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Abstract

Advanced microfluidic devices can perform complete biochemical analysis in a sin-

gle fabricated chip. One of the crucial issues in developing these microfluidic devices

is to transport reagents and electrolytes to specified destinations without external in-

tervention. The electrokinetic (EK) pumping can provide a kinetic source to route

the liquid through microchannel networks. The EK pumping has numerous advan-

tages including ease of fabrication, no need for moving parts, high reliability, and no

noise, so that it has been extensively implemented in many microfluidic systems. The

present study focuses on the characterization, control and manipulation of electroki-

netic flows in microchannel network in order to optimally design and effectively control

microfluidic devices. Specifically, due to strong relevance to the development of novel

microfluidic devices such as millisecond capillary electrophoretic separation systems,

AC pumps, advective chaotic micromixers etc., the time-dependent and frequency-

dependent electroosmotic flows (EOF) are thoroughly investigated.

Having advantages of obtaining the whole-field information of fluid flow in microflu-

idic channels, the micro-PIV technique is used to characterize the EOF in microfluidic

channels. Since the tracer particles used in micro-PIV measurements and channel

wall are charged in liquids, electrokinetic mobilities and zeta potentials of the tracer

particles and the channel surfaces are crucial to the design, control, and characteri-

zation of microfluidic devices. A new method, which combines the electrokinetic flow

theory and the micro-PIV experiment, is developed to simultaneously determine the

zeta potentials of both the channel wall and the tracer particles. With the known zeta

potentials, the EOF velocity field can be obtained by subtracting the electrophoretic

effects on the tracer particles, and hence the theoretical model can be validated using

the micro-PIV technique.

A micro-PIV based phase locking technique is developed to measure the tran-

sient electrokinetic flow in microchannels. With the transient micro-PIV technique, a

method is further proposed to decouple the particle electrophoretic velocity from the

micro-PIV measured velocity and to determine the zeta potential of the channel wall.
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Then for the first time the time evolution of the full-field, electroosmotic velocity dis-

tributions in both open- and closed-end rectangular microchannels is obtained. Using

the slip velocity approach and the measured channel zeta potential, theoretical predic-

tions of the transient electroosmotic flow in the open- and closed-end microchannels

are obtained, and they are found in accordance with the experimental results.

Using the micro-PIV technique together with appropriate synchronization design,

the frequency-dependent EOFs are measured in both open-end and closed-end rect-

angular microchannels. The theoretical modeling of the frequency-dependent EOF

is revisited by using the Laplace transform based Frequency Domain Analysis. A

comparison of the experimental results with the simulation data shows reasonable

agreement.

As the AC-driven EOF can be modulated by adjusting amplitude and frequency of

the electric field, the periodically-oscillating feature of the AC EOF is utilized for the

development of electrokinetic micromixers. Theoretical modeling of the mixing process

in electrokinetic T-mixers is presented, and the model is solved numerically. PDMS

based T-mixers are fabricated using the Softlithography method. Thorough experi-

ments are carried out to examine the performance of the mixing under the effects of

the frequency and amplitude of the external AC electric field, and the geometry of the

microchannels. The micro-PIV technique is employed to measure the EOF velocity

field in the mixing process. Based on the experimental data and simulation results,

it is found that the use of AC electric field together with a DC offset has limited im-

provement in mixing quality, while the design of patterned structure in microchannels

can enhance the mixing effectively. In addition, a novel design of the electrokinetic

micromixer using fabricated electrodes is proposed, in which the transverse flow is

induced by the metal surface effect. The numerical simulations show that the new

design significantly improves the mixing performance.
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Nomenclature

a radii of tracer particles or cylindrical capillary [m]

c concentration of sample species [M]

C characteristic parameter for finite reservoir size effect on EOF [s−1]

D Diffusion coefficient [m2 s−1]

Dh channel’s hydraulic diameter [m]

E externally applied electric field vector [V m−1]

e0 elementary charge, 1.602 × 10−19 [C]

F force vector [N]

f frequency of the applied sinusoidally alternating electric field [Hz]

g acceleration of gravity [m s−2]

I Intensity of image

j unit imaginary number (
√
−1 )

kb Boltzmann constant, 1.381 × 10−23 [J K−1]

l, L length of the microchannel [m]

L operator of Laplace transformation

n0 ionic number concentration in the bulk fluid [m−3]

O order of magnitude

p pressure [Pa]

P0 characteristic pressure or reference pressure [Pa]

Pe Peclet number

q volumetric flow rate [m3 s−1]

Q total volumetric net flow quantity [m3]
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r radial coordinate in cylindrical coordinate system

R radius of cylindrical reservoir [m]

Re Reynolds number

St Strouhal number

s variable in Laplace space

t time [s]

T absolute temperature [K]

u velocity z-component in Cartesian coordinate system [m s−1]

us slip velocity [m s−1]

w, h width and height of a rectangular channel [m]

W width of the mixing channel downstream from T-junction [m]

U reference velocity [m s−1]

V velocity vector in Navier-Stokes equation [m s−1]

x, y, z coordinate in Cartesian coordinate system [m]

X, Y , Z dimensionless coordinate in Cartesian coordinate system

Greek Symbols

ε permittivity of the electrolyte solution [C V−1 m−1]

ε0 permittivity of vacuum, 8.854 × 10−12 [C V−1 m−1]

εr dielectric constant of the electrolyte

ζ zeta potential [V]

Φ electric field potential [V]

κ Debye-Hückel parameter [m−1]

λD Debye length [m]

δs Stokes penetration depth [m]

µ dynamic viscosity [N s m−2];

electroosmotic or electrophoretic mobility [m2 V−1 s−1]

ν kinematic viscosity [m2 s−1]
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ρ mass density [kg m−3]

ρe net charge density [C m−3]

ω angle frequency of the sinusoidally alternating electric field [rad s−1]

ψ phase angle [rad]

τ dummy time variable

σ mixing efficiency

Subscripts

e with reference to electrical charge;

with reference to electrostatic body force

eo with reference to electroosmosis

ep with reference to electrophoresis

mob with reference to electroosmotic or electrophoretic mobility

p with reference to particle;

with reference to pressure-driven flow

w with reference to channel wall

Superscripts

− non-dimensionalized or normalized parameter

∧ Laplace transform of a term

Abbreviations

AC Alternating Current

DC Direct Current

DI Deionized

EDL Electric Double Layer
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EK Electrokinetic

EOF Electroosmotic Flow

EP Electrophoresis

PIV Particle Image Velocimetry

PDMS Polydimethylsiloxane

PMMA Polymethylmethacrylate
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Chapter 1

Introduction

1.1 Background and Motivation

During the past two decades, the rapid development in micro fabrication technolo-

gies has enabled a variety of microfluidic systems consisting of ducts, valves, pumps,

and mixers to be utilized effectively for medical, pharmaceutical, defense, and envi-

ronmental monitoring applications. Moreover, the advent of microfabricated chemical

analysis systems has led to a growing interest in microfabricated fluidic systems with

characteristic scales in the range of microns to one millimeters, which are called in-

tegrated microfluidic devices (Erickson and Li, 2004). For example, the device shown

in Figure 1.1 is a microfluidic cytological tool, which is used for cell counting and

separation. It consists of an integrated microfabricated chip with a PDMS cover and

molded fluidic connections.

Microfluidics refers to devices and methods for controlling and manipulating fluid

flows with length scales less than a millimeter. Several reviews on microfluidics are

provided by Gravesen et al. (1993), Ho et al. (1998), Stone et al. (2004), and Whitesides

(2006). Microfluidic devices have found their wide applications in many scientific and

industrial contexts, for example, in the area of micro total analysis systems (µTAS),

also called “lab on a chip”. Some detailed reviews on µTAS have been given by Reyes

et al. (2002), Auroux et al. (2002) and Vilkner et al. (2004).
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Figure 1.1 Microfluidic cytological tool (After Erickson and Li, 2004).

Most microfluidic systems rely on two modes of fluid transport: pressure-driven

and electrokinetically-driven flows. Traditionally, flow is often driven by pressure. In

micro systems, some parts like micro valves and micro pumps with moving components

are difficult to design and fabricate, and they are prone to mechanical failure due to

fatigue and fabrication defects.

Alternatively, fluid motion in the microfluidic systems can be achieved by using

electroosmotic flow, which enjoys several advantages over pressure-driven flows: pro-

ducing a nearly uniform “plug” profile, which results in reduced sample species dis-

persion as compared to the parabolic velocity profile associated with pressure-driven

flows; controlling fluid pumping and valving without moving parts; and being capable

of wide variety of processes including mixing, molecular separation, and generation

of pressure work. Thus electrokinetic flow is often utilized in microfluidic devices to

transport buffer solutions and to manipulate sample solutes. Examples include mi-

crofluidic pumping, flow control, mixing and reacting reagents, injecting or dispensing

samples, capillary electrophoresis based chemical separations, chromatograph, etc. Li

(2004) systematically reviewed electrokinetic microfluidics processes for lab-on-a-chip

applications. A recent review by Chang (2006) demonstrates the viability to use elec-

trokinetics in microfluidic platform for miniaturizing diagnostic kits.

The technological demands on microfluidic systems require a profound understand-
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ing of the micro-scale thermal/fluid transport phenomena, which differ from their

larger-scale counterparts mainly due to the size and the surface effects. Meanwhile, as

on-chip electroosmotic and electrophoretic systems grow in complexity, the need for

a detailed understanding of the underlying flow physics of such systems becomes ever

more critical. Characterization, control, and manipulation of these flows are therefore

needed to facilitate the development of microfabricated fluidic systems.

1.2 Objectives

Fundamental understanding of the behavior of fluid flow is essential to success-

ful design and optimal control of microfluidic devices. Despite the difficulty arising

from the microscale and surface effects, numerous techniques have been developed to

diagnose the velocity profiles and probe flow characteristics in microfluidic channels.

Micron-resolution particle image velocimetry (micro-PIV) is a powerful tool for such

purposes. In this study, the micro-PIV technique is chosen to characterize electroki-

netic flow field. Micro-PIV has several advantages over other pointwise measurement

techniques. It can probe the whole flow velocity field, and nearly-matured processing

algorithm provides improvements in velocity measurement accuracy and resolution.

It also should be noted that as micro-PIV technique uses tracer particles that are

usually charged in aqueous liquids, the velocity field obtained is a combination of the

electrophoretic velocity of the tracer particles which is related to the particle elec-

trophoretic mobility and the electroosmotic flow field which is associated with the

zeta potential of the channel wall. To obtain the electroosmotic flow field, the elec-

trophoretic component has to be subtracted from the micro-PIV measured particle

velocity so that the electroosmotic flow field can be retrieved.

Exclusively, through the literature survey conducted in this study, most previous

studies focus on the velocity field of steady-state electrokinetic flows. No study has

been reported on measuring the velocity field of transient electrokinetic flows. This

is mainly due to the fact that the time scale for the temporary evolution of elec-
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trokinetic flows in microfluidic channels is in the order of milliseconds, which is too

rapid for the relatively low frame rates of the state-of-the-art PIV cameras to capture.

However, direct visualization of the dynamic electrokinetic flows is of fundamental

importance as it provides insight into the underlying mechanisms of the development

and stability of electrokinetic flows. Furthermore, study of the dynamic aspects of

the electrokinetic flow plays a crucial role in the development of relevant microfluidic

technologies. Hence, in the present study, one goal is to characterize the time- and

frequency-dependent electroosmotic flows in microchannels.

Because of low Reynolds number laminar flows in microchannel, the mixing process

in microfluidic systems is inherently poor. As a result, effective mixing in a microflu-

idic device poses a great challenge. Fortunately, the electrokinetic phenomena have

offered various possible solutions to improve micromixing. The frequency-dependent

EOF is a good choice, because its performance can be adjusted by modulating the

amplitude and frequency, and its design and fabrication can be realized easily. How-

ever, a systematic study on characterization and investigation of electrokinetic micro

mixer has never been pursued in the literature. This is partly because that the elec-

trokinetic mixing is a complicated process and affected by numerous factors, such as

amplitude, frequency, and geometry, etc. Hence, another goal in the present study is

to design and fabricate novel electrokinetic micro mixers, and further systematically

characterize and investigate their performances.

Hence, the objectives of this thesis can be stated as the following:

(1) To develop a method to decouple the electroosmotic and electrophoretic velocity

components of the tracer particles.

(2) To develop a technique to investigate start-up transient electroosmotic flows in

microchannels.

(3) To characterize and investigate the time-dependent and frequency-dependent EOF.

(4) To propose effective designs of electrokinetic micromixers and characterize mixing

performance.

In summary, the present study focuses on characterization, control and manipu-

4

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



lation of electrokinetic flows in microchannels with an intend to provide insight into

electrokinetic flow characteristics for the optimum design and process control of mi-

crofluidic systems.

1.3 Outline of the Thesis

There are seven chapters in this thesis. Chapter 1 serves as an introduction to the

background and motivation of this work. The latest development in microfluidics and

the advantages and applications of electrokinetic flows are presented. The objectives

of the study are outlined. In the literature review, the current studies on electrokinetic

flows and their diagnoses technologies have been discussed and remarked.

Chapter 2 covers the micro-PIV measurements of steady-state electrokinetic flows

in straight rectangular open- and closed-end microchannels. Through the measurement

under the same water chemistry condition, a method for decoupling the electrophoretic

velocity of tracer particles and electroosmotic flow component, and thus for simulta-

neously determining the zeta potentials of the channel surface and the tracer particles

is proposed.

In Chapter 3, a micro-PIV based phase locking technique is developed with an

ordinary PIV CCD camera to carry out an experimental study of the transient elec-

trokinetic flow in microchannels by synchronizing different trigger signals for the laser,

CCD camera, and in-house designed high-voltage switch. With the transient micro-

PIV technique, a method is further proposed to decouple the particle electrophoretic

velocity from the micro-PIV measured velocity and to determine the zeta potential of

the channel wall. The time evolution of the full-field, electroosmotic velocity distribu-

tions in both open- and closed-end rectangular microchannels is obtained. Using the

slip velocity approach and the measured channel zeta potential, the theoretical predic-

tions of the transient electroosmotic flow in the open- and closed-end microchannels

are obtained.

In Chapter 4, an in-depth assessment of the finite reservoir size effect on electroos-
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motic flows is presented theoretically and experimentally. First, an analytical model

is given and solved. Based on the analytical model and simulation results, two impor-

tant times are proposed and the factors that affect the EOF due to the finite-reservoir

effects are analyzed. Finally, using micro-PIV technique, the model is validated with

experiment.

Chapter 5 presents a theoretical and experimental study of the frequency-dependent

electroosmotic flows in open- and closed-end rectangular microchannels. A theoreti-

cal approach combining the Laplace transform and the Frequency Domain Analysis is

proposed to analyze the frequency-dependent EOF. The proposed theoretical model

is verified with micro-PIV based experiment.

In Chapter 6, a systematic study on electrokinetic micromixing using frequency-

dependent EOF is conducted. Numerical simulations are performed to analyze the

mixing efficiency. PDMS/glass-made microchannels were fabricated using micro fab-

rication techniques. For experimentally characterizing the mixing quality, Rhodamine

B visualization and micro-PIV were employed to quantify the mixing performance

and determine the EOF velocity field. In addition, a novel design of electrokinetic

micromixer using fabricated electrodes is proposed. From numerical simulations, we

show that the proposed novel design effectively improves the mixing performance.

Finally, Chapter 7 summarizes the major results and findings from the present

study. The contributions made by this thesis are highlighted and possible future work

is outlined briefly.

1.4 The Electric Double Layer and the Electroki-

netic Phenomena

For microfluidic electrokinetic systems fabricated from glass or fused silica, silanol

groups on the surface deprotonate when in contact with an electrolyte. The extent

of deprotonation depends on the local pH and the ion concentration of the solution.

Polymer-based microchannels also characteristically acquire a surface charge when in
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contact with an electrolyte. An electric double layer (EDL) is formed to balance

such surface charges, and EDL consists of a charged solid surface and a liquid region

near the surface that supports a net excess of counter-ions. In classical theory, these

counter-ions are considered to reside in two regions: the Stern and Gouy-Chapman

Diffuse Layers. The immobile counterions adsorbed to and immediately adjacent to

the wall form the Stern layer, while the Gouy-Chapman layer comprises the diffuse

and mobile counter-ion layer that is set in motion upon the application of an external

electric field. The shear plane separates the Stern and Gouy-Chapman layers, and

in simple models of the EDL it is the location where the condition of no-slip in fluid

motion is enforced. The potential at the shear plane is called the zeta potential, ζ .

Zeta potential is an experimentally measurable electrical potential that charcterizes

the EDL, and it plays an important role in many applications such as electrokinetic

transport of particles (Keh and Anderson, 1985) and capillary electrophoresis (Gaš,

1997; Gaš and Kenndler, 2002). The zeta potential is often measured indirectly using

velocity or flow rate measurements. One effective approach to measure zeta potential

is the so-called current monitoring method (Huang et al., 1988). Two review papers

by Brian and Hasselbrink (2004a and 2004b) present details on the measurement and

data of the zeta potential of microfluidic substrates.

A sketch of the electrical potential associated with the EDL is shown in Figure 1.2.

The magnitude of the potential decays away from the wall, and the bulk fluid far from

the wall is assumed to be neutral. A review of modern EDL theory including recent

descriptions and formulations of the basic structure (and component regions) of the

EDL is given by Dukhin et al. (2001).

The phenomenon of electrokinetics may be broadly classified into four types: a)

electroosmosis, b) electrophoresis, c) streaming potential, and d) sedimentation po-

tential. In this study we are only interested in and focus on electroosmosis and elec-

trophoresis, because these two electrokinetic phenomena are most relevant to microflu-

idic systems. The qualitative descriptions of electroosmosis and electrophoresis are as

follows:
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Figure 1.2 (a) Schematic of a simple EDL model; (b) A plot of electrical potential
versus distance from the wall (not to scale).
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a) Electrosmosis refers to the motion of bulk aqueous liquid in response to an applied

electric field in a channel with electric double layers on its wetted surfaces.

b) Electrophoresis refers to the motion (relative to the bulk liquid) of charged colloidal

particles suspended in a solution or molecules dissolved in a solution that results upon

the application of an electric field.

Electroosmosis. According to its definition, electroosmosis refers to the move-

ment of an electrolyte solution relative to a stationary charged surface (i.e., a capillary

tube, porous media) due to applied electric field. The pressure necessary to counter-

balance electroosmotic flow is termed as the electroosmotic pressure. A typical elec-

troosmotic fluid flow in a capillary is shown in Figure 1.3. When the capillary tube is

negatively charged, the applied electric field exerts a force along the cathode direction

on the excess positively charged ions near the surface. The positively charged ions drag

the electrolyte solution, and thus liquid flow occurs towards the cathode, resulting in

the electroosmotic flow. In case of thin EDL, the electric potential throughout most

of the cross-sectional area of a microchannel is negligible and the expression for the

electroosmotic flow, for the case of zero pressure gradients, is expressed as (Probstein,

1994)

ueo = −εrε0ζE

µ
(1.1)

which is the Helmholtz-Smoluchowski relation for electroosmotic flow. Since the typi-

cal thickness of an EDL is in the range of 1 to 100 nm and the typical size of microfluidic

channels is of order 10 ∼ 100 µm (Stone et al., 2004), the electroosmotic velocity pro-

file inside the EDL region becomes insignificant, and thus the electroosmotic flow can

be considered to be induced by a moving wall with velocity (slip velocity) given by

Eq. (1.1). This method is often used in modeling electrokinetic problems in microflu-

idics (Cummings et al., 2000; Santiago, 2001).

Two important electroosmotic flow parameters relevant to experimental measure-

ments follow from this discussion. The first is the electroosmotic mobility, µeo, of a

microchannel defined as the field-specific velocity of an electroosmotic flow with zero

pressure gradient: µeo = ueo/E. The mobility is a fairly generally applicable concept

9
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Figure 1.3 Electroosmotic flow in a capillary.

Figure 1.4 Electrophoresis of a particle.

as it describes the empirically observed proportionality between electric field and fluid

velocity. For cases where Joule heating effects are negligible, the mobility is considered

a constant of proportionality for a given wall material and solution chemistry. The

second electroosmosis parameter is the zeta potential of the channel wall.

Electrophoresis. Electrophoresis refers to the movement of a charged surface

relative to a stationary liquid under an applied electric field. A typical particle elec-

trophoresis is shown in Figure 1.4. The negatively charged colloidal particle migrates

towards the anode. Electrophoresis phenomenon is usually employed in measuring the

surface potential of a charged particle.

In other words, electrophoresis is the induced motion of colloidal particles or

molecules suspended in ionic solutions and is resulted from the application of an elec-

tric field. The electromigration of these species are classified into two regimes, based
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on the ratio of the size of the particle or molecule to the Debye length of the solution.

First, consider the electrophoresis of ionic molecules and macromolecules whose char-

acteristic diameter are much smaller than the Debye length of the solution of interest.

Under this condition, the electrophoretic velocity is given by (Probstein, 1994)

uep =
2

3

εrε0ζpE

µ
(1.2)

A second limiting situation arises during electrophoresis of relatively large particles.

Examples of large particles relevant to microfluidics include 100 ∼ 10,000 nm diameter

polystyrene spheres and ∼ 10 µm diameter cells or single-celled organisms. In this

second limiting case the electrophoretic velocity is a function of the electrostatic forces

on the surface charge, the electrostatic forces on their charge double layers, and the

viscous drag associated with both the motion of the particle as well as the motion

of the ionic cloud around the particle. For a wide range of cases where the particle

diameter-to-Debye length ratio is large so that, locally, the ionic cloud near the particle

surface can be approximated by the EDL relations for a flat plate, the velocity of an

electrophoretic particle is expressed as (Probstein, 1994)

uep =
εrε0ζpE

µ
(1.3)

In certain applications, such as micro-PIV technique, the 100 ∼ 1000 nm diameter seed

particles typically fall into thin EDL particle flow regime. As in the discussion above

for electroosmotic flows, Eqs. (1.2) and (1.3) demonstrate a direct proportionality

between velocity and electric field which can be used to formulate an empirical mobility

parameter of the form µep = uep/E. Applying the theoretical models discussed above,

the two definitions of mobility are 2εrε0ζp
3µ

and εrε0ζp
µ

for particles diameters small and

large with respect to Debye length, respectively.

The theory relating the two limits described above has been discussed by Russel

et al. (1999). In fact, the two limits can be combined into a universal expression

for electrophoretic velocity. According to the Henry’s theory (Probstein, 1994), the
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velocity of electrophoresis can be expressed as:

uep =
2

3
f (κa)

εrε0ζpE

µ
(1.4)

In this expression, f (κa) is called the Henry function, which is simplified by Ohshima

(1994) as:

f(κa) = 1 +
1

2

[

1 +
2.5

κa(1 + 2e−κa)

]3 (1.5)

where κa = a/λD, a is the radius of the spherical particles, and λD =
√

εrε0kbT
2e20z

2
v n0

is the

Debye length (where e0 is the fundamental charge, zv is the valence of the symmetric

electrolyte, n0 is the ionic number concentration of the bulk electrolyte, kb is the

Boltzmann constant, and T is the absolute temperature).

1.5 Literature Review

In the literature, numerous theoretical and experimental studies have been reported

on the electrokinetic flows. For steady-state electroosmotic flows, several classical re-

search works have paved the way for the further studies up to date. Among those

earliest works, for examples, are the ones led by Burgreen and Nakache (1964), who

formulated a mathematical model for the electroosmotic flow in an ultrafine slit, and

Rice and Whitehead (1965), who analyzed the electrokinetic flow field in a narrow

cylindrical capillary. In later efforts, Santiago (2001) validated a sufficient set of con-

ditions for the slip velocity approximation in microfluids. Cummings et al. (2000)

examined the conditions for similitude between the fluid velocity and the electric

field in electroosmotic flow, and discussed numerical simulations in EOF. Yang et

al. (1998) provided a conclusion of validating the Boltzmann distribution in the case

of microchannel flows, which is that for a microchannel flow with a very small Peclet

number or in a fully-developed hydrodynamic state, the Boltzmann equation is still

valid.

Several studies have been reported on experimental measurement of the steady-
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state EOF. Taylor and Yeung (1993) employed an imaging system using a microscope

and a CCD camera, and realized direct measurement of the fluid motion inside the

capillary. Using a laser-Doppler shift technique, Oka and Furusawa (1998) measured

the particle velocity profile in a closed cell of 4 mm by 4 mm cross-section. Thus, the

particle electrophoretic velocity and the fluid EOF velocity were determined using the

experimental data and theoretically derived correlations.

Due to the fast development of flow visualization techniques, micro-particle image

velocimetry (PIV) technique has been widely used to diagnose the velocity profiles

and probe electroosmotic flow characteristics in microfluidic channels. However, it

also should be noted that as micro-PIV technique utilizes tracer particles that are

usually charged in aqueous liquids, the velocity field obtained is a combination of

the electrophoretic velocity of the tracer particles which is related to the particle

electrophoretic mobility and the electroosmotic flow field which is associated with

the zeta potential of the channel wall. To obtain the electroosmotic flow field, the

electrophoretic component has to be subtracted from the micro-PIV measured parti-

cle velocity so that the electroosmotic flow field can be retrieved. In fact, the zeta

potential of the channel wall is an important parameter for characterizing the chan-

nel wall materials and modeling electrokinetic flows. Devasenathipathy and Santiago

(2002) applied micro-PIV to demonstrate the similarity between electric and velocity

fields. Kim et al. (2002) presented a comparative study of micro-PIV measurements

and numerical simulation of electrokinetic flows in grooved and T-junction channels.

