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Abstract

In this paper, a domain decomposition technique in the finite volume framework is
presented to propagate small amplitude acoustic and entropy waves in a linearized Euler
region and simulate the interaction of these waves with an initially steady normal shock in
a nonlinear region. An overset method is used to two-way couple the linear and nonlinear
regions that overlap each other. Linearized solvers alone cannot capture this interaction
due to the discontinuity encountered at shocks. On the other hand, nonlinear solvers based
on second order shock-capturing schemes will result in excessive dissipation and
dispersion for the small disturbances. The domain decomposition technique provides a
good balance between minimizing dissipation & dispersion errors while enabling nonlinear
shock-acoustic interactions. To preserve low dispersion and dissipation, a DRP scheme is
used to simulate the incoming and outgoing waves in the linear region. To capture the
shock wave interaction and motion, a hybrid central-upwind flux scheme is used in the

nonlinear region that contains the shock. Grid sensitivity studies for an acoustic wave

propagating in stationary flow were performed to compare the linear, nonlinear, and

domain decomposition solvers. The nonlinear solver required ten times the mesh resolution
to achieve similar accuracy as the linear solver, resulting in a forty-fold increase in
computational time. For modest cell size ratios, the domain decomposition solver reduced
the computational time by a factor of three compared to the nonlinear solver while
achieving similar accuracy. Interaction of standing shocks with acoustic and entropy waves
of amplitudes ¢ = +1072 and 41075 was investigated using the domain decomposition
technique. The numerical results for ¢ = 41072 compared well with the linearized
interaction analysis (LIA) with less than 3% discrepancy in terms of the amplification

factors. The domain decomposition technique acts as a low pass filter that averages the

post-shock oscillations generated by the slow-moving shocks in the nonlinear region,

resulting in the correct amplification factors in the linear region. For the smaller amplitudes

of € = +£107°, the amplification factors deviated from LIA predictions by up to 70%.

*Corresponding author: chan.wl@ntu.edu.sg



Numerical results suggest that the large discrepancy for the small amplitude cases is due

to insufficient mesh resolution for capturing extremely slow-moving shocks.



10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

1 Introduction

Modelling the interaction of acoustic, vortical, and entropy waves with shock waves is essential for the
understanding of jet noise and mitigation efforts in supersonic exhausts [1]. Exhaust nozzles can operate
in imperfectly expanded regimes, resulting in several shock waves. Acoustic disturbances generated
inside the engine from combustion and turbine/stator interaction amplify as they interact with shock
waves. The increase in amplitude has several consequences, such as increased structural fatigue loading
and amplified tonal noise. As the acoustic waves interact with the shock waves, they not only amplify,
but generate additional vortical and entropy waves that can further interact with the turbulence in the

flow to increase the broadband noise levels [2].

Traditionally, in computational aeroacoustics, sound propagation is modelled by assuming small
perturbations about a mean state. Small perturbations could be represented as a superposition of
acoustic, vorticity, and entropy waves using Kovasznay’s decomposition [3]. As viscous effects are
minimal for small disturbances, linearized Euler equations (LEE) can be applied with accuracy. To
minimize the numerical dispersion and diffusion errors, especially for problems involving wave
propagation over long distances [4], the LEE are solved using a dispersion-relation-preserving (DRP)
scheme [5], which is best implemented on uniform Cartesian grids. The LEE are applicable for mean
flows that are smooth and continuous but will lead to erroneous predictions for flows with large
gradients and discontinuities [6]. Furthermore, linearized interaction analyses (LIA) performed by
Ribner [7, 8] and Moore [9] have revealed that the interaction of small disturbances with shocks waves
(i) modifies the amplitudes of the incoming waves, (ii) generates additional waves, and (iii) causes the
shock wave to move. This nonlinear phenomenon, which cannot be accounted for by the linear solver,
requires a nonlinear simulation that is either excessively diffusive and/or dispersive or prohibitively
expensive for propagation of small waves over long distances. To circumvent the shortcomings of the
linear and nonlinear solvers in simulating the interaction of small disturbance waves with shock waves,
the current work uses the concept of domain decomposition to couple the LEE and Euler equations [10].

Though direct numerical simulations (DNS) have been performed in the past to study the interaction of
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a shock wave with turbulence [11-16] and acoustic waves [17], the current work appears to be the first

to use domain decomposition to study the interaction of a shock wave with small perturbations.

Domain decomposition has become the method of choice for solving coupled problems in recent times
since it provides the flexibility to solve each set of governing equations using the most suitable
numerical methods on the most optimal grids. One of the popular domain decomposition methods for
coupled flow/acoustic problems involves solving the compressible Navier-Stokes equations and the
nonlinear Euler equations on separate, non-overlapping grids using finite volume (FV) and
discontinuous Galerkin methodologies, respectively [18-22]. The domain decomposition technique
proposed in this paper possesses several innovative ideas compared to past studies. In the proposed
technique, the computational domain is divided into linear and nonlinear regions in which the linearized
and nonlinear Euler equations are solved, respectively. Both sets of governing equations are formulated
in the FV framework, but they are solved using different spatial discretization schemes on different
grids. The Euler equations are solved using a second order hybrid central-upwind scheme that allows
the use of non-uniform grids. This provides the flexibility to achieve a fine mesh resolution when
capturing the shock motion while limiting the extent of this finely resolved region to a small area in the
vicinity of the shock. As a result, the dispersion errors incurred by the second order schemes can be
minimized. The LEE are solved in terms of the perturbed conserved variables using a DRP scheme on
uniform Cartesian grids. The formulation of the linearized fluxes accounts for spatially varying mean
states in a straightforward manner. The linear region can be used to extend the computational domain
to account for wave propagation over large distances. This approach is more efficient than using a
purely nonlinear solver which demands fine grids to negate the poor resolving properties of second
order schemes. The linear and nonlinear regions are two-way coupled using overset methods that
involve a combination of volumetric mapping and interpolation. Last but not least, non-reflecting
boundary conditions have been implemented in the form of sponge layers [23] along the boundaries of
the linear region. Artificial viscous damping is applied in the sponge layers to prevent the re-entry of
reflected waves into the domain. Compared to more sophisticated methods (e.g. perfectly matched

layers [24], characteristic boundary conditions [25], and radiation/outflow conditions [26]), sponge
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layers are simple to implement and more flexible in handling complex geometries. Mani [27] has shown
that, with proper tuning, sponge layers can deliver comparable performance to the more sophisticated

methods.

The objectives of this paper are two-fold. The first objective is to present the domain decomposition
technique and assess its properties. Though the technique has been developed in a general multi-
dimensional form, the discussion in this paper is restricted to a one-dimensional case for the sake of
simplicity of analysis. The second objective is to apply the technique to compute the interaction of small
amplitude acoustic and entropy waves with standing shock waves. The paper is organized as follows.
First, the solution methodologies for the nonlinear and linear regions are presented in Section 2,
detailing the two-way coupling between the regions and implementation of the sponge layers. Next, the
performance of the linear solver is validated and the results of the proposed domain decomposition for
benchmark cases are presented in Section 3. In addition, results for the interaction of acoustic/entropy
waves with a normal shock are discussed in detail. Then, the concluding remarks are summarized in
Section 4. Lastly, a simplified one-dimensional linear analysis of shock-wave interaction is provided in

the Appendix.

