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Summary

Quantum information has been emerging as a fast-developing subject in recent

years. It has shown the potential in bringing revolution to science and technology

progress such as absolutely secured encryption for communication, highly accurate

and efficient simulation of practical physical system, more compact and faster machine

learning models for prediction and advanced quantum computational performance to

solve intractable problems for classical supercomputer. These supremacies are all re-

lying on the superposition and entanglement properties of the qubits. Among many

candidates like superconducting qubits or trapped ions to realize quantum technologies,

photon has demonstrated its prominent advantages for its robustness against decoher-

ence and noise, high clock cycle rate, fast and easy measurement, room temperature

working environment, support for quantum network and so on. This thesis mainly

focuses on the photonic integrated quantum technologies to produce and manipulate

photons on an integrated silicon chip and characterizes its performance along with the

demonstration of some quantum computing algorithms.

The thesis first study the design and fabrication of a photonic integrated circuit with

spiral waveguides to generate photons on chip and a linear optical circuit to perform uni-

tary operations on the photonic quantum states. The photon is generated via the spon-
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taneous four wave mixing process by pumping the waveguide with pulsed laser. The

photon source properties of purity, indistinguishability, joint spectra intensity, squeez-

ing parameter and so on are characterised carefully to prove that the on chip photon

generation can function as a good resource for quantum computation. Furthermore, the

linear optical circuit is calibrated to realize an arbitrary unitary matrix for quantum state

manipulation and the photon distribution is measured after it. This can be seen as the

basic model of boson sampling experiment and by designing the linear optical circuit,

this distribution can be mapped to some practical physical systems so that the photonic

quantum circuit can function as a quantum analogue computer for simulation. A Gaus-

sian boson sampling experiment was performed to simulate the graph perfect matching

problem is demonstrated as an example.

The quantum photonic integrated circuit can be implemented to perform some dig-

ital quantum computing algorithm like the error correction encoding scheme. Reducing

error rate is a critical problem for large scale computing in either classical or quantum

computing. In this thesis, an error correction scheme is demonstrated to protect single

logical qubit with 4 physical photonic qubits and it has been proved experimentally that

the quantum information can be retrieved from the state with a single qubit loss or error.

This encoding can be used to identify the error type as well by measuring the expec-

tation value of stabilizers for the quantum state to distinguish X ,Y,Z errors. Finally,

this scheme is applied to realize an error-corrected quantum teleportation that the failed

projective measurement or quantum entanglement for teleportation can be recovered

under proposed encoding scheme without losing the quantum information. This proof

of principle demonstration of quantum error correction code would pave the way for

universal quantum error correction scheme on computation process.
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The last task implemented on the integrated photonic circuit platform is chip to

chip quantum teleportation with auto encoder. This can be seen as a prototype of quan-

tum network model for direct quantum information sharing and encoder for quantum

information compression. First, the teleportation between two integrated photonic chips

connected with fibre to transport a photonic qubit is realized. Qubit states in different

basis are transported to measure its fidelity at the receiving chip and this proves the fea-

sibility of teleportation process. Then the quantum auto encoding process is applied at

transmission chip by tuning the linear optical circuit to compress a 3-dimensional qutrit

to a qubit and this qubit is sent to the receiving chip via the teleportation channel. Next,

the reverse decoding process recovers this qubit back to qutrit on the receiver chip. This

experimental demonstration can help the development of quantum network for sharing

higher volume of quantum information with auto encoder.

The quantum revolution has started and the possibility to manipulate the quantum

information and bring new technology to society is the target of quantum development.

Compatible with the state of the art silicon fabrication technology, the photonic plat-

form possesses the potential of scalability and integration for quantum chip. This the-

sis focuses on the integrated photonic quantum circuit and its application on quantum

computing and wished to bring more motivation for future development of quantum

technologies.
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Chapter 1

Introduction

1.1 Motivation

This thesis focuses principally on photonic integrated quantum computation: Gaus-

sian boson sampling for perfect matching, quantum error correction and quantum tele-

portation with autoencoder. All schemes have for first time been demonstrated on the

integrated photonic platform.

Since rise of quantum mechanic over a hundred years ago, this subject has gone

through rapid developments that entirely reshaped humanity’s perspective towards fun-

damental research in the world. It has potentially given rise to many changes in the

current modern technologies such as the quantum chemistry analysis, light-emitting

diodes, nuclear magnetic resonance imaging for medical diagnose, electron microscopy

for research and quantum key distribution for security communication.

Nowadays, quantum science is bringing a revolution to the field of classical in-

formation theory, creating a new concept of quantum information theory and computa-
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tion. Two of the main ideas are the Shor’s algorithm for number factorization [10] in

1994 and the Grover algorithm for database search [11] in 1996. Shor’s algorithm is a

quantum algorithm that shows how a quantum computer can factorize an n-bit long in-

teger with polynomial time scale of O(n3) even though a classical algorithm would take

eO(n1/3), providing a complexity speed-up of O(n2log(n)). This problem is critical as

prime number factorization forms the basis of Rivest-Shamir-Adleman (RSA) encryp-

tion method for modern computer communication. RSA is widely used as an encryption

protocol to protect most information transmitted over the internet nowadays [12]. With

Shor’s algorithm, many encryption schemes are no longer safe, especially if a quan-

tum computer can be implemented realistically. Grover’s algorithm is an algorithm that

searches a particular value in database of size n with O(
√

n) evaluations while the clas-

sical counterpart requires O(n) evaluations. Even though the complexity class remains

polynomial, yet with larger and larger database, one expects a significant improvement

in speed based on the quantum algorithm. These two algorithms are just two typical

examples that show the power of quantum computer and algorithms.

To harness the computation power of quantum mechanics, many schemes have

been proposed like the superconducting, trapped ion and diamonds. Various organiza-

tions in the industry are involved in the search for quantum computer: such as Google,

Intel, Microsoft, IBM from Industry and USTC, NUS, MIT from University. Among

the numerous technologies, quantum photonics is one of the promising platforms that

may achieve quantum computing. The photon has the main advantage of robustness

against decoherence and environmental noise. The ease of manipulation comparing

with other matter qubits is another important feature. A quantum system requires the

generation, manipulation and measurement of quantum state and it can be all done on
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the linear optics platform which nowadays can be miniaturized on integrated photonic

system. The photon as the carrier of quantum information has been successfully gener-

ated on chip via both spontaneous four wave mixing process [8] and quantum dots [13].

The manipulation of photonic qubits can be done with the aid of linear optical circuit

with post processing technique currently [14]. The detection of photon on photonic

integrated circuit with a high efficiency has also been reported [15]. Thus, a highly

integrated photonic platform for computing is feasible with current technologies and it

further scales up to achieve a quantum advantage compared to classical computational

techniques.

In the process of scaling up a quantum system to more qubits for solving practi-

cal realistic problem, the accurate control of quantum state has become more and more

critical as the errors can accumulate. Moreover, quantum information itself is also very

fragile: on the one hand, individual subsystems need to interact sufficiently strongly to

perform computations, and on the other hand, each subsystems should be adequately in-

sulated from its environment [16] to avoid decoherence. Yet, the discovery of quantum

error-correcting codes [17–20] convincingly demonstrates the possibility of overcoming

memory and transmission errors provided the noise level is below a certain threshold.

Recently, the use of cluster states and stabilizers have constituted a sufficient backbone

of fault-tolerant quantum computation [21–23]. Most error correcting codes are stabi-

lizer codes. There is a general approach to quantum error correction called operator

quantum error correction [24]. With the aid of error correction codes, the quantum

computer can go further for practical usage.

The establishment of quantum network is another direction in quantum informa-

tion theory. It has become increasingly important through the rapid development of
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quantum technologies. A quantum network provides a way to build the connection

between separate quantum nodes for sharing quantum information and quantum oper-

ations among different quantum systems. Key development in this area includes the

recent studies of quantum entanglement swap [25], quantum repeaters [26,27]. To real-

ize a practical quantum network, one of the key problems is to transfer a quantum state

between different quantum nodes. Quantum teleportation is one of the main techniques

to transfer the quantum information over a long distance with high fidelity. For quantum

teleportation, two arbitrary nodes within the network only requires a pair of maximally

entangled states to share their own quantum information via the quantum channel. If

the transmitter and the receiver setup can be integrated to a single silicon photonic chip,

this will greatly facilitate the connection of many quantum devices into quantum net-

work and take advantage of existing fiber communication network. However, quantum

resource can be expensive. To be able to transfer more information in a quantum chan-

nel, information compression is also necessary. By combining this together, a practical

quantum network can be possible for implementation.

Overall, integrated photonic quantum chip is an ideal platform for quantum com-

putation and quantum network. It has a great potential to bring the advantage of quan-

tum computing to solve more realistic problems. In this thesis, the design, fabrication

and measurement of quantum chip are studied. Our study paves the way for future

quantum connectivity with advanced quantum technologies.
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1.2 Objective

The objective of this thesis is to implement three quantum algorithms on a silicon

photonic chip: the boson sampling for graph perfect matching calculation, the quantum

error correction encoding and quantum teleportation with autoencoder.

A generic silicon photonic circuit includes three parts of photon source, quantum

state manipulation and detection. The photon source can be realized with the SFWM

process. The manipulation of quantum state will be the linear optical circuit consists of

phase shifters and multi mode interferometer, the detection part is the superconducting

array to perform photon coincidence counts under different measurement basis.

For three quantum applications, the theoretical process is modeled and the under-

lying physics is analyzed to decide the required function of the chip. The circuit is then

designed by mapping each function into the various components of the silicon pho-

tonic structures. During the experimental implementation, the circuit is first calibrated

to ensure the functionality of each part before the whole device for the algorithm is

assembled.

1.3 Major contribution

In this thesis, the integrated photonic quantum computing circuit is carefully stud-

ied and three different quantum computing protocols are demonstrated experimentally.

The theoretical modeling, photonic integrated circuit design and experimental imple-

mentation process are described at length in the following chapters. The major contri-

butions are listed in three parts.
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For the Gaussian boson sampling chip, the properties of on-chip photon source

and linear optical circuit is carefully studied. The photon source properties are care-

fully studied both under single pump scheme for two-mode state (TMS) and under dual

pump scheme for single mode state (SMS) such as the JSI, g2, CAR, squeeze param-

eter and so on. Then, the circuit is used to implement unitary matrices and the results

are verified experimentally to get a similarity of 98.44%. Finally, a boson sampling is

measured with a random unitary set and a perfect matching problem is studied for a

6-vertex graph. For perfect matching configuration, the achieved photon distribution

has a similarity of 0.9783 with the theoretical results and the perfect matching number

is also identical with the theory.

