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Abstract

Time-domain mooring simulation is a direct and effective method of evaluating

mooring line loads and floater motions, in which nonlinear effects including drag

forces and seabed interaction are readily accounted for. The formulation of seabed

models affects the accuracy of line loads, including maximum tension as well as

fatigue results, and also floater motions in coupled simulations. The interaction be-

tween the seabed and discrete line structural models is challenging in time-domain

numerical simulations and a myriad of seabed models have been proposed in the

literature. However, issues such as the selection of suitable seabed force coef-

ficients and the application of suitable line discretisations, to achieve a balance

between accuracy and computational cost, remain challenging problems to be re-

solved. This thesis investigates the shortcomings of existing numerical methods

in accurately capturing the dynamic mooring line-seabed interaction and proposes

new solutions.

The line-seabed interaction problem is pertinent to catenary mooring lines which

experience liftoff from and grounding on the seabed when undergoing large dy-

namic motions. This interaction is accounted for by various seabed models and it

is known that the action of liftoff and grounding may lead to large dynamic tension

fluctuations. These fluctuations may be spurious due to the inability of discretised

mooring models to adequately account for the effect of the seabed on the mooring

line. The effect of line discretisation and seabed model formulation on the tension

fluctuations is investigated using the widely used spring-mattress approach. An

in-house mooring code was developed to perform these investigations. For code

validation and benchmarking, and to illustrate the existence of the tension fluctu-

ations problem due to nodal grounding in existing mooring line simulation codes,

comparisons are made to a commercial software.

This work aims to contribute to the field of numerical mooring line modelling by

identifying the root cause and highlighting the conditions leading to the produc-

tion of the large dynamic tension fluctuations that tend to occur due to impact

loads imparted by spring-mattress type seabed models on discrete line structural

models. In particular, these tension shock waves are found to be caused by strain

iii



Abstract iv

discontinuities manifesting in the vicinity of the touchdown zone as a result of dis-

crete line elements and nodes coming into contact with the seabed. The likelihood

of occurrence of the strain discontinuities is determined to be dependent on the

impact speeds and orientations of line elements in relation to the seabed; higher

impact speeds and close alignment between the seabed normal direction and the

axis of line elements increase the tendency of occurrence of the strain discontinu-

ities. In light of these findings, a novel seabed reaction force model that inhibits

the production of strain discontinuities in a discrete line model is proposed.

The results from this research further show that using a suitably fine discretisation

for the mooring line model, while incurring a higher computational cost, is a gen-

erally applicable approach to improve result accuracy. Specifically, the modelling

of line touchdown-liftoff effects requires a finer mooring line discretisation at the

touchdown point to avoid the production of spurious line tension fluctuations. The

numerical experiments performed in this research demonstrate that, for the pur-

pose of ameliorating the effects of propagating stress waves arising from rapid line

grounding, a hybrid discretisation employing fine elements within a limited span

of line close to the touchdown zone and coarse elements elsewhere is sufficient and

preserves the accuracy of predicted peak tensions. The results of the discretisation

refinement study in this work further suggest that specifying a numerical chain

element size close to the physical chain link size within the locally refined zone is

sufficient even under severe excitation conditions which promote the production of

the tension fluctuations.

The disparity in element sizes within and outside the local refinement zone gives

rise to a stiff dynamical system. This work introduces an approach for applying

adaptive discretisation to the line structural model with a non-uniform mesh, and

dual-rate time integration for the resultant stiff dynamic system. The results in this

research suggest that a dual-rate time integration approach for the proposed hybrid

spatial discretisation of the line structure significantly reduces computational times

for smaller refined zone line spans as a proportion of total line length. As the

touchdown point changes with time, the proposed adaptive discretisation procedure

enables the locally refined zone to shift in tandem in order to limit the spatial

extent of the refined domain, thereby preserving the computational efficiency gains

of the dual-rate time integration scheme even as the touchdown point changes

significantly. Hence, in this context, this thesis presents a method to achieve high

accuracy at lower computational expense. Future studies can extend the proposed

method to cable models with additional degrees of freedom such as bending and

torsion.



Lay Summary

Floating structures such as oil rigs, production platforms and offshore wind tur-

bines require a means of staying on-station for long periods of time. An effective

engineering solution to fulfil this requirement is to install a system of mooring lines

which anchor the floating structure to the seabed. A mooring system provides

the forces required to restore a floating structure to a desired position when it is

displaced from it, and also to limit the severity of motions it experiences under the

myriad of environmental forces acting on it from waves, wind and currents.

Simulation software are widely used in the engineering design and analysis of moor-

ing systems. Over the years, simulation methods have become an indispensable tool

for engineers. However, these methods are based on mathematical approximations

of real-world systems, and errors arise due to various assumptions and simplifi-

cations made in order to translate continuous, physical systems to their discrete,

digital forms required for computer simulation.

An example of these errors is that tension fluctuations tend to arise when the digital

representation of a mooring line experiences impact forces from the seabed. These

fluctuations mostly do not occur in reality, and they manifest due to an inherent

defect in the digital representation of a mooring line. The errors in the tension

can affect the fatigue life estimation of mooring lines and the motions of a floating

structure to which the line is connected in a simulation.

This research investigates the defect in present digital mooring line models which

lead to the afore-mentioned errors and proposes two methods to address it. The

first approach is based on the usage of a high-fidelity structural model and nu-

merical methods to reduce required simulation time, and the second approach is

an improved seabed force calculation method. This thesis aims to contribute to

an improved understanding of the shortcomings in existing mooring line modelling

methods pertaining to seabed interaction, and also proposes new solution ideas to

shore up these shortcomings.
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Chapter 1

Introduction

One of the major challenges confronting governments and the energy industry to-

day is that of producing and distributing enough energy to a growing and increas-

ingly energy-hungry world. According to a report by the U.S. Energy Information

Administration [6], between the year 2010 and 2040 world energy consumption is

expected to grow 56% from 524 to 824 quadrillion BTU1 while global petroleum

and liquid fuel consumption is set to rise by 37% from 87 MMbbl/d2 to 119 MMb-

bl/d, due to rapid urbanization and population and economic growth in developing

regions [7–9].

A key challenge facing oil and gas industry today is that while existing fields are

being depleted, new and viable fields are increasingly difficult to find or are situ-

ated in challenging environments such as under ice or in deep and ultra-deepwater

locations offshore [10]. Meanwhile, as the wind industry faces resistance to the

installation of wind farms onshore [11, 12], the prospect of harvesting the abun-

dant and more reliable offshore wind resource [13] is enticing and the technologies

required for that are being developed [14–16]. There has also been significant in-

terest in research and development of wave and current energy devices [17, 18].

Owing to the aforementioned pressures and opportunities, the energy industry is

increasingly turning towards developing offshore resources. According to a report

by energy consulting firm Douglas-Westwood [19], capital expenditure on floating

production systems from year 2015 to 2019 is expected to increase 73% over the

previous 5 year period to reach USD $81 billion, out of which USD $55 billion

1British thermal unit
2One million barrels per day

1
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will be committed to deepwater projects. These statistics highlight the growing

importance of the offshore market particularly in deeper waters.

One of the common ways of categorizing offshore engineering developments is to

use the measure of water depth as it presents challenges and constraints on the

deployment and operation of offshore installations, in particular, on the type of

foundations and station-keeping designs that may be used. Station-keeping refers

to the task of maintaining the position of floating installations within prescribed

offset limits, against environmental forces such as wind, waves, and currents. Con-

ventionally, depths up to 300m are considered to be shallow water, while depths

between 300m and 1500m is considered as deep water, and ultra-deepwater de-

scribes depths beyond 1500m [20].

Figure 1.1: Types of Fixed and Floating Offshore Installations (Courtesy of Oil
and Gas Journal).

In shallow water, fixed foundations which extend to the seabed may be used. For

oil and gas platforms, fixed foundations may be jacket structures, compliant and

guyed towers, or gravity-based platforms. Jacket structures are rigid truss struc-

tures resting on piles driven into the seabed and are viable up to 300m depth.

Gravity based platforms are heavy structures that stay in place due to their mas-

sive weight and hence do not require the use of anchors or piles; they have been

used up in water depths up to 300m. Compliant and guyed towers are structures

that flex along with environmental loading and employ floats and guys to provide

stability, and are used up to 600m depth. The main drawback of fixed platforms

is that the cost of construction increases with water depth due to the amount
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of material and structural reinforcement required, and in deep waters, it is more

economically viable to use floating concepts instead, such as semisubmersibles,

floating production/storage/offloading vessels, deep draught floaters or alternately

known as spars, and tension leg platform (TLP). Figure 1.1 shows several of the

aforementioned fixed and floating offshore installations operating at varying water

depths.

Semisubmersibles typically consist of submerged pontoons which generate buoy-

ancy and are connected to the topside via vertical columns. Floating production

and storage platforms are ship-shaped vessels equipped with hydrocarbon produc-

tion and processing facilities and are capable of being relocated quickly. Deep

draught floaters are structures such as spars which consist of single or multiple

columns that provide buoyancy and stability and have a much deeper draught

than other floating concepts. TLPs have spar columns or submerged pontoons as

buoyancy elements and typically have good vertical stability due to their station-

keeping system. Such floater concepts have also been applied to floating wind

turbines.

Offshore structures and systems are exposed to a range of environmental loads

which may be severe during storms and hurricanes. Under these loads, floaters

exhibit motions that need to be limited in order to prevent equipment damage and

ensure crew safety and comfort. Dispensing with fixed platforms in lieu of floating

concepts presents a new set of challenges, chief of which is station-keeping, which

is achieved with mooring lines and dynamic positioning (DP) systems as well as

hybrid systems incorporating both DP and mooring lines. Mooring line systems

make use of long chains and ropes to tether the floater to the seabed. Lines may

be taut or catenary, and buoys and tethers may be used to modify the geometry

of the lines and thereby the restoring force characteristics. DP systems make use

of dynamic control algorithms and position, motion and force sensors to control

propellers and thrusters to keep the installation in place.

DP systems are preferred for exploratory drilling activities, where their compara-

tively short positioning times give them an advantage over mooring systems. They

are also preferred as station-keeping systems for FPSOs in water depths exceeding

approximately 2500 m. In such depths, if mooring lines are used their lengths

and weight would be prohibitively large. This negatively impacts available pay-

load of the floater, as well as the required size and economics of the line materials,
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winches, chain jacks and connectors used [21]. While DP systems are versatile

and operate varying water depths, the disadvantage is that they require more fuel

to run and are typically more expensive to operate than mooring systems. Being

complicated systems, failure of each crucial component may seriously compromise

the operation of DP systems and there have been a number of incidents involving

DP sub-systems failure and operator error which led to the loss of position [22]. In

comparison, mooring lines operate most of the time as passive systems, and thus

even when winches and chain jacks are non-operational, platform station-keeping

ability is minimally compromised. Mooring lines are suitable for use across most

water depths from shallow water up to ultra-deepwater depths of 2500 m [23]. Hy-

brid systems typically use its DP thrusters to support the passive mooring system

and provide fine-tuning of the station-keeping characteristics [24]. In this way fuel,

consumption is reduced and the overall reliability of the station-keeping system is

enhanced.

Given that station-keeping systems are complex and critical systems for floating

platforms, it is crucial that they are designed and maintained properly so that the

risk and consequences of failure are mitigated. To that end the offshore industry

has established station-keeping codes and recommended practices which describe

environmental load criteria, analysis methods and procedures, design considera-

tions and approval criteria, in-service maintenance and inspection requirements for

various station-keeping systems including dynamic positioning and mooring line

systems.

The aforementioned documents advocate the use of computer models and software

to perform simulations of floater dynamics and mooring line responses in order to

make accurate predictions of critical attributes such as platform maximum offset

and line loads as well as long-term fatigue characteristics. Computer simulations

are required to account for the complex environmental loading and mooring line

interaction with the floater and the basis of such simulations is the mathematical

model of the physical systems.

The aim of the next section is to provide a review of the methods and models used

for calculation of mooring line loads, motions and dynamic interaction with the

floater. The environmental loads and motions, as well as an overview of the global

force and motion analysis methods typically used for moored floating structured

will be discussed so as to provide a context for the development and application
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numerical mooring line models. Having developed this background, the literature

review focuses on existing line structure and seabed interaction models. This sec-

tion is particularly pertinent to the scope of this thesis, which, as will be discussed,

focuses on the problem on mooring line-seabed interaction.

1.1 Literature review

1.1.1 Environmental loads and responses of moored float-

ing structures

A moored floating structure experiences time-varying environmental forces that are

dependent on meteorological and oceanographic, or collectively known as metocean

conditions. Ocean currents are caused by winds, in addition to the gravitational

pull of the moon and sun, and salinity and temperature gradients in the ocean

water. Current velocity varies with water depth and is dependent on the local

bathymetry and underwater topographic features. Therefore velocity profile data

is usually obtained from field measurements [25]. Conventionally, current veloc-

ities are treated as temporally constant for the calculation of structural loading

[26], however, according to a recent ITTC3 Specialist Committee on Deep Water

Mooring report [27], current forces may be separated into mean and fluctuating

components; this approach enables the assessment of vortex induced vibration loads

which are relevant for risers and mooring lines with tubular cross sections such as

sheathed wire ropes, in addition to the mean current which contributes to the mean

drift force on the floater as well as influences the static equilibrium configuration

of the mooring lines [28]. The report also highlighted that in deeper waters, where

the lines are longer and spread over a large area, current velocity profiles used for

analysis should ideally be spatially and temporally varying. However, because such

information is usually not available, current velocities are typically specified as a

spatially uniform unidirectional depth varying profile [27]. In practice, in dynamic

moored floater motion analyses, vertically uniform, linear or bilinear vertically

varying velocity profiles are typically used [28–30]. DNV-RP-C205 [31] provides

guidance on the specification of current velocity profiles.

3International Towing Tank Conference
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Local winds impose aerodynamic loads on the parts of the structure above the

waterline. To calculate the loading, the wind speed and structural aerodynamic

force coefficients are needed. Wind speeds are considered to be random Gaussian

processes. The latter is usually found from wind tunnel measurements [4]. Over

short time durations, the wind speed may be considered to be randomly fluctuating

and statistically stationary, which implies that its statistical properties such as its

mean, standard deviation, and autocorrelation of the random process, in this case,

the wind speed, remain unchanged over the specified duration. The mean com-

ponent is the average speed over the time duration, and a fluctuating component,

known as wind gusts, is superposed on the mean speed [26]. The wind gust compo-

nent can be generated by superposing multiple frequencies of varying amplitudes

and phase angles relative to one another. This produces the seemingly random

fluctuating wind speed component. The amplitudes corresponding to each of the

frequency components can be obtained from wind spectra measurement data, such

as the Davenport, Harris and NPD wind spectra [32].

Wave loads are transmitted to the submerged parts of floating structures and their

attached slender structures such as risers, pipelines and mooring lines. Due to

the large size of floaters such as ships, FPSOs and semi-submersibles, the domi-

nant loads are usually inviscid loads. Figure 1.2 shows the different regimes where

diffraction, inertia and viscous effects are important for a generic cylindrical struc-

ture exposed to waves. This is directly relevant for structures such as the cylindrical

columns of a semi-submersible floater, but the concept may be applied to any float-

ing structure in general. In the regime where both the wave height to characteristic

structural dimension ratio and the wavelength to characteristic dimension ratios

are low, in the region under 5, the large size of the structure will modify the direc-

tion of propagation of the waves and diffraction loading becomes dominant. In the

regime where the wave height to characteristic dimension ratio is low, under 10, and

the wavelength to characteristic dimension ratio is above 5, diffraction and viscous

forces are less important whereas the forces arising from fluid acceleration due to

the passing of the unperturbed waves are dominant. For cylindrical structures, this

refers to the Froude-Krylov force. The viscous forces are dominant in the regime

where the wave height and wavelength to characteristic dimension ratios are high,

in effect, where the structural dimension is small relative to the characteristic wave

dimensions. Linear wave theory implies that the instantaneous wave elevation of

a long-crested random sea is considered to be a linear summation of regular wave
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components and is assumed to adhere to the Gaussian distribution while the wave

amplitudes, however, are Rayleigh distributed [1]. Hence, the instantaneous wave

forces on an offshore structure can be considered to be Gaussian distribution while

the peak loads are considered to be Rayleigh distributed.

For many floaters, which typically have small wave height to characteristic struc-

tural dimension ratios, viscous loads are less important compared to the inertia

and diffraction loads. Hence, Figure 1.2 shows simply the relative importance of

the different types of loads corresponding to different flow conditions. References

[1] and [33] are sources for a more detailed explanation of the physics correspond-

ing to the different flow regimes. The wave conditions, like wind conditions, is

considered to be a random Gaussian process. Wave spectra may then be used to

generate the wave conditions. The water surface elevation can be prescribed by

the superposition of different frequency components extracted from a chosen wave

spectrum.

Figure 1.2: Flow regimes where diffraction, inertia and viscous forces dominate
(Adapted from Ref. [1]).

Examples of wave spectra include the JONSWAP and Pierson-Moskowitz spectra

[26]. Superposition of the various wave components follows the process for wind

gusts, and gives rise to a steady, mean wave load, in addition to time-varying loads

due to nonlinear interactions between the structural motions and wave frequency

(WF) components.

Floating structures experience six degrees of freedom motions. The three transla-

tional motions are the surge, sway and heave motions, while the rotational motions

are the roll, pitch and yaw motions. Being exposed to current, wind and wave
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loads, moored floaters experience oscillatory motions across a range of frequencies.

Because the wave loading is usually the dominant environmental load source on

moored floaters, it is conventional to classify the different range of motion frequen-

cies with respect to the wave frequencies or periods. Typically, a random sea state

is composed of wave components with frequencies within the range of 0.04 and 0.2

Hz, or equivalently 5 and 25 s. Hence, this band of frequencies is known as WF

range. Oscillatory motions of the floater within this frequency range are excited

by first-order wave forces and are correspondingly known as WF motions. Floaters

also experience motions at frequencies lower than 0.04 Hz, and motions within this

frequency range are known as the low frequency (LF) motions. Certain floaters also

experience motions at frequencies above the WF frequencies, and these motions are

called high frequency (HF) motions.

The LF and HF motions are excited by the second-order LF and HF loads respec-

tively. The LF second-order loads are also known as the difference frequency loads

because they occur at the frequencies corresponding to the difference between the

frequencies of the excitation force component pairs that gave rise to them. Simi-

larly, the HF second-order loads are alternately known as the sum frequency loads

because they occur at the frequencies equivalent to the sum of the frequencies of

the source excitation force component pairs.

The first-order motions of the floater are excited by the first-order incoming waves,

and the motion amplitudes are assumed to be linearly varying with the incoming

wave amplitudes. This assumption allows the computation and usage of force and

motion response amplitude operators (RAO) for floater dynamics computations.

The LF and HF motions occur due to second-order forces, as shown in References [2]

and [34]. The LF motions induced by the LF forces are also known as drift motions.

In addition to the LF and HF motions, floaters also experience a mean, steady load

from the environmental forces which give rise to a mean offset. Using perturbation

theory, Pinkster [34] showed that the second-order pressure forces can be accounted

for by considering the interaction between the first-order wave induced motions and

first-order wave potential as well as the second-order wave potential. With such

a formulation for the second-order force, and using a panel code and diffraction

analysis to compute and integrate the pressure over the specified hull geometry,

the quadratic transfer functions (QTF) relating the second-order force and the

amplitudes of pairs of incident waves of different frequencies may be calculated.
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For floater dynamics calculations, the usage of the QTFs to compute the second-

order forces for a given seastate is convenient, but requires a preprocessing step

in which the QTFs are generated by the use of a panel code such as WAMIT

[35]. The LF or drift effect are accounted for by the difference frequency QTFs,

while the HF effects are accounted for by the sum frequency QTFs [4]. RAOs are

also calculated using diffraction analysis. Some examples of the usage of QTFs to

compute second-order loads can be found in References [36–38]. This approach is

also adopted by several commercial floater dynamics computer programs such as

Orcaflex, Ariane, and DeepC.

Table 1.1 shows the typical natural periods in each of the six degrees of freedom for

various floater types. The heave, roll and pitch motion natural periods are generally

related to the hydrostatic restoring force while the surge sway and yaw natural

periods are related to the restoring force of the mooring system. The exception

among the floaters is the TLP, where the heave, roll and pitch motions are also

largely dependent on the tension in the tendon members tethering the floater to

the seabed. It is noted that the natural periods of the degrees of freedom related

to the mooring forces are typically an order of magnitude larger than those related

to the hydrostatic restoring force. Furthermore, the surge, sway, and yaw natural

periods are outside of the range of the wave component frequencies. Despite this,

moored floaters have been observed to exhibit large amplitude oscillatory motions

in the LF range close to the resonance frequencies [39].

Natural Periods (s)

FPSO Spar TLP Semisub

Surge > 100 > 100 > 100 > 100

Sway > 100 > 100 > 100 > 100

Heave 5-12 20-35 < 5 20-50

Roll 5-30 50-90 < 5 30-60

Pitch 5-12 50-90 < 5 30-60

Yaw > 100 > 100 > 100 > 100

Table 1.1: Typical natural periods of floaters in deep water (Adapted from Ref.
[4]).

The LF motions, occurring close to the resonance frequencies, have amplitudes that

are larger than the WF motions, as shown in Figure 1.3 even though the magnitude



Chapter 1. Introduction 10

of the second-order slow drift forces are small [34]. However, the frequencies of LF

forces are close to the resonance frequencies of the surge, sway, and yaw motions.

Furthermore, because the velocities of the LF motions are slow, the viscous and

wave-making damping attributed to such motions are small. Therefore, the mag-

nitude of the LF motions have been found to be highly dependent on the damping

provided by the mooring lines [21, 40, 41].

Figure 1.3: Typical mean, low and wave frequency motions of a barge (Adapted
from Ref. [2]).

1.1.2 Time and frequency domain analysis

In frequency domain (FD) analysis, the motion response of the floater is calculated

by solving the equations of motion for each frequency component of the environ-

mental excitation force spectrum. Thus the first-order responses may be obtained

from the force and motion RAOs and the force spectrum. For the second-order

responses, the LF response is obtained by solving the equation of motion with

each combination pair of the difference frequency loads, while the HF response is

obtained in a similar manner using the sum frequency loads.

In time domain (TD), the environmental forces prescribed typically from the wind

and wave spectra have to be converted from frequency to time domain. As shown

in Reference [42], this can be accomplished by converting the force RAOs for the

first-order wave forces and the QTF for the second-order forces into their respective

impulse response functions by taking their inverse Fourier transforms. Then a

convolution of the impulse response functions and the components of the incident

waves will produce the total first and second-order wave forces in the time domain.

The first and second-order wave forces are not differentiated in the time domain

and their combined effects are represented as a single time signal. The equations
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of motions can then be marched forward in time while imposing the time signal of

the forces on the system.

Figure 1.4: Superposition of regular wave components to form an irregular wave
(Adapted from Ref. [2]).

Figure 1.4 shows graphically both the TD and FD approaches. It can be noted

that the outputs for motion response arising from an FD analysis are spectral

density data. For TD analysis, a time signal for the motions is obtained. A key

advantage of the FD approach is its efficiency [43–45]. However, the FD approach

assumes a linear or linearized system. For a typical floating structure dynamics

problem, the possible sources of nonlinearities in the equations of motions include

structural material nonlinearities, seabed contact and friction, geometric nonlin-

earity of the slender structures due to large displacements, and slender structure

drag force which is calculated typically using Morison equation and hence scales

quadratically with respect to relative fluid velocity [45]. These nonlinearities have

to be linearized to apply FD analysis. For periodic nonlinear loadings, the method

of equivalent linearization can be applied [46]. This technique is based on substi-

tuting a nonlinear model with linear one, and determining the linearized model

coefficients by equating the energy dissipation of both models over one oscillation

period. For stochastic loadings, the method of stochastic linearization, which is

based on minimizing the least square error between the time average of the nonlin-

ear and linearized models, may be used [47–49]. The methods may be applied to

linearize the quadratic drag force as in References [50] and nonlinear seabed effects
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[51]. TD analyses are able to accommodate the nonlinearities mentioned, but the

computational cost is typically much higher.

In cases where the nonlinearities are weak, FD analysis has been found to pro-

vide good results comparable to TD analysis. Liu and Bergdahl [52] compared

the energy dissipation, related to the fairlead line tension, from the TD and FD

calculations, and found that the agreement was good even taking into considera-

tion that the seabed friction forces had to be linearized. Ran et al. [44] similarly

compared the motion responses of a Spar exposed to random waves calculated from

TD and FD simulations, and found that the motion responses calculated by the

FD method tends to underpredict that of the TD approach. They attributed this

to the tendency of statistical linearization method, used to linearize the quadratic

drag forces on the moorings, to be overestimated.

Low and Langley [50] performed both TD and FD analysis of a floater coupled to an

array of mooring lines. The system is exposed to random waves and thus undergoes

both WF and LF motions. From FD analysis, the motion response spectra was

directly obtained. From TD analysis, the time series results for the motions were

converted to frequency space and compared to the FD results. They reported that

the agreement between both types of analysis methods was good. They attributed

this to the good performance of the statistical linearization method applied for

drag force linearization, and the weak geometric nonlinearity of the mooring lines

arising from structural displacement, due to the fact that the system considered

is in deep water and the line geometry changes due to floater displacement are

small compared to the length of the lines. In a continuation of this work, Low

and Langley [53] assessed the suitability of FD analysis to shallower water depths

and found that in this case, the geometric nonlinearities arising from geometry

change of the mooring lines resulted in the poor agreement between the TD and

FD results.

1.1.3 Uncoupled analysis

The uncoupled approach for calculating moored floater motions is currently the

most efficient method to calculate the floater motions and line responses. In the

uncoupled approach, floater motion and line response are calculated separately.
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First, the vessel motion is calculated, and then these calculated motions are im-

posed on the mooring line model to calculate the structural response of the lines

[4, 54].

In the first step to obtain the vessel motions, a simplified model of the mooring

system is included in the vessel equation of motion. The most basic description

of a mooring system is to model it as linear or nonlinear springs. To generate

the coefficients for the restoring force of the springs used to represent the mooring

lines, a common approach has been to apply a discretized line model such as a finite

element model may be used to calculate the fairlead static tension force across a

range of offsets [28, 54]. This description neglects the dynamic effects of the lines

namely the inertial and damping loads. For small floaters such as catenary anchor

leg mooring buoys, the line inertia loads have significant effect on their dynamics

[54]. For large floaters, however due to their large mass and size, the inertia loads

from the lines is a small fraction of the total environmental loads and has a small

effect on the motions.

In addition to the static restoring forces, the damping effect of the mooring lines

may be included with the addition of a damping term in the equations of motions

typically in the yaw, surge and sway motions in the horizontal plane which are

most affected by mooring line forces. Ormberg and Larsen [28] described a process

in which the damping coefficient is estimated from experimental data or calculated

top end line tension from static spring forces. From the time trace of line tensions

and floater displacements obtained from experiments, the LF floater dynamics and

line tension fluctuations can be extracted which are equated, from which the lin-

ear damping coefficient are derived. It should be noted however that this method

ignores wave drift damping and hydrodynamic drag forces on the floater hull and

assumes that the floater motions are due to the line tensions acting through the

fairlead. The authors commented that a linear damping coefficient is usually suf-

ficient to represent line damping. This approach of using top end line tension to

calculate a linear damping coefficient was also described by Brown and Mavrakos

[5] and Webster [55].

Another approach is based on calculating the work done by hydrodynamic drag on

the lines over an LF oscillation period. In this approach, assumed LF motions of

the floater on the horizontal plane, such as surge, sway and yaw, are imposed on
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the top end node of the lines which induces the lines to undergo corresponding dis-

placements. The relative velocities arising from those motions are then integrated

over an LF oscillation period, which amounts to the kinetic energy of the floater

dissipated through the hydrodynamic drag on the lines. Integrating the equation

of motion of the floater over one LF period, it may be proved that the inertial

and restoring force components do not dissipate energy, which leaves the damping

term as the contributor to energy dissipation. The linear damping coefficient can

then be found by equating the line and floater energy dissipation terms. Huse and

Matsumoto [56] proposed a method which accounts for the vertical in-plane motion

of the line. This method was modified by Liu and Bergdahl [57] to improve on the

evaluated in-plane relative velocities. Bauduin and Naciri [58] proposed a method

that accounts for the out-of-plane displacement of the lines, further improving on

the estimation of the relative fluid velocities, drag forces, and energy dissipation.

However, it should be noted that WF line oscillations contribute significantly to en-

ergy dissipation and floater motion damping [53, 59, 60] and it has been neglected

in this approach. This approach has, however, been used in various applications

[61–63].

To account for the effect of WF motions on line energy dissipation and LF floater

motion damping, Lie et al. [30] proposed a method in which the relative fluid ve-

locities induced by WF motions are evaluated with a statistical analysis approach.

From the expected value of the drag force on the line, the linearised damping coef-

ficient is found. Low and Langley [50] also found that as the line stiffnesses change

significantly due to LF floater motions, the natural frequency of the lines under

increased tension moves closer to the WF range. The convergence of the modal and

excitation frequencies lead to increased oscillation amplitude and relative fluid ve-

locities over the lines, amplifying the hydrodynamic drag forces, energy dissipation

and floater motion damping.