2 Method

2.1 Finite Volume Approach

Inviscid gas dynamics is governed by the Euler equations given in conservative form by,
9,Q+V -F(Q) =0, (M

where Q = (p, pu, pe,)T represents the vector of conserved variables and F(Q) represents the

inviscid flux function. Assuming calorically perfect ideal gas, F/(Q) is given by,

pru

+pI
FQ=| e 1 | @
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Figure 1: Nomenclature for finite volume approach. The circle, squares and arrows represent the cell
centroid, face centroids and face unit normal vectors, respectively.

where v = 1.4 is the specific heat ratio and I is the 3 x 3 Kronecker delta tensor. In finite volume, the
solution is obtained in terms of the cell averages of the conserved variables. Denoting the cell average
over cell V, as Q,, its instantaneous rate of change is equal to the net flux across the cell boundary 0V,

which is approximated as follows:

dQ; 1 ~

— - E F_ S 3)
n*~f

dt Wi‘feavi

~

F,, is the numerical approximation to the face-normal flux. The subscript n represents the normal 7
as illustrated in Figure 1. |V;| denotes the cell volume and S, denotes the face area. To minimize
numerical dissipation without sacrificing stability, the numerical flux f‘n was taken to be the weighted

average of a central flux Is‘ff’" and an upwind flux szw,
F, = (1—-0)FI" + OFww, )

where O is a suitable shock sensor which is zero when the solution is smooth and reaches a maximum
value of unity near shocks. In the present study, the Bhagatwala-Lele shock sensor [28] with the

modification proposed by U S Vevek, et al. [29] was used. 1:“%” was computed using linear

interpolations of the primitive variables U = (p, u, p)T at the face centroids Ty



87

88

&9

90

91

92

93

94

95

96

97

98

99

100

101

Pty

=t PrUsuy +pymy _

v 1
;ijjpf“f‘F§ﬁvH“AP“f

For the upwind numerical flux IE‘ZW, the HLLC flux scheme [30] with wave speed computed based on
Roe average [31] was used for its simplicity and its ability to capture isolated shock waves exactly.
ﬁ‘zpw was computed based on directional (biased) interpolations of the primitive variables computed

using total-variation-diminishing schemes [32, 33] with the van Leer limiter function [34].

2.1.1 Linearized Euler Fluxes

In the far field (away from shock waves and scattering surfaces), the solution Q(x, t) can be modelled
as a small perturbation Q’(x,t) linearized about a mean state Q(w,t), ie. Q(x,t) = a(ac,t) +
Q’(x, 1), such that |Q'(z,t)| < ’6(3:, t)|. The mean state satisfies the nonlinear governing equation

below:
2,Q+V-F(Q) =0 (6)

Subtracting Eq. (6) from Eq. (1) results in the governing equation for the small perturbation variables

in conservative form,
9,Q +V-F(QQ) =0, (7

where F/(Q, Q') = F(Q + Q') — F(Q) is the small perturbation flux. The finite volume procedure
can be applied to Eq. (7) to arrive at the following semi-discrete equation for the cell average of the

perturbed conserved variables Q/,

aQ; 1 =

fedV;

where f‘; is the perturbed face-normal flux approximated using only the non-dissipative central fluxes,

F, = Fa" (U, + U} — Fer(U). ©9)
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Unlike ﬁ‘ffr in Eq. (4) which is computed using a second order linear scheme, ]?‘; is computed using a
fourth order group-velocity-optimized DRP scheme [35]. On a uniform Cartesian mesh, this six-cell

interpolation scheme can be implemented as,
Gir1j2 = @1(9; + Gi1) + Qg1 + Bipa) + a3(Pia + Diys), (10)

where the coefficients a; = 0.625019618873956850, v, = —0.145862761644268701 and a5 =
0.02084314277031176. More details on the finite volume formulation of the DRP scheme can be found

in the work of Popescu, et al. [36].

Expanding Eq. (9) and ignoring the second and higher order product terms results in,

®
Y /= = / 1 - =S (a7 '\ ’
A1 [Py + o] + Sl + o (g - wh)uy

where ¢ = p}ﬂ ftp fu’f is the linearized mass flux. The perturbed velocity w’ and pressure p’ can be

computed from the following relationships prior to interpolation:

W CORACCE, (12)
p+p
v = (=) (o) + (e — 5+ o)+ w'I?] — (13)

The semi-discrete equations Eq. (3) and Eq. (8) were time marched in tandem using a fourth order low-

dissipation and low-dispersion Runge-Kutta (LDDRK) scheme [37].

It must be emphasized that the above derivation does not impose any restrictions on the mean state

Q(a:,t), which can be spatially varying and temporally evolving. In a general implementation, a
nonlinear solver is first used to obtain the mean state solution over the entire domain which is typically

discretized using a nonuniform grid with coarse grid spacings in far-field regions. The mean state

solution is then mapped onto the linear region which, as mentioned earlier, is discretized using a uniform
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Cartesian mesh. The mean flow gradients must satisfy |V6(:c, t)| <« 1 in the linear region to ensure

that the small perturbation assumption |Q’ (x, t)| < |6(:c, t)| holds throughout the computation.

Temporally evolving mean states are to be globally updated by solving Eq. (6) with the instantaneous
mean flux taken to be F‘ffr (ﬁf). This is particularly convenient for multi-timescale problems where

the mean state evolves slower in time compared to the perturbations. For such problems, it suffices to
update the mean state over a much longer time step compared to the perturbations. In the present study,
however, the mean state is uniform and steady in the linear region for simplicity. Hence, it was not

necessary to update the mean states by solving Eq. (6).

2.2 Domain Decomposition Procedure

The advantage of decomposing the computational domain into multiple regions is the flexibility of
solving different governing equations that best describe the flow physics in each region. For example,
when solving for species concentrations in thermo-acoustic chemically reacting flows, chemical
reactions and scalar transport must both be accounted for in the combustion zones while just the latter
is sufficient in the far field. This added flexibility saves computational resources and can be used to
adapt meshes in regions with need to do so. The general setup of the domain decomposition technique
developed in the present study is shown in Figure 2. The Euler equations and its linearized counterpart
are solved in the nonlinear and linear regions, respectively. Accurate two-way coupling between the

regions is essential for the technique to work. This will be described in detail next.

2.2.1 Mapping from Nonlinear Region to Linear Region

As seen from Figure 2, the linear region overlaps the nonlinear region. The boundary of the nonlinear
region that intersects the linear region is referred to as the overset boundary. Cells in the linear region
that do not overlap the nonlinear region completely will be computed, i.e., Q; will be solved in these
cells by computing the linearized fluxes at the cell faces. As for the cells that overlap the nonlinear
region completely, it is sufficient to map three cells along each coordinate direction close to the overset

boundary as illustrated in the cut-out of Figure 2. This is due to the symmetric six-cell stencil of the
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Figure 2: Schematic of domain decomposition setup for a general problem. Classification of linear
region cells shown in cut-out.
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Figure 3: Volumetric mapping from nonlinear region to linear region.
DRP scheme utilized in the linear region (see Eq. (10)). Note that the mapped cells lie inside the
nonlinear region completely. The remaining overlapping cells are treated as hole cells that are neither

mapped nor computed.

Once a linear region cell 7, has been marked for mapping (see Figure 3(a)), all the nonlinear region

cells Wy that overlap V|, are first identified (see Figure 3(b)). Then, Qy, is determined as,

1 _
Q; = (—ZWL mwN|QN) -Q, (14)
’VL| N
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Figure 4: Linear interpolation at overset boundary faces.

whereby |V, N Wy| refers to the intersection volume of cells V', and Wy. For stationary meshes, the
normalized intersection volumes |V N Wy|/|V} | can be computed once and stored at the start of the

simulation. Note that the mean state QL is assumed to be known at all mapped cells in the linear region.

2.2.2  Mapping from Linear Region to Nonlinear Region

For the inverse mapping, a different approach is adopted. Since the nonlinear region utilizes second
order schemes, it suffices to prescribe suitably interpolated primitive variables U ; at the face centroids
of the overset boundary as a boundary condition to compute the central Euler fluxes (see Eq. (5)). Given

a face centroid x; on the overset boundary and its adjacent cell W in the nonlinear region (shaded in

Figure 4(a)), a suitable linear region cell V|, must be determined to perform the linear interpolation,

U, - ey — 2n[|(Ty, + UL) + (g, — ) - dy] Uy d
! (x, — @) - d; ’ /

T — Ty

TN

(15)

xy and x;, refer to the centroids of cells Wy and V', respectively. V;, is chosen as the cell whose
centroid @y, lies the closest to the face centroid @, as shown in Figure 4(a). If z;, lies on the same side
of the face as @y, i.e. (x;, — x f) -dy < 0, the interpolation weight becomes negative in Eq. (15). Such
a scenario is depicted in Figure 4(b). To ensure positivity of interpolation weights, a different cell must
be chosen. To this end, all cells in the linear region which share a vertex with the current V|, are first

identified. Ignoring cells whose centroids lie on the same side of the face as xy (cells with grey circles
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for centroids in Figure 4(b)), the cell with the closest centroid to x; is chosen as V. In this scenario,

this is the cell with the thick black border in Figure 4(b).

