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Abstract We study a family of optimal control problems under a set of controlled-
loss constraints holding at different deterministic dates. The characterization of the
associated value function by a Hamilton-Jacobi-Bellman equation usually calls for
strong assumptions on the dynamics of the processes involved and the set of con-
straints. To treat this problem in absence of those assumptions, we first convert it
into a state-constrained stochastic target problem and then solve the latter by a
level-set approach. With this approach, state constraints are managed through an
exact penalization technique.
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1 Introduction

Under general assumptions, the value function associated with unconstrained stochas-
tic optimal control problems can be characterized as the unique continuous viscosity
solution of a second-order Hamilton-Jacobi-Bellman (HJB) equation (see, e.g., [1,2]).
However, the characterization of the value function associated with stochastic opti-
mal control problems involving state constraints still raises challenges. Such problems
arise in many applications and are the object of our study. In particular, we focus
on state constraints holding in expectation and on a set of deterministic dates. Con-
straints of this type often involve loss functions and are referred in the literature as
controlled-loss constraints. In the finance literature, optimization under risk-measure
constraints has been at the cornerstone of modern portfolio selection theory since
the pioneering work [3]. We refer the interested reader to [4, 5] for an exposition
of the different models that have emerged in portfolio selection and their solution
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methods, and to [6—8] for additional examples of risk-measure constrained portfolio
selection problems. In particular, [4] presents a comprehensive analysis of utility-
deviation-risk portfolio selection problems. In that study, a deviation-risk-measure
term, designed as the expected value of a function of the spread between the under-
lying portfolio and its mean at the terminal date, appears in the objective function
as a penalization to the expected utility. The authors thus derive, under a complete
market setting, the necessary and sufficient conditions for optimality through the
derivation of a primitive static problem, the so-called non-linear moment problem,
characterizing the optimum. In the aforementioned papers, the constraint holds at
the terminal date, the portfolio dynamics is linear in the control variable, the utility
function is assumed to be at least strictly increasing and continuously differentiable,
while the deviation-risk-measure involves a function satisfying suitable regularity
properties. Our paper thus contributes to this existing literature by investigating,
under a Markovian and possibly incomplete market framework, general stochastic
optimal control problems involving multi-period expected-loss constraints, general
dynamics, and possibly non-smooth functions.

Two main approaches can be found in the literature to deal with general stochas-
tic optimal control problems. The first one is the so-called Pontryagin Maximum
Principle (PMP), which has been introduced by the seminal work [9] for determin-
istic problems and provides necessary conditions for optimality. For its application
to state-constrained stochastic optimal control problems, we refer to [10-12] and
the references therein. The second approach is based on the Dynamic Programming
Principle (DPP). Originally formulated by Richard Bellman in [13], the DPP of-
fers a handy way of tackling a global optimization problem by solving a series of
recursive local optimization problems. In particular, the DPP allows to character-
ize the value function of an optimal control problem as the solution of a non-linear
partial differential equation (PDE), the HJB equation. Relying on the notion of vis-
cosity solutions, this approach also applies when the value function only satisfies
very mild regularity conditions. There exists a huge literature on stochastic optimal
control problems under different types of state constraints, as well as their DPP and
HJB equations, e.g., [14-20]. Recently, results have also been provided in the frame-
work of mean field games (MFG), see [21], to account for the mutual interactions of
infinitely many agents having statistically similar behaviors. In particular, the state-
constrained HJB equation associated with a representative agent is coupled with a
constrained Fokker-Plank equation, the latter reflecting the evolution of the density
of agents’ distribution. We refer to [22,23] for an overview of (unconstrained) MFG
theory. All these references highlight the difficulty to characterize the optimal solu-
tion because of the delicate interplay between the dynamics of the processes involved
and the set of constraints. In particular, some viability and regularity assumptions
on the dynamics are typically required to ensure the finiteness of the value function
and its PDE characterization, often rendering the problem not treatable. Our paper
thus aims at providing, under a different set of assumptions, an alternative method
for dealing with this type of problems in the case of state constraints expressed in
expectation and imposed at different discrete times.

This objective is achieved at the price of augmenting the state and control space
by additional components and considering unbounded controls. More precisely, fol-
lowing the ideas developed in [24] for the case of a constraint holding pointwise in
time almost surely, our approach relies on two main steps. The first one consists
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in building on the equivalence results developed in [25,26] to convert, by means of
the martingale representation theorem, the original problem into a stochastic target
problem involving almost-sure constraints and unbounded controls. Still, because
of the presence of state constraints, a direct HJB characterization of the derived
stochastic target problem remains challenging and requires strong viability and reg-
ularity assumptions, such as those arising in the original problem, see [17,18,26]. The
second step therefore consists in solving the resulting state-constrained stochastic
target problem by means of a level-set approach where the state constraints are man-
aged via an exact penalization technique. Initially introduced in [27] to model some
deterministic front propagation phenomena, the level-set approach has been used in
many applications related to (non)linear controlled systems (see, e.g., [28-30]). The
connection between (unconstrained) stochastic target problems and level-set charac-
terization has been pointed out in [31]. In our case, the level-set approach links the
state-constrained stochastic target problem to an auxiliary optimal control problem,
referred as the level-set problem, defined on an augmented state and control space,
but without state constraints. The value function associated with this level-set prob-
lem can be fully characterized as the solution of a particular HJB equation. However,
the HJB equation derived involves unbounded controls raising continuity issues. We
solve these issues passing through a compactification of the differential operator.
This step is crucial to the derivation of comparison results. We stress that, as in [24]
and differently from most of the reference literature such as [14-18], our approach
does not aim to provide a HJB characterization for the value function of the original
constrained stochastic optimal control problem. Instead, the HJB equation describes
the value function of the (unconstrained) level-set problem, which we use as an aux-
iliary tool for characterizing the solution of the original constrained problem. This
allows us to work under a set of assumptions different from those in the aforemen-
tioned literature. We end this paragraph highlighting the main contributions of this
paper to the results derived in [24]. First, this paper extends the preceding results to
the case of a time-inconsistent problem. In particular, at a specific time, the number
of unbounded controls involved depends on the number of constraints holding in
the future, and thus on the time interval considered. On the contrary, in [24] the
same single unbounded control is involved over the entire duration of the problem.
The associated value function is therefore defined differently on each time interval,
[ti, tir1], 0 < i <n—1, and shows a discontinuity at each t;11. Additionally, we rely
on a relaxed version of the condition of existence of an optimizer for the level-set
problem stated in [24, (H4)], expanding the scope of application of the results. This
condition relates to convexity properties of the dynamics, cost functions, and the
set of controls, and is independent of the aforementioned viability and regularity as-
sumptions needed to directly characterize the original problem. Finally, our analysis
does not need the uniform boundedness in L? of the admissible controls, and involves
a value function associated with the level-set problem whose regularity cannot be
proven a priori.

The rest of the paper is organized as follows. In Section 2, we formally state the
problem. In Section 3, we formulate the optimal control problem as a constrained
stochastic target problem. The level-set approach is then applied under a suitable
assumption on the existence of optimal controls. The latter assumption is investi-
gated in Section 4. A complete characterization of the obtained level-set function is
derived in Section 5. An appendix contains proofs of some technical results.
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2 Setting and Main Assumptions

In this manuscript, we let ¢ > 1, and consider {2 the space of R%-valued continuous
functions (w;)i<7 on [0, 7] endowed with the Wiener measure P, where every element
of R? is considered as a column vector. We introduce W the coordinate mapping,
fe. (W(w))i<r for w € £2, so that W is a g-dimensional Brownian motion on the
canonical filtered probability space (§2, F,F, P). In particular, F is the Borel tribe of
2 and F := {F;,0 <t < T} is the P-augmentation of the filtration generated by W.
We define U as the collection of progressively measurable processes v with values in
U, a compact subset of R, » > 1. For t € [0,T],z € R¢ d > 1, and for v € U, we
define the process Z"*" as the unique (strong) solution on [t, T] to

Zb3v = +/ u(s, Z8* vg) ds +/ o(s, ZL* vg) AWy,
t t
where (i1,0) : (t, z,u) € [0,T] x R x U — R% x R?*7 are continuous functions being
Lipschitz continuous in z uniformly in (¢, v).

