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Abstract 

 

The standard technique used to measure the size distribution of nanometer-sized particles 

in suspension is dynamic light scattering (DLS). Recently, nanoparticle tracking analysis 

(NTA) has been introduced to measure the diffusion coefficient of particles in a sample to 

determine their size distribution in relation to DLS results. Because DLS and NTA use 

identical physical characteristics to determine particle size but differ in the weighting of 

the distribution, NTA can be a good verification tool for DLS and vice versa. In this study, 

two NTA data analysis methods based on maximum-likelihood estimation were evaluated, 

namely finite track length adjustment and an iterative method, on monodisperse 

polystyrene beads and polydisperse vesicles by comparing the results with DLS. The NTA 

results from both methods agreed well with the mean size and relative variance values from 

DLS for monodisperse polystyrene standards. However, for the lipid vesicles prepared in 

various polydispersity conditions, the iterative method resulted in a better match with DLS. 

Further, it was found that it is better to compare the native number-weighted NTA 

distribution with DLS, rather than its converted distribution weighted by intensity. 

Nanoparticle tracking analysis is a size measurement technique that determines the size 

distribution of particles in suspension by tracking individual particles undergoing 

Brownian motion. A key element in the measurement analysis is the recognition radius, 

which distinguishes the individual, tracked particles from one another. However, by 

defining a finite radius, the displacement of tracked particles is effectively restricted, 

translating into an overestimation of particle size. A modified probability model that 

describes the restricted displacement of a tracked particle is introduced to achieve more 

accurate size distribution determination. Through virtual NTA measurement by computer 

simulations and real NTA experiments, the analytical performance of the modified 

displacement probability was tested in comparison to the conventional probability. 

Whereas the conventional displacement probability results in an overestimation of the 

particle size, the modified displacement probability mitigates the effect of the 

overestimation and provides more accurate mean size within an error of less than 6% the 

nominal size. 
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Lay Summary 

 

Dynamic light scattering (DLS) and nanoparticle tracking analysis (NTA) are size 

measurement techniques for particles in suspension in the nanometer scale. They both 

acquire size information by measuring the diffusion coefficient of particles, or the random 

movements of particles, while their respective detection principles are different. This 

makes the two techniques a complimentary technique to each other, which improves the 

accuracy of the measured size distribution. In this thesis, the two techniques are compared 

to find an optimal condition that results from the two technique is well compared. To do 

so, the analysis methods used for interpreting data from DLS and NTA were reviewed, 

from which optimal methods were chosen for the comparison of the two techniques on 

polydisperse biological samples. The comparison suggested that DLS and NTA provide 

very consistent results. It also showed that the results from the two techniques are better 

compared when the results are presented in their respective native representation than when 

one of the results are converted into the representation of the other. 

 

The evaluation was further extended to the influence of a parameter, or the recognition 

radius, used in NTA in analyzing results from NTA. The recognition radius is a virtual 

boundary that a particle can be recognized as the same particle during its movement. In 

NTA, the recognition radius is essential to acquire data of particle tracks. However, the 

recognition radius excludes the longest movements of particles and effectively decreases 

the magnitude of the particle movements, resulting in an overestimation of the particle size. 

To resolve the influence of the recognition radius, a modified model to compensate the 

recognition radius was suggested and tested by simulations and experiments. The 

simulations and experiments confirmed that the modified model provides better size 

accuracy. It suggested a lower limit for the recognition radius. If the recognition radius is 

set to below the lower limit, the acquired measurements deviate from the true value. On 

the other hand, the simulation also suggested that an upper limit for the recognition radius 

should be given if the particle concentration is high. If the concentration is high, the 

distance between particles gets closer, which makes the recognition process fail for a long 
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recognition radius. To reduce such a situation, the recognition radius should be chosen to 

be smaller than a certain limit. These findings suggest that the recognition radius for NTA 

should be carefully chosen to have accurate size measurements. 
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Table Captions 

 

Table 2.1 Overview of particle size measurement techniques. Sample types: A = aerosol; 

E = emulsion; P = powder; Pa = powder dispersion in air; Sp = spray; Su = suspension. 

 

Table 4.1 Log-likelihood of the size distributions of PS latex nanoparticles standards 

estimated by FTLA and iterative methods with respect to the log-likelihood of the size 

distribution acquired by the direct conversion of the observed tracks of the PS latex 

standards. 

 

Table 4.2 Mean size and standard deviation of the size distributions of the POPC vesicle 

samples from DLS and NTA. DLS results were analyzed by the cumulant method, and 

NTA results were analyzed by the three different estimation methods, i.e., direct 

conversion, FTLA and the iterative method. 

 

Table 5.1 Mean size, modal size and relative variance of the size distributions determined 

from NTA measurements of PS latex nanoparticles with a nominal size of 51.6 and 181.6 

nm using a various recognition range from 1.1 to 5.4 µm at two different concentrations of 

1×108 and 1×109 particles/ml. Three runs of measurements were conducted for each 

combination of nominal sample size and concentration. From the tracks acquired from the 

NTA measurements at a various recognition range, the size distribution was estimated by 

the iterative estimation method with the conventional and the modified displacement 

probabilities. 
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Figure Captions  

 

Figure 2.1 Schematic diagram of dynamic light scattering and its autocorrelation graph 

from the detected scatter light. 

 

Figure 2.2 Schematic description of computing likelihood from an assumed size 

distribution with respect to a set of acquired tracks. 

 

Figure 2.3 Examples of an iteration based MLE method in determining a size distribution 

of acquired tracks. 

 

Figure 2.4 Refinements on the size and concentration measurement of NTA through three 

rounds of inter-laboratory comparison with 100-nm PS latex particles. (Top) Without a 

proper common protocol, each laboratory used respective method to measure the size and 

concentration and produced inconsistent results. (Middle) After adopting a common 

protocol, the measurement on the mean size showed consistent results. (Bottom) The 

calibration for concentration measurement added consistency on the particle concentration 

measurement as well as the mean size measurement. 

 

Figure 3.1 Schematic representation of Dynamic Light Scattering. Particles in suspension 

is illuminated by laser, where the scattered light from the particles are monitored by the 

detector. The detected light intensity over time oscillates due to the Brownian motion of 

the particles, whose auto-correlation curve shows the diffusion coefficient of the particles, 

and hence the particle size. 

 

Figure 3.2 (a) Instrumental schematics of NTA detection. The particles suspended in liquid 

are illuminated by laser beam. Scattered light by the particles is monitored by the 

microscope, from which the position of the particles is identified by the software. (b) The 

software tracks the trajectory of the particles and constructs particle tracks. The average 

squared displacement z of each track is then converted into the corresponding 

hydrodynamic diameter d according to the Stokes-Einstein equation. 
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Figure 3.3 The process flow of the size determination methods based on maximum 

likelihood estimation. (a) By assuming a size distribution described by adjustable 

parameters, the FTLA method looks for the parameter values that maximize the likelihood 

of the given NTA tracks. (b) The iterative correction method refines the size distribution 

that approaches to the maximum likelihood over each iteration. 

 

Figure 4.1 In NTA, particles suspended in liquid are illuminated by a laser beam. Scattered 

light by the particles is monitored by the microscope, from which the position of the 

particles is identified by the software. The software tracks the trajectory of the particles 

and constructs particle tracks, from which the average squared displacement is calculated 

and converted into the corresponding hydrodynamic diameter. 

 

Figure 4.2 Schematic representation of the size determination methods based on maximum 

likelihood estimation. By assuming a size distribution described by adjustable parameters, 

the FTLA method looks for the parameter values that maximize the likelihood of the given 

NTA tracks. The iterative correction method refines the size distribution that approaches 

to the maximum likelihood over each iteration. 

 

Figure 4.3 (a) Mean and (b) relative variance of the size distributions of PS latex 

nanoparticle samples measured by DLS and NTA. Mean size is displayed as a value 

relative to its respective nominal sample size. The size information from DLS was acquired 

using the cumulant method, while the results from NTA were acquired by applying three 

different methods, i.e., direct conversion of acquired tracks (DC), FTLA and the iterative 

method (IC). 

 

Figure 4.4 The size distributions of monodisperse PS latex standard samples of a nominal 

size of (a) 92, (b) 269 and (c) 343 nm measured by DLS and NTA. The size distribution 

from DLS assumes a log-normal distribution acquired from the cumulant method, while 

those from NTA are from the three different analysis methods, i.e., direct conversion (DC), 

FTLA and the iterative method (IC). 
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Figure 4.5 (a) Mean and relative variance of the size distributions of the POPC vesicle 

samples measured by DLS and NTA and (b) relative mean size from NTA with respect to 

their corresponding mean size from DLS. DLS values are derived from the cumulant 

method, while the NTA results are obtained by applying the three different analysis 

methods, i.e., direct conversion (DC), FTLA and the iterative method (IC). 

 

Figure 4.6 Comparison of the size distributions of the POPC vesicle samples analyzed by 

the different size distribution estimation methods for NTA measurements. The direct 

conversion (black), FTLA (green) and the iterative (blue) methods were applied for the 

size distribution estimations. The vesicle samples were prepared by extrusion through (a) 

50-nm, (b) 100-nm, (c) 200-nm and (d) 400-nm pore filter or by freeze-thaw treatment (e-

l) of 3 to 17 cycles before extrusion through a 400-nm pore filter. The bin width of the size 

distributions is in 2 nm. 

 

Figure 4.7 Size distribution of the POPC vesicle samples prepared in various 

polydispersity conditions measured by DLS and NTA. DLS results (solid red line) are from 

the cumulant method while NTA results (solid blue line) are acquired by applying the 

iterative method. For comparison, the size distribution of NTA is reconstructed into an 

intensity-weighted distribution (dotted black line) by introducing the thin-shell sphere 

model for the conversion. The vesicle samples were prepared by extrusion through (a) 50-

nm, (b) 100-nm, (c) 200-nm and (d) 400-nm pore filters or by freeze-thaw treatment of (e-

l) 3 to 17 cycles before extrusion through a 400-nm pore filter. 

 

Figure 4.8 (a) Mean size and (b) relative variance of the POPC vesicle samples measured 

by NTA compared with DLS (open red square). NTA results were analyzed by the iterative 

method (solid black triangle) and reconstructed into an intensity-weighted distribution 

(open black triangle) using the thin-shell sphere model for the conversion. 

 

Figure 5.1 Illustrative description of the NTA tracking process. The particle locations at 

𝑡0 + Δ𝑡  are evaluated with respect to the particle locations at 𝑡0  to identify particles’ 



  Figure Captions 

 

 

xiv 

 

trajectory and construct a track. Scenario 1: Only one particle at 𝑡0 + Δ𝑡 is found within 

the recognition radius from a particle at 𝑡0, which identifies the two particles as the same 

particle, and the tracking process continues to 𝑡0 + Δ𝑡. Scenario 2: No particle at 𝑡0 + Δ𝑡 

is found within the recognition radius, which terminates the tracking process at 𝑡0. Scenario 

3: More than two particles at 𝑡0 + Δ𝑡  are found within the recognition range, which 

interferes and terminates the tracking process at 𝑡0. 

 

Figure 5.2 Results from computer simulations. The distribution of tracks used in Figures 

5.3 and 5.4 at a recognition range of 1, 1.5, 2 and 5 µm. The tracks were acquired from the 

simulations used in (a) Figure 5.3, whose size is 100 nm at a concentration of 1×109 

particles/ml, and in (b) Figure 5.4, whose size distribution consists of an ‘ideal’ set of a 

normal distribution with a mean of 100 nm and and relative variance 0.05 at a concentration 

of 1×109 particles/ml. A total of 21605, 9855, 9078 and 8855 tracks were collected from 

the 100-nm-sized particles simulation, among which 8310, 5329, 4616 and 3585 tracks 

whose track length is more than 4 were chosen for the analysis at a recognition range of 1, 

1.5, 2 and 5 µm, respectively. A total of 21420, 10270, 9123 and 8730 tracks were collected 

from the particles simulation of the normal distribution, among which 7677, 5357, 4607 

and 3564 tracks whose track length is more than 4 were chosen for the analysis at a 

recognition range of 1, 1.5, 2 and 5 µm, respectively. 

 

Figure 5.3 Simulated NTA measurements of ideally monodisperse, 100-nm diameter 

nanoparticles. Different recognition radius values, 𝐿, of 1, 1.5, 2 and 5 µm were tested 

based on a total of 8310, 5329, 4616 and 3585 tracks, respectively. Acquired tracks were 

processed to determine the size distribution using the iteration-based MLE method with 

the (a) conventional displacement probability or (b) modified displacement probability. 

The nanoparticle concentration was 1×109 particles/ml. The computed mean diameter and 

relative variation (RV) for each size distribution are reported. 

 

Figure 5.4 Simulated NTA measurements of 100 ± 5 nm diameter nanoparticles. Different 

recognition radius values, 𝐿, of 1, 1.5, 2 and 5 µm were tested based on a total of 7677, 

5357, 4607 and 3564 tracks, respectively. Acquired tracks were processed to determine the 
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size distribution using the iteration-based MLE method with the (a) conventional 

displacement probability or (b) modified displacement probability. The nanoparticle 

concentration was 1×109 particles/ml. The computed mean diameter and relative variation 

(RV) for each size distribution are reported. 

 

Figure 5.5 Results from a computer simulation. Mean size and relative variance of the size 

distributions determined from the simulated Brownian movements of particles, where the 

tracks of the particles are recognized at a various recognition radius from 1 to 5 µm. For 

each simulation, an ‘ideal’ set of particles whose size distribution follows a normal 

distribution of a mean size of (a) 20, (b) 50, (c) 100 and (d) 200 nm with relative variance 

of 0 (black circle), 0.01 (red open square) and 0.05 (blue triangle) at a concentration of 

1×109 particles/ml was used. For each combination of a mean size and relative variance, 

25 runs of simulated NTA measurements were produced. From the recognized tracks of 

the simulated measurements on a various recognition radius, the size distribution was 

estimated by the iterative MLE method with the conventional displacement probability 

(left) and the modified displacement probability (right). The acquired mean size is 

displayed with respect to the nominal mean size of the respective simulated particle sets. 

Dashed guidelines show the expected overestimated mean size due to the use of the 

conventional probability. Note that the size distributions on the simulations of a mean size 

condition of 20 and 50 nm estimated with the modified displacement probability do not 

converge well when the recognition radius is 1.5 and 1 µm, respectively, and their 

corresponding mean size and relative variance are not displayed in (a) and (b). 

 

Figure 5.6 Results from a computer simulation. Mean size and relative variance of the size 

distributions determined from the simulated Brownian movements of particles, where the 

tracks of the particles are recognized at a various recognition range from 1 to 5 µm. For 

each simulation, a set of particles with a bi-modal distribution whose mean size is (a) 20, 

(b) 50, (c) 100 and (d) 200 nm with relative variance of 0 (black circle), 0.01 (red open 

square) and 0.05 (blue triangle) at a concentration of 1×109 particles/ml was used. The 

corresponding size pairs for 20-, 50-, 100- and 200-nm mean size are 18 and 22, 45 and 50, 

90 and 110, and 180 and 220 nm, respectively, for relative variance of 0.01, and 15.5 and 
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24.5, 39 and 61, 78 and 122, and 155 and 245 nm, respectively, for relative variance of 

0.05. For each combination of a mean size and relative variance, 25 runs of simulated NTA 

measurements were produced. From the recognized tracks of the simulated measurements 

on a various recognition range, the size distribution was estimated by the iterative MLE 

method with the conventional displacement probability (left) and the modified 

displacement probability (right). The acquired mean size is displayed with respect to the 

nominal mean size of the respective simulated particle sets. Dashed guidelines show the 

expected overestimated mean size due to the use of the conventional probability. Note that 

the estimated size distributions on the simulations with a mean size condition of 20 and 50 

nm do not converge well when the recognition range is 1.5 and 1 µm, respectively, and 

their corresponding mean size and relative variance are not displayed in (a) and (b). 

 

Figure 5.7 Reanalyzed results of the computer simulation shown in Figure 5.5. Mean size 

and relative variance of the size distributions determined from the simulated Brownian 

movements of particles, where those false tracks are excluded from the analysis. For each 

simulation, an ‘ideal’ set of particles whose size distribution follows a normal distribution 

of a mean size of (a) 20, (b) 50, (c) 100 and (d) 200 nm with relative variance of 0 (black 

circle), 0.01 (red open square) and 0.05 (blue triangle) at a concentration of 1×109 

particles/ml was used. For each combination of a mean size and relative variance, 25 runs 

of simulated NTA measurements were produced. From the recognized tracks of the 

simulated measurements on a various recognition range, the size distribution was estimated 

by the iterative MLE method with the conventional displacement probability (left) and the 

modified displacement probability (right). The acquired mean size is displayed with respect 

to the nominal mean size of the respective simulated particle sets. Dashed guidelines show 

the expected overestimated mean size due to the use of the conventional probability. Note 

that the estimated size distributions on the simulations with a mean size condition of 20 

and 50 nm do not converge well when the recognition range is 1.5 and 1 µm, respectively, 

and their corresponding mean size and relative variance is not displayed in (a) and (b). 

 

Figure 5.8 Reanalyzed results of the computer simulation shown in Figure 5.6. Mean size 

and relative variance of the size distributions determined from the simulated Brownian 
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movements of particles, where those false tracks are excluded from the analysis. For each 

simulation, monomodal particles with a size of (a) 20, (b) 50, (c) 100, and (d) 200 nm at a 

concentration of 1×108 (black circle), 1×109 (red open square) and 1×1010 particles/ml 

(blue triangle) were generated. For each combination of mean size and concentration, 25 

runs of simulated NTA measurements were produced. From the recognized tracks of the 

simulated measurements on a various recognition range, the size distribution was estimated 

by the iterative MLE method with the conventional displacement probability (left) and the 

modified displacement probability (right). The acquired mean size is displayed with respect 

to the nominal mean size of the respective simulated particle sets. Dashed guidelines show 

the expected overestimated mean size due to the use of the conventional probability. Note 

that the size distributions from the simulations of a mean size condition of 20 and 50 nm 

estimated by the modified displacement probability do not converge well when the 

recognition range is below 1.5 and 1 µm, respectively, and their corresponding relative 

variance is not displayed. 

 

Figure 5.9 Results from a computer simulation. The position of the peaks identified from 

the size distributions determined from the simulated Brownian movements of particles, 

where the tracks of the particles are recognized at a various recognition radius from 1 to 5 

µm. For each simulation, a set of particles with a bi-modal distribution whose mean size is 

(a) 20, (b) 50, (c) 100 and (d) 200 nm with relative variance of 0.05 at a concentration of 

1×109/ml was used. The corresponding position of the nominal peaks for a mean size of 

20, 50, 100 and 200 nm are 16 and 25, 39 and 61, 78 and 122, and 155 and 245 nm, 

respectively. For each mean size condition, 25 runs of simulated NTA measurements were 

produced. From the recognized tracks of the simulated measurements on a various 

recognition radius, the size distribution was estimated by the iterative MLE method with 

the conventional displacement probability (left) and the modified displacement probability 

(right). Dashed guidelines show the respective nominal peak positions. 

 

Figure 5.10 Results from a computer simulation. Mean size and relative variance of the 

size distributions determined from the simulated Brownian movements of particles, where 

the tracks of the particles are recognized at a various recognition radius from 1 to 5 µm. 
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For each simulation, monomodal particles with a size of (a) 20, (b) 50, (c) 100, and (d) 200 

nm at a concentration of 1×108 (black circle), 1×109 (red open square) and 1×1010 

particles/ml (blue triangle) were generated. For each combination of mean size and 

concentration, 25 runs of simulated NTA measurements were produced. From the 

recognized tracks of the simulated measurements on a various recognition radius, the size 

distribution was estimated by the iterative MLE method with the conventional 

displacement probability (left) and the modified displacement probability (right). The 

acquired mean size is displayed with respect to the nominal mean size of the respective 

simulated particle sets. Dashed guidelines show the expected overestimated mean size due 

to the use of the conventional probability. Note that the size distributions from the 

simulations of a mean size condition of 20 and 50 nm estimated by the modified 

displacement probability do not converge well when the recognition radius is below 1.5 

and 1 µm, respectively, and their corresponding relative variance is not displayed in (a) 

and (b). 

 

Figure 5.11 Reanalyzed results of the computer simulation shown in Figure 5.10. Mean 

size and relative variance of the size distributions determined from the simulated Brownian 

movements of particles, where those false tracks are excluded from the analysis. For each 

simulation, monomodal particles with a size of (a) 20, (b) 50, (c) 100, and (d) 200 nm at a 

concentration of 1×108 (black circle), 1×109 (red open square) and 1×1010 particles/ml 

(blue triangle) were generated. For each combination of mean size and concentration, 25 

runs of simulated NTA measurements were produced. From the recognized tracks of the 

simulated measurements on a various recognition range, the size distribution was estimated 

by the iterative MLE method with the conventional displacement probability (left) and the 

modified displacement probability (right). The acquired mean size is displayed with respect 

to the nominal mean size of the respective simulated particle sets. Dashed guidelines show 

the expected overestimated mean size due to the use of the conventional probability. Note 

that the size distributions from the simulations of a mean size condition of 20 and 50 nm 

estimated by the modified displacement probability do not converge well when the 

recognition range is below 1.5 and 1 µm, respectively, and their corresponding relative 

variance is not displayed. 
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Figure 5.12 Results from a computer simulation. The average track length of the particles 

tracks used for the size distribution determination from the simulated Brownian movements 

of particles, where the tracks of the particles are recognized at a various recognition range 

from 1 to 5 µm. For each simulation, monomodal particles with a size of (a) 20, (b) 50, (c) 

100, and (d) 200 nm at a concentration of 1×108 (black circle), 1×109 (red open square) 

and 1×1010 particles/ml (blue triangle) were generated. For each combination of mean size 

and concentration, 25 runs of simulated NTA measurements were produced. 

 

Figure 5.13 Mean size and relative variance of the size distributions determined from NTA 

measurements of PS latex nanoparticles with a nominal size of (a) 51.6 and (b) 181.6 nm 

using a various recognition radius from 1.1 to 5.4 µm at two different concentrations of 

1×108  (left) and 1×109 particles/ml (right). Three runs of measurements were conducted 

for each combination of nominal sample size and concentration. From the tracks acquired 

from the NTA measurements at a various recognition radius, the size distribution was 

estimated by the iterative estimation method with the conventional (black square) and the 

modified (red open circle) displacement probabilities. With the modified displacement 

probability, it was not possible to achieve a good convergence of the size estimation when 

the recognition radius is small, i.e. up to 1.6 µm for the 51.6-nm standard and not displayed 

in (a) and (b). 

 

Figure 5.14 Size distributions determined from NTA measurements of PS latex 

nanoparticles with a nominal size of (a, b) 51.6 and (c, d) 181.6 nm at a recognition range 

𝐿 from 1.1 to 5.4 µm. For each nominal size, two different concentration levels, (a, c) 1×109 

and (b, d) 1×108 particles/ml, were prepared for each particle size. Three runs of 

measurements were conducted for each combination of nominal sample size and 

concentration, where the distributions above are the average of the three runs each. The 

size distributions are estimated with the conventional displacement probability (left) and 

the modified displacement probability (right) on the tracks recognized at a various 

recognition range from 1.1 µm (top) to 5.4 µm (bottom). Those tracks with a minimum 

track length of 5 was used for the analysis. The bin width of the size distributions is 2 nm, 
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and each distribution is normalized with respect to its respective maximum. With the 

modified displacement probability, it was not possible to achieve a good convergence of 

the size estimation on the 51.6-nm standard at a recognition range of 1.1 µm. 
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Chapter 1 

 

Introduction 

 

In evaluating the physicochemical properties of drug delivery systems, 

characterization of the particle size is critical. Although many size 

measurement techniques can be employed for such a purpose, results 

from each technique requires validation since each technique has its own 

definition on the particle size and the quantity of particles. DLS and NTA 

are popular techniques for particles in suspension in the nanometer scale, 

where they measure the same physical property to determine the size but 

differ in the quantity of particles each provides. In this thesis, the two 

techniques were evaluated and compared to find a proper method to 

interpret the results for polydisperse biological samples. In particular, 

the parameters for NTA analysis were investigated to find their influences 

on the results. To achieve this goal, simulations and theoretical analysis 

were combined to identify critical parameters in analyzing results from 

DLS and NTA. This chapter introduces a background of the research field 

and presents the problem statement and specific objectives addressed in 

this research as well as the hypotheses. 
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1.1 Hypothesis 

 

In characterizing and evaluating the physicochemical properties of drug delivery 

systems, it is critical to determine the size information with nanometer scale precision 

since not only their material properties but also their size govern the properties [1-10]. 

The determination of size of biological nanoparticles is also important in academic 

studies of various biochemical processes occurring on lipid membranes, e.g., on 

suspended or attached vesicles or on supported lipid bilayers [11]. While there are 

various size measurement techniques that can be employed, proper interpretation of 

the results acquired by a technique should be made since the physical meaning that 

each technique delivers differs from one another [12]. For example, microscopy-based 

techniques such as transmission electron microscopy and atomic force microscopy 

capture an image of particles, whose size is extracted by measuring the topographical 

length from the captured image [12-17]. Whereas, size exclusion chromatography 

(SEC) observes the time of elution, which is related to the volume of particles [18, 19]. 

To compare the results from the two techniques, it is necessary to assume that the two 

definitions of size are identical or convertible into the other form. However, such an 

assumption is often very far from the reality and could result in wrong information. 

 

Moreover, the quantity of particles each technique provides also varies, such as 

number, volume or even an arbitrary unit like light intensity [12]. Difference in the 

quantity makes comparisons of results from various techniques more difficult, since 

the difference not only requires conversion of a quantity into another but also results 

in a biased sensitivity that depends on the size of particles [12, 20, 21]. For example, 

dynamic light scattering (DLS) detects the intensity of scattered light by particles in 

suspension that are illuminated by laser [20, 22]. Roughly, the intensity is proportional 

to the square of the particle volume, and it is well known that presence of large particles 

overshadows the signal from smaller particles in DLS measurements. In addition, the 

intensity of DLS is also dependent on the material properties of the measured particles 

like the refractive index, making the interpretation of results even more complex. 
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Due to the different characteristics of each size measurement technique, a single 

measurement technique is not sufficient to determine the size distribution of particles 

[12, 23]. This becomes more significant if a sample is polydisperse. Hence, any 

technique that is newly introduced for size characterization requires an evaluation to 

verify if its results could be interpreted without producing misleading information. 

 

Nanoparticle tracking analysis (NTA) is a size measurement technique introduced in 

2006 [24, 25]. NTA measures the diffusion coefficient of particles in suspension to 

determine their size, which is the same physical property that DLS measures for size 

measurements. An advantage of NTA is its number-weighted size distribution of 

measured particles, which is less sensitive to the variation of particle size in the 

distribution [13, 24, 26]. Since NTA is a relatively new technique and measures the 

same physical properties as DLS, many studies have evaluated if NTA could 

complement DLS that has a bias toward a larger size due to its intensity-weighted 

sensitivity [15, 24, 27-31]. Those studies found that NTA is very comparable to DLS 

in the accuracy of size determination. On the other hand, they also found that NTA 

produces a broader size distribution than the nominal distribution even for very 

monodisperse samples compared with other techniques including DLS and TEM [24]. 

In these studies, the broader size distribution was attributed to the stochastic 

uncertainty of the particle tracks obtained in NTA, whose degree can be reduced by 

applying the maximum likelihood estimation (MLE) principle [32, 33]. However, 

comparative studies on NTA after the introduction of the MLE principle to NTA 

analysis has been mainly focused on the evaluation of the MLE principle and not 

extended toward realistic biological samples, which are polydisperse. 