2.2.3 Sponge Layer Treatment

The linear region terminates in a sponge layer to prevent the reflection of acoustic waves back into the

domain. The following dissipation term is added to the right-hand side of Eq. (7) in the sponge layers,

Fl, = V- (w(@)VQ). (16)

where w(x) represents an artificial viscosity. Applying the finite volume approximation, the numerical

flux arising from the above dissipation term is given by,

~, 1 0Q’
Fsp,n - ‘Vz’ Z w(a:f) on

feav; Ty

Sp- (17)

The derivative inside summation on the right-hand side is computed in the face normal direction 7.
Denoting the neighbour cell of V; adjacent to face f as V,, the derivative term can be approximated

using the linear approximation scheme as,

Q| = Q-—-Q

on |, T () ny

(18)

The artificial viscosity w(x) is defined as follows in the x- and y-layers (see Figure 2), respectively.

_ 2 (Azx)2 _ 2 (Ay)2

x Yy

L, and L, refer to the sponge layer lengths and, =, and y, refer to the sponge layer starting locations.

Ax and Ay refer to the cell size in the linear region and At refers to the time step. As the linear region
is discretized using a uniform Cartesian mesh, Az = Ay is the same at all faces. w,,,,, is a non-

dimensional parameter defined by the user for controlling the maximum viscosity at the end of the

sponge layers. Therefore, the above definition adjusts the amplitude of w based on the spatial and

10
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temporal resolutions. Currently, the xy-layers at the corners are treated as superpositions of the

respective x- and y-layers, i.e., w,, () = w,(x) + w, (x).

3 Numerical Results

For all test cases presented, the primitive variable perturbations U’ were used to initialize the linear
region; the conserved variable perturbations Q" were initialized using Eqs. (12) and (13). The initial

conditions for the perturbations are given by the following Gaussian function,

G(z; 2y, w) = exp {— In 2 (‘”” ;woﬂ : (20)

Parameters x, and w refer to the centre location and half-width of the Gaussian profile, respectively.

3.1 Validation of Linear Solver

Prior to investigating the domain decomposition technique, the finite volume formulation of the
linearized Euler fluxes computed using the DRP interpolation scheme must be validated. The validation

test case was initialized with an acoustic pulse and an entropy wave as given below.

p'(z,0) = 1072G(x;0,3),
U/<(1}70> - 0, (21)
p/(2,0) = 1072G(2;0,3) + 107G (; 22, 5)

The mean state given below is a uniform flow with Mach number M = 0.5:

pla,t)=1,  a(z,t) =05  plz,t) =14 (22)

The computational domain x € [—150,150] was discretized into uniform cells of width Az = 1. The
regions x € [—150,—100] and z € [100,150] were treated as sponge (x-)layers with L, = 50 and

Wynae = 0.0025. The choice of values for L, and w,,,, was obtained from numerical testing by

xT

11
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{x1073

(c) £=100s
1x1073

Figure 5: Comparison of computed results with the exact solution for linear solver validation case.

Table 1: L, norm of p’ for linear solver validation case at different times.

t 25s 50s 75s 100s

max|p} = pi cract| 13111e—4  2.4247e-4  12568¢-4  1.5398¢—4

requiring that the acoustic waves fully decay at the outer edge of the boundary with no reflections into

the domain. These values were used for the remaining simulations in this paper.

Upon initialization, the acoustic pulse splits into two acoustic waves, one moving to the right at a speed
of u + ¢ = 1.5 and the other moving to the left at a speed of © — ¢ = —0.5. The entropy wave moves

to the right at the flow velocity u = 0.5. Att ~ 66.7s, the right-going acoustic and entropy wave reach

12
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Figure 6: Schematic of domain decomposition setup in 1D for validation case.

the starting location of the right sponge layer x, = 100 simultaneously. The problem was computed
until ¢ = 100s with a time step of At = 0.05s. p’(x,t) at t = 25, 50 and 100s are compared with the
exact solution in Figure 5. It can be seen that the results agree well with the exact solution. To have a
better representation of the numerical errors, the maximum absolute difference between the exact and
computed solutions are listed in Table 1 at four time instants. The drop in error from ¢ = 50stot = 75s
occurs due to the right-going acoustic wave and entropy wave moving beyond = 100 where they get
dampened by the right sponge layer. The results also demonstrate that the sponge layer is effective in

preventing the reflection of waves back into the domain.

3.2 Validation of Domain Decomposition

Before addressing the interaction of waves with shock waves, the domain decomposition technique is
validated. A schematic of the one-dimensional domain decomposition setup for the validation test case
is shown in Figure 6. The nonlinear region is drawn above the linear region in the schematic for clarity.
The nonlinear region lies between = € [—25,25] and terminates with the overset boundary. The linear
region lies between x € [—300,300] and terminates in sponge layers of lengths L, = 50. A close-up
view near the right overset boundary is shown in the schematic to illustrate the coupling procedure

between the regions. The letters ‘C’, ‘M’ and ‘H’ refer to computed, mapped and hole cells,

13
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respectively. The thick arrows indicate the transfer of information from one region to the other. For the
validation case, both regions were discretized uniformly into cells of width Ax = 1. Therefore, three
nonlinear region cells next to the overset boundary are directly mapped to the three mapped cells (M)
in the linear region. On the other hand, the first computed cell (C) next to the mapped cell in the linear
region and the nonlinear region cell immediately adjacent to the overset boundary are used in the
interpolation at the overset boundary. The situation is identical at the left overset boundary.

The test case was initialized with a right-travelling acoustic wave at t = —165, a left-travelling acoustic

wave at x = 55 and an entropy wave at x = —55 as follows:

p’(x,0) = €[0.5G(x; —165,12) + G(x; 55,8)],
' (2,0) = e[{2G(x;—165,12) — 9G(x;,55,8)] (23)
p’(z,0) = €[0.5G(x; —165,12) + G(x;55,8) — 0.5G(z; —55,8)].

The problem was computed for two perturbation amplitudes € = 1072 and € = 10~5. The mean state in
the linear region is the same as that given in Eq. (22). The nonlinear region was initialized with the
same state. The problem was computed up to ¢ = 220s using a timestep of At = 0.05s. Upon
initialization, all three waves move into the nonlinear region and intersect with each other before re-
emerging on the opposite side of the linear region. p’(z,t) for e = 1072 at t = 55, 110, 165 and 220s
are compared with the exact solution in Figure 7. The results agree well with the exact solution. At¢ =
220s (see Figure 7(d)), a slight phase shift can be observed for the right-travelling acoustic wave and
the entropy wave. This is most likely a consequence of the dispersion error incurred in the nonlinear
region due to the use of second order schemes. The results for e = 10~° were qualitatively similar. The

effect of using smaller cells in the nonlinear region will be investigated in the next section.

Though the linear and nonlinear solvers are inherently conservative within the respective regions,
conservation is not preserved exactly at the overset boundary. To determine the conservation error
incurred, the total energy perturbation (pe,)” was integrated over both regions at each timestep. The

integrated values E(t) = [(pe,)’(t) dV, normalized by the initial value £(0), are plotted in Figure 8

14
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Figure 7: Comparison of computed results with the exact solution for domain decomposition
validation case with ¢ = 1072, Nonlinear region is shaded grey.