The uncoupled approaches achieve computational efficiency by simplifying the rep-

resentation of the mooring line forces on the floater and separating the analysis of

the line and floater responses, thus reducing the degrees of freedom of the individual

systems. However, applying this method requires judgement in the specification of

suitable static restoring force and in particular the damping coefficients, which is

not straightforward because of the need to account for stochastic loads on the line

as well as the nonlinear LF line responses.
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1.1.4 Comparison of coupled and uncoupled mooring sys-

tem and floating structure analysis

API RP 2SK [54] describes two variants of this approach. In the semi-coupled

approach, one solves the equation of motion of the floater coupled to the static

stiffness of the lines, thus neglecting the inertia and damping effects. In the fully-

coupled approach, the line inertia and damping are taken into account and the

motions of the line and floater are calculated simultaneously. The coupling between

the lines and the floater is achieved by establishing a common node between the

two representing the fairlead.

Ormberg and Larsen [28] compared the responses of a turret-moored vessel using

coupled and uncoupled approaches and stated that the main drawback of this

approach is that the effects of current and WF oscillations are not taken into

account. The former affects the line geometry, restoring line forces and thus the

calculated mean offset significantly, while WF oscillations affect the line damping

and thus has a strong influence on the LF motion amplitude. They used a finite

element model of the mooring lines and potential flow theory to calculate the

hydrodynamic forces on the floater and found that as water depth increases and

in the presence of current, the coupled approach is required in order to capture

the influence of the current on the mean line shape as well as hydrodynamic line

damping in order to obtain good estimates of the mean and LF offsets.

Similar conclusions were drawn by Heurtier et al. [64], who used one of the tests

cases reported by Ormberg and Larsen [28]. By setting the drag coefficient of the

lines to zero, they found that the LF response predicted by the uncoupled and

coupled approaches were very similar, which led them to conclude that line inertial

loads have little effect on the calculated surge motion while a good estimation

of the relative velocities between the fluid and lines is critical to calculating LF

responses affected by line damping. These results show that while motions in the

horizontal plane such as the surge motion are characterized by the dominance of

the LF motion amplitudes over the WF motion amplitudes, both the wave and LF

oscillations contribute significantly to the amplitude of the line tensions. Further,

a fully coupled approach taking into consideration the dynamical line loads across

the low and WF range is required to accurately capture line tension fluctuations.

This has also been reported by various other researchers [65].
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Vendhan [45] describes a method frequently used in industry in which relatively

coarse discrete line models are used for coupled simulations to obtain nodal accel-

erations and velocities, which are then inserted into the refined line model with

higher nodal densities to achieve detailed line stresses.

A coupled analysis is computationally demanding and this fuels the development of

techniques to reduce computational effort while still achieving acceptable accuracy.

1.1.5 Mooring line structural models

For the calculation of the mooring line forces on the floating structure dynamics,

the most important factor is the mooring line axial tension. For chain-link type

lines, in numerical modelling of line dynamics usually only axial tension is taken

into account, and torsion and bending are neglected [65–67]. This is often a good

approximation for chains [1] because the axial stiffness is typically uncoupled from

the twist of the lines unless the axial rotation angles are large. However, out-of-

plane bending fatigue damage of chains has been identified as a significant cause

of failure for mooring lines [67]. For wire ropes made of steel or synthetic mate-

rials such as polyester, torsional loads and axial tension are coupled [68], and for

such materials, this effect may have to be taken into account in floater structure

dynamics analysis.

Mooring line models can be static or dynamic. The latter includes the inertial

and damping loads while the former does not. Jonkman [15] formulated a quasi-

static mooring model that takes into consideration seabed contact and friction

and calculates the anchor and fairlead vertical and horizontal forces based on the

line material properties and the anchor and fairlead positions. This static model

was subsequently extended to be able to consider multisegment lines consisting

of different branches and line materials [69]. Chai et al. [70] also formulated a

quasi-static model that can account for inclined seabeds and external attachments

such as buoys. The main drawback of the static line models is that dynamic loads

cannot be taken into consideration.

Dynamic line models are able to account for the unsteady loads from the envi-

ronment. They apply discretization in space and time to capture the dynamic
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effects along the line. Broadly, the presently available models can fall within three

categories, lumped mass, finite element rod, and finite difference models.

The lumped mass (LM) model considers the line structural masses to be lumped

at regular intervals along the mooring line. The structural mass along the line is

assumed to be concentrated at the lumped mass nodes and each node is attached

to its neighbours via a massless spring. In the original formulation of the LM

approach by Walton and Polachek [71], the nodes are linked via inextensible ele-

ments, which provided the constraint conditions for the calculation of line tensions.

The application of a massless elastic spring model to describe the line tension force

between adjacent nodes was then discussed in a follow-up paper by Polachek et

al. [72]. In addition to the line tension, other forces including line weight, buoy-

ancy, hydrodynamic forces and other imposed forces are applied to the nodes. The

structural mass matrix is a diagonal matrix. Structural damping is often excluded

as in References [50, 66, 73–75], but may also be included [65, 76] to improve nu-

merical stability. For chain-link mooring lines, usually bending and torsion effects

are excluded. For low tension or zero tension cases, the line response is nonlinear

and requires the inclusion of bending stiffness effects in order to capture the line

dynamics [40]. Hence, for lines consisting of steel wire or synthetic ropes, and

when cables may be slack or when line tensions are low, bending effects should be

included [77, 78]. To this end, Buckham [78] formulated a higher order lumped

mass model that incorporates torsional and bending effects using a cubic spline to

calculate the line curvature between nodes.

For lines which may undergo taut-slack transitions, instead of a linear line stiffness,

a bilinear line tension may be specified [79]. In this formulation, the tension of each

element in the discrete model is assumed to be zero when the separation distance

between two adjacent nodes is lower than the unstretched length of the element.

A linear line stiffness is adequate for lines that are predominantly under tension.

Huang and Vassalos [80] found that for severe fairlead excitations, the lines un-

dergo alternating slack-taut transitions, resulting in snap loadings and amplified

maximum tension loads, necessitating the use of a bilinear line stiffness. Buck-

ham [78] noted that the lumped mass approach is simple, versatile and facilitates

the assembly of multisegment, multicomponent line assemblies. Kurian et al. [75]

demonstrated this by generating a lumped mass discretization for a multicompo-

nent line that includes buoys and clump weights for imposed fairlead motions at
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the fairlead.

Finite element mooring line models, in comparison to lumped mass models, make

use of shape functions to decompose the distributed forces along the line into

discrete forces imposed at the nodes. The structural mass matrices in finite ele-

ment models are consistent matrices, and discretization is performed using one-

dimensional shape functions. An example of the finite element mooring model is

that developed by Garrett [81], which uses cubic spline shape functions. Using

Galerkin’s weighted residual method [82], the governing equations for a continuous

line can be discretized. This formulation takes into consideration bending effects

and is able to accommodate torsion as well, but the latter effect is deemed to be

less important and is usually neglected [44, 83–86]. Leonard and Nath [87] com-

pared the finite element and lumped mass approaches and concluded that for the

same spatial discretization the finite element method is more accurate, but the

two approaches should be equivalent when higher nodal densities are used in the

lumped mass approach. The advantage of the lumped mass method is that having

a diagonal mass matrix removes the need for solving a system of equations, thus

saving on computational expense. The applicability of the lumped mass approach

to mooring line modelling has been proven in many implementations [65, 78, 88].

Another line discretization approach is via the finite difference formulation. In

such an approach, the governing equations of motions are spatially and tempo-

rally discretized using Taylor series expansion, as detailed in [89–91]. This is the

approach adopted in the WHOI Cable software [92]. However, the selection of a

suitable time step and spatial discretization requires mesh sensitivity studies the

solutions tend to be susceptible to numerical errors [76]. As noted by Masciola [76]

and Gobat and Grosenbaugh [92], the selection of suitable time-step sizes for the

time-integration of the equations of motion is challenging and might be limited by

numerical stability requirements rather than results accuracy. However, it should

be noted that finite element and lumped mass models, regardless of the choice of

time-integration schemes, have to address the issue of numerical stability during

time integration, and furthermore Gobat and Grosenbaugh [92] have developed an

adaptive time-stepping method to address this difficulty. Nonetheless, the finite

difference approach has proven its applicability to a wide range of mooring line and

riser simulation problems considering seabed contact [93, 94], current loads [95],

and low tension conditions [93, 96].
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1.1.6 Seabed interaction models

There are uncertainties pertaining to the soil material, stiffness and damping, as

well as the time-varying aspect of its properties with progressive grounding, sliding

and lifting of the lines [97], which complicates analysis efforts. For example, the

soil forces resisting the motions of the slender structures are typically anisotropic.

The forces also vary with the depth of penetration of the line into the soil [97].

Trenching effects, in addition to affecting riser pipelines [94, 98], also affect mooring

lines [91] and the holding capacity of suction anchors used in conjunction with taut

mooring lines [99]. Soil remoulding effects and water entrainment due to repeated

pipeline penetration affects the shear strength of soils and has an influence on soil

stiffness [100, 101] the breakout resistance of the soil, which then affects pipeline

dynamics [102]. Soil behaviour thus varies over time, loading conditions, and with

soil material. The Randolph and Quiggins model [103] model is an example of a

sophisticated soil-constitutive model which describes the vertical soil stiffness as a

nonlinear resistance accounting for trenching, suction, uplift and hysteretic effects

of repeated cycles of these penetrative motions. Modelling the lateral motions of

slender structures can similarly take the complex, high fidelity approach by using

nonlinear models such as that proposed by White and Cheuk [104], which considers

the kinematic hardening of soil due to the build up of berms.

One description of the seabed forces is the spring-mattress model, or variously re-

ferred to as the elastic seabed model, such as that proposed by Webster [55]. In this

model, the seabed is modelled as a flat or undulating surface which provides a ver-

tical support force to the mooring line. This model is described in detail in Section

3.1.2. Similar variations of this approach are used in Refs. [65, 88, 105, 106] and is

implemented in commercial codes such as Orcaflex [107] and aNyMOOR [108]. In

contrast to the high fidelity soil-consitutive models, this approach greatly simplified

and mainly aims to capture the mooring line dynamics at a resolution relevant to

fulfilling the purpose of predicting the mooring line forces, in particular, the tension

restoring forces. The main advantage of this simplified approach is that the entire

line length remains active over a simulation. Hence, the effect of the grounded

section on the suspended part, and vice versa is fully accounted for. In contrast

to the spring-mattress model, in which the dynamics of the grounded section are

calculated, Chatjigeorgiou and Mavrakos [109] proposed a model which calculates
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the touchdown point from a quasi-static solution, and truncating it from the touch-

down point onwards. A further simplification is to represent the touchdown point

as a static location which is the approach taken by Goodman and Breslin [110] as

well as Mavrakos et al. [111]. Under the assumption of a static and quasi-static

touchdown point, the effects of the line liftoff and touchdown forces are neglected.

Thomas [112] proposed a seabed model in which the mass of the first two suspended

nodes adjacent to the seabed are gradually reduced as they approach the sea-bed.

The motivation for the development of this model was to eradicate the fluctuations

in the line tensions associated with nodal grounding. However, a limitation of

the method is that the mass modifier coefficients used to perform the nodal mass

reduction have to be determined, by trial and error, for individual grounding nodes

and recalibrated for each specific fairlead excitation time history.

Wang et al. [113] used the lumped mass approach to model a mooring line in con-

junction with a seabed model based on rigid body collision analysis. It was noted

by the authors that, upon line impact with the seabed, there were fluctuations in

the fairlead tension which they attributed to the spatially discrete nature of the

line structural model. Triantafyllou et al. [114] showed analytically that tension

shocks may occur during both the loading and unloading phases of a dynamic

mooring cable motion period and derived a condition for its occurrence. Gobat

and Grosenbaugh [115] experimentally verified the condition, noting however that

the occurrence of unloading shocks may not affect the fairlead tension.

Nakajima et al. [116] proposed a method in which the masses of line nodes are

reduced to zero as they approach the seabed, thus avoiding the line tension shocks

from the impact loading associated with deceleration of the line mass. The effect of

seabed impact using a discrete lumped mass line model was investigated in detail

by Thomas [112], who concluded that the nodal momentum is the main contributor

to the vertical dynamic impact force on the lumped mass nodes upon contact with

the seabed, with line stiffness being a secondary contributor. Other findings from

this research are that nodal density and timestep size are parameters that affect

the manifestation of the oscillations. Following Nakajima [116], Thomas [112, 117]

proposed prescribing mass modifiers that adapted the weight of the grounding

nodes such that the tension fluctuation history is optimized for reduction of the

tension fluctuations that appear due to nodal grounding. However, the parameters

that are used to tune the mass modifier coefficients can only be determined via
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postmortem analysis. Hence, in order to apply this technique, the same calculation

may need to be done repeatedly.

For time domain analyses, nonlinearities associated with line-seabed friction and

hysteresis can be accounted for directly. Liu and Bergdahl [57] used a Coulomb

friction model for time domain line calculations and concluded that seabed friction

greatly contributes to energy dissipation and is proportional to excitation ampli-

tude. This implies that the damping of LF floater motions will particularly be

influenced by the representation of seabed friction. Chang et al. [74] also used a

Coulomb friction model to represent lateral soil-line interaction forces, while the

vertical force is represented with critically damped spring-dampers. In some time-

domain simulations [50, 53] only the vertical forces are accounted for while the

lateral friction forces are neglected, with the justification being that the influence

of the soil-line interaction on floater dynamics and line tensions is small compared

to other effects such as hydrodynamic damping when the suspended line length is

much greater than grounded length.

Liu and Bergdahl [57] also linearized their Coulomb friction model using the stochas-

tic linearization method for frequency domain calculations. They concluded that

frequency domain results with their linearized seabed model compare well with

time domain results. Another frequency domain approach, adopted by Ong and

Pellegrino [118], involves linearization of the static catenary line equation to obtain

linear spring coefficients. In their study prescribed fairlead motions were imposed

on linearized spring as well as pinned support models and the fairlead tensions from

these two models obtained from frequency domain analysis were compared with

time domain analyses in Orcaflex. They concluded that modelling the touchdown

point as a pinned support leads to large overestimation of the dynamic tensions

even for small fairlead motions, and that for high pretensions catenary action is

subdued and a horizontal spring model will suffice while for low pretensions cate-

nary action is significant necessitating the use of a system of coupled vertical and

horizontal springs.

Brown and Mavrakos [5] stated for seabed forces acting on mooring lines, out-of-

plane friction and suction forces are not significant, whereas in-plane forces can

have an effect on the dynamic peak line tensions. Further, seabed friction has an

effect on reducing the tension fluctuations experienced by the line segments on the

seafloor. This is because friction limits the nodal movements due to the tension
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forces transmitted from the suspended segments, thereby limiting line elongation

and compression, which manifests as an increased line stiffness.

Yu and Tan [119] used a simple elastic spring as well as sophisticated elastic-plastic

soil constitutive models, namely the Mohr-Coulomb and Drucker-Prager models to

calculate soil-line friction and slip. They concluded that the simple elastic spring

model gave similar results for line stresses and fairlead offsets compared to the

complex elastic-plastic models.

1.2 Discussion

From the literature review, it is clear that there are numerous seabed modelling

approaches of varying levels of fidelity developed to address various application

difficulties and shortcomings of prior methods. At one end of the spectrum is the

static touchdown point model in which the grounded line span is excluded from

consideration. At the other end are complex, nonlinear soil constitutive models,

such as that proposed by Randolph and Quiggin [103] and White and Cheuk [104].

The tradeoff between these two ends of the spectrum is simplicity and non-reliance

on model coefficients. Model coefficients typically provide a simplified means of

describing the bulk effects of one medium on another, with the inherent sacrifice

of model fidelity and general applicability.

For time-domain mooring cable analysis, effects such as trenching and soil hystere-

sis effects are less important compared to an accurate representation of tension,

especially close to the fairlead, because it is where mooring line failures frequently

occur due to overload or fatigue [120, 121]. The fairlead force also provides the net

effect of mooring line dynamics on floater motions. The spring-mattress method is

the most widely used due to its flexibility, simplicity, and completeness of analysis

for the entire mooring line. It is less restricted in its applicability compared to

static touchdown point models, and requires lower data storage and computational

effort compared to high fidelity seabed models. However, previous studies have

suggested that the spring mattress model is prone to discretisation errors associ-

ated with line contact with the seabed, particularly spurious tension fluctuations

as noted by Refs. [112, 113]. The dependence of these models on force coefficients
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which are difficult to define and calibrate for various seabed and case-specific en-

vironmental excitation conditions is an area where further work is required.

Among the candidate line structural models, the finite element and lumped mass

approaches, in comparison to the finite difference approach, are more widely adopted,

perhaps due to the sensitivity to numerical issues experienced with a finite differ-

ence based approach. Between the lumped mass and finite element approaches,

the former inherently makes simplifications including the assumption of a diagonal

mass matrix which, when paired with suitable time-integration schemes, removes

the need to solve a linear system of coupled equations. While its accuracy is gen-

erally lower than a finite element based system, this can be improved by increasing

the density of the discrete elements within a given spatial domain.

1.3 Research Hypotheses

Following the literature review, several research hypotheses are constructed:

• The numerical errors generated by line-seabed impact is due to the interac-

tion between the seabed model and the discrete nature of the lumped-mass

mooring line structural model. If proven to be true, this leads to the con-

struction of the following hypotheses for solution methods.

• The discretisation errors generated by line-seabed impact may simply be

ameliorated by modifying the line structural model, in effect, via mesh re-

finement.

• The discretisation errors generated by line-seabed impact may be ameliorated

with the use of a higher-order seabed force model which accounts for the

discrete nature of the line structural model.

1.4 Objectives of this work

Based on the review of the literature, the main goals of this research are:
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• Investigate the cause of the potentially spurious tension fluctuations that are

experienced due to seabed contact when the variants of the spring-mattress

model is used.

• Develop a generally applicable modelling approach, which is not reliant on

uncertain model force coefficients, and also minimizes the occurrence of spu-

rious tension fluctuations caused by seabed impact when the spring-mattress

model is used.

• Develop an improved spring-mattress type seabed model which is resistant

to the irregularities caused by seabed impact forces.

1.5 Research approach

The approach taken in this research work consists of the following steps:

1. In order to have adequate control over modelling techniques and parameters,

and fully expose the pertinent issues related to the investigative problem at

hand, a numerical mooring line model is developed from the ground up. The

accuracy of the in-house line model will be validated against analytical results

as well as results from commercial software.

2. A detailed analysis of the line dynamics at the touchdown point and the

influence on the rest of the line will be performed in order to understand

the circumstances which lead to the development of undesired effects such as

tension fluctuations.

3. Develop a technique that allows a spring-mattress type seabed model, with

generic force coefficients, to be used under general environment excitation

conditions and is free of tension fluctuations.

4. Develop an improved spring-mattress model which is resistant to the produc-

tion of tension fluctuations due to seabed impact loads.

The contributions of this research are an improved understanding of the deficiencies

of existing spring-mattress type seabed models, as mentioned in point 2 above, and

two different approaches to address the identified deficiencies.
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1.6 Thesis structure

The background, literature review, and research objectives, approaches and con-

tributions of this research are presented in this chapter.

Chapter 2 presents the development of the mathematical models required for the

line internal structure, fluid-structure interaction as well as the time integration

algorithm. The results of a series of model validation tests are then presented.

Chapter 3 introduces the basic spring-mattress seabed model. The effects of line-

seabed impact are evaluated and the causes of the afore-mentioned numerical errors

are identified. The root cause and conditions that lead to the production of the

large dynamic tension fluctuations is determined. The factors which have an in-

fluence on the severity of the numerical errors such as line discretisation are also

analysed.

Chapter 4 presents the development of a adaptive meshing strategy to reduce

the numerical errors associated with line-seabed impact and a compatible time

integration scheme for efficient computation of line dynamics. The purposes for

the development of the time integration scheme and adaptive discretisation strategy

are explained, and the effectiveness and improvements over present methods are

illustrated.

Chapter 5 presents the development of a modified spring-mattress model. The

effectiveness in addressing the shortcomings of the conventional spring-mattress

model is presented.

Finally, Chapter 6 provides a summary of the present work and discusses potential

areas for further research.
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Numerical Mooring Line Model

Development and Validation

The first phase of this project is concerned with the development and validation

of a time domain numerical mooring line model, as stated in Section 1.5. Several

types of dynamic mooring line models were described in Section 1.1.5, along with

their relative strengths and drawbacks. The differences between them lie in their

spatial and temporal discretisation approaches. In this work, the line structural

model will be developed based on the lumped mass methodology due to the ad-

vantages it possesses over the other classes of line structural models as discussed

in Section 1.1.5.

In this chapter, the theoretical aspects of the line structural model are described

in Section 2.1 and aspects of the time integration schemes for dynamic simulation

will be described in Section 2.2. The basic line model developed in this work is

validated against analytical results for static cases, and against the results of the

commercial software Orcaflex [107] for dynamic cases. The validation results are

presented in Section 2.3.

2.1 Mooring line structural dynamics model

In a lumped mass model, a mooring line is discretised into nodes and elements, and

a typical configuration of a discretised catenary line is presented in Figure 2.1a.

26
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Figure 2.1b shows the connectivity between nodes and elements in the present

model. The Orcaflex theory manual [107] documents the force calculation proce-

dures used in that software, while the methods in the current in-house code are

presented in this section.

(a) Discretised catenary mooring line. (b) Node and element connectivity.

Figure 2.1: Typical lumped mass mooring line discretisation.

2.1.1 Distribution of mass

The equations of motion are solved for the nodes. The mass of each element is

distributed equally to the adjacent nodes by way of a diagonal mass matrix.

Mi =
me
j−1L

e
j−1

2
I3 +

me
jL

e
j

2
I3 =

∑

ξ=j,j−1

me
ξL

e
ξ

2
I3 (2.1)

where me
ξ and Leξ, ξ = {j, j − 1} are the mass per unit length and lengths of the

elements j and j − 1, and I3 is a 3x3 identity matrix.

2.1.2 Internal strain and tension

The tension in a section of the line is represented as the tension, Tj, in the associated

element j given by,

Tj =




Kjεj, εj > 0

0, εj ≤ 0
(2.2)
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where εj is the strain and Kj is the linear stiffness of the element. The element

strain is given by,

εj =
|ri+1 − ri|

Lej
− 1 (2.3)

where ri+1 and ri are the positions of the nodes bounding element j, and Lj is the

unstretched element length. With reference to Figure 2.1b, the resultant tension

force vector acting on node i, Ti, is the sum of the tension forces from its connected

elements given by,

Ti = Kjεj êj −Kj−1εj−1êj−1 (2.4)

where the element unit direction vectors êj and êj−1 are given by,

êj =
ri+1 − ri

Lej
(2.5a)

êj−1 =
ri − ri−1
Lej−1

(2.5b)

2.1.3 Structural damping

With reference to Figure 2.1b, the material damping force in an element i is given

by,

FS
i = Cs,j [(ṙi+1 − ṙi) · êj] êj + Cs,j−1 [(ṙi − ṙi−1) · êj−1] êj−1 (2.6)

where the structural damping coefficient Cs,ξ, ξ ∈ [j, j − 1], is given by,

Cs,ξ = 2ζs,ξ
√
Kξme

ξL
e
ξ (2.7)

and ζs,ξ is the structural damping coefficient for element ξ, and ṙ denotes nodal

velocity.
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2.1.4 Weight and buoyancy

The present mooring line model also takes into consideration the weight, buoyancy

and hydrodynamic forces on the line. The weight of a line section submerged in

water is given by,

Wi =
∑

ξ=j,j−1

(
me
ξ − ρAξ

)
Leξg

2
ẑ (2.8)

where ẑ is the vertical direction unit vector, g is the gravitational acceleration

constant, and Aξ is the mean cross section of an element which gives the result

that AξLξ is the displaced volume of water for element ξ.

2.1.5 Hydrodynamic forces

The hydrodynamic forces are evaluated using Morison’s equation [122], which con-

sists of the added mass, Froude-Krylov and viscous drag components. For a unit

length line section, the Morison force is given by,

FH = FH,τ + FH,ν

= FFK,τ + FFK,ν + FA,τ + FA,ν + FD,τ + FD,ν

= ρ
π

4
D2
H [(Cτ

a + 1)u̇τ − Cτ
a r̈

τ ] +
1

2
ρDHC

τ
d |uτrel|uτrel

+ ρ
π

4
D2
H [(Cν

a + 1)u̇ν − Cν
a r̈

ν ] +
1

2
ρDHC

ν
d |uνrel|uνrel

(2.9)

where FA,τ and FA,ν are the added mass, FI,τ and FI,ν are the Froude-Krylov and

FD,τ and FD,ν are the drag forces in the line tangential and normal directions. Cτ
a ,

Cν
a and Cτ

d , and Cν
d are the sectional tangential and normal added mass and drag

coefficients, DH is the hydrodynamic diameter of the line section, ρ is the water

density, r̈ is the nodal acceleration vector, u̇ is the acceleration vector of the water,

and urel is the relative velocity between the water and the line structure as given

by,

urel = u− ṙ (2.10)
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For a general vector quantity V, its components tangent and normal to the line

segment with unit vector ê are given as in Equations (2.11) and (2.12) respectively.

Vτ = (V · e) e =



e2X eY eX eZeX

eXeY e2Y eZeY

eXeZ eY eZ e2Z






VX

VY

VZ


 = GτV (2.11)

Vν = V −Vτ = (I− Lτ ) V =




1− e2X eY eX eZeX

eXeY 1− e2Y eZeY

eXeZ eY eZ 1− e2Z






VX

VY

VZ


 = GνV (2.12)

Gτ and Gν are the transformation matrices to obtain the components of V that are

tangent and normal to the line segment with orientation ê, respectively. Therefore,

the tangential and normal components for r̈, u̇, and urel, which are required in

Equation (2.9), are given by,

u̇τ = Gτ u̇ (2.13a)

u̇ν = Gνu̇ (2.13b)

uτrel = Gτurel (2.14a)

uνrel = Gνurel (2.14b)

r̈τ = Gτ r̈ (2.15a)

r̈ν = Gν r̈rel (2.15b)

With reference to Figure 2.1b, the Morison force acting on node i is thus given by

the sum of the hydrodynamic forces acting on the half-lengths of the elements j

and j − 1, and is given by,



Chapter 2. Numerical Mooring Line Model Development and Validation 31

FH
i =

∑

ξ=j,j−1

ρ
π

8
D2
H,ξL

e
ξ

{ [
(Cτ

a,ξ + 1)Gτ
ξ + (Cν

a,ξ + 1)Gν
ξ

]
u̇i −

(
Cτ
a,ξG

τ
ξ + Cν

a,ξG
ν
ξ

)
r̈i

}

+
1

4
ρDH,ξL

e
ξ

[
Cτ
d,ξ

∣∣Gτ
ξui,rel

∣∣Gτ
ξ + Cν

d,ξ |Gν
ξui,rel|Gν

ξ

]
ui,rel

(2.16)

2.1.6 Equation of motion

The equations of motion are assembled as,

Mir̈i = Ti + FS
i + FB

i + Wi + FH
i = Ftot

i (2.17)

where FB
i and Ftot

i are the seabed and total force vectors acting on node i. There

are two seabed force formulations used in this work; firstly, the spring-mattress

model proposed by Webster [55] is be discussed in Section 3.1, and a modified

spring-mattress model developed in this work to address the shortcomings of the

original model. The modified spring-mattress model is presented in Section 5.1.

2.2 Time integration schemes

There are two time integration schemes used in this work, namely, the fourth-

order Runge-Kutta [123] (RK4) and Modified Euler [124] integration schemes. The

fourth-order Runge-Kutta scheme is used in the single-rate time-integration cases

and in the context of this research includes the investigation of the effects on nodal

grounding (Section 3.2) and the application of a modified spring-mattress model

in a number of test cases (Section 5.2). The Modified Euler integration scheme is

is used as the base integration scheme in the dual-rate time-integration procedure

developed and evaluated in Chapter 4.

A state vector, y, containing the nodal positions and velocities, r and ṙ, is defined

and its time derivative can be written as,
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dy

dt
= k (y) =

[
ẏ1

ẏ2

]
=

[
ṙ

r̈

]
=

[
ṙ

M̃−1(r)Ftot(r, ṙ)

]
(2.18)

where k is the time rate of change of the state vector.

2.2.1 Fourth-order Runge-Kutta integration scheme

According to the RK4 algorithm, the state vector at the next time-step, yn+1, is

given by,

yn+1 = yn +
4∑

iRK=1

biRK
kiRK

(2.19)

where the values for kiRK
, iRK ∈ [1, 4] at each stage of intermediate time integration

stages are given by,

kiRK
= k

(
tn + ciRK

∆t,yn + aiRK
kiRK

)
(2.20)

where ∆t is the time-step, and the coefficients ai,j,RK , bi,RK , and ci,RK correspond-

ing to the classical RK4 form are given by,

ci,RK ai,j,RK

bi,RK
=

0 0 0 0 0

1/2 1/2 0 0 0

1/2 0 1/2 0 0

1 0 0 1 0

1/6 1/3 1/3 1/6

(2.21)

The linear stability assessment function [123] for the RK4 scheme is given by,

∣∣Q(∆tλj)
∣∣ =

∣∣∣∣1 + ∆tλj +
1

2
(∆tλj)

2 +
1

6
(∆tλj)

3 +
1

24
(∆tλj)

4

∣∣∣∣ ≤ 1 (2.22)

where λj refer to the eigenvalues of the system of ordinary differential equations

to which the stability function is applied. Before the linear stability criterion can
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be applied, the nonlinear state representation of the equations of motion, Equa-

tion (2.18), has to be linearized as,

k(y) = k(y∗) +
∂k

∂y
δy (2.23)

where y∗ is an arbitrary state of the system, and δy = y − y∗ is a perturbation

from that state. The quantity ∂k/∂y is the Jacobian matrix of k with respect to

the state vector y, and is given by,

∂k

∂y
=


 0 I
∂ẏ2

∂r

∂ẏ2

∂ṙ


 (2.24)

Following Ref. [125], a fourth-order approximation of the Jacobian or equivalently

the gradient of k with respect to y, via a centered difference formula, is given by,

∂k

∂y

∣∣∣∣
y∗
≈
[
− k1,−2 + 8k1,1 − 8k1,−1 + k1,−2, ... ,

− k2N,−2 + 8k2N,1 − 8k2N,−1 + k2N,−2
] 1

12 δy

(2.25)

where N if the number of degrees of freedom of the system, and the notation kj,d

is defined as,

kj,d = k
(
... , y∗j + d δyj, ...

