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Abstract

Piecewise affine (PWA) system has wide applications in circuit and control systems.
It is considered as a powerful tool to study nonlinear systems, as well as switched
and hybrid systems. This thesis presents our research findings in control and

estimation of PWA systems.

We begin with the examination of the stability of PWA systems. We introduce
a piecewise homogeneous polynomial Lyapunov function approach to achieve less
conservative stability conditions by using two types of power transformations. Both
continuous-time and discrete-time PWA systems are considered. The approach
leads to less conservative stability analysis than existing results. In addition to
these stability results based on halfspace representation, we also find ways to ad-
dress the stability of PWA systems based on vertex representation. Specifically,
we incorporate vertex information of local partition and utilize parameterized Lya-

punov functions to deduce less conservative conditions for stability.

Next, we address the controllability and reachability of a class of PWA systems.
Based on a general classification method, explicit necessary and sufficient condi-
tions in terms of system parameters for controllability and reachability are pre-
sented. We show that controllability and reachability can be asserted in finite

steps in some situations. We also briefly discuss the general cases.

We then turn to the controller design problems for discrete-time PWA systems. We
first consider the state feedback control for PWA systems. By incorporating parti-

tion information of the system and applying S-procedure, linear matrix inequality

i
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Abstract iii

(LMI) based design methods are proposed. To further reduce the conservatism,
we give a method to convert the control problem into a bilinear matrix inequality
(BMI) problem and propose several iterative procedures for solving the problem.

H,, and generalized Hy control of PWA systems are also investigated.

Parallel to the control problem, we also consider H., and generalized H, estima-
tion for both continuous-time and discrete-time PWA systems. The Luenberger
type estimators with less conservatism are designed by introducing proper trans-

formations embedded with the partition information.

Finally, we take the Takagi-Sugeno fuzzy system as an application of PWA systems

and derive the corresponding stability conditions and controller design approaches.
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Chapter 1

Introduction

1.1 Motivations

Piecewise affine/linear (PWA or PWL )! systems have been studied for a long
time [102, 119, 137]. The first study of PWA systems in the control literature may
date back to Andronov’s investigation on oscillations in nonlinear systems in the
1940’s [4]. An early practical example appears in piecewise linear servomechanisms
[152]. A concrete work on qualitative understanding of piecewise linear systems
was made by Kalman, who considered a saturated system as a series of polyhedral

regions in the state space, separated by switching boundaries in the 1950’s [110].

However, it was not until the 1970’s that PWA systems were perceived as a class
of system models by the circuit community, where efficient simulations and anal-
ysis of large-scale circuits with diodes and other piecewise linear elements were
hankeringly needed, which led to a considerable research effort on the efficient rep-
resentation of PWA systems [41, 42, 155, 156]. As one of the pioneering works,
Sontag analyzed the discrete-time PWA systems in the 1980’s. His idea is still

employed in some recent works, say, [112, 102, 145].

In many literatures, PWA and PWL are often used interchangeably, though PWA system
has at least an affine term in the system model representation in general. In this thesis, we use
PWA to include PWL.
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In recent years, there have been increasing interests in PWA systems due to their

applications in the following aspects.

Firstly, PWA maps have universal approximation properties [123, 124]. For exam-
ple, in [123], the canonical representation of piecewise-linear functions is considered
as a universal approximation scheme of multivariate functions. Meanwhile, two
universal approximation schemes in terms of combinations of univariate canonical
piecewise-linear functions are proposed. Hence PWA models are suitable for analy-
sis and synthesis of classes of nonlinear systems [41, 102]. In the recent work [102],
Johansson shows how approximation errors can be accounted for in the analysis
to yield rigorous results for the underlying smooth nonlinear system, and develops
a converse theorem which states that a piecewise quadratic Lyapunov function

(PQLF) is enough to prove the exponential stability of a smooth system.

Secondly, PWA systems can be used to model many types of switched and hybrid
systems. Heemels et al. [85] establish an equivalence between PWA systems and
some classes of hybrid systems: mixed logical dynamical (MLD) systems, linear
complementarity (LC) systems, extended linear complementarity (ELC) systems,
and max-min-plusscaling (MMPS) systems [41, 29]. Thus PWA systems provide a

powerful means for analysis and design of switched and hybrid systems.

Thirdly, PWA systems can be employed to formulate a large class of intelligent
systems, especially, fuzzy systems [56, 62, 59]. The intelligent controllers are com-
monly rule-based. Linear controllers can be designed at the main operating points
and switched when required. For instance, Johansson [102] analyzes continuous-
time Takagi-Sugeno (T-S) fuzzy systems using a differential inclusion that involves
all consequent dynamics via operating regime based models. Feng et al. use un-
certain PWA system as the underlying model of T-S fuzzy system for stability
analysis and controller design [56, 62, 59].

Fourthly, linear time-invariant (LTT) systems combined with PWL sector-bounded
nonlinearity [70, 82] can be considered as a kind of PWA system. For example, the

system consisting of the feedback interconnection of a linear system and a PWL

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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sector-bounded nonlinearity is a PWA system [82].

Fifthly, some special cases of sampled-data systems can be treated as PWA sys-
tems. In [93, 94|, Imura proposes a so-called sampled-data PWA system, where
the switching action of the discrete state is determined at each sampling time

according to a condition on the continuous state.

Finally, besides the various applications listed above, some identification techniques
for PWA systems have been developed. These include the statistical clustering
technique [78], the K-means clustering-based procedure [66], the Bayesian proce-
dure [109], the mixed-integer linear or quadratic programming [150], a bounded-
error approach [15], the polynomial factorization (algebraic approach) [166] and
so on. Thus many physical systems can be treated as PWA models, such as a

fermentation process [53] and a pick-and-place machine [109].

There have been many works done on PWA systems, ranging from the modelling
[102, 103, 146, 56, 13|, characteristic analysis [92, 13, 95, 55] to controller [60,
59, 57, 56, 62, 54, 102] and estimator [1, 2, 108, 107, 172, 61] design. However,
many properties of PWA systems have not been fully explored and their design

approaches are generally conservative.

For example, the results for estimation problems of PWA systems [1, 2] are conser-
vative because some important characteristics of PWA models, such as the parti-
tion information, are not taken into account. Recently, some researchers explored
ways of integrating the partition information into observer design [108, 107]. How-

ever, the results are only for bimodal systems.

A similar problem also appears in control of PWA systems. In [43, 57, 102], con-
trollers are designed for PWA systems without considering the partition informa-
tion. In [56], Feng includes the partition information for a fuzzy controller design
based on continuous-time PWA systems. Nevertheless, it is difficult to solve this
problem for discrete-time systems due to the non-convex nature of optimization

involved. In this thesis, we shall address this problem.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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Moreover, many properties of PWA systems remain unknown and many exist-
ing results are generally conservative. For example, although many works have
been done on the stability conditions [55, 102, 139, 64] based on piecewise Lya-
punov functions, which is more suitable than common quadratic Lyapunov func-
tions (CQLFs), they still cannot verify the stability of some simple examples [172].
The conditions for well-posedness of general PWA systems appear to be very diffi-
cult to be established [102]. Imura and Schaft [95] derive necessary and sufficient
conditions for bimodal systems to be well-posed, based on the lexicographic in-
equalities and the smooth continuity of solutions. Extensions to multi-modal cases
have also been reported [95, 92]. Other important properties, such as controlla-
bility and observability, also lack of investigation. In fact, due to the declaration
of NP-hardness [19], most researches on the controllability of discrete-time PWA
systems either focus on deducing efficient computational algorithms [114, 116], or

on deriving the conditions for special/simplified models [168].

Many of these analysis and synthsis results above are related to the so-called
Lyapunov functions, which also play a significant role in our study. Although
CQLF has advantages in terms of simple structure and highly efficient computa-
tion, several facts make CQLF conservative. Firstly, CQLF does not allow affine
terms in the dynamics so that simple systems such as those with saturation can
not be analyzed [102, 43]. Secondly, it does not consider the partition informa-
tion in the analysis, which leads to a problem that regional dynamics are forced
into global dynamics. Thus several non-quadratic Lyapunov functions 2 are pro-
posed [102, 55, 1, 2, 135, 38, 99]. PQLFs are widely employed in many recent re-
searches [102, 55, 1, 2, 135], because they are relatively simple and highly efficient.
There is no doubt that other types of non-quadratic Lyapunov functions are worth
studying though they are more complex, such as bi-quadratic Lyapunov functions

[10, 163], parameterized Lyapunov functions [129] and homogeneous Lyapunov

functions [38, 99]. Exploring the advantages of these functions for PWA systems,

2We use the term of non-quadratic Lyapunov functions to refer to all types of Lyapunov
functions that are not commonly quadratic.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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therefore, becomes one of the topics of this thesis.

In addition, due to the amazing advances in computer technologies, it is very
promising to develop analysis and design methods by using numerical computation.
In the past years, linear matrix inequality (LMI) [22] and bilinear matrix inequality
(BMI) [72, 73] techniques have been widely applied in control engineering, which
are also adopted in our research. A brief introduction to LMI and BMI is available

in Appendix A.

This thesis studies control and estimation of PWA systems, as well as some fun-

damental properties of PWA systems.

1.2 Objective and Contributions

The aim of this thesis is to investigate the control and estimation problems of PWA
systems, as well as properties of PWA systems, such as stability and controllability.
Because PWA systems often exhibit very complex behaviors, say, limit cycles,
multiple equilibrium points, chaos, and etc. [120, 137, 102], it is not expected that
necessary and sufficient conditions can be formulated for general cases. However,
it is possible that approximate analysis and synthesis methods can be developed
for various practical problems and explicit conditions can be established for some

special cases.

The main original contributions of the thesis are listed as follows.

(1) We propose a construction method of piecewise homogeneous polynomial
Lyapunov functions (PHPLFs) for PWA systems by applying the SOS theory
[143]. Sufficient conditions for the existence of PHPLF's of a given degree are
obtained in terms of LMIs for both continuous-time and discrete-time PWA
systems. The results contain existing criteria based on PQLF's as special cases

and provide a less conservative assertion of the stability of PWA systems.

(2) We propose approaches to construct two kinds of Lyapunov functions by

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE
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6

(6)

including the partition information based on vertex representation, which
are different from the existing stability conditions [102, 55, 43], which use
halfspace representation. One is the partition-dependent Lyapunov function
(PDLF) using copositive matrix formulation, which can be solved by the re-
cently developed algorithms based on SDP. We prove that PDLF is equivalent
to PQLF in some special cases, while in general PDLF is less conservative
than PQLF. The other is vertex-dependent Lyapunov function (VDLF). We
provide two LMI methods to calculate the corresponding Lyapunov matrices
under the condition that the Lyapunov functions are not in a quadratic form.
We also show that VDLF is more powerful than PQLF and PDLF. Further-
more, we prove that these two kinds of Lyapunov functions are necessary

and sufficient for the piecewise quadratic stability in a sense.

We derive explicit necessary and sufficient conditions for the controllabil-
ity and reachability of discrete-time planar bimodal piecewise linear systems
based on a general classification method. The complexity of the controlla-
bility problem for piecewise linear systems is clearly demonstrated by the

present study. We also briefly discuss the high-order and multi-model cases.

We provide some less conservative approaches to feedback controller design
for discrete-time PWA systems. Using the less conservative analytical results
of stability, our results arrive at some design approaches based on LMIs and
BMIs. We propose some efficient iterative LMI algorithms to solve the BMI

problems. H,, and generalized Hs control problems are considered too.

We present an LMI/BMI based approach to the design of non-synchronized
H, and generalized H, estimators for PWA systems. Our approach employs
S-procedure and partition-dependent slack variables to reduce the design con-
servatism, and it is applicable for both continuous-time and discrete-time

PWA systems. Estimators of the Luenberger type are considered.

We give a new mathematical model for a class of Takagi-Sugeno (T-S) fuzzy

NANYANG TECHNOLOGICAL UNIVERSITY

SINGAPORE
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Introduction
Ch2
PWA Systems
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i l

! Chs
‘ Ch4 ‘ Ch5 ‘ ‘ Chs ‘ Ch7 }_ ..|Controllability
PHPLF PDLFA/DLF Filter Controller Reachability

Ch9
Fuzzy Systems

Ch10
Conclusion

Figure 1.1: Relationship of all chapters

systems. This new model in a sense is a nested linear differential/difference
inclusion. Sufficient conditions for exponential stability of discrete-time fuzzy
systems are proposed. We also consider the stabilization problem via state
feedback control for discrete-time cases. Less conservative analysis and syn-
thesis results are derived by making use of the free variables appended via

S-procedure and partition dependent slack variables.

1.3 Organization of the Thesis

In this thesis, Chapter 2 and Chapter 3 introduce some necessary backgrounds
and preliminaries. Chapter 4-9 form the main body of the thesis, where a common
structure of “Introduction - Main content - Conclusion” is adopted. Relationships
among chapters are illustrated in Figure 1.1. Hence, these chapters are organized

as follows.

In Chapter 2, we give a mathematical view of PWA systems. After introducing a
PWA model, we analyze the structure of PWA systems with the aim to rule out

degeneracies in PWA systems and distinguish it from other types of switched sys-
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tems. Meanwhile it also provides critical engineering insights. Some applications

are presented to illustrate the importance of PWA systems.

In Chapter 3, we first summarize some stability results of PWA systems. We
then analyze these results based on PQLFs. We also derive some transformations,
which provide a unified representation of discrete-time and continuous-time PWA

systems. Furthermore, it also provides some useful lemmas for the design problems

of PWA systems.

In Chapter 4, we address the construction of PHPLF's for PWA systems. Sufficient
conditions for the existence of PHPLF's of a given degree for both continuous-time
and discrete-time PWA systems are obtained in terms of LMIs. We also give a

unified view of these stability criteria based on halfspace representation.

In Chapter 5, we continue to discuss the stability issue of PWA systems. Instead of
halfspace representation, we propose less conservative stability conditions based on
vertex representation. Firstly, we address the PDLF's and present a result based on
copositive matrices. Secondly, we construct VDLFs by using the SOS theory [132]
and Pdlya’s theorem [81, 138] via LMI solver. Examples are given to illustrate the

advantages of PDLF and VDLF over PQLF.

In Chapter 6, we first review the literature on controllability and reachability
(as well as the observability) for PWA systems and switched/hybrid dynamical
systems. And then we discuss the controllability and reachability of a special
class of PWA systems: discrete-time planar bimodal PWL systems. Sufficient and
necessary conditions are given in an explicit form. Finally, we discuss some possible

extensions for general cases.

In Chapter 7, we investigate the design of state feedback and dynamic output
feedback stabilizing controllers, as well as H,, and generalized H, state feedback
controllers, for discrete-time PWA systems. The main objective is to derive design
methods that incorporate the partition information of the PWA systems so as to
reduce the design conservatism embedded in existing design methods. We first

introduce some transformations that convert the feedback control design problem
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into a BMI problem. Then, iterative algorithms are proposed to compute suitable
feedback controllers. Several simulation examples are given to demonstrate the

advantages of the proposed design.

In Chapter 8, we discuss the non-synchronized H., and generalized H, estimation
problems for both continuous-time and discrete-time PWA systems. Due to the
output noise and estimation errors, the transitions of the actual state and estimate
state of a PWA system may not be synchronized. A type of Luenberger estimator is
proposed to guarantee the non-synchronized H., and generalized H, performance
by using arguments from the Lyapunov theory. Numerical examples show the good

estimation performance of our approaches.

In Chapter 9, we first present a new model for a class of Takagi-Sugeno fuzzy
dynamic systems based on a PWA system formulation. And then less conservative
stability criteria for a class of discrete-time fuzzy systems are derived using recently
developed dilated LMI characterizations. The stability analysis results lead to
improved approaches to state feedback controller design based on LMI and BMI
techniques. Some examples are presented to illustrate the modelling and synthesis

of the proposed methods.

In the last chapter, some conclusions are given, together with possible future re-

search directions.
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Chapter 2

Piecewise Affine Systems

2.1 Introduction

Piecewise affine systems have wide applications in a range of engineering and sci-
ence [102, 119, 15, 137]. Among these applications, some are naturally PWA, such
as diodes and transistors, key components in even the simplest electronic circuits.
However, many advanced controllers, notably gain-scheduled flight control systems,
are indeed enlightened by piecewise linear ideas. From the basic analysis to the

advanced design, PWA systems actually have undergone a long time development.

This chapter discusses the mathematical modelling of PWA systems. As we know,
there are mainly three types of switching systems. The first one is arbitrary switch-
ing systems, whose switching sequences cannot be determined. The second one is
time-dependent switching systems, whose switching signals are classified by the
time-interval between two consecutive switching instances. The third one is state
(or input/output vector)-dependent, whose switching signal is driven by the state-
vector. For the second and third types, the switching signal may be predetermined
before analysis and synthesis, or may be a design goal. Hence a clear definition

and structural description is necessary.

10
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2.2 System Model

Generally speaking, PWA models have rather loose definitions in literature, which
vary from an interconnection of linear components [42] to polyhedral partition

based model [102]. For clarity, we give the following definitions first.

Definition 2.2.1 [137, 102](Polyhedron and Polytope; Halfspace and Vertex Rep-

resentation) A polyhedron is a set of the form
S={recR"alx>b;, i=1,.,1} ={xr € R"| Az > b} (2.1)
or, equivalently,

S={z=VAX+Wpu|> N=1,1=0u=0} (2.2)

where X = (A1, Ao, .., MJT and po= [p1, pa, ..., w))t. (2.1) and (2.2) interpret the
polyhedron in different ways, i.e., as the intersection of a finite number of halfs-
paces, and as the set addition (Minkowski sum) of the convex hull of the columns
of the matrix V and the conic hull of the columns of the matriz W, respectively.
The columns of V' are called the vertices of the polyhedron, and the columns of W

are called extreme rays.

A polytope is a bounded polyhedron. It can be represented as
S={z=VAD \=1Lxr=0} (2.3)

Sometimes, the representation (2.1) is called the halfspaces representation, while

(2.3) is referred as the vertex representation.

Definition 2.2.2 [137, 76, 102] (Polytopic/Polyhedral Partition) A collection of
polytopic (polyhedral) sets {S;}Y., = {S1, ..., Sx} is a polytopic (polyhedral) parti-
tion of a polytopic (polyhedral) set © C R™ if (i) U SX, = O, (ii) (S,\05,) N(S,\0S,) =
&, Yq#p, pg=1,2,....N, where 9 denotes the boundary, (iii) if S,(\S, # <,
where q¢ # p, then S, S, is a common face of S, and S,.
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Definition 2.2.3 [76, 102] (PWL, PWA and PWQ) Consider the function f over
a polyhedral set S. f: S — R with d € N is piecewise affine (PWA), if a partition
{S}Y, of set S exists, such that f(z) = Ajx+a; ifv € S;. Specially, if a; = 0, then
the function is called piecewise linear (PWL). f : S — R is piecewise quadratic
(PWQ), if a partition {S;}¥, of the set S exists, such that f(x) = 21 Qx+ Lyx+C;

when x € S;.

Thus, roughly speaking, these systems whose dynamics are defined by PWA func-
tions can be called as PWA systems. However, in this thesis, we only consider
the PWA systems whose partitions are defined on polyhedrons/polytopes, though

there also exist some other partitions, such as ellipses.

2.2.1 Model Representation

A PWA system can be represented as follows.

y(t) = Cia(t) + Digu(t) + Dyw(t) K

where z(t) € R" is the state vector, u(t) € R™ is the control input vector, w(t) €
R! is the exogenous noise signal and y(t) € R" is the output vector. We assume
m < n. § denotes the derivative operator, i.e. dz(t) = (d/dt)x(t), for continuous-
time systems and the shift forward operator, i.e. dx(t) = x(t+ 1), for discrete-time
systems. We say that the system dynamic locates in mode i if A;z(t) + Bpu(t) +
Biiw(t) + a; in (2.4) is active.

7 is the index set of these finite partitions/subspaces. ||Z|| denotes the size of the

set Z. {Si},c; denotes a set of polyhedral partitions of the state space,

Let Q. represent switch index pairs for the continuous-time case. The definition for

Q. will be slightly different in different situations. For example, if we assume that
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the finite discrete state ¢ is a piecewise constant function of time and piecewise

continuous from the right, then we have

Qe ={(,))|z(t") € S;,a(t) € S;, i £, i,j €T} (2.6)

The notation ¢~ indicates that the finite state is piecewise continuous from the

right. Let Q. = Q. J{(i,i)|i € Z}. If i, € Q., their boundary can be defined as':
Sij = {It|Fz’jZB(t) +fi; =0,(3,)) € Qc} (2.7)

The boundary defined in (2.7) is also called as a switching boundary.

Let Qy represent index pairs for the discrete-time case:
Qu={(i.7)|z(t) € Szt +1) €S, i #j, i.j €T} (2.8)

Let Q4 = QqU{(¢,7)|i € Z}. Similarly, we can define the partition S; and switching

boundary S;; 2.

Remark 2.2.1 Cuzzola et al.[43] first propose a partition method based on both

FU) + £ = 0}

state space and control variable space, i.e., {Si = {g(t) o

(t)

where (t) = , because the switching sequence may depend on the in-
u(t)

put signal under some situations, such as saturation effects or limitation on the

control signal. Thus partition method is widely used in the Model predictive control

(MPC)-based optimal control of PWA systems, see, for example, [13, 16].

Feng [57] partitions the output space, i.e., {Si - {y(t)‘ﬂ(y)y(t) +f = 0}} L In
ic

fact, this partition method can be easily transferred into the partition based on state

space: {Si = {I(t)|FZ~(y)CiZL'(t) + 7 > O}}

1€l

1S; and S; must be neighboring in the CPS. S;; may also include inequality constraints.
However, since we only use the equality information in most cases, we only provide the equality
constraints, without further explanation.

’In DPS, S; and S; are not necessarily neighboring. Hence €2 is much more complex than
Q.. See Section 2.3.2 and Section 8.2 for further discussion.
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The commonly used partitions are only based on state space representation [102,
145, 55, 64, 135] as shown in (2.5). In our study, without further explanation, we

only consider this type of space partition.

Remark 2.2.2 Let 7y C 7 be the set of indices for the partitions that contain
the origin and Ty = I\Zy C I be the set of indices for the partitions that do not
contain the origin. We assume that fori € Ly, a; = 0. Under this assumption, 0 is
one of the equilibria of the PWA systems. In fact, any x., satisfies Ajxeq + a; =0
is an equilibrium of the operating mode i. If A; is full-rank, then 1., = —A; ' a;
18 the unique equilibrium of operating mode i. In general, the number of equilibria
may not be the unique one. However, in this thesis, we are only interested in 0, as

other equilibria can be easily treated in a similar way with a proper transformation.

In most discussions of this thesis, we only consider the case that all i € Zy. How-
ever, we can easily extend the corresponding results to general cases. In fact, we

can transfer (2.4) to the following extended system [43, 55, 102]:

where
) _ -
Ai a;
(CPS):
LL’(T,) _ 0 0 _ BZ
¢(t) = , A= - 1, B= (2.10)
1 A a 0
(DPS) :
\ 0 1
We also define
F=|F 5] B=[Fy f] (2.11)

Hence, S; and S;; can be represented as

Si = {z|Fi¢ > 0}, Si; = {x|F;;¢ > 0}

3F; is called polyhedral cell identifier for .S;. A similar concept is the so-called polyhedral cell
bounding F; [102], which satisfies the zero interpolation properties for i € Zy. It is easy to derive
FE; from F;. In the case when no confusion is caused, we use F; instead of E; for simplification.
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These transformations will simplify our representation. In the sequel, in most
cases, we only consider the PWL systems, i.e., system (2.4) with a; = 0 and

fi = 0 without further notification.

=g —
Another important concept is the so-called continuity matriz F; of F;. For (i,j) €
~ —

Q., F; is a continuity matriz of Fy if ?’ic = F;C forVx € S;; [102].

2.2.2 Applications

As mentioned earlier, a wide range of industry systems can be modelled using piece-
wise affine approximations of their nonlinear elements. Especially, in mechanical
and electrical systems, some of the most common nonlinearities, such as stiction,
saturation, backlash and relay action, have distinct piecewise affine types of behav-
ior [137]. Meanwhile, logic-based controllers, ranging from PLC (programmable
logic controller) to complex rule-based controllers and gain schedulers, are widely
employed in industry. The systems with these controllers can naturally fit into a
piecewise affine framework. Three simple and typical examples will be given first,

followed by two more complex examples.

Example 2.2.1 (Switched circuit) Consider a simple RC circuit with switch
[180] as shown in Figure 2.1. We assume the switching is instantaneous based on

the value of i. or v.. Now if we take voltage v. as the state, the system dynamic is

dv, _ —chvc + % Position 1 (2.12)
dt 1 E s '
—qole T ﬁ% Position 2

Note that v. will be continuous at the switching instants. If current i. through the

capacitor is chosen as the continuous state, we have

di.. —— 4. Position 1
=9 " (2.13)

ale Position 2

In this case, i. will be discontinuous at the switching instants whatever what the

switching order is. This example illustrates that sometimes it is depending on the
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choice of continuous state variables whether the system state is continuous during
the switchings. Figure 2.2 shows a simulation result for (2.12) with the the system
parameters Ry = 1000(ohm), Ry = 1500(ohm), Ey = 1.1(volt), Ey = 2(volt) and
C = 0.001(farad) at initial conditions v. = 0.3,0.8,1.5, 2(volt), respectively. The
switching condition is as follows. If v. > 1, switch to position 1; otherwise switch

to position 2.

2
Iy :
i L 16F
1
E1 R1 14
- &
212
- !
_‘ + icl 08
-
E2 R. C Ve - 06
0.4
% 1 2 3 4 é 6 7 8 9 10
time(sec)
Figure 2.1: Switched circuit Figure 2.2: Simulation results

Example 2.2.2 (Tunnel diode circuit) This kind of circuits [42, 115, 146] is
widely used in electrical engineering. Figure 2.3 presents such circuit with the
inductor current in mili-Amps and the capacitor voltage in Volts. The circuit
dynamics are described by
T —-30 —20 T 24 20
= + + U (2.14)
To 0.05 0 To —50¢g(z2) 0
Following [115], the characteristic of the tunnel diode g(x2) is modelled as a piece-
wise affine function as the over-plotted load line in Figure 2.4. The load line (The
end points of the load line correspond to the steady-state current at the diode ter-
manals with an open circuit between them and the steady-state current with a short
circuit between them) intersects the diode characteristic in three locations, which

generates three equilibrium points for the open-loop system. The measured output
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1s the current, i.e., x1. This example actually illustrates the way to analyze the

smooth nonlinear systems using PWA model.

L x10°

1 |
Xq w Region 1 Region 2 Region3
0.9

5n 08k
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0.2 load line
E U+1.2v 0.1r
! 00 0‘1 0‘.2 0.‘3 0‘4 0‘.5 0.6 0‘7 0‘.8 0‘9 i
Figure 2.3: Tunnel diode circuit Figure 2.4: Tunnel diode characteristic

Example 2.2.3 (LTI systems with state or input bound) The system con-
sists of the feedback interconnection of a linear systems and a PWL sector-bounded
nonlinearity, and is therefore a PWA system [82]. A typical example is the so-called
saturation systems, which often appear in circuit system and mechanical systems

[127, 91, 88, 89, 90].
6x(t) = Ax +bu = Ax + b sat(v), v = k' (2.15)

where k is the state feedback gain. As illustrated in Figure 2.5, (2.15) describes a
class of single input saturation systems. The dynamics can be further expressed as

[102):

Axr —b, x€95;
0x(t) = Az +bkTz, x €S (2.16)
Ax + b, x € 93

In Figure 2.6, we give an example with simulation result for a LTI system with an

input saturation. It is borrowed from [137] with slight changes.
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Ox=Ax+bu

r
v=kx
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Figure 2.6: A saturation example with simulation
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Other examples include batch processes, cars with automatic gear-box and cruise
controller [135], autonomous land vehicle and inverted pendulum on a cart [146].
Two more examples are given below to show how PWA systems can be used to

model some complex systems.

Example 2.2.4 (Hybrid systems) Consider the following (continuous-time) con-
trolled hybrid system [102, 135]

w(t) = fxt), qt), u(T), w(t)) (2.17)
q(t) = g(x(t), q(t7), u(t), w(t)) (2.18)

where z(t) € R", q(t) € @ = {1,2,..,N}. f(-): R* — R" is globally Lipschitz
continuous. g(+) : R™ x Q — Q is the finite discrete dynamics of (2.17). The
continuous dynamics of (2.17) generally depend on x(t) and the logical and finite
dynamics q(t). u(t) € R™ is the controlled vector. w(t) is the exogenous noise.
The notation t~ indicates that the finite state is piecewise continuous from the
right. Let [xT, i] be the vector combined with the continuous state x and discrete
dynamic i. Thus starting at [ro,i], the continuous state trajectory x(t) evolves
according to (2.17) and (2.18). If x(t) hits some g(-) = j # i at time ty, then the
state becomes [x(t1), 7], from which the process continues. Thus, the hybrid system

can be represented as a PWA system by linearization [135]:

In terms of a hybrid model, the PWA system can be described as autonomous

switching between a set of PWA partitions.

Example 2.2.5 (Fuzzy systems) Fuzzy systems have been applied in many fields,
such as control systems, communication systems and signal processing. Johansson

[105] and Feng [59] present different PWA analytical models for continuous-time
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Takagi-Sugeno (T-S) fuzzy systems. The corresponding discrete-time versions are

considered in [167] and [60], respectively.

A typical example using fuzzy systems is an inverted pendulum on a cart [59], which
1s an abstract model in many applications, such as missile control and robotics

control. The system model is as follows.

jfl = T2
2.2

. gsin(z1)—amiz?sin(2z1)/2—a cos(z1)u ( 0)
T2 = 41/3—aml cos? (z1)

where x1 denotes the angle of the pendulum from the vertical axis, and xy is the
angular velocity. g = 9.8m/s? is the gravity constant, m is the mass of the pendu-
lum, a =1/(n+ M), M is the mass the cart, 21 is the length of the pendulum, and
u s the force applied to the cart. In the simulation, the pendulum parameters are

chosen as m = 2kg, M = 8kg, and 2l = 1.0m [59].

The fuzzy model is obtained by linearizing the plant around the origin and v =
[+88° 0]T and has the form of (9.5), where L € {about 0, about + 88°, about —
88°}, and m = 3, and

0 1 0 1| o |0

A§C) = 7A§C) = Ai(%C) = ) al - )
17.2941 0 0.2395 0 0
0 0 0
aéc) _ _aéc) _ : B:EC) _ : Béc) _ Béc) _
—0.3675 —0.1765 —0.0052

The common membership function shown in Figure 2.7 is chosen as ji; = ZhTh’
1 e
1,2,3, where

hi = exp(—Tx})
hy = exp(—T(zy + 7/2)?) (2.21)
hs = exp(—T(x; — 7/2)?)

We consider the working range of state 1 € [5*, §] with the following partitions:

S, = {x|x1 € [‘7”, _T”)} Sy = {x|x1 € [‘T”, 0)},
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Figure 2.7: Membership functions of Example 2.2.5

s T
S3 = {ZIJ|£E1 S [0, Z)}, S4 = {ZIJ|£E1 € [Z, 5]}
Then the system parameters are as follows.

A =AY, Ay=A;=A9, 4,=AP, a1 =d?, ay=a}

By =B, B,=B;=BY", B, =B

Y

We will discuss fuzzy systems further in Chapter 9.

As for discrete-time examples, a typical instance is interconnection of discrete-
time linear systems and automata [155]. They can also be often found in digital
control of hybrid systems. Recently, some researchers also apply discrete-time
PWA models to switched power converters [119], direct torque control of three
phase induction motors [70], automotive robotized gearbox [12] and system biology

[50).

2.3 Structural Analysis

This section recalls some basic concepts for analysis of PWA systems. As afore-

mentioned, PWA systems can have very complex behavior, even for those with low
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order. Multiple equilibrium points [135, 102], multi limit cycles [42, 135] and chaos
[115] may exist. Hence, structural analysis shall be given to rule out degeneracies
in PWA systems, providing critical engineering insight. Meanwhile, it would be a
valuable complement for the analysis of other system properties, such as stability
and controllability, and synthesis of PWA systems. In [102], equilibrium points,
steady-state characteristic, verification of affine state constraints and detection of
attractive sliding modes for continuous-time PWA systems are discussed. Here we

recap some of important contents.