In the error correction encoding section, the theoretical model of this scheme is

first studied and its photonic implementation is designed. Three possible applications

of quantum state reconstruction, error type identification and error corrected quantum

teleportation are demonstrated on this photonic integrated circuit. The experiment result

proves that the encoding scheme is feasible for the protection of quantum information

from propagation loss or quantum operation error with an average state reconstruction

fidelity of F̄ = 0.8630.

A novel quantum information transferring method consuming less quantum re-

sources is proposed and demonstrated with photonic integrated circuit. A quantum au-

toencoder model is trained with genetic algorithm to map the qutrit subspace to a qubit

space. The compressed qubit is then transferred from one photonic integrated circuit to

another chip via a 10-meter-long fiber. The original qutrit is recovered by the inverse

process of trained autoencoder and an average fidelity of F̄ = 0.9132 for four random

qutrits is achieved to prove the functionality of the full system.
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1.4 Organisation

The thesis is divided into 6 chapters. The first chapter is the introduction, it in-

cludes the motivation, objective, contribution and organisation of the whole thesis.

Chapter 2 is the literature review, it gives a brief concept of quantum information

theory that involved in the following theoretical modeling and experimental analyses.

The development of integrated photonic quantum computing and state-of-the-art tech-

nologies are reviewed with a listing of some of the critical technological breakthroughs.

Chapter 3 describes the integrated quantum photonic circuit. The theoretical mod-

eling and design of a integrated silicon photonic circuit for implementing quantum pro-

tocols on the chip as well as the control of the quantum states within the silicon photonic

components are described. The on-chip single photon source and linear optical circuit is

calibrated experimentally to explore the purity, indistinguishability, unitary matrix de-

composition of the full integrated photonic system. Finally, a Gaussian boson sampling

experiment is performed and the graph perfect matching problem is simulated with this

integrated quantum photonic chip.

Chapter 4 is the experimental demonstration of quantum error correction encoding

scheme. The scheme is first studied theoretically to determine the required initial quan-

tum state for the encoding and the manipulation process. The fabricated chip entangles

photonic qubits in the form of a GHZ state and protect a single qubit information with

4 physical qubits. Different error types are simulated on chip to test the functional-

ity of this encoding scheme to recover quantum information and perform fault tolerant

teleportation.

Chapter 5 is the quantum teleportation scheme with autoencoder. Two photonic
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integrated circuits are designed and fabricated as the encoder chip and decoder chip

to demonstrate a quantum network with two nodes. The quantum autoencoder model

using linear optical components is optimized with classical algorithm to compress the

qutrit information into a qubit, which is then used for teleportation in the quantum

network. Finally, the transformed qubit is recovered to its qutrit with an inverse decoder

circuit using linear optical components with a high fidelity.

Finally, in Chapter 6, a general outlook and conclusion regarding the contributions

are provided in this thesis with further recommendations for future work.
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Chapter 2

Literature Review

In this chapter, the basic concepts to understand the thesis is described in first part.

This part includes fundamental concepts in quantum information like qubits, quantum

logic gates and state tomography. We then introduce the digital and analogue model of

quantum computing.

In the second part, the photonic based quantum computing, including the state-of-

the-art of quantum photonic devices are surveyed. The main part of this section focuses

on linear optical setups based on integrated photonics technology.

2.1 Quantum Computer and Computing

Quantum computer is a device that uses the quantum mechanics properties like

superposition and entanglement to realize computing. A general quantum computer

usually includes quantum bits and quantum logic gates.
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2.1.1 Quantum Computer Qubits and Gates

Qubit, short for ”quantum bit”, is the basic unit in quantum information in analo-

gous to the bit concept in classical information theory. It is a two-energy-level quantum

system with the ground state labeled as |0〉 or the excited state labeled as |1〉 where ”|〉”

is called the Dirac notation, a standard representation of states in quantum mechanics.

A classical bit is always on a state of either 0 or 1 and when a measurement is

performed, it gives an exact result of either 0 or respectively. The measurement process

does not change the state. In contrast, a qubit can be in both |0〉 and |1〉 states and it can

be written as a linear combinations as

|ϕ〉= α |0〉+β |1〉 (2.1)

where α and β are, in general, two complex numbers. We say that this state is a super-

position of states |0〉 and |1〉 and it can be represented as a vector in a two dimensional

complex space where |0〉 and |1〉 are one set of the orthogonal basis of the vector space.

A measurement of state |ϕ〉 in |0〉 and |1〉 basis would give a result of 0 with probability

of |α|2 or 1 with probability of |β |2. As there are only two possibilities, it is obvious

that the two probabilities add up to 1, thus |α|2 + |β |2 = 1. The Equation 2.1 can be

rewritten as

|ϕ〉= eiγ1 cos
θ

2
|0〉+ eiγ2 sin

θ

2
|1〉) (2.2)

where θ , γ1 and γ2 are real numbers. The phase eiγ1 (or γ2) can be factorized from the
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state |ϕ〉 so that Equation (2.2) can be rewritten as

|ϕ〉=eiγ1

(
cos

θ

2
|0〉+ ei(γ2−γ1) sin

θ

2
|1〉
)

=eiγ1

(
cos

θ

2
|0〉+ eiφ sin

θ

2
|1〉
) (2.3)

where θ defines the accounts for the probabilities of the states |0〉 and |1〉, γ is the global

phase of the state and φ represents the relative phase difference between the state |0〉

and the state |1〉. The global phase factor has no effect on the state measurement results

and can be effectively dropped or ignored, leaving the state as

|ϕ〉= cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉 . (2.4)

This state can then be represented as a point on the surface of a 3D unit sphere

with coordinates (sinθ cosφ , sinθ sinφ cosθ ) as seen in Figure 2.1. This sphere is the

so called Bloch Sphere and it provides to visualize a single-qubit state. Many single-

qubit operations can be visualized directly on this sphere for a better understanding.

However, such a representation for a high dimensional quantum states or multi-qubit

states yet is not so easily available.

Figure 2.1: qubit on a Bloch Sphere
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For two classical bits, there exists 4 different states as {00,01,10,11}. Similarly,

a two-qubit quantum system would also have four basis as |00〉, |01〉, |10〉 and |11〉 so

that any two-qubit states can be written as

|ϕ〉= α00 |00〉+α01 |01〉+α10 |10〉+α11 |11〉 (2.5)

and the complex coefficients αi, j of this state also satisfies the normalization condition

that ∑ |αi, j|2 = 1. This can be further extended to an N-qubit system with 2N basis listed

from |00...0〉 to |11...1〉 and the state can be written as

|ϕ〉= α1 |00...0〉+ ...+α2N |11...1〉 (2.6)

More generally, a quantum bit with d energy levels can be called an d-dimensional

quantum bit or qudit with its ith energy level being denoted as |i−1〉 (i = 0, · · ·d−1).

An m qudit quantum system has dm basis from |00...0〉m to |d−1,d−1, ...,d−1〉m and

can be expressed as

|ϕ〉= α1 |00...0〉+ ...+αdm |d−1,d−1, ...,d−1〉 (2.7)

The basis of a single qubit in a vector form can also be expressed as

|0〉=

1

0

 |1〉=
0

1

 (2.8)
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so the state |ϕ〉= α |0〉+β |1〉 in vector form can be expressed as

|ϕ〉= α

1

0

+β

0

1

=

α

β

 (2.9)

The multi-qubit state can be expressed by the tensor product of subsystem expressed as

|00〉12 = |0〉1⊗|0〉2 =

1

0

⊗
1

0

=



1

0

0

0


(2.10)

and this can be further applied to an arbitrary m qudit (d− quantum level) system.

Classical computing is realized with various logic gates assembled to form differ-

ent programs in order to implement different functions. One typical single bit classical

gate is the logical NOT gate whose action is to change the classical bit 0 −→ 1 and 1 −→

0.

Similarly, an analogous quantum NOT gate would also interchange the quantum

state |0〉 and |1〉. The NOT gate can be represented as

X =

0 1

1 0

 (2.11)

and acting on an arbitrary quantum state, |ϕ〉 = α |0〉+ β |1〉, it simply exchange the
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coefficients of the arbitrary state as follows:

X

α

β

=

β

α

 (2.12)

Note that X has been mentioned earlier as the σx operator.

All single-qubit quantum gates can be expressed by a 2× 2 matrix U and they

must obey the rule that U†U = I to conserve the total probability, and where U† is the

conjugate transpose of U . Such a matrix is also known as a unitary matrix.

There are some other important single qubit gates like Y (corresponding to the σy

operator), Z (corresponding to the σy operator) and the Hadamard gate, H, defined as

Y =

0 −i

i 0

 ,Z =

1 0

0 −1

 ,H =
1√
2

1 1

1 −1

 (2.13)

The Y gate will swap the two states and give an additional phase (e±i π

2 =±i) depending

on the basis state. Accordingly, |0〉 −→ −i |1〉 and |1〉 −→ i |0〉. The Z gate will flip the

sign of state |1〉 while maintaining the state |0〉 unchanged. The H gate will convert

the |0〉 and |1〉 into a superposition of two states (|0〉+ |1〉)/
√

2 and (|0〉− |1〉)/
√

2.

Indeed, as have already beeb seen, along with Identity matrix I, the I,X ,Y,Z are called
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Pauli Matrices. In literature, these operators are also denoted as

σ0 = σI = I (2.14a)

σ1 = σX = X (2.14b)

σ2 = σY = Y (2.14c)

σ3 = σZ = Z (2.14d)

The Pauli matrices play an important role in the quantum information theory and they

are involved heavily as the basis for qubit measurement, the form of the density matrix

and many others, which will be shown in later examples.

The Pauli matrices are also related to the qubit rotation along different axis on the

Bloch Sphere. Based on the Euler’s formula eiθ = cosθ + isinθ and matrix exponential

expansion eA = ∑
∞
n=0

1
n!A

n, if matrix A satisfies A2 = I, it can deduced that

e−iAθ = cosθ · I− isinθ ·A (2.15)

and the rotation matrix RA(θ) is defined as

RX(θ) = e−iX θ

2 = cos
θ

2
· I− isin

θ

2
·X =

 cos θ

2 −isin θ

2

−isin θ

2 cos θ

2

 (2.16a)

RY (θ) = e−iY θ

2 = cos
θ

2
· I− isin

θ

2
·Y =

cos θ

2 −sin θ

2

sin θ

2 cos θ

2

 (2.16b)

RZ(θ) = e−iZ θ

2 = cos
θ

2
· I− isin

θ

2
·Z =

e−i θ

2 0

0 ei θ

2

 (2.16c)
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R~n(θ) represents different rotation matrices along the corresponding axis ~n ≡ A,

where~n is some unit vector on the Bloch sphere. It can be shown as the qubit |ϕ〉 rotates

θ degree along the specific axis in Figure 2.1. Qubit operations can be also represented

in a circuit language as shown in Figure 2.2. The circuit wire means a single qubit, the

square with A in side means the single qubit operation A and the default circuit runs

from left to right.