MacInnes et al. (2003) studied electrokinetic flow in a T-junction microchannel. Ex-

periments were carried out using a micro-PIV based simple particle tracking method

with pulsed light imaging. Numerical simulations were found to agree with the mea-

sured particle velocity profiles within experimental uncertainty of 5%. Recently, Sadr

et al. (2004) developed a nano-PIV technique to measure the near-wall velocity field

in a steady-state electroosmotic flow.

Exclusively, the aforementioned studies center on the velocity field of steady-state

electroosmotic flows. In the present study, we will focus on time- and frequency-
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dependent electroosmotic flow. As an important electrokinetic application, the topic

of EK mixing will be studied systematically. Hence, a detailed review of the literature

will be presented in the following, with emphasis on two major aspects: (1) studies

of time-dependent and frequency-dependent electroosmotic flows, and (2) studies of

electrokinetic micromixers.

1.5.1 Transient and time-dependent electroosmotic flow

In contrast to the theoretical investigations on time-dependent EOF, very few ex-

perimental studies of the time-dependent EOF have been reported in the literature.

In fact, direct visualization of the dynamic electrokinetic flows is of fundamental im-

portance as it provides insight into the underlying mechanisms of the development

and stability of electrokinetic flows (Suresh and Homsy, 2004). Furthermore, study

of the dynamic aspects of the electrokinetic flow plays a crucial role in the develop-

ment of relevant microfluidic technologies, such as microfluidic pumping, micro mixing,

etc. Here, for avoiding confusion, it should be pointed out that the word “transient”

denotes short time-dependent processes, e.g., start-up transient processes, and “time-

dependent” represents comparatively long time running processes.

In an earlier study, Hanna and Osterle (1968) investigated the start-up transient

electro-osmosis of DI water in round capillary tubes by employing the Laplace trans-

form technique. In their analysis, the effects of hydrodynamic resistance, electrical

conductance and fluid inertia are considered, and the effects of fluid compressibility

and electrical capacitance and inductance are neglected. Considering the time scale

of the electric double layer dynamic response, Ivory (1983) obtained a simple ana-

lytical solution for the transient electroomotic velocity of electrolyte solutions near a

solid surface whose local radius of curvature is much greater than the Debye layer.

Tikhomolova (1993) originally solved the non-stationary electroosmotic flow with non-

slipping boundary conditions. Using the Debye-Hückel approximation, Keh and Tseng

(2001) studied the transient electrokinetic flow in a fine capillary slit (parallel plates)

and compared the results with those in a cylindrical tube. Using the Green’s function
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approach, Yang et al. (2002) revisited the transient EOF in a slit microchannel but

with considering both low and high potential regimes in the EDL region. In modern

microfluidic applications, most channels in the micro devices and MEMS are made

by micromachining technologies, and the cross-section of these channels is close to a

rectangular shape. Due to this fact, employing the Debye-Hückel approximation and

Green’s function approach, Yang (2002) first theoretically investigated the start-up

transient EOF in a rectangular microchannel.

Regarding the experimental studies on transient EOF, Söderman and Jonsson

(1996) developed a theoretical frame work for the description of the EOF velocity

profiles in different geometries with both temporal and spatial resolution. In their

work, they compared the results of the theoretical predictions with the velocity pro-

files obtained from experiment using NMR imaging techniques.

Using micro-PIV technique, Kim and Khim (2004) studied EOF in straight and

T-junctioned microchannels. They observed the time-dependent reservoir size effect

due to the adverse pressure gradient, which is resulted from the downstream reservoir

height rise with flow. However, no theoretical analysis was provided.

1.5.2 Frequency-dependent electroosmotic flow

Frequency-dependent electroosmotic flow is a special case of AC electrokinetics,

which is an active research topic (Morgan and Green, 2003). In principle, the frequency-

dependent electroosmotic flow can also be classified as the time-dependent electroos-

motic flow. However, due to its periodic characteristics, frequency-dependent EOF

has specific features, such as frequency and amplitude, which can be implemented and

manipulated for potential applications.

Numerous studies have been reported on the frequency-dependent electroosmotic

flows in simple geometrical channels, including slit, cylindrical, and rectangular mi-

crochannels. Dutta and Beskok (2001) obtained analytical solutions of time periodic

electroosmotic flows in a slit channel, and compared the analytical solution with the

one from solving the Stokes’ second problem. They found that the electroosmotic flow
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differs from the Stokes’ second solution within the EDL, but matches well in the bulk

flow region. Kang et al. (2002) investigated the dynamic aspects of electroosmotic

flow in a cylindrical microcapillary. Not only having obtained some similar results as

Dutta’s, they also applied an analytical scheme to treat the problem under arbitrary

zeta potentials. In addition, they proposed a characteristic frequency to study the

characteristic features of the oscillating EOF and validated the assumption of equilib-

rium Boltzmann distribution under AC applications, e.g., the frequency of the external

electric field cannot be very high (less than 1 MHz). Bhattacharyya et al. (2003) also

studied this problem but only limited to the Debye-Hückel approximation. Further,

they discussed the streaming potential under oscillating pressure field.

Due to the important applications of rectangular microchannels, several efforts

have been made. Marcos et al. (2004a) studied the frequency-dependent laminar EOF

in open-end rectangular microchannels. Yang et al. (2003) analytically addressed

the EOF and streaming potential in an infinitely extended rectangular microchannel

(open-end). They employed the methods of Green’s function and phasor notation to

solve the mathematical models, and conducted parametric studies on steaming poten-

tial and electroviscous effects. Using a combined theoretical and numerical approach,

Erickson and Li (2003) investigated the time periodic electroosmotic flow in a rectan-

gular microchannel. Using the Green’s function method, they obtained an analytical

solution to the EOF filed driven by a sinusoidal electric field. They also analyzed the

response of the EOF field to applied electric field of complex waveforms. In one of

the latest developments, Xuan and Li (2005) investigated the electroosmotic flow in

microchannels with arbitrary geometry and artitrary distribution of wall charges.

Compared to open-end channels, closed-end channels have their special features.

For a closed system it is possible to create a pressure gradient using electroosmotic

force, which can be potentially used for actuation of micro pistons or micro bellow

mechanisms. These promising prospects of micro-scale applications have attracted

some researchers’ attention. Marcos et al. (2004b) analytically studied frequency-

dependent laminar electroosmotic flow in a closed-end rectangular microchannel by
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using the Green’s function method together with a complex variable approach (phasor

notation). In their work, they analyzed the development of EOF in a closed-end

rectangular channel under AC electric field applied. Reppert and Morgan (2002)

investigated frequency-dependent electroosmosis in a closed cylindrical capillary by

a different analytical approach from that of Marcos’, and they solved the problem

by treating the flow field as a near-wall region and a bulk-fluid region respectively.

They also did experiments to measure the pressure for verifying the theoretical model,

and a good agreement was obtained. Later, using the finite element method, Reppert

and Khan (2005) revisited the same problem and compared with the analytical model

developed by Reppert and Morgan (2002). Considering the application of a stepwise

voltage, Mishchuk and Gonzelez-Caballero (2006a and 2006b) analytically studied the

nonstationary electroosmotic flows in both open- and closed-end cylindrical capillaries.

Recently, due to increasing interests in electrokinetic flow in porous media, Kang

et al. (2004) presented a theoretical study on AC-driven electroosmotic flow in both

open-end and closed-end microchannels packed with uniformly charged spherical mi-

croparticles. They studied the effects of pore size and the excitation frequency on

EOF in an open-end capillary and the effects of packing particles on backpressure in

a closed-end capillary under a fixed excitation frequency.

In electrokinetic applications, it is important to measure the particle’s mobilities,

in order to probe the features in the fluidic system, e.g., measuring zeta potentials.

Minor et al. (1997) presented a method of measuring particle mobilities by applying

an alternating electric field with certain frequency under which electroosmosis is sup-

pressed, whereas the particles are still able to follow the field according to their DC

mobility. The principle was demonstrated by measurements performed with a laser-

Doppler microelectrophoretic device in an alternating electric field as a function of

frequency and position. As a result, this method overcomes the problems associated

with electroosmosis in finding the stationary level in conventional electrophoretic cells.

Oddy and Santiago et al. (2003) presented a method to determine the electrophoretic

and electroosmotic mobilities by measuring the particle displacements in both AC and
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DC electric fields. Using the two-color micro-PIV technique, Meinhart et al. (2003)

and Wang et al. (2005) experimentally investigated the AC electrokinetic flows.

In order to investigate the stability of AC electroosmotic flow, using the thin double

layer approximation Suresh and Homsy (2004) performed a linear stability analysis of

electroosmotic flow in a slot geometry. They drew a conclusion that the system is

linearly stable over a wide range of parameters.

1.5.3 Review on electrokinetic micromixers

Mixing in microfluidic systems is a difficult task, because under the low Reynolds

number flow, the channel size is too small to shelter turbulence or hydrodynamic

fluctuations. On the other hand, molecular diffusion based mixing is not a very good

approach to improve micromixing performance, because microsystems are, in most

cases, too large for diffusive mixing. Two review papers by Ottino and Wiggins (2004)

and Nguyen and Wu (2005) discuss on the issues of improving micromixing with aid

of chaotic flows and provide comments on the current situations and future trend of

micromixing studies.

Generally, based on different external forces imposed on microfluidic systems, mi-

crofluidic mixers can be classified as pressure-driven and electrokinetically driven mix-

ing. Many studies have been conducted for improving mixing effects in pressure-

driven microfluidic systems. Employing hydrodynamic focusing and time-interleaved

segmentation, Nguyen and Huang (2005) improved mixing effects in pressure-driven

microflows. Using a passive method, Strook et al. (2002) developed a chaotic mi-

cromixer in which the mixing length has been shortened. In principle, electrokinetic

micromixers belong to the category of active micromixers, because they need exter-

nal electric forces to drive the flow. There are certain advantages and disadvantages

in electrokinetic microfluidic mixing systems. The most important feature of elec-

trokineitc flow is that the flow patterns can be adjusted by modulating the external

electric field, either by amplitude or frequency. This feature can be implemented for

enhancing micromixing. In addition, the advantages of electrokinetic pumping are
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well-known, such as no moving parts, ease of control, etc. However, the flat veloc-

ity profile is a disadvantage for electrokinetic mixing, because this nature drastically

reduces the Taylor-Aris dispersion (Taylor, 1953; Aris, 1956) in microfluidic systems,

which is an effective mechanism to enhance micromixing (Ghosal, 2006).

Lastochkin et al. (2004) presented a micromixer design using AC electroosmotic

flow based on AC Faradaic polarization. Jacobson et al. (1999) developed microfluidic

designs that simplify the voltage control to perform parallel and serial electrokinetic

mixing on microchips. Sundaram and Tafti (2004) presented numerical simulations

of electrokinetically induced mixing in a microchamber (plain or with baffles) in the

presence of a fluctuating electric field, and made recommendations on the optimal

choice of nondimensional frequency and driving potential to lead to the best mixing

effects. Huang and Breuer (2003) conducted an experimental study on the performance

and scaling of an electroosmotic mixer, in which they used pressure-driven pumping

and electroosmotic oscillatory perturbation on the fluid to improve the mixing.

Using FEMLAB software, Chen et al. (2003) presented a numerical study of a ring

electroosmotic micromixer, in which four strategically integrated electrodes impose

spatial and time varying electric field hence to perturb the flow pattern. Further,

Zhang et al. (2003) designed and fabricated an electroosmosis-driven ring micromixer

using the silicon bulk micromachining technology. The electroosmotic ring micromixer

uses a novel arrangement of electrodes and flow obstacles to induce chaotic mixing. The

design was tested by a micro-PIV system. In their experiment, as the fluid is pumped

by pressure, it is possible to use low AC voltage to perturb the fluid. However, this

design requires the complicated geometry and the moving parts (such as a syringe

pump).

Recently, a novel micromixing strategy was proposed and analyzed numerically by

Coleman and Sinton (2005), by exploiting the axial diffusion of a continuous sequence

of discrete samples in a microchannel. Further, using rapid electric field switching,

Coleman et al. (2006) fabricated a symmetry-based microfluidic mixer and provided

an estimation of the preferred operating frequency range.
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T-mixer (including Y-mixer) is a widely used device in microfluidic applications,

which has a simple geometry and numerous advantages such as simultaneously mix-

ing and transport of sample solutes. For electrokinetic T-mixers, Tang et al. (2002)

presented a numerical and experimental study of electrokinetic flow control for compo-

sition modulation in T-microchannels. They studied the electric field frequency range,

under which the banded composition structure can be achieved. This work may be

among the earliest studies on the frequency-dependent modulation of electrokinetic

microflows, but it is mainly focusing in flow modulation rather than micromixing. A

numerical study by MacInnes (2002) focuses on the electrokinetic flow in situations

where chemical reactions play a central role. This study provided a detailed paramet-

ric analysis by using scaling laws, and compared the simulation results for 2D and 3D

under both electrokinetic and pressure driven conditions. The computations show that

the 3D results are close to the 2D case for electrokinetic flow, but for pressure driven

flow the results are significantly changed. Physically, this difference can be under-

stood as follows: in the pressure driven flows the velocity profile is usually of parabolic

shape, in which the top and bottom walls of the channel have strong influence on the

flow pattern, resulting in Taylor dispersion induced mixing effects. However, in the

electrokinetic flows, the velocity profile is plug-like, which reduces the top and bottom

wall effect on the flow and thus on the mixing. This 2D-3D similarity in electrokinetic

mixing gives a viable approach to use simplified numerical 2D models to simulate the

electrokinetic mixing process.

Utilizing time-pulsed electroosmotic flows, Glasgow et al. (2004) investigated the

electrokinetic micromixing in T channels. They used 2 series of square or sinusoidal

waves with offset and phase difference to improve mixing effects. In addition to nu-

merical simulations and experimental investigation, they used several dimensionless

numbers such as Strouhal number, Stokes number and pulse volume ratio (PVR) to

analyze the mixing process. Similarly, Lin et al. (2004) and Fu et al. (2005) devel-

oped several schemes to improve electrokinetic micromixing, such as different switching

modes and channel structures. They conducted numerical simulations for parametric
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study and experimental verification.

Efforts have also been made to study the effects of geometry and heterogeneity

of the channel zeta-potential. Johnson et al. (2002) experimentally investigated the

rapid microfluidic mixing with a series of slanted wells created at the T-junction.

Chang and Yang (2004) presented a numerical study on electrokineticaly driven flow

mixing in microchannels with patterned blocks. Their simulation results confirmed

that the patterned blocks improve the diffusive mixing. Erickson and Li (2002) nu-

merically investigated the effects of heterogeneous surface charges on electrokinetic

micromixing, and further Biddiss et al. (2004) conducted experimental work to verify

Erickson and Li’s analyses. Lee et al. (2004) proposed an electrokinetically driven

active micromixers utilizing zeta potential variation induced by field effects. Ng et

al. (2004) numerically investigated the electrokinetic generation of microvortex using

surface charge micropatterning.

In order to enhance mixing efficiency, an approach of using the electrokinetic insta-

bility was proposed by Oddy et al. (2001). This mechanism is based on the instability

development under a fluctuating electric field. Lin et al. (2004) showed that the in-

stabilities can be caused by conductivity gradients between the two sample streams

driven by a DC electric field. Further, Chen et al. (2005) analyzed the induced mixing

at the flow downstream of the T-junction. Similarly, Moctar et al. (2003) proposed a

micromixer based on the electro-hydrodynamic force when the fluids to be mixed have

different electrical properties and are subjected to an electric field.

1.5.4 Summary and comments on the previous studies

In conclusion, the literature survey has indicated that experimental characteriza-

tion of time- and frequency-dependent electroosmotic flows poses great challenges to

up-to-date experimental techniques, and very few relevant studies have been reported

in the literature. Although several efforts have been made to employ electrokinetic

flows in the micromixing applications, no systematical studies have been conducted to

examine various factors affecting EK mixing efficiency.
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Chapter 2

A Method for Simultaneously

Determining the Zeta Potentials of

the Channel Surface and the Tracer

Particles

2.1 Introduction

In colloid and interface science, zeta potential is an experimentally measurable

electrical potential that characterizes the EDL, and it plays an important role in many

applications such as stability of colloidal dispersion, characterization of biomedical

polymers, electrokinetic transport of particles, and capillary electrophoresis, etc. In

addition, electrokinetic mobilities and zeta-potentials of the particles and the channel

wall are crucial to the design and process control of microfluidic devices.

Numerous techniques have been used to characterize electroosmotic flow in mi-

crochannels. The details can be found in the literature review presented in Chapter 1.

In the current chapter, using the micro-PIV technique, the electroosmotic flows are

characterized in both open- and closed-end rectangular microchannels. Because both

the channel surface and the tracer particles are charged, a novel method is proposed
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for simultaneously determining the zeta potentials of both the channel surfaces and

the tracer particles. This method combines the theories of electroosmosis and elec-

trophoresis, and utilizes the micro-PIV technique to measure the steady electrokinetic

velocity distributions of tracer particles in open- and closed-end microchannels.

2.2 Mathematical Model

Micro-PIV technique is used to measure the steady velocity of tracer particles in an

electrolyte in both open- and closed-end microchannels. Under an applied DC electric

field, the observed particle velocity, up evaluated from the micro-PIV measurement is

the superposition of the electrophoretic velocity of the charged particle, uep, and the

electroosmotic velocity of the electrolyte, ueo:

up = ueo + uep (2.1)

In the following, the analytical expressions for uep and ueo in open- and closed-end

rectangular microchannels will be provided.

2.2.1 Velocity distribution of the steady electroosmotic flow

in open- and closed-end microchannels – Slip Velocity

Approach

Consider a rectangular microchannel having a height, 2h, a width, 2w, and a length,

l as shown in Figure 2.1. The liquid filled in the microchannel is assumed to be an

incompressible, Newtonian, symmetric electrolyte of constant density, ρ, viscosity, µ,

and dielectric constant, εr. The channel wall is assumed to be uniformly charged

with a zeta potential, ζw. When an external electric field, E is applied along the

axial direction of the channel, the liquid sets into motion as a result of the interaction

between the net charge density in the electric double layer (EDL) of the channel and

the applied electric field.
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Figure 2.1 Geometry of the rectangular channel. The channel length is l and the
width and height of the channel cross section is 2w × 2h.

The driving force of electroosmotic flow is present only within the EDL. The typical

thickness of an EDL is in the range of 1 to 100 nm (Hunter, 1981); while the charac-

teristic hydraulic diameter of microfluidic channels is of order 10 to 100 µm (Erickson

and Li, 2004). Because of such orders of the magnitude difference, the electroosmotic

velocity profile inside the EDL region becomes insignificant, and thus the electroos-

motic flow can be considered to be induced by a moving wall with a velocity (i.e., slip

velocity) given by the Helmholtz-Smoluchowski equation

us = −ε0εrζwE

µ
(2.2)

In the literature, the fluid flow actuated by moving boundary of the wall and driven

by hydrodynamic shear stresses is referred to as the Stokes second problem (Telionis,

1981), and is specifically referred to as the slip velocity approach in electroosmotic

flows. More general discussions of the applicability of such slip velocity approach in

electrokinetic flows were provided by Cummings et al. (2000) and Santiago (2001).

Using the slip velocity approach, the steady velocity field of a fully-developed flow

driven by an applied electric field, E and a pressure gradient, dp/dz is governed by

the Stokes equation, expressed as (Probstein, 1994)

∂2u

∂x2
+
∂2u

∂y2
=

1

µ

dp

dz
(2.3)
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The appropriate boundary conditions applicable to Eq. (2.3) are

u |x=w = us u |y=h = us (2.4)

∂u

∂x

∣

∣

∣

∣

x=0

= 0
∂u

∂y

∣

∣

∣

∣

y=0

= 0 (2.5)

Eq. (2.3) together with its boundary conditions specified by Eqs. (2.4) and (2.5) can

be non-dimensionalized by using the following dimensionless parameters:

u =
u

U
X =

x

Dh

Y =
y

Dh

Z =
z

DhRe
P̄ =

p

ρU2

where U is the reference velocity, Dh = 4wh/(w + h) is the hydraulic diameter of the

rectangular channel, and Re = ρDhU/µ is the reference Reynolds number. Further, a

transform is introduced as

v̄ = ū− ūs (2.6)

Then, the governing Stokes equation and its boundary conditions can be rewritten in

dimensionless form as

∂2v̄

∂X2
+
∂2v̄

∂Y 2
=

dP̄

dZ
(2.7)

with the boundary conditions

v̄
∣

∣

X=w/Dh
= 0 v̄

∣

∣

Y =h/Dh
= 0 (2.8)

∂ v̄

∂X

∣

∣

∣

∣

X=0

= 0
∂ v̄

∂Y

∣

∣

∣

∣

Y=0

= 0 (2.9)

where v̄ = v
U

and ūs = us

U
= −ε0εrζwE

µU
.

Using the Green’s function method, the solution of Eq. (2.7) subjected to the

boundary conditions given by Eqs. (2.8) and (2.9) can be explicitly expressed as
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(Ozisik, 1993)

v̄(X, Y ) = lim
t̄→∞

t̄
∫

τ=0

dτ

w/Dh
∫

X′=0

h/Dh
∫

Y ′=0

G(X, Y, t̄ |X ′, Y ′, τ)

(

−dP̄

dZ

)

dX ′dY ′ (2.10)

Here, the Green’s function can be obtained by using the separation of variables method.

The expression for G(X, Y, t̄ |X ′, Y ′, τ) is given by (Ozisik, 1993)

G(X, Y, t̄ |X ′, Y ′, τ) =
4D2

h

wh

∞
∑

m=1

∞
∑

n=1

cos (αmX) cos (αmX
′)

× cos (βnY ) cos (βnY
′) e−Tmn (t̄−τ) (2.11)

where αm =
(

2m−1
2

)

Dh

w
π, βn =

(

2n−1
2

)

Dh

h
π and Tmn = α2

m+β2
n. Substituting Eq. (2.11)

to Eq. (2.10) and carrying out the integration, one can obtain

v̄ (X, Y ) = −dP̄

dZ

16

π2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

(2m− 1) (2n− 1)Tmn
(2.12)

Here, two cases are considered:

Case 1: Electroosmotic flow field in an open-end rectangular microchannel

In this situation, dP̄ /dZ ≡ 0, because no external pressure is applied (assuming that

the microchannel is infinitely extended). Thus, Eq. (2.12) becomes

v̄ (X, Y, t̄) = 0 or ū(X, Y, t̄) = ūs (2.13)

Eq. (2.13) shows that for steady, fully-developed electroosmotic flow in an open-end

rectangular microchannel, the slip velocity approach leads to a “plug-like” velocity

profile, given by the Smoluchowski equation:

ueo−open = −εrε0ζwE

µ
(2.14)

Case 2: Electroosmotic flow field in a closed-end rectangular microchannel

Due to the closed-end structure, a backpressure gradient dP̄ /dZ is induced to fulfill
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the condition of the zero net flow rates, which mathematically is expressed as

w/Dh
∫

X=−w/Dh

h/Dh
∫

Y=−h/Dh

ū (X, Y, t̄)dXdY = 0 (2.15)

For an infinitely extended channel, dP̄ /dZ is constant along the axial flow direction

(Marcos et al., 2004b). Substituting Eqs. (2.6) and (2.12) into Eq. (2.15), one can

show that the dimensionless induced pressure gradient is given by

dP̄

dZ
=
π4

64

ūs
∞

∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2 Tmn

(2.16)

Further substituting Eq. (2.16) back to Eq. (2.12) and noticing that v̄ = ū − ūs, one

can obtain

ū (X, Y ) = ūs −
π2ūs

4

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

(2m− 1) (2n− 1)Tmn
∞

∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2 Tmn

(2.17)

Eq. (2.17) gives the electroosmotic velocity distribution in a closed-end rectangular

microchannel.

As the microscope objective lens is focused on the mid-plane of the channel (i.e.,

Y = 0) during the micro-PIV experiment, the dimensional electroosmotic velocity at

the mid-plane is expressed as

ueo−closed (X, 0) = ūeo−closed (X, 0)U

= −ζw
ε0εrE

µ













1 − π2

4

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX)

(2m− 1) (2n− 1)Tmn
∞

∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2 Tmn













(2.18)
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2.2.2 Electrophoretic velocity of the tracer particles

Under assumptions of the undisturbed EDL structure of a charged particle and the

Debye-Hückel approximation, the electrophoretic velocity of tracer particles, according

to Hunter (1981) can be expressed as:

uep =
2

3
f (κa)

εrε0ζpE

µ
(2.19)

A simple expression for Henry’s function was provided by Ohshima (1994) as:

f(κa) = 1 +
1

2

[

1 +
2.5

κa(1 + 2e−κa)

]3 (2.20)

Here a is the radium of the tracer particle, and κ is the Debye parameter defined as

κ =
√

2e20z
2
v n0

εrε0kbT
(where e0 is the fundamental charge, zv is the valence of the symmetric

electrolyte, n0 is the ionic number concentration of the bulk electrolyte, kb is the

Boltzmann constant, and T is the absolute temperature). It should be pointed out

here that the Henry’s expression for the electrophoretic velocity of tracer particles is

applicable to both open-end and closed-end channels.