 

In this regard, this thesis addresses the necessity of evaluations on NTA on 

polydisperse biological samples while applying the MLE principle. A benefit of NTA 

is its number-weighted size distribution on providing the quantity, which is 

advantageous on polydisperse samples. Application of the MLE principle on NTA 

analysis improves the size resolution of NTA by reducing the stochastic uncertainty 

and makes NTA more useful in analyzing polydisperse samples [34]. In particular, the 
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physical quantity that NTA measures, or the diffusion coefficient of particles, is the 

same to DLS, which makes it a very good comparative technique to each other. Hence, 

the comparison of DLS and NTA has an advantage in interpreting the definition of the 

size that each measures. On the other hand, the quantity each technique produces is 

light intensity and number for DLS and NTA, respectively, which requires an adequate 

conversion for a proper comparison [12, 20, 35]. The conversion of a number-weighted 

size distribution into an intensity-weighted distribution requires a model for the 

scattering factor, which is described by the Mie theory. Considering the refractive 

index of biological samples is close to that of medium, the Rayleigh-Ganz-Debye 

(RGD) approximation could be used for the scattering factor [36-39]. This conversion 

would provide insights on how results from DLS and NTA would compare and what 

is a better way to compare the two results while the improved NTA analysis method is 

used. In short, key questions on the evaluation of NTA would include: 

• Does the size accuracy of NTA improve if the MLE principle is employed? Is 

there any limitation in applying the MLE principle for polydisperse biological 

samples? 

• How do the different quantities of the size distribution that DLS and NTA 

compare? Does the conversion of a size distribution from NTA into the 

quantity of DLS, or the intensity, compare better? 

• What kind of factors in NTA affect the accuracy of NTA in determining the 

size distribution? Is there any factor that results in a systematic deviation? 

 

To address these key questions, this thesis starts from the known analysis method to 

evaluate NTA and finds factors that can be modified to improve the analysis. 

Specifically, it aims to identify and reflect the influence of the recognition range, which 

is directly related with the determination of particle size in NTA. This leads to the 

following specific hypotheses in this thesis: 

• Size distribution determined by NTA is improved by adopting the MLE 

principle for polydisperse samples and shows a better comparison with DLS. 
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• The conversion of a number-weighted size distribution acquired with NTA 

provides a better comparison when it is compared with an intensity-weighted 

size distribution acquired with DLS. 

• A finite recognition radius used in NTA effectively limits the average squared 

displacement of tracks acquired by NTA, resulting in an overestimation of the 

determined particle size. Hence, incorporation of the influence of the 

recognition radius in NTA size determination is critical for an accurate size 

determination of NTA. 

 

1.2 Objectives and Scope 

 

DLS is a popular size measurement technique for nanometer-scale particles in suspension. 

It produces size information in a short time, which makes it a routine measurement 

technique for a quick size determination though it is also well known for its sensitivity bias 

toward larger particles in polydisperse samples [12, 20, 22, 40]. This bias often misleads 

the size information of polydisperse samples and requires measurements with other 

techniques for validation. For such a purpose, NTA can be a good comparative technique 

since it measures the same physical property, or the diffusion coefficient of particles, to 

determine the size [24, 25]. In this thesis, the two techniques are evaluated to find a proper 

method to compare results from the two on polydisperse samples, while the MLE method 

are applied for the analysis of NTA results. In doing so, the influence of the recognition 

radius, or the upper limit for a distance by which a particle is tracked in NTA, is identified 

and reflected into the analysis method of NTA. 

 

Within this scope, the main objective of the thesis is to develop methodologies to evaluate 

NTA and DLS and identify the influence of the recognition radius in analyzing NTA results. 

To accomplish the objective, the following studies were conducted to establish the method 

to interpret results from DLS and NTA as well as assess the influence of the recognition 

radius. 

• Methodologies to interpret results from DLS and NTA was established to 

properly reflect the nature of polydisperse biological particles. For NTA 
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analysis, three different approaches to analyze particle tracks, namely direct 

conversion, parameter-optimization MLE and iteration-based MLE methods, 

were evaluated to determine the optimal method for the analysis. Since the 

two technique gives different quantity for the particle size distribution, a 

model based on the RGD approximation was used to convert the number-

weighted size distribution of NTA into an intensity-weighted distribution of 

DLS. 

• Influences of the recognition radius used for NTA particle tracking was 

identified by employing computer simulations while varying the particle size 

and the particle concentration. The simulation provided an ideal measurement 

condition, revealing false tracks where two different particles are recognized 

as the same particle. If false tracks are excluded from the NTA analysis, the 

determined size distribution showed expected results where the determined 

particle size changes according to a chosen recognition radius. When false 

tracks are included, which is the case of real measurements, a spurious peak 

was found in the acquired size distribution on an increasing recognition radius 

since false tracks were more created. 

• A various recognition radius was used for the track recognition of NTA 

analysis on the simulation, which revealed the influence of the recognition 

radius in determining the particle size. For the determination, a modified 

displacement probability that reflects the finite recognition radius was 

introduced to improve the accuracy of size distribution determination. Results 

using the modified displacement probability as well as the conventional 

displacement probability were compared with the nominal value used for the 

simulation. The results showed that the conventional probability resulted in 

overestimation on the particle size as expected by the theoretical calculation 

while the modified probability minimized the overestimation and produced a 

good match with the nominal value. 

• In applying a various recognition radius, the nominal size distribution for the 

simulation was chosen to have an ‘ideal’ size distribution that follows a 

normal distribution that have a various standard deviation. From the simulated 
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results, determined size distribution using the conventional and modified 

displacement probabilities was compared to test if the two probabilities 

determine the standard deviation as the nominal value. The two probabilities 

did not show much difference on a long recognition radius while they 

produced a deviation from the nominal value on a short recognition radius 

with respect to the diffusion scale of the nominal particle size. However, the 

deviation generated by the modified displacement probability is less apparent 

compared to the conventional probability. 

• A various particle concentration was also applied in the simulation. An 

increased particle concentration was expected to produce more false tracks 

since the average distance between two particles would decrease. This setting 

suggested to reduce the value for a recognition radius to minimize probable 

false tracks, while a small recognition radius may result in an overestimation 

in the particle size and an abnormal standard deviation for the size distribution. 

This can be used as a basis to find a proper recognition radius to acquire more 

accurate size distribution in NTA. 

 

1.3 Dissertation Overview 

 

The thesis is organized into the following chapters. 

 

Chapter 1 provides the background of the study for the necessity of accurate size 

characterization of nanometer-scale particles and outlines the rationale motivating the 

research topic, including key goals, objectives and project scope. 

 

Chapter 2 reviews the literature, introduces various size measurement techniques used for 

particles in suspension and highlights some important factors in determining appropriate 

techniques for the size characterization, including classifications and characteristics of 

those techniques. It also introduces the principles of the two chosen size measurement 

techniques in this study, DLS and NTA, where their respective methodologies to analyze 

acquired data are presented. Since NTA is a main subject for this study, it focuses on how 
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each factor of NTA influences the results in NTA measurements. 

 

Chapter 3 provides a description of materials, experimental techniques, computer 

simulations and analysis methods in analyzing the results along with physical principles of 

the used techniques. 

 

Chapter 4 describes how results of DLS and NTA compare on monodisperse and 

polydisperse samples in suspension. Since biological particles in the nanometer scale 

generally has a polydisperse size distribution, both techniques require careful interpretation 

on the results. This chapter uses an improved method to analyze NTA results, and compares 

the results by converting the number-weighted size distribution of NTA into an intensity-

weighted distribution.  

 

Chapter 5 describes the influence of the recognition radius in determining the size 

distribution of NTA. The recognition range limits a probable particle displacement larger 

than the range, resulting in effective overestimation of the size. To consider the effect in 

the size determination of NTA, a modified displacement probability that describes the 

particle movement observed by NTA is introduced and incorporated with the iteration-

based MLE method. The modified method was applied to simulations and real experiments 

and finds a better size accuracy and resolution than the conventional displacement 

probability. Moreover, it was evaluated to find the effect of particle concentration on the 

choice of the recognition range based on simulation results. 

 

Chapter 6 summarizes key findings of the work in measuring the size of polydisperse 

biological particles in the nanometer scale with DLS and NTA. Particular attention is made 

to the influence of the recognition radius in determining the concentration of the particles, 

especially on a polydisperse condition, which effectively counts smaller particles less than 

larger particles in acquiring particle tracks in NTA. 
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1.4 Findings and Outcomes/Originality 

 

The findings achieved in this work led to several novel outcomes on how to evaluate and 

analyze results from NTA. The key findings of this thesis can be summarized as follows: 

1. NTA was evaluated by comparing with DLS, where monodisperse and polydisperse 

samples were used to represent ideal and practical examples of sample 

measurements. In doing so, improved methods to analyze the results from NTA was 

introduced, which use the MLE principle. The comparison showed that an iteration-

based MLE was more useful for NTA analysis since the method does not require 

an assumption for the size distribution analysis. 

2. Since the quantities that NTA and DLS provide differ from each other, i.e. number 

and light intensity, respectively, the comparison of results from the two techniques 

is not straightforward. To reflect the difference, a conversion of the number-

weighted size distribution of NTA into an intensity-weighted distribution was 

evaluated. As a polydisperse biological samples, measurement results on vesicle 

samples prepared in a various condition were tested for the conversion. The 

comparison indicated that their respective native quantity, i.e. number for NTA and 

intensity for DLS, compares better than when the number-weighted size 

distribution of NTA was converted into an intensity-weighted distribution. 

3. In analyzing NTA results, the influence of the recognition radius was identified. 

The recognition range set to distinguish tracked particles from their respective 

neighboring particles excludes probable long displacements of those tracked 

particles and effectively underestimates the average squared displacement of 

particle tracks. This is translated into an overestimation of particle size. To take the 

finite recognition radius into the size estimation of NTA, a modified displacement 

probability was introduced and incorporated into the iteration-based MLE method. 

The modified probability showed a better size accuracy than the conventional 

probability for particle displacements in simulations and real experiments. In the 

simulations, it also resulted in a better size resolution which distinguish two 

separate particle sizes from each other. 

4. The simulation also suggested that when the recognition radius is too large, it would 
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result in spurious peaks in the analyzed size distribution. It was identified that the 

spurious peaks were due to false particle tracks, where two different particles are 

recognized as the same particle. Since false tracks happen when two different 

particles are near to each other, the chance to have false tracks would change 

depending on the particle concentration, i.e. a higher chance of false tracks on a 

higher concentration. It indicates that a smaller recognition radius would be more 

appropriate to minimize false tracks in NTA detection for a higher particle 

concentration. Whereas, the simulation also showed that a small recognition radius 

fails to determine a proper size distribution from acquired tracks, where a lower 

bound for a proper size distribution is approximately two times the diffusion scale 

of the measured particle size. These factors highlight that a proper choice of the 

recognition radius is very critical in determining a size distribution with NTA. 
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Chapter 2 

 

Literature Review 

 

Nanoparticle Tracking Analysis is a size measurement technique for 

particles in suspension that measures individual particles and produces 

a number-weighted size distribution. Due to its individual tracking, it is 

advantageous in measuring polydisperse samples while it shows a broad 

size distribution even for monodisperse samples. This is due to the 

stochastic nature of Brownian motion of particles that NTA observes, 

creating uncertainties in determining the size. By recognizing the 

uncertainty is related with the track length, NTA could improve 

measurement results by reducing the effect of the uncertainty. Yet, there 

have been scant studies that validated the improved size estimation 

method for NTA for polydisperse samples. Moreover, the recognition 

range set for the tracking of particles excludes a probable displacement 

of particles under tracking. It effectively reduces the average of squared 

displacement of acquired tracks, which is converted into a smaller 

diffusion coefficient of a particle, hence a larger size. This effect could 

be avoided by selecting a long enough recognition range for the tracking, 

while such a choice is not always available especially on a high 

concentration where a particle under track should be isolated from 

neighboring particles by more than the chosen recognition range. For a 

more accurate size determination of NTA, the finite recognition range 

should be incorporated with the size determination method of NTA.  
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2.1 Size Measurement Techniques for Particles in Suspension 

 

2.1.1 Overview 

 

To measure a size of particles in suspension, various principles can be used to measure 

certain physical properties of such particles and translate into a corresponding size [1-6]. 

Those principles include visualization of particles [7, 8], light scattering [9, 10], physical 

separation [11, 12], Brownian motion [13-15], mechanical or electrical changes on 

surrounding mechanism [2] and so on. The size information produced by each technique 

typically represents a characteristic size that corresponds to equivalent spheres, where the 

relation between the size and measured properties depends on the principle of a used 

technique [1, 11, 12]. 

 

Since principles of measurement techniques vary, and so does the definition of the 

measured size by each technique, the results from different techniques may not produce the 

same values. Hence, a single technique alone cannot fully determine size information. For 

example, microscopy-based techniques, such as scanning electron microscopy (SEM) and 

atomic force microscopy (AFM), are some of the most popular methods to obtain the 

topographical size of particles, as well as their shape and texture [1, 8, 16-18]. Imaging has 

been preferred due to its intuitive high-resolution visualization of particles and the minimal 

influence of artifacts in size determination [1]. However, microscopy-based techniques 

require laborious sample preparation steps, and the sample must be removed from its native 

or working environment, often resulting in a deformation to the samples. In addition, 

throughput is limited and sampling may result in biased information [1]. 

 

Another strategy is to separate the particles in the sample, creating a spatial 

macromolecular redistribution in a medium, in which the degree of separation is 

determined by the mass or volume of the macromolecules and can be converted into their 

size [1]. This approach is a feature of various techniques, including size exclusion 

chromatography (SEC), asymmetrical flow field-flow fractionation (AF4) and analytical 

ultracentrifugation (AUC), which measure differences in the elution, sedimentation or 
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diffusion of particles [12, 19, 20]. As the particles in the sample are spatially separated 

depending on their differences in the course of measurement, these techniques can be 

combined with other size measurement techniques, such as multi-angle light scattering 

(MALS), to improve the size resolution or measure additional properties, such as molecular 

weight [21, 22]. As the techniques involve separation of the measured sample, they provide 

more useful size measurements of polydisperse samples but introduce distortion of the 

sample condition due to the medium used [1]. 

 

Among non-destructive measurement techniques, dynamic light scattering (DLS) is the 

most widely used due to its simplicity. Upon laser illumination, the intensity of the light 

scattered by the particles in suspension changes both temporally and spatially depending 

on the size and weight of the particles and can be converted into size information [1, 9]. 

Despite being a powerful and accessible tool, DLS has several drawbacks due to the 

inherent limitation of intensity-biased detection [9, 14]. DLS determines a particle’s size 

from fluctuations of the scattered light resulted from the Brownian motion of the particles. 

The intensity of the scattered light is proportional to the square of the volume of the particle, 

which makes DLS very sensitive to the presence of large particles [14, 23]. Small amounts 

of large aggregates or dust particles can disturb the size determination if the main 

population is significantly smaller in size. 

 

To address this problem, other techniques including AFM, SEM, TEM, RPS, AF4 and 

AUC can be used to verify the size determined by DLS [17, 24-27]. However, the definition 

of size measured by one technique can be different from that of the others, which makes 

the comparison complicated as it requires careful interpretation of the data obtained. In 

particular, DLS measures the hydrodynamic diameter from the diffusion coefficient of 

particles in suspension, and this diffusion coefficient is converted into the diameter of an 

assumed hypothetical sphere that has the same diffusion coefficient [9]. In contrast, SEM, 

for instance, can obtain a geometric size of particles given by measuring the width of 

individual particles from the image [1, 28]. Recently, a size characterization tool called 

nanoparticle tracking analysis (NTA) was introduced to acquire the size of particles by 

determining their diffusion coefficient, meaning that the definition of the size measured by 
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NTA is identical to that of DLS. NTA can be a good method to verify the results of DLS 

because they measure the same physical property [15, 29]. Whereas DLS reads the intensity 

change of scattered light to find the diffusion coefficient of particles, NTA calculates the 

diffusion coefficient based on the movements of individual particles in successive optical 

video images [15, 29]. This difference in the detection principles of DLS and NTA results 

in a difference in the way that the size is reported, i.e., the quantities of the particles 

measured by DLS and NTA are weighted by intensity and number, respectively, which 

makes NTA an excellent technique for verifying DLS results. 

 

This implies that comparisons among the techniques are not straightforward and requires 

proper interpretation of results from one technique to be compared with those from another. 

 

Table 2.1 Overview of particle size measurement techniques. Sample types: A = aerosol; E = 

emulsion; P = powder; Pa = powder dispersion in air; Sp = spray; Su = suspension [14]. 
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2.1.2 Classifications 

 

Size measurement techniques can be classified by whether (i) they measure individual 

particles in a sample and accumulate the results to represent the size distribution of the 

measured sample or (ii) they measure the particles in the sample as a whole [1, 30]. The 

detection principle of the former techniques allows a superposition of acquired results. 

These techniques include flow cytometry, microscopy-based techniques such as scanning 

electron microscopy and atomic force microscopy, and light scattering particle counter [30, 

31]. These are especially efficient in displaying a size distribution as the quantity of 

particles are accumulative. However, these techniques usually require a low concentration 

to avoid interference of overlapped particles [1, 3]. On top of this, collection of information 

for individual particles require more time than other techniques, resulting in lower 

throughput. 

 

Some of the techniques collect a set of signals from the particles as a whole or an ensemble. 

In this case, the acquired signal from an instrument is analyzed by a model to convert into 

a size distribution [30]. In a most cases, the superposition of acquired results does not apply 

and interference among the particles would produce distortion on the acquired size 

distribution. These techniques include dynamic light scattering [14, 32], nuclear magnetic 

resonance [33, 34] and small angle X-ray scattering [35, 36]. In these techniques, the size 

and the quantity of particles are acquired from the same signals. Application of theoretical 

models for the analysis of the results from these techniques often requires constraints to 

acquire a size distribution, by which the details of the size distribution can be limited [1, 

30]. 

 

Yet another group of techniques separates particles by the size through their respective 

principles and determine the size of particles by the degree of separation. For the separation, 

various principles can be used such as electric charge [37], mass [38], volume [39] and 

cross section [40]. Those techniques, including size exclusion chromatography, 

sedimentation, impaction and filed flow fractionation, have an advantage that the analyzed 

particles are physically separated, which produces an amount of the particles while the size 
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can be quantified easily. Also, separated particles through the techniques can be used for 

other analysis [1, 41]. Because of the separation, however, measured samples by the 

techniques are made different from their original state, which makes the techniques not 

favored when the amount of sample is limited. 

 

As a different classification of the size measurement techniques, the method to report the 

quantity of particles can be used: namely, number, volume, mass, cross-section and 

arbitrary amount [1, 30, 42]. Since the individual particle measurement techniques literally 

counts the measured particles, the quantity of the measured particles is reported by the 

number. Whereas those techniques based on separation generally give the quantity based 

on mass-related information as the separation is related with the mass. On the other hand, 

the quantity information from the ensemble measurement techniques takes various forms 

depending on the used principle. 

 

2.1.3 Comparison of Acquired Size Distribution by Different Techniques 

 

As above, each size measurement technique generates size information according to its 

respective unique principle, where the uniqueness is not only the physical meaning of the 

size but the quantity of particle and the way each particle is treated by the technique. This 

makes the comparison of measured size by different techniques complicated. A simple 

method to compare size information by different technique is to use a characteristic size of 

acquired size distributions such as mean size and variance [24, 29, 43]. However, this is 

not enough to compare polydisperse samples as the method does not provide a detailed 

indication of the difference in the acquired size distribution [3-5]. Another method is to use 

a cumulative size distribution, which can be presented in the same scale [30, 44]. However, 

such a comparison is difficult to get quantitative information about the differences from 

two different measurement techniques. A third method is to use various characteristic sizes 

from one technique to be set against corresponding sizes from another measurement 

technique [30]. The method allows a direct quantitative comparison between two different 

techniques. However, such comparison should be applied with care for size measurement 
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techniques of similar principles since differences in the principle may result in huge 

differences in the results. 

 

2.2 Dynamic Light Scattering 

 

2.2.1 Principle 

 

 

Figure 2.1 Schematic diagram of dynamic light scattering and its autocorrelation graph from the 

detected scattered light. 

DLS extracts the size distribution of particles in suspension from their Brownian motion, 

whose displacement is related to their diffusion coefficient [9, 14, 23]. The intensity of the 

light scattered by particles in suspension upon laser illumination changes due to the 

particles’ Brownian motion, and the intensity fluctuation is processed to acquire its auto-

correlation function whereby the decay time is related to the particles’ diffusion coefficient 

as follows 

𝑔(1)(𝜏) = 𝐴 ⋅ 𝑒−𝐷𝑞
2𝜏 + 𝐵 (2.1) 

where 𝑔(1)(𝜏) is the first-order correlation function of the electric field, 𝜏 is a delay time, 

𝐷 is the diffusion coefficient, 𝑞 is the scattering vector and 𝐴 and 𝐵 are the amplitude and 
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the baseline of the correlation function, respectively. For monodisperse spherical particles, 

the hydrodynamic radius 𝑅ℎ can be related to the diffusion coefficient using the Stokes-

Einstein equation 

𝐷 =
𝑘𝐵𝑇

6𝜋𝜂𝑅ℎ
(2.2) 

where 𝑘𝐵 is the Boltzmann constant, 𝑇 is the absolute temperature and 𝜂 is the viscosity of 

the medium. 

 

For polydisperse samples, the auto-correlation function can be expressed as the integral 

form 

𝑔(1)(𝜏) = ∫𝐺(Γ)exp(−Γ𝜏)𝑑Γ (2.3) 

where 𝛤 = 𝐷𝑞2 is the decay rate for a given size with diffusion coefficient 𝐷 and 𝐺(𝛤) is 

the intensity-weighted size distribution. Although a Laplace inversion of the integration 

produces the size distribution 𝐺(𝛤), it is well known that the inversion is not a well-

conditioned problem [1, 9, 14]. Many strategies have been suggested to recover the size 

distribution from the integration, among which only the cumulant analysis method is 

recommended by the International Standards Organization [45]. 

 

The cumulant analysis method is applied for polydisperse samples of a relatively narrow 

size distribution [46]. The auto-correlation function can be expanded by the moments about 

the mean when exp(−𝛤𝜏) is rewritten in terms of Γ̅, so that 

exp(−𝛤𝜏) = exp(−Γ̅𝜏) exp(−(𝛤 − Γ̅)𝜏) (2.4) 

where  

Γ̅ = ∫𝐺(Γ)𝑑Γ (2.5) 

 

By rewriting exp(−𝛤𝜏) around the mean Γ̅, 

𝑔(1)(𝜏) = exp(−Γ̅𝜏)∫𝐺(Γ) exp(−(𝛤 − Γ̅)𝜏) 𝑑Γ (2.6) 

where the integral term can be expanded as a series: 
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𝑔(1)(𝜏) = exp(−Γ̅𝜏)∫𝐺(Γ) [1 − (𝛤 − Γ̅)𝜏 +
(𝛤 − Γ̅)2

2!
𝜏2 −

(𝛤 − Γ̅)3

3!
𝜏3 +⋯]𝑑Γ 

= exp(−Γ̅𝜏) [∫𝐺(Γ)𝑑Γ −∫𝐺(Γ)(𝛤 − Γ̅)𝑑Γ ⋅ 𝜏 +
𝜏2

2!
∫𝐺(Γ)(𝛤 − Γ̅)2𝑑Γ

−
𝜏3

3!
∫𝐺(Γ)(𝛤 − Γ̅)3𝑑Γ +⋯ ] 

= exp(−Γ̅𝜏) [1 +
𝜏2

2!
𝜇2 −

𝜏3

3!
𝜇3 +⋯] (2.7) 

where 𝜇𝑚 is the moments about the mean, defined as 

𝜇𝑚 = ∫𝐺(Γ)(Γ − Γ̅)𝑚𝑑Γ (2.8) 

 

By taking logarithm on each side of Eq. 2.7, 

ln(𝑔1(𝜏)) = ln𝐵 − Γ̅𝜏 +
𝜇2
2!
𝜏2 −

𝜇3
3!
𝜏3 +⋯ (2.9) 

where 

Γ̅ = ∫𝐺(Γ)𝑑Γ (2.10) 

𝜇2 = ∫𝐺(Γ)(Γ − Γ̅)
2𝑑Γ (2.11) 

𝜇3 = ∫𝐺(Γ)(Γ − Γ̅)
3𝑑Γ (2.12) 

 

By fitting ln(𝑔1(𝜏)), Γ̅  and 𝜇2 can be acquired, and then converted to the mean size 𝑅𝑍 

and the polydipersity index PI as 

𝑅𝑍 =
𝑘𝐵𝑇

6𝜋𝜂𝐷̅
=
𝑘𝐵𝑇

6𝜋𝜂
⋅
1

𝛤 𝑞2⁄
(2.13) 

PI =
𝜇2

𝛤2
(2.14) 

 

Although it is only valid for polydisperse samples that meet the criterion 𝜇2𝜏
2 ≪ 1 [14, 

46], the cumulant method was applied to both PS latex nanoparticle samples and vesicle 

samples in this study for the comparison with NTA. 
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2.2.2 Conversion of Size Distribution 

 

The quantity of the size distribution reported by DLS is expressed by the intensity of 

scattered light detected by the detector, or the sum of the scattered light intensity by the 

measured particles. Hence, the size 𝑅𝑍 measured by DLS is  

𝑅𝑍 =
∑ 𝑁𝑖𝑀𝑖

2𝑃(𝑅𝑖)𝑅𝑖𝑖

∑ 𝑁𝑖𝑀𝑖
2𝑃(𝑅𝑖)𝑖

(2.15) 

where 𝑁𝑖 is the proportion of particles with a size of 𝑅𝑖 and mass of 𝑀𝑖 and 𝑃(𝑅𝑖) is the 

scattering factor of a single particle with the size and mass. When it is compared to the size 

measured another technique, it needs to be converted into a different form that corresponds 

to the size defined by the other technique. When it is compared with the size measured by 

microscopy-based techniques, for example, the size acquired by the techniques is a 

number-averaged size. Then a number-averaged size is defined as 

𝑅𝑁 =
∑ 𝑁𝑖𝑅𝑖𝑖

∑ 𝑁𝑖𝑖

(2.16) 

 

When the particles are assumed as point scatters, 𝑃(𝑅𝑖) = 1 for all 𝑅𝑖. For more general 

cases, the scattering factor should be considered. In biological samples, the Rayleigh-Gans-

Debye approximation is useful in describing the scattering factor, since the approximation 

assumes the refractive index of the particles is close to the medium and their size is small 

enough compared to the wavelength of the illuminated laser divided by |𝑛 − 1| where 𝑛 is 

the refractive index [13, 25, 47]. 

 

In comparing results from DLS with those from other techniques such as NTA or TEM, it 

is difficult to convert the former into a corresponding dimension of other techniques. In 

converting the results, the information about 𝑁𝑖 is essential. However, DLS is well known 

for being difficult in resolving the size distribution, which should be acquired from a 

Laplace inversion of the autocorrelation function measured by DLS. Although many 

analytical approaches could be used to extract a size distribution from DLS results, only 

the cumulant analysis method has been recommended as a proper interpretation of DLS 

results [45]. In the cumulant analysis, only the average size and the polydipersity index, or 
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the broadness of the size distribution, can be acquired while the detail of the size 

distribution is mostly neglected. Due to the difficulty in conversion of DLS results, it is 

more efficient to convert results from other techniques into the form of DLS results.  

. 

2.3 Nanoparticle Tracking Analysis 

 

2.3.1 Principle 

 

Nanoparticle tracking analysis is a size measurement technique that measures the size of 

particles in suspension by monitoring the Brownian movement of the particles in the range 

of 20 to 2000 nm [15, 29, 48]. Particles in suspension undergo Brownian motion, which is 

described by a random movement whose displacement follows a Gaussian distribution for 

each axis in the three dimensional space. The standard deviation of the Gaussian 

distribution is related to the diffusion coefficient of the particle and the time scale at which 

the displacement is measured. Hence, the information about the particle’s movement, i.e. 

the standard deviation, can be translated into the diffusion scale, and therefore the size 

according to the Stokes-Einstein equation [15, 29]. 

 

To observe the movement of particles in suspension in NTA, a suspended sample is 

inserted into a chamber, where a narrow laser beam illuminates a part of the chamber. 