Figure 2.2: Schematic of single qubit gate.

For classical two-bit operations like AND, OR gates, the analogous two-qubit op-

erations in quantum information theory exist. One of the typical operation is called

Controlled-Not (CNOT) gate. It operates on a two-qubit state, treating one of qubits as

a control qubit and another as a target qubit. The function is to flip (NOT oepration) the

target qubit if the control qubit is in state |1〉 and yet do nothing if the control qubit is

in state |0〉. The logical operations can be summarized as

|00〉 CNOT−−−→ |00〉 (2.17a)

|01〉 CNOT−−−→ |01〉 (2.17b)

|10〉 CNOT−−−→ |11〉 (2.17c)

|11〉 CNOT−−−→ |10〉 (2.17d)

and its circuit model is represented schematically in Figure 2.3, where the top wire

functions as control qubit and the bottom wire is for target qubit.

Quantum entanglement is one of the most unique properties of quantum mechan-
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Figure 2.3: Schematic of two-qubit CNOT gate

ics. When a quantum bit is maximally entangled with another qubit then the result of

the measurement of the quantum bit is always correlated to the results of the measure-

ment on the other quantum bit, regardless of the distance between the two qubits. For

example, if the two-qubit state given by

|ϕ〉= 1√
2
(|00〉+ |11〉)12, (2.18)

then it can be shown that such a state cannot be written as a tensor product of the state

of two individual single-qubit states. In this case, the state of two qubits are maximally

entangled and when one of the qubits is measured to be the state |0〉 (or |1〉), the other

qubit would collapse to a state |0〉 (or |1〉) immediately. In fact, if the state is measured

in some other orthogonal basis {|u〉, |u⊥〉}, the results of the measurements will con-

tinue to be fully correlated, i.e. if the first qubit collapse to the state |u〉 (or state |u〉⊥)

the other qubit will also collapse to state |u〉 (or state |u〉⊥). Indeed, if the pure state can

be written as tensor product of two single-qubit states, then it is called a pure separable

state, otherwise, it is called an entangled state.

The quantum entanglement as a thought experiment was first raised by Albert

Einstein, Boris Podolsky and Nathan Rosen, which subsequently gave rise the a state

known as the EPR state, in 1935 [28]. The paradox was subsequently known as the
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EPR paradox. Through the years, there has been a lot of fundamental studies on how

to explain this faster-than-light interaction but, until recently, none of them appears to

be convincing. One of the most famous theories that challenge quantum entanglement

is called the local hidden variable theory [29] and this theory tries to explain the non-

classical correlations resulting from quantum entanglement by introducing the existence

of an unobservable variable to account for the indeterministic nature of quantum me-

chanics. It is interesting to note that the phrase ”God does not play dice” appears under

this context through the words of Albert Einstein [30].

It is not so easy to explain the EPR paradox satisfactorily. However, John Stewart

Bell proposed the famous Bell inequalities in 1964 [31] to illustrate that the quantum

mechanics cannot be fully explained with local hidden-variable theories. In short, any

correlations arising from quantum theory will violate the Bell inequalities. These in-

equalities have been experimentally violated over many platforms [32–35]. Yet, these

experiments often suffer from loopholes, arising from experimental assumptions. In

two recent experiments, the researchers from Havard University manage to remove ad-

ditional assumptions arising from nonlocality requirement to show the Bell inequalities

violation directly [36] and a joint group researchers from all over the world tackle the

’free will’ assumption using nearly 100 thousand humans as randomizer for the selec-

tion of the measurement basis [37].

Under the Copenhagen interpretation of such faster-than-light EPR paradox, the

collapse of wavefunction happens immediately and there is no propagation of any in-

formation between the two parties when the state of the two parties is a maximally

entangled pair of qubits. The non-classical correlation resulting from the measurement

can only be established with a classical channel which is limited by the speed of light.
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Corresponding to any pure state |ϕ〉 as shown in Equation 2.4, one can associate a

density matrix denoted by ρ = |ϕ〉〈ϕ|. If representing the state |0〉 and |1〉 as the vector,

the density matrix ρ is given by

ρ = |ϕ〉〈ϕ|

=

 cos
(

θ

2

)
eiφ sin

(
θ

2

)
[cos

(
θ

2

)
e−iφ sin

(
θ

2

)]

=

 cos
(

θ

2

)
e−iφ sin

(
θ

2

)
cos
(

θ

2

)
eiφ sinθ

2 cos
(

θ

2

)
sin2(θ

2 )



=

1+cos(θ)
2 e−iφ sinθ

2

eiφ sinθ

2
1−cos(θ)

2


=

1
2
(σI + cosθσZ + sinθ cosφσX + sinθ sinφσY )

(2.19)

where σx, σy and σz are the Pauli matrices in the x−, y− and z− directions.

A practical quantum system is usually a mixture of different states with its the

density matrix expressed as [38]

ρ = ∑Pi |ϕi〉〈ϕi| (2.20)

where Pi is the probability of getting a state |ϕi〉 in this mixture. It is important to

distinguish the difference between the notion of superposition and mixed state. Each

pure states |ϕi〉 could be a superposition of some basis states, i.e. |ϕi〉 = ∑
j

ai j|ui j〉 for

each i, so that the probability of getting a particular basis state |ui j〉 is given by |ai j|2. A

quantum system in a mixed state has a fixed probability Pi that it will produce the state

|ϕi〉. For example, a mixed system to generate state |0〉 and |1〉with an equal probability

19



CHAPTER 2. LITERATURE REVIEW

50%. For measurement under basis |0〉, the detector apparatus would have 50% chance

get a click and 50% change no click. When switching to a new measurement basis

{1/
√

2(|0〉+ |1〉),1/
√

2(|0〉− |1〉)}, the results are the same, i.e. the same state can

also be written as a convex sum of states {1/
√

2(|0〉+ |1〉),1/
√

2(|0〉−|1〉)} each with

50%. For a superposed pure state 1/Sqrt2(|0〉+ |1〉), the measured distribution at basis

|0〉 is the same to have 50% chance for both click and non-click. However, the results

with the measurement basis {1/
√

2(|0〉+ |1〉),1/
√

2(|0〉−|1〉)} will always click if the

setting is set to 1/
√

2(|0〉+ |1〉). This is clearly different from the earlier mixed state.

Quantum state tomography is an experimental technique to determine the density

matrix of a quantum state. A density matrix should satisfy the property given by

ρ = ρ
†,Tr(ρ) = 1,〈ϕ|ρ |ϕ〉 ≥ 0 (2.21)

For m-qudit system, its density matrix size is dm. Experimentally, quantum state to-

mography (QST) method is used to reconstruct density matrix.

Here the QST done on a 2-level quantum system is illustrated. For a single-qubit

state |ϕ〉, its density matrix is represented as

ρ =
3

∑
i=0

aiσi (2.22)

where ai is the coefficient and σi (each i) is the one of the Pauli matrices defined above.
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The eigenvector vi and eigenvalue λi of these matrices is given by

σ0 |0/1〉= |0/1〉 (2.23a)

σ1
1√
2
(|0〉± |1〉) =± 1√

2
(|0〉± |1〉) (2.23b)

σ2
1√
2
(|0〉± i |1〉) =± 1√

2
(|0〉± i |1〉) (2.23c)

σ3 |0/1〉=±|0/1〉 (2.23d)

These basis are usually simplified as |D/A〉= 1√
2
(|0〉±|1〉) and |R/L〉= 1√

2
(|0〉± i |1〉).

The corresponding eigenvalue is labeled as λ1,λ2, thus the Pauli matrix in the form of

eigenvector and eigenvalue can be expressed as

σ0 =λ1 |0〉〈0|+λ2 |1〉〈1|= |0〉〈0|+ |1〉〈1| (2.24a)

σ1 =λ1 |D〉〈D|+λ2 |A〉〈A|= |D〉〈D|− |A〉〈A| (2.24b)

σ2 =λ1 |R〉〈R|+λ2 |L〉〈L|= |R〉〈R|− |L〉〈L| (2.24c)

σ3 =λ1 |0〉〈0|+λ2 |1〉〈1|= |0〉〈0|− |1〉〈1| (2.24d)

The coefficients ai can be expressed as [38]

a0 =
1
2
(λ1| 〈ϕ|0〉 |2 +λ2| 〈ϕ|1〉 |2) =

1
2
(| 〈ϕ|0〉 |2 + | 〈ϕ|1〉 |2), (2.25a)

a1 =
1
2
(λ1| 〈ϕ|D〉 |2 +λ2| 〈ϕ|A〉 |2) =

1
2
(| 〈ϕ|D〉 |2−|〈ϕ|A〉 |2), (2.25b)

a2 =
1
2
(λ1| 〈ϕ|R〉 |2 +λ2| 〈ϕ|L〉 |2) =

1
2
(| 〈ϕ|R〉 |2−|〈ϕ|L〉 |2), (2.25c)

a3 =
1
2
(λ1| 〈ϕ|0〉 |2 +λ2| 〈ϕ|1〉 |2) =

1
2
(| 〈ϕ|0〉 |2−|〈ϕ|1〉 |2). (2.25d)

where the inner product | 〈ϕ|vi〉 |2 is the projective measurement for state |ϕ〉 at basis
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|vi〉. For integrated photonic system, a qubit can be encoded under dual rail encoding

with photon at the upper waveguide representing |0〉 and photon at lower waveguide

representing |1〉, which is also called the experimental basis. For an arbitrary qubit

|ϕ〉= α |0〉+β |1〉, its projective measurement under basis |0/1〉 is obviously |α|2 and

|β |2, which corresponds to the direct photon count rate at two waveguides. The project

measurement under other other basis requires the state to be transformed under a basis

transformation matrix. Take the basis |D/A〉 as an example, its theoretical result is given

by

〈ϕ|D〉= 1√
2
(α +β ) (2.26a)

〈ϕ|A〉= 1√
2
(α−β ) (2.26b)

The original state can also be expressed as

|ϕ〉= α |0〉+β |1〉= α +β√
2
|D〉+ α−β√

2
|A〉 (2.27)

A projective measurement under basis |D/A〉 is exactly the coefficient of the state writ-

ten in the |D/A〉 basis. By applying a Hadamard gate on this state, it can be expressed

as

H |ϕ〉= α +β√
2
|0〉+ α−β√

2
|1〉 (2.28)

Thus the projective measurement for |D/A〉 is tantamount to the measurement of H |ϕ〉

under basis |0/1〉. For basis |R/L〉, the corresponding operator is given by

U = |0〉〈R|+ |1〉〈L|= 1√
2

1 −i

1 i

 (2.29)
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By performing the appropriate operations on the target state, the projective measure-

ment results Pvi under different basis vi is expressed as

Pvi = | 〈ϕ|0〉 |
2 =

Nvi

N0 +N1
(2.30)

where Nvi is the measured photon counts at basis vi and N0,N1 are for basis |0/1〉.

