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Next-generation reservoir computing (NG-RC) has attracted much attention due to its excellent performance
in spatiotemporal forecasting of complex systems and its ease of implementation. This paper shows that NG-RC
can be encoded as a kernel ridge regression that makes training efficient and feasible even when the space
of chosen polynomial features is very large. Additionally, an extension to an infinite number of covariates is
possible, which makes the methodology agnostic with respect to the lags into the past that are considered as
explanatory factors, as well as with respect to the number of polynomial covariates, an important hyperparameter
in traditional NG-RC. We show that this approach has solid theoretical backing and good behavior based on
kernel universality properties previously established in the literature. Various numerical illustrations show that
these generalizations of NG-RC outperform the traditional approach in several forecasting applications.

DOI: 10.1103/PhysRevE.111.035305

I. INTRODUCTION

Reservoir computing (RC) [1-4] has established itself as
an important tool for learning and forecasting dynamical
systems [3,5-10]. It is a methodology in which a recurrent
neural network with a randomly generated state equation and
a functionally simple readout layer (usually linear) is trained
to proxy the data-generating process of a time series. One
example is the echo state networks (ESNs) [3,11,12], which
have demonstrated excellent empirical performance and have
been shown to have universal approximation properties in
several contexts [13—16]. Another family with similar theoret-
ical properties is the state-affine systems (SAS) introduced in
[17,18] and that is prevalent in engineering applications [19]
and in quantum reservoir computing (QRC) [20,21].

Despite the ease of training associated with the RC
methodology, its implementation depends heavily on hyper-
parameters that are sometimes difficult to estimate robustly.
This difficulty has motivated various authors to replace the
standard RC approach with nonlinear vector autoregression
in which the covariates are monomials constructed using the
previous inputs. In these methods, the only hyperparameters
to be chosen are the maximum order of the monomials and
the number of lags of past signals. This approach has been
called next-generation reservoir computing (NG-RC) [22-27]
and has displayed excellent performance in control and spa-
tiotemporal forecasting tasks.

One downside of the NG-RC approach is that its per-
formance and complexity depend strongly on the above-
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mentioned hyperparameters. Yet, as these hyperparameters
grow, the computational effort associated with NG-RC in-
creases exponentially. One goal of this paper is to place
NG-RC in the context of kernel methods. Kernels are clas-
sical tools employed in static classification, regression, and
pattern recognition tasks [28-30]. Due to the representer
theorem, kernels provide a way of passing inputs into higher-
dimensional feature spaces where learning takes place linearly
without scaling with the dimension of the feature space.
By kernelizing NG-RC, we show a more computationally
tractable approach to carrying out the NG-RC methodology
that does not increase complexity with the hyperparameter
values. In particular, we shall see that NG-RC is a particular
case of polynomial kernel regression.

The idea that we just explained can be pushed all the way to
considering all past lags and polynomial orders of arbitrarily
high order in the polynomial kernel regression. Even though
this leads to an infinite-dimensional covariate space (hence the
title of the paper), the kernel regression can be explicitly and
efficiently implemented using the recurrence properties of the
Volterra kernel introduced in [31]. Since the Volterra kernel
regression method has as covariates the left-infinite sequence
of inputs and all the monomials of all degrees constructed
from these inputs, this implies that, unlike NG-RC or the
polynomial kernel regression, this approach is agnostic with
respect to the number of lags and the order of monomials.
Moreover, the Volterra kernel has been shown in [31] to be
universal in the space of fading memory input/output systems
with uniformly bounded inputs and, moreover, has a compu-
tational complexity that outperforms the NG-RC whenever
higher-order monomials and lags are required for modeling
more functionally complex systems.

The last part of the paper contains various numerical sim-
ulations that illustrate that (i) using the more computationally
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tractable polynomial kernel regression, one has access to a
broader feature space, which allows learning more complex
systems than those typically presented when using the NG-RC
methodology and (ii) the Volterra kernel is a useful tool that
can produce more accurate forecasts because it allows one to
take infinite lags and monomial orders into account, which
is of relevance in the modeling of long-memory phenomena
that exhibit functionally complex dependencies. All the codes
and data necessary to reproduce the results in the paper are
available at [32].

II. PRELIMINARY DISCUSSION
A. Notation

Let Z denote the set of integers and Z _ be the set of non-
positive integers. Denote by R the set of real numbers and the
d-dimensional Euclidean space by R¢. We often work with
sequence spaces. Let the space of sequences of d-dimensional
real vectors indexed by Z_ be denoted (R9)Z- . Given 1 € N,
we shall use (RY)® for the space of r-long sequences of
d-dimensional real inputs indexed by {—7 + 1, ..., —1,0}.
In the description of sequence spaces, we may also replace
R? with any subset of finite-dimensional Euclidean space W.
The components of sequences z € WZ- are given by z; €
W,ieZ_,thatis, z= (z;)icyy. Now, giveni € Z_, T € N,
and z; € W, we denote by z; := (..., z;_, z;) € W%~ and by
2" = (Zi_r41, ..., %) € W'. We use Z and ) to refer to the
input space and to the output space, respectively. The exam-
ples of Z can be R?, (RY)?, (R¥)Z-, WZ- etc. The output
space ) is typically finite-dimensional subsets of Euclidean
space, or even subsets of R.

B. Data generating processes

Throughout this paper, we are interested in the learning
and forecasting of discrete-time, time-invariant, and causal
dynamic processes that are generated by functionals of the
form H : (R?)%- — Y, that is, given z € (RY)Z, we have
that y, = H(z;), t € Z. In practice, the inputs z € (RYZ can
be just deterministic sequences or realizations of a stochas-
tic process. A related data generating process that we shall
be using is the causal chains with infinite memory (CCIM)
[33-35]. These are infinite sequences (y;);cz, where y; €
for all i € Z, are such that y; = H(y,_;) for all i € Z and
some functional H : YZ- — ). Takens’ Theorem [36] and its
generalizations [37—40] guarantee that the low-dimensional
observations of dynamical systems follow, under certain con-
ditions, a dynamical prescription of this type.