Those particles in the beam path scatter light, which is captured by a CCD camera through 

an objective lens [15, 29]. In each image of the captured video, the center of particles is 

recognized and compared with the centers in the previous image to find the displacement 

of the particles. The comparison is extended to following images until a next particle cannot 

be recognized, which constructs a track for the recognized particle. From such a track, the 

average of the displacements of each segment in the track is translated into the diffusion 

scale of the tracked particle [49]. 

 

In determining the diffusion scale, the length of a track, or the number of image frames, in 

which a particle is recognized, is related with the uncertainty of the determined diffusion 

scale. Ideally the track length should be long enough to decrease the uncertainty, which is 
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not always achievable [44, 50]. Due to the finite track length, the uncertainty shows up as 

a broad size distribution even for very monodisperse samples [29, 44, 50]. To mitigate the 

effect of track length in broadening an acquired size distribution, there have been many 

studies to adjust the measurement conditions of the instrument as well as the sample [29, 

49, 51]. 

 

For the measurement conditions for NTA, interlaboratory comparative studies on the 

repeatability of NTA measurement showed that consistency is not always guaranteed by 

practicing even best in-house standard operating procedures (SOPs) that individual 

laboratories built [52, 53]. In particular, the process for particle recognition from acquired 

video images is highly dependent on the parameters such as gain, blur, detection threshold 

and minimum expected particle size. In this regard, the interlaboratory comparative studies 

found a common SOP could achieve very repeatable results. 

 

On the other hand, der Meeren et al. [49] pointed out that such measurement conditions 

could not be applied as a general rule since it may require a different measurement 

condition depending on the sample condition such as the particle concentration and the 

particle size. In particular, maximum jump distance (MJD), the parameter used as a range 

that a particle is recognized as the same particle in the next image frame, significantly 

affects measurement result on a high concentration, while the effect is not significant at a 

low concentration. 

 

2.3.2 Validation of NTA Results 

 

Since an advantage of NTA over other techniques, especially DLS, is its strength on 

polydisperse samples, many studies focused on its application on such samples including 

exosomes and protein aggregation [29, 54-56]. Due to its relative short history, many of 

the studies verified the technique by comparing with other techniques such as DLS, TEM, 

AFM, flow cytometry and so on [3-7, 16, 24, 29, 41, 43, 55-61]. Also, those studies started 

their investigation from well-defined, monodisperse nanoparticle samples and extended the 

comparison to polydisperse samples. 
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DLS and NTA reads the same properties of particles for the size characterization, and many 

studies compared NTA with DLS and showed the size resolution of NTA was comparable 

to that of DLS [16, 29]. Moreover, the presence of large particles did not compromise the 

accuracy of NTA, and mixtures of standard nanoparticles of different particle size could be 

easily detected without affecting the size accuracy [29]. 

 

Other studies compared NTA with AFM and TEM as those techniques give the quantity of 

particles by the number of particles [7, 24, 61]. In the study, the mean size acquired by the 

two techniques was very close with a small standard deviation of less than 1 nm, while the 

broadness of acquired size distribution was sharper with AFM. Especially the distribution 

acquired by NTA, compared with that of AFM, showed a weighted distribution toward a 

larger size, which was attributed to NTA’s ability to measure agglomerates in suspension. 

 

Yet other studies compared various techniques on nanoparticle samples, and found that not 

a single technique could sufficiently resolve the size distribution and those tested 

techniques provided complimentary results to one another [4, 62]. 

 

More recent comparative studies focused on aggregate analysis on proteins, where DLS 

was chosen for comparison [55-57]. In those studies, both techniques could find similar 

results, while the particle concentration required for NTA was lower than for DLS. This 

suggests that aggregates may hinder proper measurement for DLS, while NTA could 

distinguish smaller particles from aggregates. 

 

On those verification studies, results from NTA were produced by inverting the acquired 

average squared displacement [15, 29, 48]. This direct inversion method neglects the track 

length, which introduces uncertainty in determining the diffusion coefficient. By 

recognizing the track length of particle tracks measured by NTA, there were a few analysis 

methods to refine acquired size distributions [44, 50]. Since a method suggested by Walker 

[50] does not require a prior knowledge about samples, it was introduced to a commercial 

software. Kestens et al. [63] tested the direct inversion method and the improved method 
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for NTA size distribution measurements and found that the improved method has much 

higher sensitivity in the size resolution. Yet, the study pointed out that the uncertainty, or 

the broadness of the size distribution, is inferior compared to DLS and TEM even with the 

improved method. 

 

All in all, these comparisons suggest that each technique has certain strengths and NTA is 

best suited to measurements on polydisperse samples where both large and small ends of 

the size distribution are of interest. 

 

2.3.3 Improvements on Size Distribution Determination by NTA 

 

NTA relies on the Stokes-Einstein equation to relate the measured displacement of particle 

tracks into a corresponding size [15, 29], where the Stokes-Einstein equation describes the 

relation between the diffusion coefficient and the size of a particle as expressed in Eq. 2.2. 

At the time when NTA was introduced, the diffusion coefficient was acquired by averaging 

squared displacement of particle tracks. 

𝐷 =
1

4Δ𝑡
⋅
1

𝑛
∑𝑟𝑖

2

𝑛

𝑖=1

(2.17) 

where 𝑟𝑖 is the two-dimensional displacement of 𝑖th track segment of a track whose length 

is 𝑛. An accurate determination of the diffusion coefficient requires the track length 𝑛 to 

be long enough, since each displacement of a track is a random process described as 

Brownian motion [15, 29, 44, 50]. Hence, those initial evaluations on NTA made remarks 

about the uncertainty due to the finite track length [29, 49]. In order to minimize the 

stochastic uncertainty in those studies, a minimum track length is used by which those 

tracks with lengths less than the minimum track length are excluded from the size 

determination. As the uncertainty due to the track length is inversely proportional to the 

square root of the track length, most of those studies used a value ranging from 10 to 20 as 

a minimum track length [29, 44, 49]. However, the method could not achieve high enough 

accuracy as even a minimum track length of 100, which still allows 10% error in 

determining the size. Also, a long track length is not always achievable, since a small 

particle tends to move faster and go out of the tracking region so that tracks of such a 
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particle terminate earlier compared to a larger particle [49, 50]. In polydisperse samples, 

especially, a long track length effectively excludes tracks of smaller particles compared to 

those of larger particles, which may result in inaccurate size measurements on the samples. 

Recognizing the finite track length in NTA and its effect of the stochastic uncertainty, a 

few studies tried to improve results by using the maximum likelihood estimation (MLE) 

principle, which finds an optimal solution that maximizes the likelihood of an estimated 

size distribution with respect to a set of acquired NTA tracks [44, 50]. 

 

One of the studies assumed an arbitrary size distribution with a few adjustable parameters, 

e.g. log-normal distribution with its mean and standard deviation made adjustable and tried 

to find a maximum value by varying the adjustable parameters. The method significantly 

improved the accuracy of size measurements by NTA as the stochastic uncertainty could 

be highly reduced, and was eventually introduced to one of the commercial software for 

NTA [63]. 
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Figure 2.2 Schematic description of computing likelihood from an assumed size distribution with 

respect to a set of acquired tracks [44]. 

After the introduction, many studies could benefit from the improvement, by which a 

higher size resolution could be achieved. Since the method assumed an arbitrary size 

distribution for the maximization, it was especially useful to identify the size of well-

defined size distribution such as a mixture of monodisperse particles of different sizes [60, 

64, 65]. However, the requirement for the method limits its application on polydisperse 

samples of an unknown size distribution. Since the calculation of likelihood requires an 

assumption on the size distribution of the sample to be analyzed, it often misleads and 

produces a different result than the real distribution [63]. 
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Figure 2.3 Examples of an iteration based MLE method in determining a size distribution of 

acquired tracks. 

As a different approach to apply the MLE principle, an iterative method was suggested that 

does not require an assumption on the size distribution [50]. An advantage of not guessing 

a size distribution to determine a size distribution by NTA is beneficial as it is more general 

in analyzing samples of an unknown size distribution, especially polydisperse samples. 

Due to the advantage, this method has been incorporated into a commercial software as 

well and employed for various comparative studies [52, 53]. 

 

2.3.4 Particle Concentration Determination by NTA 

 

Advantages of NTA include its ability to measure a particle concentration [6, 41, 60, 66]. 

Although many techniques such as scanning electron microscopy and atomic force 

microscopy can provide a particle concentration, NTA has drawn a particular attention 

since the technique is applied to samples in suspension. NTA identifies the size of 
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individual particles while the volume it observes is predetermined, translating the particle 

counts into a particle concentration. On the other hand, other techniques like DLS which 

does not provide the quantity of particles in a number-based distribution requires a 

conversion into a number-based distribution. However, such conversions only produce a 

relative size distribution and most of the time they require calibration to make the 

distribution absolute. This characteristic of NTA is beneficial for pharmaceutical 

applications, and many studies evaluated NTA’s performance on concentration 

measurements [39, 67-69]. Those studies mainly targeted polydisperse samples such as 

protein and vesicles, and monitored their change upon different conditions. 

 

While the conversion of particle counts in NTA into a concentration is straightforward, the 

identification of particles in NTA is not so. Since NTA identifies particles by analyzing 

captured images of scattered light, it recognizes the center of bright spots in the images as 

particles [15]. This makes the identification of particles arbitrary since the parameters to 

recognize those bright spots as particles can dramatically alter the results of particle 

identification [29, 70]. The significance of the parameter adjustment was evaluated by an 

international team, where an application of identical parameters on NTA analysis produced 

consistent readings across NTA instruments in many laboratories [53]. In doing so, a 

calibration of the instruments were required since a proper parameter setting should be 

determined according to the instrumentational configuration. However, an application of 

such a calibration could be limited since the instrumentational configuration includes the 

condition of a measured sample, which may not be the same as the sample used for the 

calibration. This limitation is more pronounced when a sample is polydisperse [70, 71]. 
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Figure 2.4 Refinements on the size and concentration measurement of NTA through three rounds 

of inter-laboratory comparison with 100-nm PS latex particles. (Top) Without a proper common 

protocol, each laboratory used respective method to measure the size and concentration and 

produced inconsistent results. (Middle) After adopting a common protocol, the measurement on 

the mean size showed consistent results. (Bottom) The calibration for concentration measurement 

added consistency on the particle concentration measurement as well as the mean size 

measurement. 
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2.4 Outstanding Questions 

 

2.4.1 Evaluation of NTA on polydisperse samples 

 

NTA has an advantage of measuring polydisperse samples in suspension, where its 

number-weighted size distribution compliments the results of other techniques provided in 

other quantities such as the volume or an arbitrary unit like light intensity. As NTA is a 

relatively new technique, many studies have focused on its validation. Since NTA’s 

introduction, many studies evaluated the technique for various types of samples and 

conditions, which includes reference samples like polystyrene latex nanoparticles of mono- 

and multimodal size distribution and diverse biological samples such as exosomes and 

proteins [72-76]. Although those studies agreed that the NTA technique is accurate 

compared with other well-established techniques like DLS and TEM, they also pointed out 

that the size distribution produced by NTA is rather broad even for very monodisperse 

samples [29]. This is attributed to the stochastic nature of the displacement that each 

tracked particle moves. 

 

To reduce the effect of the stochastic uncertainty in determining the particle size in NTA, 

a few studies have suggested improved size distribution determination methods based on 

the MLE principle [44, 50]. Those methods have shown better size resolution in 

determining the size distribution of monodisperse nanoparticles and their mixtures. Among 

the methods, an iteration-based MLE method was preferred since it does not require an 

assumption on the size distribution while the other method assumes an arbitrary size 

distribution for optimization. The iteration-based method has been introduced to the 

commercial software of NTA instruments and widely used in many studies [63]. 

 

Although many studies focused on evaluation of NTA on various sample types, evaluations 

on the new estimation method for NTA have been limited to reference particle samples, 

which are very monodisperse or mixtures of monodisperse particles. As an advantage of 

NTA over other techniques is its good performance on polydisperse samples, it is essential 

to evaluate the improved method on such polydisperse samples. The evaluation also invites 
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the need to address comparisons with other techniques that also includes conversion of the 

number-weighted size distribution into a corresponding quantity of other techniques. 

 

2.4.2 Influence of the recognition radius 

 

In determining the particle size in NTA, NTA measures the diffusion coefficient of each 

tracked particle and relates it to the size according to the Stokes-Einstein equation. 

Conventionally, the diffusion coefficient of tracked particles is acquired by averaging 

squared displacement of track segments of each particle track. This approach is correct 

since the Brownian motion of suspended particle is expressed by a Gaussian distribution 

in each direction [15, 29, 48]. Many evaluation studies on NTA have validated the size 

accuracy of NTA, where the size, or the diffusion coefficient, is determined by averaging 

the squared displacements. 

 

However, the detection principle of NTA defines a certain limit on each displacement, by 

which a particle is recognized as the same particle in the following image. The limit, or the 

recognition radius, is called as the Max Jump Distance in the commercial software of NTA 

instruments [49]. Due to the recognition radius, the average of squared displacement would 

be smaller than the expected value acquired if there is no limit for the displacement, 

resulting in an overestimation of the particle size. If the recognition radius is long enough 

compared to the diffusion scale of the measured particles, then the reduction in the average 

squared displacement would be negligible. An experimental study on the influence of the 

recognition radius proposed a certain lower limit for a proper determination of the particle 

size measured by NTA [49]. However, the requirement for the recognition range cannot be 

always met since the lower limit is dependent on the particle concentration. On a high 

particle concentration, the recognition range should be chosen small so that neighboring 

particles near a tracked particle are apart from the tracked particle by more than the 

recognition range. If the recognition range is set too long, a tracked particle would not be 

isolated from neighboring particles, resulting in a quick termination of particle tracks. 
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Given an inevitable situation of a short recognition range, it is very probable to have an 

overestimation of a particle size due to the limited displacement of particle tracks. This 

indicates that accurate measurement of the diffusion coefficient is important that include 

the effect of the recognition range. Since the displacement probability of a particle can be 

modified by reflecting the recognition range, it could be incorporated with the iteration-

based MLE method to have a better size estimation. 
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Chapter 3 

 

Experimental Methodology 

 

The materials and their preparation and instrumental settings are 

described in this chapter. For the evaluation of size measurement 

techniques, polystyrene latex nanoparticles and 1-palmitoyl-2-oleoyl-sn-

glycero-3-phosphocholine vesicle samples were chosen as reference 

samples for monodisperse and polydisperse samples, respectively. The 

principles and protocols of the size measurement techniques evaluated 

in this study, that is, Dynamic Light Scattering (DLS) and Nanoparticle 

Tracking Analysis (NTA), are designed, followed by the methodology for 

a computer simulation to theoretically evaluate NTA. A conversion 

theory from a number-weighted size distribution of NTA to an intensity-

weighted size distribution of DLS is introduced and used for the 

comparison of the results acquired from the two techniques. 
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3.1 Rationale for selection 

 

Size measurement on nanoparticles in suspension can be achieved in many ways. Among 

those techniques, DLS has been widely used due to its quick data acquisition [1, 2]. On the 

other hand, DLS is also well known for its intensity-weighted size information, which often 

leads to results biased toward a larger size for polydisperse samples. 

 

Most nanometer sized particles originating from biological entities does not have a uniform 

size but takes a polydisperse size distribution [3-9]. Due to the polydisperse nature of those 

biologically originated particles, DLS is not a proper tool to measure the size of those 

samples. Although many researchers have known the drawback of DLS in size 

characterization, the technique has been widely employed to measure the size of those 

polydisperse particles due to its simple and quick measurement process [2, 10]. Reviews 

on DLS also point out the drawback and recommend having a comparative measurement 

by another technique to complement the information [1]. In this study, NTA was chosen 

for a comparative technique to DLS. For the comparison, two types of samples were 

employed: one is PS latex nanoparticle standards and the other is lipid vesicle samples 

prepared in various conditions. 

 

In comparing the two techniques, NTA sometimes produced a bigger mean size compared 

to DLS on the same samples. Since the recognition range set for tracking particles in NTA 

effectively limits the probable displacement of particles up to the recognition range, it is 

probable that the acquired tracks have a smaller squared average displacement, which 

translates into a larger particle size. To verify the influence of the recognition radius, a 

computer simulation was used to produce virtual particle movements and acquire particle 

tracks from the movements. During the tracking process, a variable recognition radius was 

applied to recognize particle tracks. 

 

In analyzing acquired tracks from NTA tracking, three different methodologies were 

compared. One is a direct conversion method, which is a simple inversion of the acquired 

average squared displacement according to the Stokes-Einstein equation [11, 12]. The other 
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two relies on the maximum likelihood estimation principle, while the maximization 

strategy is different from each other [13, 14]. 

 

To verify the theoretical findings from the simulations, NIST-traceable PS latex 

nanoparticle standards were measured by NTA. 

 

3.2 Materials 

 

3.2.1. PS latex nanoparticle standards 

 

Polystyrene (PS) latex nanoparticles are known as an adequate standards as they are 

spherical in shape and monodisperse in the size distribution, which is good for calibration 

of size and validation of size resolution [15, 16]. 

 

For the comparison of DLS and NTA, polystyrene (PS) latex standards were purchased 

from Thermo Scientific (Rockford, IL., USA), whose particle size is 92 ± 3, 269 ± 7 and 

343 ± 9 nm. The standards were measured with DLS and NTA without dilution. 

 

For the verification of the influence of the recognition radius in NTA, two aliquots of NIST-

traceable concentrated (~10wt%) polystyrene latex microspheres (51.6 ± 3 nm and 181.6 

± 9 nm) in liquid suspension were obtained from Colloidal Metrics Corporation (Mountain 

View, CA). These microspheres were diluted into 0.1-µm-filtered 10 mM KCl (potassium 

chloride) until the NanoSight gave a concentration of 1×109 particles/ml for each sample. 

These suspensions were then further diluted 1:10 into 0.1-µm-filtered 10 mM KCl to give 

a measured concentration of 1×108 particles/ml. 

 

3.2.2. POPC vesicle 

 

As polydisperse samples for DLS and NTA comparison, 1-palmitoyl-2-oleoyl-sn-glycero-

3-phosphocholine (POPC) was purchased from Avanti Polar Lipids Inc., (Alabaster, AL, 

USA). Vesicles composed of POPC (Avanti Polar Lipids Inc., Alabaster, AL) were 
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prepared at a lipid concentration of ∼5 mg/mL and then diluted before the experiment. 

Briefly, dried lipid films were hydrated with 10 mM Tris (pH 7.5) buffer solution with 150 

mM NaCl, and the sample was then vortexed periodically for 5 min. Vesicle samples were 

extruded through polycarbonate membranes with either 50, 100, 200 or 400 nm pores sized 

by a miniextruder (Avanti Polar Lipids). For those samples pretreated with a range of 

freeze-thaw cycles, freeze-thaw treatment was performed before extrusion on newly 

hydrated lipid films by using a previously described methodology based on freeze-thaw 

pretreatment and then extrusion [17]. Specifically, in each treatment cycle, the vesicle 

suspension was frozen in liquid nitrogen for 30 s, before thawing in an 80 °C water bath 

for 90 s, and then finally being vortexed to complete each cycle. After the freeze-thaw 

cycles of 3, 5, 7, 9, 11, 13, 15 or 17 repetitions, vesicles were sized by an extruder (Avanti 

Polar Lipids) through 400 nm polycarbonate membrane pores. All aqueous solutions and 

buffers were prepared in Milli-Q water with a minimum resistivity of 18.2 MΩ·cm 

(Millipore, Billerica, MA). 

 

3.3 Experimental Techniques 

 

3.3.1. Dynamic Light Scattering 

 

DLS extracts the size distribution of particles in suspension from their Brownian motion, 

whose displacement is related to their diffusion coefficient [1, 18, 19]. The intensity of the 

light scattered by particles in suspension upon laser illumination changes due to the 

particles’ Brownian motion, and the intensity fluctuation is processed to acquire its auto-

correlation function whereby the decay time is related to the particles’ diffusion coefficient 

as described in Eq. 2.1. 

For monodisperse spherical particles, the hydrodynamic radius 𝑅ℎ can be related to the 

diffusion coefficient using the Stokes-Einstein equation in Eq. 2.2. 
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Figure 3.1 Schematic representation of Dynamic Light Scattering. Particles in suspension are 

illuminated by a laser, where the scattered light from the particles are monitored by the detector. 

The detected light intensity over time oscillates due to the Brownian motion of the particles, whose 

auto-correlation curve shows the diffusion coefficient of the particles, and hence the particle size. 

For polydisperse samples, the auto-correlation function can be expressed as an integral 

form as described in Eq. 2.3. 

Although a Laplace inversion of the integration produces the size distribution 𝐺(Γ), it is 

well known that the inversion is not a well-conditioned problem [1, 18, 20]. Many 

strategies have been suggested to recover the size distribution from the integration, among 

which the cumulant analysis method is only method recommended by the International 

Standards Organization [15]. 

 

The cumulant analysis method is applied for relatively narrow polydisperse samples [21]. 

The mean Γ̅ and the variance 𝜇2 of the distribution 𝐺(Γ) are acquired from the expansion 

of the logarithm of the auto-correlation function as 

ln(𝑔1(𝜏)) = ln𝐵 − Γ̅𝜏 +
𝜇2
2!
𝜏2 −

𝜇3
3!
𝜏3 +⋯ (3.1) 

where 

Γ̅ = ∫𝐺(Γ)𝑑Γ (3.2) 

𝜇2 = ∫𝐺(Γ)(Γ − Γ̅)
2𝑑Γ (3.3) 

𝜇3 = ∫𝐺(Γ)(Γ − Γ̅)
3𝑑Γ (3.4) 
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By fitting ln(𝑔1(𝜏)), Γ̅ and 𝜇2 can be acquired, and then converted to the mean size 𝑅𝑍 

and the polydipersity index PI as summarized in Eqs. 2.13 and 2.14. 

Although valid for polydisperse samples that meet the criterion 𝜇2𝜏
2 ≪ 1 [1, 21], in this 

study, the cumulant method was applied to both PS latex nanoparticle samples and vesicle 

samples for the comparison with NTA. 

 

Experimental Protocol 

 

For the DLS measurements, a ZetaPals particle size analyzer (Brookhaven Instruments, 

Holtsville, NY) with a 658.0 nm monochromatic laser was used. For each sample, three 

independent runs of 1 min were performed. To avoid unnecessary reflection, all 

measurements were taken at a scattering angle of 90°, and the measured intensity 

autocorrelation function was fitted to yield the intensity-weighted size distribution of 

particles in solution. The deconvolution of the autocorrelation function was done using the 

cumulants method, which was applied to calculate the intensity-weighted log-normal 

profile of the size distribution expressed by the average effective diameter and its 

polydispersity. 

 

3.3.2 Nanoparticle Tracking Analysis 

 

Similar to DLS, NTA extracts the size information of particles in suspension by measuring 

their diffusion coefficient [11]. As illustrated in Figure 3.2, by taking sequential images of 

illuminated particles in suspension on a periodic time interval, the displacement of a 

particle can be identified from successive images and constructed into a track. To determine 

the displacement of particles, NTA compares the two-dimensional location of particles in 

an image frame with the subsequent frame. In doing so, NTA sets a certain threshold 

distance, also known as the maximum jump distance, to properly identify if the two 

particles in the two adjacent frames are the same particle. If any single particle is found in 

the successive frame within the threshold distance from the location of the particle in the 

previous image, the two particles are recognized as the same particle and make a track 

segment. In the same manner, this recognition process is performed for subsequent frames 
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and track segments are combined to construct a particle’s track. The track terminates if 

there is no particle in the following frame or if there are more than two particles within the 

threshold distance. Because of the nature of the tracking process, the track segment length, 

and the number of track segments, are finite and variable. 

 

For a track of a track segment length 𝑛, the mean squared displacement of the track 𝑧, 

expressed as 

𝑧 =
1

𝑛
∑𝑟𝑖

2

𝑛

𝑖=1

(3.5) 

where 𝑟𝑖 is the two-dimensional displacement of 𝑖th track segment of the track, is translated 

into the diffusion coefficient assuming a 2D Brownian motion, which is related by 

𝑧 = 4𝐷Δ𝑡 (3.6) 

where 𝐷 is the diffusion coefficient of the tracked particle and Δ𝑡 is the time interval of the 

image frames [11-14]. Then the acquired diffusion coefficient 𝐷 of the track is converted 

to the hydrodynamic diameter relying on the Stokes-Einstein equation. 
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Figure 3.2 (a) Instrumental schematics of NTA detection. The particles suspended in liquid are 

illuminated by laser beam. Scattered light by the particles is monitored by the microscope, from 

which the position of the particles is identified by the software. (b) The software tracks the 

trajectory of the particles and constructs particle tracks. The average squared displacement z of 

each track is then converted into the corresponding hydrodynamic diameter d according to the 

Stokes-Einstein equation. 
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Experimental Protocol 

 

For the comparative study with DLS, NTA measurements were made with an LM10HS 

(Nanosight Limited, Amesbury, UK) equipped with a scientific CMOS camera, a 20x 

objective lens, a blue laser module (405 nm, LM12 version C) and NTA software version 

3.1. A 1-ml disposable syringe was used to inject the samples into the instrument chamber. 

The video data for NTA measurements were collected for 30 seconds, repeated three times 

for each sample. The detection threshold of the NTA software was set to 5 and the 

maximum jump distance and the minimum track segment length were both set to auto. 

 

Detected tracks were then translated into a size distribution using three different methods, 

i.e., direct conversion of the detected particle tracks, maximum likelihood estimation with 

an assumed distribution (the FTLA method) and maximum likelihood estimation by 

iterative correction. For the conversion, valid tracks were acquired from the detected tracks 

by the software, with small track segments excluded from the selection. 

 

For the study on the effect of the recognition radius on NTA measurements, the instrument 

used for the analysis was the Malvern NanoSight LM10 (Amesbury, UK) equipped with a 

20× objective, a 405 nm 50 mW laser and a Scientific CMOS detector and software version 

NTA 2.3 Beta 7.  A syringe pump was utilized to flow the samples through the laser 

viewing module at a rate of 5 ± 2 µm/s. The video data for the NTA measurements were 

collected for 60 seconds, which was repeated three times for each sample. Acquired video 

data was processed by the NTA software version 3.1.46 to acquire tracks. During the 

process, the detection threshold was set to an optimal value depending on the nominal 

particle size and the concentration, while the value was used for the three runs of each 

sample condition. The recognition radius, or the max jump distance in the NTA software, 

varied from 6 to 30 pixels, corresponding to a range of 1.1 to 5.4 µm. The recognized tracks 

produced by the NTA software were used for the determination of the particle size 

distribution. 
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3.4 Simulation 

 

To test the conventional and modified displacement probabilities for the size distribution 

determination by NTA, Brownian motion of particles were simulated and tracked 

according to the NTA detection principle by Python 2.7 along with the NumPy package. 

For the particle placements and movements, a three-dimensional space was created with 

its width and height corresponding to the field-of-view of the CMOS camera, i.e., 640 and 

480 pixels, respectively, with the pixel size set to 179 nm, and the depth to the focal depth 

of the objective lens, i.e. 7.16 µm [22, 23]. To allow fluctuations in the number of particles 

detected within the field-of-view over time, an additional space that extends in each of the 

three dimensions was given. The extension in each direction was six times the diffusion 

length of the mean particle size of the simulations or at least 2 µm, and the boundary of the 

space was made periodic in each direction [24]. 

 

The number of generated particles was determined by the volume of the created space and 

the nominal particle concentration. For instance, the average number of particles observed 

in a frame is about 70 when the concentration is set to 1×109 particles/ml. The initial 

position of the generated particles was given randomly in the three-dimensional space, and 

the movement of each particle in each direction at the subsequent frames was randomly 

generated to follow a normal distribution with a standard deviation of √2𝐷𝑖𝛥𝑡 [25], where 

𝐷𝑖 is the diffusion coefficient of the 𝑖th particle and 𝛥𝑡 is the time interval between the 

frames set as 30.74 milliseconds. The time duration of each simulation was 60 seconds, 

corresponding to 1952 frames including the initial frame. The simulation did not consider 

either the effect of measurement errors in determining the position of the particles or the 

drift in the solution [14]. 

