul Xfey TQl2ZA—1Q %, (3.37)
f#k
ufYkAﬁl(Y(k))Tuz N ulyrAL YESYWALH (Y )Ty,
ax arby,
ufykAgl(Y(k))Tul N u?xkng)Y(k)A Ly N Ty G,

ay, agby,

and

L=> uyAlyly (3.38)
Fatk

1 —
Ak 3A
= 3 uly Ay Y uly S ARy,
9%k f9#k
) ;kufyfAmm+Ak,4>A,:,ty5uz
1,97k

WY®ATTA, AN YENTy
— T YW AT (Y0 Ty 4 K Zik( ) w

1 _ _
+*U?Y(k)Akju(Ak,2 + Akv4)Ak7}u(Y(k))Tul~

a

Noting that u; Ty = Zf ul'y;. One can verify that I + I3 is the f # k term
of ufYA 'y Ty;. Similarly, I, is the f # ¢ term of uTYA Iy Ty,

/2 /2
By (3.35), we have azbpl(€y) = %Qmﬁlgﬂﬁmag:1+dn.Tmmmm,

we conclude an important formula in this thesis, i.e.

arbrl(€q) =1+ o(1), (3.39)
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with high probability. In fact, noticing that Xgixk is the diagonal entry of
YTYY, we have with high probability

11— biI(€q) = |ef QV2A N (YI) Sxy|I(€y) (3.40)
< [|RPAT Y)Y TSRS 2 x| 1(€4)

= O(dy).

- 1mply that there is a constant Cy > 2 such that max{ ;- 1 bi} (€q) <
Ci1(€,).

Considering (Ek—Ek_l)(14—u?Y(k)A;1(Y(k))Tul) first. The term u?Y(k)AI;I(Y(k))Tul
involved in Iy disappears in Iy — u]TY(k)A,;l(Y(k))Tul. We claim the other two

terms of I at the RHS of (3.38]) are negligible. In fact, consider the term

» u! YR ATTAL AT (Y )Ty,
Vi (Ex — Epo1)- : bk £ I(&q),
k=1

we calculate the upper bound of the variance

Cin > Elu] YWA AL sAL (YY) Twy1(€,) (3.41)
k=1
ZEuTY Y2y R A (v () Ty,

e}{ﬂl/zA,; (YN wul YW A0V 26,1 (€) + o(n72).
By the definition of I (Qfglk)), we have

w YR A (Y TE2y 0 A (Y )Ty () (3.42)
2

d; T~ (k ENT (k) 2
= C2m“j Y®H ()T 1(e,”) = 0(d7) — 0.

Therefore, we only need to bound

ZEe QA (Y ! YV AT 2e 1 (¢) < ST Elef V2A 1 (YW) Ty 21(e).

(3.43)
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Intuitively, if we can replace A, and Y*) by A and Y respectively, then the

expectation above is bounded by

> Elef @?PATYTuy | = Eu] YAT'QA 'Y uy < MoEul YY"y = O(1).
k=1
(3.44)
Therefore, we below replace Ay and Y by A and Y respectively. First, we

replace Y(*) by Y. It follows that

Z E‘egﬂl/QA]:l(Y(k))Tul‘ZI(QEEik)) <2 Z E’egﬂl/QAl:lYTul‘QI(eglk))
k=1 k=1

+2 Z E|e£ﬂl/2Aglﬂl/2ekx£u1 \QI(GEJk)).
k=1

It is easy to see that

n n
S Elef QV2A 10 2ex ] [21(€)) < Mo Y xF w2 = My
k=1 k=1

Therefore, it suffices to consider Y p_; Elef' A, 'Y u;|%. One should notice that
(k)

in the sequel we will omit the indicator function I(&4) and I(€,”) involved in

the equalities(inequalities). Recalling the definition below ({3.29))
A=Ay, — QY %exISY® — (YN TSx,el Q2 — QY 2e,x] Sxpel Q12 (3.45)

together with (3.31)), we conclude that

el QA — QY2 x YY)

— -

el Q'/2A! N Crxi DY A
ay agby, '

el Q!/2A
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Summarizing the above, we have
S ElefQ2A; Y T 21(e) (3.46)
k=1

