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The collective plasmonic modes of a metal comprise a simple pattern of oscillating charge density that
yields enhanced light-matter interaction. Here we unveil that beneath this familiar facade plasmons possess
a hidden internal structure that fundamentally alters its dynamics. In particular, we find that metals with
nonzero Hall conductivity host plasmons with an intricate current density configuration that sharply departs
from that of ordinary zero Hall conductivity metals. This nontrivial internal structure dramatically enriches
the dynamics of plasmon propagation, enabling plasmon wave packets to acquire geometric phases as they
scatter. At boundaries, these phases accumulate allowing plasmon waves that reflect off to experience a
nonreciprocal parallel shift. This plasmon Hall shift, tunable by Hall conductivity as well as plasmon
wavelength, displaces the incident and reflected plasmon trajectories and can be readily probed by near-
field photonics techniques. Anomalous plasmon geometric phases dramatically enrich the nanophotonics

toolbox, and yield radical new means for directing plasmonic beams.
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I. INTRODUCTION

The internal structure of quasiparticles [1-6], e.g., spin,
valley degrees of freedom, while typically hidden from
view can dramatically alter the behavior of particles when
they are coupled with kinematic variables. A key ingredient
for nontrivial band topology and associated gapless edge
states in fermionic [1,2] and bosonic systems [7,8], this
coupling also warps bulk band geometry allowing the
bands to acquire nontrivial (pseudo)spin texture. This
texture enriches the dynamics of bulk band quasiparticles,
enabling them to acquire geometric phases that skew
their trajectories, transforming their response to external
fields [9-13].

In a metal, collective plasmon quasiparticles can emerge
out of the self-sustained oscillations of charge density and
electric field E degrees of freedom. For two-dimensional
metals, E and charge density oscillate in lockstep allowing
deep subwavelength plasmons to be excited [14—16]. These
feature longitudinal electric (LE) modes (with field ori-
entation and propagation direction aligned) that enable a
range of nanophotonic properties far below the diffraction
limit [16-19]. As such, intense efforts have focused on

*justinsong@ntu.edu.sg

Published by the American Physical Society under the terms of
the Creative Commons Attribution 4.0 International license.
Further distribution of this work must maintain attribution to
the author(s) and the published article’s title, journal citation,
and DOL.

2160-3308/18/8(2)/021020(12)

021020-1

Subject Areas: Condensed Matter Physics, Plasmonics

unraveling its dispersion and exploiting its tightly bound
electric fields [14-21].

Here we argue that, in addition to E and charge density
fields, 2D deep subwavelength bulk plasmons can possess a
finer internal structure (Fig. 1) that dramatically alters its
dynamics. In particular, we find that plasmon current density
configuration depends intimately on a metal’s Hall conduc-
tivity o,,, exhibiting an intricate pattern that cants away from
the propagation direction when o,, # 0 [Fig. 1(b)]. This
pattern is characterized by a plasmon current density
pseudospinor that tracks in-plane current density orientation
and phase [Figs. 1(c) and 1(d)] and enables a striking
microscopic distinction between plasmons in conventional
o, = 0 metals and o,, # 0 metals. Plasmons in the latter
possess a nontrivial hedgehoglike current density texture
[Fig. 1(d)] hosted within the 2D metal.

Crucially, the nontrivial current density pseudospin
texture directly affects the dynamics of plasmon waves,
allowing them to accumulate geometric phases as they
propagate. In particular, we demonstrate that for o,, # 0
plasmon plane waves acquire an additional geometric phase
(directly tied to the nontrivial texture) when they scatter off
a boundary. Strikingly, these phases accrue when plane
waves are superposed, allowing wave packets that reflect
off boundaries to experience a parallel translation along
the boundary—plasmon Hall shift [Fig. 3]—displacing the
incident and reflected plasmon beams by multiple plasmon
wavelengths. As we show below, this plasmon Hall shift is
geometrical and directly arises from a geometric connec-
tion between the incident and reflected waves. As a result, a
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FIG. 1. Plasmon dispersion and internal current density
texture. (a),(b) Current density (vector) fields j(r) configuration
for plasmons with ¢,, = 0 and o,, # 0, respectively. Note that
while electric potential ¢g(r) take on the same longitudinal
electric profile, j(r) adopts a completely different texture.
Plasmon dispersion for (c) conventional plasmon (w, = 0),
and (d) magnetoplasmon modes (o, # 0) in a two-dimensional
metal [Eq. (5)], both in the nonretarded limit. Current density
pseudospinor [Eq. (7)] for w. > 0 exhibits a nontrivial canted
texture; when @, = 0, pseudospinor winds only in the (s, s3)
plane. Blue band is a complex-conjugate copy of primary
plasmon band (see text).

nonreciprocal plasmon Hall shift manifests even though
plasmons are charge neutral, with sign controlled by the
incident wave vector and o,, (vanishing when o,, = 0).
We note that local current density patterns are usually
thought to be obscured from view, and are difficult to detect
directly via conventional probes. Indeed, optical probes
typically access the plasmon’s electric field and charge
density configuration [14,15]. Nevertheless, the unusual
plasmon dynamics and trajectories we discuss here mani-
fest directly because of the current density texture that is
hidden in the motion of electrons in the 2D metal plane
yielding striking experimental signatures. This is akin to
how (in electron transport) the inner (pseudo)spin degrees
of freedom of an electron can alter its motion [9-11], or
(in photonics) the spin-orbit interaction of light enables
light polarizations to couple to its spatial degrees of
freedom [22]. In the same way, a plasmon’s current density
configuration acts as an internal structure of the plasmon
quasiparticle and enables unconventional dynamics.

We expect nontrivial plasmon textures to manifest in 2D
metals with nonzero Hall conductivity, including conven-
tional two-dimensional electron gas with an applied mag-
netic field, as well as anomalous Hall metals [23-25].
Further, the exposed 2D surface of these materials (e.g.,
those found in graphene heterostructures [14,15,20,21]) are
a particularly ripe venue to observe the associated plasmon
Hall shift and can be directly probed by scanning near-field
scattering microscopy techniques [14,15] recently devel-
oped to map out plasmon trajectories. These can provide a
sensitive window into the internal structure of plasmon
quasiparticles.

