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MINH LUAN DOAN, CAMILLE MAU & LE HAI KHOI

ABSTRACT. A criterion for boundedness of composition operators acting
on a class of Hilbert spaces of entire Dirichlet series, namely the class
H(E, Bs), was obtained in J. Math. Anal. Appl. (2013) for those spaces
that do not contain non-zero constant functions, while other possibilities
were not studied. In this paper, we first provide a complete characteri-
zation of boundedness of composition operators on any space H(E, 8s),
which may or may not contain constant functions. We then study com-
plex symmetry of composition operators on H(F, Bs), via analysis of
composition conjugations.

1. INTRODUCTION

Complex symmetry has recently become an attractive topic in operator
theory. Complex symmetric operators are generalizations of complex sym-
metric matrices and include several types of well-known operators such as
normal operators, operators defined by Hankel matrices, Toeplitz matrices,
etc. Complex symmetric operators were first studied in [5], and then have
been widely discussed on numerous types of function spaces (see, e.g. [2,9]
and the references therein).

In the present paper, we are interested in complex symmetric composition
operators on a class of Hilbert spaces of entire Dirichlet series. In the general
context, let H be a Banach space of holomorphic functions on a domain
G C C. A holomorphic self-mapping ¢: G — G induces a linear composition
operator Cy, acting on H by (C,f)(2) = (fog)(z), for all z € G and f € H.

Let A = (A\)52, be a sequence of real numbers satisfying 0 < \,, T 4o00.
A Dirichlet series with real frequencies is a series of the form

o0
(1.1) f(z) =) ane % (an,z €C).
n=1
Associate to the sequence A the constant
1
(1.2) L = limsup ogn’
n—oo )\n
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and to the series (1.1) the quantity

D = limsup M.
n— o0 n

It is well-known (see, e.g., [6,12]) that in case L < oo, the series (1.1)
represents an entire function if and only if D = —oo. This representation
is unique, i.e., every representable entire function f corresponds to exactly
one sequence (ay,) inducing a series of the form (1.1).

In [7], the authors studied several properties of composition operators on
a specific class of Hilbert spaces of entire Dirichlet series, namely the spaces
H(E, Bs), whose detailed construction is given in Section 2. We briefly
describe these spaces here. Let § = (3,)52; be a sequence of positive real
numbers with the property that there exists some a > 0 such that,

oo log B
lim inf T =00
n—00 )\nJra

Then, the Hilbert space H(E, 8s) induced by S consists of all Dirichlet series
f of the form (1.1) such that

. 1/2
Ifl == (Z Ian\QﬁEL) < +oo0.
n=1

The paper [7] provides a criterion for boundedness of such composition
operators. Thereafter other properties of these operators were investigated
by many authors. In particular, [7] also studies their compactness and com-
pact difference of two composition operators. The authors of [16] worked
on invertibility, cyclicity, and computed the operator norms via reproducing
kernels. Numerical range is investigated in [8], while topological structure
is considered in [11].

We would like to emphasize that all the aforementioned results depend
strongly on the following theorem of boundedness, which is the first and the
most important property. Note that by the invariance of an operator T on
H(E, Bs), we mean T maps H(FE, Bs) into itself.

Theorem 1.1 ([7] Thms 4.2, 4.9; Prop 4.4). Let v(z) be an entire function
on C. The following are equivalent.

i) The induced composition operator C, is invariant on H(E, Bs).
i) The induced composition operator C, is bounded on H(E, fBs).
iii) p(z) = z+ b for some b € C with R(b) > 0.

We remark that the proof of boundedness in [7, Prop 4.4] assumes A\, > 0
for alln > 1, i.e., when the Hilbert space H(E, Bs) does not contain any non-
zero constant function. If the Hilbert space contains the constant functions,
i.e., when A\; = 0, then the proof is no longer valid. Moreover, while it is
obvious that in this case any constant function ¢ also induces a bounded
composition operator C,, this fact is not reflected in Theorem 1.1. This
means that another criterion for boundedness different from that of [7] is
required for the general case \; > 0.

The aim of this paper is first to provide a complete criterion for bounded-
ness of composition operators published in [7], which reduces to Theorem 1.1
for the particular case A\; > 0. We then proceed to investigate the complex
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symmetry property of bounded composition operators on H(E, Ss). Using
the composition conjugation form, we show that all composition operators
induced by a non-constant ¢ are complex symmetric.

The paper is organized as follows. In Section 2, we discuss the con-
struction of the Hilbert spaces of entire Dirichlet series H(FE, 8s) based on
different notions of order of a Dirichlet series. In Section 3, we state and
prove a complete criterion for bounded composition operators on any space
H(E, Bs). This criterion applies for the general case A\; > 0 and is a con-
siderable refinement of the proof given in [7] for the case A\; > 0. With
this we obtain a complete characterization of boundedness of composition
operators on all Hilbert spaces H(FE, Bs). Section 4 studies the complex
symmetry of composition operators on H(FE, Bg). First, we introduce the
composition conjugation form J¢ induced by an entire function . Using
the result of Section 3, we then establish a criterion for £ such that J is a
conjugation (Theorem 4.4). Finally, we prove that all bounded C, induced
by a non-constant ¢ are complex symmetric with respect to composition
conjugation Jg (Proposition 4.11). With an existing result on rank-one ope-
rators, we thus demonstrate that all bounded composition operators on the
spaces H(FE, Bg) are complex symmetric (Theorem 4.14).