)
(2.26)

where j ∈ [1, 2N ]. An eigenvalues, λj, of the Jacobian of k can then be inserted

into Equation (2.22), along with a desired time-step h to determine if the sta-

bility criterion is breached. The maximum stable time-step is one that satisfies

Equation (2.27).

max
(∣∣Q(∆t, λj)

∣∣, ... ,
∣∣Q(∆tmax, λ2N)

∣∣
)

= 1 (2.27)

To find ∆tmax, Equation (2.27) is reformulated as Equation (2.28) and solved using

the Nelder-Mead optimization scheme [126].
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Q′(∆tmax) =

∣∣∣∣max
(∣∣Q(∆tmax, λj)

∣∣, ... ,
∣∣Q(∆tmax, λ2N)

∣∣
)
− 1

∣∣∣∣ (2.28)

The applied time-step, ∆t, is then the maximum time-step scaled by a factor lower

than one. This is to account for the limitation that the maximum timestep is

determined at the start of the simulation using the initial line geometry. However,

as the line geometry changes over the course of the simulation, the maximum time-

step which is dependent on the state vector y, changes in tandem. Therefore, a

scaling factor Ctime, to account for the fact that the maximum time-step at some

point during a simulation may be lower than what was determined with the initial

line state, as illustrated in Equation 2.29.

∆t = Ctime∆tmax (2.29)

2.2.2 Modified Euler integration scheme

In the Modified Euler integration scheme [124], the nodal positions and velocities

at each successive time-step as,

rn+1 = rn + ṙn+1∆t (2.30a)

ṙn+1 = ṙn + [Mn(r)]−1 Ftot (tn, rn, ṙn) ∆t (2.30b)

To determine the maximum time step for the Modified Euler algorithm, the un-

damped, homogeneous form of the equation of motion, as shown in Equation (2.31),

is considered.

M̃(r)r̈ + K̃(r)r = 0 (2.31)

The maximum time-step for each partition is evaluated following the procedure

described by Hahn [124], and re-arranging Equation (2.31) as follows,

r̈ +
(
M̃−1K̃

)
r = r̈ + Er = 0 (2.32)
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where λmax, the largest eigenvalue of the E matrix is then used to determine the

maximum stable time-step for the partition using the condition derived by Hahn

[124],

∆tmax =
2√
λmax

(2.33)

The applied time-step is scaled by Ctime, following Equation 2.29.

2.3 Validation of mooring line model

2.3.1 Static line model validation

2.3.1.1 Comparison of static configuration with analytical solution

Validation of the line model begins with the validation of the static configuration

of the line. For this purpose, comparisons can be made between the analytical

catenary line model and that given by the static lumped mass model. Following

Ref. [1], the catenary line shape for a two dimensional freely hanging line is given

in Equation (2.34),

X(s) =
TH
w

[
ln

(
TV,bot + ws

TH
+

√
1 +

(
TV + ws

TH

)2
)
−

ln

(
TV,bot
TH

+

√
1 +

(
TV,bot
TH

)2
)]

+
THs

K

(2.34a)

X(s) =
TH
w



√

1 +

(
TV,bot + ws

TH

)2

−
√

1 +

(
TV,bot
TH

)2

+

1

K

(
TV,bots+

ws2

2

) (2.34b)

TV,bot = TV − wLmodel (2.34c)

where TH and TV are the horizontal and vertical forces at the elevated line end,

while TV,bot is the vertical force at the lower end, as is calculated as shown in

Equation (2.34c), K is the line stiffness and w is the wet weight per unit length
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of the line which takes buoyancy into consideration. Figure 2.2 illustrates the

positions and orientations of the forces on a suspended line.

Figure 2.2: Coordinate system and forces for catenary line model.

Equation (2.34) can be modified by setting s equal to the length of the line, from

which horizontal and vertical extent of the line can be set, as shown in Equa-

tion (2.35). These two equations can be solved simultaneously for the horizontal

and vertical fairlead forces, TH and TV , which can then be inserted into Equa-

tion (2.34) to find the analytical line shape. For different fairlead positions, the

line geometry generated by the analytical model is then compared to that given by

the lumped mass model.

Xtop =
TH
w

[
ln

(
TV
TH

+

√
1 +

(
TV
TH

)2
)
−

ln

(
TV − wLmodel

TH
+

√
1 +

(
TV − wLmodel

TH

)2
)]

+
THLmodel

K

(2.35a)

Ztop =
TH
w

[√
1 +

(
TV
TH

)2

−
√

1 +

(
TV − wLmodel

TH

)2
]

+

1

K

(
TVLmodel −

wL2
model

2

) (2.35b)
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The mooring line used in the static configuration validation process is a chain type

with the parameters as shown in Table A.1. The same mooring line material will

be used in the dynamic model validation process. The static configuration for

two different fairlead positions were generated by the analytical and lumped mass

numerical models and shown in Figure 2.3. There is close agreement between the

analytical and lumped mass models in the line geometries.

(a) Configuration 1: Fairlead position at x = 569.04 m, z = 0.0 m.

(b) Configuration 2: Fairlead at x = 474.68 m, z = 474.68 m.

Figure 2.3: Static line configurations for two fairlead positions using analytical
and lumped mass models.

Table 2.1 shows the line end tensions, TH , TV and TV,bot, calculated with the lumped

mass and analytical solutions, and it can be noted that the deviation between the



Chapter 2. Numerical Mooring Line Model Development and Validation 38

two models is negligible. The close agreement between the line geometries and

calculated end tensions indicates that the static behavior of the lumped mass model

is correct.

Table 2.1: Line end tensions for static configurations by lumped mass and ana-
lytical models.

Tension Lumped Mass Analytical
Percentage

Deviation

Configuration 1

TH (N) 7.68E+05 7.69E+05 0.06%

TV (N) 1.14E+06 1.14E+06 0.01%

TV,bot (N) 1.12E+06 1.12E+06 0.00%

Configuration 2

TH (N) 9.20E+05 9.26E+05 0.62%

TV (N) 2.26E+06 2.27E+06 0.39%

TV,bot (N) 6.76E+03 6.76E+03 0.00%

2.3.1.2 Comparison of static configuration with commercial software

To further validate the static response of the line model, the tension results from

the commercial software Orcaflex [107] and the current in-house code are compared

without considering seabed contact so as to compare the results from the two codes

involving all other forces including weight, buoyancy, hydrodynamic and tension

forces. The two test configurations consisting of fully suspended mooring chains,

one with a fixed end and the other a free end, are shown in Figure 2.4.

The line is assumed to be fully submerged in water for the entire duration of the

simulation. The water density is 1025 kg/m3. The structural parameters of the

mooring line are listed in Table A.1. For static analysis, there are no external

loads except for weight, hence in both configurations, the entire line is in the X-Z

plane. The static line tensions for both configurations are shown in Table 2.2. For

Configuration 3, the line end tensions at both ends of the line are in agreement

up to 6 significant figures. For Configuration 4, the discrepancy in the fixed and

fairlead end tensions are both 0.021%.
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3

4

Figure 2.4: Suspended line configurations for validation by comparison to Or-
caflex.

Table 2.2: Initial position and tension at line ends.

Config Line End (X,Y,Z)-coordinates Tension-
Orcaflex
(kN)

Tension-
Inhouse
(kN)

3 Free (0.0, 0.0, 711.3) 0.00 0.00
Fairlead (0.0, 0.0, 0.0) 2275.58 2275.58

4 Fixed (-683.74, 0.0, -82.5) 2542.82 2542.28
Fairlead (0.0, 0.0, 0.0) 2806.61 2806.01

2.3.2 Dynamic line model validation

To validate the dynamic response of the mooring line, prescribed position and

velocity are imposed at the fairlead position according to the functions presented

in Equations (B.1) and (B.2).

where the index i = {1, 2, 3}, refers to the surge (X), sway (Y ) and heave (Z)

directions, and (.)WF and (.)LF refer to the wave and slow-drift frequency fairlead

components for the quantity in (.), ri are the motion amplitudes, Ti are the motion

periods, and φi are the phase angles. Rramp(t) is a ramp-up function implemented

in Orcaflex [107]. Three prescribed motions profiles, as presented in Table B.1,

are used for validation of dynamic line response. The line discretisation used is a
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homogeneous mesh consisting of 2.50 m length elements. The time-step size was

set to 0.0012 s, which was 0.72 times of the maximum stable time-step evaluated

by Section 2.2.1.
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(f) Configuration 2, motion profile 3.

Figure 2.5: Fairlead tensions for fully suspended line from Orcaflex and current
in-house code.

Figure 2.5 presents the fairlead tensions time histories for Configurations 3 and 4

with the imposed fairlead motions included in Table B.1. The results are shown

for time windows that are slightly wider than one period of the tension fluctua-

tions, and when the fluctuations are fully developed; the ramp-up time region is

excluded. sespite the difference in the time integration methods used for the two
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codes, the implicit Generalized-α scheme in Orcaflex and the fourth-order Runge-

Kutta scheme is used in the in-house code, The results show that the time histories

of the fairlead tensions from both codes are in good agreement. In particular, the

tension peaks and troughs predicted are consistent.

2.4 Chapter closure

In this chapter, the basic line structural dynamics model was developed. The

effects that are taken into consideration include material weight and inertia, buoy-

ancy, internal tension, hydrodynamic drag, and added mass, and were presented

in Section 2.1. For time integration, two schemes were implemented, namely the

fourth-order Runge-Kutta and Modified Euler schemes. As these are explicit meth-

ods, the time-step stability assessment procedures are important and they were

presented in Section 2.2. Static and dynamic validation of the line model without

seabed contact was performed via comparison with an analytical model and results

from the commercial software Orcaflex in Section 2.3 and show that the present

line model gives accurate results and can be applied to investigate the effects of

seabed contact.



Chapter 3

Analysis of Seabed Impact Effects

In this chapter, the seabed force components that contribute to the total seabed

force, FB, in Equation (2.17) is presented. The spring mattress seabed model refers

to the vertical reaction force component of FB and is presented in Section 3.1.2.

The effects of the mooring line lifting off from and grounding on the seabed, as

well as the root cause of the tension fluctuations arising from seabed impact forces

is also examined in Section 3.2.

3.1 Spring mattress seabed model

3.1.1 Seabed coordinate system and force components

Figure 3.1 shows the seabed coordinate system and an element j in contact with

the seabed. The seabed nominal elevation is zB,0, while the seabed force cutoff

elevation is zB,c; the elevation at which the element section is not in contact with

the seabed. The unit vector normal to the seabed is n̂B. The unit vector êf,A is

a unit vector that is the projection of the element direction unit vector êj on the

seabed tangent plane, while the unit vector êf,N is the unit vector orthogonal to

both êf,A and n̂B.

êf,Aj =
êj − (êj − êj · n̂B)

|êj − (êj − êj · n̂B)| (3.1)

42
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êf,Nj =
êf,Aj × n̂B∣∣∣êf,Aj × n̂B

∣∣∣
(3.2)

n^B

e^j

f,A

e^j

f,N

Element j

Node i

Node i+1
z

zB,0

zB,c

θ

Figure 3.1: Seabed coordinate system definitions.

With this coordinate system, the total seabed force on node i is then given by,

FB
i = FB,r

i + FB,f
i + FB,d

i (3.3)

where FB,r
i , FB,d

i and FB,f
i are respectively the seabed normal reaction and damping

and lateral friction force components.

3.1.2 Spring mattress reaction force model

In the usual seabed spring mattress model as described by Webster [55] and Gobat

and Grosenbaugh [106]. Figure 3.2 shows the schematic of the spring mattress

model, in which the cylindrical object represents a slender structure such as a

pipeline or the outer envelope diameter of a mooring line.

Figure 3.2: Schematic of the spring mattress model.
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A seabed reaction force is directly applied on a node as a function of its own vertical

elevation,

FB,r
i = kBi

(
zB,ci − zi

)
n̂B (3.4)

where kBi is the spring constant, zi is the nodal elevation and zB,ci is the seabed

force cutoff elevation, defined as

zB,ci = zB,0 +NB,cDS,i (3.5)

where zB,0 is the nominal seabed elevation, NB,c is the seabed thickness coefficient

and DS,i is the line structural outer diameter at the s-coordinate of Node i.The

nodal seabed stiffness coefficient kBi is given by

kBi =
Wi

NB,cDS,i

(3.6)

where Wi is the nodal weight. Notice that when Equations 3.5 and 3.6 are inserted

into Equation 3.4, the seabed reaction force reduces to the nodal weight, Wi. Thus

the term NB,cDS,i is the distance over which the seabed reaction force linearly

increases from zero to the nodal weight.

3.1.3 Seabed friction force model

The friction force formulation is based on the Coulomb friction model. First, the

lateral velocity of Node i is first calculated as,

ṙlat,i = ṙi − ṙi · n̂B (3.7)

Next, ṙlat,i is projected onto its adjacent elements as,

ṙf,κξ = ṙlat,i · êf,κξ (3.8)
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where ξ ∈ j, j − 1. The unlimited friction force on Node i, F̃B,f,κ
i , is then calculated

as,

F̃B,f
i =

∑

κ=A,N

∑

ξ=j,j−1

−CB,f,κṙf,κξ (3.9)

where CB,f,κ, κ ∈ A,N are the seabed friction coefficients in the element axial, A,

and normal, N , directions. The unit direction vector of the friction force, êf , can

be calculated as,

êf =
F̃B,f,κ
ξ∣∣∣F̃B,f,κ
ξ

∣∣∣
(3.10)

The nodal friction force magnitude is limited by the static friction limit, µB,f
∣∣∣FB,r

i

∣∣∣,

FB,f
i =





F̃B,f,κ
i ,

∣∣∣F̃B,f,κ
i

∣∣∣ < µB,f
∣∣∣FB,r

i

∣∣∣
µB,f

∣∣∣FB,r
i

∣∣∣ êf ,
∣∣∣F̃B,f,κ

i

∣∣∣ ≥ µB,f
∣∣∣FB,r

i

∣∣∣
(3.11)

3.1.4 Seabed normal damping force

The seabed normal damping force on node i, FB,d
i , is given by

FB,d
i = FB,d

j + FB,d
j−1 =

∑

ξ=j,j−1

FB,d
ξ (3.12)

with the contributions from elements j and j − 1 as given by

FB,d
ξ =




−CB,d

ξ żi n̂B, żi < 0, |FB,r
ξ | > 0

0, otherwise
(3.13)

where ż is the vertical velocity of node i. The damping force is active only when a

node has downward velocity and is experiencing a reaction force from the seabed

contributed by the elements attached to it. The damping force coefficient, CB,d
ξ ,
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following the theory of vibrations [127], is given by CB,d
ξ = 2ζB,d

√
kBξ mξ, where mξ

are the masses per unit length of their respective elements, and ζB,d is the damping

ratio [127].

3.2 Effects of nodal grounding

Having validated the fairlead tension response for a fully suspended line without

considering seabed model effects in Section 2.3, in this section we examine the

effects of nodal grounding on line tensions with different fairlead excitations and

line spatial discretisations. As the line material specified is a studlink mooring

chain, the axial length of a chain link is typically six times that of its diameter.

For the line specified in Table A.1, the length of one of its chain links is therefore

0.84 m. However, for numerical simulations element sizes are typically much larger

than the size of a discrete chain link. For a catenary mooring line, the grounding

and liftoff of the individual chain links is the primary factor that determines the

fairlead tension. When element sizes that are much larger than the physical chain

links are used, a discretisation error is introduced.

3.2.1 Test parameters

Two single-harmonic fairlead motion profiles from Ref. [5], respectively surge mo-

tions in the wave frequency and slow-drift frequency ranges, are used as test cases.

The water depth is 82.5 m. The fairlead excitation functions for position and ve-

locity follow Equations (B.1) and (B.2) in which t refers to the time in the time

series, (.)WF and (.)LF denote wave- and low-frequency components of the fairlead

excitation, Ti, ri and φi are the motion periods, amplitudes, and phase angles re-

spectively, and the indices i ∈ {1, 2, 3} here, respectively refer to the surge, sway,

and heave directions as shown in Figure 3.3, which portrays the initial line geome-

try of the test cases. The values for the input parameters Cases 1 and 2 are shown

in Table B.2. The initial line geometry is shown in Figure 3.3.

The seabed parameters used in Orcaflex are presented in the shallow water coeffi-

cient set shown in Table C.1. The spring mattress (SM) seabed model described

in Section 3.1.2, using the SM seabed force coefficient set presented in Table C.2,
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was used to define the seabed forces. The fourth-order Runge-Kutta scheme used

for time-integration in the studies presented in the present chapter.
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Figure 3.3: Initial line geometry of test cases.

3.2.2 Influence of element size

Eight uniform line discretisations with element sizes of 11.86 m, 9.48 m, 8.0 m,

7.11 m, 4.74 m, 2.85 m, 2.03 m and 0.84 m are used for each test case. The finest

discretisation using an element size of 0.84 m, equivalent to the size of a chain

link for the present model, most closely represents physical reality. For all the test

cases used in this study a uniform timestep size of 0.00025 s was applied to satisfy

the stability limits of the time integration scheme applied to the 0.84 m-element

discretization.

3.2.2.1 Case 1: Pure surge motion at wave frequency

The following discussion focuses on a time window for one period of fairlead tension

oscillation in Case 1 during which a segment of the line undergoes grounding and

liftoff from the seabed. Figure 3.4 shows the location of the touchdown point,

sTDP , as a function of the s-coordinate (see Figure 2.1a) and indicates that the line

is experiencing grounding in the time period from 82.25 s to 87.0 s and the length
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of line in contact with the seabed increases from approximately 520 m to 560 m.

Between 81.0 s to 82.25 s and 87.0 s to 91.0 s, the line is lifting off from the seabed.

The instantaneous locations of the touchdown point tracked by all discretisations

are in reasonably close agreement.
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L = 7.11 m
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L = 2.03 m
L = 0.84 m

Figure 3.4: Time history of touchdown point location, sTDP , for Case 1 from in-house
code.

Figures 3.5 and 3.6 present the fairlead tension time histories for Case 1, from the

in-house code and Orcaflex respectively, using the eight element lengths mentioned

and show that the tension time series from both codes are smoothly varying and

in good mutual agreement from 81.0 s up to approximately 83.5 s and from 87.0

s to 91.0 s. Between 83.5 s and 87.0 s, significant fluctuations develop, coinciding

with the line grounding time period as shown in Figure 3.4.

Figures 3.8 and 3.7 present the frequency spectra plots for the fairlead tension

time histories from the in-house code and Orcaflex respectively, and show that at

lower frequencies of approximately 1 Hz and below, the magnitude of the frequency

components in the tension time histories generated by both codes, for the varying

element sizes, are in good mutual agreement. However, the frequency spectra begin

to diverge at frequencies above 1 Hz. Figures 3.8 and 3.7 further illustrate that as

the element size is reduced, the magnitudes of the higher frequency components are

correspondingly reduced as well; the tension time histories for the 0.84 m-element

discretization are smoothly varying.
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Figure 3.5: Fairlead tension time histories for Case 1 from current in-house code
during nodal grounding.
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Figure 3.6: Fairlead tension time history for Case 1 from Orcaflex during nodal
grounding.

Using the results for the 0.84 m-element size as a baseline and defining the deviation

from this benchmark as the magnitude of the fluctuations, the maximum peak-to-

peak tension fluctuation amplitude for each discretisation can be quantified and are

plotted in Figure 3.9a, where it is illustrated again that the fluctuation amplitudes

are reduced along with a reduction in the element size. The peak tensions from

both Orcaflex and the in-house code with the various element sizes are presented

in Figure 3.9a and show that as element size is reduced the peak tension converges

towards to the benchmark values of the 0.84 m-element discretisation.
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Figure 3.7: Fairlead tension frequency spectra for Case 1 from Orcaflex during
nodal grounding.
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Figure 3.8: Fairlead tension frequency spectra for Case 1 from current in-house
code during nodal grounding.

The deviation of the peak tension values given by the various discretisations, from

their respective benchmark peak tension values of the 0.84 m-element discretisa-

tion, are generally small. In contrast, the amplitudes of the tension fluctuations,

particularly for the coarser discretisations, are large in comparison to the smoothly

varying tension benchmark results and degrade the quality of the solution.

To investigate the cause of the tension fluctuations, the discussion is now focused

on the results for the 8.0 m and 0.84 m discretisations. The 0.84 m discretisation
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is chosen because the tension oscillations in this discretisation are the most sub-

dued among all the discretisations and thus provides the conditions of the desired

outcome to compare against. The 8.0 m discretisation is chosen because the mag-

nitude of the tension fluctuations, as shown in Figure 3.9b, are significant and thus

facilitates ease of identification of the onset of the tension fluctuations while, as

will be discussed, the nodal density is sufficiently high such that the case provides

a mixture of nodal grounding occurrences that do and do not generate tension

fluctuations.
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Figure 3.9: Peak fairlead tension and fairlead tension fluctuation amplitudes for
Case 1 with uniform line element sizes ranging from 11.86 m to 0.84 m.

Figure 3.4 shows that line grounding starts at approximately 83.1 s. However, the

tension fluctuations appear at approximately 84.0 s, coinciding with the grounding

of Node 68. The grounding of Nodes 66 and 67, at 83.12 s and 83.64 s respectively,

do not cause any tension fluctuations. The strain, ε, and strain spatial gradient,
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dε/ds, within the associated time window are shown in Figures 3.10a and 3.10b

respectively. It is noted the temporal and spatial gradients of strain are smoothly

varying.
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(a) Strain during grounding of Nodes 66 and 67 (Case 1) with 8.0 m-element line.
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(b) Strain spatial gradient during grounding of Nodes 66 and 67 (Case 1) with 8.0 m-element
line.

Figure 3.10: Strain and strain spatial gradient distribution with nodal grounding
time window (83.12 s ≤ t ≤ 83.60 s) for Case 1 with 8.0 m-element line.

In contrast, as Nodes 68, 69 and 70 are grounded between 84.08 s and 84.97 s,

Figure 3.11a illustrates that within the time window 84.88 s ≤ t ≤ 85.52 s the strain

curves are highly irregular and large spatial gradients are observed in Figure 3.11b.

Figure 3.11a also reveals the formation of localised low and negative strain zones in

the strain curves of 84.20 s, 85.28 s, and 85.36 s at locations close to the touchdown

point (s ≈ 500 m). As shown in Equation (2.2), a mooring cable does not support

compressive loading hence negative strain indicates a slack region where the line

is slack. Equation (2.3) shows that element strain is determined from the distance

between its two bounding nodes, hence, a low strain region is a compression zone

where the separation distances between nodes are low. Conversely, a high strain

region is a rarefaction zone where the nodes are spaced further apart.
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(a) Strain during grounding of Nodes 68, 69, 70 and 71 in Case 1 with 8.0 m-element line.
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(b) Strain spatial gradient during grounding of Nodes 68, 69, 70 and 71 in Case 1 with 8.0
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Figure 3.11: Strain, strain spatial gradient during nodal grounding time window
(84.80 s ≤ t ≤ 85.60 s) for Case 1 with 8.0 m-element line.

Figure 3.12 provides a closer look at the development and time evolution of the

compression and rarefaction zones. Figure 3.12a presents the strain curves of the

8.0 m-element line after the grounding of Node 69 at 84.48 s, and illustrates the

development of a slack region in the region of 400 m ≤ s ≤ 550 m. The spatial

extent of the slack zone is time-varying. At 84.96 s, the slack zone has become

a high-strain, rarefaction region. Similarly, Figure 3.12b illustrates that after the

grounding of Node 70 at 84.97 s, at 85.20 s a slack region spanning 390 m ≤ s ≤
590 m develops in the vicinity of the touchdown point (s ≈ 560 m). At 85.28 s, the

elements in the vicinity of the touchdown point have undergone further compression

and the maximum negative strain has increased further. At 85.44 s, the slack span

has become a high tension zone. The high tension zone then expands, as shown by

an enlarged high strain region in the strain curve at 85.48 s relative to 85.44 s.
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(a) Development and reversal of low strain zone after grounding of Node 69 with 8.0 m-element
line.
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(b) Development and reversal of low strain zone after grounding of Node 70 with 8.0 m-element
line.

Figure 3.12: Development and reversal of low strain zones post-nodal grounding
(Case 1) with 8.0 m-element line.

The ε and dε/ds curves for the 0.84 m-element line are shown in Figures 3.13a and

3.13b respectively. The time period shown in these plots span the period prior to

(t < 84.08 s) and during (84.08 s ≤ t ≤ 85.60 s) the development of the tension

fluctuations presented in Figure 3.11. Figure 3.13b illustrates that the dε/ds curves

during the period of occurrence of tension fluctuations are smoothly varying with

the exception of a kink that occurs consistently in the vicinity of the touchdown

point.

During the grounding of Nodes 66 and 67, the dε/ds curves presented in Fig-

ure 3.10b have similar profiles compared to the dε/ds curves for 0.84 m-element

line presented in Figure 3.13b. Both situations were free of tension fluctuations. In

contrast, the dε/ds curves during the grounding of Nodes 68 to 70 for the 8.0 m-

element line, presented in Figure 3.11b, exhibit large gradients which are up to an
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order of magnitude larger than in Figures 3.10b and Figure 3.13b at s-coordinates

that vary widely in time.
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(a) Strain during nodal grounding time window (83.12 s ≤ t ≤ 85.60 s) in Case 1 with 0.84
m-element line.
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(b) Strain spatial gradient during nodal grounding time window (83.12 s ≤ t ≤ 85.60 s) in Case
1 with 0.84 m-element line.

Figure 3.13: Strain, strainrate and strain spatial gradient distribution during
nodal grounding time window (83.12 s ≤ t ≤ 85.60 s) for Case 1 with 0.84
m-element line.

The ε and dε/ds curves for the 0.84 m-element line are shown in Figures 3.13a and

3.13b respectively. The time period shown in these plots span the period prior to

(t < 84.08 s) and during (84.08 s ≤ t ≤ 85.60 s) the development of the tension

fluctuations presented in Figure 3.11. Figure 3.13b illustrates that the dε/ds curves

during the period of occurrence of tension fluctuations are smoothly varying with

the exception of a kink that occurs consistently in the vicinity of the touchdown

point.

During the grounding of Nodes 66 and 67, the dε/ds curves presented in Fig-

ure 3.10b have similar profiles compared to the dε/ds curves for 0.84 m-element

line presented in Figure 3.13b. Both situations were free of tension fluctuations. In
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contrast, the dε/ds curves during the grounding of Nodes 68 to 70 for the 8.0 m-

element line, presented in Figure 3.11b, exhibit large gradients which are up to an

order of magnitude larger than in Figures 3.10b and Figure 3.13b at s-coordinates

that vary widely in time.

The nodal vertical and horizontal velocities as well as the vertical coordinate for the

8.0 m and 0.84 m-element lines are shown in Figures 3.14 and 3.15 respectively.

The times of grounding of each node are also shown to demarcate the pre and

post-grounding time regions for each node. The selected grounding nodes shown

in Figure 3.15 for the 0.84 m-element line were chosen at s-coordinates similar to

the grounding nodes for the 8.0 m-element line, as shown in Table 3.1, in order to

compare the grounding velocities at the same s-coordinates with different discreti-

sations. The fairlead forcing of Case 1 is a single-harmonic surge motion in the X

(surge) direction, and a negative vX at the fairlead corresponds to the unloading

phase of the motion.

Table 3.1: Grounding nodal indices and s-coordinates (Case 1.)

Node index
8.0 m 66 67 68 69 70 71
0.84 m 619 629 639 648 658 667

TDP s-
coord (m)

8.0 m 519.48 527.48 535.47 543.47 551.46 559.45
0.84 m 519.60 528.00 536.41 543.98 552.39 559.95

As the fairlead velocity magnitude increased from 1.289 m/s to 3.088 m/s, the

vertical velocities of the grounding nodes in the 8.0 m-element and 0.84 m-element

discretisations respectively increased from 1.127 m/s to 3.348 m/s and 1.085 m/s

to 3.227 m/s. Comparing the grounding velocities shown in Figures 3.14b and

3.15b with the corresponding fairlead velocities shown in Figures 3.14a and 3.15a

respectively, it is observed that the magnitudes of the nodal vertical grounding

velocities are positively correlated with the fairlead velocity.

Comparing Figure 3.14b with 3.15b, Figure 3.14c with 3.15c, and Figure 3.14d and

3.15d, it is noted that the post-grounding velocity and positional fluctuations for

the 8.0 m-element line are more pronounced than that of the 0.84 m-element line.

