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Abstract

This paper explores the feasible use of circular optical grating for measuring the
rotation of mirrors that are commonly found in micro-systems. Both theoretical and
experimental results show that distortion of the circular grating that is projected onto the
mirror surface is a simple function of the angular rotation of the mirror. The circular
grating may readily be generated using a standard Michelson interferometer or an LCD
projector. Through manipulating the distance between the interferometer and the mirror
surface, the diameter of the optical grating may be varied. Furthermore, the additional use
of a converging lens enables a significant reduction in the size of the grating: with simple
laboratory facility, small circular grating of about 400 um is achieved for use on micro-
systems. With the use of more sophisticated optical elements, the angular rotation of even
smaller micro-mirrors may be measured.

Keywords: Circular optical grating; Micro-mirror

1. Introduction

Since the invention of the laser, optical measurement and inspection techniques for
diffuse and specularly reflective surfaces using moiré, projected-fringes, laser
triangulation with both point-light and line-light, holography, and shearography have
entered a new dimension [1-19]. These traditional techniques were originally developed for
use on large objects, but they are now being used on micro-electromechanical systems
(MEMYS) and thin-film structures [7—11, 20-23]. For example, linear-displacements and
strains are measured using moiré [7—11], optical flat [20], holography [21-23] and
grating interferometry [22], whereas angular rotations are measured using grating
interferometry [10, 11], internal-reflection effects of prisms [24,25], laser speckles [26],
Fabry—Perot interferometry [27] and other optical methods.

Small movable mirrors made from monocrystalline silicon are found in various
commercial applications, for example, as multiple-mirror devices for projection displays
in HDTV, and as beam deflection devices with mirror sizes ranging from about 100 um to
about 3 mm [28-30]. The angular-rotation of the mirror about its axis is often controlled
through the application of electrical voltage. Among the existing measurement methods



for angle of rotation, such as those based on interferometry, internal-reflection of optical
elements and others [1-19, 24-27], each has its advantages and limitations. For example,
the method of point-of-light triangulation is easy to perform, requiring only a simple
optical arrangement; but if the illuminating point lies on the axis of rotation, the angle of
rotation of a diffuse surface cannot be determined unless three non-collinear illuminating
points are used. In the method of line-of-light triangulation, the change in pitch of the
grating lines that are projected onto the rotating surface is related to the rotating angle.
However, the angle of rotation cannot be determined if the direction of the grating lines
happens to be perpendicular to the axis of rotation. The use of a circular grating does not
suffer from this drawback: the angular rotation of both diffuse and specularly reflective
surfaces about any axis of rotation can be determined from the distortion of the grating.
The main objective of this paper is to describe a simple method for measuring a small angle
of rotation of a flat mirror using a circular optical grating. The distorted grating that is
diffracted from the specularly reflective surface, or the mirror surface, may be recorded in
two different ways using a CCD camera. In the first method, the distorted grating is
recorded off the mirror surface as though it were a diffuse surface. In the second method,
the distorted grating is specularly reflected onto an opaque screen and the CCD camera
subsequently records the grating image off this screen.

Optical grating may be generated and projected onto a surface using an LCD
projector or a Michelson interferometer (Fig. 1(a)), which is a typical example of the two
point-light source techniques [1-5,31]. Unlike Michelson interferometers, LCD projectors are
not always available in laboratories. With a Michelson interferometer, hyperbolic grating is
observed on a flat screen when it is placed parallel to the line containing the two closely
spaced point-light sources, whereas circular grating is observed when the screen is normal
to the line containing the two point-light sources [31]. By placing an expander between
the beam-splitting cube and the laser source and by carefully adjusting the two mirrors
beside the beam-splitting cube (Fig. 1(a)), a circular grating such as that shown in Fig. 1(b)
is observed on the screen. Close examination of Fig. 1(b) reveals that the grating is not
perfectly circular; this is due to both the screen and the recording plane not being
perpendicular to the direction of grating-projection [31].

With reference to Fig. 2, two point-light sources S(0, 0, D) and S’(0, 0, D + d.) are
located on the reference z-axis, which is normal to a flat screen placed in the xy-plane.
As illustrated in Fig. 1(b), the resulting interference pattern that is observed on the screen
thus comprises a family of concentric circles that satisfies the following expression [31].
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with A denoting the wavelength of the laser source, and N denoting the fringe order (bright



fringes being labelled as even integers of N and dark fringes being labelled as odd
integers of N). Thus, Eq. (1) may be perceived as the locus of a typical point, Py(xq, Yy, 0)
that lies on a fringe-circle of order N.