C. Kernel methods

Kernels and induced RKHS. A kernel on Z is a function
K : Z x Z — R that is symmetric and positive semidefi-
nite. In this context, positive semidefiniteness means that for
any «;, o ER,Z,',Z]' € Z,i,j S {1,...,”},

iiaiaﬂ((zi, Zj) 2 0.

i=1 j=1

Givenz,y, ...z, € Z,define the Gram matrix or Gramian to be
the matrix K := [K(z;, z 0l j=1 € R™", The kernel function
being symmetric and positive semidefinite is equivalent to the
Gramian being positive semidefinite in a matrix sense. The
next example is a family of kernel functions of importance in
our discussion.

Example 1 (Polynomial kernels). Let Z C R? for some
d € N. For any constant ¢ > 0, a polynomial kernel of degree
p € N is the function KPY : Z x Z — R given by

KPY(z,2)) = (2z'2 + ), 2,7 € Z.

Let H be a Hilbert space of real-valued functions on Z en-
dowed with pointwise sum and scalar multiplication. Denote
the inner product on H by (-, -)ir. We say that H is a repro-
ducing kernel Hilbert space (RKHS) associated to the kernel
K if the following two conditions hold. First, for allz € Z, we
have that the functions K (-, z) € H, and for all z € Z and all
f € H, the reproducing property, f(z) = (f,K(-,2))m, z €
Z, is satisfied. The maps of the form K,(-) .= K(-,z) : Z —>
R are called kernel sections. Second, the Dirac functionals
8z : H — R defined by §,(f) := f(z) are continuous, for all
z € Z, with respect to the metric on H induced by the inner
product (-, -)g.

Canonical feature maps and spaces. In this setup, one may
define the map &y : Z — H given by & (z) .= K;,z € Z.
Then, from the reproducing property of the RKHS, the kernel
function can be written as the inner product of kernel sections.
Indeed, given z, ' € Z, we can write

K(z,2) = (Ky, K)u = (Pu(2), Pu(2)m.

We call the map Py the canonical feature map and the RKHS
H is referred to as its canonical feature space.

By the Moore-Aronszajn Theorem [30,41], any kernel has
a unique RKHS, and this RKHS can be written as

H := span{K, | z € Z},

where the bar denotes the completion with respect to
the metric induced by the inner product (-, -)g. This in-
ner product obviously satisfies that for f =Y I, oKy, g =
Z;{:] BiKy, € H, (f,8m = Z,m:] ZZ_,‘:] oifiK(z;,z2;). We
use the symbol || - ||y for the norm induced by (-, -)g.

Feature maps and their associated kernels. The construc-
tion we just presented produces an RKHS and a feature map
out of a kernel map. Conversely, given any Hilbert space
(H, (-, -)y) and amap ® : Z — H from the set Z into H, we
can construct a kernel map that has & as a feature map and H
as a feature space, that is, define

K(z,7) = (®@), P(2))y, 2,7 € Z. (1

Such a function KX is clearly symmetric and positive semidef-
inite; thus, it satisfies the conditions needed to be a kernel
function. It can actually be proved (see [[30], Theorem 4.16])
that a map K : Z x Z — R is a kernel if and only if there
exists a feature map that allows K to be represented as in (1).
Note that given a kernel function, the feature representation
(1) is not unique in the sense that neither the feature space
H nor the feature map ® : Z — H are unique. In particular,
given K, the canonical feature map and the RKHS are a choice
of feature map and feature space for K, respectively.
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When a kernel function K is defined as in (1) using a
feature map @ : Z — H, Theorem 4.21 in [30] proves that
the corresponding RKHS H is given by

equipped with the Hilbert norm

I/l == inf {[lwlly | w € H such that f(-) = (w, ()]}
3)

Using this fact, we prove the following lemma, which shows
the equality of the RKHS spaces associated with kernels with
feature maps related by a linear isomorphism.

Lemma 2. Suppose K; and K, are kernels with feature
spaces H; and H, and feature maps ®; : Z2 — H; and &, :
Z — H,, respectively. Denote the corresponding RKHSs by
H, and H,. Suppose that there exists a bounded linear isomor-
phism L : Hy — H, such that &, = L o &, then H; = Hj.

Proof. By the bounded inverse theorem, L~!, which is
linear, is bounded. By the Riesz representation theorem, the
adjoints of L and L~', denoted by L* and (L~')* are well
defined. By (2), for f € H,, there exists w € H; such that
f(@) = (w, ®(z))y, forany z € Z. Then, it is easy to see that
forany z € Z, f(z) = (L™')*w, ®,(z))p, so that H; C H,.
The reverse inclusion is similar.

Kernel ridge regression. Suppose that Z C R4, Y C R,
and that a function f : Z — ) needs to be estimated using
a finite sample of n pairs of input and outputs {(z;, y; :=
f(@)}_, wherez; € Z and y; € Y, i=1,...,n. If the es-
timation is carried out using an empirical risk with squared
loss

— -_l " N
Ru(9) = =3 (g@) —y)*,
i=1

and the hypothesis set is the RKHS H corresponding to a ker-
nel K, the representer theorem [29] states that the minimizer
of the ridge regularized empirical risk on H, that is,

f* = argmin, gy {R.(2) + 2(lglE) }. 4)

where Q2 : (0, 00) —> R is any increasing function, lies on
the span of the kernel sections generated by the sample. More
explicitly, the solution of (4) has the form

1= arK(. ). ©)

i=1

where the vector o* = (af, ..., o} )T € R” can be determined
by solving the regularized linear (Gramian) regression prob-
lem (nonlinear in inputs, linear in covariates) associated to the
Gram matrix K of the sample, that is,

1
min {—||ch — Y, 3+ Q(aTKoc)}, (6)
acR" | n
where Y, ;= (y1,...,y,)" and || - ||» denotes the Euclidean

norm. Let the regularization function €2 : (0, 00) — R be
defined as Q(u) = Agu for some regularization strength
Areg > 0. Then, the optimization problem (6) can be
rewritten as

1
min {—||Koc — Y, %+ AregaTKa}, (7)
n

acR”

which admits the closed-form solution
o = (K? + AegK)'KY,,. (8)

The optimization problem formulated in (7) is usually re-
ferred to as a kernel ridge regression. When the kernel K that is
used to implement it has a feature map ® : Z — (H, (-, -)i)
associated, the kernel ridge regression can be reformulated as
a standard linear regression in which the covariates are the
components of the feature map. More explicitly, due to (2)
and (3), the following equality holds true:

. =~ 2
min {R,(8) + g gl )

= min {ii’\,,((w,¢(')>H)+)“reg”w||12tl}‘ ©)

weH

Then, if we set
w* = argmin, . {R,((w, () ) + AregllwliZ ],

we can conclude that

n
£ =) afK(.z) = (w*, (), (10)
i=1
which proves our claim in relation to interpreting the kernel
ridge regression as a standard linear regression with covariates
given by the feature map. In particular, for new inputs z € Z,
the estimator f* generates the out-of-sample outputs

y=f'@=) ofK@zzn) =W, o@). (1

i=1

Kernel universality. An important feature of some kernels
is their universal approximating properties [30,42,43] which
we now define. Suppose we have a continuous kernel map K.
For any compact subset K C Z, define the space of kernel
sections K(IC) to be the subset of C°(K) given by

K(K) =span{K, | z € K}. (12)

This time around, the bar denotes the uniform closure. Note
that the continuity of K, the reproducing property, and the
compactness of IC imply that the uniform closure that defines
K () contains the completion of the vector space span{K, |
z € K}. The continuous kernel K is called kernel universal
when for any compact subset C C Z,

K(K) = C%K).

Many kernels used in practice are universal. When a kernel
is universal, the RKHS associated to the kernel approximates
arbitrarily well all continuous functions defined on compacta
KC. This implies that having kernel universality ensures that
the corresponding RKHS used in the kernel ridge regression
problems discussed in the previous section is rich enough to
approximate arbitrarily well any target (continuous) function.
Examples of universal kernels include the Gaussian kernel and
the Volterra kernel [31], which we discuss in detail later on in
Sec. IV. On the other hand, the polynomial kernel, although
popular, is not universal [44].

Note that in the framework discussed in Sec. 112, where
the behavior of outputs is determined by causal functionals or
CCIMs, whenever the corresponding functional is continuous
and the inputs are defined on a compact input space, kernel
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universality implies that the elements of the corresponding
RKHS can be used to uniformly approximate the data gen-
erating functional.

D. The NG-RC methodology

Next-generation reservoir computing, as introduced in
[22], proposes to estimate a causal polynomial functional
link between an explained variable y, at time ¢ € Z and the
values of certain explanatory variables encoded in the com-
ponents of z,7 at time ¢ and in all the t-instants preceding it.
Mathematically speaking, its estimation amounts to solving a
linear regression problem that has as covariates polynomial
functions of the explanatory variables in the past.

More explicitly, assume that we have a collection of n
inputs and outputs {(z1,y1), ..., (Zn, Yn) | Z; € Rd,y,- € R}.
For each t € {t, ..., n}, construct the ¢-th r-delay vector Ef,
and the vector [z,7 containing all k-degree monomials of
elements of z,* as follows:

Zt—1+1,1 2,1
z," = : ceen | e (RY)T,
Z—1+1,d Zt.d
t—t+1 d
Er]k = ( H l_[z, u)
=t u=l ¥ ko=, ks >0
Re-indexing z* so that
2,1 2t vd—d+1
z" = A : : (13)

Zt.d Zt,td

we can then rewrite [z, ¢

d
k k,
T .
[ﬁ ] = HZZ,I; )
s=1 §i| ki s=k,

k/.l»mkl.rd>0

which we will use in the proof of Proposition 3.
For a chosen maximum monomial order p € N, define the
feature vector @ : (R?)" — R" as

o) =[] =] ....[z]). a4

where N denotes the dimension of the feature space, namely,

P
N=1+Z<rd+kk—l)=(rd:p). (15)

k=1

NG-RC ridge regression. NG-RC proposes as a link be-
tween inputs and outputs the solution of the ridge regression
(nonlinear in inputs, linear in covariates) that uses the com-
ponents of ® as covariates, that is, it requires solving the
optimization problem:

1

—T+1 Z (CDL ) w _yi)2+)‘reg||w||%}-
(16)

This ridge-regularized problem obviously admits a unique
solution that we now explicitly write. We first collect the

arg min,, .y {

feature vectors and outputs into a design matrix X and an
output vector Y, respectively:
T
) er) Ve
: and Y :=] :
.
() yn

X =

The closed-form solution for the optimization problem (16) is
= (XTX + Aeely) ' XTY, 17)

where [y denotes the identity matrix of dimension N. Conse-
quently, the output y, € R of an NG-RC system at each time

step t € Z corresponding to an input z € (R9)Z is given by
=W o(z"). (18)

III. KERNELIZATION OF NG-RC

We now show that NG-RC can be kernelized using the
polynomial kernel function introduced in Example 1. The
term kernelization in this context means that, along the lines
of what we saw in (10), the solution (18) of the NG-RC
nonlinear regression problem can be written as the solution
of the kernel ridge regression problem (4) associated to the
polynomial kernel. More explicitly, we shall see that the solu-
tion function f*(z%) = (w*)Td>(g’) in (18) can be written as
a linear combination of the kernel sections of KP°Y generated
by the data, with the coefficients obtained in (7) coming from
the representer theorem. A similar result can be obtained for
kernels based on Taylor polynomials as in [30].

Proposition 3. Consider a sample of n input/output obser-
vations {(z;, y:)}ie(1,....ny Where z, € Réandy, e R.Lett € N
be a chosen delay and let p € N be a maximum polynomial
order, let KPY : (R4)" x (RY)" — R

KPY@Z 2" ) = (1+@)'Z"), (19)

be the 7-lagged polynomial kernel on R*?. Then, the kernel
regression problem on the left-hand side of (9), corre-
sponding to the input/output set {((z;%), y¢), ..., ((Z"), yn)}
and the kernel KPY has the same solution as the NG-
RC optimization problem given in (16), corresponding to

{(z1,y1), ..., (Zy, yn)}. In particular, the corresponding solu-
tion functions coincide, that is,
n—t
1@ =wH'e@) =Y KEV@), (20
i=0

forany z' € (R?)" and where w* € R" is the NG-RC solution
(17), N asin (15), and a* := (o, ..., a;_,, ) is the solution
of the Gramian regression in (8) for K poly

