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Abstract

The electrokinetic (EK) micropump, which employs electroosmosis rather than
hydrostatic pressure, is a rapidly emerging pumping technique to transport reagents and
electrolytes through microchannel networks. Due to many advantages such as no moving
parts, low solvent and sample consumption, and precise control, it has been favored in
developing the advanced microfluidic devices which can perform total biochemical analysis
on a single fabricated chip. Use of porous structures greatly enlarges the interfacial area, and
thus significantly enhances the pressure-building capacity of the EK micropump. Although
electroosmosis in porous media has been widely practiced as a kinetic pumping source in
many electro-separation techniques (e.g., Capillary Electro-Chromatography), the theoretical
investigations on the underlying mechanism still remain limited. In light of this, this
dissertation provides a fundamental, systematic and in-depth exploration on the
electroosmosis in porous microstructures and its dynamic nature.

The theoretical development in this dissertation mainly comprises three aspects.
Firstly, a mathematical model is developed to describe the electroosmotic flow in a
microcapillary packed with microspheres under electrokinetic wall effect. The model is based
on the Carman-Kozeny theory, also known as capillary model. The Darcy velocity of the
electroosmotic flow in the porous media is obtained using volume averaging method, taking
into consideration of the porosity and tortuosity of the porous packing. And a velocity
correction due to the electrokinetic wall effect is included by analytically and numerically
solving the modified Brinkman’s macroscopic momentum equation.

Secondly, motivated by potential application in electrokinetic micro-actuators, this
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study also presents an analysis on AC electroosmotic flow in both open-end and closed-end
microcapillaries packed with microspheres. The oscillating Darcy velocity in an open-end
capillary in response to an AC electric field is obtained using Green’s function formulation.
The backpressure associated with the counter-flow in a closed-end capillary is obtained by
solving the modified Brinkman’s momentum equation.

Thirdly, a systematic numerical simulation is carried out to evaluate the Joule heating
effect on the electroosmotic flow in a packed microcapillary. Specifically, the non-uniform
electric field resulted from the temperature gradient is analyzed. It is also found that an
induced pressure field presents in the capillary due to the velocity variation caused by the
temperature elevation.

In addition, the dynamic electroosmotic flows in simple geometries, such as
cylindrical and annular microcapillaries, under the time-dependent electric field are analyzed.
The analytical solutions are derived as a basis of model development for the electroosmosis
in porous media using capillary model.

As the other essential part of this dissertation, an experimental study on
electroosmosis in a packed microcapillary is conducted. Electrokinetic micropumps are
fabricated using high pressure driven slurry packing technique. Two different methods to
characterize the fabricated micropumps are employed and compared under the influences of
the capillary size, particle size, solution concentration and type of the electrolyte solutions,
and the capillary length. It is found that the experimental data are generally in reasonable
agreement with the predictions by the model developed in this study. However, deviation is

observed under the condition of high electric field strength.
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Nomenclature
A cross-sectional area of the specified geometry [m?]
a cylindrical capillary radius, or the outer radius of annular capillary [m]
C, integration defined by C, = ngo (4,&)sinh[¥(£)] d&

£=0

C, Heat capacity [J kg™ K™
D; diffusion coefficient of the type-i ion [m?® s™]
d diameter of the cylindrical geometry [m]
E external applied electric field [V m™]
Ey the magnitude of the electric field [V m™]
e exponential function, same as exp(x)
ey elementary charge, 1.602 x 10" [C]
e flowing axial coordinate direction
F force [N]
f frequency of the applied sinusoidally alternating electric field [s™]
fi hydrodynamic resistance coefficient [J m?s]
G Green’s function; or ratio of the mean electrostatic potential across the

annulus region to the zeta-potential of the outer charged wall

H Heaviside step function

In, I zero-order and first-order of the first kind modified Bessel function,
respectively

[ unit imaginary number

J a correction factor to the Smoulochowski equation

Jo, Ji zero-order and first-order of the first kind Bessel function, respectively.

K Darcy permeability of the porous media [m?]

Ko, K; zero-order and first-order of the second kind modified Bessel function,
respectively

k thermal conductivity [W m™ K]

ks Boltzmann constant, 1.381x10% [J K™]
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P pressure gradient [Pa m™]

p pressure [Pa]
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equation

r channel radius [m]

r dimensionless radius

ro dimensionless radius of the zero-velocity plane
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U velocity vector [m s™]
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Un dimensionless mean velocity

U dimensionless transient part of the total velocity u
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Chapter 1

Introduction

1.1 Background and Motivation

Miniaturization and automation have revolutionized the world of micro-
electronics. In recent decades these cutting-edge engineering technologies have been
applied to the needs of the biomedical industry, giving rise to a brand new
interdisciplinary area — Microfluidics. Microfluidic devices hold great promise for
biomedical applications. They consume sample material and reagents in extremely low
volumes. Individual microfluidic device can be inexpensive and disposable. The process
time from sampling to result tends to be very short. And the most advanced chip designs
can perform all analytical functions, including sample manipulation (Minerick et al.,
2003), sample pretreatment (Peled, 1996), separation, dilution, mixing (Ben and Chang,
2002; Takhistov et al., 2003), ejection (Thamida and Chang, 2002), chemical reactions
(Northrup et al., 1995), and detection (Meinhart et al., 1998), in a single integrated
microfluidic circuit.

As a kernel component in the microfluidic devices, micropump provides the
kinetic source to route the liquid through microchannel networks. Micropumps are
categorized into two major types (Nguyen et al., 2002): mechanical and non-mechanical
pumps. The former often involves moving parts such as check valves, microturbines, or
oscillating membranes. When devices are miniaturized to microscale, the surface-to-
volume ratio becomes very large and the surface forces, such as surface tension may
dominate in the microsystem. Thus the mechanical micropump often cannot provide

enough power to overcome the high fluidic impedance due to the size scaling down. In
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addition, since the mechanical pumps only generate a constant fluid volume in each pump
cycle, it is difficult to accurately control a very fine amount of fluids. In contrast, the non-
mechanical micropump creates momentum in the fluid by converting other forms of
energy into kinetic energy. For instance, the electrokinetic (EK) micropump is solely
dependent on the interaction between the fluid the applied electric field. And it has many
advantages over other types of micropumps. First, EK micropumps have no solid moving
parts and have much simpler designs. Secondly, EK micropumps can transport working
fluids of a wide range of conductivity, even non-electrolyte liquid samples (Takhistov et
al., 2002), which is essential for biological and medical applications. Thirdly, precise
amount of liquid can be maneuvered by easily controlling external electric field.

The physical mechanism underlying the electrokinetic pumping capability is
electroosmosis, which together with electrophoresis constitute the basic interfacial
electrokinetic phenomena. Electroosmosis was first investigated by researchers in
geophysical sciences, who found water migration through porous clay diaphragms under
an applied electric field (Reuss, 1809). It is only in recent decades that electroosmosis has
found a variety of practical applications in geophysical or environmental industries, such
as dewatering of soils for construction purpose, and removing contaminants or waste
sludges from soils (Hunter, 1981). With the rapid development of microfluidics in the
past few years, electroosmosis has drawn wide attention due to its pressure-building
ability. Extensive theoretical and experimental works on electroosmosis have been
reported to further the physical understanding and realize the most advanced application
of this basic phenomenon. For instance, it has been employed as a basic manipulation to
transport and control liquid samples of nanovolumes in microdevices used for chemical

and biological analysis and medical diagnosis (Bousse et al., 2000).
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After a broad review of the currently available literature on electroosmosis, it can
be concluded that most of the studies done so far in this area mainly focus on the
electroosmosis in simple geometries, such as parallel slits, cylinders, or rectangular
channels. Since electroosmosis is an interfacial phenomenon, to maximize interfacial
effects, some complex and non-continuous geometries are applied in order to increase the
effective interface area, such as the stationary porous structure used in electro-separation.
However, the reported studies on electroosmosis in porous media are limited. And
majority of them are either experimental investigation with simple extensions of the basic
theory, or complicated statistical model which ignores the contact of the stationary phase.
Furthermore, the insight to the dynamic nature of the electroosmosis can provide
guidance on the design for precision control of the electrokinetic micropump or other
micromixing instruments. Theoretically, the works reported in the literature are based on
numerical method, or simplified theoretical analysis, and mainly focus on the parametric
studies without further concerning of the kernel causes of the dynamic electroosmosis. To
the best of the author’s knowledge, there is still no study reported on the dynamic
electroosmosis in porous media. In addition, there is still much scope to explore the
electroosmosis in porous structures.

Thus this study serves as an attempt to fulfill the present void by carrying out a
fundamental, systematic and in-depth exploration on the electroosmosis in porous

microstructures and its dynamic nature from both hydrodynamic and thermal aspects.

1.2 Objectives
Electroosmosis is an interfacial phenomenon in nature. The momentum acquired
by polar fluid originates from the interaction between the electric field and an extremely

thin layer of fluid close to the liquid-solid interface. Therefore the electroosmosis in
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porous media and in unpacked microcapillary share the same fundamental mechanism. In
order to further understand more complicated physics of electroosmosis in porous media,
it is a prerequisite that one should investigate the dynamic nature of electroosmosis in
simple structures, such as cylindrical geometry that is widely applied in electro-
separation technology. Use of porous structures greatly enlarges the interface area.
Consequently the active region where the electrokinetic driving force is present gets
maximized and the pressure building capacity is significantly enhanced. But the fluid
flow inside porous structures are scattered and intertwined. The fluid domain is not
continuous due to the presence of stationary phase. Therefore the analysis becomes more
difficult. It is expected that the theoretical findings obtained by simple geometry analysis
should be improved by accounting for the geometrical and electrokinetic complexity in
porous media. The other important objective of this study is to provide the extensive
experimental data on the electroosmosis in porous media as validation of current models
and guidance of electrokinetic micropump development. In summary, the objectives of
this thesis are highlighted as following:

(1) Study electroosmotic flow through cylindrical microcapillary, and a more
general micron-sized annular geometry, and investigate the dynamic responses under the
time-dependent electric field and other important working parameters;

(2) Characterize static and dynamic aspects of the electroosmotic flow in a
microcapillary packed with microspheres, taking into consideration of the boundary wall
effect and the Joule heating effect;

(3) Conduct an experiment to design, fabricate, and characterize an electrokinetic
micropump using packed microcapillaries. Extensive experimental data under a wide

variety of hydrodynamic and physicochemical conditions will be accumulated.
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Although majority of this study is theoretical in nature, the information uncovered
by the modeling and experimental results can be of great importance to the development

and optimization of the electrokinetic micropump or microactuator.

1.3 Outline of the Thesis

The overall thesis comprises five major parts summarized as following:

Chapter 1 serves as an introduction to the background and motivation of this
work. The applications and latest development of microfluidics are presented and the
objectives of this thesis are outlined. Following is a brief of the electric double layer
(EDL) theory. In the end the literature of existing studies on the electroosmotic flow in
microchannels is thoroughly reviewed and remarked.

The second part includes chapters 2 and 3, in which the complete models for
dynamic aspects of the electroosmotic flow in a cylindrical and annular capillary with
high zeta potentials are presented. Analytical solutions of the Poisson-Boltzmann
equation for the EDL potential distribution and the Navier-Stokes equation for the
electroosmotic flow field in microcapillaries are obtained, and the results under influences
of the EDL, external electric field, and geometric parameters are presented. Specifically,
as a major contribution of this part, the dynamic electroosmotic flow under AC electric
field is analytically solved using Green’s function formulation.

The third part comprises chapters 4, 5, and 6, in which a systematic study of the
electroosmotic flow in a microcapillary packed with microspheres is conducted based on
the capillary model. The electrokinetic wall effect is included by analytically solving the
modified Brinkman’s equation in chapter 4. The dynamics of the AC electroosmotic flow
in a packed capillary is studied in chapter 5. Specifically, the backpressure occurring in a

packed capillary with closed-ends is discussed. The Joule heating effect associated with
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use of high voltages, concentrated electrolytes, or large capillary size is numerically
solved in chapter 6. The transient development of the temperature field inside the packed
capillary and its effect on electroosmotic velocity is analyzed in details.

The fourth part is the experimental investigation on the electroosmotic flow in a
microcapillary packed with microspheres. In chapter 7, electrokinetic micropumps are
fabricated using high pressure driven slurry packing technique. The electroosmotic
velocity inside the packed capillary is measured under different physicochemical
conditions. The influences of the capillary and particle size, the concentration and the
type of the electrolyte solutions are presented. Two different methods to measure the flow
velocity are employed for different voltage conditions. The experimental results are
compared with the predictions by the theoretical model developed in chapter 4.

Finally, Chapter 8 provides major results and findings from this thesis. The
contributions made by this thesis are highlighted and some possible directions for further

studies are briefly outlined.

1.4 The Electric Double Layer and the Electroosmotic Flow

Generally, most surfaces will acquire a certain amount of electric charges when
they are brought into contact with an aqueous (polar) medium. Some of the charging
mechanisms are ionization, ion adsorption, and ion dissolution. The surface charge, in
turn, will influence the distribution of nearby ions in the solution. lons of opposite charge
(counter-ions) to that of surface are attracted towards the surface while ions of like charge
(co-ions) are repelled from the surface. This electrostatic interaction together with the
mixing tendency resulted from the random thermal motion of the ions, leads to the
formation of an electric double layer (EDL): a compact layer and a diffuse layer. The

electric double layer is a region close to the charged surface in which there is an excessive



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

of counter-ions over co-ions to neutralize the surface charge, and these ions are
distributed in a “diffuse” manner. Evidently there is no charge neutrality within the

double layer because the number of counter-ions is more than the number of co-ions.

|
I
1
]
1
%
Shear plane
Stern plane

Figure 1-1 (a) Schematic representation of the ionic distribution close to a positively
charged surface in the Gouy-Chapman model (Hiemenz, 1986). (b) The region very close

to the solid, showing the Stern plane where the potential is y; and the shear plane
where the potential is ¢ (Probstein, 1994).

The theory for the diffuse double layer was first developed independently by Gouy
and Chapman (Hiemenz, 1986). According to this model, one layer of charge is assumed
to be smeared out uniformly over a plane surface immersed in an electrolyte solution as

illustrated in Figure 1-1(a). This surface has an electrostatic potential, . Based on the

assumption that the compensating ions are regarded as point charges immersed in a
continuous dielectric medium, Gouy-Chapman model indicates that the concentration of
the ions in the sheath follows the Boltzmann distribution.

However, the ions are of finite size and thus limits the inner boundary of the
diffuse part of the double layer, since the center of an ion can only approach the surface to

within its hydrated radius without becoming specifically adsorbed. To take this effect into
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account, the Gouy-Chapman model was later modified by Stern (Probstein, 1994) who
introduced an inner part of the double layer immediately next to the charged surface. The
inner layer, the outer boundary of which is approximately a hydrated ion radius from the
surface (usually of several Angstroms), contains a layer of counter-ions that are strongly
attracted to the surface and are immobile. This compact layer is also called the Stern layer.
The plane separating the inner compact layer and the outer diffuse layer is called the
Stern plane as shown in Figure 1-1(b). lons whose centers are located beyond the Stern
plane form the diffuse mobile part of the double layer. The thickness of the diffuse double
generally ranges from several to a few hundreds of nanometers, depending upon the bulk
ionic concentration and other physicochemical properties of liquid.

As shown in Figure 1-2, the electrical potential changes from the surface potential,

v, , to the Stern plane potential, v, within the Stern layer, and decays to zero far away

from the Stern plane. The potential at the Stern plane, v is close to the electrokinetic
potential or zeta potential, £, which is defined as the potential at the shear surface

between the charge surface and electrolyte solution and is measurable from experiments.

of

{a) % (b)

|
|
i
b
|
:

Figure 1-2 Electrical potential (a) for the Gouy-Chapman diffuse region (b) for the Stern
model showing expontential decay from the Stern plane. (Probstein, 1994)
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Electroosmosis arises when the mobile portion of the diffuse double layer
interacts with an external applied electric field in the viscous shear layer near the charged
surface. Within the diffuse layer, due to the presence of EDL, the counter-ions
predominate and the local net charge density is not zero. If an electric field is applied
tangentially along a charged surface, then the electric field will exert a coulombic force
on the ions in the diffuse layer. The migration of the mobile ions will carry the adjacent
liquid with them leading to an electroosmotic flow (EOF). Due to viscous forces, the flow
is carried through beyond the EDL region to the rest of the liquid in the microchannel.
This electrokinetic phenomenon was first investigated by Reuss (1809), who
demonstrated that under the influence of an applied electric field water migrated through
porous clay diaphragms towards the cathode. This fact can be well understood today in
that the clay, sand and other mineral particles usually carry negative surface charges when
in contact with water; the water normally contains small quantities of dissociated salts. As
described above, electroosmotic flow is induced through the porous medium in the clay,

upon application of electric field.

1.5 Literature Review

In the literature, numerous theoretical and experimental studies have been
reported on the electroosmotic flow in fine capillaries. A detailed review of the literature
will be presented in the following, focusing on five major aspects: steady-state EOF,
dynamic EOF, EOF in porous media, Joule heating on EOF, and the design and
fabrication of electrokinetic micropump.

1.5.1 Steady-state electroosmotic flow
The steady state electroosmosis has been well studied decades before. The

classical model for electroosmosis is attributed to Smoluchowski (Hiemenz, 1986) on the
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consequences of applying pressure and potential gradients across capillaries filled with an
electrolyte. His formulation of the problem is based on the assumption of large
electrokinetic diameter; the contribution due to the EDL thickness is neglected. Despite
that his classical results for EOF plug velocity and streaming potential are still frequently
employed in routine experimental works on EOF.

Burgreen and Nakache (1964) formulated a mathematical model for the
electroosmotic flow in an ultrafine slit. From the analytical solution obtained they
discussed the possible effect of the electrokinetic radius on the electroosmotic flow
through the microchannel.

Rice and Whitehead (1965) calculated analytically the correction factors that must
be applied to the Smoluchowski’s results when dealing with narrow capillaries having
arbitrary electrokinetic diameters. However the Rice and Whitehead theory itself is
subject to the severe restriction that the zeta potential be sufficiently low to permit the
Debye-Huckel approximation, effectively limiting the application of their predictions in

¢ <25mV for an 1-1 electrolyte.

Levine et al. (1975) extended the Rice and Whitehead model to high zeta-
potentials for the electrokinetic flow in cylindrical capillaries. They developed an
analytical approximation to solve the Poisson-Boltzmann (P-B) equation within the
capillary, in a fashion similar to the method used by Philip and Wooding (1970) who
solved the P-B equation outside a charged cylindrical particle immersed in an electrolyte.
And it was shown by Philip and Wooding that the yielded result differs only slightly from
those by numerical method.

Keh and Liu (1995) analytically studied the steady EOF in a long uniform circular
capillary bearing a solvent-permeable and ion-penetrable layer of adsorbed poly-

electrolytes on its inside wall. They obtained the electrical potential and space charge
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density distribution by solving the linearized P-B equation. Their results on the EOF
demonstrated that the structure of the surface charge layer can result in an augmented or
diminished EOF relative to that in a capillary with bear walls, depending on the
characteristics of the electrolyte solution, surface charge layer, and capillary.

Koh and Anderson (1975) experimentally investigated the electroosmotic flow in
charged microcapillaries of ellipse shape. They compared the data with numerical
calculations and showed that adsorption of the potential determining ion is dependent on
electrostatic potential at the pore wall.

Mala et al. (1997a) investigated the interfacial electrokinetic effects on
characteristics of liquid flow and heat transfer between two parallel plates. Experiments
were conducted to study the effect of EDL on flow characteristics with different ionic
concentrations and plate materials. A mathematical model was developed for a steady-
state liquid flow with consideration of the EDL effects. The predicted flow rate agrees
well with the measured data.

Recently, due to the relevance to microfluidics fabricated by micromachining
technology, electrokinetic flows in rectangular microchannels have been studied by Yang
et al. (1997, 1998), Arulanandam and Li (2000), and Yang and Huang (2001). In these
studies a two dimensional electrokinetic model has been proposed to account for the
“corner effect”. Based on the Debye-Hickel approximation, an analytical solution of the
linearized two-dimensional P-B equation is presented to describe the EDL potential
distribution in the cross-section of a rectangular channel. By using the Green’s function
method, they also obtained an exact solution for the EOF velocity.

Patankar and Hu (1998) developed a numerical scheme to simulate steady-state
electroosmotic flows in complicated geometry. Their results agree with the experiment on

electroosmotic injection at the intersection of a cross-channel done by Fan and Harrison
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(1994). The results show that application of electric field can be used to control the shape
of injected fluid.

Mitchell et al. (2000) simulated a steady-state electro-osmotic flow on three
different geometries by using meshless analysis based on Finite Cloud Method (FCM).
Their results show that linear approximation of Poisson-Boltzmann equation for large
zeta potential can predict the plug velocity accurately but fails to predict the velocity
variation close to the walls.

Bianchi et al. (2000) studied electroosmotic flow at a T-junction by using finite
element simulation. Their results indicate that relative zeta potential and channel widths
are two predominant parameters affecting the distribution of flow at the intersection.

Cummings et al. (2000) examined the conditions for similitude between the fluid
velocity and electric field in electroosmotic flow. They showed that the conditions
necessary are a steady electric field, uniform fluid and electrical properties, a relative thin
Debye layer compared to the physical dimensions, and fluid velocities on all inlet and
outlet boundaries that satisfy the Helmholtz-Smoluchowski relation.

Tsao (2000) studied the electroosmosis flow through an annulus under the Debye-
Huckel linear approximation, indicating that his work is valid only for the case of low

zeta potentials (e.g., ¢ <25mV for an 1-1 electrolyte). He introduced a geometry-

dependent correction factor electroosmotic mobility described by the Helmholtz—-
Smoluchowski equation. He also found there exist net flows even for zero area-averaged
surface charge density due to the curvature differences between the inner and outer walls.
Under certain circumstances the flow direction in an annulus is opposite to that in a
capillary with the same sign of the net charge.

Herr et al. (2000), Ren and Li (2001), and Gleeson (2001, 2002) investigated the

characteristics of the EOF in a cylindrical microchannel with non-uniform zeta potential.
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Their theoretical and numerical results show the distorted electroosmotic velocity profiles
resulted from the axial variation of the zeta potential. Also, the influences of the unequal
section size and the direction of the zeta potential change on the velocity profile, the
induced pressure distribution, and the volumetric flow rate are discussed. The simulation
results revealed possible effects of bio-adhesion in microchannels on the electroosmotic
flow in biochip devices.

Erickson and Li (2002) studied the effects of surface electrokinetic heterogeneity
on the electroosmotic flow and mixing efficiency of a T-shaped micromixer through 3D
numerical simulations. While all cases of surface heterogeneity were shown to enhance
species mixing, they found that the greatest improvements can be achieved when the zeta
potential of the heterogeneous surface is of opposite sign to that of the homogeneous
surface, resulting in localized circulation zones within the bulk flow field. They also
showed that the mixing efficiency improved in general method, such as decreasing
applied voltage and the channel size, can be enhanced by the introduction of surface

heterogeneity, in some cases resulting in a 70% reduction in the required mixing length.

1.5.2 Dynamic electroosmotic flow

Compared with the static nature, the dynamic aspects of the EOF have received
relatively less intention. However, the study on the unsteady EOF not only can provide
more insight into the characteristics of the EOF but also is important to the development
and precise control of the EOF based microfluidic device.

Lopez-Garcia et al. (2000) who have done an analysis of the dynamics of EDL in
both time and frequency domain provide some insights into the transient behavior of
potential, velocity, and ion concentration profiles. They analyzed how potential and ion

concentration profiles, particle or fluid velocity evolve in the nanosecond to microsecond
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time range after the application of an electric field. A network method is proposed to gain
information about the evolution with time of the potential, the counter-ion, and co-ion
perturbations, the particle velocity, and the fluid velocity profile.

Yang et al. (2002) developed an exact solution for the transient electroosmotic
flow in a slit microchannel. Exact solutions for the electrical potential profile and the
transient electroosmotic flow field are obtained by solving the complete Poisson—
Boltzmann equation and the Navier-Stokes equation under an analytical approximation
for the hyperbolic sine function.

Santiago (2001) studied the effects of fluid inertial and pressure on the transient
velocity and vorticity fields of electroosmotic flow in a two-dimensional microchannel.
His work is based on the classical Debye-Huckel linear approximation in solving the P-B
equation to obtain the electric double layer potential distribution and a validated slip
velocity condition. In typical on-chip electrokinetics applications, the flow field can be
separated into an inner flow region dominated by viscous and electrostatic forces and an
outer flow region dominated by inertial and pressure forces. These two regions are
separated by a slip velocity condition determined by the Helmholtz-Smoluchowski
equation. The validity of this assumption is investigated by analyzing the velocity field in
a pressure-driven, two-dimensional flow channel with an impulsively started electric
field. The regime for which the inner/outer flow model is valid is described in terms of
non-dimensional parameters derived from the example problem.

Without assumption of thin double layer thickness, Keh and Tseng (2001)
analytically studied the transient response of electrolyte solutions in a narrow capillary
tube and slit to a step change in the applied electric field and pressure gradient by solving
the linearized P-B equation. Their results demonstrated that the behavior of the transient

electrokinetic flow in a capillary tube and in a capillary slit is similar; however, the rate of
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evolution of the flow in a tube with time is faster by a factor of about 2 than that in a slit
with its half thickness equal to the tube radius.

By numerically solving the combination of the Poisson, the Nernst-Planck, and
the Navier-Stokes equations, Yang et al. (2001) investigated the time and space
development for the entry region of an electroosmotic flow through microchannels
between two parallel plates. They discussed the effects of the entrance region on the fluid
velocity distribution, charge density boundary layer, entrance length, and shear stress.
They found the entrance length of the electroosmotic flow is longer than that of classical
pressure-driven flow. The thickness of the electrical double layer (EDL) in the entry
region is thinner than that in the fully developed region. The change of velocity profile is
apparent in the entrance region, and the axial velocity profile is no longer flat across the
channel height when the Reynolds number is large.

Static electric fields are usually used in above research work on the unsteady
electroosmotic flow. However, in recent years, the use of time dependent electric fields
has proved another practical and useful technique in maneuvering the electroosmotic flow.
For instance, Soderman and Jonsson (1996) developed a theoretical framework for the
description of the time and spatial resolution of electroosmosis for both planar and
cylindrical geometries under the effect of pulsed electric fields. Specifically, sinusoidally
alternating (AC) electric fields are more often applied to investigate the frequency
dependent nature of the fluid velocity or the motion of the nano-particles, whose
mechanism in the literature is termed as AC electroosmosis (Ramos et al., 1999). Due to
potential applications in micromixing and microactuators, AC electroosmosis has drawn
much more research intention.

Barragdn and Bauza (2000) performed electroosmosis experiments through a

cation-exchange membrane and showed that the presence of AC perturbation affects the
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electroosmotic flow, depending on the frequency of AC signal and on the solution stirring
conditions. In the frequency range studied, two regions have been observed where the
electroosmotic flow reaches a maximum value: one at low frequencies (~Hz); the other at
frequencies of the order of kHz. These regions could be related to membrane relaxation
phenomena.

In a recent work on electrokinetic instability micromixing, Oddy et al. (2001)
developed an electrokinetic process to rapidly stir micro-and nano liter volume solutions
for microfluidic bioanalytical applications. They rapidly stirred micro flow streams by
initiating a flow instability, which they observed in sinusoidally oscillating,
electroosmotic flows. As the effect occurs within an oscillating electroosmotic flow, they
refer to it as an electrokinetic instability (EKI). They obtained the electroosmotic velocity
profile in a micromixer by using slip velocity approximation, in which the velocity on the
outskirts of the flow field is bounded by the “slip velocity”. The slip velocity model was
first proposed by Overbeek (1952) who showed that for micro-channels with relatively
thin electrical double layers, the flow field outside the double layer is an irrotational flow
with a slip velocity boundary condition determined by the well-known Helmholtz-

Smoluchowski equation.

1.5.3 Electroosmotic flow through porous media

As in above discussion, the electroosmosis is an interfacial phenomenon. Use of
porous structures can greatly enlarge the interfacial area, and thus significantly enhance
the pressure-building capacity of the EK micropump. Therefore the mechanism of the
EOF in porous media is deserved for further research input.

Rathore and Horvath (1997) presented two models in their review paper on the

theories of the EOF in porous media. The first is based on Smoluchowski’s work as
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adapted and extended by Overbeek (1952). It deals with the EOF through packed
capillaries under a condition of low electric field strength where the EOF varies linearly
with the field strength because there is no polarization of the double layer. The second
model proposed by Dukhin (1991) predicts the EOF of at least an order of magnitude
higher than that expected by classical theories. It was concluded that there had not yet
been established a solid theoretical understanding of the EOF in capillary
chromatography (CEC). They strongly indicated that the construction and solution of the
mathematical model that could properly describe the electrokinetic phenomena
underlying the EOF in packed beds could have the potential to develop the CEC into a
powerful separation process.

Liapis and Grimes (2000) constructed a mathematical model to describe
quantitatively the profiles of the electrostatic potential, pressure, and velocity of the EOF
in charged cylindrical capillaries and in the CEC systems. They compared their
theoretical results of the EOF velocity with the experimental values of the EOF velocity
obtained from a fused-silica column packed with charged porous silica particles; the
agreement between the theoretical results and the experimental data is good. Also, the
results from model simulations indicated the conditions that permit high values for the
average velocity of the EOF to be obtained, for a given operationally permissible value of
the applied electric field.

As a continue work, Grimes et al. (2000) employed the pore network theory and
the model constructed by Liapis and Grimes (2000) together to estimate the magnitudes
of the intraparticle EOF flow rate, velocity in the pores of the charged porous silica
particles.

Tallarek et al. (2001) studied the macroscopic heterogeneities in electroosmotic

and pressure-driven flow through fixed beds at low column-to-particle diameter ratio and
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demonstrated that a significantly superior performance, which has been shown for the
EOF through packed capillaries compared to pressure-driven flows, can be obstructed by
wall effects, and it is difficult trace back remaining differences in the asymptotic
dispersion observed for these types of fluid flow to an inherent performance concerning
intraparticle and film mass transfer or a macroscopic flow heterogeneity.

Blokhra and Joshi (1999) investigated the effects of the magnetic field on the
electrokinetic transport coefficients of electrolyte at different potentials, concentrations,
and magnetic fields. The phenomenological coefficients characterizing the EOF and the
membrane characteristics are also estimated for the various solutions with the object of
determining the efficiencies of electrokinetic energy conversion and zeta potentials.

Lee et al. (2000) theoretically modeled the EOF of a general electrolyte solution
through a fibrous medium, taking effect of the EDL polarization into account. It was
shown that if the effect of EDL polarization is neglected using the linearized P-B equation
will underestimate the electroosmotic velocity. The deviation becomes inappreciable if
the electrokinetic diameter is either very large or very small.

Coelho et al. (1996) developed a general theory of electroosmotic phenomena in
porous media possessing spatially periodic structure. General expressions for the electric
conductivity, permeability, and coupling electroosmotic tensor coefficients are obtained
in terms of solutions of several transport unit cell problems, posed for the linearized
electrokinetic equations.

Marino et al. (2000) extended the results by Coelho et al. (1996) to the important
case of deterministic sinusoidal and random self-affined fractures in the linear limit for
various double layer thickness. Their numerical results showed a definite influence of the

surface amplitude on electroosmotic processes. And in a more recent paper, Marino et al.
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(2001) further extended their work to include the effects of macroscopic concentration

gradients, in addition to the influence of electrical and pressure gradients.