Remark 2.1 Tn financial applications, we usually have Z"*" := (X"™", Y»*") with

Xbev =g +/ px (s, X" vg) ds +/ ox(s, X0 v.)dW, on R?,
¢ ¢

YEEY =y 4 / wy (s, ZE’Z*”, vs)ds + / a;(s, Z;*Z”’, vs)dWs on R,

t t

where
(nx,0x): (t,x,u) € [0,T] x RE x U — R? x R4
(py,oy): (t,z,u) € [0,T] x R x U — R x R?,

are continuous functions being, respectively, Lipschitz continuous in z and z, uni-
formly in (¢, v). In this form, X models the evolution over time of the price of some
underlying assets, while Y represents a portfolio process.

To simplify the notations, we assume from now on that the dimensions d, ¢, and r
are all equal, and we thus disregard the notations ¢ and r.
We now introduce two non-negative Lipschitz continuous maps f and ¥ defined
on R?. We fix n € N, and consider the time grid tp =0<--- <¢; <--- <t,=T.
For any 0 < i < n — 1, we define the set €; := [ti,ti+1[de x R("=%) and

%i = [ti,ti+1[XRd X [0,0o[n_i, int(%’i) = [ti,ti+1[XRdX]0,00[n_i,
D = B; x Ry, int(%;) := int(%;) x R .

The objective of the paper is to solve, for any 0 < i < n — 1, the following stochastic
optimal control problem on %;,

V(ta 2, Pi+1, ~~-,pn) = inf {]E [f(Z’%Z’V)] , vV E Ut,z,pi+1,...,pn,} ) (1)
where Uy . p o1 pn = v €U E[U(Z{*")] <pr,i+1<k<n}.On{T} xR,

we set V(T,z) = f(z). We use the convention V (¢, z,p;y1,...,pn) = 00 whenever
Uiz piir,pn = 0. Observe that Uy - .., .. p, = 0 whenever there exists i+1 < k <n
such that py < 0. This implies that V' = oo on €;\ %;. We underline that the problem

can be treated similarly if we consider a different loss function at each date.
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Remark 2.2 Our approach applies to the more general problem where the objective
function is given by f(Z2*") + ftT U(s, ZL*Y vg)ds, where £ is some continuous non-
negative function defined on [0, 7] x R? x U, being Lipschitz continuous in the space
variable uniformly in the other variables. Indeed, one can always consider the aug-
mented dynamics Z"*" = (2% ¢(V*Y) € R4, for (VP = Ji U(s, Z5*Y vg)ds,
together with the terminal condition f(Z5*") := f(Z5*") + ¢%*", and recover the
formulation of the problem given in (1).

The following notations will be used throughout the paper. Let d and ¢ be integers
greater than or equal to one. We denote by |x| the Euclidean norm of x € R¢, and by
x T its transpose. We also set M the transpose of M € R%*%  while Tr[M] is its trace.
We denote by S? the set of symmetric matrices in R¥*? and by I; € S (resp. 0 € S¢)
the identity matrix (resp. the null matrix). Moreover, we define S; the unit d-sphere,
i.e. {b€ R || = 1}, and D, the subset of S; such that the first component b; is
null. To alleviate notations, we write Sq := Sg\ Dy. For a given set O, we write cl (O)
for its closure. We also define (-)4 := max(-,0). The positive variables C,C, C are
constant terms that we do not keep track of. Finally, the abbreviation “s.t.” stands
for “such that”, and inequalities between random variables hold P-a.s.

3 Problem Reformulation

In the spirit of [24], our approach articulates in two steps. First, we reformulate (1)
as a constrained stochastic target problem (see Proposition 3.1 below). Then, this
stochastic target problem is described by a level-set approach where the constraints
are handled using an exact penalization technique (see Proposition 3.3 below). This
links the backward reachable set associated with the stochastic target problem to the
zero level-set of a value function associated with a suitable auxiliary unconstrained
optimal control problem given by w in (3) below.

3.1 Associated Stochastic Target Problem

We let A be the collection of progressively measurable processes in L2([0,T] x §2),
with values in R%. Let 0 < i < n — 1, and i + 1 < k < n. Before presenting the
main result, we define for any t € [t;, t;+1[, pr € R, ap € A, m € R, and n € A, the
following new processes on [t, T,

PUPEk = +/ 04,1—5 dWy on [t,ty] and MD™":=m +/ nt dWs.
¢ ¢

We shortly denote o = (qjy1,...,0,) € AX ... x A= A""". We can now state the
following result.

Proposition 3.1 Let 0 <i<n—1. For any (t,2,Dix1,---,Pn) € €;
V(t,z,Pit1, -, Pn) = Iinf {m >0:3(v,a,n) €U X A" x A s.t. (2)

Mp™" > f(Zy*Y) and PP > W(Z[7"), i+ 1<k < n} :
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ProofLet 0 <i <n—1, and (¢, z,pi+1, ---, Pn) € ;. One can easily prove that

V(t,z,Pit1, -y Pn) = inf {m >0:3dvel.py,p, 5t m>E [f(ZtTZ”)]} .

n

We then prove, for any m > 0, the equivalence between the two following statements
(Z) EIV € utvz7pz‘+17---7pn s.t.m Z E [f(Z’;’Z’U)] 9

t,Dk 0k t,z,v .
(i6)3 (0, m) €U x A0 x A, sit. {Ptk 2z ) itlsks<n
and Mp™" > f(Zz7")

To this aim, we appeal to techniques similar to those exploited in [25,32,33]. The im-
plication (i4) = (i) follows by taking the expectation in (i7) and using the martingale
property of the stochastic integrals. On the other hand, the implication (i) = (i)
follows from the martingale representation theorem (see, e.g., [34, Theorem 4.15,
Chapter 3]). More precisely, from the assumptions on the coefficients of Z and the
growth conditions on f and ¥, there exists, for any v € U, (& 41, ..., n,N) € A" Ix A
such that

T
ME™ = m—i—/t e AW, > f(Zy2Y),

and .
. k
R / o, AW, > W (Z[*"),
t

for i + 1 < k < n, leading to the result. O
As intimated in the introduction, a direct treatment of the derived stochastic
target problem (2) is challenging and would involve strong regularity assumptions
that would considerably restrict the applicability of our study (see, e.g., [17, 18,
]). Accordingly, a direct resolution of the derived stochastic target problem seems
unsatisfactory. We will thus make use of the link between (2) and the auxiliary
problem given by w in (3), proved in Section 3.2 below, to solve the former problem.

3.2 Level-Set Approach

For 0 < ¢ <mn-—1,and (¢,2,pi+1,...,Pn,m) € € X R, we define the following
optimal control problem

w(t7zapi+17""pn7m) = ;Iellf/‘{ JV}a’n(Lzapi-‘rla"-7pnam)a (3)
acA"T!
neA

with

(f(Z;Z’V)t— M;»mmt)+
+ ZZ:i+1 (W(Zt;jﬂ/) _ Pt;;pkyak)_"_

On {T} x R? x R, we set w(T,z,m) = (f(z) —m),.

Observe that the objective function in (3) integrates the constraint of problem
(2) by penalizing the upside deviation of f(Z4*") from Mz™" and of ¥(Z;*") from
PPk i+ 1<k <n.

JV,oz,n(t’ Zy Pi41, "'7pn7m) =K
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In what follows, we denote w* (resp. w,) the upper (resp. lower) semi-continuous
envelope of w on Z;, 0 < i < n — 1. The function w satisfies the following regularity
properties.

Proposition 3.2 For any 0 <i <n — 1, w is Lipschitz continuous with respect to
(2,Dit1y -, Pn,m) on 6; X R, and satisfies on Z;,

0 < w(t,z,Pit1s s Pn,m) < C(1+|2]), (4)
for some C > 0. Moreover, on R x R x R,

i w(t, 2,pn,m) = (F(2) =m)s + (F(2) —pn)s - (5)

ProofFix 0 < i < n—1. The Lipschitz continuity of w with respect to (pi+1, ..., Pn, M)
(resp. z) is straightforward (resp. follows from the regularity of f, ¥ and of the
coefficients of Z). Moreover, by the definition of w, one has on %; x R,

0 < w(tvzypi+17"'7pn7m) < inf E
vel

(2 —m), + 3 <w<z:ﬁ”>—pk>+] |

k=i+1

Therefore, since m,p;, > 0,i+ 1 < k < n, on Z;, (4) follows from the growth
conditions on f and ¥, and the assumptions on the coefficients of Z. We now prove
(5). Let 0 < h <T —t,_1. On R x R x R, one has for any v € U,

(T = h,zpo,m) < E {(f(Z%’“’”) —m) (g - pn)J .