2.2.3 Relationships between the micro-PIV measured particle

velocity in open- and closed-end channels and the zeta

potentials of the channel surface and the particles

As indicated by Eq. (2.1), the particle velocity measured from the micro-PIV tech-

nique is a combination of the electrophoretic velocity of the tracer particles which is

related to the particle zeta potential, ζp and the electroosmotic flow field which is asso-

ciated with the zeta potential of the channel surface, ζw. If micro-PIV experiments are

carried out in an electrolyte in open-end and closed-end microchannels, according to

Eq. (2.1), the expressions for the micro-PIV measured velocity of the tracer particles
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in open-end and closed-end rectangular microchannels can be written as below:

up−open = ueo−open(ζw, E1) + uep(ζp, E1) (2.21)

up−closed = ueo−closed(ζw, E2) + uep(ζp, E2) (2.22)

where E1 and E2 are the electric field applied across the open-end and closed-end

channel, respectively.

We define the particle mobility, µp measured by micro-PIV technique in an electric

filed, E as

µp =
up

E
(2.23)

Making use of the results of Eqs. (2.14), (2.18), and (2.19), we can further rewrite

Eqs. (2.21) and (2.22) in terms of the measured particle mobility as

µp−open = ζwF + ζpG (2.24)

µp−closed = ζwH(x) + ζpG (2.25)

where the expressions for F , H , and G are given by

F = −εrε0

µ
G =

2

3
f (κa)

εrε0

µ
(2.26)

H(x) = −ε0εr

µ













1 − π2

4

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmx/Dh)

(2m− 1) (2n− 1)Tmn
∞

∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2 Tmn













(2.27)

In principle, Eqs. (2.24) and (2.25) show that if the distributions of the particle mobil-

ity measured by micro-PIV in the open-and closed-end channels are known, the zeta

potentials of both the particles and the channel surface can be determined simultane-

ously.
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2.3 Experimental Section

2.3.1 Measurement cell and materials used

The measurement cell consists of a borosilicate glass microchannel (VitroCom), a

polymer holder, and two reservoirs. Such microchannel has a rectangular 300 µm ×

300 µm cross-section and is 4 cm long. Prior to experiment, the cell was cleaned in an

ultrasonic cleaner with a NaOH base solution and then flushed with deionized water.

For the closed-end cell, Epoxy glue was used for sealing the two ends of the channel.

Fluorescent polystyrene particles of radius a = 465 nm (Duke Scientific Co.) were

used for tracking the flow. Such tracer particles have the excitation and emission

wavelength of 540 nm and 610 nm, respectively. In all experiments, the number

concentration of tracer particles was approximately about 2 × 109 particles/ml.

A DC electric field was applied using platinum wire electrodes inserted into the two

reservoirs connecting the two ends of the microchannel. A high-voltage power supply

(PS350, Stanford Research) was used to apply 400 V potential difference on the two

electrodes, giving rise to a 100 V/cm strength of the applied DC field.

Three types of working fluids were used including sodium chloride and boric acid

with various concentrations (10−2 M, 10−3 M, 10−4 M and 10−5 M) as well as deionized

water.

2.3.2 Experimental setup

The micro-PIV setup consists of four main components: an illumination system,

an optical system, a coupled charge device (CCD) camera and a control system. The

control system consists of a peripheral component interface (PCI) card, and its corre-

sponding software is implemented in a personal computer. The computer can control

and synchronize all actions related to illumination and image recording. The schematic

of the setup is illustrated in Figure 2.2.

Particles were imaged using an epifluorescent microscope (Nikon TE2000-S) with

a 20× objective lens having a numerical aperture (NA) of 0.45. An interline transfer
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Figure 2.2 Schematic of the micro-PIV setup. The PC controls and synchronizes
the lasers for illumination, the CCD camera for image recording, and the high voltage
switch for turning on the high voltage supply.

CCD camera (Sony ICX 084) was used for recording the images. The resolution of

the camera is 640 pixels × 480 pixels, with 12 bits grayscale. The active area of the

CCD sensor is 6.3 mm × 4.8 mm. The minimum inter-frame transfer time, and thus

the fastest time delay for the two PIV images, is ∆tPIV = 500 µs. To ensure that

the CCD camera is working at its optimum temperature of −15 ◦C, a cooling system

is integrated in the CCD camera. In the mode of double exposure in double frames,

the camera records two frames of the flow fields and then digitizes them in the same

image buffer.

2.4 Results and Discussion

2.4.1 Micro-PIV images and particle velocity data

With the objective lens focusing on the mid-plane (i.e., y = 0) of the rectangular

channel as shown in Figure 2.1, the micro-PIV was used to measure the particle velocity
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distributions in both the open- and closed-end channels. The images acquired from

micro-PIV measurements were then evaluated with PIVview software (PivTec GmbH)

to obtain the particle velocity data. For example, the vector plots of the particles’

velocity distributions in deionized water are shown in Figure 2.3. Extracting the

velocity data and averaging the values along the flowing direction, the averaged velocity

values are plotted in Figure 2.4.

2.4.2 Least-square analysis

With the experimental data, the least-square analysis was used to determine the

values of the fitted zeta potentials of both the particles and the channel surface by

minimizing the sum of the square of the errors between the meausured and predicted

particle mobility.

Along the lateral (x-axis) direction of the channel, it is assumed that the measured

average particle’s mobility at the ith position in the open-end channel as µp−open, i and

the measured average particle’s mobility at the ith position in the closed-end channel

as µp−closed, i. Applying the least-square method, we introduce the least-square function

S as

S =

N
∑

i = 1

[

(µp−closed, i − µp−closed)
2 + (µp−open, i − µp−open)

2] (2.28)

where N is the number of the measured points along the lateral direction of the mid-

plane of the channel. Thus, the best-fitted values of the two zeta potentials, ζw and

ζp can be obtained by minimizing the value of S. Substituting Eqs. (2.24) and (2.25)

into Eq. (2.28), we know that the derivatives of function S with aspect to ζw and ζp

should be equal to zero

∂S

∂ζw
=

N
∑

i = 1

[2 (µp−closed, i − µp−closed) (−H (xi)) + 2 (µp−open, i − µopen) (−F )] = 0

(2.29)

∂S

∂ζp
=

N
∑

i = 1

[2 (µp−closed, i − µp−closed) (−G) + 2 (µp−open, i − µopen) (−G)] = 0 (2.30)
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Figure 2.3 Micro-PIV measurement of the velocity distributions of the 930 nm
polysterene fluorescent tracer particles in deionized water in (a) an open-end rectan-
gular microchannel, and (b) a closed-end rectangular channel. The channel is made
of borosilicate glass and has a length of 4 cm. Both the channel width and height are
300 µm (inner dimension). The electric field direction is imposed towards up and has
a strength of 100 V/cm.
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Figure 2.4 Plots for velocity data of the 930 nm polysterne fluoresecnt tracer parti-
cles in deionized water in (a) an open-end rectangular microchannel, and (b) a closed-
end rectangular channel. Other parameters are the same as those specified in Fig-
ure 2.3.
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Rearranging Eqs. (2.29) and (2.30) and making use of Eqs. (2.24) and (2.25), we obtain

ζw

N
∑

i = 1

[F +H (xi)] + ζp (2NG) =

N
∑

i = 1

(µp−open, i + µp−closed, i) (2.31)

ζw

N
∑

i = 1

[

F 2 + (H (xi))
2] + ζp

N
∑

i = 1

[G (F +H (xi))]

=
N

∑

i = 1

[Fµp−open, i +H (xi)µp−closed, i] (2.32)

It is convenient to express Eqs. (2.31) and (2.32) in the matrix form









N
∑

i = 1

[F +H (xi)] 2NG

N
∑

i = 1

[

F 2 + (H (xi))
2]

N
∑

i = 1

[G (F +H (xi))]















ζw

ζp







=









N
∑

i = 1

(µp−open, i + µp−closed, i)

N
∑

i = 1

[Fµp−open, i +H (xi)µp−closed, i]









(2.33)

Introducing

A =









N
∑

i = 1

[F +H (xi)] 2NG

N
∑

i = 1

[

F 2 + (H (xi))
2]

N
∑

i = 1

[G (F +H (xi))]









(2.34)

and

B =









N
∑

i = 1

(µp−open, i + µp−closed, i)

N
∑

i = 1

[Fµp−open, i +H (xi)µp−closed, i]









(2.35)

we get






ζw

ζp






= A−1B (2.36)

With the measured data for µp−open, i and µp−closed, i, A and B are known matrices.

Using Eq. (2.36), we can simultaneously determine the two zeta potentials of the
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Table 2.1 The zeta potentials (mV) of channel wall and tracer particles in different
electrolytes with various concentrations (M).

Electrolytes 10−5 M 10−4 M 10−3 M 10−2 M
Sodium Chlo-
ride (NaCl)

ζw = −59 ± 5
ζp = −36 ± 4

ζw = −46 ± 5
ζp = −29 ± 7

ζw = −27 ± 5
ζp = −23 ± 6

ζw = −16 ± 6
ζp = −17 ± 5

Boric Acid
(H2B4O7)

ζw = −46 ± 5
ζp = −29 ± 4

ζw = −29 ± 5
ζp = −29 ± 6

ζw = −19 ± 4
ζp = −21 ± 7

ζw = −10 ± 6
ζp = −13 ± 5

channel surface and the tracer particles in deionized water as ζw = −62 ± 6 mV

and ζp = −37 ± 4 mV, respectively. Furthermore, the same method was used to

determine the zeta potentials in the sodium chloride and boric acid solutions with

various concentrations. The experimental data are summarized in Table 2.1. We

plot the zeta potential data versus the electrolyte concentration and present them in

Figure 2.5. It is noted that all the zeta potentials are negative. Furthermore, it can be

observed that the higher the electrolyte concentration, the smaller the absolute value

of zeta potentials will be. This tendency is common for the zeta potentials of glass

or polymer surfaces in aqueous solutions such as NaCl. Using the streaming potential

technique, Gu and Li (2000) measured the zeta potential of glass surface in contact

with different aqueous solutions of various concentrations. For NaCl solutions, they

reported the zeta potential values, ranging from −20 mV to −60 mV, which are in

good agreement with our data obtained in the present work.

2.4.3 Measurement errors due to Brownian motion

In micro-PIV measurement, the major uncertainty is due to the Brownian motion

of tracer particles. In particular, the Brownian motion plays an important role when

submicron tracer particles are used in PIV experiments with flow velocities of less than

1 mm/s. According to Einstein (1905), the Brownian motion induced random velocity

can be estimated from

uB =

√

2D

∆tPIV

(2.37)
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Figure 2.5 Measured zeta potentials versus solution concentration (mole/liter or
M) of the sodium chloride and boric acid electrolytes for (a) the microchannel surface,
and (b) the tracer particles.

37

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



The mass diffusivity of dilute tracer particles suspended in water is given by the

Einstein-Stokes equation expressed as (Probstein, 1994)

D =
kbT

6πµa
(2.38)

where kb is Boltzmann’s constant and is the absolute temperature of the fluid. Given

the tracer particles of a = 465 nm, room temperature T = 298 K and the PIV exposure

time ∆tPIV = 500 µs, the Brownian velocity is estimated as 46 µm/s. The Brownian

motion is the main source of errors of the velocity measurements, from which the

electrokinetic mobilities are determined. Due to the linear relationship between the

mobility and the zeta potential, the resulting error on the zeta potentials due to the

contribution of the Brownian motion is the same as the Brownian motion error.

2.5 Summary

With the micro-PIV technique, the steady-state EOF in open- and closed-end rect-

angular microchannels were characterized. The typical plug-like flow pattern in open-

end channel and parabolic velocity profile in closed-end channel have been demon-

strated. However, because the tracer particles are charged, the micro-PIV measured

velocity of tracer particles is a combination of the electroosomtic flow velocity and

the particle’s electrophoretic velocity. Hence, to retrieve the electroosmotic flow field,

the particles’ electrophoretic velocity has to be removed, which needs the information

of particle zeta potential. Accordingly, a method is proposed to simultaneously de-

termine the zeta potentials of the channel surface and the tracer particles in aqueous

solutions.

Accurate measurement of the zeta potentials of tracer particles and microchannel

surfaces is crucial to understanding of the stability of colloidal suspensions and trans-

port of colloidal particles, obtaining micro-PIV measurements of electroosmotic flow

fields, and quantifying the performance of electrokinetic microfluidic devices. The

proposed method uses the micro-PIV technique to measure the steady velocity dis-
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tributions of tracer particles in both open- and closed-end microchannels under the

same water chemistry condition. As a result, the zeta potentials of the tracer particles

and the channel surfaces can be determined using the least-square method to fit the

micro-PIV measured velocity distributions of the tracer particles. This method was im-

plemented to the open- and closed-end rectangular channels having 300 µm× 300 µm

cross section and 4 cm in length under a 100 V/cm applied electric field. Measure-

ments were carried out with a micro-PIV system to determine the zeta potentials of

the channel surfaces and the fluorescent tracer particles in deionized water and sodium

chloride and boric acid electrolytes of various concentrations. The obtained zeta poten-

tials are in reasonable agreement with the data reported in the literature. Nonetheless,

the proposed method avoids dealing with the problems associated with the stationary

level in microelectrophoretic measurements, and allows for simultaneously determin-

ing the zeta potentials of the tracer particles and the microchannel surfaces using the

micro-PIV technique.
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Chapter 3

Start-up Transient Electrokinetic

Flow in Microchannels

3.1 Introduction

As discussed in Chapter 1, the understanding of transient electroosmotic flow not

only provides insights into the characteristics of electroosmotic flow but also is im-

portant to the practical development and operation of microfluidic devices. Exper-

imentally, direct visualization of the dynamic electrokinetic flows is of fundamental

importance as it provides insight into the underlying mechanisms of the development

and stability of electrokinetic flows (Oddy et al., 2001; Lin et al., 2004). Furthermore,

study of the dynamic aspects of the electrokinetic flow plays a crucial role in the devel-

opment of relevant microfluidic technologies. According to Fan and Harrison (1994),

the efficiency of electrophoretic separation is strongly dependent on the duration of

electroosmotic injection, which in turn is related to the time evolution of electrokinetic

flow. To reduce the contributions due to injection plug width and Joule heating, Ja-

cobson et al. (1994 and 1998) proposed a high-speed electrophoretic separation mode

to achieve separation within less than one millisecond, which is in the same order of

the temporal development of electrokinetic flow.

However, because of the limitations of existing techniques, experimentally the tran-
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sient measurement is usually difficult to realize. To our best knowledge, no study has

been reported on measuring the velocity field of transient electrokinetic flows. This

is mainly due to the fact that the time scale for the time evolution of electrokinetic

flows in microfluidic channels is in the order of milliseconds, which is too rapid for the

relatively low frame rates of the state-of-the-art PIV cameras to capture.

In this chapter, a technique is developed to characterize the transient electrokinetic

flow by using an ordinary PIV CCD camera. Experiments are conducted to measure

the time evolution of electrokinetic flows in both open-end and closed-end rectangular

microchannels. Utilizing such transient micro-PIV technique, a method is proposed to

determine the electrophoretic mobility of the tracer particles and the zeta potential of

the channel wall. Using the measured channel zeta potential, the theoretical predic-

tions of the transient electroosmotic velocity fields are validated with the experimental

data.

3.2 Mathematical Modeling of Electrokinetic Flow

– Slip Velocity Approach

Study of the transient development of electrokinetic flows in both open-end and

closed-end channels is of fundamental interest; the former is due to pure electroosmosis

and the latter is due to a combination of the electroosmosis and the induced back-

pressure gradient. From a practical viewpoint, a straight open-end channel is an

essential part of microfluidic devices. For closed-end channels, they are traditionally

used for the electrophoretic measurement to determine the particle’s zeta potential.

Recently, a promising application using the closed-end channel structure has been

proposed for the development of electrokinetic microactuators (Marcos et al., 2004b).

Consider a transient electroosmotic flow in a rectangular microchannel having a

height, 2h and width, 2w shown in Figure 2.1. The liquid filled in the microchannel

is assumed to be an incompressible, Newtonian, symmetric electrolyte of constant

density, ρ, and viscosity, µ. The channel wall is uniformly charged with a zeta potential,
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ζ . When an external electric field, E is applied along the axial direction of the channel,

the liquid starts to move as a result of the interaction between the net charge density in

the electric double layer (EDL) of the channel and the applied electric field. The driving

force of electroosmotic flow is present only within the EDL. The typical thickness of

an EDL is in the range of 1 to 100 nm; while the characteristic hydraulic diameter

of microfluidic channels is of order 10 to 100 µm (Stone et al., 2004; Erickson and

Li, 2004). Because of such orders of magnitude difference, the electroosmotic velocity

profile inside the EDL region becomes insignificant, and thus the electroosmotic flow

can be considered to be induced by a moving wall with velocity (slip velocity) given

by the Smoluchowski equation, us = −ε0εrζE
µ

. In the literature, the fluid flow actuated

by the moving boundary of the wall and driven by hydrodynamic shear stresses is

referred to as the Stokes first problem (Telionis, 1981). More general discussions

of the applicability of the slip velocity approach in electrokinetic flows are provided

elsewhere (Cummings et al., 2000; Santiago, 2001).

The following dimensionless parameters are introduced:

u =
u

U
t̄ =

µ

ρD2
h

t X =
x

Dh

Y =
y

Dh

Z =
z

DhRe
P̄ =

p

ρU2
(3.1)

where U is the reference velocity, Dh = 4wh
w+h

is the hydraulic diameter of the rect-

angular channel, and Re = ρDhU
µ

is the reference Reynolds number. Using the slip

velocity approach, the transient velocity profile of a fully-developed electrokinetic flow

is governed by the Stokes equation, in a dimensionless form, expressed as (Yang, 2002)

∂ū

∂t̄
=

∂2ū

∂X2
+
∂2ū

∂Y 2
− dP̄

dZ
(3.2)

The appropriate initial and boundary conditions applicable to Eq. (3.2) are

ū(X, Y, t̄)|t̄=0 = 0 (3.3)

ū
∣

∣

X=w/Dh
= ūs ū

∣

∣

Y =h/Dh
= ūs (3.4)
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∂ū

∂X

∣

∣

∣

∣

X=0

= 0
∂ū

∂Y

∣

∣

∣

∣

Y=0

= 0 (3.5)

where ūs = us

U
= −ε0εrζE

µU
. Here, two cases are considered:

Case 1: Transient electroosmotic flow field in an open-end rectangular microchannel

In this situation, dP̄
dZ

≡ 0, because no external pressure is applied. Using the separation

variables method, the solution of Eq. (3.2) is given by

ū(X, Y, t̄) = ūs −
16ūs

π2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY ) e−Tmn t̄

(2m− 1) (2n− 1)
(3.6)

where αm =
(

2m−1
2

)

Dh

w
π, βn =

(

2n−1
2

)

Dh

h
π and Tmn = α2

m + β2
n.

Case 2: Transient electroosmotic flow field in a closed-end rectangular microchannel

Due to the closed-end structure, an inner backpressure gradient dP̄
dZ

(a function of t only

under assumption of an infinitely extended channel) is induced to fulfill the condition

of the zero net flow rates, which mathematically is expressed as

w/Dh
∫

X=−w/Dh

h/Dh
∫

Y=−h/Dh

ū (X, Y, t̄)dXdY = 0 (3.7)

Using the Green’s function formulation (Ozisik, 1993) and Laplace transform (Doetsch

and Nader, 1970), we solve the problem as below. Introducing

v̄ = ū− ūs (3.8)

we can rewrite Eq. (3.2) as

∂v̄

∂t̄
=

∂2v̄

∂X2
+
∂2v̄

∂Y 2
− dP̄

dZ
(3.9)

with the initial condition and boundary conditions

v̄ (X, Y, 0) = −ūs (3.10)

v̄
∣

∣

X=w/Dh
= 0 v̄

∣

∣

Y =h/Dh
= 0 (3.11)
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∂v̄

∂X

∣

∣

∣

∣

X=0

= 0
∂v̄

∂Y

∣

∣

∣

∣

Y=0

= 0 (3.12)

According to the Green’s function method (Ozisik, 1993), the solution of Eq. (3.9)

subjected to the initial and boundary conditions given in Eqs. (3.10) – (3.12) can be

explicitly expressed as

v̄(X, Y, t̄) =

t̄
∫

τ=0

dτ

w/Dh
∫

X′=0

h/Dh
∫

Y ′=0

G(X, Y, t̄ |X ′, Y ′, τ)

(

−dP̄

dZ

)

dX ′dY ′

+

w/Dh
∫

X′=0

h/Dh
∫

Y ′=0

G(X, Y, t̄ |X ′, Y ′, τ) |τ=0 (−ūs) dX ′dY ′ (3.13)

Here, the Green’s function G(X, Y, t̄ |X ′, Y ′, τ) can be obtained by using the separation

of variables method. The expression for G(X, Y, t̄ |X ′, Y ′, τ) is given by

G(X, Y, t̄ |X ′, Y ′, τ) =
4D2

h

wh

∞
∑

m=1

∞
∑

n=1

cos (αmX) cos (αmX
′)

× cos (βnY ) cos (βnY
′) e−Tmn (t̄−τ) (3.14)

Substituting Eq. (3.14) into Eq. (3.13) and carrying out the integration, we can get

v̄ (X, Y, t̄) = −16

π2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

(2m− 1) (2n− 1)

×
t̄

∫

τ=0

exp [−Tmn (t̄− τ)]
dP̄

dZ
(τ) dτ

−16ūs

π2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

(2m− 1) (2n− 1)
exp (−Tmnt̄) (3.15)

With Eq. (3.7) and the symmetric condition, we know

h/Dh
∫

Y=0

w/Dh
∫

X=0

ū (X, Y, t̄)dXdY = 0 (3.16)

44

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Substituting Eq. (3.8) into Eq. (3.16), we find

h/Dh
∫

Y=0

w/Dh
∫

X=0

(v̄ + ūs)dXdY =

h/Dh
∫

Y=0

w/Dh
∫

X=0

v̄dXdY + ūs
wh

D2
h

= 0 (3.17)

Substituting Eq. (3.15) into Eq. (3.17), we get

−64wh

π4D2
h

∞
∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2

t̄
∫

τ=0

exp [−Tmn (t̄− τ)]
dP̄

dZ
(τ) dτ

−64wh

π4D2
h

ūs

∞
∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2 exp (−Tmnt̄) + ūs
wh

D2
h

= 0 (3.18)

Applying the Laplace transform on Eq. (3.18), we obtain the Laplace transform of the

dimensionless pressure gradient as

L
[

dP̄

dZ
(t̄)

]

=
π4ūs

64

1
∞

∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2

s

s+ Tmn

− ūs (3.19)

where s is the corresponding variable of t̄ in Laplace space. Substituting Eq. (3.15)

into Eq. (3.8) and applying Laplace transform, and substituting Eq. (3.19), one can

show that the Laplace transform of the velocity field is

û (X, Y, s) = L [ū (X, Y, t̄)]

= −16

π2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

(2m− 1) (2n− 1)

1

s+ Tmn

{

L
[

dP̄

dZ
(t̄)

]

+ ūs

}

+
ūs

s

=
ūs

s
− π2ūs

4

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

(2m− 1) (2n− 1)

1

s+ Tmn
∞

∑

m=1

∞
∑

n=1

1

(2m− 1)2 (2n− 1)2

s

s+ Tmn

(3.20)

Since this Laplace transform function involves double infinite series, a numerical Laplace

inversion method is sought to obtain ū (X, Y, t̄) at a given time t̄. In this study, we ap-

ply the fixed Talbot (FT) method (Abate and Valko, 2004; Appendix C) to û (X, Y, s)
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Figure 3.1 The sketch of the measurement cell. The layers are bounded together.
Open-end channel connects with two reservoirs. Closed-end channel is made by sealing
the two ends with Epoxy glue.

for the inversion of the Laplace transform

ū (X, Y, t̄) = L−1 [û (X, Y, s)] (3.21)

3.3 Experimental Section

3.3.1 Measurement cell and materials

A schematic of the measurement cell is shown in Figure 3.1. The measurement cell

consists of a borosilicate glass microchannel (VitroCom), a polymer holder, and two

reservoirs. The microchannel has a rectangular 300 µm × 300 µm cross section and is

4 cm in length. For the closed-end cell, Epoxy glue was used for sealing the two ends

of the channel.

Fluorescent polystyrene particles of radius a = 465 nm (Duke Scientific Co.) were

used as tracer particles for tracking the flow. The tracer particles have the excitation

and emission wavelength of 540 nm and 610 nm, respectively. Prior to experiment, the

cell was cleaned in an ultrasonic cleaner with a NaOH base solution and then flushed

with deionized water. In all of the experiments, DI water and NaCl solutions (pH 6) of

various concentrations were chosen as the working fluids. The number concentration

of tracer particles was approximately about 2 × 109 particles per ml.
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Figure 3.2 Schematic of the micro-PIV setup. The PC controls and synchronizes
the lasers for illumination, CCD camera for image recording, and high voltage switch
for turning on the high voltage supply.