1.5.4 Thermal effects in electroosmotic flow systems

Since the electroosmosis is electric field driven flow, the Joule (resistive) heat
generation is inevitable due to the electric current incurred. This effect becomes
significant for large capillary size (due to decreased surface-area-to-volume ratio) or high
electrolyte concentration (due to high electric conductivity). In application of
electrokinetic separation, the temperature rise due to Joule heating will in turn affect the
electroosmotic flow and the separation efficiency. The significant temperature rise may
even damage the thermal labile sample and cause vapor bubbles. Due to its importance,
the Joule heating problem has drawn wide attention of the researchers.

Based on Poisson-Boltzmann model for electric double layer, Tang et al. (2004a,
2004b) presented numerical models to evaluate the Joule heating effect on the
electroosmotic flow and mass transfer in non-packed microcapillaries for steady sate and
transient situations. Their numerical simulations showed the significant radial and axial
temperature rise. And they also compared the simulation results based on P-B equation
and Nernst-Planck equation respectively (Tang et al., 2003). They pointed out the two
models gives the same results for the solution ionic concentration in the fully-developed
flow region or in case of large electrokinetic diameter. In their calculation, they assumed
uniform electric field strength, which in effect ignores the continuity of the electric
current. Considering the temperature-dependent electric conductivity, however, the
electric field strength should be strongly coupled with the temperature field.

Xuan et al. (2004a) numerically investigated the thermal end effects on the

electroosmotic flow in a non-packed microchannel. Their model includes the coupling
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electric field strength which is subject to local change due to the non-uniform electric
conductivity. And as a continual work, they use fluorescence-based techniques to
measure the liquid temperature variation and the electroosmotic velocity profile along a
microchannel (Xuan et al., 2004b). Their experimental results were found to agree well
with the predictions of the numerical model.

Knox (1988) pointed out that Joule heating causes the main limitation of
performance of four capillary electro-separation methods. One of them is capillary
electrochromatography in which the capillaries packed with microparticles are used as
separation media. The separation efficiency is greatly affected because of the peak
dispersion arising from Joule heating. He found the heat is generated homogeneously
over the central region and the temperature variation across the bore of the cylindrical
capillary is parabolic. The thermal gradient is largest in the air zone and least in the tube
wall. In addition, he derived simple analytical expression of the cross-stream temperature
excess within the core region and the capillary wall at steady state. But his model is too
simple because he did not consider the temperature dependence of the liquid properties as
well as the non-uniform electric field.

Keim and Ladisch (2003) developed a two-dimensional transient temperature
model for electrochromatography. Their model accounts the temperature dependence of
the physical properties of the stationary and mobile phase. Their model also included the
temperature dependence of the electric conductivity and thus the non-uniform electric
field strength. The modeling results were compared with experiment data. The prediction
was found to be within 3 °C of the actual temperature. In addition they reported there was
a transient voltage drop at the column outlet due to uniform electric field. However they
did not further discuss the Joule heating effects on the electroosmotic flow though the

packed capillary.
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1.5.5 Deign and fabrication of electrokinetic micropump

Due to the advantages of the EK micropump and its potential of delivering liquid
in high flow rate and generating high pressure, the development of the actual EK
micropump have become an area of intense research during recent years.

The first effort made to design an electrokinetic micropump may attribute to Paul
et al. (1998) who reported the ability to generate high pressures using electrokinetic
pumping of liquid through porous media. Pressures in excess of 8000 psi have been
achieved using silica capillaries packed with micron-size silica beads.

Chen et al. (2000) developed a preliminary model of planar EK micropump to
characterize the flow rate, pressure capacity, and thermodynamic efficiency of the pump.
The pump was fabricated on a 50 x 75 x 1.2 mm glass substrate using standard micro
lithography and chemical wet etching techniques. The pump is 1 mm long in the flow
direction and 0.9 um x 38mm in cross-section. DI water was used as working fluid. Their
experimental results showed a linear relationship between flow rate and counter pressure.
However, their planar EK pump can only generate flow rate up to 15 ul/min and pressure
up to 0.3 atm at an applied voltage of 1 kV.

Zeng et al. (2001) fabricated an EK pump by packing the 3.5 um diameter non-
porous silica particles into 500-700 um diameter fused-silica capillaries and using a
silicate frit fabrication scheme to hold the particles in place. The pump can generate
maximum pressures in excess of 20 atm or maximum flow rates of 3.6 ul/min for a 2 kV
applied potential. But they also addressed the limitations associated with electrolytic
gases and its negative effect on the long-term performance of the device.

In designing a large flow rate EK micropump, one of the key issues is the

fabrication of the robust frits. Zeng et al. (2002) reported a novel fabrication technique by
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employing photopolymerization method to make frits and by applying a side-bore
packing method to produce a bed of 1-3 um particles. The photopolymer offers
significant design flexibility because it can be photopolymerized in varied structures. The
maximum flow rates and pressure generated by their pumps are 0.8 ml/min. and 2 atm, at
1.0 kV applied voltage.

Chen et al. (2003) developed the EK micropump using single and multiple
microcapillaries packed with silica microspheres. Their pump is tested with methanol,
phosphate sodium buffer and their mixture, which can generate pressure from 0.1 to 15
MPa and flow rates of tens of nanoliters to several microliters per minute. Specifically,
the interruption of the pumping by bubble formation due to Joule heating, vaporization or
decompounding of the fluid in side the capillaries was observed, especially for high
voltage or large capillary size.

Yao et al. (2003a, b) demonstrated an EK pump prototype by modifying a
commercially available sintered glass frit. The frits they used were porous cylinders of 40
mm in diameter and 1 to 5 mm thick and provide the high wetted-surface-to-volume ratio.
One of their pumps achieved a maximum flow rate of 33 ml/min and a maximum
pressure capacity of 1.3 atm at a 100V applied voltage. They also developed a theoretical
model to simulate the electroosmotic flow in the pump and compared the results with the
experimental data. It is found the model can predict the performance trend and useful for
design of EK pump. However, large discrepancy from 21% to 49% between modeling
results and experimental data had been found. At least part of the discrepancy, as they
said, may be due to the random geometry of the actual porous structure, which is different

from the idealized cylindrical pore geometry in their modeling.
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Chapter 2

Dynamics of Electroosmotic Flow in a Capillary Cylinder

2.1 Introduction

As discussed in the first chapter, study of unsteady electroosmotic flow not only can
provide more insights into the characteristics of electroosmotic flow but also is important to
the practical development and operation of microfluidic devices. The current study presents a
theoretical analysis of the dynamics of electroosmotic flow in a cylindrical microcapillary.
We start with the time evolution of the transient electroosmotic flow motivated by a time
dependent electric field, and discuss the flow field oscillations excited by a sinusoidally
alternating electric field. Importantly, the complete Poisson-Boltzmann equation governing
the EDL electric field is analytically solved with arbitrary zeta potentials under a proposed
analytical scheme. Exact solutions for transient velocity distributions and time-dependent
mean Vvelocities are obtained using the Green’s function method. As a comparison, the
solution under slip velocity approximation is also presented.

In the analysis of electroosmosis presented below we have made the following assumptions
(1) The temperature is assumed uniform over the entire sample. Thus we neglect any
possible effect due to Joule heating.
(i) The magnetic field produced by the moving charges is neglected.
(ili) ~ The flow of the liquid is laminar in nature.

(iv)  The liquid is assumed to be an incompressible, Newtonian, symmetric electrolyte
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of constant viscosity and permittivity over the considered volume.

(v) All the boundary surfaces are assumed to be of uniform charge density.

(vi)  The changing frequency of the external electric field is not very high (e.g., less
than 1 MHz), so the Poisson-Boltzmann equation is still valid for dynamic

electroosmotic flows.

2.2 Problem Formulation
For the case of a forced, laminar flow through a cylindrical microchannel of radius a,
the equation of motion of an incompressible Newtonian fluid of density, o, and viscosity, u,

is given by the Navier-Stokes equation (Probstein, 1994).

p%+ oW VNV = VP +F 4 vV (2.1)

For a fully developed flow in the cylindrical microchannel, the components of velocity V

satisfy u, =u(r,t) and u, =u, =0 in terms of cylindrical coordinates. Thus the inertial term

(\7-V)\7 vanishes. When an external electric field, E(t) is applied along the axis of the

capillary, the liquid starts to move as result of the interaction between the net charge density

in the electric double layer (EDL) and the applied electric field. As the flow is not pressure

induced, the term VP is not present. If the gravity effect is negligible, the body force F is
only the Coulomb force caused by the action of an applied electric field E on the net charge

density p,(r) in the EDL region. With these considerations, Eq. (2.1) is reduced to

(Probstein, 1994)
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ou(r,t) 10| ou(rt)|
P —ﬂFE{r—ar }—E(t)Pe(r) (2.2)

where u(r,t) is the transient velocity field. p,(r) is the local volumetric net charge density
of the electrolyte due to the presence of the EDL.

Consider a fluid phase containing positive and negative ions in contact with a charged
capillary wall. An EDL field will be established. Assume the surface bears a uniform zeta
potential, ¢, . We consider a simple fully dissociated symmetrical salt in solution, where far
away from the wall, the concentration of the positive and negative are equal, i.e.,
z,=-z_ =z and n_, =n_=n,. The electrostatic potential w(r), at any point near the
surface, is related to the net number of electrical charge per unit volume p,(r), in the
neighborhood of the point, which measures the excess of the positive ions over negative ions
or vice versa. Accordingly to the theory of electrostatics, the relation between y(r) and

p.(r) is given by Poisson’s equation (Hunter, 1981), which for a cylindrical surface is

li{rdw(r)}:_pe(r) 2.3)

rdr dr E.&
where ¢, is the dielectric constant of the electrolyte and ¢, is the permittivity of vacuum.

For any fluid consisting of two kinds of ions of equal and opposite charge z, and z_, the

number of ions of each type is given by the Boltzmann equation (Hunter, 1981)

ZeO—V’(r)} (2.4)

n, (r) =n, exp| ¥
L(r)=n, p[+ KT

where e, is the elementary charge, n, is the ionic number concentration in the bulk phase

(i.e., far from the charged surfaces), k, is the Boltzmann constant, T is the absolute
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temperature, and w(r) is the electric potential of the EDL. A proof of the validity of the
Boltzmann distribution in application of time-dependent electroosmotic flow is presented in
the appendix A.

The net charge density in a unit volume of the fluid is given by

p.(r)=(n, —n_)ze, =-2n,ze, sinh{zeli—V/T(r)} (2.5)

b
where z is the valence of the ions. For a monovalence electrolyte considered in this study,
z=1.
Substituting Eq. (2.5) into Eg. (2.3), we obtain a non-linear Poisson-Boltzmann equation,

which solely determines the EDL potential distribution

11% dt//(r)} _ 20028y | 28y (F) (2.6)
rdr dr £.&, k, T

Introducing the following dimensionless parameters

T= f=—£ F=l p =S¥ 2.7)
U pa a k, T
We can nondimensionlize Eqg. (2.2) and Eq. (2.5) respectively as
ou l1o(_ou) a’ _
————|—|= NE(t 2.8
ot rar( arj ,uuspe() ® 28)
and
P (1) =-2n,e,sinh[\¥(r)] (2.9)
Here u, is the reference velocity defined as
u, =0 E, (2.10)
)7
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The reference velocity, u, can also be regarded as the “slip” velocity on the shear plane of
the EDL (Overbeek, 1952). Obviously, u, is proportional to the magnitude of the external
field, E, and the zeta potential, £, .

Substituting Eq. (2.9) into Eq. (2.8), we obtain an inhomogeneous diffusion equation

ou 1o(_ou) (xa) . 1o
E_FE(rEj “¥E, sinh[¥(F)]E(f) (2.11)

2
where ‘P, :% and x = /M x is the Debye-Hiickel parameter, and 1/« denotes
Er&oKy

b

the characteristic thickness of the EDL (Hunter, 1981). Eq. (2.11) is subject to the initial and

boundary conditions

t=0 u=0 (2.12a)
r=0 8—Lizo r=1 u=0 (2.12b)
or

2.3 Green’s Function Method for Inhomogeneous Diffusion Equation

In Green’s function technique, to obtain the field caused by a distributed source (or
charge heat generator or whatever it is that causes the field) we calculate the effects of each

elementary portion of source and add them all. If G(x,t|<&,7) is the field at the observer’s
point x at the moment of t caused by a unit point source at the source point £ at the moment
of z, then the field at x at the moment of t caused by a source distribution po(&,7) is the
integral of Gp over the whole range of space & and time z occupied by the source. The

function G is called Green’s function.
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Thus the solution of inhomogeneous diffusion equation

%“ ~ DV =Q(x,t) (2.13)

is given by (Morse and Feshbach, 1953)
ux.) = [ [[[6(x g 0)Q(E r)dedr
+[[[6(x.t:8,0)u(&,0)dz (2.14)

+aj;ﬁ[e(x,t;g,r)g—‘;—u(g,r)%}dsm

where G(x,t;&,7) is the Green’s function of the specified diffusion equation. The second and
third term on the right hand side represent the effects of initial and boundary conditions,
respectively.

The sought Green’s function G(r,t|&,7) should satisfy (Butkov, 1968)

oG 10 (_0G _ _
E—FE(rEJ:(S(r—f)ﬁ(t—r) (2.15)

subject to the initial and boundary conditions

G(r0]é,7)=0 (2.16a)
0 _
—G(0,t|&,7)=0 (2.16b)
or

G@Lt|é&,7)=0 (2.16¢)

where §(F — &) and o(t —7) are Dirac delta functions. We can see that the source is an
impulse at t =7, located at r = £. G then gives the description of effect of this impulse as it

propagates away from 1 =& in the course of time.

Taking Hankel transform with respect to ¥ (Gy = J {G}) and using the boundary
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conditions Eqgs. (2.16b)-(2.16c), we obtain

dG

G, =&J3,(4,8)6(t-7) (2.17)
where A, are the positive roots of the zero-order Bessel function J,(4,) =0.

Now, we take the Laplace transform with respect to t (Gu. = £ {Gn}) and use the initial

condition Eq. (2.16a) to obtain

sG, +A2G,, =&3,(1, &)™ (2.18)
We solve for Gy and get
Edo(hé) e
G, = s+/12 (2.19)

taking inversive Laplace transform
b =H{E-1)E3 (4, &)e ) (2.20)
where H(t —7) is the Heaviside step function. The inversion with respect to Hankel

transform leads to

G(F.E|&7) = H“‘)szgg)

&35 (4, &) exp[-An (T - 17)] (2.21)
Hence we obtain the Green’s function for inhomogeneous diffusion equation in cylindrical
coordinates. Using Green’s function method and applying the initial and boundary conditions

in Egs. (2.12), we can show that the solution to Eq. (2.11) is expressed as

u(r,f) = j je(r,ﬂg,r){(\;agz Sinh[‘P(é)]E(r)}dfdr (2.22)

s—0

Substituting Eq. (2.21) into Eq. (2.22) leads to
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j Ei E(r) exp[-22 (E — 2)]d < (2.23)

2
l n

1
where C, = IgJo(ﬂng)sinh[‘{’(g)]dg. Integrating Eq. (2.23) along the radius of the
£=0

cylinder, we obtain the non-dimensional mean velocity

4( )2r0 1 ¢ @29
Ka)" & 2
3, Zlc m]—E(r)exp[—z (-7)dr

Since the electroosmotic flow velocity is coupled with the EDL potential distribution in Eqg.
(2.23) by the factor C,, the EDL potential field should be obtained independently before we

solve the flow field. A detailed derivation is presented in appendix B.

2.4 Unsteady and Frequency-dependent Electroosmotic Flow

2.4.1 Sinusoidally alternating electric field
Consider the application of a sinusoidally alternating electric field with an angle

frequency @
E(t) = E,e' (2.25)
Substituting Eq. (2.25) into Eq. (2.23), we can show next

3o (4,7) exp(if*t) — exp(-A;t)

0(F ) = REAL| 258)° Sc

R = RNNEI VN 2o +if? (2.26)
2(1(‘& i J,(A,F) A cos(B%) + B2 sin(B2E) — A2 exp(— A2T) '
L A= RN R ) Ao+ B°

where i is the unit imaginary number. “REAL” denotes the real part of the solution. Here a
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new parameter £ is defined as (Telionis, 1981)

a

ﬂ:
Jul pw

L represents the aspect ratio of the capillary radius a to the Stokes penetration depth o,

(2.27)

defined as (Telionis, 1981)

5, = |4 = |~ (2.28)
PO 2rpf

where f = 22 is the frequency of the applied electric field.
T

Accordingly, the mean velocity is given by

r=0 ) ) ) (2.29)
4(xa)? ic 1 22 cos(B%) + B sin(B?t) — A2 exp(-A3D)
LPs n=1 " A Jl(ﬂ’n) ﬂ’i +ﬂ4

2.4.2 Step change electric field
The external electrical field is applied and remains constant from the time t =0 (i.e.,

the electrical field follows step function change)

E(t) = E, H(t) (2.30)
where
1 (t=9)
H({t-0)= {o (t<5) (2.31)

is the well-known Heaviside step function.

Substituting Eq. (2.30) into Eq. (2.23) and Eq. (2.24), we obtain
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2(xa)’ ic J,(A,T) 1—exp(-A%t)

u(r,t)= v, 257320, 7 (2.32)
and
o A(ka)® & . 1-exp(-A3)
um(t)_ p Z n ﬂ«i\]l(ﬂn) (233)

S n=1
In fact, we also can derive Eq. (2.32) and Eq. (2.33) by setting the angle frequency of the

electrical field @ in Eq. (2.26) and Eq. (2.29) equal to zero, and then £ =0. Hence Eq. (2.26)

and Eq. (2.29) can reduce to Eq. (2.22) and Eq. (2.23), respectively.

2.4.3 Pulsed electric field
For a more general situation when the electric field is switched on at the time t =0
and remains constant until it is switched off at the time t=¢, the electric field is then
described by
E=E,[H({t)-H(t-06)] (2.34)
Substituting Eq. (2.34) to Eq. (2.23) and Eq. (2.24), we get

o 2(ka)’ & . Jo(A,T) exp[- 22 (T - S)H (T - 5)]—exp(-Aif)
u(r,t)——\y > .C, 70 7 (2.35)

S n=1

and

[t

o4 5o LA ([ -0) HE-5)]-exp(-4D) (2.36)

u(t
Oy 2 7 3,G2)
The total volumetric net flow quantity from the electric field is switched on to the

termination of the entire flow due to frictional stress can be determined from
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KLD’
[©]

Q (0)= ju (f)df = 4(Ka 2 yw (/1) (2.37)

It is obvious that the total net flow quantity is proportional to the duration of time & (here

J = ”2
pa

2.5 Results and Discussion

In calculations, NaCl is used as the electrolyte solution. At room temperature of
T=298K , the electrolyte properties are dielectric constant ¢ =80 , viscosity
1 =0.90x10" kg/sm, and density p =998 kg/m?.

2.5.1 Potential profile

Figure 2-1 shows the EDL potential profiles in a cylindrical capillary for two
different electrokinetic diameters, xa with a fixed zeta potential, \¥,. For comparison, we
also include the results obtained from the Debye-Hiickel linear approximation and complete
numerical method. To exclude the effect of zeta potential on the magnitude of the EDL
potential, we choose the arbitrary reference potential, ¢, . It is shown in Figure 2-1 that the
Debye-Huickel linear assumption provides a good approximation for a larger electrokinetic
diameter. However, the linearized solution deviates from the complete Poisson-Boltzmann
equation for a smaller electrokinetic diameter, i.e., a thicker EDL corresponding to a dilute
electrolyte or smaller capillary. Furthermore, it is noted from Figure 2-1 that the difference
between the analytical scheme used in the present study and the numerical solution of the

Poisson-Boltzmann equation is visually indistinguishable, suggesting an excellent
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approximation estimated by Eq. (B.3).

1.0 A

o
4
- 1 xa=10
= 0.8 2 xa=25
© Y, =8
c
g
© 0.6 1
Qo /
— /
o /
L /
g9 044 —————- Debye - Huckel linear /
[} /
c ) /
o Proposed analytical scheme 1/
n /
c 0.2 1 .
CIE) O Complete numerical
a

0.0 4 ST
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless Radiusr'=r/a

Figure 2-1 Comparison of the results for dimensionless EDL potential, y (r) / {; versus
dimensionless radius, r / a, obtained from the Debye-Hiickel linear approximation, the
analytical scheme proposed in this study, and the numerical integration of the complete
Poisson-Boltzmann equation in a cylindrical capillary for two cases: (i) xa = 10, and (ii) xa

= 25, with a fixed dimensionless zeta potential, ¥ = 8.

2.5.2 Transient velocity profile

Time evolution of the electroosmotic flow field in cylindrical capillaries under a constant

electric field is shown in Figures 2-2(a-b). Here the reference velocity is chosen as

&b Eokbi so that the zeta potential effect can be shown. According to the results

u, =
H €

s0

displayed in Figures 2-2(a-b), we can observe that upon the application of an electric field,
the flow is activated in a region adjacent to the channel wall and the velocity increases
rapidly from zero on the wall to a maximum within the EDL where the driving
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force is present. As the time goes, the flow gradually extends to the rest portion of the
channel due to hydrodynamic stresses originated from liquid viscosity. When the flow in
entire channel becomes steady, the flow velocity across the channel other than the EDL
region remains almost a constant value, resembling a plug flow. Furthermore, we can

estimate the

t =1 (inf)

Dimensionless Velocity u'(r', t")

Dimensionless Radiusr'=r/a

Figure 2-2(a) Time evolution for the case of thick electric double layer with the

electrokinetic diameter, xa = 10. The reference velocity is defined as , __ éréo E, L
S eo

characteristic time scale for the electroosmotic flow to reach its steady state from Eq. (2.32)
2

by choosing A’t” =ﬂfizt* =1. Then we can obtain t :p’} , Where A, =2.405
pa HA

determined form J,(4,) = 0; this shows that the characteristic time, t* is proportional to the
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square of the channel radius, a®. In addition, it is noted that the velocity increases with the
increasing zeta potential, indicating an almost linear relationship between the velocity and

the zeta potential.

t =1 (inf)

Dimensionless Velocity u' (r', t")

Dimensionless Radiusr'= r/a

Figure 2-2(b) Time evolution for the case of thin electric double layer with the electrokinetic
diameter, k2 = 100. The reference velocity is the same as in 2-2(a).

As a comparison, when the electric field is switched off the time devolution of the
electroosmotic flow is shown in Figure 2-2(c). It can be seen that the flow decays following a
parabolic trend, and is similar to the well-known Stokes first problem, i.e., a streaming flow
over a suddenly stopped plate, which was discussed in length by Telionis (1981). However,
such a similarity is not coincidence. As pointed out earlier, the electroosmotic flow is
activated inside the EDL, which can be considered as the moving plate in the Stokes first
problem. Once the “driving force” is removed — the moving plate is suddenly stopped and the
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external electric field is turned off, the mechanism governing fluid flow is the same, i.e.,

hydrodynamic frictional stresses due to liquid viscosity.

1.2

Y, =4
ka= 3257
1.0

0.8 - 0.01

0.05
0.6 A

0.1

0.4 -

0.2

Dimensionless Velocity u'(r', t")

0.2 1 0.4

0.6

O-O I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless Radiusr'=r/a

Figure 2-2(c) Time devolution with fixed the electrokinetic diameter, x a = 32.57 and the
zeta potential, ¥; = 4. The reference velocity is the same as in 2-2(a).

2.5.3 AC perturbation

For a capillary of a=10um in radius, we can estimate the characteristic time for the

2

electroosmotic flow to reach a steady state is t* = paz =19.2us . The corresponding
1
. . .1 owk .
eigenfrequency of the system is f :t_*:_2:52'25KHZ . Hence, three different
pa

characteristic frequencies of the external electric field, 0.1f*, f*and 10f" (f =w/27) are

chosen to study the characteristic features of the oscillating electroosmotic flow.
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The steadily oscillating velocity distributions are shown in Figures. 2-3(a-c) for five different

3

characteristic moments: wt =0, 7

, 7. It is obvious that the perturbed flow regime

NGRS
NN

becomes smaller with an increase in the frequency of the electric field. This scenario can be
logically anticipated because under very high frequencies, the electric field changes its
direction so fast that the flow never can get developed across the entire channel. According to

Eq. (2.28), the frequency-dependent Stokes penetration depth, &, representing a typical

length scale of the oscillatory laminar viscous flows in response to a harmonic external
excitation (Telionis, 1981), is inversely proportional to the square root of the frequency, f.
This specific dependence on frequency agrees well with that for classical Stokes second
problem, i.e., the oscillating viscous flow induced by sinusoidally oscillating infinite flat
plate (Telionis, 1981). For example, at a very high frequency, e.g., f =10f", the perturbed
area is restricted only in a small region near the channel wall, while the fluid in the rest of the
channel remains zero velocity, as shown in Figure 2-3(c). In contrast, in Figure 2-3(a), at a
very low frequency, e.g., f =0.1f ", the flow is extended through the entire capillary.

Furthermore, it also should be noted that, in Figures 2-3(a-c) the magnitude of the maximum
velocity decreases as the frequency increases. This can be explained by further examination
of the analytical solution derived in the previous section. When the oscillatory flow becomes
steady, i.e., t — oo, the exponential term in Eq. (2.26) decays, the value of the maximum

velocity should be bounded by

e 1, (A ) 1 = Jy(A 1) 1

2
(1) = ¥ ; IE () (A + ¥ Z;‘ "IHA) 2

(2.38)

According to the definition of g given in Eq. (2.27), we can reasonably infer that the
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maximum velocity U, increases as the frequency @ decreases. The maximum velocity

X

reaches its peak value when the frequency of the electric field is zero, i.e., f=0.

The slip velocity approximation used by Séderman and Jsnsson (1996) and Santiago (2001)
is rooted from an analogy to the Stokes second problem. To compare the slip velocity
approximation with the analytical method used in this work, we also present the results for
the electroosmotic flow field under the slip velocity approximation, represented by dashed
curves in Figures 2-3(a-c). Detailed derivation of the electroosmotic velocity with the slip
velocity approximation is provided in appendix C. It is demonstrated in Figures 2-3(a-c) that
at the center region of the capillary, the two methods give nearly the same results for
transient velocity distributions, while adjacent to the charged channel wall the discrepancy is
observed. Such a discrepancy is due to the assumption of moving boundary condition used in
the slip velocity approximation, in which the boundary velocity is assumed to be proportional
to the oscillating electric field (refer to Eq. (C.2b)), while the boundary velocity is chosen as
zero (non-slip condition) in the analytical scheme used in present study. The slip velocity
approximation neglects the velocity profile in the EDL region. Thus the analytical scheme
used in this work can present a more accurate and complete scenario for the oscillating

electroosmotic flow in the microchannel.
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f=0.1f*

1.2

0.4

0.0

ot=3n/4

Dimensionless Velocity u'(r', t)

Analytical scheme in this work

***** Slip velocity approximation
'12 I I I I

0.0 0.2 0.4 0.6 0.8 1.0

Doimensionless Radiusr'=r/a

Figure 2-3(a) Low frequency of the external field, f= 0.1 f".
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f=f
1.2
ot=0y
0.8 /
L ——

-0.4 -

Dimensionless Velocity u'(r', t)
o
o

Analytical scheme in this work \
-0.8 A AN
. . L AN
————— Slip velocity approximation \
'12 I I I I
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless Radiuisr'=r/a

Figure 2-3(b) The eigenfrequency of the external field, f = f".
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f=10f*

1.2

0.8

0.4 A

0.0

-0.4 -

Dimensionless Velocity u'(r', t)

0.8 Analytical scheme in this work

***** Slip velocity approximation

'1.2 | | | |
0.0 0.2 0.4 0.6 0.8 1.0

Dimensionless Radiusr'=r/a

Figure 2-3(c) High frequency of the external field, f =10 f".

Figure 2-3 Steadily oscillating velocity distributions along the dimensionless radius for three
different aspect frequencies of the external field, 0.1 f*, f" and 10 f*, with the electrokinetic

diameter, x a = 32.57, the zeta potential, ¥, = 4 and eigenfrequency, f=52.25 KHz.
Snapshots are presented at five different characteristic moments: ot = 0, /4, /2, 3n/4, T.

Reference velocity is chosen as ; _ _& E,¢,- Comparison with the results obtained from

slip velocity approximation represented by dashed curves.
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In Figure 2-4(a), the time dependent mean velocity is plotted for two-cycle periods of the AC
electric field. The flow can follow the sinusoidally oscillation of the electric field, but there
exists a phase lag. Furthermore, it can be observed that as increasing frequency the flow lags
behind the excitation field with a larger phase lag. From Eqgs. (2.26)-(2.28), we can show that

the phase lag of the oscillating velocity to the excitation field is expressed as

2
f=tan™ (ﬁ—ZJ =tan™" (2”7/2) f aZJ = tan‘{Z;r ff* j indicating that the phase lag & increases
HA,

n
monotonically with increasing the excitation frequency f. These results are in accord with the
findings by Dutta and Beskok (2001) in their studies on AC electroosmosis in microchannels.

And it can be further inferred that when the excitation frequency f approaches to zero (DC

electric field), the phase lag angle @ approaches to zero, i.e., there is no phase lag. When the

excitation frequency remains at very low value (e.g., f <0.05f"), the phase lag is

proportional to the excitation frequency and can be simply estimated as 8 =2z f / . On the

other hand, when the excitation frequency approaches to infinity the phase lag angle
approaches to 90 degree. The similar trend exists for the effect of the capillary size, the phase
lag increases monotonically with the capillary cross-sectional area, A=za®. This is not
surprising because larger channel size requires longer time for the momentum transfer by
diffusion. The magnitude of the maximum mean velocity (the amplitude of the velocity
fluctuation) is also dependent on the frequency. As shown in Eq. (2.39), the amplitude of

velocity fluctuation can reach an asymptote when the frequency is below a critical value.

4
n

4 2
This critical value can be determined by setting P =(27[ ff*j =0.1 in Eq. (2.39), one can
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get f =0.05f".

. 4(xa)’ & 1 1 4(xa)’ & 1
u.. = (xa) D> Ci— —— < (xa) > C.— (2.39)
lIJs n=1 ﬂ’n‘]l(ﬂ’n) \/1+ﬂ /ﬂ‘n lPs n=1 ﬂ“n J1(ﬂ’n)

Figure 2-4(b) shows dependence of the mean electroosmotic flow velocity on the time,
during which the electric field is powered on. It is shown that the flow cannot reach its steady
state until the time is larger than the characteristic time. On the other hand, the flow decays

exponentially after the electric field is switched off.

1.2 1.2
Mean velocity

\ /s \,  ———— Electicfied

Dimensionless Mean Velocity u'_(t)
Dimensionless Electric Field E(t)/E,

-1.2 T T T -1.2

ot

Figure 2-4(a) Steadily oscillating mean velocity for three different aspect frequencies of the
external field, 0.1 ', f and 10 f', with the system eigenfrequency of f'=52.25 KHz.
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Figure 2-4(b) Evolution and devolution of the mean velocity when the external field is
switched on for different duration of time 0, .