Figures 3.14b, 3.14c, 3.15b, and 3.15c illustrate that the post-grounding nodal ve-

locities in Case 1 eventually settle at magnitudes close to zero. Comparing Figures

3.14b with 3.15b, and 3.14c with 3.15c, and 3.14a with 3.15a, it is observed that
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the post-grounding velocities and vertical positions of the 8.0 m-element disreti-

sation are underdamped and experience several periods of oscillations, while the

post-grounding velocities and vertical positions are critically damped.
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(a) Fairlead horizontal velocity vX in Case 1 for 8.0 m-element line.
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(b) Nodal vertical velocities, vZ , in Case 1 for 8.0 m-element line.
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(c) Nodal horizontal velocities, vX , in Case 1 for 8.0 m-element line.
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(d) Nodal vertical coordinate, Z, in Case 1 for 8.0 m-element line.

Figure 3.14: Nodal vertical coordinate and velocities in Z and X directions of
grounding nodes in Case 1 with element length of 8.0 m.
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(a) Fairlead and horizontal velocity vX in Case 1 for 0.84 m-element line.
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(b) Nodal vertical velocities, vZ , in Case 1 for 0.84 m-element line.
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(c) Nodal horizontal velocities, vX , in Case 1 for 0.84 m-element line.
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(d) Nodal vertical coordinates, Z, in Case 1 for 0.84 m-element line.

Figure 3.15: Nodal vertical coordinate and velocities in Z and X directions of
grounding nodes in Case 1 with element length of 0.84 m.
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An interesting observation of the oscillatory behavior of the horizontal nodal ve-

locities vX in the vicinity of the touchdown zone is observed in Figure 3.14c. After

a node in the 8.0 m-element discretization is grounded, for a short period of time

the slope of the horizontal velocity curves (dvX/dt), or equivalently the horizontal

acceleration, for that node and the nearby nodes on the side of the line that is

grounded is negative, while that of the nodes that are suspended are positive.

For example, when Node 67 is grounded at 83.68 s, the slopes of the vX curves

for itself and Node 66, which is on the grounded side of the line, are negative,

while slopes of the vX curves for Nodes 68 to 71 on the suspended side of the line

are positive. When Node 68 grounded at 84.08 s, the slopes of the vX curves for

the grounded Nodes 66 and 68 are negative, while the slopes of the vX curves for

the suspended Nodes 69 to 71 are positive. Similarly, when Node 69 grounded at

84.48 s, the slopes of the vX curves for the grounded Nodes 66 to 69 are negative,

while the slopes of the vX curves for the suspended Nodes 70 and 71 are positive.

Finally, when Node 70 grounded at 84.97 s, the slopes of the vX curves for grounded

Nodes 66 to 70 are negative, while the slope of the vX curve for the suspended

Node 71 is positive. This behavior suggests that after a node is grounded, the

nodes on the grounded side of the line as well as the recently grounded node itself,

accelerate towards the anchor node while the nodes on the suspended side accelerate

towards the fairlead node. However, as the horizontal velocities are oscillating, the

accelerations of the grounded nodes are soon reversed until the grounding of the

next node.

3.2.2.2 Case 2: Pure surge motion at slow-drift frequency

Figure 3.16a presents the peak tensions for Case 2 with the range of element sizes

and shows that the variation in the peak tension associated with varying element

size is small compared to the peak tension value. Figure 3.16b presents the peak-

to-peak tension fluctuation amplitude for each discretisation and reveals that the

tension fluctuations, in the range between 3 kN to 41.5 kN, are an order of magni-

tude smaller than in Case 1 as presented in Figure 3.9b.

The grounding time window for Case 2 is 650 s ≤ t ≤ 740 s, as shown in Fig-

ure 3.17, during which the length of line in contact with the seabed increases from

approximately 250 m to 600 m. The number of nodes on the seabed resting on
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the seabed from 32 to 77 for the 8.0 m-element line, and 291 to 720 for the 0.84

m-element line.
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Figure 3.16: Peak fairlead tension and fairlead tension fluctuation amplitudes
for Case 2 with uniform line element sizes ranging from 11.86 m to 0.84 m.

Figures 3.18 and 3.20 respectively present the fairlead tension histories and fre-

quency spectra for Case 2 from the current in-house code, while Figures 3.19 and

3.21 show the fairlead tension history and frequency spectra for Case 2 from Or-

caflex. Figures 3.20 and 3.21 confirm that the frequency contents of the tension

time histories are dominated by the lower frequencies below approximately 0.1 Hz,

which are in good agreement.
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Figure 3.17: Time history of touchdown point location for Case 2 from in-house code.
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Figure 3.18: Fairlead tension time history for Case 2 from current in-house code
during nodal grounding.
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Figure 3.19: Fairlead tension time history for Case 2 from Orcaflex during nodal
grounding.
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Figure 3.20: Fairlead tension frequency spectra for Case 2 from current in-house
code during nodal grounding.
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Figure 3.21: Fairlead tension frequency spectra for Case 2 from Orcaflex during nodal
grounding.

Table 3.2 shows the s-coordinates of the selected nodes whose velocities and ver-

tical coordinates within the grounding time window are illustrated in Figure 3.22

and shows that the maximum vertical grounding velocity magnitudes in Case 2 are

1.12 m/s and 1.11 m/s for the 0.84 m-element and 8.0 m-element discretisation re-

spectively, which are lower than the grounding velocities in Case 1. The maximum

fairlead velocity magnitude in Case 2 is 0.628 m/s compared to 3.392 m/s in Case

1.
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Table 3.2: Grounding nodal indices and s-coordinates (Case 2.)

Node index
8.0 m 39 45 51 57 64 70
0.84 m 358 417 477 536 596 655

TDP s-
coord (m)

8.0 m 303.70 351.65 399.61 447.56 503.50 551.46
0.84 m 300.15 349.76 400.21 449.81 500.26 549.87
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(a) Nodal vertical velocities, vZ for 8.0 m-element and 0.84 m-element line.
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(b) Nodal horizontal velocities, vX for 8.0 m-element and 0.84 m-element line.
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(c) Nodal vertical coordinate, Z for 8.0 m-element and 0.84 m-element line.

Time (s)

v x 
(m

/s
)

660 680 700 720 740-1

-0.5

0

0.5

1

vx (m/s)

(d) Fairlead and horizontal velocity vX .

Figure 3.22: Nodal vertical coordinate and velocities in Z and X directions of
grounding nodes in Case 2 with element lengths of 8.0 m and 0.84 m.
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Figures 3.23a and 3.23b respectively present the ε and dε/ds curves of the 8.0 m-

element and 0.84 m-element lines within the period of nodal grounding (660.0 s ≤
t ≤ 720.0 s) for Case 2, and confirm that the strain distributions for the two

discretisations are in good agreement at all the presented time-steps, and that

there are no large strain spatial gradients.
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(a) Strain for 8.0 m-element and 0.84 m-element lines with time window 660.0 s ≤ t ≤ 720.0 s.
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(b) Strain spatial gradient for 8.0 m-element and 0.84 m-element lines with time window 660.0 s ≤
t ≤ 720.0 s.

Figure 3.23: Strain, strain rate and strain gradient distribution for 8.0 m-element
and 0.84 m-element lines for Case 2 between 660.0 s and 720.0 s.

3.2.3 Effects of varying seabed force coefficients

The choice of seabed force coefficients is arbitrary and selected to reduce the nodal

penetration depth on the seabed, and post-grounding positional fluctuations [65,

88]. This section examines the effects of varying the coefficients of the spring-

mattress model on line tension in Case 1. This section examines the effects of

applying different seabed force coefficients sets presented in Table C.2 with the

4.74 m-element discretisation. The attention is focused on the coefficients for the
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vertical reaction and damping forces in the spring-mattress model, respectively

NB,c (see Equation (3.6)) and vertical damping ζB,d (see Section 3.1.4).

The 4.74 m-element discretisation is chosen because no significant change in the

peak tension result is achieved with further refinement of the nodal density; the

difference in the peak tension result between the 4.74 m and 2.85 m-element dis-

cretisations is 0.0015% and thus the solution for peak tension is considered to be

converged. The applied time step, 0.00025 s, is significantly smaller than the max-

imum stable time step of 0.00328 s, and is sufficient for time step convergence for

Case 1.
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(a) Fairlead tensions with SM, SM1, SM2, SM3,
and SM4 coefficients sets.
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(b) Fairlead tensions with SM, SM5, SM6, SM7,
and SM8 coefficients sets.
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(c) Fairlead tensions with SM, SM1, and SM5

coefficients sets.
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ficients sets.

Figure 3.24: Fairlead tensions for Case 1 with spring-mattress seabed model and
SM, SM1, SM2, SM3, SM4, SM5, SM6, SM7 and SM8 coefficient sets.

Figure 3.24a shows the fairlead tension time history for Case 1 with the SM co-

efficient set, which produced the tension fluctuations discussed in Section 3.2.2.1,

compared with the tension time histories using a ζB,d value of 1.0 and NB,c values

of 5 (SM1), 10 (SM2), 15 (SM3), and 20 (SM4). The effect of increasing NB,c is
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that the seabed vertical spring stiffness, kB, is reduced and the seabed reaction

force cutoff elevation, zB,c (see Figure 3.1), is increased. It is evident from Figures

3.24a that the tension fluctuations are progressively reduced as NB,c is increased.

However, the peak tensions for the SM1, SM2, SM3, and SM4 coefficient sets, at

1285.18 kN, 1264.57 kN, 1250.44 kN, and 1232.86 kN respectively, are lower than

the 1298.69 kN peak tension for the SM coefficient set.
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(a) Seabed reaction force with SM, SM1, SM2, SM3, and SM4 coefficients sets.
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(b) Seabed reaction force with SM, SM5, SM6, SM7, and SM8 coefficients sets.

Figure 3.25: Seabed reaction force for Case 1 with spring-mattress seabed model
and SM, SM1, SM2, SM3, SM4, SM5, SM6, SM7 and SM8 coefficient sets.

Figure 3.24b shows the fairlead tension time history using the SM coefficient set

compared with the fairlead tension time histories using a ζB,d value of 0 and the

same NB,c values of 5, 10, 15 and 20, corresponding to the SM5, SM6, SM7, and

SM8 coefficient sets respectively, and illustrates that the tension fluctuations are

progressively reduced as NB,c is increased. The peak tensions are 1283.81 kN,

1264.29 kN, 1251.66 kN and 1237.44 kN respectively for the SM5, SM6, SM7, and
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SM8 coefficient sets. Figure 3.24c presents the fairlead tension results that with

a NB,c value of 5, and shows that the magnitude of the tension fluctuations are

reduced as the value of ζB,d was changed from 1.0 to 0.0, however, the peak tension

was also lowered slightly by 1.1%. Figure 3.24d illustrates that with a value of 15

for NB,c, the tension fluctuations are further reduced slightly as the value of ζB,d

was changed from 1.0 to 0.0, while the peak tension experienced a small increase

of 0.1%.

The cause for the reduction in fairlead tension is the increased seabed reaction

force on the line as a result of increasing NB,c. Figures 3.25a and 3.25b respec-

tively present, for ζB,d values of 1.0 and 0.0, the total seabed reaction force on the

grounded line section for NB,c values of 5, 10, 15 and 20, as well as the seabed re-

action force for the SM coefficient set, and illustrate that the seabed reaction force

on the line, which reduces the suspended line weight, generally increases together

with NB,c over a period of oscillation.
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(a) Nodal vertical positions, Z, with SM and SM4 coefficients sets for Case 1.
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(b) Nodal vertical positions, Z, with SM3 and SM7 coefficients sets for Case 1.

Figure 3.26: Nodal vertical positions, Z, with SM, SM3, SM4 and SM7 coeffi-
cients sets for Case 1.
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Figure 3.26b also illustrates that for different values of ζB,d, the vertical nodal co-

ordinates begin to deviate at elevations closer to the seabed due to the increasing

downward velocities of the grounding nodes as they approach the seabed (see Fig-

ure 3.14b) and leads to a larger disparity in the vertical damping force arising from

differing values of ζB,d.

Figure 3.26a shows the Z-coordinate of the grounding nodes when the SM and SM4

coefficients are used, and it is evident that the penetration depths of the grounding

nodes below zB,0 increased with a larger NB,c value and, correspondingly, a lower

seabed spring stiffness. Figure 3.26b presents the Z-coordinate of the grounding

nodes when the SM3 and SM7 coefficients are used, which respectively apply the

values of 1.0 and 0.0 for ζB,d and the same value of 15 for NB,c, and illustrates that

the nodal penetration depth increases with a reduction in the value of ζB,d.
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(a) Strain with 4.74 m-element line, SM7 coefficient set.

s (m)

d
ε/

d
s

100 200 300 400 500 600 700-5E-07

0

5E-07

1E-06

1.5E-06

2E-06

t = 83.12 s
t = 83.60 s
t = 83.84 s
t = 84.32 s
t = 84.96 s
t = 85.60 s

(b) Strain spatial gradient with 4.74 m-element line, SM7 coefficient set.

Figure 3.27: Strain and spatial gradient of strain with 4.74 m-element line, SM7

coefficient set and time window (83.12 s ≤ t ≤ 85.60 s) for Case 1.

Figures 3.27a and 3.27b respectively present the strain and strain spatial gradient

distributions with the 4.74 m-element discretisation and the SM7 coefficient set

during the nodal grounding time window, 83.12 s ≤ t ≤ 85.60 s, and illustrates that

the both the strain and strain gradient curves are free of the large spatial gradients

that are observed in Figures 3.11a and 3.11b. In relation to the fairlead tension time
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histories, the smoothly varying strain curves and strain gradient curves, presented

in Figures 3.27a and 3.27b respectively, correspond to the SM7 fairlead tension time

history presented in Figure 3.24d, while the undulating strain and strain gradient

curves in Figures 3.11a and 3.27b respectively correspond to the irregular fairlead

tension time series for the 8.0 m-element line shown in Figure 3.8.

The key findings from this series of test cases are, firstly, the seabed spring stiffness

has a significant effect on the fairlead peak tension and increasing it, while beneficial

from the standpoint of reducing tension fluctuations, leads to the underestimation

of the peak tension results. Secondly, the effect of the vertical damping coefficient

is mainly on the tension fluctuations and its effect on peak tension is small, and

that a lower damping coefficient has the effect of reducing the fluctuations.

3.2.4 Effect of grounding element orientation

Figure 3.1 shows an element that is in the grounding state, with the vertical angle

between the element axis and the seabed defined as θ, the grounding angle of an

element. For a catenary line, the θ of an element closer to the anchor is usually

lower than for an element closer to the fairlead. Hence, to investigate the effect of

θ on the production of the tension fluctuations, the 4.74 m-element line in a water

depth of 82.5 m is specified together with three pretension values, respectively

706.9 kN, 1248.4 kN, and 3136.5 kN; henceforth referred to as the low, mid-range

and high pretension cases. The pretension value changes the sTDP range, as shown

in Figure 3.28. The fairlead excitation amplitude and frequency of 5.4 m and 10 s

(Case 1) is uniformly applied for all three lines.

Figure 3.29 presents the location of the touchdown point sTDP for the lines with

three pretension values in the time period for three oscillation cycles from 61 s to

91 s. As pretension is increased, sTDP is shifted towards the anchor as a longer

segment of the line is suspended. For the low, mid-range and high pretension value

cases, the sTDP range for the same fairlead excitation specified here are 161.23 m

to 396.53 m, 346.16 m to 497.91 m, and 507.39 m to 569.04 m respectively.
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Figure 3.28: Initial line geometries of 4.74 m-element discretisation with preten-
sion values, T0 , of 706.9 kN, 1248.4 kN and 3136.5 kN.

The fairlead tension time histories are shown in Figure 3.30, where the disparities

in the magnitudes of the tension fluctuations between the tension time histories

for the three pretension cases are clearly presented. The fluctuation magnitude

is largest for the low pretension case, which also experienced the highest sTDP

range, and smallest for the high pretension case, with the lowest sTDP range. The

magnitude of the tension fluctuations for mid-range pretension case lies in between

the high and low pretension cases.

The velocity of the grounding node, which is the first suspended node of a grounding

element (Node i+1 in Figure 3.1), for the three pretension cases, are presented in

Figure 3.31. The grounding node velocities for the two higher pretension cases are

similar, and attained a maximum value of approximately 3.8 m/s, whereas that for

the lowest pretension case achieved a maximum of 2.96 m/s.

The grounding angle θ time histories are presented in Figure 3.32. Comparing

Figures 3.32 and 3.30, it is evident that the onsets of the tension fluctuations

appear in tandem with higher grounding θ angles during the unloading phase of

the fairlead excitation motion. The magnitude of the grounding angles achieved

by the three pretension cases vary in the same order of the pretension values. The

highest pretension case experienced the highest grounding angles, followed by the

mid-range and low pretension cases. This variation in the grounding angles is

due to the geometry of the catenary cable, and is also evident in the static line

geometries, as seen in Figure 3.28.
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Figure 3.29: Touchdown location sTDP of 4.74 m-element line with pretension
values, T0, of 706.9 kN, 1248.4 kN and 3136.5 kN for Case 1 fairlead excitation
parameters.
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Figure 3.30: Fairlead tension time histories of 4.74 m-element line with pre-
tension values, T0, of 706.9 kN, 1248.4 kN and 3136.5 kN for Case 1 fairlead
excitation parameters.
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Figure 3.31: Vertical velocity of touchdown node of 4.74 m-element line with
pretension values, T0, of 706.9 kN, 1248.4 kN and 3136.5 kN for Case 1 fairlead
excitation parameters.
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Figure 3.32: Grounding element angle θ of 4.74 m-element line with pretension
values of 706.9 kN, 1248.4 kN and 3136.5 kN for Case 1 fairlead excitation
parameters.
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With the same dynamic excitation applied to the three pretension cases, the dif-

ference between them are in the pretension values and the sTDP ranges. A sTDP

range close to the anchor generally leads to lower θ angles, due to the natural ge-

ometry of the catenary. Comparing the grounding velocities and θ angle profiles of

the mid-range and high pretension cases, it is noted that the tension fluctuations

are more significant in the mid-range case, even though the grounding velocity

profiles in the two cases are similar. Furthermore, the grounding velocities in the

low-pretension case is the lowest among the three cases, while also experiencing

the highest θ angles, and it is notable that the tension fluctuation magnitude ex-

perienced in this case is larger than in the mid-range and high pretension cases.

Therefore, the magnitudes of the tension fluctuations are positively correlated with

θ.

Consider a grounding element with the asymptotic values of θ at 0 and π/2, cor-

responding to the perfectly vertical and horizontal orientations, as shown in Fig-

ure 3.33. The seabed reaction force acting in the axial direction of the element is

thus
(
FB,r
j · êj

)
êj = FB,r

j sin θ êj. Hence the maximum value of the seabed reac-

tion force acting in the axial direction of the grounding element is FB,r
j when θ

is π/2 and the element is vertical and acts to compress the element. Conversely,

when the grounding element is horizontal and θ is 0, an isolated element will not

experience compression due to seabed contact.

Figure 3.33: Grounding element with angle θ of 0 and π/2 rad.

It was evident in Section 3.2.2.1 that the effect of compression on a particular

segment of the line gives rise to large strain gradients which in turn lead to the

production and propagation of stress waves. High θ values lead to a larger effective

seabed force component in the grounding element axial direction, which compresses

the grounding element and leads to the rapid creation of a low strain region and

large strain gradients in the line, and is therefore associated with the creation of

the propagating stress waves.
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3.3 Discussion

Reducing the element size leads to a reduction of the magnitude of the tension

fluctuations. Taking Case 1 as an example, Figure 3.9b shows that for the in-house

code an element size of 2.03 m is required to reduce the amplitude of the spurious

tension fluctuations to approximately 20 kN or 1.5% of peak tension. However, the

peak tension value achieved convergence with a coarser discretisation comprising

of 4.74 m length elements. The use of a finer discretisation necessarily entails

longer computing times, and for the in-house code, the increase was approximately

1.93 times comparing the 4.74 m (150 elements) to the 2.03 m (350 elements)

discretisations. Presently, the same time step was used for both discretisations, and

considering that a larger time step may be applied for the coarser discretisation,

the disparity in computing times can potentially be wider.

Higher grounding velocities are associated with the development of tension fluctu-

ations. In Case 2, the maximum fairlead velocity attained was lower than Case 1.

When considering only the grounding velocities in Case 1, Figures 3.14b and 3.15b

show that the grounding velocities of Nodes 66 and 67 for the 8.0 m line and Nodes

619 and 629 for the 0.84 m-element line were lower than that for Nodes 68 to 71

and Nodes 639 to 667 for the two discretisations respectively. The same is observed

in Case 2, where a comparison of Figure 3.22a and Figure 3.22d shows that the

grounding velocities of the nodes increase in tandem with fairlead velocity. In Case

1, the grounding of Nodes 66 and 67 in Case 1 with the 8.0 m-element line did

not lead to the development of tension oscillations, while the grounding of Nodes

68 to 71 did, due to comparatively higher grounding velocities. The relatively low

grounding velocities in Case 2 also did not lead to tension fluctuations. The cause

of the tension fluctuations is the formation of localised low strain or slack regions

in the vicinity of the touchdown point, as illustrated in Figures 3.11 and 3.12. The

process is initiated by high-speed nodal grounding situations and the formation

of a localised low tension or compression zone, followed by the development and

expansion of the compression zone. The compression zones are transient and even-

tually collapse, to be replaced by a local rarefaction, high strain zone, which then

expands.

High strain gradients are generated due to the presence of the compression and

rarefaction zones. The large strain gradients represent unbalanced tension forces
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and are responsible for driving the propagation of stress waves which travel along

the length of the line. The transition from a compression to a rarefaction zone is due

solely to the nodal motions. When the grounding of Node 70 produced a low tension

zone at the vicinity of the touchdown point, this resulted in a net acceleration of

the nodes outwards relative to the low strain region. The contraction and collapse

of the compression zone is a result of the outward motion of the nodes relative

to it; as the nodes at the high strain gradient interfaces experience an increase in

the resultant tension force due to the high strain gradient (see Equation (2.4)),

they begin to accelerate in the direction of the resultant tension forces. As the

nodes move outwards from the compression zone, the separation between the nodes

within it and consequently the strain increases again. At the boundaries, namely

the anchor and fairlead nodes, the stress waves are reflected back into the line,

as shown by Yang et. al [128]. The inertial and tension forces on the nodes give

rise to oscillatory motions. Successive nodal groundings may occur and contribute

to the creation of multiple stress waves that propagate back and forth along the

length of the line, as was observed in Case 1.

To accurately resolve high strain gradients close to the touchdown zone, the dis-

cretisation has to be sufficiently high. If the number of elements is equivalent to

that would be present in a physical line, the strain spatial gradient can be expected

to follow that shown in Figure 3.13b. The kinks in the strain and strain gradient

curves close to the touchdown point are characteristic of static catenary lines. In

contrast, when the discretisation is insufficiently refined to capture a smooth spa-

tial strain variation, localised strain discontinuities and low strain regions may

form due to rapid nodal grounding. Of particular importance is the dε/ds curve,

because large spatial strain gradients deviating from the smoothly varying profiles

as shown in Figures 3.13b and 3.10b indicate that there are large resultant nodal

tension forces. This leads to the creation and propagation of stress waves following

large nodal accelerations, velocities, and motions; manifesting at the fairlead as

tension fluctuations.

In addition to the grounding velocity, the grounding element angle θ has an effect on

the production of the tension fluctuations and higher vertical element orientations

tend to increase the likelihood of the creation of low strain regions and large strain

gradients, particularly if the grounding velocities are significant. Locally refining

the element size in such regions is expected to be helpful in reducing the effects of
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the propagating stress waves created due to large strain gradients. Larger elements

can be used in regions where θ is expected to be lower.

Reducing the seabed spring stiffness and damping coefficients, as discussed in Sec-

tion 3.2.3, have the effect of reducing the magnitude of the fairlead tension fluctua-

tions. The mechanisms that produce this effect is the increased seabed penetration

depths and the higher seabed force cutoff elevation, zB,c. Consider the motion of

two successive grounding nodes, as the first node is allowed to penetrate deeper

into the seabed and the downwards vertical speed of the second node is reduced

due to a higher zB,c, the separation between the two nodes, which determines the

element strain (see Equation (2.3)) is less likely to transition rapidly into a slack

state, causing the large strain gradients that subsequently produce the propagating

stress waves. However, reducing the linear spring stiffness and damping tends to

lower the peak tensions in an oscillation period.

3.4 Chapter closure

This chapter has presented an investigation into the cause of the spurious tension

fluctuations that affect lumped mass mooring line models due to line-seabed in-

teractions. It was shown that both the commercial code Orcaflex as well as an

in-house code may experience the tension fluctuations under moderately severe

line-seabed impact conditions.

The typical strain and spatial strain gradient profiles of situations which would lead

to or preclude the development of tension fluctuations were presented in Section

3.2.2. The tension fluctuations develop due to the formation of low strain regions

close to the touchdown point when nodal grounding velocities are relatively high.

The rapid formation of the localised low strain regions after nodal grounding leads

to the creation of large strain gradients close to the touchdown point. The strain

gradients represent unbalanced tension forces and lead to the propagation of the

elastic stress waves along the length of the line.



Chapter 4

Development of Dual-rate,

Adaptive Discretisation Dynamic

Mooring Line Model

Chapter 3 illustrated that tension shock waves arising from large strain gradients

along the length of the mooring line are directly attributed to impact loads from

seabed contact, and can be mitigated by reducing the element size in a numerical

mooring line model. The drawback of this approach is the higher computational

effort required due to the increased degrees of freedom in the numerical model. For

explicit time-domain mooring codes such as those described in Refs. [88, 129, 130],

the usage of smaller elements also necessitates the use of smaller time-steps to

satisfy the stability limit of the time integration scheme.

In multisegmented mooring lines, the usage of different line materials may give

rise different time constants in separate segments of the discretized numerical line

model. The application of local mesh refinement techniques such as described in

Refs. [91] and [130], for the purposes of capturing high curvature and snap loads

respectively, will also lead to stiffness in the discrete line model due to a wide

separation between the largest and smallest element sizes. A constant time-step

was applied for the entire line structure in both aforementioned adaptive mesh

refinement implementations. Implicit time integration algorithms allow the use

of larger time-steps for such stiff systems but are computationally expensive for

76



Chapter 4. Development of Dual-rate, Adaptive Discretisation Dynamic Mooring
Line Model 77

systems with a large number of degrees-of-freedom. Alternatively, a mixed implicit-

explicit integration approach with a single time-step is used for the entire system in

conjunction with the application of implicit and explicit time-stepping algorithms

in the stiff and non-stiff components respectively; examples of the application of

this approach in structural dynamics include Refs. [131–134].

In contrast to the implicit-explicit approach, Multi-Rate time integration methods

allow the use of different time-steps sizes for the components in a coupled system.

The impetus for using Multi-Rate integration is to reduce computational expense

by applying appropriate time-step sizes, from considerations of stability and accu-

racy, for each component in a system. Multi-Rate algorithms have been built upon

linear multi-step integration schemes including the implicit backward differentia-

tion methods [135], as well as single-step explicit Runge-Kutta [136, 137], semi-

implicit Rosenbrock-Wanner [138? ], and Richardson extrapolation [139] schemes.

Arnold [140] presented several examples in the area of multibody dynamics where

Multi-Rate methods are advantageous. Shome et al. [141] devised a partitioned

Runge-Kutta method involving base Runge-Kutta integrators of different orders

applied to a vehicle dynamics problem. Chang et al. [142] presented a Multi-Rate

linear multistep scheme applied to spacecraft dynamics using the Adams-Bashforth

and Adams-Moulton methods as base integration schemes. Grote et al. [143] de-

rived a Multi-Rate Runge-Kutta scheme based on explicit fourth-order and low

storage Runge-Kutta integrators and applied it to finite element wave propagation

simulations.

To mitigate the production of fairlead tension fluctuations arising from line-seabed

impact, a straightforward solution is to apply a higher element density in a lim-

ited region enveloping the touchdown point. However, due to potentially large

displacements of the fairlead, the region of a mooring line which will experience

liftoff/grounding will be correspondingly large. Using a reduced element size for the

full extent of the line segment expected to experience liftoff/grounding increases the

computational costs unnecessarily because the undesirable effects of nodal ground-

ing may be circumvented by having a locally refined region in the vicinity of the

touchdown zone.

This chapter presents an adaptive discretisation method applied to a lumped-mass

mooring line model, limiting the refined region close to the touchdown zone where

nodal grounding and liftoff occurs. Depending on the change in the touchdown
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zone location relative to the axial coordinate along a mooring line, the appropri-

ate discretisation, prepared prior to the start of computations, is selected. The

mapping algorithm from one discretisation to another is presented, with the fo-

cus on ensuring that fairlead tensions are accurate. An approach to Multi-Rate

time integration, as well as the determination of the optimal time-steps to apply

in the different zones, is also proposed. The quality of the results obtained and

the computational cost of the solution using the proposed Multi-Rate-adaptive dis-

cretisation method, in comparison with uniformly coarse and fine element density

meshes are presented.

4.1 Dual-rate time integration

4.1.1 Temporal synchronization and spatial coupling of par-

titions

The base integration algorithm of the dual-rate integration method is the Modified

Euler scheme. Equations (2.30a) and (2.30b) can be merged to produce a first

order differential equation,

yn+1 = A (yn + Bn∆t) (4.1)

in which y is the state vector, [r, ṙ]T, y ∈ R2N , and N is the number of degrees of

freedom in the system. The matrix A and vector B are defined in Equations (4.2)

and (4.3).