 

For the recognition of tracks, the position of a particle generated by the simulation in one 

frame is evaluated with the position of the particles in the following frame. If the distance 

to the nearest particle in the following frame is less than an arbitrary chosen recognition 

radius, the particle in the following frame is considered as the same particle in the previous 

frame and becomes a segment of the constructed track [26]. If either the distance to the 
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nearest particle is larger than the recognition radius or the distance to the second nearest 

particle is less than the recognition radius, the particle in the previous frame is regarded as 

not present in the following frame, resulting in a termination of the track. Since this process 

evaluates only the distance for the track recognition, two different particles can be 

recognized as the same particle to produce an abnormal track [27]. 

 

3.5 Size Distribution Determination Methods for NTA 

 

NTA determines the size of tracked particles from their diffusion coefficient acquired from 

the average squared displacements of the tracks. A simple method to obtain the particle 

size distribution from the acquired tracks is to form a histogram of the particle sizes by 

directly converting the average squared displacements of the tracks using Eq. 2.17 [11-14, 

26]. However, the determined particle size by the direct conversion has an inherent 

stochastic uncertainty due to the nature of Brownian motion, which necessitates particles 

to be tracked over many frames to reduce the uncertainty which depends on the track length 

[13, 14, 28]. Since the availability of tracks of long length depends on the measurement 

conditions, an accurate size determination by direct conversion is not always achievable 

even for very monodisperse samples [13, 14, 26, 29]. 

 

To minimize the influence of the uncertainty in determining the size distribution, other 

approaches based on the maximum likelihood estimation (MLE) principle have been 

suggested that find a size distribution that maximizes the likelihood of the obtained tracks 

[13, 14]. In this study, two strategies based on the MLE principle were tested. One is to 

assume an arbitrary size distribution defined by a few parameters and try to optimize the 

parameters that maximize the likelihood of the size distribution with respect to the acquired 

tracks. The other is to employ an iterative approach that refines the size distribution to have 

a larger likelihood over each iteration. 
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Figure 3.3 The process flow of the size determination methods based on maximum likelihood 

estimation. (a) By assuming a size distribution described by adjustable parameters, the FTLA 

method looks for the parameter values that maximize the likelihood of the given NTA tracks. (b) 

The iterative correction method refines the size distribution that approaches to the maximum 

likelihood over each iteration. 
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Maximum Likelihood Estimation with an Assumed Arbitrary Distribution with 

Parameters 

 

As particles observed by NTA undergo Brownian motion, the probability distribution of 

the mean squared displacement 𝑧 of a tracked particle whose size is 𝑑 with a track segment 

length 𝑛 can be described by a gamma distribution as follows [14]: 

𝑃(𝑧|𝑛, 𝑑) =
(𝑛𝑠)𝑛

(𝑛 − 1)!
𝑧𝑛−1𝑒−𝑛𝑠𝑧 (3.7) 

where 𝑠 is defined as 1 4𝐷Δ𝑡⁄ = 3𝜋𝜂𝑑 4Δ𝑡𝑘𝐵𝑇⁄ . An observed set of tracks Φ of a sample 

measured by NTA can be related to a particle size distribution 𝑓(𝑑) by the integration 

Φ = ∫ 𝑓(𝑥)𝑃(𝑧|𝑛, 𝑥)𝑑𝑥
∞

0

(3.8) 

 

Although the inversion of the integration would enable recovery of 𝑓(𝑑)  by finding 

𝑄(𝑑|𝑛, 𝑧) that satisfies 

𝑓(𝑑) =∑Φ ⋅ 𝑄(𝑑|𝑛, 𝑧)

Φ

(3.9) 

the inversion relation cannot be used because 𝑄(𝑑|𝑛, 𝑧) depends on 𝑓(𝑑) [30]. 

 

Due to the difficulty of finding 𝑄 for the inversion, finite track length adjustment (FTLA) 

can be used to determine 𝑓(𝑑) by maximizing the likelihood of the observed list of tracks 

Φ with an assumed size distribution for 𝑓(𝑑) as illustrated in Figure 7 [13]. For an assumed 

size distribution with a few parameters, for example a log-normal distribution with its 

geometric mean and geometric standard deviation set as parameters, an “ideal” set of 

particles 𝑑𝑖  (with 𝑗  = 1–999) is drawn, which comprises 1000-quantiles of the size 

distribution, i.e., those of particle size 𝑑𝑖 that satisfy 𝐶(𝑑𝑗) = 𝑗/1000 (𝑗 = 1–999) for the 

cumulative size distribution 𝐶(𝑑) of 𝑓(𝑑). For each particle size 𝑑𝑗 , the likelihood of 

producing a track whose mean squared displacement 𝑧 and track segment length 𝑛 is given 

by 

𝐿(𝑧, 𝑛; 𝑑𝑗) = 𝑃(𝑧|𝑛, 𝑑𝑗) (3.10) 
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Hence, the likelihood of producing such a track with a given particle set 𝑑𝑗 (𝑗 = 1–999) is 

given as 

𝐿(𝑧, 𝑛; {𝑑}) =∑𝑃(𝑧|𝑛, 𝑑𝑗)

999

𝑗=1

(3.11) 

 

Likewise, the likelihood for all the observed list of tracks Φ becomes 

𝐿(Φ; {𝑑}) =∏(∑𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑗)

999

𝑗=1

)

𝐾

𝑘=1

(3.12) 

where 𝑧𝑘 and 𝑛𝑘 are the mean squared displacement and the track segment length of the 

𝑘th track of Φ, respectively, and 𝐾 is the total number of the observed tracks. For practical 

reasons, the maximization is performed on the logarithm of the likelihood, as  maximizing 

a positive function also maximizes its logarithm [14]: 

𝐿𝐿(Φ; {𝑑}) = log(𝐿) = ∑ log(∑𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑗)

999

𝑗=1

)

𝐾

𝑘=1

(3.13) 

 

With the log-likelihood, an optimal parameter set for the size distribution is sought for its 

maximum value, which determines the size distribution for the observed tracks. As this 

approach assumes an arbitrary size distribution, a decrease in the likelihood can be 

expected for the benefit of a simpler solution [30]. 

 

Maximum Likelihood Estimation by Iterative Correction 

 

For a size distribution 𝑓(𝑑), the log-likelihood of producing the observed list of tracks Φ 

can be expressed as 

𝐿𝐿(Φ) =∑ log(
1

∑ 𝑓(𝑑𝑏)
𝐵
𝑏=1

∑𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)𝑓(𝑑𝑏)

𝐵

𝑏=1

)

𝐾

𝑘=1

(3.14) 

where 𝑏 is the bin number for the segmented range of particle size 𝑑 [14]. 

 

Then its differentiation with respect to the size distribution is given as 
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𝜕𝐿𝐿

𝜕𝑓
= ∑

𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)

∑ 𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑏)𝑓(𝑑𝑏)
𝐵
𝑏=1

𝐾

𝑘=1

−
𝐾

∑ 𝑓(𝑑𝑏)
𝐵
𝑏=1

(3.15) 

 

At the maximum of the likelihood, the differential becomes zero, leading to 

∑
𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑏)

∑ 𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)𝑓(𝑑𝑏)
𝐵
𝑏=1

𝐾

𝑘=1

=
𝐾

∑ 𝑓(𝑑𝑏)
𝐵
𝑏=1

(3.16) 

 

From this relation, it is possible to find the size distribution by an iterative procedure, 

given as 

𝑓(𝑟+1)(𝑑𝑏) = 𝑓
(𝑟)(𝑑𝑏) ⋅

1

𝐾
∑

𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)

∑ 𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)𝑓(𝑑𝑏)
𝐵
𝑏=1 ∑ 𝑓(𝑑𝑏)

𝐵
𝑏=1⁄  

𝐾

𝑘=1

(3.17) 

where 𝑓(𝑟)(𝑑) is the 𝑟th estimate of the size distribution from the iterations as illustrated 

in Figure 7 [30]. For the initial size distribution 𝑓(0)(𝑑), a uniform distribution is chosen 

[14, 31, 32]. 

 

For the termination criteria of the iteration, the chi-squared statistic of the error between a 

histogram of the mean squared displacement 𝐻𝑧 and that calculated from the 𝑟th iteration 

solution 𝐻(𝑟) can be used, where 

𝜒2 = ∑
(𝐻𝑧(𝑧𝑚) − 𝐻

(𝑟)(𝑧𝑚))
2

𝐻(𝑟)(𝑧𝑚)

𝑀

𝑚=1

(3.18) 

𝐻(𝑟)(𝑧𝑚) = ∑ 𝑁𝑛∑
𝑃(𝑧𝑚|𝑛, 𝑑𝑏)𝑓

(𝑟)(𝑑𝑏)Δ𝑧𝑚
∑ 𝑓(𝑟)(𝑑𝑏)
𝐵
𝑏=1

𝐵

𝑏=1

𝑁𝑚𝑎𝑥

𝑛=𝑁𝑚𝑖𝑛

(3.19) 

where 𝑚 is the bin number for the mean squared displacement and 𝑁𝑛 is the number of 

tracks with track segment length 𝑛, and in this study the iteration terminates when the 

change in 𝜒2 becomes smaller than 1% of the previous value [14]. 
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Chapter 4* 

 

Validation of Size Estimation of Nanoparticle Tracking Analysis 

on Polydisperse Macromolecule Assembly 

 

The standard technique used to measure the size distribution of 

nanometer-sized particles in suspension is dynamic light scattering 

(DLS). Recently, nanoparticle tracking analysis (NTA) has been 

introduced to measure the diffusion coefficient of particles in a sample 

to determine their size distribution in relation to DLS results. Because 

DLS and NTA use identical physical characteristics to determine particle 

size but differ in the weighting of the distribution, NTA can be a good 

verification tool for DLS and vice versa. In this study, two NTA data 

analysis methods based on maximum-likelihood estimation were 

evaluated, namely finite track length adjustment (FTLA) and an iterative 

method, on monodisperse polystyrene beads and polydisperse vesicles 

by comparing the results with DLS. The NTA results from both methods 

agreed well with the mean size and relative variance values from DLS 

for monodisperse polystyrene standards. However, for the lipid vesicles 

prepared in various polydispersity conditions, the iterative method 

resulted in a better match with DLS. Further, it was found that it is better 

to compare the native number-weighted NTA distribution with DLS, 

rather than its converted distribution weighted by intensity. 

________________ 

* This chapter is published as A. Kim, W.B. Ng, W. Bernt, and N.J. Cho. Validation of Size 

Estimation of Nanoparticle Tracking Analysis on Polydisperse Macromolecule Assembly. 

Scientific Reports 9, 2639 (2019). DOI: 10.1038/s41598-019-38915-x.  
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4.1 Introduction 

 

Efforts to develop new drugs are not limited to the physicochemical properties of 

pharmaceuticals. They also include explorations of effective ways to deliver those drugs 

without compromising efficacy or safety [1-10]. Despite advances in molecular biology 

research, many drugs still have serious side effects due to the lack of a specific target and 

correct control release profile, and these side effects limit our ability to design optimal 

medications for many diseases, including cancer, neurodegenerative diseases and 

infectious diseases [11-15]. To address this issue, researchers have developed several new 

modes of drug delivery system (DDS) that have entered clinical practice, including 

nanoparticles based on polymers, noble metals and lipid based carriers [3, 16-19]. The 

interactions and stability of such materials are strongly dependent on carrier size, whose 

characterization is crucial in assessing the quality and determining the efficiency of the 

DDS [20-22]. In particular, chemical modification of nanoparticles is necessary to make 

them suitable for physiological conditions, and accurate measurement of their size is 

necessary for quality control [23-25]. This requirement has become more significant as 

nanoparticles, and their chemical modifications, have been developed for more specific 

purposes [1, 26, 27]. Likewise, lipid vesicles, due to their versatile engineering capabilities, 

have been combined with various therapeutic agents to achieve desired pharmaceutical 

properties [28, 29]. Due to the inherent self-assembly of lipids, validation of their size and 

distribution is essential to understand the physical properties that directly correlate with 

drug efficacy. All of these factors highlight the importance of using accurate and precise 

measurement techniques to characterize the size distribution of biological and synthetic 

nanoparticle suspensions. 

 

In the analysis of macromolecular assemblies, various techniques are used to measure the 

physical properties of samples, including imaging [30, 31], separation of particles [32, 33], 

scattered light [34, 35] and those measurements are related to the size by conversions 

relying on various physical principles [36]. Direct imaging techniques, including scanning 

electron microscopy (SEM), transmission electron microscopy (TEM) and atomic force 

microscopy (AFM), are some of the most popular methods to obtain the topographical size 
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of particles, as well as their shape and texture [31, 36-39]. Imaging has been preferred due 

to its intuitive high-resolution visualization of particles and the minimal influence of 

artifacts in size determination [36]. However, imaging methods require laborious sample 

preparation steps, and the sample must be removed from its native or working environment, 

often resulting in a deformation to the samples. In addition, throughput is limited and 

limited sampling may result in biased information [36]. 

 

Another strategy is to separate the particles in the sample, creating a spatial 

macromolecular redistribution in a medium, in which the degree of separation is 

determined by the mass or volume of the macromolecules and can be converted into their 

size [36]. This approach is a feature of various techniques, including size exclusion 

chromatography (SEC), asymmetrical flow field-flow fractionation (AF4) and analytical 

ultracentrifugation (AUC), which measure differences in the elution, sedimentation or 

diffusion of particles [33, 40, 41]. As the particles in the sample are spatially separated 

depending on their differences in the course of measurement, these techniques can be 

combined with other size measurement techniques, such as multi-angle light scattering 

(MALS), to improve the size resolution or measure additional properties, such as molecular 

weight [42, 43]. As the techniques involve separation of the measured sample, they provide 

more useful size measurements of polydisperse samples but introduce distortion of the 

sample condition due to the medium used [36]. 

 

Among non-destructive measurement techniques [44], dynamic light scattering (DLS) is 

the most widely used due to its simplicity. Upon laser illumination, the intensity of the light 

scattered by the particles in suspension changes both temporally and spatially depending 

on the size and weight of the particles and can be converted into size information [34, 36]. 

Despite being a powerful and accessible tool, DLS has several drawbacks due to the 

inherent limitation of intensity-biased detection [34, 45]. DLS determines a particle’s size 

from fluctuations of the scattered light resulted from the Brownian motion of the particles. 

The intensity of the scattered light is proportional to the square of the volume of the particle, 

which makes DLS very sensitive to the presence of large particles [45, 46]. Small amounts 
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of large aggregates or dust particles can disturb the size determination if the main 

population is significantly smaller in size. 

 

To address this problem, other techniques including AFM, SEM, TEM, AF4 and AUC can 

be used to verify the size determined by DLS [38, 47-49]. However, the definition of size 

measured by one technique can be different from that of the others, which makes the 

comparison complicated as it requires careful interpretation of the data obtained. In 

particular, DLS measures the hydrodynamic diameter from the diffusion coefficient of 

particles in suspension, and this diffusion coefficient is converted into the diameter of an 

assumed hypothetical sphere that has the same diffusion coefficient [34]. In contrast, SEM, 

for instance, can obtain a geometric size of particles given by measuring the width of 

individual particles from the image [36, 50]. Recently, a size characterization tool called 

nanoparticle tracking analysis (NTA) was introduced to acquire the size of particles by 

determining their diffusion coefficient, meaning that the definition of the size measured by 

NTA is identical to that of DLS. NTA can be a good method to verify the results of DLS 

because they measure the same physical property [51, 52]. Whereas DLS reads the intensity 

change of scattered light to find the diffusion coefficient of particles, NTA calculates the 

diffusion coefficient based on the movements of individual particles in successive optical 

video images [51, 52]. This difference in the detection principles of DLS and NTA results 

in a difference in the way that the size is given, i.e., the quantities of the particles measured 

by DLS and NTA are weighted by intensity and number, respectively, which makes NTA 

an excellent technique for verifying DLS results. 

 

Initial studies on NTA focused on the validation of NTA measurements of mono- and 

multimodal nanoparticle samples and compared the results with DLS [47, 49, 52, 53]. 

These studies confirmed that NTA provides comparable results in determining the size of 

mono- and multimodal nanoparticles compared with DLS. The validation was extended to 

comparisons with AFM [47], TEM [38] and AUC [49] techniques, where the distribution 

given by NTA was a good match for those from the techniques on monomodal samples. 

When the comparison was extended to polydisperse samples such as proteins and vesicles 

[52, 54-56], the results showed better size resolution in NTA compared with DLS. 
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While NTA showed better size resolution than DLS on polydisperse samples, the studies 

did not observe a narrow distribution from NTA on monodisperse samples. The analysis 

software for NTA used in the previous studies acquired the size distribution by directly 

converting the displacement of tracks into the size, which is prone to a stochastic error in 

determining the size from the particle tracking. Although the studies recognized the 

uncertainty resulting from the stochastic error [47, 49, 56], they used the size distributions 

from the direct conversion due to the lack of methods to mitigate the stochastic error.  To 

solve this issue, Saveyn et al. [57] and Walker [58] suggested size estimation methods 

based on the maximum likelihood estimation (MLE) principle. These methods search a 

narrower distribution that maximizes the likelihood on the acquired track data either by 

assuming a certain size distribution with a few adjustable parameters or by taking iterative 

steps, and can successfully recover a narrower size distribution of monomodal samples 

from NTA track data. Using this strategy to recover a better size distribution from NTA, 

monomodal reference samples were measured to compare the results with TEM [30]. 

Further, Kestens et al. [59] compared versions 2.3 and 3.0 of NTA software, which use the 

direct conversion and the iterative approach, respectively, and found that the iterative 

approach has a better size resolution on mono- and multi-modal reference samples. 

 

Inspired by previous studies [52, 57-59], this study aimed to evaluate NTA results with 

respect to the size estimation methods for NTA. First, monodisperse reference standards of 

known size values were measured using NTA and compared with DLS. The size analysis 

of acquired particle tracks of NTA was processed by direct conversion of the tracks and 

with the two MLE-based methods, namely finite track length adjustment (FTLA) and the 

iterative method. The comparison confirmed that both of the two MLE-based methods can 

recover a narrow size distribution of the monodisperse reference standards. The estimation 

methods were also applied to estimate the size distribution of polydisperse vesicle samples 

prepared in various polydispersity conditions to verify if FTLA and the iterative method 

are applicable for polydisperse samples of unknown size distribution. While the iterative 

method achieved results comparable with DLS, the results from FTLA deviated from those 

of DLS as it assumes an arbitrary size distribution that may not be appropriate for 

polydisperse samples. In addition, the size distribution of NTA acquired with the estimation 
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methods was converted into an intensity-weighted size distribution from its number-

weighted distribution to investigate if the conversion gives a better comparison with the 

DLS results. 

 

4.2 Theory 

 

4.2.1 Dynamic Light Scattering 

 

DLS extracts the size distribution of particles in suspension from their Brownian motion, 

whose displacement is related to their diffusion coefficient [34, 45, 46]. The intensity of 

the light scattered by particles in suspension upon laser illumination changes due to the 

particles’ Brownian motion, and the intensity fluctuation is processed to acquire its auto-

correlation function whereby the decay time is related to the particles’ diffusion coefficient 

as expressed in Eq. 2.1. 

 

For monodisperse spherical particles, the hydrodynamic radius 𝑅ℎ can be related to the 

diffusion coefficient using the Stokes-Einstein equation as described in Eq. 2.2. For 

polydisperse samples, the auto-correlation function can be expressed as the integral form 

as in Eq. 2.3. Although a Laplace inversion of the integration produces the size distribution 

𝐺(Γ), it is well known that the inversion is not a well-conditioned problem [34, 36, 45]. 

Many strategies have been suggested to recover the size distribution from the integration, 

among which the cumulant analysis method is only method recommended by the 

International Standards Organization [60]. 

 

The cumulant analysis method is applied for relatively narrow polydisperse samples [61]. 

The mean Γ̅ and the variance 𝜇2 of the distribution 𝐺(Γ) are acquired from the expansion 

of the logarithm of the auto-correlation function as in Eq. 2.9. By fitting ln(𝑔1(𝜏)), the 

mean size 𝑅𝑍 and the polydipersity index PI are given as in Eqs. 2.13 and 2.14. 
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Although valid for polydisperse samples that meet the criterion 𝜇2𝜏
2 ≪ 1 [45, 61], in this 

study, the cumulant method was applied to both PS latex nanoparticle samples and vesicle 

samples for the comparison with NTA. 

 

4.2.2 Nanoparticle Tracking Analysis 

 

4.2.2.1 Detection Principle of NTA 

 

Similar to DLS, NTA extracts the size information of particles in suspension by measuring 

their diffusion coefficient [51]. By taking sequential images of illuminated particles in 

suspension on a periodic time interval, the displacement of a particle can be identified from 

successive images and constructed into a track. To determine the displacement of particles, 

NTA compares the two-dimensional location of particles in an image frame with the 

subsequent frame. In doing so, NTA sets a certain threshold distance, also known as the 

maximum jump distance, to properly identify if the two particles in the two adjacent frames 

are the same particle. If any single particle is found in the successive frame within the 

threshold distance from the location of the particle in the previous image, the two particles 

are recognized as the same particle and make a track segment. In the same manner, this 

recognition process is performed for subsequent frames and track segments are combined 

to construct a particle’s track. The track terminates if there is no particle in the following 

frame or if there are more than two particles within the threshold distance. Because of the 

nature of the tracking process, the track segment length, and the number of track segments, 

are finite and variable. 

 

For a track of a track segment length 𝑛, the mean squared displacement of the track 𝑧, 

expressed as 

𝑧 =
1

𝑛
∑𝑟𝑖

2

𝑛

𝑖=1

(4.1) 

where 𝑟𝑖 is the two-dimensional displacement of 𝑖th track segment of the track, is translated 

into the diffusion coefficient assuming a 2D Brownian motion, which is related by the 

Stokes-Einstein relation as expressed in Eq. 3.6 [51, 52, 57, 58].  Then the acquired 
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diffusion coefficient 𝐷 of the track is converted to the hydrodynamic diameter relying on 

the Stokes-Einstein equation, and comprises the size distribution of the measured sample. 

 

 

Figure 4.1 In NTA, particles suspended in liquid are illuminated by a laser beam. Scattered light 

by the particles is monitored by the microscope, from which the position of the particles is 

identified by the software. The software tracks the trajectory of the particles and constructs 

particle tracks, from which the average squared displacement is calculated and converted into the 

corresponding hydrodynamic diameter. 
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4.2.2.2 Size Distribution Estimation Methods for NTA 

 

Uncertainty in the Mean Squared Displacement Measurement in NTA 

 

Measurement of the mean squared displacement 𝑧 in NTA assumes that a particle is tracked 

for long enough that the measured mean squared displacement is close enough to the ideal 

mean squared displacement. However, as the track segment length is finite, the acquired 

mean squared displacement 𝑧  of a track has statistical uncertainty that is inversely 

proportional to the square root of the track segment length 𝑛 [54, 62]. Therefore, small 

track segment lengths would make the measured size distribution significantly broader than 

its true size distribution and they should be excluded to have a narrower size distribution. 

 

Maximum Likelihood Estimation (MLE) with an Assumed Arbitrary Distribution with 

Parameters 

 

As particles observed by NTA undergo Brownian motion, the probability distribution of 

the mean squared displacement 𝑧 of a tracked particle whose size is 𝑑 with a track segment 

length 𝑛 can be described by a gamma distribution as follows: [58] 

𝑃(𝑧|𝑛, 𝑑) =
(𝑛𝑠)𝑛

(𝑛 − 1)!
𝑧𝑛−1𝑒−𝑛𝑠𝑧 (4.2) 

where s is defined as 1 4𝐷Δ𝑡⁄ = 3𝜋𝜂𝑑 4Δ𝑡𝑘𝐵𝑇⁄ . An observed set of tracks Φ of a sample 

measured by NTA can be related to a particle size distribution 𝑓(𝑑) by the integration 

Φ = ∫ 𝑓(𝑥)𝑃(𝑧|𝑛, 𝑥)𝑑𝑥
∞

0

(4.3) 

 

Although the inversion of the integration would enable recovery of 𝑓(𝑑)  by finding 

𝑄(𝑑|𝑛, 𝑧) that satisfies 

𝑓(𝑑) =∑Φ ⋅ 𝑄(𝑑|𝑛, 𝑧)

Φ

(4.4) 

the inversion relation cannot be used because 𝑄(𝑑|𝑛, 𝑧) depends on 𝑓(𝑑) [63]. 
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Figure 4.2 Schematic representation of the size determination methods based on maximum 

likelihood estimation. By assuming a size distribution described by adjustable parameters, the 

FTLA method looks for the parameter values that maximize the likelihood of the given NTA 

tracks. The iterative correction method refines the size distribution that approaches to the 

maximum likelihood over each iteration. 
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Due to the difficulty of finding 𝑄 for the inversion, finite track length adjustment (FTLA) 

can be used to determine 𝑓(𝑑) by maximizing the likelihood of the observed list of tracks 

Φ with an assumed size distribution for 𝑓(𝑑) as illustrated in Figure 4.2 [57]. For an 

assumed size distribution with a few parameters, for example a log-normal distribution 

with its geometric mean and geometric standard deviation set as parameters, an “ideal” set 

of particles 𝑑𝑗  (with 𝑗  = 1–999) is drawn, which comprises 1000-quantiles of the size 

distribution, i.e., those of particle size 𝑑𝑗 that satisfy 𝐶(𝑑𝑗) = 𝑗/1000 (𝑗 = 1–999) for the 

cumulative size distribution 𝐶(𝑑) of 𝑓(𝑑). For each particle size 𝑑𝑗 , the likelihood of 

producing a track whose mean squared displacement 𝑧 and track segment length 𝑛 is given 

by 

𝐿(𝑧, 𝑛; 𝑑𝑗) = 𝑃(𝑧|𝑛, 𝑑𝑗) (4.5) 

 

Hence, the likelihood of producing such a track with a given particle set 𝑑𝑗 (𝑗 = 1–999) is 

given as 

𝐿(𝑧, 𝑛; {𝑑}) =∑𝑃(𝑧|𝑛, 𝑑𝑗)

999

𝑗=1

(4.6) 

 

Likewise, the likelihood for all the observed list of tracks Φ becomes 

𝐿(Φ; {𝑑}) =∏(∑𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑗)

999

𝑗=1

)

𝐾

𝑘=1

(4.7) 

where 𝑧𝑘 and 𝑛𝑘 are the mean squared displacement and the track segment length of the 

𝑘th track of Φ, respectively, and 𝐾 is the total number of the observed tracks. For practical 

reasons, the maximization is performed on the logarithm of the likelihood, as maximizing 

a positive function also maximizes its logarithm [58]: 

𝐿𝐿(Φ; {𝑑}) = log(𝐿) = ∑ log(∑𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑗)

999

𝑗=1

)

𝐾

𝑘=1

(4.8) 

 

With the log-likelihood, an optimal parameter set for the size distribution is sought for its 

maximum value, which determines the size distribution for the observed tracks. As this 
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approach assumes an arbitrary size distribution, a decrease in the likelihood can be 

expected for the benefit of a simpler solution [63]. 

 

Maximum Likelihood Estimation by Iterative Correction 

 

For a size distribution 𝑓(𝑑), the log-likelihood of producing the observed list of tracks Φ 

can be expressed as 

𝐿𝐿(Φ) =∑ log(
1

∑ 𝑓(𝑑𝑏)
𝐵
𝑏=1

∑𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑏)𝑓(𝑑𝑏)

𝐵

𝑏=1

)

𝐾

𝑘=1

(4.9) 

where 𝑏 is the bin number for the segmented range of particle size 𝑑 [58]. 