Figure 2-4 Dimensionless mean velocity versus time with fixed the electrokinetic diameter, x
a =32.57 and the zeta potential, ¥ = 4. Reference velocity is chosen as U, =— réo .,
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2.6 Summary

An analytical scheme is used to solve the Poisson-Boltzmann equation for study of
the dynamics of electroosmotic flow in a cylindrical microcapillary. The results show that the
solution of the Poisson-Boltzmann equation based on the analytical scheme is virtually no
different from numerical solution. It is demonstrated that the geometry and zeta potential of
the channel wall have a strong impact on the electroosmotic flow. The electrokinetic
diameter determines the relative thickness of the electric double layer while zeta potential
determines the magnitude of the velocity, and hence the flow rate. The characteristic time for
the flow to reach its steady state is proportional to the square of the channel radius. The
evolution of the electroosmotic flow upon application of a constant electric field exhibits a
unique flow profile, which is resulted from the contributions due to the electric body force
and hydrodynamic viscous stress. On the other hand, the flow devolution after the external
electric field is switched off follows a flow pattern solely controlled by hydrodynamic
friction due to liquid viscosity. In addition, it is found that the oscillating electroosmotic flow
is strongly dependent on the modulation frequency of the applied sinusoidally alternating
electric field, which determines the thickness of unstable Stokes layer, and thus governs the
extent of the harmonic oscillation and the velocity distributions of the oscillating

electroosmotic flow.
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Chapter 3
Analytical Solution of Electroosmotic Flow in a

Capillary Annulus with High Zeta Potentials

3.1 Introduction

The annulus model is more general than a model like a cylindrical pore or two
parallel plates. When the inner radius of the annulus becomes zero, the annulus acts as a
cylindrical pore. The effect associated with the inner cylinder can be ignored. On the other
hand, as the inner radius approaches the outer radius, the annulus behaves like two parallel
plates, and therefore both cylinders play an equal important role. In practice, the
electroosmotic flow in a capillary annulus is related to modelling of the electrokinetic motion
of a particle in a polymeric porous membrane, which is important to understanding of
electrophoretic separation of proteins (O’Connor et al., 1996). In addition, the annulus
geometry is employed as a novel microfluidic mode for the blending of chemical and
biological fluids (Andreeev et al., 1999). Recently, Tsao (2000) studied the steady state
electroosmosis flow through an annulus under the Debye-Hiickel linear approximation,
indicating that his work is valid only for the case of low zeta potentials (e.g., £ <25mV for
an 1-1 electrolyte). In practical situations, however, the zeta-potentials as high as
100 ~ 200 mV are not uncommonly encountered. Therefore, to circumvent this problem, in

this chapter we extend Tsao’s model by developing an analytical approximation to obtain the

general solution of the complete Poisson- Boltzmann equation with high zeta potentials,
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in a fashion similar to the method used by Philip and Wooding (1970). As such, analytical
solutions of the Poisson-Boltzmann equation for the EDL potential distribution and the
Stokes equation for the transient electroosmotic flow field in the annulus region are obtained,
and their results under influences of the EDL and geometric parameters are presented.
Specifically, we also discuss the situations when two cylindrical walls are oppositely charged.
As another contribution of this chapter, the analytical solutions for the frequency-dependent
velocity distributions in a capillary annulus are obtained using Green’s function method. The
flow field oscillations excited by a sinusoidally alternating electric field is discussed under

different modulation frequencies. The generality of the annulus model is also presented.

3.2 Dynamics of the Electroosmotic Flow

Consider an electroosmotic flow in an annular capillary with infinite length between

two coaxial circular cylinders of radii, ¢ a and a, as shown in Figure 3-1 (« is the ratio of

the inner radius to the outer radius). The annulus is filled with an incompressible, Newtonian,

symmetric monovalence electrolyte of constant dielectric constant, &, , viscosity, x and

ro

density, p . The inner and outer capillary walls are uniformly charged with the zeta-
potentials ¢; and £, respectively. When an external electric field, E, is applied along the

axis of the capillary, the liquid starts to move as result of the interaction between the net
charge density in the electric double layer (EDL) and the applied electric field. The motion of
liquid through the cylindrical microcapillary is governed by the Navier-Stokes equation

(Probstein, 1994)

au(r.t) _ lg[rau(r,t)

+E,p,(r 3.1
e L } 0P () (3.1)
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Figure 3-1 Schematic diagram of an annulus. The radii of the inner and the outer cylinders
are a¢a and a, respectively.

Here u(r) is the velocity field. p,(r) is the volumetric charge density due to the presence of

the electric double layer (EDL), and it is given by the Poisson equation, which takes the form

(Hunter, 1981)

lil:r dl//(r):| :_pe(r) (32)

rdr dr E.&,

Substituting Eq. (3.2) into Eq. (3.1), we obtain
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ou(r,t) _ lg[rau(r,t)}_E 1o [ray/(r)}

ot ror or “CCryoarl or
Lol a (3.3)
£.E
= p——r—|u(r,t) - "2 E w(r
'urar{ ar[( )= E >}}
Introducing dimensionless parameters
_ e

T f=—4 ¢ r=l g =SV 3. 4)

U, pa a k,T

Here u, is the reference velocity defined by the well-known Smoluchowski equation

(Hunter, 1981)

&réy

Us =— Eogo (35)
7,

Obviously, u is proportional to the magnitude of the external field, E, and the zeta

S

potential, £, . Eq. (3.3) takes the dimensionless form as

ary _10);90 0(F.£) + D) (3.6)
of  For| of| W '

S

eoé,o
k,T

where ¥, =

The EDL potential ¥ and velocity u satisfy the dimensionless initial and boundary

conditions
t=0 u=0 (3.7a)
r=a u=0 Y=pY, (3.7b)
r=1 u=0 Y=V (3.7¢)

S

where f =¢, /¢, denotes the ratio between the zeta potential of the inner and outer radii.
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Comparing with the results in the previous section, we can infer the system will become
steady state when the time goes to infinite, the solution should take the following non-
dimensional form

u(r,ty=u,(r)+u,(r,t) (3.8)
The steady state limiting solution U_(F) can be obtained from Eq. (3.6) by setting ou /ot =0,
subject to the boundary conditions Egs. (3.7b) and (3.7c). Hence we can obtain the steady
state velocity, which is defined as

m_ln_r(

0,(f)=1-—

1-5) (3.9)

s Ina

Substituting Eq. (3.8) into Eq. (3.6), using the solution of Eq. (3.9), we can get the governing
equation for the transient velocity U, (T,t),
ou(r.f) 10 [,aur.D (3.10
ot ror or

subject to the initial and boundary conditions

f=0 0 =-0,(" (3.11a)
F=a T, =0 (3.11b)
F=1 T, =0 (3.11c)

Using the classical method of separation of variables, the solution of Eq. (3.10) can be given

by

o, (F,f) = i B,[J, (A, PN, (al,) - I, (ad, )N, (4, F)]exp(-22) (3.12)

n=l1

where
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jr'{l_‘l’(r')—“”'(1—ﬁ>}[Jo<ﬂnr'>No<aﬂn>—Jo(aﬂn)Nounr')]dr’

Y. Iha
B, =% - (3.13)
Ir'[JO(/lnr')No(a/In)—Jo(a/ln)NO(/Inr’)]zdr’
and A, are the positive roots of
Jo (AN, (ady) = o (@d,)N, (4,) =0 (3.14)

where J, and N, are the zero-order Bessel function of the first and second kind,

respectively.
The transient aspect is similar to the EOF in cylindrical capillary. So the steady aspect is

emphasized here. According to Eq. (3.9), the steady state velocity is

_y(r) In(r/a)
<, Ina

u,(r)= u{l (l—ﬂ)} (3.15)

The average velocity of the fluid across the annulus cross-section is obtained by

<u2>: 2

—2f ru(rydr =u, J(G,a, §) (3.16)
a(l-a”)=

and the volumetric flow rate is expressed as

Q, =2ﬁj;ru(r)dr:usna2(1—a2)-J(G,a,ﬁ) (3.17)
where
_ _ 2 2
1G.a, fy=1-G P 1=’ +2a" Ina (3.18)
2Ina 1-a’
and
G —;ja ry(r)dr (3.19)
£,a’(1-a?) = '

J is regarded as a correction factor to the Smoluchowski equation (Hunter 1981) that
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assumes a negligible thickness of the EDL, and it depends on the geometry ratio, « and the
ratio of zeta-potentials, f. Clearly, the flow direction is also determined by the sign of J.
And G is the ratio of the mean electrostatic potential across the annulus region to the zeta-
potential of the outer charged wall, representing the effect of the finite EDL thickness.

For a wide capillary (i.e., ka>>1), G is negligibly small, and hence Eq. (3.18) reduces to

(Tsao, 2000)

L 1=p l-a’ +2a’ Ina

J=1 (3.20)

2Ina l1-a?

By setting J =0 we can obtain the condition that the zero flow rate occurs is (Tsao, 2000)

ﬁo(a)=(£J I Ul 20 L L (3.21)

<, l-a’ +2a’ Ina
Eq. (3.21) shows that for a given «, the liquid flow due to electroosmosis moves toward one
direction when £ > S, while the flow goes opposite when £ < S, .
Since the electroosmotic flow velocity is coupled with the EDL potential distribution in Eq.
(3.15), the EDL potential field should be obtained independently before we solve the flow

field. An analytical solution of the EDL potential in a capillary annulus is presented in

appendix E.

3.3 Generality of Annulus Model

It has been mentioned that the annulus model is more general than a model like a
cylindrical pore or two parallel plates. The generality of annulus model is presented here. The
steady state limiting solution U, (I") has been obtained in Eq. (3.9). Actually, the cylindrical

capillary model and parallel plates model are two limiting cases of the annulus model.
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Limiting Case I: when the inner radius becomes zero (i.e., @ — 0), the capillary annulus
behaves as a capillary cylinder.

Because Ina— —o0 when o — 0, Eq. (3.9) reduces to

P (00}
u, (n=1 v (3.22)

The result in Eq. (3.22) is consistent with Rice and Whitehead’s results for electroosmotic
flow in capillary cylinder (Rice and Whitehead, 1965).

Limiting Case Il: when the inner radius approaches the outer radius (i.e., « — 1), the
capillary annulus behaves as parallel plates.

Introducing new spatial variable between the two parallel slits Yy =T -« , and because

lim In(a + y) = lim—% — = ! —, Eq. (3.9) reduces to
el Ina alg+y 14y
a(y)=1- W) 1=/ (3.23)

b g 1+Yy

S

If the two slits walls are equally charged, i.e., f =1. Eq. (3.23) reduces to

Y (y)
~ (3.24)

S

uy)=1-

The result in Eq. (3.24) is consistent with Yang’s results for electroosmotic flow in parallel

plates (Yang et al., 2002).

3.4 Results and Discussion

In the previous chapter, basic equations have been derived for the EDL and the
electroosmotic velocity distributions in an annulus region. Examination of these equations

reveals that the characteristics of the electroosmotic flow in an annulus are
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determined by the following non-dimensional parameters: the geometric radius ratio, «, the

zeta potential ratio, £, the electrokinetic diameter, k¥ a, and the zeta potential, V. In
calculations, we consider these parameters bounded by: ¢ =04, f=-3~3, xa=25~100,

and ¥, =2 ~ 10, which are of most practical interests.

3.4.1 Potential profile

Figure 3-2(a) shows the comparison results of the non-dimensional electrical potential
profiles obtained from the Debye-Hiickel linear approximation, the analytical scheme
proposed in this study, and the numerical integration of the complete Poisson-Boltzmann

equation in an annulus for two cases: (a) ka =10, and (b) xka=25. It is noted that in either

case, use of the Debye-Hiickel linear solutions always gives rise to errors in the electrical
potential. In contrast, the difference between the analytical scheme proposed in current study
and the complete numerical solution of the Poisson-Boltzmann equation is visually
indistinguishable, indicating an excellent approximation given in Eq. (E.4).

Figure 3-2(b) presents the profile of the non-dimensional EDL potential for three different
values of the electrokinetic diameter, xa. As illustrated in Figure 3-2(b), the EDL potential
is symmetrically distributed when the inner and outer walls are equally charged (i.e.,
L ==1). It can also be seen that for large electrokinetic diameters, the EDL field exists only
in the region close to the wall. However, for small electrokinetic diameters, the EDL
potential can extend to a larger portion of the annulus, consistent with previous studies of the

electroosmotic flow through microcapillaries of other geometric cross-sectional shapes

(Burgreen and Nakache (1964), Levine et al. (1975), Koh and Anderson (1975), Yang and
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Huang (2001)). It is, therefore, expected that the EDL effect is more significant for small-
sized annuluses. In Figure 3-2(c), the EDL potential versus the non-dimensional radius is

plotted for three different zeta potentials, ‘¥, . Since the electrokinetic diameter, xa keeps as

a constant, the EDL regime in all these three cases remains the same. As such, variation of
the zeta potential only results in a change of the magnitude of the EDL potential. It is noted
that as the zeta potential increases, the potential drops off more sharply within the EDL

regime.

Figure 3-2(a) Comparison of the results obtained from the Debye-Huckel linear
approximation, the analytical scheme proposed in this study, and the numerical integration
of the complete Poisson-Boltzmann equation in an annulus for two cases: (i) xa = 10, and
(ii) xa = 25, with fixed the non-dimensional zeta potential of the outer cylinder, ¥s = 8 and
the zeta potential ratio of the inner cylinder to the outer cylinder, = 1.
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Figure 3-2(b) Effect of the electrokinetic diameter, x a with a fixed non-dimensional zeta
potential of the outer cylinder, ¥ = 2.
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Figure 3-2(c) Effect of the zeta potential, ¥ with a fixed electrokinetic diameter, xa = 25.

Figure 3-2 Non-dimensional EDL potential, ¥ (r) versus non-dimensional radius, r / a of the
annulus. The geometry ratio of the annular inner radius to outer radius, & = 0.4. The zeta
potential ratio of the inner cylinder to the outer cylinder, g = 1 and B = -1, denoting a
symmetrically-charged and oppositely-charged annulus, respectively.
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3.4.2 Velocity profile
Time evolution of the electroosmotic flow field in annular capillaries under a constant
electric field is shown in Figures 3-3(a)~(d). The reference velocity is chosen as

kT . . . . o )
—2— It is obvious that the velocity evolution in annulus is similar to that in

E.&
E,
H &

U =—

cylindrical capillary, which is discussed in detail in chapter 2. Thus only steady-state flow
characteristics of EOF in annulus will be discussed in this section.

The non-dimensional steady-state velocity distribution for different electrokinetic diameters,
xa, is shown in Figures 3-4(a)~(b). When two cylindrical walls are equally charged (i.e.,
f =1), the velocity field exhibits a profile resembling a plug flow. It can be seen that the
velocity increases rapidly from zero on the wall to a maximum velocity within the EDL
region that extends about a few Debye-Hiickel lengths from the channel wall. Then the
velocity remains as a constant through the rest of the channel. This unique profile can be
attributed to the fact that the flow is driven by the electrical forces resulted from the
interaction of an externally imposed electric field and the EDL field. Such driving forces
exist only inside the EDL region where the electrical net charge is not zero. The flow in this
region may be viewed as “active”. In contrast, the flow outside the EDL region moves due to
frictional stresses originated from liquid viscosity, and hence it can be considered as
“passive” flow. Furthermore, an examination of Figure 3-4(a) reveals that for a fixed zeta

potential, ‘¥, , the magnitude of the maximum electroosmotic velocity is the same, regardless

of different values of xa. Taking advantages of the analytical solution for the electroosmotic

flow in the annulus, we can interpret this scenario by using Eq. (3.15). According to Eq.
(3.15), the maximum electroosmotic velocity, in the case of =1, is given by the
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apparent “slip” velocity, U, (defined in Eq. (3.5)) that is independent of the electrokinetic
diameter, xa . Figure 3-4(b) shows the effect of asymmetrically charged walls.

As explained earlier, the electroosmotic flow is the result of the interaction between the

applied electric field and the EDL. The zeta potential, ¥, therefore, has a significant

influence on the electroosmotic flow, which is amply demonstrated in Figures 3-4(c)~(e) for

both symmetrically-charged (i.e., f =1) and asymmetrically-charged ( # # 1) annuluses. It is

noted that the velocity increases with an increase of the zeta potential, indicating a nearly
linear relationship between zeta potential and velocity.
Now we consider a situation when the two cylindrical walls are oppositely charged

(i.e., f <0). As illustrated in Figures 3-4(a)~(e), the direction of the electroosmotic flow in

the annulus is directly correlated to the polarity of the charged channel wall. It is observed
that there is a cylindrical plane inside the annulus, on which the fluid velocity is zero. The
liquids divided by such a plane flow in two opposite directions, undisturbed to each other as
if there exists a wall dividing them. Interestingly, an inspection of Figure 3-4(a) and Figure
3-4(c) indicates that given a fixed geometry ratio, &, the location of the zero-velocity plane
in an equally-charged annulus remains unchanged despite the difference in the zeta potential
and the electrokinetic diameter. In fact, the location of the zero-velocity plane can be

predicted from Eq. (3.15). Given the fact that for the case of £ <0 and large electrokinetic

diameters, for example xa > 25, the electrical potential, y at the zero-velocity plane is
negligible, i.e., i (Fo) ~ 0. As such, the location of the zero-velocity plane, as shown in Figs.
3-4(a)~(e), can be estimated as ro=""Rla , which gives the values of ro =0.632 and

ro=0.737 for =04 and, p=-1 and [ =-2,respectively.
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Figure 3-3(a) Time evolution for the case of thick electric double layer with the electrokinetic
diameter, xa =25 and g=1.
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Figure 3-3(b) Time evolution for the case of thick electric double layer with the
electrokinetic diameter, ka = 25 and g=-1.
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Figure 3-3(c) Time evolution for the case of thin electric double layer with the electrokinetic
diameter, xa =100 and #=1.
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Figure 3-3(d) Time evolution for the case of thin electric double layer with the electrokinetic
diameter, xa =100 and #=1.

Figure 3-3 Dimensionless transient velocity, u (r) / u o versus dimensionless radius, r/a for
the case of radius ratio, o = 0.4 and the zeta potential ¥, = 4. The reference velocity is
i £.€ k,T
definedas , __%% E"ebi'
0
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Figure 3-4(a) Effect of the electrokinetic diameter, x a with a fixed non-dimensional zeta
potential of the outer cylinder, W= 2 and radius ratio f ==1.
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Figure 3-4(b) Effect of the electrokinetic diameter, x a with a fixed non-dimensional zeta
potential of the outer cylinder, ¥= 2 and radius ratio f =+2.
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Figure 3-4(c) Effect of the zeta potential, ¥ with a fixed electrokinetic diameter, xa = 25
and radius ratio g =+1.
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Figure 3-4(d) Effect of the zeta potential, ¥ with a fixed electrokinetic diameter, xa = 25
and radius ratio =12
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r/ a

Figure 3-4(e) Effect of the zeta potential ratio, = & / ¢ with fixed the electrokinetic
diameter, xa = 25 and the non-dimensional zeta potential of the outer cylinder, ¥s= 2.

Figure 3-4 Non-dimensional electroosmotic flow velocity, u (r) / ug versus non-dimensional
radius, r / a of the annulus. The geometry ratio of the annular inner radius to outer radius,

a =0.4. Reference velocity is chosenas , %% g kT
S
e()
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3.4.3 Prediction for the EDL-related correction factor, G

The quantity (1-G ) is important in a sense that it denotes the effect of the finite EDL
thickness. It can be considered as the EDL-related correction factor to the Smoluchowski
equation. In Figure 3-5, (1-G)) versus xa is plotted for various values of the zeta potential,
W, (¥, =22). The predictions display that when the electrokinetic diameter, xa is small,
(1-G) is far away from 1, indicating that the impact of the finite EDL thickness on the
electroosmotic flow becomes relatively stronger, and hence this correction factor should be
taken into account. Furthermore, for a given value of the electrokinetic diameter, xa, (1-G)

increases with an increase in the wall zeta potential, ¥, . However, with the linear
approximation (Rice and Whitehead, 1965), G was reported to be independent of ¥,. On
the other hand, as xa becomes large, irrespective of ‘¥, all curves for (1-G ) are

approaching to 1, suggesting that while the capillary electrokinetic diameter is large enough,

the effect of the finite EDL thickness, G is negligible.
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Figure 3-5 Variation of the EDL-related correction factor (1-G) with the electrokinetic
diameter, x a for various zeta potentials of the outer cylinder, ¥,. The geometry ratio of the
annular inner radius to outer radius, @« = 0.4. The inner and outer annular walls are
equally charged, g=1.
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3.4.4 Prediction for the correction factor to the Smoluchowski equation, J

with G (this study) = TS~ _ _

————— without G (Tsao's results (2000))

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

-1.0 1

Figure 3-6 Correction factor for the Smoluchowski Equation, J versus the geometric ratio of the

annular inner radius to outer radius, e for various values of the zeta potential ratio, S= ¢ / &.
Without including the EDL-related correction factor, G, we recover Tsao’s results (2000)
represented by the dashed lines.

According to the definition given in Eq. (3.18), the quantity J represents the
correction factor to the Smoluchowski equation, and it takes into account of contributions
due to the EDL and the geometric ratio of the annulus. As pointed out by Tsao (2000),
physically J also can be considered as the normalized mobility with respect to that of a
charged surface with ¢, (see Eq. (3.16)). The effects of the radius ratio, ¢ and the zeta
potential ratio,  on J are shown in Figure 3-6. For a comparison, the results obtained by

Tsao (2000) who used the solution of the linearized Poisson-Boltzmann equation and
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neglected the EDL-related correction, G are plotted as the dashed lines in Figure 3-6. As
expected, the mobility, J predicted from this study is different from that obtained by using
Tsao’s approach. For instance, Figure 3-6 clearly shows that for f >1 Tsao predicted the
inner cylinder enhances the fluid mobility that increases with increasing « . While our
calculations show a completely different trend of the dependence of J on «. It is anticipated
that such discrepancy would become larger for the cases of higher zeta potentials, ¥, and
smaller electrokinetic diameters, xa , under which the contributions of the non-linear

Poisson-Boltzmann equation and the EDL-related correction, G , are more significant.

Zeta Potential Ratio B

'15 T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Radius Ratio o

Figure 3-7 Critical value combinations of the radius ratio, « and the zeta potential ratio, g for
zero net flow rate.
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On the other hand, our calculations based on the approach developed in this work reconfirm
the important features of the electroosmotic flow in the annulus when the two cylindrical
walls are oppositely charged. As mentioned earlier, reverse of the sign of J from positive to
negative implies a change of the net flow direction. The net flow direction change also
implies that there exists some combination of o and B when the net flow rate is zero
(J =0).Without loss of generality, the a - B combination for zero net flow rate in wide
capillary is shown as the solid curve in Figure 3-7, according to Eq. (3.21). Regardless of the

value of a, the value of J is found always positive for > —1. However, for f <-1, J

decreases from positive to negative as a increases. The two regions divided by the solid
curve denotes two opposite net flow directions. The net flow rate right on this curve is zero.
This a-p relationship is very interesting because it is related to the condition corresponds to
the electrokinetic displacement of air bubble in a microchannel (Takhistov et al., 2002). The
electrokinetic flow between the bubble surface (oppositely charged compared to channel
wall) and the channel wall can be modeled as an annular thin film of EOF around the bubble.
When the net flow in this annular film is zero, the bubble remains stationary while there is
EOF around it. Once net flow exists in the thin film, the fluid behind the bubble accumulates
and a pressure gradient is built up to move the bubble forward in order to accommodate the
accumulated fluid. Thus the results in Figure 3-7 can predict that when the bubble would
begin to translate. The a-f relationship at zero net flow rate is an important threshold

condition for transporting bubble (or drop) in microchannels.
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3.5 Summary

Analytical scheme is proposed to solve the nonlinear Poisson-Boltzmann equation in
an annulus domain. The calculated results show that the difference between the proposed
analytical scheme and the complete numerical solution of Poisson-Boltzmann equation is
visually indistinguishable, indicating an excellent approximation proposed in this study. An
analytical expression for the electroosmotic flow filed in an annulus is derived. The
calculations show that for a given zeta potential, the magnitude of the maximum

electroosmotic velocity is independent on xa. In the case that the two walls of an annulus
are oppositely charged, there exits a zero-velocity plane, which can be estimated by
ro =" Ala . In addition, it is found that the correction factor to the Smoluchowski equation

for annulus needs to account for both the EDL-related and the geometry-dependent

contributions.
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Chapter 4
DC Electroosmotic Flow in a Microchannel Packed with

Microspheres under Electrokinetic Wall Effect

4.1 Introduction

In this chapter, we attempt to construct a mathematical model for the EOF in a
charged microcapillary packed with charged microspheres. Our approach is based on the
capillary model and the volume averaging method. Since the packing particles are not neutral

but charged with a zeta potential, £, the local EDL regime will occupy a finite portion of

each void space among particles as long as there is an interface between the particle and the
fluid. Due to the interaction of the local EDL and the applied electric field, EOF occurs
everywhere in the space occupied by fluid phase, including in the void space between the
charged packing particles and the charged channel wall. We start with the analysis of the
EOF in a microcapillary packed with homogeneously charged microspheres. It is obvious
that under the volume averaging method, the macroscopic EOF velocity should be uniform
everywhere in a homogeneous (no boundary, uniform particle size) porous medium.
However, in this study, the porous medium is bounded by a charged capillary wall. Thus the
volume averaging method is employed to obtain the macroscopic EOF velocity distribution,
taking into account inhomogeneity due to the geometrical variation of packing porosity. Next,

the modified Brinkman momentum equation is solved to obtain the electrokinetic wall effect
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which is due to the excessive zeta potentials of the capillary inner surface. The effects of

geometrical and electrokinetic parameters on the EOF velocity fields are discussed.

4.2 Method of Volume Averaging

In a natural porous medium, the distribution of pores with respect to shape and size is
irregular. On the pore scale (microscopic scale) the flow quantities such as velocity, pressure,
etc., are also irregular (Nield and Bejan, 1999). But in typical experiments the quantities of
interest are measured over areas that across many pores and such space-averaged
(macroscopic) quantities change in a regular manner with respect to space and time and
hence are amenable to the theoretical treatment. A macroscopic variable is defined as an
appropriate mean over a sufficiently large representative elementary volume (REV). It is
assumed that the result is independent of the size of the REV. As illustrated in Figure 4-1(a),
the length scale of the REV is much larger than the pore scale, but considerably smaller than

the length scale of the macroscopic flow domain.

Representative
elementary
volume (REV)

Flow domain

(@)
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Figure 4-1 Schematic illustration of representative elementary volume (REV): the length

scale of the REV is much larger than

the pore scale, but considerably smaller than the

length scale of the macroscopic flow domain.

Under the volume averaging method, t

in magnitude in a packed capillary

he flow quantity, such as the velocity will be lowered

than in an unpacked capillary by some geometric
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constraint factors (Remcho and Vallano, 2001). Two major geometric constraint factors to
characterize a porous medium are called the porosity and the tortuosity. The porosity is
defined as ¢ = V;/ V, where Vs and V are the void and total volumes of the porous medium,
respectively (as illustrated in Figure 4-1(b)). Thus the porosity factor is a volume averaging
including the space occupied by the solid packing material. The other factor, as illustrated in
Figure 4-1(c), tortuosity includes the non-alignment of most flow channels with the electric
field, which is applied along the capillary axis. The fluid flow in a capillary tube packed with
solid spherical particles will occur only within the interparticulate spaces. The individual
flow channels comprise a highly complex, directionally non-uniform network, of which only
a fraction will be aligned axially with the electric field. Most flow channels will be off-axis
with respect to the field resulting in a lower effective field strength (decreased by a factor of
cosé). In addition, the fluid flowing in an off-axis channel must travel a greater distance
(increased by a factor of 1/cosé) for a given displacement along the capillary axis. The
tortuosity is defined as 7= 1/cos?@ = (Lett / L)%, where Lef is the effective length of travel for
flow along the pore path and L is the physical length of the porous structure (Kaviany, 1995).
Combination of above factors results in the reduction of the velocity component along the
axis by a factor of ¢ /7.

The other two parameters are the pore size, d and the Darcy permeability, K, which will

pore !
be defined in next section. These structure-related parameters can be determined by
experiment.

In this study, we consider a charged cylindrical microcapillary of the radius, R, packed with

charged spherical microparticles of uniform diameter, d . The liquid in the microcapillary is
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assumed to be an incompressible, Newtonian, monovalence electrolyte of density, o, and
viscosity, u . The zeta potentials of the inner wall surface and the particle surface are ¢, and
¢, respectively. When an external electric field, E, is applied along the axis of the

microchannel, the electrolyte in the microchannel will move due to the electroosmosis
resulted from the interaction of the EDL (close to the interface of the particles as well as the
channel wall) and the applied electric field. Joule heating effect due to axially imposed
electric field is ignored in our model development.

The overall macroscopic EOF velocity in the packed capillary is decomposed into two
separate components due to: the contribution from homogeneous densely packed charged
microparticles and the contribution from the charged capillary wall with neutral packing, as

illustrated in Figure 4-2.

charged particles charged particles neutral particles
charged boundary  no boundary charged boundary

Figure 4-2 Schematic illustration of decomposing the overall macroscopic EOF velocity in a
packed capillary into two separate components due to: (i) the contributions from
homogeneous (isotropic) densely packed with charged microparticles, and (ii) the
contributions from the charged capillary wall with neutral packing.

As mentioned above, the present model is based on the space-averaging method which is
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commonly applied in the classical pressure-driven transport phenomena in porous media.
This averaging method focuses on the equivalent macroscopic physics without considering
the local complexity in the microscale. However, the EOF in porous media is originated from
the interaction of the external electric field and the EDL at internal surface of the porous
structure. In reality from microscopic viewpoint, the driving force is dependent on the local
configuration of the interface and local pressure gradient may be induced because of the
complicated geometric structure and overlapped EDLS, which makes the real scenario much
more complex. Strictly speaking, a more accurate three dimensional pore-size level modeling
instead of space-averaging modeling should be developed to include such effects. However
due to the enormous difficulties involved in numerically simulating the true 3-D problem and
the time limit for this project, the macroscopic space-averaging model for the EOF in the

porous media is applied, as a “first-order” approximation, throughout this thesis.

4.3 Macroscopic EOF in Homogeneous Charged Microspheres

4.3.1 Interstitial EOF velocity

The present work is based on a semi-heuristic model of flow through solid matrices
using the concept of hydraulic diameter, which is also known as the Carman-Kozeny theory
(Probstein, 1994). The theory assumes the porous medium to be equivalent to a series of
parallel tortuous tubules. The characteristic diameter of the tubules is taken to be a hydraulic
diameter or effective pore diameter. This diameter is conventionally defined as (Kaviany,
1995)

__4xVoid Volume 44,
" Surface Area A (1-4,)

(4.1)
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where ¢, is the average porosity of the porous medium. A, is the volumetric or specific area
based on the solid volume, i.e., A, /V,, where A is the interfacial area between the fluid
and the solid phase and V is the solid volume. For spherical particles considered in this work
A,=6/d,, where d is the diameter of spherical particles. So the hydraulic diameter can be

expressed as

d pore — &d p (42)
31-4.)

We propose the interstitial tubules to be cylindrical with an effective diameter, i.e., effective

pore size, d . =2R .. The inner wall of the cylindrical tubules is charged with zeta

pore pore

potential ¢, . The interstitial EOF velocity u;(r) in each tubule is governed by the Stokes

equation (Probstein, 1994).