2. DIFFERENT NOTIONS OF ORDERS AND THE HILBERT SPACES H(E, fs)

2.1. Orders of entire Dirichlet series. Some of the most important pro-
perties of entire Dirichlet series are their growth orders. We shall primarily
consider the ordinary order, the Ritt order, and the logarithmic orders,
which are important in the construction of our intended spaces H(FE, Bg).

Definition 2.1 (Ordinary Order). Let f be an entire function. If there
exist p > 0 and 79 > 0 such that the maximum modulus function M (r) :=
max|,|—,>o | f(2)| satisfies

M(r) < eru, Yr > 1o,

then f is said to be of finite ordinary order (or just finite order). The
following finite limit

p(f) = inf . = lim sup log log M(r)
r—00 logr
where the infimum is taken over all p for which there exists such an rq, is
called the ordinary order (or just order) of f.
If no such p exists (i.e., p(f) = 4+00), then we say that f is of infinite
ordinary order (or just infinite order).

>0,

Besides the ordinary order, the following notion of order introduced by
Ritt [15] is only defined for entire Dirichlet series.

Definition 2.2 (Ritt Order). Associate to an entire Dirichlet series (1.1)
the function .# (o) := sup,eg | f(0 + it)| where o € R. If there exists p > 0
such that .#(c) < ¢ " for all sufficiently large —o, then the Dirichlet
series is said to be of finite Ritt order, and we define the Ritt order to be

pr(f) = inf g = limsup loglog.#{0) 105///(0)

o——00 g

> 0.
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If no such p exists, then f has infinite Ritt order.

Finally, for entire Dirichlet series of Ritt order 0, Reddy defined in [14]
the following logarithmic orders.

Definition 2.3. Let f be an entire Dirichlet series (1.1) with Ritt order 0,
the logarithmic orders are given by

Pr(Z)(f) = lim sup loglé(;%f)(a)

p+(Z)(f) = limsup w

where (o) = max,, [a,e” ()| and

pe(Z)(f) = limsup :
n—o0  Jog (ﬁ log ﬁ)

It is well-known that for any given f,

PR(Z)(f) = p(ZL)(f) = pe(L)(f) + 1 = 1.

Hence one of these orders is finite if and only if all of them are finite.

Note that logarithmic orders presuppose zero Ritt order, so without am-
biguity we shall drop the notion “Ritt order 0” when we mention an entire
Dirichlet series of finite logarithmic orders.

)

log A\,

2.2. The spaces H(E,Bs). Let 8 = (B,) be a sequence of positive real
numbers. Associate to the sequence the weighted sequence space E% with
weight B defined as

oo 1/2
B=1{a= (@)1, an € C: [lall = (Zmn?ﬁz) < o0

n=1

This is a Hilbert space with inner product
<a,b>€§ = ZG”E 2 Va = (an),b= (by) € 6%.
n=1

The spaces Z,QB are important in the study of many well-known Hilbert
spaces of holomorphic functions, such as the classical Hardy spaces, Bergman
spaces, and Dirichlet spaces. The interested reader can look for more details
in the book [3].

We now summarize the use of spaces E% in the construction of Hilbert
spaces of Dirichlet series H(F, Bs) introduced in [7]. We suppose for the
remainder of this paper that the condition L < 400 always holds, where L
is defined as in (1.2). Consider the following sequence space

lo
E = {(an)ff:l, an € C: limsup 8 |an) = —oo}.
n—oo n
If (ay) € E, then by the remark below equation (1.2), the induced series
(1.1) represents an entire function in z.

We set

Log B and (% = limsup log 5".

n n—oo )\n

B+« = liminf
n—roo
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Then we have the following proposition.

Proposition 2.4 ([7]). Precisely one of the following statements must hold.
(1) 12 C E, which is equivalent to B, = 0o.
(2) EC E%, which is equivalent to * < 0o.
(3) E\K% #+ & and 626 \ E # &, which is equivalent to 3, < f* = co.

Thus, to obtain a Hilbert space of entire Dirichlet series, we consider the
case where 3, = oo holds, and give a name to this class of spaces.

Definition 2.5. Let § = (8,) be a given sequence of positive numbers. We
say that condition (F) holds, if

(E)

n

We define the corresponding inner product space H(E, 3) as
H(E,B) = {f(z) = Zanff)‘"zz (an) € K%} ,
n=1

with the inner product of f(z) = >0  ane % and g(2) = Y00 | bye *n?
in H(E, B) given by

(f,9) = anbufy.
n=1

Obviously, by Proposition 2.4, every entire Dirichlet series f(z) = Y 2 | ane”
in H(FE, B) indeed represents an entire series and

. 1/2
HE (Z |an|2ﬁz> < +oo.
n=1

We need two auxiliary results for the analysis of Ritt orders and loga-
rithmic orders of elements in a space H(E, 3).