238  fore = 107° and € = 102. It can be observed that F(t)/ E(0) ~ 1 throughout the computation for both

239 values of . The maximum deviation in E(t)/E(0) is 0.02% for ¢ = 10~° and 0.8% for e = 1072.

15
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Figure 8: Time variation of normalized integrated total energy perturbation for domain decomposition
validation case.

3.2.1 Effect of Cell Size Ratio

For the shock-acoustic/entropy wave interaction problem, a finer mesh is required in the nonlinear
region to capture the shock motion accurately whereas a coarser mesh can be utilized in the linear region
for the wave propagation. The effect of different cell size ratios for the linear and nonlinear regions will
be investigated in this section. In this investigation, both regions were discretized uniformly but with
cells of different widths. The cell size ratio R is defined as Az /Azy. The test case involves the
propagation of a single right-travelling acoustic wave in stationary flow. The acoustic wave was
initialized as,

p'(z,0) = eG(z;—65,6),
u'(x,0) = -~ G(x; —65,6), (24)

1.4

P’ (z,0) = eG(x; —65,6).

€ was set to 107°. The mean state in the linear region and the nonlinear region were initialized as

follows:

p(z,t) = p(x,0) =1, u(z,t) = u(z,0) =0, p(x,t) = p(x,0) = 1.4. (25)
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Figure 9: Close-up view near right overset boundary for cell size ratio R = 5. Nonlinear region is
positioned above the linear region.

The linear region extends between x € [—100,100] while the nonlinear region extends between x €
[—25,25]. Instead of sponge layers, periodic boundary conditions were applied at the ends of the linear
region so that the acoustic wave re-enters the linear region from the left boundary as it exits through the
right boundary. The periodic boundary condition simulates the effect of the acoustic waves propagating
over long distances, which is the common case in aeroacoustic simulations performed to predict far-
field noise. The problem was computed with CFL = 0.5 until the acoustic wave returns to its initial
location after 10 cycles at ¢ = 2000s. The computation was performed for R = 1,2, 5, and 10. A close-
up view near the right overset boundary for ® = 5 is shown in Figure 9. Notice the change in

interpolation weights for the overset boundary face compared to R = 1 shown earlier in Figure 6.

Baseline computations using a linear solver and a nonlinear solver were also performed. For these runs,
the periodic computational domain = € [—100,100] consisted of a single region that was discretized
uniformly. The linear computation was performed for Ax; = 1, whereas the nonlinear computations
were performed for Azy = 1,0.5,0.2, and 0.1 which correspond to the nonlinear cell spacings used at

cell size ratios R = 1,2, 5 and 10, respectively, for the domain decomposition computations.

p’(x,t) at t = 200s are plotted in Figure 10 for selected cases. Figure 10(a) shows that the final result
from the linear computation for Az, = 1 is indistinguishable from the exact solution. Figure 10(b)
show that the nonlinear computations for the coarsest mesh resolution Axy = 1 results in a noticeable
phase shift as well as a larger undershoot near x = —80. Both discrepancies are significantly reduced

at the finest mesh resolution Axy = 0.1. In contrast, Figure 10(c) shows that the domain decomposition
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Figure 10: Results for propagation of a single acoustic wave at ¢ = 200s

269  computations at R = 1 significantly reduce the phase shift and undershoot observed in Figure 10(b) for

270  Azy = 1. At R = 10, the domain decomposition results become nearly identical to the exact solution.

271  The average density perturbation error ,Z)\’ is defined by,

7= (16 = bl v/ [ av. 26)

272 It can be seen from Figure 11 that ? grows in time for all cases, which is expected since both the
273  dispersion and dissipation errors accumulate as the wave propagates through larger distances. The linear
274 solver produces the smallest error among all the runs due to the significantly smaller dispersion errors
275

incurred by the DRP scheme. In contrast, much larger errors are produced by the nonlinear computations
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Figure 11: Average density errors versus time for different types of computations at various mesh

resolutions/cell size ratios for propagation of a single acoustic wave.

due to the poor dispersion properties of the second order linear interpolation schemes. For the same
mesh resolution Az, = Azy =1, ;/)7 is two orders larger for the nonlinear computation compared to
the linear computation. Though the errors reduce with mesh resolution, even at ten times the refinement,
the nonlinear computation for Az = 0.1 is still worse than the linear computation for Az} = 1.

Similar to the nonlinear computations, the errors incurred by the domain decomposition technique are
always greater than the error incurred by the linear solver. The coupling procedure in the domain
decomposition introduces additional errors to the discretization errors in the linear and nonlinear regions
separately. The coupling error is evident from the periodic bumps seen in Figure 11 for the domain
decomposition technique, which are produced when the acoustic wave crosses coupling zones. While
increasing cell size ratio R reduces the numerical error as expected, the reduction becomes increasingly
less significant at higher values of R. With R = 1, the error incurred by the domain decomposition
technique is close to that of the nonlinear computation with Az = 0.5. It can be seen from Figure 11
that doubling the cell size ratio from R = 1 to R = 2 produced a greater reduction in error compared
to the doubling from R = 5 to R = 10. In contrast, for the nonlinear computations, doubling the mesh
refinement from Axy = 1 to Azy = 0.5 produced roughly the same reduction in error as doubling it

from Axy = 0.2 to Azy = 0.1. For this reason, the domain decomposition case at R = 10, unlike the
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Table 2: Relative wall times for different types of computations at various mesh resolutions/cell
size ratios for propagation of a single acoustic wave.

Type of computation Mesh At Relative wall time
Linear Az =1 0.50 1.00
Nonlinear Azy =1 0.50 1.29
Azy =0.5 0.25 3.29
Azy =0.2 0.10 13.57
Azy =0.1 0.05 43.71
Domain decomposition R=1 0.50 1.14
R=2 0.25 2.71
R=5 0.10 8.14
R =10 0.05 20.14

other cell size ratios, actually performs worse than the nonlinear case at Azy = 0.1. The saturated
performance of the domain decomposition technique is attributed to the increasingly significant
coupling errors, suggesting that there is no advantage to be gained by increasing R any further.
However, the coupling errors can be reduced to a great extent when high-order interpolation is used at
the overset boundary (see Section 3.4.2), potentially permitting larger values of R.

The relative wall times for the various computations are listed in Table 2. It can be seen that the linear
computation has the least wall time. The nonlinear computation takes slightly longer than the linear
computation for the same mesh resolution of Ax; = Axzy = 1, most likely due to the greater
computational cost of hybrid central-upwind flux scheme compared to the linearized fluxes. The domain
decomposition computations take shorter times than the nonlinear computations for the corresponding
Azy. The wall times for the nonlinear and domain decomposition computations increase with mesh
refinement due to the greater number of cells and the reduction in time step in accordance with CFL.
However, the wall times increase at a much slower rate for the domain decomposition technique, giving
it an attractive computational advantage. For instance, Figure 11 shows that the purely nonlinear
computation for Azy = 0.5 and the domain decomposition technique for R = 1 are comparable in
accuracy. Yet, comparing their wall times in Table 2 shows that the latter is nearly three times faster.

The relative speedups given in Table 2 are specific to an occupancy ratio of 25%, i.e., the nonlinear
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region occupies 25% of the linear region. Computations performed at various occupancy ratios showed

that the computational time increases linearly with the occupancy ratio.

Based on the discussion thus far, it can be concluded that linear computation should be used wherever
propagation of only linear waves is to be considered. However, when nonlinear effects need to be
accounted for in a localized region, it is more effective to use the domain decomposition technique than
nonlinear computation. The domain decomposition technique reduces the overall cell count, resulting

in faster computation times without sacrificing accuracy.