(4.3)

pore)

p2 OO e (4P, =0 (0<r<R
rdr dr

where P, = AP/L is the global pressure gradient along the flow direction. L is the physical
length of the flow domain. In the present study, no global pressure gradient is applied, i.e.,
P,=0. As noted in section 4.2, from microscopic point of view, a local back pressure
gradient may be induced where the EOF becomes non-uniform due to the complicated
geometry and packing conditions. For instance, at narrow constrictions the local electric field
strength becomes higher if the porous packing has a lower permittivity than the working fluid.
As we know, the EOF velocity is proportional to the electric field strength. Thus the local
EOF tends to be strengthened to increase local velocity. When the EOF is non-uniform, local

pressure-driven back flow must be induced to maintain the local mass conservation (Tallarek
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et al., 2001). However, the geometrical non-uniformity and the induced local pressure are
highly random within the bulk packing except at the end of the packed capillary — the
interface of the retaining frits, where the flow path may subject to drastic decrease in cross-
sectional area, depending on the quality of the frits. In present study the end frit effect is
ignored and we focus on the electroosmosis-driven flow through the porous packing. Under
the present space averaging method, the overall effect of the random local pressure gradient
vanishes. Therefore the porous media is assumed as equivalent parallel tubules of uniform

cross-sectional area without global pressure gradient. p,(r) is the local volumetric charge

density due to the presence of the EDL inside each interstitial tubule, and it is given by the

Poisson equation, which takes the form (Hunter, 1981)

gi{rd%(r)}_%(r) (0<r<R
r dr dr &réy

(4.4)

pore )

where ¢, is the dielectric constant of the electrolyte and &, is the permittivity of vacuum.

Substituting Eq. (4.4) into Eq. (4.3), and using the following boundary conditions

L W o (4.52)
dr =0 dr o
Ul s, =0 Vile =0 (4.5b)

pore pore

we can obtain an analytical expression for the velocity distribution, which takes the form as

u(r)=-r% Eog{l— ‘”‘(”} (4.6)
7 ¢h

Under the volume averaging method, the macroscopic superficial velocity (also called the
Darcy velocity) of the fluid over the representative elementary volume can be expressed by
taking into account the tortuosity = and the porosity ¢, as
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¢ P2 R &8 o
uDi_?<ui>_?R§m [ ruy(rydr=— Eod,(-C) (4.7)
where
2 Rpore
G= ry,(r)dr 4.8
e e (4.8)

and ¢ =¢(r) is the local porosity distribution of the porous medium. In the literature, #(r) is

assumed to take a form of (Nield and Bejan, 1999)

#(r) = ¢w[1+ C, exp(— N Rva‘ r}] (0<r<R)) (4.9)

p

where (R, —r) is the distance from the microcapillary wall. Co=1.4 and N=5 are empirical

constants (Hsu and Cheng, 1990).

4.3.2 Interstitial EDL potential field

The interstitial EDL potential distribution y, in each tubule is governed by Poisson-

Boltzmann (P-B) equation, which is expressed in the normalized form as (Hunter, 1981)

1d d¥. (R) .
——| R——=—=|=sinh¥ (R 0<R<«kR 4.10
2 1
z . e
where R=«r, x :(ﬂ)z, dimensionless EDL potentials ‘Y, =SV and ¥, = LS. ,
&.&K, k,T k,T

e, is the elementary charge, n, is the ionic concentration in the bulk phase (i.e., far from the
charged tubular wall), k, is the Boltzmann constant, and T is the absolute temperature.

The boundary conditions given by Eq. (4.5) can be rewritten as
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i\yi =0 ¥, | =V, (4.11)

dR R0 R=KRpore p

An analytical solution to Eq. (4.10) is provided in appendix B.

4.4 Macroscopic EOF in a Charged Microcapillary Packed with Neutrally

Charged Microspheres

4.4.1 EOF velocity field

We consider a charged cylindrical microcapillary of radius R, with the inner surface
charged with zeta potential £, . Inside the microchannel there are densely packed, neutrally
charged spherical microparticles of diameter d ;. The Brinkman momentum equation, which

originally was derived for a pressure-driven Darcy flow in porous media, then has been
generalized by Brinkman to account for the inertial forces, pressure gradient, body forces,
and shear stresses (Kaviany, 1995). In the present situation, no pressure is exerted and hence
no pressure gradient is present. Further, due to low Reynolds number flow in micro-sized
pores, the macroscopic inertial force is ignored. The body force is the columbic force due to
the interaction of the electric double layer (EDL) and the external electric field. Thus the
modified Brinkman momentum equation used for describing the macroscopic EOF of an
incompressible, Newtonian electrolyte solution in a packed microcapillary under a steady

state can be expressed as

1 d dUD :u¢uD F¢ué
o r==ow 4 E - w W 1=0 0<r<R 4.12
ueﬁrdr{r " } o (1) { P (0<r<Rr,) (412)

Here u,, (r) is the macroscopic EOF velocity (Darcy velocity) field through the neutral
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porous medium inside the microcapillary. ¢ =¢(r) is the local porosity distribution of the
porous medium, determined by Eq. (4.9). The Darcy permeability K is defined by the

Carman-Kozeny equation (Probstein, 1994), K =¢°d’/a(1-¢)?, and the inertial coefficient
F= b/@;m , with a=150 and b =1.75 being the Ergun constants (Hsu and Cheng, 1990).
U 1S the effective fluid viscosity, a function of the fluid viscosity and the geometry of the
permeable medium. For an isotropic porous medium, ., / 1 =1/¢7 (Nield and Bejan, 1999).
P (r) is the average volumetric charge density due to the presence of the EDL, and it is

assumed to satisfy the Boltzmann distribution (Hunter, 1981)

Pe (1) = —2n0e05inh[e°z—v“(r)} (0<r<R,) (4.13)

b

Eq. (4.12) is subject to the boundary conditions

ol _g Wl g (4.144)
dr |, dr | _,
Upu|, o, =0 Vil =S (4.14b)

4.4.2 EDL potential field
The EDL potential distribution is governed by the Poisson-Boltzmann equation

(Hunter, 1981)

1d {Rdmm

=sinh ¥, (R 0<R=<xR 4.15
R R &R } sinh ¥, (R) ( KR,) (4.15)

where R = xr, subject to the boundary conditions
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ddq;W 0 (4.16a)
R=0
8¢ w
Puloow, = |2bT (4.16b)

An analytical solution of the Eq. (4.15) is provided in appendix B, and such an analytical
solution will be also used when we use the numerical method to solve the non-linear

modified Brinkman’s momentum equation, Eq. (4.12).

4.4.3 Analytical solution of the modified Brinkman momentum equation, Eq. (4.12)
In general, no analytical solution is available for Eq. (4.12), which can only be solved

numerically. However, due to the low Reynolds number laminar flow in microchannels, we
can safely ignore the high Reynolds number term, i.e., pFgu?, /K ~0. And to emphasize

only the electrokinetic wall effect, we can further assume that the porosity is uniform in the
porous medium, i.e., ¢ = ¢_. Under these assumptions, we can exclude the geometrical wall

effect, and thus Eq. (4.12) can be simplified to

—_ 2 2
1df o, ) ar@=d)", _ B Ly (0<r<Rr,) (417)
rdr\ dr $,d; H

According to Poisson’s equation (Hunter, 1981)

pm_1d {r dww(r)} w18)
£& rdr dr

Substituting Eq. (4.18) into Eq. (4.17) gives

EL{r d(Up, —7¥.)

mrn " }—ﬁzuaw =0 (4.19)
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where
2 _ 2
_ #7665, B= ar(1—¢2°°) (4.20)

H ¢.d;
Introducing

V=Up, —ny,, (421)
Eq. (4.19) becomes

1d(_dv

- [ j B =pny, (4.22)

rdr dr

Under the Debye-Hiickel approximation, it has been shown that (Rice and Whitehead, 1965)

I (Kr)

vu(r) =2, I (kR.) (4.23)
Hence Eq. (4.22) can be rewritten as
1d(_dv I (/cr)
S AT Iy (<R, (424

This is a non-homogeneous zero-order modified Bessel equation, subject to the boundary

conditions
v, (4.253)
dr|._,
V], o =11C0 (4.25b)

A homogeneous solution and a particular solution to Eq. (4.24) is given respectively by

_ K I, (Br)

VO (r) - K_z _ﬂz Ué’w IO(ﬂRW) (426&)
_ ﬁz lo(x1)

Vp(r)=— = NS I (<R.) (4.26b)
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The general solution to Eq. (4.24) is

2 LB B 1y (x7)
ow gy = T (R, (4.27)

K
V) =V +v, (0=~
Making use of Eq. (4.21) and Eqg. (4.23), we can obtain an analytical solution for the EOF

velocity distribution in a charged microchannel packed with neutrally charged microspheres

_ __&é& 2 K* 1,(Br) _ o (k1)
qu(r) _V(r)+nl//w(r) - U EO§W¢OOT K2 _ﬂz |:|O(ﬁRW) IO(K'RW):| (428)

4.4.4 Slip velocity approximation based solution to the modified Brinkman momentum
equation Eq. (4.12)

Considering a large channel size, the momentum equation can be further simplified by
applying the slip velocity approximation, in which the EDL thickness is ignored. In this
situation the boundary velocity at the channel wall is determined by Smoluchowski equation

(Probstein, 1994). Thus Eq. (4.19) is reduced to

1r | du, )
| r=w | _B =0 4.29
rdr[r dr } Hou (429)

subject to boundary conditions

dgsw ~0 (4.30a)
r=0
E,.&
Upu|, . =~ ﬂ" Eolo (4.30b)

Solution to Eq. (4.29) can be readily obtained as

_ &% E I, (Br) 431
o (1) =~ Bl e s (@.31)
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4.5 Overall Macroscopic EOF Velocity

We re-couple the two velocity components from the charged wall and the charged
packing particles, and obtain the overall macroscopic EOF velocity in a charged cylindrical
microcapillary with charged microsphere packing. The excess zeta potential is taken into

account by such a treatment that the zeta potential of the capillary wall is replaced by (& -

¢p), Which is responsible for the electrokinetic wall effect (Liapis and Grimes, 2001).

T
p =Upy|1——[+Up 4.32
u u( §]+u (4.32)

Specifically, in the case when ¢, =¢,, Eq. (4.32) is reduced to u, =up, indicating no

electrokinetic wall effect.

4.6 Results and Discussion

The mathematical models governing the EOF in a microchannel packed with
microspheres have been developed. In this section we will study how the EOF in a packed
microcapillary is affected by the geometrical and electrokinetic parameters. In calculation,
the following parameters are bounded as: ionic strength 7.5 uM, fluid viscosity 1.0x107 kg

m™s™, density 998 kg m?, dielectric constant 6.9x10™° CV™m™, and corresponding Debye

2n,e;

length, 0.11 um, (A4p =1/x, k=
&5k, T

), which is the characteristic thickness of the EDL

regime. Other fixed parameters are: zeta potential 100 mV, porosity 0.37, and tortuosity 1.5.

For all of the case studies, the reference velocity is up=-&&Eolo/ 1, where Eo=300 V/cm and
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4o=-100 mV.

In the following, the results under three different approaches: the complete numerical
solution of Eq. (4.12), the analytical solution based on Eq. (4.28), and the slip velocity
approximation based on Eqg. (4.31) will be compared.

Figure 4-3(a-c) shows the electrokinetic wall effects for a given particle size d, =5 um under
different charge conditions of the capillary wall. The wall zeta potentials are chosen to vary
from positive to negative, relative to the polarity of the particle zeta potential. According to
Eq. (4.32), it can be readily understood that when the zeta potential ratio, ¢u/¢p=1, there is no
electrokinetic wall effect. The velocity distributions exhibit a uniform profile (i.e., a straight
horizontal line) along the cross-sectional area. We also can further infer that at such situation,
this homogeneous velocity is equal to up; The prediction results in Figure 4-3(a-b) show that
when the capillary wall is more negatively charged than the particles, i.e., {/¢, >1, the EOF
close to the wall is enhanced. In these cases, the EOF velocity starts to increase from up; on
the wall to a maximum velocity, and then decreases to up; at the location around 0.98Ry,. The
local enhancement is due to the interaction between the applied electric field and the
excessive EDL potential, which is limited within a region of several Debye lengths from the
wall. In our calculation, the portion where the enhanced EOF occurs is limited in an annular
region with thickness of around 0.75 um, i.e., about 7 times of Debye lengths. Beyond this
regime, the fluid remains uniform. This velocity enhancement by the channel wall cannot
extend to the rest portion of the channel because the presence of packing particles causes the
fractional force between the fluid and the surface of packing particles. This trend was
experimentally verified by Tallarek et al. (2001). They used the pulsed field gradient nuclear

magnetic resonance (PFG-NMR) and NMR  imaging techniques to study the electroosmotic
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flow in packed capillaries. It was reported that higher EOF close to the capillary wall is
detected when the channel wall is more negatively charged than the particles. Furthermore, it
can be predicted on the basis of the present model that when the capillary wall is less
negatively charged than the particles (0<dw/{p<1), neutral (£,=0), or positively charged
(Cw>0), the EOF close to the capillary wall becomes weakened, even leading to change of

flow direction.
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Figure 4-3 (a)
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Figure 4-3 (¢)

Figure 4-3 Electroosmotic flow velocity distributions in a charged microcapillary packed
with charged microspheres, for different values of zeta potential ratio, &,/¢,. The results are
obtained on the basis of a) the numerical solution of Eq. (4.12); b) the analytical solution
based on Eq. (4.28); c¢) the slip velocity approximation based on Eq. (4.31). Reference

velocity  —_ %% g -, where Eq=300 V/em and £, = -100 mV.
)7
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Comparison of Figure 4-3(a-c) shows that at the center region of the capillary, the three
methods give nearly the same results for velocity distributions, while adjacent to the charged
channel wall the discrepancy is observed. It is demonstrated that the enhanced regime under
the analytical solution (i.e., Eq. (4.28)) or the slip velocity approximation (i.e., Eq. (4.31)) is
wider than that under the complete numerical solution of Eq. (4.12). The discrepancy is due
to the Debye-Hiickel approximation used in derivation of the solutions given by Eq. (4.28)
and Eq. (4.31). It has been shown (Kang et al., 2002) that use of the Debye-Hiickel
approximation usually over-estimates the EDL region nearby the charged wall, and thus the
affected area by the excessive zeta potential becomes larger. Further, the difference between
the result of the slip velocity approximation (i.e., Eq. (4.31)) and that obtained from either the
numerical method (Eqg. (4.12)) or the analytical solution (i.e., Eq. (4.28)) is resulted from the
assumption of the moving boundary condition. In the slip velocity approximation, the
boundary velocity is assumed to be proportional to the electric field (refer to Eq. (4.30b)),
while the zero (no-slip) boundary velocities are used in both the numerical solution of Eq.
(4.12) and the analytical solution based on Eq. (4.28). Nonetheless, evaluation of Figure 4-
3(a-c) indicates that compared to the complete numerical solution of Eq. (4.12), the analytical
solution (Eq. (4.28)) under-estimates the electrokinetic wall effect while the slip velocity
approximation (Eq. (4.31)) over-estimates the electrokinetic wall effect.

Figure 4-4 shows the size effect of the packing particles on the EOF in a packed capillary. In
calculation, three different sizes of spherical particles with diameter of 2, 5, and 8 um are
considered. Two typical conditions are presented: with wall effect ({w/{p=1.5) and no wall
effect (dw/p=1). As discussed earlier, if there is no wall effect, the velocity exhibits a
uniform profile along the channel radius. In this situation, use of larger packing particles can
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generate a higher uniform velocity up;. This is because, according to Eq. (4.2), the

intraparticle pore size increases with increasing the packing particle size. Moreover, the value

of G in Eq. (4.7), which denotes the average EDL potential inside the intraparticle pore,

decreases with increasing the pore size. Thus the EOF velocity inside larger packing particles
is higher. In terms of the wall effect, larger packing particles can generate stronger

enhancement of local EOF velocity in the vicinity of the capillary wall. This can be explained

that the void space between the particles is larger for larger particle sizes. Thus the drag force

of the packing particles should be smaller.
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Figure 4-4 (a)
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Figure 4-4 (b)
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Figure 4-4 (c)

Figure 4-4 Electroosmotic flow velocity distributions in a charged microcapillary packed
with charged microspheres, for different sizes of packing particles, d,. The results are
obtained on the basis of a) the numerical solution of Eq. (4.12); b) the analytical solution
based on Eq. (4.28); c) the slip velocity approximation based on Eq. (4.31). Reference
velocity is the same as in Figure 4-3.
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In Figure 4-5 the EOF velocity in charged porous media is demonstrated under different
applied voltages. It is noted that the velocity increases linearly with increasing voltage. This
is due to the presence of the local EDL of the charged particle surface. In the middle portion
of the channel where no electrokinetic wall effect is present, we can infer from Eq. (4.32)
that the local Darcy velocity should be up;, which is proportional to the external electric field
according to Eq. (4.7). However close to the channel wall, both the numerical solution of Eq.
(4.12) and the analytical solution (Eq. (4.28)) show that the EOF velocity increases to a
maximum and then decreases to the original value at the wall. This is because in the EDL

region close to the wall, the excessive wall zeta potential further enhances the electroosmosis.
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Figure 4-5 Electroosmotic flow velocity distributions in a charged microcapillary packed
with charged microspheres, for different electric field strengths, E. Reference velocity is the
same as in Figure 4-3.
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Otherwise we can expect the velocity to be uniform throughout the entire cross-section of the
channel if the zeta potential of the wall is the same as that of the particle surface. For the
same reason discussed above, the slip velocity approximation (Eq. (4.31)) gives different

results because the moving boundary velocity is used.
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Figure 4-6 Electroosmotic flow velocity distributions in a charged microcapillary packed
with charged microspheres, for different channel sizes, R,. Reference velocity is the same as

in Figure 4-3.

The velocity distributions for the same packing particles in different channel sizes are shown
in Figure 4-6. It is clear that the channel size dose not affect the velocity magnitude in center

region of the channel. This is expected because the EOF velocity is only dependent on the

pore size at the channel center where the packing condition is homogeneous and no
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electrokinetic wall effect is present. Since the size of the packing particles is the same, the

pore size is also the same, and hence the homogeneous velocity should keep unchanged. The

channel size effect due to the excessive zeta potential only exists in the excessive EDL region

close to the wall. In calculation the Debye length, Ap, which measures thickness of the

excessive EDL potential, keeps constant, and thus for a smaller channel, the region where

enhanced EOF is observed extends relatively further away from the wall.
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Figure 4-7 Electroosmotic flow rate versus applied electric field for different values of
particle diameter, d,, and zeta potential ratio, &/ &p.

Of practical interest for micropumps, we also study the effect of the channel wall and

packing particles on the overall electroosmotic flow rate in a microcapillary. Flow rate versus

applied external electric field, for different packing particle size and the zeta potential ratio,
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¢wl¢, is plotted in Figure 4-7. It is noted that the flow rate increases linearly with

increasing applied voltage. For larger packing particles the flow rate is always higher. This is
because of the same reason that larger packing particles can generate higher velocity as
shown in Figure 4-4. For a given packing structure, the flow rate slightly increases when

¢w!&, >1, and decreases when £, /£, <1, which is due to the electrokinetic wall effect.

4.7 Summary

A mathematical model has been developed to quantitatively describe the
electroosmotic flow in a charged microcapillary packed with charged microspheres. The
model is based on the Carman-Kozeny theory, which assumes the porous medium to be
equivalent to a series of parallel tortuous tubules. The interstitial tubular velocity is obtained
by solving the Navier-Stokes equation and the Poisson-Boltzmann equation. The Brinkman
macroscopic momentum equation is modified for describing electroosmotic flow in a porous
medium, and it is solved using three different methods: (i) the numerical method, (ii) the
analytical solution, and (iii) the slip velocity approximation to take into account the
electrokinetic wall effect. It is demonstrated that the enhanced regime under the analytical
solution (i.e., Eq. (4.28)) or the slip velocity approximation (i.e., Eq. (4.31)) is wider than
that under the complete numerical solution of Eq. (4.12). It is also found that compared to the
complete numerical solution of Eq. (4.12), the analytical solution (Eq. (4.28)) under-
estimates the electrokinetic wall effect while the slip velocity approximation (Eq. (4.31))
over-estimates the electrokinetic wall effect.

It is shown that the EOF in a charged microcapillary packed with charged microparticles is
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affected by several parameters: the property of the working fluid, which determines the
thickness of the EDL; the porosity and tortuosity of the porous packing; the size of the
capillary and packing particles; the charge condition of the particle and capillary surfaces.
The electrokinetic wall effect is stronger if the size of packing particles is comparable to that
of the microcapillary. Furthermore, when the capillary wall is more negatively charged than

the particles (¢, /¢, >1), the EOF close to the capillary wall gets enhanced; otherwise,
when the capillary wall is less negatively charged than the particles (0< ¢, /¢, <1), neutral

(<, =0), or positively charged (£, >0), the EOF close to the capillary wall becomes

weakened, even leading to a change of flow direction.
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Chapter 5
AC Electroosmotic Flow in a Microchannel Packed with

Microspheres

5.1 Introduction

The interest to the AC electroosmosis lies in its potential application in microfluidic
devices for mixing (Oddy et al., 2001)) and sample manipulation (Minerick et al., 2003).
Some studies have been reported on the AC electroosmosis in non-packed microcapillaries.
However, no study has been done on the AC electroosmosis in a microcapillary packed with
a porous medium. This chapter serves as an attempt to investigate the dynamic response of
the EOF in a cylindrical microcapillary packed with microspheres to AC electric field. Two
different conditions regarding the openness of channel ends are considered. When the
channel is open, i.e., both ends are connected to two reservoirs and subject to the ambient
pressure, the oscillating electroosmotic flow is analyzed using the capillary flow model as
employed in chapter 4. When the two capillary ends are closed, the AC electroosmotic flow
is balanced by the oscillating counter-flow, resulting in zero net flow rate. The counter-flow
is due to the generated backpressure. The dynamic aspect of the induced backpressure is
analyzed by solving the modified Brinkman momentum equation.

Consider a cylindrical microcapillary densely packed with charged spherical microparticles

of diameter, d,, as illustrated in Figure 5-1. The zeta potential of microparticles is ¢,. The
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liquid flowing through the porous structure is assumed to be an incompressible, Newtonian,
monovalence electrolyte of density, p, and viscosity, x In normal applications for
electroosmotic pumping, the ratio of the capillary diameter to the packing particles’ diameter
is larger than 50, i.e., d./d, > 50 (Zeng et al., 2001). Thus according to Tallarek et al. (2001),
the entire porous medium can be assumed to be homogeneous and the capillary wall effects
can be safely neglected. The AC electroosmotic flow in both open-end and closed-end

microcapillaries will be discussed.

(b)

Figure 5-1 Schematic illustrations of the AC electroosmotic flow in a porous medium. (a)
flow in a packed microcapillary connected with two reservoirs. (b) flow in a packed
microcapillary with two closed ends. Where up. is the filter (Darcy) velocity due to
electroosmosis, and up,, is the filter (Darcy) velocity due to backpressure.
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5.2 Flow in a Packed Microchannel Connected to Two Open Reservoirs

In this situation, the flow is sorely electroosmosis-driven and no pressure gradient is
present. We use the so-called capillary model, also known as the Carman-Kozeny theory

(Kaviany, 1995), in which the porous medium is assumed to be equivalent to a series of

parallel tortuous tubules with an effective pore size d__. =2R =id

, Where ¢ is
pore pore 3(1_¢) p ¢

the porosity of the porous medium. The motion of liquid through the cylindrical tubules is

governed by the Navier-Stokes equation (Probstein, 1994)

ourit) 10 r8u(r,t)
ot ﬂrar or

} E), (1) (0<T<Ry,) (5.1)

where u(r, t) is the transient velocity field. p. (r) is the local volumetric net charge density
due to the presence of the EDL, and is assumed to be governed by the Boltzmann distribution

(Hunter, 1981),

(5.2)

pore )

p.(r)= —2n0eosinh[e°ky/(r)} (0<r<R

b
where ey is the elementary charge, ng is the ionic concentration in the bulk liquid phase (i.e.,
far from the charged surfaces), k; is the Boltzmann constant, T is the absolute temperature,
and w (r) is the electrostatic potential of the EDL.

Introducing the following dimensionless parameters:

U:i f:L r:L \P:ec’_l// (5.3)
u tyin R k,T

s pore

(where the reference time ty, = pR5 ./ is the time scale of viscous diffusion across a

length of R .), we can nondimensionlize Eq. (5.1) and Eq. (5.2) respectively as

pore
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U 10(_0u) Rl
E—FE[rEj . . (NE(T) (5.4)
and
P, () =-2n,€,sinh [\ ()] (5.5)

Here us is the reference velocity defined as

£.&

u,=-——"—-E, (5.6)
U

where & is the dielectric constant of the electrolyte and & is the permittivity of vacuum.

Substituting Eq. (5.5) into Eq. (5.4), we obtain

oU 10 (_ou) (KRpye)
— ———|F— |=—————sinh|¥(F)|E(t 5.7
ot rar( ar] Y, E, [FMIED (5:7)
€S, 2n,e’ : .
where ¥, = = and k= T x is the Debye-Huckel parameter, and 1/x denotes the
b Eréoky

characteristic thickness of the EDL. Eq. (5.7) is subject to the initial and boundary conditions
ut=0)=0 (5.8a)

ou

= =0 u(F=1)=0 (5.8b)
or

=0

Using the Green’s function method as detailed in chapter 2, we can obtain the solution to Eq.

(5.7), subject to the homogeneous boundary condition specified in Eq. (5.8b), as

u(r,f) = jje(rugr){( "Ee) smh[‘P(é)]E(r)}dfdr (5.9)

7=0£=0 0
where G(X,t;&,7) is the specified Green’s function which can be expressed as (Kang et al.,

2002),
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G(F,E|&7) = H(f- )ZZJ (A1)

27320 $3o(4, §)exp[-4; (f-7)] (5.10)

where A, is the positive root of the zero-order Bessel function Jo(4,) = 0, and H(t —7) is the

Heaviside step function. Substituting Eq. (5.10) into Eq. (5.9) gives

2(’(Rpor<e) - J (ﬂ, r) 2
v, 2.C, RN j—E(r)exp[ 22 (E-7)ldr (5.11)

1
where C_ = ijo(an)sinh[T(g)]dg. Integrating Eq. (5.11) along the radius of the
£-0

cylindrical tubule, we obtain the non-dimensional mean velocity in each tubule
2 t

0, 6 =2 [ru(r,fr - f‘,ﬂ(”]

r=0 s n=1 "*n

4(xR

pore )

—E(r)exp[-A({f-7)ldr  (5.12)

Consider the application of a sinusoidally alternating electric field with an angle frequency @
E(t) = E,e' (5.13)

Substituting Eq. (5.13) into Eq. (5.11), we can show next

U(F,t_) — REAL 2(’(Rpore) ic J 0 (/’i’n r) eXp(I,BZf) - eXp(—/lﬁt_)

¥ =" 322 A +ip?
s =1 1( n) n ﬂ (514)
Z(KRpore) ic Jo (A, 1) A2 cos(B%T) + B2 sin(B7T) — A2 exp(=A%T)
Y, =" IHA) 2+ B

where i is the unit imaginary number. “REAL” denotes the real part of the solution. Here a

new parameter S is defined as (Kang et al., 2002)

ﬂ _ Rpore (5 15)
= 5 .

S
p represents the aspect ratio of the tubule radius Ryore to the Stokes penetration depth &,
defined as
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s, = |4 = |~ (5.16)
PO 2rpf

where f = @/ 2 is the frequency of the applied electric field.

Accordingly, the mean velocity can be obtained from Eq. (5.14) as

_ ARpe)’ i C. A cos(B%)+ B%sin(B) — A2 exp(—A%)

u, 5.17
() Y, = A,J,(4,) A+ p* G.17)

Under the volume averaging method as described in chapter 4, the macroscopic filter velocity
(the Darcy velocity) of the fluid due to electroosmosis can be expressed as the mean velocity

in each tubule taking into account of the tortuosity zand the porosity ¢, as

0o, () =21, ()

AR’ i C, A cos(B%)+ B%sin(B) — A2 exp(—A%)
Y T A44(4) Ao+ p°

(5.18)

Combining Egs. (5.15), (5.16), and (5.18), we can further obtain the expression of the

frequency-dependent maximum Darcy velocity,

¢ MKR )’ i C, 1

|UDe|max(f)=; lPs n=1 Zn‘]l(ﬂ“n) \/ﬂvﬁ—}'ﬂ4

(5.19)

According to Egs. (5.18) and (5.19), it shows that the electroosmotic Darcy velocity is
proportional to the porosity and inversely proportional to the tortuosity of a porous medium.

In case of an applied DC electric field, i.e., f = 0, thus #=0, Eq. (5.18) reduces to

— _g“’(’(Rpore)2 & Cn _ 22
Toe0) = T2 w.n)[l exp(~20)) (5.20)

Physically Eq. (5.20) denotes the time developing of the transient electroosmotic flow after

application of a DC electric field.
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5.3 Flow in a Packed Microchannel with Closed Ends

In a closed-end microcapillary, the electroosmotic flow induces a backpressure
gradient. The backpressure gradient in turn generates a counter-flow to balance the
electroosmotic volume flow, resulting in a zero flow rate. In porous media, no matter the
flow is pressure-driven or electroosmosis-driven, the fluid velocity is represented by a
uniform filter (Darcy) velocity up. Thus to balance the volumetric electroosmosis-driven
flow, the back flow velocity, upp, which is driven by the backpressure, must equal in
magnitude to the flow velocity, upe driven by electroosmosis (illustrated in Figure 5-1(b)),
i.e.,

Up, (1) = Up, (F) (5.21)
Using the Brinkman’s momentum equation (Kaviany, 1995) for general pressure-driven flow
in porous media, and neglecting the inertial forces and the channel wall effect, we can obtain

the modified Brinkman’s momentum equation for an electroosmotic flow

pdug, () apt) u
s dt o Kqu(t) (5.22)

Here upp (t) is the pressure-driven Darcy velocity through the porous medium packed inside

the microcapillary. ¢ is the porosity of the porous medium. The Darcy permeability K is
defined in the Carman-Kozeny equation (Kaviany, 1995), K =¢°d’/a(1-¢)*, with a = 150
being the Ergun constant (Hsu and Cheng, 1990). The rearranged form of Eq. (5.22) is

f dug, (t
POy, 0+ KTl
az K 4R df

pore

(5.23)
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Substitute Eqgs. (5.18) and (5.21) into Eq. (5.23), we obtain the time-periodic oscillating

pressure gradient

o) __du, 4(kRyore)’ Z C, icos(Bf)+ B°sin(B°) - A2 exp(-Aii)
oz K Us Y

K S 2,9,(4,) 2+ B
L K Z“’: C, B'cos(B*t)— B°Asin(B%T) + A; exp(—A%T)
¢R§ore n=1 /ln"]l(/ln) ﬂ’ﬁ +ﬂ4

S

(5.24)

At time-periodic steady state, i.e., t — o0, combining Egs. (5.15-5.16), Eq. (5.24) is reduced

to

2 Kpa) . 5 pr ,
A(KR o) i c. (/1 6 —p Jcos(ﬂ t)+[/3 w ) Jsm(/} f)
S Y n=1ﬂ~ \]1(/1”) ﬂ/ﬁ +ﬁ4

S n

opt) _ ¢
T

Hu
0z K

(5.25)

From Eg. (5.25), we obtain frequency-dependent maximum pressure gradient, expressed as

e S o)
(f):-g’u 4(KRpore) i fu¢ fu¢
7 K 2] (/1 ) i+ g

max s n=1

p
0z

n

(5.26)

1+(prj
_du, AR & C, ué

- ;E ) \Ps Z;/q’n‘]l(ﬂn) ﬂ/ﬁ-’-ﬂ‘l

In case of an applied DC electric field, i.e., f =0, thus #=0, Eq. (5.24) reduces to

_ AR )2 = 2
8p(t) _ _gﬁus (K pore) Z - Cn 1-|1- ﬂ’ K exp(_/’iif) (527)
0z T K lPS n=1 A Jl(ﬂ’n) ¢Rpore

n

When the fluid flow becomes steady state, i.e., f — o, the pressure gradient becomes

constant
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@ _zﬁ 4(KRp0re) iﬂv J (ﬂy ) (528)

oz T K s
Since the electroosmotic flow velocity is coupled with the EDL potential distribution by the
factor C, in Egs. (5.11-5.12), the EDL potential field should be obtained independently

before we solve the flow field. An analytical solution of the EDL potential is provided in

appendix B.