2.3.1 Trajectory, Sliding Modes and Well-posedness

For continuous-time PWA systems, if the right-hand side of the trajectory is discon-
tinuous, it is possible that trajectory that enters a switching boundary cannot be
continued into any of the neighboring regions, or that trajectory can be continued
into several regions [102]. Hence Jahasson [102] presents the following definition
in order to restrict the study to the case when the non-smooth dynamic does not

lead to the above problems.

Definition 2.3.1 (Trajectory of CPS)[102] Let x(t) € |J;cz Si be an absolutely
continuous function. X (t) is a trajectory of the continuous-time system (2.4) on
[to, t¢] if, for almost all t € [ty,tf], the equation ©(t) = A;x(t) + Bu(t) + a; holds
for all i with x(t) € S;.

However, as illustrated in [102], in the sense of Definition 2.3.1, trajectory might
be non-unique or even not exist. In the view of analysis, the main difficulty lies
in the cases when non continuation of a trajectory in the sense of Definition 2.3.1

is possible. Hence the so-called attractive sliding mode? is defined [67, 164, 102],

“Note that the trajectory cannot stay on the boundary S;; unless it satisfies the differential
equation for both ¢ and j simultaneously. Hence most kinds of sliding modes are excluded [102].
See [102, 67] for illustrated examples. However, in this thesis, we further assume that only one
mode is active at any time, if there is no explanation for sliding mode. More strictly, we can
assume that the systems satisfy the well-posedness conditions [95], if necessary.
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which states a phenomena for the CPS (2.4) at z,, if there exists a trajectory
with final state x, but no trajectory with initial state. Nevertheless, in this thesis,
we mainly deal with systems without sliding modes®, although the definition of
meaningful solution concepts is possible ®. Filippov [67] and Utkin [164] deliver
their well-known solution concepts for the systems with attractive sliding mode

when the function x(t) remains on the switching boundaries for some time interval.

Definition 2.3.2 (Filippov solution of CPS)[67, 164, 102] Let x(t) € J,c7 Si be
an absolutely continuous function. x(t) is a Filippov solution of the continuous-

time system (2.4) on [to,ts] if, for almost all t € [to, /],

where KC(t) is the set of partition indices i such that x(t) € S;, and Co denotes the

convex hull.

Contrary to the non-uniqueness, it is also natural if the conditions exist such
that the system produces unique trajectories from every initial state, i.e., the well-
posedness property. The problem is partially solved by Imura et al. [95, 92, 93]. In
[95], Imura and Var der Schaft discuss this problem under the definition of solution
of Carathéodory. The necessary and sufficient condition for bimodal PWA systems
is provided. Its extensions to multi-mode cases are also addressed. In [93], the well-
posedness of switch-driven PWA systems is analyzed. There are also some results

on particular classes of PWA systems, say, linear complementarity systems [84].

For DPS, in the sense of well-posedness, we make the following assumption [55]:
the system dynamic is governed by the dynamic of the local mode of S; when the

dynamic jumps from S; to S;. Hence the unique solution of (2.4) is possible.

°In most cases, we assume there is only one active mode at any time, if there is no further
explanation.

6In [102], Johansson shows that even the silding mode occurs, the stability still can be guaran-
teed with their stability criteria. In [108], Juloski et.al. give a similar result for observer design.
In [136], Pettersson provides conditions to check the silding mode, and also design controllers to
avoid silding mode.
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Figure 2.8: Several cases on the vector fields

2.3.2 Switching Sequences

We consider the CPS first. For the possible switching between two different parti-
tions, there are three situations as illustrated in Figure 2.8: (i) no jump between
two parts; (ii) jump only from one side to another side; (iii) jump from both sides.
Define F;jx + fi; = 0 for x € S;;. Then the situation (i) can be expressed as
FE(Aix + a;) > 0 and F (Ajz + a;) < 0 for Vo € S;. Similarly, the situation (ii)
is Fii (A + a;) < 0 and F(Ajz + a;) < 0 for Vo € S;;. For the case that Sy
are polytopic, we only need to check the vertices of S;;. However, the inspection

procedure is not so easy. One may also refer to [102, 80, 79] for further information.

Now we take a look at DPS, whose switching is much more complex than that
of CPS, since the switching is not limited to the neighboring partitions. In [14],
Bemporad et al. provide a numerical algorithm to calculate it using the MDL
model. We may also consider this problem for polytope partitions in the context
of the so-called one-step reachable set EZ) [114]. By checking whether ?,-ﬂSj,

Vj #£1,7 € L, is empty, we may get the switching index set ).

2.4 Conclusion

In this chapter, we have discussed the definition, model representation, structure

and applications of PWA systems. One of the main purposes is to distinguish
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PWA systems from other types of switching systems. From our aforementioned
discussion in this chapter, we can see that PWA systems belong to the third type
of switching systems. Furthermore, their state-dependent switching partition is

preset and not a design objective.
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Chapter 3

Stability Conditions Based on
PQLFs

3.1 Introduction

In this chapter, we will consider the stability of automatous (unforced) PWA sys-
tem (2.4), i.e.,

dx(t) = Aix(t) +a;, v €5, i €T (3.1)

Note that the stability is one of the most important issues in the control sys-
tem theory and also the fundamental for the design problems. We mainly focus
on the so-called asymptotic stability and exponential stability, though there are
some other concepts, such as absolute stability and practical stability [77]. We
will review some existing results, including several types of indirect Lyapunov ap-
proaches. However, we put our emphasis on PQLFs and polynomial Lyapunov
functions, because these functions give better analytical results than others. Fur-
thermore, the PQLFs are the main tools for the controller and filter design in
Chapter 7 and Chapter 8, respectively. The polynomial Lyapunov functions are
the main tools for the improved stability criteria in Chapter 4 and Chapter 5. We
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will also present a unified framework for the approach based on PQLFs in Section

3.2.2, which will show its advantages in the design late.

Unlike the LTT system, where the Hurwitz matrix (respectively, Schur matrix)
guarantees the stability for the continuous-time case (respectively, discrete-time
case), the situations in the PWA systems are very complex. Some simple examples
in [48, 102] show that the eigenvalues constraint (Hurwitz or Schur condition) of
the system matrix A; may be neither sufficient nor necessary for its stability. In
fact, the stability of PWA systems, as well as other kinds of switching systems,
depends not only on the dynamics of each subsystems but also the properties of
switching signals, as illustrated in Example 3.1.1. Furthermore, Blondel et al.
[20] show that the globally asymptotical stability for general discrete-time PWA
systems with n > 2 is undecidable. The results in [154, 155] also imply that the

problem of trajectory going to the origin is undecidable.

Example 3.1.1 Consider the following two piecewise linear systems [102]:

—0.1 1
12 Z 0
—-10 —0.1
xr = o = (32)
—-0.1 10
19 S 0
\ -1 -0.1
—0.1 1
1T S 0
—-10 —0.1
T=4q F - (3.3)
—-0.1 10
19 Z 0
\ -1 —-0.1

The corresponding partitions S;,1 = 1,2,3,4 are four quadrants. We assume the
system trajectory is continuous from right side. It is obvious that each system
matrices are stable and have the same eigenvalue —0.1 £ 3.1623¢. Note that two
systems are same except that the system matrices are exchanged in different modes.

The phase portraits of two systems are shown in Figure 3.1, from which, we may
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Figure 3.1: Phase portrait
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the system (3.2) the system (3.3)

Figure 3.2: System trajectories

However, the system (3.2) is stable while the system (3.3) is unstable. (The proof

will be given in next section.) Figure 3.2 shows some trajectories of two systems

from initial conditions [£1 =+ 1].

Nevertheless, for some special cases, such as planar systems and bimodal systems,
some criteria can be obtained based on some geometrical properties. Iwatani and
Hara [96] provide two explicitly necessary and sufficient stability conditions for
continuous-time planar bimodal PWL systems. These two conditions are given in
terms of eigenvalue loci of subsystems and coefficients of characteristic polynomials,
respectively. Further they discuss the stability conditions for planar multi-model

PWL systems in [97], where the conditions are given in terms of poles and zeros
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of subsystems, and they are computational tractable. Hu and Lin [89, 88] provide
necessary and sufficient conditions for the globally asymptotical stability of planar
saturation systems. The behaviors of the trajectories are examined in detail. In
general, those analytical approaches are difficult or impossible to extend to gen-
eral cases, although they deliver good performance or explicit conditions in some

settings.

Hence, most of stability conditions for general PWA systems are only sufficient
and gain benefits from the computational efforts of modern computers. One such
approach is based on simulation. For example, Kantner and Dolye [113, 112] show
that robust simulation which maps sets to sets may be an alternative approach.
However, the most widely used approaches benefit from Lyapunov theory [115],

especially, the Lyapunov indirect method.

Lyapunov indirect method provides a powerful tool to study stability. Roughly
speaking, the stability established by Lyapunov functions can be called as Lya-
punov stability. The following lemma gives a criterion based on Lyapunov function

for asymptotic stability and exponential stability.

Lemma 3.1.1 [115, 102](Asymptotic stability and exponential stability) Let x(t) :
[0,00) — R™ and let V(t) : [0,00) — R be a nonincreasing and piecewise C
function satisfying

d p

Cv(t) < et (3.4

for some v > 0 and some p > 0, almost everywhere on [0,00). If there exist o > 0

and 3 > 0 such that
allz@)|F < V(t) < Bll=(@®)]” (3.5)
then ||x(t)|| tends to zero exponentially.

However, the main problem with Lyapunov theory is that there is no general

method for searching Lyapunov functions [115], although many types of Lyapunov
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functions are suggested to solve this problem, such as linear functions, quadratic
functions, or even general polynomials. A direct approach is to find a common
quadratic Lyapunov function (CQLF). In this approach, only one Lyapunov matrix
is needed which covers whole state space. Its advantages lie in its simplicity and
efficiency, although it is very conservative. Even now, there are some researchers

still using CQLF for PWA systems, say, [148, 147, 134, 133].

Due to the piecewise nature of the PWA systems, the corresponding piecewise
Lyapunov functions are applied to achieve better results. PWL/PWA Lyapunov
functions [102, 106] are constructed to establish the stability. A so-called polytopic
Lyapunov function [183, 184, 128] is a special case of the PWL Lyapunov functions.
However, the most widely used Lyapunov function is the piecewise quadratic Lya-
punov function (PQLF) [101, 25, 82, 102, 55, 64]. Johansson and Rantzer [104, 102]
give a sufficient stability condition with piecewise quadratic Lyapunov functions
via a computational approach for continuous-time PWA systems. They systemat-
ically study the PQLF construction and ways to use partition information to relax
conservatism in stability analysis. Similar ideas can be found in [82, 101]. The
discrete-time counterpart has been studied by Feng [55] and Ferrari-Trecate et al.
[64]. We will discuss PQLF and review some main results in the next sections,
since PQLF is the one of main techniques used in our controller and estimator

design.

There are some other approaches, such as bi-quadratic functions [10] and global
surface functions [74]. Bean et al. [10] convert the PWA system with polytope
partitions into a parameterized system in terms of some logical variables. Then by
introducing some additional variables m, which are parallel to system dynamical
state x, they solve the stability problem for the augmented state [T zT]. The
benefit is more freedom brought into LMI solver, while at the expense of more
intensive computation. In addition, the construction of the auxiliary matrices is a

burdensome job. Gongalves [74] presents a constructive global analysis methodol-

ogy, which infers global properties of PWA systems solely by studying the behavior
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at switching surfaces associated. The main idea is to analyze impact maps, i.e.,
maps from one switching surface to the next switching surface. They mainly ana-
lyze the relay systems and saturation systems. This method actually is not easy to
be used for analyzing the general PWA systems. In [101], Johansen presents a com-
putational approach, which guarantees the uniform exponential stability, based on

a griding technique using a linear inequality defined pointwise.

The aforesaid Lyapunov functions actually are all in (piecewise) linear or quadratic
forms. A promising technique based on higher order positive polynomials, or pre-
cisely, sums of squares (SOS) polynomials [99, 38, 39, 40], which also use SDP
as their solver, becomes increasingly attractive. Hence, the corresponding piece-
wise SOS Lyapunov functions are used in PWA systems [139, 172, 99, 98, 11].
Nevertheless, the main idea is similar to PQLF, i.e., to find proper local Lyapunov
functions for each partition. Using this technique, the methods for the computation
of piecewise polynomial Lyapunov functions are exploited for analyzing stability
of continuous-time hybrid and switched systems [139, 172]. Gongalves et al. also
extend their work [157] with the SOS method to construct polynomial surface
Lyapunov functions of arbitrary order for the impact maps of limit cycles in PWA
systems. The discrete-time results are discussed in [130, 11, 172]. In Chapter
4, we will consider how to use SOS polynomial to explicitly construct piecewise
polynomial Lyapunov functions for both CPS and DPS. Meanwhile, we note that
the existing results actually all use the partition information from halfspace rep-
resentation (see Definition 2.2.1), is it possible to derive stability conditions using

vertex representation? We will explore the vertex representation in Chapter 5.

3.2 Piecewise Quadratic Lyapunov Functions

The key ideas applied here are ambilateral. Firstly, quadratic Lyapunov functions

are defined for each partition. Then they are combined to form a global Lyapunov
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function. For CPS, we choose the Lyapunov function as

11l .. .
1 d t
o(z) 23 ru(a), T = mose I A (@) = 2T P, Py = PT(3.6)
=1

0 otherwise

where ||Z]| is the size of Z, satisfying

vi(z) >0, Ve e S, ¥V i€, x#0; (3.7)
vi(z) > v(x), Yx € Sy, (i,7) € Q; (3.8)
0i(z) <0, YVee S, i€Z, ©#0 (3.9)

Remark 3.2.1 Note that (3.7) guarantees the positiveness of the Lyapunov func-
tion. (3.9) means that the Lyapunov function is decreasing in S;. (3.8) makes the
Lyapunov function trajectory is non-increasing during mode switching. If ‘=7 is
chosen, then the Lyapunov function is continuous; otherwise, the Lyapunov func-
tion is discontinuous. (3.7) and (3.9) are not sufficient to quarantee the stability of
PWA systems as we state early that the stability is partition-dependent (see [102]
for examples). In fact, The functions derived from (3.7) and (3.9) may not absorb
the energy increase cased by the mode switching, which leads to the unboundedness

of trajectory.
For DPS, we choose the Lyapunov function of form (3.6) satisfying (3.7) and
Av(z) = vi(z(t+ 1)) —vi(x(t)) < 0,V(i,7) € Qq (3.10)

Secondly, the S-procedure is employed to force (3.7)-(3.9) in a local region by outer
elliptically approximating the polyhedra partition.

A detail proof procedure for continuous-time case with continuous Lyapunov func-

tions can be found in [102] and discontinuous Lyapunov functions in [182].

Remark 3.2.2 For CPS, if Q; is predetermined (see Section 2.3.2), then the

continuity of Lyapunov function at the switching boundary is not necessary. At
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time t, if x(t) € Sy, according to Definition 2.3.1 and inequalities (3.8) and (5.9),

we have

vi(a(t-)) > vi(x(t)) = v;(x(t) > vj(2(t1)) (3.11)

where t_ denotes the time sequence just before t and t, the time sequence just
after t. Hence whatever the switching rule is, we guarantee the Lyapunov function
is decreasing during the switching. For example, as defined in (2.6), if the switching

rule is continuous from the right side, then v;(z(t7)) > v;i(x(t)) > v,(x(t)).

Note that (3.8) is only required for x € S;;, that is, only at the switching boundary.

Thus, it will not lead to v;(x) = v;(z) in general.

3.2.1 Stability Criteria

The stability result for the continuous-time PWA systems is stated as follows.

Theorem 3.2.1 (CPS [102, 83]) The system (3.1) is exponentially stable, if there

= N _ ->T =
exist some (T =TT, P, = FI'TF;,, P,=F;, TF,, U, =U' =0, W; =WT =0),

where i € I, satisfying

P, — F'W,F; > 0, Vi € T, (3.12)
AP+ PA; + FIUF; <0, Vi € T, (3.13)
P — F"W,F; > 0, Vi € T, (3.14)
ATP + PA + F/UF, <0, VieT (3.15)

where the matrix ﬁl and F; are the continuity matrices' for F; and F;, respectively.

Remark 3.2.3 In Theorem 3.2.1, an outer approximation is obtained by finding

a matriz U; = UL = 0, such that S; C {z|2" F'U;F;x > 0}. The formulation

!See Remark 2.2.2 or Reference [102]. Here we assume that f; = 0 for i € Zy. Otherwise, we
shall construct polyhedral cell bounding E; of F; to replace F; in (3.12) and (3.13).
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Figure 3.3: The Lyapunov function of the system (3.2)

P, = ﬁZ-TT 13, guarantees the continuity at the switching boundary. In fact, the
continuity at the switching boundary is not necessary as stated in (3.8). A less
conservative version of Theorem 3.2.1 [102] eliminates the continuity constraint

by replacing P; = F?Tﬁi with 2

P = P+ FiT + T;F; > 0, 9(i,j) € Qe (3.16)

ij g

where T;; is a free variable. (3.16) actually is deduced by Finsler’s lemma (see

Appendiz A) by noting that Fyjx = 0 when x € S;;.

Example 3.2.1 Using the main idea of Theorem 3.2.1 and Remark 3.2.3, we can
prove the stability of the system (3.2) by establishing the PQLF with following

Lyapunov matrices:

P 156.877 0.185236 24.4707  —0.185236
1= I3 = y Ia =1y =

0.185236  24.4707 —0.185236  156.877
The corresponding Lyapunov function and its contour are shown in Figure 3.5.

Figure 3.4 shows some trajectories of Lyapunov functions. Note that we cannot

find a corresponding PQLF for the system (3.3).

The corresponding stability result for the discrete-time PWA systems is stated as

follows.

2If S;; contains inequality information, then the information can be further employed here by
S-procedure.
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Figure 3.4: Some trajectories of the Lyapunov function of the system (3.2)

Theorem 3.2.2 (DPS [55, 64]) The system (3.1) is exponentially stable, if there
exist some (P, = PT, P, = PT W, = 0,U;; = 0) satisfying (5.12), (3.14) and

ATPjA; — P+ FIU,F; < 0,Y(i,5) € Qq, i and j € I (3.17)
Al PjA; — P+ FIU;F; <0, ¥(i,5) € Qq, i and/or j €T, (3.18)
where P; = [I 0]TB[I 0] ifi € Iy and P; = [I O)TP[I 0] if j € Iy in (3.18).

Remark 3.2.4 In Theorem 3.2.2, Feng [55] assumes that the system dynamic is
governed by the dynamics of the local model S; when the state of the system transits

from the region S; to S;. If it is not the case, we may consider the following set
gij = {LL’ c Rn|l’(t) S SZ', S(Z(t + 1) S Sj} =S {SL’ S /R/n|F’USL’ + fij > 0} (319)
Then (3.17) can be rewritten as
A PA; — P+ FI'UF; < 0,Vi € T (3.20)
ATPjA; — P+ FU;F; <0, V(i,j) € Qq, i and j € I (3.21)
(3.18) can be rewritten similarly.

Remark 3.2.5 If all Lyapunov matrices are forced to have global properties with-

out looking into the partition information, i.e., all U;, W;, W;; in Theorem 3.2.1
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and Theorem 3.2.2 are set to zeros, we can get compact but more conservative re-
sults, which have been illustrated in [102, 64], say, for example, (3.12) and (3.17)

can be simplified as

P, >0, Vi € 1y

(3.22)
ATP;A; — P, <0, Y(i,j) € Qq, i and j € Iy

3.2.2 A Unified Presentation

In this subsection, we show that the results of Theorem 3.2.1 and Theorem 3.2.2
can be obtained under a unified framework by a proper transformation. We only

consider the case that all ¢ € Z, since the rest cases are similar.

' | FIUF P
(CPS) :
x(t P 0
p= ) , Piy = - 7~Ai:[Ai —I}
(DPS) :
| o p

It is obvious that A;p = 0 according to (3.1). And Theorem 3.2.2 and Theorem

3.2.2 can be unified as follows.

Theorem 3.2.3 The system (3.1) is exponentially stable, if there exists some
(P,=PF, U =0,W; =0, Uy = 0)) such that (3.12) and

p"Pip < 0,YAip =0 (3.23)

hold, where for CPS, P; = F;TTF’Z- and Vi =j € I, and for DPS, ¥(i, j) € Qq.

Lemma 3.2.4 (DPS) (3.17) of Theorem 3.2.2 is equivalent to either one of the

following inequalities

FIU,F,— P, — ATA;, AT
<0 (3.24)

o (A, P U;) 2
A P —1
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P+ W —Y5+ AT,

Y+ VIA; P— (V4 97)

<0 (3.25)

for some (P, = PT Uy = 0,7, %;) and V (i,7) € Qq, where W;; = FIU;;F; +
AT+ TLA;.

Proof:  Using the result from Theorem 3.2.3 and applying Finsler’s lemma (see

Appendix A), we can conclude that (3.17) is equivalent to either one of

Py — AL A; < 0, for some scalar p (3.26)
Py + ;\{gAi + ATX,; <0, for some matriz X (3.27)
where P;; is defined in (3.23). Now (3.26) leads to

FlUGF; = P — pAT A pA

<0 (3.28)

Since (3.26) only stands for p > 0, we can let P, = %Pi and U;; = ﬁUij. Hence we
have (3.24).

Now we expand (3.27) and observe that the entries of left side matrix of (3.27)
are only related to the index j except for —P; + F' W, F;, hence we may choose

Xi; = [Yi; U;]. Thus the result follows. Alternatively, we give another proof for
(3.25).

I AT
(3.25) = (3.17): Multiplying (3.25) from the left and the right by ©7 = '
0 I
and ©;, respectively, we obtain
ATPjA; — P, + FTU,F, —YL 4+ ATP; — AT,
v ’ ! ’ 7l <0 (3.29)

whose (1,1)-block implies (3.17).
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(317) = (3.25): Given P; that satisfies (3.12), let ¥; = 3(P; + 1), T, =
ATP; — ATW,. By substituting them into (3.29), we have:

ATPjA; — P+ FIU;F, 0
0 —1

<0 (3.30)

Noting that ©; is invertible, we get the result. n

Now we consider a simplified version of Theorem 3.2.2 as stated in Remark 3.2.5

and have the following lemma.

Lemma 3.2.5 (DPS) [170, 46] The following statement holds for P, = P, Q; =
P Gy, Hy, i €T and (i,5) € Qq:

P, PA,; ) ATG,
(3.22) <~ > (0 <— <0
ATP; P GTA; P,—G; -G}

Pl A; —Q;  AiQ;
— |’ > (0 = 9 AQ <0 (3.31)

AT P QAT ~Q,

—P,+ATH; + H'A;, —H + ATG;
— <0

—H; +GT A; P —G; - GT

For CPS, we can also have a similar result to Lemma 3.2.4. The proof is omitted.
Lemma 3.2.6 (CPS) (3.13) of Theorem 3.2.1 is equivalent to either one of the
following inequalities

FIUF, — ATA; P+ AT
P+ A —1

oW (A;, P, U 2 (3.32)

CI>Z(-4)(Ai,Pi,Ui,Tia\Di)é <0 (333)
Pi= i+ WA —(Vi+ )
or some (I = £, Ui = U7 Z U, 1, W) an 1, ) € 8, where Vi = 11y Uil +
f P, =PI U =U'~=0,7,9, dV (i,j) € Q., where W; = FIU,F,
AT, + YT A;.
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The above new results stated in Theorem 3.2.3, Lemma 3.2.4 and Lemma 3.2.6
are equivalent in stability analysis, however, useful in investigating the problem of
controller and estimator design for PWA systems. In Chapter 7 and Chapter 8,

we can see such a small step may alleviate the design conservatism a lot.

3.3 Conclusion

This chapter has mainly presented some stability conditions based on PQLFs for
both continuous-time and discrete-time PWA systems. A unified representation of
those conditions has been provided for PWA systems. We note that these stability
conditions are only sufficient for PWA systems, while for standard linear systems,
there exist necessary and sufficient conditions for stability in terms of a Lyapunov

inequality. This motivates our study for better stability criteria.
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Chapter 4

Stability Conditions Based on
SOS Polynomials

4.1 Introduction

Recently, the positive polynomial theory [143, 86, 159], especially the polynomial
in sums of squares (SOS) form, has attracted much attention from the control
community [86]. There are mainly two types of works using the SOS polynomi-
als. One gives explicit conditions based on Gram matrix, which seems to be first
proposed by Bockett [26], and then extended by Barkin and Zelentsovsky [9, 185],
and further studied recently by Chesi et al. [38, 39, 40, 35, 37, 86, 98]. These
explicit conditions are directly given in terms of LMI. The other is implicit con-
ditions directly using positive polynomial formulation [132, 99, 131, 139]. Some
toolboxes, such as SOSTOOLS [140] and GloptiPoly [87], are used to solve the
problems. However, both explicit conditions and implicit conditions are derived
from SOS theory [132]. In this chapter, we will mainly discuss explicit conditions
in Gram matrices for both continuous-time and discrete-time PWA systems. For

clarity, we first recall some definitions here.

Definition 4.1.1 /38, 26, 98]/ (Power transformation of degree m) Consider
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the vector x € R", v = [x1, -+, x,]T. The power transformation of degree m is a
nonlinear change of coordinates that forms a new vector z'™ of all integer powered

monomials of degree m from the vector x,

[m] _ mi1

n

n+m-—1
Smyj=m, =1, dym, dpm= ( )
Jj=1

mi2

m7 .
xy? s omy; € {0,1,2,...,m},

(4.1)

m

Usually we take ¢; = 1.

Definition 4.1.2 /38, 26, 98/(Homogeneous polynomsial) Let P, ,, be the set
of all polynomials in n variables with degree m, i.e. all items in P,,, are in the
form of (4.1). If a polynomial fp, . € Pnm and fom(Az) = A™ frm(x), then fom
is a homogeneous polynomial. We define the set of all homogeneous polynomials
in n variables with degree m as H, . The square matricial representation (SMR)
of fnom € Hyom is defined as fp, om = l'[m}TCfl'[m}, where ™ € Rim s the base

vector of homogeneous forms of degree m in z, and C; = C’f € RiInm x Rinm,

Remark 4.1.1 An important property of the SMR is that the matriz Cy is not

gl _ gl

unique. In fact, we can identify some identities of the form: x
0,2,7,k,h € {1,2,...,dpm} , which is easily translated into a symmetric matriz
Cl e Rinm x Rinm with its (i,j) and (j,i) entries being 1 (if i=j, then (i,i)=2)
and (k,h) and (h,k) entries being -1, or some scalar multiple thereof, and all other

entries being zeros. Note that we can have a total of Ly, such identities, i.e.

(= 172"'7Ln,m; where Ln,m = %dn,m(dn,m + 1) - dn,2m[38] Thus fn,2m can be
Ln,m

represented as fnom = x[m}T(C’f + > ”ngéO))a:[m], where v, € R is a scalar.
/=1

For further use, we also define'

m
dp.i Xdp j
Mi,j cR n,i X w3 El,n,m = Z dn,i
i=l

'We note that the positive semi-definite matrix set /"En,m is first introduced by Jarvis-Wloszek
in [98].
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x Ml,l MLQ Ml,m
2] T
i’[m} — t R M[m] e ]\4.172 M2’2 M27m E Rzl,n,m le,n,m (42)
wlml ME, MI, .. M,

fn,m = {X > () gmMT X glm) = Z?:l 6, X € Rinmxdnm (4.3)
€ >0,e=er,...,€,) # 0} .

4.2 Useful Lemmas

Firstly, we recall a transformation from matrix A to an extended matrix A™. This

type of transformation connects Az to homogeneous polynomials of high degree.

Lemma 4.2.1 /26, 98] Given A € R™", x € R™ and m € N, then under
the power transformation, there exists a A € RIrm>dnm sych that (Az)m =

Almlglml e e R

Remark 4.2.1 Note that the transformation in Lemma 4.2.1 under some con-
straint is unique, which means that one A is corresponding to an unique A™. For

example, we force the sequence of :EZM to satisfy the lexigraphic ordering:

m] m m—1 m—2_2 m—2 .
ol = [ 2 ey 2Rl 2 Paws -
m m—1 m—2_2 . . om]T
1’2 x2 1’3 1’2 1’3 .. -’ .« .. 71'”]

However, the reverse is not true.

Lemma 4.2.2 [26, 98] Given A, B € R™", A" and B satisfy

(AB)Im = Alml gl (4.4)
(ADM = (AlmNa with q integer and AT well defined (4.5)
(AT = (Al)? (4.6)
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Lemma 4.2.3 If Az > 0, then Agl™ >0, If Ax =0, then AlMzl™ =0,

Remark 4.2.2 Note that the transformation A™ does not possess linear proper-

ties, i.e., [aA + BB]IM # aAlM 4+ pBIm,

Secondly, we present the transformation from A to Ajp,. This transformation is
widely used in uncertain linear systems, say, [38, 39]. It expands a differential

equation to a homogeneous polynomial of high degree.

Lemma 4.2.4 [185, 38] Given A € R™™ and m € N, with the relation &(t) =
A(t)z(t), then there exists a matriz Apy(t) € RI&m*dnm such that &L(zl™) =
Ap ()2 (2).

Lemma 4.2.5 [185, 38] Letting o, 5 € R and A, B € R™*",
[OzA + ﬂB] [m] = OzA[m} + ﬁB[m} (4.7)
Lemma 4.2.6 [185, 38] If A is Hurwitz, then Ay, is Hurwitz as well.

For more properties of these transformation, readers may refer to [185, 38, 9, 98].

4.3 SOS Based Stability Results

Due to the different transformations used for CPS and DPS, we discuss them
separately. Based on the Lyapunov stability theory, if we can find a set of HPLFs
of degree 2m, denoted by vi@m) (x), such that

0™ () >0, Ve €S, i €T, x #0; (4.8)
o™ (2) > vﬁzm) (z),Vz € Syj; (4.9)
0™ (2) <0, Ve €S;, i €T, x #£0, (4.10)
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then we can define a PHPLF candidate as

1 mode i is active
2m) — ZTiU§2m)7 T = (4.11)

0 otherwise

which implies the asymptotic stability of the corresponding system.

4.3.1 Continuous-time Case

Let us introduce the extended system corresponding to continuous-time setting of

(3.1) defined by
il = Ajpya™, 2 €S, i€ (4.12)
The extended system (4.12) plays a key role in our stability analysis.

Remark 4.3.1 The partition properties still hold after the transformation. For
Vo € S;, we have Fyx > 0. Thus according to Lemma 4.2.1 and Lemma 4.2.3, we
have Fl-[m}:c[m] > 0. Similarly, for Vo € S;;, we can deduce zlml = an]z[m} from

Tr = FijZ, S Rn—l'

Theorem 4.3.1 The continuous-time PWA system (3.1) is asymptotically stable,
if there exists a solution (P; = P!, U; = 0,V; = 0,7;) such that

T _
P—F™U,F™ —1,,,>0, Vie (4.13)
T
FJ (P = P)FY =0, Vi, j € Q (4.14)
e Ty i
PiAjp) + Aige) P+ 30 By + F™ ViE"
=1 (4.15)

1 <0, Vi€ T,

where Pi(éo) 1s such that x[m]TPi(eo)x[m} =0, I,m € ?E'n,m, € are sufficiently small non-
negative scalars and Fi[m}, FZ[]m] and A;py,) are the corresponding transformations of

F;, Fi; and A;, respectively.
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(2m)

Proof:  Define vi@m) (x) = 2l Palml . Now we prove that v,”" is a desired

Lyapunov function. For each region S;, we have F;x > 0,Vx € S;. Thus Fi[mlzv[m} >
0. From (4.13), for x # 0, we have

T _
v = glmlT pglml > T (P g pml T el s

(2

Since ¥ = Fy;z,Va € Sy, 2M = Fi[]m}z[m}. From (4.14), we have

T
o™ = gl palml — m)T F[]m] P an}z[m}

m]T m] T m| _[m mlT m om
AmI T p py o iml — i p gl — g (2m)

Further, it follows from (4.15) that

2m m]T m
%'Ui( ) — plm] (P Aimy +Ai[m]TP¢)CE[ ]
TR o), Ty e T
=™ (X Py + F"ViE™ A Ly )™
/=1

T _
— _x[m]T(FvZ[m} ‘/;F;[m} "‘In,m)x[m] <O, LL’?AO

IA

Observe that

(2m)

Thus we can conclude that v;”"" is a PHPLF for system (3.1) and the system is

asymptotically stable. n

Remark 4.3.2 The equality constraint (4.14) can be eliminated. One approach is
suggested by Johansson [102] via constructing a type of so-called continuity matri-
ces to guarantee the continuity of a Lyapunov function as stated in Theorem 3.2.1
and Remark 3.2.3. Thus we have: ﬁi[m]x[m} = F’j[m]:c[m]. An alternative approach

to replace (4.14) is to choose P; = ﬁi[m]TTﬁi[m], where T =TT, such that

mT Alm|T - 3lm]im _ mT m| __ (2m)

When m = 1, the result will reduce to these conditions suggested by Johansson and

Rantzer [102] and Hassibi and Boyd [82].
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Some SDP solvers such as SDPSOL handle equality constraints such as those given
in (4.14). However, other SDP solvers, say, LMI Toolboz of Matlab, can not handle
equality constraints directly, though we can use some transformation techniques to
eliminate the equality constraints and rewrite the LMIs. In this case, we can use

discontinuous Lyapunov functions similar to (3.16).