3.3 Case Study: Interaction of an Acoustic/Entropy Wave with a Standing Shock Wave
In this section, the domain decomposition technique is applied to study the interaction of an
acoustic/entropy wave with a shock wave. In one-dimensional uniform mean flow, there exist three
types of linear waves — two acoustic waves propagating at speeds u + ¢ and an entropy wave travelling
at u. For conciseness, the waves will be referred by their wave speeds henceforth. A normal shock wave
is a discontinuity separating two uniform mean states. Thus, there may exist six linear waves, three on
either side of the shock. A steady shock wave is shown with supersonic flow on its left and subsonic
flow on its right in Figure 12. Quantities on the supersonic (left) and subsonic (right) sides are denoted
with subscripts ‘I’ and ‘r’, respectively. Since the flow is supersonic on the left, all three types of waves
(u; + ¢;,u;) approach the shock from the left and interact with it (see Figure 12(a)). The interaction
causes the shock wave to move left or right while, simultaneously, generating an acoustic u,. + ¢, wave
and an entropy u,. wave, both of which travel downstream to the right (see Figure 12(b)). Note that only
these two wave types can propagate away from the standing shock, so no other wave type is generated
by the current interaction. For small amplitudes, the generated waves have the same profile as the
incoming ones, which is a Gaussian in the present study. The amplitudes of the generated waves and
the shock velocity can be approximated by the linearized interaction analysis (LIA). A simplified

derivation of the LIA performed by Moore [9] is provided in the Appendix Al.

Due to the discontinuous nature of the mean flow and shift in shock wave position during the interaction,

it is not possible to compute this problem using a linear solver. The domain decomposition technique
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Figure 12: Schematic of shock interaction with an acoustic/entropy wave.

is most suitable for this application as it accounts for the localized nonlinear effects while maintaining
computational efficiency and accuracy for the propagation of small disturbances in the far field. For
this problem, the linear region extends between x € [—150,150] and terminate in sponge layers of
lengths L, = 50 at either ends. The nonlinear region extends between x € [—5,5]. The linear region
was discretized uniformly with Az; = 1 as in the previous cases. The nonlinear region, however, was
discretized non-uniformly. The nonlinear region cells that map onto the linear region cells were of a
uniform width Az = 0.1, resulting in a cell size ratio of R = 10 in the range 2 < |z| < 5. Beyond
that, the cell size was refined geometrically from both sides in a symmetric manner until a minimum

cell width of Az = 0.001 was achieved at z = 0.

Each case was initialized with a standing shock wave at = 0. The nonlinear region and the mean
state in the linear region were initialized as follows using normal shock relationships based on the Mach

number, M, on the supersonic side (i.e., M > 1):

1, <0
_ B B s
p(:v,t)—p(x,o)—{%M Lo
v+1
’ 27
M, z <0 @7)
~ _ _ o 2
u(m,t)u(w.O){(’y )M +2, 250
(y+1)M
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1.4, x <0
p(z,t) = p(x.0) = { LA(y+1)M?

o
G-oamEre 7
The w; 4- ¢, waves were initialized as follows.
p/(:ﬁv 0) = 6G(£7 _50712>7
/ _ € .
u'(,0) = +,-,G(z; —50,12), (28)

P (x,0) = eG(x;—50,12).

For the u, wave, p” was initialized as above while p” and u” were set to zero. The three wave types were
investigated for three Mach numbers M = 1.5, 3, and 5. Each wave type/Mach number combination

was computed four times with e = +1072 and +107°.

p" and p’ profiles from the linear region are plotted in Figure 13 for the interaction of a u; + ¢; wave of
amplitude ¢ = 1072 with a M = 3 shock wave. As the incoming wave interacts with the shock wave,
two new waves are the generated on the subsonic side: a u,. 4+ ¢, wave and a u,. wave. Both these waves
travel away from the shock to the right. The w, wave trailing behind the u, + ¢, wave is clearly
distinguishable in Figure 13(d) by the presence of density perturbation without any pressure
perturbation. The time variation of the normalized integrated total energy E(¢)/E(0) is plotted in
Figure 14 for this case. It can be seen that there is an exchange of energy between the regions at the end
of the interaction while the total energy is conserved throughout the interaction. The results are
qualitatively similar for the other two wave types, u; — ¢; and u;. The relative amplitude of the u,. + ¢,
wave generated can be quantified by the parameter max(p’/e). It can be seen from Figure 13(d) that
max(p’/e) ~ 7. The results for the interaction of shock waves with all three types of waves approaching
the shock from the supersonic side are plotted in Figure 15 in terms of max(p’/€). Estimations from

LIA are also included for comparison.

The results agree well with the theoretical predictions for || = 1072, For |e| = 10~°, however, the
results not only deviate from theoretical predictions, but they do so asymmetrically, depending on the

sign of €. The deviations also become larger as the Mach number increases. This is a counterintuitive
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Figure 13: Interaction of a u; + ¢, acoustic wave with a M = 3 standing shock for e = 1072,

367  behaviour as one would expect a closer agreement with LIA for smaller perturbations. To determine

368  whether this behaviour is unique to the HLLC scheme, the computations were repeated with HLLE [38]
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Figure 15: Relative amplitudes of u,. 4 ¢, acoustic wave generated by interaction of different types of
waves interacting with the shock.

and Roe [39] schemes, both demonstrating similar trends. Therefore, the deviation is not caused by the

choice of the upwind flux scheme.

To better understand the mechanism behind this behaviour and its dependence on mesh resolution, the

case of a M = 3 shock interacting with a u, + ¢, wave of amplitude ¢ = 10~2 was computed on a very
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Figure 16: Pressure perturbations generated for the case of a M = 3 shock interacting with a u; + ¢,
wave of amplitude € = 1072 as the shock crosses one cell in the nonlinear region.

fine mesh (uniform cell spacing of Az = 0.001) of the nonlinear region. The pressure perturbation is
plotted on the left in Figure 16 at three different time instants as the shock moves past a single cell
centred at = 0.0105. Close-up views of the pressure perturbation in the nonlinear region are shown
in the insets on the left while the pressure itself is plotted separately on the right to show the shock
motion. Though the incoming wave has a smooth Gaussian profile, the insets show that spurious
oscillations are generated in a regular fashion on the subsonic (right) side of the shock as the it traverses

the cell. The spikes were observed to occur when the shock crosses from one cell to another. The
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Figure 17: Comparison of theoretical and numerical behaviour for slow-moving shocks. Thick dashed
lines and thick solid lines denote the initial and final shock positions, respectively.

amplitude of the generated perturbation depends on the position of the shock within the cell as shown

in Figure 16.

The spurious post-shock oscillations observed in Figure 16 arise due to the well-known drawback that
upwind numerical flux schemes experience when computing slow-moving shocks [40]. A shock is said

to be slow-moving if s"/s < 1 where s’ is the shock speed and s,,,,,. is the maximum wave speed

mazx
given by s, ... = max(|u;| + ¢, |u,| + ¢,.) [41]. Let us consider the passage of a slow-moving shock
across a single cell of width Az (refer to schematic in Figure 17), which will generate one cycle of
post-shock oscillations. In this consideration, the shock is initially positioned at the cell interface and
the incoming perturbation has a constant amplitude €. From LIA (see Appendix Al), the shock speed
s’~O(e) is constant and the resulting perturbations are also constant. However, the generated
perturbations have nonuniform profiles because of the post-shock oscillations from the slow-moving
shock. It has been established earlier that the generated perturbation has an acoustic component
travelling at a speed of u,. + ¢, and an entropic component travelling at a slower speed of u,.. Taking
the faster propagation speed w,. + c,., the generated perturbations would have travelled a distance of

L, ~ (u, +c,) Axy/|s’| from the shock during the time it takes the shock to cross one cell. The

length L, can be interpreted as the wavelength of one cycle of post-shock oscillations. For a slow-
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Figure 18: Pressure perturbations generated for the case of a M = 3 shock interacting with a u; + ¢,
wave of amplitude e = 102 for three different nonlinear region mesh resolutions.

moving shock with (u, +c,.)/s" > 1, L, is several times larger than the cell width Axy. Assuming
that the shock is perfectly positioned at the next cell interface after crossing one cell, conservation
dictates that the average perturbation amplitude over the wavelength L,,; be equal to the uniform value
derived from LIA. In the domain decomposition technique, the nonlinear region is discretized using a
much finer mesh compared to the linear region, i.e., Axy < Axy,. If the linear region cell spacing Az,

is larger than the wavelength L __, the volumetric mapping from the nonlinear region to the linear region

ps?
is tantamount to an averaging process. Therefore, the mapping process eliminates the post-shock

oscillations and recovers the correct theoretical amplitude for the generated wave.