 

Then its differentiation with respect to the size distribution is given as 

𝜕𝐿𝐿

𝜕𝑓
= ∑

𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)

∑ 𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑏)𝑓(𝑑𝑏)
𝐵
𝑏=1

𝐾

𝑘=1

−
𝐾

∑ 𝑓(𝑑𝑏)
𝐵
𝑏=1

(4.10) 

 

At the maximum of the likelihood, the differential becomes zero, leading to 

∑
𝑃(𝑧𝑘|𝑛𝑘, 𝑑𝑏)

∑ 𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)𝑓(𝑑𝑏)
𝐵
𝑏=1

𝐾

𝑘=1

=
𝐾

∑ 𝑓(𝑑𝑏)
𝐵
𝑏=1

(4.11) 

 

From this relation, it is possible to find the size distribution by an iterative procedure, given 

as 

𝑓(𝑟+1)(𝑑𝑏) = 𝑓(𝑟)(𝑑𝑏) ⋅
1

𝐾
∑

𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)

∑ 𝑃(𝑧𝑘|𝑛𝑘 , 𝑑𝑏)𝑓(𝑑𝑏)
𝐵
𝑏=1 ∑ 𝑓(𝑑𝑏)

𝐵
𝑏=1⁄  

𝐾

𝑘=1

(4.12) 

where 𝑓(𝑟)(𝑑) is the rth estimate of the size distribution from the iterations as illustrated in 

Figure 4.2 [63]. For the initial size distribution 𝑓(0)(𝑑), a uniform distribution is chosen 

[58, 64, 65]. 

 

For the termination criteria of the iteration, the chi-squared statistic of the error between a 

histogram of the mean squared displacement 𝐻𝑧 and that calculated from the 𝑟th iteration 

solution 𝐻(𝑟) can be used, where 
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𝜒2 = ∑
(𝐻𝑧(𝑧𝑚) − 𝐻

(𝑟)(𝑧𝑚))
2

𝐻(𝑟)(𝑧𝑚)

𝑀

𝑚=1

(4.13) 

𝐻(𝑟)(𝑧𝑚) = ∑ 𝑁𝑛∑
𝑃(𝑧𝑚|𝑛, 𝑑𝑏)𝑓

(𝑟)(𝑑𝑏)Δ𝑧𝑚
∑ 𝑓(𝑟)(𝑑𝑏)
𝐵
𝑏=1

𝐵

𝑏=1

𝑁𝑚𝑎𝑥

𝑛=𝑁𝑚𝑖𝑛

(4.14) 

where 𝑚 is the bin number for the mean squared displacement and 𝑁𝑛 is the number of 

tracks with track segment length 𝑛, and in this study the iteration terminates when the 

change in 𝜒2 becomes smaller than 1% of the previous value [58]. 

 

4.2.3 Conversion of Number-Weighted Distribution of NTA 

 

The size distribution measured by DLS is weighted by the intensity of the scattered 

light, which is dependent on the particle size, whereas that from NTA is weighted by 

the number. In comparing the two quantities, one must be converted to match the 

weighting of the other. 

 

The number-weighted size distribution 𝑓(𝑑) from NTA can be converted into an 

intensity-weighted distribution 𝑓𝐼(𝑑) given by 

𝑓𝐼(𝑑) =
𝑓(𝑑)𝐼(𝑞, 𝑑)

∫ 𝑓(𝑑)𝐼(𝑞, 𝑑)𝑑𝑑
∞

0

(4.15) 

where 𝑞  is the scattering vector and 𝐼(𝑞, 𝑑)  is the form factor of the measured 

particles[66, 67] For vesicles, a thin-shell hollow sphere model is assumed [48, 68, 69], 

so that  

𝐼(𝑞, 𝑑) = (𝜋𝑑2𝑡)2𝑃(𝑞, 𝑑) (4.16) 

where 𝑃(𝑞, 𝑑) is the structural factor for the vesicle approximated by the Rayleigh-

Gans-Debye (RGD) approximation given by 

𝑃(𝑞, 𝑑) = (
sin(𝑞 ⋅ 𝑑 2⁄ )

𝑞 ⋅ 𝑑 2⁄
)

2

(4.17) 
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4.3 Experimental Methods 

 

4.3.1 Materials 

 

Polystyrene latex standards (92 ± 3, 269 ± 7 and 343 ± 9 nm) were purchased from 

Thermo Scientific (Rockford, IL., USA). 1-palmitoyl-2-oleoyl-sn-glycero-3-

phosphocholine (POPC) was purchased from Avanti Polar Lipids Inc., (Alabaster, AL, 

USA). 

 

4.3.2 Preparation of POPC Vesicles 

 

Vesicles composed of POPC (Avanti Polar Lipids Inc., Alabaster, AL) were prepared 

at a lipid concentration of ∼5 mg/mL and then diluted before the experiment. Briefly, 

dried lipid films were hydrated with 10 mM Tris (pH 7.5) buffer solution with 150 mM 

NaCl, and the sample was then vortexed periodically for 5 min. Vesicle samples were 

extruded through polycarbonate membranes with either 50, 100, 200 or 400 nm pores 

sized by a miniextruder (Avanti Polar Lipids). For those samples pretreated with a 

range of freeze-thaw cycles, freeze-thaw treatment was performed before extrusion on 

newly hydrated lipid films by using a previously described methodology based on 

freeze-thaw pretreatment and then extrusion [70]. Specifically, in each treatment cycle, 

the vesicle suspension was frozen in liquid nitrogen for 30 s, before thawing in an 

80 °C water bath for 90 s, and then finally being vortexed to complete each cycle. After 

the freeze-thaw cycles of 3, 5, 7, 9, 11, 13, 15 or 17 repetitions, vesicles were sized by 

an extruder (Avanti Polar Lipids) through 400 nm polycarbonate membrane pores. All 

aqueous solutions and buffers were prepared in Milli-Q water with a minimum 

resistivity of 18.2 MΩ·cm (Millipore, Billerica, MA). 

 

4.3.3 Dynamic Light Scattering 

 

For the DLS measurements, a ZetaPals particle size analyzer (Brookhaven Instruments, 

Holtsville, NY) with a 658.0 nm monochromatic laser was used. For each sample, 
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three independent runs of 1 min were performed. To avoid unnecessary reflection, all 

measurements were taken at a scattering angle of 90°, and the measured intensity 

autocorrelation function was fitted to yield the intensity-weighted size distribution of 

particles in solution. The deconvolution of the autocorrelation function was done using 

the cumulants method, which was applied to calculate the intensity-weighted log-

normal profile of the size distribution expressed by the average effective diameter and 

its polydispersity. 

 

4.3.4 Nanoparticle Tracking Analysis 

 

NTA measurements were made with an LM10HS (Nanosight Limited, Amesbury, UK) 

equipped with a scientific CMOS camera, a 20x objective lens, a blue laser module 

(405 nm, LM12 version C) and NTA software version 3.1. A 1-ml disposable syringe 

was used to inject the samples into the instrument chamber. The video data for NTA 

measurements were collected for 30 seconds, repeated three times for each sample. 

The detection threshold of the NTA software was set to 5 and the maximum jump 

distance and the minimum track segment length were both set to auto. 

 

Detected tracks were then translated into a size distribution using three different 

methods, i.e., direct conversion of the detected particle tracks, maximum likelihood 

estimation with an assumed distribution (the FTLA method) and maximum likelihood 

estimation by iterative correction. For the conversion, valid tracks were acquired from 

the detected tracks by the software, with tracks of a small track segment length 

excluded from the selection. 

 

FTLA assumes a certain shape for the size distribution to maximize likelihood, and a 

log-normal distribution was assumed in this study so that the mean and standard 

deviation parameters could be optimized to produce maximum likelihood [57]. For the 

calculation, 1000-quantiles are generated from a log-normal distribution while varying 

its mean size and standard deviation, which represent an “ideal” set of particles for the 

assumed size distribution [57]. 



Validation of Size Estimation of NTA  Chapter 4 

76 

 

In the iterative method, the size distribution 𝑓(𝑑) is refined by the iteration 

𝑓(𝑗+1)(𝑑𝑖) = 𝑓(𝑗)(𝑑𝑖) ⋅
1

𝑁
∑

𝑃(𝑧𝑘; 𝑛𝑘, 𝑑𝑖)

𝑄(𝑗)
𝑘

(4.18) 

𝑄(𝑗) =∑𝑃(𝑧𝑘; 𝑛𝑘, 𝑑𝑖)𝑓
(𝑗)(𝑑𝑖)

𝑖

(4.19) 

where 𝑓(𝑗)(𝑑𝑖) is a normalized fraction of those particles in the size distribution of the 

𝑗th iteration whose size is between 𝑑𝑖 and 𝑑𝑖+1, and 𝑁 is the number of tracks in the 

given set of tracks. The initial size distribution 𝑓(0)(𝑑) is set to a uniform distribution 

so that 𝑓(0)(𝑑𝑖) = 1 𝑀⁄ , where 𝑀 is the number of bins for the size distribution. The 

iterations are performed until the change in the chi-squared value between the 

histogram of the displacement of the observed tracks and that of the estimated size 

distribution from the iteration is less than 1% of the previous value [58]. 

 

In comparing the results from DLS and NTA, the mean size of NTA from the acquired 

size distribution is compared with the mean hydrodynamic size 𝑅𝑍 of DLS while the 

relative variance (RV, the variance divided by the square of the mean size) of NTA is 

compared with the PI of DLS. 

 

4.4 Results and Discussion 

 

4.4.1 Size Measurements of Polystyrene Latex Nanoparticle Standards 

 

To validate NTA and its size distribution analysis methods, monodisperse polystyrene 

(PS) latex standards were measured by DLS and NTA. The mean size and the 

polydispersity index (PI) of the DLS results were acquired by cumulant analysis of the 

measured auto-correlation function and are shown in Figure 4.3. The mean size 

obtained by DLS is in good agreement with the nominal values, with 91 ± 1, 278 ± 1 

and 352 ± 3 nm acquired for the 92, 269 and 343 nm particle size standards, 

respectively. The PIs of the samples were 0.037 ± 0.029, 0.016 ± 0.009 and 0.035 ± 

0.018, respectively, indicating that the samples were monodisperse. 
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Size information from NTA, shown in Figure 4.3, was extracted from the track data 

with segment length greater than 5, and processed by the direct conversion method. 

The mean sizes of the 92, 269 and 343 nm PS standards were 94 ± 4, 261 ± 3 and 320 

± 3 nm, respectively, close to their respective nominal values. The RVs of the 92, 269 

and 343 nm PS standards were 0.075 ± 0.009, 0.033 ± 0.007 and 0.044 ± 0.001, 

confirming that the size distributions were monodisperse. 

 

 

Figure 4.3 (a) Mean and (b) relative variance of the size distributions of PS latex nanoparticle 

samples measured by DLS and NTA. Mean size is displayed as a value relative to its respective 

nominal sample size. The size information from DLS was acquired using the cumulant method, 

while the results from NTA were acquired by applying three different methods, i.e., direct 

conversion of acquired tracks (DC), FTLA and the iterative method (IC). 
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Figure 4.4 The size distributions of monodisperse PS latex standard samples of a nominal size of 

(a) 92, (b) 269 and (c) 343 nm measured by DLS and NTA. The size distribution from DLS 

assumes a log-normal distribution acquired from the cumulant method, while those from NTA are 

from the three different analysis methods, i.e., direct conversion (DC), FTLA and the iterative 

method (IC). 

 

When the mean size results from DLS and NTA are compared, it is observed that the 

value measured by DLS is larger than its corresponding result from NTA although 

both values are close to the corresponding nominal value. The difference of the results 

from the two techniques gets larger on a larger nominal size of the standard, which 

was observed in past studies [47, 52]. In particular, Boyd et al. [47] attributed the 

difference to the different quantities reported by DLS and NTA, i.e. intensity and 

number, respectively. Although the authors showed that the conversion of number-

weighted distribution into intensity explained the difference, application of such 

conversion cannot be a valid method to be applied to monodisperse samples. 

 

To determine if the RV of the NTA results from the direct conversion could be reduced 

by considering a limited track segment length, the two MLE-based size estimation 
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methods, i.e., FTLA and the iterative method, were applied to the particle tracks 

acquired from the standard samples. The size distributions of the 92 nm standard 

sample acquired by direct conversion, FTLA and the iterative method are shown in 

Figure 4.4 as well as the distributions of the other standard samples. As shown in 

Figure 4.3, mean sizes of 88 ± 4, 250 ± 3 and 294 ± 7 nm acquired by FTLA and 89 ± 

4, 250 ± 4 and 295 ± 6 nm acquired by the iterative method were determined for the 

92, 269 and 343 nm standard samples, respectively. RVs of 0.019 ± 0.003, 0.010 ± 

0.008 and 0.052 ± 0.022 by FTLA and 0.038 ± 0.003, 0.041 ± 0.010 and 0.058 ± 0.002 

by the iterative method were acquired for the 92, 269 and 343 nm standard samples, 

respectively. The RVs of the 256 and 343 nm standards acquired by the FTLA and 

iterative methods are not very different from those derived by direct conversion, 

whereas that of the 92 nm standard is significantly reduced. This suggests that the 

MLE-based methods are effective for size distribution estimation especially when the 

particle size is small, which tends to result in a limitation in acquiring tracks of high 

enough track segment length due to the large diffusion coefficient. For small particle 

samples, the error in size estimation by direct conversion is enlarged as the error is 

inversely proportional to the square root of the track segment length, making the 

observed size distribution broad [57]. For large particle samples, the particles in the 

sample are tracked for long enough that the error in size estimation by direct 

conversion is as small as that of the MLE-based methods. 

 

In the comparison, the mean sizes of the standard samples determined by the FTLA 

and iterative methods match each other well despite their different approaches to 

finding the maximum likelihood. However, the RVs from FTLA are smaller than the 

corresponding values from the iterative method. The assumed size distribution of 

FTLA has the advantage of a smoother size distribution but at the expense of reduced 

likelihood [63], resulting in the smaller RVs of these PS standard sample 

measurements. Given that the samples are monodisperse, assuming a log-normal 

distribution for the size distribution estimation does not decrease the likelihood 

compared with the corresponding result from the iterative method as shown in Table 

4.1. 



Validation of Size Estimation of NTA  Chapter 4 

81 

 

 

Table 4.1 Log-likelihood of the size distributions of PS latex nanoparticles standards estimated 

by FTLA and iterative methods with respect to the log-likelihood of the size distribution 

acquired by the direct conversion of the observed tracks of the PS latex standards. 

Sample Δ log-likelihood Sample Δ log-likelihood Sample Δ log-likelihood 

FTLA Iteration FTLA Iteration FTLA Iteration 

PS92 32.94 35.12 PS269 -4.36 9.78 PS343 -37.66 15.94 

41.99 39.66 4.56 7.31 -1.03 22.75 

15.30 26.76 6.75 4.87 -3.07 9.62 

 

4.4.2 Size Measurement of POPC Vesicles 

 

POPC vesicles prepared in various polydispersity conditions were measured by DLS. 

The results are presented in Figure 4.5. The mean size of the vesicle samples increased 

with increasing pore size of the extrusion filter. For vesicle samples extruded through 

filters with pore sizes of 50 nm (V50), 100 nm (V100), 200 nm (V200) and 400 nm 

(V400), DLS revealed mean sizes of 91 ± 4, 132 ± 3, 213 ± 4 and 458 ± 13 nm, 

respectively, and PIs of 0.089 ± 0.032, 0.064 ± 0.035, 0.077 ± 0.048 and 0.291 ± 0.013, 

respectively. Despite the increase in mean size, the PI does not vary much for pore 

sizes of 50, 100 and 200 nm, indicating that these samples are relatively monodisperse. 

However, it jumps to about 0.3 for the 400 nm pore size, showing that the vesicle 

sample extruded through 400 nm pores is highly polydisperse. 

 

For the vesicles processed by freeze and thaw (FT) treatment before being extruded 

through a 400-nm pore filter, the mean size shows a gradual decrease with increasing 

number of cycles. As shown in Figure 4.5, for 3, 5, 7, 9, 11, 13, 15 and 17 FT cycles 

(FT3 to FT17), the mean sizes were 282 ± 4, 223 ± 2, 185 ± 2, 161 ± 1, 148 ± 1, 131 

± 1, 117 ± 2 and 109 ± 1 nm, respectively. The PI results were 0.273 ± 0.021, 0.224 ± 

0.022, 0.197 ± 0.029, 0.149 ± 0.023, 0.181 ± 0.024, 0.168 ± 0.015, 0.189 ± 0.025 and 

0.197 ± 0.021, respectively, indicating that the polydispersity of the samples reduced 
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upon successive FT cycles but did not decrease enough for the sample to be regarded 

as monodisperse. 

 

The NTA measurements of the same samples were analyzed by using direct conversion, 

which determined mean sizes of 100 ± 2, 119 ± 9, 211 ± 6 and 329 ± 17 nm and RVs 

of 0.149 ± 0.059, 0.151 ± 0.082, 0.097 ± 0.002 and 0.136 ± 0.037 for the vesicle 

samples extruded through pores of 50, 100, 200 and 400 nm, respectively, and mean 

sizes of 243 ± 12, 225 ± 9, 201 ± 7, 184 ± 8, 171 ± 13, 158 ± 15, 135 ± 4 and 137 ± 1 

nm and RVs of 0.171 ± 0.024, 0.288 ± 0.029, 0.223 ± 0.016, 0.206 ± 0.009, 0.273 ± 

0.024, 0.305 ± 0.059, 0.245 ± 0.010 and 0.274 ± 0.019 for the vesicle samples treated 

by 3, 5, 7, 9, 11, 13, 15 and 17 FT cycles, respectively, before being extruded through 

a 400 nm filter, as shown in Figure 4.5 and Table 4.2. 
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Figure 4.5 (a) Mean and relative variance of the size distributions of the POPC vesicle samples 

measured by DLS and NTA and (b) relative mean size from NTA with respect to their 

corresponding mean size from DLS. DLS values are derived from the cumulant method, while 

the NTA results are obtained by applying the three different analysis methods, i.e., direct 

conversion (DC), FTLA and the iterative method (IC). 
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Table 4.2 Mean size and standard deviation of the size distributions of the POPC vesicle samples 

from DLS and NTA. DLS results were analyzed by the cumulant method, and NTA results were 

analyzed by the three different estimation methods, i.e., direct conversion, FTLA and the iterative 

method. 

 
DLS NTA 

   
DC FTLA Iteration 

Sample Z-avg PI Mean SD Mean SD Mean SD 

50 nm 91 ± 4 0.089 ± 0.032 100 ± 2 38 ± 7 87 ± 5 24 ± 5 88 ± 5 27 ± 5 

100 nm 132 ± 3 0.064 ± 0.035 119 ± 9 45 ± 16 106 ± 5 27 ± 10 108 ± 4 34 ± 10 

200 nm 213 ± 4 0.077 ± 0.048 211 ± 6 66 ± 2 193 ± 5 43 ± 2 193 ± 5 49 ± 2 

400 nm 458 ± 13 0.291 ± 0.013 329 ± 17 119 ± 13 275 ± 14 146 ± 8 279 ± 14 128 ± 5 

FT3 282 ± 4 0.273 ± 0.021 243 ± 12 101 ± 12 212 ± 13 81 ± 8 216 ± 11 95 ± 6 

FT5 223 ± 2 0.224 ± 0.022 225 ± 9 121 ± 7 195 ± 6 88 ± 6 196 ± 6 98 ± 6 

FT7 185 ± 2 0.197 ± 0.029 201 ± 7 94 ± 2 173 ± 5 64 ± 1 173 ± 5 73 ± 1 

FT9 161 ± 1 0.149 ± 0.023 184 ± 8 84 ± 6 160 ± 5 54 ± 3 160 ± 5 61 ± 4 

FT11 148 ± 1 0.181 ± 0.024 171 ± 13 90 ± 11 138 ± 8 58 ± 6 138 ± 8 66 ± 7 

FT13 131 ± 2 0.168 ± 0.015 158 ± 15 87 ± 14 131 ± 8 54 ± 9 131 ± 8 65 ± 8 

FT15 117 ± 2 0.189 ± 0.025 135 ± 4 67 ± 3 113 ± 3 40 ± 2 113 ± 4 48 ± 3 

FT17 109 ± 1 0.197 ± 0.021 137 ± 1 72 ± 3 113 ± 1 42 ± 1 112 ± 1 48 ± 2 

 

For the different extrusion filter pore sizes, the mean sizes measured by NTA were 

similar to those from DLS, increasing with increasing filter pore size. However, the 

RVs acquired from NTA indicated that the samples were polydisperse and did not 

significantly vary with filter pore size, unlike the PI values obtained by DLS. 

Especially, the huge difference found from the vesicle sample extruded through 400-

nm pore highlights the importance of comparative validation of one measurement to 

the other. As shown in Figure 4.6(d), the acquired size distribution from NTA indicates 

a broad distribution with multiple sub-populations, which is difficult to recognize 

before the measurement. Even the FTLA method for NTA produced a very different 

size distribution from those acquired with the other NTA analysis methods, since it 

assumes a normal size distribution for the parameter optimization in this analysis. Like 

the FTLA analysis for NTA, analysis methods for DLS also assumes certain 

requirements. Therefore, NTA measurements on polydisperse samples can be useful 

to validate the application of DLS analysis methods with certain assumptions. 
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For the various numbers of FT cycles, the trend of mean size measured by NTA also 

matched that obtained by DLS, decreasing gradually as the number of cycles increased. 

However, the RVs of the samples from NTA show a gradual increase as the number 

of FT cycles increases, which is opposite to the trend of the PI measured by DLS, 

probably because the FT treatment led to homogenization of the vesicle samples [70]. 

Remarkably, for some of the samples the mean size acquired from NTA was larger 

than its corresponding mean size from DLS, in contrast to the belief that the mean size 

of an intensity-weighted distribution is larger than that of its corresponding number-

weighted distribution [45, 48]. As the polydispersity of the samples is very large, it is 

more unlikely that a larger mean size will be obtained from NTA. 

As direct conversion is not appropriate in determining standard deviation in the 

measurements of the PS latex standards, the two MLE-based methods were applied for 

comparison. The results are presented in Figure 4.5. Using the FTLA method, NTA 

obtained mean sizes of 87 ± 5, 106 ± 5, 193 ± 5 and 275 ± 14 nm and RVs of 0.083 ± 

0.049, 0.068 ± 0.045, 0.051 ± 0.001 and 0.283 ± 0.033 for the filter pore sizes of 50, 

100, 200 and 400 nm, respectively, and mean sizes of 212 ± 13, 195 ± 6, 173 ± 5, 160 

± 5, 138 ± 8, 131 ± 8, 113 ± 3 and 113 ± 1 nm and RVs of 0.147 ± 0.018, 0.203 ± 

0.013, 0.135 ± 0.007, 0.112 ± 0.006, 0.178 ± 0.021, 0.170 ± 0.040, 0.128 ± 0.005 and 

0.137 ± 0.006 for 3, 5, 7, 9, 11, 13, 15 and 17 FT cycles, respectively. The iterative 

method determined mean sizes of 88 ± 5, 108 ± 4, 193 ± 5 and 279 ± 14 nm and RVs 

of 0.103 ± 0.055, 0.105 ± 0.050, 0.064 ± 0.002 and 0.212 ± 0.031 for the filter pore 

size of 50, 100, 200 and 400 nm, respectively, and mean sizes of 216 ± 11, 196 ± 6, 

173 ± 5, 160 ± 5, 138 ± 8, 131 ± 8, 113 ± 4 and 112 ± 1 nm and RVs of 0.193 ± 0.012, 

0.249 ± 0.019, 0.176 ± 0.010, 0.145 ± 0.009, 0.228 ± 0.024, 0.243 ± 0.043, 0.178 ± 

0.011 and 0.180 ± 0.011 for 3, 5, 7, 9, 11, 13, 15 and 17 FT cycles, respectively. The 

size distribution profiles of the vesicle samples analyzed by the different methods for 

NTA measurements are presented in Figure 4.6. 

 

Regardless of the condition of the vesicle samples, the mean sizes of the standard 

sample measurements estimated by the two MLE-based methods match very well 

despite the different approaches of the two methods. However, the RVs from the two 
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methods are different, with the RVs from the FTLA method being smaller than those 

from the iterative method except for the 400-nm filter pore size condition. Although 

FTLA finds a smaller RV than the iterative method, as noted above, it is at the cost of 

allowing a smaller likelihood value by assuming a certain shape for the size 

distribution, i.e., a log-normal distribution, for parameter optimization [63]. In fact, the 

likelihood value of the size distribution acquired through FTLA is smaller than that 

from the iterative method except in one case. Moreover, some of the likelihood values 

are even smaller than their corresponding values from the direct conversion, i.e., 

without any statistical processing. This implies that FTLA is inappropriate for the 

estimation of size distributions of NTA measurements on polydisperse samples 

without a proper assumption of the sample size distribution and that the iterative 

method is preferable to FTLA for such samples [54]. 
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Figure 4.6 Comparison of the size distributions of the POPC vesicle samples analyzed by the 

different size distribution estimation methods for NTA measurements. The direct conversion 

(black), FTLA (green) and the iterative (blue) methods were applied for the size distribution 

estimations. The vesicle samples were prepared by extrusion through (a) 50-nm, (b) 100-nm, (c) 

200-nm and (d) 400-nm pore filter or by freeze-thaw treatment (e-l) of 3 to 17 cycles before 

extrusion through a 400-nm pore filter. The bin width of the size distributions is in 2 nm. 
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Figure 4.7 Size distribution of the POPC vesicle samples prepared in various polydispersity 

conditions measured by DLS and NTA. DLS results (solid red line) are from the cumulant 

method while NTA results (solid blue line) are acquired by applying the iterative method. For 

comparison, the size distribution of NTA is reconstructed into an intensity-weighted distribution 

(dotted black line) by introducing the thin-shell sphere model for the conversion. The vesicle 

samples were prepared by extrusion through (a) 50-nm, (b) 100-nm, (c) 200-nm and (d) 400-nm 

pore filters or by freeze-thaw treatment of (e-l) 3 to 17 cycles before extrusion through a 400-nm 

pore filter. 
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By applying the iterative method as the preferred method for the size distribution 

estimation of NTA measurements, the size distributions of the vesicle samples 

acquired by DLS and NTA are compared in Figure 4.7. A comparison of the 

distribution profiles shows that the size distribution of the vesicle samples is 

monomodal for most of the samples except V400 and the distribution from NTA is 

shifted toward smaller sizes than its corresponding distribution from DLS. This shift 

can be attributed to the different physical quantity that the two measurement 

techniques acquire, i.e., the intensity of scattered light and number of particles for DLS 

and NTA, respectively, indicating a larger shift for higher polydispersity [45, 48]. 

However, the shift (i.e., the difference in the mean sizes measured by DLS and NTA), 

is very small compared with the acquired PI and RV of the samples even after applying 

the iterative method for better size estimation of NTA. 

 

Filipe et al. [52] proposed that the small shift can be explained by the lower detection 

limit of DLS, which detects small particles below 30 nm, which also explains the 

relatively high PI value measured by DLS. It expects a smaller RV for a size 

distribution acquired by NTA than the corresponding PI by DLS since NTA would 

neglect the small size range from the true size distribution and produce a narrower 

distribution. However, the results of FT11 and FT13 show that their respective RV 

from NTA is larger than their corresponding PI from DLS while the mean size of each 

sample measured by NTA and DLS is similar, which is contradictory to the expectation. 

 

Theoretically, the small difference in the mean sizes measured by DLS and NTA can 

be due to the complex nature of the light scattering intensity in relation to the scattering 

form factor of the sample [48]. Therefore, the number-weighted size distribution 

acquired by NTA was reconstructed into an intensity-weighted distribution (as shown 

in Figure 4.7) by assuming an isotropic thin-shell hollow sphere model for the vesicle 

samples and introducing the RGD approximation to construct the form factor [48, 55, 

71] The reconstruction revealed mean sizes of 102 ± 1, 118 ± 9, 191 ± 4 and 279 ± 46 

nm and RVs of 0.065, 0.056, 0.033 and 0.271 for V50, V100, V200 and V400, 

respectively, and mean sizes of 209 ± 17, 201 ± 7, 173 ± 4, 165 ± 3, 147 ± 6, 148 ± 5, 
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131 ± 2 and 130 ± 3 nm and RVs of 0.116 ± 0.045, 0.169 ± 0.021, 0.090 ± 0.020, 0.076 

± 0.002, 0.113 ± 0.019, 0.128 ± 0.002, 0.110 ± 0.003 and 0.102 ± 0.013 for the vesicle 

samples treated with 3 to 17 FT cycles, respectively. 