As stated in Remark 3.2.3, continuity of the Lyapunov function is not necessary

here. According to (4.9), we have
2 palml > gmTpalml 5 e s, (4.16)

Note that the set S;; can be represented by {z|Fijx = 0}. ThusVx € Sjj, Fi[;n]:c[m] =
0. (4.16) is equivalent to the following LMI in P;, P;,T;; by Finsler’s Lemma:

P — P+ FMT, + TEEM > 0 (4.17)

Hence, (4.14) of Theorem 4.3.1 can be replaced by (4.17) for ¥(i,j) € Q..

Remark 4.3.3 As stated in Remark 2.2.2, for i € I, the system has an alter-
native representation. Note that if F;¢ > 0, then F}m]g[m} > 0. Define A;, F},

_ T _ _

Fij as (2.10)-(2.11), and z = [ZT 1} . If € = Fyz, then ¢M = Fi[;n}i[m].
(Qm)
nately, in (4.13)-(4-15), if we replace Ay by Ay, E™ by FI™ and FZ-[;n] by
Ey

place v*™ with @Z-(Qm)) in (4.8)-(4.10) still hold. In fact, the last row of A; is zero

)

Now we define v = émﬂpif[m}, which s no longer homogeneous. Fortu-

I and with the variables properly dimensioned, the inequalities about 172.(2m) (re-

and the derivative of constant 1 is zero, thus there must exist an fli[m}, such that

L)) = Apyetm. We also note that for F; and Fy;, there must eist Fi[m] and

E™ . such that (Fi€)lm = Fi[m}f[m] and (Fy;&)m = Fi[fﬂ{[m]. Hence, we have

ij

d —(2m

d _(om d (2m) dpemy
dt 4 f[m]:Az[m]f[m]

) o _
%'Ui |5C=Aix+ai - %'Ui |§':Ai§

We can thus conclude that T)Ezm) 1s a Lyapunov function segment for the region S;,

1€1,.
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Theorem 4.3.1 introduces a PHPLF for the continuous-time PWA system (3.1).
The remaining questions are whether the more general functions: non-homogeneous
polynomial Lyapunov functions (NHPLF) in the form of SOS can improve the sta-
bility analysis and why the increase of degree m can relax the conservatism of

stability analysis. To answer these questions, we give the following theorems.

Theorem 4.3.2 The continuous-time PWA system (3.1) is asymptotically stable,
if for¥i € T, V(i,7) € Q. and a sufficiently small ¢; > 0,

M; — EMTo M _F >0

EIMT (N — MBS =0 (4.18)
where fli[m} = diag{Aip), -, Aipm) }» fnm = diag{0,...,0, Lnm}, Inm € Xnm, Fi[m} =
diag{ Fipy, ..., Fipmy } and F}j[m] = diag{Fjpy}, s Fij,,y}, admit a feasible solution M, =
Mi,[m] = Mzﬁm} - Rzl’"’mle’”’m,z ”A)/Z‘l S R, [ = 1, . Zgl([’”vl -+ ﬁi),g UZ ~ O,
Vi=0, iel.

Proof: The proof is similar to that of Theorem 4.3.1. n

Now we show that the NHPLF introduced in Theorem 4.3.2, in fact, cannot im-

prove the analysis performance, though more free variables are added.

Theorem 4.3.3 If the LMIs (4.18) in Theorem 4.53.2 admit a feasible solution,
then LMIs (4.13)-(4.15) in Theorem 4.3.1 also exist a solution, and vice versa.

Proof:  Assume M satisfies (4.18) (For brevity, we omit the subscript i of M;).

Partition
M= M[m—ll M Zﬁ PO _ Pﬁl(%l) Pf(%’z)
- _ ) Ly —
M My . PR(va)" PP(v)

2]\}[1-7[,,1] is defined in (4.2)
38; is an additional free integer number due to the non-homogeneous form. Note that 3,, = 0.
mIT PO zlm] — g,
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112 1 12
g il _ | Ve Vi g g _ | U U
' e VAL ve T e 2t 22

It is clear that U2 = F'™ U, FI™ and V22 = FI™TV,FI™ . From the first inequality
of (4.18), (4.13) holds. Also the equality of (4.18) implies (4.14).
A B;

Rewrite the third one of (4.18) as
Bl ¢

} < 0, where

Ai = M[m—l]lei,[m—l] + A;{[m_uM[m—u + Pt () + VH
Bi = MA; 1 + AZ:[m}M + PP (va) + Vi
Ci = My Ai 1y + ALy Mim) + P () + VZ + L

Now we shall prove that Mj,,; is the solution P in (4.15). In fact, since C; < 0, we
only need to prove that P22(~;) is equivalent to 37, P\” in (4.15). Considering

the fact that all the terms of degree 2m in ), %lf’i(lo) come from P3?*(y;) and
0 0

0 > va Pi(lo)

] is a special case of ), %lpi(lo), the result follows.

N 0 0 N 0 O
The reverse is obvious. We may simply choose M = [ , U = ],
R 0
= , where P, U; and Vj; are solutions of (4.13)-(4.15) in Theorem
0V
4.3.1. n

On the other hand, to relax the conservatism of stability analysis of the system
(3.1) using the PHPLFs, we can in general increase the degree m. In fact, we can
easily prove that if for m = 1, (4.15) has a solution, then for m > 1, it admits
a solution as well. For a larger m, (4.15) involves more free parameters which
shall allow a better (at least no worse) stability analysis result. We note that
the Positivstellensatz [99, 37, 132] suggests that when m is sufficiently large, the

relaxation is not conservative.
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4.3.2 Discrete-time Case

Consider the discrete-time PWA system (3.1). We introduce the extended systems

corresponding to (3.1) defined by?

AT =AM g e s e (4.19)

)

Note that a different transformation for matrix A; is applied here, compared with
the continuous-time case. The partition properties of Remark 4.3.1 associated with

the extended state also hold. We define a PHPLF similar to (4.11), and have the

following result.

Theorem 4.3.4 The discrete-time PWA system (3.1) is asymptotically stable, if
there exists a solution (P, = P U; = 0,V;; = 0,v;) such that

T _
P—F™U,F™ —1,,,>0, Viel (4.20)
T e gy )
AP AN — P S Py 4+ BV E
=1 (4.21)

+1pm <0, Vi,5€Qq, 1,7 €1y

where PZ.(ZO) is such that x[m]TPi(go):E[m} =0, Lnm € Xy, € >0, Fi[m] and A, are

the corresponding transformations of F; and A;.

T
Proof: Define vi(zm)(t) = xgm} Pix,[fm]. For each region S;, we have Fyx, >

0,Vz; € S;. Thus F™z™ > 0. From (4.20), we have
T T T _
v.(Qm)(t) = L[tm} Pixgm] > xgm] (Fi[m] UZ-FZ-[m] + Invm):cl[tm} >0, 2" >0

Similar to [55], we assume that the dynamics of the system are governed by the

dynamics of the local model of S; when the state of the system transits from the

4Here we use z; instead of z(t) for clarity.
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region S; to S;. From (4.21), we have

T
Av(t) = vC®m) (¢t + 1) — @) () = 2" (4, pAm - gl
L?’L m —
< —a" < z YieP) + FM VE™M 4 T, )l

for (i,7) € Q4. Note that

m|T m m|T
AO() gy =i = 21y Pyryty — 2™ (8) Piay™
= (Aixt)[m}TPj(Aixt) ml _ xﬁm}TPixEm]
T
= (A"z") PAM ™ — o Py

= Awv(t)

(4.22)

Al

Thus we can conclude that {Ufm)} is the right set of HPLF's for system (3.1). The

proof is completed. n

Remark 4.3.4 It is obvious that when m = 1, the result will reduce to those

conditions suggested by Feng [55] or Ferrari-Trecate et al. [64].

Remark 4.3.5 For the case that i,j € 1, we can easily check that for inequalities
(4.20)-(4.21), when A™ is replaced by AI™ and FI™ by FI™ | where A; and F, are
defined in (2.10)-(2.11), the properties of 172.(2m) still hold for i,j € I, with the

variables properly dimensioned.

However, different from the continuous-time case, jumps of state from one partition
to another are much more complex. In fact, we have to deal with the situation when
the state jumps from the partition © € Iy to the partition j € I or vice versa.

A; 0
1
Now we have to extend the Lyapunov matriz P; to a proper dimensioned matriz

Case 1 (i €1y, j €Iy and (i,7) € Qq): We choose 4; =

andﬁi:[pi 0].

P;. The procedure is described as follows:

Given a variable matriz Z; = (zl(f)m) € Réntim>dntim — Thys W; = MT z,¢0m =
dn+1,m><dn+1,m () m m n

(2 jn
2,y xn ", where s> mye can take a value from the set {0, 2m —
]:1 k=1
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2, 2m — 1, 2m}. Compare W, with v; = ™7 Pxl™ and determine the entries of
Z; such that zl(f)m for :L’?m} are the same as the coefficient of :L’?m} in v;, and let the

rest entries of Z; be zeros. Choose such Z; as P;. In this situation, we can easily

check that v; = ™7 Pglml = ¢mIT pelml — 3,

Case 2 (1 € 1y, j € Iy and (i,7) € Qq): Simply let A; =

A; 0 _
0” 1}andEj:[Ej 0]
and choose the proper P; from P; as Case 1.

Hence a new version of Theorem 4.5.4 shall also contain the following additional

conditions :
P—F™ O FE™ —1,.,.>0, VieT (4.23)

AT A B S g P FMTL R LT <o,
V(Z,j) € Qy; (Z,j 61-1) U (Z eIyNy 61-1) U (Z elinNy GI(])

(4.24)

where ]52.(50) is such that §[m]TJ5i(go)£[m} = 0 Fi[m] and Ay, are the corresponding

transformations of F; and A;, respectively.

Thus, we have already checked all the four possible situations (i,j € Zo; i,j € Iy;
i €Ty, j€Th; i €Iy, J € Iy; for (i,5) € Qq) that may happen in the state jump

for discrete-time systems.

4.3.3 Examples

Now we give some examples to illustrate our results. We compare our results with
existing works in two aspects: the decay rate of the system and the assertion of

stability:.

Example 4.3.1 The following CPS example is from [102]. The system parameters
are given by
—0.1 1 —0.1 )

A=Az = ,A2:A4:
-5 —0.1 -1 —=0.1
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-1 1 -1 1
Fi=-F=  F=—F =
-1 -1 1 1

The stability has been verified in [102]. Figure 4.1 provides two stable trajectories
from initial state [0 1! and [1 ,0]7. Here we will compare the decay rate of the

continuous-time PWA system (3.1). By setting (4.15) as

T _
P Ajgy + Ait" Py = pPi+ Y 7Py + F"™ ViE™ 4 10 <0
¢
where p is the corresponding decay ratio. We compare p by solving m = 1 and
m = 2, respectively. When m = 1, the optimal p = —0.21. When m = 2, the

corresponding A;py and Fi[z} are

—0.2 10 0 —0.2 2 0
Ajg = Az =] -1 —-02 5 yAgg = Ay = | -5 02 1 ,
0 -2 —=0.2 0 —10 —-0.2
1 -2 1 1 -2 1
FP=FP=11 0 1|, FP=F=| -1 0o 1],
1 2 1 1 2 1

and the optimal p = —0.40. It is obvious that when m = 2, the PHPLF gives a
much better result than that of PQLF, or m = 1.

If we change the system parameters A; to

—-0.1 1 —0.1 5)
-5 0.1 -1 —0.1

When m = 1, we cannot get a feasible solution from (4.13)-(4.15), i.e., Johansson’s
[102] or Hassibi and Boyd [82]’s methods cannot confirm the stability of the system.
In fact, if we choose m = 2, we can show that the system is stable and P; for (4.13)-

(4.15) are given by:

39.3319 —8.47619 —12597.9 981.565 —36.8693 —8311.88
P =] —847619 25590.7 —41.6463 |, P> = | —36.8693 17019.3 —13.2532
—12597.9 —41.6463 982.788 —8311.88 —13.2532 39.9871
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0.8

b I I I I I I I | | o
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 4.1: System state trajectory [0 1]7 and [1 0]

39.3319 —8.47619 —11666.2 981.5656 —36.8693 510.634
Py = | —847619 237274 —41.6463 |, Px= | —36.8693 —625.727 —13.2532
—11666.2 —41.6463 982.788 510.634 —13.2532  39.9871

Note that in [102], the authors suggest a way to further divide partitions, in order
to establish the stability of system. This method is valid here.

Example 4.3.2 In this example, we look at a DPS (3.1). The system parameters
are given by

1 0.01 1 0.05
Al = As = , Ay = Ay =
—0.05 0.897 —0.01 0.897

F;, i € T is the same as those of Example 4.5.1.

The stability can be verified by the methods in [43, 55]. Figure 4.2 shows two
stable trajectories from initial state [0 1] and [0 -1]7. By setting (4.21) as

T _
AT A — (L )P Y P + VG EM 4+ T, <0
l

where p is the corresponding decay rate, we compare p by solving m = 1 and

m = 2, respectively. When m = 1, the optimal p = —0.01. When m = 2, the
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1.5

0.5

-15 I I I I I I I I I
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 4.2: System state trajectory from [0 1]7 and [0 -1]7

optimal p = —0.02. It is obvious that m = 2 gives a much better result. In fact,
if we change the system parameters to:
1 0.01 1 0.05

Ay = A5 = , A=Ay =
—0.05 0.997 —0.01 0.998

we cannot get a feasible solution when m = 1. However, when m = 2, Theorem

4.3.4 proves the stability of the system with P;, ¢+ € Z shown as follows.

6.98249 0.122781 117286 0.261448 0.18896 186391
Py =1 0122781 —234570  —0.0225782 |, P2 = | 0.18896 —372779 0.719387
117286  —0.0225782  0.249983 186391  0.719387 7.01142
I 6.98249 0.122781 137957 ] [ 0.261448 0.18896 119429 ]
Py =1 0122781 —275911  —0.0225782 |, Pa= | 0.18896 —238855 (.719387
137957  —0.0225782  0.249983 | i 119429  0.719387 7.01142 |

4.3.4 Results Based on SOSTOOLS

In the above section, we gave an explicit constructive method for high-order ho-

mogeneous Lyapunov functions based on the Gram matrices. As an alternative,
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one may use the newly released Matlab Toolbox: SOSTOOLS [140] to obtain the

following results similar to these in [11, 139].

Theorem 4.3.5 (CPS) The continuous-time PWA system (3.1) is asymptotically

stable, if there exist polynomials v;(x), c¢;j(x), aix(x) >0, and by,(z) > 0, such that

v:(0) =0, Vi € I, (4.25)

vi(x) — Zaik(aj)Fi(k)(x) — L >0, Vo #£0, VieZ (4.26)
k=1

0i(Agw) + 3 ba(@) F (@) + L0 <0, Vo £0, Vie T (4.27)
k=1

vi(x) + e B (@) —v; = 0, Y(i,5) € Qo (4.28)

where Fl-(k)( ) is the k—th entry in F;x € R™:, Z(]k) (x) is the k—th entry in Fijx €
R™ii | I, o € Xy, 20 is the degree of v;(x).

Theorem 4.3.6 (DPS) The discrete-time PWA system (3.1) is asymptotically
stable, if there exist polynomials v;(z) ¢;;(x), aix(x) > 0, and by(z) > 0, such
that

v:(0) =0, Vi € Ty (4.29)

vi@) =Y (@) F (@) = Iy > 0, Yo #£0, Vie T (4.30)
k=1

Av;(z +szk )4+ 1,0 <0, Ve £0, Viel (4.31)

where Fl-(k) (x), Fi(f) (z) and I, are defined in Theorem 4.3.5.

Compared the method using SOSTOOLS with our explicit method for analyzing
PWA systems, our method has several advantages, one of which is that the explicit
form of Gram matrices allows us to easily study the properties of this type of

Lyapunov functions. For example, in Theorem 4.3.3, we show that the NHPLF
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cannot improve the performance by carefully studying the Gram matrices in (4.18).

Another useful toolbox on SOS is GloptiPoly[87] based on the dual theory of
polynomial moments [144]. In [131], Prajna et.al. use GloptiPoly to analyze

nonlinear control systems, which may be extended to PWA systems.

As a promising technique, the SOS theory is still in development. In fact, since
Hilbert presented his 17th problem in 1900, the SOS theory has been paid much
attention. Although Artin [143] shows that the mere existence of SOS presentation
of a positive polynomial, the solution offers a global characterization of positivity
of polynomials. Some results on special issues, such as decomposition [45], compu-
tational complexity and simplification [132], approximation [117] have appeared in
recent years. Using these new results, we may refine our analysis results for PWA

systems.

Based on SOS technique, more generalized classes of switched and hybrid systems

can be analyzed:
dr = fi(x), v €S, (4.32)

where S; = {x € R"|gi(z) > 0, k = 1,...,0;}, 0; is the number of inequality
constraints that form S;; i € Z such that (J,.; S; = R". T is the index set. f;(z)
and g;,(z) are in the form of polynomials [139]. In [11], Bemporad et al. use the

similar technique to [139] for passivity analysis:
6x(t) = fi(w,u), [27,u"]" €S, (4.33)

where S; = {[zT «T]T € R"™™|gyp(x,u) >0, k=1,...,0;},i € T.

SOS technique can also be applied to analyze the Ly gain [142]. For the system
with general polynomial dynamics such as (4.33), an improvement is expected.

However, for the PWA systems described as (2.4), say,

dx = A;x(t) + Bu(t)
y(t) = Cix(t)

z(t) € 5; (4.34)
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A direct application of the technique introduced in this chapter may not improve
the analysis performance of Ly gain compared with the piecewise quadratic func-
tions if we simply use the new vector [z, u?]?. This fact can be easily proved by

carefully studying the corresponding Gram matrices in each LMI.

Remark 4.3.6 In [102], Johansson provides a unified view of four classes of Lya-
punov functions (PQLF, CQLF, PWA Lyapunov function (PWLF), polytopic Lya-
punov functions (PTLF)). And he points out that PQLE can contain other three
Lyapunov functions as special cases. Here we further indicate that PQLF is a
special case of PHPLF. We note that all these methods actually draw the parti-
tion information based on the halfspace representation. However, as mentioned
in Definition 2.2.1, the polytope or polyhedra also has vertex representation. The
question is whether less conservative stability conditions can be found based on

vertex representation. We will discuss this problem in the next chapter.

4.4 Conclusion

This chapter has provided sufficient conditions for the stability of PWA systems
based on piecewise homogeneous polynomial Lyapunov functions (PHPLFSs). The
conditions can be checked by solving a set of LMIs. With respect to previous work
on PQLFs, improved stability analysis results can be obtained by increasing the
degree of the PHPLF. Some numerical examples have demonstrated the compar-
ative advantages of the PHPLFs. We have also briefly compared our results with
the conditions based on SOSTOOLS.
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Chapter 5

Stability Conditions Based on

Vertex Representation

5.1 Introduction

We have reviewed the existing results and presented our results on stability anal-
ysis for PWA systems based on halfspace representation in Chapter 4. In this
chapter we will investigate stability conditions for PWA systems based on vertex

representation.

Instead of discussing both CPS and DPS as in Chapter 4, here we mainly con-
sider CPS, since we can treat the DPS in a similar way. Consider the following

continuous-time PWA system:
t=Ax+a, x€S;, 1 €T (5.1)

where € R" is the system state vector, {S; = {z|F;xz + f; > 0}},.; € R" denotes
a polyhedral partition S of the state space into a set of convex polytopes. For the
sake of compactness, we mainly consider the case that all partitions contain the

origin, i.e. Z = Zy. An extension to Z; will be discussed briefly.

Since S; is convex, then S;; is convex too. Thus the elements in S; can be repre-
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sented by their convex hull of vertices as defined in (2.3), i.e.

L;
Z/\lzl, Alzo} (5.2)
=1

where x;; is the vertex vector and L; is the total number of vertices of S;. (5.2)

L;
S; = Co{zi1, ..., xip, } = {x = Z)\lx,-l
=1

can be rewritten as

Si = {Zlf = XZ)\| AE TLZ'}’ XZ = [xila "'axiLiL

- (5.3)
Yo, ==, AT € RESE N =1, A >0}

Similarly, S;; = {:B =Xy M| Ae Ty, }, where X;; is formed by the vertices of 5;;.
We call X; and X;; vertex matrices of S; and §;;, respectively. For the case that
S, is a full-dimensional simplex, we have L; = n+ 1, i.e., each S; has n+ 1 affinely

independent vertices, where A is called the barycentric coordinates of 5; [23].

The term quadratic stability refers to stability that can be established using a
quadratic Lyapunov function (QLF). For PWA systems, we define the following
piecewise quadratic (PQ) stability.

Definition 5.1.1 The PWA system (5.1) is piecewise quadratically stable if there

exists a positive piecewise (parameter-dependent) quadratic function v(x) satisfying
DT v(x) < —2aw(zx)

1
where D v(x) = hlim+ sup E[v(m—i— h) —v(x)] ! and « is a positive scalar. Note that
-0

PQ stability implies exponential stability.

Figure 5.1 gives an example of PQLF for PQ stability, where v is composed of 3
quadratic functions vy, vg, v3. In the switching boundaries, v is continuous at xs
and discontinuous at z;. Note that the conditions in Theorem 3.2.1 and Theorem

3.2.2 also guarantee the P(Q stability.

fv : T — R is Lipschitz on the interval T, then the Dini-derivative DT v(z) exists everywhere
on T. The Dini-derivative is equal to the derivative if the derivative exists; the Dini-derivative of
a Lipschitz function v(z) is defined everywhere on T; and the behavior of ©(x) on the measure
zero set does not affect the integral.
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\

W2

W3

0 1421 t2ix2 i

Figure 5.1: A PQLF along the state trajectory of a PQ stable system

For future use, we define £(d) as the set of L-tuples obtained from all possible
combinations of (ay, g, -+, ay), a; € N, such that Zle a; =d. L.(d) is the rth
L-tuples of £(d) which is lexically ordered, r = 1, ..., J(d) = &=l

d(L—1D) °
d! 4 fa—aeN
(@)= — (o) = { FTEE
Qe Qe 0 otherwise
d! -
Vi(doab) = 4 S ok a0 =be N
0 otherwise
d! -
le (d a.b C) _ ail(ag—a)l(a;=b)(am—c)l--ar! Zf Qg — @,y — b’ Qm — €€ N
0 otherwise

where a,b,c € N.

5.2 Useful Lemmas

Before presenting our main results, we provide some useful lemmas first.
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Definition 5.2.1 A matriz M € R™" is copositive, if x* Mz > 0 for Va € R
M € R™" is strictly copositive, if xT Mx > 0 for Vx € RYL, x # 0.

Lemma 5.2.1 2" Mz > 0, Vz € R aff ANTMN > 0, VA € Y,,. It also holds

similarly for the strict inequality version.

Proof:  For any z € R, there exists A = [A1,..., \,)7 € Ty, such that @ = pA,

where p = ||z||; > 0. The result follows. n
A,_1 a

Lemma 5.2.2 Let A, = AT = {a;j}tnxn = Tl ! A=A AT =
ay  Qpp

[5\, )\n]T c Tn, then >\TA)\ = S\TAn_lj\, where An—l = An—l +]0a{+a1]g+ann[0[g,
I = 100,...,0,1]. Furthermore, if a1 = 0 and a,, = 0, then \TAX > 0 iff
MNA, X >0, ie, A, 30 iff A,y 3 0. It also holds similarly for the strict

inequality version.

Lemma 5.2.3 [102] M € R"*" is (strictly) copositive, if it can be written as the
sum of a positive semidefinite (definite) P € R™"™ and an elementwise nonnegative

matriz ) € R™"™:
M=P+Q (5.4)
If n < 4, this condition is also necessary.

Lemma 5.2.4 (Pdlya’s theorem) [81, 138] Let

J(9)
F(A) = F(A g, A0) = D X (@)BAT A2 - AT (5.5)

r=1
where araq -+ ap = L,.(g), be a real homogeneous polynomial with degree d € N,
which is positive for VA € Wy. Then for a sufficiently large d € N, the product

L

(D A)FX) (5.6)

i=1
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has all its coefficients strictly positive. Furthermore, we can choose

d> 9(92—1)u —g

K

w = max{\ﬁr\,r = 17 oy J(Q)}v R = min)\GTL F(A)

(5.7)

5.3 Partition-dependent Lyapunov Function

Define a partition-dependent Lyapunov function (PDLF) similar to (3.6) as follows

T .. .
] 1 mode i is active

v(z) = vai(x), T, = , vi(z) = 2" Pr (5.8)
i=1 0 otherwise
where P, = P and v; satisfies
vi(z) >0, Ve e S;, VieI, x+#0; (5.9)
vi(z) > vj(x), Vo € Sij,i,j € Qe (5.10)
—0i(x) >0, Ve e S;, i1 €I, v #0 (5.11)

Theorem 5.3.1 A PDLF given by (5.8) assures the PQ stability of the PWA
system (5.1), iff there exists P; = PT, such that

(2

MNXTPXA>0, X;0#0, i€, VAe T, (5.12)
ANTXE(P = P)XyA >0, (i,§) € Qe, VAE Ty, ; (5.13)
N XT (AT P+ PA)XA >0, XA £0, i€, VA€ Ty, (5.14)

Proof: Based on the definition of PQLF (5.8)-(5.11), v(x) is obviously Lipschitz,
then the Dini-derivative D*v(z) exists everywhere. Since S; and S;; are polytope,
(5.9)-(5.11) are equivalent to (5.12)-(5.14). The necessary condition is obvious.
And we only prove the sufficient condition. In fact, (5.11) implies 27 (AT P; +
P Az < —;zTx, where ¢; > 0, z € S;. Choose a; = m, then 27 (AT P, +

P ANz < —20;27 Pir;.  In the switching boundary Sij, we may choose «;; =
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min(«;, o), then DTo(z) < —2a4;v(x). (If v(i) is discontinuous at the switching

boundary, then DTv(z) = —o0.) Finally, we choose o = min(ay;). n

Noting that X;\; # 0 in (5.12) - (5.14), we may eliminate zero vector from X; and
X; if the origin is one of the vertices of S; and S;;. Based on Lemma 5.2.1 and
Lemma 5.2.2, we can see that the elimination will not affect the inequalities of

(5.12)-(5.14).

Now the inequalities (5.12)-(5.14) are equivalent to:

X'PX; 30, i€T; (5.15)
X5(Pi— P)Xy 20, (i,j) € Qs (5.16)
~XI(ATP,+ PA)X; 00,i€T (5.17)

Copositive problem is a NP-hard problem. A well-known sufficient result for matrix

M to be copositive is shown in Lemma 5.2.3, which leads to the following theorem.

Theorem 5.3.2 A PDLF given by (5.8) assures the PQ stability of the PWA sys-
tem (5.1), iff there exist Py = Pl such that (5.15)-(5.17) are satisfied. Further-

(3

more, if max L; < 4, (5.15)-(5.17) are equivalent to the following LMI conditions

X'PX;,—U; >0, icT; (5.18)
XG5 (P = P)Xyy = Vi 20, (i,]) € Qs (5.19)
X[ (AP + BA)X, =W >0, ieT (5.20)

where P, = PF', U; =0, Vi; = 0, W; = 0. if maxL; > 5, (5.18)-(5.20) are only
sufficient.

Remark 5.3.1 In our formulation (5.12)-(5.14), the partition description is exact
since the vertex representation of polytope is exact. However, in [102], ellipsoid is

used to approximate the polytope. Nevertheless, our method has strong connection
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with the results in [102]. By a proper transformation, we can obtain the following

form similar to that in [102].

P —-Y'UY; >0, i€T; (5.21)
(P = Py) = Y VisYyy > 0, (i,5) € Q5 (5.22)
—(AT P+ PA) = YWY, >0, i€l (5.23)

where Y; = X" and Yy = X;; 2 For some special cases, we can even prove that the

results in [103] are the same as ours under the assumption that Lyapunov function

is continuous.?

Hence, considering the computational issue, if the sufficient conditions (5.18)-
(5.20) are used, then our method has similar computational complezity compared
with the one in [103]. In fact, if we note the conclusion in Lemma 5.2.2, we can
further reduce the computational complexity by decreasing the dimension of S; to
L; —1 and S;; to Lij — 1. For maxL; > 5, the formulations (5.18)-(5.20) are
only sufficient. There exist some other less conservative algorithms for computing
copositive matriz [132, 21]. However, the computation of these algorithms is much

more complex than that of (5.18)-(5.20), although they are also SDP-based.

Example 5.3.1 Consider an example similar to Example 4.3 in [102] with simplex

partitions:
—0.1 5) —0.1 1
Al = A3 = ) A2 = A4 = )
-1 —0.1 -5 —0.1
1 -1 -1 1 0
hh=-FK=|1 1|, kh=-F=|1 1 |,i=|0],i€el
-1 0 0 -1 1

2The Moore-Penrose inverse of X; and Y;; always exist. If S; is full-dimensional simplex and
X; contains origin as its one of its column vector, after eliminate origin for X;, X; is invertible,
since span{ i, ..., Tni} = R".

3For the case that i € T, and S; are full-dimensional simplex, X (with origin eliminated) is
invertible, hence we can easily check that the cell bounding are exactly X Z-_l.
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This example has already been proved to be stable [102]. We consider the decay
rate 2« defined in Definition 5.1.1. In fact, using the results from Theorem 4.1 and
Theorem 8.1 in [102] the non-trivial solutions give the almost same decay ratio
2a = 0.19 as Theorem 5.3.2. This actually illustrates the conclusion in Remark

5.3.1.

However, our method shows advantage in cases when the partitions are not full-

dimensional simplexes.

Example 5.3.2 Consider the following example related to selector control, which

is a common strategy for constraint handling in the process industry [24, 102].

Ax KTz >0

Ar+ BKTz KTz <0

In this example, each partition is a rectangle with four vertices. We shall choose
U, W; € R¥* and V;; € R?*? for Theorem 5.3.2. Using the algorithms in [102],
we can obtain maximum 2« = 2.0, while Theorem 5.3.2 gives 2a¢ = 3.5. Note that
in our LMI formulation, more variables are used: Theorem 5.3.2 uses 52 variables,

Theorem 4.1 in [102] 18 variables and Theorem 8.1 in [102] 22 variables.

This example is with 4 vertices, so the equation (5.4) in Lemma 5.2.3 is both
necessary and sufficient. In the next example, we will take a look at the case with

more vertices.

Example 5.3.3 Consider the bimodal system with the following parameters

-1 1 0 -2 2 0
Air=| -1 =1 05 |, 4A=|-2 -2 05 |,
-1 0 =02 -1 0 -=0.1
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F,=[100], F, =[-100]

under the additional constraint: max{xy, o, x3} = 2, min{xy, 9, x3} = —2.

It is obvious that each partition is a cuboid with 8 vertices. Using the algorithms

in [102], we can obtain maximum 2a = 0.90, while Theorem 5.3.2 gives 2a = 1.55.

Remark 5.3.2 In [102], it is shown that the partition refinement can improve the
analysis performance, and an automated algorithm is given to subdivide the par-
titions into simplexes. This refinement procedure on non full-dimensional simplex
may lead to better results. For ezample, we may connect the origin to other vertices
in order to divide two subspaces into 6 simplex sub-partitions in Example 5.3.2, and
then we can get almost the same results using these aforementioned algorithms, like
Example 5.3.1. However, if we count the extra computation effects on the partition

refinement, then our algorithm shall be more efficient than those in [102].