For a two-qubit state in Equation 2.5, its density matrix, in general, can be ex-

pressed as

ρ =
3

∑
i=0

3

∑
j=0

ai, jσi⊗σ j (2.31)

where the coefficient ai, j are calculated in similar fashion to the previous case for a

single qubit by considering appropriate projective measurements for each term of the

density matrix σi⊗σ j. The eigensystem for each part is expressed as

σi
∣∣vi,1

〉
= λi,1

∣∣vi,1
〉

(2.32a)

σi
∣∣vi,2

〉
= λi,2

∣∣vi,2
〉

(2.32b)

σ j
∣∣v j,1

〉
= λ j,1

∣∣v j,1
〉

(2.32c)

σi
∣∣v j,2

〉
= λ j,2

∣∣v j,2
〉

(2.32d)

The eigensystem for σi⊗σ j can easily be written as

σi⊗σ j(
∣∣vi,1

〉
⊗
∣∣v j,1

〉
) = λi,1λ j,1(

∣∣vi,1
〉
⊗
∣∣v j,1

〉
) (2.33a)

σi⊗σ j(
∣∣vi,1

〉
⊗
∣∣v j,2

〉
) = λi,1λ j,2(

∣∣vi,1
〉
⊗
∣∣v j,2

〉
) (2.33b)

σi⊗σ j(
∣∣vi,2

〉
⊗
∣∣v j,1

〉
) = λi,2λ j,1(

∣∣vi,2
〉
⊗
∣∣v j,1

〉
) (2.33c)

σi⊗σ j(
∣∣vi,2

〉
⊗
∣∣v j,2

〉
) = λi,2λ j,2(

∣∣vi,2
〉
⊗
∣∣v j,2

〉
) (2.33d)
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The coefficient ai, j is defined as

ai, j =
1
4
(λi,1λ j,1|

〈
ϕ
∣∣vi,1⊗ v j,1

〉
|2 +λi,1λ j,2|

〈
ϕ
∣∣vi,1⊗ v j,2

〉
|2+

λi,2λ j,1|
〈
ϕ
∣∣vi,2⊗ v j,1

〉
|2 +λi,2λ j,2|

〈
ϕ
∣∣vi,2⊗ v j,2

〉
|2)

(2.34)

Thus each coefficient ai, j contains four measurement basis, and the unitary operator on

the two qubit state is defined as

U = |00〉
〈
vi,1⊗ v j,1

∣∣+ |01〉
〈
vi,1⊗ v j,2

∣∣+
|10〉

〈
vi,2⊗ v j,1

∣∣+ |11〉
〈
vi,2⊗ v j,2

∣∣ (2.35)

For m-qubit state, this method can be expanded to measure 4n coefficients and each

coefficient contains 2n terms of project measurements. If the state is further expanded

to an m-level qudit, the Pauli matrix will also be adjusted accordingly to a matrix set of

m2.

Figure 2.4: Schematic of Linear Cluster State from 2 qubits to 5 qubits. Each

vertex represents the state |+〉 and the connecting edge represents Controlled-Z

gate.

Cluster state is an important kind of entangled state in quantum computation. To

construct it, the state can start with a series of separable qubits initiated with the state

|+〉 = 1√
2
(|0〉+ |1〉) and entangle each other by performing controlled-Z gate between

them. Linear cluster state is a special kind of cluster states in which qubits are entangled

in a chain as shown in Figure 2.4, where each vertex represents the state |+〉 and the

24



CHAPTER 2. LITERATURE REVIEW

connecting edge represents Controlled-Z gate. By entangling a |+〉 qubit to the end of

previous state |Ln〉, the linear cluster chain can be expanded, which is expressed as

|L2〉=
1√
2
(|0+〉12 + |1−〉12) (2.36a)

|L3〉=
1√
2
(|+0+〉312 + |−1−〉312) (2.36b)

|L4〉=
1√
2
(|+0〉31

∣∣φ+
〉

24 + |−1〉31

∣∣φ−〉24) (2.36c)

|L5〉=
1√
2
(
∣∣φ+0φ

+
〉
+
∣∣φ−1φ

−〉)53124 (2.36d)

It is obvious to notice that |L2〉 is equivalent to a Bell state under local transform H2 and

|L3〉 is equivalent to GHZ state under H2⊗H3. Cluster state plays an important role in

quantum computing. Unlike the usual unitary circuit paradigm, entanglement is created

right at the start and only single-qubit operations are performed. It can be treated as a

quantum resource for universal computing as shown below.

2.1.2 Digital Quantum Computer

The applications of quantum mechanics to computing has completely overhauled

the perspective of computation in the world. Computation done on a small quantum

system, limited to only tens of qubits, is sufficiently intractable for most of the advanced

supercomputers to-date, if the power of superposition and entanglement of quantum

bits are properly harnessed. Moreover, since Nature is quantum mechanical, it is an

obvious choice to build a controllable quantum computer to mimic quantum systems

in Nature. Richard Feynman first suggested this idea in 1982 [39]. Further more, by

taking advantage of the entanglement, a quantum computer could show great speed-up
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in solving classically hard r intractable problems. This is the case of Shor’s algorithm

which could in principle factorize a large number that is made up of some large prime

numbers and, also Grover’s Algorithm for a quadratic speed-up in database search, an

ubiquitous protocol in many computational task.

(a) (b)

(c) (d)

Figure 2.5: Quantum computing models of (a) single qubit gate for circuit

model, (b) two qubit gate for circuit model, (c) single qubit gate for cluster

state model and (d) two qubit gate for cluster state model.

The basic components for circuit model quantum computing is the single-qubit

gate and two-qubit gate as shown in Figure 2.5a and 2.5b. Each horizontal line is for a

single qubit and the evolution sequence is from left to right. The square box is for single-

qubit operation and the vertical line with two dots are for two-qubit CZ gate. There have

been theoretical analysis showing that an arbitrary N-qubit gate can be decomposed

into single qubit gate and two qubit gate [40–42]. However, the optimization of gate

decomposition process still remains to be an open problem.
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The circuit model can also be mapped into the cluster state model to realize a

one-way computing, which is typically performed in two stages: preparation of the

appropriate highly entangled resource followed by a sequence of single-qubit measure-

ments on the cluster state. These latter measurements are adaptive so that the basis in

which a qubit is measured depends on the outcome of earlier measurements [43–46], as

shown in Figure 2.5c. A single qubit operation in circuit model can be realized with a

2D linear cluster state. The first qubit would undergo an operator U1 and then get mea-

sured. The measurement results would decide the form of operator U2 to reconstruct

the second qubit as U |+〉. The simplified drawing is two circles connected with a line

as a cluster state and the U means performing operator U and then measure it at |0/1〉

basis, which is equivalent to measuring under a basis related to U as discussed in QST

part. One might be curious why the cluster state is necessary to realize single qubit op-

erator since the cluster computing model itself requires single qubit operation. Actually

the advantage of cluster can be shown in two-qubit operation in Figure 2.5d. We use

a 4-qubit linear cluster state to simulate a circuit model with two-qubit operators. As

it can be seen, only single qubit measurement without any two-qubit gate operation is

needed.

A more complicated multi-qubit circuit model is shown in Figure 2.6. The circuit

model is a multi-qubit circuit that includes multiple operation steps. Its corresponding

cluster model is a universal 2D grid shape cluster state such that part of the entangle-

ment collapses as denoted in dashed line. As before, only single qubit measurement is

required to perform the computation. The computational complexity is very low but the

computational complexity for a complicated cluster state resource can be demanding

and there have been many works reported on this area [47–50].
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(a)

(b)

Figure 2.6: A general multi qubit operation under (a) circuit model and (b)

cluster state model.

2.1.3 Analogue Quantum Simulation

Analogue Quantum Computing is another big topic for simulating real problem

with a quantum computer. It is more like a dedicated quantum simulator target with a

specific type of problem. The main idea is to find a mapping between a hard but real

problem and a quantum system. By observing the quantum state, the real problem can

be solved. Some typical applications are chemical simulations or graph and network

problem.
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Figure 2.7: Molecular Frank-Condon profile simulation. The molecular vi-

bronic spectra can be mapped to a Boson Sampling distribution [1].

The Figure 2.7 is a good example to demonstrate the analogue quantum simulation

of molecular vibronic spectra [1]. The spectra depends on the Frank-Condon Profile,

which is described with equation given by

FCP(ωvib) =
∞

∑
m
| 〈m|ÛDok |0〉 |2δ (ωvib−

N

∑
k

ω
′
kmk). (2.37)

This equation is the sum of the production of two terms to form a full spectra. The wave

number of each peak is decided by the second term δ (ωvib−∑
N
k ω ′kmk). The intensity of

the peak is decided by the first term | 〈m|ÛDok |0〉 |2, which is called the Frank-Condon

Factor. The main part of calculation is the vacuum state |0〉 evolution to |m〉 under the

operator ÛDok. This part is computationally intractable for supercomputer but yet it can

still be mapped to a quantum boson sampling process given by

ÛDok |0〉= R̂CL Ŝ†
Σ
R̂†

CR
D̂ 1√

2
J−1δ
|0〉 (2.38)

The boson sampling process begins with a squeezed coherent state and evolves in a

linear optical circuit R̂CL . The output photon combination corresponds to the state 〈m|
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and its intensity can be mapped to the peak intensity of spectra. All the parameters like

CL,CR,Σ,J are extracted from the molecular structure itself.

Figure 2.8: Vibronic dynamics process of molecules. The Hamiltonian evo-

lution can be mapped to a unitary matrix to simulate the vibrational modes at

time t [2].

Another example for quantum simulation is Figure 2.8 [2]. It simulates the quan-

tum dynamic behaviours of molecules with a reconfigurable linear optical circuit. The

main idea is to simulate the Hamiltonian evolution given by

|ψ〉t =e−iĤt/h̄ |ψ〉0

=U†
L e−iΣt/h̄UL |ψ〉0

(2.39a)

Ĥ =U†
L ΣUL (2.39b)

The Hamiltonian Ĥ is decided by the target molecule and can be decomposed to

the unitary matrix UL and diagonal term Σ via the singular value decomposition (SVD).