On a technological level, the nonreciprocal plasmon Hall
shift and geometric phases provide new ways for routing
plasmons. Indeed, achieving nonreciprocal plasmon propa-
gation has been a subject of recent intense interest [23-31].
These schemes focus on utilizing asymmetric plasmon
dispersion relations so that forward and backward propa-
gating modes travel at different speeds or occur at different
frequencies. Some examples include creating chiral one-
way topological plasmonic edge modes [26,27], altering
the forward and backward propagating plasmon dispersion
by magnetic field [28], electrical current [29-31], Berry
curvature of Bloch electrons [23,24], and pseudomagnetic
field [25]. In contrast, the nonreciprocal plasmon Hall shifts
we find appear even when the plasmon dispersion relation
is fully symmetric [Fig. 1(b)]. Crucially, the nonreciprocity
of plasmon Hall shifts arises from the unusual internal
current density texture and not from the dispersion relation.
This unusual effect of the internal structure of plasmon
quasiparticles opens new means for manipulating plasmons
in the extreme subwavelength regime.

II. PLASMON CURRENT TEXTURE
AND PSEUDOSPIN

To analyze the geometric properties of plasmonic bands,
we begin by examining its associated dynamical electric
fields close to a 2D metal confined in the plane (at z = 0).
The dynamical evolution of electric fields E(r, z, t) obeys
Maxwell’s equations so that

2
VX [VxE&(r,z1) = %E(r,z, 1) — iét[—za)j(r,z, 1), (1)
where r = (x, y) lie in the 2D plane, the current density
J(r.z.t) = (jr Jy. 0) exp(iowr — iq - r)5(z) is confined to
the 2D metal, and j = (j,. j,) is the amplitude of the 2D
current density. We have set the relative electric (magnetic)
permittivity (permeability) to unity for simplicity.

Away from the 2D plane (z # 0), J(r,z,t) vanishes,
yielding electric fields that obey the familiar profile
E(r,z,t) = Eexp(iot — iq - r — ik,z) with gZ+q}+k2=
w?/c?, where E is a constant vector that denotes the
polarization in the 2D plane and q = (g,. g,). Importantly,
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the free charge currents induced in the 2D plane enable
tightly bound electromagnetic solutions close to the
metallic plane [32]. In these plasmonic modes, k2 < 0,
so that the electric field amplitude decays exponentially
away from z=0, so that E£(r,z,¢) = E*exp(Fpz)
exp(iot — iq - r), where f = (¢*> —w?/c*)'/> >0, and
g = q§+q§. The =+ superscripts denote the regions z>0
or z < 0, respectively.

Substituting the form of the tightly bound fields into
Eq. (1), we obtain electric fields in the 2D plane as

Ex .x ] - 2 xy
5o =5 )
Ey Jy a)ﬂ qx4y ﬂ —4qx

(2)

Plasmons (collective modes of the electron liquid) are
obtained by the self-sustained solutions of Eq. (2) and the
constitutive relations governing the transport of free carriers
in the 2D plane, namely, its conductivity tensor: j = 6E.
Eliminating E in favor of the current density j, we obtain
2D plasmons from solutions of
Mj=0, M=F-c7", (3)

where the constitutive relation (encoded in o) determines
both the dispersion and the configuration of current density
in the 2D metal. As we display below, the current density
configuration can wind as a function of plasmon propa-
gation direction and wavelength leading to nontrivial
geometrical effects.

We first consider plasmons in a conventional 2D metal
with applied magnetic field B = Bz. Its in-plane conduc-
tivity is described by the Drude model:

(1 +iwt)o
(1 +iwr)? + (w.7)%

—W.TO(
va - N )
Y (1 +iwt)? + (w.7)?
(4)

where 6, = Dy is the static conductivity with Dy = ne?/m
the Drude weight, 7 is the scattering time, m is the effective
mass, and w, = eBy/m is the cyclotron frequency.
Taking the nonretarded limit (¢ > w/c) and analyzing
the collisionless regime wherein 7 > 1/w, we solve Eq. (3)
using Eq. (4) to obtain the 2D bulk plasmon dispersion,

®, = \/apq + o7, (5)

where ay = 2zDy. When @, = 0, @, yields the familiar 2D
plasmon dispersion [see Fig. 1(c)]. . # 0 corresponds
to the (gapped) bulk 2D magnetoplasmon spectrum [see
Fig. 1(d)] [32]. Crucially, we find that the corresponding
current density in the metal [eigenmodes of Eq. (3) in the
x-y basis] are

Gxx

W= j:wq,

o[l - Ga) ©

Here, n,=w./w,€[-1,1] is a dimensionless parameter
that captures the relative magnetic field strength and N =
(14#2)~"/? is a normalization constant: (u®(q)|u*(q))=1.
We emphasize that 7, represents the Hall coupling between
the current j,(,) with its perpendicular electric field E,,). We
note, parenthetically, that the eigenmodes in each of the
bands, u*(q) and u~(q), are locked to each other:
[ut(q)]* = —u~(—q). This ensures that fields governed
by Maxwell’s equations are real valued (see Appendix A).
Here and in the following, we focus on u(q) = u*(q) and
drop the band index + for brevity.