On the other hand, by the martingale property of stochastic integrals, one has

w(T = h, 2, pp,m) > <3r61£E [f(Zé”’“z’”)} - m) + (inf E [w(zﬁh’zﬁ”)] —pn)

+ veu +

Therefore, the Lipschitz continuity of f and ¥, together with classical estimates on
the process Z, provide the existence of a positive uniform C such that

(T — 2, paym) = (F(2) = m)s — (F(2) — po)+| S CVRA+[2]) . (6)

We finally let h tend to zero in (6) to conclude. O
The following assumption is a weaker condition than [24, (H4)], and is key for
proving Proposition 3.3 below.

Assumption 3.1 On 6, xR, 0<i<n—1, if w(t, z,pit1,-..,Pn,m) =0 at some
point (t,2,Pi+1,---,Dn, M), then there exists an optimal control for problem (3) at
(t7 2y Pi+1s--- ap’nam)'

Remark 3.1 Assumption 3.1 is weaker than [24, (H4)] since it only requires the
existence of an optimal control at those points (¢, z, pi41, - . ., Pn, M) Where w is zero.
This is the minimal requirement to obtain the characterization of V' in Proposition
3.3 below. Differently from [24, (H4)], Assumption 3.1 can be proved to hold under a
suitable convexity assumption (see next section), without requiring a uniform bound
in the L2-norm of controls.
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Proposition 3.3 Under Assumption 3.1, one has on 6;, 0 <i<n—1,
V(t,2,pit1, s D) = Inf {m >0 : w(t, 2, pit1, ..., Pn,m) = 0} .

Proof Fix 0 < ¢ < n — 1. In virtue of Proposition 3.1 it is sufficient to show that, for
any point (¢, 2, pit1, ..., Pn, M) € € X Ry, the following equivalence holds

v, a,m) €U x A" x A st ME™" > f(ZyY) and P[P > w(Z;*"),
i+1<k<n<wltzpiil, pn,m)=0. (7)

Step 1. Proof of =. The implication follows after observing that, when the left-
hand side of the equivalence in (7) is satisfied, one has

(F(ZF™") = Mp™"), = 0and (W(Z;*") - PP), =0, i+1<k<n, (8)

ti k
leading to w(t, z, Pi+1, -, Pn, m) = 0.
Step 2. Proof of <. Let w(t, z,pit1, -, Pn,m) = 0. We appeal to Assumption 3.1
and consider the optimal control (v, a,n) € U x A% x A such that

n

E (f(Z;iz’y) _ M?m’n)+ + Z (W(Z;]’f’y) _Ptt;pk,ak)Jr =0.
k=i+1

Thus (8) holds by the non-negativity of each term, hence the desired implication. 0O

Remark 3.2 One can easily verify that inf {m > 0: w(T,z,m) =0} = f(z) = V(T, z),
and thus that the result in Proposition 3.3 extends to {T'} x R<.

Proposition 3.3 is critical here as it allows the reformulation of V in terms of
the unconstrained optimal control problem described by w, whose associated value
function satisfies important regularity properties (recall Proposition 3.2). Therefore,
a complete PDE characterization for w can be provided in Section 5. We point
out that problem (3) is a singular optimal control problem characterized by a dis-
continuous Hamiltonian. As a result, the HJB characterization must be obtained
passing through a reformulation of the differential operator for a comparison result
to hold (see, e.g., [24,35]). Observe also that, unlike [24], the cost functional associ-
ated with w changes on each time interval, [¢;,t;11[, 0 < i <n — 1, to adapt to the
decreasing number of constraints involved. As a result, a discontinuity at each point
t;, 1 <1 < n, arises.

4 Existence Results

We give in this section some sufficient conditions ensuring that Assumption 3.1 is
satisfied (recall Remark 3.1).

Proposition 4.1 Assume that U is a convex set, f and ¥ are convex functions,
and the coefficients of the diffusion are of the form

w(t, z,u) == A(t)z + B(t)u and o(t, z,u) := C(t)z + D(t)u,

for all (t,z,u) € [0,T] x R x U, with A, B,C, and D matrices of suitable size. If,
for some 0 <i<n-—1, (t,2,Dit1,--.,Pn,m) € € x R is such that

w(tuzvpiJrl?" '7pn7m) = 07

then the optimal control problem (3) admits an optimizer at (t,z,pix1,- .-, Dn,M).
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Proof Fix 0 <i <n—1. Let (v/,ad, /) €U x A"~ x A be a minimizing sequence
for w at point (¢, 2, pi+1, ..., Pn,m) € € x R such that w(t, z, pi+1,. .., pn,m) = 0.
Therefore, for any € > 0, there exists jo such that, for all j > jo, one has

E

z, 0 ,m, J . ,z,vj t, yOéj
(s~ aagmr) o S (wiziee) - piret) ]
+

k=i+1
< w(ta ZyPit1s--- 7pn7m) +e.

As 17 is uniformly bounded in the L?-norm (since v takes values in the compact
set U), there exists a subsequence (still indexed by j) 17 that weakly converges in
the L2-norm to some o € U. Applying Mazur’s theorem, one has the existence of
= Y00 A7 with Ay > 0 and Y r>0 e = 1, such that 74 strongly converges
in the L%norm to #. We then consider (#7,a7,77) = 3,00 Ae(v*H, o+ ntt7),
Observe that (#7,a7,77) still belongs to U x A" x A as U and A are convex
spaces.

. 2,09 2 rtmi [ ptPrsd]
Let us now consider (Z"*" M"™" (P7P**%), 11 ck<pn). One has

E l sup |75 — 7=
!

2
— 0 for j — +00.
seft,T

It follows that, for any € > 0, there exists j; such that for all 7 > ji,

57 i 7 0,67 i)
TV, 2, Pige 1y ey D) — IV (2, Dig 1y ey Dy m) | S €

y "
Moreover, by the linearity of the dynamics of Z, one has Z5*7 = DYV A
£>0

= 0435 57 £+j
and, trivially, MP™" = >0 N M Y and PR = >0 N PUPEYE T for
i1+1 < k < n. Therefore, using the convexity of f and ¥, one has for j > max(jo, j1),

E

(f(Z;Z’ﬁ) o M%m’ﬁj>+ + i (SP(Z:;ZJD) _ Ptt;pk)&j)+1

k=i+1
<D ME
>0

e m.ntTi " P .t
(P =) 137 () - B e

k=i+1 *

S w(t,2,Dit1s- -, Pn,M) + 26 = 2¢.

Thanks to the arbitrariness of € and the martingale property of stochastic integrals,
it is immediate to verify that the previous inequality gives

E [f(25127ﬁ>} <m and E [W(zf;jvﬁ)} <pp foranyi+1<k<n. (9)

By the martingale representation theorem, we define 7, &y € A, i +1 < k < n, such
that

T tr
E[f(25)] = £(277)- / W] AW, and E [0(Z}77)] = w(z577)- / af dw.
t t
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In virtue of (9), this gives

th/,df](t? 2y Di+1, "'7pn7m)

n
t,z,0 t,m,n t,z,U t, DK,k _
=B | (727" - ™) 4 3 (v - B ak)J ~0,
k=i+1
from which the optimality of the control (7, &;11, ..., dn,,n) follows. a

For Z := (X,Y) (recall Remark 2.1), the result of Proposition 4.1 also holds true
if X is independent of v and the coefficients of Y are of the form

py (t,z,u) = A(t, )y + B(t,z)u and oy(t, z,u) = C(t,x)y + D(t, x)u,

with A, B, C, and D matrices of suitable size.

We point out that Assumption 3.1 is the unique important restriction in our ap-
proach. Such requirement is only related to the convexity properties of the dynamics
and cost functions defining the original optimal control problem and does not involve
any viability assumption usually necessary to deal with state-constrained problems.

5 A Complete PDE Characterization for w

In this section, we characterize w as the viscosity solution of a suitable HJB equation
with specific boundary conditions. We restrict the characterization to Up<i<n—1%;
as V = oo outside this set.

5.1 On the Interior of the Domain

The main ingredient towards the PDE characterization of w is the DPP stated below
(see Appendix A for the proof).