Proof. For i € {t,...,n}, recall the reindexing of the t-
delay vector z;* in (13) and additionally let z; o = 1. By the
multinomial theorem, for any i, j € {t, ..., n},

wd P
Z Zi,kZjk

= 2 <ko,k1,... )HZ"Z

ko+ki,...+kea=p
koski - skra 20

K 27) = (14 () 2,7) =
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p—1
_ p
S SND SR RN
p—ko

0=0 ki +...+krg=
kiseeskzg >0

wd d

ki ki

<[ Tz T4
t=1 t=1

- o) (oo, @
where @ : (R?)" — RV is the NG-RC feature map in-
troduced in (14), © denotes component-wise (Hadamard)
multiplication, and the constant vector c is given by

p
C =
(k(h k17 AR ] kl’d)

Notice that the relation (21) implies that the map ¢ ® @ :
(RY)* — RY is a feature map for the kernel KP°Y. Addi-
tionally, whenever N < oo, the component-wise product with
the vector ¢ € RY can be written as a bounded linear iso-
morphism, which can be represented by the diagonal N by
N matrix with the elements of ¢ on the diagonal.

Define the kernel function KNGRC : (RY)* x (RY)" — R
obtained out of the dot product of the NG-RC feature vector
(14), that is,

T

e RV,

ko+ki+...+kca=p
ko,ki,....krq=0

KNG‘RC(ZT’Z_/I) = CD(ZT)T@(Z_,I)’

which is obviously a kernel function because the dot product
is symmetric and positive semidefinite.

By the Moore-Aronszajn Theorem, KP°Y and KNG-RC
each have unique RKHSs associated oy and Hingre, Te-
spectively. Since each of their feature maps ¢ © ® and P,
respectively, are related by a bounded linear isomorphism, by
Lemma 2 we have that,

Hpoly = Hngre-

This implies that the kernel regression problems (4) associated
with KP°Y and KNORC are identical and hence have the same
solution. This observation, combined with the identity (9),
proves the statement.

Example 4. In the setup of the previous proposition, con-
sider the case d = 1, T = 2, and p = 2. In that situation, the
two kernels in the previous discussion are defined as

Kz ") = (1 + (z7) '2,7)°
=+ (zi 221z, zj-1) " )?
=14 2zz; +2z_12j—1 + Z,-ZZ? + Ziz_lzjz-_l

+22i2jZi-12j-1,

and provided that the NG-RC map is given by

2 2 \T
O(z") = (1, 2j, 251,27, 2j2j-1: 25 1) >

we have that
5 T
KN (27, 2)7) = (") (")
= 1+ zizj+zi-12j-1 + 22
i< i—1<j—1 i<
2 2
+ 2i-12j-12i%j + T2

As we already pointed out in the proof of Proposition 3, the
same monomials appear in K*Y and KNG-RC which only
differ by constants.

Another important observation that is visible in these ex-
pressions is the difference in computation complexity between
NG-RC and its kernelized version introduced in Proposition 3.
Recall that NG-RC produces the vector w* € R" in (20) while
the polynomial kernel regression yields a* € R"~**!, NG-RC
is a nonlinear (on inputs) regression on the components of the
(six-dimensional in this case) feature map &, and to carry it
out, all those components have to be evaluated at all the data
points; on the contrary, the kernelized version only requires
the evaluation of KP°Y at the data points, which is computa-
tionally simpler. The kernelized version of NG-RC is, hence,
computationally more efficient. This difference is even more
visible as 7, d, and p increase since the dependence (15) of
the number of covariates in the NG-RC regression on those
parameters makes them grow rapidly, while the behavior of
the computational complexity of the polynomial kernel KP°¥
is much more favorable. This difference in computational per-
formance between the two approaches will be more rigorously
analyzed later in Sec. V 2.

IV. INFINITE-DIMENSIONAL NG-RC
AND VOLTERRA KERNELS

Apart from the computational efficiency associated with
the kernelized version of NG-RC, this approach allows for an
extension of this methodology that would be impossible in
its original feature map-based version. More explicitly, in this
section, we will see that by pursuing the kernel approach, NG-
RC can be extended to the limiting cases T — 00, p — 00,
hence taking into account infinite lags into the past and infinite
polynomial degrees in relation with the input series. This is a
valuable feature in modeling situations in which one is obliged
to remain agnostic with respect to t and p. The natural tool to
carry this out is the Volterra kernel introduced in [31], which
is, roughly speaking, an infinite lag and infinite monomial
degree counterpart of the polynomial kernel and that we recall
in the following paragraphs.

Let 7, : (R)Z- — (R9), 1 € Z, such that 7r,(z;) = z;—;
be the projection operator onto the (—r)-th term of a semi-
infinite sequence. Given t € N, define the t-time-delay op-
erator T, : (RY)%- — (RY)Z- by m,(T;(2)) = m,_.(z) for
allt € Z_. Given M > 0, define the space of M-bounded in-
puts by Ky := {z € (R)Z- | |m,(2)|3 < M, forallt € Z_}.
Choose 6 > 0 such that #2M? < 1 and choose some A such
that 0 < A < +/1 — 62M2. Define the Volterra kernel K" :
Ky x Ky —> R by the recursion

, KT (2), Ty (2)
1 — 02(mo(z), mo(2))

K"z, 2) =1+ 1 (22)
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The rationale behind this recursion is the definition of the
Volterra kernel proposed in [31] as the kernel associated with
a feature map obtained as the unique solution of a certain
state space equation in an infinite-dimensional tensor space.
The recursion in that state space equation implies the defining
recursion in (22). Alternatively, the Volterra kernel can be
introduced by writing the unique solution of (22), namely

1
1 — 6%(mo(z), mo(2))

1
X 2
1 —6%(m1(2), m1(2))
1
1 =62, 1(2), 71 (Z)
It can be verified that the Volterra kernel is a kernel map on the
space of semi-infinite sequences with real entries in the sense
discussed in Sec. 11 3.
The Volterra kernel as an infinite order and lag polynomial

kernel. Observe that the t-lagged polynomial kernel map (19)
can be rewritten as

KPOIY(ET, z_jr)

=(1+ @) ")

=(1+z/z;+...

oo
KVOlt(Z, Z_/) — 1 _|_ Z )"21’
=1

(23)

T P
+ Zifr+1zj*1'+1)

P
_ p
X T (rn ok

k=0 ko+...4+k;—1=k
Koy evoskr 120

(%)

where we notice that the term marked with (x) is the sum of all
monomials of order k on the variables that appear in the inner
products zz;, ..., Z;[T+1ZJ'_T+1. This expression yields the
polynomial kernel as a polynomial of some finite degree p on
the components of the input terms up to some finite lag 7.