Canting of current directions [see Eq. (6)] enables the
plasmons to exhibit a chirality and acquire nontrivial
phases as they propagate. To illustrate this, we analyze
the pseudospin of the plasmon eigenmodes, s;(q) =

(u(q)lo;|u(q)):

1—n2 -2 1=22

s = gsin2¢s, Sy = g . S3= 'Ig cos2¢,
L+n; L+n; L+n;

(7)

where o; are Pauli matrices (i=1, 2, 3) and

tang; = q,/q,. As shown in Fig. 1(a), when w, =0,
conventional 2D metal plasmons possess pseudospin s
components in the plane (s, =0, 51, s3 # 0) and wind
twice as ¢, is varied from O to 2z. In contrast, when
o, # 0, the pseudospin s cants out of the (s, s3) plane; see
Figs. 1(b) and 1(d). While the pseudospin continues to
wind twice as ¢, varies from 0 — 2z, its s, component
changes pitch, leading to a topologically nontrivial pseu-
dospin texture. As we explain below, this hedgehoglike
pseudospin texture enables plasmons to acquire nontrivial
geometric phases as they propagate.

We note that in contrast to the nontrivial current density
texture, electric field &(q) directionality is insensitive to
Hall conductivity and has orientation

£(q) = Fu(q) = 27N /w,)q. (8)

which continues to point along q. As a result, the direction
of (q) is the same for both plasmons at zero magnetic field
and plasmons with a finite applied magnetic field; e(q)
plasmons are LE modes for all 7,.

III. PLASMON GEOMETRIC PHASE
AND BOUNDARY CONDITIONS

We now illustrate the effect of the canted current density
configuration in the dynamics of bulk plasmons. We
consider a semi-infinite 2D metal (boundary at x = 0)
[see Figs. 2, 3(a), and 3(b)]; magnetic field is applied
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FIG. 2. Plasmon geometric phase. Phase shift between incident
and reflected plane waves scattered off a boundary at different
incident angles and relative magnetic field strength obtained from
Eq. (11). While geometric phase shifts appear in both the current
density and electric field, here we show the phase shift for
(longitudinal) electric field along the directions —q' (q") away
from the interface. Lines from purple (closest to the x axis) to red
(farthest away from the x axis) correspond to incident angles
¢, = (z/2)(n/10) with n integers in the range n € {0, ...,9}.
Upper inset: Schematic for the incident and reflected plane wave.
Lower inset: Electric field E (E") of the incident (reflected) plane
wave exhibits a nontrivial shift p tunable by Hall conductivity
(magnetic field).

along Z. Plasmon waves that impinge on x = 0 will get
reflected elastically. In the main text, we focus on the
regime of total reflection, see Appendix E for a more
general discussion. To proceed, we construct the incident
(reflected) plasmon wave fronts impinging on (moving
away from) the boundary. The current density distribution
is a linear superposition of eigenmodes u(q):

Jor( Zg ") exp(~iqy - 1), )

where gf;r is a complex number that captures the current
density amplitude and relative phases between components
in the linear superposition.

First, we note that qi,‘r for each component n are related
by translational symmetry along y and energy conservation
yleldlng (qn X Qn y) ( Qn X qn y) Imponantly, Ji'r sat-
isfies a current boundary condition along x so that at the
boundary the current vanishes:

X-J(x=0,y)+J(x=0,y)] =0. (10)

In order to satisfy Eq. (10), the complex superposition
factors for incident and reflected waves obey the relation

g %-u(q;) .
— === —exp(ip,), 11
9n X- u(qn) ( ) ( )

where p, is a real number representing the phase shift
between reflected and incident waves (g/, and ¢/,), because
the norm of —u,(q’,)/u.(q}) is unity. We note that when
1y = 0 (zero magnetic field), Eq. (11) yields the familiar
trivial phase p, = x. However, when 7, # 0 (finite mag-
netic field), p, # 7 and picking up a nontrivial phase.
Importantly, since the phase shifts arise from the reflection
coefficients, nontrivial p, manifest in both current density
and electric field profiles. As a demonstration, we plot
the phase shift p in Fig. 2 for a plane wave scattering off the
boundary. In the insets of Fig. 2, we have displayed the
electric field profile obtained by applying Eq. (8) to Eq. (9).
These exhibit nontrivial phases between incident E’ and
reflected E” waves when 7, # 0 (right-hand inset).

We emphasize that p,, is directly related to the geometry
of the canted pseudospin structure (Fig. 1). Writing
pn — p(q) as a continuous variable of incident wave vector
q, we find that the nontrivial phase p(q) is intimately linked
to a q-dependent geometric connection:

Ai () = (ua(q)[iVg[us(q)). (12)

via  Vgp(q) = Aq(qp) — Aa(qp), ua(q)) =
lu(q) - ) (f - u(q)|u(q) -n)~"/2, and A is a unit vector
denoting the direction of the interface [for p(q) defined by
the boundary; in Eq. (11), it is ]. We note that u(q) are
classical eigenmodes and do not possess gauge freedom.
As aresult, the corresponding geometric connection Ay (q)
is fixed in each system (characterized by its conductivity
tensor, o), and is real [33].

where

IV. PLASMON HALL SHIFT

As we now show, the nontrivial phases acquired above
can build up to dramatic effect for wave packets (super-
position of plane waves). In particular, wave packets
reflected off a boundary experience a real-space shift
[see Fig. 3(b)] with the reflected wave packet center
translated along the boundary when a magnetic field is
applied (relative to the zero magnetic field case): the
plasmon Hall shift.

To clearly illustrate the plasmon Hall shift, we analyze
wave packets of electric field strength E(r) (see
Appendix F for other types of wave packets). Since the
intensity distribution |E(r)|?> can be directly measured by
scanning near-field optical probes [14,15], we focus on
|E"(r)|? peak position to track the location of the plasmon
wave packet in real space. The electric field strength E(r)
of the plasmon wave packet can be directly obtained from
Eq. (9) via Eq. (8). In constructing the wave packet we
take a continuous superposition of eigenwaves so that the
incident complex superposition factors ¢, — f(q) =
|f(q)| exp[ié(q)], where |f(q)| is real with a narrow and
single center at qo = (gocos ¢g, go singy) with ¢, the
incident angle and &(q) is the phase distribution profile.
We obtain
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E'"(r) = / daf(@)p" (e (@)eFe—ia (13)

where &'(q) = £(q,. ¢,) corresponds to the incident wave,
¢’'(q) = €(—q,. g,) corresponds to the reflected wave, and
p'(q) and p”(q) are the incident and reflection coefficients
for each q component, respectively. Setting p'(q) =1
without loss of generality, we can write g¢,/g, —
p’'(q) = —explip(q)]. As we see, accumulation of this
phase difference p(q) enables the inner geometric structure
of the plasmon [see Eq. (12)] to affect its propagation.