5.4 Results and Discussion

In the parametric study in this section, the calculations are based on the values
reported by Zeng et al. (2001). The properties of the working solution were reported as: ionic
strength 7.5 pM, the Debye length 0.11 pm, fluid viscosity 1.0x10° kg m™s™, density 998 kg
m*, and dielectric constant 6.9x10"° CV™'m™. Three different packing particles of size dp,
1.35 um, 2.7 um, and 5.6 um are considered in calculations. The corresponding pore sizes,
Rpore are 0.264 pm, 0.528 pm, and 1.1 pm, respectively. Other fixed parameters measured by
experiments are: zeta potential -95 mV, porosity 0.37, and tortuosity 1.5.
Several important parameters are also highlighted before discussion. The characteristic

viscous diffusion time scale is denoted by the reference time t , = /. The time

pore
period for excitation electric field is denoted by te = 1/ f. From the exponential term in Eq.

(5.18), we can further estimate the characteristic time scale for an AC electroosmotic flow to

reach its time-periodic steady state by choosing 2" = 2 th* =1. Then we can obtain
pore
* P R;ore
t" = i , Where A4; = 2.405 determined form Jo (4,) = 0. The corresponding characteristic
U
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py
1

frequency of the system is defined as f~° :i*: A
p pore

The factor g present in all the

analytical expressions, defined by Eq. (5.15), denotes the aspect ratio of the tubule radius
Rpore t0 the Stokes penetration depth &. And we can further infer that £ also represents the

square root of the aspect ratio of the viscous diffusion time scale to the period of electric field,

e, f=.2xty Ite .

5.4.1 Oscillating flow velocity in a packed microchannel connected to two reservoirs

The steadily time-periodic AC electroosmotic flow velocity for two-cycle periods in a
packed microchannel with open ends are shown in Figure 5-2. It is clearly shown that the
flow presents a harmonic sinusoidal oscillation only with different magnitudes and phase lags.
Figure 5-2(a) gives a comparison of the effects of three different excitation frequencies for a
fixed pore size. It is obvious that, under the same packing condition, using an AC field of
higher frequency decreases the EOF velocity. This is anticipated because under high
frequency, the electric field changes its direction so fast that the flow can never get fully
developed across the bulk intraparticle domain. In case of very high frequency,
corresponding to a large value of g, the diffusion time scale is much greater than the
oscillation time period, i.e., tgir > te. Therefore there is no sufficient time for the flow
momentum to diffuse far into the intraparticle bulk phase. Consequently the perturbed area is
restricted only within a thin layer near the particle surface, while the fluid in the bulk phase
remains stationary. This typical length scale of the oscillatory laminar viscous flow in

response to a harmonic external excitation is represented by the frequency-dependent Stokes
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penetration depth, &, as defined by Eq. (5.16). Furthermore, it can be observed that as
increasing frequency the flow lags behind the excitation field with a larger phase lag. From

Eq. (5.18) and Egs. (5.15-5.16), we can show that the phase lag of the oscillating velocity to

2
the excitation field is expressed as 0=tan‘1(ﬂ—2]=tan‘l{27;€ fRﬁmJ:tan‘l(Zfr ff*j,
HA,

indicating that the phase lag & increases with increasing the excitation frequency f. These
results are in accord with the findings by Dutta and Beskok (2001) and Kang et al. (2002) in

their studies on AC electroosmosis in non-packed microchannels.

1.2 1.2
] ﬂ Darcy velocity
N / N o Electric field 7
08 \ / \ - /| o8
\ // 01 \\ K Rpore = 48 //

Dimensionless Darcy Velocity u'y, (t)
Dimensionless Electric Field E(t) / E,

-1.2 T T T -1.2
0 nlo 2nl o 3n/® dnl ®

Figure 5-2 (a)
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Figure 5-2 (b)
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Figure 5-2 Dimensionless time-periodic oscillating Darcy electroosmotic flow velocity versus
time. (a) steadily oscillating Darcy velocity for three different excitation frequencies, 0.1f*,
f* and 10f* at a fixed pore size, xRpore =4.8. (b-c) steadily oscillating Darcy velocity for three
different pore sizes, 2.4, 4.8 and 10 at a fixed excitation frequency, (b) 0.01f* and (c) 10 f*,

. I E.&
respectively. Reference velocity is chosen as U, :Q r-o Eog“p .
T H
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The effects of porous pore sizes are presented in Figure 5-2 (b-c) for low and high excitation
frequencies, respectively. In case of low frequency, e.g., f=0.01f* shown in Figure 5-2(b), tgis
is smaller than tg, thus the momentum diffusion is faster than the period of oscillation. The
flow momentum has enough time to diffuse far to bulk intraparticle domain, and thus the
Darcy velocity (i.e., the mean velocity averaged over the pore cross-section) is higher for
larger pore sizes. However the phase lag becomes larger for large pore sizes. Physically this

is because a large pore size denotes more time needed for momentum diffusion. It also can be

2 pore

interpreted by using the mathematical expression for the phase lag, Q:tanl(zap fR? j

HA,
Apparently, the phase lag increases with the square of pore radius (cross-sectional area of
pore). It therefore can be expected that at very low frequencies the phase lag is proportional
to the pore cross-sectional area. In contrast, for a high excitation frequency, e.g., f=10f*
shown in Figure 5-2(c), there is insufficient time for flow momentum diffusion. Hence the

Darcy velocity is lower for larger pore sizes. In this situation, the fluid inertial effect

predominates and the pore size effect diminishes. Mathematically, when the excitation

frequency f approaches to infinity, the phase lag & approaches to % The pore size has no

effect on the phase lag. Thus the phase lags for various sizes are almost the same and close to
T . .
> as shown in Figure 5-2(c).

To achieve a better understanding of the frequency-dependent velocity, in Figure 5-3 we
compare the magnitude of the oscillating velocity versus frequency for three different pore
sizes. In accord with above analysis, for a fixed pore size, the magnitude of maximum
velocity decreases with increasing excitation frequency. With increasing pore size, the
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magnitude of the maximum velocity gets higher in case of low frequency domain (lower than

about 0.02f*), and gets lower in case of high frequency domain (higher than about 0.2 f*).

1.0

K Rpore =10

Dimensionless Maximum Darcy Velocity |u'y | .. ()

0.01 0.1 1 10 100 1000

Excitation Frequency f/ f*

Figure 5-3 Dimensionless maximum Darcy electroosmotic flow velocity versus excitation
frequency for three different pore sizes, 2.4, 4.8 and 10. Reference velocity is the same as in
Figure 5-2.

In Figure 5-4 we study the time evolution of the transient electroosmotic flow for a special
case of an applied DC electric field for three different pore sizes. It is apparent that the flow
develops rapidly after imposing electric field. It takes a time period of around diffusion time

scale, tgitr for the flow to get fully developed into a steady state, at which the larger pore size

corresponds to a larger velocity.
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Dimensionless Darcy Velocity u'y, (t')
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1.0 15 2.0

Dimensionless Time t'

Figure 5-4 Time evolution of the DC electroosmotic flow velocity for three different pore
sizes, 2.4, 4.8 and 10. Reference velocity is the same as in Figure 5-2.

5.4.2 Oscillating backpressure in a packed microchannel with two closed ends

Figure 5-5 presents the steadily time-periodic oscillation of the backpressure in a
capillary of closed ends. It is shown that the backpressure associated with the counter-flow to
balance the AC electroosmotic flow after application of the alternating voltage also presents
a harmonic oscillation.
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Figure 5-5 Dimensionless time-periodic oscillating backpressure drop versus time for three
different excitation frequencies, 0.1f*, f* and 10f* at a fixed pore size, xR0 =4.8. Reference
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The magnitude of the maximum pressure drop versus excitation frequency for three different
pore sizes is shown in Figure 5-6. The maximum pressure drop generated by a small pore
size (corresponding to a smaller packing particle size) is always greater than that generated
by a large pore size (corresponding to a large packing particle size), for the entire domain of

the excitation frequency. This agrees with the experimental results reported by Paul et al.
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(1998) in their study on the generation of high pressures using DC electroosmosis in porous

structures. They reported that the pressure generated per applied volt increases with packing

beads of smaller diameters. It is also noted in Figure 5-6 that, for a fixed pore size, the

backpressure decreases with increasing excitation frequency, until it reaches its system

characteristic frequency f*, after which the backpressure increases with increasing excitation

frequency.
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Figure 5-6 Dimensionless maximum backpressure drop versus excitation frequency for
three different pore sizes, 2.4, 4.8 and 10. Reference pressure is the same as in Figure 5-5.
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In Figure 5-7 we also study the special case of time evolution of the backpressure after
application of a DC electric field. Similar to the transient flow velocity in the open-end
capillary, the backpressure attains a constant value when the time period reaches to the
viscous diffusion time scale, te. At the steady state, use of smaller packing particles can
generate a higher backpressure. The results also reveal that there is a suddenly fall of
magnitude of the backpressure immediately after the application of an electric field. This
phenomenon can be interpreted by examining Eq. (5.23). Before the development of the
counter-flow, the magnitude of the flow velocity, up, is zero, however, the time derivative of
the flow velocity, dupp / dt is not zero. As counter-flow quickly develops, dup, / dt decreases
in magnitude while velocity increases. Therefore the backpressure presents a profile that the

magnitude first deceases and then increases to a constant.
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Figure 5-7 Time evolution of the backpressure drop due to DC electroosmosis in a closed-
end microcapillary for three different pore sizes, 2.4, 4.8 and 10. Reference pressure is the
same as in Figure 5-5.
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5.5 Summary

An analytical model has been developed for the AC electroosmotic flow in both
open-end and closed-end cylindrical microcapillaries packed with uniform spherical particles.
The time-periodic oscillating electroosmotic flow in an open-end capillary is obtained using
the Green’s function approach. The analysis is based on the Carman-Kozeny theory. And the
backpressure in a closed-end capillary is also analytically solved using the modified
Brinkman’s momentum equation. It is found that in a capillary with open ends (connected to
two reservoirs and subject to the ambient pressure), the oscillating Darcy velocity profile
depends on both the pore size and the excitation frequency; such effects are coupled through
an important aspect ratio of the tubule pore radius to the Stokes penetration depth. For a fixed
pore size, the magnitude of the AC electroosmotic flow decreases with increasing frequency.
With increasing pore size, however, the magnitude of the maximum velocity shows two
different trends with respect to the excitation frequency: it gets higher in low frequency
domain, and gets lower in high frequency domain. Similarly, the backpressure associated
with the counter-flow in a closed capillary (with closed ends), also presents a harmonic
oscillation. Generally for a fixed excitation frequency, use of smaller packing particles can
generate higher backpressure. For a fixed pore size, there exist two different trends of the
backpressure magnitude versus the excitation frequency. When the excitation frequency is
lower than the system characteristic frequency, the backpressure decreases with increasing
excitation frequency. Whereas the excitation frequency is higher than the system

characteristic frequency, the backpressure increases with increasing excitation frequency.
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Chapter 6
Joule Heating Effect on the Electroosmotic Flow in a

Microchannel Packed with Microspheres

6.1 Introduction

Since the electroosmotic flow is electric field induced, the Joule heating of the
conductive electrolyte solution is inevitable. As pointed out in chapter 1, it is a major
disadvantage in the application of electroosmotic flow, especially for large capillary size or
high electrolyte concentration. The Joule heating effect on the electroosmotic flow in a non-
packed microchannel has been studied in the literature (Tang, et al., 2004a, b). It is also
reported that magnificent temperature rise occurs due to Joule heating in the application of
electrochromatography (Keim and Ladisch, 2003), in which the electroosmotic flow through
porous media is the driving mechanism for separation purpose. Knox (1988) pointed out that
the Joule heating effect can cause peak dispersion and thus greatly reduce the separation
efficiency. In addition, a significant temperature elevation of the electrolyte solution may
change the chemical properties or even lead to the degradation of the biochemical molecules
(Xuan et al., 2004a). Therefore it is important to control the temperature within the
microfluidic system. Some popular measures to reduce the heating effect include using
materials with rapid heat conduction and thermal inertia, and using cooling jacket around the

microfluidic system.
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The objective of this chapter is to numerically analyze the transient Joule heating effect on
the electroosmotic flow in a microcapillary packed with microspheres. The influences of the
electric field, the ionic concentration, the capillary size, the packing particle size, and the
convection heat transfer coefficient outside the capillary will be discussed. The temperature
dependent viscosity, dielectric constant, and electric conductivity of the electrolyte solution
are taken into account. Specifically, the non-uniform electric field strength, which is due to
variation of temperature-dependent local electric conductivity, will be taken into
consideration. As far as the author knows, there is still no published literature which presents
such a systematic study on the Joule heating effect of the electroosmotic flow through porous
media. A complete numerical model will be developed which includes the coupled equations
of the energy, momentum, mass and electric current continuity. The model is solved

numerically using finite difference method.

6.2 Problem Formulation

Consider a cylindrical microcapillary densely packed with charged microspheres of
diameter, d,. The zeta potential of microparticles is ¢,. The liquid flowing through the porous
structure is assumed to be an incompressible, Newtonian, monovalence electrolyte of density,
pr, and viscosity, . In normal applications for electroosmotic pumping, the diameter ratio of
the capillary to the packing particles is larger than 50, i.e., dc/d, > 50 (Zeng et al., 2001).
Thus according to Tallarek et al. (2001), the entire porous medium can be assumed to be

homogeneous and the capillary wall effects can be safely neglected.
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6.2.1 Equations of energy

In the following, we will derive the governing equation that expresses the first law of
thermodynamics in electroosmotic flow in a microcapillary packed with microspheres. For
modeling purpose, we divide the packed capillary into two distinct subsystems (as shown in
Figure 6-1). The fluid and stationary phases (packing particles) forms the first subsystem,
with axial boundaries consisting of the capillary inlet and outlet. The outer radial boundary of
the first system is the capillary inner wall. The second subsystem is the capillary wall itself
and is subject to the free convection on the outer surface, and heat conduction through the

solid wall.

~

Subsystem I: -
Porous packing X
and mobile phase i

Subsystem II:
Capillary wall
and coating

Figure 6-1 Schematic illustration of the two modeling subsystems of the packed microcapillary.
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Subsystem I — homogeneous porous media

We start with a simple situation in which the medium is homogeneous, and where
radiative effect and thermal dispersion effect are negligible. Very shortly we shall assume
that there is local thermal equilibrium so that T, =T, =T , where T, and T, are the
temperatures of the solid and fluid phases, respectively. When system dimension L is much
longer than particles d, (L/d, >> 1) and when the variation of temperature across d, is
negligible compared to that across L for both the solid and fluid phases, then we can assume
that within a distance d, both phases are in local thermal equilibrium (LTE) (Kaviany, 1995).
Here we also assume that heat conduction in the solid and fluid phases take place in parallel
so that there is no net heat transfer from one phase to the other.

In a representative elementary volume (REV) of the medium we have, for the solid phase,
oT, .
(pCp)Sa—ts:V'(kSVTS)-FqS (61)
and, for the fluid phase,

oT. .
(pcp)f(K‘Jrup-VTfj:v-(kaTf)wfmqf (6.2)

Here the subscript s and f refer to the solid and fluid phases, respectively; (oc,), and
(pc,) are the heat capacities of the solid and fluid phases at constant pressure, respectively;
k is the thermal conductivity, and g is the heat production per unit volume. g, is the fluid

viscosity. The term Q refers to the viscous dissipation function of the fluid, which is
proportional to the square of the velocity. Due to the low Reynolds number nature of

electroosmosis in porous media, the viscous dissipation term can be neglected in current

study. Up is the local pore velocity vector.
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Taking averages over the REV of the porous medium, we have, for the solid phase,
1-9)(pc, ) =1-9)V-(kVT,)+(1-4)q, (6.3)
and, for the fluid phase,
#(pc, )f +(pC ) Uy VT, =¢V-(k,VT)+44, (6.4)
where we have used the space-averaged velocity, i.e., Darcy velocity vector is defined as
1 oo
UD=V—”upo|vp (6.5)
pVv
where V, is the void space (which is also called pore where the fluid phase can pass through)
of the elementary volume, V. is the total space of the elementary volume. From the definition
of porosity, we can infer Vp/Ve = ViV = ¢.
Setting T, =T, =T as above discussion and adding Eq. (6.3) and (6.4) we have
(pC, ) +(pC ) Uy -VT =V-(k VT)+4q, (6.6)

where we define the thermal capacity, thermal conductivity, and heat generation of the

porous medium, respectively, as

(pcp)m :(1_¢)(pcp)s+¢(pcp)f (673.)
Ko = (1= @)k, + gk, (6.7b)
= (1-9)q, +¢q; (6.7¢)

with further arrangement and using g, =0, and assuming constant heat capacities, we have

T L, v =v (@, vT)+ il

ot o (PCo)n

(6.8)

where we introduce the capacity ratio
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C
o= (10 p)m (69)
(pcp)f
and the thermal diffusivity of the porous medium
a, = K (6.10)
(PC))n
The Joule heat generation in the fluid phase can be obtained using Ohm’s law
IZ
j, =— 6.11
oF 7, ( )
where /s is the electric conductivity of the electrolyte which is given by
2 (TM)=2,(T)C,+4.(T)C_ (6.12)

Here 4, (T)=A4,,+0.0254,,(T —298.13) and A (T) =4 ,+0.0254 ,(T —298.13) are ionic
conductivity of the cation and anion of the electrolyte, respectively; C, and C_ respectively

denote the mole concentration of cations and anions of the electrolyte. For sodium chloride

(NaCl) solution, A,, =50.08x10*m?S/mol and A, =76.31x10*m?*S/mol (Tang, et al.,

2004a). In reality, the electric current density | should be the summation of two parts. One is
due to the external electric field applied on the conductive solution EypA, the other is due to
the movement of the net charge within the double layer uype, also known as surface
conductance (Li, 2002). Due to the higher electrolyte concentration in the double layer,
current density going through the double layer is significantly higher than that in Ohmic bulk
liquid. Especially when the double layer thickness exceeds 10% of the capillary radius, the
surface conduction becomes so strong that its contribution to the total current should be
considered (Li, 2004). However, the non-neutral double layer inside the inter-particulate

space is significantly thin compared with the pore size (less than 10% of the pore size in
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present study), and the electroosmotic flow velocity in the porous media is very low (about
0.2 mm/s). The total current by bulk conduction is several orders of magnitude larger than
that by surface conduction. Thus the electric current due to the surface conduction can be

safely neglected. Considering the tortuosity effect in the porous media, the local electric field

strength is E, =E, I\t (Figure 4-1). Therefore, the Joule heat generation is expressed as

=M:ELL£(@£] (6.13)

f A T T\ 0z

E,=—0®/0z is the axial electric field strength, where @ is the applied electric field

potential. It is assumed that ﬂ<<£and the thermal conductivity k is constant, Eq. (6.8)

or oz
can be expanded as
2 2
a e, 6_T2+1g(ra_Tj P [@j (6.14)
ot o oz 0z° ror\ or 7 (pCy)y \ OZ

Subsystem 11 — capillary wall

Generally, the temperature boundary condition at the inner capillary wall is unknown.
Since the heat generated by Joule heating in the electrolyte solution is primarily dissipated
through the capillary wall to the surrounding environment, a conjugate heat transfer problem
has to be solved to simultaneously account for heat transfer in both the solution and the
capillary wall. The governing equation for heat conduction in the capillary wall, in

cylindrical coordinates, is

2
LI Qéi(rﬂj (6.15)
ot 0z ror\_ or

the thermal diffusivity of the capillary wall is defined as
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a, = (pIZW) (6.16)

where k, is the thermal conductivity of the capillary wall, and (oc,),, is the heat capacity of

the capillary wall, all of which are assumed as constant.

The governing equations (6.14-6.15) are subject to following boundary conditions

T(r.2),,=T, % =0 (6.17a)
z=L
al o I oh-T) (6.17h)
or r=0 r=R,+d

where h is the convection heat transfer coefficient at the outer capillary wall. Ry, is the inner

radius of the capillary and d is the thickness of the capillary wall.

6.2.2 Equations of continuity and momentum

The equation of continuity of the fluid flow in the porous media is (Bejan, 1995)

‘Z—fw-(pUD):o (6.18)

Since the fluid is assumed incompressible, Eq. (6.18) reduces to

1o(ry,) , ou, _
r or 0z

0 (6.19)
Since the electroosmotic flow is strongly coupled with temperature field by the temperature-
dependent viscosity and dielectric constant, it is can be infer that the velocity field is not
uniform if temperature gradient is present. In this case, a pressure field should be induced to
satisfy the mass conservation, i.e., constant flow rate. Therefore a pressure-driven flow

component through porous media is introduced in present model. According to the well-

known Darcy’s law which describes the pressure-driven flow in porous media and the
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derivation of the electroosmotic flow inside porous media in chapter 4, the Darcy velocity
due to electroosmosis and induced pressure can be determined by

U, Jﬁgp(l—e)é—ﬁﬁ (6.20)

T Ky Hy

where the electric field strength E=-V® and the reassure gradient P=Vp. K is the

permeability of the porous medium, as defined in chapter 4. Neglecting the radial gradient of

the electric potential field, 0®/or , Eq. (6.20) can be re-written as

y =P (6.21a)
#y OF
u, ¢”0 g0 G)ﬁq)—ﬁ@ (6.21b)
07 u; 01

where &, is the dielectric constant of the electrolyte and is considered as a function of

r

temperature, expressed by ¢, (T)=305. 7exp(—TTj (Tang, et al., 2004a). g, is the

permittivity of vacuum. s, is the viscosity of the electrolyte solution and its variation with
the temperature is given by u, (T)=2.761x10" exp( 713 ](Tang et al., 2004a). ¢p is the

zeta potential at the surface of the packing particles. G is defined as

o :2 j " ry, (r)dr (6.22)
pore

According to the capillary model, w,(r) is the interstitial EDL field inside the imaginary

tubules, and it is governed by Poisson-Boltzmann equation (Probstein, 1994)

1d r dy;(r) :_ZI’]OZGO sinh zegy; () (0<r<R
rdr k

dr £.&, b
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subject to the following boundary conditions

av;

=0 , = 6.24
ar | Vil =% (6.24)

where the pore size is defined as
d.=2R .= 2¢ d, (6.25)

pore pore 3 (1 _ ¢)

6.2.3 Continuity of electric current
Since the capillary wall is non-conducting, the conservation of the electric current

density, neglecting the convection current as in above discussion, gives
V-(4,V®)=0 (6.26)

Neglecting the radial gradient of the electric potential field, 6® /or, Eq. (6.26) is reduced to

i(ﬂf 82) =0 (6.27)
0z 0z

where the electric potential field @ is subject to

Q| =@, @ =0 (6.28)

=0 =L
Since the fluid electric conductivity A, dielectric constant &, and viscosity z4 are temperature
dependent, it is necessary to solve the coupled energy equation (6.14-6.15), mass continuity

equation (6.19), momentum equation (6.21), and the electric current continuity equation

(6.27) simultaneously.
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6.3 Numerical Method

The complete set of coupled equations is solved numerically using the finite
difference method. For which purpose, an in-house code is developed to solve the disretized
equations. For this transient problem, at each time step, the physical parameters are evaluated
by the current temperature field (initially at room temperature), to determine the electric
potential field, induced pressure field, and thus the velocity field. Next, the known velocity
and potential field are used to solve the new temperature field. These steps are iterated until
the temperature variation between two consecutive time-steps are less than a tolerance, i.e.,
the temperature reaches a steady state.

In order to verify the code, we compared results under the present model with two published
works on the Joule heating in electrochromatography. One is the improved formulae derived
by Knox (1988) on the steady state temperature excess across both the porous and the
capillary wall subsystems. The other is the numerical and experimental study by Keim and
Ladisch (2003). It is found that the numerical prediction of this study is in good agreement
with the analytical solution by Knox (1988) and the experimental data reported by Keim and

Ladisch (2003). The details will be shown in the following section.

6.4 Results and Discussion

In this section, the joule heating effect on the transient electroosmotic flow in a
microcapillary packed with microspheres will be presented. Influences of electric field,
electrolyte solution, channel and packing sizes, and heat exchange with ambient atmosphere
will be discussed. In simulation, NaCl solution of concentration 10~10 M is chosen as the

fluid phase; stationary phase is Octyldecyl silica (ODS) particles. The packing columns are
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fused silica capillaries with polyimide coating. According to the product specifications
(Polymicro Technologies, USA), the ratio of capillary radius to wall thickness is chosen as
3:1. Accordingly the ratio of the wall thickness to the coating layer thickness is chosen as 3:1.
The physical properties of the capillary and particles are listed in Table. 1. Since the
electrokinetic boundary wall effect is neglected due to large column-particle ratio, the

porosity and tortuosity factors of the packed capillary are fixed as 0.4 and 1.5, respectively.

Table 6-1 Material property in simulation

Properties Electrolyte solution Packing particles  Capillary wall ~ Coating
(NaCl) (ODS) (Fused Silica)

Density, p 1000 2600 2202 1420

[kg m]

Heat capacity, C, 4180 750 743 1100

kg™ K"

Thermal conductivity, k  0.61 12 1.38 0.15

[Wm' K

Molar conductivity, A 126.4[1+0.025(T-298)]x10™

[m? S mol™]

Dynamic viscosity, 2.761exp(1713/T)x10°®

[kg m*s]

Dielectric constant, & 305.7exp(-T/219)

6.4.1 Transient developing temperature field and its effect on EOF

The transient time development of the temperature field induced by Joule heating is
shown in Figure 6-2. It is demonstrated that there exists a thermal entrance region where the
temperature distribution varies not only along the capillary radius but also along the capillary
axis. Figure 6-2(a) is the axial distribution of the temperature at the capillary centerline. The

temperature of the fluid starts to increase from the room temperature (25 °C) and finally
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reaches a steady temperature at a distance along the downstream direction. The length of the
distance is traditionally called thermal entrance length (Bejan, 1995). The axial temperature
gradient is highest at the inlet and decreases to zero at the end of the thermal entrance region.
It is noted that the thermal entrance length for the electroosmotic flow in a packed
microcapillary extends about 250 times of channel diameter, which is exceptionally longer
than the traditional thermal entrance problem of Newtonian fluid in a non-packed channel (5-
10 Dy) (Tang et al., 2004a). The traditional thermal entrance problem has been well
investigated. It is reported that the thermal entrance length is proportional to the Peclet

number (product of Reynolds number and Prandtl number), x,,, ~0.05D Re, Pr. However,

the thermal entrance length for the EOF in packed channel has never been reported as far as
the authors know. Obviously the thermal entrance length in this case doesn’t follow this
simple relationship. Since the thermal entrance length is significant, it is deserved for a
further study to include the entrance effect when designing a practical electrokinetic
micropump system. It will be shown in next section that the thermal entrance length will be
affected by different working parameters.

Figure 6-2(b) shows the time development of radial temperature distributions at the thermal
fully-developed region. It is demonstrated that the radial temperature gradient inside the
porous packing and the channel wall is insignificant compared with the transient temperature

increase with time. This phenomenon is due to the low Biot number of the whole system (as

a rough estimation, Bi=0(10"%) ). Because the Reynolds number of the macroscopic
electroosmotic flow is very small (Re,, = 0(10™)), the heat generated in the packed region

is dissipated mainly by radial conduction through the channel wall and then by convection

with the surrounding air, rather than by axial advection of the fluid flow. If Bi <1, the
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resistance to heat conduction within the capillary system is much less than the resistance to
thermal convection across the channel wall-surrounding air boundary layer (Incropera and
DeWitt, 2002). Hence virtually the temperature variation is only the difference between the
outer wall and the surrounding air, whereas the temperature within the whole capillary
system remains nearly uniform. However, with a close examination of the steady state radial
temperature distribution (t>600s ) as in the inset of Figure 6-2(b), the temperature
distribution in the porous packing shows a parabolic profile. The highest temperature occurs
at the channel centerline. This result confirms the findings by Knox (1988) in a study on the
thermal effects in capillary electrochromatography. Further quantitative comparison between

the current results and the Knox’s formulae will be shown in the following section.
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Figure 6-2(a)
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Figure 6-2 Transient development of the temperature field: (a) along the axis, (b) radial
distribution at downstream. Working parameters: capillary inner diameter d,, = 530 pm,
capillary length L = 15 cm, packing particle size d, = 6 um, porosity ¢ = 0.4, tortuosity z =
1.5, electrolyte concentration C = 10° M, zeta potential at particle surface £, = 50 mV,
applied electric field @ = 3000 V, and convection heat transfer coefficient at the capillary
outer surface h =5 W/m? K.
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The most direct effect of the temperature rise is that it causes variation of the fluid electric
conductivity. The local electric conductivity increases proportionally with temperature
elevation. Since the total electric current density along the capillary is constant, as
determined by Eq. (6.27), higher local electric conductivity leads to lower local electric field
strength. Therefore the electric field strength becomes much higher at the entrance region
where the temperature is under development, and it becomes lower and constant in the

thermally developed region, as shown in Figure 6-3.
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Figure 6-3 Transient development of the electric field strength. Working parameters are
identical to those in Figure 6-2.
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According to Eq. (6.21), the EOF velocity field is coupled with the temperature field by the
temperature-dependent dielectric constant, &, viscosity, s, and electric field strength,
0d/ oz . The transient development of the axial and radial velocity distributions is shown in
Figure 6-4. Although both viscosity and the dielectric constant decrease with increasing
temperature (Table 6-1), the effect on viscosity is much more significant thus resulting in an
increase in EOF velocity. Further, as shown in Figure 6-4(a), the high local electric field

strength greatly increases the local velocity at the entrance.
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Figure 6-4 Transient development of the electroosmotic velocity: (a) axial distribution, (b)
radial distribution at downstream. Working parameters are identical to those in Figure 6-2.

In Figure 6-4(b), it is noted that the EOF velocity begins to increase gradually over the time
until it reaches a steady state. The time for this velocity developing process is the same as
that for temperature field. Actually, if there is no Joule heating effect, the velocity field will
remain uniform in the porous domain. From Eq. (5.20), we can infer the time scale for the

EOF velocity in porous media to reach its steady state after application of electric field,

t" = pR2 [ 1=0(10"°s), (without considering Joule heating). This time scale is very small

pore
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due to the small inter-particulate pore size, which is about 1 micron in this case. However,

when the Joule heating effect is present, the time for velocity to be fully developed becomes
almost eight times of order of magnitude higher (O(10%s)), depending on the size of the

capillary. Also the fully developed velocity increases to about 60% higher than its initial
magnitude. Therefore the Joule heating effect is significant and should be taken into account
under the conditions of high ionic concentration, large channel size, or high electric field
strength. Furthermore, the steady state velocity distribution in Figure 6-4(b) also shows a
parabolic profile with the highest velocity in channel center. This is because the highest
temperature rise occurs at the center. But the radial temperature difference is so small that the
radial velocity is virtually uniform in its transient development.