Remark 5.3.3 The extension to the case i € I is straightforward if we choose

. . = P pi S
the corresponding Lyapunov matriz as P; = e R+Dx(n+l) gnd X; =
pzT T
Xi _ o .
€ RUAUX(L) 4 I fact, using the transformations introduced in Remark
1

2.10 (see also [102, 172]), we can easily obtain a similar result to Theorem 5.8.2

for general cases.

5.4 Vertex-dependent Lyapunov Function

Due to the difficulty in partition refinement, we may consider the so-called parameter-
dependent Lyapunov function. Actually, in a sense, the Lyapunov function defined

by (5.8) is also a PDLF with respect to 7;. Here we use a more general kind

4For the case that S; is full-dimensional simplex, X; is invertible, which can be proved by
noting that wa; — 14, ..., TL,s — T(r,—1); are linearly independent.
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of parameter-dependent Lyapunov function, which can be considered as vertex-

dependent Lyapunov function (VDLF): ®

s . .
] 1 mode i is active
E TzUz

L;
0 otherwise 1

The new Lyapunov function candidate should satisfy (5.9)-(5.11), i.e

L;

Lol = XTI MPi) Xid > 0, Xihi £0, i €T, A€ Tp; (5.25)
k=1

Do = ATXE (S0 MePa — S0 MePir) XA > 0, (5.26)

(7'7.]> S QCa A€ TLi‘;

T = —ATXT(AT S B NP4 S5 Mo P A + M) XA > 0,
XiN#0,1€Z, e Yy,

(5.27)

— L Li . + e (4 6
where A; = > 00 e D>l TPy X;TAXG = (o) pyx L -

Similar to Theorem 5.3.1, we have the following conclusion

Theorem 5.4.1 A VDLF given by (5.24) assures the PQ stability of the PWA
system (5.1), iff there exists Py, = PL, such that (5.25)-(5.27) are satisfied.

However, (5.25)-(5.27) cannot be directly transferred into quadratic form with

respect to A, hence a new technique is necessary. In the following, we introduce two

5We consider the case that i € T first.
6Here we explain the derivation of (5.27). Note that

L;
vl(x Z /\szk A;x + :Z?TAT Z)\kPZk r+x Z e P
k=1 k=1 k=1

Since x = X;\, a set of solution of A with respect to z is A = X;tz+ (I — X' X;)y, where y € R
is any vector. Hence A\ = X;rj: = X;FAZ-XW\. Now we have

Z AePip = Z Zwmz)\zpm = Z Ak Z Lt P
k=1 =1

k=11=1

Hence we get (5.27).
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new LMI formulations, which are inspired by the recent work on SOS presentation
(132, 99, 172] and Pdlya’s theorem [129, 81, 138], to calculate the corresponding
Lyapunov matrices.
Noting that ZiLzl Ai = 1 for any A € T, multiplying (5.25) -(5.27) on the left side
with (ZZL:(};) M4, where L™ for (5.25) -(5.27) are L;, L;; and L;, respectively, and
d € N, does not change the inequality. Hence, the inequalities (5.25) -(5.27) with
multiplication (ZZL:(Z) Ai)% on the left side can be expressed as
i 1 W
(ZiLzl )‘i)dF[OZJ - E(ZiL:l Ai) =0
(2 )T > 0 (5.28)
L; \s dF[3} _ L; A >0
(i M) T —e(X2 Ap) =

where € is a sufficiently small positive scalar and ¢ is a proper even number, say,
v = 4. Further, if d is an odd number, then (5.28) can be possibly reformulated
as SOS polynomials with « = d 4+ 3. If such SOS polynomials can be found, then
(5.28) holds. Using SOSTOOLS [140] developed recently, the problem becomes
simple.

It is known that when (L™ d+3) € F = {(v,2),(2,25), (3,4)|7,6 € N'} [38], we

can always find the SOS presentation for (5.28) if (5.28) holds. To illustrate, we

consider the following example.

Example 5.4.1 Consider a similar example as Fxample 5.3.1 with

—-0.1 1 -0.1 5
A1:A3: >A2:A4:
-5 0.1 -1 —01

and keeps other parameters the same.

Each partition has 3 vertices, and each switching boundary has 2 vertices. Now if
we choose d = 1, then (L") d+ 3) = (3,4) € F for the first and third inequalities
in (5.28) and (L™, d +3) = (2,2 % 2) € F in the second inequality in (5.28). It
means that (5.25)-(5.27) have a solution, iff (5.28) has one too. Using the methods
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in [102] or Theorem 5.3.2, we cannot establish the stability. However, we can get

the corresponding VDLP in Theorem 5.4.1 using formulation (5.28) with d = 1.

Nevertheless, for other situations that (L™, d + 3) ¢ F, we cannot make such
conclusion. In fact, Chesi characterizes the positive polynomials which are not
SOS in [36]. Based on our experience, the result using higher degree d > 1 has no
significant difference from the one using d = 1 by this approach. Therefore, in the
rest of this section, we introduce another approach. It is motivated by the recent
work [129], where Oliveira and Peres provide a new condition for the stability
of LTI polytopic uncertain systems using Pdlya’s theorem [81, 138] (see Lemma

5.2.4).

Note that (5.25) and (5.27) can be expanded as

S MW + Yok 121 ll;ék>‘2>‘lQ

o (5.29)
+3 05 D1kt 2ot A 37, >0
where h for (5.25) and (5.27) is 1 and 2, respectively, and Qh , Z and 623Z are
defined as follows.
E}Z) = QQEZ)%M
gzl) = Zszk X4 + x€; Q Lik + xz];QElh)IZM
gzl) = i Q Tim + zzszk il + l’szzl Tim (530)
+x2szl Tik + xszzm T + T; sz Tik,
QW = Pu, Q) = —(ATPy+ PyAi+ Y02, diaP), h=1,2
(5.26) can be expanded as
Zk”1 A Qlw + Zk”1 Zz 1,l#k " )‘lQZij (5.31)

L’Lj_2 L —1 ’Lj
+Zk:1 Zl k41 Zum=I+1 Ak AA in’n'j >0
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and Q1;5, Q2;; and Qs;; are defined as follows.

Quj = ZEiTijijkiEijk,
Qaij = %Tijijkxijl + %leQijkxijk + xg;'k@ijlxijka
Q3ij = x%[@ijkxijm + xg-m@jkxijl + xz;'injlxijm (5.32)

T A T A T A
+255m QijiTijk + Tij QijmTiji + TijQigmTi,

Qijk = P — Py

In the rest of this section, we consider (5.28) with € = 0. (5.28) can be further
expressed as (5.33) and (5.34) as follows.

Zi(dl-i-?: )\al )\az . )\%ZL@ Fg;) >0 (533)
where h = 1,2, aqay---ap, = L,.(d+ 3) and

F(h Zk 1 X5 (d, 3)@11 +Z Zz 1z¢kaz(d 2,1)Q5 (h)
+ 305 b1 Doyt Xoam (4, 1,1 1)QLY

Z;{(dl+3 )\al >\a2 . )\ UF > (534)

r2] -
where ayaq - --ayp,; = L£,(d+ 3) and

3) L;j; Li; Li;
Ffﬂzg Zk J1 Xk(d 3)Qll] + Z J l Jl 1Ak Xkl(da 27 1)Q2ij
+ Zk”1 Zz k+1 i1 X (@, 1,1, 1) Q345

However, Pdlya’s theorem [81, 138] cannot be directly applied here, because it
implies that d would be rather large in order to solve (5.28), due to k = min I’ {}} =
0 for i € Zy (see Lemma 5.2.4). Hence, we shall make some changes in order
to overcome this obstacle. Here we first consider the so-called conewise linear
systems [31], and then extend to general cases. The state space of a conewise
linear system is covered by a finite number of conical regions, and that on each
of these regions separately we have linear dynamics, with continuous transitions
between different partitions. Here we further assume that these conical regions are

closed and bounded.
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To illustrate our idea, we consider the following example. Assume that the system
has four partitions as shown in Figure 5.2. For S, it is expressed as co{x1, T3, x3}.

!

!
. . ’ ’ .
We introduce two new vertices x; and z,, such that % = i—z = p, where p is a real

scalar, such that 0 < o < 1. Define St = co{exy, exy,ex),c25}, where 0 < € < 1.

Then S; = U S7. Now we consider the first inequality in (5.28). We use the
0<e<1
vertices from S} instead of these from S;. Since the inequality is homogeneous,

we may only consider S}. If the inequality holds for S}, it is also satisfied for
any other S§ because of scaling. Hence, the first inequality of (5.28) holds for 5.
We can consider the third inequality similarly. For other partitions, we may also

choose some new vertices with the rate p and have the similar conclusion.

Now we consider the second inequality in (5.28). This inequality also has homoge-
neous properties. Hence, we only need to consider some special cases. As shown
in Figure 5.2, for the case that the state trajectory happens to jump from S} to
S5\ S3, in fact, this situation is included by certain € < 1, see the internal parti-
tions by dashed lines. Based on the above discussion, we can see that for conewise
linear systems with the scaling technique, we may use the new partitions instead

of the original partitions for stability analysis.

Theorem 5.4.2 A VDLF given by (5.24) assures the PQ stability of the conewise
linear system (5.1), if there exist Py, = P} and a sufficiently large d such that for
r=1,---,J(d+ 3), the following LMIs hold

I >0, h=1,2 aiy--ap =L(d+3), VieT (5.35)

' >0, aja; - ap, = L,(d+3), Y(i,j) € (5.36)

1)

Proof: Using the scaling technique, we can avoid the partition including zero.

(5.35) and (5.36) imply (5.33) and (5.34), which in turn imply (5.25)-(5.27). =

Remark 5.4.1 From Lemma 5.2.4, we can see the necessary and sufficient con-

dition of Polya’s Theorem holds for the strictly positive polynomial. However, the
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Figure 5.2: A conewise linear system with four partitions

non-strict version of Pélya’s Theorem does not hold generally. Since (5.26) is
non-strict, Theorem 5.4.2 is only sufficient. Nevertheless, by increasing d up to
the bound introduced in Lemma 5.2.4, we may expect better performance analytical

result.

Example 5.4.2 We still consider FExample 5.4.1. This example has similar par-

tition structure as shown in Figure 5.2. We choose p = 0.5, i.e.,

-1 1 —-0.5 0.5
Xl = )
1 1 05 0.5

and so on. Using Theorem 5.4.2, with d = 0, we already get a feasible solution.

This example illustrates the potential advantage of VDLP.

Remark 5.4.2 For other situation rather than conewise linear systems, Theorem
5.4.2 is still applicable by noting two facts: 1) for those partitions with indices
i € Iy, they can be divided as cone-like partitions; 2) for those partitions with
indices 1 € Iy, we can directly apply the formulation in Theorem 5.4.2 without

scaling.
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It is also worthy of mentioning that Theorem 5.3.2 and Theorem 5.4.2 can be
extended to a general polyhedron S defined by (2.2).

5.5 Conclusion

This chapter has provided sufficient and necessary conditions for the PQ stability
of PWA systems based on PDLF and VDLF with the aid of LMIs. Compared
with the previous work on PQLF, PDLF gives an alternative interpretation to
PQLF for some special cases, and better results in general. For VDLF, although
it is not in a quadratic form, we have proposed two LMI approaches to overcome
this obstacle. Some numerical examples have demonstrated the advantages of our
methods. Moreover, our method can be easily extended to discrete-time PWA

systems.
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Chapter 6

Controllability and Reachability

6.1 Introduction

The notion of controllability and reachability, as well as observability, has played
a central role throughout the history of modern control theory. In this section, we
will first give a brief literature review on the controllability and reachability, as
well as the observability of PWA systems and switched /hybrid dynamical systems.
These properties have some direct applications. For example, the reachability asks
if it is possible to steer the system from a given point or set of initial states to a
given final state or a given set of final states. In fact, when we discuss the problem
of safety verification, where one has to guarantee that some undesirable (unsafe)
states are never reached while the systems is in operation. Hence we have to face
the reachable set problem. Also, we can find that the reachability has implication

in the study of the reduction of a realization [114, 14].

Controllability, reachability and observability of PWA systems generally cannot be
simply deduced from system models, because the system is not always controllable
even if the subsystem in every mode is controllable in common sense. Bemporad
et al. [14] show that these properties of PWA systems can be very complex and

present a number of counter-examples that rule out obvious conjectures about
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inheriting observability and controllability from the composing linear subsystems.

In fact, Blondel and Tsitsiklis [19] have already proved that the controllability prob-
lem of discrete-time PWA systems is a NP-hard problem. Sontag [156] shows that

observability of general PWA systems is undecidable, but that N-observability! is
decidable.

The curious fact to note here is that these early negative results have not pre-
vented researchers from studying these properties of PWA systems [31]. Actually,
along with the recognition of PWA systems as an important area of future re-
search in recent years, renewed effort in analysis for PWA systems has been made,
especially on the computational front. The researches have been mainly focus-
ing on developing efficient computational algorithms, or deriving conditions for
special /simplified models. For example, Kerrigan [114] suggest a computational
approach using standard geometric concepts (Pontryagin/Minkowski difference,
Minkowski sum, projection, and so on) to solve the robust reachability problem
of disturbed discrete-time PWA systems, where the disturbance constraints are
independent of state and input. And this approach is of orders of magnitude faster
than the quantifier elimination approach used by Koutsoukos and Antsaklis [116]
and Vidal et al. [165].

It is also meaningful to study some equivalent systems instead of PWA systems.
It seems that the main line of work in this regard has emerged from the so-called
mixed logical dynamical (MLD) systems introduced by Bemporad et al. [14]. In
[14], a mixed integer linear programming (MILP) ? based algorithm is introduced
to check “incremental observability”, which is a stronger version of observability
requiring a minimum amount of distinguishability between states, and controlla-

bility.

Although there are many issues to be explored with these general systems, we pay

LGiven an integer N, termed the observation horizon, the PWA system is N-observable if the
sequence of measurements (yo, y1, ..., yn ) determines the initial state z¢ uniquely for all o € R™.

2MILP is a kind of linear programming (LP), where the system model has some variables to
be required to take on integer values. [17, 14]
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our attention to some kinds of simplified systems. There are mainly three types.

The first type has simplification in dimension and model number, say, planar sys-
tems and bimodal systems. In this case, the conditions usually are given in explicit
forms based on classification methods. For example, Camlibel et al. give a nec-
essary and sufficient condition for the controllability of continuous-time planar bi-
modal linear complementarity systems in [29], and an extension for planar bimodal
linear systems with continuous dynamics along the hyperplane boundary in [30].
Brogliato [28, 27] obtains necessary and sufficient conditions for global control-
lability of a class of continuous-time linear complementarity systems with planar
evolution variational inequalities. Xie et al. [169] provide an explicitly necessary
and sufficient condition for null controllability of a special class of discrete-time
planar bimodal PWL systems, where two models have some same parameters. In
[80], the reachability of PWA systems on polytope in the plane (two-dimension) is
analyzed. Specially, the null controllability and (asymptotically) null controllable
region of both continuous-time and discrete-time saturation systems are studied

by Hu and Lin [90].

The second type has simplification in the region description. A typical example
is conewise linear system. Necessary and sufficient conditions for observability
and controllability are derived in [31, 32]. Another early example is the so-called
hypersurface system?, a controllability characterization of which has been provided

in [118].

The third type has simplification in switching sequences or models. As we know,
once the switching sequences or models are known as “a priori”, the so-called
controllability matrix or observability matrix can be used to analyze the corre-
sponding properties directly [151]. There are several such system models. The

first example is piecewise constant system (PWCS) *. An early work by Goshen-

3Tt is assumed that the number of inputs in each subsystem is equal to the number of states
minus one [118§].

4PWCS’s time-line of measurements is decided by finite number of time segments, i.e, the
system matrices are piecewise constant functions of time. There are cases where the time vary-
ing system can be expressed by a PWCS with little loss of accuracy, and with no loss of the
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Meshin and Bar-Itzhack [75] develop an observability matrix for PWCS in both
continuous-time and discrete-time representations. In [52], Ezzine and Haddada
discuss both observability and controllability. The second example is sampled-data
PWA system. Azuma and Imura [6, 7] propose an algebraic characterization and a
probabilistic approach to solve the controllability and reachability problem for such
systems. The third example is the PWA system whose partitions are based on the
output space [57]. In addition, some works are under the assumption that mode
sequence is arbitrary and independent of the initial state and input sequence in
the switched systems. Under this assumption, the so-called pathwise observability

and controllability are decidable [8].

Although the conditions for simplified systems are difficult to be extended to gen-
eral cases, we may still use them as reference. For example, the criteria of reach-
ability for discrete-time arbitrary switching systems are sufficient conditions for

DPS. Hence they are still worth investigating.

In this chapter we mainly discuss a type of bimodal PWA systems. The examples
of bimodal PWA systems may exist in temperature control systems [14], digital
control of autonomous cars with a two-value gear-box [135], chaotic systems [137,
34, 61] and digital control of ideal diodes with two modes: the blocking mode and
the conducting mode. A simple switched circuit may also lead to a bimodal PWA

systems [181].

The planar discrete-time system considered is defined as follows.

1)~ Ayz(k) + Bru(k), if CTx(k) > 0 o)
As(k) + Bou(k), if CTa(k) <0

where x = [z; 25]7 € R? is the state vector, u € R is the input. A;, Ay € R**?
and By, By, C € R? are constant matrices. We also denote S; = {z|CTz > 0} and
82 = {SL’|CTLL’ < O}

characteristic behavior of the system [75].
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Note that there are many different concepts on controllability, reachability and ob-
servability among these analysis [69, 114]. The corresponding (null) controllability
and reachability adopted in this chapter are defined as follows.

Definition 6.1.1 (Null Controllability) A nonzero state of (6.1) is (null) control-
lable, if there exist inputs such that the initial state is driven to zero in finite steps.

The system (6.1) is null controllable (NC), if all nonzero states are NC.

Definition 6.1.2 (Reachability) A given state of (6.1) is reachable, if there exist
inputs such that the given state can be reached from zero in finite steps. The system

(6.1) is reachable, if all nonzero states are reachable.

We also define the NC set and reachable set as follows.

Definition 6.1.3 (Null Controllable set) The NC set Xy in k steps is defined as
{zo € R?|Fu(0), ..., u(k — 1), such that x(0) = o and z(k) = 0}.

Definition 6.1.4 (Reachable set) The reachable set Yy in k steps is defined as
{x; € R?|3u(0), ...,u(k — 1), such that 2(0) = 0 and z(k) = z}.

Lemma 6.1.1 &, C X1, for any integer k > 0. Thus the system (6.1) is NC,
if and only if there exists k < oo such that X, = R2.

Lemma 6.1.2 Y, C Vi1, for any integer k > 0. Thus the system (6.1) is reach-
able, if and only if there exists k < oo such that YV, = R>.

Throughout the rest of chapter, we denote u(k) = uy.

6.2 Controllability

In order to simplify the analysis, we divide the discussion into two cases based on
whether [By, By| is nonsingular. We discuss the nonsingular case in subsection

6.2.1, while leave the singular case in subsection 6.2.2.
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6.2.1 [B;, B.] is nonsingular

In this section, we consider the system (6.1) where the matrix [B;, B, is nonsin-
gular. Firstly, some preliminaries on the null controllability are given. We then

discuss the null controllability problem under several cases of system parameters.

Under the non-singularity assumption, the system (6.1) can be simplified. Define

P =[B;, By]™', Z = Px. (6.1) can be rewritten as

1) - /:11 (k)+£:31u(k) if ?T:E(k) <0 -

Kl

S

where By = [1 0|7, B, = [0 1], A; = PA;P~Y, i=1,2and C = P7TC.

It is obvious that for a non-singular matrix P, the transformation z = Px will
not change the property of null controllability. For this reason, we can assume,

without loss of generality, that

Al i B
I B B L Y (6.3)
Al Vi 6
1 0 C1
Bl = ) BQ - ) C =
0 1 Co
sl 0 o | P
For future use, we denote ¢ as the empty set, Ay = C' s Ay =C ,
-N —Q2
and
seER|As >0} ifA#£0 s € R|As <0} if A#0
s, = { [As > 0} # s = { | ¥ # (6.4)
R ifA=0 1%} if A=0.

Lemma 6.2.1 The following propositions hold for the system (6.1) with parame-
ters of (6.3):
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(1)

(2)

(3)

(4)

Assume that ¢; # 0, i = 1,2. If there exists k such that {x|CTx > 0} C A,
or {x|CTx < 0} C Xy or {z|CTx = 0} C Xy, then X1 = R? and system
(6.1) is NC.

Assume that ¢; # 0 and c5 = 0.

(a) If there exists k such that {z|CTz < 0} C Xy, then xpy = R? and
system (6.1) is NC.

(b) When By # 0, if there exists k such that {z|CTz < 0, ALz > 0} J{z|CTz >
0} C X, (or {x|CTx <0, ALz = 0} U{z|CTx > 0} C X,), then Xy = R?
and system (6.1) is NC.

(c) When §; # 0, if there exists k such that {z|CTx < 0, Alyx > 0} U{z|CTz >
0} C Xy, then Xpy1 = R? and system (6.1) is NC.
Assume that ¢; = 0 and ¢ # 0.

(a) If there exists k such that {z|CTx > 0} C Xy, then Xy = R? and
system (6.1) is NC.

(b) When ~y, # 0, if there exists k such that {x|CTx > 0, AL,z > 0} J{z|CTz <
0} C Xy, then X1 = R? and system (6.1) is NC.

]f Xk—i—l = Xk, then Xk—i—l = Xk, ) Z 0.

Proof:  The proposition (1) and proposition (/) have been considered in [169].

We only prove proposition (2) since proposition () is similar.

To show (2)(a), note that for any € R?, there are two situations: either z €

{z|CTz < 0} C X, or z € {z|CTz > 0}. For the former, it is already NC. For

the latter, considering that CT(A,x + Byu) = c1[aq, Bi]x + cju, we may choose a

proper u, such that CT(A,z+ Byu) < 0, which means after one step, the state will
lie in X),. Thus X, = R%

As for (2)(b), we also consider such situations. If z € {z|CTz > 0}, it is already
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NC. If 2z € {z|CTx < 0} and the next (one-step) state lies in X}, then

CT(Asz + Byu) < 0
CT(Ayx + Bou) >0 or (42 2) (6.5)
Agl (Agl’ + BQU) 2 0.

That is

ALz <0
ALz >0or o (6.6)
Agl (Agl’ + Bgu) 2 0.

Since we can always find a proper u to satisfy AL (Ayx+ Bou) > 0 because (35 # 0,
so {x|CTx < 0} C X,1,. Hence, X1 = R?. From the proof, we may observe that
{z|CTx < 0, ALz = 0} J{z|CTz > 0} C X is also a sufficient condition. The

proof of (2)(c) is similar. n
Let us first consider the following two special cases:

(1) A12 - O

(2) A21 - O

under which we can easily have the following results.

Lemma 6.2.2 [f A3 = 0 and co # 0 (or Ay; = 0 and ¢; # 0), then the system
(6.1) with parameters of (6.3) is NC and Xy = R*.

Proof: If Aj = 0, the system dynamic corresponding to the first mode is
Alx +u
determined by Ajx + Biu = . Thus {x|CTz > 0} is NC. According
0

to Lemma 6.2.1 (3)(a), X» = R?. Similarly, if Ay; = 0, {z|CTz < 0} C X, thus

the result follows. =

Lemma 6.2.3 Consider the system (6.1) with parameters of (6.3) in the following

two cases.
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(]) A12:O,02:O,/62:0 (Z’rldAgl#O

(2) A21:O, 01207’}/1:0 O/ﬂdAlg#O

For case (1) (respectively, case (2)), the system is not NC if and only if ag > 0
(respectively, 61 > 0); the system is NC if and only if as < 0 (respectively, 6, < 0).

Proof:  For Case (1), it is easy to deduce that X; = {z|CTz > 0} and X, =
{2|CTx > 0} U{z|CTz < 0,c;AL,x > 0}. Hence, we can prove that if ay > 0,
X3 = Xy; otherwise, X3 = R>.

For Case (2), it is easy to deduce that X} = {x|r, = 0} |J{z|CTx < 0}. For any
x € Xy, if CTax >0, we have: x5 = 0 or ca6129 < 0. Thus we can see that if §; > 0,
X3 = Xy; otherwise, X3 = R2. n

Lemmas 6.2.1, 6.2.2 and 6.2.3 show that if A;5 = 0 (respectively, Ay; = 0), the
system is not NC if and only if ¢ = 0, £ = 0, ag > 0 and A # 0 (respectively,
cg=0,v=0,0; >0and Ay # 0). Hence in the following three subsections, we
only need to consider the cases with A5 # 0 and Ay # 0.

(I) Oé251 —’)/152 % 0 and C; % 0, 1= 1,2

Now we are ready to present one of the main results in this section.

Theorem 6.2.4 Consider the system defined by (6.1) with parameters of (6.3)
satisfying andy — y102 # 0 and cico # 0. The system is not NC if and only if one
of the following conditions holds:

(1) Ao =0 and either one of the following conditions is satisfied:
((1) Y1 = O, 51)\17’] Z O, )\1 7’é O
() 1A <0, 61ca <0, 1A >0, 01\ >0

(c) 1AL >0, 61ca >0, 1A >0, 61\ >0
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(2) Ao # 0 and either one of the following conditions is satisfied:

(0,) Ay > 0, ’)/1)\1 < 0, (51)\1 > 0, oAy > 0, 62)\2 < O, CoMg < 0
(b) )\1)\2 > 0, ’71)\1 > 0, 51)\1 <0, Oég)\g <0, /62)\2 > O, 02)\2 <0
(C) )\1)\2 < 0, ’71)\1 <0, 51)\1 < O, Oég)\g > 0, /62)\2 > O, 02)\2 >0

(d) )\1)\2 < 0, ’71)\1 > 0, 51)\1 > 0, Oég)\g <0, /62)\2 < O, 02)\2 >0
Proof: The main ideas used in the proof lie in the following observation:

(1) The number of classification is finite with respect to the finite system pa-

rameters;

(2) Based on the set mapping, the NC set X}, can be determined as follows. First,
we can easily deduce the set X;. Once X}, is determined, for any z € R?,
considering T = Az + Byu when {z|CTx > 0} and/or Z = Asz + Byu when
{z|CTz < 0}, we may determine X}, ;. Thus we may find for some k, either
X, = R?, which leads the system to be NC, or X, = X, # R?, which
leads the system to be not NC. Fortunately, only finite number of such steps

suffices.

The detail is shown in Appendix B.1 using a similar framework of [169]. n

(IT) a9y = foys & ¢; #0, i=1,2
We have the following result.

Theorem 6.2.5 Consider the system defined by (6.1) with parameters of (6.3)
satisfying andy = Poyr and ¢; # 0, i = 1,2. Then, the system (6.1) is NC.

Proof: See Appendix B.2. n
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(II) ¢; = 0,i =1 or 2

Under this condition, the system (6.1) with the parameters of (6.3) has its modes

determined by the xs-axis or zi-axis. We have the following result.

Theorem 6.2.6 Consider the system defined by (6.1) with parameters of (6.3)
satisfying A1s # 0 and Ay # 0. Then the system is not NC if and only if one of

the following conditions holds:

(1) 017&0, c2=0,01=0,8=0,a90 >0
(2) c1 #0,¢c2=0,61>0,0,=0,71#0, az >0
(3) 01207627&07712075120

(4) c1=0,c0#0,0=0, 6; <0, 1152, >0

Proof: See Appendix B.3. -

Remark 6.2.1 Consider the system defined by (6.1) with parameters of (6.3).
From Theorems 6.2.4, 6.2.5 and 6.2.6 and their proofs, the following properties

can be observed:

(1) The null controllability is not relevant to the parameters oy, (1, Yo and 5.

1w 1S s en a non-zero wnitialL state 1n can o0e ariven to zero within
(2) If it is NC, th mitial state in R> be driven t thi

at most four steps with proper inputs.

(8) If it is not NC, then Xj is at most an angular region and for a non-zero
initial state in any NC set (even for Xy, k > 2), zero can be reached within

at most three steps with proper inputs.

Remark 6.2.2 As pointed out in Remark B.1.3 of Appendixz B.1, the conditions

for NC are related to the relative position of lines CTx = 0, A,z = 0 and AL,z = 0.
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This partially explains why the conditions in Theorem 6.2.5 and Theorem 6.2.6
are less complex than Theorem 6.2.4. For example, in the case that \y # 0 and
Ao # 0, the situations in Theorem 6.2.4 are rather complex, whereas in Theorem

6.2.6, since 0y \1aAa > 0, it is relatively easier to deduce the NC' set.

6.2.2 [B;, By is singular

In this section, we briefly discuss the case that [B;, Bs] is singular. For a non-zero

[By, B, it is obvious that there are two cases for det[B;, Bs] = 0.

(1) Bl#Oanng#O

(2) Blz()OI"Bg:O

For the first case, we can always find a nonsingular matrix ) that transforms
B;, i = 1,2 into [1 0]7. Thus, without loss of generality, we can assume that the
system (6.1) is of the form:

a; B . 1 1
Ai: ,221,2, BlzBQZ ,C: . (67)

Yi 0 0 C2
In this case, Propositions (1), (2)(a) and (4) of Lemma 6.2.1 still hold. If we
change the condition (3 # 0 in (2)(b) as ay # 0 and d6; # 0 in (2)(c) as 7 # 0,
then (2)(b) and (2)(c) stand. Meanwhile, we may find that the analytic procedure
in Section 6.2.1 can be applied here too. The detail is omitted.

The second case involves a partition where the control input is zero. This situation
will be more complicated and no general result has been found yet. However, it is

possible to deduce the null controllability. For example, we consider the case

o ay 0 1 0 c
Alz ' /61 7A2: ? 731: 732: 7C: ' 9
0 & 0 O 0 0 0
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where ap < 0 and ¢; > 0. In this case, any x € {2|CTz < 0} can jump to the set
{x|x; > 0} in one step and any z € {x|CTx > 0} can be driven to {z|r; > 0} by

a proper u. Since {z|r; > 0} is NC, then the system is NC.

6.3 Reachability

Note that the full rank of the reachability matrix R;(k) [151] of each of the two

modes may not guarantee the reachability of the system (6.1). For example, A; =

(0%} 61 1 1 1
, Ay = , C = , where 35 # 0. Thus we have R(2) =
1 1 B 1
I o L1 . . .
and Ry(2) = . It is obvious that R;(2), ¢ = 1, 2, is of full rank.
0 1 0 B2

But the system is not reachable. In fact, V5 = Vs = {z|z; < 0} {z|zs > 0} # R2.

Nonetheless, along a similar line of the discussions on controllability, we can obtain
the explicit conditions for reachability. Different from the NC set, where X, =
{z|A1z + Biu € Xp_1,2 € S} U{x|Asx + Bou € X_1,x € Sy}, the reachable
set can be obtained by Vi = {Aix + Byulz € (S1(\Vi—1) U{A2z + Boulz €

(S2 N Ve-1)}-

6.3.1 [B;, By] is nonsingular

Since z(1) = Byuy, Y1 = {z|rs = 0}, then all states in S; by one-step transit
remains in & if and only if ¢; = 0 and ¢y # 0. Firstly, we consider the case that

QiU + U ) .
cg =0and ¢cg # 0. x(2) = Ajx(1) + Biug = . It is obvious that

Y11
when v, = 0, V, = )1, the system is not reachable. Otherwise, )V, = R2.

Secondly, we consider the case that ¢; # 0. For any z; € &y, i.e., cqu; > 0,

_l’_
2(2) = Ayr(1) + Bius = | T (6.8)

YUl

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

6.3 Reachability 87

and for any x; € S, i.e., cruy < 0,

oUq
V2u1 + Uz

Thus we have the results for ), shown in Table 6.1.

Casel 71 | o | Vs

2 =0 | #£0 {z]zs = 0} U{x|z1 < 0}, if c1ay > 0
{z]zo = 0} U{z|z1 > 0}, if c1ay <0
{z]zs > 0} U{z|z1 = 0}, if 171 > 0
{z]zo <0} U{z]z1 = 0}, if €171 <0
{z]zg > 0} U{z|z1 > 0} or {x|xy
! #0170 0} U{x|z1 < 0}, if 1100 <O

{afe, = 0} U{zlzr < 0} or {a[z,
0} U{x|z1 < 0}, if 100 >0

3 | #£0|=0

IN

IA

Table 6.1: Four cases of ),

To consider Vg, k > 3, similar to the analysis on controllability we can discuss the
reachability under several situations. One of main steps is to identify the value
set of f = AL,z or g = AL x under the constraint z; > 0 (or z; < 0 or x5 > 0 or

xy <0, or strict version) and CTz > 0 (or CTx < 0). For example, we have:

Lemma 6.3.1 Consider the value set of f in xo > 0 and CTx > 0, where ¢; # 0.
(1) f>0if and only if a) ¢ <0, v, <0, \y <0orb)c; >0,v >0, A\ >0.
(2) f<0ifand only if a) c; <0, >0, Ay >00rb)c >0,v <0, A\ <0.