 

 

Figure 4.8 (a) Mean size and (b) relative variance of the POPC vesicle samples measured by 

NTA compared with DLS (open red square). NTA results were analyzed by the iterative method 

(solid black triangle) and reconstructed into an intensity-weighted distribution (open black 

triangle) using the thin-shell sphere model for the conversion. 

Figure 4.8 compares the mean sizes and RVs of the original number-weighted and the 

converted intensity-weighted distributions from NTA with those from DLS. The mean 

sizes measured by NTA and those acquired from its reconstructed intensity-weighted 

size distribution are very close to each other. However, the RVs from the reconstructed 

NTA size distributions are significantly low for some samples, but it is questionable if 

those samples can be considered monodisperse based only on the reconstructed values. 

This result indicates that converting the NTA size distribution to an intensity-weighted 

distribution does not effectively mitigate the difference in the mean sizes observed by 
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DLS and NTA and that it is better to compare the measurements by DLS and NTA 

when the size distributions are expressed in their original weightings. 

 

4.5 Conclusion 

 

This chapter introduces and compares two particle size measurement techniques, DLS 

and NTA, for the size characterization of polydisperse macromolecular assemblies. 

While both techniques acquire size information by detecting the diffusion coefficient 

of the measured particles, they differ in the quantity of the size distribution they 

provide, i.e. number from NTA and intensity from DLS. Three size distribution 

estimation methods for NTA were tested to compare their performance using 

monomodal PS latex standards. The two MLE-based methods, i.e., the FTLA and 

iterative methods, produced results comparable to each other and in line with those 

from DLS while the direct conversion resulted in a larger variance, especially for small 

particles, due to the limitation of obtaining sufficiently long particle tracks. This result 

indicates that an MLE-based approach should be applied for the accurate measurement 

of small sized particles with NTA. 

 

The two MLE-based size distribution estimation methods for NTA were further tested 

on measurements of polydisperse vesicle samples prepared in various polydispersities, 

which obtained the same mean sizes despite their different strategies to finding the 

optimal size distribution from the given track data. However, the calculated likelihood 

of the acquired size distributions obtained by the two methods indicated that FTLA 

sacrificed likelihood at the expense of a smoother size distribution, further suggesting 

that the iterative method is preferable for polydisperse samples. 

 

The results for the vesicle samples obtained by NTA using the iterative method were 

then compared with those from DLS. The mean sizes were comparable except for those 

samples with a very high polydispersity index, i.e., V400 and FT3. However, the mean 

sizes of some samples, e.g., FT9 to FT17, measured by NTA were larger than or very 

close to those from DLS, which seems contradictory to the fact that the mean size from 
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an intensity-weighted size distribution is larger than that from its corresponding 

number-weighted size distribution. Although the low size detection limit of NTA was 

pointed out as a source of the contradiction by reducing the variance measured by NTA, 

it does not fully explain why the mean sizes of V50 were less different between DLS 

and NTA compared with V100 and V200 despite its higher PI value. 

 

Additionally, the number-weighted size distribution of the vesicle samples from NTA 

was converted into an intensity-weighted distribution by assuming the thin-shell 

hollow sphere model with the RGD approximation to verify the influence of the 

different quantities that DLS and NTA produce. While the mean size given by NTA 

after conversion was very close to the value before conversion, the RV after the 

conversion was much reduced compared to that from DLS and NTA. Considering the 

nature of the vesicle samples, it is questionable whether the small relative variance 

after reconstruction is reliable. Therefore, the conversion of a number-weighted size 

distribution of NTA into an intensity-weighted one does not seem to effectively 

explain the difference in the mean sizes measured by DLS and NTA, and the size 

information from DLS and NTA is better compared in their original weightings. 
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Chapter 5* 

 

Improved Size Determination by Nanoparticle Tracking 

Analysis: Influence of Recognition Radius 

 

Nanoparticle Tracking Analysis is a size measurement technique that 

determines the size distribution of particles in suspension by tracking 

individual particles undergoing Brownian motion. A key element in the 

measurement analysis is the recognition radius, which distinguishes the 

individual, tracked particles from one another. However, by defining a 

finite radius, the displacement of tracked particles is effectively 

restricted, translating into an overestimation of particle size. A modified 

probability model that describes the restricted displacement of a tracked 

particle is introduced to achieve more accurate size distribution 

determination. Through virtual NTA measurement by computer 

simulations and real NTA experiments, the analytical performance of the 

modified displacement probability was tested in comparison to the 

conventional probability. Whereas the conventional displacement 

probability results in an overestimation of the particle size, the modified 

displacement probability mitigates the effect of the overestimation and 

provides more accurate mean size within an error of less than 6% the 

nominal size. 

________________ 

* This chapter is accepted as A. Kim, W. Bernt, and N.J. Cho. Improved Size Determination by 

Nanoparticle Tracking Analysis: Influence of Recognition Radius. Analytical Chemistry 91, 9508-

9515 (2019). DOI: 10.1021/acs.analchem.9b00454. 
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5.1 Introduction 

 

Dynamic light scattering (DLS) is a widely used technique to measure the size of suspended 

macromolecules and nanoparticles in liquid suspension [1-6]. Unlike other measurement 

techniques that often require sample preparation for sizing, DLS is a widely used technique 

for particle sizing because it has a label-free readout and measurements can be completed 

in a short amount of time [7-9]. However, DLS is also well known for its size-dependent 

sensitivity in determining particle size [8, 10-14]. By illuminating a sample in liquid with 

a laser beam and detecting the scattered light, DLS determines the size, or the 

hydrodynamic diameter, of the particles in the sample using its diffusion coefficient 

acquired from the autocorrelation of the scattered light [7, 8, 15]. Since the intensity of 

light scattered by a particle is approximately proportional to the square of the volume of 

the particle, the results of DLS often overestimate the size of polydisperse samples like 

macromolecules if the size distribution is wide [7, 8, 10]. 

 

Nanoparticle tracking analysis (NTA) is a recently developed technique that determines 

the particle size by measuring the diffusion coefficient of the particles in the sample as in 

DLS [16, 17]. While DLS detects the intensity of the scattered light to acquire the diffusion 

coefficient, NTA takes a series of two-dimensional images of the suspended particles in 

the liquid over time and measures the displacement of each particle from the images to 

convert into the diffusion coefficient [16, 18]. By tracking individual particles, NTA 

determines their respective diffusion coefficient and overcomes the size-dependent 

sensitivity that DLS has [18-20]. Since both DLS and NTA acquire the particle size using 

the diffusion coefficient by the Stokes-Einstein equation, the NTA is a complementary size 

measurement technique to DLS [21-24]. 

 

As the NTA technique is a relatively new technique, it is important to verify its operating 

performance to characterize nanoparticulate samples. Initial NTA studies focused on its 

validation in comparison to other measurement techniques, including DLS [18, 19, 21, 25]. 

Filipe et al. [18] used mono- and multi-modal nanoparticles to compare the accuracy and 

size resolution of NTA with those of DLS. They observed that NTA provided as consistent 
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results as DLS on monomodal nanoparticle samples and had a better size resolution than 

DLS on multi-modal nanoparticle samples, especially when there were a small number of 

very large particles in the samples. 

 

Other studies investigated the accuracy of NTA regarding the track length or the number 

of frames over which a particle is tracked [19, 21, 25, 26]. As the uncertainty of the 

determined particle size by NTA is inversely proportional to the square root of the track 

length [19, 21, 27-29], they suggested a minimum track length to improve the deviation of 

the determined size distribution by NTA. Though screening tracks by the minimum track 

length improves the accuracy of the size determination by NTA, it is not always achievable 

to acquire tracks of sufficient length, especially when the particle concentration of a sample 

is high [25, 28, 29]. Recognizing that the track length acquired by NTA is finite, a few 

studies suggested improved size distribution determination methods based on the 

maximum likelihood estimation (MLE) principle [28, 29]. The methods try to find a size 

distribution that maximizes the likelihood of the acquired tracks by either an iterative 

approach [28] or a parameter optimization [29] assuming a certain size distribution form 

with adjustable parameters. 

 

In the aforementioned studies, the authors assumed that the two-dimensional displacement 

of the tracked particles by NTA could be described by a Rayleigh distribution, the 

conventional distribution for Brownian motion in two dimensions. While the displacement 

described by the Rayleigh distribution allows unbounded displacements of a particle, 

meaning that the displacement of a particle can be infinite, the displacement of a tracked 

particle observed by NTA is bounded by the recognition radius, or the Max Jump Distance 

in the NTA software (version 3.0 and later) for Malvern Panalytical’s NanoSight 

instruments, which determines the maximum displacement of a particle to be recognized 

as the same particle and rejects a longer displacement than the radius [25, 27]. This 

indicates that the measured displacement of particles by NTA is effectively reduced from 

its ideal displacement distribution, meaning that the measured size by NTA can be different 

from its true value due to the finite recognition radius [25, 30]. Van der Meeren et al. [25] 

investigated the effect of the recognition radius on NTA measurements using latex 
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nanoparticle samples and observed an overestimation of the measured size when using a 

small recognition radius. From this observation, they suggested that a recognition radius 

more than three times the diffusion length would be required for an accurate size 

determination since 99% of the observed displacements of the particles are within that 

range [25, 31]. However, they also found that such a requirement for a recognition radius 

is not always achievable since the inter-particle distance at higher particle concentration 

could effectively restrict the recognition radius. When the inter-particle distance is not 

sufficiently long with respect to the diffusion length of the particles, it could result in 

erroneous tracks where a neighboring particle is recognized as the tracked particle other 

than the tracked particle itself [25]. This necessitates the investigation on the influence of 

the recognition radius in determining the particle size in NTA measurements, especially 

when the recognition range is restricted and how to correct its effect to acquire more 

accurate results from NTA measurements. 

 

Herein, a modified displacement probability is introduced so that it reflects the finite 

recognition radius for improved size distribution determination by NTA measurements. 

The modified probability was tested to mitigate the effect of the finite recognition radius 

in estimating the size distribution. The method is based on the iterative MLE approach 

suggested by Walker [28] and incorporates the modified probability into the likelihood 

calculation. To verify its feasibility, a series of computer simulations was made that 

generated particle tracks from virtual NTA measurements. With those tracks acquired from 

the simulation, the iterative MLE method was applied to determine a particle size 

distribution. Using the conventional and the modified displacement probabilities for the 

likelihood calculation of the iterative MLE method, the results from the two probabilities 

were compared. The comparison showed that the conventional probability overestimates 

the mean size of the size distribution if the recognition radius is short, in line with the 

theoretical calculation, whereas the mean size acquired with the modified probability is 

unaffected by the recognition radius and close to the nominal value. The results also 

showed that the conventional probability provides a very narrow size distribution on a 

small recognition radius even when the true size distribution is somewhat broad, while the 

modified probability overestimate the variance of the size distribution on the same small 
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recognition radius. From another simulation set with a bi-modal particle size distribution, 

it was also investigated if the two probabilities could resolve the two separated peaks from 

the determined size distribution and found that the modified probability works properly on 

a wider range of the recognition radius in resolving the two peaks than the conventional 

probability. In addition, the influence of the particle concentration was tested, showing that 

the variance of the determined size distribution increases and deviates from the nominal 

value as concentration increases. This deviation of the acquired relative variance appeared 

due to false tracks which tracked two different particles as the same particle over two 

successive images. The findings from the simulation were also confirmed by real NTA 

measurements. 

 

5.2 Theory 

 

NTA measures the size of nanoparticles in suspension by measuring the diffusion 

coefficient of individual particles and determines particle size based on the Stokes-Einstein 

equation [16, 18, 21]: 

𝐷 =
𝑘𝐵𝑇

3𝜋𝜂𝑑
(5.1) 

where 𝐷 is the diffusion coefficient of a particle, 𝑘𝐵 is the Boltzmann constant, 𝑇 is the 

temperature, 𝜂 is the viscosity of the medium and 𝑑 is the hydrodynamic diameter of the 

particle. In NTA measurements, sequential images of the light scattered by suspended 

particles are recorded at fixed time intervals, providing the basis to determine the 

trajectories of individual particles which are known as tracks [16, 32]. The tracks, or the 

average squared displacement 〈𝑧〉 of the tracks, are then related to the diffusion coefficient 

as expressed in Eq. 3.6. 

 

When a particle is tracked, the two-dimensional position of the particle in an image frame 

is compared with that of the particles in the following frame. A particle in the following 

frame is assumed to be the same particle as in the previous frame if the distance between 

the two particles across the two successive frames is within an arbitrarily chosen distance, 

which is defined as the recognition radius [18, 25, 31]. This recognition process continues 
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for the subsequent image frames and forms a track of the particle until either no particle or 

two or more particles are found within the recognition radius in the following frame. The 

different recognition scenarios are outlined in Figure 5.1.  

 

 

Figure 5.1 Illustrative description of the NTA tracking process. The particle locations at 𝑡0 + Δ𝑡 

are evaluated with respect to the particle locations at 𝑡0  to identify particles’ trajectory and 

construct a track. Scenario 1: Only one particle at 𝑡0 + Δ𝑡 is found within the recognition radius 

from a particle at 𝑡0, which identifies the two particles as the same particle, and the tracking process 

continues to 𝑡0 + Δ𝑡. Scenario 2: No particle at 𝑡0 + Δ𝑡 is found within the recognition radius, 

which terminates the tracking process at 𝑡0. Scenario 3: More than two particles at 𝑡0 + Δ𝑡 are 

found within the recognition range, which interferes and terminates the tracking process at 𝑡0. 
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Mathematically, the displacement of each segment that comprises a track is described by 

the Brownian motion of the tracked particle, whose displacement probability 𝑝(𝑟)  is 

described by the Rayleigh distribution [25, 28, 29]: 

𝑝(𝑟) =
𝑟

2𝐷Δ𝑡
𝑒−

𝑟2

4𝐷Δ𝑡 (5.2) 

where 𝑟 is the two-dimensional displacement of a segment of the tracked particle. Since an 

estimation of the diffusion coefficient of a particle with a single segment of the particle 

displacement is prone to a stochastic error, a track consisting of a series of displacement 

segments is used for a more accurate estimation of the diffusion coefficient of a particle by 

taking the average squared displacement [19, 21, 27-29]. 

 

For a track consisting of 𝐾 segments with its 𝑘th segment’s displacement 𝑟𝑘 (or its squared 

displacement 𝑧𝑘 = 𝑟𝑘
2 ), the conventional distribution probability 𝑃𝐾(𝑧)  of the average 

squared displacement 𝑧 is known to follow a gamma distribution [28, 31]: 

𝑃𝐾(𝑧) =
(𝐾 𝑢2⁄ )𝐾

(𝐾 − 1)!
𝑧𝐾−1𝑒−𝐾𝑧 𝑢2⁄ (5.3) 

where 𝑧 =
1

𝐾
∑ 𝑧𝑘𝑘  and 𝑢 = √4𝐷Δ𝑡, or the diffusion length of the particle on the given time 

interval 𝛥𝑡. 

 

For the displacement distribution of a track consisting of 𝐾 segments, it is expected that 

the mean 〈𝑧〉 would be 𝑢2 according to the following integration [28]: 

〈𝑧〉 = ∫ 𝑑𝑧 𝑧𝑃𝐾(𝑧)
∞

0

= 𝑢2 (5.4) 

by which the measured average squared displacement is related to the diffusion length 𝑢, 

and hence to the diffusion coefficient by the following formula [16, 18, 28, 29]: 

𝑑 =
4𝑘𝐵𝑇Δ𝑡

3𝜋𝜂𝑧
(5.5) 

 

It deserves the attention to the integration in Eq. 5.4 assumes that the displacement of the 

tracked particle is unbounded, although this assumption is invalid due to the recognition 

radius that is incorporated into the NTA tracking algorithm. Any displacement that goes 
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beyond the recognition radius terminates the tracking process, resulting in an exclusion of 

a probable long displacement from the displacement measurement [18, 25, 31]. As such, 

this exclusion would lead to an underestimated average squared displacement value that is 

affected by the recognition radius 𝐿 as follows: 

〈𝑧〉Obs ≅ ∫ 𝑑𝑧 𝑧𝑃𝐾(𝑧)
𝐿2

0

< ∫ 𝑑𝑧 𝑧𝑃𝐾(𝑧)
∞

0

= 𝑢2 (5.6) 

where 〈𝑧〉Obs is the average squared displacement of a track taking into account the as-

defined recognition radius. It can be assumed 〈𝑧〉Obs is the same as the unbounded average 

squared displacement 〈𝑧〉  if the recognition radius is sufficiently long such that the 

probability of the displacement beyond the range can be neglected. However, such a long 

recognition radius is not always viable as it may increase the chance that neighboring 

particles interfere with the tracking process of the tracked particle, resulting in an early 

termination of a track which introduces larger uncertainty in determining particle size [25, 

30, 31]. Therefore, the influence of a finite recognition radius on 〈𝑧〉Obs  needs to be 

reflected in determining the diffusion length 𝑢 , requiring a modified displacement 

probability 𝑅𝐾(𝑧) that considers the recognition radius. 

 

For 𝐾 = 1 , the modified displacement probability 𝑅1(𝑧)  is given by a conditional 

probability under the condition that the displacement is within the recognition radius: 

𝑅1(𝑧) =
𝑃1(𝑧)

∫ 𝑑𝑧 𝑃1(𝑧)
𝐿2

0

=
1

𝛼𝑢2
𝑒−𝑧 𝑢2⁄   (0 ≤ 𝑧 ≤ 𝐿2) (5.7) 

where 𝛼 = 1 − 𝑒−𝐿
2 𝑢2⁄ . Since the probability 𝑅𝐾(𝑧) at the range of 𝑧 greater than 𝐿2 or 

less than 0 is negligible, the range of 𝑧 between 0 and 𝐿2 was described here. The modified 

displacement probability of a track with a segment length 𝐾 (𝐾 ≥ 2) can be acquired in 

recursive form, whose general form is described as follows: 

𝑅𝐾,𝑖(𝑧) =
(𝐿2)𝐾−1

(𝐾 − 1)!

1

𝛼𝐾(𝑢2)𝐾
𝐾𝑒−𝐾𝑧 𝑢2⁄ 𝐹𝐾,𝑖(𝑧) (5.8) 

𝐹𝐾,𝑖(𝑧) = ∑

{
 
 

 
 𝑓𝐾,𝑖,𝑗 ⋅ (

𝐾

𝐿2
𝑧 − (𝑖 − 1))

𝐾−1−2𝑗

+(−1)𝐾 ⋅ 𝑓𝐾,𝑖−1,𝑗 ⋅ (𝑖 −
𝐾

𝐿2
𝑧)

𝐾−1−2𝑗

}
 
 

 
 [𝐾 2⁄ ]−1

𝑗=0

+ ℎ𝐾,𝑖 (5.9) 
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where 𝑅𝐾,𝑖(𝑧) denotes 𝑅𝐾(𝑧) for 
𝑖−1

𝐾
𝐿2 ≤ 𝑧 <

𝑖

𝐾
𝐿2, where 𝑖 is a positive integer from 1 to 

𝐾, and [𝐾 2⁄ ] is the largest integer that is equal to or less than 
𝐾

2
. The coefficients, 𝑓’s and 

ℎ’s, are given in a recursive manner. For an odd integer of 𝐾 greater than 1, 

𝑓𝐾,0,𝑗 = 0 for 𝑗 = 0, 1, … ,
𝐾 − 3

2

𝑓𝐾,𝐾,𝑗 = 0 for 𝑗 = 0, 1, … ,
𝐾 − 3

2

𝑓𝐾,𝑖,𝑗 =
𝑓𝐾−1,𝑖,𝑗 − 𝑓𝐾−1,𝑖−1,𝑗

𝐾 − 1 − 2𝑗
⋅ (𝐾 − 1)

for 𝑖 = 1, 2, … , 𝐾 − 1

               and 𝑗 = 0, 1, … ,
𝐾 − 3

2

 

ℎ𝐾,𝑖 = ∑
2 𝑓𝐾−1,𝑖−1,𝑗

𝐾 − 1 − 2𝑗
⋅ (𝐾 − 1)

𝐾−3
2

𝑗=0

ℎ𝐾,𝐾 = 0

(5.10a)

(5.10b)

(5.10c)

(5.10d)

(5.10e)

 

 

For an even integer of 𝐾, 

𝑓𝐾,0,𝑗 = 0 for 𝑗 = 0, 1, … ,
𝐾

2
− 1

𝑓𝐾,𝐾,𝑗 = 0 for 𝑗 = 0, 1, … ,
𝐾

2
− 1

𝑓𝐾,𝑖,𝑗 = (𝐾 − 1)

        ×

{
 

 
𝑓𝐾−1,𝑖,𝑗 − 𝑓𝐾−1,𝑖−1,𝑗

𝐾 − 1 − 2𝑗
, 𝑗 = 0, 1, … ,

𝐾

2
− 2

ℎ𝐾−1,𝑖, 𝑗 =
𝐾

2
− 1 

for 𝑖 = 1, 2, … , 𝐾 − 1

ℎ𝐾,𝑖 = 0

ℎ𝐾,𝐾 = 0

(5.11a)

(5.11b)

(5.11c)

(5.11d)

(5.11e)

 

 

The initial conditions at 𝐾 = 1 are given as 

𝐹1,1(𝑧) = ℎ1,1
𝑓1,1,0 = 1

𝑓1,0,0 = 0

ℎ1,1 = 1

(5.12a) 
(5.12b)
(5.12c)
(5.12d)
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From the modified probability 𝑅𝐾(𝑧) , the reduced mean of the average squared 

displacement due to the finite recognition radius can be calculated as well as the 

overestimation ratio of the particle size: 

〈𝑧〉Obs = ∫ 𝑑𝑧 𝑧𝑅𝐾(𝑧)
𝐿2

0

= 𝑢2 − 𝐿2 (
1

𝛼
− 1) (5.13) 

𝑑Obs
𝑑

=
〈𝑧〉

〈𝑧〉Obs

=
1

1 − 𝐿2 𝑢2⁄ (
1
𝛼 − 1)

= 1 +
𝐿2 𝑢2⁄ 𝑒−𝐿

2 𝑢2⁄

1 − 𝑒−𝐿
2 𝑢2⁄ (1 + 𝐿2 𝑢2⁄ )

(5.14) 

 

The relation shows that the overestimation ratio of the particle size is more pronounced if 

the recognition radius 𝐿 is small with respect to the diffusion length u of the tracked particle. 

 

5.3 Materials and Methods 

 

5.3.1 Materials 

 

Two aliquots of concentrated (~10 wt%) polystyrene latex microspheres (51.6 ± 3 nm and 

181.6 ± 9 nm) in liquid suspension were obtained from Colloidal Metrics Corporation 

(Mountain View, CA). These microspheres were diluted into 0.1-µm-filtered 10 mM KCl 

(potassium chloride) until the NanoSight provided a concentration of 1×109 particles/ml 

for each sample. These suspensions were then further diluted 1:10 into 0.1-µm-filtered 10 

mM KCl to give a measured concentration of 1×108 particles/ml. 

 

5.3.2 NTA Simulation 

 

To test the conventional and modified displacement probabilities for the size distribution, 

Brownian motion of particles were simulated and tracked according to the NTA detection 

principle. For the particle placements and movements, a three-dimensional space was 

created with its width and height corresponding to the field-of-view of the CMOS camera, 

i.e., 640 and 480 pixels, respectively, with the pixel size set to 179 nm, and the depth to the 

focal depth of the objective lens, i.e. 7.16 µm [30, 32]. To allow fluctuations in the number 

of particles detected within the field-of-view over time, an additional space that extends in 
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each of the three dimensions was given. The extension in each direction was six times the 

diffusion length of the mean particle size of the simulations or at least 2 µm, and the 

boundary of the space was made periodic in each direction [33]. 

 

The number of generated particles was determined by the volume of the created space and 

the nominal particle concentration. For instance, the average number of particles observed 

in a frame is about 70 when the concentration is set to 1×109 particles/ml. The initial 

position of the generated particles was given randomly in the three-dimensional space, and 

the movement of each particle in each direction at the subsequent frames was randomly 

generated to follow a normal distribution with a standard deviation of √2𝐷𝑖𝛥𝑡,[34] where 

𝐷𝑖 is the diffusion coefficient of the 𝑖th particle and 𝛥𝑡 is the time interval between the 

frames set as 30.74 milliseconds. The time duration of each simulation was 60 seconds, 

corresponding to 1952 frames including the initial frame. The simulation did not consider 

either the effect of measurement errors in determining the position of the particles or the 

drift in the solution [28]. 

 

For the recognition of tracks, the position of a particle generated by the simulation in one 

frame is evaluated with the position of the particles in the following frame. If the distance 

to the nearest particle in the following frame is less than an arbitrarily chosen recognition 

radius, the particle in the following frame is considered as the same particle in the previous 

frame and becomes a segment of the constructed track [31]. If either the distance to the 

nearest particle is larger than the recognition radius or the distance to the second nearest 

particle is less than the recognition radius, the particle in the previous frame is regarded as 

not present in the following frame, resulting in a termination of the track. Since this process 

evaluates only the distance for the track recognition, two different particles can be 

recognized as the same particle to produce an abnormal track [25]. 

 

5.3.3 Experimental Setup 

 

The instrument used for the analysis was the Malvern NanoSight LM10 (Amesbury, UK) 

equipped with a 20× objective, a 405 nm 50 mW laser and a Scientific CMOS detector and 
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software version NTA 2.3 Beta 7.  A syringe pump was utilized to flow the samples through 

the laser viewing module at a rate of 5 ± 2 µm/s. The video data for the NTA measurements 

were collected for 60 seconds, which was repeated three times for each sample. Acquired 

video data was processed by the NTA software version 3.1.46 to acquire tracks. During the 

process, the detection threshold was set to an optimal value depending on the nominal 

particle size and the concentration, while the value was used for the three runs of each 

sample condition. The recognition radius, or the max jump distance in the NTA software, 

varied from 6 to 30 pixels, corresponding to a range of 1.1 to 5.4 µm. The recognized tracks 

produced by the NTA software were used for the determination of the particle size 

distribution. 

 

5.3.4 Method for Size Distribution Determination 

 

NTA determines the size of tracked particles from their diffusion coefficient acquired from 

the average squared displacements of the tracks. A simple method to obtain the particle 

size distribution from the acquired tracks is to form a histogram of the particle sizes by 

directly converting the average squared displacements of the tracks using Eq. 5.4 [16, 18, 

28, 29, 31]. However, the determined particle size by the direct conversion has an inherent 

stochastic uncertainty due to the nature of Brownian motion, which necessitates particles 

to be tracked over many frames to reduce the uncertainty which depends on the track length 

[21, 28, 29]. Since the availability of tracks with a long track length depends on the 

measurement conditions, an accurate size determination by the direct conversion is not 

always achievable even for very monodisperse samples [28, 29, 31, 35]. 

 

Other approaches based on the maximum likelihood estimation (MLE) principle have been 

suggested that find a size distribution that maximizes the likelihood of the obtained tracks 

[28, 29]. Among them, an iteration-based MLE method is chosen for this study that 

increases the likelihood at each iteration since it does not require prior knowledge about 

the particle size distribution for the iteration [28, 31, 35]. For a given displacement 

probability 𝑃(𝑧𝑚|𝑛𝑚, 𝑑𝑏), where 𝑧𝑚 and 𝑛𝑚 are the average squared displacement and the 

track length of the 𝑚th track, respectively, and 𝑑𝑏 is the particle size corresponding to the 
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𝑏th bin number of the size distribution 𝑓(𝑑), the size distribution after the 𝑟th iteration 

𝑓(𝑟)(𝑑) is given by following relation [28, 31]: 

𝑓(𝑟+1)(𝑑𝑏) = 𝑓(𝑟)(𝑑𝑏) ⋅
1

𝑀
∑

𝑃(𝑧𝑚|𝑛𝑚, 𝑑𝑏)

∑ 𝑃(𝑧𝑚|𝑛𝑚, 𝑑𝑏)𝑓(𝑑𝑏)
𝐵
𝑏=1 ∑ 𝑓(𝑑𝑏)

𝐵
𝑏=1⁄  

𝑀

𝑚=1

(5.15) 

where 𝑀 is the number of observed tracks. 