It is interesting to note that the present model predicts an induced pressure field along the
flow direction, as shown in Figure 6-5. As mentioned above, the variation of the temperature
along the flow direction causes the non-uniform flow velocity. The presence of the induced
pressure field inside the capillary is to adjust the flow velocity to satisfy the mass
conservation (i.e., a constant flow rate). Similar to the finding by Xuan et al. (2004a) on the
Joule heating in non-packed capillaries, the induced pressure gradient is positive at the
entrance region to decrease the flow rate, whereas it becomes negative at the fully developed
region to increase the flow rate. However, the velocity profile at the entrance in this study is
in convex shape, which is contrary to the concave profile in non-packed capillary reported by
Xuan et al. (2004a). This inconsistency is due to the different nature of the pressure-driven
flow in packed and non-packed capillaries. In non-packed capillaries, the flow profile is

parabolic (Poiseuille flow). However in packed capillaries, according to Darcy’s law, the
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flow profile is flat (plug flow). Therefore the positive pressure gradient (back pressure) at the

entrance can generate a concave shape in case of a non-packed capillary.
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Figure 6-5 Transient development of the induced pressure. Working parameters are
identical to those in Figure 6-2.

6.4.2 Comparison with published works

To verify the current numerical model, case studies compared with Knox’s formulae
and the numerical and experimental work by Keim and Ladisch (2003) will be shown in the
following, respectively.

Knox (1988) presented simple formulae to estimate the temperature difference between the

: . E*AC#D?
channel axis and its inner wall, 6, T and temperature excess across the channel

m
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2 2
wall, 6,,, :%In[%) With simple modification including the tortuosity factor of

W c

2 2
the porous packing, Knox’s formulae can give & —QLCDC:O.O% °C and

core — r 16k

m

wall — r 8k

w

2 2
0. = émln[%) =0.057 °C. The numerical model in this study (inset of Figure 6-

2(b)) gives quantitatively the same predictions as that by Knox’s formulae, respectively.

Keim and Ladisch (2003) developed a numerical model to investigate the temperature
profiles in large diameter electrochromatography. In addition they measured the transient
temperature elevation at the center of the column outlet. Their experiment data is compared
with the result by numerical modeling in this study in Figure 6-6(a). When the electric field
is present, the temperature rise in their experiment is higher than that predicted by this model.
Whereas during the cooling down process (electric field is turned off after 3 hours and 35
minutes), the temperature drop in the experiment is faster than that predicted by this model.
This scenario is due to the special situation applied in their experiment, i.e., the flow rate was
kept constant during the course of their experiment, although they did not mention how to
keep a constant flow rate. However in this study the electroosmotic flow velocity is strongly
coupled with the temperature field, i.e., the flow rate may change over the time. As discussed
in the previous section, during the heating up session, the high axial temperature gradient at
the entrance greatly enhances the local electric field strength resulting in an increased flow
field. Therefore the increased axial flow convection has a better heat dissipation effect which
keeps the temperature rise at a relatively low level. During the cooling session, there is no
driving force due to the absence of electric field. Thus the flow velocity will decrease until

the fluid comes to a full stop. In this situation, the heat dissipation is mainly dependent on the
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heat conduction in radial direction. No wonder that the temperature drop is faster in their

experiment in which the flow rate was not affected.
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Figure 6-6(a)
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Figure 6-6 Results comparison with published works by Keim and Ladisch (2003): (a)
experiment data of transient temperature rise at the center of the column outlet, (b)
modeling of the radial temperature profile at column outlet. Working parameters: capillary
inner diameter d, = 3.81 cm, capillary length L = 38.1 cm, packing particle size d, = 5 um,
porosity ¢ = 0.36, tortuosity 7= 1.5, electrolyte concentration C = 3.9x10° M, zeta potential
at particle surface 4, = 60 mV, applied electric field ® = 419 V, and convection heat transfer
coefficient at the capillary outer surface h =5 W/m? K.

Figure 6-6(b) shows the comparison of the radial temperature profile predicted by Keim and
Ladisch’s numerical model and the model developed in this study. It can be seen the two

models give close results. The major discrepancy lies at the boundary between the porous
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packing (subsystem I) and the capillary wall (subsystem I1) where their model presented a
non-continuous temperature distribution. This is because an empirical boundary condition
between the two subsystems was used in their numerical model. However the temperature at
this boundary is unknown. In contrast, the conjugated heat transfer equations within the two
subsystems are solved simultaneously in this study. The unknown boundary problem is

avoided and the temperature distribution is continuous between the two subsystems.

6.4.3 Effects of working parameters
Electric field

The Joule heat is generated mainly by the electric conduction current in the
electrolyte solution, and it is proportional to the square of the electric field strength od / oz
according to Eq. (6.13). Therefore it is anticipated that the magnitude of the electric field will
greatly influence the Joule heating. It is shown that, under the condition specified in Figure
6-7, the temperature at the thermally developed region increases to above 70 °C for electric
field of 3000 V. This temperature rise is significant and may cause some disastrous problems
in applications of electrokinetic micropump systems. For instance, the operating temperature
in the capillary may easily increase beyond the boiling point of the liquid phase under very
high electric field strength. The vapor bubble will be generated, which will block the flow
path of the liquid phase through the porous packing and finally stop the entire flow. In
addition, the thermal entrance region extends much longer as increasing electric field, as
shown in Figure 6-7(a).
The electroosmotic velocity is also determined by the electric field. From Eqg. (20) it can be

inferred that the EOF velocity is proportional to the electric field strength and uniform inside
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the capillary if there is no Joule heating effect. However, from Figure 6-7(b), the presence of
temperature rise changes the velocity distribution through the temperature-dependent
viscosity and dielectric constant of the fluid phase, as well as the local electric field strength

as discussed in the previous section.
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149



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

0.4
> d, = 3000V
o T
[ 03 N
Q
=
-
<]
hur}
§ o M, = 2250 V
®
o
3 @, = 1500 V
S 011
>
(=]
1=
1]
a

0.0 T T ] T

0 3 6 9 12 15

Downstream Distance [ cm ]

Figure 6-7(b)

Figure 6-7 Effect of applied electric field: (a) axial temperature distribution, (b) axial
electroosmotic velocity distribution. Working parameters: capillary inner diameter d,, = 530
pum, capillary length L = 15 cm, packing particle size d, = 6 um, porosity ¢ = 0.4, tortuosity =
= 1.5, electrolyte concentration C = 10° M, zeta potential at particle surface &, = 50 mV, and
convection heat transfer coefficient at the capillary outer surface h = 5 W/m? K.

lonic concentration
lonic concentration is an intrinsic factor which has a strong effect on the Joule heat
generation by influencing the electric conductivity of the fluid phase. It can be inferred that,

from Egs. (6.12-13), the electric conductivity A and hence corresponding Joule heat
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generation are proportional to the ionic strength C. Furthermore, the zeta potential of the
solid phase usually decreases with increasing the ionic concentration of the electrolyte
(Hunter, 1984). The effect of varying ionic strength and zeta potential is shown in Figure 6-
8(a). It is apparent that use of electrolyte of high ionic strength will generate significant Joule
heating. For instance the temperature rise in concentrated solution of 10° M is about 50
degree while the temperature rise in dilute solution of 10*M is about 1 degree only. When
the temperature rise increases, the thermal entrance length increases accordingly for solution

of higher ionic strength.

80
s S
8 701 A C=10"M ¢(,=50mV
~
H rd
o -
£ 601 ¥
2 /
S /
4]
O s04 [/
© ) . o
ud ;’ C=5x10"M ¢ =55mV
1=
3 / e
- .
e F
£ g o
= o4l 7 C=10*M ¢ =60mV
"
20 | | | |
° ’ 6 . 12 15

Downstream Distance [ cm ]

Figure 6-8(a)

151



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

0.40
o
E 3
E ol C=10°M £, =50mV
B 0 | e e i e e e e e
- ._‘_..--""'
H—] -
[ ~
9 L/
c
Q
O 0.30 -
[ -4
5 C=5x10*M ¢, =55mV
= p
S I e e =
s 4
o C=10"M (,=60mV
> 0.25
>
Q
L=
1]
o
0.20 . : : :
0 3 6 9 12 15

Downstream Distance [ cm ]

Figure 6-8(b)

Figure 6-8 Effect of electrolyte concentration and zeta potential at particle surface: (a) axial
temperature distribution, (b) axial electroosmotic velocity distribution. Working
parameters: capillary inner diameter d,, = 530 pum, capillary length L = 15 cm, packing
particle size d, = 6 pm, porosity ¢ = 0.4, tortuosity == 1.5, applied electric field ® = 3000 V,
and convection heat transfer coefficient at the capillary outer surface h =5 W/m* K.

The large temperature rise has a great impact on the electroosmotic velocity as shown in
Figure 6-8(b). Normally, the EOF velocity, which is proportional to the zeta potential ¢,
without considering the Joule heating effect, should be higher for lower electrolyte

concentration due to the higher zeta potential. However, high ionic concentration can
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generate magnificent temperature elevation when Joule heating presents. Since the high
temperature rise reduces the fluid viscosity dramatically, the EOF velocity in more
concentrated solution (10 M) is greater than that in dilute solution (10 M), which is in an

opposite trend for the case without Joule heating.

Convection heat transfer coefficient

As discussed above, the Joule heat is transferred to the ambient mainly by radial
conduction through the channel wall and then by convection with the surrounding air.
Therefore it is expected that the heat transfer condition outside the channel wall will affect
the temperature and velocity field inside the capillary. From the results shown in Figure 6-
9(a), the cooling condition outside wall changes from natural convection (h = 5 W/m? K) to
forced convection (h = 50 W/m? K), the centerline temperature drops by over 40 degree. And
the thermal entrance length is reduced from 14 cm to 1 cm. The velocity field in Figure 6-9(b)
basically follows the change of temperature with decreased magnitude for strong cooling
condition. This cooling effect is important to reduce the Joule heating and improve the
performance of the electrokinetic pump when using high electric field strength or high ionic

concentration.
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Figure 6-9 Effect of the convection heat transfer coefficient at the capillary outer surface: (a)
axial temperature distribution, (b) axial electroosmotic velocity distribution. Working
parameters: capillary inner diameter d, = 530 um, capillary length L = 15 cm, packing
particle size d, = 6 um, porosity ¢ = 0.4, tortuosity = 1.5, electrolyte concentration C = 10°®
M, zeta potential at particle surface ¢, = 50 mV, and applied electric field @ = 3000 V.
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Capillary size

Figure 6-10(a) demonstrates the temperature distributions for three different capillary
sizes. It is seen that the temperature rise is greater for larger capillaries. This is due to the fact
that as the capillary size becomes larger the surface-area-to-volume ratio of the system
becomes smaller, resulting in a lower ratio of the heat dissipation (measured by surface) to
the Joule heat generation (measured by volume). This phenomenon is similar to the findings
on Joule heating of the EOF in empty channels reported by Tang et al. (2004a) and Xuan et
al. (2004a). Furthermore the thermal entrance region and the time needed for temperature to
reach the steady state become greater for larger capillaries. Due to the low Reynolds number,
the diffusion (conduction) effect predominates over the convection effect in current heat
transfer process. Thus the time scale for the temperature to reach its steady state can be

roughly estimated by letting the product of Biot number and Fourier number of the system

:h—RLzzl (Incropera and DeWitt, 2002). Hence the

equal to 1, i.e., Bi-Fo
k poC,R

PC,

characteristic time is expressed as t = R, which predicts that the time scale for

temperature development is proportional to the channel radius, R. In Figure 6-10 the time for
the temperature to reach the steady state are about 400s, 600s, and 800s for capillaries of
diameters 320 micron, 530 micron, and 700 micron, respectively.

It is well known that, in the absence of Joule heating, the EOF velocity is independent of
capillary size according to Eq. (6.20). However in the presence of Joule heating, the fluid
temperature increases with increasing capillary size as discussed above. This leads to a
reduced liquid viscosity and in turn results in a greater EOF velocity as shown in Figure 6-

10(b).
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Figure 6-10 Effect of the capillary diameter: (a) axial temperature distribution, (b) axial
electroosmotic velocity distribution. Working parameters: capillary length L = 15 cm,
packing particle size d, = 6 um, porosity ¢ = 0.4, tortuosity == 1.5, electrolyte concentration
C = 10° M, zeta potential at particle surface £, = 50 mV, applied electric field ® = 3000 V,
and convection heat transfer coefficient at the capillary outer surface h =5 W/m* K.
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Size of packing particles

Figure 6-11 presents the temperature and velocity fields for three different packing
particles. It is seen that the influence of the packing particles on the Joule heating is
insignificant. The temperature difference between 3 micron and 8 micron packing systems
are almost indistinguishable. This is because of that variation of the particle size dose not
change any thermophysical property of the system. In contrast the EOF velocity in 8 micron
packing system is slightly higher than that in 3 micron packing system. This scenario is
attributed to the fact that the pore size of the packed capillary Ryore increases proportionally
to the particle diameter d, (from Eq. (6.25)) and the increased pore size will enlarge the
correction factor 1-G in Eq. (6.20) thus resulting in a higher EOF velocity. The
dimensionless factor G, as defined in Eq. (6.22), physically denotes the ratio of the average
EDL potential y; over the pore cross-sectional area to the zeta potential ¢,. For the same zeta
potential, increasing the pore size leads to a reduced average EDL potential and hence a
larger correction factor 1-G. However the change of the EOF velocity due to the particle size
is small because the inter-particulate EDL potential only occupies very small fraction of the
pore cross-sectional area, e.g., less than 10%. This small increment of velocity will in turn
slightly enhance the advection of the flow inside the porous packing, resulting in a reduced
temperature for 8 micron packing system as shown in Figure 6-11(a). But the Reynolds
number is so small that the cooling effect due to the slightly enhanced advection is

indistinguishable for different particle sizes.
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Figure 6-11 Effect of the particle size: (a) axial temperature distribution, (b) axial
electroosmotic velocity distribution. Working parameters: capillary inner diameter d,, = 530
um, capillary length L = 15 cm, porosity ¢ = 0.4, tortuosity z= 1.5, electrolyte concentration
C = 10° M, zeta potential at particle surface £, = 50 mV, applied electric field ® = 3000 V,
and convection heat transfer coefficient at the capillary outer surface h =5 W/m? K.
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6.5 Summary

A numerical model for evaluating the Joule heating effect on the electroosmotic flow
in a capillary packed with microspheres is developed in this chapter. The model incorporates
the momentum equation for the electroosmotic velocity derived in chapter 4, the energy
equation for Joule heating induced temperature distributions in both porous packing and the
capillary wall, and the mass and electric current continuity equations. The temperature-
dependent physical properties of the electrolyte solution, including the viscosity, dielectric
constant, and the electric conductivity, are taken into consideration. The coupled governing
equations are numerically solved by the finite difference method.

The simulation predicts that, in the presence of Joule heating, there exists a
significant axial temperature gradient in the thermal entrance region. This high temperature
gradient strongly enhances the local electric field at the entrance, resulting in a non-uniform
distribution along the flow direction. The radial temperature profile shows a parabolic
distribution but the gradient is very small due to the small system Biot number. It is found
that the Joule heating effect is significantly strong for high electric field strength, high ionic
concentration of the solution, large capillary size, and weak cooling condition outside the
capillary. All those factors have a great impact on the Joule heating by determining
magnitude of temperature rise and the thermal entrance length. The capillary size and the
heat transfer coefficient outside the capillary determine the time scale for transient
development of the temperature field. The non-uniform temperature distribution in turn
greatly affects the EOF velocity by means of changing the local viscosity and the dielectric
constant of the fluid phase, and the local electric field strength. The results by this model are

compared with available analytical and experimental works in the literature. And the
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temperature difference between the capillary centerline and the inner wall as well as the
temperature excess across the capillary wall is accurately in an agreement with the results
predicted by Knox’s formulae. The discrepancy of the transient temperature rise with Keim

and Ladisch’s experiment data is analyzed.
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Chapter 7
Experimental Studies of the Electroosmotic Flow in

Microcapillaries Packed with Microspheres

7.1 Introduction

In this chapter, an effort to fabricate and characterize a prototype of the
electrokinetic pump is made. The entire experiment contains two main stages: column
fabrication and flow measurement. The fabricated micropump is characterized under the
influences of different working parameters, such as the size of the capillary and the
packing particles, the working electrolyte and its ionic strength, the capillary length etc.
And the experimental results will be compared with the theoretical model developed in

chapter 4.

7.2 Column Fabrication

The packed capillaries used in current experiment are fabricated by using high
pressure slurry packing technique (Zeng et al., 2001) as illustrated in Figure 7-1. Slurry
pressure packing is the most widely used method to pack capillary columns for Capillary
Electro-Chromatography (CEC) (Maloney, 2002). In this experiment, the unpacked
capillary is connected to an in-house designed acrylic slurry reservoir, and the slurry
reservoir is connected to a High Performance Liquid Chromatography (HPLC) pump.
During the packing process, deionised (DI) water is continuously pumped under high

pressure into the slurry reservoir to drive the particle slurry into the silica capillary until
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the entire capillary is filled with packing particles. In the following every step in the

packing process will be presented in details.

Slurry
TESEIVOIT  Fysed silica capillary
HPLC pump R |
Ultrasonic bath
DI water Waste fluid

Figure 7-1 Schematic illustration of the experimental setup for column packing.

7.2.1 Preparation of the materials

Column preparation Fused silica capillaries (Polymicro Technologies Inc.) of
inner diameter 320 um, 530 um, 700 um are used as empty column. The capillaries are
cut into pieces of a desired length (e.g., 5 cm long) from the capillary roll carefully and
rinsed with acetone and DI water. After that the cleaned capillaries should be dried and
kept in a dry place. This is because the bare fused silica material without polyimide
coating at both ends will become fragile and easy to be broken in the moist air.

Slurry composition The packing material Inertsil C18 octyldecyl silica (ODS)
particles (HPLC grade, GL Sciences Inc.) can provide the functional silanol groups which
produce a negative surface charge when in contact with electrolyte solution. This surface
charge is necessary to generate the electroosmotic flow. The behavior of the packing
material depends on the type of the solvent and the density of the packing material in the
slurry solvent. For the Inertsil ODS particles used in current experiment, it is found that

Acetone or methanol alcohols are suitable solvent for better mixing. The concentration of
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the particle is dependent on the desired length of packing. The longer the packing length,
the higher the particle concentration. For packing length of about 5 cm in current
experiment, 50-80 mg of particle mixed with | ml of methanol is recommended. For
homogeneous mixing, the slurry is put in an ultrasonic bath prior use.

Slurry reservoir A slurry reservoir of inner diameter 3.9 mm and length 7 cm is
fabricated using acrylic Perspex. The slurry reservoir is subject to a significantly high
pressure in the slurry packing process, which requires the reservoir material be strong.
Acrylic Perspex is good choice because it can withstand high pressure and also can be

easily machined into desired size and shape.

7.2.2 Packing procedure

Retaining frit A retaining frit must be fabricated at one end of the empty column
before column packing. The function of the retaining frit is to hold the packing material
and resist the high pressure due to packing, flushing, or EOF. So it must be mechanically
strong. Meanwhile the frit has to be highly permeable for the solvent flow; otherwise the
EOF generated will be reduced at the outlet. The most common approach is the sintering
method, in which the frit is constructed by sintering a plug of silica gel wetted with
sodium silicate solution. Frit fabricated in this way can provide the best mechanical
stability. The ODS particles are mixed with sodium silicate solution (14% NaOH solution,
Sigma-Aldrich) with a ratio of 3:1 by weight. Only the gel or paste like substances in the
mixing should be used. A gel plug of 2 mm long is packed into one end of the empty
column by tapping (as in figure 7-2a). Then the capillaries with the gel plug are heated in
an oven at 350 °C for about 30 minutes. This sintering process hardens the paste and
allows the silica-sodium silicate mixing to adhere strongly to the capillary wall. Thus the

retaining frit is formed.
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(a) Retaining frit

(b) Particle packing

(c) Inlet frit

Figure 7-2 Schematic illustration of the packing procedure.

Slurry packing Once the retaining frit is ready, the other end of the capillary was
connected to a pressure-driven slurry packing system, which includes a slurry reservoir
and a high-pressure liquid chromatography (HPLC) pump (PU-2080, Jasco). PEEK
fitting and tubing (Upchurch Scientific) are used for all connections. The particle-
methanol slurry is sonicated for about 10 minutes before being loaded into the slurry
reservoir. DI water is used as working fluid to drive the slurry into the capillary. The
HPLC pump provides a constant pressure of 6 MPa to force the particles and the fluids
into the capillary. The particles will accumulate beginning from the retaining frit (as
illustrated in figure 7-2(b)), while the fluids pass through the interparticulate space and
the frit into the waste reservoir. Due to the parabolic profile of the pressure driven flow,
the particles tend to accumulate at the center of the capillary and the particle close to the
capillary wall will be loosely distributed. To reduce this effect, the packed capillary is
kept in an ultrasonic bath during the entire packing process. Around 5-10 minutes, the

capillary is fully packed with ODS particle. DI water is still pumped into the packed
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capillary (still in ultrasonic bath) at 5 MPa for 30 minutes to ensure the particles are
densely and homogeneously packed.

Inlet frit After the capillary is firmly packed and rinsed, an inlet frit should be
constructed to hold the other end of the packing. The sintering method of the inlet frit is
different from that for the retaining frit which needs a long time in high temperature. The
inlet frit doesn’t need to be as mechanically strong as the retaining frit because it is not
subject to high pressure. Therefore a local sintering method using a hot copper wire
connected with a soldering iron is used to heat the particles at capillary inlet (as
illustrated in figure 7-2(c)). This method can prevent the rapid evaporation of water
inside the packing. After sintering for 5-10 minutes, the inlet the frit is constructed. Till

now the micropump using packed capillary is finished, and it is ready for characterization.

7.3 Characterization and Flow Measurement

7.3.1 Porosity and tortuosity

Porosity and tortuosity are two important geometric factors characterizing of the
packed EOF micropump. Porosity can be directly measured while tortuosity factor can
only be measured indirectly.

Porosity According to the definition, the porosity denotes the ratio of the void
space to the total space of the porous packing. One method to calculate the void space is
by measuring the weight of the fluid inside the fully saturated porous packing. In current

experiment, the porosity is calculate by

p=Lmia _ (weight,,, — weight, )/ (7.1)
v AL

total

where weightwe: and weightyy denote the wet weight (saturated with DI water) and dry

weight of the micropump, respectively. p is the density of the DI water. A is the inner
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cross-sectional area of the pump and L is the physical length of the pump. It should be
noted that the weigh of the pump, wet or dry, is corrected by excluding the weight of the
frit

weight = weight

—weight (7.2a)

frit, wet fritted column, wet unfritted column, wet

weight = weight —weight (7.2b)

frit, dry fritted column, dry unfritted column, dry

Tortuosity As discussed in chapter 4, the tortuosity factor, defined by 7= 1/cos?6
= (Le / L)?, denotes the non-alignment of most flow channels with the electric field, which
is applied along the capillary axis. It was suggested by Rathore et al. (1999) that the
tortuosity of the porous packing can be evaluated by measuring the resistances of the
packed and unpacked capillaries. The effective cross-sectional area of the tortuous

tubules is then (as illustrated in Fig. 4-1b-c)

A= Aue 080 = pA/NT (73)
The resistances of the empty and packed capillaries are ¢L/A and ¢Le/A., respectively,
where ¢ s the resistivity of the working fluid. Thus the ratio of the resistances gives

Rempty _ sLIA _ ¢ (7.4)

Rpacked gLe / Ae B T

Thus using the porosity value measured in previous step, we can calculate the value of

the tortuosity by measuring the resistances of the empty and packed capillaries.

7.3.2 Test column method

One direct method to measure the electroosmotic flow velocity is by observing
the movement of the fluid-air interface in a test column connected at the outlet of the
micropump. Figure 7-3 demonstrates a setup of the test column method. Platinum wire is
used as electrode and connected with a high-voltage power supply (Stanford Research

Systems Inc.). To prevent the bubble generated by electrolysis from entering the
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micropump, the electrode connected to the cathode is made into mesh-like shape, and
kept in an open solution reservoir to let the bubble escape to the ambient. The micropump
is primed with the working fluid with a HPLC pump for about 15 minutes before each
run. The test column should also be primed with the working fluid and an air bubble is
specially trapped inside the test column to prevent the retreat of the upstream fluid-air
interface due to evaporation (as illustrated in Figure 7-3). The average volumetric
electroosmotic flow rate Q,y can be calculated by measuring the time spent t for the fluid-

air interface to travel a defined distance | inside the test column of inner diameter Dy, i€.,

_lﬂDZ

Qav — t 4test (7 . 5)

and the average velocity inside the micropump is determined by

U, = ='—(%j (7.6)

A tUD

where A is the inner cross-sectional area of the packed capillary, D is the inner diameter

of the packed capillary.

High voltage +
_/ power supply "
Anode Cathode
— I ”Dtist
> e ked
Packe
Test column capillary
Air-fluid - .
interface Solution reservoir

Figure 7-3 Schematic illustration of the experimental setup using the test column method.
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7.3.3 Current monitoring method
An alternative method is also used to determine electroosmotic flow velocity by
monitoring the electric current change when an electrolyte solution displaces the same
but slightly more concentrated solution (or vice versa) inside the packed capillary
(Arulanandam and Li, 2000b, and Sze et al., 2003). Decrease in the solution
concentration will increase the electric resistance of the micropump, resulting in a
reduced electric current. As the solution of higher concentration inside the packed
capillary is completely replaced by that of lower concentration due to the electroosmotic
flow, the current will stop dropping and reach a constant value. The time taken t for the
current to reach this constant value is regarded as the time for the electroosmotic flow to
pass a distance of the capillary length L. Therefore the average electroosmotic flow
velocity can be calculated as
U, =L/t (7.7)
A typical result for the current-time relationship is shown in Figure 7-4. In this case, the
initial current upon application of an electric field at 200 V/cm is around 80 mA. As the
time goes by, the current drops until it reaches a constant value at 23.5 mA. The time for
the current change is about 240 seconds. Therefore, the estimated average velocity of the
electroosmotic flow through a packed capillary of 50 mm long is calculated as 50/240 =

0.208 mm/s.
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Figure 7-4 A typical relationship of current-time using current monitoring method.

The setup for the current monitoring method is shown in Figure 7-5. Both ends of the
packed capillary are connected with the electrodes and kept in two open electrolyte
reservoirs. The ionic strength of the solution in the upstream open reservoir is controlled
at 80% of that of the more concentrated solution in the downstream open reservoir.
Before being connected with the reservoirs, the packed capillary is primed with
electrolyte of higher concentration. The high-voltage power supply and the current data

acquisition are controlled by using Labview software (National Instrument Inc.).
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Figure 7-5 Schematic illustration of the experimental setup using the current monitoring
method.

7.3.4 EOF velocity and zeta potential
Based on the discussion in chapter 4, if ignoring the boundary channel wall

effects, the electroosmotic flow velocity can be estimated, from Eq. (4.7), as,

U, --5%Es, L a-6) (7.8)
7] T
where
G2 [ vy (rydr (7.9)
é,pRsore 0 Vi .

If the Debye-Hickel linear approximation is used to solve the Poisson-Boltzmann
equation, the EDL potential field inside the interparticulate tubules can be solved, from

Eqg. (B.20) as

w0 =¢, oD (710)

P IO(KRpore)

Substituting eq. (7.9) and Eq. (7.10) into Eqg. (7.8), we can obtain
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21, (xR
U, =%, |1 1 (K Ryere) (7.11)
T ,U KRporeIO(KRpore)
where the pore size Rpore Can be determined as R ., = b d, (Chapter 4). Hence

P 3(1-4,)
from the porosity, tortuosity, and average EOF velocity measured in this study, the zeta

potential at the particle surface can be evaluated by Eq. (7.11).

7.4 Results and Error Analysis

7.4.1 Scanning electron microscopy

Scanning electron micrograph (SEM) of a fabricated retaining frit is illustrated in
Figure 7-6. The inner diameter of the fused silica capillary is 700 um in inner diameter. It
can be seen from Figure 7-6(a) that the solid matrix formed by dried sodium silicate
strongly adheres the inner surface of the capillary wall and the particles. The micro-
filaments of solid sodium silicate provide void space which is small enough to entrap the
packing particles but large enough to let the fluid pass through, as shown in Figure 7-6(b).
In this way, the frit can hold the porous packing inside the capillary without reducing the
permeability of the micropump. In fact, DI water was flushed through an unpacked
capillary with a retaining frit using a HPLC pump. The backpressure recorded is slightly
greater (less than 0.003 MPa) than that needed to flush an unpacked capillary without frit,
indicating that the frit does not significantly increase the flow resistance of the system. In
addition, the frit fabricated using this method can withstand high packing pressure up to

150 MPa in this experiment, showing a good mechanical stability.
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Figure 7-6 Scanning electron microscopic image of the retaining frit. (a) overall view of the
frit in fused silica capillary of ID 700 um, OD 850 um. (b) a magnified portion of the frit.
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Figure 7-7 Scanning electron microscopic image of the middle cross-section of the
microcapillary. (a) overall view of the cross-section in fused silica capillary of ID 700 um
OD 850 um. (b) a magnified portion of the packed beds with ODS particles of 6 um.
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Figure 7-7 shows the SEM image of the bulk porous packing inside the capillary.
This is the cross-section of a truncated capillary from the middle of the packed portion. It
can be observed from that the particles are randomly and densely distributed inside the
capillary. However, from a close view in Figure 7-7(b), it is found that the size of the
packing particles is not uniform. Strictly speaking, there is a size distribution of the ODS
particles. The size provided by the manufacturer, 6 um in this case, is the average

diameter of the particles.

7.4.2 Porosity and tortuosity

Porosity The porosity of three different packing conditions in terms of capillary
size and particle size are measured as shown in Table 7-1. For uniform-size spheres, the
smallest porosity is for the rhombohedral (or face-centered cubic) arrangement, which
gives a porosity of 0.259. The random packing of uniformly sized spheres gives the
porosity of 0.37 to 0.43 (Kaviany, 1995). The porosity values measured in this
experiment, 0.39 to 0.43, are within the reported range. It is observed that the porosity
changes monotonically with the ratio of the capillary diameter to the particle diameter
do/d,. This finding confirms the geometrical capillary wall effect predicted by the porosity
distribution equation (4.9). According to Eqg. (4.9), the local porosity close to the capillary

wall increases with decreasing size ratio d./d,, thus resulting in a higher average porosity.