Thus the time evolution can be treated by two stationary unitary matrices U†
L ,UL and

a diagonal phase term e−iΣt/h̄ evolution with time t. The input state |ψ〉0 is decided
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which dynamic process is studied and the sampling results can indicate the probability

of a mode at the given evolution time t.

Figure 2.9: Dense graph problem simulated by Gaussian boson sampling pro-

cess [3, 4] to find the maximum perfect matching numbers of a subgraph.

The graph problem of finding the dense subgraph can also be mapped to a quantum

simulator as shown in Figure 2.9 [3, 4]. The dense graph is related to the calculation of

maximum perfect matching of a graph. This is a mathematical problem of calculating

the Hafnian as

Pr(n̄) =
1

n̄!
√

detσQ
ha f AS, (2.40)

where n̄ is the selected combinations of subgraph, AS is related to the structure of graph

connections. The Hafnian calculation process is hard to solve classically for sufficiently

large graph, yet the quantum Gaussian boson sampling model can help to speed up this

process. By further combining with some optimization algorithms to search different

combinations, the dense subgraph can be found. There are more related quantum sim-

ulation algorithms as shown in ref. [51, 52].
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2.2 Quantum Photonic Circuits

Quantum computation has become more and more promising with the develop-

ment of quantum technologies. Superconducting qubits [53], trapped ions [54], dia-

mond nitrogen vacancy (NV) centers [55] and so forth are all practical platforms to

realize a quantum computer. The photon is also a promising candidate compared to

other platforms with some key advantages.

The photon is very robust against decoherence from the environment (since it

hardly interacts at all) and it therefore suffers from very little decoherence and crosstalk.

Moreover, it only requires room temperature for operations comparing with other qubit

implementation schemes. So that the photonic qubit is an ideal platform for quantum

network and quantum communication. The photon propagates at the speed of light and

this allows a very fast clock cycle at GHz level with commercial technology. It is also

very easy to manipulate the photon to guarantee a very high fidelity with single-qubit

gate. Finally, when one considers the integrated photonic qubit on silica-on-insulator

(SOI), it is compatible with the current mature CMOS fabrication technologies for scal-

ing up.

Linear optical circuit is able to perform qubit manipulation and it can be used to re-

alize universal quantum computing, using the famous KLM scheme for Linear Optical

Quantum Computing (LOQC) [14, 56–61]. Although the continuous variable quantum

computing is becoming more and more important in LOQC [62–65], only discrete vari-

able LOQC would be reviewed here. Photonic integrated circuit platform possesses the

potential for quantum computation. It is able to integrate photon sources [8, 66–70]

by inducing the non-linearity effect via the spontaneous four wave mixing process or
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deterministic quantum dot emitters [71,72]. Photons can be manipulated easily on chip

to perform rotation operations and measurements under different basis [5,6,73–76] and

there are many experimental efforts to integrate better and better single photon detec-

tors on chip [77, 78]. Like bulk optics experiments [79–85], entanglements can also

be realized on chip via the post-selection methods [86–89]. With all these advantages,

photonic integrated chip sets to challenge other platforms in the Noisy Intermediate-

Scale Quantum (NISQ) era to realize quantum supremacy [90–92], quantum machine

learning [7, 93–95], quantum key distribution [96–98], quantum simulation [1, 99, 100]

and last but not least quantum computation [9, 101–103].

There are many ideal platforms for integrated quantum photonic applications like

the silica-on-insulator [104], laser-writing silica [105–108], silicon nitride [76, 109–

112], lithium niobate [113–115]. To realize the universal quantum computing that re-

quires the manipulation of many photons simultaneously, the CMOS-compatible inte-

grated photonic chip would be a better choice than the laser writing chip.

Here, a comparison of two mature technologies, the silica and silicon waveg-

uide, are listed in Table 2.1. The typical parameters are obtained from reference pa-

per [5, 116–118] and this research thesis to show the difference of two platforms. The

reference paper takes the germanium-doped silica waveguide core embedded in a silica

cladding and the thesis takes the silicon waveguide with silica cladding. The mentioned

wavelength for two platforms are 800 nm and 1550 nm. To ensure a single mode prop-

agation in waveguide, the cross section is designed to be 3.5× 3.5um for silica and

0.22× 0.5um for silicon, which is mainly designed by the refractive index difference

of the core and cladding material. The core of silica waveguide is germanium dopped

so that the refractive index difference is only 2.5% difference while for silicon waveg-
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Table 2.1: Comparison of silica and silicon platform for photonic chip

Silica Silicon
Wavelength 800 nm 1550 nm
Cross Section 3.5×3.5um 0.22×0.5um
Refractive Index Difference 2.5% 133%
Bending Radius 1 mm 10 um
Propagation Loss 0.85 dB/m 2 dB/cm
Photon Source SFWM SFWM
Modulation Thermo-optics 100 mW Thermo-optics 2 mW
Coupling 0.4 dB 1.1 dB

uide, the core material is silicon with refractive index n = 3.5 and the cladding is silica

with n = 1.5, corresponding to a 133% difference. This would further cause the foot-

print difference of the designed chip. Typically, the bending radius is 1 mm for silica

and 10 um for silicon. Propagation loss is also affected by the refractive index differ-

ence as the roughness of fabrication process has a more serious effect on silicon. Both

platforms can take the advantage of nonlinear effect called the spontaneous four wave

mixing process to generate the photons on chip. The manipulation of phase is based on

thermo-optic effect but the required power for a pi phase shift is slightly different due

to the fabrication technology and material property. Finally, the coupling efficiency for

silica can reach 0.4 dB with ultraviolet curing epoxy adhesive and for silicon, the corre-

sponding loss is 1.1 dB implemented by aluminum assisted apodized grating couplers.

This thesis would mainly focus on integrated quantum photonic platforms with

silicon on insulator (SOI) technology [119]. Two key technologies of linear optical

circuit and light source would be introduced and their state-of-the-art developments

would be illustrated.

A general roadmap of integrated quantum photonics progress in past decade is
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Figure 2.10: Progress of integrated quantum photonic technologies in past

decade.

shown in Figure 2.10. The key technologies of the integrated quantum photonics are

listed, including on-chip interference and CNOT gate [120], Shor’s algorithm [121],

laser-writing chip [105], quantum walk [122], high visibility interference [104], pro-

grammable QPU [123], integrated TES detector with PNR ability [124], on chip SNSPD

[15], interference on SOI [125], boson sampling [126], localization [127], QD source

[128], on chip SFWM source [8], on chip QD source [13], molecule simulation [129],

quantum communication [130, 131], universal linear optics [5], measurement of 6 pho-

ton on chip [132], scatter boson sampling [133], Grover’s search algorithm [134], QD

boson sampling [135], quantum hamiltonian learning [136], large scale circuit imple-

mentation [9], molecular vibronic dynamics [2], four photon graph state [89] and eight

photon processing [92].

2.2.1 Linear Optical Quantum Circuits

The development of integrated quantum photonic circuit begins with the basic

single-qubit operation and two-qubit operation [120,123,137,138] on silica-on-insulator

optical waveguide circuits in 2008 as shown in Figure 2.11. The qubit is encoded in dual

rail with one photon travelling on two waveguides. Single-qubit operation is realized by

the directional coupler and phase shifters and the two-qubit CNOT gate with bulk op-
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(a) (b)

(c) (d)

Figure 2.11: Qubit operation with integrated quantum photonic chip. (a) Single

qubit operation. (b) Interference fringe. (c) CNOT gate. (d) Measured truth

table for CNOT gate.

tics schemes has also been demonstrated with the on-chip structure. The corresponding

interference fringe and experimental truth table are also plotted.

By scaling these components up, a universal linear optical circuit can be real-

ized to implement an arbitrary unitary matrix as shown in Figure 2.12. The circuit is

a 6-mode reconfigurable linear optical circuit with 15 Mach-Zehnder Interferometers

(MZIs). Each MZI is formed with 2 directional coupler (DC) and two phase shifters.

Photon is generated off chip via the SPDC on BBO Crystal and coupled to chip for com-
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Figure 2.12: A 6-mode universal linear optical circuit to realize arbitrary uni-

tary matrix and perform various quantum computing tasks [5].

putation. The chip is reprogrammed to different configurations to demonstrate multiple

tasks like the single qubit rotation operation, two-qubit CNOT gate as well as quan-

tum computation with circuit model and cluster state model, quantum state and process

tomography and boson sampling [5].

A larger quantum photonic circuit can have more potentials to realize multiple

tasks [6, 7] as shown in Figure 2.13. It is an SOI photonic chip with up to 88 MZIs and

a footprint of 4.9mm×2.4mm. A quantum walk is demonstrated to show the Anderson

localization and the role of environmental disorder in quantum transport is also studied.

Furthermore, the chip is programmed to realize the optical machine learning with fully

connected neural network on chip for vowel recognition tasks. Up to two orders of

speed up and three orders of energy efficiency than the conventional electrical model is

achieved.
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Figure 2.13: A large scale programmable quantum photonic circuit to demon-

strate the quantum walk and Anderson localization, quantum transport with

noise and quantum machine learning [6, 7].

2.2.2 Quantum Light Source

The first on-chip photon source [8] is demonstrated in Figure 2.14. Quantum in-

terference is measured and exhibits different patterns with the interference of classical

light. Such 220nm× 470nm waveguide cross section is specially designed to match

the energy conservation and phase matching criteria simultaneously that photon can be

generated via the SFWM process. The support photon wavelength also falls at the com-

munication band at around 1550 nm, which is compatible with current technologies for

optical communication, making SOI platform the most popular candidate for integrated

quantum photonics.

Currently, the largest integrated quantum photonic chip is designed by University

of Bristol and fabricated in Technical University of Denmark [9] in 2018 to program a
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(a)

(b) (c)

Figure 2.14: First demonstration of on chip photon generation with SFWM

process [8]. (a) Schematic of on chip source. (b) Two types of SFWM. (c)

Cross section of waveguide.

two photon entangled system of up to 15 dimensions. The chip consists of 16 SFWM

sources, 93 tunable phase shifters, 122 MMIs, 256 waveguide cross and 64 grating

couplers. The HOM interference between each two pairs of photon source are calibrated

with their visibility histogram plotted to shown the indistinguishability. The fidelities

in both Z basis and F basis are measured to prove the designed chip is functioning

effectively.