Using Eq. (13), we track the center of the electric field
intensity [ReE/"(r)]?>. We determine the center of the
narrowly distributed wave packet (beam) using the standard
method of stationary phases (see Appendixes B and C),
obtaining the trajectories for the center of the incident y.(x)
and reflected y’.(x) beams as
Ye(x) = —Kkox +yo,  Ye(x) =Kox +yo + Ayy,  (14)
where k) = —tan ¢. Here, y, = [d5(q)/dqy],_q, denotes
a reference point (e.g., absolute position of the wave packet
along y) fixed by the relative phase factors in the complex
superposition of the incident wave packet.

Importantly, the incident and reflected trajectories, yﬁ:',
are displaced at x = 0 by Ayg. This Hall shift arises from
the nontrivial geometric phases [Eq. (11)] sustained by each
q component of the wave packet as it is reflected off the
boundary. Since phases are slightly mismatched for differ-
ent q, their phase gradient produces

AyH = [dp(q + k)/dky]q:qo,k:O
= ko[ Az (qp) — Az (qp)], + [Az(qp) — Az(q)l,
(15)

where we have used Egs. (11) and (12). Equation (15)
shows that the real-space shift is directly related to the
geometric properties of the plasmon band, allowing direct
access into its internal structure via real-space mapping.
Using the form of the current density u, in Egs. (6) and
(12), we find the Hall shift for 2D magnetoplasmons as

1 210 sec ¢

Ay — — ,
Y gy cos’y + nsinghg

(16)

where 779 = w./w, . An explicit calculation of Ay}” using
Gaussian wave packets reproduces Eq. (16); see
Appendix D. We note that Ay},” [Fig. 3(c)] is controlled
by 7y, and vanishes in the presence of time reversal
symmetry (e.g., at o, = 0). Further, it exhibits a sharp
¢o dependence with Ayy" allowing the effect to be
further tuned.

Curiously, although plasmons are charge neutral exci-
tations, they can still experience a Hall shift similar to that

(a)  vacuum (b) Ayp
~A metal 2 e
Do ¢0 L/ Y 0.l go £
Ory =0 J—
(c)
15+
T
=
T
3
< o
Er -0 o 40 Ayy ¢
< e -
% E; |20
15} L,

-1 0 1
Hall coupling, we/wq

(d) (e) Ayn
Opy =0 Yy

Ozy # 0

FIG. 3. Plasmon Hall shift. (a),(b) Schematic of plasmon Hall
shift between the incident and reflected wave packets with
incident angle ¢,. The Hall shift Ayy is nonzero when
oy # 0. (c) Plasmon Hall shift for 2D magnetoplasmons (in
units of inverse wave vector g~!) from Eq. (16) at various incident
angles ¢, can be tuned by the Hall coupling # = @./w,. Lines
from purple (closest to the line Ay, = 0) to red (farthest away
from the line Ay, = 0) correspond to incident angles ¢, =
(7/2)(n/6) with n integers in the range n € {0, ..., 5}. The upper
inset displays the pseuodospinor orientation on a bulk plasmon
isofrequency contour highlighting the different orientations
between incident and reflected waves. Lower inset: Contour plot
of Hall shift as a function of Hall coupling and ¢,. We have used
6 = r/20. (d),(e) Numerically computed electric field intensity
[ReE!(r) + ReE’(r)]? from Eq. (13), without and with magnetic
field (at 7, = 1 limit), for an incident wave with a Gaussian
distribution and fixed energy. The width of the wave is z/¢ and
the incident angle is /3, with a Hall shift 4/¢. Red and blue lines
are beam trajectories obtained from Eq. (14).

of charged particles. Charged particles experience a trans-
verse flow that depends on the sign of the charge, applied
electric field, and magnetic field direction. The direction of
the plasmon Hall shift above is determined by the Hall
coupling (set by the Hall conductivity) and the direction of
the wave vector perpendicular to the boundary ¢,, giving
sgn(Ayy) = sgn(n,q,). As a result, Ay, is even in ¢,
yielding the same direction of shift for both positive and
negative ¢, plasmon waves incident on a single boundary.
The nonreciprocal shift of bulk plasmon wave packets
provides a novel way of filtering plasmons that propagate
in opposite directions in g, (along the boundary) but with
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the same sign in ¢, (perpendicular to the boundary) see
discussion below.

V. ANOMALOUS PLASMON HALL SHIFT

While we focused on conventional 2D metals at finite
magnetic field above, a nontrivial plasmon band geometry
can also be achieved at zero field. For example, plasmon
excitations can be supported in anomalous Hall metals [23],
electrons in strained graphene or in proximity to a
Skyrmion lattice [25], as well as out-of-equilibrium sys-
tems [23,24], all of which possess a Hall conductivity in the
absence of an applied magnetic field.