< E|e£ﬂl/2AlzlYTu1 21(&4) + o(n™?)
k=1

<2() Elel Q2A Y uPI(¢,)
k=1

+> EGuxE SYW A Y Ty 2)1(€F)) + o(n2).
k=1

The first term at the RHS of (3.46)) is bounded by a constant referring to (3.44)).
To control the second term, recalling that Y = Y*) 4 xkefﬂl/Q, similar to the

previous conclusion, we have

S EGuxF SYP ALY w21 (e (3.47)
k=1

< S EluxiSY® A (Y ®) Ty 21(e)
k=1

+ 3 ElGux EY WA e w21 (€f)
k=1
— 0.

We turn to the more complex term

B _ ¥4
g YOAL (Are + A A, (Y ) T = 2.

As before, we only need to control the case 7 =1 = 1. Since ay, is close to 1 with

high probability, it suffices to bound the variance of the following term
n
VY (B — Ex1)z,
k=1

l.e.

n
nZE]zklz.
k=1
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For convenience, we only consider one part of the above term, which is

n
nY El YWALL ApALL (YP) a2, (3.48)
k=1
Since
A TALsA !
Ap, = Ayt SRR
’ k

there are four terms involved in (3.48)). We consider the first one
nY El] YWA Q! e x[SY WA (YE) Ty 2 (3.49)
k=1
=> Elul Y®A QY 2ePlu] YW A (Y)Y R AT (Y ) Ty 2.
k=1
Similar to (3.41]), we conclude that (3.49) tends 0. For the cross term, it is

" ATTAL AT .
nY Elu] YW=k 2ok ol 2e x WY W) AL (Y Ty 2

k=1 i
2 N _ B
< S BRI YW AL (Y TSl QU2 AL 10 20 SY ) AL (Y () Ty, 2
" k=1
2 n
< ﬁdf > El] YW (Y W) Tuy 2 = o(1), (3.50)
n

k=1

For the fourth term, we have

n —1 —1 —1 —1
03 Euly® Ay Abk,sAk Ql/2ekX£iY(k)Ak ApsAg

VN T g |2
: S (Y )Ty
k=1

<Cin) Ela] YW A TAL A1 e x [ SYWALTA AL (YY) Ty |2
k=1
= o(1), (3.51)

where in the last inequality we apply the same argument as (3.40)) to show
xi YR AL (YW) Sx| = O(d})

with high probability. Next we consider I7, I3 and I3, which follows from ({3.35))-
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B37) that
o (u;xp) (Wxg ) Crk
\/EZ:(Ek Er_1)( o (3.52)

ujTY(k)A,;lQl/Qekxgul N uJTY(k)AI;I(Y(k))Tika{ulek

+
ak ayby,
N uijkegﬂl/QAlzl (YN Ty, N u]TxkxfEY(k)Alzl (YN Ty Cpe )
af akbk

We claim that the third term of (3.52)) is negligible. In fact, since |ag|, |bg]
and (g ~ 1 with high probability, Ialkl Tl ,|Ckk] < Cy with high probabiity.

Therefore, we only need to calculate the following term
n ~
n > Elul YWA (YT Sxpxf . (3.53)
k=1

Denote ¢ = EY(k)Agl(Y(k))Tuj and h = u;. Then we have

p p
max £{.
B53) < It 4f}§ § ckfh +> efh2+ > eprhyeyghy)
k=1 = I#g f#g

max;{vis} ¢ . a
fn = ZE(ZCifh?f + > cishy + ) crshyerghy)

k=1 f=1 f.g=1 f,g=1

max {74s} . 2
—_— = E . 3.54
(S e (3:54)

By the definition of ¢, it is easy to see that

Ellck)|? = Eul YR AL (Y TE2Y WA L (Y W) Ty

Similarly, the fifth term of (3.52)) is negligible. Therefore, the main term of (3.29))
is
(ulxp) (ul xz)ef Q2 A 1Q1 2ey,