A DC electric field was applied using platinum wire (Sigma Aldrich) electrodes

inserted into the two reservoirs at the ends of the microchannel. A high-voltage power

supply (PS350, Stanford Research Systems) was used to apply 800 V potential dif-

ference on the two electrodes, giving rise to a 200 V/cm strength of the applied DC

field.

3.3.2 Experimental setup

A schematic of the experimental setup of the micro-PIV system is illustrated in

Figure 3.2. The micro-PIV system is basicly the same as the one used in Chapter

2. However, since we take measurements during short transient time, we use the PIV

system’s function of synchronization. For precisely synchronizing the operation of the

laser, CCD camera and high voltage supply, the internal triggering mode is applied in

the experiment. In addition, an in-house made high-voltage switch is designed, and

used in the transient measurements. In the next subsection, the detailed description

of synchronization will be provided.
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3.3.3 Measurement of transient electrokinetic flow

In order to capture the transient electrokinetic flows, we need to quantify the

time scale for electrokinetic flow development. Previous analysis suggests that the

characteristic response time of a charged particle to an applied electric field is of order

(Minor et al., 1997)

τep = O(a2ρp/µ) (3.22)

where a and ρ are the radius and density of the particle, respectively, µ is the vis-

cosity of electrolyte. In our experiment, latex particles of 930 nm in diameter and

1050 kg/m3 in density were used, giving rise to a particle electrophoretic response

time of order τep = O(10−6) s. In the same fashion, the characteristic response time

of an electroosmotic flow after switching on the electric field can be estimated from

(Yang, 2002)

τeo = O(D2
hρ/µ) (3.23)

For NaCl electrolyte in a typical microchannel of 100 µm in hydraulic diameter, we

can estimate the electroosmotic flow relaxation time of order τeo = O(10−2) s. Such

small response time poses a big challenge for the relatively low frame rates of the

state-of-the-art PIV cameras. We implement a technique that essentially is similar to

the one used by Meinhart and Zhang (2000) for characterizing the transient pressure-

driven flow in an ink-jet nozzle. This technique allows for measuring the transient

developing process of electroosmotic flow without the need of a high-speed camera,

and it applies the phase lock method to capture image pairs at a given time by precise

timing and synchronization among the high-voltage switching, laser illumination, and

camera triggering to freeze particle image pairs at any time from the start of electroki-

netic effects. It is achieved by use of an in-house built high voltage switch shown in

Figure 3.3(a), which mainly consists of an insulated gate bipolar transistor (IGBT,

IRG4PH40U) with a short switching time of 2× 10−6 s, which is of the same order of

magnitude as τep by Eq. (3.22) but several orders smaller than τeo by Eq. (3.23). The

switching time has been characterized by an oscilloscope as shown in Figure 3.3(b),

48

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



in which the triggering signal is applied on the Channel 1 and the Channel 2 presents

the voltage drop down across the IBGT.

In operation, the micro-PIV system is set in internal triggering mode, under which

an output signal (A8) from PCI card is sent to the high voltage switch to turn on the

electric field. With the control software (Davis 6.2, LaVision Inc.), a programmable

delay can be precisely generated in the range of τep < t ≤ τeo. The diagram of the

control scheme is shown in Figure 3.4. Given any specified time in this range, the

first particle image is recorded and then the second image is captured immediately

after a time period of ∆tPIV = 500 µs. Thus, the snapshot of particle velocity field

at this time can be obtained by evaluating these two images with PIVview software

(PivTec GmbH). As the flow development process is highly repeatable, the entire time

evolution of the transient electrokinetic flow can be found through recoding back-to-

back images. The resolution of this micro-PIV transient technique is constrained by

the shortest PIV exposure time ∆tPIV = 0.5 × 10−3 s, which is adequate enough for

analyzing the temporal development of the electrokinetic flow of order τeo = O(10−2) s.

Focusing the objective lens on the mid-plane (Y = 0) of the rectangular channel,

we took measurements at different times, t = 0.5 ms, 2 ms, 7 ms, 4 ms, 10 ms and

60 ms for the open-end channel, and t = 0.5 ms, 2 ms, and 5 ms for the closed-end

channel. We captured at least 20 pairs for each given time. Correspondingly, the

instantaneous velocity fields were obtained at these specified moments. Due to the

relatively large reservoirs at the two ends of the capillary, pressure-driven velocity

component is negligible during the short time of the transient process.

As discussed in Chapter 2, the major uncertainty in micro-PIV measurement is

due to the Brownian motion of tracer particles. It has been reported in the literature

that the measurement errors due to the particle’s Brownian motion can be reduced

by using the so-called ensemble correlation technique because the random Brownian

motion errors are unbiased. The ensemble averaging technique was first proposed

and demonstrated by Meinhart et al. (2000). Wereley et al. (2002) discussed the

effect of Brownian motion and found that this technique can effectively reduce the
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Figure 3.3 (a) Circuit diagram of the high voltage switch. This high voltage switch
mainly consists of an ultra fast speed IGBT (IRG4PH40U) and an optocoupler (4N28).
The optocoupler is used to separate the electrical connection between the PCI card
and the high voltage power supply in order to avoid the high voltage shock on the
controlling hardware in the PC. With the IGBT, the switch can sustain high voltage
(up to 1200 V) and has a very short switching time (around 2 µs). (b) A captured
screen of an oscilloscope for characterizing the switching time of the insulated gate
bipolar transistor (IGBT).
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Figure 3.4 Timing and synchronization (not to scale). The control scheme is under
internal triggering mode. The initial delay value is the time between PTU start and
the first laser flash, and it is adjustable from 0.4 ms to 100 ms. The output signal
A8 is a general purpose TTL-output to synchronize other external devices. Here the
external device is a high voltage switch. The time of A8 signal is also adjustable, and
the switch-on time of high voltage supply time can be altered before measurement by
setting different time values.

errors due to the random distributed noises. Here an open-source program URAPIV

(http://urapiv.wordpress.com/) is utilized to do the ensemble averaging by averaging

the correlation matrices for all different image pairs at given times (phases).

3.4 Results and Discussion

3.4.1 Subtracting electrophoretic component from micro-PIV

measurement

As pointed out earlier, the particle velocity, up evaluated from the micro-PIV mea-

surement is a combination of two components, the particle electrophoretic velocity, uep

and the electroosmotic velocity, ueo:

up = uep + ueo (3.24)
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To obtain the electroosmotic velocity, a method is proposed to eliminate the contribu-

tion of particle electrophoresis in transient micro-PIV measurements. The method

is based on the large difference between the response time scales of electrophore-

sis, τep and electroosmotic flow, τeo. As analyzed earlier, the electrophoretic com-

ponent can attain its steady-state velocity shortly after applying the electric field, say

t = 0.5 ms ≫ τep ∼ O(10−6) s; while the electroosmotic component is only developed

in the neighborhood of the channel wall, and in the center part of the channel fluid

still remains stationary because t = 0.5 ms ≪ τeo ∼ O(10−2) s. Thus, at this moment,

the particle electrophoretic velocity is equal to the measured particle velocity in the

center region of the channel, up = uep as shown by a dotted box in Figure 3.5(a). After

applying the ensemble averaging technique to the image pairs, the value of the particle

electrophoretic velocity is obtained as uep = −890 ± 21.6 µm/s, in which the error is

less than half of the estimated Brownian motion velocity value 46 µm/s. According

to Eq. (3.24), the electroosmotic component (i.e., electroosmotic flow field) can be ex-

tracted from the micro-PIV measured velocities, and is shown in Figure 3.5(b). In the

same fashion, the electroosmotic flow fields at various times can be obtained, which

are shown in Figure 3.6 for the open-end channel and in Figure 3.9 for the closed-end

channel.

3.4.2 A Method of determining the zeta potential of the chan-

nel wall

The zeta potential of the channel wall is an important parameter for characterizing

the channel wall materials and it offers a basis for design and control of microfluidic

devices. According to Eq. (3.6) which expresses the transient electroosmotic velocity

for the open-end microchannels, it can be shown that as t̄→ ∞, Eq. (3.6) becomes

ū(X, Y, t̄) |t̄→∞ = ūs = const (3.25)
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(a)

(b)

1 mm/s

Figure 3.5 Transient velocity field measured at the mid-plane (y = 0) of an open-
end channel filled with 1 mM NaCl electrolyte: (a) the velocity field of the 930 nm
polystyrene fluorescent tracer particles at t = 0.5 ms; and (b) the corresponding
electroosmotic flow field after subtracting the electrophoretic component from the
measured particle velocity. The electroosmotic flow is developed near the channel
wall region only and the fluid in the major center part of the channel still remains
stationary. The electric field is imposed upwards and has a strength of 200 V/cm.
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This suggests that the electroosmotic flow reaches its steady state which is given by

the Smoluchowski equation expressed as

ueo |t→∞ = us = −ε0εrζwE

µ
(3.26)

Experimentally, the steady-state electroosmotic velocity can be obtained at a suffi-

ciently long time. For example, as shown in Figure 3.6 when t = 60 ms, the ve-

locity profile exhibits a “plug-like” shape, suggesting the flow attains its at steady

state. In our experiment, the measured electroosmotic velocity in steady-state is

ueo = 0.949 mm/s. Then, the zeta potential of the channel wall can be deter-

mined using Eq. (3.16). Using the properties of water leads to a zeta potential of

ζw = −57.7 mV, which agrees well with the value of −56 mV reported by Erickson et

al. (2000).

On the one hand, this method avoids the difficulty associated with the electrophoretic

measurement conducted at the stationary level. On the other hand, as the time of ap-

plying the electric field is rather short, Joule heat effects are minimized so that it is

extremely useful in the situations where Joule heating associated problems are severe.

3.4.3 Comparisons of experimental data and theoretical re-

sults

Having obtained the zeta potential of the channel wall, the transient, 2D electroos-

motic velocity distributions were computed using Eq. (3.6) for the open-end channel

and Eq. (3.21) for the closed-end channel. It should be noted that the channel wall is

in a charging process during the start-up transient EOF, and the zeta potential is also

changing during this period. However, this characteristic response time is very short

compared with the transient period. According to Bazant et al. (2004), the response

time (Debye time) can be estimated by using τch = λ2
D/D, where λD is the Debye

screening length (in the order of 1 ∼ 10 nm), and D is the ionic diffusion constant (for
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(a) t = 2 ms            (b) t = 4 ms

(c) t = 10 ms            (d) t = 60 ms

1 mm/s

Figure 3.6 Vector plots for the time evolution of the electroosmotic velocity distri-
butions at the mid-plane (y = 0) of an open-end rectangular channel for various times:
(a) t = 2 ms, (b) t = 4 ms, (c) t = 10 ms, and (d) t = 60 ms. Other conditions are
the same as those stated in Figure 3.5.
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aqueous solutions, D ∼ 104
µm2/s). Hence the charging time is τch ∼ 1 µs, which is

much shorter than the start-up transient period of EOF (of order in 10 ms). Therefore,

the time-dependent zeta potential has reached the steady value much earlier than the

transient EOF starting up, and it is safe to calculate the velocity field using the zeta

potential obtained in the measurement.

In calculation, the thermophysical and electrical properties of NaCl electrolytes

were chosen the same as those of water, and they are the dielectric constant, εr = 80,

density, ρ = 1000 kg/m3, and viscosity, µ = 9 × 10−4 Pa s. Figures 3.7 and 3.10

respectively depict a comparison between the experimental data and the predicted 2D

velocity profiles at the mid-plane (y = 0) of the open-end and closed-end channels

for various times. A good agreement is found between the experimentally measured

transient electroosmotic velocity distributions and the theoretical predictions for elec-

troosmotic flows in both open-end and closed-end microchannels.

It can also be observed that for the same channel dimensions and under the same

experimental conditions, the time taken for the electroosmotic flow to develop in a

closed-end channel is shorter than that in an open-end channel. This is because for the

electroosmotic flow in open-end channels, the electroosmotic effect that only functions

in the near-wall EDL region is the sole driving force, and then the momentum is

transported to the rest of the channel through hydrodynamic shear stress. While for

the electroosmotic flow in closed-end channels, the driving forces include not only the

electroosmosis but also the induced backpressure gradient; the latter is applied upon

the bulk flow region and thus speeds up the flow development.

It is known that the EDL is characterized by the Debye length, λD, and an expres-

sion for a symmetrical electrolyte of valence, zv at room temperature 25 ◦C is given

by (Masliyah, 1994)

λD =
9.61 × 10−9

(z2
vc)

1/2
(3.27)

where the unit for λD is meter and the units for the bulk ionic concentration, c are

mole m−3. For NaCl solution, the Debye length is about 10 nm for the concentration of

1 mM, and correspondingly the EDL thickness is around (3 ∼ 5)λD, which is 50 nm.
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(a) t = 0.5 ms
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(b) t = 2 ms

Figure 3.7 Comparison of the measured, lateral electroosmotic velocity distributions
with ensemble correlation at the mid-plane (y = 0) of an open-end rectangular channel
with the theoretical velocity profiles predicted on the basis of the slip velocity approach
for various times: (a) t = 0.5 ms, (b) t = 2 ms, (c) t = 4 ms, (d) t = 7 ms, (e) t = 10 ms,
and (f) t = 60 ms. Other conditions are the same as those stated in Figure 3.5. The
experimental data represent the averaged electroosmotic velocities taken at various
locations along the axial flow direction but within the mid-plane of the channel.
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Figure 3.8 Transient response of electroosmotic velocity at the channel center for
different NaCl concentrations. The symbols denote the experimental data. The lines
represent the theoretical prediction of the electroosmotic velocity. The electric field
strength is E = 200 V/cm.

Hence, it is obviously not feasible to use particles of 930 nm in diameter to track

the flow and give the fluid velocity distributions in the EDL region. This explains

why the current measurements did not extend to the region in the neighborhood of

the channel wall. In fact, it poses a great challenge to directly measure the fluid

velocity near the channel wall because of possible involvement of complex surface force

interactions between the tracer particles and the channel wall, such as van der Waals

and EDL forces (Unni and Yang, 2005). Sadr et al. (2004) developed a nano-particle

image velocimetry (nano-PIV) technique to measure the near-wall velocity field in

an electroosmotic flow, which is the first experimental verification of the analytical

predictions that the region of uniform flow extends to within 100 nm of the wall and

that the thickness of the EDL in EOF is much less than 100 nm.

However, from a microfluidic applications viewpoint, the characteristic size of the

channel (e.g., the hydraulic diameter) is much larger than the EDL thickness, sug-

gesting that the contributions of velocity distributions in the EDL region, though of
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(a) t = 0.5 ms

(b) t = 2 ms

(c) t = 5 ms

1 mm/s

Figure 3.9 Vector plots for the time evolution of the electroosmotic velocity distri-
butions at the mid-plane of a close-end rectangular channel filled with 1 mM NaCl
electrolyte for various times: (a) t = 0.5 ms, (b) t = 2 ms, and (c) t = 5 ms. The
electric field is imposed upwards and has a strength of 200 V/cm.
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Figure 3.10 Comparison of the measured, lateral electroosmotic velocity distribu-
tions at the mid-plane (y = 0) of a closed-end rectangular channel with the theoretical
velocity profiles predicted on the basis of the slip velocity approach for various times:
(a) t = 0.5 ms, (b) t = 2 ms, and (c) t = 5 ms. Other conditions are the same as those
stated in Figure 3.7. The experimental data represent the electroosmotic velocities
taken at various locations along the axial flow direction but within the mid-plane of
the channel.
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fundamental interest, are not important. This can be seen from both Figure 3.7 and

Figure 3.10, which show that using the transient micro-PIV technique described in

this study the temporal development of the electroosmotic velocity field in the bulk

flow region can be captured very well. In addition, the slip velocity approach, which

neglects the detailed information inside the EDL region by assuming the slip velocity

on the basis of the Smoluchowski equation, is verified by our experimental data.

In addition, we also measured the transient electroosmotic flow in the open-end

channel for NaCl solutions with concentrations of 0.01 mM, 1 mM and 10 mM. Fig-

ure 3.8 depicts the transient response of the electroosmotic velocity in NaCl electrolyte

of three different concentrations. The time axis is shown on a logarithmic scale. The

theoretical results shown by the solid line were obtained based on the measured zeta

potentials. It can be noted that the more dilute the NaCl electrolyte concentration,

the higher the electroosmotic flow velocity and the wall zeta potential. Again, it is

found that the theoretical predictions are in good accordance with the experimental

data.

3.5 Summary

A phase locking based micro-PIV technique is proposed to investigate transient

electroosmotic flow fields by using precise synchronization of different trigger signals

for the laser, CCD camera, and in-house designed high-voltage switch. This technique

allows for recoding two consecutive particle images at any time during the temporal

development of electrokinetic flow so that the entire time evolution of electrokinetic

flow can be obtained by putting together the recorded back-to-back images. This

technique was implemented to study the transient electrokinetic flow in both open- and

closed-end rectangular channels. Using the transient micro-PIV technique, a method,

based on the large difference in the response time scales of the electrophoresis of

tracer particles and the microchannel electroosmotic flow, was proposed to subtract

the electrophoretic component of the particle velocity from the micro-PIV measured
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data, and thus the transient electroosmotic flow fields were obtained. Furthermore, the

zeta potential of the channel wall was also determined using the Smoluchowski equation

from the measured steady-state electroosmotic velocity in the open-end channel. Using

the ensemble averaging technique, the measurement errors due to Brownian motion

have been reduced effectively. The method reported here allows for measuring the

channel wall’s zeta potential without dealing with the difficulty related to the so-called

stationary level and is suitable for the situations where the Joule heating associated

problems are severe.

In addition, using the slip velocity approach and the measured zeta potential, the

theoretical predictions of the temporal development of electroosmotic flow in both

open- and closed-end microchannels are found to agree with the experimental results,

validating the slip velocity approach and the effective transient micro-PIV technique.

To our best knowledge, this study reports the first measurement of transient electroos-

motic flow fields and the first experimental verification of analytical predictions of the

temporal development of electroosmotic flows. The transient micro-PIV technique

presented in this study can be a useful tool to study the dynamic characteristics of

the electroosmotic velocity field in microfluidic devices.
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Chapter 4

Time-dependent Electroosmotic

Flow in Microchannels due to

Finite Reservoir Size Effect

4.1 Introduction

In electrokinetically-driven microfluidic applications, reservoirs are indispensable

and have finite sizes. During operation processes, as the liquid level difference in

reservoirs keeps changing as time elapses, a backpressure is generated. Thus, the flow

in microfluidic channels actually exhibits a combination of the electroosmotic flow and

the time-dependent induced backpressure-driven flow. The objective of this study is

to examine how the reservoir size will affect the EOF in a microchannel.

Less attention has been paid to study the finite reservoir size effect on EOF. Yang et

al. (2005) numerically investigated on the end effect in entry and exit regions. Zhang et

al. (2004) studied the same problem by introducing a better method of determining the

static pressures at the inlet and outlet of the microchannel. Their analyses show that

such end effect is significant only when the ratio of channel length to channel hydraulic

diameter is less than 10, but in most microfluidic devices, the ratio of channel length

to lateral dimension is more than 100. Crabtree et al. (2001) reported an experimental
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study of anomalies in microchip injection and separation due to the reservoir pressure

effect. However, no systematic study has been reported on the effect of finite reservoir

size on EOF in microchannels.

In this chapter, a model is presented to describe the effect of the finite reservoir

size on electroosmotic flow in a rectangular microchannel. Important parameters that

describe the effect of finite reservoir size on flow characteristics are discussed. A new

concept termed as “effective pumping period” is introduced to characterize the reser-

voir size effect. The proposed model identifies the mechanisms of the finite-reservoir

size effects and is verified by experiment using the micro-PIV technique. The results

reported in this study can be used for facilitating the design of microfluidic devices.

4.2 Mathematical Model

4.2.1 EOF in a rectangular microchannel with reservoir size

effects

As shown in Figure 2.1, a rectangular channel has a length l and a cross section

2w×2h, and it is connected with two cylindrical reservoirs initially with a same liquid

level. The liquid in the microchannel is assumed to be an incompressible, Newtonian,

symmetric electrolyte of constant density, ρ, and dynamic viscosity, µ. Joule heating

effect is assumed negligible (Tang et al., 2003).

Surface tension effect on liquid level in the reservoir may cause a hydrostatic pres-

sure (Crabtree et al., 2001). However, since we choose two identical reservoirs, the

Laplace pressure effect on the two reservoirs should be balanced each other (MacInnes

et al., 2003). The channel wall is uniformly charged with a zeta potential, ζ . When

an external DC electric field E is applied along the channel axial direction, the liquid

starts to move due to electroosmosis that is resulted from the interaction between

the net charge density in the electric double layer (EDL) of channel and the applied

electric field. The governing equations for the EOF field can be non-dimensionalized
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by using

r̄ = r/Dh t̄ = t/τch V = V /U (4.1a)

p̄ = p/P0 ∇ = Dh∇ ∇2
= D2

h∇2 (4.1b)

where r, t, V , and p are the position vector, time, local velocity vector, and pressure,

respectively. These quantities are normalized using Dh, τch, U , and P0 = µU/Dh,

which are the microchannel hydraulic diameter, characteristic time scale, characteristic

flow velocity, and characteristic pressure, respectively. Then one can write down the

continuity equation,

∇ · V = 0 (4.2)

and the Navier-Stokes equation,

Re

[

1

St

∂V

∂t
+ (V · ∇)V

]

= −∇p̄+ F e + ∇2
V (4.3)

where Re = ρUDh/µ is the Reynolds number that characterizes the ratio of inertial

force to viscous force, St = τchU/Dh is the Strouhal number that represents the ratio

of the characteristic process time, τch to the convective time, τc = Dh/U (Deen, 1998),

and F e =
D2

h

µU
ρeE is the non-dimensionless electrostatic body force due to the interac-

tion between the net charge density in the EDL of channel, ρe and the applied electric

field, E. Consider that usually the microchannel hydraulic diameter and the charac-

teristic flow velocity respectively are of order Dh = 100 µm and U = 1 mm/s, we can

estimate Re of order 10−1, showing a low Reynolds number flow and thus a negligible

inertial term, Re(V · ∇)V in Eq. (4.3). Furthermore, for most microfluidic applica-

tions, the pumping time is of order 100 ∼ 101 s, the characteristic convective time

scale is τc = Dh/U = 10−1 s, leading to the Strouhal number of order St = 101 ∼ 102.

As a result, we can assume a pseudosteady flow by ignoring the transient term, Re
St

∂V

∂t̄

(Marcos et al., 2005). Hence, Eq. (4.3) reduces to the Stokes equation expressed as

−∇p̄+ F e + ∇2
V = 0 (4.4)

65

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Figure 4.1 Superposition of electroosmotic flow and pressure-driven flow.

For a microchannel whose length dimension is much larger than its lateral dimensions,

the flow in the channel can be considered as unidirectional; this implies that the flow

is modeled as a fully-developed flow, namely ∂u/∂x = 0, v = 0 and w = 0 in terms

of Cartesian Coordinates. Furthermore, since the Stokes equation (i.e., Eq. (4.4)) and

its corresponding no slip boundary conditions are linear, we can treat the flow field

as a superposition of two parts including the electroosmotic flow due to F e and the

pressure driven flow due to the induced backpressure, ∇p̄ resulted from the liquid level

difference in reservoirs, as shown in Figure 4.1. Hence one can write the expression for

the flow field in dimensional form as (Deen, 1998)

u (x, y, t) = ueo + up (x, y, t) (4.5)

In Eq. (4.5), the electroosmotic flow field ueo is steady, while the backpressure driven

flow field up(x, y, t) is time-dependent because of the change of liquid level in the

reservoirs with time.

In microfluidic systems, due to very thin EDL thickness compared to the microchan-

nel dimension, the information of electroosmotic velocity profile inside the EDL region

becomes insignificant, and thus one does not need to solve the Poisson-Boltzmann

equation and the Stokes equation to obtain the electroosmotic flow field. Instead
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the EOF can be considered as a flow induced by a moving wall with a velocity (slip

velocity) given by Smoluchowski equation (Santiago, 2001),

ueo = −ε0εrζE

µ
(4.6)

Using the Cartesian coordinates system shown in Figure 2.1, with assumption of

the pseudosteady pressure-driven flow, the flow velocity profile is described by the well-

known Poiseuille flow which in a rectangular channel is expressed as (Papanastasiou

et al., 2000; Appendix D)

up (x, y, t) =
h2

2µ

∆p (t)

l



1 −
(y

h

)2

+ 4
∞

∑

k=1

(−1)k

α3
k

cosh
(

αkx
h

)

cosh
(

αkw
h

) cos
(αky

h

)



 (4.7)

where αk = (2k − 1)π/2 (here k = 1, 2, · · · ). ∆p (t) is the time-dependent pressure

drop induced by change of the liquid levels in the reservoirs. Without knowing the

induced backpressure, ∆p (t), one cannot compute the velocity profile expressed in

Eq. (4.7).

4.2.2 Determination of the induced backpressure gradient

Similarly, the total flow rate in the channel also consists of two parts, the electroos-

motic flow rate and the backpressure-driven flow rate. Then according to Eq. (4.5),

the total flow rate can be expressed as

q(t) = q0 − qp(t) (4.8)

where “−” sign indicates that the induced backpressure-driven flow is always opposite

to the electroosmotic flow. q0 is the electroosmotic flow rate and is expressed as

q0 = ueoAcross = −ε0εrζE

µ
4wh (4.9)
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Integrating Eq. (4.7) over the cross-sectional area of the rectangular microchannel gives

an expression for the volumetric flow rate in the induced pressure-driven flow as

qp (t) =
4wh3∆p (t)

3µ l

[

1 − 6h

w

∞
∑

k=1

1

α5
k

tanh
(αkw

h

)

]

(4.10)

For two identical reservoirs with radius R, and the cross section area is A = πR2.