When the nonlinear region mesh is refined (Azy |), the wavelength of one cycle of post-shock
oscillations L,,; becomes shorter, and vice versa. Figure 18 shows the results obtained at three different
mesh resolutions (uniform spacing of Axy = 0.001,0.01 and 0.1) for the nonlinear region for the case
of a M = 3 shock interacting with a u; + ¢, wave of amplitude e = 1072, The linear region mesh
resolution was kept at Az, = 1 for all three cases. The pressure perturbations within the nonlinear
region at t = 12s are plotted in Figure 18(a) to illustrate the post-shock oscillations generated as the
incoming wu; + ¢; wave is interacting with the shock. It can be seen from Figure 18(a) that the

wavelength L increases as the nonlinear region mesh is coarsened. At the coarsest resolution Azy =

28



412

413

414

415

416

417

418

419

420

421

422

423

424

425

o (a) e =+1072 (uniform Ax, = 0.1)

1x1072
6
44 — p'
2 4 p u
0
_2 T T T T T T T T T
—80 —60 —40 =20 0 20 40 60 80
(b) & =+10"° (uniform Ax,; = 0.001)
8 %107
6 -
4 4
21 u
-2 T T T T T T T T
-80 —60 —40 -20 0 20 40 60 80

Figure 19: Interaction of a u; + ¢; acoustic wave with a M = 3 standing shock at ¢t = 36s.

0.1, the shock does not fully cross even one cell and, thus, only a partial cycle of post-shock oscillations
is generated. The pressure perturbations within the linear region at a later time ¢t = 36s are plotted in
Figure 18(b) to show the u,. + ¢, wave generated. The horizontal grey line indicates the theoretical peak
amplitude. The peak amplitude of the u,. + ¢, wave deviates from the theoretical prediction by —6.07%,
+1.54% and +0.064% at the mesh resolutions Az = 0.1, 0.01 and 0.001, respectively. Though the
peak amplitude is captured relatively well at the intermediate resolution Axy = 0.01, the solution is

contaminated by small spurious oscillations that do not appear at the finest resolution Axy = 0.001.

These results suggest that, to obtain accurate results, the interaction of the shock with the incoming
perturbation should displace the shock by a few cell widths so that several cycles of post-shock
oscillations can be generated and averaged. This explains the deviations from theoretical predictions
observed earlier in Figure 15. The shocks were displaced by several cell widths for the |e| = 1072 cases
computed using Azy = 0.001, generating many cycles of post-shock oscillations. In contrast, the
shocks were displaced by only a fraction of a cell width for the |¢| = 1075 cases computed using

Azy = 0.001, similar to the || = 1072 cases computed using Azy = 0.1. A comparison between
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these two cases for M = 3 is shown in Figure 19. It can be seen that max(p’/¢) & 6.7 in both cases as
opposed to the expected value of 7.1 predicted by LIA. This proves that insufficient mesh resolution

led to the large discrepancies in the amplification factors for || = 1075 cases.

3.4 Areas to Explore in Future Work

The domain decomposition technique presented in this paper has been developed with the aim of
simulating realistic thermo-acoustic problems in higher dimensions. There still remain several areas for
improving the technique that are being actively pursued. In this section, preliminary results from two

such areas of investigation are presented.
3.4.1 Heat Addition

It is imperative that the domain decomposition technique is able to handle the effects of heat addition
properly for simulating thermo-acoustic problems. In many of the problems, heat addition is often
restricted to small, localized regions. These problems can be best solved using the domain
decomposition technique as the nonlinear solver can be used in the localized heat addition region and

the linearized solver can be used for the propagation of the small disturbances.

One such problem is the interaction of an acoustic wave with heated supersonic flow where heat is
added (Rayleigh heating) over a localized region resulting in continuous but steep flow gradients. This
problem is similar in configuration to the shock-acoustic/entropy wave interaction problems studied in
the earlier section. The problem was solved in two steps. First, the one-dimensional flow problem with
heat addition was solved using the nonlinear solver to obtain a steady-state solution. Then, the
interaction of the acoustic wave with the heated flow was solved using the domain decomposition

technique with the nonlinear region initialized with the steady-state solution obtained earlier.

For the heated flow problem, a specific heat addition rate ¢ was included on the right-hand-side of the

total energy equation as a source term as follows:

0;(pey) + 0, (pesu 4 pu) = q. (29)
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The domain for the nonlinear computation z € [—10,10] was discretized uniformly into cells of width
Az = 0.1. The left and right Mach numbers were chosen as M; = 3 and M, = 2, respectively. The

left and right states given below were determined based on mass and momentum conservation:

U, = (p,u,p), = (1.4,3,1), U, =(p,u,p), = (1.528676,2.747475,2.060606).  (30)

The heat source was prescribed as follows within the nonlinear region to effect the proper change in

total temperature from the left state to the right.

g =1.766297 - G(;0,7) (31

The heat source is concentrated in the zone x € [—5,5] to produce steep flow gradients. The problem
was initialized with the primitive variables smoothly transitioning from U, to U, over the region of
heat source. Subsequently, U; was specified at the left boundary while a Neumann boundary condition
was applied at the right boundary. The computation was performed using a time step of At = 0.01s

until the density residual dropped below 10712,

For the acoustic wave interaction problem, the linear region extends between z € [—150,350] and
terminates in sponge layers of lengths L, = 50. It was uniformly discretized using cells of width

Axz; = 1. The mean state in the linear region was initialized as,

— U, x<0
U(‘T?O) - {Ur7 T > Oa (32)
and a u; + ¢; acoustic wave was initialized as,
p’(x,0) = eG(x; —50,12),
u'(x,0) = TZG(HC; —50,12), (33)

P’ (z,0) = eG(x; —50,12),

with € = 1072. The nonlinear region, which is identical to the domain used for the nonlinear
computation, was initialized with the steady-state solution. The problem was computed using a time
step of At = 0.01s until ¢ = 100s.
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p’ and p’ profiles at five different instants are plotted in Figure 20. The Mach number profile in the
nonlinear region at ¢t = Os is included in Figure 20(a). As the localized heat is added to the flow
continuously in a steady manner, the Mach number does not change significantly as the disturbances
propagate through the heated flow. In the interaction with shock wave cases discussed earlier, the flow
in the nonlinear region is altered permanently due to the shock motion. However, for the case of heat
addition, the flow in the nonlinear region returns to its initial state since the heat addition does not vary
in time. As the flow remains continuous and no shock waves are formed, there are no post-shock
oscillations as observed previously. The u; + ¢; acoustic wave interacts with the heated flow to produce
au, —c, wave, a u,, wave and a u, + ¢, wave. All waves propagate towards the right as the flow is
supersonic everywhere. A linearized analysis was performed for this problem to determine the
amplification ratios of p’ for the three waves (see Appendix A2 for analysis). The amplification ratios
obtained from the computed results are compared with the theoretical predictions in Table 3, showing

that the numerical results agree well with the theoretical predictions.

3.4.2 Imperfect Overlap

In the test cases mentioned thus far, the domain was decomposed such that the overset boundary on
either side coincided with a linear region cell interface. However, to achieve coincidence of overset
boundaries with the linear region cell interfaces in higher dimensions, additional efforts during grid
generation may be required. Hence, the effect of imperfect overlap of the overset boundary and the

linear region is worth investigating.