(3.55)
ay

\/’ﬁzn:(Ek —E-1)(
=1

u?Y(k)Aglﬂl/zekxgul N u Xj€, 91/2A (Y Y (K ))Tul

aj aj

).
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We below replace ag, by 1 in the second term. Note that 1—ay, = foNJY(k)A,;ﬂluﬂl/Qek%—
xgixke;}FQlﬂA;bﬂuzek. Write

ujTY(k)Aglﬂl/Qekaul

.56
— (3.50
1—
=ul YWA QY e xiw + - Ok w Y®A T 2epx] ;.
k
We aim to prove that
n 1 o
\/ﬁZ(Ek —Ex_1) Ok ujTy(k)A,;lﬂl/%kaul = op(1).
ag
k=1
Since % = o(1) with high probability, it suffices to prove that
n Z E]ujTY(k)Aglﬂl/Qekxzul\z =0(1). (3.57)

k=1
By a simple calculation, we have

n n
n> El] YWA Q' exlw =) Eu] YR A TQ e Q' 2A L (YR Ty,
k=1 k=1

which is exactly (3.43)). Therefore, (3.57)) has been proved. In view of (3.56)), we

only need to consider the term

VY (Er — Ex—)ul YW A 10V e x] (3.58)
k=1

n
=+/n Z Eku;FY(k)A,;lﬂl/Zekx;‘gul.
k=1

Similar to the proof of replacing ay, by 1, by [[A; ! — I|| = 0,(1), we can show
that

3.58) = vn Y Epu] YO 2erx{u; + 0p(1).
k=1
We next consider the first term at the RHS of (3.52). Similar to (3.56)), we

can also replace ay by 1. Therefore, by (3.55)-(3.58)), we get

- I(j =1
B3  =vn Y (k) (ufxx) — On ))egﬂek +ul xuf E. X Qey,
k=1
+uf xpul B, XM ey ) (3.59)
I = D)trQ
= V/n(u] XQX"u; - w).

n
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Then the limit of the covariance is

lim n® x Cov(uy, 4, XX w40, 0l 4, XOX 1w, 40,). (3.60)

n—oo

By Theorem 7.2 of |Bai and Yao| (2008) it is not hard to calculate them.

3.4.2 Calculation of Mean

In this section the aim is to calculate the expectation of u]TYA_lYTulI (€g). In
fact, we only need to consider the case j = [ since when j # [ the expectation
is o(z%). At first, we define new events I(Ey) = I(tr(YTRY) < 4nCMy(1 + =)
and IZ(EE;C)) = I(tr(Y)TEY®)) < 4nCMy(1 + B)). Tt is easy to see that

By =1, I(EF) =1

with high probability by the results in |[Bai and Silverstein| (2006) and |(Chen and
Pan| (2012). Denote A = X1/2YYTSY/2 1 r; = $1/2x; and Ay=2 14 rfr?—
I. Moreover, let A(n) = A + nil, and A(n) = A — nil, i = —1. Let = n~3/4,

It is not hard to conclude that
Evnul YAT'YTu;1(€,) = Evnul YA(n) 'Y w1 (Ey) + o(1).

In order to calculate the derivatives, we introduce a smooth cutoff function of
I(Ed):
1 if [z] < 4nCMy(1+ 2)

xTr) = .
0 if 2] > 4nCMo(1+ 2) +1,

whose derivatives satisfy |X(*)| < 2, k € NT. Therefore we have
Evnu] YA(n) 'Y u;I(Eq) = Evnu] YA(n) 'Y w; X (trYTSY) + o(1).
Up to now, we are ready to prove the universality result, which means that

Evnu] YA(n) 'Y u; X (trYTEY)
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does not depend on the distribution but the first two moments. In the sequel, we

define A = A(n) and F(Y) = u}FYA_lYTuj. Similar to the previous section,

k T
we omit the term X (trYTZY) and the relative arguments since % =0
fu
with high probability. Moreover, we also need to define the following interpolation

matrix:

Definition 3. Fort € {0,1}, 1 < f <p and 1 < p < n, denote the density(or
probability mass function) Ofou by P?u- Fort € [0,1], we define the distribution
function by

p?‘u - tp}u +(1 - t)pg)”u‘
The interpolation matriz Y is (X}u) with F}M being the distribution of X;u and
the entries {th‘u} are mutually independent for all f, u. Moreover, we introduce

the matrix

A
Yzfu) =Y '+ (\— X?u)efeg, (3.61)

which differs from Y at the (f, u) position only.