(8) {f} =R if and only if 1\ < 0.

We now present the reachability results for the case that Ajy # 0 and Asy # 0.

Theorem 6.3.2 Consider the system defined by (6.1) with parameters of (6.3)
satisfying ¢y # 0. If A1g # 0 and Ag; # 0, then the system is not reachable if and

only if one of the following conditions holds:
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(1) (m = 0)N(Ps1 U Ps2);
(2) (a2 = 0) (P51 U P52 U P53 U Ps4);

(3) (1)71 U (I)72 U (I)73 U (1)74

where ®;; is defined in Appendiz B.4.

Proof: See Appendix B.4. -

For the case that A3 = 0 and/or As; = 0, we have the following result.

Theorem 6.3.3 Consider the system defined by (6.1) with parameters of (6.3)
satisfying c1 # 0. If Ay = 0 and/or Ay = 0, then the system is not reachable if

and only if one of the following conditions holds:

(1) A1a =0, Ay =0;

(2) Ai1a =0, Ay # 0 and either one of the following conditions:
(a) ag =0,c5 = 0;
(b) (2 =0,02>0,c0>0,A <0)J(ag = 0,082 <0,¢2 <0,A >0);
(c) (g =0,02 >0,c0 <0,A >0)J(ra = 0,02 <0,¢0 >0, <0);
(d) (crag > 0)((P1aU(ca =0,¢1 <0));
(e) (crag < 0)((P33U(ca =0,¢1 > 0));

(8) A1z #0, Ay = 0 and either one of the following conditions:
(a) (1 =0,01 > 0,c0 >0);
(b) (1 =0,0, > 0,c0 <0);

(c) (c171 > 0) [ Paz [(c261 > 0);

(d) (Cl’}/l < O) m Dy 0(0251 < 0)

where ®;; is defined in Appendiz B.4.
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Proof:  The proof is similar to that of Theorem 6.3.2, thus we omit the detail.

Remark 6.3.1 From Theorem 6.3.2 and Theorem 6.3.3, we can see that the sys-

tem defined by (6.1) with parameters of (6.3) has the following properties:

(1) The reachability is independent of the parameters: oy, (1, Y2, 0o.

(2) If it is reachable, then a given final state in R* can be reached within at most

four steps with proper inputs.

(8) If it is not reachable, then Y5 is at most a region containing three quadrants
and for a given state in any reachable set, the state can be reached within at

most three steps with proper inputs.

6.3.2 [B;, B is singular

Similar to the discussion in Section 6.2.2, we may also analyze this situation by
two different cases. The first case of By # 0 and By # 0 can be addressed in an
analogous means of Section 6.3.1. However, for the case that B; = 0 and By = 0,
it is also not easy to reduce the corresponding explicit conditions. Nevertheless,
the reachability is still possible. For example,

ar B 1 0 0
A = ,B1 = , By = , C = >717é0

71 01 0 0 Co
Remark 6.3.2 Although controllability and reachability share some common prop-
erties, for example, X1 C Xy (Ve—1 C Vi) and those in Remarks 6.2.1 and 6.3.1,
the difference is obvious. For example, when A1 = 0 and Ay = 0, the system is

NC' but not reachable. This is because matrices A;, i = 1,2 are not invertible.

Remark 6.3.3 In general, the presented method of general classification can be ex-

tended to high order and multi-modal PWA systems. However, with the increased
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system order and/or number of modes, the classification tends to be complex, which
makes it hard to obtain explicit conditions for controllability in terms of system pa-
rameters. Nevertheless, the classification method can be implemented numerically.
We assume that the corresponding region S; of each mode is polyhedra [102]. Ac-
cording to the previous analysis, we can see that once Xy_1 is known, we can deduce
X from X,_1. In fact, X; = UTIl{x\ij + Bju € X;_q,z € S;}. 1t is obvious
that Xy = {0}. Hence, a recursive algorithm can be used to calculate the k-step
region X, with the following two stop conditions: 1) if for some i, X; = R"™, then
the system is NC; 2) if for some i, X; = X;_1 # R", then the system is not NC.

Note that, in the worst case, this direct approach of calculating X), has the com-
plexity growing exponentially with respect to k. That is because at any time step
k, X, may contain up to m* sets. So the key issue is to reduce the computational
complexity, i.e., to limit the number of regions in X in each step. The unions
of polyhedron [70] and the fact Xy—y C Xy may be helpful for this purpose. The

detailed analysis is beyond our scope.

6.4 Conclusion

This chapter has discussed the null controllability and reachability of planar bi-
modal PWA systems. Some necessary and sufficient conditions have been pre-
sented in terms of the system parameters. We have also shown that in some
situations, controllability and reachability can be asserted in finite steps. These
analytical procedures indicate the complexity of PWA systems. For high order
or multi-modal systems, we have suggested a recursive procedure to evaluate the
controllability /reachability. We point out that the so-called set-controllability and
set-reachability [14, 17] can be discussed using the approach introduced in this
chapter.
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Chapter 7

H~ and Generalized H5

Controller Design for

Discrete-time PWA Systems

7.1 Introduction

In Chapter 4 and Chapter 5, we have provided several improved stability criteria
for PWA systems using the SOS theory and vertex representation compared with
existing results. Although the SOS theory is a powerful tool in analysis, it is not
easy to be applied to design problems. As stated in [99], the design problem for
CPS may be solved by SOS via a rather complex iterative procedure, while it seems
to be arduous for DPS. Some other approaches also impose too many constraints
[141, 51]. Using the criteria based on vertex representation for CPS, the design
problem is naturally transferred to a BMI problem. However, it seems impossible
to give a direct LMI-based solution. Hence, in this chapter, we mainly deal with
the controller design problem with the aid of PQLF, which has been summarized
in Chapter 3.

Though the approaches to linear differential /difference inclusions for the state feed-
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back control problem can be employed directly, where the design problem can be
transferred into an LMI problem using Lemma 3.2.5, it is inheritably conserva-
tive due to no partition information as stated in Remark 3.2.5. See [43, 126] for

examples.

Theorem 3.2.1 and Theorem 3.2.2 provide less conservative criteria, however, a
direct application into state feedback controller design may bring some problems
partially due to the bias terms introduced by S-procedure to include the partition
information. For CPS, the design problem becomes a BMI problem. For example,
Feng [56, 54] provides some formulations based on BMIs. Hassibi [82] considers
the same problem by using a pre-designed ellipsoid and gives an LMI formation
with scalars. However, for DPS, it seems that there is no design method based on

Theorem 3.2.2 before our attempt, as the design problem is neither LMI nor BMI.

The similar problems also appear in robust state feedback control for PWA systems
[43, 126, 64, 63, 167, 58, 56, 54]. In [58], Feng presents an H,, controller design
method for fuzzy dynamic systems based on a continuous-time PWA model. And
in [167], Wang and Feng extend the result for discrete-time Fuzzy systems. In
[43, 126], Cuzzola et al. consider the H, control problem, generalized Hy problem
and robust H, control. Similar obstacles as in the stabilization problem also exist

here.

In the case of output feedback control for PWA systems (2.4), it is rather difficult
to consider static output feedback control, because besides the unknown states, we
may not know the exact mode. Hence, dynamical output feedback controller, which
estimates both the mode and system state, may be suitable for this case. A recent
result by Rodrigues [149, 146, 148] provides an observer-based output feedback
controller synthesis approach for CPS, where sliding mode is taken into account in
detail. As for DPS, Feng in [57] proposes a method to synthesize an observer-based
output feedback controller based on the so-called separation principle. However,
his result is based on the output space partition and hence is not applicable to the

system (2.4).
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In this chapter, we mainly consider the state feedback controller design for DPS,
since the corresponding part for CPS has been discussed [82, 56, 54, 149, 146, 148|.
We aim to give a less conservative design, where partition-dependent slack variables
are employed with the aid of S-procedure. In particular, required properties of
Lyapunov function for each partition are only satisfied locally. However, since the
Lyapunov matrices are no longer required to be positive definite, the standard
Schur complement cannot be applied to convert the design problem into an LMI
or even a BMI one. In this chapter, by introducing a proper transformation, we
convert the design problem into a BMI problem. Iterative algorithms are then

proposed to solve the BMI problem.

Consider the discrete-time PWL system (2.4), i.e.,

ot 1) = Aw(t) + Bau(t) + Buw w(t)€S,ieT (7.1)
y(t) = Ciz(t) + Dyu(t) + Dyw

Note that here we only consider the PWL cases for ¢ € Z;, since the case i € Z;

can be discussed similarly.

7.2 State Feedback Control

In this section, we consider the following static state feedback controller for the

system (7.1):
u(t) = Kx(t), =(t) € S; (7.2)
Thus the closed-loop system of (7.1) and (7.2) is given by

z(t+1) = Ajz(t) + Byw

~ for z(t) € S;,i e T (7.3)

where /_12 = AZ + B2ZKZ and OZ = Cz + D2’LKZ
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7.2.1 Stabilization Problem

In this subsection, we consider the stabilization problem, i.e., finding a state feed-
bacl controller (7.2) such that the system (7.3) without noise (i.e. w = 0) is stable.

In this case, the closed-loop system of (7.1) and (7.2) is given by
z(t+1)=Ax(t) fora(t)e S,iel (7.4)

Most existing feedback control design methods for discrete-time PWA systems are

based on Lemma 3.2.5.

Lemma 7.2.1 [43, 57, 126] The PWA system defined by (7.4) is stabilizable via
static state feedback (7.2), if there exists a solution (Q; > 0,Y;), such that

Q; AiQ; + B;Y;

>0, (1,7) € Qq (7.5)

In this situation, a suitable state controller can be given by K; = YZ-QZ-_I, 1€X1.

Lemma 7.2.1 is a direct consequence of (3.31) in Lemma 3.2.5 by letting Y; =
K;Q;. This approach is simple and efficient. However, the results are generally
conservative due to the inheritable conservatism of Lemma 3.2.5. On the other
hand, although Theorem 3.2.2 [55, 64] gives a less conservative analytical result
by taking into account the partition information of the system, it is difficult to be
applied into controller design. Recall from Theorem 3.2.2 that for a given controller

defined by (7.2), the stabilization of (7.4) is implied by (3.12) and
(AZ + BZKZ)TF)](AZ + BZKZ) — R —+ FZTUZ]FZ < 0, for (’L,j) € Qd (76)

for some P, = P!, W; = 0 and U;; = 0. Note that for undetermined K;, (7.6) can-
not be directly transformed to an LMI feasibility problem, not even a BMI problem
since the matrices P; are not necessarily positive definite and the well known Schur

complement cannot be applied. In the following, the useful transformations from
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Lemma 3.2.4 and Lemma A.0.3 and Lemma A.0.4,will be applied to address this

problem.

Theorem 7.2.2 The PWA system defined by (7.4) is stabilizable via static state
feedback (7.2), if there exists a solution (K;, Py = PT Ty, ¥;, W; = 0,U;; = 0, X;5),
such that

P—F'W,F;>0,icT (7.7)

and either one of the following BMIs are satisfied,

oY (4;, P, U;) <0 (7.8)

BTP;B; BTP;A,

+ Xy | -1 K|+ X7 <0 (7.10)
K

BTP,B,— I BIPA; + K;

<0 (7.11)

where 8 and 87 are defined in (3.24)-(3.25), and Uy; = AT P;A; — P+ FF U, F,
for¥ (i,j) € Qq.

Proof: (7.8) and (7.9) are directly from Lemma 3.2.4. Now we only prove the
equivalence among (7.6), (7.11) and (7.10). (7.6) can be rewritten as

T —_ -
K; K; B! P;B; BI'P;A;
Pij <0, Py = (7.12)
- - T €L T
It is obvious that = 0. Thus we have =
1 KT KT 1
Hence (7.12) is equivalent to
I 1T
—1I —I
Pz'j <0
K! K7
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By using the Finsler’s lemma, we have (7.10) or
Pij < 0y [ -1 K; } (7.13)

for some o;; € R4 \{0}. Let 0 = max; jeq, 0;;. Now we redefine P; as %Pi, Uij as

%Uij, W; as %VV,-, (7.11) follows. -

Remark 7.2.1 The difference between (7.8) and (7.11) (or between (7.9) and
(7.10) is that in (7.8) and (7.9), the Lyapunov matrices are totally separated from
the system matrices, which is not the case for (7.10) and (7.11).

The above theorem converts the state feedback control problem into a BMI prob-
lem, which is known to be NP-hard. As stated in Appendix A, there exist some
local and global algorithms for BMI problems. Here we may simply apply the
V-K algorithm for (7.9) or (7.10). For example, using (7.9), we have the following
algorithm:

Algorithm 7.2.1 V-K ITERATION ALGORITHM FOR STATIC STATE FEEDBACK

CONTROLLER DESIGN:

Step 0 Initialize the controller gain K;, and other parameters: v > 0, k = 0,

where K is used to limit the maximum number of iterations and k is a counter.

Step 1 Let K; be fized and A; = A; + B;K,. Note that U, and Y;; are variables
in this step. Solve the LMI optimization problem:

min Aij;
P, Ui, W3, 95,75 (714)

If the optimization leads to N\i; < 0, then the system is stabilizable via static

state feedback. K; is a suitable stabilizing controller gain. Computation stops.

Otherwise, we set k .=k + 1 and go to Step 2.
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Step 2 If k > K, computation stops. Otherwise, set Y;; and V; as obtained in

Step 1, and solve the LMI optimization problem:

st (1.7) and ®2 (A, P, Uy, Tij, W3) < A1, ¥(i, 5) € Qq

min A
P,Usj Wi, K

(7.15)

If \ij <0, K; is a suitable controller gain. Computations stops. Otherwise,

go to Step 1.

(0)

For (7.11), if an initial controller K, is given, we have

(K = ol = aK ) 2 0, a € RA{0}

e, KEAD 5 T pel®) jelbk=1) & (2 =0T geh=1)_ g h=1)T

(3

5 _aKi(k)TKi(k 1)

(7.16)

Hence
0 K® 0 K"
‘ ‘ (7.17)
Ki(k)T _Ki(k)TKi(k) Ki(k)T Icgk,k—l)
So we can conclude that
0 K® 0 K®
i ’ i y 1
Pij + T kD) < 0= Py + T T 8 < 0(7.18)

Normally, we simply choose @ = 1. Thus an iterative procedure similar to Algo-
rithm 7.2.1 can be implemented too. We can also apply a similar procedure to

(7.8). We omit the detail here.

Example 7.2.1 Consider the system (7.1) with the following parameters:

1 0.1 1 0.5
A=Az = , Ay = Ay =
0 1.6 0 1.6
1 0
B, = B3 = , Bo =By =
0 1
-1 1 -1 1
Fy=—F3= , Fo=—Fy =
-1 -1 1 1
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Note that if we use the design procedure given by Lemma 7.2.1 [43, 57, 126], we can
not obtain a solution for the state feedback control. Now we use V-K Algorithm

and obtain the following results with initial Ky = Ky = [0 0] and K3 = K4 = [1 1]

| e32r —02 | aros 0.2
Yl 029 e1sa |0 | 921 56.228
| 23 —160 [ 3719 2885 |
Ul 60 6502 |0 | 28585 50.43 |

K, = [ —0.040 —0.16 ] , Ko = [ —0.003 —1.65 }
K3 = [ —1.208 0.071 ] , Ky = [ 0.007 —2.000 ]

Remark 7.2.2 A significant disadvantage of some iteration algorithms, such as
V-K Algorithm, is that the algorithm heavily depends on the initial value. That
is, if the initial values of the feedback gains are not properly chosen, the algorithm
may not produce required stabilizing feedback gains. Thus we need other efficient
algorithm to solve the BMI problem. Eliminating some variables may improve the
efficiency. Hence we provide another algorithm based on projection lemma [22]

(see Appendiz A).

In order to apply the projection lemma, we may make a tradeoff between the
computational efficiency and conservatism. Here we set WW; = 0 which is equivalent
to the requirement that P; is positive definite. Quite often, we found that the

obtained P; be positive definite even though we did not set W, = 0 in simulations.

Note that with W; = 0, (7.8) is simply equivalent to

—P, + Fl'U,;F;, ATP

~ <0, Y(i,7) € Qq (7.19)
P; A, —P;
which can be rewritten as
Sij + X K YT+ VKT XL <0 (7.20)
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where ¥;; = L V= , X =
PjTAz _f)] 0n><n f)]Bz
[n n On n—I; fz
We assume rank(B;) = [;, then X; = ) S j , V=
Onxn Pj_lBl‘J— Bij
Oan

. Based on the projection lemma (Appendix A), (7.20) is equivalent to
Ian

the following two LMIs

Xz’?TZini]l' = 1_17;'(—Pz‘ + FiTUz'jF})flmL

. . L (7.21)
BLP;AL; + I5ATP;By; — BEP;B; < 0
where
= = On n g = = On n On n—l;
BT P AT, = | L, BEP,By; = . Xt
BT A; Ontyxn Bi TPy B
and
VS Yt =—P<0 (7.22)

In (7.21), if we set Q; = Pj_l, it leads to a problem with LMI and equality con-

straints for some (P; > 0,Q; > 0, K;) as follows:

—P + FjU;F, Al B} .
i 7 < 0, Y(i,j) € Qq (7.23)
B;-" A; —B;Q,B;
PQ;=1 Vjel (7.24)

Thus we have the following result.

Theorem 7.2.3 Consider the system (7.1). The following two statements are
equivalent for¥i € T, Y(i,j) € Qq:

(1) There exists a solution (P; >0, U;;, K;) satisfying (7.19);
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(2) There exists a solution (P; >0, U, Q; > 0) satisfying (7.23) and (7.24).

Now the problem is that how to solve the equality constraint (7.24). Note that
(7.24) can be weakened to the following well-known semi-definite programming

relaxation:

O

I —Qj;

<0 (7.25)

Observe that the condition P;Q); = I is equivalent to trace(P;();) = n, thus the

equality constraint can be addressed by solving the following optimization problem

minZtmce(Pij), subject to (7.25) (7.26)
JET

The above problem is not convex since the cost function in (7.26) is bilinear.
This bilinear problem has been investigated by many researchers in static output
feedback control for continuous-time systems. In fact, some efficient computational
algorithms, such as the cone complementarity linearization method [71] and the
sequential linear programming matrix method (SLPMM)[121], have been proposed.
Here, we also apply the SLPMM because it always generates a strictly decreasing
sequence of the objective function value which is bounded below by some integer,
and thus it is convergent. Now by extending the SLPMM to solve the state feedback

control problem, we have the following result.

Algorithm 7.2.2 SLPMM BASED ON PROJECTION LEMMA

Step 1 Obtain an initial set (P2, Q%) by solving (7.23) for V(i,j) € Qq. k=0.

Step 2 Given PF and QF, solve the following optimization problem for some P; >

(2

0,Q; > 0:

miny s trace(P;Q% + PFQ;)

(7.27)
s.t. (7.25) and (7.23) for ¥(i,j) € Qq
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Step 3 If > tmce(ﬂ@f—l—PfQj—QPfo) < e, then stop, where € is a pre-defined
jET
sufficient small positive scalar.

Step 4 Compute « € [0, 1] by solving
min» _ trace((1 — )P+ aPf)((1 - a)Q; + aQ¥))
jeT

Set PM*! = (1 — a)Pj + aPF and Q5 = (1 — a)Q; + aQ%. Go to Step 2.

Remark 7.2.3 The global convergence of the above algorithm can be easily deduced

from Theorems 3.8 and 3.9 in [121] by letting P = diag{ Py, P, ..., Pz|} and Q =
diag{Q1,Q2; ..., Qz) }-

Remark 7.2.4 Once we obtain a feasible solution from Algorithm 7.2.2, we can

solve (7.19) to get K;. Note that although (7.19) can be rewritten as (7.24) and

A —Q,

<0, V(i,j) € Q (7.28)

and SLPMM can be also applied here, it is less efficient than Algorithm 7.2.2,

because of less variables involved.

Example 7.2.2 We still consider Example 7.2.1.

By Algorithm 7.2.2, we can easily obtain the following results only by 4 iterations.

2.20 2.94e — 017 1.89 0.84
P = P3 = s P,=P, =
2.94e — 017 1.25 0.84 1.60
Ki=Ks=| -1.00 —043 |, Ko =Kys=| —0.091 —1.64 ]

Figures 7.1 shows two state trajectories of the closed-loop system and the Lyapunov

function, respectively.
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Figure 7.1: State trajectory and Lyapunov function
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Remark 7.2.5 Besides the conservatism, Lemma 7.2.1 also cannot deal with the
affine term, i.e., there exist some i € Iy. For Algorithm 7.2.2, although it is
less conservative than Lemma 7.2.1 and more efficient than Theorem 7.2.2, it also
faces the problem of the affine term. In fact, a constraint on Bi- shall be made. !

However, Theorem 7.2.2 can manage this problem.

Example 7.2.3 We consider an inverted pendulum on a cart [59] stated in Ezam-
ple 2.2.5. Now we discretize the system using zero-order-hold with sampling time
T, = 0.01s. We assume that the system is controlled by the dominative mode, and

then have following discrete-time PWA systems:

1 0.01 1 0.01
A1:A4: 7A2:A3:
0.002395 1 0.1729 1
1.8395e — 005 0
ap = —a4 = , Qg = as =
0.003679 0
—2.6e — 8 —8.826e — 7
Bl = B4 = 9 B2 = B3 =
—5.2e — 5 —1.766e — 3

In this example, due to the affine term, we cannot obtain a proper controller gain
using SLPMM. However, with the result from SLPMM as initial condition for

Theorem 7.2.2, we can easily obtain the following results:

—67.8183  —0.129806 163.416
P =1 -0.129806 0.000995921 —0.584656 | ,
163.416 —0.584656 3263.33

—65.5415  —0.0864739 112.472
Py =1 —-0.0864739 0.000793427 0.619362 | ,
112.472 0.619362 2992.46

(1) p(2)

o . . . B
n the case that (i,7)Qq, @ € T1, j € o, if we let BT = Bl(zl) BZ-(22)

and Q; =

2

[ %j 8 ], then a necessary condition for (7.23) is that Bl-(u) #0, BZ-(M) #0.
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0.2143 0.00105152 0.2143 0.00105201
P2 == ’ P3 =
0.00105152 2.54319¢ — 005 0.00105201 2.57877e — 005

Ki=Ky= [ 8585.81 18357.5 } Ko = K3 = [ 330.968 568.452 ]

We shall note that here P, and P, have negative eigenvalue. Once again, we see the

power of local Lyapunov matrices, since there are not necessarily positive definite.

7.2.2 H, Analysis and Synthesis

The problem under consideration is stated as follows:

H., CONTROL PROBLEM: Consider the PWA system defined in (7.1). Given a

scalar v > 0 and an integer N > 0, design a state feedback controller such that

Iy(®) lleapon1< v Il w(®) Nlesfo,n (7.29)

for any non-zero w(t) € ¢;]0, N] and zero initial state.

Lemma 7.2.4 The PWA system defined in (7.1) satisfies the H,, performance
requirement (7.29), if there exists a solution (K;, Yij, P, = PF, W, W; = 0,U;; = 0)
such that

P—F'W,F;>0,VieT (7.30)

A;’FEAZ — P+ F’ZTUZ]E + C’ZTC'Z *

_ _ <0,Vi,jeQy (7.31)
D} C; + B P;A; Bi;
where B;; = BY P;Biy + D Dy — 1.
Proof: Define the Lyapunov function as:
V(z(t)) = 2(t)T Pa(t), ¥ x(t) € S; (7.32)
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According to (7.30) and the (1,1)-block of the inequality (7.31), we know that the
unforced system of (7.1) (setting w(t) = 0) is piecewise quadratically stable 2

Thus we have:

AV () =V(z(t+1)) = V(z(t))

i ) (7.33)
= (Az(t) + Baw(t))T Py(Ax(t) + Baw(t)) — 2(t)T Pa(t)

Defining £(t) = [z(t)T w(t)T]T, and multiplying (7.31) by £(¢)T from the left and
&(t) from the right, we have:

()T (A;PjA; — P, + FTU,F, + CFC)x(t) + w(t)T (DL C; + B PjA)x(t)+

Note that z(t)" FFU;; Fix(t) > 0, we get:

+2(t)TCT Dyw(t) +w(t)' (DL Dy — v*DHw(t) < 0

That is
AV () < w(®) [IP = [T y(@) |I? (7.34)

Summing (7.34) from 1 to N, we have:

N
0<V(E+1) <Y (F wt) IIP = [l y(t) [P
t=0

Thus we get the result. n

Since the inequality (7.31) includes the items K B3 Pl By;K;, it is neither an LMI
nor a BMI. Similar to Theorem 7.2.2, we should first obtain an analysis result which

will enable an H., state feedback design via BMI techniques. For this purpose,

- A; By . P 0
we make a transformation first. We define A; = ~ , P= ,

2If the unforced system (7.1) is piecewise quadratically stable, then there must exist a large
enough ~ satisfying (7.31)[55, 64].
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- EZTV[/’ZEZ 0 - EZTUijEi 0 . ..
E;, = and B;; = . Thus the inequalities

0 0 0 (1—~3)I

(7.30) and (7.31) can be rewritten as:

(7.35)

(7.36)

Hence, we can apply the similar techniques as stated in Theorem 7.2.2 to transform
this problem into a BMI problem. For example, if the technique of (7.9) is used,
then (7.31) is equivalent to

-1 * * *

CI' —P,+ FI'U;F, + ATYi; + YL A; * *
T_ i <0 (7.37)

0 T + Vi A; Py‘(‘I’jJF‘I’j) *

|0 DL C; + BL P A; 0 Bij

for some (K;, Yy, P, = PP, W;, W, = 0,U;; = 0), for V (i,7) € Qq.

Of course, the SLPMM can be applied here, if P; > 0 and a proper transformation
is introduced. Applying the Schur complement to (7.31), we obtain

[ _p 4 FTU,F, ATP, CT 0 |
P;A; —P; 0 PE;
g ’ ’ <0 (7.38)
C; 0 -1 G
0 ETP; G 3?1
(7.38) can be rewritten as in the form of (7.20), where
[ P+ FUgE ATR CF o] Lsn | [ O
P; A; -P;, 0 PL; Onxn P;B;
Nij = ! ! ’ , Y L ’
Ci 0o -I G; 07 xn D;
i 0 EfP; Gf =T | O | | Oim |
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We assume that rank([B. D.]) = m;. Thus we have

(2

Onxn Onxr Onxl

Inxn Onxr Onxl

V=
Or><n [r><7’ O7“><l
| Onen Oper It
[n><n 0n><(n+r—mi) O xi
P10
ij_ = 0(n+r)><n ’ [B; Dg]l 0(n+r)><l (7'39)
0 Iy
| O15xcn Ol><(n+r—mi) [l><l ]

Then (7.31) is transferred to the following problem:

-P; 0 PE;
VYV = 0 -I G |<0 (7.40)
EfP; GT =1

) /’\%Tzijxi]l' = )
—P, + F'U;F, * *
A; ; (7.41)
mopt | N oyt | Y oyt « | <0
C; 0 I
0 [EF GT[B; D]+ -
PQ, =1 (7.42)
for which the SLPMM can be applied here.
Example 7.2.4 Consider the system (7.1) with the following parameters:
1 0.1 1 05 0
Ay = Az = , Ay = Ay = , Ba1 = By = )
—-0.5 1 —0.1 1
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1
Byy = Byy = 0 , Bin =Bz = , Big =By = )

D=0, Ci=|1 0], Du=01i=1234

-1 1 -1 1
Fy=—-F3= , Fo=—Fy =
-1 -1 1 1

This example is borrowed from [58] where an optimal v = 0.2 was reported. Using
the SLPMM, we obtain a much better optimal v of 0.0309 than that in [58].
Further, if we take the obtained result as initial value and apply it to (7.37) and
(7.30), with the aid of the path-following algorithm [83], we can get a better result
~v = 0.0300. One set of the stabilizing controller gains is

Ky = K3 =| —0.514161 -1.10141 |, Ko = Ky = | —1.01279 —0.372147 ]

Figure 7.2 shows the trajectories of y from the initial states [0 0]7 and [0.1 0.1]7,

respectively.

Example 7.2.5 Consider the system (7.1) with the following parameters

0.28 0.315 0.525 0.77
A = A3 = ) Ay = Ay = )
0.63 —0.84 —0.7 —-0.07
1 1
By = Bz = ,Bag = Boy = . ,Bi11 = Biz = ,Bi12 = By = ol

D1y = Dy = D13 = D1y = 0, 01202203204:[1 0]’

Doy = Doy = Dagz = Doy =0, F1 = —F3 =
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Controlled Signals
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Figure 7.2: Output y via the H,, controller (Example 7.2.4)
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This example is borrowed from [64, 63]. If the SLPMM algorithm is applied to this
example, the performance is significantly improved to v = 1.37 compared with the

optimal v = 1.73 given in [63, 64]. The corresponding controller gains are

K, = K3 = [ —0.241011 —0.366977 }
Ky =Ky = [ 0.736137 0.123002 ]

Figure 7.3 shows the trajectories of y from the initial states [0 0] and [1 1]¥

respectively.

7.2.3 Generalized H, Analysis and Synthesis

The problem under consideration is stated as follows:

GENERALIZED Hy; CONTROL PROBLEM: Consider the PWA system defined in
(7.1). Given a scalar 7 > 0 and an integer N > 0, design a state feedback controller

such that

Iy(0) llewto. < 7 | (@) Nlezto.n—1y (7.43)

for any non-zero w(t) € ¢3]0, N — 1] and zero initial condition.

Lemma 7.2.5 The PWA system defined in (7.1) with D;y = 0 satisfies the gen-
eralized Hy performance requirement (7.43), if there exists a solution (Y;;, P, =

PT K, U, W; = 0,U,;; = 0), such that

B - F;TWZFZ *
_ >0 (7.44)
CZ' 71
Al P,A; — P+ F'U F; * .
~ < 0,for 7,5 € Qq (7.45)
Bl P; A, Bl P;By — 1
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Figure 7.3: Output y via the H,, controller (Example 7.2.5)
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Proof: From the (1,1)-block of inequalities (7.44) and (7.45), we know the
system (7.1) is piecewise quadratically stable. Multiplying (7.45) by &(¢)T from
the left and £(t) from the right, we have:

w(t) (A] PiA; — P+ F U Fy)a(t) + w(t)" (B PA;)x(t)+

z(t)" (BLPA) "wt)” +w(t)" (B P;By — Iw(t) <0
Note that z(t)" FIU;; Fz(t) > 0, we get:

AV(t) S AV (@) +x(t) " FIU  Fa(t) < w(t) w(t) (7.46)
Summing (7.46) from 0 to N, we have:

V(z(N +1)) Z | w(t) |? (7.47)
From (7.44), we have:

V(x(t) = 2(t)" Pio(t) > a()" (P — F/ WiF)a(t) > — [ y(¢) | (7.48)

S

Combining (7.47) and (7.48), we get the result. n

Similar to the H,, control problem, we can transfer this problem as a BMI problem.

For example, (7.45) is equivalent to the following BMI:

—P;+ F'UjjFi + AT Ty + TLA; * *
~Ti; + Wl A, P; — (\I/j + \113“) * < 0(7.49)
BT P, A; 0 BEPBy — I

for some (K;, Yy, P, = PP, U;, W, = 0,U;; = 0), for V (i, 7) € Qq.

Theorem 7.2.6 The PWA system defined by (7.1) with D;; = 0 satisfies the gen-
eralized Hy performance requirement (7.43), if there exists a solution (Y, K;, P, =

PT W, W; = 0,U;; = 0), such that (7.44) and (7.49) are satisfied.