A (∆t) =

[
1 ∆t

0 1

]
(4.2)

B (y(t)) =

[
0

(Mn)−1 Ftot
n

]
(4.3)

For the purposes of Multi-Rate time integration, the system y can be separated

into k partitions, for which the time rate of change of state in each partition is

given by,
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ẏp = fp(t,y1, ...,yk) (4.4)

where yp ∈ R2Np , p ∈ [1, k], and
∑k

p=1Np = N . A different time-step can be

applied in each partition. This requires that the larger time-step for any two

coupled partitions must be an integer multiple of the smaller time-step. This is

illustrated in Figure 4.1 for two coupled partitions, where the macro (larger) time-

step, H, is q times that of the micro (smaller) time-step, h. Synchronization of the

partitions are performed at each macro time-step and involves the exchange of the

data of the coupled variables, yp.

... ... ... ...

Figure 4.1: Macro and micro time-steps. Adapted from Ref. [3].

In the lexicon of Multi-Rate time integration, the partitions using the macro and

micro time-steps are referred to as the latent and active partitions respectively, and

the time rates of change of each partition are given by,

ẏL = fL (yL, ỹA) , yL (t0) = yL,0 (4.5a)

ẏA = fA (yA, ỹL) , yA (t0) = yA,0 (4.5b)

where yL and yA refer to a pair of coupled latent and active partitions, yL,0 and

yA,0 are their initial conditions, and ỹA and ỹL are the values of the variables from

the coupled partition which can be obtained from interpolation or extrapolation

procedures or function evaluations of fL and fA.

The sequence of time integration of the latent and active partitions affects the

choice of Multi-Rate algorithms. In a slowest-first approach, the latent partition,

yL, is first advanced in time with macro time-step H, and subsequently the active

partition, yA, is marched forward in time with q steps of micro time-step h. The

relationship between h and H is,
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H = qh (4.6)

Synchronization is done when both partitions have advanced in time by the interval

H. In a slowest-first approach, yA is advanced in time first with q steps of time-

step h, and is followed by the integration of yL with the time-step H. Gear and

Wells [135] proposed that the fastest-first method is suitable for fixed time-steps

while the slowest-first approach is appropriate for adaptive time-stepping in order

to reduce the number of potential rejected steps, following the evaluation of the

error between the extrapolated values of the active component used to integrate the

latent partition (see Equation (4.5a)), and the actual values of the active component

after q steps. This argument holds if extrapolated values of yA are needed for

the integration of yL; for example, if Adams-Moulton or Runge-Kutta methods of

second-order of higher is used as the base integration scheme for yL. Another Multi-

Rate integration approach is to concurrently advance both yA and yL through the

use of coupling coefficients, examples of which can be found in Refs. [144] and

[145].

Following Low et al. [146], for the present in-house code, the Modified Euler inte-

gration scheme is used for monolithic time integration and is modified for Multi-

Rate integration. According to Gear and Wells [135], the sources of errors from a

Multi-Rate integration procedure are the truncation error of the base integration

scheme, and interpolation and extrapolation errors of the fast and slow compo-

nents. Therefore, the slowest-first strategy is compatible with the choice of the

base integration scheme because no extrapolation procedure is required, thereby

eliminating one of the sources of approximation errors in a Multi-Rate procedure.

1 Calculate yL (tn +H) with Equation (4.7);
2 Interpolate values for ỹL(tmn ), where 1 ≤ m ≤ q, with Equation (4.8);
3 for m = 0→ q − 1 do
4 Calculate yA (tm+1

n ) with Equation (4.9);
5 end

Algorithm 1: Multi-Rate Modified Euler time integration procedure.

To demonstrate the veracity of this statement, and illustrate the integration proce-

dure, consider the proposed dual-rate integration procedure shown in Algorithm 1.

To advance the latent partition yL from tn to tn+1 = tn+H, only yA (tn) and yL (tn)

are needed as shown in Equation (4.7). Furthermore, as shown in Equation (4.9),
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for the time marching of yA from tmn to tm+1
n = tmn + h, the linearly interpolated

value of the coupled active partition variable, ỹL, obtained using Equation (4.8),

is required.

yL (tn+1) = A (H) [yL(tn) +HBn (yA (tn) , yL (tn))] (4.7)

ỹL (tmn ) = yL (tn) +mh
yL (tn+1)− yL (tn)

H
(4.8)

yA
(
tm+1
n

)
= A (h) [yL(tmn ) + hBn (yA (tmn ) , ỹL (tmn ))] (4.9)

The coupling between the latent and active partitions is illustrated in Figure 4.2.

Smaller elements are concentrated around the touchdown zone while coarser ele-

ments are used in the segments adjacent to the refined zone, in a hybrid coarse/fine

discretisation. The boundary conditions for the active partition are imposed with

yL∗, which are equivalent to the values for ỹL(tmn ) obtained from Equation (4.8).

The boundary conditions for the latent partition, yA∗, is obtained from the active

partition during synchronization at the start of a macro time step, i.e. yA∗ =

yA(t0n).

Figure 4.2: Partition spatial boundary conditions.
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4.1.2 Selection of time-step sizes

Following the procedure described by Grote et al. [143], a diagonal matrix Q, whose

diagonal entries contain ones when referring to degrees-of-freedom belonging to the

active component and zero otherwise, can be used to separate the system position

vector,

r = (I−Q) r + Qr = rL + rA (4.10)

The same can be done for the system velocity and acceleration vectors but is not

shown here for brevity. Inserting Equation (4.10) into Equation (2.31), the equation

of motion for the system can be separated into its component partitions,

[MAr̈A + KArA] + [MLr̈L + KLrL] = 0 (4.11)

The maximum time-step for each partition can then be evaluated separately fol-

lowing the procedure described by Hahn [124], and re-arranging Equation (2.31)

for each of the partitions as shown in Equation (2.32). The maximum time-steps

for each partition can then be obtained following the procedure described in Sec-

tion 2.2.2.

With the maximum stable time-steps of each partition available, the optimum time-

step sizes of the latent and active partition can be determined. For the purposes

of this paper, which is concerned with the single-line simulation using fixed time-

steps for a prescribed duration of simulation, I1, the total number of nodal time

integration operations in one macro time-step for a mooring line split into two

partitions, one active and the other latent, is given by,

I1 = NL +NAq (4.12)

where NL and NA are the numbers of degrees of freedom in the latent and active

partitions. Denoting Tsim as the total simulation duration, the total number of

nodal time integration operations, Isim, is described by,

Isim =
TsimI1
H

(4.13)
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Considering that the current problem is nonlinear and that the time-step stability

criterion (see Equation (2.33)) described by Hahn [124] is valid for linear problems,

the applied time-step for each partition is scaled by a reduction factor, γp, where

p refers to the latent or active partition. Inserting γp into Equation (4.13) and

expanding the term I1,

Isim (γL, γA) =
Tsim

γL∆tL,max

(
NL +NA

γL∆tL,max
γA∆tA,max

)
(4.14)

To reduce the total number of nodal time integration operations, Isim is set as the

objective function to be minimized with constraints on γA and γL,

minimize Isim (γL, γA)

subject to 1 : γmin ≤ γA ≤ γmax

2 : γmin ≤ γL ≤ γmax

3 : mod

(
γL∆tL,max
γA∆tA,max

)
= 0

(4.15)

where γmax and γmin are the partition maximum and minimum time-step fraction

constraints. The constant γmax is arbitrarily set to a conservative value lower than

1 to account for the effect of nonlinearities on the calculated stable time-step sizes,

and γmin provides an arbitrary lower bound on the scaling parameter and should

be a positive real number. The third constraint ensures that the applied time-step

size for the latent partition is an integer multiple of the time-step size of the active

partition, i.e. q ∈ Z+. The solver applied to the optimization problem stated

in Equation (4.15) is the COBYLA scheme by Powell [147], and implemented in

Fortran 90 by Miller [148]. The time-step sizes for the active and latent partitions

can then be determined as,

h = γA∆tA,max (4.16a)

H = γL∆tL,max (4.16b)
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4.2 Line discretisation preparation, selection and

mapping

4.2.1 Discretisation preparation

Figure 2.1a shows that the origin of the line axial coordinate, s, coincides with the

anchor position. In this work, the discretisations (meshes) of a mooring line are pre-

pared and saved in advance. This reduces the computational load of generating new

discretisations during the course of a simulation run. The coarse and fine-element

regions of the line, consisting of elements of lengths LL and LA and designated

as the latent and active partitions respectively, are therefore pre-determined, as

presented in Figure 4.3.

The procedure of preparing the mooring line discretisations in advance of dynamic

simulations begin by obtaining the initial static line geometry and determining

sTDP,0, the initial static touchdown point s-coordinate, which should be close to

s0, the s-coordinate of the midpoint of the fine-element segment of the starting

discretisation, so that the length of the refined region is approximately evenly split

on each side of s0. The separation εTDP,0 between sTDP,0 and s0 of the initial dis-

cretisation, as shown in Figure 4.3, is used to correct the upper and lower switching

s-coordinates of all discretisations,

su∗,d = su,d + εTDP,0 (4.17a)

sl∗,d = sl,d + εTDP,0 (4.17b)

where d ∈ [1, Nd], and Nd is the total number of discretisations prepared. The

location su∗,d is the midpoint between sl∗,d and su∗,d, as shown in Figure 4.4. The

element lengths in the coarse and refined regions, LL,d and LA,d, are equivalent in

all discretisations, i.e. LA,1 = LA,2 = ... = LA,Nd
and LL,1 = LL,2 = ... = LL,Nd

.

The lengths of the refined regions, lA,d, is arbitrary, and are equivalent in all pre-

pared discretisations, i.e. lA,1 = lA,2 = ... = lA,Nd
. The length of the refined region

affects its effectiveness in suppressing the propagation of the stress waves gener-

ated by the creation of large localized strain gradients due to nodal grounding.

There is also a trade-off between reducing the computational load for each macro
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sTDP,0 /s0∗
sl∗su∗

ǫTDP,0

sA,maxsA,min

s0 slsuLL LA

s
d

yL

yA

Figure 4.3: Schematic relationship between sTDP,0, the initial static touchdown
point, and s0, the initial discretisation refined zone midpoint s-coordinate.

time-step by reducing the length of the refined region and increasing the frequency

of discretisation switches which incurs an additional computational expense. This

is because reducing the length of the refined region of a particular discretisation

will reduce its range of applicable sTDP , i.e. sl∗ ≤ sTDP (t) ≤ su∗ . Hence, when

sTDP changes significantly, more discretisation switches will be performed when the

lengths of lA,d are shorter.

The number of discretisations to be prepared depends on the expected range of

sTDP (t) over the full simulation duration. In the present work, the available dis-

cretisations meet the following condition,

min
{
sl,1, ..., sl,Nd

}
≤ sTDP (t) ≤ max

{
su,1, ..., su,Nd

}
, 0 ≤ t ≤ Tsim (4.18)

which states that the touchdown point location will be within the lower and upper

switching s-coordinates of the appropriate discretisation. A switch will be made

to the suitable discretisation when the instantaneous sTDP (t) moves beyond the

switching s-coordinates of the active discretisation.

4.2.2 Discretisation switching

The s-range of the active partition of each discretisation, sA,min ≤ s ≤ sA,max,

is necessarily different from others so that each discretisation covers a staggered

and overlapping range of sTDP (t). During the course of a simulation run, the

occurrence of exceedance of sTDP beyond su or sl will trigger a switch to the adjacent

discretisation. Using Figure 4.4 as an example, which shows discretisation d as the

current discretisation along with two adjacent discretisations, a check of sTDP is

performed at fixed time intervals ∆tc.
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sA,maxsA,min

s

d − 1

d

d + 1

s0∗sl∗
su∗ yL

yA

Figure 4.4: Prepared line discretisations with staggered refined segments.

If sTDP (t) exceeds su,d, the upper switching s-coordinate for discretisation d, then

a switch will be made to discretisation d − 1. Similarly, if sTDP (t) exceeds sl,d,

the lower switching s-coordinate for discretisation d, a switch will be made to

discretisation d + 1. The switch from d to d − 1 corresponds to a refinement of

the discretisation on the fairlead-side end of the refined region, and simultaneously

a coarsening of the discretisation on the anchor-side end. Conversely, the switch

from d to d+ 1 is a refinement of the anchor-side, and corresponding coarsening of

the fairlead-side of the refined region. The procedure is shown in Algorithm 2.

1 if t = tc then
2 if sTDP (t) < sl,d then
3 Switch to Discretisation d+ 1;
4 else if sTDP (t) > su,d then
5 Switch to Discretisation d− 1;
6 tc ← tc + ∆tc

Algorithm 2: Discretisation checking and switching procedure.

The s-coordinate range of the refined segment of each discretisation overlaps with

and is staggered with respect to its adjacent discretisations as shown in Fig-

ure 4.4. Presently, the separation between adjacent discretisations is set such that

su,d = s0,d+1 and sl,d = s0,d−1, and therefore the following relationships, sA,min,d =

sA,min,d+1 + (s0,d−1 − sl,d−1) and sA,min,d+1 = sA,min,d + (s0,d − sl,d), hold. Further,

the length of the refined region is a constant lA,d, therefore sA,max,d = sA,min,d+ lA,d.

4.2.3 Discretisation mapping

The transition from the current to the next active discretisation, hereafter referred

to as dc and dt respectively, involves the mapping of the nodal positions, velocity,

and accelerations. It is essential that the strain and curvature distributions, ε(s)

and κ(s) respectively, in the next discretisation matches that in the current dis-

cretisation as closely as possible. This is because, firstly, it provides a smoother
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transition in the data record for these variables, and secondly, the occurrence of

discontinuities and large gradients due to imperfect line mapping, particularly in

ε(s) and κ(s), gives rise to force imbalances and instability.

d− 1

d

d + 1

SFd,d−1SAd,d−1

SFd,d+1SAd,d+1

Rd,d+1

Rd,d−1

Sd,d+1

Sd,d−1

yL
yA

yL
yA

Figure 4.5: Discretisation line spans containing direct mapping nodal pairs,
Rd,d+1 and Rd,d−1 , and strain mapping zones, Sd,dd+1

and Sd,dd−1
.

The first step in the transition from dc to d is to directly map the positions, velocity

and accelerations of the nodes in dt with common s-coordinates with dc. The direct

mapping nodes for every discretisation d with its adjacent discretisations, d+1 and

d − 1, have been identified at the discretisation preparation phase. For each dc-

dt pair, there is a set, Rdt,dc , containing NR,dt,dc pairs of nodal indices, (i, j), for

which the s-coordinates of node i in dc and node j in dt are equivalent. The

discretisation spans containing the direct mapping pairs in adjacent discretisations

is shown schematically in Figure 4.5. Thus, direct mapping of the state for each

pair of nodes in Rdt,dc is given by,

ri,dt = rj,dc (4.19a)

ṙi,dt = ṙj,dc (4.19b)

r̈i,dt = r̈j,dc (4.19c)

The nodes in dt that are not in Rdt,dc do not have a neighbour node in dc from

which the nodal state can be directly copied. These regions, denoted as Sdt,dc
,

where these nodes are located, are presented as Sd,d+1 and Sd,d−1 in Figure 4.5 if

the target discretisations are d + 1 and d − 1 respectively. For these nodes, the

nodal velocity and acceleration are obtained from piecewise cubic Hermitian spline

interpolation [149], for which the prototype interpolation function and function

derivative are,
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fl(s) = c0,l + c1,l
(
s− sdcj

)
+ c2,l

(
s− sdcj

)2
+ c3,l

(
s− sdcj

)2 (
s− sdcj+1

)
(4.20a)

dfl
ds

= c1,l + 2c2,l
(
s− sdcj

)
+ c3,l

[
2
(
s− sdcj

) (
s− sdcj+1

)
+
(
s− sdcj

)2]
(4.20b)

where fl(s) and dfl/ds, valid for the range sdcj ≤ s ≤ sdcj+1, and for l ∈ [1, 3]

and l ∈ [4, 6] respectively, represent the interpolating functions for the individual

components of the vectors ṙ and r̈. The following boundary conditions apply,

fl
(
sdcj
)

= gk
(
sdcj
)

(4.21a)

fl
(
sdcj+1

)
= gk

(
sdcj+1

)
(4.21b)

dfl
ds

∣∣∣∣
s=sdcj

=
dgl
ds

∣∣∣∣
s=sdcj

(4.21c)

dfl
ds

∣∣∣∣
s=sdcj+1

=
dgl
ds

∣∣∣∣
s=sdcj+1

(4.21d)

where gl and dgl/ds, l ∈ [1, 6], provide the scalar function and function derivative

values for the individual components of the vectors ṙ and r̈ in dc at sdcj and sdcj+1.

Inserting s = sdcj and s = sdcj+1 into Equations (4.20a) and (4.20b) and applying

the boundary conditions, Equations (4.21a) to (4.21d), the values for coefficients

c0,l, c1,l, c2,l and c3,l can be obtained for each interval [sdcj , s
dc
j+1]. The scalar values

for the components of the vectors ṙ
(
sdti
)

and r̈
(
sdti
)

in dt, valid for the range

sdcj ≤ sdti ≤ sdcj+1, are then be obtained from fl
(
sdti
)
, l ∈ [1, 6].

The mapping of the nodal positions in Sdt,dc
affects the local strain and curvature,

both of which strongly influence the resultant nodal tension force. The procedure

starts with obtaining the element strains in the region Sdt,dc
in dt via piecewise

linear interpolation,

εdt(sei ) = εdc(sej) +
sei − sej
sej+1 − sej

[
εdc(sej+1)− εdc(sej)

]
(4.22)
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where εdt(sei ) is the strain of element i in dt with the s-coordinate of the element

midpoint at sei , and sej ≤ sei ≤ sej+1, and εdc(sej) and εdc(sej+1) are the strains of the

elements in dc that are closest in proximity in terms of the s-coordinate to element

i in dt. The stretched length of element i is then given by,

L
′e,dt
i = Le,dti

[
1 + εdt(sei )

]
(4.23)

where Le,dti is the unstretched length of element i.

The Sdt,dc
region is further split into two zones, denoted as SFdt,dc and SAdt,dc as

illustrated in Figure 4.5. The interface between these two zones is at the midpoint

of the fine-element segment of dt. The size of the two zones changes depending on

whether dc is d+1 or d−1. The two possible modes of the discretisation transition

from dc to dt, as discussed in Section 4.2.2 as mappings from d to d+1 in which the

element size is refined on the floater-side and coarsened on the anchor-side ends,

and from d to d − 1, in which the nodal density is coarsened on the floater-side

and refined on the anchor-side ends. The example of pre- and post-mapping nodal

positions are presented in Figure 4.6. The indices of the nodes at the ends of the

Rdt,dc region from the anchor and fairlead-sides, as illustrated in Figures 4.6a and

4.6b, are denoted as iA,dt0 and iF,dt0 respectively. The nodal position mapping begins

from Nodes iA,dt0 and iF,dt0 , moves towards the interior of Sdt,dc
, and stops at the

interface of the SFdt,dc and SAdt,dc regions.

The nodal positions in dt have to closely trace the line geometry in dc as illustrated

in Figure 4.6. During the mapping process, the nodes in dt may be mapped to a

region on dc that is in the fine or coarse regions. The states of the nodes in the

Rdt,dc segment, which within the coarse-element segments of dc to dt, are directly

copied over.

For a node in the SFdt,dc and SAdt,dc blocks of dt that maps to a fine-element region

of dc, the procedure to determine its position is illustrated in Figures 4.7 and 4.8

respectively, where rdtm is a node in dt that already has its position defined and rdtm+1

is the next node in the nodal mapping sequence, and L
′e,dt
m+1 is the stretched length

of the element m + 1 in dt between nodes m and the next node in the sequence,

m+ 1, the strain of which is calculated using Equation (4.22). The nodal positions

and element unit vectors in dc are indicated by rdc , and êdc .
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(a) Coarsening and refinement of discretisation on fairlead-side and anchor-
side respectively.
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(b) Refinement and coarsening of discretisation on fairlead-side and anchor-
side respectively.

Figure 4.6: Examples of transition from dc to dt with refinement and coarsening
of discretisation at fairlead and anchor-sides.
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(a) Nodal position mapping with

L
′e,dt

m+1 <
∣∣∣rdc

n+1 − rdt
m

∣∣∣.
(b) Nodal position mapping with

L
′e,dt

m+1 ≥
∣∣∣rdc

n+1 − rdt
m

∣∣∣.

Figure 4.7: Nodal position mapping from dc to dt in SFdt,dc .

(a) Nodal position mapping with

L
′e,dt

m+1 <
∣∣∣rdc

n+1 − rdt
m

∣∣∣.
(b) Nodal position mapping with

L
′e,dt

m+1 ≥
∣∣∣rdc

n+1 − rdt
m

∣∣∣.

Figure 4.8: Nodal position mapping from dc to dt in SAdt,dc .

Figure 4.7a illustrates schematically the mapping procedure in SFdt,dc when L
′e,dt
m+1 <∣∣rdcn+1 − rdtm

∣∣, while Figure 4.7b presents the procedure when L
′e,dt
m+1 ≥

∣∣rdcn+1 − rdtm
∣∣.

Similarly, Figures 4.8a and 4.8b illustrate the nodal position mapping procedures

in SAdt,dc when the conditions L
′e,dt
m+1 <

∣∣rdcn+1 − rdtm
∣∣ or L

′e,dt
m+1 ≥

∣∣rdcn+1 − rdtm
∣∣ are met

respectively. The procedure illustrated in Figures 4.7 and 4.8 is detailed in Algo-

rithm 3, and is used to determine the position of a single node. The position of

each node in SFdt,dc and SAdt,dc is determined sequentially starting from Node iA,dt0

and moving in the positive s-direction for the nodes in SAdt,dc , and starts from Node

iF,dt0 , moving in the negative s-direction for the nodes in SFdt,dc .

Equation (4.24) is used in Algorithm 3 to determine rdtm+1 when the condition

L
′e,dt
m+1 <

∣∣rdcn+1 − rdtm
∣∣ is met. The nonlinear equation is subjected to a constraint

condition so that the calculated position of rdtm+1 is consistent with the intended

spatial direction of mapping, βêdcn+1, and does not deviate from βêdcn+1 by an angle

of more than π/2.
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1 k = j + β . β accounts for direction of mapping with Equation (4.25) ;

2 rdcn+1 ← rdck ;

3 L
′e,dt
m+1 ← Le,dtm+1εm+1 . εm−1 calculated with Equation (4.22) ;

4 if L
′e,dt
m+1 <

∣∣rdcn+1 − rdtm
∣∣ then

5 while L
′e,dt
m+1 <

∣∣rdcn+1 − rdtm
∣∣ do

6 k ← k + β;

7 rdcn+1 ← rdck ;

8 end

9 rdtm+1 ← rdcn+1 − βL̃
′e,dt
m+1 êdcn+1 . Solve for L̃e,dtm−1 with Equation (4.24);

10 else

11 rdtm+1 ← rdtm + βL
′e,dt
m+1 êdcn+1

12 end
Algorithm 3: Nodal position search algorithm.

Solve f
(
L̃
′e,dt
m+1

)
=
∣∣∣
(
rdcn+1 + βL̃

′e,dt
m+1 · êdcn+1

)
− rdtm

∣∣∣− L′e,dtm+1 = 0

subject to βêdcn+1 ·
[(

rdcn+1 + βL̃
′e,dt
m+1 · êdcn+1

)
− rdtm

]
> 0

(4.24)

where

β =




−1, Node m+ 1 ∈ SFdt,dc
1, Node m+ 1 ∈ SAdt,dc

(4.25)

Applying Algorithm 3 to the mapping of fine-element nodes in dt to a coarse seg-

ment of dc will lead to the creation of alternating line segments of zero and high

curvature. This is because blocks of fine elements in dt will be aligned with a coarse

element in dc. Since the element unit direction vectors of these elements are equal,

the line curvature will be zero. Using node j − 1 in Figures 4.7 as an example, the

curvature at node j − 1 is given by,

κj−1 =
dT

ds

∣∣∣∣
sj−1

≈ 2 |êj−1 − êj−2|
L′ej−1 + L′ej−2

(4.26)

At the interface of adjacent coarse elements in dc, there may be an abrupt change

of the element unit direction vectors. Hence, for the nodes in dt that are mapped to

locations close to the element interfaces in dc, the changes in the element direction

unit vectors are large relative to the fine element lengths in dt, leading to localised
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high line curvature, which is undesirable because it leads to large resultant nodal

tension forces on affected nodes.

d− 1

d

d + 1

SFd,d−1SAd,d−1

SFd,d+1SAd,d+1

yL
yA

Dummy
line
segment

Dummy
line
segment

Figure 4.9: Specification and insertion of dummy fine-element line segments into
dc to replace selected coarse segments.

To ameliorate the tendency of Algorithm 3 to generate zones of high line curvature

due to the transition from dc to dt, a dummy line segment consisting of fine-elements

is generated to supplant the coarse segment in dc for the purpose of providing a

smoothened line geometry in dc for the application of Algorithm 3 to determine

the nodal positions in dt. Figure 4.9 shows the location of along the line where

the dummy segment will be inserted, replacing the original coarse elements, for the

mapping from discretisation d−1 and d+ 1 to d. The spatial extent of the dummy

segment is denoted as SD and, for the mapping of d − 1 to d, begins at the start

of the SAd,d−1 zone to the start of the fine element segment in d, while that for the

mapping of d+ 1 to d is from the end of the fine-element segment in dc to the end

of the SFd,d+1 segment. The element lengths in the dummy segment are set to be

equivalent to the length of the fine elements in dc.

The nodal positions in SD are calculated using the spline interpolation method

presented in Equations (4.20a) and (4.20b), where the boundary conditions are the

positions of the nodes in the original line that are within the same s-coordinate

span of SD, and applied at sdcj and sdcj+1, to determine the position interpolation

coefficients for each node at the s-coordinate, s∗i . The positions of the dummy

nodes, r∗(s∗i ), are then calculated using Equation (4.27), where sdcj ≤ s∗i ≤ sdcj+1.

The interpolated nodal positions in SD replace the original coarse-segment nodal

positions in dc, rdc , in Algorithm 3 to determine the mapped nodal positions in

dt, rdt . The element strains in SD are not explicitly specified or used in other

calculations.
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r∗(s∗i ) = c0 + c1

(
s∗i − sdcj

)
+ c2

(
s∗i − sdcj

)2
+

c3

(
s∗i − sdcj

)2 (
s∗i − sdcj+1

) (4.27)

where c0, c1, c2 and c3 are three-element coefficient vectors, i.e. ci,l, i ∈ [0, 3],

l ∈ [1, 3], where the index l corresponds to a direction in the Cartesian coordinate

system.

4.2.4 Curvature correction

A curvature control procedure is implemented to augment the fine-element dummy

line segment geometry in reducing occurrences of curvature spikes during the transi-

tion from dc to dt. The line curvature at the nodes in dc, κ
dc , provides a comparison

baseline for the curvature in dt as the nodal positions are prescribed. Linear in-

terpolation is then used to obtain the desired curvature at the s-coordinates in dt,

κ̃dt , as given by,

κ̃dtm = κdcj +
sdtm − sdcj
sdcj+1 − sdcj

[
κdcj+1 − κdcj

]
(4.28)

where the sdcj ≤ sdtm ≤ sdcj+1. The κ adjustment procedure is active for the line

segment in the span SD in dt, and is executed for the nodes in this segment at the

end of Algorithm 3. The procedure begins by checking the line curvature at node

m in dt, κ
dt
m, if the position of the node to be determined is m+ 1. The exceedance

of the curvature at node m, κdtm, beyond κ̃dtm is given by,

δκ = κdtm − κ̃dtm (4.29)

The conditions that are evaluated and must be met for the curvature correction

procedure to be performed are given by,

κdtm > κmin (4.30a)

δκ > δκmax (4.30b)
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In this work, κmin and δκmax are set to 1 × 10−3 and κ̃dtm respectively. A lower

curvature limit, κmin, is set because points of low curvature do not create the

problem of unbalanced resultant tension forces. The value for δκmax is set such

that the correction is performed when the curvature in the target discretisation

exceeds double of the curvature in the previous discretisation. From the numerical

experiments performed in this work, the aforementioned values for κmin and δκmax

are suitable.

The position of node m + 1 was previously prescribed per Algorithm 3 prior to

the curvature check. If curvature correction at node m is required, the position of

node m+1 is then adjusted. This is accomplished by rotating the element direction

unit vector êdtm+1 about the binormal vector, B̂, as shown in Figure 4.10, thereby

modifying the position of node m + 1 in dt. The calculation of the unit binormal

vector at node m, B̂m, requires the unit normal vector, N̂m, which was determined

as part of obtaining the line curvature, and unit tangent vector, T̂m.

Figure 4.10: Nodal position mapping with dummy line segment replacement of
coarse elements and curvature correction.

The unit direction vectors N̂m, T̂m, and binormal vector B̂m, are calculated as

presented in Equations 4.31, 4.32 and 4.33, respectively.