For this investigation, the propagation of an acoustic wave test case described in the Section 3.2.1 was
first computed using a cell size ratio of R = 4 until ¢ = 655 when the acoustic wave has moved into
the nonlinear region completely. Then, the computation was repeated with one, two, and three leftmost
nonlinear region cells removed so that the left overset boundary shifts to the right by Axy, 2Azy, and
3Axy, respectively. Close-up views near the left overset boundary for the four cases are shown in
Figure 21. Upon the fourth removal, the left overset boundary coincides with a linear region cell

interface again; so, only three removals need to be considered. Each case is designated by an overlap
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Figure 20: Interaction of a u; + ¢; acoustic wave with heated supersonic flow.
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Table 3: Amplification ratios of p’ for the interaction of a u; + ¢; acoustic wave with
heated supersonic flow.

Wave type Computed  Theoretical Error
U, —c, —0.4552 —0.4682 +2.78%
U, 0.5995 0.5966 +0.49%
u, +c, 0.7293 0.7289 +0.05%

percentage S, which is 100% for the case of perfect coincidence and reduces by 25% for each
subsequent case. There are two points that are worth mentioning here. First, as soon as the first nonlinear
region cell is removed, the leftmost mapped cell in the linear region is no longer completely overlapped
by the nonlinear region and must be computed. To compensate for the ‘loss’ of a mapped cell, the
leftmost hole cell is set to be mapped. Second, the linear region cell that was selected for interpolation
at the overset boundary for the first three cases (S > 50%) is different from that selected for the last
case (S = 25%). This is because, upon the removal of the third nonlinear region cell, the left overset
boundary shifts past the centroid of a new linear region cell, which is closer to the boundary compared

to the previously selected cell. Hence, this new cell is selected for interpolation.

In Figure 22, p’(x,t) are plotted at ¢ = 65s when the acoustic wave has just passed through the left
overset boundary into the nonlinear region. For S = 100% and 25%, the computed profiles are nearly
identical to the exact solution. As for S = 50% and 75%, a slight drop in the peak amplitude and a small
phase shift can be observed. Odd-even oscillations are generated in all cases as the acoustic wave moves
past the left overset boundary. These oscillations travel in the opposite direction to the acoustic wave.
They are responsible for the periodic bumps observed in the error profiles in Figure 11 contributing to
the coupling error discussed in the Section 3.2.1. For S = 100% and 25%, the spurious oscillations
have an amplitude of ~10~3¢, i.e., about three orders of magnitude smaller than the amplitude of the
physical density perturbation. However, it increases by an order of magnitude to ~102¢ for S = 50%

and 75%.

Comparing Figures 21 and 22, it can be observed that the closer the overset boundary face lies to the

centroid of the linear region cell involved in the interpolation, the smaller the amplitude of the spurious
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Figure 21: Linear interpolation coefficients at left overset boundary for different overlap percentages.

oscillations. In one dimension, expanding the linear interpolation at the overset boundary face (see Eq.

(15)) using Taylor series about the face centroid z; yields the following:

d*U |y, — :Bf|A:UN Az

Uy =Ulay) +-5 () 1 24

+H.0O0.T. . (34)

For a fixed Axy, the leading order error term increases with |xL —xy|, which is the distance from the

overset boundary face centroid to the centroid of the linear region cell involved in the interpolation.
This indicates that the interpolation accuracy at the overset boundary might play an important role in
the generation of the oscillations. Past studies [42, 43] have concluded that coupling linear interpolation
scheme with the DRP interpolation scheme results in large interpolation errors and that these errors can
be minimized by the use of high-order interpolation. However, high-order interpolations are still prone
to generating high-wavenumber spurious modes [44]. Filtering can be used to reduce the spurious
oscillations more effectively. Thus, the four cases were recomputed with high-order interpolation and
filtering. Interpolation at each overset boundary face was performed using a fourth order Lagrange
interpolation to match the formal order of accuracy of the DRP interpolation scheme used in the linear
region. The interpolation involved four linear region cells, two calculated (C) and two mapped (M),

near the overset boundary. A 9-point optimized selective filter [45] was applied to the perturbed
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Figure 22: Results for propagation of single acoustic wave for

different overlap percentages at ¢t = 65s.

527  conserved variables Q’ at the last Runge-Kutta stage of each time step. The symmetric 9-point filter

528  required four mapped (M) cells near each overset boundary. Two filter strengths o, = 5 x 1073 and

529 5 x 1072 were

investigated.
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Table 4: Average density perturbation errors ;’ for the propagation of a single acoustic wave
computed for different overlap percentages with different interpolation schemes and filter strengths.

Interpolation scheme o, S =100% S=7% S=50% S=25%
Linear 0 5.9162e—9 2.7899¢—8 4.7577e—8  3.1399¢—9
5x 1073  3.8091e—9 1.8050e—8 3.1049¢-8  2.3005¢-9
5x 1072  2.7477¢-9 9.8832¢—9 1.7063¢—8  1.8287¢-9
Fourth order Lagrange 0 3.0681e—9  2.5754e—9 2.4192¢—9 2.5811e-9
5x 1072 2.2507¢-9 2.0472¢-9 1.9882¢-9  2.0362¢—9
5x 1072  1.8087¢—9 1.7163¢—9 1.6908¢—9  1.6889¢—9

The average density perturbation errors ;)7 at t = 65s for the original and recomputed cases are listed
in Table 4. The unfiltered cases are denoted by o,; = 0. It can be seen that high-order interpolation
results in an order of magnitude improvement in accuracy for S = 50% and 75% cases and also slight
improvements for S = 100% and 25% cases. The improvement in accuracy due to filtering occurs
primarily because of the attenuation of the odd-even oscillations. The odd-even oscillations were
completely eliminated at 0, = 5 x 1072, For any value of S, the best result is obtained when using
both high-order interpolation and filtering. Hence, high-order interpolation and filtering will be

extended to the multi-dimensional implementation of the domain decomposition technique.

4 Conclusion

In this paper, a domain decomposition technique was presented in the finite volume framework whereby
the computational domain is divided into two overlapping regions: a nonlinear region that can be
discretized into a non-uniform or even unstructured mesh for maximum geometric flexibility and a
linear region that is always discretized into a uniform Cartesian mesh for ease of implementing high-
order spatial discretization schemes. In the nonlinear region, the nonlinear Euler equations are solved
with the interfacial fluxes computed using a second order hybrid central/upwind flux scheme. In the
linear region, the linearized Euler equations are solved with the linearized fluxes computed using a

fourth order DRP scheme. The solutions in both regions are time marched in tandem using an explicit
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fourth order LDDRK scheme. Two-way coupling is established between the regions using volumetric
mapping of conserved variables from the nonlinear region onto the linear region and interpolation of

the mean and perturbed primitive variables at the boundary faces of the nonlinear region.

The domain decomposition technique was applied to investigate the interaction of incident acoustic and
entropy waves with a normal shock wave. The key conclusions drawn from the numerical results are as

follow:

e Comparing the nonlinear solver to the linear solver for propagation of acoustic waves, it is
observed that the nonlinear solver requires ten times the mesh resolution and forty times the
computational time to achieve comparable accuracy as the linear solver. This is caused by the
excessive dispersion errors associated with the nonlinear solver, and low dispersion and
dissipation characteristics of the linear solver.

e Domain decomposition procedure was successfully implemented to propagate acoustic and
entropy waves from a linear region to a nonlinear region and vice versa. Spurious odd-even
oscillations are generated as a wave crosses the overset boundaries, but they are several orders
of magnitude smaller than the amplitude of the propagating wave itself. These oscillations can
be effectively eliminated by using high-order interpolation at the overset boundary and filtering.
The domain decomposition solver was successful in reducing the computational time of the
nonlinear solver by a factor of three while maintaining the same accuracy of the dense mesh
needed for the nonlinear solver.

e It is necessary to use smaller cells in the nonlinear region to minimize the dispersion error
arising from the use of second order schemes. Even at modest cell size ratios, the domain
decomposition technique produces more accurate results compared to the linear solver.

e The domain decomposition technique proved to be effective in solving the shock-
acoustic/entropy wave interaction problem. It was observed that the amplitude of the waves
generated depended on the shock position within the cell. Agreement with linear theory was

obtained in cases whereby the shock was displaced by several cell widths producing several
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cycles of post-shock oscillations. The nonlinear-to-linear mapping process helped to average

the post-shock oscillations and capture the correct amplitudes for the generated waves.