Of course, the SLPMM when P; > 0 and the BMI algrithms stated in Appendix
when W; = 0 can be applied to solve Theorem 7.2.6. We omit the detail here.
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7.3 Conclusion

This chapter has proposed less conservative analysis and synthesis methods for
H,, and generalized H, state feedback controller designs for discrete-time PWA
systems. When applying the analysis result to feedback controller design, a BMI
problem has been formulated. Two algorithms, namely a direct iterative pro-
cedure and an iterative procedure based on the projection lemma (the SLPMM
algorithm), are proposed. The main feature of our approaches, as compared with
existing design methods for PWA systems, is that we take into account the par-
tition information of the system and hence our method generally can produce a

much less conservative design, which has been verified by simulation examples.
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Chapter 8

Hy and Generalized Hy Estimator

Design for PWA Systems

8.1 Introduction

Although the observer or estimator design problem for linear systems has a long
history, there have been few existing works for PWA systems. In [1], a Luenberger
observer for both discrete-time and continuous-time systems is proposed, and a
design based on a projection method to minimize the estimation error is given
in [2]. In [49], state estimation for a finite-state Markov chain has been studied.

However, in these works, the modes of the systems are known “a priori’.

Feng proposes an observer design approach for a class of DPS in [57] and presents
two filter design methods for the same class systems in [61], where he assumes that
the partitions are defined in terms of the system output so that the plant and state
estimator always switch to the same partition at the same time. However, many
PWA systems are more likely partitioned based on the state space. Furthermore,
there inevitably exists measurement noise in the output. In such situations, there
is no guarantee that the system state and the estimated state always stay in the

same partition at the same time. In other words, it is likely that the system state

114



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

8.1 Introduction 115

might operate in a different region as the estimated state from time to time. This

type of state estimation is referred to as non-synchronized state estimation.

For non-synchronized state estimation, Liu and Zhang [125] give a new filtering
scheme using the most probable trajectory estimated and a shit transformation.
Their work can be used to estimate the PWA systems, while the group of candidate
distribution actually is not easy to be determined. Recently, Juloski et al. [108,
107] introduce a design procedure for the Luenberger type of observer, which does
not require information on currently active dynamics of a bi-modal PWL system.
Also partition information is included there to alleviate the design conservatism

similar to the works of [102, 145].

In addition, Trecate et al. in [65] propose a state-smoothing algorithm for hybrid
systems based on moving-horizon estimation (MHE) by exploiting the equivalence
between hybrid systems modelled in the MLD form and PWA systems. Some
sufficient conditions have been developed to guarantee asymptotic convergence
of the moving horizon estimation algorithm, and some practical implementation
issues have also been addressed. However, this approach actually requires a huge

computational power.

In this chapter, we will study how to design the non-synchronized estimators with

required performance for PWA systems in an efficient way.

We consider both continuous-time PWA system (CPS) and discrete-time PWA
system (DPS):

ox(t) = Ajx(t) + Byw
y(t) = Cix(t) + Daw  for z(t) € S;i el (8.1)
2(t) = Ex(t)

(

where z, w, y are defined in (2.4). z € R"* is the signal to be estimated.
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8.2 Estimator Structure and Problem Statement

We introduce the following Luenberger-type of estimator

02(t) = Aa(t) + Ly (y(t) — C;a(t))

z(t)esS;, jeT (8.2)
Z(t) = E;&(t)

where L; is the estimator gain to be designed.

In view of the system dynamics z(t) € S; and the estimator dynamics z(t) € S,
the state estimation error dynamics can be obtained by combining the system (8.1)

and the state estimator (8.2):

0&(t) = Ay&(t) + Byuw(t)
2(t) = 2(t) = Ey(1)

[
—~
~+~
~—
I

where
A . A | x(t) -
e
(8.4)
~ AZ 0 ~ BZ
A = , Bij =

Note that the transition of the estimator state Z(t) is based on its estimated value.
If z(t) and Z(t) are close enough such that e(¢) can be ignored, i.e., z(t) and z(t)
are synchronized in transition from one partition to another, then the method in
[57, 146] may be applied here. However, in practice, z(t) and #(¢) may not always
be located in the same partition, especially in the initial period. Thus they are

non-synchronized.

Remark 8.2.1 For the case z(t) € S; and z(t) € S;, we have

Eye() &) > 0 (8.5)
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We define new partition Si; = {€(t)|Fy;&(t) > 0}, and denote the index pair set for
the CPS and DPS as ®. and ®,4, respectively. It is easy to check that Sij 1s still a
convez polyhedron. We denote }77; as the continuity matriz of Fzg We also denote
the index set of the system jump from Sij to Sy for the CPS and DPS as U, and
Uy, respectively. Similar to (2.7), if (i,7,k,1) € Y. and ]5,-]- N Fu # 0, we define
the boundary as S’ijkl = {§(t)\Fijkl§(t) + fijkz =0}.

The system state and estimated state in DPS is much more complex than that
of CPS. As mentioned before, the two consecutive system states z(t) and z(t + 1)
may belong to any partitions in DPS. Thus we define a set Q) that represents all
transitions from one partition to another which happen in the system state and
estimated state, that is, € 2 {i,jlz(t) € Si,a, € Sj,i # j, i,j € IT}. As a
consequence, there are four cases about the dynamics transitions of the combined
system (8.3) from &(¢) to &(t + 1), where z(t) € S;, z(t +1) € Sy, 2(t) € S; and
T(t+1) € S

Casel: 1=4, k=1€eT

o Case2:i:j€I,k,l€fl
(4,7, k, )] ) (8.6)
Case3: 1, €Q, k=1lel

Case 4 : z',je(ul, k:,lEQ

11>

Note that if z(t) and z(t) always synchronize in transition from one partition to

another, there only exists Case 1.
The problems under consideration are stated as follows:

H,, estimation problem: Consider the PWA system (8.1). Given a scalar
v > 0, design an estimator of the form (8.2) such that the error system (8.3) is
stable and

(CPS) |l 2= 2 liypee)< 7 | @ Iy 0.00) +0(@0, T0), 07 w € 1[0, 00)  (8.7)

(DPS) || 2= 2 lapoey< 7 | @ laoee) +0(@0, Z0), 07 w € £[0,00)  (8.8)
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for some function v(-,-) > 0, where xy and , are initial states for x and z,

respectively.

Generalized H, estimation problem: Assume that zo =0 and 2y = 0. Given
a positive scalar 7, design an estimator of the form (8.2) such that the error system

(8.3) is stable and
(CPS) || 2= 2 |licfoor) < 7 | @ [[1210,00), 07 w € 1[0, 00) (8.9)

(DPS) || z2—2Z ||éoo[0700)< T || w ||€2[0,oo)a 0 7’é w e EQ[O, OO) (810)

8.3 H, Estimation

The following analysis results can be deduced based on the stability results and
definition of the piecewise Lyapunov function components as v;; = &(t)7 Pi;E(t).
We discuss the CPS first in Subsection 8.3.1, and then state the results for DPS
in Subsection8.3.2. In each subsection, we address the H., estimation problem in

two situations depending on whether the Lyapunov matrix P;; is positive definite.

8.3.1 Continuous-time Case

Theorem 8.3.1 Consider the continuous-time PWA system defined by (8.1). A
given estimator satisfies the Hy, performance vy, if there exists a solution (T =

T, Vi; = 0, U; = 0) to the following inequalities:

Pij = F’ij TF’i]ﬁ \V/(Z,]) € (I)c (811)
Pij - FZ?V;JF’Z] > 07 \V/(Z,]) € (I)c (812)

v

st . <0, Y(i,j) € ®. (8.13)
igtig -

1 ~ ~ ~ ~ ~ o~
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Proof: = We define a Lyapunov function candidate as follows:
i (€) = ETPE, € € Sij
Then, along the state trajectory of the system (8.3),

PyAy;+ ALP; PyBy
oy =¢T T R G () € @ (8.14)
BlP; 0

where ¢ = [£T wT]T.

The existence of (P;; >0, U;; = 0, 4,5 € T) to (8.13) implies that
f)iinj —+ AZ;PZJ + EZ;EZJ + F’ZJ;UZ)FZ) <0

which implies the stability of the system (8.3) [102].

Next, (8.13) can be rewritten as:

PijAz’j“'Ag;'Pij PijBij I EZEW 0 4 F'TUijFij
BLP; 0 0 = 0 0

Multiplying (8.15) by ¢ and ¢ from the left and the right, respectively, we have:
Vij + (H 2= 2|2 = w ||2) < —fTF,'?UijFijf <0 (8.16)

By piecewise integrating (8.16) from 0 to oo, the global Lyapunov function v(£(t))

satisfies

v(€(20)) — v(£(0)) + /OOO(II 2= 2P = | w|*)dt <0 (8.17)
which implies that

Iz =2 1P< 9 | w* +v(zo, o) (8.18)

Thus we complete the proof. -
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Remark 8.3.1 Note that if U, is predetermined, then the continuity condition
(8.11) in Theorem 8.3.1 can be replaced by

Pu — Py + FLapiji + phFiju <0, V(i j, k1) € U, (8.19)

v

for some p;ji.

Remark 8.3.2 Sliding mode may occur in the PWA system (8.1) and/or the ob-
server (8.2), when the corresponding vector fields generated on the neighboring of
the switching planes point towards to the switching planes. Following the discus-
sions in [108, 67], we can conclude that the Hy, performance is gquaranteed even

when the sliding mode occurs.

There are three cases of sliding mode. The sliding mode occurs: a) in the system
(8.1) itself; b) in the estimator (8.2); and c) in both the system and the observer.

We only analyze the third case here.

Suppose there is a sliding motion on the boundary of two cells gij and Sy, and
the corresponding dynamics of € is characterized by Aijé- + Bijw and A& + Byw

respectively. The dynamics in Sijkl s given by the following differential inclusion:
S = CO{/Ljf + Bijw, /Iklf + Bmw} (820)

for & € gijkl and (i,7,k,1) € V.. Hence it is easy to see that Theorem 8.5.1
guarantees the H., performance. A detailed discussion on bimodal cases can be

found in [179)].

Note that in Theorem 8.3.1, P;; is not necessarily positive definite, which makes
the design more difficult, though it can result in a less conservative design. In the
following, based on whether P;; is positive definite, we divide our discussion into

two cases: V;; = 0 and V;; = 0.
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(I) Vij =0
J S
In this case, P;; > 0. A direct approach for the CPS is to let F;; = “ @ |
0 P

j
(i,7) € ®., in (8.13). Though such approach can lead to a design based on con-

vex optimization, it is very conservative in general, because we impose a strong
structural constraint on F;;. In the following, we consider the problem of how to

alleviate the design conservatism.

Lemma 8.3.2 There ezists a solution P;; > 0 to (8.13) if and only if for some
positive scalar €, there exists a solution (G, Pi; >0, (i,j) € ®.) to the following

matrix inequality

3)
(X
BJ,Gy; —2I * <0 (8.21)

Gij— Py — Gl Ai; <GBy —= (Gy; + GY))

v

w * *

where wg) = GZ;-/L]- + A};GU + EZEU + ]:“Z?U,]F,J

Proof:  Necessity: By setting G;; = Gi;. =

. = Pi; and letting ¢ — 0, (8.21) follows
from (8.13).

I 0 0
Sufficiency: Note that G;; is invertible since Gij"‘GZ; > 0. DefineI' 2 0 I 0
Multiplying (8.21) by I'" from the left and T from the right, respectively, we have

(3)
ij

BLp; —2] x <0 (8.22)
Gij — Pij + é?Giinj €GijBij —& (GU -+ GZ;)

w * *

which implies that (8.13) holds. n

Remark 8.3.3 The above result shows the equivalence between (8.13) and (8.21).
This indicates that (8.21) has no advantage over (8.13) in terms of H., perfor-

mance analysis for a given estimator. It should, however, be noted that (8.21)
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will provide a less conservative design of an estimator due to: 1) no structural
constraint required on the Lyapunov matrix P;; as in the direct approach when ap-
plying (8.21) to the estimator design; 2) the introduction of the partition-dependent
slack variables Gy;, (i,j) € @..

In order to apply Lemma 8.3.2 to the design of estimator using an LMI approach,
in (8.21) we let

P By R G G’ G 8.23
T p@T pe | TV g q® (8:23)
¥ 1) J

Since G;; is invertible, so is G§3). By substituting (8.23) into (8.21) and invoking

(8.4), we have the following result.

Theorem 8.3.3 Consider the continuous-time PWA system defined by (8.1). Given
a scalar v > 0, there exists an estimator (8.2) that solves the H, estimation prob-
lem if for some € > 0, there exists a solution (P;; > 0, Gi;, Uj; =0, W;, (i,7) €
®.) to (8.11) and the following LMI:

ATGY + G A+ 0 + B ]
o) + 02" + EDT 0P + ¥ + BY
BI Gy} BIG® + BIGY — DIW,;  (3.24)
G(l) P(l) . 6G(l_)TA G(2)T _ P(z)
() 17 1) 3 ij ij
@7 ) (3) (3) (3)T T
i —P;" —e0y; G7 =Py — (G777 A = Wi C5)
k k *
1 * * <0, ¥(i,j) € ®,
nT 1 nT
—5G§j) B; —a(GZ(.j) —|—G§j) ) %
T
@5’) —EGEJZ.)T —E(G§-3) + Ggs) ) |

where O = GPT A+ G (A — A;) —Wi(Ci - Cy)), ©F = ATGY + GV A, -
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o g®

@ 76)
B B EY B o
FiUFy, | _Se o | = ELEy.
Ei(j) Ei(j)
In this situation, the estimator gains can be given by
Li=GP7"WT, jez1 (8.25)

Remark 8.3.4 To get the minimum v, Theorem 8.3.3 involves a one-dimensional
search over the scaling parameter €. It can be easily done by applying a numeri-

cal optimization algorithm, such as the program fminsearch in the Optimization

Toolbox of Matlab.

Lemma 8.3.2 applies partition-dependent Lyapunov functions without constraints
on F;;, hence will be less conservative than the direct method. However, there is
still structural constraint on G;;. In order to remove the constraints completely,

we must consider another way.

% Bz j
We make a transformation and propose another useful Lemma. Let C;; = ! !
0 0
P, 0 EZEU + E?Uijﬁ’ij 0
Py = and Uy; = . Then (8.13) can be
0 I 0 —y21
rewritten as
Cg;'Pw + PijCij + Z/{ij <0 (826)

Using a tricky transformation as Lemma A.0.6, we have the following lemma.

Lemma 8.3.4 There exists a solution P;; > 0 to (8.13) if and only if for some
positive scalar € the following LMI holds:

—EPZ-;I I + Ecij

<0 (8.27)
I + ECZJ; Z/IZ — 6_1732']'
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If we define a new variable @);; to replace Pgl in (8.27), the problem again becomes
to solve an additional equation constraint @);;F;; = I. Note that we use the
discontinuous Lyapunov function as (8.19) here. Hence the problem is transferred
into a BMI problem similar to Theorem 7.2.3, and we can use the SLPMM to solve
it.

(I1) v;; =0

Note that Theorem 8.3.1 is already a BMI problem. We can use some standard
BMI algorithms to solve this problem. However, the LMI approaches are still
possible.

An LMI approach providing more variables compared with Lemma 8.3.2, can be

stated as follows. (8.3) can be rewritten as

Dic=0, Dy, 2| 4. B Aler o oser ] (8.28)
ijS = U, Ly = Aij Bij —I1],¢= 5 w 55 :
Hence we have
Py
U ’
<" 0 ¢ <0, s.t. (8.28) (8.29)
na]

Using Finsler’s lemma, we have the following result.

Lemma 8.3.5 Inequality (8.29) is equivalent to

U P
ij

0 +DEX; + XDy <0 (8.30)
7]

for some additional variables Xi; = [X;;, Yij, Zij].

Remark 8.3.5 It is clear that if we let X;; = [Gyj, Gij, — €Gyj], then we have

Lemma 8.3.2. It means that we provide an alternative way to prove Lemma 8.3.2.
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Meanwhile, we can easily prove that in the setting of Vi; = 0, (8.21) is still equiv-
alent to (8.18). Hence we have the following theorem.

Theorem 8.3.6 Consider the continuous-time PWA system defined by (8.1). Given
a scalar vy > 0, there exists an estimator (8.2) that solves the H, estimation prob-
lem if for some € > 0, there exists a solution (Py; = P, Gy, Uy; =0, W, (i,7) €

®.) satisfying (8.12), (8.19) and (8.24). Furthermore, the estimator gain is given
by (8.25).

8.3.2 Discrete-time Case

Theorem 8.3.7 Consider the discrete-time PWA system defined by (8.1). A
given estimator satisfies the Ho, performance v, if there exists a solution (P;; =
PZ-:]F, Vij =0, Uil = 0) to the following inequalities:
Py — FLViFy; >0, V(i, ) € @4 (8.31)
2 AT 5
L <0, (i, 5.k, 1) € Uy (8.32)
BZ;PMAU BZPMBU — ’)/2]

Proof: We can follow the proof procedure of Theorem 8.3.1 and Lemma 7.2.4.

Hence we omit the detail. =

Following the way of CPS, we also discuss the H,, estimator design for DPS by

two cases: V;; = 0 and V;; = 0.
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(I Vi =0
By Schur complement, (8.32) can be represented as

—Pu PyAi;; PuBj

* Vijki 0 <0 (8.33)
* * —~2T
y L rY 0
where U, = —Pj; + F;?Uijleij + EZJ;EU Thus we can let P;; = * ,
0o P®

(1,7, k,1) € ¥y in (8.33) to get a direct design approach based on Theorem 8.3.7
using LMI. However, similar to CPS, such approach is too conservative due to
the structural constraint on F;;. The technique like Lemma 8.3.2 is expected.
Nevertheless, different from CPS, there is an index coupling problem in (8.33) for

DPS. Hence, we propose the following lemma.

Lemma 8.3.8 The inequality (8.32) of Theorem 8.3.7, can be implied by the fol-
lowing inequality for (P;; > 0, Ui = 0,Gyj), for V(i, j, k1) € Uy:

Pkl — QPU GZ;/L] GZBU sz; - Pij
X 0, 0 —cALG,;
Il g <0 (8.34)
k * —’)/2] —c":‘Bg;Gij
* * * —E(Gij + GZ;)

where € is a positive scalar.

Proof: The proof can be completed by noting that R-ij_llR-j > 2P;; — Py and

following the way of Lemma 8.3.2. n

Remark 8.3.6 Similar to Lemma 8.3.2, the key idea of Lemma 8.5.8 is to elim-
inate the coupling between the Lyapunov matrices Py and the system matrices.
Now we choose P;; and G;; as (8.23). Based on the Lemma 8.5.8, we can obtain a

less conservative approach analogous to Theorem 8.3.3. We omit the detail here.
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We can also remove the constraints on Gj;. In fact, we can easily see that the
following conditions are equivalent to the inequality (8.32) of the theorem 8.3.7
[173].

* ﬁijkl 0 <0, v(zaja ka l) S (835)
* * —721
PMQM = [, (]{7, l) - (I)d (836)

(8.36) is a BMI problem. SLPMM can be applied again to solve this problem.

Note that for DPS, a similar form to (8.26) can be written as follows.
CLPuCij — Pij + Ui <0, (i, j, k,1) € Wy (8.37)

where Ui = vy AR
0 I—~%I

(IT) Vi = 0

We observe that the terms AZ;-PMAU, AZ;-PMBH and BiTijlBij in (8.32) are not
even bilinear as flij and Bij involve the estimator gains to be determined. To

overcome this obstacle, we propose the following lemma.

Lemma 8.3.9 Inequality (8.32) of Theorem 8.3.7, is equivalent to the following

inequality for some (Py; = PZ:]F, Yisers Vi, Ui = 0) for (i, j, k1) € W,:

A T 4 T AT =
Oijkt + Agi Vit + Vi Ay = Vi + AZr <0 (8.38)

= =T
* Py — =2 — =i

—Py; + FTUjuF;; + ETE; 0 . L
where i = ’ Jr R 7 , Aij = [ Aij By }
¢ —~2I
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Proof:  Here we give an outline of the proof. It is easy to see that (8.32) is

equivalent to

. P 0
pt Uijrs — 0
0 O (<0, s.t. (8.28) (8.39)
0 Py
. _ 0 0
where Ui = Uijii — . Hence, using Finsler’s Lemma again, we can
0 I

conclude that (8.32) is equivalent to

0
0 + DEXj + XDy < 0 (8.40)
0 Py

By noting that the bottom-right block of (8.40) is only related to (k,1), we can

choose Xjju = [Yijui Zpl- "

Remark 8.3.7 Actually, the choice of Xy = [Yij ZEw is also necessary and
sufficient to (8.32) of Theorem 8.3.7. Here we also show it by the means of proving

Lemma 8.8.9. The sufficiency can be easily observed via multiplying (8.38) with
AT

I A
Tij = Tij by Az;- = . [Z] at the left side and A;; at the right side:
iin + AL Py Ay *
Gkt TR <0 (8.41)

—Yij + PuAiy; — EQAi; Pu— Ew — Ef
Now we can choose Zy = Py +0l and T;; = —aflij, where o is a sufficiently large
scalar, to transfer (8.41) to

Qijkl k1A <0 (8.42)

0 _Pkl — 201

Since A;j 1is invertible, the necessity is proved. Note that for the iterative LMI

approaches to BMI problem, the less variables may achieve better results based

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

8.3 H,, Estimation 129

on our experience, if these conditions are equivalent. Thus we have the following

result.

Theorem 8.3.10 Consider the discrete-time PWA system defined by (8.1). Given
a scalar v > 0, there exists an estimator (8.2) that solves the H., estimation
problem if for ¥(i,j,k,1) € Wq, there exists a solution (L;, P; = P, Tijm =
Y, Ui, Vij = 0,Uije = 0) to the LMIs (8.31) and BMIs (8.38).

Remark 8.3.8 It is no doubt that if the region S; is identified by output state

space, i.e., S; = {y|Fyy + fi > 0}, then the estimator design can be simplified,
because the mode switching of the system dynamics and estimator dynamics are
synchronized.

8.3.3 Examples

Example 8.3.1 Consider the CPS (8.1) with the following parameters

-1 —-0.2 -1 0.2 0.1 0
Al = ) A2 = ) Bl = ) B2 = )
0.2 -1 —0.2 —-0.3 0 0.1
- T
10 10 0
C112612: >D1:D2: aFl:_FQZ 7El:E2:[
01 10 1

Using the direct approach, we obtain the optimal H,, performance v = 0.0251.
Using Theorem 8.3.3, by employing the fminsearch, we obtain the optimal H.,
performance v = 0.0232 when ¢ = 0.1050. Using Theorem 8.3.6, we can improve
it to v = 0.0215 due to two facts: 1) different Lyapunov matrices are used for
each partition; 2) the Lyapunov matrices are not necessarily positive definite. The

optimal estimator gains are

112.04 —112.03 226.15 —226.21
13382 133.82 | —206.83  206.84
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To simulate the tracking performance, we let the input be a white noise with unit
variance. The simulation results with initial state [-5 —1]7 for the actual system
state and its estimated state are shown in Figure 8.1 where the estimated and the
actual states are close to each other. We can see that the estimation error is large

at some time instances due to switching.

system and observer response for x1
0.4 T T

—— system state
estimation state

0.2 B

-0.8 b

r1 and I

system and observer response for x2
0.4 T T

—— system state
estimation state

-0.8- b

) and .fi’g

Figure 8.1: Actual state and estimated state via the H,, estimator.
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Example 8.3.2 Consider the following system slightly changed from the one in
[61, 44]. It is shown in [61] the system model can be represented by DPS (8.1)

with the following parameters

0 089 0.5 0 089 0.5 ]
Ar=1]-012 089 0 |,A =012 08 0 |.Ci=C=1]0] ,
01 0 09 01 0 09 0
T
1 1
Bi=By= |1 ,D1:D2:[1],F1:—F2: 0| ,Ei=E=1
1 0

Theorem 8.3.3 generates the optimal v of 0.17694, which is better than the result
v = 0.18750 from the direct approach. Using SLPMM algorithm, we can get
v = 0.17112. However, Theorem 8.3.10 gives v = 0.16945. The corresponding

1.01846 0.98911
estimator gains are L; = | 0.99763 |, Lo = | 1.00550 |. Note that ¥, shall
1.00151 1.00323

be {(i,7,k,D|i,j,k,l = 1,2}, i.e., 2 = 16 pairs, in this example. One sample of
estimation error e(t) when the input noise is a white noise with unit power and
initial conditions zy = [10 10 — 10]7, &y = o, is shown in Figure 8.2. When the
initial condition xg # Ty, we can still obtain a fast convergent result. For example,
we choose 7o = [1 1 —1]T, Zy = —x0, the estimation error e(t) is shown in Figure

8.3.

8.4 Generalized H,; Estimation

In this section, we only discuss the generalized Hy estimation for CPS. Theorem
8.4.1 gives a BMI-based solution, while Theorem 8.4.3 gives a LMI-based solution.
Using the solution from Theorem 8.4.3 as an initial condition for the iterative

algorithms, we may expect a better result from Theorem 8.4.1. We omit the
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Value

Value

Estimated State Error From the Same initial State

x 10
6 T T T T T T T
—— estimated error for x1
— - estimated error for x2
— — estimated error for x3
T
I
4t ! |
| , !
}1 ;o i !
i\ A h it
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Figure 8.2: Trajectories of the state estimation error
Estimated State Error From the Same initial State
2 T T T T T T T
—— estimated error for x1
estimated error for x2
— — estimated error for x3
1 4
-5 L L L L L L L L L
o) 5 10 15 20 25 30 35 40 45 50
Steps

Figure 8.3: Trajectories of the state estimation error
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proofs here, since they are similar to those of the last section. We can follow a

similar way of the last section to discuss the counterpart for DPS.

Theorem 8.4.1 Consider the continuous-time PWA system defined by (8.1). Given
a scalar T > 0, the estimator (8.2) solves the generalized Hy estimation problem if
there exits a solution (T =T, U;; = 0,V; = 0, L;, (i,j) € ®.) to (8.11), (8.12)

and the following matriz inequalities

1~ ~
Pij - _EZEZJ >0, \V/(Z,j) € o, (843)
T

Piinj + AZI;PZJ + F;?UZ]F;J PijBij

X <0, V(i,j) € D. (8.44)
BLP; ~1

Similar to Lemma 8.3.2, we have:

Lemma 8.4.2 There exists a matriz P; > 0 to (8.44) if and only if for some
positive scalar e, there exists a solution (Gy;, P = PZ:]F >0,U; = 0,L; 4,5 € 1)
for (i, j) € ®. satisfies:

G;";Aw + Angy + ﬁgUZJFU * *
Bra, _ X <0 (8.45)
Gij — P — EfGZ;AU —5G£Bij —¢ (Gij + sz;)

We choose G;; with the same structure as in (8.23). Then, the following result

follows.

Theorem 8.4.3 Consider the continuous-time system defined by (8.1). The opti-

mal generalized Hy estimator can be obtained by the following optimization

min T (8.46)
(S,T,Gij,Wj7 (Lj)EQc)
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subject to (8.11), (8.12), (8.43) and the following constraint for ¥(i,j) € ®.:

[ ATGW 4 G744 0 .
M, gT @, ;®
BI'G\) Brc? + BI'GY — DIf'w, (8.47)
G — P — 67 4, ¢ - p?
2)T 1 3 3 3)T
| -pPT e W — Y — (¢ A - wTcy)
* * * |
* *
G B; —(GY) + 6T .
AT _ (T3 _ WD, LG a® 4 B
—eG;;" By — (G} B, — W, D) eGy; e(Gy7 +G7 ) ]

where @(1) @(2) (7(1) U.@) U(‘-?’) and Ui(;l) are the same as those in Theorem 8.3.5.

iy ig 7 iy 0 iy 0 g
In this situation, suitable estimator gains can be chosen as

Li=GYTW’ ez

J J

8.5 Conclusion

This chapter has discussed the H,, and generalized H, estimation problems for
both continuous-time and discrete-time PWA systems. We have discussed the
problem from a simple setting (Lyapunov matrices are positive definite) to a more
complex setting (Lyapunov matrices are not necessarily positive definite). Then
several techniques are proposed to achieve less conservative design methods. We
also have pointed out that CPS and DPS can be rewritten in a unified framework

(8.29) and (8.39).
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Chapter 9

A PWA System Approach to
Control of Takagi-Sugeno Fuzzy
Logic Systems

9.1 Introduction

Fuzzy logic control (FLC) techniques usually decompose a complex system into
several subsystems according to the human experts’ knowledge about the system.
Meanwhile, a set of simple and straightforward control laws are used to emulate
the human control strategy in each local operating region [56, 59, 60]. A global
control law is then constructed by combining all local control actions through fuzzy
membership functions, i.e., the weight functions [102, 56, 59, 60]. Visually, “IF-
THEN” conditional statements in terms of human expert’s qualitative linguistic
variables together with simple models are employed in the analysis and synthesis

instead of using one complex mathematical model.

Recently, there have appeared a number of systematic stability analysis and con-
troller synthesis methods in fuzzy control theory, where Takagi-Sugeno (T-S) fuzzy
model [160] is widely used. In [161], the stability of the system is determined by
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checking whether there exists a common positive define matrix P which satisfies a
Lyapunov equation or a linear matrix inequality (LMI) for all local models. How-
ever, such approach is generally conservative, because it is difficult to find such a
common Lyapunov matrix for all models, especially when the system is a highly

nonlinear complex one.

Hence, piecewise Lyapunov functions have been employed to reduce the conser-
vatism of stability analysis. Johansson [102] presents a stability condition for
continuous-time T-S fuzzy systems using a differential inclusion that involves all
consequent dynamics via operating regime based models. In each operating regime,
there is a corresponding Lyapunov matrix. The discrete-time version is considered
in [167]. In [59], Feng presents a stability analysis method for continuous-time T-S
fuzzy dynamic systems via considering the difference between the dominant system
mode and other system modes in the same partition as an uncertain term. The
corresponding discrete-time version is discussed in [60]. These ideas, in fact, are
inspired by Johansson and Rantzer [145], where piecewise affine (PWA) systems
are analyzed. It has been shown that a wide class of fuzzy dynamic systems can
be considered as PWA systems [102, 59, 60]. For controller synthesis, Wang and
Feng [167] give a controller design method for discrete-time fuzzy systems. In [54],
Feng presents a method to construct an H,, controller for fuzzy dynamic systems

using a piecewise continuous Lyapunov function.

This chapter is motivated by recent stability results for PWA systems [102, 104, 55,
60, 64, 172, 167], polytopic uncertain systems [176, 46, 47], and controller design
methods [167, 171]. We consider the T-S fuzzy system as a particular example
of operating regime models [102, 167], and then formulate it as a PWA system.
By introducing a new partition rule based on (individual) membership functions,
the fuzzy system is converted to a PWA system. Using the so-called piecewise
fuzzy Lyapunov functions, we present a less conservative stability condition for
discrete-time fuzzy systems compared with the existing results [102, 59, 60, 167].

The corresponding stability conditions are further extended to give a less con-
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servative controller design method. In the controller design, we first introduce a
design method based on BMI whose solution depends on initial conditions. Some

techniques for choosing a proper initial condition are given.

9.2 Takagi-Sugeno Fuzzy Model

In this chapter, we consider the T-S fuzzy dynamic model similar to the one pro-
posed in [167, 104] which can be used to represent a wide class of complex systems
with both fuzzy inference rules and local analytic linear models. This model is
obtained by considering fuzzy systems as a particular example of operating regime
based models [167, 104]. Operating regime based modelling is a series of techniques
that construct a globally valid model of the system dynamics by combining simple

local models, each valid within a proper operating regime [102].

Rule® :
IF  zyis LY AND ...z, is L,
operating regi;nre specification (91)
THEN local d;namics

i€Z=1{1,2,...,m}

where rule’ denotes the i — th fuzzy inference rule. L}, (j = 1,2,...,n) is the fuzzy
set. Z is the index set of inference rules. x = [z, ..., 1,]7 € R" is the system state.
u € R™ is the control input vector. A;, B; are the system parameters of the i —th

local model.

Let p;(z(t)) be the normalized membership function satisfying 0 < pu;(z(t)) <
L and X7, pu; = 1 for the inferred fuzzy set L' where L' = ()/_, L. We use
wj- to denote the corresponding membership weight for each Lj- (i.e., individual
membership function) and assume w} is also normalized. Then we have p;(x(t)) =

H?:l w; By using a center-average defuzzifer, product inference and singleton
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fuzzifier, the fuzzy system (9.1) can be expressed as the following global model:
ox(t) = By pi(x(t)) {Aix(t) + Biu(t) + ai}, x(t) € R" (9.2)

Following the idea from [102, 104, 167], the rules of the fuzzy system (9.1) induce
a set of partitions of the state space. Usually, we assume that these partitions are
polyhedra/polytopes. However, in order to present more general fuzzy models, we

introduce a different partition method from [102, 104, 167] *.