Lemma 2.6 ([7]). Every series in a space H(E, 3) is an entire function of
Ritt order zero if and only if the following condition (R) holds:

lim inf o8B _

n—oo Aplog\, (F)

It is shown that condition (R) is stronger than condition (F). Thus, if we
denote by H(F,Sr) a space constructed from a sequence [ satisfying (R)
in the same manner as Definition 2.5, then the space H(E, Br) is a special
case of the class H(FE, 3), in which elements are entire Dirichlet series of Ritt
order zero.

Note that we still have no information about the finiteness of the loga-
rithmic orders of the functions in H(E, Sr). This leads us to the next result.

Lemma 2.7 ([7]). Every series in a space H(E,Br) is an entire function

of finite logarithmic orders if and only if the following condition (S) holds:
log B,

Ja>0: liminf 08 = 00. (S)

n—00 )\}L+o‘
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Condition (S) is proven to be stronger than both conditions (R) and (E).
Thus by Lemma 2.7, a space H(E, 5) with weight g satisfying (S) consists of
elements that are entire Dirichlet series of finite logarithmic orders. Finally,
we introduce the following Hilbert spaces, which are the main concern of
this paper.

Definition 2.8. Let 3 be a sequence of positive numbers satisfying (S). The
Hilbert space of entire Dirichlet series H(FE, Bs) with weight 3 is defined as

) ) 1/2
H(E, Bs) = f(2) = ane ™ |f] = (Z |an|25721) < +o0
n=1 n=1

We have the following important remark.

Remark 2.9. If Ay = 0, then any space H(FE, Bs) contain all constant functi-
ons, since a constant ¢ € C has the trivial representation

o
c=ce %+ ZO CeMnE
n=2

This is not true when A\; > 0. In fact, no non-zero constant is representa-
ble in H(E, Bs) due to the uniqueness of representations of entire functions

[6].
The following remark summarizes what we have achieved so far.

Remark 2.10. We have the following proper inclusions:

where {H(E, Bs)} denotes the class of all spaces H(FE, Bs), and likewise for
{H(E, Br)} and {H(E, 5)}-

A natural question raised is why we need to consider spaces H(E, Bs).
In order to answer this, we have the following relation between finite loga-
rithmic orders and finite ordinary orders of Dirichlet series.

Lemma 2.11 ([7]). Let 8 be a sequence of positive real numbers satisfying
condition (S). Then every element of the induced space H(E, Bs) has finite
ordinary order.

Therefore, any space H(FE,3s) contains only entire functions of finite
order. The rationale for finite orders is contained in the lemma below,
which shows the connection between compositions of entire functions and
their growth orders. This result is crucial for the study of composition
operators in [7] and in the present paper.

Lemma 2.12 (Pélya [13]). Let g and h be entire functions and suppose

goh is an entire function of finite ordinary order. Then, exactly one of the

following is true.

(1) h is a polynomial and g is of non-zero finite ordinary order, or

(2) h is not a polynomial but is a function of finite ordinary order, and g is
of zero ordinary order.

We close this section with the following proposition.
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Proposition 2.13. Let 8 be a sequence of positive real numbers satisfying
condition (S). Then the induced space H(E,fs) is a reproducing kernel
Hilbert space with the reproducing kernel

X e~ An(@H+y)

K(z,y) :ZT

n=1
We note that the general theory of reproducing kernel Hilbert spaces can
be found in [1].

Proof. We need to show that for any ¢ € C, the evaluation functional
dc: f = f(c) is bounded. Consider the (formal) Dirichlet series K.(z) =
S | Br2e (=49 A simple computation gives

< _ox.R(c)
(&
1K =Y ———
n=1 Bn

Condition L < oo and condition (F) implies there exists a constant C' > 0
such that for n large,

log 5y, 1 “AnR(c)  q
B og 3 ogn N e L

so the summation || K.||? is absolutely convergent by comparison test. Hence,

K.(z) represents an entire function (Proposition 2.4). Now, by Cauchy—
Schwarz inequality, we have

[e.9]
E ane_AnC
n=1

This implies d. is bounded, and by Riesz representation theorem, K, is the
unique element of H(E, Bg) such that d.(f) = (f, K.) for all f € H(E, Bs).
Hence, H(E, Bs) is a reproducing kernel Hilbert space, and the reproducing
kernel is given by

—R(e) < —C < —

2

f()l? = = [(fs K)? < IIFIPI Kl < oo.

> e_An (E'i'y)
K(z,y) = (Kp K,) = Ka(y) = Y ——5—
n=1 Bn
Remark 2.14. The fact that a space H(FE, Bg) is a reproducing kernel Hilbert
space implies, by a consequence of Closed Graph Theorem, that composition
operators are automatically bounded whenever they are invariant.

O

3. A CRITERION FOR BOUNDEDNESS OF COMPOSITION OPERATORS ON
H(E, Bs)

Our first interest of this paper is to establish the following criterion for
boundedness of composition operators on any space H(FE, Bg).

Theorem 3.1. Let Bg be a sequence of positive real numbers satisfying con-
dition (), and ¢ be an entire function. Consider the following statements.