Theorem 5.1 (DPP) Fiz (t,2,pit1,-sPn,m) € 6 x R, 0 < i < n—1, and let
t; <6 <t;41 be a stopping time. Then

_ t,z,v ptPit1,Xi41 t,pn,0n t,m,n
Wty 2, Pitly -« PnyM) = 1161£E w(l,Zy~", P, o Py My
14

ac A" !
neA

(10)

Let k : R+—=R% and A : R — R%.. Forany u € U, a := (@jt1,.--,0an) eR¥x...xR%,
e € RY and any O := (t,2,pit1, .0, Pn, M, ¢, A) € €; x R x RIFTP—iH1 5 gdtn—itl
0<i<n—1,withq:= (qZT,qp'“rl,...,q”",qm)T, for ¢ € R4, ¢?* € R, i+1 < k < n,
and ¢ € R, and with

AZ* AZP AFM
A= | A" A g | g gttnoitl
AzmT Ame Amm

10



Optimal Control Problems under Controlled-Loss Constraints 11

for A** € S, APP ¢ S AT e R A% € R9X(n—0)  g#m ¢ R4 and AP™ e R",
we define the operators

1
L?i’e(@) = _:U’T (ta 2, U)qz - 5 TT[UUT (t, Z, U)Azz]

A 0T (b2, WA — Y w(p)al o (tzu) AT

k=i+1
1 I
FUA(0) = =5 A(m)[e[?A™™ — 5 > wlpn)|ar | Arer
k=i+1
n
— A(m) Z k(pi)e ! agAPF™ .

k=i+1

Hereinafter, we identify each component aj, € R?, i+ 1 < k < n, of the (n —i)-tuple
a, defined above, with the corresponding d-dimensional component of the associated
vector in R4" =% To alleviate notations, we still denote by ay, i+1 < k < n, (resp. a)
this component (resp. vector). Moreover, for any @ € €; x R x RIn—it1 x §d+n—itl
ceR, ueU, b€ Syn—i)td, With b:= (bl,bz_s_h...,b‘,’lT,bﬁT)T7 for b, € R, b* € R,

and b’ = (bg_?__l, ceey b?LT) € RU"=%) we also introduce the following operator
Wb B T Tt _
H™ (O, ¢) 1= (b1)? (—C+Lml3\ Y(©) + Fb,ub (@)) b€ Sitn—iy+d
57)\ 9 M b 1t I
FV Y (0) b € Dy(n—i)+d

7 b n—i) L . ¢

where B := &= = L (b1, ..., 0, T)T € RINTD phi= = e RY
Whenever #(p) = A(m) = 1 for all m,p € R, we shortly write Fj,§ = F*°,

u,a,e _ 1 u,a,e u,b _ tru,b
Lﬁ)\ =L ,andHH)\_H .

Remark 5.1 The operator b — Hu b is continuous on Sy, )44, and

u,b . u,b
sug H 1 (6,¢) = sug H.3(©,0).
ue _ue
bESq(n—i)+a bESq(n—i)+a

In what follows, given a smooth function ¢ defined on €; x R, 0 < i < n — 1, the
notation HZZ;\QO() stands for szi(',D¢(~),D2cp(-),(‘Mp(-)). A similar writing holds
for the operators L and F.

Theorem 5.2 Let 0 <i <n —1, and define k, A : R — R*.. Then, on int(%;), the
function w* (resp. wy) is a viscosity sub-solution (resp. super—solutzon) of

sup  H“Sw=0. (11)
uelU ’
besd(nfi)i»d
Proof Fix 0 < i <n—1, and (¢, 2,Di11,.-.,Pn, m) € int(2;).
Step 1. We first prove the result for x, A identically equal to 1.
We prove the super-solution property. Let ¢ be a smooth function such that

(StriCt) . I’I}lgfl)(w* - 90) = (w* - ‘P)(tvzvpi—l-la mapnvm) =0. (12)
int(Y;

11



12 Géraldine Bouveret, Athena Picarelli

Thanks to Theorem 5.1, it follows by standard arguments (see, e.g., [17, Section 6.2])
that at point (¢, z, pi+1, ..., Pn, m) one has

*

— Opp + sup (L“"®p+F»°p)| >0, (13)
uelU
acR ("=
ecR?

where, for a given operator K, [K]* denotes its upper-semicontinuous envelope. We
then verify that

sup H“’b<p(t7z,pi+1,...,pn,m) 2 0.

uelU

bESy(n—i)+a
We adapt the arguments in the proof of [35, Theorem 3.1]. According to (13) and
by definition of the upper semi-continuous envelope, we can find a sequence
(tjv Zjapi-‘rlj ) ---7pnj ) m]) € lnt(gz)a q; S Rd+(nii)+17 and AJ € Sd+nii+1 )

such that

(tj7zjapi+1j7'“7pnjamj> — (tazapi+1a "'apnam)
and |(qjaAj) - (D(paD2¢)(t7zvpi+la apnam)l S jila (14)

and at (tj,Zj,pH-lj, --~,pnj7mj)a

—0p + SUB (LY%¢(-, q5, Aj) + F“°(,q5, Aj)) = =57t
aeﬁ‘i"”)
ecR?

We can find a maximizing sequence (uj,a;,e;) € U x R¥"~9) x R? such that

(—8t<p + Luj’ajvej(.’ qj, Aj) + Faj’ej(~7qj’ AJ)) (t], Zj,piJrl],, ...,pnj,mj) > —2j_1 .

T o .
We define b_] = m (1, Cl;-le,l, NN 704;“, 6;) S Sd(nfi)+da and get at point
J -J

(tjvzjapi+1j7"'7pnj7mj)7
CTb T i T _
(bs)? (—3t90+L"”bf’bf('>qj’Aj) +FY (g5, 4 )) > —2j71(b,)?.

Appealing to the relative compactness of the set Sd(n i)+ds We obtain the existence of

a subsequence (still indexed by j) such that lim;_,. b; = b with b € Sd(n—i)+d- Also,
the compactness of U ensures that, again up to a subsequence limj ,cu; =14 €U.
Therefore, using (14) and the continuity of the coefficients of Z, we obtain, after
taking the limit over j — oo,

Hﬁ’b@(tvz7pi+17 "'1pn7m) > 07 (15)

leading to the required result. By similar arguments, we can prove the sub-solution
property. In particular, for any smooth function ¢ such that

(strict) max (w* — @) = (W* — @) (¢, 2, Pit1s ooy P, M) =0, (16)

int(2;)

12



Optimal Control Problems under Controlled-Loss Constraints 13

one has

sup Huybtp(tazvpi-‘rla'"apnvm) <0. (17)

uclU

bESa(n—i)+d

The proof for the choice of x and A identically equal to 1 is then completed.
Step 2. We extend the result to the case of general positive functions x and .
One can easily observe that (15) (resp. (17)) is equivalent to writing that, at point
(t, 2, Dix1, ..., Pn, m) and for a smooth function ¢ satisfying (12) (resp. (16)), one has

b' G(t, z,u,0y0,Dp,D?*p)b >0, for some u € U,b € Syn_iy4+a  (18)
(resp. bTG(t, z,u, 0, Do, D?@)b < 0, forallue U,be Sd(n,i)ﬂl), (19)

Where’ for any (t’ Z,U,C, Q7A) € [tia ti-i-l[XRd x U xR x Rd+n_i+1 X Sd+n—i+17 we
denote by G = G(t, z,u,c,q, A) the following matrix in S'+d(n—i)+d,

L[ T Azpis1] | 1T gzpn] " _1 ;T gzm] T
D T_i[g Ap+1] ........._5[0141)] _5[014 ]
_% T Apit1z _%Api+lvpi+l I, 0 -+ - 0 —%Ap”lmld
0
G:= ,
: : 0 :
_%UTApnzT 0 e 0 —lApwrap,  —Lapemp,
T
_%JTAmz _%Amﬂm[d ......... _%Apnm_[d _%Amm_fd
with 0 = o(t,z,u) and D := —c — pu' (t,z,u)q* — 3 Tr[oo T (¢, z,u) A**]. We define

the diagonal matrix
QrADit1y ey Pn,m) = diag (1, K(pix1)La, -, £(Pn)La, A(m)1g) .
A straightforward calculation shows that

(52 +1
det[(Q, GQrn)M] = A(m)2 k- (n=Dd=1)+ H K(Pigy)? ™ EA=DETE=D qet[GR)]
j=1

where, for any given matrix M € S+d(n=9+d and 1 < k < 14d(n—1i)+d, we denote
by M(¥) € SF the k-th leading principal sub-matrix of M. Then, the positivity of the
functions k and X implies that the quadratic forms associated with G and Q;— AGQr
have the same sign. Hence, it follows from (18) (resp. (19)) that

bT Zy/\G(t, z,u, Oy, Dcp,D2<p)Q,.;7>\b >0, for some u € U,b € Syn—i)+d
(resp. bT Q] \G(t, 2,1, 00, Dip, D20)Qu \b < 0, for all w € U,b € sd(n,md) ,

leading to
b b
sup  HXo(t, 2, Dis 150y Py ) >0 (resp- sup  HX@(t, 2, Dig 1y e Pny ) < 0) ;
uelU uclU
bESq(n—i)+d bESq(n—i)+d
which concludes the proof. O