 

In this study, both the conventional displacement probability 𝑃𝐾(𝑧)  and the modified 

displacement probability 𝑅𝐾(𝑧)  were used and compared for the size distribution 

determination. A uniform size distribution was used for the initial size distribution 𝑓(0)(𝑑) 

for both probabilities [28, 36]. Regarding the termination criteria of the iteration, the chi-

square statistic of the error between a histogram of the mean squared displacement and that 

calculated from the 𝑟th iteration solution was used, where the change in 𝜒2 becomes less 

than 1% of the value at the previous iteration [28, 31]. 

 

5.4 Results and Discussion 

 

5.4.1 Simulated NTA Measurements 

 

To evaluate the conventional and the modified displacement probabilities for the size 

distribution estimation, a simulated NTA measurement was generated with a model particle 

set with a uniform size of 100 nm and a concentration of 1×109 particles/ml. The result was 

then analyzed to acquire particle tracks at a recognition radius of 1, 1.5, 2 and 5 µm. 

 

Figure 5.2(a) shows the distribution of the tracks by the track length. Among those 

recognized tracks, a total of 8310, 5329, 4616 and 3585 tracks whose track length is more 

than 4 were used for the size distribution determination for a recognition radius of 1, 1.5, 

2 and 5 µm, respectively [29]. The acquired tracks were processed to recover a size 

distribution using the iteration-based MLE method with the conventional and the modified 

displacement probabilities as shown in Figure 5.3(a) and (b), respectively. When the 

recognition radius is 2 and 5 µm, the obtained mean size is close to the nominal size 

regardless of the employed probabilities. On the other hand, when the recognition radius is 
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short, i.e. 1 and 1.5 µm, respectively, the mean size determined with the conventional 

probability is 152 and 107 nm, or an overestimation by a factor of 1.52 and 1.07, which is 

close to an expected factor of 1.50 and 1.06 according to Eq. 5.14. 
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Figure 5.2 Results from computer simulations. The distribution of tracks used in Figures 5.3 and 

5.4 at a recognition range of 1, 1.5, 2 and 5 µm. The tracks were acquired from the simulations 

used in (a) Figure 5.3, whose size is 100 nm at a concentration of 1×109 particles/ml, and in (b) 
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Figure 5.4, whose size distribution consists of an ‘ideal’ set of a normal distribution with a mean 

of 100 nm and and relative variance 0.05 at a concentration of 1×109 particles/ml. A total of 21605, 

9855, 9078 and 8855 tracks were collected from the 100-nm-sized particles simulation, among 

which 8310, 5329, 4616 and 3585 tracks whose track length is more than 4 were chosen for the 

analysis at a recognition range of 1, 1.5, 2 and 5 µm, respectively. A total of 21420, 10270, 9123 

and 8730 tracks were collected from the particles simulation of the normal distribution, among 

which 7677, 5357, 4607 and 3564 tracks whose track length is more than 4 were chosen for the 

analysis at a recognition range of 1, 1.5, 2 and 5 µm, respectively. 

In contrast, the acquired mean size with the modified displacement probability is 102 nm 

and 100 nm at a recognition radius of 1 and 1.5 µm, respectively. It suggests that the 

overestimation of the mean size produced by the conventional probability can be mitigated 

by using the modified probability. However, relative variance or variance of the 

distribution divided by the square of its mean size, of 0.009 acquired with the conventional 

probability at a recognition radius of 1 µm is close to the nominal value, i.e., 0, while the 

modified probability gives 0.061 at the same recognition radius. This observation leads to 

an idea that the conventional probability is more adequate in analyzing a narrow size 

distribution despite its overestimation on the mean size since the overestimation is 

predictable and might be corrected by rescaling with the expected overestimation. 

 

To verify if the conventional probability is useful in determining a size distribution on a 

short recognition radius despite the overestimation of the mean size, another NTA 

simulation was conducted with a model particle set whose size distribution follows a 

normal distribution. Its mean size and relative variance were chosen as 100 nm and 0.05, 

respectively, and the concentration was given as 1×109 particles/ml. In generating the 

particles for the simulation, the size of the particles was chosen to be ‘ideally’ distributed 

so that they comprise quantiles of a normal distribution with the given mean size and 

variance [29]. The simulated data was then recognized at a recognition radius of 1, 1.5, 2 

and 5 µm, whose produced tracks are shown in Figure 5.2(b). Among those tracks, a total 

of 7677, 5357, 4607 and 3564 tracks whose track length is more than 4 were chosen and 

processed to determine a size distribution using the two displacement probabilities as 

shown in Figure 5.4. 
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Figure 5.3 Simulated NTA measurements of ideally monodisperse, 100-nm diameter 

nanoparticles. Different recognition radius values, 𝐿, of 1, 1.5, 2 and 5 µm were tested based on a 

total of 8310, 5329, 4616 and 3585 tracks, respectively. Acquired tracks were processed to 
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determine the size distribution using the iteration-based MLE method with the (a) conventional 

displacement probability or (b) modified displacement probability. The nanoparticle 

concentration was 1×109 particles/ml. The computed mean diameter and relative variation (RV) 

for each size distribution are reported. 

 

The results are similar to what observed in the previous simulation results. At a recognition 

radius of 2 and 5 µm, the obtained mean size regardless of the employed probability is 

close to the nominal mean size of 100 nm. When the recognition radius is short, i.e., 1 µm, 

the mean size determined with the conventional probability is overestimated by a factor of 

1.54 in line with the expectation, while the mean size observed with the modified 

probability is 107 nm. However, relative variance acquired with the conventional 

probability at the recognition radius of 1 µm is 0.009. It is a significant underestimation 

compared to the nominal value of 0.05 and is the same as the value acquired from the 

previous simulation with a model particle set with a relative variance of 0. Whereas, 

relative variance acquired with the modified probability is 0.083, which is larger than the 

nominal value. This indicates that relative variance measured by NTA could mislead 

regardless of the employed displacement probability for the analysis if a small recognition 

radius is applied. 
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Figure 5.4 Simulated NTA measurements of 100 ± 5 nm diameter nanoparticles. Different 

recognition radius values, 𝐿, of 1, 1.5, 2 and 5 µm were tested based on a total of 7677, 5357, 

4607 and 3564 tracks, respectively. Acquired tracks were processed to determine the size 
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distribution using the iteration-based MLE method with the (a) conventional displacement 

probability or (b) modified displacement probability. The nanoparticle concentration was 1×109 

particles/ml. The computed mean diameter and relative variation (RV) for each size distribution 

are reported. 

To extend the observation on the influence of the recognition radius and the displacement 

probabilities, a series of NTA simulations with model size distributions of various mean 

size and relative variance were conducted. Mean size of 20, 50, 100 and 200 nm and relative 

variance of 0, 0.01 and 0.05 were chosen for the model size distributions at a concentration 

of 1×109 particles/ml. Two types of particle size distribution were evaluated for each pair 

of mean size and relative variance: one from a bi-modal distribution and the other from a 

normal distribution. For a normal distribution, as described in the previous simulation, the 

size of particles was chosen to be ‘ideally’ distributed so that they comprise quantiles of a 

normal distribution with the given mean size and relative variance. For a bi-modal 

distribution, two sub-populations of an equal number with a size of 18 and 22 nm, and 15.5 

and 24.5 nm for a mean size of 20 nm, 45 and 55 nm, and 39 and 61 nm for a mean size of 

50 nm, 90 and 110 nm, and 78 and 122 nm for a mean size of 100 nm, and 180 and 220 

nm, and 155 and 245 nm for a mean size of 200 nm were generated for relative variance of 

0.01 and 0.05, respectively. For relative variance of 0, monomodal particles of 20, 50, 100 

and 200 nm size were generated for a mean size of 20, 50, 100 and 200 nm, respectively. 

For each combination of mean size and relative variance, 25 sets of simulations were 

conducted. The simulated results were processed to construct tracks at a various 

recognition radius from 1 to 5 µm and analyzed to determine a size distribution with the 

two displacement probabilities. 
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Figure 5.5 Results from a computer simulation. Mean size and relative variance of the size 

distributions determined from the simulated Brownian movements of particles, where the tracks 

of the particles are recognized at a various recognition radius from 1 to 5 µm. For each 

simulation, an ‘ideal’ set of particles whose size distribution follows a normal distribution of a 

mean size of (a) 20, (b) 50, (c) 100 and (d) 200 nm with relative variance of 0 (black circle), 0.01 

(red open square) and 0.05 (blue triangle) at a concentration of 1×109 particles/ml was used. For 

each combination of a mean size and relative variance, 25 runs of simulated NTA measurements 

were produced. From the recognized tracks of the simulated measurements on a various 

recognition radius, the size distribution was estimated by the iterative MLE method with the 

conventional displacement probability (left) and the modified displacement probability (right). 

The acquired mean size is displayed with respect to the nominal mean size of the respective 

simulated particle sets. Dashed guidelines show the expected overestimated mean size due to the 

use of the conventional probability. Note that the size distributions on the simulations of a mean 

size condition of 20 and 50 nm estimated with the modified displacement probability do not 

converge well when the recognition radius is 1.5 and 1 µm, respectively, and their corresponding 

mean size and relative variance are not displayed in (a) and (b). 

The mean size and relative variance determined from the simulations with a normal 

distribution and a bi-modal distribution are presented in Figures 5.5 and 5.6, respectively. 

The acquired mean size and relative variance from the two different types of size 

distribution are not different from each other. When the recognition radius is long enough, 

the acquired mean size with the conventional probability is the same as the respective 

nominal mean size of the simulation conditions regardless of the mean size and relative 

variance. 
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Figure 5.6 Results from a computer simulation. Mean size and relative variance of the size 

distributions determined from the simulated Brownian movements of particles, where the tracks 

of the particles are recognized at a various recognition range from 1 to 5 µm. For each 

simulation, a set of particles with a bi-modal distribution whose mean size is (a) 20, (b) 50, (c) 

100 and (d) 200 nm with relative variance of 0 (black circle), 0.01 (red open square) and 0.05 

(blue triangle) at a concentration of 1×109 particles/ml was used. The corresponding size pairs 

for 20-, 50-, 100- and 200-nm mean size are 18 and 22, 45 and 50, 90 and 110, and 180 and 220 

nm, respectively, for relative variance of 0.01, and 15.5 and 24.5, 39 and 61, 78 and 122, and 155 

and 245 nm, respectively, for relative variance of 0.05. For each combination of a mean size and 

relative variance, 25 runs of simulated NTA measurements were produced. From the recognized 

tracks of the simulated measurements on a various recognition range, the size distribution was 

estimated by the iterative MLE method with the conventional displacement probability (left) and 

the modified displacement probability (right). The acquired mean size is displayed with respect 

to the nominal mean size of the respective simulated particle sets. Dashed guidelines show the 

expected overestimated mean size due to the use of the conventional probability. Note that the 

estimated size distributions on the simulations with a mean size condition of 20 and 50 nm do not 

converge well when the recognition range is 1.5 and 1 µm, respectively, and their corresponding 

mean size and relative variance are not displayed in (a) and (b). 

As the recognition radius decreases, the mean size acquired with the conventional 

probability increases and follows the expected overestimated mean size (dashed lines) 

regardless of the simulation condition. As expected, the overestimation of the mean size is 

more apparent on a smaller nominal mean size, i.e., the corresponding diffusion length is 

longer. On the contrary, the mean size acquired with the modified probability is in line with 



Improved Size Determination by Nanoparticle Tracking Analysis Chapter 5 

133 

 

their respective nominal mean size regardless of the nominal mean size and relative 

variance throughout a recognition radius of 1 to 5 µm, where the maximum deviation of 

the acquired mean size is less than 6% of the nominal value. Remarkably, on the condition 

with a mean size of 20 and 50 nm, the modified probability failed in obtaining a proper 

size distribution at a small recognition radius, e.g., 1 µm, and the corresponding mean size 

and relative variance are not displayed in Figures 5.5 and 5.6. Except in those cases, the 

comparison suggests that the modified probability provides a more accurate mean size for 

NTA measurements if the recognition radius is not long enough compared to the diffusion 

length of the particles in the sample. 

 

On the other hand, relative variance acquired with the two probabilities shows a deviation 

from the nominal value when the recognition radius is very long, unlike what is observed 

on the mean size. With the conventional probability, at a long recognition radius, e.g., 5 

µm, the obtained relative variance is significantly larger than the nominal relative variance 

regardless of the nominal mean size and relative variance. The same observation is found 

when the modified probability is used. In fact, when the recognition radius is 5 µm, a 

spurious peak is found at a small-size range of the acquired size distributions other than the 

major peak centered at the nominal mean size as observed in Figures 5.3 and 5.4. It is 

probable that the observed spurious peak contributes to the increased relative variance at 

the long recognition radius. Such spurious peaks can be produced due to false tracks made 

during the NTA track recognition, where two different particles are recognized as the same 

particle over two successive frames and form a false track which cannot be screened by the 

tracking principle of NTA [25]. This is obvious if the simulation results are processed again 

while those false tracks are excluded from the analysis. A total of 17, 11, 10 and 3 tracks 

at a recognition radius of 1, 1.5, 2 and 5 µm, respectively, were those false tracks included 

in the data used for the previous simulation of 100-nm size particles shown in Figure 5.2. 

A total of 18, 8, 11 and 25 false tracks were found from the data used for the simulation of 

a normal distribution with a mean size of 100 nm and relative variance of 0.05 shown in 

Figure 5.3, at a recognition radius of 1, 1.5, 2 and 5 µm, respectively. Figures 5.7 and 5.8 

show the determined size distributions acquired from the screened tracks of the previous 
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simulations with a nominal relative variance of 0 and 0.05, respectively. From the acquired 

size distributions with the screened tracks, no spurious peak is found at a small-size range. 
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Figure 5.7 Reanalyzed results of the computer simulation shown in Figure 5.5. Mean size and 

relative variance of the size distributions determined from the simulated Brownian movements of 

particles, where those false tracks are excluded from the analysis. For each simulation, an ‘ideal’ 

set of particles whose size distribution follows a normal distribution of a mean size of (a) 20, (b) 

50, (c) 100 and (d) 200 nm with relative variance of 0 (black circle), 0.01 (red open square) and 

0.05 (blue triangle) at a concentration of 1×109 particles/ml was used. For each combination of a 

mean size and relative variance, 25 runs of simulated NTA measurements were produced. From 

the recognized tracks of the simulated measurements on a various recognition range, the size 

distribution was estimated by the iterative MLE method with the conventional displacement 

probability (left) and the modified displacement probability (right). The acquired mean size is 

displayed with respect to the nominal mean size of the respective simulated particle sets. Dashed 

guidelines show the expected overestimated mean size due to the use of the conventional 

probability. Note that the estimated size distributions on the simulations with a mean size 

condition of 20 and 50 nm do not converge well when the recognition range is 1.5 and 1 µm, 

respectively, and their corresponding mean size and relative variance is not displayed in (a) and 

(b). 
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Figure 5.8 Reanalyzed results of the computer simulation shown in Figure 5.6. Mean size and 

relative variance of the size distributions determined from the simulated Brownian movements of 

particles, where those false tracks are excluded from the analysis. For each simulation, 

monomodal particles with a size of (a) 20, (b) 50, (c) 100, and (d) 200 nm at a concentration of 

1×108 (black circle), 1×109 (red open square) and 1×1010 particles/ml (blue triangle) were 

generated. For each combination of mean size and concentration, 25 runs of simulated NTA 

measurements were produced. From the recognized tracks of the simulated measurements on a 

various recognition range, the size distribution was estimated by the iterative MLE method with 

the conventional displacement probability (left) and the modified displacement probability 

(right). The acquired mean size is displayed with respect to the nominal mean size of the 

respective simulated particle sets. Dashed guidelines show the expected overestimated mean size 

due to the use of the conventional probability. Note that the size distributions from the 

simulations of a mean size condition of 20 and 50 nm estimated by the modified displacement 

probability do not converge well when the recognition range is below 1.5 and 1 µm, respectively, 

and their corresponding relative variance is not displayed. 

In addition, the relative variance acquired from the screened track data, regardless of the 

applied probability for the analysis, is very close to the nominal value at a long recognition 

radius. When the exclusion of false tracks is applied to the analysis of all the simulations 

used in Figure 5.5, it becomes more apparent that the increased relative variance at a long 

recognition radius results from the false tracks, as shown in Figure 5.7. This suggests that 

NTA analysis can be corrupted by false tracks if a long recognition radius is used for track 

recognition [25]. 
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On a decreasing recognition radius, the obtained relative variance decreases gradually and 

approaches to their respective nominal values regardless of the displacement probability 

used for the analysis. This indicates that the false tracks can be reduced by decreasing the 

recognition radius. When the recognition radius gets even smaller, the determined relative 

variance starts to deviate from the nominal value to a very small value when analyzed with 

the conventional probability or to a very large value with the modified probability. Since 

both the probabilities do not provide a proper relative variance value on either a very long 

or very short recognition radius, it suggests that a proper recognition radius that avoids the 

two ends is required for accurate NTA analysis. 

 

5.4.2 Size Resolution of NTA 

 

As in Figure 5.5, relative variance of the size distributions acquired with the two 

displacement probabilities on a small recognition radius deviates from the nominal value. 

If the conventional displacement probability is used to determine a size distribution on a 

small recognition radius, it will result in a very small relative variance even for a particle 

set of broad size distribution. Therefore, it would not resolve two separated sub-populations 

of a size distribution from each other since the two peaks of the sub-populations would be 

merged into a very narrow one when analyzed with the conventional probability. On the 

other hand, the modified displacement probability on a small recognition radius would give 

larger relative variance than the nominal value and produce a broad peak even though a 

true size distribution is very narrow. These indicate that the size resolution of NTA 

achievable on a small recognition radius is limited. 

 

To investigate and compare the size resolution of NTA depending on the employed 

probability and the recognition radius, the results from the previous simulations using a bi-

modal size distribution, shown in Figure 5.6, were examined. The acquired size 

distributions from the simulations were evaluated if two separated peaks are observable 

from the determined size distributions on a various recognition radius. The condition of the 

investigated simulations is a mean size of 20, 50, 100 and 200 nm with a relative variance 
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of 0.05, where the nominal peaks are located at 15.5 and 24.5 nm, 39 and 61 nm, 78 and 

122 nm, and 155 and 245 nm, respectively. 

 

Conventional Probability    Modified Probability 
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Figure 5.9 Results from a computer simulation. The position of the peaks identified from the 

size distributions determined from the simulated Brownian movements of particles, where the 

tracks of the particles are recognized at a various recognition radius from 1 to 5 µm. For each 

simulation, a set of particles with a bi-modal distribution whose mean size is (a) 20, (b) 50, (c) 

100 and (d) 200 nm with relative variance of 0.05 at a concentration of 1×109 particles/ml was 

used. The corresponding position of the nominal peaks for a mean size of 20, 50, 100 and 200 

nm are 16 and 25, 39 and 61, 78 and 122, and 155 and 245 nm, respectively. For each mean size 

condition, 25 runs of simulated NTA measurements were produced. From the recognized tracks 

of the simulated measurements on a various recognition radius, the size distribution was 

estimated by the iterative MLE method with the conventional displacement probability (left) and 

the modified displacement probability (right). Dashed guidelines show the respective nominal 

peak positions. 

Figure 5.9 identifies the position of the peaks found from the results of the bi-modal size 

distribution simulations analyzed with the two probabilities on a various recognition radius 

from 1 to 5 µm. At a long recognition radius, where the recognition radius is long enough 

compared to the diffusion length, the two peaks are observable for the nominal mean size 

of 50, 100 and 200 nm. The identified positions agree well with their respective nominal 

peak positions regardless of the probabilities. A spurious peak at a small-size range is also 

observed for the three mean size conditions at a very long recognition radius, e.g., 5 µm. 

However, it is not possible to resolve the two separate peaks when the nominal mean size 

is 20 nm at the recognition radius regardless of the displacement probability as shown in 

Figure 5.9(a). On the other hand, only a single peak is identified for all the mean size 

conditions at a short recognition radius regardless of the displacement probability. This 

confirms that a short recognition radius limits the size resolution of NTA measurements 

and inhibits its proper size distribution determination. Remarkably, the modified 

probability allows a wider range for the recognition radius that could resolve the two 

separate peaks than the conventional probability does. 

 

5.4.3 Influence of particle concentration 

 

False tracks can undermine correct size distribution determination of NTA measurements. 

Since false tracks are created when two different particles are recognized as the same 
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particle, the probability of false track creation would depend on the concentration of 

particles as well as the recognition radius set for the analysis [25]. Furthermore, an increase 

of the particle concentration would lead to a higher probability of early termination of the 

particle tracking process since neighboring particles around the tracked particle would 

jump into the recognition radius and interrupt the tracking process more frequently [25]. 

This suggests that an increased particle concentration results in a poorer resolution of NTA 

size distribution determination along with the influence of the false tracks since the 

uncertainty of the determined size of a track are inversely proportional to the square root 

of its track length [19, 21, 27-29]. 

 

To identify the influence of the particle concentration in NTA size distribution 

determination, a series of NTA simulations with a model particle set with a uniform size 

of 20, 50, 100 and 200 nm at a various concentration of 1×108, 1×109 and 1×1010 

particles/ml was conducted. For each combination of the mean size and concentration, 25 

sets of simulations were produced. The simulated results were processed to construct tracks 

at a various recognition radius from 1 to 5 µm and analyzed to determine a size distribution 

with the two displacement probabilities. 
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Improved Size Determination by Nanoparticle Tracking Analysis Chapter 5 

143 

 

 

Figure 5.10 Results from a computer simulation. Mean size and relative variance of the size 

distributions determined from the simulated Brownian movements of particles, where the tracks 

of the particles are recognized at a various recognition radius from 1 to 5 µm. For each simulation, 

monomodal particles with a size of (a) 20, (b) 50, (c) 100, and (d) 200 nm at a concentration of 

1×108 (black circle), 1×109 (red open square) and 1×1010 particles/ml (blue triangle) were 

generated. For each combination of mean size and concentration, 25 runs of simulated NTA 

measurements were produced. From the recognized tracks of the simulated measurements on a 

various recognition radius, the size distribution was estimated by the iterative MLE method with 

the conventional displacement probability (left) and the modified displacement probability (right). 

The acquired mean size is displayed with respect to the nominal mean size of the respective 

simulated particle sets. Dashed guidelines show the expected overestimated mean size due to the 

use of the conventional probability. Note that the size distributions from the simulations of a mean 

size condition of 20 and 50 nm estimated by the modified displacement probability do not converge 

well when the recognition radius is below 1.5 and 1 µm, respectively, and their corresponding 

relative variance is not displayed in (a) and (b). 

Figure 5.10 compares the mean size and relative variance determined from the simulation 

results. The dependence of the mean size on the recognition radius shows the same results 

as what observed in the previous results regardless of the concentration condition. At a 

short recognition radius, the conventional probability provides an overestimated mean size 

and a very narrow size distribution, while the modified probability mitigates the 

overestimation in the mean size with a large relative variance. On the conditions of a small 

nominal mean size, i.e., 20 and 50 nm, the results acquired with the modified probability 

did not provide a proper size distribution at a small recognition radius, e.g., 1 µm and are 
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not displayed in Figure 5.10(a) and (b). At a long recognition radius, the mean size 

produced by the two probabilities is close to the nominal value regardless of the 

probabilities. 

 

On the other hand, the relative variance of the acquired size distributions shows a 

significant dependence on the concentration condition. On a higher concentration, a larger 

value of relative variance of the determined size distributions is measured for all the 

nominal mean size conditions and the recognition radius. At a concentration of 1×108 

particles/ml, relative variance acquired at a recognition radius of 5 µm is 0.027 ± 0.021, 

0.017 ± 0.012, 0.011 ± 0.003 and 0.009 ± 0.004 with the conventional probability and 0.028 

± 0.023, 0.017 ± 0.012, 0.011 ± 0.003 and 0.009 ± 0.004 with the modified probability for 

the mean size conditions of 20, 50, 100 and 200 nm, respectively. On an increased 

concentration of 1×109 particles/ml, relative variance acquired at the same recognition 

radius of 5 µm is 0.040 ± 0.021, 0.036 ± 0.008, 0.030 ± 0.004 and 0.034 ± 0.009 with the 

conventional probability and 0.039 ± 0.020, 0.036 ± 0.008, 0.030 ± 0.003 and 0.034 ± 0.009 

with the modified probability for the mean size conditions of 20, 50, 100 and 200 nm, 

respectively. On a concentration of 1×1010 particles/ml, relative variance of 0.190 ± 0.150, 

0.212 ± 0.074, 0.130 ± 0.050 and 0.084 ± 0.020 with the conventional probability and of 

0.208 ± 0.164, 0.217 ± 0.074, 0.130 ± 0.047 and 0.083 ± 0.021 with the modified 

probability was acquired for the mean size conditions of 20, 50, 100 and 200 nm, 

respectively, at the recognition radius of 5 µm. The observation indicates that the size 

distribution acquired with NTA has a broader distribution than the true distribution, where 

the degree of the broadening gets bigger on a higher particle concentration. 
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Figure 5.11 Reanalyzed results of the computer simulation shown in Figure 5.10. Mean size and 

relative variance of the size distributions determined from the simulated Brownian movements of 

particles, where those false tracks are excluded from the analysis. For each simulation, 

monomodal particles with a size of (a) 20, (b) 50, (c) 100, and (d) 200 nm at a concentration of 

1×108 (black circle), 1×10 (red open square) and 1×1010 particles/ml (blue triangle) were 

generated. For each combination of mean size and concentration, 25 runs of simulated NTA 

measurements were produced. From the recognized tracks of the simulated measurements on a 

various recognition range, the size distribution was estimated by the iterative MLE method with 

the conventional displacement probability (left) and the modified displacement probability 

(right). The acquired mean size is displayed with respect to the nominal mean size of the 

respective simulated particle sets. Dashed guidelines show the expected overestimated mean size 

due to the use of the conventional probability. Note that the size distributions from the 

simulations of a mean size condition of 20 and 50 nm estimated by the modified displacement 

probability do not converge well when the recognition range is below 1.5 and 1 µm, respectively, 

and their corresponding relative variance is not displayed. 

As discussed earlier, the larger relative variance on a higher concentration condition could 

be due to an increased number of false tracks. To investigate the effect of false tracks, the 

simulation results were re-analyzed with those false tracks excluded from the analysis as 

presented in Figure 5.11. Overall, the two displacement probabilities provided very similar 

results to each other when evaluated at the recognition radius of 5 µm. If the false tracks 

are excluded from the analysis, relative variance of the determined size distributions for a 

mean size of 20, 50, 100 and 200 nm, respectively, is 0.024 ± 0.022, 0.015 ± 0.012, 0.009 

± 0.003 and 0.007 ± 0.002 at a concentration of 1×108 particles/ml at the recognition radius 



Improved Size Determination by Nanoparticle Tracking Analysis Chapter 5 

147 

 

of 5 µm. The values are not much different from the results acquired with the false tracks 

included. Since the number of particles detected in the field-of-view is very small at the 

concentration level, i.e., approximately 7 particles, it is unlikely that the tracking process 

is corrupted by false tracks. At a concentration of 1×109 particles/ml, relative variance of 

0.022 ± 0.020, 0.014 ± 0.008, 0.008 ± 0.001 and 0.006 ± 0.002 are acquired for a mean size 

of 20, 50, 100 and 200 nm, respectively, at the same recognition radius. The acquired values 

are very similar with their respectively corresponding relative variance measured at the 

concentration of 1×108 particles/ml, indicating that the larger relative variance at the 

concentration of 1×109 particles/ml is due to the false tracks. 