To illustrate the anomalous plasmon Hall shift, we
concentrate on the first example: anomalous Hall metals.
We take a simple phenomenological model for the con-
ductivity tensor with longitudinal component o, =
6o/ (1 + iwr) in the usual Drude form and Hall conduc-
tivity o, (valid for small frequencies and wave vectors).
Following the same procedure as in Egs. (1)—(3) above, we
obtain a gapless bulk plasmon frequency as wg‘ = /aoq;
where aq = 2zD,y. Furthermore, just as conventional Hall
conductivity (from a Lorentz force) skews the current
density orientation (see Fig. 1), anomalous Hall conduc-
tivity also yields a canted current density orientation.
The current density orientation for anomalous Hall plas-
mon eigenmodes maps precisely to Eq. (6), but with
Mg = ’72 = a)go'AH/DO'

As a result of the nontrivial bulk plasmon current density
texture, bulk plasmons in anomalous Hall metals also
experience a plasmon Hall shift. Indeed, applying the
eigenmodes obtained above, and considering the same
geometry as in Fig. 3, we obtain the Hall shift

ayy =L 2mct
qo cos’pg + (115)*sin*¢hy

(17)

which is controlled by incident wave vector q, =
(go cos ¢y, qp siny), and dimensionless Hall coupling
My = wy oan/Do. In contrast to the case of magneto-
plasmons above, we note the Hall coupling 5§ can be
larger than unity. As a result, anomalous Hall plasmons
may enable access to larger Hall shifts.

VI. DISCUSSION

The plasmon Hall shifts we discuss here can be probed
by a variety of experimental techniques. For example,
a focused plasmon wave packet can be launched at a
reflecting boundary (e.g., via designer nanoanttenas [34]
fixed on the sample). The subsequently reflected plasmon
wave packet can be tracked by outcoupling light using
scanning near-field tip and microscope [14,15], or detected
electrically [35] (plasmons incident on a p-n junction can
excite hot carriers yielding a theromoelectric current that

can be measured via conventional dc electrical transport).
Since the Hall shift is tunable by both incident angle and
wave vector (, as well as an applied magnetic field, the
reflected plasmon trajectory can enable an optical mapping
of the inner structure of bulk plasmon bands, namely, its
current density orientation or texture. This is similar to the
role spin-resolved photoemission spectroscopy plays in
mapping the spinor structure of topologically nontrivial
electronic band structures.

The nonreciprocity of the plasmon Hall shift can enable
an unusual type of (nonreciprocal) plasmon wave filter,
sketched in Fig. 4. In this setup, focused plasmon beams are
launched and are incident on a reflecting boundary (red
arrows). Upon reflection, the reflected beams (blue arrows)
are translated by Ayy that is fixed by the direction of the
magnetic field. For example, in Fig. 4(a), beams incident
from the left (forward propagating) are boosted in the
forward direction (top panel), whereas plasmon beams
incident from the right (reverse propagating) are translated
backward (bottom panel). By placing a plasmon-absorbing
region (gray shaded area) close to the boundary, reverse
propagating beams in Fig. 4(a) can be filtered out whereas
forward propagating beams are unhindered. The plasmon-
absorbing regions can be created by various means,
including selectively adding disorder to the sample only
within that region, thus damping the plasmons that pass
through. The reflected beam intensity can be collected,
e.g., by a p-n junction thermoelectric detector fabricated
close by [35]. Similarly, by changing the sign of the
magnetic field in Fig. 4(b), forward propagating beams
are filtered, whereas reverse propagating beams pass

(@) Ayg (b) Ayn

n < >0

FIG. 4. Nonreciprocal plasmon filter. (a), (b) Plasmon Hall shift
displacement at a fixed n = @./w, are identical for beams with
incident angle ¢y and —¢,. Gray regions are areas inside which
plasmons damp quickly; see text. For plasmon beams incident
from the left-hand (right-hand) side, the reflected beam can
bypass the damping region when # is negative (positive); these
reflected beams can be collected at an all-electrical plasmon
detector stationed close by (p-n junction thermoelectric detector
[35]). In contrast, plasmon beams incident from the right-hand
(left-hand) side pass through the damping region and are damped
when 7 is negative (positive). Red (incident) and blue (reflected)
lines are beam trajectories obtained from Eq. (14). Parameters
used are as follows: the width of the wave is z/g, the same
as Fig. 3(d), ¢ = 2x/5, and w./w, = £cotg, is taken to
maximize the plasmon Hall shift.
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through unhindered. This is made possible by the non-
reciprocity of the plasmon Hall shift (fixed by magnetic
field), and opens new ways for plasmon path engineering in
plasmonic devices.

We note that the plasmon Hall shift while reminiscent of
the Hall effect of light [5,6] is distinct from it in both its
phenomenology and microscopic origin. First, the plas-
mons in 2D metals we consider are deep in the nonretarded
regime exhibiting a dramatically compressed wavelength
than that of light. This renders the plasmon Hall shifts
discussed above far below the diffraction limit; wave packet
shifts of light are typically on the order of the free space
wavelength [5,6]. Second, geometrical phases in optics and
photonics (in the retarded limit) arise from a texture in the
electric polarization of light [22]. In contrast, deep in the
nonretarded limit, plasmons are purely composed of LE
modes (electric field aligned with q) which possess
identical orientations for o,, =0 metals and o,, #0
metals. Nontrivial plasmon geometric phases instead arise
from a texture of the current density characterizing the
collective motion of electrons in the 2D metal plane; this
current density texture is unique to plasmon modes in
metals and can be viewed as a “hidden” internal degree of
freedom hosted within the 2D metallic plane clearly
delineating the behavior of plasmons in ¢,, = 0 metals
and o, # 0 metals. Lastly, we note that geometrical phases
acquired by plasmons enable their motion to be controlled
by conductivity and a homogeneous applied magnetic field.
This provides an on-demand means of tuning the dynamics
of plasmon wave packets.

We expect that plasmon Hall shifts Ay, can be readily
realized in high-quality two-dimensional metallic systems
for, e.g., those found in existing graphene/hexagonal-boron
nitride (G/hBN) heterostructures [14,15,20] under reason-
able magnetic fields. To see this, we first note that in the
presence of plasmon loss (e.g., through disorder scattering,
phonon scattering) the amplitude of the plasmon oscilla-
tions decays. This is characterized by a quality factor Q
that determines the number of cycles a plasmon oscillates
through before it decays. In high-quality graphene samples,
large O ~ 10-100 have been reported [14,15,20,21]. As a
result, we anticipate that plasmon Hall shifts as large as Q4
can be detected in these systems. Here, 1 = 2z/|q| is the
plasmon wavelength. Next, we note that the largest
plasmon Hall shifts occur when the incident angle
¢o > /4 [see Eq. (16) and Fig. 3]. For example, for
incident angle ¢, = 5z/12, the peak Hall shift occurs
at Ayy = 2.464. For a graphene sample, and choosing
hw, =50 meV plasmon excitation for a typical carrier
density n = 10'2 cm™2, the peak Hall shift occurs at
magnetic field B =2.37 T (see Appendix H). For larger
incident angles, the required magnetic fields to achieve
peak Hall shift values can be even smaller.