13



14 Géraldine Bouveret, Athena Picarelli

5.2 On the Space Boundaries

We study here the boundary conditions in m and pg, 1 < k < n. We first
divide the boundary of Z;, 0 < i < n — 1, denoted by 0%;, into different regions
corresponding to the different boundaries associated with the levels of controlled loss.
More precisely, given 0 < ¢ <n — 1, we define P; :={I : I C{i+1,....n}, [ # 0}.
For any I € P;, weset I¢:= {i+1,...,n}\I, denote by Card(I°) its cardinality, and
define B; 1 := {(pi+1,---,pn) € [0,00[" % pr =0 for k € I and py > 0 for k € I},
as well as %, 1 = [ti, tip1[xRY x B, 1. In particular, 8; = Urep, %1 U int(%;).
Then, 9; = int(2;) U 0%;, where 09; := (Urep, Bi1 x Ry) U (int(%;) x {0}) . For
any 0 <i<n—1and I € P;, we define the following functions

— on Cgﬂ

w(](tazvpiJrl?"'?pn):: inf E
vel
ac A"

f(Z;iZ’V)—‘r Z (W(Z:;Z’y) _Pf;pk’ak)+‘| ,

k=i+1

—if 1¢# 0, on [t;, tip1[xR?Y x RO x R,

— (257" = Mz™") b 3 W (2,7)
otz peeerm) = Jof, BN T o @zt Sty |
ae;ceard(zv) kele tr th +
neA

—ifIc = (Z), on [ti,tiJrl[XRd X R7

n

(F(Zz™") = Mp™")  + D w(Z7Y)
k=i+1

wy,1(t, z,m) = inf E
veld
neA

We extend the definitions above to t = T by setting wo(T,2) = f(2) on R, and
wy (T, 2z,m) = (f(z) —m); on R x R for all [ € P;.

Remark 5.2 Both wy and (w1,1)rep,, 0 < ¢ < n — 1, can be fully characterized on,
respectively, %; and [t;, t; 1 [xR¥x [0, 0o[C AU ) xR, [ if T¢ # 0, or [t;, t;41[xRIxXR,,
if I¢ = (). This involves the same techniques as those developed to study the function
w (see above and hereinafter) but applied on a lower dimensional state space. For
this reason, we consider from now on that these functions are a priori known and
continuous on their domain of definition.

The following proposition gives the natural Dirichlet conditions satisfied at the
boundary m =0 and p, =0,i+1 < k < n.

Proposition 5.1 Fiz 0 <i<n—1. Onint(%;) x {0},

w*(ta Z,Pi+1, “’7pn7m) = w*(t? 2, Pi+1, "’7pn7m) = 'LU()(t, 2, Pi+1, 7p’ﬂ) . (20)

Moreover, on B; 1 xRy, I € P;,
w*(tvzapi-‘rla <oy Pny m) = w*(t7 ZyPi+1y -3 Pn, m) = le(t? 2, (pk)kEIcvm) . (21)

14



Optimal Control Problems under Controlled-Loss Constraints 15

Proof We only prove (20) as (21) can be proved similarly. Fix 0 < ¢ < n — 1. On one
hand, by the martingale property of stochastic integrals, one has on €; x R,

w(t7zapi+la "'7pn7m) Z wO(tﬂzapi+1a apn) —m.
On the other hand, on %; x R,
w(t7zapi+17"~apn7m) g inf E

vel
ag A"

(£zi) - pzm) 1
+ .
+ i (W(Z77) = PEPmo) |

As f > 0, we obtain that w(t, 2, pit1, ..y Pnym) < wolt, 2, Dig1, .-, Pn) for m > 0. We
conclude by taking the upper/lower limit and recalling Remark 5.2. m]

5.3 A Comparison Principle for (11)

Let A:meR—= Am):=1Vm >0,and K : p € R— k(p) :=1Vp>0. The
operator in (11) is non-standard as it involves a non-linearity in the time-derivative.
However, thanks to a strict super-solution approach (see, e.g., [36,37]), a comparison
result can be proved.

Lemma 5.1 (Strict Super-Solution Property) Fiz 0 <i <n — 1. Let us con-
sider, on @;, the smooth positive function

n
¢(tapi+1a <y Dny m) = e(tH—l_t) <1 + Z ln(l +pk) + hl(l =+ m)) .
k=it+1

Let v be a lower semi-continuous viscosity super-solution of (11). Then, the function

v+ €@, &> 0, satisfies in the viscosity sense

1
sup  H“% (v +€0) > §§ on int(%;). (22)
uelU ’

bESd(i—iH»d

Proof Fix 0 < i <n—1, and (¢,2,Pi41,...sPn,m) € int(2;). Let £ > 0, and ¢ be a
smooth function such that

Hgl(gl)((v +§¢) - (P) = ((’U +§¢) - L)0)(t72"7pi+1= ---vpnam) =0.

Since ¢ is a smooth function, the function ¢ := ¢ — £¢ is a test function for v.
Let b € Sg(n—iy+a and u € U. We obtain by definition of HZJ:\,

szl))\(p(ta ZyPit1y -5 Pny m) 2 HZ:Z;\Q/J(L ZyPit1s -5 Pnsy m) + Q’lv (23)
where
A= f(bl)Q (_6t¢ - % ZZ:M K’(pk)2|6bk‘2Dpkpk¢ - %)‘(m)2‘6ﬁ‘2Dmm¢) )
at point (¢, z, pi+1, -, Pn, m). We now provide a lower bound for . We thus compute

A =¢(by) 27 (1+ 30, In(1+pi) +In(1 +m))

— - - 2 —_ —
+§(b1)2€(ti+l_t) (ZZ:HJ K(;Dk)2|b2|2 I )\(m)2|bﬁ|2) > g(bsl) (1 + ‘bb|2 + |bﬁ|2) ,

2(1+pk)? 2(14m)* ) =

15



16 Géraldine Bouveret, Athena Picarelli

since ™, Pk > O,}' +1 < k < n, and, for any [ > 0, % > %. Noticing that
(b1)2(1+[b°|? + [b*]?) = 1, we obtain 2 > £1. Thanks to the arbitrariness of u and

b as well as (23), one has, after appealing to the super-solution property of v,

b 1
sup  H 3ot 2, Digts ooy Py m) > €2
_ueU 8
bESq(n—i)ta

We finally conclude the proof recalling Remark 5.1. 0O
We can now state a comparison result holding for viscosity solutions of (11)
whose proof, postponed to the Appendix B, is based on Lemma 5.1.

Theorem 5.3 (Comparison Principle) Fiz 0 <i<mn—1. Let V (resp. U) be a
lower semi-continuous (resp. upper semi-continuous) function satisfying

|V(t727pi+17 7pnam)| + |U(taz7pi+1a apnam)‘ S C(l + ‘ZD on -@i .

Moreover, if, onint(2;), V (resp. U) is a viscosity super-solution (resp. sub-solution)
of (11), on 8%;, V(-) > U(-), and on R? x [0,00["*xR,, V(tir1,-) > Ultit1,-),
then V> U on 9;.