Thus, the induced backpressure drop resulted from the change of fluid levels in the

two reservoirs can be related to the total quantity of liquid transported during the

pumping period from time zero to time t, and the correlation then can be expressed

as

∆p(t) = ρg
2Q(t)

A
(4.11)

where Q(t) is the total quantity of liquid transported at given time t and can also be

expressed as

Q(t) =

t
∫

τ=0

q(τ)dτ (4.12)

Substituting Eq. (4.11) into Eq. (4.10), we can obtain

qp (t) =
8wh3ρg

3µA l

[

1 − 6h

w

∞
∑

k=1

1

α5
k

tanh
(αkw

h

)

]

Q (t) (4.13)

Introducing a parameter,

C =
8wh3ρg

3µA l

[

1 − 6h

w

∞
∑

k=1

1

α5
k

tanh
(αkw

h

)

]

(4.14)

one can write

qp (t) = CQ (t) (4.15)

Using Eqs. (4.8), (4.12) and (4.15), one can show the expression for the total flow rate

q (t) = q0 − C

t
∫

τ=0

q (τ)dτ (4.16)
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Eq. (4.16) is an integral equation. With the initial condition of q (t = 0) = q0, one can

solve it to obtain the time-dependent flow rate,

q(t) = q0 exp(−Ct) (4.17)

Substituting Eq. (4.17) into Eq. (4.12) yields an expression for the total quantity of

liquid transported during the period of time zero to time t :

Q (t) =
q0
C

[1 − exp (−Ct)] (4.18)

Putting Eq. (4.18) into Eq. (4.11), one can show that the induced backpressure gradient

along the channel can be expressed as

∆p (t)

l
=

2ρgq0
CAl

[1 − exp (−Ct)] (4.19)

With the pressure gradient obtained, one can determine the electroosmotic-backpressure

driven velocity field using Eqs. (4.5) and (4.7).

4.2.3 Two important time parameters for electroosmotic pump-

ing

4.2.3.1 Effective pumping period

According to Eq. (4.17), it can be observed that the volumetric flow rate exhibits

an exponential decay with time. In fact, C defined in Eq. (4.14) is a characteristic

parameter that depends on the channel cross section, w and h, channel length, l, and

reservoir cross section area, A. We then can estimate the effective pumping period,

teff as follows. Here we define the effective pumping period as the time at which the

volumetric flow rate falls to 95% of q0, and thus one can use Eq. (4.17) to obtain

teff = − log (0.95)

C
≈ 0.05

C
(4.20)
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The estimation value of teff = 0.05/C can give a reference for efficient pumping in a

microfluidic system.

4.2.3.2 Reverse flow starting time

At the channel centerline, when the backpressure induced flow overcomes the elec-

troosmotic flow the reverse flow starts. Taking advantage of the analytical model

presented in this study, we can determine the reverse flow starting time, trev at which

the fluid velocity at the channel centerline (y = z = 0) should meet

|up (0, 0, trev)| = |ueo| (4.21)

Together with Eqs. (4.7), (4.9), and (4.19), we can show that the expression for the

reverse flow starting time,

trev = − 1

C
log











1 − µCAl

4ρgwh3

1

1 + 4
∞
∑

k=1

(−1)k

α3
k cosh (αkw/h)











(4.22)

4.2.4 Simulation results and discussion

4.2.4.1 Volumetric flow rate

For analysis, we choose the following parameters: the half height and half width of

the rectangular channel are w = h = 150 µm, the channel length is l = 4 cm, the wall

zeta potential of borosilicate glass channel is ζ = −62 mV (Chapter 2), the electric

strength is E = 100 V/cm, and the reservoir radii are R = 1 mm.

Figure 4.2 presents the volumetric flow rate and the pressure gradient versus time.

It can be seen that both the volumetric flow rate and the induced backpressure gradient

are dependent on time. A close examination of Figure 4.2 shows that in the early

pumping stage, the curve for flow rate is flat, indicating the volumetric flow rate keeps

unchanged. During this period, the change of the fluid level in the two reservoirs is

so small that the induced pressure gradient is negligible. As a result, the flow field is
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Figure 4.2 Volumetric flow rate and induced pressure gradient versus time.

dominated by EOF which, as shown in Eq. (4.9), is steady. Since the velocity profile

can keep a “plug flow” during this period, we define it as the effective pumping period.

After this effective pumping period, the volumetric flow rate decreases as the liquid

level difference in the two reservoirs becomes large and thus the induced backpressure

gradient increases. When the backpressure reaches its maximum, the total flow rate

becomes zero, suggesting the electroosmotic flow is completely counterbalanced by the

induced backpressure-driven flow.

Figure 4.3 shows the volumetric flow rate versus time for various reservoir radii.

It can be seen that by enlarging the reservoir size, the period of “plug flow” (i.e.,

the flat part of the curve) can be prolonged, demonstrating a decreasing effect of the

backpressure-driven flow when increasing the reservoir size (radius). Figure 4.4 shows

the flow rates for various channel cross-sectional areas. It is noted that the smaller

the channel cross-sectional area, the longer the effective pumping period, but at the

cost of a reduction in flow rate. Figure 4.5 shows the flow rates for various channel

lengths. It can be observed that a longer channel length gives rise to a longer effective
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Figure 4.3 Volumetric flow rate versus time for different reservoir radii.

Figure 4.4 Volumetric flow rate versus time for different channel cross sections (2w×
2h).
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Figure 4.5 Volumetric flow rate versus time for different channel lengths.

pumping period, with the maximum flow rate unchanged which is determined by the

EOF velocity and the cross-sectional area of the channel as shown in Eqs. (4.8) and

(4.9). Nevertheless, the scenarios shown in Figure 4.3 to Figure 4.5 can be explained

using Eqs. (4.11) and (4.13) which clearly show the induced backpressure and the

backpressure-driven flow rate are inversely proportional to the cross-sectional area of

reservoir, A or/and the channel length, l. Though no simple analytical expression is

available to describe the relationship between the channel cross-sectional area, 4wh

and the induced backpressure gradient or driven flow rate, it can be deduced that the

general trend is the larger the channel cross-sectional area, the stronger the effect of

the induced backpressure-driven flow.

4.2.4.2 Velocity field

The evolution of the velocity distribution with time is simulated, and the simulation

results are displayed in Figure 4.6. It is noted in Figure 4.6(a) that the velocity field

keeps the “plug-flow” during the period of EOF effective pumping. Afterwards the
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Figure 4.6 Time evolution of EOF velocity distributions due to finite reservoir size
effects. The electric field is imposed upwards and has a strength of 100 V/cm, and the
working fluid is DI water.

fluid velocity starts changing its shape due to the induced backpressure resulted from

the difference of fluid level in the two reservoirs (see Figure 4.6(b)). As time elapses, the

induced backpressure-driven flow is getting stronger by showing a parabolic velocity

distribution in Figure 4.6(c). In Figure 4.6(d), it is observed that the flow velocity field

finally reaches a stage that the total volumetric flow rate is zero due to a counterbalance

between the EOF velocity upward in the near wall region and the induced backpressure-

driven flow downward in the central region of the channel.
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4.3 Experimental Study

4.3.1 Experimental setup and procedure

To verify the proposed model, a micro-PIV system was used to measure the velocity

field (Santiago et al., 1998). A schematic of the measurement setup is the same as

shown in Figure 3.2. The rectangular microchannel (VitroCom, ST8330) is made

of borosilicate glass with a 300 µm × 300 µm inner dimension and a 4 cm length.

The microchannel was embedded in a polymer holder with two cylindrical reservoirs

machined in it. Radius of both reservoirs is 1 mm. The working fluid is deionized

water. For DI water, the characteristic EDL thickness specified by the Debye length

is around 1 µm (Probstein, 1994). Compared to the channel size of 300 µm, the EDL

thickness is so small that the velocity profile in the EDL region can be negligible by

using slip-velocity approximation approach.

Prior to loading the measurement cell with the particle suspension, the cell was

cleaned in an ultrasonic cleaner with deionized water. Fluorescent polystyrene particles

of diameter 930 nm (Duke Scientific Co.) were used. The number concentration of

seeding particle in the suspension was approximately 2 × 109 particles/ml. A DC

electric field was applied using platinum electrodes inserted into both reservoirs at

the ends of the microchannel cell. A high-voltage power supply (PS350, Stanford

Research) was used to apply 400 volts to the electrodes, resulting in an electric field of

100 V/cm. Under such low electric field strength, the Joule heating effect is negligible

with DI water as working fluid (Tang et al., 2003). This justifies the assumption of the

neglect of Joule heating effects in the model development. Focusing the objective lens

on the mid-plane of the rectangular channel, we measured the velocity distributions at

four different times: 1 s, 10 s, 30 s, and 100 s. The images obtained in measurements

were evaluated with PIVview software (PivTec GmbH).
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4.3.2 Experimental results and comparison with theory

Micro-PIV technique utilizes tracer particles that are usually charged in liquids. As

a result, the measured particle velocity is a combination of the electrophoretic velocity

of the tracer particles and the fluid flow field. To obtain the true fluid flow field, the

electrophoretic component has to be subtracted from the measured particle velocity.

From Chapter 2, the zeta potentials are known for both the channel wall (−62 mV)

and the tracer particles (−37 mV) in DI water. With the images processed, the flow

velocity field can be obtained by removing the electrophoretic component of the tracer

particles’ velocity measured by micro-PIV directly.

The flow velocity distributions at the four different times are shown in Figure 4.7.

For comparison, quantitative results are presented in Figure 4.8(a) in which the mea-

sured data of the fluid velocity are found in good agreement with the results of model

predictions, showing the validity of the proposed model. Figure 4.8(b) presents the

variation of the fluid velocity at the channel centerline with time. It clearly shows the

reverse flow starting time, that is determined by Eq. (4.22) is a divided point, before

which the electroosmotic flow is dominated and after which the induced backpressure

driven flow overcomes the electroosmotic flow.

4.4 Summary

A theoretical model was presented to describe the finite reservoir size effect. The

proposed model was verified by experiment using the micro-PIV technique. Two im-

portant time parameters were introduced, including the effective pumping period and

the reverse flow starting time to characterize the electroosmotic pumping, and both the

effective pumping period and the reverse flow starting time can be determined using

the analytical model presented in this study. Several parameters were studied to ana-

lyze the reservoir size effects on the EOF effective pumping, including the dimension

of the reservoir’s cross section, the length of the microchannel, and the cross-sectional

area of the microchannel. It was found that the reservoir effect is stronger for smaller
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Figure 4.7 Micro-PIV measurement results with finite reservoir size effects at vari-
ous times: (a) t = 1 s, (b) t = 10 s, (c) t = 30 s, and (d) t = 100 s. The electric field
is imposed from left to right and has a strength of 100 V/cm, and the working fluid is
DI water.
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Figure 4.8 Comparisons of experimental results and theory: (a) Experimental data
of the fluid flow (shown by solid symbols) and the theoretically predicted velocity
profiles (shown by solid lines) on the middle-plane of the channel at various times; (b)
time-dependent response of electroosmotic velocity at the channel center (x = y = 0).
Reservoir radius: R = 1 mm; Electric field strength: E = 100 V/cm; Working fluid:
DI water.
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reservoir size, shorter channel length, and larger channel cross-sectional area. From

the simulations, we can conclude that when the dimensions of a channel are fixed, the

only factor that will affect the EOF is the area of the reservoir’s cross section. More-

over, it is also noted that the size of the channel’s cross section significantly affects

the effective pumping period. In addition, because the flow rate is proportional to the

electric field strength, the flow rate can be improved by increasing the electric field

strength applied.

Since cylindrical channels have been widely used in various applications, such as

capillary electrophoresis, in Appendix A we present the theoretical derivation for the

EOF in a cylindrical tube with finite reservoir size effect using the method developed

in this chapter.
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Chapter 5

Frequency-dependent

Electroosmotic Flow in

Microchannels

5.1 Introduction

The study of frequency-dependent electroosmotic flow has attracted lots of atten-

tions due to its perspective of wide applications, such as micromixing (Glasgow et

al., 2004), micro actuation (Marcos et al., 2004b), etc. In the theoretical studies re-

ported in the literature (referring to Chapter 1), various methods have been used to

investigate this problem. However, these approaches employed numerical techniques

or complex analysis, which make the analysis complicated. In the present study, based

on the slip velocity approximation, a method that combines the Laplace transform and

the Frequency Domain Analysis is proposed to solve the governing equations for the

frequency-dependent electroosmotic flows in a rectangular microchannel. The DC/AC

combined electroosmotic flow in open-end rectangular microchannels is investigated in

this study. The analytical solutions for the velocity profiles of the DC/AC combined

EOF are obtained.

In nature, the frequency-dependent EOF is also time dependent. Using the micro-
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PIV technique, with a synchronization scheme similar to what described in Chapter

3, for the first time we have measured the frequency-dependent EOF velocity dis-

tributions. The experimental results are in reasonable agreement with the model

predictions.

5.2 Mathematical Modeling of Frequency-depen-

dent EOF in Rectangular Microchannels – Slip

Velocity Approach

In this section, we use the slip-velocity approximation method to analyze the

frequency-dependent EOF in straight rectangular microchannels. First, the EOF un-

der sole AC (sinusoidal) electric field is studied; then the electroosmotic flow driven

by a combined AC and DC electric field is investigated.

5.2.1 The frequency-dependent EOF velocity distributions in

both open- and closed-end rectangular microchannels

5.2.1.1 The EOF velocity distributions in both open- and closed-end chan-

nels

A frequency-dependent electroosmotic flow in a rectangular microchannel as de-

scribed in Figure 2.1 is considered. With externally applied electric field E = E0 sinωt,

this flow problem essentially belongs to the Stokes second problem with the oscillating

slip velocity boundaries. The following dimensionless parameters are introduced:

u =
u

U
t̄ =

µ

ρD2
h

t X =
x

Dh

Y =
y

Dh

Z =
z

DhRe
P̄ =

p

ρU2

where U is the reference velocity, Dh = 4wh/(w + h) is the hydraulic diameter of the

rectangular channel, and Re = ρDhU/µ is the reference Reynolds number. Using the

slip-velocity approximation, the slip boundary velocity is determined by the Smolu-
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chowski equation, us = −ε0εrζE0

µ
sinωt. With E = E0 sinωt = E0 sin ω̄t̄, ω̄ =

ρD2
h

µ
ω

is introduced as the dimensionless angular frequency, where ω = 2πf , and f is the

frequency of the AC electric field.

Hence, the velocity field can be obtained by solving the following transient Stokes

equation, in a dimensionless form (Yang, 2002)

∂ū

∂t̄
=

∂2ū

∂X2
+
∂2ū

∂Y 2
− dP̄

dZ
(5.1)

The initial and boundary conditions applicable to Eq. (5.1) are

ū(X, Y, t̄)|t̄=0 = 0 (5.2)

ū
∣

∣

X=w/Dh
= ūs0 sin (ω̄t̄) ū

∣

∣

Y =h/Dh
= ūs0 sin (ω̄t̄) (5.3)

∂ū

∂X

∣

∣

∣

∣

X=0

= 0
∂ū

∂Y

∣

∣

∣

∣

Y=0

= 0 (5.4)

where ūs0 = −ε0εrζE0

µU
.

Eq. (5.1) together with above boundary and initial conditions can be solved using

the Green’s function method. According to Ozisik (1993), the corresponding Green’s

function G can be obtained by using the separation of variables method, and its

expression is given by

G(X, Y, t̄ |X ′, Y ′, τ)

=
4D2

h
wh

∞
∑

m=1

∞
∑

n=1

e−Tmn (t̄−τ) cos (αmX) cos (αmX
′) cos (βnY ) cos (βnY

′) (5.5)

where αm =
(

2m−1
2

)

Dh

w
π, βn =

(

2n−1
2

)

Dh

h
π, and Tmn = α2

m + β2
n.

Using the Green’s function formulation, one can obtain the velocity distribution as

ū (X, Y, t̄) = −4D2
h

wh

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

t̄
∫

τ=0

e−Tmn(t̄−τ)dP̄

dZ
(τ) dτ
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+
4D2

hūs0

wh

∞
∑

m=1

∞
∑

n=1

(−1)m+n Tmn cos (αmX) cos (βnY )

αmβn

t̄
∫

τ=0

e−Tmn(t̄−τ) sin (ω̄τ) dτ (5.6)

Eq. (5.6) is the general solution of the AC-driven electroosmotic flow in a rectangular

microchannel. Hence, two specific cases are considered as below.

Case 1: The velocity distribution in an open-end rectangular microchannel

For an open-end channel, if we assume that the channel is infinitely extended

and the reservoirs are infinite, there is no pressure gradient along the channel, i.e.,

dP̄ /dZ = 0. Hence, the expression given by Eq. (5.6) of the velocity distribution can

be analytically evaluated as

ū (X, Y, t̄) =
4D2

hūs0

wh

∞
∑

m=1

∞
∑

n=1

(−1)m+n Tmn
αmβn

cos (αmX) cos (βnY )

×
t̄

∫

τ=0

e−Tmn(t̄−τ) sin (ω̄τ) dτ

= ūs0 sin (ω̄t̄) +
4D2

hūs0

ab

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

×−ω̄2 sin (ω̄t̄) − Tmnω̄ cos (ω̄t̄) + Tmnω̄ exp (−Tmnt̄)
T 2
mn + ω̄2

(5.7)

The Laplace transform of Eq. (5.7) is expressed by

û (X, Y, s) =
4D2

hūs0

wh

ω̄

s2 + ω̄2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

Tmn
s+ Tmn

(5.8)

Case 2: The velocity distribution in a closed-end rectangular microchannel

For a closed-end channel, due to the closed-end structure, a back pressure gradient

dP̄ /dZ will be induced to fulfill the zero flow rate condition, which due to geometric

symmetry can be expressed as

w/Dh
∫

X=0

h/Dh
∫

Y=0

ū (X, Y, t̄)dXdY = 0 (5.9)
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Substituting Eq. (5.6) into Eq. (5.9) gives

−4D2
h

wh

∞
∑

m=1

∞
∑

n=1

1

α2
mβ

2
n

t̄
∫

τ=0

e−Tmn(t̄−τ)dP̄

dZ
(τ) dτ

+
4D2

h

wh

∞
∑

m=1

∞
∑

n=1

Tmn
α2
mβ

2
n

t̄
∫

τ=0

e−Tmn(t̄−τ) sin (ω̄τ ) dτ = 0 (5.10)

Eq. (5.10) is an integration equation whose analytical solution is difficult to obtain.

Applying the Laplace transform to Eq. (5.10) and making rearrangement, we obtain

the Laplace transform of the dimensionless pressure gradient as

L
[

dP̄

dZ
(t̄)

]

= ūs0
ω̄

s2 + ω̄2

∞
∑

m=1

∞
∑

n=1

Tmn
α2
mβ

2
n

1
s+ Tmn

∞
∑

m=1

∞
∑

n=1

1
α2
mβ

2
n

1
s+ Tmn

(5.11)

Further applying the Laplace transform to Eq. (5.6) and using Eq. (5.11), one can

obtain the Laplace transform of the velocity field as

û (X, Y, s) = −4D2
h

wh

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

1

s+ Tmn
L

[

dP̄

dZ
(t̄)

]

+
4D2

h

wh
ūs0

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

Tmn
s+ Tmn

ω̄

s2 + ω̄2

=
4D2

hūs0

wh

ω̄

s2 + ω̄2

{

−
∞

∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn (s+ Tmn)

×

∞
∑

m=1

∞
∑

n=1

Tmn

α2
mβ

2
n

1
s+Tmn

∞
∑

m=1

∞
∑

n=1

1
α2

mβ
2
n

1
s+Tmn

+
∞

∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )Tmn
αmβn (s+ Tmn)

}

(5.12)

Using the fixed Talbot (FT) method (Abate and Valko, 2004), we obtain the EOF

velocity distribution at a given time t̄

ū (X, Y, t̄) = L−1 [û (X, Y, s)] (5.13)
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Figure 5.1 An overall system with single input and single output.

5.2.1.2 Steady oscillating flow by frequency domain analysis

Based on Eqs. (5.11) and (5.12), one can numerically inverse the Laplace transform

to obtain the pressure gradient and velocity distributions. In fact, one needs this

numerical inversion to get the velocity distribution or pressure gradient, especially in

the transient stage with initial effect. However, for the steady oscillating period after

the initial effect decays, use of the numerical Laplace inversion method is tedious and

inefficient. Thus, one can propose to use the Frequency Domain Analysis to solve this

problem (see Appendix B for details). This method also provides a physical insight

into this AC-driven EOF.

It is noted that in the expressions for the Laplace transforms of the pressure gradi-

ent and the velocity field, there is a factor ω̄
s2+ω̄2 , which denotes the Laplace transform

of sin ω̄t̄. Hence, one can readily treat the expressions of the Laplace transforms of

the pressure gradient and the velocity distribution as a product of two factors: one is

ω̄
s2+ω̄2 , the other is noted as G (s), Which is represented by Gp (s) or Gv (s), for the

pressure gradient and the velocity field, respectively.

According to the theory of signals and systems, ω̄
s2+ω̄2 is the input function U(s) of

a sinusoidal wave, G (s) is a transfer function, and the expression of either L
[

dP̄
dZ

(t̄)
]

or L [ū (X, Y, t̄)] is an output function Y (s). Physically, the system of G (s) is a stable

one (Suresh and Homsy, 2004). The overall system can be sketched in Figure 5.1.

Y (s) = G (s)U (s) (5.14)

Due to the sinusoidal input function ω̄
s2+ω̄2 applied to a stable system of G (s), the
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output is also a sinusoidal one, whose amplitude is given by

|G (jω̄)| =

√

Real [G (jω̄)]2 + Imag [G (jω̄)]2 (5.15)

and the sinusoidal output is shifted by a phase angle expressed as

ψ = tan−1

{

Imag [G (jω̄)]

Real [G (jω̄)]

}

(5.16)

where j =
√
−1. Using this approach, one can compute any value of the pressure

gradient or the velocity distribution as

y = |G (jω̄)| sin (ω̄t̄+ ψ) (5.17)

where y is the output value of either the pressure gradient dP̄
dZ

(t̄) or the velocity dis-

tribution ū (X, Y, t̄). In fact, y is the Laplace inverse transform of the output function

Y (s). In this way, one can avoid using the numerical inversion of the Laplace transform

to compute the pressure gradient dP̄
dZ

(t̄) and velocity distribution ū (X, Y, t̄).

5.2.2 A combined DC/AC driven EOF in an open-end rect-

angular microchannel

Different from the precedent section in which a sinusoidal electric field is applied

along the channel, in this section, a DC/AC combined electric field is applied, i.e., an

AC electric field with a DC offset. The externally applied DC/AC combined electric

field can be expressed as

E = E1 + E0 sin (ωt) (5.18)

then the outer slip boundary velocity is determined by the Smoluchowski equation

us = −ε0εrζ

µ
E
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= −ε0εrζ

µ
[E1 + E0 sin (ωt)] (5.19)

Under the slip velocity approximation, the time- and frequency-dependent EOF is

governed by the transient Stokes equation, which is expressed in a dimensionless form

as

∂ū

∂t̄
=

∂2ū

∂X2
+
∂2ū

∂Y 2
(5.20)

The initial and boundary conditions applicable to Eq. (5.20) are

ū(X, Y, t̄)|t̄=0 = 0 (5.21)

ū
∣

∣

X=w/Dh
= ūs1 + ūs0 sin (ω̄t̄) ū

∣

∣

Y =h/Dh
= ūs1 + ūs0 sin (ω̄t̄) (5.22)

∂ū

∂X

∣

∣

∣

∣

X=0

= 0
∂ū

∂Y

∣

∣

∣

∣

Y=0

= 0 (5.23)

where ūs1 = −ε0εrζE1

µU
and ūs0 = −ε0εrζE0

µU
. It is noted that two boundary conditions

are non-homogeneous.