N̂m =
1

κdtm

[
2 (êm − êm+1)

L′em + L′em+1

]
(4.31)

T̂m =

(
L′em+1êm + L′emêm+1

)
∣∣L′em+1êm + L′emêm+1

∣∣ (4.32)

B̂m = T̂m × N̂m (4.33)
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R(θ) =




cos θ + B2
m,1 (1− cos θ) Bm,1Bm,2 (1− cos θ)− Bm,3 sin θ

Bm,1Bm,2 (1− cos θ) + Bm,3 sin θ cos θ + B2
m,2 (1− cos θ)

Bm,1Bm,3 (1− cos θ)− Bm,2 sin θ Bm,2Bm,3 (1− cos θ) + Bm,1 sin θ

Bm,1Bm,3 (1− cos θ) + Bm,2 sin θ

Bm,2Bm,3 (1− cos θ)− Bm,1 sin θ

cos θ + B2
m,3 (1− cos θ)




(4.34)

The rotation matrix used to modify the direction unit vector of element m + 1

by an angle θ requires the input of the elements in B̂m, and is given by Equation

4.34, where Bm,l, l ∈ [1, 3] are the elements in B̂m. The rotation matrix R(θ) is

multiplied with êm+1 to obtain ê′m+1, the rotated direction unit vector of element

m+ 1,

ê′m+1 = R(θ) êm+1 (4.35)

An objective function for minimizing the magnitude difference between the pre-

and post-mapping line curvature for elements in SD is written as,

minimize f(θ) = |κ′m(θ)− κm| (4.36)

where κ′m+1(θ) is obtained from inserting the value for θ into Equation 4.35 to cal-

culate an updated ê′m+1 and substituting the latter into Equation 4.26 to obtain the

curvature at Node m. The Nelder-Mead optimization scheme [126] implemented

in Fortran 90 by Burkardt [150] is applied to the optimization problem stated in

Equation 4.36. The final updated value for ê′m+1 then replaces the original êm+1,

and the position of node m+ 1 is updated as,

rdtm+1 = rdtm + βL′em+1ê
′
m+1 (4.37)

Figures 4.6a and 4.6b are examples of the mapped nodal positions from discretisa-

tions d+ 1 and d− 1, and highlight the SD zones in SAdt,dc and SFdt,dc , respectively.

The element bounded by the last two nodes in the nodal mapping procedure of the

SFdt,dc and SAdt,dc zones is at the midpoint of the Sdt,dc
region.
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Figure 4.11: Illustration of directions of nodal position mapping and last nodes
to be mapped in SFdt,dc and SAdt,dc .

1 for Sξd,η ∈ {SFd,η, SAd,η} do

2 if SD is present in Sξd,η then

3 Generate dummy line segment for SD in Sξd,η . η is either d+ 1 or d− 1;

4 Calculate κ̃dti at sdti for node i, i ∈ {nodal indices in SD};
5 for node i ∈ [iξ,dt0 , number of nodes in Sξd,η] do

6 if node i is in SD of Sξd,η then

7 Determine ri with Algorithm 3;

8 Calculate κdti−1;

9 if κdti−1 − κ̃dti−1 > δ then

10 Calculate θ and ê′i using Equations 4.36 and 4.35

respectively;

11 Correct ri with Equation 4.37;

12 else

13 Determine ri with Algorithm 3;

14 end

15 end

16 else

17 for node i ∈ [iξ,dt0 , number of nodes in Sξd,η] do

18 Determine ri with Algorithm 3;

19 end

20 end
Algorithm 4: Position search algorithm with curvature correction for nodes

in Sdt,dc
.

Figure 4.11 illustrates the directions of mapping in SFdt,dc and SAdt,dc , and the last

nodes to be mapped in both zones, iF,dtlast and iA,dtlast respectively, which are deter-

mined according to Algorithm 4, the complete nodal position search algorithm

with curvature correction for the nodes in SD.
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The nodal mapping procedure starts from the outer boundaries of the Sdt,dc
re-

gion at nodes iF,dt0 and iA,dt0 and proceeds inwards, as shown in Figure 4.6. The

stretched lengths, L′e,Flast and L′e,Alast , of the elements adjacent to the nodes, ie,Flast and

ie,Alast respectively, and by extension the line strains (see Equations 4.22 and 4.23),

are taken into consideration in the mapping procedure (Line 9 or 11 in Algorithm

3) but the strain in the midpoint element, denoted as εmid in Figure 4.11, is not

considered the determination of the positions of nodes iF,dtlast and iA,dtlast in Algorithm

4. Hence, the post-mapping strain in the midpoint element in dt, ε
dt
mid, with an

s-coordinate smid, may differ significantly from that of dc, ε
dc
mid, and result in large

strain gradients which create tension shocks that propagate through the line.

4.2.5 Line midpoint strain correction

To reduce the effects of the tension shocks on the fairlead tension results, large

spanwise gradients in the element strains have to be mitigated using a strain cor-

rection procedure with the main objective of preserving the accuracy of the fairlead

tension result. After running the nodal position mapping procedure in Algorithm

4, the strain at the midpoint element of the new line geometry dt is determined

and compared to that at the same location in dc.

The strain correction algorithm is executed if the disparity in the midpoint element

strain magnitude exceeds a threshold value, δεmax, evaluated as,

δεmid =
∣∣εdtmid − εdcmid

∣∣ > δεmax (4.38)

where εdtmid and εdcmid are the midpoint element strains in dt and dc respectively.

The midpoint element length difference,
∣∣εdtmid − εdcmid

∣∣, is made up by scaling the

lengths of the elements from the anchor up to the last element in SAdt,dc , adjacent

to iAlast, as shown in Figure 4.11. The strain in these elements will be modified as a

result of the adjustment and hence will not be accurate for a period of time after a

transition from dc to dt. This trade-off is made in order to avoid the production of

significant spatial strain gradients and tension shocks so that the fairlead tension

results remain accurate. The inaccuracies introduced in the correction are transient

and diminish rapidly as the simulation progresses after a transition.
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The augmentation lengths, dL
′e
i , to be added to the stretched lengths of the ele-

ments from the anchor up to the midpoint are defined as,

dL
′e
i = αLeidεi,base, ie,dtanchor ≤ i ≤ ie,A,dtlast (4.39)

where ie,A,dtanchor and ie,A,dtlast are the indices of the element adjacent to the anchor node

and the last element in SAdt,dc zone (see Figure 4.11), dεi,base is the base strain ad-

justment to element i, and α is a scaling factor. The sign of α, and correspondingly

dL
′e
i , can be positive or negative and corresponds to the elongation and shortening

of element lengths respectively.

Figure 4.12: Strain modification distribution profile, dε, in the line span from
the anchor location, sanchor, to the line midpoint, smid.

The base strain adjustment profile for the elements affected by the length aug-

mentation defines the distribution of the length modification magnitude for the

selected elements from sanchor to smid and is presently set to follow a Gaussian pro-

file, as depicted in Figure 4.12. The shape of the Gaussian profile is defined by the

parameters µ and σ, as expressed in Equation 4.40,

dεbase(s) =
1√
2πσ

exp

[
−(s− µ)2

2σ2

]
(4.40)

where µ is set to (smid + sanchor)/2, and σ is determined by setting a value for the

ratio between dεbase(µ) and dεbase(sanchor) and solving Equation 4.41 for σ,

dεbase(µ)

dεbase(sanchor)
=

dεbase,max

dεbase,min

=
1

exp

[
−1

2

(µ
σ

)2] (4.41)
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For each discretisation,the value for µ varies with smid, and the ratio dεbase,max/dεbase,min

is set to 5. This value affects the distribution of element augmentation lengths. A

high value concentrates the distribution of the augmentation lengths to a smaller

number of element and increases in the strain gradients in the vicinity of s = µ,

while a low value may lead to a high strain gradient at smid. The numerical exper-

iments in this work suggest that a value of 5 is suitable. The base augmentation

lengths can then be determined from Equation 4.40 by inserting the s-coordinates

for the center of the selected elements i, ieanchor ≤ i ≤ ie,Alast, for each discretisation.

By setting a value for α, the augmented element lengths are then calculated as,

L
′e
i = L

′e
i,orig + αLeidεi,base (4.42)

where L
′e
i,orig refers to the stretched lengths of the elements prior to augmentation.

The nodal mapping procedure, Algorithm 4, is executed with the updated element

lengths for the line span represented as RA
dt,dc

and SAdt,dc in Figure 4.12. After the

mapping is performed, the strain at the midpoint element is evaluated again with

the midpoint element strain exceedance criteria, Equation 4.38. Hence, the value

of α determines if the exceedance critera is met. The procedure is summarised in

Algorithm 5.

1 Set a value for α;

2 Calculate augmentation lengths dL
′e
i with Equation 4.39;

3 Calculate augmented element lengths L
′e
i with Equation 4.42;

4 Execute Algorithm 4 with Sξd,η ∈ {RA
d,η, S

A
d,η} where RA

d,η refers to the line

section that extends from the anchor to the start of the SAd,η section as shown

in Figure 4.12;

5 Evaluate δεmid, the midpoint element strain exceedance magnitude;
Algorithm 5: Nodal position re-mapping with augmented elements.

The Nelder-Mead [126] optimization procedure is used in conjunction with Al-

gorithm 5 to determine the value of α that minimizes
∣∣εdtmid − εdcmid

∣∣ during each

discretisation transition. The initial value for α, α0, to be optimized by the Nelder-

Mead algorithm, is given by,

α0 =
Lemid δεmid

ie,Alast∑
i=1

Leidεi,base

(4.43)
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where Lemid is the unstretched length of the midpoint element.

4.3 Numerical model settings and test cases

4.3.1 Environmental conditions and line structural proper-

ties

A set of test cases in a shallow water environment selected from Brown and

Mavrakos [5] are used for the evaluation of the proposed time integration and

discretisation adaptation strategy. The fairlead position and velocity prescribed

in the test cases are the boundary conditions and are described by the functions

presented in Equation (B.1) and Equation (B.2).

The parameters for the fairlead excitations are test Cases 1, 3 and 4 specified in

Table B.2 and include harmonic and biharmonic fairlead excitations sufficient to

induce significant line liftoff and grounding. Comparisons will be made between

the in-house code and the commercial software Orcaflex [151], and the seabed

parameters for the in-house code is the SM coefficient set presented in Table C.2

while those for Orcaflex are the shallow water coefficient set presented in Table C.1.

The water depth is 82.5 m, and no current or wave velocities are prescribed. The

mooring line material consists of homogeneous chain-links along its entire length

and the structural parameters are presented in Table A.1.

4.3.2 Dual-rate integration settings, prepared discretisa-

tions and switching s-coordinates

The prepared discretisations to exercise the mapping algorithm proposed in Sec-

tion 4.2 and the Multi-Rate time integration scheme described in Section 4.1 are

presented in Figure 4.13. The segments designated as yA refer to the fine-element

segment and the active partition in each discretisation, while the segments desig-

nated as yL are the coarse-element segment and latent partition in the respective

discretisation.
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Figure 4.13: Prepared discretisations for switching.

Discretisa-

tion Index
sl su

1 sTDP,0 + 24.0 m -

2 sTDP,0 sTDP,0 + 48.0 m

3 sTDP,0 − 24.0 m sTDP,0 + 24.0 m

4 sTDP,0 − 48.0 m sTDP,0

5 sTDP,0 − 72.0 m sTDP,0 − 24.0 m

6 sTDP,0 − 96.0 m sTDP,0 − 48.0 m

7 sTDP,0 − 120.0 m sTDP,0 − 72.0 m

8 sTDP,0 − 144.0 m sTDP,0 − 96.0 m

9 sTDP,0 − 168.0 m sTDP,0 − 120.0 m

10 sTDP,0 − 192.0 m sTDP,0 − 144.0 m

11 sTDP,0 − 216.0 m sTDP,0 − 168.0 m

12 - sTDP,0 − 192.0 m

Table 4.1: Discretisation switching s-coordinates.

The element sizes used in dual-rate integration are 8.0 m and 0.751 m in the

coarse and fine-element sections respectively. The suitability of the element sizes

is examined in Section 4.4.1. Due to stability limits of the Modified Euler time

integration scheme and the need for temporal synchronization between the latent

and active partitions, the time-step ratio between the partitions is 10, when the
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value for the partition maximum and minimum time-step fraction constraints, γmax

and γmin, are set to 0.95 and 0.1 in this work.

The length span of yA in each discretisation is 119.3 m, and is staggered in their

locations along the s-coordinate by 24 m between two adjacent discretisations.

With the initial touchdown point s-coordinate denoted as sTDP,0, the discretisation

switching s-coordinates (see Algorithm 2) are determined at the start of each test

case and presented in Table 4.1.

4.4 Evaluation of fairlead tension results

4.4.1 Case 1: harmonic surge motion

Test case 1 prescribes a harmonic fairlead excitation at wave frequency (see Ta-

ble B.2). The maximum fairlead velocity and displacement from the original posi-

tion are 3.4 m/s and 5.4 m respectively, which induces a nodal grounding velocity of

approximately 3.2 m/s [152]. Figure 4.14 shows the s-coordinate variation tracked

by 7 homogeneous line discretisations with element sizes ranging from 11.86 m to

0.60 m, and a hybrid coarse/fine discretisation corresponding to that presented

in Figure 4.13. The hybrid discretisation consists of a refined region close to the

touchdown zone and coarse elements elsewhere. Due to the initial line geometry at

t = 0 s, the initial discretisation is set to d3 as shown in Figure 4.13. As the touch-

down point changes, the selected discretisation changes in tandem. The fairlead

excitation profile for Case 1, with a maximum displacement of the fairlead position

by 5.4 m, induces the touchdown point s-coordinate, sTDP , to vary between approx-

imately 505 m and 565 m over one period of fairlead excitation between 81 s and

91 s of simulation time, as shown in Figure 4.14, after initial transient effects have

passed and line motion and forces are fully developed. Presently, sTDP is tracked to

first order accuracy equivalent to the s-coordinate of the node furthest along the

s-axis that is in contact with the seabed. As the nodal density is increased, sTDP

is tracked to the higher accuracy with the homogeneous discretisation lines, and

similarly in the hybrid coarse/fine discretisation line because of the high density of

nodes locally around the touchdown zone.
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Figure 4.14: Touchdown point variation over one period of fairlead excitation
for Case 1.
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Figure 4.15: Discretisation switches for Case 1.

The variation in the touchdown point over 60 m induces the adaptive discretisation

line to switch between discretisations 3 and 4, as presented in Figure 4.15. Over

the time period shown, a switch from discretisation 3 to 4 was made at 81.0 s

and another from 4 back to 3 was made at 84.5 s. The sTDP,0 is 542.8 m, hence

according to Table 4.1 and depicted in Figure 4.14, the switching s-coordinate from

discretisation 3 to 4, sl for d3, was 518.8 m, while the switching s-coordinate from

discretisation 4 to 3, su for d4, was 542.8 m.

Figures 4.16a and 4.16b show the strain distributions in a line prior to the discreti-

sation transition, as well as the strain distributions before and after performing the

strain correction at 81.0 s and 84.5 s respectively. In Figure 4.16a, which depicts

the case where δεmid < 0 prior to correction, a spike in the strain curve is present

at approximately s=500.0 m because the initial nodal position mapping using Al-

gorithm 4 does not consider the strain in the midpoint element. The correction

applied in this situation is to prescribe a negative value for α, and apply a negative
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adjustment to the lengths, and consequently the strains, of the elements in the

RA
dt,dc

and SAdt,dc regions of dt with the Gaussian-shaped strain modification profile

presented in Figure 4.12. The reduction of the element strains is observable in

the post-correction strain curve, essentially introducing an error of the magnitude

αdεi,base. Figure 4.16b shows a contrary situation where δεmid > 0 at approxi-

mately at 84.5 s and s=525.0 m, a positive value is prescribed for α, in which a

positive adjustment is required for the lengths of the elements in the RA
dt,dc

and

SAdt,dc regions of dt. The maximum error introduced into the strain occurs at s = µ

of the post-transition active discretisation, with the magnitude α/(σ
√

2π), which

corresponds to 0.9% and 2.65% respectively for the switches from discretisation 3

to 4 at 81.0 s and 4 back to 3 at 84.5 s.
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(a) Pre- and post-nodal position mapping strain distributions with and without midpoint strain
correction for Case 1 at 81.0 s.
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(b) Pre- and post-nodal position mapping strain distributions with and without midpoint strain
correction for Case 1 at 84.5 s.

Figure 4.16: Pre- and post-nodal position mapping strain distributions, switch-
ing between discretisations 3 and 4, with and without midpoint strain correction
for Case 1.
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(a) Pre- and post-nodal position mapping curvature distributions with and without
curvature correction for Case 1 at 81.0 s.
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(b) Pre- and post-nodal position mapping curvature distributions with and without
curvature correction for Case 1 at 84.5 s.

Figure 4.17: Pre- and post-nodal position mapping curvature distributions,
switching between discretisations 3 and 4, with and without curvature correction
for Case 1.

Figures 4.17a and 4.17b present the pre- and post-mapping curvature distribu-

tions with the curvature correction feature active and inactive at the discretisation

transitions at 81.0 s and 84.5 s. The curvature profiles with and without correc-

tion are identical because the curvature exceedance condition (Equations 4.30a and

Equation (4.30b)) were not met during the transitions in Case 1.

The fairlead tension time histories from the in-house code with the seven homoge-

neous and single hybrid coarse/fine size discretisations, and the frequency spectra

of the same tension time histories, are presented in Figures 4.18a and 4.18b re-

spectively. Irregular oscillations are observed in the tension time histories between

83.5 s and 87 s for the homogeneous discretisation of element lengths ranging from

11.86 m to 2.03 m.
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(a) Fairlead tension time history for Case 1 from in-house code.
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(b) Fairlead tension frequency spectra for Case 1 from in-house code.

Figure 4.18: Fairlead tension time history and frequency spectra for Case 1 from
in-house code with homogeneous and hybrid coarse/fine line discretisations.

The frequency spectra presented in Figure 4.18b indicates that at frequencies of

approximately 1 Hz and below, the magnitudes of the frequency components of

the tension time series with varying element sizes are in good mutual agreement.

However, the frequency spectra of the various time histories begin to diverge at

frequencies above 1 Hz, above which the frequency components in the time histories

associated with element sizes of 0.84 m and smaller are lower than those present

in the time series generated with larger element sizes.

Figures 4.19a and 4.19b present the tension time histories and frequency spectra

of the tension for Case 1, using the commercial software Orcaflex, for the range of

homogeneous line discretisations. The tension fluctuations associated with nodal
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grounding there were observed in the results in the in-house code are also present

in the results generated by Orcaflex. Similarly, the magnitudes of the fluctuations

are also reduced as element sizes are reduced and are largely eliminated from the

tension results for element sizes of 0.84 m or smaller. The results in Figures 4.18

and 4.19 suggest that reducing element sizes is an effective means of ameliorating

the undesirable effects of nodal grounding on the tension results.
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(a) Fairlead tension time history for Case 1 from Orcaflex.
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(b) Fairlead tension frequency spectra for Case 1 from Orcaflex.

Figure 4.19: Fairlead tension time history and frequency spectra for Case 1 from
Orcaflex with homogeneous line discretisations.

The higher frequency components in the frequency spectra plots are associated

with the tension fluctuations. Figures 4.18a and 4.19a show that periods of the

tension fluctuations are typically lower than 0.5 s or higher than 2 Hz. A qualita-

tive assessment of Figures 4.18a and 4.18b suggests that the tension fluctuations
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are largely absent in the tension results for the discretisations of element lengths

of 0.84 m or smaller. Figure 4.18b shows that the higher range frequency compo-

nents above 2.5 Hz, is lowest for the results for the smallest element size of 0.6 m.

However, the results for the 0.75 m element size are assessed to be sufficiently close

to that of the finest discretisation used in this series of tests, thus is the required

element refinement necessary to provide converged tension results when the intent

is to remove the spurious tension fluctuations.

The tension time history for the hybrid coarse/fine size discretisation shows good

agreement with the converged results, as shown in Figure 4.18a. The frequency

spectra of the time series for this discretisation also reveals good agreement at fre-

quencies lower than 2 Hz with the frequency spectra of the converged results given

by the 0.75 m and 0.6 m element discretisations. The magnitudes of the frequency

components above 2 Hz deviate from the converged results but are generally lower

when compared with those of the coarser homogeneous discretisations.
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Figure 4.20: Peak tension values for Case 1 with homogeneous and hybrid
coarse/fine discretisations.

The peak tensions for Case 1 using the various element sizes discussed are presented

in Figure 4.20 for both Orcaflex and the in-house code, and show that as element

size is reduced the peak tension converges to the value of approximately 1299.30

kN for both codes. The peak tension using the hybrid coarse/fine discretisation,

at 1299.26 kN, is in good agreement with the converged peak tension results and

is comparable to that provided by the 0.84 m and 0.75 m homogeneous line dis-

cretisations. Hence, in addition to providing converged peak tension results, the

tension fluctuations are also significantly reduced using the hybrid coarse/fine dis-

cretisation. This suggests that the hybrid coarse/fine discretisation, with a higher

nodal density in the vicinity of the touchdown zone and lower densities elsewhere



Chapter 4. Development of Dual-rate, Adaptive Discretisation Dynamic Mooring
Line Model 110

is able to mitigate the negative effects of nodal grounding, without refining the

discretisation for the entire length of the line structure.

4.4.2 Case 3: biharmonic surge and heave motion

Test Case 3 prescribes a biharmonic fairlead excitation in the surge and heave

directions. In Case 3, the maximum fairlead velocity and displacement from the

initial position are 3.45 m/s and 20.71 m respectively, which induces a maximum

nodal grounding velocity of 3.9 m/s [152], which is 21% larger than in Case 1, and

thus represents a more severe test case.
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Figure 4.21: Touchdown point variation over one period of fairlead excitation
for Case 3.

Figure 4.21 shows that the sTDP variation range of the homogeneous and hybrid

coarse/fine discretisations over one period of the fairlead motion for Case 3 is

between approximately s =177 m and 622 m over one low-frequency fairlead ex-

citation period between the time window of 600 s and 800 s. This variation in

the touchdown point induced the adaptive, hybrid coarse/fine discretisation line,

choosing from the prepared discretisations presented in Figure 4.13, to make a to-

tal of 52 discretisation switches within the time span of one low-frequency fairlead

excitation period and to switch between all of the prepared discretisations from 1

through 12, as presented in Figure 4.22.
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Figure 4.22: Discretisation switches for Case 3.
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Figure 4.23: Peak tension values for Case 3 with homogeneous and hybrid
coarse/fine discretisations.

Figure 4.23 shows the peak tensions, from Orcaflex and the in-house code, pro-

duced by the various discretisations. The peak tensions from the in-house code

and Orcaflex reach convergence quickly as element sizes are reduced and the peak

tension values do not change significantly with the application of smaller element

sizes. The peak tension result by the hybrid coarse/fine discretisation is in close

agreement with the converged tension magnitude.

Figure 4.24 shows the fairlead tension time series for Case 3 generated by the in-

house code for the various discretisations. The time window revealed corresponds

to one period of the low-frequency excitation. The results suggest that between

600 s and 674 s, the agreement between the various discretisation is very good, and

the tension results are free of spurious fluctuations.



Chapter 4. Development of Dual-rate, Adaptive Discretisation Dynamic Mooring
Line Model 112

600 625 650 675 700 725 750 775 800

Time (s)

0

1000

2000

3000

4000

5000

6000

7000
T

en
si

on
(k

N
) L=11.86 m

L=8.00 m

L=4.74 m

L=2.03 m

L=0.84 m

L=0.75 m

L=0.60 m

(Hybrid)
LL=8.00 m,
LA=0.75 m

Figure 4.24: Fairlead tension time history for Case 3 from in-house code.

In contrast, between 674 s and 700 s, the results produced by the various discreti-

sations differ in the severity of the irregular tension fluctuations, as presented in

Figure 4.25. The fluctuations occur close to the troughs of the wave frequency ten-

sion loading/unloading cycle at 705 s, 715 s, 725 s, 735 s, 745 s, 765 s, 775 s, 785 s,

and 795 s. Fluctuations also occur in some situations, during the loading phase as

well at 707.5 s, 735.5 s, 727.5 s, 737.5 s, 747.5 s, 757.5 s, and 767.5 s. The fluctu-

ations occurring at the troughs in Figure 4.25 are due to travelling tension waves

that originate from the touchdown point due to the initial creation of local spatial

strain gradients at the touchdown zone as grounding nodes make contact with the

seabed at high speeds. The fluctuations that appear during the loading phase are

snap loading shocks which occur due to the rapid transition of the strain state of

line section at the touchdown zone from being in a negative strain, unloaded state

due to nodal grounding to a positive strain and loaded state, as discussed in Ref.

[152].

Figures 4.24 and 4.25 illustrate that as element sizes are reduced, the severity of

the irregularities in the tension time series, which are generated by nodal grounding

and liftoff, is reduced. Additionally, the results produced by the hybrid coarse/fine

discretisation can qualitatively be assessed to contain less severe irregularities com-

pared to the coarser discretisations of larger than 0.84 m, and are comparable to

the results generated by the finer discretisations of 0.84 m, 0.75 m and 0.6 m.
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Figure 4.25: Close-up view of fairlead tension fluctuations due to nodal ground-
ing in the time window 700 s ≤ t ≤ 800 s for Case 3.

Due to the large and rapid line motions and shifts in the touchdown zone induced

by the fairlead motions, the frequency and number of changes in the selected dis-

cretisation were relatively high compared to Case 1, as shown in Figure 4.22. The

strain and curvature correction procedures were exercised frequently for this case,

and Figure 4.26 provides an example of a discretisation switch, which occurs at

624 s, in which both correction procedures were active.
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(a) Pre- and post-nodal position mapping strain distributions with and without midpoint strain
correction for Case 3 at 624 s.
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(b) Pre- and post-nodal position mapping curvature distributions with and without curvature
correction for Case 3 at 624 s.

Figure 4.26: Pre- and post-nodal position mapping strain and curvature distri-
butions, for Case 4 at 624 s, switching between discretisations 9 and 10.

Figure 4.26a illustrates that the prior to performing the strain correction, a large

spike in the strain value was present at the midpoint element at s = 380 m, which

creates a large local strain discontinuity. The strain value in the midpoint element

of the target discretisation, #9, prior to and after strain correction were 5× 10−5

and 6.5 × 10−4 respectively. Figure 4.26b shows the curvature profile of the line

prior to and after curvature correction during the discretisation switch at 624 s,

and illustrates that a spike in the curvature at s = 413.8 m was reduced from

5.25× 10−3 to 3.69× 10−3 m−1.
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4.4.3 Case 4: biharmonic surge motion

Case 4 prescribes a biharmonic fairlead excitation in the surge directions. The

maximum fairlead velocity and displacement from the initial position are 5.65 m/s

and 12.8 m respectively, which induces a maximum nodal grounding velocity of 3.9

m/s, comparable to that of Case 3.
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Figure 4.27: Touchdown point variation over one period of fairlead excitation
for Case 4.

Figure 4.27 shows the variation sTDP over one low-frequency oscillation period for

Case 4. The time-varying touchdown point location tracked by the various discreti-

sations are in close agreement, especially so for the finer homogeneous discretisation

of 0.84 m and smaller and the hybrid coarse/fine discretisation, which is chosen

from the prepared discretisations illustrated in Figure 4.13 and changes dynami-

cally with the touchdown point. The sTDP varies between 284.6 m and 595.6 m for

Case 4.

Figure 4.28 presents the active line discretisations over one low-frequency oscil-

lation period of fairlead motion, during which 70 discretisation switches over all

the prescribed 12 prepared line discretisations took place. Comparing Figures 4.27

and 4.28, it can be observed that the switching between suitable discretisations is

directly related to the location of sTDP .
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Figure 4.28: Discretisation switches for Case 4.

Figure 4.29 compares the peak tensions from Orcaflex and the in-house code for

various discretisations for Case 4. The peak tensions from the in-house code are

not modified by more than 0.02% with successive refinements of the element size

while the peak tensions from Orcaflex are not modified by more than 0.4% with

the same element size refinements. Hence the results for the peak tension are

considered converged for all the discretisations used, which, for the in-house code

is 7419.20 kN. The peak tension result by the hybrid coarse/fine discretisation,

at 7425.92 kN, exceeds the converged peak tension result from the homogeneous

discretisations by a small value of 0.09%.
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Figure 4.29: Peak tension values for Case 4 with homogeneous and hybrid
coarse/fine discretisations.

Figure 4.30 shows the fairlead tension time series for Case 4 generated by the

in-house code for the various discretisations over one period of the low-frequency

excitation. The peaks of the tension time series given by the various discretisa-

tions, including the hybrid coarse/fine discretisation, are in good agreement. The
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difference between the time series is in the small, irregular and high frequency

fluctuations which occur due to nodal grounding and liftoff.
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Figure 4.30: Fairlead tension time history for Case 4 from in-house code.

The fluctuations are seen in greater visual detail in the close up view of the tension

time series in Figure 4.31. The irregularities observed are similar to those mani-

fested in the results for Case 2. At 418.0 s, 428.0 s, 438.0 s and 448.0 s, the cause of

the irregularities is attributed to snap loads due to a line section returning to ten-

sioned state after becoming slack with rapid nodal grounding during the previous

unloading cycle. The fluctuations observed at 475 s, 485 s, and 495 s are due to

the rapid creation of a local low or negative strain section at the touchdown zone

due to nodal grounding, and a large spatial strain gradient between the elements

further away from and in close proximity to the touchdown zone, which creates

propagating stress waves that are reflected back and forth between the touchdown

zone and the line boundaries, namely the anchor and fairlead nodes. Figure 4.32

shows that the fluctuations due to both snap loading and the initial creation of low

strain zones and propagating stress waves are significantly reduced, in particular

the latter type, with nodal density refinement. The tension time series of the hy-

brid coarse/fine discretisation indicate that the fluctuations can be substantially

attentuated with the usage of a locally refined nodal density at the touchdown zone

and coarse elements elsewhere.
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Figure 4.31: Close-up view of fairlead tension fluctuations due to nodal ground-
ing in the time window 400 s ≤ t ≤ 500 s for Case 4.