5.4 A Complete Characterization of w

Thanks to the results in the previous sections, we can now obtain a full charac-

terization of w by the HJB equation. Moreover, we obtain the time-continuity of w
on each interval, which completes the result derived in Proposition 3.2.
Theorem 5.4 (Complete Characterization of w) The function w is the unique
viscosity solution of (11) on int(%;) for any 0 <1i < n—1, in the class of functions
being continuous on 9;, and satisfying the growth condition (4) together with the
following terminal and boundary conditions

w(T,z,m) = (f(z) —m)y onRY xRy,
w=wy on int(%;) x {0}, w=wy; onPBir xRy, VI e P, (24)

and on RY x [0, 00[" "I xR,

t%}tﬁjl W(t, 2, Pit1s ey Py M) = W(tit1, 2, Dit2s ooy Prom) + (P(2) — pir1)+ . (25)
Proof By definition, the condition on {T'} x R% x R, is satisfied. Additionally, we
know from Proposition 3.2 (resp. Proposition 5.1 and Remark 5.2) that w satisfies the
linear growth condition (4) (resp. the boundary conditions in (24) and is continuous
on (int(%;) x {0} U (Urep, %1 x Ry)) for any 0 < i < n — 1). Moreover, it follows
from Theorem 5.2 that, for any 0 < ¢ < n — 1, w* (resp. w,) is an upper semi-
continuous (resp. lower semi-continuous) viscosity sub-solution (resp. super-solution)
to (11) on int(%;). To prove the continuity property on %;, 0 < i < n—1, we proceed
by induction on ¢. The uniqueness property and (25) are a by-product of the proof
by induction. Let ¢ = n — 1. Thanks to Proposition 3.2 and 5.1 as well as Theorem
5.2, the uniqueness of the solution to (11) and continuity of w on int(Z,,_1) follow
from Theorem 5.3. Let us now assume that w is continuous on int(%;41) for some

16



Optimal Control Problems under Controlled-Loss Constraints 17

0 < i < n—2, and show its continuity on int(%;). The result follows by the same
arguments as above once proved (25), in virtue of the Lipschitz continuity of w in
the space variables (recall Proposition 3.2). To this aim, we start by introducing on
[0, ti+2[><Rd x R*7 1 xR, 0 <4 <n—2, the auxiliary function
w(tazvpiJer"'vpnvm) = ;215 Jy’a,n(tazvpiJer"'7pn7m)'

O(EAnfifl
neA

We observe that on [t; 1, t; 1 2[xRIx R "I xR 0<i<n-—2,

w(tv ZyDi425 oy Pny m) = ’l,U(t, 2y Di42; "'7p7l7m) .

Moreover, w* and w, satisfy a linear growth condition on their respective domain,
and the induction assumption implies that w is continuous on Z;41. Hence

w*<ti+2, Z,Dit2, ...,pn,m) = ’LZI*(tH_Q, Z,Dit2, ...,pn,m) on R? x [O, m[n7i71XR+ .

Proceeding as in Propositions 5.1 (resp. Theorem 5.2), one can get continuous bound-
ary conditions on [0, #;12[xR%x]0, 00[* "1 x {0} and [0, #;12[xR% x B; 111 x Ry, for
all I € P;41 (resp. characterize @* and w, on [0, t;+2[xR%x]0, co[" "I xR? ). With
Theorem 5.3, we thus get the continuity of @ on [0, ;42 [xR?x]0, co["~* =1 xR*..

As a result, for any (2, pii2, ..., Pn,m) € RY x [0, +00[" "I~ I xR, one has
’llli)r%) |w(tz+1 - h7Z7pi+2a s 7pnam) - w(ti+17 2y Dit2s - - - 7pn7m)‘ =0. (26)

Let h > 0 be such that t;11 — h € [t;,t;11[. On R? x R*~% x R, one can easily check
that

w(ti-‘rl - ha ZyPi41ye-- 7pn7m) - w(ti-‘rl - ha ZyPi425 - 7p’n7m)
< supE {(w(zﬁj:ih’z’”) — Pl ] .
veu +

Moreover, from the martingale property of stochastic integrals follows
w(ti+1 - ha ZyPi+15Pi+25 -+ - s Pns m) - w(ti+1 - ha ZyPi425 -3 Pn; m)

. tiy1—h,z,v )
(it ] ),

Therefore, thanks to the Lipschitz continuity of ¥ together with classical estimates
on the process Z, there exists a positive uniform C' such that

| (w(-) =@()) (tix1 — hy 2, Piv2, -+, Py m) — (P(2) = pit1)4| < C’\/E(l +1z]) .

Condition (25) thus follows by sending h to zero and appealing to (26). O

The PDE characterization provided by Theorem 5.4 is a crucial point towards the
numerical approximation of the level-set function w (and consequently of the original
value function V). For HJB equations similar to (11), generalized finite difference
schemes have been proposed in [38], while, more recently, classical finite difference
schemes have been coupled with piecewise constant policy approximation in [39]. In
our framework, a limitation for the use of these numerical methods is represented
by the potential high dimensionality of the level-set problem (3) (a dimension is

17



18 Géraldine Bouveret, Athena Picarelli

added for each state constraint) that, under the effect of the so-called “curse of
dimensionality”, leads to a rapid increase of the computational cost. Powerful tools
to overcome this issue could be found in the recent developments of machine learning
algorithms for PDEs (see, e.g., [40,41]).

Remark 5.3 The techniques developed in this paper can be applied to the case of
next-period controlled-loss constraints. This type of constraints has been studied
for stochastic target problems under a complete market setting in [33]. For a given
v € U, they write on €;, 0 < i <n—1, as

tit1

E {W(zt’z’”)m} < pip1 and B [0(Z55") Fo ] <proi+2<k<n,

and, appealing to the techniques developed in Section 3, one can prove that they
: i1, 225 tk—1,Pk, .

re-write as W(Zfii:/) < Pf@_’flfl Y+ and U(Z)7Y) < PR 42 <k < n, for

some (i1, ...,pn,n) € A" x A.

6 Conclusions

Assuming the existence of an optimizer for the value function w defined in (3), we
proved that the original value function V in (1) can be described by means of the zero
level-set of w. This result has the great advantage of providing a characterization
of the value function associated with a state-constrained optimal control problem,
without requiring any viability or strong regularity assumptions on the coefficients
of the diffusion process. However, w is associated with an (unconstrained) optimal
control problem involving unbounded controls, which raises additional difficulties
in the treatment of the associated PDE. We provided a full characterization of the
level-set function w as the unique piecewise continuous viscosity solution of a suitable
HJB equation passing through a compactification of the differential operator.

This paper opens new avenues for further research. This includes the study of the
numerical approximation of V through the characterization of w and the addition
of a mean-field term in the definition of V. It would also be interesting to analyze
how MFG theory applies to our framework when the objective function and the
constraints are expressed as functionals of the probability measure of the underly-
ing controlled state process. Finally, the study of value-at-risk and general optimal
expected utility risk-measure constraints would also merit investigation.
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Appendices

A Proof of Theorem 5.1

Fix (t,2,Pit1,-.,Pn,m) € 6; X R, 0 <4 <n—1, and a stopping time ¢t < 0 < t;41. We denote @
the right-hand side of (10).

Step 1. Proof of w > w. By the definition of w in (3) and the Flow property, one has

. t,z,v pliPi+1:0G41 t,Pn,0n t,m,
Wty 2P, prym) = i Ew (0,257, PP L gt apm)]

acAnTl
neA
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Optimal Control Problems under Controlled-Loss Constraints 19

leading to w(t, 2, Dit1, - Prn, M) > W(t, 2, Pit1, vy P, M). '
Step 2. Proof of w < @w. We fix (¥, &jq1,...,40n,7n) €U X A" * x A, and consider p the measure

i X ) t,p, .6

induced by (6,€,(it1, .- Cny k) o0 € x R, with € := Z5%7, (Ce)iti<k<n = (Py P F)it1<k<n,
and Kk = Mé’m’". We appeal to [42, Proposition 7.50, Lemma 7.27] to prove that, for each ¢ > 0,
we can build (n — 4 + 2) Borel-measurable maps vj;, o, = (a4 - 05 ), and nj, such that

(v, af,m;) €U X A" % A, and
w(0,£7 <i+17“'7<n7“€) 2 Juuya‘u,n“(Q’é-’CiJrl)'“7CTL7K’) — €. (27)
We now use [43, Lemma 2.1] to obtain v¢, o, and n° such that

V191 = V(0,8 Cit1s s Cny )19, 7y dt X dP-ace.,
ail[g,tk] = ai,u(9’£’<i+1’ iy Cny R)l[gﬂfk] dt x dP-a.e,i+1<k<n,
7 10,7) = 15(0,€,Cit1, -+, Cny K) 119, ) dt X dP-a.e.

This implies that 0° := D1 ) + V19,7 €U, &F, = Q1o+ 3104, €A i+ 1<k <mn, and
7 == N1 60 + 1°1[g, 1) € A, and that (27) holds where, according to [17, Remark 6.1],

IV (0,€,Cig1s oons Gy )

n
0,&,v° 0,r,nm° 0,6,0° 0,Ckaf,
=E (f(ZTEV )_MTKW )++ Z (W(Ztkgu )_Ptk kak>+ (07€:Ci+1,~~-74n7’i)
k=i+1

We conclude taking the expectation on both sides in (27), and appealing to the arbitrariness of
(DyBligt1yeeey Gny) EU X A" X A and e. O

B Proof of Theorem 5.3
We first state the following lemma, which is involved in the proof of Theorem 5.3.