Rewriting (23) using the geometric series, we have for
7;,Z; € Ky C (Rd)Z*,

1
KVolt(z“ Z,) =1+ Z )L2r i_[ i(@Zl ijt)k
t=0 k=0
oo oo T—1
=14y Yo% Y []@lz-0.

=1 k=0 Kot +ke_ =k 1=0

koyeeke—1 20

(%)

where (x) is again a sum of all monomials of order k on vari-
ables similar to the expression for K Poly However, in contrast
to the polynomial kernel, note that in this case, we are taking
monomial combinations of arbitrarily high degree and lags
with respect to z; and z;. This implies that the Volterra ker-
nel considers additional functional and temporal information
about the input, which allows us to use it in situations where
we have to remain agnostic about the number of lags and the
degree of monomials that need to be used.
Infinite-dimensionality and universality. The discussion
above hints that the Volterra kernel can be understood as the

kernel induced by the feature map (21) associated with the
polynomial kernel, but extended to an infinite-dimensional
codomain capable of accommodating all powers and lags of
the input variables. This statement has been made rigorous
n [31], where the Volterra kernel was constructed out of an
infinite-dimensional tensor feature space, which, in particular,
makes it universal in the space of continuous functions defined
on uniformly bounded semi-infinite sequences. This implies
that any continuous data-generating functional with uniformly
bounded inputs can be uniformly approximated by elements in
the RKHS generated by the Volterra kernel. This is detailed in
the following theorem proved in [31]. The statement uses the
notation introduced in (12).

Theorem 5. Let K¥U' : Ky x Ky —> R be the Volterra
kernel given by (23) and let K ¥°"'(K);) be the associated space
of kernel sections. Then,

KY"(Ky) = C°(Kip).

In contrast, the polynomial kernel (equivalently NG-RC)
is not universal (see [44]). These arguments suggest that the
Volterra kernel should outperform polynomial kernel regres-
sions and the NG-RC in its ability to, for example, learn
complex systems. This will indeed be illustrated in numerical
simulations in Sec. V.

Computation of Volterra Gramians. Even though the
Volterra kernel is defined in the space of semi-infinite se-
quences, in applications, only finite samples of size n of
the form {(z;, yi)}ie(1,....n} are available. In that situation, it is
customary to construct semi-infinite inputs of the form z; =
(...,0,0,2,...,2i_1,2;) € (RYZ foreachi e {1,...,n},
and we then define for that sample the Volterra Gram matrix
KVo]t c R™ " gg

Vol Vol -
Kij =K' zi.z)), i jefl,....n}.

Due to the recursive nature of the kernel map introduced in
(22), the entries of the Gram matrix can be computed also
recursively by

)\'ZK\/olt
KWt =14 —— L (24)
"/ 1 —60%(z;, 2))
where K39 = Ko = 1/(1 —62) forall i € {1, ..., n}.

We recall now that, due to the representer theorem the
learning problem (4) associated with the squared loss can be
solved using the Gramian that we just constructed by com-
puting (7). Moreover, the solution f* has the form f*(-) =
Yo af KO, withaf, ..., o given by (8).

For a ngwly available set of inputs z,1, . .., Z,1p, the esti-
mator can be used to forecast outputs .41, . . ., Yn4r. Extend
the Gram matrix to a rectangular matrix K¥It ¢ R+ by
using the recursion
)‘zKlV OlllI'Hrj 1

KVOlt _1+ ,
1_9 (zivzn+j)

i,n+j

that can be initialized by K(\)/‘j}ij =1/(1—6%) for all je

{1, ..., h}. Then, the forecasted outputs are

Fusj = Za*KV"“(znﬂ) = Za*K,Vz‘;,, jell.....h).
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V. NUMERICS
A. Data generating processes and experimental setup

Simulations were performed, using each of the three es-
timators discussed in the paper, on three dynamic processes:
the Lorenz autonomous dynamical system, the Mackey-Glass
delay differential equation, and the Baba-Engle-Kraft-Kroner
(BEKK) input/output system.

For the Lorenz and Mackey-Glass dynamical systems,
the task consisted of performing the usual path continua-
tion. During training, inputs are the spatial coordinates at
time ¢ and outputs are the (# + 1)-th spatial coordinate, and
estimators are trained on a collection of n input/outputs
{(z, z;+1)}_,. To test their performance, the estimators are
run autonomously. That is, after seeing initial input z,,the
outputs Z,2, . .., Z,44, for some forecasting horizon h, are
fed back into the estimator as inputs. These outputs Z,;

for j=2,...,h+ 1 are compared against the reserved set
of testing values z,.; for j =2,...,h+ 1, unseen by the
estimators.

For the BEKK input/output system, the goal is to perform
input/output forecasting. That is, during training, each esti-
mator is given a set of inputs {z}7_, and fitted against a set
of outputs {y;};_;. Then, during testing, given a new set of

unseen inputs {z,}/=" . the outputs of the estimator {y,}/" |
n+h

are compared against the actual outputs {y,};_’ |, unseen by
the estimator.

The Lorenz system is a three-dimensional system of
ordinary differential equations used to model atmospheric
convection [45]. The following Lorenz system

x=-10(x—y), y=28x—y—xz, z=—Sz+uxy
with the initial conditions
XOZO, Yo = 1, 20 = 105,

was chosen. A discrete-time dynamical system was derived
using Runge-Kutta45 (RK45) numerical integration with
time-step 0.005 to simulate a trajectory with 15 001 points.
The first 5000 points were reserved for training. The remain-
ing points were reserved for testing. Although we consider
all coordinates, one could potentially consider reconstructing
the Lorenz dynamical system out of partial observations. In
this case, the t-delay would be especially important due to the
celebrated Takens’ embedding theorem [36]. Regardless, even
in the fully observable case used in this paper, the Lorenz dy-
namical system lies within the premise discussed in Sec. I12.