By Lemma 7.9 of Knowles and Yin| (2014), we have

VA(EF(YY) — EF(Y?)) f/dtzz [EF(Y ””f“ EF(YZ’JTE)“)],

f=1p=1
Since we assume that the first two moments of x;, are 0 and % respectively, it

suffices to prove

n” Z Z EFP(Y(7,)) = 0.

f=1p=1
We need to calculate the derivative carefully. Since F(Y) = u;-FYA_lYTuj, we

split the derivative into 3 parts:

EF®(Y(},) = Bi+ By + Bs.

Bi: We differentiate u?Y twice. In this case, the derivative is equal to

TO1/2
(ujﬂ / er)’e " 6%%

€y
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It is easy to see that ef%é;: e, = o(1). Together with Z?zl(ufﬂl/Qef)Q =

u]TQuj, we have proved in this case, n~! ’}:1 > =1 B1=o0(1).

Bs: We differentiate ujTY once. Then the derivative equals

7 OA2

ul'Q?e e
J fCun745 2
8xfu

. A - A -
YTuj = 2urﬂl/2efeTA_1LA_ILA_lYTuj
’ g Oz, Az,

+2u;*rﬂl/2efe/:fA_1e#f}ffe£A_lYTuj,

where 3 = Q1/25.01/2, By cauchy’s inequality, we have

P n
nt Z Z Eujrﬂl/QefegA_le“f]ffegA_1YTuj
f=1p=1

p
—1 S A —
<o lymp, | Y52 el YA-2Y Ty,
=

We consider one part involved in the other term, i.e. ujfeEA_leue?iYA_lYTieerA_lYTuj.

Similar to the previous inequality, we have

p n
n~! Z Z E]ujrﬂlﬂefegA_leue?iYA_IYTieerA_lYTuj|
f=1p=1

< O(d?)\/Z(ufﬂl/Qef)Q\/Eu?YAQYTuj = o(1).
f

Therefore, n~1 ?:1 Zzzl By = o(1). Bs: We can handle Bs similar to By

and Bs, therefore, we have shown the universality result. By the arguments

of this section, E\/ﬁu?YA*IYTujI (€4) is not affected by the distribution of

X asymptotically. Therefore, we can find an asymptotic explicit expression of
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EujTYA_lYTujI(Gd) by calculating the special case X = XY. i.e.

Eu] YA'YTu;I(¢,) (3.62)
_ 1
= EufX°QVZATTQMYA(XO)Tu;I(€y) + o(ﬁ)
1 1
=  ZEtr(AT'Q)I —
—Etr( M (€q) + 0(\/5)
1 — - L
= =) #rE@7*X)TIXQ2)901(€y) + o(—=)
n= vn
trQ) tr? D _o 1
= o tea— +O(g0‘¢ )+0(%),
where
_ p—K-L K — L
c= p— K . Z M]? G = no;

j =K+1

3.4.3 Relax Assumption [16f Truncation and Central-
ization

In this section, we relax Assumption We need to truncate and centralize x,,.

Under Assumption |1} we first truncate xsq, to Xyq = XpoI(v/n|Xfg| < 0p/np)

Xpg—EXyg

and then centralize it to Xy, = 5.

, where o is the standard deviation of

VnXgg. It is easy to see that
p n
PY £Y) < S P(IVixsl > b, )
f=1g=1

fé 4ZZE|fxfgl4I<Mngr > bn {/np) — 0. (3.63)

f=1g=1

IN

Then we have
Pl Ui YNNI = YT2Y)'YTUT = o, U YNNI - YTRY) " YTUT) - 1
Therefore, together with (3.24)), we only need to consider

det(aiAgl — OéZ'UlY()\Z'I — YTEY)_IYTU{) =0. (3.64)
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Considering X , we have

=02 < 2AE(mx2,)I(Vixsyl > 60 4)]
< 2(”1’)_1/25772E|\/ﬁxfg|4[(’\/ﬁxfg’ > 0p vy np),