In summary, the internal current density configuration
of plasmons in a metal can be transformed by transverse

Hall conductivity and, as a result, enable a new set of
plasmon kinematics. In particular, we find that o,, # 0
plasmon wave packets reflected off a boundary can acquire
a nonreciprocal Hall shift parallel to the boundary. While
we focus on the plasmon Hall shift here, we expect that
nontrivial plasmon band geometry can also enable a wealth
of unconventional dynamics not available when o,, = 0.
For example, geometric phases can be accumulated by
plasmon wave packets as they propagate through inhomo-
geneous media, and may lead to anomalous plasmon wave
packet dynamics (e.g., anomalous velocity) in much the
same way as for wave packets of electrons [9,10,36] and
photons [5,6,13]; it can also lead to a topological structure
of plasmon bands [26]. Nontrivial band geometry provides
a new toolbox in which to control the dynamics of
plasmons, as well as a window through which to view
the internal structure governing the nanophotonic proper-
ties of materials.
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APPENDIX A: RELATION BETWEEN
EIGENMODES u*(q) AND u-(q)

The eigenmodes u™(q) and u~(q) in the main text are
complex conjugate to each other: [u*(q)]* = —u~(—q).
This ensures that fields governed by Maxwell’s equations
are real valued. To see this, consider a real-valued current
field:

J(r,1) = 5[0 (@) =47 = (~q)e 00T (A1)

The corresponding electric field can be directly obtained
from Eq. (Al) by applying F, which is an operator
that depends on w:

E(r,t) = Fl(r,1)

Lo o
= le(@)ei a7 — g(~qeil =it
=e(q)cos(w,t —q-r), (A2)
where we note that g(q):]:'ui(q). This latter

relationship and the fact that £(q) is the same for both
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+ and — bands can be directly verified [using Egs. (2), (6),
and (8) of the main text]:

2mi [ 4r 4:qy \ N [ Fiq. + 1,4,
Fut(q) = ( j)—( ! nqq’)
®qq x4y qy q F1qy —Mq9x
2N i <:Fiqx(q% + q§)>
0, ¢* \ Figy(¢3 + ¢3)
271'./\/ qx
=2 (1) —etw, (A3)
(l)q qy

As a result, E(r, 1) in Eq. (A2) is also a real-valued field;
this arises because [ut(q)]* = —u~(—q). Here we note that
e(q) is purely real, as shown in Eq. (A3).

It is useful to note that the requirement of real-valued
fields guarantees the existence of both u™(q) and u=(q)
bands. Further, as is displayed in Eq. (A3), €(q) is a pure
longitudinal electric mode (LE), where the (in-plane)
electric field points in the same direction as the propagation
direction.

APPENDIX B: ENVELOPE FOR ELECTRIC
FIELD INTENSITY

In the main text, we have the incident and reflected wave
packets for electric fields:

Eir(r) = / daf(q)p" (q)e” (q)eFio—iay . (B)

where f(q) = |f(q)|explid(q)], with |f(q)| and 5(q) the
amplitude and phase distribution profiles in q space,
respectively. Here, p'(q) and p’(q) are the incident and
(complex) reflection coefficients for each q component,
respectively. The intensities of the incident and reflected
waves in real space are squares of their real parts.
Expressing p’(q) = —exp[ip(q)] as an exponential phase

factor [we set p'(q) = 1 without loss of generality], we
have the intensity

[ReE!"(r)]? = Re/dqdkfj}r(q, k)e?" (akr)
Lt ot
X - A K
2

where f;'(q.k) = |f(q)||f(q +k)|e" (q)""(q + k) is a
real function of (q, k), and

(B2)

0" = —kx — k,y + A5(q. k),
0" = +k.x — kyy + Ad(q. k) + Ap(q. k),
0. = —2q,x —2q,y +25(q),

0. = +2q.x —2q,y +25(q) + 2p(q). (B3)

Here, Ad(q,.k) =46(q+Kk)—46(q)
r(a+k)—p(q).

Because f;'(q,k) is peaked around (q = qo,k = 0),
exp[if’;’(q)] ~ exp(F2ig,x — 2iq,y) is highly oscillatory.
This contrasts with the slowly varying envelope function
explif0™(q. k,r)] ~ exp(Fik.x — ik,y). As a result, to
describe the wave packet centers, we focus on the envelope
function to track the slowly varying electric field intensities
as shown in Eq. (C1).

and  Ap(q.k) =

APPENDIX C: WAVE PACKET CENTER AND
STATIONARY PHASES

In this appendix, we detail the standard method of
stationary phases used to determine the wave packet center
and its trajectory. Using Eq. (B2) [see also Eq. (13) of the
main text], we focus on the slowly varying envelope for
electric field intensity [ReE*"(r)]? (see the discussion in
Appendix B) that can be expressed as

Fir(r) = / dadk £ (q. k) expli(q.k.r)].  (C1)

where f3'(q.k) = |£(q)[|f(a + k)" (a) - (q + k) is
a real function of (q, k), and

0' = A5(q, k) — kyx — kyy,

0" = A5(q, k) + kux —kyy +p(q + k) —p(q),  (C2)
where Ad(q. k) = 6(q + k) —6(q). In what follows, we
analyze Eq. (C1) for |f(q)| that is narrowly distributed
about qq.