Lemma B.1 (Modulus of Continuity) Fix 0 <4 < n — 1. There is p > 0 such that for ¢t € [t;, t;41],
z,r € R, m,l € Ry, p,q € [0,00[ % (with p := (pix1,...,pn)  and q = (¢iz1,..,qn) '), for

X,V € S¢tn—itl gatisfying
X 0 3 (1 —I —pt (10
(5 3)=2 () v (49)
for ¢(,e > 0, with I = Ig4, ;41 and I := diag(I4,0,...,0) € Sd+n—i+1 and for

c1,¢2 8.t 1 —ca = —Cpe Pt (1 + |2?) — Cpe™ Pt (1 +|r?) e R_,

%(z — 1)+ 2¢e~ Ptz %(z —r) —2¢e”Plr ‘
Ay = lp—q) . Ag = Lip—q) € RI+n—it1
fm -1 fm -1

one has, with ©1 := (¢, z,p, m, A1, X,c1) and Oz := (¢,7,¢,1, A2, Y, c2),

b b c
sup  HP3(@2) = sup HN(O01) < — (e —rP+Ip—af + (m—1)?),
uelU ! uelU ’ €
bES(n—i)+d bESq(n—i)+d

for some C' > 0.

Proof Consider ©1 and O3 defined in the theorem. We notice (recall Remark 5.1),

;b ,b ,b ,b
sup  HEY(02)—  swp HER(O) < swp  {HE{(02) - HES(O1)]
uelU ’ uelU ’ _ueU ’ ’
bESa(n—i)+d bES(n—i)+d bES(n—i)+d
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For b € 84(5,—i)+4 and u € U, we compute by definition of HZ:’;\,

HS(02) — HES(01) < (b1)? (A+ B+ ),

where
1 T
A= g(ﬂ(tazzu)fu(t’rvu)) (277‘)7
B =2Ce u (t,z,u)z + 20 P uT (t,ru)r — (pem Pt (24 |22 +|r?)
and

¢= 7% Tr [&&T(t,r,q,l,u, b)y] + %T& [&ET(t,z,p, m,u, b)X] ,

where, for (t,r,q,1) € [ti,tir1[xR? x [0,00[* " *xR4, b € Sd(n—i)+d, and u € U, &(t,r,q,l,u,b) is
the matrix with rows o(t,r, u), n(qurl)l_)EIl, o k(gn)B T ADBET .
Using the Lipschitz and growth properties of u, we obtain some positive C, C such that

A< g\z —7r|? and B <¢Ce P (1+ |2 + |7]?) — Cpe™ Pt (1 + |21% + |7]?) .
For €, we use (28) and the Lipschitz continuity of o, x, and X to get some positive C' such that
C<C (2 (L4 PP+ PR (I2 = 71> + I — g + (m = D)%) + ¢e P (1+ |21 +[r]?)) -
Taking p > C+C+ 1, for instance, we obtain for some positive C,
B+e< S (14 PP+ 7)1z =+ lp— ol +(m~ ?) .
The proof is concluded by observing that (b1)2(1 + |bP]2 + |bf]2) = 1. O

‘We can now prove Theorem 5.3.

Proof of Theorem 5.3. Fix 0 < i < n— 1. For £ > 0, and on O :=]t;,t;41[xR? x [0, 00[""* xR,
we introduce the following auxiliary functions

Velt. ) = (V4 €0) (e zpm) € () Ueltozapom) i= (U = €0)(t,2mm),

where p := (pix1,...,pn) |, and with ¢ defined in Lemma 5.1. Appealing to Lemma 5.1, one can
easily check that V¢ is a strict super-solution of (11) satisfying (22) on the interior of O. Analogously,
Ue can be proved to be a sub-solution of (11) on the interior of O.

We prove that U — V < 0 on %;. To this aim, we first show arguing by contradiction that, for
all £ >0, (Ug — V¢) <0 on O, and the proof is completed sending & to zero.
Step 1. We assume to the contrary that we can find £ > 0 such that

sup(Ug — Vg) > 0. (29)

O
We define on O, & ¢ (¢, z,p,m) := (Ug — Vg)(t, 2,p, m) — 2(e =Pt (1+|2|?), for ¢ > 0, and with p > 0
defined in Lemma 6. Using the growth conditions and semi-continuity of U and V as well as (29),

we obtain that for £, ¢ > 0 small enough

0 < M :=supP¢ ¢(t,z,p,m) = max D¢ ¢(t,z,p,m) < 00,
(@) (@)

where O is a bounded subset of @. On O x O, set
gp{,(,s(tﬂ 2, Dy m,t, 7, q, l) ::Uﬁ(tu Z,D, m) - Vf(tv 74, l) - Ce_pt(l + |z|2) - Ce_pt(l + IT‘Q)

1
—;E(Iz—r\2+lp—q|2+(m—l)2) ,
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for € > 0, and with ¢ := (gi+1, ..., qn) " . Again, the growth conditions and semi-continuity of U and
V ensure that, for £, {,& > 0, the function ¥¢ ¢ . admits a maximum M at (te, ze, Pe, Me, Le, Te, Ge, le),
with pe = (Dit1,, s Pne) | and ge = (¢it1,,-qn.) |, on cl (O) x cl (O) (we omit the dependency
on (&, () for the sake of clarity). Using standard arguments (see, e.g., [44, Lemma 3.1]), one can
prove that there exists (£, 2,5, m) € O, with f := (Fi11,...,Pn) |, such that

lim, o tE =1, limg g 2e,7e = Z, limg g pe, g = P, limg g me,le =,
hmeJ,O (|ZE - 7'6‘ + ‘ps - QE‘Q + (ms - lE)Q) =0, (30)
lime o Me = M = ¢£7C(t7 Z,p,m) .

Moreover, it follows from the boundaries assumptions on V and U that (p,m) # 0, i.e. we can
assume that O is an open bounded subset of @. As a consequence, we assume that, up to a
subsequence, (tg,zE,pE,mE,ts,TE,qg,lE) €0 xO0.

Step 2. Using Ishii’s Lemma (see [414, Theorem 8.3]), we obtain the existence of real coefficients
C1,e,C2,e, two vectors Al e Ag ¢, and two symmetric matrices XE and yg being such that

(51,57 Al,e» -)EE) S jg(Uﬁ(tasz:pE:ms) - Ceipts (1 + |ZE|2)) ,

and
(02,57A27573’6) SV (L (t67757QS,l5) Ce t (1 ‘78| )) )
o\Ve

where we denote J * (resp. J ) the limiting second-order super-jet (resp. sub-jet) of Ug (resp. V)
at (te, ze,pe,me) € O (resp. (te,7e,qe;le) € O), and where

) (8827,

e — 62,6 = 07 Al,e = AZ,S =

m\'—‘m\»—m\H

Hence, with [44, Remark 2.7 (ii)], one has the existence of (c1,, A1,c,X:) € ngE(tE,zg,pE,mE)
and (c2,e, A2, Ve) € j(ng(tE,Tg,qg,lg) such that

Cle = E1,e —Cpe~Ple (1 4+ |2c|?) and ca.c = &2, + Cpe™Pe (1 + |re|?), (31a)

A=A+ 20" (2:,0,0)T and Ag e = Ao — 2¢e™ P (r¢,0,0) 7, (31b)
X. 0\ _ (X o0 pte (10 _3 (1 —I ot (10

(0 _yg) = (0 y8> + 2¢e™ 01 < I I + 2¢e™ orl)’ (31c)

with I = I44, ;11 and T defined in Lemma B.1. Thus, Lemma B.1 and (31) imply

sup H:’l/)\ (taﬂ"z-:y‘Ia,le,AQ,aymCQ,s) - Sup Z’I; (taZs:pame:yAl,aXz-:yCl,a)
uelU ’ s
bESy(n—i)td bESd(n i)+d
c 2
;(‘Zs_rd + [pe = ge|* + (me — 1)), (32)

for some C' > 0. Sending ¢ to zero and using (30), the last inequality is non-positive.
Step 3. We also know from the definition of Us and V; that they are respectively sub-/super-
solution of (11) on O. As a result, appealing to Lemma 5.1 we obtain

u,b
sup H, A(tEaT‘€7q€7l€7A2,57y€702,5)
uelU ’
bES (n—i)+d

b 1
- sup Hq,:>\(t€725’ps,ms7A1,57X5701,s)Zﬁ* >0,
weU ’ 8

bES (n—i)+d

contradicting (32). Hence (Ug — V) < 0 for all £ > 0 on O. O

21



22

Géraldine Bouveret, Athena Picarelli

References

1. Yong, J., Zhou, X.Y.: Stochastic Controls: Hamiltonian Systems and HJB Equations, vol. 43.
Springer Science & Business Media (1999)