Further studies will be conducted to explore the application of the domain decomposition technique for
problems in higher dimensions. Independent time-marching using different time steps in the two regions

will also be considered as we apply the schemes for time varying mean flows.
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Appendix

Al Linearized Interaction Analysis (LIA) for Interaction of an Acoustic/Entropy Wave
with Normal Shock

Equations (A1), (A2) and (A3) collectively represent the Rankine-Hugoniot (RH) relationships

connecting the left and right states of a steady normal shock for a calorically perfect ideal gas.

Prup = pPru, (Al)
YRT, 1 , A~RT, 1,
— — r — Eh A2
S R AV L S (42)
v—1
=921 "~ A3
w, = 2 hy (A3)

TZT@_Q. (A4)

Suppose that a perturbation (p;, p;, T/, u;) is introduced to the supersonic (left) state. This generates a
corresponding perturbation (p.., p.., T, u..) to the subsonic (right) state and causes the shock to move at
a speed of s’. Applying the RH relationships in the frame moving at the shock speed s’ yields the

following relationships. Note that the total enthalpy 5, in Eq. (A7) has been written in terms of the left

state since the perturbation to the left state is known.

(P + 1) (U +up — ") = (pr — pp) (U, +uy — 87) (A3)

YR(T, +T)) 1 _ .o AR(T.+T)) 1._
(7—1_1 l)+§<%+u2—8VZ%*E“‘T*“T_S>2 "o

— IN (7 / ’ 7_1 ’YRT_'_T/ I __ ’ ’
(ul+u2—3)(uT+ur—s):27+1 (71_1 l)+§(ul+ul—s)2 (A7)

Subtracting Egs. (A1), (A2) and (A3) from Eqgs. (AS5), (A6) and (A7), respectively, and the result from

Eq. (A4) yields the perturbed RH relationships.

puu; — ') + piy = py(u, — 8') + pl; (A8)
RT, (p, p)\ _ RT, (p. pl\ _
S] l(&—@)%—ul(uj—s’):v T(&—&)—{-ur(u;—s’) (A9)
y—1\p; 7 y—=1\p. p,
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_ _ 2vRT,
u(u, —s")+u,(u; —s") = S <_ —
Y+ D o

/ / 2 _1-—
&_&»%W )

(A10)

Since the interaction with the shock always produces a u,. entropy wave and a u,. + ¢,. acoustic wave

on the subsonic side, the perturbations to the right state can be expressed in terms of p,. as follows. Note

that the density perturbation p,. consists of two components — the first component is related to the u,. +

¢, wave while the second component p,.,, is related to the u,. wave.

’ ’
, _ Dy ’ ;, _ DPr
Pr = :2+ Pru> U, =
C, pPrC

(Al1)

The perturbation introduced to the left state can be acoustic or entropic. To generalize the derivation for

a u;, + ac; wave where a € [—1,0,1], the pressure and velocity perturbations are expressed in terms of

the density perturbation p; as follows.

p=lelpicf,  ui=a

(A12)

Substituting Eqs. (A11) and (A12) into Egs. (A8)-(A10) and simplifying yields the following system of

linear equations where M, = u,./c,..

M, +1 U,.C

(y =DM, +1)
M

T

(P — Py)er y
(v — D, (u, — u,) p/"
P _’Y+1 1 r

(i + 0)e,

ﬁ; J—
= [(\a\'y — e} +aly— 1)“101] ,
Pr pL

2(|aly — 1)eZ + af2(y — Vi — (v + V)i, ]g

(v+1)

(A13)

The above system of linear equations can be solved numerically to determine the amplitudes p, and

Pr» and the shock speed s”.
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A2 Linearized Analysis for Interaction of an Acoustic Wave with Heated Supersonic
Flow

A schematic of the flow problem is shown in Figure Al. Heat addition causes the flow to change from

the left state to the right state which are denoted by the subscripts ‘I’ and ‘r’, respectively. The Mach

number reduces due to heat addition but still remains supersonic, i.e. M; > M, > 1. Interaction of the

incoming u; + ¢; wave with the heated flow generates a u,. — ¢, wave in addition to a u,. wave and a

u, + ¢, wave. The incoming u; + ¢; wave has a wavelength of A\; and an amplitude of p” = €. The

wavelengths of the u, —¢,, u, and u, + ¢, waves are denoted by \,, A\; and \,, respectively. p’

T

amplitudes for the three waves are expressed in terms of e.

Unlike in the case of shock interaction, the mean flow remains steady throughout the interaction.
Therefore, the perturbations of conserved variables Q’ are also conserved in the interaction. Equating
the integral of Q’ over the interval (—oo, co) at two different times ¢, and ¢,, and ignoring higher order
product terms yields the following.

+o0 +oo
/ p,(xatQ) dx :/ p/<$at1) dzx (A14)

—00 —0o0

+o0
/ P () £) + B, b (2, 1) da
—o0 (A15)

+o0o
- / o ()i, ) + pla, b ol (@, 1) da

—00

oo (x,t 1 _ _ _
[ L ) t) + )i ) o)
—o 7 (A16)

T (x,t 1 _ _ _
= [T )+ ety )0 (1)

Though the above relationships hold for any two instants ¢; and ¢,, the analysis can be considerably
simplified by choosing ¢, to be well before the incoming wave interacts with the heated flow and ¢, to
be well after the three generated waves have propagated away from the heated flow and separated into
individual waves due to the difference in propagation speeds. This is illustrated in Figure A1. Assuming

that all the waves have a top-hat profile, substituting the relationships,
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Figure A1: Schematic of acoustic wave interaction with heated supersonic flow.
Waves are illustrated in terms of density perturbations p’.

Heat Source

o 1
u; +c¢ wave: |u' | =€ (C_l/p_l) ,
P et
Y 1
u, —c, wave: | v’ | = Aqe —Z/ﬁ?) ,
P c? (A17)
P 1
u, wave: | u | = Age 0) ;
p’ 0
o 1
u, +c, wave: [u | = A€ Z/ﬁ?)
P c2

622 into Egs. (A14)-(A16) results in the following.

A26>\2 + A3€)\3 + A46A4 == 6)\1 (A18)
. Asec, _ . __[Aec.
|:A2€UT +p, (— icr)] Ay + Ageu, A5 + [A4eur +p, ( {Crﬂ A4
Pr _ Pr (A19)
—  _[(€q
-[men (@)
B [ l 1 7 1
Asec? 1 e Asec.. 1 s
= y 5 (A20)
ecz 1 e €c,. €C 1 —< €C
+[74_1+5A4eu%+pru,q< f: )} Ay = V_ll—l—éeul—i-plul(ﬁ{)} A
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Note that the assumption of top-hat profile does not limit the validity of the analysis as any profile can
be partitioned into a superposition of an infinite number of top-hats with infinitesimally small

wavelengths. Simplifying Eqs. (A18)-(A20) and casting them into a linear system yields the following.

Ag
1 1 1 AZA_l
T, - T, T+ A
— — A3—3
c? 1— — 2 1— A
1+§u2—uTCT —u? 1+§u2+uTCT \
Y v 4,0 (A21)
1
1
| a-+a
| e 1—
o 1+§ul + u;¢

The above linear system can be solved numerically for the quantities A, ’;—’1“ Finally, the amplification

ratios A, can be obtained by approximating the wavelength ratios :\\—’; based on the propagation speeds

as given below.

A _U—C A U A _ Ut G (A22)
A Ut A U+ AN utq
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