5, — (4) : {z]0 < s (z) < 1, Sy, =1, Vi, €L} or
(i) : {z|ps, (z) =1, i, € T} (9.3)
(=1,2,...m

Denote the index set of ¢ as Z. The size m of the set Z may not be equal to m.
Then the partition S, can be obtained by considering the closure of S;. Note that
we shall ignore the partition S, resulting from the formulation (i7) in (9.3), which
can be absorbed by the closure of neighboring partitions. Note also that the zero
value of p;, has no effect on the behavior of (9.2). Hence it is not considered in

formulation (9.3).

Remark 9.2.1 In [59, 60], a different representation of the fuzzy system (9.2) is
presented by considering the differences between the dominant system mode and
other system modes in a partition as uncertain terms and upper bounds are intro-
duced for these uncertain terms. However, for the case that one partition consists
of many system models, the upper bounds of the uncertain terms are not easy to

obtain and generally conservative. Recall that the partition [59, 60] is described as

S; = {zlpi(x) > py(x), 0,5 € L,i #j} (9.4)

We denote the closure of S; as S;. Observe that with the partition as defined in

(9.4), the partition number is always equal to the mode number.

n [102, 104, 167], the operating regime i is given by the intersection of the cells induced by
the fuzzy sets that describe each propositional variable: S; = {z|u;(x) = 1} = (N, {z|p, (z) =
1,1 € Z}
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We explain these partition methods in the following examples.

Example 9.2.1 Consider a fuzzy dynamic system with affine terms from [60]:

Rule! IF xy is L}
dr = Ajx(t) + Biu(t) + a; (9.5)
i€Z=1{1,2,..,m}

THEN

where m =5 and L} represents a set of fuzzy labels {negative large, negative small,
around zero, positive small, positive large} and the corresponding membership func-
tions are shown in Figure 9.1. Using the proposed partition method of (9.3), we
can divide the state space into 7 partitions: S1 = {x1 < =2}, Sy ={-2 <2, <

—1},53 = {—1 S T S —0.5},54 = {—05 S T S 05},55 = {05 S T S 1}756 =
{1 <m <2},57 ={2 < x1}. There are two dynamic models in Sy and Se.

Note that although both the partition formulation in [102] and that in (9.4) [59, 60]
give 5 partitions, the partition regions are not the same as ours. In fact, the former
gives that Sy = Sy, Sy = S5, 55 = S3\US4USs, St = Ss, 55 = S7. And the latter
gives that S; = {x; < =15}, S, = {15 < 21 < —0.5},55 = {-05 < z; <
0.5},59;={0.5 <2y <1.5},85 = {1.5 < 21}

Example 9.2.2 Consider a fuzzy dynamic system with affine terms (9.5) from
[60], where m = T and L} represents a set of fuzzy labels {negative very large,
negative large, negative small, around zero, positive small, positive large, positive
very large} and the corresponding membership functions are shown in Figure 9.2.
Using the formulation of (9.3), we can divide the state space into 6 partitions: Sy =
{1 <=2}, So={-2<2; <—-1},S3={-1<2, <0}, S, ={0<x; <1},55 =
{1 <2 <2},5 = {2 < x1}. Note that if we use the partition formulation in
[102], then there are 3 partitions. In the partition {—2 < z7 < 2}, actually all
modes are included. Hence it is generally conservative. The formulation (9.4)

[59, 60] gives 7 partitions.
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Figure 9.1: Membership functions of Example 9.2.1

-4 -3 -2 -1 0 1 2 3 4

Figure 9.2: Membership functions of Example 9.2.2
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i o [F w

1 0 0 wiws
2 0 +1.5 | wiw?
3 1.5 0 wiw)
4 1.5 +1.5 | wiw?
5 -1.5 0 wiw]
6 -1.5 +1.5 wiws

Table 9.1: Fuzzy relationship

Example 9.2.3 Now we consider the more general case (9.1). We assume that
each L} has I’ choices. For example, l5 in Example 9.2.1 and Ezample 9.2.2 are
5 and 7, respectively. The corresponding membership function is w; We assume
that w} is also normalized, i.e., 7, w} = 1. Then we can partition the space

using the weight wj» based on (9.3). To illustrate, we consider the following fuzzy

systems:

Rule! IF x1 s about L} and x4 is about L}
i€ ={1,2,..,m}

THEN

where L} € {—1.5, 0, 1.5} and Ly € {0, + 1.5}. Hence m = 2% 3 = 6. The

corresponding relationship is shown in Table 9.1.

The membership function corresponding to L; is wj», 7 =1,2, defined as

1—22% 2,>0 B3 >0
1 271 1 = 2 271 1=
wl(xl): s 3 ) wl(x1> =
1—|—ﬁ$1 1 SO 0 T SO
0 1 >0 4 4
3 1 2 2 2
wy(z1) = . . , W, :1—§x2, wy = §I2
—5x7 11 <0

The global membership function is defined in Table 9.1 and illustrated in Figure
9.3. The relationship for w§, j = 1,2 s shown in Figure 9.4, from which we
can easily partition the state space into 4 regions, i.e., T = {1,2,3,4}. In each

region, there are four associated dynamic models. For example, for x € int(S),
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wi(z), wi(z), wy(z), wi(z) € (0, 1) and wi(z) +wi(x) =1, wy(z) +wi(z) = 1.
Since ((wh(z) +wi(z))(wi(z) + wi(z)) = 1, we have & = Y+, wi(Ax + a;) and
St pi = 1. Let K(i) be the index set for the system matrices that determine the
system dynamics of that subspace. Then K(1) = {1,2,3,4}. Similarly, K(2) =
{1,2,5,6}, K(3) = {1,2,5.6}, K(4) = {1,2,3,4}.

Note that if we use the partition formulation in [102], then there is only 1 region.
In this example, if we use the formulation (9.4), the partitions are not easy to
calculate. In fact, we have to calculate and compare each y;, and then decide the

partitions. Hence, for a general case, our partition method has more advantages.

Hy Hy

-2 2 -2 -2

Figure 9.3: Global membership functions of Example 9.2.3

Remark 9.2.2 Based on the aforementioned analysis, for a general case with rule
from L to Lt instead of using global membership formulation based on (9.3) to
determine the partition, we can use the local membership functions. In fact, there
are up to [[,—, ki partitions, where k; is the mazimum partition number according
to (9.3) using the local membership function:

4 - (i) : {=|0 < w; (z) <1, z;k wi =1, Viy € I} or |

(i) : {aluf, () = 1, i € T} (9.7)
Li=1,2,.., K
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15

Figure 9.4: Individual membership functions of Example 9.2.3

For instance, k1 = 2 and k9 = 2 in Example 9.2.3. Again, we also ignore these
wfk (x) = 1 with only one point. Of course, we may combine some partitions
together or only consider some rules while ignore the others in order to lower the
computational complexity. In this example, if we only consider L\, then there are

2 partitions.

Thus the fuzzy system (9.2) can be considered as a number of subsystems in a set

of individual subspaces, each of which can be defined as
S; ={z(t)|Fx(t)+ f; >0}, i€l (9.8)

Similar to previous discussion, we denote those index sets with the corresponding
partitions containing the origin (assume a; = 0) as Zy. Further, we define Z; =
Z\Zy. Here we assume that F; and f; satisfy zero interpolation property [102] for
i € Iy. Otherwise, we may reconstruct them using the method in [102]. Now we
can write the fuzzy system (9.2) in the fuzzy subspaces as a convex combination

of linear systems

x(t)e S, i€l

(9.9)
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where 0 < py(x(t)) < 1 and Syexypu(x(t)) = 1. For each subspace S;, the set
KC(7) contains the indices for the system matrices that determine the dynamics of
the systems in that region. We also assume that given any initial condition xg, the

global fuzzy system (9.9) has an unique solution for all ¢ > 0 [102, 167].

For convenience, we introduce the extended presentation of (9.9):

6¢(t) = AiC(t) + Bi = Sy e (C(8){ApC(t) + Bru(t)}

(9.10)
z(t) € S, i€l

where ¢, Ay, By, F;, F; are defined in (2.9).

9.3 Stability Analysis

The fuzzy system (9.9) now is transferred into the framework of the PWA systems
with linear differential /difference inclusions (LDIs). In this section, combining the
recent results on stability conditions [102, 55, 64] on PWA systems and dilated
LMI characterization [47, 46, 176, 171, 173], we present some new stability criteria
for discrete-time fuzzy systems (9.9). For the sake of simplification of notation, we
denote RH (i) as the right hand side matrix of the equation or inequality (i) and
LH (i) as the left hand side matrix of (7).

We consider the following Lyapunov function candidate:

¥Pax x€S;, i€l
v(z) = ! ° (9.11)
(TP¢ z€S;,iel;

where P; = Syexcq) ik Pri, @ € Lo and Py = SyexcpePris @ € 1.

We have the following result with the aid of (9.11).

Theorem 9.3.1 The discrete-time fuzzy system (9.9) with u = 0 is exponentially
stable, if there exist P, = PL, Hij, Gj, Ugkgij = 0 and Wy, = 0 satisfying the
following LMIs:

Py — Ff Wi, F; >0, Vi € Iy, Yk € K(i) (9.12)
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Py — Ef Wy, F; > 0, Vi € Iy, Yk € K(i) (9.13)
W kaij AL Gy — HY “0

V(’L,j) c Qd,’i,j €1y, Vki € ]C(Z), Vky € IC(])

W ki A}QGU — Hi:g .
_ _ <
GhAw — Hy Py — Gy — G (9.15)
Y(i,7) € Qq, i or/and j € Iy, Vki € K(i), Vky € K(j)

where flkj,j = 1,2 and F; are defined in (2.9). Vi = —Pri + A%;Hij +

HZJ;Akl + F;TUk1k2ijFi; \illﬂkzij = _Pkli + Aglﬂij + Hlj;zzlkl + FiTUkleijE. Pkli =
T T
1

I _ I I
Py, if i € Iy, and/or Py,; = P, if j €Ly in (9.15).
0 0 0 0

Proof: It is obvious that

v(z) = 2" Pa = o7 (SpexiytinPri)

(9.16)
> Spexcy (@ FI Wiy Fa) >0,  #0
for x € S;, 1 € Iy based on (9.12). Similarly, v(z) > 0 for i € Z;.
For the case that (i,7) € Qq4,1,7 € Zo, k € K(7), (9.14) implies
Sk €K(6) ey Sokoek () ey LH (9.14) =
—P,+ ATHjj + HiA + @ ATGi; — HJ; 0 (9.17)
<
G A — Hy; Py = Gij — G
T . . T [ AZ—‘
where @i = Xy, et Dhoekc (i) Pbo By Unikaij Fie - Multiplying A7 = 07
from the left and A; from the right, it follows from (9.17) that
—P+ AfP A + @y ATP;— ATGE — HE
’ ’ ’ 7T <o (9.18)

. P~ Gy — G
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From the entry (1,1) of (9.18) we have

which means

Av(z(t)) =v(a(t+1)) —v(z(t))
= (z(t)TAT) Pj(Az(t)) — ()T Pa(t) < 0, 2 #0

Similarly, for the case that (i,j) € Qq,7 or/and j € I;, k € K(i), we also have
Av(t) < 0 for z # 0. Thus we complete the proof. n

Remark 9.3.1 Note that (9.17) is also necessary for (9.19) to hold for certain
combination of pu,(x(t)). In fact, we may choose G;; = Pj+o0;1 and —H;; = 0, A;,

where o; 1s a sufficiently large positive scalar.

Remark 9.3.2 If we let Py, = P, Wy; = 0 and Uy;; = 0 in Theorem 9.3.1, then
we obtain the stability condition in [167].

Remark 9.3.3 Theorem 9.53.1 can actually be derived based on Finsler’s lemma
[22]. The key point is to introduce additional free variables into the LMIs so as to
alleviate the conservatism of analysis for the case that one region involves several

modes.

Example 9.3.1 Consider a discrete-time fuzzy dynamic system (9.5) with follow-
ing parameters [60]:

09 —-0.1 0.95 —0.06 1 —-0.02
Al pu— 5 A2 p— 5 3 p—
0.1 1 0.06 0.95 0.02 0.9
0 0
A=Ay, As = Ay, 0y = y g = )
—0.02 —0.01
ay = —a2,05 = —A2
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Figure 9.5: Trajectories from four initial conditions and region partitions

The system have already been proved to be stable in [60]. Hence, we consider
the decay rate o of Lyapunov function instead: Av(z) < —awv(z). As illustrated
in Figure 9.5, there are 7 partitions. Note that our partitions are different from
[60]. Using Theorem 3.1 in [60], we obtain the maximum « = 0.0083. Using
the extended result with affine term for Theorem 1 in [167], we can obtain the
maximum « = 0.0082. However, our condition in Theorem 9.3.1 gives a = 0.0093.
In fact, it is also natural to reduce the partition number. For example, combine
Sy and S as one partition {z| —2 < 23 < —0.5}, and combine S5 and Sg as one

partition {z]|0.5 < z; < 2}. If so, we can obtain the maximum a = 0.0090.

Remark 9.3.4 Note that py is a function of x, and hence P; involves x according
to (9.11). For the continuous-time fuzzy systems, we cannot directly apply the
stability conditions of PWA in Chapter 3 due to the time derivative of py.. However,
if i is a even-order polynomial function with respect to x and differentiable within
each partition S;, we may use SOS theory discussed in Subsection 4.3.4 to derive

some stability conditions similar to Theorem 4.3.5. We omit the detail here.
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9.4 Controller Design

In this section, we consider the state feedback control for discrete-time fuzzy sys-
tems. For simplicity of presentation, we only consider the case that ¢ € Z; and
fi = 0. The other case can be dealt with similarly using the transformation tech-

nique in the last section, see also [102, 55, 60].

Consider the following state feedback controller:

u(t) = SreyinKriz(t), ©(t) € S;, i€l (9.20)
Thus system (9.1) can be rewritten as

2(t +1) = Spexpir(@)){ Az )}, 2(t) € Sii €T (9.21)

where /L“ = Ak + BkKk,

Based on Theorem 9.3.1, we can easily obtain the following result.

Theorem 9.4.1 The discrete-time fuzzy system (9.21) is exponentially stabiliz-
able, if there exist Pp; = P,g;, K;, Hij, Wi Gij, Uiz = 0 and Wy, = 0 satisfying the

following matrix inequalities:

Py — FT Wi F, > 0,Vi € T, Vk € K(4) (9.22)
Tk kig zzl;fliGij — HJ; 0
Gg‘fl’ﬁi — Hij Py — Gy — G (9.23)

\V/(Z,]) c Qd,’i,j c I(), \V/k‘l c IC(Z), \V/k‘g c IC(])
where Tkleij = _Pkli + AgliHij + H£Ak1l + FiTUklkzijFi'

Remark 9.4.1 Theorem 9.4.1 are given in terms of BMIs. There are several
existing iterative algorithms to the BMI problem as enumerated in Appendiz A.

However, it is well-known that the global algorithms for BMI are only suitable
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for a small-scale problem, and these local algorithms heavily depend on the initial
conditions. Hence, we shall provide some methods for obtaining suitable initial

conditions.

9.4.1 Initial Conditions

In this subsection, we discuss the initial conditions for the BMI problems in The-
orem 9.4.1. These initial conditions can be obtained by LMI or efficient iterative

LMI algorithms.

Firstly, we give the most conservative but most efficient algorithm. If we let Wp,; =
0, ie., Py > 0 and U, = 0, Ky, = K; and Py, = P;, then we can transfer the
design problem as an LMI problem [102, 167].

Algorithm 1

min x, s.t. (9.25) (9.24)
(
Q:>0,1€1
—@; AyiQi + BriR;
< wls + B <kl (9.25)
Qi Ay + R By ~Qi
\ V(i,j) € Qa, Yk € K(3)

If K <0, then K; = R;Q; " is a required stabilizing solution; otherwise, we take

such K; as initial controller gains for iterative algorithms, say, the V-K algorithm.

Secondly, motivated by the results in last two chapters [173, 178, 177|, we propose
the following algorithm.

Algorithm 2

min K, s.t. (9.27) (9.26)

P;,Qi Wi, K, T;5,Up;i (Uksj)
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P,>0, Q; >0, Vi€
—Qj Ay, + BipK; o
AL+ KI' Bl =P+ FlUy;F; (9.27)
V(i,7) € Qq, Yk € K(7)
PQ; =1, Vi e 1,

\

where € is a sufficiently small positive scalar. (9.27) are BMIs. Again, we can solve
them by the sequential linear programming matrix method (SLPMM) [121, 173].
The correctness of this algorithm can be easily proof using the similar arguments in
Chapter 8. Hence, we omit the details. Note that this algorithm is less conservative

than Algorithm 1 because the partition information F; is used.

Example 9.4.1 We still consider the inverted pendulum on a cart [59] in Example
2.2.5. However, we make a slight change on the membership function:
1 v>1—c¢
h; .
:U“i:f(T)?Z:]->2a3> f(l/): f e<vr<1l-—¢ (928)
Zl hi
0 v<e
e s a sufficiently small positive scalar, say 1073. With ¢ = 1073, the membership
function is shown in Figure 2.7. The membership function is shown in Figure

9.6. We assume the working range of state is x1 = [—5,5|. Hence, we have the

following closure of these subspaces based on range of xi:

[—Z,—1.0998], [—1.0998, —0.47080], [—0.47080, 0], [0, 0.47080],
[0.47080,1.1002], [1.1002, %]

Similar to Example 7.2.3, we discretize the system using zero-order-hold with sam-
pling time Ty = 0.01s. Denote these regions as S;, © = 1,..,6, respectively. In Sy,
S3,S54 or Sy, there is only one system model involved, while there are two system

models in Sy or Ss, i.e.,

1 0.01
0.002395 1

1 0.01
0.1729 1

Ay = Ag = Aoy = Asz = Az = Ay = Ag = A5 =
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membership function pt

-1.5 -1 -0.5 0 0.5 1 1.5

Figure 9.6: Membership functions of Example 9.4.1

1.8395¢ — 005 0
a1 = —ag = a2 = —0a52 = ; G2 = 03 = Q21 = A51 =

0.003679 0
—2.6e —8 —8.826e — 7
By = Bg = By = Bsy = , By = B3 = By = Bs1 =
—5.2e -5 —1.766e — 3

Hence, we denote the local controllers for Sy, Ss, Sy and Sg as K, K3, K4 and K,
respectively, while the local controllers for Sy and S5 as Ko, k = 1,2, and K,
k = 4,5. Using Theorem 9.4.1 with the initial controller gain from Algorithm 1,

we have the following controller gain:

K1 =Kg = [ 309304 19273.9 } ; Ko1 = K1 = [ 98764.7 6672.35 } ;

(9.29)
Ky =Ky = [ 2166.32 155.944 } , Koo = K59 = [ 8024.95 572.975 ] .

Figure 9.7 gives the simulation result for the system (2.20) with the initial condi-

tions [+1.5 0.8]7 and [£0.5 0.8]T.
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1.5
Wk
0.5
=< or
o5l
b

-15 1 1 1 I I I}

0 10 20 30 40 50 60

time

Figure 9.7: State trajectories of z; with different initial conditions
9.4.2 H, Control Problem

In this subsection, we only consider the H,, state feedback control problem for the

discrete-time fuzzy systems. The system is described as follows.

Rule' :
IF  xyis L' AND ...z, is L}
x(t+1) = A;z(t) + Byu(t) + Bryw (9.30)
THEN  y(t) = Ciz(t) + Dyu(t) + Dyw
i€Z=1{1,2,...,m}

where w is the noise, and the rest is the same as in (9.1).

The H,, performance is defined in Subsection 7.2.2. The state feedback controller
is designed as (9.20).

Theorem 9.4.2 The fuzzy system defined in (9.50) satisfies the Hy, performance,
if there exist Py = PL, K;, Hi;,Wx; Gij, Uri; = 0 and Wy; = 0 satisfying (9.22)
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and the following inequality:

Agipjjlkli - Pkli + FiTUk1k2ijFi + ég”éklz * <0
Bl Po,iA; + DL ,Ch,s Wiy ki (9.31)
V’L,j c Qd,’i,j - Io, Vkl € ]C(Z), VkQ € ]C(j)

_ RT T 2
where wk1k2ij = Blk)liPijBlkli —+ Dklkali - ]

Proof: Inequalities (9.22) and (9.31) can be rewritten as

Pri — Wi > 0 (9.32)
A}Qﬁ]@jjkl — 75k2j ‘|‘I/~{k1k2ij <0 (9.33)
. Api Bimi | - R Pyi 0
where Ay, = ~k1 . y Chyi = Chy + Dopyi Ky, Pry = K ;L=
Crii Dinyi 0 I
FIWiF; 0 - F Uk ais Fi 0
1,2, Wy, = and Uy, iyij = . Now the
0 0 0 (1—-~3I

problem is transferred into a similar form of stability analysis. Using the stability

results, we immediately have
Av(t) <7 [lwl* — [yl

Hence with the zero initial conditions, we have

N
0<> Fllwl*— [yl
t=0
Thus we complete the proof. n

Based on (9.32) and (9.33), Theorem 9.4.2 can be easily transferred into a BMI
problem. However, using projection lemma, we can also have a complementary

condition similar to (7.26). We omit the details here.
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Example 9.4.2 Now we consider the example borrowed from [167]. The fuzzy

system is with three rules, which are defined as

Rule! : IF x; is about negative
Rule? : IF xy is about zero

Rule® : IF x; is about positive

The membership function is similar to that of Fxample 9.2.1. The system param-

eters are given as follows

1 0.1 0.5 —0.6 1 0.3
Al = ; A2 - ) A3 - )
—0.5 1 0.6 0.5 —-0.1 1
1
B21 = ) B22 — ) B23 — )
1 1 0
0 0 0.1
Bll — ) BlQ — ) Bl3 - )
0.1 0.1 0

c=lo1]. c=[10].a=]01]
D1 =1, Dig=—1, Dig=1, Doy = Dyy=Dy3=0

According to [167], the system has 5 modes, each attached to a partition. Here
we only design one controller for each partition. Theorem 3 in [167] gives v =
2.1. Using the controller gains obtained in [167] as initial values for V-K iterative
algorithm for Theorem 9.4.2, we can slightly improve the result to v = 1.99.
However SLPMM provides a better result: v = 1.7. The controller gains are

K, = :0.376 —0.996 } Ky = [0.324 —0.100 ]
K3 = —0.570 —0.435 } , Ky = [ —0.793 —0.420 } ;
Ks=| ~1.000 —0.417 |

—0.02t

Figure 9.8 shows the simulation result with the noise as wy; = sin(t)e , where

we choose five different initial conditions: [0;0] and [£3; £3].
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1 T

Noise input

noise

o 50 100 150 200 250 300

Output trajectory with initial condition [3;3]

I I I I
0 50 100 150 200 250 300

2 T T T
Output trajectory with initial condition [3;-3]

I I I
0 50 100 150 200 250 300

T T
Output trajectory with initial condition [-3;3]

0 50 100 150 200 250 300

1 T T T
Output trajectory with initial condition [-3;-3]

I I I I
0 50 100 150 200 250 300

Figure 9.8: System state via the H,, controller.
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9.5 Conclusion

This chapter has provided sufficient conditions for exponential stability of a class
of discrete-time T-S fuzzy systems based on a new analytical model, which in a
sense is a nested linear difference inclusion. By converting the fuzzy system into
a PWA system, less conservative stability analysis results using fuzzy Lyapunov
functions for the fuzzy system have been obtained. We have also considered the
stabilization problem via state feedback controller. Some examples illustrate the

advantages of our methods.
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Chapter 10

Conclusion and Recommendations

10.1 Conclusion

Piecewise affine (PWA) systems are receiving increasing attention from the control
society because a large class of nonlinear systems, switched systems and hybrid
systems [25, 122] can be modelled as PWA systems. In this thesis, we have studied
several problems on PWA systems. In particular, the properties of PWA systems,
such as stability, controllability and reachability, and the control and estimation
problems have been discussed. We summarize the contributions of this thesis in

the following aspects.

We improved the existing results on stability analysis of both continuous-time and
discrete-time PWA systems by using piecewise homogeneous polynomial Lyapunov
functions (PHPLFs) with the SOS theory. This constructional approach is in terms
of a set of LMIs by applying power transformations to both systems dynamic
and partition description. Improved stability analysis results can be obtained by

increasing the degree of the PHPLF.

We proposed two stability criteria of PWA systems using the partition information
from vertex representation of polytope. These criteria actually take the advantage

of parameterized Lyapunov functions. Especially for the vertex-dependant Lya-
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punov function (VDLF), although it is not in a quadratic form with the vertex-
dependant parameters, we proposed two LMI approaches to overcome this obstacle.
In particular, the second approach provides an asymptotically necessary stability

condition with respect to the degree of the VDLF.

We derived explicit necessary and sufficient conditions for the controllability and
reachability of discrete-time planar bimodal piecewise linear systems. The main
ideas lie in the general classification methods and set mapping for polyhedra to
calculate the controllability set and the reachability set. We also briefly discussed

the high-order and multi-model cases, as well as the associated complexity.

We proposed some less conservative approaches to feedback controller design for
discrete-time PWA systems using the less conservative results of stability analysis
based on PQLF's, which is summarized and reformulated in Chapter 3. Our results
lead to some design approaches based on LMIs and BMIs. The latter can be solved
by some efficient iterative LMI algorithms. H., and generalized Hy control have

been considered in a similar way.

We considered the H,, and generalized Hs state estimation problems for PWA
systems. A Luenberger type estimator has been proposed to achieve the H,, and
generalized Hs, performances. The less conservatism is achieved by applying the
S-procedure to include the partition information and introducing slack variables in

optimization.

We provided sufficient conditions for exponential stability of a class of Takagi-
Sugeno fuzzy systems based on a new analytical model, which in a sense is a
nested linear differential /difference inclusion. By converting these fuzzy systems
into PWA systems, less conservative stability analysis results for the fuzzy systems
have been obtained. We have also considered the stabilization problem via state

feedback controller, as well as the H., state feedback problem.
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10.2 Recommendations

Although this thesis has made some progress towards analysis and synthesis of
PWA systems, many problems remain open. In this section, we recommend some

topics for further research.

e Since uncertainty in PWA systems is generally inevitable, the robust stability
of uncertain PWA systems is worth investigating. Sensitiveness of the stabil-
ity criteria to the exact knowledge of the system parameters (including the
partition) shall be studied. Although some results for bounded uncertainties
in the systems parameters (not in the partition) using PQLF technique can
be found in [60, 54], we may expect better analysis performance with the

SOS technique.

e In Chapter 4 and Chapter 5, although we provide computational methods to
solve the HPLF and VDLF, we do not give a comparison. Another interesting
question is whether there exists some bound d for d such that if (5.28) does
not admit a solution for d < d, the instability of the PWA systems can be

concluded.

e In Chapter 6, we only give the explicit conditions of controllability and reach-
ability for bimodal planar systems [175, 174]. It would be of great interest
to extend the results to bimodal high-order systems or multi-modal planar

systems, like the stability conditions given in [96, 97].

e Although the SOS technique is proved to be a very powerful tool in analysis,
the design procedure using this technique is still noncommittal. In [99],
several iterative algorithms are proposed to design a controller. In [141, 51],
some special cases are discussed. However, in practice, the solution is very
difficult to be obtained due to the complexity. Hence how to reduce the

complexity becomes a challenging issue.
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e [t is also worth studying the dynamic output feedback control and sliding
mode control for PWA systems.

e [If the partition itself is also a design objective, then the synthesis problem
will be much more practical but complicated than the case that partition
is preset as considered in this thesis. For example, when we approximate
a smooth nonlinear system using a PWA model, we have to choose proper
operating points/regions, which leads to the partition problem. In [180], a
second-order continuous-time switched system is discussed and a stabilization

scheme is presented. However, the result [180] seems less general.

e Another important topic is the probabilistic issues, as only deterministic
conditions are discussed in this thesis. Assigning probability to the partition
is applicable during the system identification and modelling [78]. The results

in [33, 7, 6, 125] deserve further investigations.
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Appendix A

Semidefinite Programming

In this appendix, we will give some preliminaries on semidefinite programming.
However, some basic concepts, such as convex set/hull/function, are omitted. One

may refer to [22, 23]

A semidefinite program is a convex optimization problem with a linear objective
and constraints specified in terms of linear matrix inequalities (LMIs). Linear
inequalities, convex quadratic inequalities, matrix norm inequalities and various
constraints from control theory, such as Lyapunov and Riccatic inequalities, can
represented as LMIs [22]. In general, an LMI is an inequality on the form
m
F(z)=Fy+ Y a;F; >0 (A1)
i=1
where z = [21,...,7,,]7 is the variable, F; = FI € R™" are given symmetric

matrices. A semidefinite programming (SDP) problem takes the form

min 'z

st. F(z)>0
i.e., optimization problem over the semidefinite cone.

The following results are useful when formulating and manipulating LMIs.

Lemma A.0.1 (Schur Complement) [102, 22] Suppose S(z), Q(z) = Q(z)T and
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R(x) = RT(z) are matrices whose entries depend affinely on the vector x . Then

the following condition holds.

Q S

>0 < R>0,Q—SRT™S">0, SU—RR")=0  (A.3)
ST R
Specially, if R is invertible, then

@

: >0 < R>0, Q- SR 'S">0 (A.4)
ST R

Lemma A.0.2 (S-procedure)[102, 22] Let Qo, ..., @, be quadratic functions of x €
R™,
Qi) = 2" P +2bx4¢;, i=0,....p (A.5)

where P, = PZ-T. If there exist positive scalars 7; > 0 such that
p
Qo(z) > Y 7Qi(x) (A.6)
i=1

then Qo(x) > 0 for all x such that Q;(x) >0, i =1,....p. Moreover, it p =1 and

there exists an xy such that Qo(xo) > 0, then condition (A.6) is also necessary.

Lemma A.0.3 (Finsler’s Lemma)[22] The following expressions are equivalent:
(1) 2" Ax > 0 for Vo # 0, subject to Bx = 0;
(2) B*TABL > 0, where Bt is the kernel of BT, i.e., BtBT = 0;
(3) A+0oBTB >0, for some scale 0 € R;

(4) A+ XB+ BTXT >0, for some matriz X.

Lemma A.0.4 (Projection Lemma)[22] Given a symmetric matriz ¥ and two ma-
trices X and Y. Let X+ and Y+ be the basic of nullspaces of XT and YT, respec-

tively. Then, there exists some matriz © such that

Y+xeyt +ye’txt <o (A7)
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if and only if
x'sat <o, yTuyt <o (A.8)

Lemma A.0.5 [100] Let P > 0 and o(P) be a matriz expression that may relate
to P or may have nothing to do with P. Then the following statement stands:
—o(P) ATP —o(P ATZ
oP) <0 <<= otP) <0 (A.9)
PA  —P ZA P-Z-277
Lemma A.0.6 Let P > 0 and o(P) be a matriz expression that may relate to P

or may have nothing to do with P. Then the following statements are equivalent:

ATP 4+ PA+o(P) <0 (A.10)

ATP 4+ PA+ o(P) + eATPA < 0 (A.11)

—eP! I+eA

<0 (A.12)
I+eAT o(P)—e'P

where € > 0 s a sufficient small scale.

Proof:  This result is an extension of the result in [153]. “(A.10)<=(A.11)” is
obvious. “(A.11)<=(A.12)” can be obtained by Schur complement. n

Based on the above lemmas, some useful results for control theory, such as bounded
real lemma and positive real lemma [22], can be derived. However, most control
synthesis problems cannot be written in LMI form, while in terms of a more general

form known as a bilinear matrix inequality (BMI):
m l m 1
F(l’,y) = F0+inFi+Zijj +sziyjﬂij >0 (Al?))
i=1 j=1 i=1 j=1

where G; and H;; are symmetric matrices of the same dimension as F;. Computa-

tions over BMI constraints are known as NP-hard such that there does not exist
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off-the-shelf algorithms for solving BMI problems. However, There are several ex-
isting iterative algorithms to BMI problems, such as V-K iterative algorithm [72]',
path-following algorithm [83]?, concave minimization [5] and method-of-centers-
like algorithm [111] for local region, branch and bound/cut algorithm [18, 68], the
generalized benders decomposition algorithm [73], the team algorithm (GA+LMI)
[3] and trust region strategy [162] for global optimization. We can also apply the
commercial software: PENBMI to solve this problem [158].