(i) ¢ is a constant function, and
(ii) o(z) = z+ b for some b e C, R(b) > 0.
The following are true about the boundedness of the composition operator
Cy, acting on the Hilbert space H(E, Bg):
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(1) If \i = 0, then Cy is bounded if and only if exactly one of conditions
(i) or (ii) holds.
(2) If A > 0, then Cy, is bounded if and only if (ii) holds.

This result is clearly different from that of [7], as constant functions ¢ are
included in the case Ay = 0. We provide a new approach to Theorem 3.1 that
works for both cases Ay = 0 and A\; > 0. Our result covers all possibilities
for the boundedness of composition operators on spaces H(F, 8s) and hence
provides a complete characterization for such boundedness.

In the sequel, we fix a particular sequence 5 that satisfies condition (5)
and the induced space H(E, Ss). We first have a simple lemma.

Lemma 3.2. If f € H(E, Bs) and ay, is the first non-zero coefficient of its
representation, then
lim e 2 f(2) = ay,.
R(z)——+o0 f( ) m
One can easily check the sufficiency for Theorem 3.1, which we provide
here in Propositions 3.3 for the sake of completeness.

Proposition 3.3. Suppose ¢(z) = z + b with X(b) > 0. Then the induced
composition operator Cy, is bounded on the space H(E, Bgs).

Moreover, suppose ¢ is a constant function, then Cy, is bounded on H(E, Bg)
if \1 =0, and is not invariant on H(E, Bs) if A1 > 0.

Proof. ¢ We write p(z) = z + b with R(b) > 0, then for any series f(z) =
Yo ane** in the given space H(E, Bg), we have

o)
Z(ane—)\nb)e—)\nz
n=1

2

o0
= 3" e

n=1

ICf1I? =

oo
< 6—2)\1§R(b) Z ’an|2572l _ €—2>\1§R(b) HfH2

n=1

The second last inequality comes from the assumption A, is increasing and
R(b) is non-negative. Hence, ||C,f|| < e %O f||, so C, is bounded. This
argument works for both cases Ay =0 and Ay > 0.
e Suppose ¢(z) = ¢ for some ¢ € C. If Ay > 0, then C,f = f(c) is not
representable in H(E, Ss) (Remark 2.9).

If Ay = 0, the boundedness of C, follows the boundedness of the evalua-
tion functional d. in Proposition 2.13 (with a note that ||Cy|| = p1]|dc[|). O

Therefore, it suffices to prove the necessary condition. In fact, we only
need to provide the proof for the case \; = 0. The statement for the case
A1 > 0 follows as a corollary.

Theorem 3.4. Suppose \1 = 0 and that ¢ induces a bounded composition
operator C, on H(E, Bs). Then exactly one of the following assertions holds:
(i) ¢ is a constant function, or
(ii) p(z) = z+ b, where R(b) > 0.

Remark 3.5. Before proving Theorem 3.4, we have some comments for this
proof with respect to the proof provided in [7].
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(1) We prove first that ¢(z) = az + b, then @ > 1 and a < 1 are shown.
However, besides providing a different approach for a > 1, we give a
refinement of the proof a < 1.

(2) We still, however, employ Lemmas 2.12 and 3.2 in our proof.

Proof of Theorem 3.4. Suppose C,, is bounded on H(FE, fs). Then it maps
every element f € H(E,fs) into itself. In particular, for f(z) = e 2% ¢
H(E, Bs), we have C,f = f oy € H(E, Bs) so it is representable as

(3.1) Cof(z) = e %) = g1 + age % + age M 4 ..
Since f is an entire function of order 1, and by Lemma 2.11 f o ¢ has
finite order, Lemma 2.12 shows that ¢ is a polynomial. We write
o(z) =by+biz+--+by2V, by £ 0.
If ¢ is constant, there is nothing to prove. Hence suppose N > 1. We
divide our proof into several steps.

Step 1: Show that by is a positive real number and that a; = 0.
Step 2: Show that N = 1.

Step 3: Show that b > 1.

Step 4: Show that b = 1.

Step 5: Show that R(bg) > 0.

Once all these steps are fulfilled, Theorem 3.4 is proved.
- Proof for Step 1. Letting R(z) — +o0 in (3.1), by Lemma 3.2, we have

(3.2) lim e %3 =g @ — lim e 2R@R) = |q).
R(z)—+o0 R(z)—+00

We also have

(3.3) R(p( Zé}t (bpz®) < R(byzN) + Z |bg || 2|F.

k=0

Assume by is not positive real. There exists 6y € (0, 27) such that by =
lb|e?0, so if we write z = re? | then from (3.3) we have

N-1 N-1
R(p(2)) < ba RN ™)+ [bylr* = [by|r™ cos(NO +60) + > [bilr".
k=0 k=0

Let ¥ := ﬁ(ﬂ' —6p). Since N > 1, we can see that

—g <9< g = cos¥ > 0 and cos(NV + 6y) = cos(m — ) < 0.