With reference to Fig. 1(a), adjusting the relative positions of the two mirrors
beside the beam-splitting cube enables varying the amount of d, and hence altering the
pitch, or spacing, of these fringe-circles. Furthermore, with an additional converging
lens placed between the beam-splitting cube and the screen (test surface), the size of the
optical grating may be reduced to within a small area for use on micro-systems.

2. Theoretical considerations
2.1. Method I: Recording the distorted grating appearing on the mirror surface

As shown in Fig. 2, consider that the same interference pattern generated by point-
light sources S(0,0,D)and S'(0,0,D + d,) and expressed by Eq. (1) is now projected onto
a planar mirror surface that is inclined at the angle 8 = 6,. It is easily derived that the
interference pattern appearing on the mirror surface is described by the following
expression:
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where A is defined in Eq. (2), and Z, the z-coordinate of any point P(x, y Z) on an
interference fringe that is observed on the inclined surface, is given as follows:

Z = xtan/. (@))]

Thus, P(x y Z) may be perceived as the corresponding point of Py(x,,y,0) in Fig. 2
because of rotating the mirror surface about the y-axis from § = 0 (the xy-plane) to 6 =
0;(the inclined plane).

Suppose that the image of the circular grating that appears on the mirror surface is
recorded with a photographic film or a CCD camera whose direction of recording is parallel
to the reference z-axis. For convenience, unit magnification factor is considered during
recording. Then, the grating-image that is recorded off the surface will be expressed
mathematically by Eq. (3) for 8 # 0 (inclined mirror) and by Eq. (1) for 8 = 0 (in the xy-
plane).

In the following mathematical derivations, the mirror surface is considered to
rotate slightly about the y-axis from the initial angle 6;to the angle 6,. Subsequently, the
circular grating is distorted only along the x-axis. Suppose that the length parallel to the



x-axis of a specific fringe-circle that appears on the xy-plane (8 = 0) is denoted by X = 2x,
and by Y in a direction parallel to the y-axis. The value of X is changed to X; and X
as 0 attains the values 0; and 6,, whereas the value of Y is unchanged throughout the
angular change. As illustrated in Fig. 2, the same fringe-circle of a specific fringe order N
(or a specific value of A) will intersect a plane parallel to the xz-plane at points P; (x1,y,Z;)
and P;(x1,y,Z;)on the inclined mirror surface 6, and at points P,(x,,y,Z,) and P,(x3,y,Z3)
on the inclined mirror surface 6,. These points will correspond to Py(x,,y,0) andP; X
(=x,y,0) along the x-axis on the planar surface when 6 = 0. Thus, for a given y-coordinate
on the same fringe-circle appearing on the planes 6;and 6,, the use of Eq. (3) yields the
following relationship between the co-ordinates of P;(x4,y,Z;) and P,(x5,y,Z5,).
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For two distantly located but closely spaced point-light sources S(0,0,D) and S’ X
(0,0,D + d,), the value of d. may be neglected when compared to the value of D. Furthermore,
with a small angle of rotation of a small mirror, it is permissible to neglect the value of
(Z1 + Z,) when compared to 2D. Thus, Eq. (5) may be simplified to the following expression:
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where € is defined as follows:
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Small reflecting mirrors are used in micro-systems. For a small mirror rotated
through a small angle, it is permissible to treat § = (x, — x1) as a small quantity. Using
binomial expansion and retaining only the first two terms of the series, use of the
approximation (x;/x,)? ~ [1 — 28 /x,] is appropriate such that Eq. (6) is simplified to the
following expression:
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Substituting Eq. (4) into Eq. (8) and considering small quantities of §, 8;and8,, the
following expression is obtained:
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Thus, combining Eqs. (8) and (9) gives the following relationship between the amount
of distortion of the fringe-circle along the x-axis and the angle of rotation.
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where K = 1/D¢ is defined as a sensitivity factor related to the optical arrangement for a
given fringe order N.

In a similar manner, the change in co-ordinates of P;(xy,y,Z;) and P;(x3,y,Z3) due to
rotation from 6, to 6, leads to the following expression that is similar to Eq. (10).
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Experimentally, it is often convenient to measure the sizes X; and X, along the x-axis (i.e., y
= 0 in Fig. 2) of the same fringe-circle observed on the mirror surfaces 6; and 6,. Thus,
with X; = (x; + x1) and X, = (x, + x3), the use of Egs. (10) and (11) gives the following
expression:
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The angular rotation (6, — 6,) of a small mirror may therefore be determined from
the measured amount of distortion (X, — X;)of the circular grating after the optical
sensitivity factor K is obtained by calibration. In deriving Eq. (12), the camera image
plane is considered to be parallel to the x-axis (direction of recording being normal to
the xy-plane). In reality, the camera image plane may be inclined at an angle with the
reference x-axis; but this would only modify the sensitivity factor K in Eq. (12) by a
constant value related to the angle of inclination. Thus, it is permissible to use Eq. (12)
regardless of the direction of recording.