 

At a concentration of 1×1010 particles/ml, on the other hand, 0.077 ± 0.069, 0.114 ± 0.038, 

0.090 ± 0.040 and 0.056 ± 0.012 are given for relative variance of the determined size 

distribution for a mean size of 20, 50, 100 and 200 nm, respectively, at the same recognition 

radius of 5 µm when the false tracks were excluded. Although the acquired values are 

significantly smaller than those acquired with the false tracks included, meaning that the 

false tracks make the acquired size distribution much broader, the values are yet larger than 

their respectively corresponding values measured at the concentration of 1×108 and 1×109 

particles/ml. It indicates that false tracks are not the only source of a broad size distribution 

determined by NTA at a very high concentration. 

 

As discussed earlier, another supposed cause of such broad size distributions measured by 

NTA is an early termination of tracks due to an increased number of neighboring particles 

on a higher concentration. In fact, the average track length of the analyzed tracks at the 

concentration of 1×1010 particles/ml is 5.3, 5.9, 6.6 and 7.5 for the mean size conditions of 

20, 50, 100 and 200 nm, respectively, at the recognition radius of 5 µm. Figure 5.12 reveals 

the average track length of the acquired tracks on various nominal mean size and 

concentration. On the other hand, the average track length is 13.5, 21.6, 29.9 and 38.6 at 

the concentration of 1×108 particles/ml and 9.0, 12.6, 16.7 and 22.2 at the concentration of 

1×109 particles/ml for a mean size of 20, 50, 100 and 200 nm, respectively, at the 

recognition radius of 5 µm. The significant difference in the average track length depending 
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on the particle concentration suggests that the reduced average track length results in a 

broader size distribution on an increasing concentration. 

 

Conventional Probability    Modified Probability 

 

 

Figure 5.12 Results from a computer simulation. The average track length of the particles tracks 

used for the size distribution determination from the simulated Brownian movements of particles, 

where the tracks of the particles are recognized at a various recognition range from 1 to 5 µm. For 

each simulation, monomodal particles with a size of (a) 20, (b) 50, (c) 100, and (d) 200 nm at a 

concentration of 1×108 (black circle), 1×109 (red open square) and 1×1010 particles/ml (blue 

triangle) were generated. For each combination of mean size and concentration, 25 runs of 

simulated NTA measurements were produced. 

From the observation, it could be expected that a narrower size distribution from NTA if 

the probability of the tracking termination is reduced and hence the average track length to 

be increased. At any given concentration condition, the probability of track termination is 
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related with the probability of the neighboring particles jumping into the recognition radius 

of the tracked particle, meaning that the termination probability would decrease if the 

recognition radius is reduced. This is obvious from Figure 5.10, where relative variance 

becomes smaller on a decreasing recognition radius regardless of the mean size and the 

concentration. The observation is supported by the average track length depending on the 

recognition radius as shown in Figure 5.12. This finding suggests that a smaller recognition 

radius would be preferred to acquire a narrower size distribution since it would result in a 

longer track length of the tracks used for NTA analysis. 

 

5.4.4 PS nanoparticle standards 

 

Having tested the conventional and the modified displacement probabilities on the 

simulated results, the two probabilities were applied to experimental NTA data. PS latex 

standards of a nominal mean size of 51.6 and 181.6 nm were measured at two different 

particle concentration conditions, namely 1×108 and 1×109 particles/ml. The particle tracks 

from NTA were constructed at a various recognition radius from 1.1 to 5.4 µm and 

processed with the conventional and the modified displacement probabilities. Figure 5.13 

shows the results of NTA measurements on the PS latex standards. For the sample of a 

nominal mean size of 51.6 nm, as in Figure 5.13(a) and (b), the mean size obtained with 

the conventional probability is close to the nominal mean size at a recognition radius of 5.4 

µm, where the mean size of 68 ± 5 and 54 ± 2 nm is determined for the 1×108 and 1×109 

particles/ml concentrations, respectively. At this recognition radius, the mean size obtained 

with the modified probability is the same as that acquired with the conventional probability. 

Remarkably, the slight deviation of the acquired mean size from the nominal value seems 

due to the increased relative variance which would be described later. In fact, the modal 

value of the determined size distribution listed in Table 5.1 is very close to the nominal 

size for the two concentration conditions [32]. 
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Figure 5.13 Mean size and relative variance of the size distributions determined from NTA 

measurements of PS latex nanoparticles with a nominal size of (a) 51.6 and (b) 181.6 nm using a 

various recognition radius from 1.1 to 5.4 µm at two different concentrations of 1×108  (left) and 

1×109 particles/ml (right). Three runs of measurements were conducted for each combination of 

nominal sample size and concentration. From the tracks acquired from the NTA measurements at 
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a various recognition radius, the size distribution was estimated by the iterative estimation method 

with the conventional (black square) and the modified (red open circle) displacement probabilities. 

With the modified displacement probability, it was not possible to achieve a good convergence of 

the size estimation when the recognition radius is small, i.e. up to 1.6 µm for the 51.6-nm standard 

and not displayed in (a) and (b). 

On a subsequent decrease of the recognition radius, the mean size acquired with the 

conventional probability gradually increases. At a recognition radius of 1.1 µm, the mean 

size determined for the 1×108 and 1×109 particles/ml concentrations with the conventional 

probability was 160 ± 1 and 148 ± 1 nm, respectively. On the other hand, the modified 

probability provides a consistent mean size value regardless of the recognition radius. 

However, it failed to acquire a proper size distribution on a very small recognition radius 

when the recognition radius is below 1.6 µm. 

 

For the sample of a nominal mean size of 181.6 nm, as shown in Figure 5.13(c) and (d), 

the acquired mean size at a recognition radius of 5.4 µm is 186 ± 3 and 178 ± 1 nm for the 

1×108 and 1×109 particles/ml concentrations, respectively, regardless of the displacement 

probability. On a decreasing recognition radius, the mean size shows the same trends as 

observed from the 51.6-nm standard. 

 

Relative variance acquired with the two displacement probabilities is also in line with the 

observation from the simulated results. For the sample of a nominal mean size of 51.6 nm, 

relative variance at a recognition radius of 5.4 µm is 0.377 ± 0.112 and 0.316 ± 0.130 for 

the 1×108 and 1×109 particles/ml concentrations, respectively, when the conventional 

probability is used. The values acquired with the modified probability are the same as those 

from the conventional probability at the same recognition radius. On a decreasing 

recognition radius, the relative variance acquired with the conventional probability 

gradually decreases as is observed from the simulated results. At a recognition radius of 

1.1 µm, relative variance is 0.092 ± 0.071 and 0.055 ± 0.047 for the 1×108 and 1×109 

particles/ml concentrations, respectively. 
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Table 5.1 Mean size, modal size and relative variance of the size distributions determined from 

NTA measurements of PS latex nanoparticles with a nominal size of 51.6 and 181.6 nm using a 

various recognition range from 1.1 to 5.4 µm at two different concentrations of 1×108 and 1×109 

particles/ml. Three runs of measurements were conducted for each combination of nominal 

sample size and concentration. From the tracks acquired from the NTA measurements at a 

various recognition range, the size distribution was estimated by the iterative estimation method 

with the conventional and the modified displacement probabilities. 

Sample Rec. Conv   Modi   
 Range Mean Mode Rel. Var. Mean Mode Rel. Var. 

 (µm) (nm) (nm)  (nm) (nm)  

PS 51.6 nm  1.1  160 ± 1  148 ± 3 0.092 ± 0.070  58 ± 1  1 ± 0 2.242 ± 0.756 

1×108 /ml 1.6  89 ± 5  78 ± 2 0.171 ± 0.120  55 ± 7  1 ± 0 0.872 ± 0.178 

 2.2  73 ± 3  60 ± 1 0.289 ± 0.121  65 ± 4  51 ± 2 0.507 ± 0.163 

 2.7  69 ± 3  55 ± 0 0.348 ± 0.131  67 ± 4  53 ± 0 0.390 ± 0.127 

 3.2  68 ± 3  53 ± 2 0.377 ± 0.084  68 ± 3  53 ± 2 0.397 ± 0.097 

 4.3  69 ± 4  52 ± 1 0.416 ± 0.142  68 ± 4  53 ± 2 0.422 ± 0.170 

 5.4  68 ± 5  54 ± 2 0.377 ± 0.112  68 ± 5  54 ± 2 0.379 ± 0.112 

PS 51.6 nm  1.1  148 ± 1  140 ± 1 0.045 ± 0.032  25 ± 1  1 ± 0 4.801 ± 1.664 

1×109 /ml 1.6  79 ± 1  76 ± 1 0.115 ± 0.106  35 ± 2  1 ± 0 1.296 ± 0.502 

 2.2  61 ± 1  57 ± 0 0.189 ± 0.151  48 ± 1  44 ± 1 0.434 ± 0.251 

 2.7  57 ± 1  51 ± 0 0.264 ± 0.180  54 ± 1  48 ± 1 0.333 ± 0.204 

 3.2  56 ± 1  49 ± 0 0.350 ± 0.175  56 ± 1  49 ± 0 0.369 ± 0.181 

 4.3  56 ± 2  51 ± 2 0.466 ± 0.219  56 ± 2  51 ± 2 0.470 ± 0.221 

 5.4  56 ± 2  51 ± 0 0.293 ± 0.104  58 ± 2  50 ± 1 0.333 ± 0.115 

PS 181.6 nm 1.1  209 ± 1  206 ± 2 0.010 ± 0.001  170 ± 2  166 ± 3 0.075 ± 0.014 

1×108 /ml 1.6  177 ± 1  175 ± 0 0.067 ± 0.048  175 ± 2  174 ± 1 0.072 ± 0.043 

 2.2  177 ± 0  173 ± 0 0.090 ± 0.037  176 ± 0  173 ± 0 0.091 ± 0.037 

 2.7  176 ± 0  173 ± 2 0.091 ± 0.039  176 ± 0  173 ± 2 0.091 ± 0.039 

 3.2  176 ± 1  173 ± 0 0.069 ± 0.026  176 ± 1  173 ± 0 0.069 ± 0.026 

 4.3  174 ± 1  175 ± 2 0.053 ± 0.022  174 ± 1  175 ± 2 0.053 ± 0.022 

 5.4  174 ± 2  175 ± 2 0.045 ± 0.011  174 ± 2  175 ± 2 0.045 ± 0.011 

PS 181.6 nm 1.1  207 ± 0  204 ± 1 0.014 ± 0.004  160 ± 1  158 ± 1 0.080 ± 0.015 

1×109 /ml 1.6  164 ± 1  163 ± 2 0.045 ± 0.008  159 ± 1  161 ± 2 0.060 ± 0.009 

 2.2  158 ± 1  164 ± 1 0.061 ± 0.012  158 ± 1  164 ± 1 0.064 ± 0.012 

 2.7  161 ± 1  166 ± 1 0.082 ± 0.023  161 ± 1  166 ± 1 0.085 ± 0.022 

 3.2  165 ± 1  166 ± 1 0.074 ± 0.009  165 ± 0  166 ± 1 0.074 ± 0.010 

 4.3  171 ± 0  167 ± 2 0.056 ± 0.011  171 ± 0  167 ± 2 0.056 ± 0.011 

 5.4  174 ± 0  168 ± 2 0.053 ± 0.009  174 ± 0  168 ± 2 0.053 ± 0.009 
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Relative variance acquired with the modified probability has the same value acquired with 

the conventional probability on a subsequent decrease of the recognition radius from 5.4 

µm. When the recognition radius becomes even smaller, relative variance acquired with 

the modified probability shows a value different from that acquired with the conventional 

probability and started to increase. At a recognition radius of 2.2 µm, relative variance 

acquired with the modified probability is 0.507 ± 0.163 and 0.503 ± 0.318 for the 1×108 

and 1×109 particles/ml concentrations, respectively, whereas the corresponding value 

acquired with the conventional probability is 0.289 ± 0.121 and 0.239 ± 0.202. Remarkably, 

the modified probability fails to acquire a proper size distribution on a small recognition 

radius below 1.6 µm and gives a huge relative variance. Figure 5.14 presents the acquired 

size distributions of each sample at a various recognition radius. 

 

Conventional Probability    Modified Probability 
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Figure 5.14 Size distributions determined from NTA measurements of PS latex nanoparticles with 

a nominal size of (a, b) 51.6 and (c, d) 181.6 nm at a recognition range 𝐿 from 1.1 to 5.4 µm. For 

each nominal size, two different concentration levels, (a, c) 1×109 and (b, d) 1×108 particles/ml, 

were prepared for each particle size. Three runs of measurements were conducted for each 

combination of nominal sample size and concentration, where the distributions above are the 

average of the three runs each. The size distributions are estimated with the conventional 

displacement probability (left) and the modified displacement probability (right) on the tracks 

recognized at a various recognition range from 1.1 µm (top) to 5.4 µm (bottom). Those tracks with 

a minimum track length of 5 was used for the analysis. The bin width of the size distributions is 2 

nm, and each distribution is normalized with respect to its respective maximum. With the modified 

displacement probability, it was not possible to achieve a good convergence of the size estimation 

on the 51.6-nm standard at a recognition range of 1.1 µm. 

For the sample of a nominal mean size of 181.6 nm, relative variance acquired at a 

recognition radius of 5.4 µm is 0.037 ± 0.006 and 0.053 ± 0.015 for the 1×108 and 1×109 

particles/ml concentrations, respectively, regardless of the displacement probability used. 

As was seen from the smaller 51.6-nm sample, relative variance acquired with the 

conventional probability decreases on a decreasing recognition radius. Relative variance 

acquired with the modified probability shows the same behavior as was seen in the 51.6-

nm standard, where it has the same value to that acquired with the conventional probability 
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on a subsequent decrease from 5.4 µm and starts to deviate from their respectively 

corresponding value from the conventional probability on a very small recognition radius. 

 

Regarding large relative variance observed at a long recognition radius, the simulation 

results attributed it to the false tracks, where two different particles are recognized as the 

same particle. Indeed, the size distribution of the 51.6-nm standard acquired at a 

recognition radius of 5.4 µm, presented in Figure 5.14(a), shows a spurious peak as seen in 

the simulation results. However, the relative variance of the 51.6-nm standard is much 

larger compared to the value observed from the simulation results. This seems due to false 

identification of particles, increasing the probability of false tracking [26, 27, 37, 38]. Since 

the scattered light from the 51.6-nm particles is not strong enough to be well distinguished 

from the background noise and artifacts could be identified as particles, it might introduce 

more false tracks. As a larger particle scatters stronger light and is easier to be distinguished 

from the background, less false tracks and smaller relative variance can be expected on 

larger particles. On the 181.6-nm standard, relative variance of the size distribution 

acquired at a long recognition radius is significantly smaller than that observed from the 

51.6-nm standard. This indicates that the size distribution of smaller particles analyzed by 

NTA could have more uncertainty due to their weak scattering power that introduces more 

false tracks. The comparison of the two displacement probabilities on the real NTA 

measurements confirms the observations from the simulated results and suggests that the 

modified displacement probability is useful in determining a particle size distribution by 

NTA especially in the conditions where the recognition radius should be restricted. 

 

5.5 Conclusion 

 

An improved method was suggested for determining the size distribution of NTA based on 

the MLE approach that takes the recognition radius into account. By considering the 

recognition radius used for particle tracking in NTA, a modified displacement probability 

was introduced for the likelihood calculation of the MLE method. Simulated NTA 

measurements were conducted to test the conventional and the modified displacement 

probabilities for the likelihood calculation in determining the size distribution, finding that 
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the conventional probability results in an overestimation in the mean size determination on 

a short recognition radius whereas the estimated mean size with the modified probability 

is not affected by the recognition radius. 

 

On the other hand, both the conventional and the modified displacement probabilities failed 

to acquire a proper value compared to the nominal value on a short recognition radius. On 

a short recognition radius, relative variance acquired with the conventional probability was 

measured to have a value that is very close to zero regardless of the nominal relative 

variance while the modified probability gave a value larger than the nominal value. On a 

very long recognition radius, the size distributions determined with both probabilities have 

larger relative variance than expected. At a low concentration of 1×108 and 1×109 

particles/ml, the high relative variance is due to the false tracks that result in a spurious 

peak in the acquired size distributions. At a higher concentration of 1×1010 particles/ml, an 

early termination of particles tracks results in an increase on relative variance in addition 

to the false tracks since an increased probability of interrupting neighboring particles 

inhibits a proper size distribution determination. This implies that a smaller recognition 

radius is more effective in obtaining an accurate size distribution from NTA measurements 

and that the modified displacement probability is more suited for the NTA analysis since 

it provides a better resolution at a small recognition radius. The results obtained from the 

PS nanoparticle standards were consistent with the observations from the simulations. 
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Chapter 6 

 

Discussion and Future Work 

 

This chapter summarizes key findings obtained in the thesis and 

interprets the meaning of the findings in the analysis of DLS and NTA for 

characterization of polydisperse biological samples. Based on the 

findings, it also presents future work to improve the analysis methods for 

NTA by introducing biased particle detection. 
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6.1 General Discussion 

 

In this thesis, two size measurement techniques, DLS and NTA, were evaluated and 

compared for the size characterization of polydisperse biological samples. Since the two 

techniques determine the particle size by measuring the diffusion coefficient, the major 

part of the objective was to verify how the different quantities used to express the amount 

of particles by the two techniques are compared. The evaluation also extended to the 

investigation of the influence of parameters used in NTA. In particular, the influence of the 

recognition radius that is used to track particles in NTA was investigated using simulations 

while changing the conditions. The simulations provided an ideal situation for NTA 

measurement, where the particle size and the concentration were varied. The simulation 

results were also confirmed by real experiments. 

 

Comparison of DLS and NTA on polydisperse samples 

 

Chapter 4 introduced and compared two particle size measurement techniques, DLS and 

NTA, for the size characterization of polydisperse macromolecular assemblies. While both 

techniques acquire size information by detecting the diffusion coefficient of the measured 

particles, they differ in the quantity of the size distribution they provide, i.e. number from 

NTA and intensity from DLS. Three size distribution estimation methods for NTA were 

tested to compare their performance using monomodal PS latex standards. The two MLE-

based methods, i.e., the FTLA and iterative methods, produced results comparable to each 

other and in line with those from DLS while the direct conversion resulted in a larger 

variance, especially for small particles, due to the limitation of obtaining sufficiently long 

particle tracks. This result indicated that an MLE-based approach should be applied for 

accurate measurements of small sized particles with NTA. 

 

The two MLE-based size distribution estimation methods for NTA were further tested on 

measurements of polydisperse vesicle samples prepared in a various polydispersity, which 

obtained the same mean sizes despite their different strategies to finding the optimal size 

distribution from the given track data. However, the calculated likelihood of the acquired 
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size distributions obtained by the two methods indicated that FTLA sacrificed likelihood 

at the expense of a smoother size distribution, further suggesting that the iterative method 

is preferable for polydisperse samples. 

 

The results for the vesicle samples obtained by NTA using the iterative method were then 

compared with those from DLS. The mean sizes were comparable except for those samples 

with a very high polydispersity index. However, the mean sizes of some samples measured 

by NTA were larger than or very close to those from DLS, which seems contradictory to 

the fact that the mean size from an intensity-weighted size distribution is larger than that 

from its corresponding number-weighted size distribution. Although the low size detection 

limit of NTA was pointed out as a source of the contradiction by reducing the variance 

measured by NTA, it did not fully explain the reason. 

 

Additionally, the number-weighted size distribution of the vesicle samples from NTA was 

converted into an intensity-weighted distribution by assuming the thin-shell hollow sphere 

model with the RGD approximation to verify the influence of the different quantities that 

DLS and NTA produce. While the mean size given by NTA after conversion was very 

close to the value before conversion, the RV after the conversion was much reduced 

compared to that from DLS and NTA. Considering the nature of the vesicle samples, it is 

questionable whether the small relative variance after reconstruction is reliable. Therefore, 

the conversion of a number-weighted size distribution of NTA into an intensity-weighted 

one does not seem to effectively explain the difference in the mean sizes measured by DLS 

and NTA, and the size information from DLS and NTA is better compared in their original 

weightings. 

 

Influence of the recognition radius in NTA 

 

In Chapter 5, an improved method was suggested for determining the size distribution of 

NTA based on the MLE approach that took the recognition radius into account. By 

considering the recognition radius used for particle tracking in NTA, a modified 

displacement probability was introduced for the likelihood calculation of the MLE method. 
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Simulated NTA measurements were conducted to test the conventional and the modified 

displacement probabilities for the likelihood calculation in determining the size distribution, 

finding that the conventional probability results in an overestimation in the mean size 

determination on a short recognition radius whereas the estimated mean size with the 

modified probability is not affected by the recognition radius. 

 

On the other hand, both the conventional and the modified displacement probabilities failed 

to acquire a proper value compared to the nominal value on a short recognition radius. On 

a short recognition radius, relative variance acquired with the conventional probability was 

measured to have a value that was very close to zero regardless of the nominal relative 

variance while the modified probability gave a value larger than the nominal value. On a 

very long recognition radius, the size distributions determined with both probabilities have 

larger relative variance than expected. At a low concentration, the high relative variance 

was due to the false tracks that result in a spurious peak in the acquired size distributions. 

At a higher concentration, an early termination of particles tracks resulted in an increase 

on relative variance in addition to the false tracks since an increased probability of 

interrupting neighboring particles inhibited a proper size distribution determination. This 

implies that a smaller recognition radius is more effective in obtaining an accurate size 

distribution from NTA measurements and that the modified displacement probability is 

more suited for the NTA analysis since it provides a better resolution at a small recognition 

radius. The results obtained from the PS nanoparticle standards were consistent with the 

observations from the simulations. 

 

6.2 Future Outlook 

 

While the size distribution from NTA measurements is determined from the acquired tracks, 

the determination process assumes the tracks reflect the true particle size distribution of the 

sample. However, the detection and tracking process of the particles in real NTA 

measurements can be influenced by many factors [1-6]. 
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Some of those factors are introduced due to the detection principle of NTA, while others 

are originated from either the physical nature or the instrument configuration of NTA. The 

former factors are logical consequences of the principle, which are predictable and can be 

corrected by theoretical approaches [7, 8]. For instance, the chance of a particle to be 

tracked in the next image frame depends on the diffusion scale of the particle which is 

related with its size. It means that a small particle is less tracked compared to a larger 

particle, i.e. the track length of tracks from small particles tends to be shorter. Consequently, 

tracks from small particles would be more rejected from the size distribution analysis if a 

minimum track length is applied for the screening process of the tracks to reduce stochastic 

uncertainty [9]. As a result, the tracks acquired from a polydisperse sample contain more 

of those tracks from larger particles than from smaller particles. Since the chance of the 

track termination can be expressed with a gamma distribution, it can be incorporated into 

the size distribution estimation to reflect the different probability of the track termination. 

 

On the other hand, the latter factors depend on the experimental conditions of NTA 

measurements such as sample characteristics, illuminating laser, focal depth of the 

objective lens and so on, which requires calibrations to reflect the conditions onto the 

analysis [2, 10]. For example, NTA identifies the position of particles from captured 2D 

video images by finding the local maxima of the intensity of the pixels in the images. Since 

the intensity of the light scattered by a particle is approximately proportional to the square 

of the particle volume, a larger particle can obscure the presence of neighboring smaller 

particles, making smaller particles hidden or less detected. The effect may vary depending 

on sample characteristics as well as the optical configuration, making it very difficult to 

describe in an analytical manner to incorporate into the size distribution analysis. 

 

Finally, a few factors will be discussed to improve the size distribution estimation of NTA 

measurements. 
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Size-Dependent Tracking of Particles 

 

For a particle detected in a frame to be tracked in the following frame, i.e. two particles 

across two successive frames are identified as the same particle, three conditions should be 

met:  

(a) the particle to be tracked in the preceding frame has no neighboring particle 

within the recognition range of the particle, 

(b) the particle is found within the recognition range at the following frame, and  

(c) no other particle is found within the recognition range at the following frame [2]. 

 

Each criterion can be translated into a condition for the probabilistic description. 

(a) The probability that no other particle is found within the recognition range of a 

tracked particle is acquired by using the distribution of the distance to the nearest 

particle. 

(b) The probability of a particle in the preceding frame to be found within the 

recognition range at the following frame is a combination of two conditions. One is 

that the particle in the preceding frame should be detected in the following frame, 

i.e. it does not go out of the detection volume that the instrumentation is able to 

observe. The other is that the particle should not move out of the recognition range 

in the following frame. 

(c) The probability that no particle but the tracked particle is found within the 

recognition range is given from a time evolution of the distance distribution used in 

(a), where the time evolution is described by the Brownian motion of the 

neighboring particles. 

 

To describe the probability of the neighboring particles around the tracked particle 

appeared in the conditions (a) and (c), the probabilistic distribution 𝜈(𝑟) of the distance to 

the nearest particle can be used, which is expressed by a Rayleigh distribution whose scale 

parameter is 1 √2𝑛𝐴𝜋⁄ , where 𝑛𝐴 is the areal particle density given by the product of the 

particle concentration and the focal depth of the objective lens. Considering the condition 

(b) is independent from the other conditions, the probability is given as an integral form 
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𝑃 = (1 − 𝑒−𝐿
2 𝑢2⁄ ) (1 −

𝑢

√𝜋𝐻
)∫ 𝑑𝑟

∞

𝐿

∫ 𝑑𝑟′
∞

𝐿

𝜈(𝑟)𝑇(𝑟 → 𝑟′; 𝑢̅) (6.1) 

where 𝐿 is the recognition radius, 𝑢 is the diffusion scale of the tracked particle, 𝐻 is the 

height of the detection volume of NTA, 𝑢̅  is the representative diffusion scale of the 

neighboring particles and 𝑇(𝑟 → 𝑟′; 𝑢̅) is the radial diffusion of the neighboring particle 

from 𝑟 to 𝑟′. 

𝑇(𝑟 → 𝑟′; 𝑢̅) = ∫ 𝑑𝑥
∞

0

𝑓(𝑥)𝑇(𝑟 → 𝑟′; 𝑢(𝑥)) (6.2) 

where 𝑓(𝑥) is the normalized particle size distribution of the measured sample which 

satisfies 

∫ 𝑑𝑥
∞

0

𝑓(𝑥) = 1 (6.3) 

 

However, the probability above does not consider the history of tracked particle. That is, 

the probabilistic distribution 𝜈(𝑟)  of the distance to the neighboring particles takes a 

different form depending on the track length and, as a result, the probability also has a 

dependence on the track length. To properly describe the probability, it is required to find 

the distribution 𝜈𝑘(𝑟) for a tracked particle with a track length 𝑘 and its relation with its 

following distribution 𝜈𝑘+1(𝑟), which can be acquired from the above integrational form 

for the probability tracked in the following frame, 

𝜈𝑘+1(𝑅) = ∫ 𝑑𝑟
∞

𝐿

∫ 𝑑𝑟′
∞

𝐿

𝜈𝑘(𝑟)(1 − 𝑒
−𝐿2 𝑢2⁄ ) 

                              × (1 −
𝑢

√𝜋𝐻
((𝐾 + 1)

1
4 − 𝐾

1
4))𝑇(𝑟 → 𝑟′; 𝑢̅)𝑇(𝑟′ → 𝑅; 𝑢) (6.4) 

where the term 𝑇(𝑟′ → 𝑅; 𝑢) is introduced to reflect the position change of the tracked 

particle at the next frame. 

 

Noticeably, the second condition of the tracked particle that does not go out of the 

recognition radius in the vertical direction, is expressed by a conditional probability, where 

the particle is within the detection volume for 𝑘 consecutive times and goes out of the 

volume at the next frame. 
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Tracks with a track length 𝑘 is generated when a particle track is terminated after tracked 

𝑘 times, the number of tracks with a track length 𝑘 is given by 

𝑁𝑘 = ∫ 𝑑𝑟 𝜈𝑘(𝑟)
∞

0

−∫ 𝑑𝑟 𝜈𝑘+1(𝑟)
∞

0

(6.5) 

 

The factor 𝑁𝑘 explains the amount, or the survival ratio, of a tracked particle with a track 

length 𝑘, and can be incorporated with the displacement probability of tracked particles for 

better estimation of NTA size distribution analysis. 
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