Hence, if r > 0, then
R(re’) > 0 and R(by2zY) = |by|r™ cos(NO + 6p) < 0
Thus along § = ¥, we have z = re’” and
N-1
lim R = i by | cos(N9 + 6 be|r* | = —
pdim e = lim (r Y cos(N0 +80) + 3 Il ) x,

which implies

lim e 2RP() = 4o
R(z)—+o0
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This contradicts (3.2). Hence by € Rt (as by # 0).
Now note that

N-1
R(p(2)) = byR(=N) + > R(bez") = by R(ZY) = D [orr*.
k=0

Letting R(z) — +o0 along the real line, we have

R(z)——+o00 r——+00

(34) lim  R(p(z)) = lim (bm Zuw > =

From (3.2) and (3.4), we have |a;| = a; = 0.

- Proof for Step 2. From Step 1, we have seen that if a,, is the first non-zero
coefficient of Uy f, then m > 2. Fix m.

Assume N > 1. Consider £(z) = p(z) — %z, which is a polynomial of
degree at least 2. Again by Lemma 3.2,

lim eMfe 290 = Qim0 =g
R(z)—>+o0 R(z)—+o00
By applying the same proof of Step 1 from (3.2) to (3.4) for £ instead of ¢,
we have a,, = 0, which contradicts our assumption that a,, # 0. Hence,
N =1 and ¢(z) = b1z + by with by > 0.

- Proof for Step 3. From Step 1, we have a; = 0, so by Step 2, equation (3.1)
becomes

e M201ztbo) — goeM2% 4 gaeTM8E 4 g emME

Multiply both sides by e*2%0 =£ 0, we have

(3.5) e = heTM2E | e ME e ME
where ¢, = an,e*?®. Suppose ¢, is the first non-zero coefficient. Then
m > 2.
Note that for any p € R,
1 [ott 1 if u=0,
(3.6) — " dz = ) a
2ti J oy /T " sin(ut) if p # 0.

We then have

t—oo 2t1

1 te
cm = lim / e(Am—A2b1)z

A
Since ¢, # 0, equation (3.6) implies A\, — Aoby = 0, so by = o 2 > 1.
2

- Proof for Step 4. Assume by > 1. Consider the probe functions gx(z) =

Bite™* k > 2. Clearly ||gx|]| = 1. Let N(k) be the index of the first
non-zero coefficient of Cyq;. Similarly to Step 3, we can prove that

AN(R) AN
(3.7) =52 =52

Since b1 > 1, it is true that Ay(y) > Ax, and so N(k) > k.
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Let mg = 2, m; = N(2) and my1 = N(my). Then the sequence (my) is
increasing. Equation (3.7) implies Ay, ., = b1\, , SO

o~ Amybo o~ Amybo

—/\mkb1z _ e*)\kaFlZ.

Clotmy (2) = Bl e me(rb0) — e

6mk 5mk

Thus we can easily compute that

||CS0qu: | = B_Amk%(bo)LmkH .

By,

Since C,, is bounded, the sequence (||Cy¢m, ||k is bounded, so there exists
a constant B > 0 such that for all k£ > 1,

_)\mkgcg(bo)ﬁmkﬂ 5mk+1 <Be>‘mk%(b0).

< B —
my /BmlC

ICoqm |l = e

Therefore,

E

-1

Bnic Py By

By, = By < BB exp | R(bo) Y Am,
g Bmk,1 6mk,2 /81 j=0 ’
Note that from (3.7), A, = )\zb{, S0
k—1
oy vy —1
TR
Jj=0 !
Since b1 > 1, we have
bk —
1og B log <ﬁlBk exp(/\gﬁ?(bo)bi—_in
lim sup —— < lim sup -
k—o0 my k—oo )\2b1
bh—
s klog B + A= R(bo) + log B R0 _
k—o0 )\lef b —1 ’

This contradicts both conditions (E) and (S). Thus, we must have b; = 1.

- Proof for Step 5. Consider once again functions qi(z) = 3, Le=Arz Recall
that the sequence (||Cyqx||)x is bounded. From this, since 0 < A, 1 400 and

|Coarl) = &R,
it follows that R(bg) > 0.
The proof is complete. O

Corollary 3.6. Suppose A1 > 0 and that ¢ induces a bounded composition
operator C, on H(E, Bg). Then p(z) =z + b with ®(b) > 0.

Proof. The technique used in the proof of Theorem 3.4 is still applicable
here, except that terms Ay in the proof are replaced by A1, m > 2 and k > 2
are replaced by m > 1 and k£ > 1 respectively, and we do not need to prove
a1 = 0 in Step 1 since that is obvious. O

Proof of Theorem 8.1. The result follows directly from Proposition 3.3, The-
orem 3.4 and Corollary 3.6. U
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4. COMPLEX SYMMETRY OF COMPOSITION OPERATORS WITH RESPECT
TO COMPOSITION CONJUGATIONS

The main interest for the rest of the paper is to develop a characterization
for complex symmetry of composition operators that have the form of com-
position conjugation. Combined with prior established results in [4,10], we
thus show that all bounded composition operators on H(FE, 3g) are complex
symmetric.