IThe basic idea of the V-K iteration is that a BMI can be converted into an LMI when some of
the parameters in the BMI are fixed to be constant. This method has been called the alternating
method or V-K iteration because the parameters that are fixed and solved in the alternating
steps are typically the Lyapunov function V and controller gain K.

2This method performs a first order approximation by linearizing the BMI, and then iteratively
computers a perturbation that ”slightly” improves the controller performance by solving an LMI
problem. This process is repeated until the desired performance is achieved, or the performance
cannot be improved any further. Note that the updates to the parameters shall be constrained
to be small enough so that the linearization approximation is valid.
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Appendix B

Some Proofs

B.1 Proof of Theorem 6.2.4

Lemma B.1.1 The set {x|Al,x = 0,CTx > 0} is equivalent to Qy = {x = [§;, —
1% s | Vs € 8. (M)}, The set {z|ATx = 0,CTx < 0} is equivalent to Qy = {x =
[ﬁg — OéQ]TS | Vs € S_()\g)}

Proof: The result is obvious by defining z = [6;, —y]Ts and x = [Bs — as]7s,

respectively. [

Now we consider the NC set Xj. Of course, we begin with £k = 1. For any =z € X},

there must exist « such that

0= Az + Biu 0= Az + Byu
' oo ? ? (B.1)

0<CTx 0>CTx
Thus if Aj5 # 0 and Asy # 0, the input can be chosen as
u=—oqg filz, x € Q1 or u= =]y do]z, T € Qy (B.2)
to satisfy (B.1). Thus we have

Xl — Ql UQQ (B?))
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According to A\; and Ao, there are three cases:

(3) M#0& A #0

For the case that \; = 0, Q; = {z|CTz = 0}. By Lemma 6.2.1, X, = R? and the
system (6.1) is NC. The remaining two cases are complex and we will discuss them

in the following two subsections.

B.l.l AM#0& X\=0

Due to Ay = 0, we have ¢; = nas and ¢y = nfs and 2y = ¢, thus X} = €2;. Now

we consider X,. Assume that x € Xj.

If CTz > 0 then there exists u such that Az + Byu € 4, i.e.,

a1, Bi]z =015 —u

(B.4)

1, Sz =—ms, s € S1(A1)
where S; (A1) is defined in (6.4). Since we can always find a suitable u to satisfy
the first equation of (B.4), we only consider the second equation, which consists of

the following cases:

>0 if ’)/1>\1 <0
(v, 0]z q =0 if A =0 (B.5)
<0 if ’}/1)\1 >0

Thus

XN {z|CTz >0} =
{z|Alyx > 0,CTz >0} if yA <0
0 if mA1 =0
{z|Al,x <0,CTz >0} if A\ >0

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

B.1 Proof of Theorem 6.2.4 167

If CTx < 0 then there exists u such that A,z + Bou € Qy, i.e.,

[0427 62]25 = 6187 s & 8+()\)
[V2, da] = —m15 —u

Similar to (B.4), (B.7) consists of the following cases

[Oég, /62] x =0 if 51)\1 =0 (B8)
<0 if 51)\1 <0

Since CTx = [c1, o]z = [nag, nBelx = [an, Ba]zn < 0, according to 1, we have

<0 ifn>0
[z, Bo]x S ¢ ifnp=0 (B.9)
>0 ifn<0

Thus

XN {z|CTz < 0} =
{2|CTx < 0} if 61 Mn < 0 (B.10)
¢ if 61\ >0

If 61 A1m < 0, according to Lemma 6.2.1 (1), the system (6.1) is NC. If §; \;n > 0 and
v = 0, according to (B.10) and (B.6), respectively, we have X, = &}, and according
to Lemma 6.2.1 (4), the system (6.1) is not NC. Then A5 is just an angular region.

Hence in the following, we only discuss the situation with ;A1 > 0 and ~; # 0.

Remark B.1.1 According to the relative position of the lines CTx = 0 and Al,x =
0, there are 6 types. And each {x|AT,x > 0,CTx > 0} or {x|Al,x < 0,CTx > 0}
has 4 situations. Though we have the 32 different choices of ¢i, co, v1 and 0y
according to their signs, there are only 24 types based on the location of CTx =0
and AL,z = 0, because some are overlapped. Here AL,x =0 may coincide with the

ares.
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Thus it is rather difficult to analyze because of too many cases. However, since
A # 0 and n # 0, without loss of generality, we may assume that \y > 0 and
n > 0. In fact, if n < 0, we may choose T = —x and u = —u to replace the
corresponding = and u in the system (6.1), which leads to C = —C, while keep
other parameters unchanged. If Ay < 0, choose P, = diag{—1,1}, and let T = Pix

and some u as —u. Then we can always have Ay > 0 and n > 0.

According to (B.6), there are two cases: y1A; < 0 or y1A; > 0. Since Ay > 0,7 > 0
and 01 A1n > 0, we have 9; > 0. Thus, we may only consider 8 cases as shown in

Table B.1.

Case | 11A1] 0 71 C1 Ca X3

1.1.1 >0 | <0 | X

1.1.2 <0 [>0 |R?or {z|CTx >0} C X
113 <Y 20 <0 =010 (L[ <0} C &,

1.1.4 <0 | <0 | impossible

1.2.1 >0 | >0 | &

1.2.2 <0 [ <0 |R?or{z|CTx >0} C X3
1231-0(201>0 =0 T<0 [[Z[C"z <0} C &,

1.2.4 <0 | >0 | impossible

Table B.1: 8 cases when A\ >0& Ao =0& 1 >0& 51\ >0

In the following we discuss the 8 cases. Since the cases 1.2.1-1.2.4 are similar to

cases 1.1.1-1.1.4, we only address cases 1.1.1-1.1.4.

X %
t X
G0 I=0) 2 ?Tpo
"4 D0 A \ lllllll y
g ' X X

(a) (b) (c)
Figure B.1: Case 1.1.1-1.1.3

Case 1.1.1 The boundary of A, is in the first quadrant as shown in Figure B.1
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(a). We shall prove that X3 = X,. Otherwise, for any z € R*\X,, either z €
{CTx > 0,Al,x < 0} or v € {CTz = ALz < 0}. For the case that x € {CTx >
0, AL,z < 0}, if there exists a u such that = Az + Byu € X,, then CTZ > 0 and
(1, 81]Z > 0 according to (B.6). Denote T = |71, T»|T, we have T, = AL,z < 0.

Thus

C1T1 + C2T2 > 0 T —CaZy 1 —71
= 4= < 6—7
MT1 + 01Z2 > 0 7 < —_f{ll“ e 1

|
v

which contradicts with A; > 0. So {z|CTz > 0, [y1, di]r < 0} is not a subset of
Xs. Similarly, for the case that x € {CTz < 0}, we have

C1T1 + Coo > 0 AT i
,i’:Agl’—i—BgU: 21

Vljl + 513%2 Z 0 [’}/2, (52] r+u
If 6; # 0, we can also deduce that _C—;Z < }—1’1, which contradicts with A\; > 0. Thus
{CTxz < 0} is not a subset of X3. Otherwise if §; = 0, we have A\ = —cyy1 < 0,

which contradicts with the assumption that A\; > 0.

Case 1.1.2 The boundary of &5 is in the first and third quadrants as shown in
Figure B.1 (b). Considering the case that x € {x|CTz > 0} and z € {z|CTz < 0}
respectively, we may find X3 = R2, if §; # 0. That is because we can always find
suitable u; such that A,z + Bju;, € X, i = 1,2. For any x € X3, if CTz > 0, for

T = [T, )T = Aix + Byu, we have

C1T1 + C2T2 > 0 X < %215:2

—

MT1 + 01Z2 > 0 71 < %

Since 71 = [y fi]z + u, choose a proper w, such that 7; < min{=%%, %}, the
above inequalities are always satisfied. For z € X, if CTz < 0, for T = [Ty, To]T =
Asx + Bou, we may choose a proper u such that 7, > max{%fl, %115“} to satisfy

the corresponding inequalities.

If 5, = 0, we have X3 = {z|CTz > 0} J{z|CT2z < 0, AT,x < 0}. According to
Lemma 6.2.1 (i), we have X; = R?. Thus in this case, the system is NC.
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Case 1.1.3 The boundary of A’ is in the first and second quadrants as shown in
Figure B.1 (c). Considering the case that € {z|CT2z > 0} and z € {z|CTx < 0}
respectively, we may find X3 2 {z|CTz < 0}. According to Lemma 6.2.1 (1),
X, = R2.

Case 1.1.4 Since we assume that A\; > 0, this case is impossible.

B.1.2 M#A0& M #£0

In this case, based on X from (B.3), we study X first. For any x € Xy, if CTz > 0,
there exists u such that Ajx + Biu € Oy |, ie.,

(a1, Bi]r =015 —u . la1, Bilx = Pas —u (B.11)

(71, 01]x = —ms, s € Sy (A1) (71, 01]x = —aas, s € S_(\2)

Considering the sign of 13 A1 and as A9, we have four cases as shown in Table B.2.

Case ’71)\1 Oég)\g Xg

31 [ >0 ][>0 | {z|CTx >0} C A,

32 | <0 | <0 |{z]CTx>0}C A,

33 | <0 >0 | {z|CTz>0NALz>0}C X,
34 | >0 <0 [ {z|CTz>0NALz <0} C X,

Table B.2: Four cases when \; #0 & X\ #0 & CTa >0

Case 3.1 If s € S, (A1), we have 138 > 0. If s € S_(\2), we have ays < 0. For
any z € {z|CTx > 0}, if —[y, diJz > 0, we may find s € S, (A1), such that
[v1, 61]x = —v1s; otherwise, —[y1, 1]z < 0, then we can also find s € S_(\2),
such that [y;, d;]2 = —ags. This implies that {x|CTx > 0} C A,, then system
(6.1) is NC.

Case 3.2 Similarly, we can find proper s € S, (A1) such that —[y;, 4]z < 0, and
s € §_()\g) such that —[yy, §;]z >0, for any z € {z|CTx > 0}. Hence the system
(6.1) is NC.
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Case 3.3 & Case 3.4 (B.11) implies

>0, if A <0, agAy >0
[y, Gz g e o (B.12)
<0, if ’71)\1 > 0, Oég)\g <0

For any x € X, if CTx < 0, there exists u such that Ayx + Bou € Qy |JQ, ice.,

(g, Bo]z =015, s € Sy(\1) or (g, Bolz = Pas, s € S_(A2) (B.13)

(Y2, 0ol x = =718 —u [v2, 0o] x = —cas — u

According to the sign of §;A; and [ )\o, we also have four cases, which are listed

in Table B.3.

Case| 011 | Pada| X

41 [>0|>0 | {z|CTz <0} C X,

42 1 <0 | <0 | {z|CTz <0} C X,

43 | >0 | <0 |{z|CTz <0NAL x>0} C X,
44 [ <0 | >0 | {z|]CTz <0NAL2x <0} C X,

Table B.3: Four cases when \; Z0 & My # 0 & CTx <0

From Tables B.2 and B.3, we can see Cases 3.1, 3.2, 4.1 and 4.2, i.e., 1 A\jas Xy > 0
or 012Xy > 0 guarantees that the system is NC. In the following, we only need
to consider Case 3.3, 3.4, 4.3 and 4.4. Denote

Vi = {x|CTx > 0 (x satisfies Case 3.3 or Case 3.4)}
Vy, = {z|CTz < 0 (x satisfies Case 4.3 or Case 4.4)}

If v 10222 < 0 and §1 M\ 02A0 < 0, we have Xy = V; |JV,. So there are total four
cases as shown in Table B.4. In the following, without loss of generality, we assume

)\1>0and)\2>0.

Remark B.1.2 If one of \; is less than zero, then we choose Py = diag{l, —1}

for Ay or Py = diag{—1,1} for A1, and let some u as —u. For example, if \y <0
- 1 Q5 _ﬁl = _T
and )\2 >0, then AZ:P1A2P1 = , Czpl C = [—Cl, CQ]. Now
Y 0
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5\1 = [—Cl, CQ] 51 = —)\1 > 0, while 5\2 = [—Cl, CQ] 52 = )\2 > 0. ]f both
71 —Q3

of them are less than zero, we can let & = —x, & = —u, thus C = —C.

Case | 711, aada| 01A1, Bada| 71, 01 ag, [ C1, C2 X3

5.1.1 >0,<0 Xy

5.1.2 <0,>0 R?

513 =0 >0|>0, =01<0, >0>0,<0 =507 T Tmpossible
5.1.4 <0,<0 impossible
5.2.1 >0,>0 R?

5.2.2 <0,<0 R?

5.2.3 <0, >0 =0, >0)=<0, <0/ >0, >0 >0,<0 impossible
5.2.4 <0,>0 impossible
5.3.1 <0,<0 R?

5.3.2 >0,>0 R?

5331 >0 =0|>0, <0)>0, >0/ <0, <0550 [Tmpossible
5.3.4 >0,<0 impossible
54.1 >0,<0 Xy

5.4.2 <0,>0 R?

543> 0 =00, >0)>0, <0/ <0, >0—4"—0 | Tmpossible
5.4.4 >0,>0 impossible

Table B.4: Four cases and sixteen subcases

Now each case has four subcases according to ¢; and ¢, shown in Table B.4. We

only consider case 5.1, since the remaing are similar. In case 5.1, V; = {z|CTz >

0, ALz >0} and V, = {z|CT2z < 0, AL,z > 0}.

X

Chx=

rDIx=0
4
fl T
_____-"'
Ch=) /™

Figure B.2: Case 5.1.1-5.1.2
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. . 01 — [ —C2 .
Case 5.1.1 It is obvious that , , are in the first quad-

- e%) C1

rant, which is shown in Figure B.2 (a). We can easily see that X, = {AL,x >
0, ALz > 0}. Now we prove that X3 = X,. For any x € R2\X,, either
r € {z|CTx >0, ALz <0} or z € {z|CTz <0, AL,z < 0}. For z € {z|CTz >

0, AL,z < 0}, if there exists u such that Z = Az + Bju € X, then,

a1 + BoZ2 > 0 . M T1 + V15272 < 0
MT1 + 0172 > 0 Y1Z1 + 20172 > 0

= 11Ty < 01Ty = |, (o][01, —7)T <0

However, since [§;, —1]7 € {z|ALz > 0}, so we have [ag, (o][01, — n]T > 0.
Hence this is a contradiction. Thus {z|CTx >0, AL,z < 0} is not a subset of Xj.
In a similar way, we can deduce that {z|CTx < 0, AL,z < 0} is not a subset of

AXs. Therefore, X3 = X, and the system (6.1) is not NC.

5 _
Case 5.1.2 It is obvious that ! , b are in the first quadrant and

- (e))

in third quadrant, which is shown in Figure B.2 (b). Note that in this
&1
case, 71 # 0 and [ # 0. Otherwise, they will lead to Ay < 0 and Ay < 0,

respectively. Based on the analysis of Case 5.1.1, we can easily see that there exist
uy and uy such that Ajx + Biu; € X, or/and Asz + Boug € X, for any z € R?

using a similar argument of Case 1.2. So X3 = R2.

Case 5.1.3 & Case 5.1.4 Since \y > 0, case 5.1.3 is impossible, and since A; > 0,

case H.1.4 is impossible.
Now we have already considered all situations, which lead to the system (6.1) is

either NC or not NC.

Remark B.1.3 During the analysis, we make two assumptions “without loss of

generality (WLOG)”:

(1) \y >0 andn =2 =2 >0, A\ #0 and Ay = 0;

C —=
oz B
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(2) )\1>O and)\2>0, Zf)\17é0 and)\27£0

which make the analysis much easier and clear. However, it is not difficult to
remove the above assumptions in the analysis. In fact, we can analyze the NC set
based on the geometry properties using the similar argument, and have the following
results. In case (i), if (and only if) the region {z|ATyx > 0(or ALz <0),CTz > 0}
in (B.6) is bounded by AL,z =0 and CTx = 0 within one quadrant (8 situations),
then we have X3 = Xy # R?. Analogously, in case (ii) that Ay # 0 and Ay # 0,
if (and only if) the region described by Cases 3.3, 3.4, 4.3 and 4.4 is bounded by
ALz =0 and AL x = 0 within one quadrant, then we have X5 = Xy # R?*. Under
corresponding situations, the system with such geometry properties is not NC. Thus
we can deduce the conditions without any assumptions. To see this, we give a brief
proof for case (ii). We shall first note that CT =0, Al,x = 0 and AL, x =0 are
always in the same two quadrants, i.e., 7151, asfBs and cico always have same sign,
otherwise, we can get a conflict of the sign of one \;, i = 1,2. And then, we use

the analogous argument of Case 5.1.1 to obtain the result.

B.2 Proof of Theorem 6.2.5

Firstly, we consider the situation that asd; = By # 0. In this situation, we may
assume that ay = 79, and (35 = 79, where 7 € R. Then Ay = 7A;. Hence, if \; =0
and Ay = 0, X5 = R?. Now we only need to consider the case \; # 0 and Ay # 0.
Note that Case 3.3, Case 3.4, Case 4.3 and Case 4.4 of Section B.1.2 disappear
under this condition. In fact, Y1 \jasds = 7292A% > 0 and §; A oy = 720722 > 0.
As discussed in Section B.1.2, X3 = R?.

Secondly, if a0 = (o1 = 0, there are several situations as shown in Table
B.5. We only consider Case 2.1. As discussed in Section B.1.2, we can see that
Xy = {z]ze = 0}. In fact, Q; = {z|CTz > 0,29 = 0} and Qy = {z|CTz < 0,25 =
0}, thus X, = O JQ = {z|r = 0}. Then we have X, = {2|CTx > 0,29 =
0} U{z|CTz < 0}. Thus X3 = R? according to Lemma 6.2.1. Case 2.2 is similar.

NANYANG TECHNOLOGICAL UNIVERSITY SINGAPORE



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

B.3 Proof of Theorem 6.2.6 175

Case| 1 01 Qg B Xy

2.1 |0 £0 [0 £0 | X3 =R?
22 |#0 1|0 #0 1|0 X3 = R?
23 10 0 any | any | Xy = R?
24 |any | any |0 0 Xy = R?

Table B.5: 042(51 = 62’}/1 =0& C; % 0, 1= 1,2

As for Case 2.3 (respectively, Case 2.4), they are under condition that A, = 0
(respectively, As; = 0), while based on Lemma 6.2.2, we can see the system is NC.

Hence the system is NC.

B.3 Proof of Theorem 6.2.6

Firstly, we consider ¢; # 0,c; = 0. Note that (B.2) and (B.1) still hold for AX;.
Now A; = ¢10; and Ay = ¢132. Considering whether A\; and/or Ay are/is equal to

zero, there are four cases as shown in Table B.6.

Case| A\ Ao NC set
71 | =0 |#0| X3 =R>

T =R ifoy <0

T2 1=00=00 p % £R2 ifay>0
— T2 :

73 7&0 —0 Xg—R, lf’}/101>0

X3:X27AR2, if’}/101<0
T4 Z£0 [ £0 | & =R

Table B.6: ¢; =0,7=1 or 2

Case 7.1 If \; = 0 and Ay # 0, we have §; = 0,y # 0 and By # 0. @ = {2|CTx =
0} C X;. Now we consider X,. For any x € s, if CTz > 0, CT(Ayx + Byu) =0
can always be satisfied by a proper u. For any z € A», if CTx < 0, we shall have
CT(Asx+ Bou) = 0, i.e. ALz = 0. Hence, we have X5 D {z|CTz > 0} J{z|CTz <
0, ALz = 0}. According to Lemma 6.2.1 (2.b), X3 = R2.

Case 7.2 Similarly, if Ay = 0 and Ay = 0, then §; =0, B, =0, X; = {z|CTz =0}
and Xy, = {z|CTx > 0} J{z|CT2z < 0, AL,z = 0}. Now we consider Xs;. For any
r € X3, we have (6.5) and (6.6). We only need to consider {z|CTx < 0}, since
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{x|CTx > 0} is NC. Hence, X3 = {z|CTz > 0} J{z|CTz < 0, AL,z > 0}. Now
we consider X;. For any z € &4, if CTx < 0, we have (6.5) and (6.6). If ap < 0,
we have X, = R?. Otherwise, if ap > 0, X; = X3 # R

Case 7.3 1f \; #0 (01 # 0) and Ay = 0 (B2 = 0, ay # 0), then A} = ;. We
assume that ¢; = nag, where n € R and n # 0. We have (B.4), (B.5), (B.7)
and(B.10). Note that d;\n = 63cin = d7aun?. Thus if ay < 0, the whole system
is NC according to Lemma 6.2.1 (ii)(a). If ap > 0 and v; = 0, then X5 = Xy = (),
and the whole system is not NC. Now we only need to consider as > 0 and ~; # 0.
There are two cases shown in Table B.7: 77¢10; > 0 and v1¢:6; < 0. With the
similar argument from Section B.1.1, we can see that if 7,¢; # 0 and §; < 0, then

X, = R?; otherwise if vy¢; # 0 and §; > 0, then X3 = X, # R?.

Case| y1¢101] 1 C1 01 X3
7.3.1 >0 (>0 1|>0]| &
7.3.2 >0[<0][<0]|R?
733|°0 (S0 (<0 (>0 &
7.3.4 <0[>0]<0]|R?
7.3.5 >0 (>0[<0|R?
7.3.6 >0|<0]|>0]|&
737 <0 <0 [<0 <0 R
7.3.8 >0|<0]|>0]|&

Table B.7: 8 subcases of Case 7.3

Case 7.4 If \; # 0 and Xy # 0, then X} = QU2 = {2|CTzx > 0, ALx =
0} U{z|CTz < 0,AL,x = 0}. Considering Table B.2 and B.3 and noting that
SiM BNy = 26232 > 0, Thus {z|CTz < 0} C X,. According to Lemma 6.2.1
(ii)(a), we have X3 = R? and the system is NC.

We may also discuss the situation that ¢; = 0 and c; # 0 using the similar
argument. Note that the results are not symmetric for these two situations, because

the region §; and Sy actually are not symmetric.
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B.4 Proof of Theorem 6.3.2

As we can see that Vi1 C Vg, so we only need to consider the region Vi\Vi_1
in each step. However, for convenience sometimes, we use the non-strict version
instead of strict version in Yy, say, {x|z; > 0} instead of {z|z; > 0}, though
{z|zr1 = 0} C V1. Here we abuse the notation Z, T; and Ty, which denote the
state in each recursive step, thought they are different in each step. When we
consider T € Yy for z € Vi1 S1, we need only discuss Ty = y121 + 0129, since Ty

can be freely chosen. Similarly, for z € V1) Sz, we only discuss Z; = asx1+ 2.

B.4.1 Casel

Since Y, = {x|z2 = 0}, we only take a look at the region {z|x; = 0}. If x € &, i.e.,

X1 a1rq + 511’2 + U9 >0 01c0>0
Coxo > 0,7 = = , thus we have Z5

) 511’2 <0 5102 <0
Note that if ¢; = 0, then {Z} = R% So in the rest part of this subsection, we

only consider ¢; # 0. Note that in this proof, we always omit the known condi-
tions for either "reachability” or "unreachability” for further discussion without

explanations.

. >0 Bacy <0 .
Similarly, for z € Sy, we have 7, . So we obtain Y, for example,

<0 /6202 >0
yg = {ZL’|LE‘1 < 0} U{LE‘SL’Q > O} if 6202 > (0 and (5102 > 0.
We consider the region {z|x; < 0}. Note that A\; = ¢107 # 0 and Ay = 185 # 0. If
x € 8p, then 61\, < 0, i.e., ¢; < 0, guarantees )V, = R?. If x € Sy, then By \9 > 0,
i.e., ¢; > 0, guarantees )y = R?. Analogously, for the region {z|z; > 0}, no

matter ¢; > 0 or ¢; < 0, the system is reachable.
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B.4.2 Case 2

We first consider the case that cias > 0 under {z|r; < 0}. Now we consider )s.

Like case 1, when 61\ < 0 or Ba)y > 0, V3 = R?. We have

/

any A < 0U(C2 =0, < 0,51 75 0)
10} cg=0,c1 >0

B 01 <0,c9 >0,\1 <0
T <0 = ®qq (B14)
31 > 0,co <0,)\1 >0

51 >0,62 >0,)\1 >0
>0 = Py
\ 01 <0,c9 <0,A\1 <0

(
any ﬁg/\2>0U(62:0,61>0,ﬁ2750)
10} ca=0,c1 <0
<0,c0>0,X9>0
=0 B2 2 2 — By
ﬁ2>0762<07A2§0
ﬁ2>0762>07A2§0

<0 Ba < 0,c0 <0,A3 >0 =Py

(B.15)

Bo=0,c0 =0,¢1 > 0,9 >0

Note that in (B.14) and (B.15), the conditions in each row within {} have the
relationship of "and/[)”, while conditions between rows of {} have the relationship
of or/|J’. For example, ®1; = (§; < 0,¢0 > 0, < 0)J(61 > 0,0 < 0, A >
0). In (B.14), the value set of Zo have four situations. ”any” means that under
condition "1 A; < 0J(ea = 0,¢1 < 0,07 # 0)”, Ty can be assigned to any value in
R. Under other conditions, the value set of Zo may be empty set, {Z2|Z2 > 0} or

{Z3|75 < 0}. We can explain (B.15) in the similar way.

Condition (ca = 0,¢; < 0) makes the system reachable. So for }y, we only need to
consider the situations under (®11 | P12) () P14a. We consider {x|zy > 0} ({z]ze <
0}). For x € 8y, if 6; < 0, then Yy = R? Now we only consider §; > 0. For
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T € 8y, if 29 <0, we have
4
any agh <0
as < 0,c0 >0, <0
_ >0 2 ! ? = $gy
€ as > 0,60 <0, >0 (B16)
ag > 0,c0 >0,A>0
<0 ? ! ? = Poo
\ as < 0,60 <0, <0
If xo > 0, we have
4
any agi >0
as < 0,c0 >0, >0
3 >0 ? ! 2 = Pog
X1 ag > 0,c1 <0, Ay <0 (Bl?)

\

(e %) >0,61 >0,)\2§0
<0 = Pyy
as < 0,60 <0, >0

Thus we can see that the system under Case 2 with c;as > 0 is not reachable, if

and OIlly if ®81 = ((q)ll ﬂ (I)14 m @22) U((I)lg m (I)14 ﬂ @24)) ﬂ(51 > 0) (I)gl Seemnls

to be complex, in fact, only contains two conditions: (§; > 0, > 0,3 < 0,¢1 >

0,c0 < 0,X > 0)J(61 > 0,00 > 0,082 > 0,¢1 > 0,¢0 >0,y <0), if we note that

A1 = ¢101. However, in the rest of this part, we do not make such simplification

for these ”short” expressions because it is trivial.

Similarly, we can consider the case ¢jae < 0 under {z|z; > 0}. Noting that z in

Vs

(

any 61 1 > 0J(ca =0,¢1 > 0,81 #0)
10} co=0,c1 <0

o1 < 0,co >0,)\1 >0

i) § 0 = @31 (B18)
6 > 0,c0 < 0,)\1 <0
01 >0,c0 >0,11 <0
>0 ! ? ! = B3y
\ 01 <0,c2 <0, >0
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/

any Bara < 0J(c2 =0,¢1 < 0,02 #0)
) c2=0,c1 >0
B2 < 0,c0 >0,X2 <0
T1q >0 P2 >0,c2 <0,A2 >0 = P33 (B.19)
P2 =0,c1 <0,c2="0,00>0

>0,c0>0,A9 >0

“0 B2 2 2 — s,
ﬁ2<0762 <07A2 <0

\

we have the following result: the system is not reachable if and only if ®gy :=

(P31 P33 Par) U(P32 () P33 () Pa3)) (61 > 0).

B.4.3 Case 3

We first consider the case that ¢;y; > 0. Now we think about )s. For x € {z|zy >

0}, we have

4

any A <0
>0,c0<0,A1 >0
<0 T 1 1 — By
To 7 < 0,¢c1 > O, )\1 <0 (B20)

v >0,¢10>0,A >0

Y1 < 0,¢0 < 0,0 <0

>0 > ()
nl 20 (B.21)

<0 B2<0

and for x € {z|z; = 0}, we have

any 01 #0,c9 =0
_ =0 51 = O, Cy = 0
5102 <0

>0 (5102>0
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<0 6202 >0
jQ ¢ Cy = O (B23)

>0 /6202<0

Noting that ¢;y; > 0, we only need to consider the conditions @45 (B2 > 0,¢o <
0)((e26; > 0), which makes V3 = {z]|za > 0} U{z|z1 > 0}, or Ppu(F2 <
0,ce < 0)((c201 > 0), which makes V3 = {z|xs > 0} |J{z|z1 < 0}, since the rest
conditions guarantee that the system is reachable. Further, we consider ), the
system is not reachable, if and only if @51 := Py (G2 > 0,0 < 0, A2 > 0) | J(c2 =
0,c1 > 0)) (P32 or D5z := Pya (B2 < 0,2 < 0,22 > 0)J(eca =0,¢1 <0)) () P2

Similarly, for case that ¢;y; < 0, we can see that ®43()(82 > 0,¢o > 0) (201 < 0),

which makes Vs = {z]z2 < 0} J{z|z1 < 0}, or y3((F2 < 0,ca > 0) (201 < 0),
. 1 <0,c0>0,A >0
which makes V3 = {z|za < 0} J{x|z1 > 0}, where ®y3 := .
Yo > 0,c0 < 0,2 <0
Hence the system is not reachable if and only if @53 := Py3(((B2 > 0,0 > 0, Ag <

0) U(CQ = O,Cl < 0))0(1)31, or 54 := Pys m((ﬁg < 0,¢c9 > O, )\2 < O) U(CQ =
O,Cl > O))mq)ll

B.4.4 Case 4

Firstly, we consider the case that c;a; > 0 and ¢1y; < 0, e, Vo = {z|r; <
0} U{z|xs < 0}. Now we discuss V3. Defining ®g; = ®11(J(61 = 0,0 = 0,¢1 <
0,71 > 0) and Py = P15 J(61 = 0,2 = 0,¢4 < 0,71 < 0), and then replacing
®11-P15 by Pg1-Peo, respectively, we have (B.24) and (B.15) for {z|z; < 0}.

any 51)\1 < OU(CQ =0,¢0 < 0,51 7é 0)
=0,c0 >0
nl? @ ! (B.24)
<0 D4

>0 Py

\
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For {x|zy < 0}, we have (B.16) and

/

any 1AL >0
>0,c0 <0,A <0
<0 71 C1 1S — By
o 7 < 0, c1 > O, )\1 Z 0 (B25)

>0,c0 >0,A <0
>0 71 C1 1 — Dy
11 <0,e0 <0,A >0

Thus the system is not reachable if and only if ®7; := (P J(ce = 0,¢1 >
0)) N Paz N( P14 U(c2 = 0,1 < 0)) ) Pooa.

Secondly, we consider the case cja; < 0 and ¢1y; > 0, ie., Vo = {z|r; >
0} U{x|z2 > 0}. Defining ®g3 = P51 J(01 = 0,c20 = 0,¢4 > 0,71 < 0), gy =
D3| J(01 = 0,¢0 = 0,¢1 > 0,71 > 0), and then replacing ®31-P35 by Pg3-Dey,
respectively, we have (B.26) and (B.19) for {z|x; > 0}:

any 51)\1 < OU(CQ =0,¢1 > 0,51 7é 0)

=0, <0
S (B.26)
<0 Pg3

\ >0 Pgy

For {x|zy > 0}, we have (B.17) and (B.20). Thus the system is not reachable if
and Ol’lly if (I)72 = ((I)64 U(CQ = 0, < O)) m Dy ﬂ(q)gg U(CQ = 0, cL > O)) m (1)23.

Thirdly, we consider the case c;a; > 0and ¢;y1 > 0, i.e., Vo = {z]|z; < 0} (J{z|x2 >

0}. The system is not reachable if and only if ®73 = (P2l J(co = 0,7 >
0)) N Paz N( P14 U(c2 = 0,1 < 0)) [ Poa.

Finally, we consider the case c;a; < 0 and ¢1y1 < 0, i.e., Vo = {z|z; > 0} J{z|zs <
0}. The system is not reachable if and only if &7y = (P3| J(cz = 0,61 <

0)) m (I)43 m(®33 U(CQ = O, c1 > 0)) m (I)gl.
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