2.2. Method II: Recording the reflected distorted grating off an opaque screen

The foregoing expressions (Method I recording) were derived for a grating-image
that appears on the mirror surface as though it were a diffuse surface. When the grating-
image is specularly reflected onto an opaque screen and its distorted image is subsequently
recorded off this screen, the angle of rotation may also be determined from the distortion of
the fringe-circle. As illustrated in Fig. 3, the optical grating is projected along the direction
of the z-axis onto a specularly reflective surface that is inclined at the angle 6; with the
reference x-axis. A fringe-circle of fringe order N is cast on the inclined surface so that,
when it is specularly reflected by the surface, the length P;P;(= X;) of the distorted
fringe-circle on the camera image plane (parallel to the x-axis) is now imaged as
P;P;(= X;)on the camera image plane. It should be emphasised that in reality, because the
grating that is generated and projected by the Michelson interferometer expands in size as it
approaches the mirror surface, the reflected light rays P; P;and P; P; are not parallel, so are
P, Psand P{P;. Thus, the reflection angle between the light rays P;Ps;and P;P;, and that
between the light rays P; P; and P{P;, is not equal to 26;. However, for simplicity in the
derivation, it is assumed that these reflection angles at P; and P;are equal to 26, as shown
in Fig. 3 and that the size Y of the fringe-circle on the y-axis is unchanged. As will be
seen later in Eq. (16), the use of this assumption will lead to a linear relationship



between rotational angle and grating distortion.

As before, a unit magnification factor is considered and the recording direction is
assumed to be parallel with the reference z-axis. From geometry, the following expression
may be derived:

X 2 X (1 +20%). (13)

Consider now the mirror surface is rotated from 6, to 8, about the y-axis. The
new length X; of the distorted fringe-circle that is cast on the surface is recorded as X;on
the camera image plane. An expression similar to Eq. (13) for X;may also be derived
and is shown as follows:

X~ Xo(1 +203). (14)
Thus,
X, — X = (Xy — X1) + 2(Xa0; — X,07). (15)

For a small mirror rotated through a small angle (6, — 6,), the approximation
X,0, =~ X,0,may be invoked so that the (X,87 — X,6%)-term in Eq. (15) may be ignored.
Combining Egs. (12) and (15), the following expression is obtained:
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where K' = 1/D_.¢ denotes the optical sensitivity, with & defined in Eq. (7).

As with Method I recording, the optical sensitivity factor K’ in Eq. (16) is modified
by a constant when the camera image plane is inclined at an angle with the reference x-axis;
hence, the use of Eq. (16) is still appropriate.

From Egs. (12) and (16), it is readily seen that, for both methods of recording, the
angle of rotation of the mirror about the y-axis may be determined from the amount of
distortion of the fringe-circle (X, — X;) or (X; — X;) that is measured off the image-plane
of the CCD camera; the optical sensitivity factor K or K’ may be obtained by calibration.

3. Experimental verification

A front-coated mirror is mounted on a rotating stage together with the optical
setup shown in Fig. 1(a). The use of this mirror (approximately 10 mm by 10mm in size)
does not undermine the eventual application of this technique because the minimum size
of the micro-mirror, whose angular rotation is to be measured, is governed by the
minimum size of the circular grating that can be generated. Fig. 1(b) shows a typical



circular grating that is recorded directly off the mirror surface (Method I recording) using
a CCD camera—the diameter of the innermost circle is approximately 3.5mm and that of
the fourth inner circle is approximately 8 mm. This infers that an optical grating of this
size is suitable only for mirrors with the minimum size of 3.5-mm diameter. Table 1
shows the measured values of X (along the x-axis) and Y (along the y-axis) of the fourth
inner circle. It is seen that the value of X changes with the angular orientation of the mirror
whereas Y is unchanged, verifying that the mirror has rotated about its y-axis. The distortion
(X, — X;)of the fringe-circles along the x-axis, denoted by a dimensionless parameter
Y(= X, —X,/Y,), is plotted against the angular rotation and is shown in Fig. 4-the linear
relationship enables the determination of the optical sensitivity factor K (Eq. (12)) to enable
the subsequent use for measuring the angular rotation. Fig. 4 also shows a linear [(p~(8, —
6,)]-relationship that is applicable to all other fringe-circles that appear in Fig. 1(b),
implying that during measurement, the distortion of any fringe-circle may be used together
with the same calibration curve.