Despite all these progresses, the integrated quantum photonic chip is still at the

beginning stage of noisy intermediate-scale quantum (NISQ) era [139] with less than

10 logical qubits for demonstrating useful quantum algorithms. Further development of

practical quantum computer would require the further studies in following directions:
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(a)

(b) (c) (d)

Figure 2.15: A multi-dimensional qudit generation chip with integrated photon

source and over 500 components in a centimeter scale silicon photonic chip

[9]. (a) Schematic of chip. (b) Microscope photo of the fabricated chip. (c)

Histogram of HOM visibility between arbitrary two sources. (d) Fidelity with

the qudit dimension.

reducing error rate of quantum operation to allow the scaling up of quantum computer

and the increasing the interconnects of quantum network to allow the direct quantum

information flow between different nodes.
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2.3 Conclusion

This chapter gives a basic introduction of the quantum information knowledge for

an understanding of the thesis and an overall review of the development of integrated

quantum photonics for quantum computing. First, the fundamental concept of quantum

bit, quantum gate, entanglement, density matrix and tomography is described. Then,

two basic models of quantum computer and their implementation method are com-

pared. Next, the previous development of integrated quantum photonic computer chip

is illustrated: the two main parts, linear optical circuit and integrated photon source,

are reviewed in some detail to show the potential of integrated quantum photonic com-

puter platform. Finally, further exploratory directions in integrated quantum photonic

computer are briefly discussed, including the current state-of-art prototypings. Overall,

there exists much space for future development of integrated quantum photonic com-

puter.
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Quantum Photonic Circuit

This chapter describes the benchmarks for the quantum photonic integrated circuit

parameters. The properties of on-chip single photon sources including purity, distin-

guishability, squeeze parameter and so on are calibrated. The reconfigurable linear

optical circuit to represent arbitrary unitary matrix is also tested on chip to achieve an

average fidelity over 98%, which is fundamental for the accuracy of qubit operations

on chip. Finally, a boson sampling experiment is conducted to simulate the perfect-

matching problem with a high accuracy.
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3.1 Theoretical Model of Quantum Photonic Circuit

Quantum photonics is one of the promising platforms to achieve quantum comput-

ing. It has the advantage of robustness against decoherence and environmental noise

and the ease of manipulation comparing with other matter qubits. In this chapter, the

on-chip single photon source and circuit model for photonic integrated circuit model is

studied in some detail.

A general quantum integrated circuit mainly includes three parts: a photon source

to generate desired quantum state, a photonic circuit to manipulate photons and a de-

tection system to decode quantum information.

3.1.1 Photon Source

An ideal photon source is the key component for quantum computing. It pro-

vides the quantum state for various computing models like boson sampling, quantum

computing, quantum communication, etc. Currently there are three types of mature

technologies for generating photons: the spontaneous parametric down conversion, the

spontaneous four wave mixing and quantum dots. The first two methods are realized

by inducing the nonlinear properties of material with a pump laser. It is easy to create

photons and can maintain a high indistinguishability between photons. However, it is

naturally a probabilistic way to create photon pairs and there exist a trade off between

generation probability and multi-photon purity. For quantum dot photon sources, the

main mechanism is based on the emission of semiconductor material. A pair of carri-

ers, called the exciton, is excited by the injected laser pulse in the quantum dot. The

decay of exciton then emits a single photon via the spontaneous emission process. This
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(a) (b)

Figure 3.1: (a) Non degenerated and (b) Degenerated spontaneous four wave

mixing process to generate photon pair on chip by absorbing two pump pho-

tons.

is a deterministic single photon source that each laser pulse would generate theoretically

only one photon each time. There has been reports that the best single photon source

has reached the detection efficiency of 0.5 for each laser pulse considering all the collec-

tion efficiency, system loss and detection efficiency. However, the single photon source

also possesses its own drawbacks, for instance, it requires critical working environ-

ment of ultra-low temperature and highly vacuum chambers. It is difficult to maintain

the indistinguishability of photons generate from separated quantum dots and people

usually take active de-multiplexing technologies to separate a single photon source as

a multi-photon source. Quantum dot can only generate single photon, it is unable to

generate other non classical quantum state such as the squeeze state, which is another

fundamental resource for quantum photonic computing.

In this section, the integrated photon source is studied based on the χ(3) nonlinear

material to induce optical conversion process called the spontaneous four wave mixing

(SFWM). It would absorb two pump photons and generate a pair of signal and idler

photons. This process is widely used for heralded single photon source, entangled pho-

ton pair and squeezed quantum light source with low phase or amplitude noise beneath

the standard quantum limit.
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Based on the difference of signal and idler photon, the process can be divided

into two categories: the non-degenerated SFWM as seen in Figure 3.1a in which the

two photons generated have the different wavelengths and, the degenerated SFWM as

seen in Figure 3.1b where the two photons have the identical wavelength. From the

pump laser point of view, the non-degenerated SFWM is also called the single pump

scheme as it only requires a single laser pulse to create the photon pair. The degenerated

SFWM is called the dual-pump scheme as the experimental set-up requires two laser

pulse working simultaneously to create the photon pair.

The relation between pump frequency and generated photon frequency satisfies the

law of energy conservation and momentum conservation as:

ωp1 +ωp2 = ωs +ωi (3.1a)

kp1 + kp2 = ks + ki (3.1b)

where k is called the wavevector. In waveguide modes, the momentum conservation is

also called the phase-matching condition, these wavevectors are the propagation con-

stant β (ω) = ne f f (ω)ω and ne f f (ω) is the effective index of the corresponding fre-

quency decided by the material nonlinear property.

To realize the photon generation, the main problem is to achieve phase matching

condition. Assume the non-degenerated SFWM condition of ωp1 = ωp2 = ωp and ne-

glecting other nonlinear effects, the difference of propagation constant can be expressed

as

∆β =2β (ωp)−β (ωs)−β (ωi) (3.2)
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By taking the Taylor expansion of β (ωp), the phase matching condition can be

expressed as

β =
∞

∑
n=0

βn
(ω−ωp)

n

n!
, (3.3a)

βn =
∂ nβ

∂β n (3.3b)

where ∆β is expanded in βn. Due to the limitation of energy conservation law ωp1 +

ωp2 = ωs +ωi, the difference of frequency can be written as δω = ωs−ωp2 =−(ωi−

ωp1). Therefore, the ∆β can be simplified as

∆β ≈ β2(ωp)(∆ω)2 (3.4)

where the higher order of terms is ignored. The second order derivative, β2, is known

as group velocity dispersion (GVD) of the waveguide. By selecting the point where

GVD = 0, β2 ≈ 0 can be achieved to meet the phase matching condition.

By considering the higher order terms for the derivative of propagation constant

[140], the phase matching condition can be written as

∆β ≈ β2(ωp)(∆ω)2 +
β4(ωp)

12
(∆ω)4 (3.5)

If the waveguide is designed to make β2 and β4 assume opposite sign and the magnitude

appropriately adjusted, the phase matching can be achieved.

When the pump photon and generated photon are propagating on different modes,

their propagation constant are unrelated to each other [67]. The phase matching condi-
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tion can thus be written as

∆β ≈ 2βp(ωp)−βi(ωp)−βs(ωp)+∆ω(β1,i−β1,s) (3.6)

If the propagation constant difference ∆β matching with the group velocity β (ω) is

found, the phase matching can be realized.

Finally, the waveguide parameter can be modulated periodically with quasi-phase

matching conditions [141], which is simplified as

∆β = ∆β0 +
2π

Λ

(3.7)

where Λ is the periodicity of poling designed to match ∆β = 0.

For simple case of β2≈ 0, the approximation ωp≈ωs≈ωi is taken and the energy

conservation in wavelength domain is expressed as

λp1 +λp2 ≈ λs +λi (3.8)

The probability of two-photon state is decided by the energy conservation and

phase matching condition with expression given by

|11〉 ∝

∫ ∫
dωsdωiF(ωs,ωi) |11〉s,i . (3.9)

This is interpreted as the distribution of two-photon state |11〉s,i at mode s and i and the

probability amplitude F(ωs,ωi) is called the Joint Spectra Amplitude (JSA). The latter

is dictated the law of energy conservation and phase matching and it can be expressed
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as

F(ωs,ωi) =
∫

dωα(ωs +ωi−ω)φ(ωs,ωi,ω), (3.10)

where α(ωs +ωi−ω) is the complex amplitude of the pump ωp at the frequency ωs +

ωi−ω . Usually the pump spectrum is assumed to be a Gaussian distribution with a

bandwidth decided by pump filter or laser property. φ(ωs,ωi,ω) is defined as

φ(ωs,ωi,ω) = ei ∆βL
2 sinc(

∆βL
2

), (3.11)

where it is determined by the phase matching condition. The L is the interaction length

of waveguide. |F(ωs,ωi)|2 is the real measured probability of photon pair and is called

the Joint Spectra Intensity (JSI).

Taking all these factors into consideration, the state can be expressed as

|φ〉= ∏
n
⊗Ŝn

s,i(ξn) |0〉s |0〉i (3.12)

where Ŝn
s,i(ξ ) is called the squeeze operator on the mode n and ξn is the squeeze parame-

ter determined by the material nonlinearity, interaction length, pump energy density and

so on. Depending on whether the squeeze parameter condition is filtered or resonated

SFWM, the output state is given by

|φ〉=Ŝs,i(ξ ) |0〉s |0〉i

=eξ ∗âiâs−ξ âi
†âs

†
|0〉s |0〉i

(3.13)
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and by writing ξ = reiφ , the state in photon number basis is expressed as

|φ〉= 1
coshr

∞

∑
n=0

(−eiφ tanhr)n |n〉s |n〉i

=
∞

∑
n=0

Cn |n〉s |n〉i

(3.14)

The probabilities for detecting n photons at mode s or mode i are the same, which is

expressed as

Ps(n) = Pi(n) = P(n) = |Cn|2 =
(tanhr)2n

cosh2 r
(3.15)

Following the Equation 3.12, a maximum entangled two-photon state from SFWM

process can be written as

|φ〉= 1√
n
(|1〉s,1 |1〉i,−1 + |1〉s,2 |1〉i,−2 + |1〉s,3 |1〉i,−3 + · · ·+ |1〉s,n |1〉i,−n) (3.16)

with different modes from 1 to n. And it is known that the state describing a composition

system is decomposed as

|φ〉=
n

∑
i=1

√
λi |ui〉⊗ |vi〉 (3.17)

where {|ui〉} and {|vi〉} are orthonormal basis states called Schmidt modes. The Schmidt

coefficients λi are the “weights” of each subsystem satisfying ∑i λi = 1. Its degree of

factorizability is called the Schmidt number K and is defined as

K =
1

∑
n
i=1 λ 2

i
∈ [1,n] (3.18)

49



CHAPTER 3. QUANTUM PHOTONIC CIRCUIT

The photon purity P of this state is defined as

P =
1
K
∈ [

1
n
,1] (3.19)

where p = 1 represents K = 1 and λ1 = 1, indicating a perfectly pure two-photon state.