2. Fleming, W.H., Soner, H.M.: Controlled Markov Processes and Viscosity Solutions, vol. 25.
Springer Science & Business Media (2006)

3. Markowitz, H.: Portfolio selection. The Journal of Finance 7(1), 77-91 (1952)

4. Wong, K.C., Yam, S.C.P., Zheng, H.: Utility-deviation-risk portfolio selection. STAM Journal
on Control and Optimization 55(3), 1819-1861 (2017)

5. Gu, J.W., Si, S., Zheng, H.: Constrained utility deviation-risk optimization and time-consistent
HJB equation. SIAM Journal on Control and Optimization 58(2), 866-894 (2020)

6. Boyle, P., Tian, W.: Portfolio management with constraints. Mathematical Finance 17(3),
319-343 (2007)

7. Gundel, A., Weber, S.: Robust utility maximization with limited downside risk in incomplete
markets. Stochastic Processes and Their Applications 117(11), 1663-1688 (2007)

8. Fink, H., Geissel, S., Herbinger, J., Seifried, F.T.: Portfolio optimization with optimal expected
utility risk measures. SSRN:3412529 (2019)

9. Boltyanskii, V.G., Gamkrelidze, R.V., Pontryagin L. S., M.E.F.: On the theory of optimal
processes (translated from Russian). Dokl. Akad. Nauk SSSR (1956). Translated version:
Interscience, New York (1962)

10. Ji, S., Zhou, X.Y.: A maximum principle for stochastic optimal control with terminal state
constraints, and its applications. Communications in information and systems 6(4), 321-338
(2006)

11. Bonnans, J.F., Silva, F.J.: First and second order necessary conditions for stochastic optimal
control problems. Applied Mathematics and Optimization 65, 403-439 (2012)

12. Frankowska, H., Zhang, H., Zhang, X.: Necessary optimality conditions for local minimizers
of stochastic optimal control problems with state constraints. Transactions of the American
Mathematical Society 372, 1289-1331 (2019)

13. Bellman, R.: Dynamic Programming. Princeton University Press (1957)

14. Katsoulakis, M.A.: Viscosity solutions of second-order fully nonlinear elliptic equations with
state constraints. Indiana University Mathematics Journal 43(2), 493-520 (1994)

15. Barles, G., Burdeau, J.: The Dirichlet problem for semi-linear second-order degenerate elliptic
equations and applications to stochastic exit time control problems. Communications in Partial
Differential Equations 20(1-2), 129-178 (1995)

16. Ishii, H., Loreti, P.: A class of stochastic optimal control problems with state constraint. Indiana
University Mathematics Journal 51(5), 1167-1196 (2002)

17. Bouchard, B., Elie, R., Imbert, C.: Optimal control under stochastic target constraints. STAM
Journal on Control and Optimization 48(5), 3501-3531 (2010)

18. Bouveret, G.: Portfolio optimization under a quantile hedging constraint. International Journal
of Theoretical and Applied Finance 21(07), 1850,048 (2018)

19. Pfeiffer, L.: Two approaches to stochastic optimal control problems with a final time expecta-
tion constraint. Applied Mathematics and Optimization 77(2), 377 — 404 (2018)

20. Chow, Y.L., Yu, X., Zhou, C.: On dynamic programming principle for stochastic control under
expectation constraints. Journal of Optimization Theory and Applications pp. 1-16 (2018)

21. Cannarsa, P., Capuani, R., Cardaliaguet, P.: Mean field games with state constraints: from
mild to pointwise solutions of the PDE system. arXiv:1812.11374 (2018)

22. Cardaliaguet, P.: Notes on mean field games (2013). Lecture notes, available at
https://www.ceremade.dauphine.fr/ cardaliaguet/MFG20130420.pdf

23. Bouveret, G., Dumitrescu, R., Tankov, P.: Mean-field games of optimal stopping: a relaxed
solution approach. SIAM Journal on Control and Optimization 58(4), 1795-1821 (2020)

24. Bokanowski, O., Picarelli, A., Zidani, H.: State-constrained stochastic optimal control problems
via reachability approach. SIAM Journal on Control and Optimization 54(5), 2568-2593 (2016)

25. Bouchard, B., Elie, R., Touzi, N.: Stochastic target problems with controlled loss. SIAM Journal
on Control and Optimization 48(5), 3123-3150 (2009)

26. Bouchard, B., Dang, N.M.: Optimal control versus stochastic target problems: an equivalence
result. Systems & Control Letters 61(2), 343-346 (2012)

27. Osher, S., Sethian, J.A.: Fronts propagating with curvature-dependent speed: algorithms based
on Hamilton-Jacobi formulations. Journal of Computational Physics 79(1), 12-49 (1988)

28. Kurzhanski, A.B., Varaiya, P.: Ellipsoidal techniques for reachability under state constraints.

SIAM Journal on Control and Optimization 45(4), 1369-1394 (2006)

22



Optimal Control Problems under Controlled-Loss Constraints 23

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44.

Bokanowski, O., Forcadel, N., Zidani, H.: Reachability and minimal times for state constrained
nonlinear problems without any controllability assumption. SIAM Journal on Control and
Optimization 48(7), 4292-4316 (2010)

Griine, L., Picarelli, A.: Zubov’s method for controlled diffusions with state constraints. Non-
linear Differential equations and Applications (NoDEA) 22, 1765-1799 (2015)

Soner, H.M., Touzi, N.: A stochastic representation for the level set equations. Communications
in Partial Differential Equations 27(9-10), 2031-2053 (2002)

Bouchard, B., Bouveret, G., Chassagneux, J.F.: A backward dual representation for the quantile
hedging of Bermudan options. SIAM Journal on Financial Mathematics 7(1), 215-235 (2016)
Bouveret, G.: Dual representation of the cost of designing a portfolio satisfying multiple risk
constraints. Applied Mathematical Finance 26(3), 222-256 (2019)

Karatzas, 1., Shreve, S.E.: Brownian Motion and Stochastic Calculus, vol. 113. Springer Science
& Business Media (2012)

Bouveret, G., Chassagneux, J.F.: A comparison principle for pdes arising in approximate hedg-
ing problems: application to bermudan options. Applied Mathematics & Optimization 78(3),
469-491 (2018)

Ishii, H., Lions, P.L.: Viscosity solutions of fully nonlinear second-order elliptic partial differ-
ential equations. Journal of Differential Equations 83(1), 26-78 (1990)

Cheridito, P., Soner, H.M., Touzi, N.: The multi-dimensional super-replication problem under
gamma constraints. In: Annales de 'THP Analyse non linéaire, vol. 22, pp. 633-666 (2005)
Bokanowski, O., Bruder, B., Maroso, S., Zidani, H.: Numerical approximation for a super-
replication problem under gamma constraints. SIAM Journal on Numerical Analysis 47(3),
2289-2320 (2009)

Bénézet, C., Chassagneux, J.F., Reisinger, C.: A numerical scheme for the quantile hedging
problem. arXiv:1902.11228 (2019)

Huré, C., Pham, H., Warin, X.: Some machine learning schemes for high-dimensional nonlinear
PDEs. Mathematics of Computations 89, 1547-1579 (2020)

E, W., Han, J., Jentzen, A.: Deep learning-based numerical methods for high-dimensional
parabolic partial differential equations and backward stochastic differential equations. Com-
munications in Mathematics and Statistics 5, 349-380 (2017)

Bertsekas, D.P., Shreve, S.E.: Stochastic Optimal Control: the Discrete Time Case, vol. 139.
Academic Press New York (1978)

Soner, H.M., Touzi, N.: Dynamic programming for stochastic target problems and geometric
flows. Journal of the European Mathematical Society 4(3), 201-236 (2002)

Crandall, M.G., Ishii, H., Lions, P.L.: User’s guide to viscosity solutions of second-order partial
differential equations. Bulletin of the American Mathematical Society 27(1), 1-67 (1992)

23



	Introduction
	Setting and Main Assumptions
	Problem Reformulation
	Existence Results
	A Complete PDE Characterization for w
	Conclusions