To illustrate the action of the nodal position mapping, and strain and curvature

correction procedures, Figure 4.32 shows the strain and curvature distributions with

and without peforming the corrections during the discretisation transition which

took place at 426.80 s. Figure 4.32a demonstrates that the strain distribution

without correction contains multiple spikes in the range of 380 m ≤ s ≤ 425 m.

The strain gradients at the locations of these spikes are high and persist due to

successive and rapid discretisation switches without sufficient time for the strain

discontinuities to dissipate as nonequilibrium tension forces lead to nodal motions

that tend to dampen strain discontinuities.
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(a) Pre- and post-nodal position mapping strain distributions with and without midpoint strain
correction for Case 4 at 426.80 s.
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(b) Pre- and post-nodal position mapping curvature distributions with and without curvature
correction for Case 4 at 426.80 s.

Figure 4.32: Pre- and post-nodal position mapping strain and curvature distri-
butions, for Case 4 at 426.80 s, switching between discretisations 7 and 8.

The occurrence of very large strain discontinuities, particularly when the spikes

are positive in magnitude and represent large tension forces, leads to numerical

instabilities. When the spikes are negative in magnitude, their eventual dissipation

is accompanied by tension shock waves. The magnitude of the largest spike shown

in Figure 4.32a is scaled down by a factor of 100, and illustrates an occurrence of

a large positive strain discontinuity.

Figure 4.32b shows the curvature distributions during the transition from discreti-

sation 8 to 7 executed at 426.80 s, which corresponds to the coarsening and re-

finement of the elements on the anchor-side and floater-side ends respectively of

the refined zone as shown in Figure 4.13. Between 344.0 m ≤ s ≤ 368.0 m, the

refined elements on the anchor-side end of d8 are replaced by coarse elements on
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the anchorside-end of d7. The undulations in the curvature curve of d8 in the range

344.0 m ≤ s ≤ 368.0 m, which are due to the local unevenness in the orientation of

refined elements, do not exist in the curvature curve of d7 after coarse elements re-

place the refined elements of d8 in-situ and the bulk geometry of the line is reflected

in the curvature curve.
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(a) Pre- and post-nodal position mapping strain distributions with and without midpoint strain
correction for Case 4 at 430.97 s.
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(b) Pre- and post-nodal position mapping curvature distributions with and without curvature
correction for Case 4 at 430.97 s.

Figure 4.33: Pre- and post-nodal position mapping strain and curvature distri-
butions, for Case 4 at 430.97 s, switching between discretisations 8 and 9.

Figure 4.33a shows the strain distributions during the discretisation switch from

d8 to d9 that took place at 430.97 s. The strain discontinuity peak at s = 379.6 m

during this transition was negative in magnitude and was scaled by a factor of 20

to better illustrate the strain distribution for the entire line. The strain correction

procedure was required to eliminate the discontinuity produced during the nodal

mapping step. Figure 4.33b displays the curvature distributions during the same
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transition step, and presents a case in which fine elements on the fairlead-side end

of the refined section of d8 are replaced by coarse elements in d9. As with the

transition from d8 to d7, the replacement of fine elements with coarse elements is

accompanied by a smoothening of the curvature curve as coarse elements are less

sensitive to local curvature variations.

4.4.4 Summary of the evaluation of fairlead tension results

The three test cases prescribed in Table B.2 involve surge and heave motions which

induce line liftoff and grounding, and large changes in sTDP for Cases 3 and 4. The

fairlead tension results show that the in-house code produces converged results for

peak tension as element sizes for the homogeneous discretisations are refined. The

peak tension results for the hybrid coarse/fine discretisation were in very good

agreement with the converged tension results for each of the test cases, which

indicates that such a discretisation is capable of producing accurate peak tension

results.

Fluctuations were observed in the tension time series and were shown to be typically

larger in the results produced by coarser discretisations. Using smaller elements was

proven to be an effective approach to reduce the fluctuations which occur due to the

discrete nature of the numerical model and the effects of nodal grounding and liftoff.

It was concluded that a locally refined line segment close to the touchdown zone

was as effective as a globally refined discretisation with respect to the reduction of

the fluctuations.

The proposed discretisation switching procedure was exercised in the test cases,

particularly in Cases 2 and 3 that involved successive and rapid switches. The

tendency of the proposed nodal mapping procedure to produce strain and curvature

discontinuities was addressed and the effectiveness of the correction procedures were

demonstrated in the test cases. Finally, the accuracy and stability of the dual-rate

time-stepping scheme, which is suitable for application with a hybrid coarse/fine

discretisation, were also demonstrated.
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4.5 Assessment of computational efficiency

From the fairlead tension results presented in Section 4.4, the element size re-

quired to effectively attenuate the nodal grounding and liftoff fluctuations for the

prescribed test cases is 0.75 m. Three different discretisations are used to assess the

efficiency gains of the dual-rate and discretisation switching methods presented in

this work. The first is a homogeneous discretisation, henceforth referred to as type

M-1, consisting of 0.75 m-length elements, provides the baseline benchmark for

comparison. The second meshing scheme, type M-2, is illustrated in Figure 4.34,

is a static, hybrid coarse/fine discretisation which consists of fine elements of 0.75

m length within the grounding span of each case and coarse elements of 8.0 m else-

where. The third discretisation scheme was presented in Figure 4.13, henceforth

referred to as type M-3, and is applicable to the dual-rate, adaptive discretisation

approach.
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Figure 4.34: Hybrid coarse/fine static discretisations for test Cases 1, 3 and 4.

Case Grounding s span,

sl (m) ≤ s ≤ su (m)

Grounding span

length, Lg (m)

Lg/Lmodel

1 504.0 ≤ s ≤ 567.3 63.3 0.089

3 176.0 ≤ s ≤ 623.6 447.3 0.629

4 280.0 ≤ s ≤ 599.3 319.3 0.449

Table 4.2: Grounding-span lengths, s-coordinates and grounding-span length to
line length ratios for test Cases 1, 3 and 4.

The s-coordinate span of the grounding spans for each case, their lengths, Lg, and

the ratio between Lg and the total line length Lmodel, Lg/Lmodel, are included in
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Table 4.2. The Lg/Lmodel ratio indicates the proportion of the line consisting of fine

elements.

The time integration approaches evaluated for the computational efficiencies are

the single-rate and dual-rate methods, henceforth referred to as type TI-1 and TI-2

respectively. The expended calculation time per second of simulation time, ∆T ,

for each case is presented in Table 4.3. Each result is the average of five runs. The

computations were performed serially on an Intel Core i7, 2.6 GHz CPU.

TI and M codes Case 1 Case 3 Case 4

TI-1, M-1 0.953 0.976 0.977

TI-2, M-3 0.179 0.185 0.249

TI-1, M-2 0.154 0.591 0.439

TI-2, M-2 0.084 0.563 0.403

Table 4.3: Calculation expended time per second of simulation time for test
Cases 1, 3 and 4.

The results in Table 4.3 highlight that, naturally, the fully refined discretisation

with single-rate time integration approach is the slowest, giving calculation to

simulation time ratios of close to unity. By using the partially refined, M-2 dis-

cretisation, the time ratios are reduced to the ranges of 0.18, 0.59 and 0.44 and

below for cases 1, 2 and 3 respectively. Switching from the TI-1 to TI-2 (single-rate

to dual-rate) integration approach further reduced the computational times for all

the cases, and, as it will be shown, the reduction is dependent on the Lg/Lmodel

ratio.

The Lg/Lmodel ratio is an important factor influencing the efficiency of the compu-

tational schemes applied in this work. It determines the length span of the section

using refined elements in the M-2 discretisation. The efficiency gain, ηa,b, of a

particular computational approach, (TI-a, M-b), is defined in this work as,

ηa,b =
∆T TI−1,M−1

∆T TI−a,M−b
(4.44)

where a ∈ [1, 2] and b ∈ [1, 2, 3] and denote the choice of time integration and

discretisation methods respectively. The efficiency gain as a function of Lg/Lmodel
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ratio for the (TI-1, M-2), (TI-2, M-2), and (TI-2, M-3) integration and discretisa-

tion scheme combinations are presented in Figure 4.35.
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Figure 4.35: Computational efficiency gains of combinations of single and dual-
rate time integration with static and adapting discretisations.

A few general conclusions that can be drawn from the results presented in Fig-

ure 4.35. Firstly, applying the dual-rate integration approach allowed efficiencies

to be reaped (η > 1) when a significant line span, up to 44.9%, or Lg/Lmodel=0.449,

uses fine elements. This result is deduced from a comparison of the (TI-1,M-2)

and (TI-2,M-2) curves, where the difference in η values represents the relative ef-

ficiencies of the approaches. Both approaches apply the static, partially refined

discretisation (M-2), differing only in the time integration method.

It is observed that the η curve for the (TI-2, M-2) approach is higher than that of

(TI-1,M-2) up to the Lg/Lmodel ratio of 0.63. At the Lg/Lmodel ratio of 0.09, the η

values of the (TI-1, M-2) and (TI-2, M-2) approaches were 6.2 and 11.4 respectively,

while at the Lg/Lmodel ratio of 0.45, the η values for the respective methods were

2.22 and 2.42. This indicates that the computational time saving afforded by the

dual-rate strategy is inversely proportional to Lg/Lmodel ratio, and suggests that

the line span using refined elements should be limited in order to extract higher

efficiencies from the dual time-step integration method. It is expected that at some

point with higher Lg/Lmodel ratios, the TI-2 approach will give lower η values than

that of TI-1 due to the necessary overheads associated with data interpolation and

saving inherent in the dual-rate approach. It should be noted that this result is also

sensitive to the relative time-step sizes used for the latent and active partitions. In

this work, the line material stiffness, element sizes in the coarse and fine sections

(8.0 m and 0.75 m respectively) required for effective reduction of seabed contact
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tension fluctuations, and γmax and γmin (see Equation (4.15)) values of 0.9 and

0.1 respectively, result in a time-step ratio of 10 between the latent and active

partitions. It can be expected that the efficiency gains of the dual-rate integration

scheme over the single-rate method is proportionately higher with larger time-step

ratios.

The second observation is that the η curve of the (TI-2, M-3) is relatively flat, which

suggests that the discretisation adaptation strategy allows the dual-rate approach

to maintain its efficiency gains over a range of Lg/Lmodel ratios. This is to be

expected because the line span using fine elements is fixed. At a low Lg/Lmodel

ratio of 0.09, the (TI-2, M-3) strategy gives the lowest η value compared with the

(TI-1, M-2) and (TI-2, M-2) approaches, due to the overheads of nodal positions,

velocities, and accelerations mapping in the discretisation switching procedure. At

Lg/Lmodel ratios of above 0.38, the η values for the (TI-2, M-3) approach exceeds

that for (TI-2, M-2), which indicates that the discretisation adaptation strategy is

suited for higher Lg/Lmodel ratios, or equivalently, when liftoff and grounding are

experienced by larger spans of the line.

In summary, the dual-rate, static disretisation (TI-2, M-2) approach provides the

highest efficiency gains up to a Lg/Lmodel ratio of 0.38, beyond which the dis-

cretisation adaptation strategy has to be applied to augment the dual-rate time

integration strategy in order to sustain the efficiency gains.

4.6 Chapter closure

A novel dual-rate time integration and adaptive discretisation strategy for dynamic

mooring line simulation was presented in this chapter. This approach is developed

for the application of a hybrid coarse/fine discretisation using fine elements in the

vicinity of touchdown zone and coarse elements elsewhere to attenuate tension fluc-

tuations created by line-seabed contact. It was shown that a hybrid discretisation

approach was able to provide good results for peak tensions while also effectively

reducing the spurious tension fluctuations.

A method was presented to determine the optimal time-step ratio between the

latent (coarse mesh) and active partitions (fine mesh), based on the evaluation

of numerical stability requirements of the base integration scheme and the total
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simulation time. A procedure for the mapping of nodal positions, velocities and

accelerations between discretisations was presented. The requirement to eliminate

strain discontinuities and reduce high line curvatures was explained and the pro-

cedures to implement these control measures were demonstrated.

The efficiency gains of the proposed dual-rate time integration and adaptive dis-

cretisation schemes over a standard monolithic time integration, static discretisa-

tion approach were evaluated. It was proven that the dual-rate time integration

method afforded good computational efficiency improvements over a monolithic

time integration scheme for moderate line liftoff/ grounding spans as a proportion

of total line length. The discretisation adaptation approach is applicable to cases

experiencing larger line liftoff/grounding spans, where it is needed to sustain the

computational efficiency gains of the dual-rate time integration method.



Chapter 5

Development of Modified Spring

Mattress Seabed Contact Model

The cause of the tension fluctuations due to nodal grounding was discussed in

Chapter 3. Mesh refinement was determined to be an effective solution to mitigat-

ing the production of large strain gradients which create the tension shock waves

that propagate through the line, manifesting as tension fluctuations and an effi-

cient and accurate method to implement this solution was developed in Chapter 4.

However, the method of local mesh refinement proposed in Chapter 4 nonetheless

incurs additional computational costs.

In this chapter, a different approach to the problem is proposed. The widely used

spring mattress seabed model is modified and improved upon so as to reduce its

susceptibility to tension shocks due to nodal grounding. The new seabed model

formulation is presented in Section 5.1, and the evaluation of its effectiveness is

presented in Section 5.2.

5.1 Modified Spring Mattress model

In the Modified spring mattress model, the total seabed force is given by

FB
i = FB,r

i + FB,a
i + FB,τ

i + FB,d
i (5.1)

127
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where the lateral friction and vertical damping components, FB,τ
i and FB,d

i , have

been defined in Sections 3.1.3 and 3.1.4 respectively. The formulation for the ver-

tical reaction force component in the modified spring mattress model is presented

in Section 5.1.1, while that for the added mass force component is presented in

Section 5.1.2.

5.1.1 Seabed reaction force formulation

In the modified seabed spring mattress model an element can be in four states with

respect to the seabed, as shown in Equation (5.1). States I and IV respectively

describe the element in fully embedded and suspended states with respect to the

seabed. State II refers to an element in the state of partial embedment with

the center of the element below the seabed force cutoff elevation, zB,c. State III

describes a partially embedded element with the element center above zB,c. The

four states determine how the seabed forces are calculated and distributed to the

bounding nodes.

Figure 5.1: Element embedment states.

The seabed forces acting on an element, FB, are comprised of forces that are

tangential and normal to the seabed surface, FB,τ and FB,ν ,

FB = FB,τ + FB,ν (5.2)

In the present model, the forces that are normal to the seabed surface are com-

prised of the seabed reaction, damping, and added mass components, respectively

represented as FB,r, FB,d and FB,a, in Equation 5.3.

FB,ν = FB,r + FB,d + FB,a (5.3)



Chapter 5. Development of Modified Spring Mattress Seabed Contact Model 129

The seabed reaction force on element j, FB,r
j , is given by,

FB,r
j =

(∫ s2,j

s1,j

kBj

[
zB,cj − zj(s)

]
ds

)
n̂B (5.4)

where n̂B is the seabed normal direction unit vector, s is the line axial coordi-

nate, as shown in Equation (2.1a), and z is the vertical coordinate, as shown in

Equation (5.1). The quantity, zB,cj − zj(s), in Equation (5.4) is the per unit length

embedment depth.

The element seabed spring stiffness is given by

kBj =
Wj/L

e
j

zB,cj − zB,0
(5.5)

where Wj and Lj are the element weight and unstretched lengths respectively. The

relationship between the seabed force cutoff elevation zB,cj and zB,0 is given by

zB,cj = NB,c
j DS,j + zB,0 (5.6)

where NB,c
j is the seabed thickness coefficient and DS,j is the diameter of the ele-

ment, or equivalently taken to be the physical outer diameter of the line section.

The parameter NB,c
j DS,j denotes the distance over which the seabed force is in-

creased linearly from zero to the element weight per unit length.

Equation (5.7) shows that when the entire element is resting on the seabed at the

seabed nominal elevation, zB,0, the seabed reaction force on element j is equivalent

to its weight.

FB,r
j =

(∫ s2,j

s1,j

Wj/L
e
j

zB,cj − zB,0
[
zB,cj − zB,0

]
ds

)
n̂B

=

(∫ s2,j

s1,j

Wj

Lej
ds

)
n̂B = Wj n̂B

(5.7)

Since each element is bounded by two nodes, with reference to Equation (5.1), the

elevation of any point along an element is described with a linear interpolation

between the elevations of its bounding nodes,
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zj(s) = zl,j +
zu,j − zl,j

Lej
s = zl,j +

∆zj
Lej

s (5.8)

where zu and zl refer to the z-coordinates of the upper and lower nodes. Differ-

entiating Equation (5.8) with respect to z allows a change of integration variable

from s to z in Equation (5.4),

FB,r
j =

kBj L
e
j

∆zj

∫ z2,j

z1,j

(
zB,cj − zj

)
dz (5.9)

Each element can be split into two half-elements of equal lengths, and the force

on each half-element is assigned to its adjoining node. With reference to Equa-

tion (5.1), for an element in State I, fully embedded in the seabed, the seabed re-

action force contribution of element j on the adjoining node of lower elevation can

be calculated by integrating Equation (5.9) with the limits of integration zl,j = zl

and z2,j = zmid,j = (zl,j + zu,j)/2, which gives

FB,r
l =

kBj L
e
j

∆zj



(
zB,cj (zmid,j − zl,j)

)
+
z2l,j −

(
zB,cj

)2

2


 (5.10)

For the node with the higher elevation, the limits of integration are z1,j = zmid,j

and z2,j = zu. Integrating Equation (5.9) with these limits leads to the reaction

force on the upper node being given by

FB,r
u =

kBj L
e
j

∆zj

[(
zB,cj (zu,j − zmid,j)

)
+
z2mid,j − z2u,j

2

]
(5.11)

For a partially embedded element in State II, the seabed reaction force on the

lower node is as shown in Equation (5.10). To obtain the seabed reaction force

on the upper node, Equation (5.9) is integrated with the limits z1,j = zmid,j and

z2,j = zB,cj , which leads to

FB,r
u =

kBj L
e
j

∆zj




(
zB,cj

)2
+ z2mid,j

2
− zB,cj zmid,j


 (5.12)
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For a partially embedded element in State III, the seabed reaction force on the

upper node is taken to be zero as zmid,j > zB,cj . For the lower node, using the

integration limits z1,j = zl,j and z2,j = zB,cj in Equation (5.9) leads to

FB,r
l =

kBj L
e
j

∆zj




(
zB,cj

)2
+ z2l,j

2
− zB,cj zl,j


 (5.13)

An element in State IV is fully suspended and does not experience any seabed

forces. For Node i, the total seabed reaction force, as with all other forces, are

contributed by elements j and j − 1,

FB,r
i = FB,r

j (χj, zi, zi+1) + FB,r
j−1(χj−1, zi−1, zi) (5.14)

where the contributions from the elements are dependent on the elemental ground-

ing state, χ = {I, II, III, IV } , and the relative elevations of nodes i + 1, i and

i−1. In this modified spring mattress model, a node experiences a seabed reaction

force when either of the half elements adjacent to it is in contact with the seabed,

when zmid,j ≤ zB,cj or zmid,j−1 ≤ zB,cj−1.

5.1.2 Seabed added mass formulation

Borrowing from the theory of hydrodynamic added mass, in addition to the reaction

and damping forces, an added mass force is introduced as a vertical seabed force. A

thorough search of the relevant literature reveals that existing time domain seabed

models typically model the seabed normal forces on a mooring line as a spring and

damper system. The seabed added mass force on node i is given by

FB,a
i = FB,a

j + FB,a
j−1 =

∑

ξ=j,j−1

FB,a
ξ (5.15)

where the force contribution from the adjacent elements are

FB,a
ξ =




−CB,a

ξ (r̈i · n̂B) n̂B, |FB,r
ξ | > 0

0, otherwise
(5.16)
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and where CB,a
ξ , ξ = {j, j − 1} represent the added mass coefficients of elements j

and j−1. The added mass force is active only when the acceleration of the node z̈i

is downwards, and the node experiences a seabed reaction force. The added mass

coefficients are prescribed as CB,a
ξ = (ζB,amξLξ)/2, where ζB,a is the added mass

coefficient, and mξ and Lξ, ξ = {j, j − 1} represent the structural masses per unit

length and lengths of the elements j and j − 1.

5.2 Application of Modified Spring Mattress model

In this section the effectiveness of the modified spring mattress (MSM) model in

mitigating the fairlead tension fluctuations is evaluated for the shallow and deep

water depths of 82.5 m and 914.0 m respectively. The features of the MSM model

that differ from the spring mattress (SM) model are the modified reaction force

and added mass force models described in Sections 5.1.1 and 5.1.2.

5.2.1 Shallow water environment

A single segment mooring line with structural parameters enumerated in Table

A.1 is used for the shallow water environment. Test cases 1, 3 and 4, as shown

in Table B.2, provide the fairlead excitation profiles. Comparisons are made be-

tween the results from the SM, SM7 and Modified Spring-Mattress (MSM) seabed

models using the relevant coefficient sets shown in Table C.2. Comparisons are

made between the results from the SM, SM7 and Modified Spring-Mattress (MSM)

seabed models using the relevant coefficient sets shown in Table C.2. The SM7 co-

efficient set is chosen because it was shown to be effective at reducing the tension

fluctuations in Case 1 (see Section 3.2.3).

The maximum tension results from the present code are compared to that from Ref.

[5], shown in Table 5.1 as T [5], as a means of benchmarking. A second qualitative

indicator for the quality of the results is the existence of spurious oscillations, which

can be evaluated from the tension time series plots for Cases 1, 3 and 4 as shown

in Figures 5.2, 5.5 and 5.12 respectively.

For Case 1, the peak tension results, presented in Table 5.1, using the SM, SM7

and MSM seabed models with the two line discretisations agree well with T [5]
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in general. The SM model with the 4.74 m and 0.84 m-element discretisations

(SM4.74 and SM0.84) respectively underpredict T [5] by 0.08% and 0.09%, while the

MSM (MSM4.74) and SM7 (SM4.74
7 ) coefficient sets, both using the 4.74 m-element

discretisation, respectively underpredict T [5] by 0.43% and 3.72%.

Table 5.1: Fairlead peak tensions with SM, SM7 and MSM models compared to
benchmark tension T [5] for Cases 1 to 4.

Model Case 1 Case 3 Case 4
Fairlead Tension (kN)

T [5] 1300 6777 7488

T
SM

4.74m 1298.98 6876.02 7384.98

T
SM

0.84m 1298.87 6860.27 7414.92

T
SM7

4.74m 1251.68 6752.64 7337.61

T
MSM

4.74m 1294.38 6858.60 7355.22

Percentage deviation of tension from T [5]

T
SM

4.74m -0.079% 1.461% -0.975%

T
SM

0.84m -0.087% 1.229% -1.376%

T
SM7

4.74m -3.717% -0.359% -2.008%

T
MSM

4.74m -0.432% 1.204% -1.773%

The tension time series in Table 5.2 show that the tension fluctuations are signif-

icantly reduced in the results for SM0.84, MSM4.74 and SM4.74
7 . The ε and dε/ds

distributions in a line with 4.74 m elements and applying the MSM model are pre-

sented in Figures 5.3a and 5.3b and illustrate that the MSM model is effective in

preventing severe strain gradients from occurring during nodal grounding.

Time (s)

T
to

t fl
 (

kN
)

82 84 86 88 90200
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1000

1200

SM, L=0.84 m
SM, L=4.74 m
SM_7, L=4.74 m
MSM, L=4.74 m

Figure 5.2: Fairlead tension time history for Case 1 with 0.84 m and 8.0 m-element lines
and SM, SM7 and MSM models.
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(a) Strain distributions for 8.0 m-element line using MSM model.
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(b) Strain spatial gradient distributions for 8.0 m-element line using MSM model.

Figure 5.3: Strain and strain gradient distribution for Case 1 during nodal
grounding time window (8.12 s ≤ t ≤ 85.52 s).

Table 5.4 illustrates that the penetration depth of the nodes has increased when the

MSM model is applied, compared to the nodal penetration depths of the SM model,

due to a more gradual application of the vertical seabed force by the MSM model

as well as the addition of the artificial grounding added mass force which increases

the mass of the nodes when they make contact with the seabed. The maximum

penetration elevation in Case 1 with the MSM model is -82.84 m compared to that

of -82.74 m with the SM7 coefficient set.
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m
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Node 114, SM
Node 116, SM
Node 117, SM
Node 119, SM

Figure 5.4: Nodal vertical coordinate, Z, results for 8.0 m-element line using SM and
MSM models during nodal grounding time window (8.12 s ≤ t ≤ 85.52 s).
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Case 3 is a biharmonic fairlead excitation in the surge and heave directions with

a maximum displacement of 25.4 m of the fairlead node from the initial position.

From the tension peak values for Case 3 presented in Table 5.1, the results for

SM4.74 and SM0.84 overpredicted T [5] by 1.46% and 1.23% respectively, while the

MSM4.74 results overpredicted T [5] by 1.20%. The SM4.74
7 results underpredicted

T [5] by 0.36%.
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Figure 5.5: Fairlead tension time series for Case 3 for time window (600 s ≤ t ≤ 800 s).
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(a) Fairlead tension time histories for Case 3 with time window (600 s ≤ t ≤ 665 s).
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(b) Fairlead tension time histories for Case 3 with time window (665 s ≤ t ≤ 800 s).

Figure 5.6: Fairlead tension time histories for Case 3 with SM, SM7, MSM seabed
models and 4.74 m and 0.84 m-element discretisations.

Figure 5.5 presents the fairlead tension time history for one oscillation period

(600 s ≤ t ≤ 800 s) in Case 3. The tension fluctuations do not occur between

600 s to 665 s for all models and discretisations, as presented in Figure 5.6a, due

to the low nodal grounding velocities and grounding angles shown respectively in
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Figures 5.7a and 5.8a. Between 665 s and 800 s, the fluctuations appear at vari-

ous points in time, as presented in Figure 5.6b, with some variability between the

models. From 665 s to 750 s, fluctuations appear at the troughs as well as loading

cycle (positive slope) of the tension results for all models, whereas between 750 s

and 800 s, some fluctuations occur at the troughs of the SM4.74 fairlead tension

results and are subdued in the results for the SM4.74
7 , SM0.84, MSM4.74 models.
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(a) Touchdown node vertical velocities for Case 3 with time window (600 s ≤ t ≤ 665 s).
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(b) Touchdown node vertical velocities for Case 3 with time window (665 s ≤ t ≤ 800 s).

Figure 5.7: Touchdown node vertical velocities for Case 3 with SM, SM7, MSM
seabed models and 4.74 m and 0.84 m-element discretisations.
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(a) Grounding element θ angles for Case 3 with time window (600 s ≤ t ≤ 665 s).
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(b) Grounding element θ angles for Case 3 with time window (665 s ≤ t ≤ 800 s).

Figure 5.8: Grounding element θ angles for Case 3 with SM, SM7, MSM seabed
models and 4.74 m and 0.84 m-element discretisations.
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The characteristics for the some of the tension fluctuations in Case 3 differ from

Case 1 in that these fluctuations are observed during the loading cycle, and are

preceded by significant fluctuations at the troughs of the time series. The tension

at the trough is close to zero, indicating that the fairlead tension is close to being

slack. The strains in the line during the development of the tension fluctuations

at one of the troughs at t = 726.0 s is presented in Table 5.9, and illustrates that

a large segment of the line is under significant compression for all the models and

discretisations used.
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Figure 5.9: Strain distributions at t = 726.0 s for Case 3 during development of tension
fluctuations.

At this point, a distinction is made between the tension fluctuations that occur in

all the models between 665 s and 750 s, and those that occur in the SM4.74 model

from 750 s to 800 s. The former occurs due to the occurrence of snap loading, and

is characterised by two waves of tensions fluctuations or shocks; the first occurs

during rapid line unloading when line tension falls precipitously and parts of the

line goes slack in the vicinity of the touchdown point, followed by a second wave

of fluctuations that occur when the line is loaded again and the part of the line

under compression returns to a tensioned state, which leads to the propagation of

shock waves.

The occurrence of snap events has been demonstrated experimentally by Hsu et

al.[153] and Azcona et al.[88]. The analytical shock condition proposed by Tri-

antafyllou and Bliek [114] and experimentally verified by Gobat and Grosenbaugh

[115] states that cable unloading and loading shocks develop when the condition

in Equation (5.17) is met,

∣∣∣∣
dXTDP

dt

∣∣∣∣ ≥
√
TTDP

m
(5.17)

where XTDP is the position of the touchdown point, TTDP is the touchdown point

tension, and m is the mass per unit length of the line, and the left and right hand
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sides respectively refer to the touchdown point and transverse wave speeds. In

the present study, the touchdown point speed is approximated by the time rate of

change of sTDP , while TTDP is approximated with the horizontal component of the

fairlead tension following [115].
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Figure 5.10: Touchdown point and transverse wave speeds for Case 3 during time window
600 s ≤ t ≤ 800 s.
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Figure 5.11: Touchdown point and transverse wave speeds for Case 1 during time window
81 s ≤ t ≤ 91 s.