The Mackey-Glass equation is a first-order nonlinear delay
differential equation (DDE) describing physiological control
systems given by [46]. We chose the following instance of the
Mackey-Glass equation

0.2z(t — 17)
TR TN T)
1+20—17)

with the initial condition function being the constant function
z(t) = 1.2. To numerically solve this DDE, the delay interval
was discretized with time step of 0.02, then the usual RK45
procedure was performed on the discretized version of the
system. The resulting dataset was flattened back into a one-
dimensional dataset, and to reduce the size of the dataset, the
dataset was further spliced to take every 50th data point. The

—0.1z(),

final dataset consisted of 7650 points, and the first 3000 points
were reserved for training. The remaining points were re-
served to compare against the path-continued outputs of each
estimator. Due to the discretization process, the differential
equation becomes a system of equations where each z, is a
function of past observations, as is assumed by our premise in
Sec. I12.

The BEKK model is an input/output parametric time series
model that is used in financial econometrics in the forecasting
of the conditional covariances of returns of stocks traded in the
financial markets [47]. We consider d assets and the BEKK(1,
0, 1) model for their log-returns r, and associated conditional
covariances X, = Cov(r; | r,—j, r;—2, ...) given by

r, = 2%z, 1z, ~TIDN(0,, 1)

%, =CC" +Ar,_yv] AT +BY, BT,

where the input innovations z, are Gaussian IID, and the
output observations are the conditional covariances %,. The
diagonal BEKK specification is chosen where C is an upper-
triangular matrix, and A and B are diagonal matrices of
dimension d. It is known that there exists a unique station-
ary and ergodic solution whenever A;; > 0, |B;;| < 1 for i =
1,...,d, which expresses X, as a highly nonlinear function
of its past inputs [48] (as per our premise in Sec. I12). Since
the covariance matrices are symmetric, we only need to learn
the outputs h, = vech;) € RY, g :=d(d + 1)/2, where the
vech operator stacks the columns of a given square matrix
from the principal diagonal downward. An existing dataset
from [31] was used with input dimensions of 15 and output
dimensions of 120. The dataset consisted of 3760 input and
output points, the first 3007 were reserved for training, and
the remaining 753 were reserved for testing. Since the output
points were very small, to minimize loss of accuracy due to
computational truncation errors, the output values were scaled
by 1000. The training output data was further normalized so
that each dimension would have 0 mean and variance of 1.
Since NG-RC methodology does not typically require nor-
malization, the NG-RC datasets were not normalized. For
the polynomial kernel, kernel values could become too large
and result in truncation inaccuracies, so the training inputs
were normalized to have a maximum of 1 and a minimum
of 0. Due to the construction of the Volterra kernel, the input
sequence space into the kernel for a finite sample is truncated
with zeros. We thus demean the training input data. Moreover,
to avoid incurring truncation errors for 6 and A values, the
maximum Euclidean norm of the inputs M is set to 1, by
scaling the training input values. Note that for all estimators,
normalization is always performed based only on information
from the training values, then the testing data is shifted and
scaled based on what was used for the training data. This
prevents leakage of information such as the mean, standard
deviation, maximum, minimum, etc., to the testing datasets.

B. Time complexities

Following [[29], page 280], we compute the time com-
plexities for the NG-RC, polynomial kernel regression,
and Volterra kernel regression. We assume for both kernel
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TABLE I. Time complexities for all forecasting schemes dis-
cussed in this paper. Denote k = min(p, 7d).

Training Prediction
NG-RC O(n(p + td)*™ + (p + td)*) O((p+ td))
Polynomial On’td + n) O(ntd)
Volterra o(n*d +n’) O(nd)

regressions, as per the procedure used in the numerical simu-
lations, that the usual Euclidean dot product was used.

In each forecasting scheme, training involves computing
the closed-form solutions (17) for the NG-RC and (8) for the
polynomial and Volterra kernel regressions. For the NG-RC,
to compute XX takes O(nN?) steps, recalling the definition
of N given in (15). To compute matrix inversion in (17), is
O(N?). The remaining matrix multiplications have complex-
ities dominated by O(nN?). Thus, the final complexity for
training weights in NG-RC is O(nN? 4+ N?). On the other
hand, for polynomial or Volterra kernel regressions, one needs
to compute the kernel map for each entry of the Gram matrix.
For the polynomial kernel, in view of (19), this is O(td), and
for the Volterra kernel map, in view of (24), this is O(d).
Then, to compute the Gram matrix is O(n’dt) and O(n*d)
for polynomial and Volterra kernel regression, respectively.
Forecasting involves computing (18) for the NG-RC and (11)
for the polynomial and Volterra kernel regressions. For each
time step, the complexity is O(N) for the NG-RC, O(ntd) for
the polynomial kernel regression, and O(nd) for the Volterra
kernel regression.

The combinatorial N term for the NG-RC can be bounded
above by (p + 7d)“ where k¥ = min(p, td). Thus, in big-O
notation, the N term can be replaced by (p + td)*. It can
then be seen that when the sample size is small, and when
T and p need not be large, the NG-RC will be faster than the
polynomial and Volterra kernels. However, as t and p grow,
as is needed to learn more complex dynamical systems, the
complexity for NG-RC grows exponentially, and the poly-
nomial and Volterra kernel regressions will outperform the
NG-RC significantly. For each of the forecasting schemes, the
complexities associated with the training and generation of a
single prediction are given in Table 1.

C. Cross-validation

For each estimator, hyperparameters have to be selected.
The hyperparameters that were cross-validated and the chosen

values are given in Table II. Note that the washout was not
cross-validated for. For both NG-RC and polynomial kernel
regression, washout is the number of delays taken. For the
Volterra kernel, a longer washout is needed to wash the effect
of truncating input samples with zeros. A washout of 100
was sufficient to generate meaningful results both for the full
training set and when the training sets were restricted during
cross-validation.