Table 7-1 Results for porosity measurement

Capillary inner diameter | Particle diameter | Size ratio Average porosity
d, (um) d, (um) de / dy ¢

320 8 40 0.4325

530 6 88 0.4102

700 6 117 0.3866

530 (Zeng et al., 2001) 3.5 151 0.37
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Table 7-2 Results for tortuosity measurement

Capillary inner diameter | Resistance ratio Average porosity | Calculated tortuosity
de (Hm) Rempty/ Rpacked = ¢/T ¢ T

320 0.312 0.4325 1.388

530 0.295 0.4102 1.391

700 0.277 0.3866 1.396

530 (Zeng et al., 2001) 0.247 0.37 1.5

Tortuosity Figure 7-8 shows the electric current change with applied voltage for
microcapillaries filled with saturated NaCl solution (25 °C). Both capillaries are of the
same size (700um in inner diameter, and 5¢cm in length). One is unpacked. The other is
packed with 6 um ODS particles. At such high ionic strength and low voltage gradient,
the double layer is so thin and the EOF is so weak that the conduction current
predominates and the advection current due to electroosmotic flow can be ignored. Using
the measured resistance ratio and the porosity, we can obtain the tortuosity. For instance,
from Figure 7-8, we can obtain the resistance ratio of empty capillary to packed capillary
is 0.277. This value is slightly higher than the value 0.24 reported by Zeng et al. (2001)
for packing of 3.5 um particles, but it is very close to the value 0.28 obtained by Rathore
et al. (1999) for packing of 6 um particles. According to Eq. (7.4) and the measured
porosity value 0.3866, the tortuosity can be calculated as 1.396. The tortuosity measured
in this experiment is between 1.388 and 1.396, which is close to the reported values: 1.5
(Zeng et al., 2001) and 1.45 (Yao, et al., 2003b). And it is also found from the
experiment that the tortuosity values do not change greatly with the packing conditions.
However, the correlation between the porosity and the porosity is apparent in Table 7-2,
in which the tortuosity decreases with increasing the porosity. This correlation
qualitatively agrees with the theoretical finding by Koponen et al. (1996), who
numerically simulated the Newtonian incompressible fluid in a two-dimensional porous

medium.
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Figure 7-8 Electric current change with applied voltage for packed and unpacked
capillaries (700um in inner diameter, 5cm in length) filled with saturated NaCl solution at
25°C.

7.4.3 Error analysis — the current monitoring method vs. the test column method
Current monitoring method According to Eq. (7.7), the uncertainty involved in
the EOF velocity measurement using the current monitoring method is given by (Figliola

and Beasley, 2000)

1

2

AU Z{(G_UALJ +(6_UAtj (712)
oL ot

or expressed in ratio,
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AU _ i{(lALT {hﬂz (7.13)
U L t

where AL is taken as half of the standard ruler’s accuracy (AL=0.5mm). It can be seen in
Figure 7-4 that the current change is not very sharp when the solution of higher
concentration is totally replaced by the solution of lower concentration. Therefore, At is
chosen as 10% of the total time measured. This treatment can include the human error
caused by subjective estimation of the total time for the complete replacement of
different solutions.

Test column method Similarly, from Eq. (7.6) the uncertainty for the EOF velocity

using the test column method is given by

AU _ i{(EAIT +(1At)2:|2 (7.14)
U | t

where Al is taken as half of the standard ruler’s accuracy (AL=0.5mm). At is chosen as
0.1 second to include the human response error when using a stop watch.

The test results of the average EOF velocity using two different measurement methods
are shown in Figure 7-9. The electroosmotic flow velocity increases linearly with
increasing electric field strength. However, the measurement error in the test column
method is much larger due to the small displacement of the air-fluid interface (2 mm
compared with 5 cm in the current monitoring method) and the short time duration for
one test (several seconds compared with several hundred seconds in the current
monitoring method). The small values for distance and time increase the uncertainty in
the test column method. It is also observed that the results using the current monitoring
method follows a linear regression line, while the results using the test column method
deviate from the linear regression line, especially under condition of high electric field

strength. This deviation may be due to the Joule heating effect under high electric field
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strength. As discussed in previous chapters, the Joule heating effect becomes significant
for the EOF in capillaries of large size due to the reduced heat dissipation capacity (i.e.,
lower surface-area-to-volume ratio). The temperature rise due to Joule heating will
decrease the viscosity of the fluid, resulting in an increased velocity.

However, the drawback of using the current monitoring method is that the EOF velocity
under high voltages (e.g., higher than 240 V/cm in Figure 7-9) cannot be measured.
When using the current monitoring method under high voltages, the packed capillary will
dry up around 20 seconds, which causes complete termination of the EOF. Small bubbles
were observed inside packed capillary and the recorded current drops dramatically. The
reason is also suspected to be the Joule heating effect due to the prolonged time for
application of high voltage. But this effect can be reduced in the test column method, in
which the measurement is taken for short time (several seconds) upon application of
electric field. In this situation the temperature rise due to the Joule heating has not
become strong enough to stop the flow. Thus the velocity can be measured before the
capillary dries up. The other disadvantage of the current monitoring method is that the
current-time relationship obtained by this method is highly non-linear if the concentration
difference of the electrolyte is too large (say larger than 10%). Thus the time needed for
the complete solution displacement cannot be accurately determined. Therefore it causes
a relatively larger error in measuring the average EOF velocity. The non-linear
relationship is caused by variation of the EOF velocity during the displacing process due
to the change of the zeta potential in solutions of large concentration gradient (Ren et al.,
2001). Actually smaller ionic concentration differences, such as 10% and 15%, were tried
during the initial testing. However no apparent current change was observed for smaller
ionic concentration difference. The apparent current drop was observed only when the

concentration difference increases to 20%. This is different from the observation by Ren
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et al using the current monitoring method in unpacked microcapillaries (Ren et al., 2001),
in which the current-time relationship is highly linear under small concentration
difference (5%). We speculate that this phenomenon is because the porous structure
greatly changes the way of the electric current going through the whole system. However
the underlying mechanism of this discrepancy remains misty and requires further
investigations.Therefore in this experiment both methods are employed in velocity

measurement for different voltage ranges.
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Figure 7-9 Comparison of the average electroosmotic velocity using the current monitoring
method and the test column method. The working fluid is 10° M NaCl solution in capillary
of inner diameter 700 um.
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7.4.4 Effects of working parameters
Capillary diameter

Theoretically if we ignore the boundary capillary wall effect, the EOF velocity
should be independent of the capillary size. However, the wall effect should be included
when the ratio of the capillary diameter to the particle diameter dc/d, is small (for
instance less than 50). And this geometrical wall effect is demonstrated in figure 7-10 in
which the velocity for three different capillary sizes are presented. As discussed in the
previous section, the size ratio dc/d, affects the average porosity ¢ of the packed capillary.
For the same particle size, the porosity increases with decreasing capillary diameter (in

table 7-1), resulting in a higher EOF velocity according to Eq. (11).
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Figure 7-10 Average EOF velocity for different capillary inner diameters using the current
monitoring method. Working solution is 10* M NaCl solution. Capillary length 5 cm.
Packing particle size 6 um. Frit length 1 mm.
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The results predicted by the theoretical model (Eq. (4.32)) developed in chapter 4 is also
presented as a comparison with the experimental data obtained from the current
monitoring method. The values of the porosity and tortuosity are taken from the
measurement in this study. However, the values of the zeta potential for silica particles in
specified NaCl solutions cannot be found from the literature. So we chose to estimate the
zeta potentials from the experimental results (Eq. (7.11)) using the test column method. It
can be seen that the theoretical model underestimate the actual EOF velocity. At least
part of this discrepancy is due to the value input of the particle zeta potential. Thus some
other more accurate methods for measuring the particle zeta potential should be applied.
Nonetheless, the theoretical model can reasonably predict the performance trend of the

packed electroosmotic micropump.

lonic strength

It is well known that the zeta potential is dependent on the ionic strength of the
electrolyte solution (Hunter, 1984). The experimental results of the zeta potential for
three different types of electrolyte solution at various concentrations are presented in
Table 7-3. It is apparent that the magnitude of the zeta potential decreases with increasing
ionic strength. However the zeta potential measured by using Eq. (7.11) is only a rough
estimation because this equation is based on the simplified model and all the
experimental errors will be passed to the measured zeta potential. Strictly speaking the
zeta potential of the silica particle surface should be measured independently using other
methods, such as electroacoustic approach (O'Brien et al., 1995), by determining the

particle electrophoretic mobility.
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Table 7-3 Zeta potentials at the particles surface for different electrolyte concentrations

10°M 10* M 10° M
NaCl 45.12 56.12 67.18
Boric Acid - 48.26 66.06
Acetic Acid - 47.83 -
NaOH 32.96 40.54 -

Since the electroosmotic flow velocity is proportional to the particle zeta potential, a
change in electrolyte concentration has an impact on the average EOF velocity by
changing the particle zeta potential. The EOF velocity for different NaCl concentration
measured by the current monitoring method has been shown in Figure 7-11. As
anticipated, the EOF velocity for low concentration (10 M) is greater than that for high
concentration (10 M) because the zeta potential at concentrated solution is lower than

that in dilute solution.

05
®  Experiment data NaCl 10° M
';' 04 - O  Experiment data NaCl 10 M
E v Experiment data NaCl 10°M
S Model prediction NaCl 10 M
; --------- Model prediction NaCl 10 M
‘s 031 ———Model prediction NaCl 10° M K
2 //
g s
L E .
8 0.2 - /’
-
& gt
- >
% 0.1 - %”
s
m""(’-(”
00 1 1 T T
0 50 100 150 200 250

Electric Field Strength [ V/icm ]

Figure 7-11 Average EOF velocity for different NaCl solution concentrations using the
current monitoring method. Capillary length 5 cm. Capillary inner diameter 700 pum.
Packing particle size 6 um. Frit length 1 mm.
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Particle size

Obviously, variation of the packing particle size also changes the size ratio dc/dp.
The average porosity will be higher for the packing of larger particles. Furthermore the
pore size Ryore alS0 increases monotonically with increasing particle diameter d,. From Eq.
(7.9) we can infer that for a larger pore size the dimensionless average EDL potential G is
smaller and the factor 1-G is greater. Thus it can be predicted by Eq. (7.8) that the EOF
velocity is greater for larger particle size, which has been proved by the experimental

results in Figure 7-12.
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Figure 7-12 Average EOF velocity for different packing particles. Working solution is 10
M NacCl solution using the current monitoring method. Capillary length 5 cm. Capillary
inner diameter 700 um. Frit length 1 mm.

Type of electrolyte solution

The EOF velocity generated using four different kinds of electrolyte solutions at

the same ionic strength is compared in Figure 7-13. It can be seen that at the same ionic
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strength use of NaCl solution can generate highest EOF velocity, while use of NaOH
generate the lowest EOF velocity. According to Eq. (7.11), the EOF velocity is dependent
on the physicochemical parameters, which include zeta potential ¢, dielectric constant &,
viscosity u, and Debye parameter «. Since the electrolyte solutions are dilute and of the
same concentration, the values of the dielectric constant, viscosity, and Debye parameter
do not differ much from those of water. However, the zeta potentials for the varied types
of solutions are different. From this experiment, the measured zeta potentials for these
four solutions are shown in Table 7-3. Therefore the EOF velocity values are different for

the four types of solutions.
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Figure 7-13 Average EOF velocity for different electrolyte solutions using the current
monitoring method. Capillary length 5 cm. Capillary inner diameter 700 um. Packing
particle size 6 um. Frit length 1 mm.
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Capillary length

Theoretically the generated EOF velocity is independent of the length of the
packed capillary. To confirm this prediction, three packed capillaries of different length
are tested. The results are shown in Figure 7-14. It is can be seen that the EOF velocities

for different packed lengths are apparently the same.
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Figure 7-14 Average EOF velocity for different capillary lengths using the current
monitoring method. Working solution is 10* M NaCl. Capillary inner diameter 700 pm.
Packing particle size 6 pm. Frit length 1 mm.
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7.5 Summary

Electrokinetic micropumps using electroosmotic flow in microcapillary packed
with spherical silica microparticles are fabricated. Two methods, the test column method
and the current monitoring method, are used to characterize the fabricated EK
micropump under the influences of the capillary size, particle size, the capillary length,
and concentration and type of the electrolyte solutions. It is found that the porosity of the
packed capillary increases with increasing the ratio of the capillary diameter to the
particle diameter. This is due to the geometrical boundary wall effect. The change of
porosity due to variation of the size ratio affects the generated electroosmotic velocity
inside the micropump. The ionic concentration and the type of the electrolyte solution
also have a great impact on the velocity by determining the magnitude of the zeta
potential at the surface of the silica particles. However the length of the packed capillary
does not have any effect on the flow velocity. It is noted that the current monitoring
method can give a more stable and consistent results than test column method which is
subject to a much larger error scale. And the deviation of the results from the average
regression line under high electric field strength may due to the Joule heating effects. But
the test column method is advantageous to measure the EOF velocity under high electric
field strength. The experimental data is compared with the theoretical model developed in
chapter 4, and a reasonable agreement is found. The theoretical model is useful to the

design and optimization of the micropump.
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Chapter 8

Conclusion and Future Studies

8.1 Contributions Made by This Study

Following the objectives of this thesis, extensive and rigorous modeling on the
dynamic electroosmotic flow in microcapillary packed with a porous medium has been
developed and analyzed under varied physicochemical conditions. An experiment on the
fabrication and characterization of an electrokinetic micropump has been conducted and
extensive experimental data have been obtained. An in-depth understanding of the
electrokinetic transport phenomenon through porous media has been achieved. The major

contributions made during the course of this study can be summarized as follows:

1. Dynamic aspects of electroosmosis in microcapillary Transient electroosmotic
flow in response to the application of time-dependent electric field is obtained by using
Green’s function method. The benefit of using Green’s function method is obvious that
mathematically the Green’s function represents the basic solution for the disturbance
from a point source. In this study, once the Green’s function the electroosmotic flow has
been derived, the solutions to the perturbation of varied kinds of time-dependent electric
fields can be obtained easily from the integration of the specified Green’s function. In the
modeling of charge distribution within the electric double layer (EDL), the Boltzmann
distribution is assumed, which, strictly speaking, is applicable only when the system is in
the thermodynamic equilibrium state. Therefore a validation to this assumption is
provided. An analytical scheme regarding the non-linear term is applied to solve the

complete Poisson-Boltzmann (P-B) equation for electrostatic potential of the double layer.
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This treatment avoids the limitations, such as low zeta potential or large electrokinetic
diameter, of other linearization methods. The results show virtually no difference from
numerical solution. The characteristic time for the flow to reach its steady state is
proportional to the square of the channel radius. The evolution of the electroosmotic flow
upon application of a constant electric field exhibits a unique flow profile, which is
resulted from the contributions due to the electric body force and hydrodynamic viscous
stress. On the other hand, the flow devolution after the external electric field is switched
off follows a flow pattern solely controlled by hydrodynamic friction due to liquid
viscosity. In addition, it is found that the oscillating electroosmotic flow is strongly
dependent on the modulation frequency of the applied sinusoidally alternating electric
field, which determines the thickness of unstable Stokes layer, and thus governs the
extent of the harmonic oscillation and the velocity distributions of the oscillating

electroosmotic flow.

2. Electroosmosis in annular microcapillary The interest to an annular model lies
in its generality over cylindrical or parallel plates geometry. And the annular model may
have potential applications in micromixing or simulation of the fluid flow in porous
structures. Following the same approximation for the hyperbolic sine function in P-B
equation, we obtain the analytical solutions for the electric potential profile in the annulus
with high zeta potentials. A mathematical expression for the average electroosmotic
velocity is derived in a fashion similar to the Smoluchowski equation. Hence a correction
formula is introduced to modify the Smoluchowski equation, taking into account of
contributions due to the finite thickness of the EDL and the geometry ratio-dependent
correction. Specifically, under a circumstance when the two annular walls are oppositely

charged, the flow direction can be determined from the sign of such correction formula,
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and there exists a zero-velocity plane inside the annulus. With the assumption of large
electrokinetic diameters, the location of such a zero-velocity plane can be estimated from
the analytical expression for the velocity distribution. In addition, the oscillating
electroosmotic flow inside an annulus under an AC electric field is analytically solved
using Green’s function formulation. The generality of annulus capillary model is also

discussed.

3. DC electroosmosis in a packed microcapillary A mathematical model is
developed to quantitatively describe the electroosmotic flow in a charged microcapillary
packed with mono-sized charged microspheres. The model is based on the Carman-
Kozeny theory, also known as capillary model, which assumes the porous medium to be
equivalent to a series of parallel tortuous tubules. The overall velocity within the packed
capillary comprises two components. One is the interstitial tubular velocity which is
subject to volume averaging. The other is the velocity correction due to the charged
capillary wall. The former is obtained by solving the Navier-Stokes equation and the
Poisson-Boltzmann equation within an imaginary tubule, for which part of the results in
chapter 2 and 3 can be directly used. The latter is obtained by solving the modified
Brinkman’s macroscopic momentum equation. The equation is solved using three
different methods: (i) the numerical method, (ii) the analytical solution, and (iii) the slip
velocity approximation. Parametric studies are carried out for the electroosmotic flow in
the charged microcapillary packed with charged microparticles under the influences of
the working fluid property, the channel and particle size, and the zeta potential of charged
surfaces. Specifically, the electrokinetic wall effects are discussed for several typical

cases.
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4. AC electroosmosis in a packed microcapillary As another major contribution
of this study, this thesis presents a theoretical investigation on AC-driven electroosmotic
flow in both open-end and closed-end microchannels packed with charged microspheres.
Since the AC electroosmosis in porous media has potential applications in the
development of electrokinetic micro-actuator for its pressure-building ability, it deserves
to make a research input. The modeling is also based on the capillary model applied in
chapter 4. The time-periodic oscillating electroosmotic flow in an open-end capillary in
response to the application of an AC electric field is obtained by using the Green’s
function approach (results derived in chapter 2). The backpressure associated with the
counter-flow in a closed-end capillary is obtained by analytically solving the modified
Brinkman’s momentum equation. It is demonstrated that in a microchannel with its two
ends connected to reservoir and subject to the ambient pressure, the oscillating Darcy
velocity profile depends on both the pore size and the excitation frequency; such effects
are coupled through an important aspect ratio of the tubule radius to the Stokes
penetration depth. An important finding is that, in a microchannel with closed ends, use
of smaller packing particles can generate higher backpressure at a fixed excitation
frequency. And it is also found that there is a system frequency beside which the pressure

response shows two opposite variation trends.

5. Joule heating effect of electroosmosis in a packed microcapillary Joule
heating effect is a side effect coming with all the electric field induced flow.
Electroosmosis is not an exception. The problem is getting worse in case of high electric
field, large capillary size, or high electrolyte concentration. It may damage the
performance the electrokinetic micropump or even to make it break down. Recently some

works on the Joule heating effect of the electroosmotic flow in a non-packed
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microcapillary have been reported. However, there is still no study on Joule heating of
electroosmotic flow in porous media reported. In order to quantitatively evaluate the
Joule heating effect on the electroosmotic flow in a packed microcapillary, a systematic
numerical analysis is presented in this thesis. This model incorporates the momentum
equation developed in preceding chapters, the conjugate energy equations for the porous
packing and the capillary wall, and the continuity equations for mass and current density
conservation. The temperature dependent fluid viscosity, dielectric constant, and the
electric conductivity are taken into consideration. Finite difference method is used to
numerically solve the temperature and velocity fields. A detailed parametric study is
carried out to evaluate the Joule heating and its effect under the influences of electric
field strength, the ionic concentration, the capillary size, the packing particle size, and the
convection heat transfer coefficient outside the capillary. Specifically, the non-uniform
electric field caused by the temperature gradient is evaluated and discussed. It is also
found that there is an induced pressure field inside capillary due to the velocity variation

caused by the temperature gradient.

6. Experimental study on electroosmosis in a packed microcapillary In the
experiment, electrokinetic micropumps using electroosmotic flow in microcapillary
packed with spherical silica microparticles are fabricated and characterized under the
influences of the capillary size, particle size, concentration and type of the electrolyte
solutions, and the capillary length. It is found that the porosity of the packed capillary
increases with increasing the ratio of the capillary diameter to the particle diameter. This
is due to the geometrical boundary wall effect. The change of porosity due to variation of
the size ratio affects the generated electroosmotic velocity inside the micropump. The

ionic concentration and the type of the electrolyte solution also have great influence on
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the velocity by determining the magnitude of the zeta potential at the surface of the silica
particles. However the length of the packed capillary dose not have any effect on the flow
velocity. The experimental data is compared with the prediction by the theoretical model

developed in this study, and a reasonable agreement is found.

8.2 Recommendations for Future Studies

Based on the results presented in this study, some comments and
recommendations are made as following for future research in order to achieve a better

and more complete understanding of the electroosmotic flow in microcapillaries.

1. The driving force for the electroosmotic flow in microchannels is determined
by the local net charge density distribution and the strength of the applied electric field.
The net charge density is dependent on the EDL field and hence on the zeta potential; the
magnitude of the electroosmotic flow in turn is governed by the zeta potential. Generally
the zeta potential is a function of the ionic valence, the ionic concentration of the
electrolyte solution, and the surface properties of the microchannel wall. For a system
with a simple electrolyte solution and a homogeneous channel wall, zeta potential is
considered constant, such as the analyses in this report. However, in practice, the liquid
involved in various biochips using the electroosmotic pumping to transport liquid and or
perform other operations are solutions containing biological particles (e.g., DNA or
proteins). The adhesion of these particles to the channel wall will cause the non-uniform
zeta potential distribution along the channel, depending on the distribution and extent of
the adhered particles. Therefore, the understanding of the flow behavior in such a

situation is also important for manipulating the flow in biochip devices. To study the
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effect of channel wall heterogeneity, a model on stochastic zeta potential distribution is
suggested to be developed.

2. The capillary model is simple and empirical in nature. It cannot take into
account of the contact area of the particles, where the local electric double layers overlap
thus reducing the local electroosmotic velocity. In addition all of the particles cannot be
exactly the same in size and shape. There is a size distribution of the particles. Variation
of particle size will affect the local pore size. As discussed in previous chapters. The pore
size is an important parameter for a porous packing. The electroosmotic flow is
independent of the pore size only when the pore size is large compared with the Debye
length of the solution. However, when the pore size is small enough (for submicron sized
particles or nano-particles), the overlap of the double layer has to be considered.
Furthermore like in recommendation 1, in analysis of the electroosmotic flow containing
bio-molecules, the zeta potential on the particles may become non-uniformly distributed.
The surface heterogeneity of the particles surface should be considered by applying a
stochastic zeta potential distribution in modeling.

3. The experiment conducted in this study is an attempt to explore the mechanism
of the EOF in porous media. However, as discussed in chapter 7, the method for
measurement of the EOF velocity inside the porous media is subject to further
improvement. The current monitoring method cannot measure the EOF velocity under
high electric field strength. And the test column method can generate large error. It is
suggested that a real-time camera recording system be used to measure the displacement
of the air-liquid interface in the test column to obtain more accurate velocity values. The
other important concern is the bubble generation and drying up of the channel due to the
Joule heating inside the packed capillaries. One possible reason is that there are

microbubbles in the particle slurry and the DI water used in the packing procedure. The
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microbubbles are invisible to naked eyes. But they are very sensitive to the temperature
change. When the electric field is on for prolonged period of time, the volume of the
microbubbles is greatly enlarged which makes the porous packing dry up quickly. One
option is using a degasser to reduce the amount of micro-bubbles in the working fluids
prior to each test. The other possible reason is that the surface of the ODS particle in use
is hydrophobic, which makes it more difficult to remove the microbubbles trapped in the
porous packing. It is suggested to use ODS particles with hydrophilic surfaces or use
appropriate chemicals to change the particle surface property. Other than the test column
method and current monitoring method employed in this study, some other advanced
visualization methods, e.g., Particle Image Velocimetry (P1V) technique, or laser induced
fluorescent dye (Sinton et al., 2003), are expected to be developed to measure the EOF
velocity field in porous media.

4. The microchannels used in this work are commercial fused silica capillaries,
which may be difficult to be integrated into a microsystem. In practical application using
the electroosmotic flow in microsystems, the microchannels are made by different micro-
fabrication methods, such as soft lithography using PDMS, etching on a glass substrate,
or hot embossed channel on thermoplastic materials. These microfabrication methods
definitely determine the methodology of the modeling and experimentation on the
electroosmotic flow in microsystems. Three important affected aspects are highlighted as
following: Firstly, most of the microchannels made by these techniques are in rectangular
or trapezoidal cross-sectional shapes. Thus the rectangular or trapezoidal geometry (other
than the cylindrical geometry in this thesis) should be applied in analytical modeling.
Secondly, because the zeta potential is dependent on the surface property, it is expected
that the zeta potentials for different materials are different and should be determined

independently and timely. Even for the same material (e.g., PDMS), the zeta potential
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may change with the time after the microchannel is fabricated and in use. Thirdly, in this
study, the microcapillary was packed using pressure-driven slurry packing approach in
which the microchannel is subject to substantially high (e.g., 6 MPa) pressure. It may be
difficult to apply the same approach to pack the microchannels fabricated by above
popular microfabrication methods due to their weak sealing or bonding. However, other
beads packing techniques, such as electrokinetic packing (using electrokinetically driven

flows) or using centripetal forces may be applied (Maloney 2002).
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Appendix A
Validation of Boltzmann Distribution under Dynamic

Electroosmotic Flow

The ionic distribution in the electric double layer (EDL) is assumed to follow the
Boltzmann distribution in this study. Strictly speaking, the Boltzmann distribution is
applicable only when the system is in the thermodynamic equilibrium state (Masliyah, 1994).
If a liquid flow exists, the ionic distribution may be affected by the presence of the fluid
motion (Yang et al., 1998). Therefore a validation of the Boltzmann distribution under the
dynamic electroosmotic flow is presented in the following. As clearly shown in Eq. (2.2), it
is through the electrical body force term that the Navier-Stokes equation is coupled with the
governing equation for the EDL field, which in turn is associated with ionic number

concentration distribution, n,. Generally, rigorous mathematical modeling of ion transport in

the EDL region under an electroosmotic flow generated by sinusoidally alternating electric
fields should take into account of unsteady effects. According to the literature, the time scale
related to electromigration in the EDL is of order 108-107 second (Hsu et al., 1997); this
value is at least two orders smaller than the characteristic time associated with the evolution
of the electroosmotic flow, which is of order 10°-10 second (Yang et al., 2002). In the
present study, we consider the sinusoidally alternating electric field of the highest frequency

as 500 KHz (see the discussion part), corresponding to a characteristic time of 2x107°

second. Therefore, the transient effect of the EDL “relaxation” can safely be neglected, and
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the ionic concentration distribution n, (r) in the microchannel electroosmotic flow follows
the Nernst-Planck equation (van de Ven, 1989), which in the absence of chemical reactions
takes the convective-diffusion form

vV-(D,vn,)-V-(V,;-n)=0 (A1)
where D, is the diffusion coefficient of the type-i ion and V , is the velocity of the type-i ion.
Under such a situation, the ion velocity, V ,, can be decomposed into contributions from
liquid hydrodynamic velocity, V , and a velocity, U ;, due to electromigration (caused by the
presence of the electric field). Then we can write

Vi=V+U, (A2)

The velocity, U ., is related to the electric forces exerting on the ions through the following
equation

F.=12¢,

—e€l 1

m

= f,U, (A3)
where z; is the valence of the type-i ion, e, is the elementary charge, and f, is the

hydrodynamic resistance coefficient which can be determined from the Stokes-Einstein

equation (Yang et al., 1998)

f = (A4)

The local electric field, E is assumed to be decoupled as the summation of the applied
electric field and the EDL field due to the charged channel wall, and thus E can be

expressed as

E=E(t)e, -Vy (A5)
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where E(t) is the applied electric field and exists only along the flowing axial direction, e,.
w is the electrical potential of the EDL field. Then from Egs. (A.3) — (A.5), we can readily

obtain an expression for U ,

U, = [E@e, -vy] 2o (A6)

Substituting Egs. (A.2) and (A.6), and making use of continuity equation V-V =0,

according to Eg. (A.1) we can show next

D, V?n +v.(%ij ~V.Vn - Zke—OTD E(t)Vn,-e, =0 (A7)

I b b
When the microchannel electroosmotic flow is fully developed, the components of fluid
velocity V satisfy u, =u,(r,t) and u, =u, =0 in terms of cylindrical coordinates. Eq. (A.7)

can reduce to

D, von, +v | Z%BMN G |y B&D gy 12N (A.8)
k, T k, T 0z

Note that the ionic number concentration is time-independent and the flow is fully-developed,

implying no appreciable ionic concentration gradient is established along the flow direction,

ie., % =0. Then Eq. (A.8) becomes
z

D, vn, +v.| Z&%PMig, | _g (A.9)
kT

We can readily solve Eq. (A.9), and obtain its solution, which is (Hunter, 1981)

N =N eXp(_Zie—Ol//)

A.10
k, T ( )
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Here n,, is the ionic number concentration of the type-i ions in the bulk phase where y =0.

Eq. (A.10) is the well-known Boltzmann distribution. Therefore, it can be concluded that for
a microchannel electroosmotic flow in a fully developed condition, the equilibrium
Boltzmann distribution is still valid if the frequency of the external electric field is not very

high, (e.g., less than 1 MHz).
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Appendix B
Electric Double Layer Potential Distribution in a Capillary

Cylinder

From the discussion of Chapter 2, the EDL potential distribution, y(r) within the

capillary region can be described by Poisson-Boltzmann equation (2.6) which, in polar

coordinates, takes the non-dimensional form (Hunter, 1981)

1d d¥(R) | .
Ed_R[R &R }_smh‘P(R) (B.1)

Eq. (B.1) is subject to the boundary conditions specified by

d¥(R)

Y(xa)=Y¥
(ka)="¥, =

=0 (B.2)

R=0

2
where R=xr. k= U is the Debye-Huckel parameter.
g8k, T

However, no exact solution to Eq. (B.1) is available because of non-linearity. Here three

methods to solve the above P-B equation are presented as following.

Analytical scheme proposed by Philip and Wooding (1970)

In this work, we follow Philip and Wooding (1970) to approximate the hyperbolic

sine function sinh ¥ as (see Figure B-1)

203



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

—%exp(—‘l’) Y<-1
sinh¥ ~ v -1<¥<1 (B.3)

%exp(‘P) Y>1

Such an analytical scheme was successfully used by Philip and Wooding (1970) in their
study concerning the electrical potential distribution outside a charged cylindrical particle
immersed in an electrolyte. They found that the obtained potential profile differs only slightly

from that by using numerical integration of the complete P-B equation.

o

sinh¥

Analytical

—  approximation
-3t 1 given by Eq.
—EGXD(—‘P) (B.3)

-4 1 1 1 1 1 1 1
-2 -1 0 1 2

Non-dimensional electrical potential, ¥

Figure B-1 Analytical approximation for the hyperbolic sine function as defined in Eq.

(B.3).
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Based on the approximation given in Eq. (B.3), we envisage the entire cylindrical region as

comprising two hypothetical concentric regimes (L and H) so that at their junctions (i.e.,

R=R"), we have ¥ =1 (see Figure B-2). Hence we propose to solve the following

equations (Levine et al., 1975)

Regime H

Figure B-2 Essential geometry of capillary cylinder for solving the Poisson-Boltzmann

equation with high zeta potentials.

Low potential regime L (0<R<R")

1d [Rde(R)

R dR dR }: *L(R) (B4

High potential regime H (R"<R<«xa)
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1d [Rd‘PH(R)

1
| R }zgexp[wH(R)] (B5)

subject to the coupling boundary conditions

¥ (R)=%,(R")=1 (B.6a)
and
d¥, (R) _d¥,(R) (B.6b)
dR |, . dR | '

The solution of Eq. (B.4) together with the boundary conditions Egs. (B.2), (B.6a) can be

given as

1, (R)

LPl_(R) = | (R*)

(0<R<R") (B.7)

where |, is the zero-order modified Bessel function of the first kind.
To get the solution for Eq. (B.5), we introduce the new variables
m=InR w=¥,(R)+2InR (B.8)

Then we can replace Eq. (B.5) with

P e ) (B9

A first integration of Eq. (B.9) gives

dw )’
(d_mj = exp(w)+C (B.10)
or
[R%+2} =R2?exp[¥, (R)]+C (B.11)

206



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

where C is a constant of integration. Making use of Egs. (B.6) — (B.7), we can obtain

C ={2+ R” '1(Ri)} —eR” (B.12)
1,(R)

C=0atR =R, =2158;0<C<4 for R"<R;; C<0 for R" >R,.