For clarity, we first concentrate on the case of a single
frequency [11,37-41] valid for plasmon beams with a
narrow frequency width. In this case, €""(q) - €7 (q + k) =
(22N qy/wy)? cos @, with ¢ the angle between q and
q + k. Asaresult, fi.(q, k) = f(q, k) are sharply peaked
about (q = qg, k = 0). The center or peak of F""(x,y) in
the y direction at a given x, denoted y%"(x), can be obtained
directly via the method of stationary phases:

[d0™" (q. k. x, y)/dk,]

k=0 = 0, (C3)

a=q.
so that for y :yé”, the phases @ in Eq. (Cl) add
constructively, yielding a maximal F*"(x,y). By directly
taking derivatives, Eq. (C3) yields the incident and
reflected wave packet center as described in Eq. (14) of
the main text, with

Ko = [dkx/dky]q:qo,kzo = _qO,y/qO,x = —tan ¢’ (C4)

where k, = /g5 — (¢, + k,)* — q,, and ¢ denotes the

incident angle. For an explicit calculation of y%"(x) using
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Gaussian wave packets, see Appendix D. This reproduces
all our results.

For a discussion of wave packets possessing a distribu-
tion of frequencies, see Appendix G. For narrow frequency
distributions, these yield the same results as discussed in
the main text.

APPENDIX D: PLASMON HALL SHIFT USING
GAUSSIAN WAVE PACKETS

The formulation discussed in the main text reveals a
plasmon Hall shift that is insensitive to the details of the
profile f(q). For concreteness, here we calculate the
plasmon Hall shift for a specific wave packet profile:
Gaussian wave packets. To proceed we construct an
incident wave packet composed of u(q) modes, with a
fixed frequency w, = w, and a distribution of incident
angles ¢ which satisfy a Gaussian distribution f(¢) =
exp[—(¢p — ¢y)?/2£?] of width #. Here we set §(¢p) = 0
without loss of generality, since it corresponds to a
reference point y, = 0 [see Eq. (14) of the main text].
From Eq. (Cl), the envelope function for incident or
reflected electric field intensity is

Fir(y) = / dpdof (D) f b+ 0)p" (@) P + )
X €' (P)e (¢ + @) exp(—ik,y),

where €7 ()e™" (¢ + @) = el cos @, with ey = 22N g/ @y,
k, = qo[sin(¢p + @) —sin¢]. Setting the incident coeffi-
cient p’(¢p) = 1, the reflection coefficient is

(D1)

_icos¢g —ngysing

P(9) = icos¢ +nysing’

(D2)

with 79 = w./wy. In Eq. (D1), we have assumed a narrow
beam profile with £ <« 1. This allows us to extend the
integral limits of ¢ and ¢ from [—7, 7] to (—o0, o). Further,
we have set x = 0 since we are interested in the plasmon
Hall shift (shift between y. and y’ position) along the
boundary x = 0.

Because (¢, @) contributes mostly around (¢g,0), we
expand (¢, @) around this point to linear order, i.e., k, &
qocos o and p’(¢)*p’(¢+¢) ~exp[2ingg/(cos*po +
n3sin’¢hy)]. Using these, the integral in Eq. (D1) can be
approximated by the standard Gaussian integral:

Fi’r(y) ~ 8(2) / d¢d¢e—[(¢—¢o)2+(¢+lﬂ—¢0>2]/(2f2)—ilﬂyi’r(y) cos @,
(D3)
where Y'(y) = g cos poy and Y'(y) = gqcos poy — 219/

(cos’py + n3sin’hy). Directly integrating Eq. (D3), the
envelope functions can be written as

Fi’r(y) ~ ”fzg(z)(e—fz[Y”(y)—l]z + e—fz[Y""(y)Jrl]z)

= 2 Peke IV OO, (D4)

The center for Fi(y) and F”(y) is therefore at Y*"(y) = 0,
yielding the wave packet centers at x = 0 as

r 219 sec ¢
¢ qo cos’y + ngsin’dy’

i

yc:O7

(D5)
which gives the Hall shift as we discussed in the main text.

APPENDIX E: MAGNETOPLASMON
SCATTERING ACROSS A
METALLIC INTERFACE

In the main text, we analyzed reflection at a metal-
vacuum boundary. In this appendix, we discuss scattering
of a plasmon wave at an interface between two uniform
regions: region 1 and region 2. The two regions have a
sharp interface at x = 0. They can have different o, and ...

These are modeled by a step function: ag(x < 0) = a(()l)

and ay(x>0) = af)z); 0.(x<0)=w.; and 0. (x>0)=w,,.

For simplicity, we assume the incident wave is a mono-
chromatic plane wave: £;(r.1) = E;(q;)exp(iog t —iq; 1),
which excites the mode u(q;) exp(iwg t — iq; - r). Current
conservation at the x = 0 interface requires

pu(a)e™! + pu(g,)e’ = pu(g)es’.  (El)
Here, q; = (ql,xv Qy)’ q, = (_ql,x’ qy)v andq, = (q2,x’ qy)'
qy is conserved because of translational symmetry in the y

direction. Applying energy conservation af)l)|q,| + @2, =

aé2)|q,| + w2, yields g, , — —q,, for the reflected wave

2 1
and a(() )(q%x +q§)1/2 +a)§’2 = a(() )(‘I%,X +q§)1/2 +a)§’1 for

the transmitted wave.
Substituting the eigenmode

u;s(q) = & <

—iq, + m,zqy>
q

. (E2)
—lqy — N1 29x

for the two regions, respectively, as well as the incident
angle ¢, reflection angle = — ¢§;, transmission angle ¢,,
and the corresponding 7, into the boundary condition
Eq. (E1), we have

pr_ —i(m —m)cos(dr — o) + (1 —mima) sin(gh — h>)
pi —i(n —m2)cos(¢y +¢a) + (m1m2—1)sin(¢; + )
Nop, _ ('I% —1)sin2¢,

Nipi =il —m2)cos(¢y +dr) + (mm—1)sin(¢py + )’
(E3)

’
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where \'| and AV, are normalization constants in regions 1
and 2, respectively. When 5 = 1,, this gives the Fresnel
equations:

Pr_ _ sin(¢, — ¢») P _ sin 2¢p, (E4)
Pi sin(¢y + ) pi sin(¢r + )

When 7, # n,, there are deviations from the conventional
Fresnel equations [see Eq. (E3)]. This is because the current
density textures in region 1 and region 2 are not perfectly
matched.