Letting ū (X, Y, t̄) = ū1 (X, Y, t̄) + ū0 (X, Y, t̄), the solution of Eq. (5.20) can be

obtained by solving two separated partial differential equations (I) and (II) for ū1 and

ū0, respectively, as below

(I)
∂ū1

∂t̄
=
∂2ū1

∂X2
+
∂2ū1

∂Y 2
(5.24)

with initial and boundary conditions

ū1(X, Y, t̄)|t̄=0 = 0 (5.25)

ū1

∣

∣

X=w/Dh
= ūs1 ū1

∣

∣

Y =h/Dh
= ūs1 (5.26)

∂ū1

∂X

∣

∣

∣

∣

X=0

= 0
∂ū1

∂Y

∣

∣

∣

∣

Y=0

= 0 (5.27)

(II)
∂ū0

∂t̄
=
∂2ū0

∂X2
+
∂2ū0

∂Y 2
(5.28)
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with initial and boundary conditions

ū0(X, Y, t̄)|t̄=0 = 0 (5.29)

ū0

∣

∣

X=w/Dh
= ūs0 sin (ω̄t̄) ū0

∣

∣

Y =h/Dh
= ūs0 sin (ω̄t̄) (5.30)

∂ū0

∂X

∣

∣

∣

∣

X=0

= 0
∂ū0

∂Y

∣

∣

∣

∣

Y=0

= 0 (5.31)

Using the separation of variable method, one can show that the solution to Eq. (5.24)

is

ū1 (X, Y, t̄) = ūs1 −
16ūs1

π2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY ) exp (−Tmnt̄)
(2m− 1) (2n− 1)

(5.32)

As for Eq. (5.28) with initial and boundary conditions, one can observe that it is

identical to Eq. (5.1) of Case 1, and hence the solution is expressed as

ū0 (X, Y, t̄) = ūs0 sin (ω̄t̄)

+
4D2

hūs0

wh

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

×−ω̄2 sin (ω̄t̄) − Tmnω̄ cos (ω̄t̄) + Tmnω̄ exp (−Tmnt̄)
T 2
mn + ω̄2

(5.33)

Therefor, the complete solution of Eq. (5.20) is given by

ū (X, Y, t̄) = ū1 (X, Y, t̄) + ū0 (X, Y, t̄)

= ūs1 −
16ūs1

π2

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY ) exp (−Tmnt̄)
(2m− 1) (2n− 1)

+ūs0 sin (ω̄t̄) +
4D2

hūs0

wh

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

×−ω̄2 sin (ω̄t̄) − Tmnω̄ cos (ω̄t̄) + Tmnω̄ exp (−Tmnt̄)
T 2
mn + ω̄2

(5.34)

It can be observed that the initial effect due to the terms with the factor exp (−Tmnt̄)
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decays with time. In fact, by keeping the slowest decaying terms with m = n = 1,

the characteristic time of the electroosmotic flow can be estimated as (Marcos et al.,

2004a)

tc =
4ρ

π2µ

w2h2

w2 + h2
(5.35)

Beyond the characteristic time tc, the initial effect decays fast, so the velocity field of

the steadily oscillating EOF can be expressed as

ū (X, Y, t̄) = ūs1 + ūs0 sin (ω̄t̄)

−4D2
hūs0

wh

∞
∑

m=1

∞
∑

n=1

(−1)m+n cos (αmX) cos (βnY )

αmβn

ω̄2 sin (ω̄t̄) + Tmnω̄ cos (ω̄t̄)

T 2
mn + ω̄2

(5.36)

Eq. (5.36) shows that the solution consists of the constant velocity part (the first term)

due to the DC electric field effect and the oscillating part (the second and third terms)

due to the AC electric field effect.

5.3 Experimental Setup and Procedure

In the present work, the same micro-PIV system used in Chapter 3 was employed for

imaging the velocity field. In order to synchronize the time control signals precisely, a

microcontroller based sine wave generator (Optrobio TechTM) was used in experiment.

The wave generator has a function to adjust the frequency and amplitude, and can be

triggered for synchronization at certain phases in a given AC cycle. The micro-PIV

system is set in the internal triggering mode, under which an output signal (A8) from

PCI card was used to synchronize the wave generator to the recording sequence. The

time for triggering the wave generator prior to measurement is adjustable, and it is

realized by changing the initial delay time in the control software (Davis 6.2, LaVision

Inc.).

An AC amplifier (Optrobio TechTM) was used for magnifying the signals from the

sine wave generator. The AC amplifier has a function of providing a DC offset. Using

the microcontroller based sine wave generator together with the AC amplifier and
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Figure 5.2 Schematic of the experimental setup.

adjusting the DC offset (E1), one can apply a combined sinusoidal AC voltage with

a DC offset to the platinum electrodes inserted into two reservoirs connecting the

microchannel. The generated wave form is shown in Figure 5.3. First, by setting the

offset value E1 = 0, we measured the pure AC driven EOF in both open- and closed-

end microchannels. Then with a DC offset, we measured the EOF under a DC/AC

combined electric field.

The initial effect in the oscillating electroosmotic flow is present. However, due

to its short duration, it has very limited influence on a microfluidic system. Thus we

only measured the periodically steady-state electroosmotic flows. As the rectangular

channel used in experiment has a cross section of 2w × 2h = 300 µm × 300 µm, using

Eq. (5.35) one can estimate the initial transient time tc = 5 ms. In the measurements,

the frequency of 20 ∼ 50 Hz is used, under which the initial effect was present during

the first cycle. By adjusting the synchronization timing and focusing the objective

lens on the mid-plane (i.e., y = 0), we measured the four phases (namely, ψ = π/2, π,

3π/2, and 2π) within the second or third cycle in order to avoid the initial transient
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Figure 5.3 Electric field applied on the microchannel.

effect. The raw images aquired by the micro-PIV system were then processed by

using PIVview software (PivTec GmbH). Because the tracer particles are charged in

deionized water, we employed the method described in Chapter 4 to subtract the

electrophoretic effect.

5.4 Results and Discussion

5.4.1 Frequency-dependent EOF velocity distribution in open-

and closed-end channels

5.4.1.1 Open-end channel

For computing the steady-state velocity distribution in an open-end rectangular

microchannel, we can use either Eq. (5.7) with neglecting decaying terms or Eq. (5.8)

with the Frequency Domain Analysis. The latter provides an approach to calculate

the amplitude of the velocity. Using Eq. (5.15), under the experimental conditions of

f = 50 Hz, E1 = 0 and E0 = 100 V/cm, one can compute the velocity amplitude
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Figure 5.4 Velocity amplitude in an open-end rectangular channel (f = 50 Hz).

across one quarter of the channel, and the results are presented in Figure 5.4. It can

be observed that under such a frequency, the amplitude distribution is also “plug-

like”. This fact can be explained that the period of an cycle is much larger than the

characteristic time, i.e., 1/f ≫ tc, so the motion of the fluid near the channel wall has

enough time to be extended to the center region of the channel. As a result, the flow

velocity field exhibits a fully-developed state.

Using the micro-PIV technique, the velocity distributions on the middle plane of

the channel were measured at four phases (ψ = π/2, π, 3π/2, and 2π) in AC cycle.

With the electrophoretic effect removed, the processed vector plots at different phases

are shown in Figure 5.5. Extracting the velocity data and averaging the values along

the flowing direction, we plot the averaged velocity values in Figure 5.6, from which a

reasonable agreements between theory and experiment is found, suggesting the valid

model presented in this study.
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Figure 5.5 Micro-PIV measuremed velocity distributions of frequency-dependent
EOF in an open-end channel at four phases during an AC cycle (f = 50 Hz).
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Figure 5.6 Plots for the velocity data of frequency-dependent EOF in an open-end
channel at four phases during an AC cycle (f = 50 Hz).
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Figure 5.7 Velocity amplitude in a closed-end rectangular channel (f = 20 Hz).

5.4.1.2 Closed-end channel

Different from the EOF in an open-end channel, no analytical solution is available

for the EOF velocity distribution in a closed-end channel. Based on Eqs. (5.12) and

(5.13), one can utilize the numerical Laplace inversion to obtain the predicted velocity

results. Alternatively, according to Section 5.2, we can use a more convenient method

that is based on the Frequency Domain Analysis to obtain the velocity amplitude of

the flow in steady state. Under the experimental conditions of f = 20 Hz, E1 = 0 and

E0 = 100 V/cm, we computed the velocity amplitude distribution, and the results

are shown in Figure 5.7. Very different from the case shown in Figure 5.4, it is

noted that the amplitude distribution does not exhibit a plug-like profile; instead,

in a narrow region between the channel wall and the center, velocity amplitude is

small. This fact can be explained as below. Because of the closed-end structure an

induced backpressure is developed to ensure a zero flow rate. The flow in fact is a

superposition of and EOF near the channel wall and a backpressure-driven flow in the

channel center region.
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Figure 5.8 Micro-PIV measurements of the velocity distributions of frequency-
dependent EOF in a closed-end channel at four phases during an AC cycle (f = 20 Hz).

The processed experimental results from the micro-PIV measurements are pre-

sented in Figure 5.8, from which it is observed that there is a narrow region where

velocity amplitude is small at all the four phases. In fact, under low frequency, the

position at which the amplitude is close to zero is just the stationary level occurred

under the DC condition. The comparisons of experimental results and simulation are

shown in Figure 5.9, and reasonable agreement is found.

5.4.2 Combined DC/AC driven EOF velocity distribution in

an open-end channel

As shown in Eq. (5.30), the combined DC/AC driven EOF in an open-end channel

in fact is a linear superposition of a DC EOF and an AC frequency-dependent EOF.
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Figure 5.9 Plots for the velocity data of frequency-dependent EOF in a closed-end
channel at four phases during an AC cycle (f = 20 Hz).
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Figure 5.10 Micro-PIV measured velocity distributions of a DC/AC combined EOF
in an open-end channel at four phases during a cycle (f = 20 Hz).

In the experiment, E1 = 150 V/cm, E0 = 75 V/cm and f = 20 Hz were chosen.

The processed micro-PIV measurement results are shown in Figure 5.10. It can be

seen that the velocity profile is in AC oscillating state but with a DC-driven main

direction; this guarantees the pumping needs in practival applications. Because this

flow pattern provides a possibility of pumping and oscillating the fluid simultaneously,

it has potential application in a throughput micromixing system. Figure 5.11 shows a

comparison of the experimental data and the simulation results.
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Figure 5.11 Plots for the velocity data of a DC/AC combined EOF in an open-end
channel at four phases during a cycle (f = 20 Hz).
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5.5 Summary

In this chapter, a method that combines the Laplace transform and Frequency

Domain Analysis to analyze the EOFs in both open- and closed-end rectangular mi-

crochannels was presented. The obtained analytical solution can provide insight into

the physical phenomena of the frequency-dependent EOF. Further, using the micro-

PIV technique, the frequency-dependent electroosmotic flows in open- and closed-end

microchannels were characterized. By precisely synchronizing equipment and remov-

ing electrophoretic velocity of the tracer particles, the velocity distributions of the

frequency-dependent electroosmotic flows under various conditions were measured. A

comparison of the experimental data and the simulation results shows a reasonable

agreement. It should be noted that under low frequency (e.g., 20 Hz used in exper-

iment) the velocity profiles of EOFs in open- and closed-end microchannels present

different characteristics; the velocity profile in open-end channel has a uniform am-

plitude, which means the oscillation of the flow is fully-developed across the channel.

However, due to zero-net flow rate in the closed-end channel, the velocity profile has

a non-uniform amplitude distribution, which shows a combined electroosmosis-driven

flow near the channel wall and induced backpressure-driven flow on the central region

of the channel. We also investigated the combined DC/AC driven EOF in open-end

microchannels and observed the flow pattern which exhibits both a constant velocity

and an oscillating component. Since the constant velocity can be used for fluid pump-

ing and the oscillating part for convective mixing, this flow pattern may have potential

microfluidic applications.
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Chapter 6

Electrokinetic Micromixing Using

Frequency-Dependent

Electroosmotic Flow

6.1 Introduction

In Chapter 5, we have analyzed the frequency-dependent electroosmotic flows in

microchannels and measured the oscillating velocity profiles. With the advantage

of no moving parts in an electrokinetically-driven microfluidic system, a promising

application of the frequency-dependent EOF is to utilize its fluctuating feature in elec-

trokinetic micromixing. T-mixer is a widely used device in microfluidic applications,

because it has a simple geometry and can perform mixing and sample transport si-

multaneously. Both theoretical and experimental studies on electrokinetic T-mixer

have been reported in the literature (MacInnes, 2002, Johnson et al., 2002, Glasgow

et al., 2004, and Lin et al., 2004). In these studies, the researchers focused on either

numerical analysis or experimental characterization.

The present study presents a systematical investigation on the performance and op-

timization of an electrokinetic T-mixer by analyzing the influences of the frequency and

amplitude of the external electric field, EOF velocity distributions, and the channel
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geometry with patterned blocks. Besides numerical simulations, experimental mea-

surements were carried out using micro-PIV technique to determine the EOF velocity

distribution and Rhodamine B visualization to characterize the mixing performance.

The current study mainly investigates two aspects of the electrokinetic T-mixer: (1)

an active approach to utilize the frequency-dependent electroosmotic flow to increase

the convective mixing effect in T-junction region; (2) a passive approach to enhance

mixing by using the geometry effect of the microchannel with patterned blocks. In

addition, a novel design of electrokientic micromixer is proposed using low frequency

based AC electric field and fabricated electrode effects. Numerical simulations are

performed to demonstrate the viability of the design.

6.2 Theory and Numerical Simulation

The electrokinetic micromixing is a complicated process involving electric field and

mass and momentum transport. For a sophisticated channel geometry, it is almost

impossible to obtain analytical solutions. However, computational fluid dynamics

(CFD) has proven to be an effective tool for providing insightful analysis into the

transport phenomena in microfluidic systems.

6.2.1 Mathematical formulation

In the present study, it is assumed that the fluid is incompressible with constant

properties. The electrolyte solutions are dilute and the Joule heating effect is negligible.

Because of the fact that a typical Debye layer thickness varies from a few to hundred

nanometers, which is at least two to three orders smaller than the channel dimension

of typical microfluidic devices, the slip velocity approach can be used. Thus, the fluid

velocity at the wall can be prescribed using the Helmholtz-Smoluchowski equation

(Santiago, 2001):

uw = −εζw
µ

E (6.1)
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where uw is the fluid velocity at the wall, ε = εrε0 is the permittivity of the electrolyte

solution, ζw is the zeta potential of the channel surface, µ is the dynamic viscosity

of the fluid, E and is the local electric field vector at the wall. The electric field is

obtained from the distribution of the electric potential, Φ, with

E = −∇Φ (6.2)

Laplace equation determines the electric potential, which reads

∇2Φ = 0 (6.3)

With the slip boundary conditions, the velocity flow field is governed by the con-

tinuity and Navier-Stokes equations:

∇ · V = 0 (6.4)

ρ

[

∂V

∂t
+ (V · ∇) V

]

= −∇p+ µ∇2
V (6.5)

where ρ is the density of the fluid and p is the pressure. The Navier-Stokes equations

can be non-dimensionalized by introducing

r̄ = r/W t̄ = t/τ V = V /U (6.6)

p̄ = p/P0 ∇ = W∇ ∇2
= W 2∇2 (6.7)

where r, t, V , and p are the position vector, time, local velocity vector, and pressure,

respectively. These quantities are normalized using W , τ = W/U , U , and P0 = µU/W ,

which are the width of the channel downstream from the T-junction, characteristic time

scale, characteristic flow velocity, and characteristic pressure, respectively. Thus the

continuity equation can be written down as

∇ · V = 0 (6.8)
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and the Navier-Stokes equation,

Re

[

∂V

∂t
+ (V · ∇)V

]

= −∇p̄+ ∇2
V (6.9)

where Re = ρUW/µ is the Reynolds number, which represents the ratio of the inertial

to viscous force.

Mass transfer is described by the species mass transport equation, which governs

the convection and diffusion transport of individual species (without chemical reac-

tions):

∂c

∂t
+ (V · ∇) c = D∇2c (6.10)

where c is the concentration of the species. By introducing the nondimensional con-

centration

c̄ =
c

cmax − cmin

(6.11)

where cmax and cmin are the maximum and minimum of the concentrations at the two

inlets (shown in Figure 6.1). Eq. (6.10) can be non-dimensionalized as

∂c̄

∂t̄
+

(

V · ∇
)

c̄ =
1

Pe
∇2
c̄ (6.12)

where the coefficient Pe is the Peclet number defined as:

Pe =
UW

D
(6.13)

The Peclet number represents the ratio of mass transport due to convection to diffusion.

With an assumption of uniform electrical conductivity throughout, the electric field is

not influenced by the concentration field because of dilute solute concentrations.

For quantifying the degree of mixing effects from the numerical simulation results,

we employ a method used by Jeon et al. (2000). This method is based on the standard

deviation of the normalized concentration profile from that of the perfectly mixed case,
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Figure 6.1 A T-mixer with two inlets and one outlet (not to scale).

under which 100% mixing is reached. The mixing efficiency σ is defined as

σ = 1 −

√

1
N

N
∑

i=1

(c̄i − c̄∞)2

√

1
N

N
∑

i=1

(c̄0i − c̄∞)2

(6.14)

where N is the total number of points examined in the cross-stream direction, c̄i is

the normalized concentration at each point, c̄0i is the normalized concentration at

each point with no mixing taking place (value 0 or 1), and c̄∞ is the normalized

concentration in the complete mixing states (value 0.5).

6.2.2 Numerical method

In the present work, we have chosen COMSOL MultiphysicsTM software (User’s

Guide, 2006) for performing numerical simulations. COMSOL MultiphysicsTM is a

general partial differential equation solver using the finite element method (FEM) and

has several modes to solve microfluidic problems, such as MEMS and Chemical engi-

neering Modules. One of the most important features of COMSOL MultiphysicsTM

is that it can conveniently couple multiphysical models and then solve the problem

effectively. In the present study, electrokinetic mixing in microfluidic microchannels

involves time-dependent electric field, flow field, and concentration field. Using COM-
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Table 6.1 Boundary settings in AC EK mixing.
Boundaries Conductive Media

DC (dc)
Incompressible
Navier-Stokes (ns)

Convection and
Diffusion (cd)

Inlet 1 Voltage:
V1 + V2 sin (2πft)

Outflow/Pressure: 0 Concentration: c1

Inlet 2 Voltage: V1 Outflow/Pressure: 0 Concentration: c0
Outlet Voltage: Ground Outflow/Pressure: 0 Convective flux
Channel
surfaces

Electric insulation Slip velocity Insulation/Sym-
metry

SOL MultiphysicsTM, the problem can be solved by coupling three modes, which are

“conductive media DC”, “incompressible Navier-Stokes” and “convection and diffu-

sion”.

According to MacInnes’ study (2002) on electrokinetic mixing in T-mixers, 2D

simulations can provide very close results to that of 3D’s. In fact, for low Reynolds

number electroosmotic flow in microfluidic channels with uniform surface, the velocity

field is similar to the electric field (Santiago, 2001). Hence we mainly employ 2D

models to simulate the electrokinetic mixing processes.

With COMSOL MultiphysicsTM, three modes are used to set the boundary con-

ditions for electrokinetic mixing in a T-mixer (Figure 6.1) as follows. In the mode of

“conductive media DC”, we set various potentials at the inlets, electric ground at the

outlet, and electric insulation on the channel surfaces. In the mode of “incompress-

ible Navier-Stokes”, we set zero pressure at both the inlets and the outlet, and the

slip boundary conditions on the channel surfaces (determined by Eq. (6.1)). For the

mass transport mode of “convection and diffusion”, we set boundary conditions of two

inlets with constant concentrations (c0 and c1), insulation/symmetry on the channel

surfaces, and convective flux at the outlet. In summary, the choice of boundary con-

ditions for AC EK mixing is shown in Table 6.1. Using these treatments, we make

the model in good match to the experimental conditions. Due to the time-dependent

and frequency-dependent nature of the electrokinetic mixing process, time-dependent

solver is used to do numerical simulations.

In the simulation, the physical properties are taken to be the same as those of
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water, whose density, viscosity, conductivity and dielectric constant are 1000 kg m−3,

9 × 10−4 N s m−2, 5.5 × 10−6 S m−1 and 80, respectively. Rhodamine B is used, and

its diffusion coefficient in water at room temperature is 3.6 × 10−6 cm2 s−1 (Rani et

al., 2005). In addition, due to its electrically neutral property, the Rhodamine B can

be treated as uncharged species. According to Ren et al. (2001), the electroosmotic

mobility of the PDMS and the glass is µmob = 3.0× 10−4 cm2 V−1 s−1. The geometry

and sizes of different channel designs will be described in the next experimental section.

6.3 Experimental Section

6.3.1 Design and fabrication of the microchannels

Three microchannel structures were designed in this work, namely T, T1 and T2,

which are shown in Figure 6.2. All the channels have a depth of 100 µm. Design T is

a straight rectangular channel with two inlets and one single outlet. This is a typical

T-mixer design. Design T1 is a channel with two inlets and one single outlet. Along

the mixing channel, the channel width is repeatedly constricted. The narrowing of the

channel aims to achieve better mixing due to the shorter diffusion distance. Design T2

is a channel with two inlets and one single outlet. Along the mixing channel, the flow

is repeatedly controlled to flow up and down around the bends, thus inducing lateral

velocity and resulting in better mixing.

6.3.1.1 Fabrication techniques

The microchannels used in the experiment were fabricated by using rapid proto-

typing techniques, which include the photolithography technique for master fabrica-

tion and Soft Lithography technique for PDMS microchannels replication (Duff et al.,

1998).

Photolithography is the key technology in MEMS fabrication. Photolithography

is the process of transferring geometric shapes on a mask to the surface of a material

coated with photoresist, and it involves three sequential steps, as described below.
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Figure 6.2 Dimensions of three designs and enlarged views at T-junction (Units:
mm).
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• Deposition of photoresist film onto the wafer by spin-coating;

• Optical exposure to print an image of the mask onto the resist;

• Immersion in an aqueous developer solution to dissolve the exposed resist and

render visible the latent image.

Normally, two types of photoresists are available, namely, the positive and the

negative types. For positive resists, the underlying material that is to be removed

will be exposed to UV light. For these resists, exposure to the UV light changes

the chemical structure of the resist hence, enabling it to become more soluble in the

developer. The exposed resist is then washed away by the developer solution, leaving

windows of the bare underlying material. The mask, therefore, contains an exact copy

of the pattern that is to remain on the wafer. Negative resists behave in the opposite

manner. Portions that are exposed to the UV light will result in polymerization of the

photoresist, and hence these regions are more difficult to dissolve. Therefore, when

immersed in the developer solution only the unexposed portions are removed and the

negative resist remains on the surface wherever it is exposed. Masks used for negative

photoresists, therefore, contain the inverse of the pattern that is to be transferred.

After a glass side has been coated with resist and suitably soft-baked, it was aligned

to the corresponding mask for UV exposure to create a latent image in the photoresist.

The degree of exposure was adjusted by controlling the light intensity and exposure

time. In the fabrication process, the glass side was aligned properly on the OAI ma-

chine (Optical Associates Inc., Model J500-IR/VIS, Mask Aligner, see Figure 6.3),

with the transparency mask placed above. Then the SU8 coated glass slide was ex-

posed to UV light for 2 min and 20 sec at 350 ∼ 400 nm. Although SU8 is virtually

transparent, it is insensitive to wavelength of light above 400 nm and has maximum

absorption when wavelength is below 350 nm. However, excessive dose below 350 nm

may, therefore, result in over exposure of the top portion of the resist hence, resulting

in an exaggerated profile of the sidewall.

Soft Lithography, which represents an alternative set of techniques for fabricating

109

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Figure 6.3 Photo of the exposure machine (Optical Associates Inc., Model J500-
IR/VIS, Mask Aligner).

micro- and nanostructures, is a microfabrication process on which a soft polymer, such

as poly (dimethylsiloxane) or other elastomers, is casted on a mold that contains a

microfabricated relief or engraved pattern. That is, the elastomeric stamp is prepared

by cast molding: whereby the pre-polymer of the elastomer is poured over the master

having a relief structure on its surface, and then is cured and peeled off. Figure 6.4

outlines the process of PDMS casting.

Figure 6.4 Illustration of PDMS casting.
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6.3.1.2 Fabrication of the microchannels

The mask design is based on the concept and design of the microchannels used in

the experiments. In this work, three kinds of mask patterns (i.e., the designs of T, T1

and T2) were first designed using the AutoCAD software, and then the Auto CAD files

were printed on a flexible transparency by using a commercial high-resolution printer.

The master is fabricated by using the photolithography techniques. To create

the microchannel molds onto a Si wafer, negative photoresist SU8-50 (Microchem

Corp.) is used. The PDMS microchannel was fabricated by using the Soft lithography

techniques. Soft lithography was discovered by Duffy et al. (1998). It is a faster,

cheaper and less specialized way of fabricating devices. The main sequential steps are

described as follows.

a) PDMS replica molding of master

Liquid PDMS was prepared by thoroughly mixing the PDMS pre-polymer (SYL-

GARD 184 Silicone elastomer kit, Dow Corning, Midland, MI) and the curing agent,

in the weight ratio of 10 : 1. Caution was used to avoid the contact of latex rubber

(gloves) and liquid PDMS, as this would inhibit curing (Erickson et al., 2003). The

mixture was then left for about 1 hour to allow the air bubbles in the mixture to burst.

Then the mixed liquid PDMS was poured over the master and cured at a temperature

of 65 ◦C for 2 hours.

Then the PDMS replica of the master containing a negative relief of microchannels

was peeled away from the master. The angle of the walls of the photoresist to the sub-

strate is close to 90◦, therefore the microchannels in the PDMS replica were essentially

rectangular as shown in Figure 6.5, which presents the SEM images of the channels in

PDMS created by the polymer against a positive relief of photoresist for the channels

of different designs. The roughness in the side wall of the PDMS channels arises from

the limited resolution of the transparency used as a mask in photolithography to create

the positive relief of photoresist.

b) Oxidizing and Bonding the PDMS replica and flat slab (PDMS or

glass slide)
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Figure 6.5 Scanning electron microscopic (SEM) images of the PDMS microchan-
nels. (a) T channel, (b) T channel at junction, (c) T1 channel, (d) T1 channel at
junction, (e) T2 channel, (f) T2 channel at junction.
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After the PDMS channels were peeled off from the master, the reservoirs were

punched through with a 1-hole puncher. To form enclosed microchannels, the PDMS

replica containing the microchannel should be irreversibly bonded with a flat slab of

PDMS or glass slide. According to Duffy et al. (1998), the oxidized PDMS has hy-

drophilic surface, and it is easy to fill the microchannels in their experiments by placing

liquid in three of the reservoirs and apply vacuum on the fourth due to the strong bond

of the oxidized PDMS. On the other hand, it is difficult to fill the microchannels de-

fined by the hydrophobic, conformal contact between an untrated PDMS replica and

flat by vacuum because two pieces of PDMS tended to be pulled apart by the force of

suction since the untreated PDMS has a hydrophobic surface.