4.1. The composition conjugation J¢. First, we recall the definition of
a composition conjugation.

Definition 4.1. Let H be a Hilbert space over C. A conjugation C on H is
a function C : H — H which satisfies

(a) anti-linearity, i.e., Vx,y € H and \,u € C, we have C(Ax + py) =

Az + uCy,
(b) involutivity, i.e., C? = I is the identity operator on H, and
(c) isometry, i.e., Vo € H, we have ||Cx| = ||z|.

Definition 4.2. Let £ : C — C be an entire function. A composition
conjugation Je¢ acting on H(E, Bs) is defined by

Jef(2) = f(€(2),  (f € H(E,Bs))

which satisfies the definition of a conjugation.

When ¢ is the identity map on C, then J¢ is clearly a conjugation on
H(E, Bs), which we denote simply by J and call the standard conjugation.

Remark 4.3. We will use the following three observations.

(i) From [5], we see that checking for isometry is equivalent to verifying
that (Cf,Cg) = (g, f), for all f,g € H(E, Bs).

(ii) Notice that if Je maps H(E, fg) to itself, then it is automatically anti-
linear, so to test if J¢ is a conjugation, it suffices to check for invariance,
isometry, and involutivity.

(iii) For any Dirichlet series f(z) = >.°° ane "%, define the associated
series

f(z) = i Tne 2.
n=1

It is easy to see that f € H(E, fBg) if and only if fe H(E,Bs). The
proof is straightforward from the invariance of the standard conjuga-
tion J.

We now proceed to determine precisely those entire functions & such that
J¢ is a composition conjugation. Our goal is to establish the following cri-
terion of £ for J¢ to be a composition conjugation.

Theorem 4.4. The following statements are equivalent.
(i) £(z) = z + ci, for some c € R.
(it) Je is a conjugation.

Before proving Theorem 4.4, we need to several additional results. The
following lemma can be proved immediately.
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Lemma 4.5. Suppose J¢ is invariant on H(E,Bs). Ezactly one of the
following is true:

(i) If \1 > 0, then &(z) = z + b with R(b) > 0
(i1) If \1 = 0, then &(z) = z + b with R(b) > 0 or &(z) = ¢ for some c € C.
Proof. Given an arbitrary series f(z) = >0, ane "% € H(FE, Bs), consider

f(2) = 320°  @ye** as in Remark 4.3. Then f € H(F,Ss). Since Jg is
invariant on H(E, g), we have

Cef(2) Za e ) = J. f(2) € H(E, Bs).

This implies that C¢ is an invariant composition operator on H(FE, fs). The
two possible conclusions of the lemma follows directly from Theorem 3.1
and Remark 2.14. O

We determine the form of £ by considering separately the properties of
isometry and involutivity.

Proposition 4.6. Suppose J¢ is invariant on H(E, Bs). Then the isometry
of J¢ on H(E, Bs) implies £(z) = z + ci for some c € R.

Proof. By Lemma 4.5, we have two possibilities.
e Case 1: \1 > 0.
We have £(z) = z + b with R(b) > 0 from Lemma 4.5. Then,

Jef(2) Za e MnbemAnz,

Then by isometry, we have
oo [ee]
D lane P8 = (1T fI1P = 117 = D _ lanl?B5-
n=1 n=1

Set ay = 1 and a, = 0 for n # 2, then e~2**%®) = 1. Hence R(b) = 0. So
b = ci for some ¢ € R.
e Case 2: \1 =0.

We have either £(z) = z + b with £(b) > 0, or £(z) = b with b € C. The
first possibility follows Case 1, and we also obtain b = c¢i for some ¢ € R.
Assume £(z) = b where b € C, then

o0

S

Jef(2) Zane " so [ e fIIP =

Consider the probe functions ¢, (z) = e~***. By isometry, we have

Bge_zxn%(b) = | Teqnll? = llgnll* =

Thus e 2AR(®) — B for each n, which leads to
1
log 8, log 1
—R(b) = - .
R(b) N, N

Invoking Condition (F) and taking the limit as n — oo, we have —R(b) = oo,
a clear contradiction. O
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This finishes the case for isometry. We move on to the involutivity of Jg.

Proposition 4.7. Suppose Jg is invariant on H(E, Bs). Then the involuti-
vity Je on H(E, Bs) implies £(z) = z + ci for some ¢ € R.

Proof. The involutivity implies

F(z) = JeJef(2) = Jef(€(2)) = f(E(E(2))) = f(E(E(2))).