The touchdown point and transverse wave speeds in Cases 3 and 1 are shown

in Figures 5.10 and 5.11 respectively. Figure 5.10 shows the occurrence of the

touchdown point speed exceeding the transverse wave speed between 665 s and

750 s, which corresponds to the occurrence of snap load tension fluctuations that

comprise of line unloading and loading shocks. Between 750 s and 800 s, the

touchdown point speed is lower than the transverse wave speed in Case 3. Hence,

the tension fluctuations that occur in the SM4.74 tension results (see Figure 5.2)

are not due to snap loading shocks. This is further illustrated in Figure 5.11 which

shows that the touchdown point speed never exceeds the transverse wave speeds

and hence not fulfilling the shock condition, even though there are fluctuations

occurring in the tension.
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The tension fluctuations occurring in the SM4.74 model in Case 1, as well as between

750 s and 800 s in Case 3, are caused by nodal grounding. Unlike the snap loading

shocks, which may occur when touchdown point velocities and θ angles are rela-

tively low, as shown in Figures 5.7a and 5.8a respectively, and the fairlead tension

approaches zero, the nodal grounding tension fluctuations occur when grounding

velocities and θ angles are comparatively higher, as presented in Figures 5.7b and

5.8b respectively, and the line does not become slack. Parts of the line in the

vicinity of the touchdown point may become slack during nodal grounding, which

generates strain discontinuities, however, the magnitude of the negative strains are

lower than what occurs in snap loading situations. The MSM model is effective in

mitigating the nodal grounding tension fluctuations, but not the snap load tension

shocks.

Case 4 is a biharmonic fairlead excitation in the surge direction with a maximum

displacement of 18.0 m of the fairlead node from the initial position. For Case 4,

Table 5.1 shows that the peak tensions with SM4.74 and SM0.84, and MSM models

underpredict T [5] by under 1.8%, while the SM4.74
7 model underpredicts T by

approximately 2%.
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Figure 5.12: Fairlead tension time histories in Case 4 during (700 s ≤ t ≤ 800 s).

Table 5.13 presents the touchdown point and transverse wave speeds in Case 4

and illustrates that the snap loading shock condition [114] is met between 700 s

and 760 s. From 760 s to 800 s, the touchdown point speed is lower than the

transverse wave speed. Figures 5.12 and 5.14a respectively show the tension time

histories for Case 4 for one period of fairlead motion and a close-up view during

the time window (700 s ≤ t ≤ 760 s) when snap load shocks occur. During

700 s ≤ t ≤ 760 s, even though the shock condition is not met, tension fluctuations

appear in the results for the SM4.74 model, but are significantly reduced in the
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Figure 5.13: Touchdown point and transverse wave speeds for Case 4 during (700 s ≤
t ≤ 800 s).

SM0.84 and SM4.74
7 and MSM4.74 models. As was in Case 3, the tension fluctuations

occurring during 760 s < t ≤ 800 s are due to the occurrence of nodal grounding.

As shown in the tension histories for the SM0.84, SM4.74
7 and MSM4.74 models, this

type of fluctuations can be mitigated by refining the nodal density and judiciously

modifying the seabed force coefficients.
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(a) Fairlead tension time histories for Case 4 with time window (700 s ≤ t ≤ 750 s).
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(b) Fairlead tension time histories for Case 4 with time window (750 s ≤ t ≤ 800 s).

Figure 5.14: Fairlead tension time histories for Case 4 with SM, SM7, MSM
seabed models and 4.74 m and 0.84 m-element discretisations.

Figures 5.15 and 5.16 respectively show the touchdown node vertical velocity and

θ angles during the two aforementioned time windows in Case 4. It is observed

from Figure 5.16a that in the time window (700 s ≤ t ≤ 760 s) during which

snap loading fluctuations occur, the θ angles were under 0.3 rad, and in general

lower than the θ angles in the time window (760 s < t ≤ 800 s) during which
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nodal grounding fluctuations occur, presented in Figure 5.16b. An exception for

this trend occurred at 756 s, when the θ angle exceeds 0.3 rad. Comparing Figures

5.15a and 5.15b, it is observed that the maximum grounding velocities in the time

windows (700 s ≤ t ≤ 760 s) and (760 s < t ≤ 800 s) are of comparable magnitudes

approaching 4 m/s.
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(a) Touchdown node vertical velocities for Case 4 during (700 s ≤ t ≤ 750 s).
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(b) Touchdown node vertical velocities for Case 4 during (750 s ≤ t ≤ 800 s).

Figure 5.15: Touchdown node vertical velocities for Case 4 with SM, SM7, MSM
seabed models and 4.74 m and 0.84 m-element discretisations.
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(a) Grounding element θ angles for Case 4 during (700 s ≤ t ≤ 750 s).
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(b) Grounding element θ angles for Case 4 during (750 s ≤ t ≤ 800 s).

Figure 5.16: Grounding element θ angles for Case 4 with SM, SM7, MSM seabed
models and 4.74 m and 0.84 m-element discretisations.
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The grounding velocity and θ angle at t = 786 s, which are approximately 3 m/s

and 0.3 rad respectively, are compared with the grounding velocities and θ angles

at t = 756 s, respectively 3.75 m/s and 0.35 rad, and are therefore higher than

necessary to induce nodal grounding fluctuations. However, due to the snap load

shock condition being met at 756 s, the more severe fluctuations arising from the

alternating slack and taut tension states were preeminent.

5.2.2 Deep water environment

A multi-segment, chain-wire rope-chain line with structural parameters enumerated

in Figure A.2 is used in the present deep water case, with a water depth of 914.0 m.

The pretension is 1200 kN, and the initial line geometry is shown in Figure 5.17.

The fairlead excitation for Case 4 with parameters listed in Figure B.2 is used in

this case. Comparisons are made between the SM, SM7 and MSM models for the

in-house code and Orcaflex (using the deep water seabed coefficient set presented

in Figure C.1), with element sizes of 8.0 m and 4.0 m.
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Figure 5.17: Initial static line geometry for multisegment mooring line.

The fairlead tension time series for one low frequency oscillation period of 100 s

is included in Figure 5.18, while the touchdown point and transverse wave speeds

are plotted in Figure 5.19. The results from Orcaflex and the in-house code are in

good agreement, as evident in Figure 5.18, with a maximum difference in the peak

tension of 30 kN, or 1.2%, with no noticeable phase difference in the time histories.

The peak tensions from the in-house code using the SM, SM7 and MSM models

for the 8.0 m and 4.0 m element discretisations differ by a maximum of 24 kN or

0.95%.
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Figure 5.19 shows that the tension shock conditions are met in the time window

700 s ≤ t ≤ 800 s. However, in contrast to the shallow water cases presented in

Section 5.2.1, the tension fluctuations in the deep water case are less pronounced.

There are spikes in the SM7 tension results at the local tension peaks at 730.5 s,

740.5 s, 750.5 s, 760.5 s and 770.5 s but these are small in magnitude.
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Figure 5.18: Fairlead tension time histories for Orcaflex and in-house code using SM,
SM7 and MSM seabed models for multisegmented line in deep water with Case 4 fairlead
excitation during time window (700 s ≤ t ≤ 800 s).
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Figure 5.19: Touchdown point and transverse wave speeds for deep water case during
time window (700 s ≤ t ≤ 800 s).

Figure 5.20 shows the strain distribution in the mooring line over one such tension

shock cycle (744.67 s ≤ t ≤ 748.38 s) during which a section of the line goes

slack and subsequently returns to a tensioned state. The location of line section in

compression is in the vicinity of the touchdown point. As is typical of slack line

tension shocks, the magnitude of the compressive strain during the snap load cycle

in the present case is significantly more severe than the negative strains associated
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with tension fluctuations arising from nodal grounding (see Figure 3.11a). The

large strain gradients present thus generate propagating stress waves. The absence

of large fluctuations in the fairlead tension is likely due to the significant physical

separation between the source of the stress waves at the touchdown point and the

fairlead. In the present deep water case, the distance between the fairlead and the

line section under compression is approximately 1550 m, whereas in the shallow

water Cases 1 and 3, the distances is considerable shorter at 160 m and 100 m, as

shown in Figures 3.11a and 5.9 respectively. It is likely due to this larger separation

distance that the travelling stress waves have been attenuated significantly due to

fluid and line structural damping when they arrive at the fairlead.
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Figure 5.20: Strain distribution during slack and snap loading with time window (700 s ≤
t ≤ 800 s).

5.2.3 Effect of line discretisation on Modified Spring-Mattress

seabed model coefficients

In Section 5.2.1, the proposed Modified spring-mattress (MSM) model, with coeffi-

cients for NB,c and ζB,a both set to 1.0 for the 4.74 m element line, was shown to be

effective at reducing the severity of the tension fluctuations caused by nodal ground-

ing. The fairlead tension results for Cases 1, 3, and 4 of the shallow water cases,

using the same coefficient set of the MSM model with element sizes of 8.0 m, 4.74 m,

2.85 m and 2.03 m, are shown in Figures 5.21, 5.22, and 5.23 respectively. For the

time periods during which tension fluctuations have occurred, 84.0 s ≤ t ≤ 87.0 s

in Case 1, 750.0 s ≤ t ≤ 800.0 s in Case 3 and 760.0 s ≤ t ≤ 800.0 s in Case 4,

disparities in the severity of the reduced tension fluctuations are small between the

different discretisations. Hence, the same coefficient set is shown to be applicable
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and effective for a range of discretisations, which may be required for nodal density

convergence studies.
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Figure 5.21: Fairlead tension time histories with MSM model (NB,c=ζB,a=1.0) and
element lengths of 8.0 m, 4.74 m, 2.85 m and 2.03 m for Case 1.
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Figure 5.22: Fairlead tension time histories with MSM model (NB,c=ζB,a=1.0) and
element lengths of 8.0 m, 4.74 m, 2.85 m and 2.03 m for Case 3.
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Figure 5.23: Fairlead tension time histories with MSM model (NB,c=ζB,a=1.0) and
element lengths of 8.0 m, 4.74 m, 2.85 m and 2.03 m for Case 4.

5.2.4 Summary of findings from shallow and deepwater test

cases

Tension fluctuations arise from either line impact with the seabed and slack-snap

load cycles. In both situations, negative strain zones may form in the vicinity of

the touchdown point and is the source of the propagating stress waves that appear
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as fluctuations in the fairlead tension time history. The tension fluctuations are

more pronounced in shallow water environments due to the close proximity of the

touchdown zone to the fairlead in comparison with deep water cases. For deeper

water environments, where distances from the touchdown point to the fairlead are

further, the stress waves have to travel longer distances and thus undergo more

damping before they arrive at the fairlead.

The tension time histories of the three test cases presented in Figures 5.2, 5.5,

and 5.12 suggest that reducing the element size is an effective way to reduce the

spurious tension fluctuations due to line-seabed interactions. The element size

required depends on the environmental excitation and the grounding velocities of

the nodes.

Increasing the seabed thickness coefficient NB,c and thereby reducing the vertical

reaction spring stiffness, as well as reducing the vertical damping coefficient ζB,d in

the SM model are also effective methods to mitigate the nodal grounding tension

fluctuations. However, the peak tension results shown in Table 5.1 suggest that

using required NB,c and ζB,d values tend to reduce peak tensions, leading to less

conservative results for line tensions. This has an effect of line overload failure

predictions.

The deviations of peak tension from T for Cases 1, 3 and 4, with the SM7 coeffi-

cient set, are between -3.73% and -0.36% (underprediction), while the peak tension

deviation from T with the SM coefficient set is between -0.98% (underprediction)

and 1.46% (overprediction). With the MSM model, the peak tension deviation

from T is between -1.77% and 1.2%. Hence, the SM coefficient set provides the

most conservative line tension predictions, followed by the MSM model and SM7

coefficient set.

The MSM model, while providing slightly less conservative maximum tension pre-

dictions compared to the SM model, is able to significantly reduce the tension

fluctuations caused by line-seabed impact. The peak tensions calculated by the

MSM model is also more conservative compared to the SM7 coefficient set while

providing similar effectiveness in the mitigation of the tension fluctuations. The

MSM model achieves this primarily through a higher-order formulation of the verti-

cal reaction force that calculates the reaction force based on the embedment depth

of the half elements bounding a node. The application of an added mass force also
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lowers the natural frequencies of line section that is in contact with the seabed

and further reduces the tension fluctuations. However, a drawback is that the

embedment depth of the grounding nodes may be overestimated.

The proposed Modified Spring-Mattress (MSM) model uses the coefficient set given

in Table C.2 and its effectiveness in reducing the severity of the tension fluctuations

arising from nodal grounding for a range of fairlead excitation frequencies and

magnitudes, particularly in shallow water conditions, was shown in Section 5.2.1.

Finally, the recommended values for the artificial added mass, ζB,a, seabed thick-

ness NB,c coefficients in the MSM model, are both 1.0 and are generally applicable

to different line materials and discretisations.

5.3 Chapter closure

A Modified Spring-Mattress model that calculates the vertical reaction force based

on the orientation and elevation of the elements bounding a node was presented.

This allows a more gradual application of the seabed vertical force without defining

a large seabed force cutoff elevation as required in the conventional spring-mattress

model. The definition of an artificial added mass force also acts to reduce the

natural frequencies of the line section in contact with the seabed. The model was

able to avoid the fairlead tension fluctuations for the severe excitation test cases

when used together with a relatively coarse line discretisation, while also providing

more conservative estimates of the peak line tensions compared with the spring-

mattress model applied with the force coefficients required to adequately mitigate

the tension fluctuations. The recommended values for the force coefficients in

the proposed model were also given and are generally applicable to different line

materials, discretisations and environments.



Chapter 6

Conclusion and Recommended

Future Work

The motivation for this research is to investigate the behavior of discrete moor-

ing line numerical models during severe seabed impact conditions. Particularly, it

was noticed that tension results from a widely used commercial software tended

to exhibit curious fluctuations when line grounding occurs. To conduct a com-

prehensive investigation of the contributing factors and circumstances that lead

to this behavior, and subsequently make fundamental modifications to calculation

methods, it was not feasible to rely solely on commercial software. Therefore a

dynamic mooring line numerical model was developed in order to have full control

over modelling approaches and numerical methods and parameters. A review of the

investigations, findings and contributions of this work are presented in Section 6.1.

Areas of future work are suggested in Section 6.2.

6.1 Thesis summary and conclusions

6.1.1 Key findings

The dynamic behavior of a mooring line under several fairlead excitation cases of

varying severity was investigated with a commercial software and an in-house code.

It was shown that the magnitudes of the periodic fairlead excitations was less of a

contributing factor to the tension fluctuations than their frequencies, as evidenced

148
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by the results from the pure slow-drift and wave-frequency excitations; even though

the magnitude of the single harmonic slow-drift motions was significantly larger

that the single harmonic wave-frequency motion, the former did not cause tension

fluctuations.

The two conditions that are required for the production of the tension fluctuations

are firstly, high nodal grounding velocities, and secondly, large strain gradients in

the line model. The discrete nature of numerical mooring line models, consisting of

spring-damper elements, is susceptible to numerical errors caused by rapid seabed

impact. The nodal grounding velocities are directly related to the fairlead motion

velocity. Even within the same excitation profile, the tendency to produce tension

fluctuations was directly correlated to the instantaneous fairlead velocity. High

nodal grounding velocities lead to the rapid increase of seabed forces, which is

modelled by a stiff spring. This arrests the downward motion of the grounding node

during the unloading cycle of the fairlead excitation period, while the suspended

nodes continue on a downward motion towards the seabed. This leads to formation

of localised low strain or slack regions in the vicinity of the touchdown point. These

large strain gradients directly translate to unbalanced nodal tension forces which

cause large nodal accelerations and motions that propagate outwards from the

touchdown zone as shock waves.

As the shock waves travel along the line, they are damped by the dissipative

forces, namely the internal structural damping forces, as well as hydrodynamic

drag. Hence, the longer the length of the line between the touchdown zone, where

the shock waves originate, and the fairlead is, the greater the attenuation of the

shocks waves is before they arrive at the fairlead. Hence, for deep water simula-

tions, the effects of the tension shocks due to nodal grounding can be insignificant,

while it can be rather severe in shallow water conditions.

A secondary contributing factor to the production of large strain gradients is the

orientation of a grounding element as it makes contact with the seabed. Larger

grounding angles increase the likelihood of the creation of low strain regions and

large strain gradients, particularly if the grounding velocities are significant. In

the limit of the grounding angle being zero as it impacts the seabed, in effect the

condition of an element being perfectly horizontal, the seabed force model will not

cause the element length to contract, and thus avoids the creation of a low strain

region. In contrast, if an element is perfectly vertical, then the occurrence of a
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low strain region at the touchdown point is very high if the suspended part of the

mooring line continues on a descending trajectory.

Potential solutions for circumventing the creation of the propagating shock waves

were identified; namely, they are local mesh refinement close to the touchdown

zone, and modifications to the widely used spring-mattress seabed force model to

reduce the tendency of discretised line models to produce large strain gradients

during nodal grounding. In addition to an improved understanding of the causal

factors for the tension fluctuations, the development of these solution methods are

the contributions of this research.

6.1.2 Contributions

6.1.2.1 Dual-rate, adaptive discretisation method for mooring line dy-

namics modelling

This solution approach is premised on the hypothesis (see Section 1.3) that mesh

refinement is an effective means of suppressing the production of tension shock

waves, and its subsequent verification, as discussed in Section 3.2.2. It was de-

termined that refinement of the nodal density is required in the vicinity of the

touchdown zone. Converged peak tension results were obtainable with such a spa-

tial discretisation scheme. In addition, the effects of tension shock waves were

effectively removed from the tension time series. However, such a discretisation

scheme also gives rise to a stiff system of equations of motion for time integration.

This was the motivation for the development of a dual-rate time integration ap-

proach, presented in Section 4.1, in which different time-steps were used for the

time-marching of the line sections consisting of different element lengths and thus

imposed different time-step limits. The results of such a time integration scheme

showed good agreement with a monolithic time integration approach. A method

was also presented in Section 4.1.2 to determine the optimal time-step ratio be-

tween the latent (coarse mesh) and active partitions (fine mesh), based on the

evaluation of numerical stability requirements of the base integration scheme and

the total simulation time.
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In situations where a significant section of a mooring line experiences liftoff and

grounding on the seabed will require an enlarged refined mesh region, which nec-

essarily incurs a higher computational cost. Hence, in order for the dual-rate

integration method to be computationally efficient for a wide range of dynamic

conditions, an adaptive discretisation method, presented in Section 4.2, was devel-

oped so that the refined mesh is limited only to a small section of the line which is

the touchdown zone in this work.

6.1.2.2 Modified Spring-Mattress model

The spring-mattress model is widely applied to model the seabed in dynamic moor-

ing models due to its generality and efficiency. However, as was demonstrated

in this research, the conventional approach tends to produce large strain gradi-

ents during nodal grounding. The development of the improved spring-mattress

model, presented in Section 5.1, follows from the hypothesis (see Section 1.3) that

a higher-order seabed force model which accounts for the discrete nature of the line

structural model is a potential solution for reducing line-seabed impact shocks. In

the proposed model, the vertical reaction force is calculated based on the orien-

tation and elevation of the elements bounding a node. Hence the seabed force on

an element is calculated from the length extent and depth of embedment of the

element relative to the seabed elevation instead of considering only the position

of individual nodes, allowing for a more gradual application of the vertical seabed

reaction force without defining a large seabed force cutoff elevation as required in

the conventional spring-mattress model.

Another feature of the improved spring-mattress model is the definition of an artifi-

cial added mass force also acts to reduce the natural frequencies of the line section

in contact with the seabed. This was inspired by the concept of hydrodynamic

added mass, and motivated by a requirement to dampen the vibrations of nodes

experiencing large spatial and temporal changes in applied forces. There are force

coefficients to be specified in the improved spring-mattress model, however, the

results indicate that a single set of coefficients is generally applicable for different

line materials, discretisations and environments.
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6.2 Future work

Based on the work that has been performed in this research, some suggested areas

for future research is proposed as follows:

1. The Modified Spring-Mattress model currently neglects bending and torsional

effects. It can be improved upon to account for line bending and torsional

effects so that it can be applied to pipeline and riser models.

2. The force coefficients for the proposed spring-mattress model works well for

the given line material and discretisations under a wide range of excitation

conditions. A wider investigation using different line materials, water depths,

and discretisations could be conducted to ascertain that the coefficients are

generally applicable. A procedure for the determination of suitable force

coefficients for a particular set of simulation conditions can then be devised.

3. In the hybrid fine/coarse discretisation scheme, there may be potential for the

size of the refined segment to the reduced. A smaller refined segment reduces

the computational load of time integration, but might require an increased

number of discretisation switches. Hence, a trade-off study will be helpful to

refine the discretisation methodology.

4. It was shown that the element grounding angle is a factor which influences

the likelihood of the production of large strain gradients, and that lower

grounding angles are less likely to cause them. For a catenary line, there are

line sections which are more prone to experiencing large grounding angles

than others. Hence, it is possible that the level of mesh refinement required for

different line sections, from the perspective of mitigating the effect of tension

shocks, are different. This will allow coarser elements to be used in line

sections where smaller elements are not necessary during nodal grounding.

5. The use of different line materials and discretisations along a mooring line

gives rise to different time constants for different sections. The potential for

applying a multi-rate time integration method to the mooring line, and the

efficiency gains of such an approach, requires further investigation. In this

work, a staggered approach was used for the time integration of the latent

and active partitions. A concurrent approach, such as the scheme proposed
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by Kaværno and Rentrop [144] or the Multi-rate Partitioned Runge-Kutta

method presented by Günther et al. [137], may be suitable for a multi-

rate time integration approach in which there are multiply-linked partitions.

Another fully concurrent approach using explicit Runge-Kutta schemes is

that presented by Grote et al. [143].

6. To provide a more comprehensive evaluation of the performance of the dual-

rate time-integration procedure presented in Chapter 4.1, a comparison with

implicit methods such as the Generalized-α [154], Newmark-β [155] and

Wilson-θ [156] can be performed. In terms of computational efficiency, the

superior stability characteristic of implicit methods allows larger time-steps

to be used, at the cost of higher computational cost per time-step due to

the iterative solution procedure performed within each time-step. In gen-

eral, as noted by Belytschko [157], time-integration of coupled components,

which can consist of stiff and non-stiff partitions, may be achieved with differ-

ent approaches. Belytschko enumerates these procedures as explicit-explicit,

explicit-implicit and implicit-implicit schemes. An example of an explicit-

explicit method is the the procedure discussed in Chapter 4.1, in which ex-

plicit methods and different time-steps are applied in separate partitions. In

the explicit-implicit approach, the stiff and non-stiff components are inte-

grated with implicit and explicit integration schemes respectively with the

same time-step in both partitions. Finally, in an implicit-implicit approach,

different matrix solving procedures are implemented applied in each parti-

tion within an iteration loop. With the exception of the work performed by

Thomas [112], little attention has been given to the analysis of monolithic

time-integration procedures applied to mooring line dynamics. Furthermore,

there appears to be a gap in existing literature on the application of multi-rate

integration procedures for time-domain analysis of mooring lines.



Appendix A

Line Structural Parameters

Table A.1: Single-segment line structural parameters.

Parameter Data

Material Type Chain
Line length (m) 711.3
Stiffness, EA (MN) 1690
Axial structural damping ratio 0.08
Mass per unit length (kg/m) 365.72
Wet weight per unit length (kN/m) 3202
Normal Drag coefficient, Cν

d 3.2
Axial Drag coefficient, Cτ

d 0.6
Normal added mass coefficient, Cν

a 1.6
Axial added mass coefficient, Cτ

a 0.2
Diameter, D (m) 0.14
Structural damping ratio, ζS 0.08
Element size (m) 8.0

Table A.2: Multi-segment line structural parameters.

Parameter Seg. 1 Seg. 2 Seg. 3

Material Type Chain Wire Chain
Segment length (m) 914.4 1127.8 45.7
Stiffness, EA (MN) 794 690 794
Mass per unit length (kg/m) 147.08 41.38 147.08
Wet weight per unit length (kN/m) 1379.80 343.23 1379.80
Normal Drag coefficient, Cν

d 2.4 1.2 2.4
Axial Drag coefficient, Cτ

d 1.15 0.008 1.15
Normal added mass coefficient, Cν

a 1.0 1.0 1.0
Axial added mass coefficient, Cτ

a 0.5 0.0 0.5
Diameter, D (m) 0.089 0.089 0.089
Structural damping ratio, ζS 0.08 0.08 0.08
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Appendix B

Prescribed Fairlead Motion

Parameters

B.1 Prescribed fairlead position and velocity func-

tions

r(t) = Rramp(t)
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B.2 Prescribed fairlead position and velocity func-

tion coefficients

Table B.1: Prescribed fairlead motion profiles for validation cases without seabed
contact.

Case rWF
1 TWF

1 φWF
1 rWF

2 TWF
2 φWF

2 rWF
3 TWF

3 φWF
3

(m) (s) (rad) (m) (s) (rad) (m) (s) (rad)

1 5.4 10.0 0.0 - - - - - -

2 - - - - - - 5.4 10.0 0.0

3 3.0 10.0 1.4 3.0 10.0 3.8 3.0 10.0 5.4

Table B.2: Prescribed fairlead motion profiles for evaluation for cases with nodal
grounding.

Case rWF
1 TWF

1 φWF
1 rWF

3 TWF
3 φWF

3 rLF1 TLF1 φLF1 rLF3 TLF3 φLF3

(m) (s) (rad)(m) (s) (rad)(m) (s) (rad)(m) (s) (rad)
1 5.4 10.0 0.0 - - - - - - - - -
2 - - - - - - 10.0 100.0 0.0 - - -
3 - - - 5.4 10.0 0.0 20.0 200.0 0.0 - - -
4 8.0 10.0 0.0 - - - 10.0 100.0 0.0 - - -



Appendix C

Force Coefficients for Seabed

Models

Table C.1: Seabed model coefficients for Orcaflex.

Parameter Shallow

water

Deep

water

Water depth (m) 82.5 914.0

Vertical stiffness (kN/m/m2) 131.95 348.00

Shear stiffness (kN/m/m2) 131.95 348.00

Horizontal friction coefficient 0.74 0.74

Table C.2: Seabed model coefficients in spring mattress (SM) and modified
spring mattress (MSM) models for in-house code.

Model ζB,d ζB,f,t ζB,f,N µB,f,t µB,f,N NB,c ζB,a

SM 1.0 1.0 1.0 0.74 0.74 1.0 0.0

SM1 1.0 1.0 1.0 0.74 0.74 5.0 0.0

SM2 1.0 1.0 1.0 0.74 0.74 10.0 0.0

SM3 1.0 1.0 1.0 0.74 0.74 15.0 0.0

SM4 1.0 1.0 1.0 0.74 0.74 20.0 0.0

SM5 0.0 1.0 1.0 0.74 0.74 5.0 0.0

SM6 0.0 1.0 1.0 0.74 0.74 10.0 0.0

SM7 0.0 1.0 1.0 0.74 0.74 15.0 0.0

SM8 0.0 1.0 1.0 0.74 0.74 20.0 0.0

MSM 0.15 1.0 1.0 0.74 0.74 1.0 1.0
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Multirate Integration for Constrained Systems. In Jean-Claude Samin and

Paul Fisette, editors, Multibody Dynamics, pages 97–121. Basel, Switzerland:

Springer Nature Switzerland AG, 2013. ISBN 9789400754041. doi: 10.1007/

978-94-007-5404-1.

[4] DNV-GL. Global Performance Analysis of Deepwater Floating Structures

(DNV-RP-F205), 2010. URL https://rules.dnvgl.com/docs/pdf/DNV/

codes/docs/2009-04/RP-F205.pdf. Last accessed August 2015.

[5] D. T. Brown and S. A. Mavrakos. Comparative study on mooring line

dynamic loading. Marine Structures, 12:131–151, 1999. doi: 10.1016/

S0951-8339(99)00011-8.

[6] U.S. Energy Information Agency. International Energy Outlook 2014. 2014.

ISBN 0160920663. doi: EIA-0484(2013). URL http://www.eia.gov/

forecasts/ieo/pdf/0484(2013).pdf. Last accessed April 2015.

[7] Chor Foon Tang, Bee Wah Tan, and Ilhan Ozturk. Energy consumption and

economic growth in Vietnam. Renewable and Sustainable Energy Reviews,

54:1506–1514, 2016. ISSN 13640321. doi: 10.1016/j.rser.2015.10.083.

158

https://rules.dnvgl.com/docs/pdf/DNV/codes/docs/2009-04/RP-F205.pdf
https://rules.dnvgl.com/docs/pdf/DNV/codes/docs/2009-04/RP-F205.pdf
http://www.eia.gov/forecasts/ieo/pdf/0484(2013).pdf
http://www.eia.gov/forecasts/ieo/pdf/0484(2013).pdf


BIBLIOGRAPHY 159

[8] Yabo Zhao and Shaojian Wang. The Relationship between Urbanization,

Economic Growth and Energy Consumption in China: An Econometric Per-

spective Analysis. Sustainability, 7(5):5609–5627, 2015. ISSN 2071-1050. doi:

10.3390/su7055609.

[9] Muhammad Azam, Abdul Khan, B. Bakhtyar, and Chandra Emirullah. The

causal relationship between energy consumption and economic growth in the

ASEAN-5 countries. Renewable and Sustainable Energy Reviews, 47:732–745,

2015. ISSN 03014215. doi: 10.1016/j.enpol.2012.08.034.

[10] British Petroleum. BP Technology Outlook, 2015. URL https://www.bp.

com/technologyoutlook. Last accessed December 2015.
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