Chaudhury (1991) also pointed out that the bond between the two pieces of oxidized

PDMS was sufficiently strong that the two substrates could not be peeled apart without

failure in cohesion of the bulk PDMS.

During the process of microchannels fabrication, we also checked the hydrophobic-

ity of the PDMS surface by measuring contact angles with FTA 200 instrument. A

drop of deionised water was dropped onto both untreated and oxidized surfaces of two

pieces of PDMS, and was later analyzed using the FTA software (see Figure 6.6). The

figure demonstrates that the original PDMS (untreated) surface is hydrophobic, while

the oxidized PDMS surface is hydrophilic.

In order to obtain strong bond between the substrate and the hydrophilic wall

surface enclosing the microchannels, the PDMS replica and the flat slabs of PDMS or

cleaned glass slides were undergone the Oxygen Plasma process using the RIE machine

(TECHNICS, Micro-RIE, Series 900-11) as shown in Figure 6.7.

The O2 plasma process, uses 150 W for power, at 84 mTorr, gas flow at 10 sccm.

The specimens then undergo exposure of plasma for 2 min. During our fabrication,

it was found that PDMS replica that were just removed from the master and cleaned

glass slides, yielded the best bonding between the glass slide and the PDMS channel

when subjected to O2 plasma. After the PDMS was put onto the glass slide, leave it for

about 15 minutes for completing the bonding process. The PDMS/glass microchannels
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Figure 6.6 Test for the hydrophobicity of the PDMS surface: (a) before oxygen
plasma treatment, and (b) after oxygen plasma treatment.

ready for measurements are shown in Figure 6.8.

6.3.2 Preparation of chemicals

Laser grade Rhodamine B dye (Acros Organics, Pittsburgh, USA) and DI water

were used in the test. Rhodamine B is a water-soluble fluorescent dye, which can

be excited by green light and emits red light (wavelength of 610 nm). The diffusion

coefficient of Rhodamine B in water at room temperature is 3.6× 10−6 cm2 s−1 (Rani

et al., 2005). Rhodamine B was initially dissolved in DI water. The test solutions were

filtered using a 0.2 µm syringe filter before the test.

For velocity measurement, the tracer particles were polystyrene fluorescent latex

particles purchased from Duke Scientific. The particles of dp = 0.93 µm in diameter

have a maximum excitation wavelength of 540 nm (green) and a maximum emission

wavelength of 610 nm (red). The number concentration of tracer particles was around

2 × 109 particles/ml.

6.3.3 Experimental techniques and image analysis

Both DC and AC tests were carried out to investigate how the electrokinetic flows

will influence the mixing effects. In DC measurements, the voltage applied between
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Figure 6.7 RIE machine used for oxygen plasma etching.

Figure 6.8 Bonded PDMS/Glass channel.

115

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Figure 6.9 Experimental setup, including a function generator, an oscilloscope, a
power amplifier, a DC high voltage power supply, a CCD camera, and a fluorescent
microscope.

inlets and outlet was controlled by a high voltage power supply (Stanford Research).

Electric field strength along the longitudinal direction was varied from 50 V/cm to

200 V/cm. In AC measurements, a power amplifier connected to a function generator

was used to form the different waveforms so as to generate pulsed flows. An oscilloscope

was used to monitor the wave forms of input and output signals. The electric field

takes the form of a biased sinusoidal wave. The bias DC voltage is used to generate

a base flow. The periodic component that varies at frequency of 0.1 Hz to 10 Hz

produces the pulsed flow.

The experiment was performed with a fluorescence microscope (Zeiss). A mercury

lamp (mbq 52 ac, Zeiss) was used for fluorescent excitation to view the Rhodamine

B dye. The microscope has an appropriate filter set (excitation, 546 nm; emission,

> 590 nm) and objective lenses of 5×, 10× and 20×. A CCD camera was used to

acquire the optical images, and a program, Sensovation SamBa EZ-series, IEEE 1394,

recorded images at specified time intervals. A computer system was used to store and

process images. The entire system is shown in Figure 6.9.

In the excitation intensity measurement, one reservoir contained deionized water
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Figure 6.10 Schematic of voltage arrangement on the T-mixer.

and the other deionized water with a certain amount of Rhodamine B for visualization

purpose. Platinum electrodes were inserted into both input reservoirs at the ends of the

microchannel, and the output reservoir was connected with ground (see Figure 6.10).

Before measurement, the reservoir fluid levels were carefully adjusted for balance so

as to avoid reservoir-induced hydrodynamic backpressure.

For processing the images obtained from fluorescent measurement, a MATLAB

based program was used to normalize the intensity and do the characterization. For

a certain point in an image, the concentration ci can be characterized as intensity

value Ii, and the extreme values of concentration cmax and cmin correspond to Imax and

Imin, respectively. Similar to Eqs. (6.11) and (6.14), the fluorescent intensity Ii can be

normalized as

Īi =
Ii

Imax − Imin
(6.15)

and the measured mixing efficiency is expressed as

σmeasured = 1 −

√

1
N

N
∑

i=1

(

Īi − Ī∞
)2

√

1
N

N
∑

i=1

(

Ī0i − Ī∞
)2

(6.16)

where N is the total number of points examined in the cross-stream direction, Īi is

the normalized intensity at each point, Ī0i is the normalized intensity at each point
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Figure 6.11 Schematic of the micro-PIV setup.

with no mixing taking place (value 0 or 1), and Ī∞ is the normalized intensity in the

complete mixing states (value 0.5).

For determining the velocity field in the mixing process, the fluorescent microscope

with CCD camera and mercury lamp was also used as a micro-PIV system. The setup

of micro-PIV consists of four main components: an illumination system, an optical sys-

tem, a coupled charge device (CCD) camera and a control system. The control system

and its corresponding software were implemented in a personal computer (PC). The

PC can control and synchronize all actions related to illumination and image recording.

The images obtained in measurements were evaluated with PIVview software (PivTec

GmbH). The schematic of the micro-PIV setup is illustrated in Figure 6.11.

6.4 Results and Discussion

In general, there are several important factors that affect the electrokineitc mi-

cromixing in a T-mixer, and these factors are the frequency and amplitude of the

external electric field, the channel size and channel geometry (straight or curved, pat-

terned or not), and the velocity field. In this section, using the results obtained from
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experiments and simulations, we will quantitatively compare and characterize the ef-

fects of these factors on electrokinetic micromixing in a T-mixer. Due to the low

electric field strength applied (≤ 200 V/cm) and low concentration of the electrolyte

solution, the Joule heating effect was not considered in the present study (Tang et al.,

2003).

6.4.1 Effect of the electric field on mixing efficiency

Since the flow field is controlled by the electric field which can be adjusted by

modulating its strength and frequency, in the following we will estimate the effective

range of the strength and frequency of electric field.

6.4.1.1 Estimation of the effective range of the electric field strength

According to Johnson et al. (2002) and Lammertink et al. (2004), the diffusive

mixing time of two co-laminar streams is proportional to the width of the channel,

and the time required to obtain cross-stream mixing is in the scale of (Cussler, 1984)

τdiff ∼ W 2

2D
(6.17)

where W is the channel width and D is the diffusion coefficient.

Another important time scale is the convective transport time, because in the

current study one of our purposes is to improve mixing quality using convective effect.

The convective transport time scale, τconv, is given by

τconv ∼ L

ueo
=

L

µeoE
(6.18)

where L is the channel length downstream from T-junction, ueo is the fluid velocity

at the channel wall, µeo is the electroosmotic mobility, and E is the electrical field

strength. Due to the plug-like flow under DC electric field, the mixing performance

only depends on pure molecular diffusion. In order to obtain rapid and full mixing at

the exit, there is an optimum electric field strength, smaller than which the samples

119

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Figure 6.12 Electrokinetic mixing near T-junction under DC condition (V1 =
150 V), (a) Experiment and (b) Simulation.

get fully mixed before reaching the exit, and larger than which the samples cannot

get fully mixed when reaching exit. Obviously, the optimum electric field strength

should meet τconv ∼ τdiff which results in a simple relation for the optimum electric

field strength in a DC electrokinetic T-mixer:

Eopt ∼
2LD

W 2µeo

(6.19)

In experiment, L = 1 cm and W = 0.3 mm. If choosing D = 3.6× 10−6 cm2 s−1 (Rani

et al., 2005) and µeo = 3.0×10−4 cm2 V−1 s−1 (Ren et al., 2001), the optimum electric

field strength required for DC electrokinetic mixing is estimated to be 27 V/cm.

In both experiment and simulation, various base voltages (V1) have been applied at

the two inlets as 75 V, 150 V and 300 V, and correspondingly, the electric field strengths

in the channel downstream of T-junction are 50 V/cm, 100 V/cm and 200 V/cm.

Electric field strength higher than 200 V/cm was not utilized in order to avoid Joule

heating effect, which can be significant in the case of long mixing time (Tang et al.,

2003). According to Figure 6.12, it can be observed that under DC condition the

mixing is poor, but the comparison shows good agreement.

Figure 6.13 shows a comparison between simulation and experiment under effects

of the DC field strength. In order to improve mixing quality and shorten the mixing
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Figure 6.13 Simulated and experimental mixing efficiency under various electric
field strengths. The lines represent the simulation results and the symbols denote the
experimental data.

time, one effective method is to set the electric field close to Eopt so that the samples

reach the exit and get fully mixed simultaneously. Extending the mixing channel while

retaining high electric field strength is another option, under which high flow rates can

be maintained, since the flow rate is proportional to the electric field strength. The

extended channel length can be estimated using Eq. (6.19).

6.4.1.2 Estimation of the effective range of the oscillation frequency

One of the key issues of mixing is to increase the contact area between two initially

segregated fluids (Ottino and Wiggins, 2003). Electrokinetic oscillating flow provides

an effective way to increase the interfacial area for good mixing purpose. Under DC

condition (f = 0), the flow velocity profile in the system is plug-like, and the two

flows downstream are parallel. As a result, there is no convective effect on the sample

solutes and thus the mixing mainly depends on molecular diffusion as shown in Figure

6.12. When the flow is driven by AC field, the flow becomes oscillatory and there will
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be more contact area between two mixing streams. In addition, due to the nonuniform

velocity field in the T-junction area, Taylor dispersion may be induced, which improves

mixing effect.

The angular frequency of oscillation flow is relevant to the Strouhal number that

is defined as

St =
ωW

U
(6.20)

where ω is the angular frequency (ω = 2πf). The Strouhal number represents the

ratio of the residence time of a species to the time period of its disturbance in an

active micromixer. Therefore, to exert an effective disturbance in the electrokinetic

micromixer, the time period of the disturbance must be less than the residence time

of a species; this gives

1

ωlower
<
W

U
(6.21)

This leads to a criterion of lower frequency limit

ωlower >
U

W
or St > 1 (6.22)

This criterion conveys the nature of the convection of the interface between the

two fluids in the T-junction area, which means under a certain frequency the flow

structure will be in banded composition in which the interface area between the two

fluids is reduced and hence the mixing is poor. From experiments and simulations

under low frequency, we also observed this phenomenon. So approximately, in the

range of 0 < St < 1, the flow is in a parallel or a banded pattern, which is not good for

improving mixing. In order to improve the mixing effect, we can increase the frequency

(St), and thus the Strouhal number. However, from the discussions below, it will be

found that there is an upper limit of the frequency beyond which the mixing effect is

poor.

For the upper frequency limit, we notice that the frequency-dependent EOF in

microchannels can be described as the Stokes’ second problem. The Stokes penetration
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depth (or Stokes layer thickness) is given by (Marcos et al., 2004a)

δs =

√

ν

ω
(6.23)

It can be observed that under very a large ω, the penetration depth is small, and the

fluid in the channel cannot reach the full oscillation. Hence the penetration depth

should be lager or in the same order of magnitude as the channel width, i.e., δs ≥W ,

and the estimation of the upper limit of the angular frequency is

ωupper ≤
ν

W 2
(6.24)

Rewriting the Eq. (6.23), one can obtain ωupperW
U

≤ ν
WU

, which in fact can be rewritten

as

St ≤ 1

Re
(6.25)

Therefore one can obtain an estimation for the effective frequency range

1 ≤ St ≤ 1

Re
(6.26)

In most microfluidic systems, Re < 1, so Eq. (6.26) also can give a reasonable

range of the Strouhal number (St). With the experimental conditions of U = 1 mm/s

and W = 300 µm, one can obtain 1 ≤ St ≤ 3, from which the effective range of the

frequency of applied electric field is found to be between 0.5 and 2 Hz. Eq. (6.26) only

provides an order of magnitude estimation. In fact, the actual frequency can be either

lower or higher, because the optimum frequency is also related to other factors, such

as the oscillation amplitude, geometry etc. Even so, the estimation from Eq. (6.26)

provides a guide for further experimental and simulation studies.

Measurements were carried out using V1 = V2 = 300 V and various frequencies

(0.5, 1 and 5 Hz). Figure 6.14 shows the mixing intensity from both experiment

and simulation with the frequency of f = 1 Hz. Figure 6.15 presents the mixing

efficiencies under different frequencies from both experimental and simulation results.
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Figure 6.14 Comparisons of the mixing results between experiment and numerical
simulations under f = 1 Hz and V1 = V2 = 300 V at different phases (0 and π).

The frequency range was chosen using Eq. (6.26). Under f = 0.5 Hz, the mixing in the

channel presents a banded structure and the mixing efficiency also oscillates drastically

along the channel downstream from T-junction. With f = 5 Hz, the mixing presents

two parallel streams and there is almost no oscillating effects, resulting in almost the

same quality as that under the DC condition. From Figure 6.15, it can be observed

that among all the frequencies used, f = 1 Hz yields the highest mixing efficiency.

6.4.1.3 Velocity field in electrokinetic T-mixer

Using the micro-PIV technique, we measured the velocity field in the channel of T

design at different phases. Figure 6.16 shows the experimental and simulation results

of the flow fields in a T-mixer. It can be noted that the flow field exhibits a plug-like

shape at different phases throughout the channel, except for the joint region. Due to

the plug-like velocity profile, the mixing process in the channel is not subject to any
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Figure 6.15 Mixing efficiency under different frequencies (V1 = V2 = 300 V). The
lines represent the simulation results and the symbols denote the experimental data.

Taylor dispersion, and thus it mainly depends on molecular diffusion (Ghosal, 2006).

Therefore, even if we employ certain oscillating electrokinetic flow to increase the

contact interface area between two fluids, the improvement of mixing is still limited,

as shown Figure 6.15.

6.4.2 Effect of channel geometry and AC electric field on the

mixing efficiency

In order to improve mixing quality, one can consider some geometry inhomogeneity

in the channel that may cause the EOF to deviate from the ideal plug flow profile,

resulting in the presence of Taylor dispersion. One viable approach is to introduce

turns and patterns in the microchannel so that the flow pattern can deviate from

plug-like flow. In the present study, we design two types of T-mixers with patterned

blocks, including T1 and T2 designs. T1 contains a series of converging-diverging

sections; whereas T2 contains a serpentine structure. In addition, based on the design

of patterned blocks, we apply AC electric field to introduce the oscillating flow and

investigate the effect on mixing efficiency.
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Figure 6.16 EOF velocity distributions in a T-shaped channel at different phases,
left: experiment; right: simulation (V1 = V2 = 150 V).
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Figure 6.17 Micro-PIV measurement and simulation results of the flow fields for
T1 and T2 designs (V1 = V2 = 150 V).

Figure 6.18 Comparison of the results of experimental and simulation mixing qual-
ity (V1 = V2 = 150 V). Long channel: simulation; Short channel: experiment.
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Under DC condition, from the micro-PIV measurements and simulation results as

shown in Figure 6.17, it can be seen that in the turns of the T2 design, there are non-

plug flow pattern, and in the T1 design, near the diverging-converging part the velocity

field also present non-plug profile. In the literature (Ghosal, 2006), the deviation of

the sample blob in the channel curvature under electrokinetic effect is called “race

track” effect. In electrochromatography and separation applications, this effect should

be avoided, but in the micromixing applications, it offers an option to make use of

the Taylor dispersion effect for improving micromixing. Hence, the non-plug flow

pattern induces the “race track” effect and results in Taylor dispersion. Yariv et

al. (2004) theoretically investigated the curvature-induced dispersion in electroosmotic

serpentine flows. They found that with the channel curvature decreased, the effect

of solute dispersion increases. Figure 6.18 shows the mixing effects (gray intensity)

from both experiments and simulations in different designs. A comparison of the

experiments and the simulations shows reasonable agreement.

Figure 6.19 shows the EOF velocity distributions at different phases in the T2-

design channel, both from micro-PIV measurements and simulation results. The com-

parison of these results shows reasonable agreement. It also can be observed that the

velocity field distribution near the T-junction is oscillating in a periodical manner. As

a result, the fluid oscillation near the T-junction makes the contact area between the

two streams increase, which will improve mixing. With more contact area, the two

streams will mix further when flowing through the patterned channel.

Figure 6.20 presents the mixing efficiency under different conditions for T1 and T2

designs. It can be observed that the mixing is improved using the patterned channel

under DC condition, and under AC electric field, the mixing is improved further. It is

also observed that the mixing efficiency in T2 design is better than that in T1 design

under both DC and AC conditions. The reason can be explained as follows: the

turns in the T2 design induces stronger transverse flow (Figure 6.17 and Figure 6.19);

however, only very limited non-plug flow happens near the diverge-converge region in

the T1-design channel (Figure 6.17). Hence in the T2 design, there exists a stronger
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Figure 6.19 EOF velocity distributions in T2 designed channel at different phases,
left: experiment; right: simulation (V1 = V2 = 150 V).
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Figure 6.20 Mixing efficiency for the T, T1 and T2 designs (V1 = 300 V, and
V2 = 300 V for AC conditions under f = 1 Hz). The lines represent the simulation
results and the symbols denote the experimental data (circle: T design, up triangle:
T1 design, down triangle: T2 design, square: T2 design, diamond: T1 design).

Taylor dispersion effect than that in the T1 design, and thus has a better mixing effect.

6.5 A Novel Design for Electrokinetic T-mixer Us-

ing Fabricated Electrodes

From the aforementioned experimental and numerical studies, it can be noted that

using the AC driven flow oscillation cannot significantly enhance electrokinetic mixing.

The reason is that even with the oscillating flow, the velocity profile is still plug-like in

most regions of the T-mixer except for the T-junction, which neither induces transverse

flow nor the Taylor dispersion effect. Hence if high mixing quality is demanded, one

needs to utilize an AC electric field to induce transverse flow. In this section, a

novel design is proposed for electrokinetic T-mixer using AC electric field generated by

fabricated electrodes inside the channel. Due to time limit, only numerical simulations

are carried out to demonstrate this design.
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6.5.1 Background and description of the new design

Numerous studies have been conducted in EK mixing using surface heterogeneity

(Erickson and Li, 2002, Qian and Bau, 2002, and Biddiss et al., 2004). These methods

use surface charge patterning, which results in different zeta potentials, and thus alters

the local electroosmotic flow field to improve the mixing quality. These approaches

are effective to some extent. However, there are some disadvantages, such as the

patterning process is usually long and complicated; the patterned surfaces are sensitive

to contaminants and may not work functionally if contaminated. In addition, after the

patterning, these surfaces are out of control, and hence the mixing is totally “passive”.

One viable way to overcome those disadvantages is to use fabricated electrodes

with adjustable electrical potentials. Since electrode surface is conductive and can be

controlled by applied electric potential, both the local electric field and flow field can

be manipulated. By further adjusting the frequency and amplitude, one can make the

EK mixer perform in an optimum condition.

The new design scheme is as follows. As shown in Figure 6.21 (not to scale), using

the T design, we add a pair of two metal surfaces as electrodes fabricated on the

channel near downstream of the T-junction. Then we connect these metal surfaces

with an AC electric field (low frequency of several Hz, and low voltage of less than 10

V). The purpose is to induce transverse flow near the metal surface and hence improve

mixing quality. Next, the design will be validated using numerical simulation.

6.5.2 Numerical simulation and discussion

In numerical simulation, we still use the same parameters as those used in Section

6.4.1, where V1 = V2 = 150 V. We use one pair or two pairs of metal surfaces, which

are fabricated on the side walls of 0.5 mm and 1 mm downstream from the T-junction.

When using two pairs, the AC electric field applied on each pair is assumed to have

opposite phase angles. The metal surface is 10 µm long and its thickness is negligible.

The AC electric field has the amplitude of 10 V and various frequencies.

For the choice of boundary conditions, special attentions should be paid to the
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Figure 6.21 Sketch of the EK mixer design. HV is high voltage power supply and
LV is low voltage power supply.

metal surface. It is known that the electrical potential on the surface is altered when

an electric field is imposed. As the metal is in contact with electrolyte solution, the

charged surface will interact with ions in the electrolyte, giving rise to re-distribution

of the ions near the metal surface. Thus, and electric double layer (EDL) will be

formed. Under low frequency of the external electric field (less than 10 Hz), the

Gouy-Chapman model is still valid (Gunning et al., 1995). The EDL near the metal

surface is different from that near the dielectric channel surface, and the zeta potential

is unknown. However, since metal surface is highly conducting, the surface can be

treated to be isoelectric, and thus the local electric field vector is perpendicular to the

surface. As a result, there is no electric field component along the surface, and there

is no-slip velocity either. We therefore apply the no slip velocity boundary condition

to the metal surfaces. In fact, based on the numerical simulation results shown below,

if the length of the metal surface is short enough, its size has negligible effect on the

flow field. In other words, the mixing effect is found not sensitive to the metal surface

size if it is small.

Numerical simulations were carried to study the solute concentration distributions

in an electrokinetic T-mixer for: 1) without any metal surfaces; 2) with one pair

of metal surfaces; and 3) with two pairs of metal surfaces. In the simulation, the

electric field frequency was chosen as f = 1 Hz. Figure 6.22 shows a comparison of the
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Figure 6.22 Simulation results of solute concentration distributions in electrokinetic
T-mixer, (a) without metal surface, (b) with 1 pair of metal surfaces (f = 1 Hz), and
(c) with 2 pairs of metal surfaces (f = 1 Hz).
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Figure 6.23 Comparisons of the mixing efficiency under three different conditions
(No pair, 1 pair, and 2 pairs of metal surfaces).

concentration distributions under the 3 conditions mentioned above. It can be observed

that with metal surfaces, the mixing quality has been improved significantly. The

results displayed in Figure 6.23 show that the mixing efficiency is increased drastically

with the metal surfaces effect. Figure 6.24 shows the electric potential distributions

at four different phases. It can be noted that the electric potential distribution only

changes in the region near the metal surfaces. Due to a change of the local electric

field, the mixer also has an advantage that the flow field also keeps plug-like flow in

most other parts of the channel, except for the small regions near the metal surfaces.

This scenario is shown in Figure 6.25, from which we can observe that flow field keeps

unchanged except for the small region near the metal surfaces. This advantage is

useful, since in certain conditions a steady flow rate is required.

6.5.3 Suggestions on fabrication and operation

Due to the small size of the metal surfaces embedded at the channel walls, special

micro fabrication technology is needed. One option is the silicon bulk micromachining
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Figure 6.24 Electric potential distributions at different phases (2 pairs of metal
surfaces).

Figure 6.25 Velocity field at different phases (2 pairs of metal surfaces).
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technology (Chen et al., 2003; Zhang et al., 2003). Using this technology, one can

integrate the metal surfaces to the full depth of the channel. To avoid the electrolysis

of water, platinum should be used as the material of the metal surfaces. Meanwhile, to

avoid bubble generation around the metal surfaces, the AC voltage amplitude should

not exceed 20 V and the buffer solution should have the lower concentration possible.

6.6 Summary

Mixing is a complicated phenomenon which involves physical processes including

momentum and mass transfer. The mixing quality in an electrokinetic T-mixer is

controlled by several factors, including the electric field frequency, the field amplitude,

and the size or geometry of the channel. In the present study, these factors are sys-

tematically investigated using both numerical and experimental methods. It is found

that under DC condition, the mixing quality in a traditional electrokinetic T-mixer is

poor.

For enhancing the mixing efficiency, both active and passive schemes are proposed.

The AC field driven flow provides an active way for improving mixing quality, whereas

the patterned blocks in the channel offers a passive mechanism to introduce the “race

track” effect to increase the Taylor dispersion, which is effective for improving mi-

cromixing. Because EOF in microfluidic channels exhibits a plug-like profile which is

different from classical pressure-driven flows, the mass transport of solutes is not sub-

jected to any Taylor dispersion in the bulk flow region. From the experimental results

and simulation data, it is concluded that the electroosmotic oscillation in T-mixer has

limited improvement in mixing quality. However, the electroosmotic oscillation in a

channel with patterned blocks can enhance the mixing efficiency further.