With probe functions g,(z) = e~*»*, we obtain e *¢(E(2) = ¢=An2_for each
n > 2. Hence,

(4.1) EE(2) =2+ 2’;—%@'

n
for some k,, € Z for each n > 2.
Since J¢ is invariant on H(E, fs), we again have two cases according to
Lemma 4.5.
e Case 1: A1 > 0.
The invariance of J¢ implies {(z) = z+b where R(b) > 0. Write b = s+ic
(s,c € R). Then, equation (4.1) implies

E&(2) =¢&(z+s+ic)=Z+s—tic+s+ic=z+2s.
Then, we get

25 = QI;\:m' € R,
so k, = 0 and s = 0. Hence &£(2) = z + ci, where ¢ € R.
o Case 2: \1 =0.
The invariance of J¢ implies £(z) = z+b with R(b) > 0 or () = b, where
b € C is a constant. The first possiblity is similar to Case 1. Now, assume
&(z) = b. Obviously the relation (4.1) cannot hold, a contradiction. O

Proof of Theorem 4.4. The proof of (i) — (i) is a trivial verification of the
definition, so we omit the details. The proof of (iz) — (i) follows Lemma
4.5, Propositions 4.6 and 4.7, which we just have established. O

4.2. Complex symmetry with respect to conjugations J¢. Finally, we
consider the complex symmetry property of bounded composition operators
on H(E, Bs) with respect to conjugations Je. We first remind the reader of
the definition of complex symmetry.

Definition 4.8. Let T be a continuous linear operator mapping a Hil-
bert space H to itself. Given that C is a conjugation, we say that T is
C-symmetric, or complex symmetric with respect to C, if

CoToC=T".
If such a C exists, we say that T is complexr symmetric.

Here, T is the adjoint operator of . Where the context is clear, we omit
the composition symbol henceforth. It is worthwhile to note that the above
definition is equivalent to both CT' = T*C and TC = CT™, by involutivity of
C.

First, we retrieve the following result about the adjoint of a bounded
composition operator in H(FE, Bg).



COMPLEX SYMMETRY OF COMPOSITION OPERATORS 15

Lemma 4.9 ([8]). Let ¢(z) = z + b, where R(b) > 0, and let () = z + b.
Then on H(E, Bs), Cj, = Cy.

Remark 4.10. Note that when \; = 0, if ¢(z) = b, and ¢(2) = ¢, where
b,c € C, then on H(FE, fs), we always have Cj # Cy.

Indeed, assume there exist b, ¢ such that Cy = C7. Let f,g € H(E, Bs),
where f(2) =Y 0% ane % and g(z) = >0 | bye **. Then by definition,
(Cyuf,g) = (f,Cypg), which is equivalent to

e.9] o0 o0 oo
Z ane P, Z bpe MF ) = Z ane M, Z bpe ¢ ) .
n=1 n=1 n=1

n=1
Pick f(z) = e 2% and g(z) = 14+ e~*2%. From the equality above, we get
0# e 087 = 0(1 + e %57 =0,
which is a contradiction.

With Lemma 4.9 and Remark 4.10, we can prove that every self-mapping
composition operator Cy, induced by a non-constant ¢(z) is complex sym-
metric with respect to any conjugation Je.

Proposition 4.11. Consider the following statements.

(i) Let p(z) = z+ b, where R(b) > 0. The composition operator C,
on H(E, Bs) is Je-symmetric where Jg is any conjugation induced by
&(z) = z+ct, for any c € R.

(it) Let o(z) =b, b € C. There is no composition conjugation J¢ such that
Cy, on H(E, Bs) is J¢-symmetric.

The following are true.
(1) If Ay > 0, then (i) is true.
(2) If \y =0, then both (i) and (ii) are true.

Proof. Suppose ¢(z) = z + b with (b) > 0. Then, given £(z) = z + ¢i with
c € R, we have

chcpjéf( ) JgC Z ane )\ncz J£ Z ane )\ncz /\nb —Anz
n=1 n=1
00 - 0o B
- Z@e—kncie—)\nbe—)\ng(z) - Z ape e Anbe=Ang(2)
n=1 n=1

Z ncz ncz Za e~ z+b) C*f( )

=1

Thus Cy, is Je-symmetric, so it is complex symmetric. This argument is
valid for A\; > 0.



16 MINH LUAN DOAN, CAMILLE MAU & LE HAI KHOI

Now, suppose A; = 0 and ¢(z) = b for some b € C, then

oo oo
chcpt]{f(z) _ Jéccp Z@ef)\ncief)\nz _ J£ Z@ef)\ncief)\nb
n=1 n=1

X o0
n=1

n=1

oo B o9 B
_ Z ane)\ncze—)\nb _ Z ane—)\n(b—cz)‘
n=1 n=1

Assume JeCpJe = Ch. Then C}f(z) = f(b— ci) = Cyf(z), where Gy,
the bounded composition operator induced by the constant function ¢(z) =
b — ci. This contradicts Remark 4.10. O

Note that Proposition 4.11 does not state that composition operators
C, induced by constant functions ¢ are not complex symmetric. These
operators are not complex symmetric only with respect to composition con-
jugations Jg.

4.3. Complex symmetry of composition operators induced by a
constant function. Recall that an operator T acting on a Hilbert space
H is of rank one if and only if there exist u,v € H such that Tf = (f,u)v
for all f € ‘H. Our goal is to prove the following proposition for composition
operators induced by constant functions in case A\; = 0.

Proposition 4.12. Suppose A\ = 0. Then any composition operator C,
induced by a constant function p is complex symmetric.