The positive square root of Eq. (B.10) is chosen, and thus we have

aw _

o [exp(w)+ C]% (B.13)

Integrating Eq. (B.13) and using Eq. (B.8), for C <0, we obtain

Y, (R)=In —C
R? cosz[B +1«/—C In(RH
2 Ka
(B.14)
=1In —C
R“ cos {A+\/—Cln( ﬂ
2 R
where
B_=cos™ \P_—C (B.15a)
e’ (xa)®
A =cos™ ,/_—i =B._ Lo B (B.15b)
eR 2 xa
at C =0, we have
¥, (R)=-2In i,ce‘“2 “Rin R* (B.16)
R 2 |\ R;

For0<C<4

207



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

¥, (R)=In (B.17)

where

g _VCre" (@) C (B.18a)
" Jc+e® (ka)? +4/C

_JcreR? T (R*jﬁ

A

- JC +eR™? +4C

Before closing this section, we realize that to calculate the electrical potential profile, ¥ (R),

Ka

(B.18b)

the electroosmotic velocity distribution, we must determine R™ first. Recall that we have

already obtained R, = 2.1585. If we consider the general conditions of large xa values (say
xa=25), it is obvious that R* > R,. So we can easily show that C < 0. Therefore we can

find the values of R” from Egs. (B.15).

Debye-Huckel linear approximation

Under Debye-Hiickel linear approximation, the P-B equation (B.1) is approximated as

L d {RdT(R)} - ¥(R) (B.19)

RdR| dR
The solution of Eq. (B.19) subjected to boundary condition in Eq. (B.2) can be easily

obtained as

¥(R) =Y, lo(R) (B.20)
I, (xa)
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It should be noted that this method is accurate only when the magnitude of zeta potential is

low, e.g., less than 25 mV.

Numerical method

When using the numerical method to solve P-B equation (B.1), the nonlinear source
term of the Poisson-Boltzmann equation is linearized by Taylor series expansion and neglect
the high-order term

sinh "™ =sinh " +(‘P”*1—‘I’“)cosh P (B.21)
where the superscript (n +1) denotes the value for n obtained in the previous iteration. The

derived algebraic equations were solved by using the Gauss-Siedel iteration.
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Appendix C
Slip Velocity Approximation for the AC Electroosmosis in a

Cylindrical Capillary

(a) ()]

Figure C-1 Schematic representation of the slip velocity approximation

Conceptually, the steadily oscillating velocity profile induced by the application of a
sinusoidally alternating electric field is similar to the fluid flow actuated by an oscillating
motion of the channel wall; the latter was well documented by Telionis (1981). The basic
concept of introducing the slip velocity approximation is to neglect the thin EDL region such
that the entire flow is motivated by the frictional stresses originated from liquid viscosity.
Here the thin EDL region can be regarded as an oscillating moving channel wall. The outer
slip boundary velocity is determined by the Helmholtz-Smoluchowski equation,

gr 80

u (t) =- ¢, E,e'. Hence the harmonically oscillating flow field is governed by the
MU

Navier-Stokes equation, in non-dimensional form
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u_1ofrau (C.1)
ot rorl{ or

subject to the boundary conditions (the reference velocity used in non-dimensionlization is

grgo

chosenas u, =—

Eogo)

=
Il
o
|

Il
o

(C.2a)

r=1 u = exp(iB2t) (C.2b)

Solution to Eq. (C.1) can be readily obtained by using the classical method of separation of

variables, and it is given as

u(r,t) = REAL[%eXp(iﬂzb} (C3)

where |, is the zero-order modified Bessel function of the first kind. i is the unit imaginary

number. “REAL” denotes the real part of the solution.
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Appendix D
Validation of Onsager Relationship for Transient and Frequency-

dependent EOF in a Capillary with Closed-ends

In chapter 2, the transient and frequency-dependent AC EOF in an open cylindrical
microchannel has been presented. However, the AC EOF in a microchannel with closed ends
is also interesting. Since the two ends of the channel are closed, the AC electroosmosis
exhibits a different frequency response due to the superposition of the viscous waves
generated by the electroosmotic flow and the induced counter-flow. It not only is relevant to
the development of new microelectrophoretic method (Minor et al., 1997) but also can
provide theoretical insight into novel electrokinetic micropumps and microactuators (Paul et
al., 1998). Further, the underlying mathematical modeling and solution pose more challenge
and complexity. In the present study, The Navier-Stokes equation governing AC
electroosmosis is solved analytically using the Green’s function formulation. The exact
solutions for the frequency responses of electroosmotic flow and the induced pressure

gradient are obtained. Further, the valid Onsager’s principle of reciprocity is demonstrated.

1. Transient and frequency dependent EOF in capillary with closed-ends
In this study, the liquid is assumed to be incompressible, Newtonian and symmetric
electrolyte. Under a negligible Joule heating effect, the electrolyte is considered to have

constant density, p, and viscosity, . The channel wall is uniformly charged with a zeta

potential, £ The motion of liquid in a laminar, fully-developed electroosmotic flow through
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a cylindrical microchannel of radius a can be described by the Navier-Stokes equation

(Probstein, 1994).

ou(r,t) 10( ou(rt))_ dP(t)
p R0 L2 [ D) PO e, () CEY

where u(r,t) is the transient velocity field, P(t) is the induced back-pressure, E(t) is the
externally applied electric field, and p(r) is the local net charge density due to the presence
of the electric double layer (EDL).
The externally applied electric field and the induced backpressure are sinusoidal with an
alternating frequency of w. Mathematically, they can be expressed as
E(t) = E,e' (D.2a)
P(t) = P (D.2b)
where Ey is the amplitude of the electric field, i is the unit of imaginary number, Py is the
amplitude of the backpressure, and ¢ is the phase lag due to fluid inertia.
For a symmetric electrolyte, the net charge density is expressed using the Boltzmann
distribution (Hunter, 1981),

P.(r)=2,,(n, —n.) = -2z,e,n, sinh{%w)j (D.3)

b
where z, is the electrolyte valence, ey is the elementary charge, no is the ionic number
concentration in the bulk solution, k, is the Boltzmann constant, T is the absolute
temperature, and yAr) is the local electric potential of the EDL governed by the well-known

Poisson-Boltzmann equation (2.6), which is rewritten as

li(rd—‘/’j L i (D.4)
rdr\ dr £,& k,T
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This equation can be solved using the same method presented in appendix B.

The following dimensionless parameters are introduced:

u z

- 1%

0=— f=—"1t Z= D.5a
U a’ aRe, (D-52)

_ — E,aRe — 2
5~ b : = A G = —Zveonzog (D.5b)

pU ¢ pU
. . U . Lo Lo pau .
where U is the reference velocity, v =% is the liquid kinematic viscosity, Reg= is the
ol

reference Reynolds number, and G represents a measure of the ability to convert the
electrical energy, z,e,n,< to the fluid kinetic energy, puU?/2.
Substituting equations (D.2) and (D.3) into equation (D.1) and using the non-dimensional

parameters, we can obtain

[ wa’t

_ _ D i +9 o iwa’l
a—lf—%i_ Fa—ti :—d&e[ Y ]—GEoe v sinh () (D.6)
ot ror\ or dz

Equation (D.6) is subjected to the following initial and boundary conditions:

a(r.0)_, =0 (D.7a)

ou

— =0 U
or

r=0

=0 (D.7b)

The analytical solution to equation (D.6), subjected to the initial and boundary conditions
described in equations (D.7a) and (D.7b), can be obtained by using the Green’s function

formulation approach and is given as

T 1 —_ .wa2r+¢ L ia)azT
u(r,t) = REAL —J' dr r'G(T,t_|r',r) %e[ Y ]+GEOe v sinhW(r") [dr': (D.8)
r'=0

=0
where G(r, t'|r',r) is the Green’s function, and its expression is given by
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0 ’lﬁ(f*T) ' r
G(F,t_|r',z'):2ze Jogﬂ“nr)‘lo(ﬂ“nr)
n=1 ‘Jl (/ln)

(D.9)

where A, is the positive roots of Jo(4,) = 0.
Substituting equation (D.9) to equation (D.8) and carrying out the integration, we can obtain

the non-dimensional fluid velocity distribution in the microchannel as

= i( f+¢J 2 iﬁf 2
w = v P T > = P 11
o(r,f) = REAL| -2 0o 3 JolhiT) @ e _2GE,Yc, Llhne " e
dz n=1 Jl(ﬂ’n) /’in[ﬂvﬁ-l- wa j n=1 ‘]1 (ﬂ’n) ﬁi-‘ria)a
1% 1%
(D.10)
where
1
C, = [rd,(4,r)sinh[¥(r)] dr (D.11)
r'=0

Equation (D.10) shows that electroosmotic flow in a closed-end cylindrical microchannel is a
linear superposition of: (i) the flow due to the applied electric field, and (ii) the flow due to

the induced backpressure gradient. In this study, two cases are being considered here:

Case 1: Transient electroosmotic flow field under DC electric field (@ = 0)

In this case, the phase-lag is zero (¢ = 0) and the expression for the velocity field is
simplified to

_zdﬁo = J (A, F) 1—e = (A, ) 1-e

-2GE,»'C
dz & 3,(4,) A "Z;‘ "3X,) A

n

u(r,f) = (D.12)

For a closed-end electroosmotic system, the net flow rate is equal to zero, or mathematically

the system fulfills the following condition,
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(D.13)

|| ———

=l
<

—~
=

—

N
o
=l
Il
o

Substituting equation (D.12) into equation (D.13) and performing the integration, we can

show that the induced backpressure gradient can be expressed as

i C, 1-e*t

D T3

%:—ﬁﬁo o= 1J§0( ) %’}n (D.14)
>

(i) For a small time elapsed, ie., t<<1, e**ﬁle—/lﬁt', the velocity distribution can

therefore be expressed as

- dP, & J,(AT)  sme e~ Jy(AT)
u(r,t) =-2—-2t 0n~ _2GE,f )Y C 2™ (D.15a)
d Eznwn) ° Z;‘ (4
and the pressure gradient is
>
% — _C_;_O n=1 ﬂl]‘]l (ﬂ“n) (D15b)
dz Z 1
n=1 )“r21
indicating that the velocity is linearly proportional to time at the initial moment.
(ii) For a large time, i.e., t — oo, e ~ 0, the velocity field becomes
a(r,f) = dPO F3 AN o5 Sc, dolal) (D.16a)
T Adi(4,) 1 Adr (4n)
and the pressure gradient is given by
St
D 3
®__5 E, = A0dy () (D.16b)
dz - 1
n=1 Zﬁ
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which is the formulation for the velocity distribution under the steady-state situation.

Case 2: Oscillating electroosmotic flow field under alternating AC electric field
In this situation, the exponential term on the right-hand side of equation (D.10)

decays, and hence it reduces to

0

u(r,t) = REAL| -2 dP (D) i Jo (4 1) -2GE(©))] LN G, (D.17)

2 2 2
"l szl(zn)[zﬁ +i“’aJ w3 () g j@dt
14 14

where

——O¢ (D.18a)
dz dz
_ _ iwazf
E(t)=Eze (D.18b)
The induced backpressure gradient can be expressed as
>
2
B ", (zn)[zﬁ i ]
®h __5E®D Y (D.19)
dz = 1
2 e
R (zﬁ +i ]
14

According to equation (D.14) and equation (D.19), the induced pressure gradient for both

DC and AC electric fields is linearly proportional to the strength of an applied electric field,

and the parameter G . Moreover, equation (D.19) can be reduced to equation (D.15b) in a

limiting situation as w— oo, suggesting that the induced pressure gradient under extremely
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high applied frequencies is identical to that at the initial moment under a DC electric field

because in both cases, the flow only occurs within the EDL region.

2. Onsager’s Principle of Reciprocity

Equation (D.10) shows that the flow field in a closed-end microchannel is linearly
proportional to the driving electric field and the induced backpressure gradient. The linear
relationship of the flow field, the driving electric field and the induced backpressure gradient
suggests a possible constitution of the Onsager principle of reciprocity familiar in the theory
of non-equilibrium thermodynamics. In the literature, the Onsager reciprocal relations for
electrokinetic flows under a steady-state situation were demonstrated by Burgreen and
Nakache (1964) for a parallel slit and by Rice and Whitehead (1965) and Levine et al. (1975)
for a cylindrical capillary. The demonstration of valid Onsager’s reciprocity relations for
both transient electroosmotic flow and AC oscillating electroosmotic flow in a closed-end
cylindrical microchannel is presented here.

The flow rate Q(t) in the microchannel can be obtained by
Q(t)=27zjru(r,t)dr (D.20a)
0
Because of the symmetry, the flow rate is further expressed as

Q(t) = 2ﬂUa2jTU(T,f) dr (D.20b)

Case 1: Transient electroosmotic flow under DC electric field (o =0)
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In the case of DC applied electric field, substituting equation (D.12) into equation
(D.20b), we can express the flow rate in terms of the dimensional induced pressure gradient

and the dimensional electric field as

QW =L, 5>

o Lok (D.21)

where the Onsager transport coefficients are

drat &l-e At
L, =— " > e (D.22a)
n=1

n

72.'(’

L, —— 87rzen0 i

) m N (D.22b)

In general, the axial component of the electric current density is expressed as (Masliyah,
1994)

i,t)=uz,e,(n, —n_)—-1z,e,(D, aa +D_ —)+ﬂ E, (D.23)
z

where A4, is the electric conductivity of the fluid, and D, are the mass diffusivity of cations

and anions, respectively. Since no ionic concentration gradient is built up along the axial
direction, the second term on the right-hand side of equation (D.23) drops off. Therefore, the

electric current across a straight cylindrical channel can be expressed as
1
I (t) = 27Ua’ j Fp,U(F,t)dF + 74, E,a’ (D.24)
0

Substituting equation (D.2) and equation (D.12) into equation (D.24) and performing the
integration, we can obtain the electrical current expressed in the Onsager form as
1) =L, o1 1 E, (D.25)
dz
where the Onsager transport coefficients are
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.-
87 z,e,n,a" i c 1- e

L, = —_— D.26a

“ H =" /1?131(/%) ( )
202294 = 7lﬁf

L, =72 e°”° Z + A (D.26b)
=1 n‘]l (ﬂ'n)

From equation (D.22) and equation (D.26), it can be noted that L;, = -L1, which suggests the
validity of the Onsager principle of reciprocity for transient electroosmotic flow in a closed-

end cylindrical microchannel.

Case 2: Oscillating electroosmotic flow under alternating AC electric field
Similarly, for the sinusoidally alternating applied electric field, we can obtain the
expression for the flow rate by substituting equation (D.17) into equation (D.20b),

dP()

Q(t) = J11 dz

+ I, E(D) (D.27)

where the Onsager transport coefficients are

4 o
:1 22 " lwa
"oy
4 o
3, __8zzena Z C, — (D.28b)
SR (an)(zi S J
and the electrical current is given by
10-3, LY 5,E0 (D.29)

where the Onsager transport coefficients are
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4 o
J21:87r z,6,n,a Z C, _ (D.30a)
gom AnJlun)(zm""aj
1%
2,2,2~4 2
3, = 07 BENA G, + @ (D.30b)

H 2
oo Jf(ﬂn)(xi LS J
1%

From equations (D.28) and (D.30), it is noted that Ji» = -J»1, which fulfills the Onsager’s
principle of reciprocity for oscillating electroosmotic flow in a closed-end cylindrical

microchannel.
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Appendix E
Electric Double Layer Potential Distribution in a Capillary

Annulus

As indicated by Eq. (3.15), the fluid velocity field is coupled with electric potential

field, w(r). When the EDL deformation is negligible, the electrical potential profile (i.e., the

EDL field) in the annulus region is governed by the Poisson-Boltzmann equation, which can

be expressed in a non-dimensional form as (Hunter, 1981)

R dR dR

2n.e?
whereR=xr and x = | —%29% |
&8k, T

Here « is the Debye-Hiickel parameter, and 1/« denotes the characteristic thickness of the

li{Rw} —sinh W(R) (E.1)

EDL (Hunter, 1981). ¢, is the elementary charge. n, is the number concentration of cations
or anions in the neutral electrolyte (i.e., far from charged surfaces). k, is the Boltzmann
constant. T is the absolute temperature.
Rewrite the boundary conditions, Egs. (3.7), as

Y(xa)="Y, Y(axa)= [, (E.2)
The factor G, defined in Eq. (3.19), can also be non-dimensionalized as

B 2
¥ (k) (1-a?)

j:;R\P(R)dR (E.3)
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It has been demonstrated by Philip and Wooding (1970) that the mathematical

approximations,
—%exp(—‘l’) Y<-1
sinh¥ = v -1<¥<1 (E.4)
%exp(‘P) Y>1

can constitute a good representation of the sinhW function throughout the region of

—o <Y < +o00 (see Figure B-1).

Regime H;

Figure E-1 Essential geometry of an annulus for solving the Poisson-Boltzmann
equation with high zeta potentials.
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We envisage the entire annular region as comprising three hypothetical concentric regions
(L, H,and H,) so that at their junctions (i.e., R=R; and R=R,), we have ¥ =1 (see
Figure E-1). Hence we propose to solve, instead of Eq. (E.1), the following equations

High Potential Regime H, (axa<R<R,)

1d [ d¥,(R)] 1
Eﬁ{Rd—R} = ZeXp[‘PHz(R)] (E.5)

subject to the boundary conditions
¥,,(R)=Y(R)=1 (E.6a)

d¥,,(R)|  _d¥.(R)
dR |R=R; dR |R=R§

(E.6h)

Low Potential Regime L (R, <R<R))

R dR drR

} =¥ (R) (E.7)

subject to the boundary conditions
¥L(R) =Y (R))=1 (E.8)
High Potential Regime H, (R, <R <xa)

1
L gl }Eexp[‘mm)l (E9)

subject to the boundary conditions

P (R) =¥ (R)) =1 (E.10a)

0¥, (R _d¥, (R

(E.10b)
dR |R:R{ dR |R:R1*

In above mathematical equations, the subscript L designates the lower potential
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region while H represents the higher potential region. The mathematical treatment ensures

that the calculated ‘Y(R) profile, under the approximation as shown in Figure 3-1, would be

a smooth, continuous function in the neighbourhood of R, and R, .

The solution of Eq. (E.7) together with the boundary conditions Eqg. (E.8) is given by

¥, (R) = Al,(R)+BK,(R) (E.11)
where
_ i KO(R%:)_KO(R*;) * (E.123)
Io(Rl)Ko(Rz)_Io(Rz)Ko(Rl)
(R~ 14 (R,) (E.12b)

LRDK(R) = 16 (RK, (R))
I, and K, are the zero-order modified Bessel function of the first and second kind,

respectively.
Introducing the new variables

m=InR w="Y¥, (R)+2InR (E.13)

Then we can replace Eq. (E.9) with

d (dw) d

A first integration of Eq. (E.14) gives

dw )’ w
o] =¢+C (E.15)
or
2
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where C, is a constant of integration. Making use of Egs. (E.10) and (E.11), we can obtain an
expression for C,,

C, ={2+R,[Al,(R;)-BK,(R)]} —eR (E.17)
The modified Bessel functions change exponentially. When R, and R, are not close to each
other, there is a great difference in the magnitude of the values for the functions of 1, I,
K, and K,, ie, I,(R) > 1,(R)), IL(R) >> I,(R)) , K,(R;) << K,(R;) , and
K,(R,) << K,(R;) ). As such, we can neglect small value terms in Eq. (E.17), and

approximate it as

. 2
C, = [2+ R’ M} —eR? (E.18)
Ih(R;)

From which, we can readily show the following: C, <0 for R >R/, C, =0 when
R =R, =21585,and 4>C, >0 for R’ <Rj.

From the conditions at R = R, , the positive square root of Eq. (E.15) is chosen, and thus we

have
W WA
% = (e + Cl) (Elg)

Integrating Eqg. (E.19) and using Eq. (E.13), for C, <0, we obtain

226



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

¥,,(R)=1In =G
chos{s s .n(Rﬂ
2 Ka
(E.20)
=1In -G
R?cos?| A +E ~C,In E
2 R;
where
B. =cos™ % (E.21a)
(xa)’e™
-C 1 R,
A =cos™t L-B +=./-C, In(-+ E.21b
— eR:g - 2 1 (Ka) ( )
When C, =0,
¥, (R) = —2In[i*e“2 —Bln( Fi H (E.22)
RlO 2 RlO
When 0<C, <4,
NCR NCA
selz) || w2
Ka R,
Y., (R)=In ~r=1In > (E.23)
NCA V&
R R
R?(1-B,| — R?[1-A|—
xa R,
where
ka)?e™ +C, —,/C
B, = (x2) LG (E.24a)

J(x@)?e™ +C, +,/C,
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[op™2 «\WC
A+ _ eRl +C1 _\/C—l — B+[iJ (E24b)
JeR? +C, +\/C_2 Ka

Follow the same procedure we can obtain the solution of Eq. (E.5) through
C, ={2+R;[Al,(R;) - BK, (R;)]}* — R}’ (E.25)

With approximation, C, is simplified to

* 2
C2=[2—R;fig&¥1 —eR? (E.26)
Ko (Rz)

From which, we can show that C, =0 when R; = R,; =0.602, 4>C, >0 for R, <R}, and
C, <0 for R, >R;,.

From the condition at R =R, the negative square root of Eq. (E.15) is chosen, and thus we

have
1
W __eic,)? (E.27)
dm
Integrating Eq. (E.27), for C, <0, we obtain
¥,,(R)=In —C
R® cos{B -=J-C, In(Rﬂ
aka
(E.28)
=1In

where
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B.=cost | ——2 E.29a
) (axa)’e”™ ( )
A =cos™ 2 :Bf—1 -C, In[ id J (E.29b)
) 2 axka
When C, =0,
‘PHZ(R)=—2In[ Ff e t/? +Eln( Fi ﬂ (E.30)
RZO 2 RZO
When 4>C, >0,
~/C. ~/C,
axa R,
Y,,(R)=In L =In L (E.31)
-JC, —/Cy
R2[1—B+[Rj ] R? 1—A+( R*
axa R,
where
B - \/(a/ca)zeﬂ\ys +C, —4C, (E.322)

o \/(alca)zems +C, +\/C_2

= - NG
A= JeR:2+C, —,/C, _ B{ R, J (E.32b)
JeR? +C, +,/C, aka

In the above derivations, we assume that both the inner and the outer walls are positively

charged, i.e., #>0. If one wall carries a different charge sign from the other, for example,
the outer wall is negatively charged and the inner wall has a positive charge, then f<0. We
therefore should modify the boundary conditions in Eq. (E.6a) and Eg. (E.8) as

¥.,,R)=%(R)=-1, ¥ (R,)=-1 and ¥ (R;)=1, and rewrite Eq. (E.5) as

229



ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library

1d[ d¥,(R] 1_
EE{R—dR }— ~ expl- ¥, (R)]

Before closing this section, we realise that to calculate the electrical potential profile, ¥'(R),

the electroosmotic velocity distribution, u(r), and the correction factor to the Smoluchowski

equation, J, we must determine R, and R, first. Recall that we have already obtained

R,, =2.1585 and R;, = 0.602. If we consider the general conditions of large xa values (say

xka=25), it is obvious that R’ > R}, and R, > R,,. So we can easily show that C, <0 and

C, <0. Therefore we can find the values of R, and R, from Eq. (E.21) and Eq. (E.29),

respectively.
The evaluation of G from Eq. (E.3) is as follows.

G=G,,+G +G,;
3 2
¥, (xa)*(1-a

R R xa
3 [Lm R¥,,(R)dR + L; R¥, (R)dR + L{ RY,, (R)dR]

In Eqg. (E.33), the integral for G, can be expressed analytically. We can show that

2

"y, (Kc'al)z(l—ozz){A[Rl (R =R 1 (Ro)1 = BIR Ky (R) ~ Ry Ky (R )1}

While the integrals for G,,, and G,,; will be evaluated numerically.
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Appendix F
Frequency-dependent Electroosmotic Flow Using Green’s

Function Formulation

Consider the electroosmotic flow in an annular capillary with infinite length
between two coaxial circular cylinders of radii, « a and a, as shown in Figure 3-1 (« is
the ratio of the inner radius to the outer radius). The annulus is filled with an
incompressible, Newtonian, symmetric monovalence electrolyte of uniform dielectric

constant, ¢, , viscosity, x and density, o . The inner and outer capillary walls are
uniformly charged with the zeta-potentials £; and ¢, respectively. When an external
electric field, E(t) is applied along the axis of the capillary, the liquid starts to move as

result of the interaction between the net charge density in the electric double layer (EDL)
and the applied electric field. The motion of liquid through the cylindrical microcapillary
under time-dependent electric field is governed by the Navier-Stokes equation (Probstein,

1994)

ou(r,t) 10 r8u(r,t)
ot ﬂr@r or

} — E()p, (1) (F.2)

where u(r,t) is the transient velocity field. p,(r) is the local volumetric net charge

density of the electrolyte due to the presence of the EDL, and in combination of the

Boltzmann distribution, it is expressed as (Hunter, 1981)

eow(r)} £2)

p.(r)=¢,(n, —n_)=-2n,e, sinh{ "

b
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where e, is the elementary charge, n, is the ionic concentration in the bulk phase (i.e.,
far from the charged surfaces), k, is the Boltzmann constant, T is the absolute

temperature, and y/(r) is the electric potential of the EDL.

We can nondimensionlize Eqg. (F.2) and Eq. (F.1) respectively as

al a(ra—ajz 2 (NEG) (F3)

or) uu

and
P () =-2n,e,sinh [\ ()] (F.4)
where ¢, is the dielectric constant of the electrolyte and &, is the permittivity of vacuum.

Substituting Eq. (F.4) into Eq. (F.3), we obtain an inhomogeneous diffusion equation

ou 1o(_ou) (xa)® . e e
— | T—|= sinh| W (r) |E(t F.5
ot rar[ arj Y. E, [F(mJE® (F5)
2 1
where P, :T(Oé and K:(ﬂ)z. x is the Debye-Huckel parameter, and 1/«
b Er&okKy

denotes the characteristic thickness of the EDL. Eq. (F.5) is subject to the initial and

boundary conditions

t=0 u=0 (F.6a)
F=1 U=0 Y=V, (F.6¢C)

where g =¢, /¢, denotes the ratio between the zeta potential of the inner and outer radii.

Following the same Green’s function formulation in chapter 2, the specified Green’s

function can be solved, and it takes the form

G(r,t|&r)=H({t-17)-
iuﬁ JZAN 36 (A ) Ny (A, @) =3, (A, @) Ny (4, )]
n=1 ‘]Oz(ﬂ’na)_‘](]z(ln)

E[35 (A4, E) NG (4, @) =4 (A, @) Ny (4, E)]e

(F.7)
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where A, are the positive roots of the zero-order Bessel function
‘JO(Z’n)NO(ﬂ“na)_‘JO(Z’na)NO(Zn):0 (F8)

Using the initial and boundary conditions in Egs. (F.6), we can show that the solution to

Eq. (F.5) is expressed as

u(r,f) = tj je(r,f | g,r){ E;“aE)z sinh[\y(g)]E(r)}dgdr (F.9)

s —0

Substituting Eq. (F.7) into Eq. (F.9) leads to

). 2N
0=y 2% i)

S

1300 FIN (2 @)= 33y ) No G D) | ZE@e*gr (F10)

=0 —0

where
C, = [&[35(4, &) Ny (4, @) = I, (4, @) Ny (4, &) ]sinh[¥(£)]d¢ (F.11)
é=a

Consider the application of a sinusoidally alternating electric field with an angle

frequency w
E(t) = E,e' (F.12)

Substituting Eq. (F.12) into Eq. (F.10), we can show next

P 2(ka)? & A2, B it g
u(r,f) = REAL C, n n Jo(A NN (4, @) = I, (A, @) Ny (A, T) |————
(r.©) { 7. Z JOzunw)_%zun)[o( ) No (A, @) =34 (A, @) No (4, T)] p

_2Asa)’ o Ao Jo ()32 N, (4 @) = 35 (2, )No (4,1)] 4, 0S(r0) +7” it D)~ 7y exp(-51)
L= 35 (L) =35 (4,) 2+’

(F.13)
where i is the unit imaginary number. “REAL” denotes the real part of the solution. Here

a new parameter 7 is defined as (Telionis, 1981)

a

n represents the aspect ratio of the capillary radius a to the Stokes penetration depth J,

(F.14)

defined as (Telionis, 1981)
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s = 4 = |~ (F.15)
yolo) 2rpf
where f = 23 is the driving frequency of the applied electric field.
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Figure F-1(a) Low frequency of the external field, f=0.1f .
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Figure F-1(b) The eigenfrequency of the external field, f= f.
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Figure F-1(c) High frequency of the external field, f= 10 f".

Figure F-1 Steadily oscillating velocity distributions along the dimensionless radius for
three different aspect frequencies of the external field, 0.1 f, f and 10 f, with the
electrokinetic diameter, x a = 65.14, the zeta potential, ¥, = 4 and eigenfrequency,
'=60.566 KHz. Snapshots are presented at five different characteristic moments: ot =0,

grEOEé/
020"

n/4, n/2, 3n/4, n. Reference velocity is chosen as U, = —
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Figure F-2 Dimensionless mean velocity versus time with fixed the electrokinetic

diameter, x a = 65.14 and the zeta potential, ¥; = 4. Reference velocity is chosen as
EE& . I . .

u, =-——=2 E,{, . Steadily oscillating mean velocity for three different aspect

S

frequencies of the external field, 0.1 f', f and 10 f, with the system eigenfrequency of
'=60.566 KHz.
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Appendix G
Numerical Scheme for Solving the Temperature Fields in the

Joule Heating Effect

The finite difference analysis based control volume method is applied to
derive the partial differential equations into discretised linear equations. Using full

implicit scheme, the energy equations Eq. (6.14-6.15) can be discretised as

aPTPnJr1 _aET;+1 _avv-l-vxrlpr1 _aNTr\TJr1 _asTan =b (G.1)
Az Az
N
[ J [ J [ ] -
(i+1,0) I
Ar
Ar W e e P e E v
(j.i-1) —E (i) (j,i+1) i
Ar
AG (j-1,1)
[ ) [ ) o v
S
i
A
i \ = Az
( , — z

Figure G-1 Control volume used for the discretisation of the energy equation.
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The corresponding coefficients in porous media subsystem are defined as
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ap =1+ >+ =
(Az) (Ar)
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The corresponding coefficients in channel wall subsystem are defined as
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The corresponding coefficients at boundary in porous media side are defined as:
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The corresponding coefficients at boundary in capillary side are defined as:
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Figure G-2 Line-by-line application of the TDMA method.

To solve the equation system, we chose first along the south-north line at the west side (i
=2). The discretised equation is re-arranged in the form

-a TM+a, T —a T =4, T,/ +a. T8 +b (G.6)
The right side of Eqg. (G.6) is assumed to be temporarily known. Subsequently the
calculation is moved on towards east to the next south-north line. The sequence in which
lines are chosen is known as the sweep direction (Versteeg and Malalasekera, 1995).
Since we sweep from west to east the values of Ty to the west of the point P are known
from the calculations on the previous line. Values of Tg to the east however are unknown
so the calculation process must be iterative. At each iteration cycle Tg is taken to have its
value at the end of previous iteration or a given initial value at the first iteration. The line-
by-line calculation procedure is repeated several times until a converged solution is
obtained.
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