In addition, a novel design is proposed for electrokinetic micromixer, which utilizes

the metal surface effects to induce the transverse flow in microchannels. Using numer-

ical simulation, the new design is validated. It is also concluded that the novel design

guarantees high mixing efficiency and steady electroosmotic pumping.
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Chapter 7

Conclusion and Future Studies

7.1 Contributions of This Study

Following the objectives of the present work, extensive and rigorous studies on the

time-dependent and frequency-dependent electroosmotic flows in microchannels have

been conducted using either the analytical or numerical approaches under various

physicochemical conditions. Experiments for characterizing and verifying the theo-

retical models of the time-dependent and frequency-dependent EOF in microchannels

have been carried out. Based on the extensive experimental data and simulation re-

sults, reasonable agreements have been obtained. An in-depth understanding of the

time-dependent and frequency-dependent electroosmotic flows in microchannels has

been achieved. As an important application, the electrokinetic micromixing has been

systematically investigated. The experimental approaches used in the present work not

only provides first-hand information or/and direct observations which form a basis for

development of new theories, but also can generate an amount of data which allow for

validation of existing models. Nonetheless, the major contributions made during the

course of this study can be summarized as follows:

1. A method for simultaneously determining zeta potentials of both

channel surfaces and tracer particles. Using the micro-PIV technique, we have

characterized the steady-state EOF in open- and closed-end rectangular microchannels.
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The typical plug-like flow pattern in open-end channel and parabolic velocity profile in

closed-end channel have been demonstrated. A method is developed to simultaneously

determine the zeta potentials of the channel surface and the tracer particles in aqueous

solutions. The new method uses the micro-PIV technique to measure the steady

velocity distributions of tracer particles in both open- and closed-end microchannels

under the same water chemistry condition. As a result, the zeta potentials of the

tracer particles and the channel surfaces can be determined using the least-square

method to fit the micro-PIV measured velocity distributions of the tracer particles.

Nonetheless, the new method avoids dealing with the problems associated with the

stationary level in microelectrophoretic measurements, and allows for simultaneously

determining the zeta potentials of the tracer particles and the microchannel surfaces

using the micro-PIV technique.

2. Diagnosis of start-up transient electroosmotic flows in microchan-

nels. A phase locking based micro-PIV technique has been developed to investigate

the transient electroosmotic flow fields by using precise synchronization of different

trigger signals for the laser, CCD camera, and in-house designed high-voltage switch.

Experiments were conducted to measure the time evolution of electrokinetic flows in

both open-end and closed-end rectangular microchannels. Utilizing such transient

micro-PIV technique, a method has been proposed to determine the electrophoretic

mobility of the tracer particles and the zeta potential of the channel wall. The method

reported here allows for measuring the channel wall’s zeta potential without dealing

with the difficulty related to the so-called stationary level and is suitable for the sit-

uations where the Joule heating associated problems are severe. Using the measured

channel zeta potential, the theoretical predictions of the transient electroosmotic ve-

locity fields are validated with the experimental data. To our best knowledge, this

study reports the first measurement of transient electroosmotic flow fields and the

first experimental verification of analytical predictions of the temporal development of

electroosmotic flows. The transient micro-PIV technique presented in this study can

be a useful tool to study the dynamic characteristics of the electroosmotic velocity
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field in microfluidic devices.

3. Characterization of the time-dependent electroosmotic flow in mi-

crochannels with finite reservoir size effect. With an order of magnitude analysis

on a typical microfluidic system, an analytical model has been presented to describe

the effect of the finite reservoir size on electroosmotic flow in a rectangular microchan-

nel. Two important time parameters were introduced, including the effective pumping

period and the reverse flow starting time to characterize the electroosmotic pump-

ing, and both the effective pumping period and the reverse flow starting time can be

determined using the analytical model developed in this study. Several parameters

were studied to analyze the reservoir size effects on the EOF effective pumping, in-

cluding the dimension of the reservoir’s cross section, the length of the microchannel,

and the cross-sectional area of the microchannel. It was found that the reservoir ef-

fect is stronger for smaller reservoir size, shorter channel length, and larger channel

cross-sectional area.

4. Characterization of frequency-dependent electroosmotic flow in the

microchannels. A method that combines the Laplace transform and Frequency Do-

main Analysis has been developed to analyze the EOFs in both open- and closed-end

rectangular microchannels. This method provides insight into the underlying physics

of the frequency-dependent EOF. Further, using the micro-PIV technique, frequency-

dependent electroosmotic flows in microchannels were measured. It is observed that

the combined DC/AC field driven EOF in microchannels presents a flow pattern con-

sisting of a constant velocity component and an oscillating component. Since the

constant velocity part can be used for fluid pumping and the oscillating part can be

used for convective mixing, this flow pattern may have potential microfluidic mixing

applications.

5. Study of the electrokinetic micromixing using frequency-dependent

electroosmotic flow and patterned blocks in the microchannels. Numeri-

cal and experimental investigation has been carried out on the characterization and

performance of an electrokinetic T-mixer. Several factors including the electric field
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frequency, the electric field amplitude, and the size or shape of channels have been ex-

amined thoroughly to assess their effects on the mixing efficiency of the electrokinetic

T-mixer. The electric oscillation gives an active way for improving mixing quality,

whereas the patterned blocks in the channel offers a passive mechanism to induce the

“race track” effect to increase the Taylor dispersion for micromixing enhancement.

Based on the experimental data and simulation results, it is found that the electric

oscillation has limited improvement in mixing quality, while the patterned designs

can enhance the mixing effectively. In addition, a novel design for electrokinetic mi-

cromixer is proposed, which utilizes the fabricated electrodes to induce the transverse

flow in the channel. Numerical simulation shows that the novel design provides a high

mixing efficiency while guarantees steady electroosmotic pumping.

7.2 Recommendations for Future Studies

Based on the results presented in this study, some comments and recommendations

are made as following for future research.

1. Measurements of the pressure gradients in the closed-end microchan-

nels for micro actuation. Study of the time-dependent or frequency-dependent

electrokinetic flows in closed-end channels is of special interest, since the flow velocity

field is resulted from a combination of the electroosmosis and the induced backpressure

gradient. From a practical viewpoint, a promising application of using the closed-end

channel structure has been proposed for the development of electrokinetic microac-

tuators (Marcos et al., 2004b). However, in the present study, we only managed

to measure the EOF velocity fields in closed-end microchannels using the micro-PIV

technique. In the literature, Reppert and Morgan (2002) measured the pressure in a

pseudo-closed system, where one end of the capillary was closed and the other end was

attached to an infinite reservoir. However, these efforts are not enough to explore the

micro actuation applications. Therefore, extensive data of the pressure measurements

are needed for characterization of the micro actuation.

140

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



2. Experimental characterization of the electrokinetic micromixer using

fabricated electrodes. In Chapter 6, a novel electrokinetic micromixer with aid of

the fabricated electrodes is proposed. The numerical simulations show that the new

design improves the mixing quality effectively. Hence, further experimental studies

are suggested to include the fabrication and the experimental characterization of such

electrokinetic micromixer. Due to the small size of the metal electrodes embedded on

the channel walls, a suitable micro fabrication technology is needed. One option is the

use of the silicon bulk micromachining technology, based on which, one can integrate

the metal electrodes into the full depth of the channel. To avoid the electrolysis of

water, platinum is suggested to be the material of the electrodes.

3. Systematic investigation of the biofluids and bioparticles under time-

and frequency-dependent electric field. In the present study, we only used the di-

lute electrolytes and DI water as the working microfluidics. However, in various chemi-

cal analysis and biomedical diagnosis the test samples involve biofluids and bioparticles

such as cells. On the one hand, biofluids may not behave as Newtonian liquids; on

the other hand, electrokinetic properties of biofluids with bioparticles (e.g., dielec-

tric constant, electrical conductivity, zeta potential, etc.) are different from dilute

electrolytes. Therefore, modeling and experimental investigation of such biofluid flow

driven by time- and frequency-dependent electric field not only are of fundamental

interest, but also are of importance to the design and optimum control of microfluidic

devices.
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Appendix A

Effect of Finite Reservoir Size on

Electroosmotic Flow in Cylindrical

Microchannels

In Chapter 4, we have discussed the effect of finite reservoir size on EOF in rectan-

gular microchannels. However, the cylindrical microchannels are also widely used in

various applications, such as the capillary electrophoresis. In the following, the effect

of finite reservoir size on EOF in cylindrical microchannels will be analyzed.

A.1 Mathematical Model

Similar to the derivation in Chapter 4, we make the same assumptions and also

use the slip velocity approximation. We can write the expression for the flow field in

dimensional form as

u (r, t) = ueo + up (r, t) (A.1)

In Eq. (A.1), the electroosmotic flow field ueo is steady, while the backpressure driven

flow field up(r, t) is time-dependent because of the change of liquid level in the reservoirs

with time. The EOF can be considered as a flow induced by a moving wall with a
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velocity (slip velocity) given by Smoluchowski equation,

ueo = −ε0εrζE

µ
(A.2)

Using the cylindrical coordinates system shown on the cylindrical channel, with

assumption of the pseudosteady pressure-driven flow, the flow velocity profile is de-

scribed by the well-known Poiseuille flow which in a cylindrical channel is expressed

as (Papanastasiou et al., 2000)

up (r, t) =
1

4µ

∆p (t)

l

(

a2 − r2
)

(A.3)

where ∆p (t) is the time-dependent pressure drop induced by change of the liquid levels

in the reservoirs, and a is the radius of the cylindrical channel. In order to compute

the velocity profile expressed in Eq. (A.3), we will determine the induced backpressure

∆p (t) in the following section.

A.2 Determination of the Induced Backpressure Gra-

dient

Similarly, the total flow rate in the channel also consists of two parts, the electroos-

motic flow rate and the backpressure driven flow rate. Then according to Eq. (A.1),

the total flow rate can be expressed as

q(t) = q0 − qp(t) (A.4)

where “−” sign indicates that the induced backpressure driven flow is always in op-

posite to the electroosmotic flow. q0 is the electroosmotic flow rate and is expressed

as

q0 = ueoAcross = −ε0εrζE

µ
πa2 (A.5)
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Integrating Eq. (A.3) over the cross-sectional area of the rectangular microchannel

gives an expression for the volumetric flow rate in the induced pressure driven flow as

qp (t) =
πa4

8µ

∆p (t)

l
(A.6)

For two identical reservoirs, the radii are R, and the cross section area is A = πR2.

Thus, the induced backpressure drop resulted from the change of fluid levels in the

two reservoirs can be related to the total quantity of liquid transported during the

pumping period from time zero to time t, and the correlation then can be expressed

as

∆p(t) = ρg
2Q(t)

A
(A.7)

where Q(t) is the total quantity of liquid transported at given time t and can also be

expressed as

Q(t) =

t
∫

τ=0

q(τ)dτ (A.8)

Substituting Eq. (A.7) into Eq. (A.6), we can obtain

qp (t) =
πρga4

4µAl
Q (t) (A.9)

Introducing a parameter,

C =
πρga4

4µAl
(A.10)

we can write

qp (t) = CQ (t) (A.11)

Using Eqs. (A.4), (A.8) and (A.11), we can show the expression for the total flow rate

q (t) = q0 − C

t
∫

τ=0

q (τ)dτ (A.12)

Eq. (A.12) is an integral equation. With the initial condition of q (t = 0) = q0, we can
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solve it to obtain the time-dependent flow rate,

q(t) = q0 exp(−Ct) (A.13)

Substituting Eq. (A.13) into Eq. (A.8) yields an expression for the total quantity of

liquid transported during the period of time zero to time t:

Q (t) =
q0
C

[1 − exp (−Ct)] (A.14)

Putting Eq. (A.14) into Eq. (A.7), we can show that the induced backpressure gradient

along the channel can be expressed as

∆p (t)

l
=

2ρgq0
CAl

[1 − exp (−Ct)] (A.15)

A.3 Two Important Time Parameters for Electroos-

motic Pumping in a Cylindrical Tube

A.3.1 Effective pumping period

With the backpressure gradient obtained, by substituting Eqs. (A.3), (A.10) and

(A.15) to Eq. (A.1), we obtain the velocity distribution in the capillary as

u (r, t) = ueo − 2ueo

(

1 − r2

a2

)

[1 − exp (−Ct)] (A.16)

It can be observed that the solution is one dimensional (only relevant to r and t) and

more concise than that for rectangular channel.

For the estimation of effective pumping period, we can see the expression Eq. (A.13)

for the flow rate has the same form of that for rectangular channel, except for the

different value of the constant C. Hence, similar to the definition used in Chapter 4,

if we still define the effective pumping period is the time to which the volumetric flow
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rate reaches 95% of q0, then the effective pumping period is

teff = − log (0.95)

C
≈ 0.05

C
(A.17)

A.3.2 Reverse flow starting time

In order to compute the time when the reverse flow starts, we only need to solve

|u (r = 0, t)| = |ueo| (A.18)

Substituting Eq. (A.18) to Eq. (A.16), readily we obtain

trev =
log 2

C
(A.19)

If we substitute Eq. (A.19) to Eq. (A.13), we can find at this time the volumetric flow

rate is one half of the electroosmotic flow rate q0.

In conclusion, we have presented an analysis of finite reservoir size effect on the

EOF in cylindrical microchannels. For those applications using cylindrical tubes, these

results can be used in microfluidic system design and optimization.
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Appendix B

Frequency Domain Analysis

Method

The transfer functions play an important role in describing and analyzing dynamic

systems. In particular, we have the following relationships as shown in Figure B.1 and

Eq. (B.1) (Ronald and Duncan, 2004):

Y (s) = G (s)U (s) (B.1)

y(t) =

t
∫

τ=0

g(t− τ)u(τ)dτ (B.2)

g (t) = L−1[G (s)] (B.3)

If the transfer function G(s) is known, one first determines the impulse response which

is expressed in Eq. (B.1). Then, for any input function, the desired response can be

obtained via the convolution integral given in Eq. (B.2). Alternatively, one could di-

Figure B.1 An overall system with single input and single output.
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rectly determine the inverse transform of Eq. (B.3) using the partial fraction expansion

or the theory of residues.

An important input function is the sinusoid. The output response of a LTI (linear

time-invariant) system resulting from a sinusoidal variation in a selected system input

is termed as the frequency response of the system. As shown below, the output re-

sponse is also a sinusoid of different magnitude, and it is shifted by a phase angle, ψ,

relative to the input function. Thus, we have

u (t) = b sin (ωt) (B.4)

The output of a system described by transfer function, G(s) can be written as

y (t) = b |G (jω)| sin (ωt+ ψ) (B.5)

where j =
√
−1 . To justify this statement, consider a SISO (single input and sin-

gle output) system where the input is a simple sinusoid. For this case, the Laplace

transform of the input function is given by

U (s) =
bω

s2 + ω2
(B.6)

and the Laplace transform of the output is the product of G(s) and U(s), or

Y (s) = G (s)
bω

s2 + ω2
(B.7)

Since G(s) can be written as Z(s)/P (s) which has n system poles (i.e., the n roots of

P (s) = 0), we can use the method of residues to determine the output response, or

y (t) = L−1[Y (s)] =
∑

all poles

residues of

[

G (s)
bω

(s− jω) (s+ jω)
est

]

=
G (s) bωest

s+ jω

∣

∣

∣

∣

s=jω

+
G (s) bωest

s− jω

∣

∣

∣

∣

s=−jω

+
bωG (s) (s− s1) est

s2 + ω2

∣

∣

∣

∣

s=s1
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Figure B.2 Complex conjugates in imaginary plane.

+
bωG (s) (s− s2) est

s2 + ω2

∣

∣

∣

∣

s=s2

+ · · ·+ bωG (s) (s− sn) est

s2 + ω2

∣

∣

∣

∣

s=sn

(B.8)

where si = s1, s2, s3, · · · , sn = poles of G (s).

For a stable system, all the s′is have negative real parts. Therefore, after a sufficient

time, all the terms containing esit are vanished and only the first two terms will remain.

Therefore, the above expression reduces to

y (t) = b

{

G (jω)ωejωt

2jω
− G (−jω)ωe−jωt

2jω

}

= b

{

G (jω) ejωt −G (−jω) e−jωt

2j

}

(B.9)

Note that G (jω) and G (−jω) are simply complex numbers. In fact G (jω) and G (−jω)

are complex conjugates. Also, note that any complex number can be written in terms

of a magnitude and angle. Therefore,

G (jω) = α+ jβ = |G (jω)| (cosψ + j sinψ) = |G (jω)| ejψ (B.10)

where |G (jω)| =
√

α2 + β2 and ψ = tan−1(β/α), as shown in Figure B.2. Thus we

show that G (jω) = |G (jω)| ejψ and G (−jω) = |G (−jω)| e−jψ = |G (jω)| e−jψ. Now we

can write y(t) as

y (t) = b |G (jω)|
{

ej(ωt+ψ) − e−j(ωt+ψ)

2j

}

= b |G (jω)| sin (ωt+ ψ) (B.11)
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Therefore, the frequency response of a system is in the same form as the input function;

the magnitude is multiplied by G (jω) and the sinusoid is shifted by a phase angle ψ.

These two quantities, G (jω) and ψ, define completely the response of a stable system

to a sinusoidal input. The key point here is that these quantities can be obtained

easily from the knowledge of the system transfer function G (s),

|G (jω)| =

√

Real [G (jω)]2 + Imag [G (jω)]2 (B.12)

ψ = tan−1

{

Imag [G (jω)]

Real [G (jω)]

}

(B.13)

An important characteristic of frequency response analysis is that a simple link

between the theoretical transfer function and the experimental frequency response

exists. Frequency response testing allows one to determine easily the system transfer

function. To compute the frequency response, one simply evaluates G (s) and ψ at a

large number of frequencies.
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Appendix C

Numerical Inversion of Laplace

Transform Using the Fixed-Talbot

(FT) Method

Numerical inversion of the Laplace transform is very useful in solving the governing

equations for many practical problems. Because now researchers have easy access to

multi-precision computing software, such as Matlab, by using a simple algorithm one

can obtain the numerical inversion with high precision. In this appendix, we provide a

brief introduction to the fixed-Talbot (FT) method, which is a simple but very effective

algorithm.

The FT algorithm is substantial simplification of the original Talbot procedure

which employs deforming the standard contour in the Bromwich inversion integral.

For more information, please refer to the work by Abate and Valko (2004). Here we

only present the formulations and the program written in Matlab. First, we introduce

j =
√
−1, and define the following:

θk =
kπ

M
(C.1)

r =
2M

5t
(C.2)
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s (θ) = rθ (cot θ + j) (C.3)

σ (θ) = θ + (θ cot θ − 1) cot θ (C.4)

In Eqs. (C.1) and (C.2), M is the number of terms to be summed, which should be

equal to the number of precision decimal digits to meet the precision requirement.

Using the trapezoidal rule with step size π/M , and θk = kπ/M , one can approxi-

mate the value of the numerical inversion of Laplace transform F (s) as below

f (t,M) =
r

M

{

1

2
ertF (r) +

M−1
∑

k=1

Real
[

ets(θk)F (s (θk)) (1 + jσ (θk))
]

}

(C.5)

where F (s) = L [f (t)]. Using Eqs. (C.1) – (C.5), the algorithm can be realized in a

short program written in Matlab (attached below), in which the function “F” is the

Laplace transform whose numerical inversion is wanted. By adjusting the value of M ,

one can set the precision of the numerical inversion.

function value = inverse_FT(t)

j = sqrt(-1);

M = 32;

digits(M); % Setting MATLAB precision (32);

r = 2*M./(5.*t);

temp = 0;

for k = 1:M-1

theta_k = pi*k/M;

s_theta_k = r*theta_k*(cot(theta_k)+j);

sigma_theta_k = theta_k+(theta_k*cot(theta_k)-1)...

*cot(theta_k);

temp = temp + real(exp(t.*s_theta_k).*F(s_theta_k)...

*(1+j*sigma_theta_k));

end

value = r./M.*(0.5*F(r).*exp(r.*t)+temp);
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Appendix D

Poiseuille Flow in a Tube of

Rectangular Cross Section

Consider an incompressible Newtonian liquid in an infinitely long tube of rect-

angular cross section of width 2w and height 2h, as shown in Figure 2.1. Assume

a steady pressure-driven flow in fully-developed situation which is governed by the

Stokes equation,

∂2uz
∂x2

+
∂2uz
∂y2

=
1

µ

∂p

∂z
(D.1)

Due to the symmetry with respect to the planes x = 0 and y = 0, the flow can

be modeled only in the first quadrant in x − y plane. The boundary conditions are

specified as follows:
∂uz
∂x

= 0 on x = 0

uz = 0 on x = w

∂uz
∂y

= 0 on y = 0

uz = 0 on y = h



































(D.2)

Eq. (D.1) can be transformed into the Laplace equation by using

uz(x, y) = − 1

2µ

∂p

∂z

(

h2 − y2
)

+ u′z (x, y) (D.3)
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Note that the first term in the right-hand side of Eq. (D.3) is just the Poiseuille flow

profile between two infinite plates placed at y = ±h. Substituting Eq. (D.3) into

Eqs. (D.1) and (D.2), we obtain

∂2u′z
∂x2

+
∂2u′z
∂y2

= 0 (D.4)

which is subject to the following boundary conditions:

∂u′z
∂x

= 0 on x = 0

u′z = 1
2µ

∂p
∂z

(h2 − y2) on x = w

∂u′z
∂y

= 0 on y = 0

u′z = 0 on y = h



































(D.5)

Using the separation of variables method, we can solve Eq. (D.4) and obtain

u′z (x, y). Substituting u′z (x, y) into Eq. (D.3) gives the final solution as:

uz (x, y) = −h2

2µ

∂p

∂z



1 −
(y

h

)2

+ 4

∞
∑

k=1

(−1)k

α3
k

cosh
(αkx

h

)

cosh
(αkw

h

) cos
(αky

h

)



 (D.6)
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Appendix E

Publication List

Journal papers

1. Yan, D.G., Yang, C., Nguyen, N.T., and Huang, X.Y. (2007), ‘Diagnosis of

Transient Electrokinetic Flow in Microflidic Channels’, Phys. Fluids., Vol. 19,

017114(1-10).

2. Yan, D.G., Yang, C., and Huang, X.Y. (2007), ‘Effect of Finite Reservoir Size

on Electroosmotic Flow in Microchannels’, Microfluid. Nanofluid., Vol. 3,

333-340.

3. Yan, D.G., Nguyen, N.T., Yang, C., and Huang, X.Y. (2006), ‘Visualizing the

transient electroosmotic flow and measuring the zeta potential of microchannels

with a micro-PIV technique’, J. Chem. Phys., Vol. 124, 021103(1-4).

4. Yan, D.G., Yang, C., Nguyen, N.T., and Huang, X.Y. (2006), ‘A method

for simultaneously determining the zeta potentials of the channel surface and

the tracer particles using microparticle image velocimetry technique’, Elec-

trophoresis , Vol. 27, 620-627.

5. Tang, G.Y., Yan, D.G., Yang, C., Gong, H.Q., Chai, J.C., and Lam, Y.C.

(2006), ‘Assessment of Joule heating and its effects on electroosmotic flow and

electrophoretic transport of solutes in microfluidic channels’, Electrophoresis ,

Vol. 27, 628-639.
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Conference papers

1. Yan, D.G., Gan H.Y., Yang, C., Nguyen, N.T., Huang, X.Y., and Lam, Y.C.

(2006), ‘Use Micro-PIV to Measure Transient Electroosmotic Flow and Zeta

Potential of Channel Wall’, The 10th International Conference on Miniatur-

ized Systems for Chemistry and Life Sciences (µTAS2006), November 5-9, 2006,

Tokyo, Japan, 89-91.

2. Yan, D.G., Yang, C., Nguyen, N.T., and Huang, X.Y. (2006), ‘Measurement

of transient electrokinetic flow in microchannels using micro-PIV technique’, 4th

International Conference on Nanochannels, Microchannels and Minichannels,

June, 2006, Ireland.

3. Yan, D.G., Yang, C., Nguyen, N.T., and Huang, X.Y. (2006), ‘Diagnosis of time

and frequency dependent electroosmotic flows in microfluidic channels’, ELKIN

2006 (International Electrokinetics Conference), June, 2006, France.

4. Yan, D.G., Yang, C., Nguyen, N.T., and Huang, X.Y. (2006), ‘Electroki-

netic Flow in Microchannels with Finite Reservoir Size Effects’, International

MEMS Conference 2006, May, 2006, Singapore. Also published in: Journal of

physics: Confrerence Series , Vol. 34, 385-392.

5. Tang, G.Y., Yan, D.G., Yang, C., Gong, H.Q., Chai, C., and Lam, Y.C. (2006),

‘Joule heating and its effects on electroosmotic flow and electrokinetic transport

of solutes in microfluidic channels’, Asia-Pacific Conference of Transducers and

Micro-Nano Technology APCOT2006, June, 2006, Singapore.

6. Tang, G.Y., Yang, C., Yan, D.G., Gong, H.Q., Chai, C., and Lam, Y.C. (2006),

‘Joule heating induced heat transfer in electrokinetic flow through microfluidic

channels’, 13th International Heat Transfer Conference, August, 2006, Australia.
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