Proof. From Theorem 3.1, C,, is bounded. Observe that C, is of rank one,
since

Cof =f) =(fKy)1,  VfeHE,PBs),
where K} is as in the proof of Proposition 2.13.
Let W = span{K},1}. We may decompose C, as a direct sum of two
operators

C@ :TW@OwL,

where Ty is an operator on the two-dimensional subspace W and Oy 1 is
the zero operator on W+. By [4], any operator on a 2-dimensional Hilbert
space is complex symmetric, thus Ty is complex symmetric on W. The zero
operator is trivially complex symmetric. Since the direct sum of complex
symmetric operators is complex symmetric, C,, is also complex symmetric.

O

Remark 4.13. We note that another approach via binormal operators to
demonstrate that any rank one bounded linear operator on any Hilbert
space is complex symmetric is given in [10].

We conclude with the following theorem, which summarizes the results
presented in this paper regarding complex symmetry of composition opera-

tors on H(E, Bs).

Theorem 4.14. Consider the following statements.
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(i) Let p(z) = z+ b, where R(b) > 0. The composition operator C,
on H(E, Bs) is Je-symmetric where Jg is any conjugation induced by
&(z) = z+ct, for any c € R.
(i) Let p(z) = b, b € C. Then C, is complex symmetric, but not Je-
symmetric for any composition conjugation J.
The following are true.
(1) If \y > 0, then (i) is true.
(2) If \y =0, then both (i) and (ii) are true.
Consequently, all bounded composition operators on H(E,Bs) are complex
symmetric.

This paper focuses on the bounded composition operators on Hilbert spa-
ces H(E,Bs) and studies the complex symmetry of these operators. In
particular, we introduced the composition conjugations Jg and study the
aforementioned complex symmetry with respect to Je. Although all boun-
ded composition operators are complex symmetric, as we see from Theorem
4.14, the composition conjugations does not characterize the symmetry of
composition operators induced by constant functions. Therefore, an open
question for the future work is to find other forms of conjugations that
characterize the complex symmetry of all bounded composition operators
on more general classes of Hilbert spaces of entire Dirichlet series, such as

H(E, Br) or H(E,B).

REFERENCES

[1] N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68 (1950),
337-404.

[2] S. Bourdon & S. Waleed Noor, Complex symmetry of invertible composition opera-
tors. J. Math. Anal. Appl. 429 (2015), 105-110.

[3] C.C. Cowen & B. D. MacCluer, Composition Operators on Spaces of Analytic Functi-
ons, CRC Press, Boca Raton 1995.

[4] N. Chevrot, E. Fricain & D. Timotin, The characteristic function of a complex sym-
metric contraction, Proc. Amer. Math. Soc. 135 (2007) 2877-2886.

[5] S. Garcia & M. Putinar, Complex symmetric operators and applications, Trans.
Amer. Math. Soc. 358 (2005), 1285-1315.

[6] G. H. Hardy & Riesz M. The General Theory of Dirichlet Series, Stechert-Hafner,
Inc., New York, 1964.

[7] X. Hou, B. Hu & L. H. Khoi, Hilbert spaces of entire Dirichlet series and composition
operators, J. Math. Anal. Appl. 401 (2013), 416-429.

[8] B. Hu & L. H. Khoi, Numerical range of composition operators on Hilbert spaces
of entire Dirichlet series, in: Interactions between Real and Complexr Analysis, Sci.
Technics Publ. House, Hanoi, 2012, 285-299.

[9] P. V. Hai & L. H. Khoi, Complex symmetry of weighted composition operators on
the Fock space. J. Math. Anal. Appl. 433 (2016), 1757-1771.

[10] S. Garcia & W. Wogen, Some new classes of complex symmetric operators, Trans.
Amer. Math. Soc. 362 (2010), 6065-6077.

[11] B. Hu, L. H. Khoi & R. Zhao, Topological structure of the spaces of composition
operators on Hilbert spaces of Dirichlet series, Z. Anal. Anwend. 35 (2016), no. 3,
267-284.

[12] S. Mandelbrojt, Séries de Dirichlet. Principes et Méthodes, Monographies Internati-
onales de Mathématiques Modernes 11, Gauthier-Villars, Paris, 1969.

[13] G. Pélya, On an integral function of an integral function, J. London Math. Soc. 1
(1926), no. 1, 12.



18 MINH LUAN DOAN, CAMILLE MAU & LE HAI KHOI

[14] A. R. Reddy, On entire Dirichlet series of zero order, Tohoku Math. J. (2) 18 (1966),
144-155.

[15] J. F. Ritt, On certain points in the theory of Dirichlet series, Amer. J. Math. 50
(1928), no. 1, 73-86.

[16] M. Wang, X. Yao, Some properties of composition operators on Hilbert spaces of
Dirichlet series, Complex Var. Elliptic Equ. 60 (2015), 992-1004.

(MAU, KHOI) DIVISION OF MATHEMATICAL SCIENCES, SCHOOL OF PHYSICAL AND
MATHEMATICAL SCIENCES, NANYANG TECHNOLOGICAL UNIVERSITY (NTU), 637371 SIN-
GAPORE

(DOAN) DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NOTRE DAME, NOTRE
DaME, IN 46556, USA
E-mail address: AMAUOO1@e.ntu.edu.sg; LHKHOI@ntu.edu.sg; LDOAN3@ND.EDU