If P < 1 is measured, it means the state also contains other degree of entangled photon

pairs. For a maximally entangled state with the condition that λn =
1
n and n−→∞, P−→ 0,

which indicates that the state has almost no purity (maximally mixed) and is not suitable

for a heralded single photon source.

In the weak pump regime, the multi-photon probability P(n) is relatively low and

the purity P can be directly estimated as

P =
1
K

= g(2)(0)−1 (3.20)

where g(2)(0) is called the second order correlation. It is an experimentally measurable

value that describes the statistics of photon pairs correlations. From the reference [142],

the g(2) can be written as

g(2)(∆t) =
Pss(∆t)

PsPs
(3.21)

where Pss(∆t) is the probability of measuring coincidence counts at the delay time of ∆t

and Ps is the probability of measuring signal photon at the detector.

With the heralded photon measured, the remaining photon state can be used as a

single photon state and the purity of this heralded single photon g(2)h (t) describes the
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quantity of single-photon against the multi-photon emission. It can be written as

g(2)h (∆t) =
Pssi(∆t)

Ps1i(∆t)Ps2i(∆t)
Pi (3.22)

where Pssi(∆t) and Psi(∆t) are the probabilities of measuring coincidence count at the

delay time of ∆t and Pi is the probability of measuring signal photon.

The noise of the measured photon counts is estimated by coincidence to accidental

ratio (CAR). Coincidence counts between signal and idler photons from the same pair

of photon generation are desired counts while the spurious coincidence between time

uncorrelated different pairs or other noises are called the accidental coincidences. The

CAR is defined as

CAR =
Rsi−Rac

Rac
(3.23)

where Rsi is the overall coincidence between signal channel and idler channel and Rac

is the accidental coincidence.

3.1.2 Photonic Circuit Model of Quantum Photonic Computer

After generating single photon on chip, there are still many other components that

are required for manipulating these photons to realize different algorithms and measure-

ments. For the integrated quantum photonic circuit, the degree of freedom to control is

the waveguide modes a photon can occupy. Therefore, the beam splitters (BS) and phase

shifters (PS) are used to realize the amplitude and phase modulation at each waveguide

mode. Each optical component is described with a transformation matrix.

The beam splitter shown in Figure 3.2a is an multi-mode interferometer (MMI)
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(a) (b)

(c)

Figure 3.2: Schematic of MZI. (a) Multi-mode interferometer to split the light

passively with a fixed ratio of 1:1. (b) Phase shifter to induce relative phase

change between two arms. (c) Mach-Zehnder Interferometer with two fixed

MMI and two tunable Phase shifter to realize arbitrary unitary matrix.

with specially designed interference length and multi-mode area that splits the photon

into a superposition state. Its transformation matrix can be written as

TBS =
1√
2

1 i

i 1

 (3.24)

For phase shifter as shown in Figure 3.2b, it is a waveguide with a TiN resistor

on it. A current can flow through it via the Digital-to-Analogue Converter (DAC) to

generate heat and change the refractive index of the surrounding waveguide. The optical

path different changes and induces a phase difference θ . Its transformation matrix is
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written as

Tθ =

eiθ 0

0 1

 (3.25)

If the PS θ moves to the lower arm of waveguide, its transformation matrix is adjusted

accordingly so that the element T4,4 becomes eiθ .

The Mach-Zehnder Interferometer (MZI) is formed by combining beam splitter

and phase shifter together to realize arbitrary splitting ratio and phase difference of a

photon. Its transformation can be written as

TMZI =Tφ ·TBS ·Tθ ·TBS

=

eiφ 0

0 1

 · 1√
2

1 i

i 1

 ·
eiθ 0

0 1

 · 1√
2

1 i

i 1



=

eiφ 0

0 1

 · 12
eiθ −1 ieiθ + i

ieiθ + i −(eiθ −1)


(3.26)

According to Eular’s formula, the matrix elements in Equation 3.26 can be simplified

as

eiθ −1 = ei θ

2 (ei θ

2 − e−i θ

2 ) = 2iei θ

2 sin
θ

2
(3.27a)

eiθ +1 = ei θ

2 (ei θ

2 + e−i θ

2 ) = 2ei θ

2 cos
θ

2
(3.27b)
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Figure 3.3: Typical schematic of an N-mode photonic integrated circuit to rep-

resent an arbitrary N×N unitary matrix. The final unitary matrix form is the

product of matrix for each MZI component.

Therefore, the TMZI can be written as

TMZI =

eiφ 0

0 1

 · iei θ

2

sin θ

2 cos θ

2

cos θ

2 −sin θ

2



=iei θ

2

eiφ sin θ

2 eiφ cos θ

2

cos θ

2 −sin θ

2


(3.28)

The splitting ratio is determined by the inner PS angle, θ , to be sin2 θ

2 : cos2 θ

2 and the

phase difference between two output ports is eiφ . When the PS position is changed

to add the φ at the front of the MZI structure, its transformation matrix can then be

expressed as

TMZI = TBS ·Tθ ·TBS ·Tφ iei θ

2

eiφ sin θ

2 cos θ

2

eiφ cos θ

2 −sin θ

2

 (3.29)

The transformation matrix of BS and PS both satisfies the definition of Unitary

matrix given by

T ·T † =

1 0

0 1

 (3.30)

and it is obvious to see that TMZI is also a Unitary matrix.

An N-mode integrated quantum photonic circuit is composed of several MZI struc-

54



CHAPTER 3. QUANTUM PHOTONIC CIRCUIT

tures and it can form a complicated N×N Unitary matrix as shown in Figure 3.3. The

nth MZI between mode i and j is denoted as Mn. Its transformation matrix can be rep-

resented as an Identity matrix IN with four matrix elements {ai,i,ai, j,a j,i,a j, j} replaced

by TMZI , which is expressed as

Mn =



1 · · ·

... ai,i ai, j

a j,i a j, j
...

· · · 1


N

(3.31)

where ai,i = TMZI(1,1),ai, j = TMZI(1,2),a j,i = TMZI(2,1),a j, j = TMZI(2,2). Therefore,

the unitary matrix of this N-mode photonic circuit UN can be represented as the product

of MZI transform matrices in the designed orders as

UN = ∏
n

Mn (3.32)

The detection system is a multi-channel superconducting single photon detector. It

can absorb an energy equivalent to a single photon and convert it into electrical signal

in the superconducting circuit. Then the signal is then amplified and processed by the

time tagger to measure coincidence count.

3.1.3 Boson Sampling and Perfect Matching for Graph

Since the advent of quantum computer, it is well known that the quantum computer

can exploit the exponential scaling of Hilbert space and harness its seemingly unlimited

computational power [143, 144].
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In 2004, Stefan Scheel first discussed the photon distribution after the evolution

of a linear optical network [145], showing the capacity of quantum computation with

merely single photon and a linear optical circuit. In 2011, Scott Aaronson and Alex

Arkhipov further developed this idea to propose the boson sampling [146] to demon-

strate such quantum advantage. It is experimentally feasible for quantum photonics

relying solely on photon source, linear optical circuit U and detectors to achieve the

advantage. M photons are initially prepared (as a separable state) and get injected into

a circuit with N waveguide modes so that

N

∑
k=1

sk =M (3.33a)

|ψin〉= |s1,s2, · · · ,sN〉 (3.33b)

where sk is the photon number at waveguide mode k. The output state can then be

written as

|ψout〉=W |s1,s2, · · · ,sN〉 (3.34)

where W is the transformation matrix from input state to output state. The evolved quan-

tum state is hard to predict and the probability for distribution of detecting tk photons at

k mode is described as

Pr(t1, t2, · · · , tN) = | 〈t1, t2, · · · , tN |ψout〉 |2 =
|Perm(US,T )|2

t1! · · · tN!s1! · · ·sN!
(3.35)

where US,T is obtained from the unitary matrix U of linear optical circuit with by taking

sk times the k-th column of U and tk times the k-th row of U to form an M×M submatrix

US,T .
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The nature of this computational complexity lies with the #P-hard [147,148] prob-

lem of permanent calculation. There have been benchmarks showing that the computa-

tion of a single permanence for matrix size of 48 with a supercomputer would take more

than an hour [149] and the largest sampling problem simulated is 50-photon Gaussian

boson sampling performed by Sunway TaihuLight Supercomputer [150]. Considering

the exponential increase of complexity, matrix size of 50 would be a reasonable limit for

current classical supercomputer. To date, there have been many experimental demon-

strations of boson sampling [90, 91, 151, 152]. In 2017, high efficiency boson sampling

with five photons were performed [135]. The researchers claim that the computation

exceeds the first prototype of early electronic computers. The boson sampling has been

further optimised to scattershot boson sampling and Gaussian boson sampling with a

modified input state to achieve more quantum advantage experimentally. There have

also been reports of measurements involving up to 18 photons with integrated quantum

photonic chip [153]. In 2020, a tour de force experiment with 76 photons using bulk

optics was performed [154].

Boson sampling as a process itself is a mathematical problem without much direct

practical applications. However, many problems can be mapped to it as part of the

simulation and these problems benefit from the quantum computation power that can

achieve speed-up. One of such problem is perfect matching problems in graph theory.

The probability of a Gaussian boson sampling distribution with M output photons in an
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N×N circuit is expressed as [155]

Pr(m̄) =
1

m̄!
√

detσQ
ha f (AS) (3.36a)

σQ = σA + I2N/2 (3.36b)

A = X2N [I2N− (σA + I2N/2)−1] (3.36c)

X2N =

 0 IN

IN 0

 (3.36d)

where m̄ is the output photon distribution limited to 1 photon and 0 photon condition at

each mode, σA is the covariance matrix of the Gaussian boson sampling circuit, AS is

the submatrix of A decided by the target distribution m̄. The calculation of the hafnian

ha f (AS) is also a computationally intractable problem for a supercomputer while it is

feasible using Gaussian boson sampling on photonic platform. In this thesis, the perfect

matching of a graph with 6 vertexes is demonstrated with Gaussian boson sampling

circuit.

3.2 Design of Quantum Photonic Circuit

In the design of the experiment, a quantum photonic chip with integrated photon

source and a reconfigurable linear optical circuit is fabricated to study the properties

of on-chip photon source, linear optical circuit. After the full characterization of the

photonic integrated system, a boson sampling experiment for graph perfect matching

simulation is conducted.

The detailed schematic of the chip is shown in Figure 3.4a. The coupling of the
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(a)

(b)

Figure 3.4: (a) Schematic of the chip to realize squeeze state and unitary matrix.