With Method II recording, the optical grating projected on the mirror surface is reflected
onto a flat opaque surface followed by recording its distorted image off the surface. Fig. 5
shows the linear relationship (described by Eq. (16)) between the distortion Y (= X; —
X1/Y;)of the fringe-circles and angular rotation. The spread in test results (Fig. 5) is
grossly more severe than the spread in results obtained using Method I recording (Fig. 4).
This is because, in deriving Eq. (16), the distortion along the y-axis is neglected and the
reflection angle between the light rays P; Pzand P; P;and that between the light rays P; Psand
P; P]are each assumed to be 26, although, in reality, the grating propagates outwardly in a
hyperbolic manner [31]. The data points in Fig. 5 seem to have suggested that a separate
calibration curve is needed for each fringe-circle, even though they may be fitted with a
single straight line. Finally, it should be mentioned that the results (not shown in this paper)
have indicated that the scatter may be more severe with multiple reflection of the distorted
grating before its image is finally cast on the opaque surface for recording.

It is obvious that the size of the rotating mirror cannot be smaller than the
diameter of the innermost fringe-circle, which, as shown in Fig. 1(b), is
approximately 3.5-mm diameter. For use in micro-systems where mirrors in the sub-
micron range are used, the diameters of the fringe-circles may be reduced by means of a
converging lens that is placed between the beam-splitting cube and the test surface (see
Fig. 1(a)). Fig. 6 shows a typical circular grating whose innermost fringe-circle (outside
the central dark-patch) on the mirror surface has been shrunk to approximately 400 um in
diameter. The linear relationships between grating distortion and rotation angle that are
constructed using Method I and Method II recordings are shown in Fig. 7(a) and 7(b),
respectively. In both figures, the following are observed: (a) the straight-line graphs do not
pass through the origin, disagreeing with the prediction in Egs. (12) and (16); and (b) a
separate calibration graph is necessary for each fringe-circle. These observations may be
attributed to the center of the projected circles not being coincident with the center of
rotation of the mirror surface, thereby resulting in an effect that is equivalent to pure translation
in addition to pure rotation of the mirror. This effect, therefore, necessitates the inclusion of a
correction term in Eqgs. (12) and (16). For simplicity, Egs. (12) and (16) may simply be rewritten
as follows:



0, — 0, = I'j + Q, (17)

where I' is related to the optical arrangement, and Q is a correction term. Reflection will
show that the experimental results in Figs. 4 and 5 may also be interpreted in the light of
Eq. (17) with Q = 0.

4. A simple procedure for measuring angular rotation of micro-mirrors

Based on the foregoing experimental observations, the following simple
procedure may be adopted for measuring the angular rotation of micro-mirrors. The
optical system is first calibrated by mounting the micro-mirror on a rotating stage so that
the distortion Y of the grating corresponding to each angle of rotation (6, —6;) is
measured; the constants I' and () are determined from the slope and intercept of the
(6, — 61) ~y graph. Subsequently, when an electrical voltage is applied to the micro-mirror, the
distortion of the grating enables the determination of the amount of angular rotation of the micro-
mirror using Eq. (17) and the known values of I' and Q.

5. Conclusion

In this paper, a simple method is developed for the measurement of a small angle
of rotation of a mirror using a circular optical grating. The grating may be generated and
projected onto the mirror surface using a standard Michelson interferometer or an LCD
projector. Due to its availability in most laboratories, a Michelson interferometer is
described in this paper. As the angle of rotation is determined from the amount of
distortion of the grating, the diameter of the innermost fringe-circle governs the minimum
size of the mirror that can be used. Significant reduction in the optical grating diameter may
be achieved with the additional use of a converging lens placed between the interferometer
and the mirror. This paper has demonstrated that, with simple laboratory facility, the
grating diameter of approximately 400 um is easily achieved. Hence, the minimum size
of the mirror that can be used is also 400 um. With the use of sophisticated optical
elements and the appropriate magnification, grating size suitable for even smaller
mirrors may be generated. Present experimental results have shown a linear relationship
between the amount of distortion of the fringe-circle and the angle of rotation: this is in
agreement with that predicted by theory. Thus, after calibration, the optical system may be
used for measuring small angles of rotation of micro-mirrors.
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Generation and projection of optical grating onto a flat surface. (a) The use of
Michelson interferometer for circular grating, and (b) A typical circular grating
observed on the surface (innermost grating being approximately 3.5mm in diameter).

Determination of the angle of rotation from the distorted grating that appears on a
diffuse/ specularly reflective surface (Method I recording).

Determination of the angle of rotation from the distorted grating that is specularly
reflected from a mirror (Method II recording).
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Reduction of grating size using a converging lens for smaller specimens (innermost
grating being approximately 400 um in diameter).

Linear relationship between grating distortion and rotation angle of a mirror. (a) Using
Method I recording, and (b) Using Method II recording.
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Fig. 7