For the path-continuation tasks (Lorenz and Mackey-
Glass), to select hyperparameters, cross-validation was per-
formed by splitting each training set into training-validation
folds that overlapped. During validation, path continuation
was performed and compared with the validation set. That is,
the outputs of each estimator were fed back as inputs, and
these autonomously generated outputs were compared with
the validation set. With overlapping datasets, a smaller train-
ing set would be sufficient to create multiple training folds
starting from different initial points, such that in each training
fold, the estimator has sufficient time to capture dynamics
during training. Then, during the validation phase for each
fold, for a good estimator, there would be dynamical evolution
in the outputs generated by the estimator. For example, the
estimator did not just fit the average. This leads to meaningful
validation set errors which improves the selection process for
optimal hyperparameters.

For the BEKK input/output forecasting task, the usual
time-series training-validation folds were used. That is, the
training dataset was split into equally sized sets where the
i-th training fold was the concatenation of the first i sets
and the i-th validation fold was (i 4+ 1)-set. For input/output
forecasting, where estimator sees, during forecasting, a new
set of inputs, this method of cross-validating turned out to
be sufficient for estimators to capture the dynamics of input
and output variables. Note that cross-validation training and
testing were made to mimic as closely as possible the actual
task to be performed on the full training set, so normalization
in each fold was also performed as would have been done on
the full training dataset.

The range of parameters cross-validated was chosen so that
the regularization was performed over the same set of values.
As detailed in the previous section, the time complexity for
NG-RC grows exponentially for larger lag and degree hyper-
parameters. It was thus impractical to cross-validate over a
large range of parameters as with each increase in a number
of lag or maximum degree of monomials, the computational
time would grow exponentially. Thus, only a smaller range

TABLE II. Chosen parameters for each estimator and dataset.

System Estimator Washout Hyperparameters
Lorenz NG-RC 3 T=3,p=2, ke =1x107")
Polynomial 6 (T=6,p=2,Aeg =1x 1079)
Volterra 100 (A~ 0.286,0 = 0.3, Ay = 1 x 1071°)
Mackey-Glass NG-RC 4 (T=4,p=5 e =1x1077)
Polynomial 17 (t=17,p=4, Aeg =1x 1079)
Volterra 100 (A~ 0.859,0 = 0.3, Ay = 1 x 1079)
BEKK NG-RC 1 (t=1,p=2, e =0.1)
Polynomial 1 (t=1,p=2, e =0.1)
Volterra 100 (A =0.72,0 = 0.6, kg = 1 x 107%)
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TABLE III. Error values for each estimator and dataset. A 20% deviation is allowed for T,,;. NMSE, MAE, MdAE, and MAPE are
computed up to [7y,;4] for Lorenz and Mackey-Glass. PSDE and W, are computed for the full dataset (Lorenz was sampled). PSDE for BEKK

is scaled by 107*.

System Estimator Toatid NMSE MAE MdAE MAPE PSDE W
Lorenz NG-RC 7.178 0.379 1.827 0.0897 1.598 7.606 2.114
Polynomial 9.126 0.188 1.155 0.0377 1.230 7.169 1.683
Volterra 10.566 0.0934 0.428 0.00385 0.222 8.325 1.982
Mackey-Glass NG-RC 0.3 0.980 0.188 0.174 0.235 28.815 0.155
Polynomial 7.035 0.0699 0.0274 0.00751 0.0329 6.831 0.00147
Volterra 8.305 0.0333 0.0162 0.00202 0.0190 5.059 0.00138
BEKK NG-RC 0.875 0.0204 0.0166 0.644 1.565 0.332
Polynomial 0.877 0.0204 0.0166 0.642 1.140 0.337
Volterra 0.619 0.0170 0.0139 0.634 0.963 0.319

of parameters could be cross-validated over. The polynomial
kernel was cross-validated over a larger space of the same
delay and degree hyperparameters. When cross-validating for
the Lorenz system, with fully observable coordinates, only
one delay suffices to reconstruct the dynamical system. How-
ever, in practice, a higher number of lags may offer superior
predictive performance. Hence we allowed for up to 10 lags
to cross-validate over in the case of Lorenz. For the rest of
the datasets, up to 101 lags were cross-validated over. Such
a large range of hyperparameters was possible because by
Proposition 3 and Example 4 the polynomial kernel regression
uses the same covariates but is faster when more covariates are
considered. Finally, mean squared error was chosen to be the
metric over which the best hyperparameters were chosen.

D. Results

Pointwise and climate metrics were used to evaluate the
performance of the estimators. Pointwise metrics are distance
functions that evaluate the error committed by estimators
from time step to time step. Climate metrics, see also [49],
are performance metrics that evaluate whether the statistical
or physical properties are similar to the true system. We
also consider the valid prediction time for each estimator in
Lyapunov time for the two chaotic attractors (Lorenz and
Mackey-Glass).

Denoting the true value y, the predicted value y, and the
testing set size &, the following pointwise error metrics were
chosen: the normalized mean squared error (NMSE) given by

ZZ; 1(yul
= Y Oui —

where y, denotes the average of the u-th dimension of the
vector y over time steps i = 1, ..., h, the mean absolute error
(MAE) given by

yul)

NMSE(y. ) = "
Vu)

MAE(y.y) =

1 h
22 v =3illn
i=1

where || - ||; is the 1-norm, the median absolute error (MdAE)

defined as

PO N ~
MAAE(y, §) = — > median({lyu; = Fuilliy).
u=1

and the mean absolute percentage error (MAPE)

Vi = Yuil

MAPE(y, y) hd Z — max(e, |yt|)

L
for some very small ¢ > 0.
Whether the estimator replicated the climate of the true
time series was measured by considering the difference in
the true and estimated power spectral density (PSD) and the
difference in distributions using the Wasserstein-1 distance.
The PSD is the Fourier transform of the autocovariance
function and represents the time series in its frequency do-
main [50]. The PSD of each time series was estimated by
periodograms computed using Welch’s method, provided by
scipy.signal.welch, with the Hann window. The number
of points per segment was chosen by visual inspection for
a balance between frequency resolution and error variance.
When the PSD tapers off to zero after some frequency F, the
remaining frequencies are not considered in the final differ-
ence. Finally, the PSD error (PSDE) is computed by taking

B Xd: i IPSD,, s — PSD, |
u=1 f=1 PSDy.r

PSDE(PSD, PSD)

where PSD is the periodogram of the actual data and PSD is
the periodogram of the estimated data. The subscript u, f de-
notes the f-th term in the PSD sequence in the u-th dimension.