APPENDIX F: WAVE PACKET CENTER FOR
CURRENT AND POWER DENSITY

In the main text, we illustrate the plasmon Hall shift by
considering wave packets of electric field intensity. As we
now discuss, wave packets of other quantities can also
experience plasmon Hall shifts. For example, the current
density of the wave packet along its propagation direction
can be written as

Jir(r) = Re / dqf(q)p" (q)u™(q) - (a""/q)
x exp(Fig,x — iq,y)

~Re / dqN'|f(q)| explia"(q)]. (F1)

where (q'"/q) is the unit vector along the propagating
direction of mode u'’(q) exp(Fig,x — iq,y), and

a'(q) =
a’(q)

(q) —4xX —4yy — 77.'/2,

5
8(q) + q.x — g,y +p(q) + /2. (F2)

We find that the center of the current density (wave packet)
is the same as y-’(x) determined in Eq. (14) of the main
text. To see this, note that the center of the wave packet can
be determined by applying the method of stationary phases
(see main text and Appendix C) directly on Eq. (F1) as

(dat"(q)/dgy),_q, = O- (F3)

Solving Eq. (F3) reduces to the expression in Eq. (14) of the
main text, allowing the current density (along the propa-
gation direction) to also experience the same plasmon Hall
shift [Eq. (15)] as discussed in the main text.

In the same fashion, we can write the wave packet for
the power density Z'/(r) = E*"(r) - J'"(r) as

Ti(r) = Re / dqdk f1(q, k) explio’” (q, K, v)], (F4)

where f7(q.k)=2zN?g5|f(q)||f(q+Kk)|cosp/w,, with
@ the angle between q and q + k for a monochromatic

frequency. This gives a sharp peak for f7(q,k) at
(q = qo,k = 0). The center of Z*'(r) in real space is
again the same saddle point y’"(x) determined by Eq. (C3).
This means that the power density also experiences the
same plasmon Hall shift as discussed in Eq. (15) of the
main text.

APPENDIX G: STATIONARY PHASE FOR
MULTIPLE FREQUENCIES

In the main text, we concentrate on plasmon beams
with a single frequency. This can be achieved by exciting
plasmons via a laser beam with narrow linewidth; these
sources are to all intents and purposes practically mono-
chromatic. Nevertheless, we note parenthetically that the
analysis in Appendix C can be extended to cases when the
frequency has a distribution with a single peak. We first
consider cases in which w, can take only discrete values:
w, € {w,|n € N}, with wy = w(qp) having the largest
amplitude. Focusing on the maximum amplitude o, dis-
tribution, we can follow the same analysis as in Appendix C
to track the trajectory of the plasmon beam as in Eq. (14) of
the main text.

For a continuous distribution f(q) over multiple
frequencies, a more elaborate analysis taking into account
the distribution’s shape and principal directions [42] can be
employed. Finite width (in frequency space) corrections
to quantities such as xy occur only when the frequency
distribution is correlated with its angle distribution ¢, and
are typically small.

APPENDIX H: PLASMON LOSS AND DECAY

In the presence of disorder or phonon scattering,
plasmon oscillations are damped over a finite plasmon
lifetime 7. This damping is parametrized by a quality factor
Q = w,t/2, which measures the number of oscillations
the plasmon experiences before it decays. Under ambient
conditions, plasmons in typical graphene samples can have
7~ 100 fs and quality factors Q ~8 [14,15]. Recently,
ultrahigh-quality graphene encapsulated in hBN has been
realized [20], possessing plasmons with 7 2 500 fs and
quality factors Q 2 40 at ambient temperatures.

In order to observe the plasmon Hall shift, high-quality
samples with quality factor Q > Ay, /A are needed; i.e., the
plasmons have to at least experience Ay, /A cycles before
they decay. We note that for the range of plasmon Hall
shifts shown in Fig. 3, quality factors found in readily
available graphene samples [14,15,20] are already suffi-
ciently large to allow their observation.

Next, we estimate the magnetic fields required to observe
the plasmon Hall shift. As shown in Fig. 3 and from
Eq. (16), the largest Hall shifts occur when w./w =
cotgpy < 1, where the incident angles ¢y > 7/4. As a
specific example, we take ¢ = 5z/12 [red curve in
Fig. 3(c) of the main text]. For this incident angle, the

021020-10



PLASMON GEOMETRIC PHASE AND PLASMON HALL SHIFT

PHYS. REV. X 8, 021020 (2018)

maximum Hall shift is Ayy =2.464 and occurs at
w./w, = 0.268. For graphene samples, we estimate that
this peak Hall shift can be readily measured at a realistic
magnetic field around 2.37 T [at carrier density
n = 102 cm™2, Fermi velocity vy = 10% cms~!, and plas-
mon frequency 2w, = 50 meV]. For larger incident angles,
even lower magnetic fields can be used (as long as
Q > Ayy/4).

At low temperatures quality factors can be huge. For
instance, Q ~ 120 have been reported at 7 = 60 K [21].
These samples in principle enable the Hall shifts that we
predict to be measured with very low magnetic fields, and
at very large incident angles.

We note, parenthetically, that the ability to access large
incident angles is limited by the size and width of the
plasmon beam; this is physically limited by the size and
position of the beam launcher (e.g., size of nanoantenna
[34]) fixed on the sample. While in principle very large
incident angles enable giant plasmon Hall shifts (at small
magnetic fields), this too is limited by the quality of the
sample imposing an ultimate limit on the observable
plasmon Hall shifts max(Ayy) < Q4.
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