‘E\/ﬁkfg‘ < 5,;3(np)73/4E\\/Eng\4I(|\/ﬁng| > Op/1p),

and

f=1g=1
Ci e~
< n Z ( )_15 4(E]\/ﬁng|4I(]\/ﬁng] > On vy np))2
f=1g=1
1

From (3.66)) and the Assumption [2, we can see that

P n
ZZ‘E&J‘QF

f=1g=1
1 - e
< DD ()6 (e | (Vx| > 60 3/m))°
f=1g=1
1

These, together with (3.67)), implies that

p n
. A - . _ 1
Etr(Y = Y)(Y = Y)T <> ) ElRpy — &gl =o(=-).
f:lg:l

(3.65)

(3.66)

(3.67)

(3.68)

(3.69)

(3.70)
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By —, replacing Y by Y, we have
;U YT = YT2Y) YUl — 0, U YOI - YIS X)L YTUT | = 0,(n7V/?),
and
lozul Y (NI = YTSY) 'Yy — aul YOOI - YISY) 'Y || = 0, (n1/2).
Therefore, can be rewritten as

det(a; AT = U Y NI-YTRY) 'Y TUT 40, (n12) (117 —esel ) +0,(n 71/ ?)esel

i

(3.71)

From the proof of Theorem it is easy to see that the small term o,(n~'/?)
does not affect CLT. Therefore, we can prove Theorem [10| based on

det(aiAfl — OéiUlY(AZ'I — S?TES?)_IYTUf) =0. (3.72)

Recalling the proof of Theorem all arguments hold for Y and hence Assump-

tion [I6 can be removed.

3.5 Proof of Theorem [11]

We prove CLT for a fixed A;, i € {1,.., K}. Define V; = AY’U,X and V; =
A}3/2U2X. By the definition of );, it solves the equation

det(\I — AV2UXQXTUTAY?) = 0.
Together with Proposition |8 with probability tending to 1, it is equivalent to

det(AI — QYT — ViQV (LI - 12QVy) T'1ha1T) =o.
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It’s easy to see ||[(MI — VaQV) 7Y = O(%) and [|€2|| < Mp. Then we consider

the part A§1/2V1V2TV2V1TA§1/2. Note that

tr(Ag PVVE VRV AGY?)
= tr(U XXTUT ApUXXTUT)

(U1 XXTUS ApU,XXTUT) ;5

I
M=

1

<.
I

I
M=

hy, (3.73)
1

<.
Il

where hj = (U1XXTU2TAPU2XXTU1T)jj. Note that ujTEuj = 0. Write
Ehj = E(u] XX"UJ ApU;XX"u;)
= E(u] XX"5XX"u;)

1 ¢ T ~ 7 T T
= Z Z u; Xu; + Z u; E(x;,x;, XX, X5, )u;

i1=1 49741 i1=1

< %tr(E) m?X{’Mi}- (3.74)

Combining Assumption [5, (3.73) and (3.74) we can conclude that

Etr(Ag PViVivRaVTAg) < f Cr(Dmaxiud  (379)
j=1
= o).
It follows that
1A 2V (AT — Vv ) QA 2| = o(\/lﬁ). (3.76)
Define
H = ihs 20V — diagln 0 i TINAG ()

and the n; x n; matrix R which has the element

Ryg = Hpy 1 fomitg- (3.78)
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By Theorem 7.2 of Bai and Yao| (2008)) it is not hard to conclude that

R4 % (3.79)






Chapter

Discussions and Future Research

This research work develops CLT's of the largest eigenvalues of separable sample
covariance matrices TXQXTT7T with two different kinds of I'T'”. These theoret-
ical results have potential applications in time series data.

As a special case of the second kind of I'T?" (see Section , we study the
high—dimensional nonstationary time series and propose two new unit root tests
in Chapter[2l The two tests can work when the high-dimensional time series data
don’t have the structure of factors. As we know, the existing tests work poor on
this case.

The example in Section [3.3.1]seems to have the same potential applications in
unit root tests. The trouble is how to estimate the parameters. The estimations
are one of our main future research work.

Another future work may be to consider the data with more complicated

deterministic components. It may extend the applications of the results.
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