The Wasserstein-1 distance or earth mover distance, arising
out of optimal transport [51], is a measure of the distance
between probability measures and is given by

Wi(w, ) = inf
1(1, ) e

/ Iy —¥ll2dm (y, ¥), (25)
where T'(u, 1) is the set of probability distributions whose
marginals are u and 7z on the first and second factors, re-
spectively. 1 and & are the joint distributions of y and Yy,
respectively.

The Wasserstein-1 distance was computed to compare the
distributions of the true and estimated systems in our paper.
For one-dimensional systems, the Wasserstein-1 distance can
be computed using scipy.stats.wasserstein_distance
which uses the equivalent Cramer-1 distance, that is,

Wi, ) = /R ICDF(y) — CDF(y)|dy,
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FIG. 1. The PSD for: [1(a)] the Lorenz system for the Volterra kernel, [1(b)] the polynomial kernel, and [1(c)] NG-RC. Dimension 1
corresponds to x, dimension 2 to y, and dimension 3 to z. PSD for Mackey-Glass system for Volterra kernel is [1(d)], polynomial kernel is
[1(e)], and NG-RC is [1(f)]. Dimension 1 refers to the z value. PSD for BEKK for Volterra kernel is [1(g)], polynomial kernel is [1(h)], and
NG-RC is [1(1)]. Only the two dimensions with the most visually prominent PSD are displayed (dimensions 85 and 118).

where u, 7t are the probability distributions of y and
y, respectively while CDF, CDF denote the cumulative
distributive functions. For time series in d-dimensions,
using scipy.stats.wasserstein_distance_nd, corre-
sponds to solving the linear programming problem in (25).
It is noted that computing the Wasserstein distance for the
multidimensional case is significantly more computationally
expensive than in the one-dimensional case. In the case of
the Lorenz dynamical system, sampling had to be performed
to make using scipy.stats.wasserstein_distance_nd
tractable.

Finally, we note that for the dynamical systems Lorenz
and Mackey-Glass, the Lyapunov time, defined to be the in-
verse of the top Lyapunov exponent, is a timescale for which
a chaotic dynamical system is predictable. In deterministic
path-continuing tasks, which were carried out for the Lorenz
and Mackey-Glass dynamical systems, we measure the valid
prediction time percent, Ty,4, Which is the Lyapunov time

taken for the predicted dynamics to differ from the true dy-
namics by 20%. A similar metric was used in [49].

The performance of the estimators was measured in the
following manner for the dynamical systems. First, the valid
prediction time was computed. Then, the ceiling of the best-
performing valid prediction time is taken. The point-to-point
error metrics NMSE, MAE, MdAE, and MAPE are mea-
sured only up to [To4iq |- Beyond the characteristic predictable
timescale given by the Lyapunov time, it is not meaningful to
measure the step-to-step error as the trajectories diverge expo-
nentially according to the Lyapunov exponent. To determine if
the climate is well replicated over the full testing dataset, the
climate metrics PSDE and W, are computed for the full testing
dataset, with the Lorenz needing to be sampled to compute W;.
The errors are reported in Table III.

In more complex systems such as Mackey-Glass and
BEKK, the Volterra reservoir and polynomial kernel regres-
sions easily outperform the NG-RC because they have access
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Volterra Polynomial NG-RC
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FIG. 2. The distributions for Lorenz system for the Volterra kernel is in [1(a)], the polynomial kernel is in [1(b)], and NG-RC is in
[1(c)]. The distribution for the Mackey-Glass system for Volterra kernel is [1(d)], the polynomial kernel is [1(e)], and NG-RC is [1(f)]. The
distributions for BEKK for Volterra kernel is [1(g)], the polynomial kernel is [1(h)], and NG-RC is [1(i)]. Only one dimension is displayed

(dimension 118).

to much richer feature spaces. In second-order systems such as climate of the true Lorenz dynamical system. It could be that
the Lorenz system, even though pointwise errors perform bet- a lower-order system offered by the NG-RC acts as a better
ter than in the polynomial and Volterra kernel regressions, the ~ proxy for lower-order true dynamical systems, which accounts
climate metrics indicate that the NG-RC better captured the  for the difference in climate performance. This difference in
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climate replication performance, however, is only slight. Ob-
serve that in Fig. 1, all estimators capture the power spectral
density of the original system well, even if the Volterra kernel
is slightly outperformed by the polynomial kernel. For even
more complex systems, both the kernel regression methods
can capture the climate of the true dynamical system but the
same cannot be said for NG-RC. A similar story holds when
one considers the Wasserstein-1 distance. The distributions
are in Fig. 2. Even though the Wasserstein-1 distance for
Volterra performs the poorest, the difference in distribution
performance is still small, and the bulk of the distribution is
still replicated. On the other hand, for complex systems such
as the BEKK, the polynomial kernel and the NG-RC fail to
replicate the climate of the original system completely.

We also observe that, especially in the case of BEKK, when
significantly complex dynamical systems are being learned,
considering large but finite lags or monomial degrees may
be insufficient. Even if finite lags are sufficient, the Gram or
feature matrix values may, anyway, be too large to be handled
with finite precision. In such cases, the Volterra kernel regres-
sion significantly outperforms the other two methods because
it is agnostic to the lags and monomial powers, and so its
Gram values do not grow with the feature choice. Moreover,
as we saw in Sec. IV, taking infinite lag and monomial powers
into consideration offers a rich feature space and makes the
associated RKHS universal, meaning that it can approximate
complex systems to any desired accuracy.

Overall, we find that the numerical simulations illustrate
the points made in the theory discussed above. First, since
the optimization problem in the NG-RC methodology is
equivalent to that solved in polynomial kernel regression (as
per Proposition 3), in more complex systems, it is better to

kernelize to access computationally a richer feature space.
This is illustrated especially by the superior performance of
the polynomial kernel regression against the NG-RC in the
Mackey-Glass system. Second, using the universal Volterra
kernel, one can consider infinite lag and monomial powers,
which is especially advantageous when learning significantly
more complex systems, such as the BEKK input/output sys-
tems. In such cases, limited to finite lags and monomial orders,
which need to be chosen (the Volterra kernel is agnostic to
them), the polynomial kernel regression and NG-RC method-
ologies fail.
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