(b) The microscope photograph of the fabricated photonic chip. It contains 8

photon sources and 75 tunable phase shifters.

light between fibre and waveguide is done via a grating coupler. The chip includes two

parts: the spiral waveguide sources and a reconfigurable linear optical circuit to repre-

sent arbitrary unitary matrix. The pump power for each source is tunable by changing

the splitting ratio of MZIs before the spiral waveguides so that each source can be ad-

justed to a specific squeezing parameter. Then the pump power is filtered out by AMZI

and the photons would enter the linear optical cirucit part for quantum simulation based

on the implemented algorithm. Finally the photon is coupled outside the chip via a fiber

grating array. The photograph of the fabricated chip under a microscope is shown in

Figure 3.4b, this 8-mode quantum photonic circuit contains 75 tunable phase shifters in

a footprint of 10mm× 1.6mm. The two rows of metal pads at upper and lower edges

are bonded to PCB with golden wires for external control of each heater with DAC.

By implementing the initial quantum states and a target unitary matrix, the circuit can

function as a quantum computer to realize some particular tasks.
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Figure 3.5: Schematic of the on-chip photon source. A spiral waveguide struc-

ture is pumped to generate photons. The following AMZI is to remove the

pump and reduce the spurious photon.

3.2.1 On Chip Photon Source

For the on-chip light source, the SFWM process is implemented to generate pho-

tons on spiral waveguides as shown in Figure 3.5. Both degenerated SFWM and gen-

erated SFWM process can be realized with this structure by changing the pump laser.

The following AMZI structure is used to filter out the pump laser to reduce the noise

photon generated at the linear circuit part of the chip.

3.2.2 Matrix Decomposition Scheme

Under the circuit model, it has been known that a linear circuit model can be

mapped to a unitary matrix. An important problem is to realize a given matrix by

designing the linear optical circuit parameters. There has been study showing that an

arbitrary N×N Unitary circuit can be decomposed by
N(N−1)

2
MZIs with specific

orders. Two of the main decomposition schemes are the Triangle Circuit [73] and the

Square Circuit [75].

The triangle circuit model is shown in Figure 3.6a with its MZI order in a triangle

shape. The N(N−1)
2 MZIs are distributed in (N− 1) lines diagonally with the ith line

containing i MZIs. The 4-mode circuit is taken as an example to show how to implement
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(a)

(b)

Figure 3.6: Two typical decomposition schemes of an N×N unitary matrix.

(a) The triangle scheme and (b) the square scheme.

an arbitrary unitary matrix U4×4 with tunable MZI parameters.

When the light is inputted from the first port of the circuit, the distribution at 4

output ports can be expressed as



a11 ∗ ∗ ∗

a21 ∗ ∗ ∗

a31 ∗ ∗ ∗

a41 ∗ ∗ ∗


·



1

0

0

0


=



a11

a21

a31

a41


(3.37)

where * means unlabeled matrix elements. From the schematic diagram of the triangle

circuit in Figure 3.6a it is noticed that the input light from first port would only go

through MZI 33, 32, 31. Therefore, the splitting ratio and relative phase of the output

light is fully decided by these three MZIs. For the output light a31,and a41, it is split
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from MZI 31 with input light from the upper arm, the process can be written as

iei θ

2

eiφ sin θ

2 eiφ cos θ

2

cos θ

2 −sin θ

2

 ·
1

0

= iei θ

2

eiφ sin θ

2

cos θ

2

=

a31

a41

 (3.38)

Therefore, an appropriate pair of θ and φ for MZI 31 should be tuned to match the

expression given by

tan
(

θ

2

)
· |a41|= |a31| (3.39a)

arg(a31)− arg(a31) = φ (3.39b)

where arg(a) means the phase of a complex number in polar coordinates.

When the unitary matrix is represented as the product of n MZI as Un, the original

target unitary matrix is U6 and unitary matrix U5 before MZI 31 can be derived and

shown to be

M31 ·U5 =U6 −→U5 = M−1
31 ·U6 (3.40)

where MZI−1 means that the inverse matrix and the matrix element a41 of U5 is 0.

Similarly, the parameter of M32 can be calculated from matrix elements a31, a21 to get

U4 = M−1
32 ·U5. By repeating this step for M33, the U3 can be deduced as

U3 =



a11 0 0 0

0 a22 a23 a24

0 a32 a33 a34

0 a42 a43 a44


(3.41)
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The element a12,a13,a14 would be 0 after applying U3 = M−1
33 ·U4 because Mn is a

unitary transformation and Un matrix would also remain to be unitary during the de-

composition process, which would satisfy the following restriction expressed as

U3 ·U−1
3 =U−1

3 ·U3 = I (3.42a)

U3 ·U−1
3 = I −→ |a11|2 + |a12|2 + |a13|2 + |a14|2 = 1 (3.42b)

U−1
3 ·U3 = I −→ |a11|2 = 1a12 = a13 = a14 = 0 (3.42c)

By further calculating the parameter for MZI 21 and 22 from the matrix element

a42,a32,a22, the unitary matrix U1 can be simplified as

U1 =



a11 0 0 0

0 a22 0 0

0 0 a33 a34

0 0 a43 a44


(3.43)

and the last MZI 11 is obtained from a33,a43, simplifying the U1 to U0 into a diagonal

matrix given by

U0 =



eiφ1 0 0 0

0 eiφ2 0 0

0 0 eiφ3 0

0 0 0 eiφ4


(3.44)

which represents 4-phase shifters at each waveguide mode.
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An arbitrary unitary matrix U6 can be decomposed as

U6 = M31 ·M32 ·M33 ·M21 ·M22 ·M11 ·U0 (3.45)

based on the proposed decomposed scheme, it is easy to understand how each MZI

affects the final unitary matrix and how the device can be implemented on chip.

Another decomposition scheme is the square circuit model shown in Figure 3.6b.

It is not obvious as the triangle scheme but has a more compact design to shrink the

area size (footprint) of the circuit and is a more symmetric structure to balance the loss

of each mode.

First, the row operation and column operation of the matrix is introduced as a

unitary operation, which is given by

T =



1 · · ·

... ai,i ai, j

a j,i a j, j
...

· · · 1


N

(3.46)

and the unitary matrix is expressed as

U =



r1

r2

...

rN


N

=

[
c1 c2 · · · cN

]
N

(3.47)

where ri and ci means the row vector and column vector of the matrix U . The left
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multiplexing on the unitary matrix U with operator T can be expressed as

T ·U =



1 · · ·

... ai,i ai, j

a j,i a j, j
...

· · · 1


·



r1

r2

...

rN


=



r1

...

ai,iri +ai, jr j

a j,iri +a j, jr j

...

rN



(3.48)

and the right multiplexing on the unitary matrix U with operation T can be expressed

as

U ·T =

[
c1 c2 · · · cN

]
·



1 · · ·

... ai,i ai, j

a j,i a j, j
...

· · · 1


=

[
c1 · · · ai,ici +a j,ic j ai, jci +a j, jc j · · · cN

]
(3.49)

It is obvious to conclude that the left multiplexing is performing the row operation on

unitary matrix U while the right multiplexing is performing the column operation on

the unitary matrix U .

A 4×4 unitary matrix with 6 unitary transformation matrix labeled with { T1, T2,

T3, T4, T5, T6 } is shown as an example to illustrate the decomposition process, which is
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expressed as

U
U ·T 13,4−−−−→



· · · ∗ 01

...
...


4×4

(3.50a)

T 31,2·T 22,3·U ·T 13,4−−−−−−−−−−−→



· · · 03 0A

∗ 02

∗

...


4×4

(3.50b)

T 31,2·T 22,3·U ·T 13,4·T 41,2·T 52,3·T 63,4−−−−−−−−−−−−−−−−−−−−−→



∗ 04 03 01

∗ 05 02

∗ 06

...


4×4

(3.50c)

where the mark * represents the matrix elements involved to simplify other elements

to 0 and 0i to indicate the corresponding operator Ti. The remaining matrix would be

a diagonal matrix Ud since all the transformation matrices are unitary. By taking the

inverse process, the original unitary matrix U can be written as

Ud = T 31,2 ·T 22,3 ·U ·T 13,4 ·T 41,2 ·T 52,3 ·T 63,4 (3.51a)

U = T 2−1
2,3 ·T 3−1

1,2 ·Ud ·T 6−1
3,4 ·T 5−1

2,3 ·T 4−1
1,2 ·T 1−1

3,4 (3.51b)

As it can be seen from Figure 3.6b, this transformation operator order is exactly identi-

cal with the MZI sequence for square circle model. If Mi can be used to replace Ti−1,
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the target unitary matrix can be reconstructed on chip.

Therefore, the form of operator T must be studied. As the unitary matrix elements

are all complex values with an amplitude and a phase and the transformation opera-

tor T 1,T 4,T 5,T 6 are right multiplexing and perform column operation as shown in

Equation 3.49. To cancel the matrix element to 0, it requires to satisfy the following

restriction condition, which is given by

arg(ai,i) 6= arg(ai, j) (3.52a)

arg(a j,i) 6= arg(a j, j) (3.52b)

, and T 2,T 3 are left multiplexing on U to perform row operation in Equation 3.48. The

following condition are satisfied as

arg(ai,i) 6= arg(a j,i) (3.53a)

arg(ai, j) 6= arg(a j, j) (3.53b)

Therefore, the MZI transformation unitary operator can be further defined in the form

of Equation 3.31, and expressed as

ML(θ ,φ) =iei θ

2

eiφ sin θ

2 cos θ

2

eiφ cos θ

2 −sin θ

2

 (3.54a)

MR(θ ,φ) =iei θ

2

eiφ sin θ

2 eiφ cos θ

2

cos θ

2 −sin θ

2

 (3.54b)

This is exactly the form of Equation 3.28 and Equation 3.29. Here, the N ×N MZI
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matrix is simplified to 2× 2 block by only assigning the four elements at index i, j.

Since the inverse of a unitary operation T is T−1 = T † which can be expressed as

M−1
L(θ ,φ) =− ie−i θ

2

e−iφ sin θ

2 e−iφ cos θ

2

cos θ

2 −sin θ

2

=−e−iθ MR(θ ,−φ) (3.55a)

M−1
R(θ ,φ) =− ie−i θ

2

e−iφ sin θ

2 cos θ

2

e−iφ cos θ

2 −sin θ

2

=−e−iθ ML(θ ,−φ) (3.55b)

The unitary matrix can be expressed as

Ud = M−1
R 3 ·M−1

R 2 ·U ·M−1
L 1 ·M−1

L 4 ·M−1
L 5 ·M−1

L 6 (3.56a)

U = MR2 ·MR3 ·Ud ·ML1 ·ML4 ·ML5 ·ML6 (3.56b)

where a group of {θ ,φ} can be determined by solving the Equation 3.39 and the unitary

matrix can be decomposed by implementing this group of MZI settings. This problem

can be further simplified by exchanging the diagonal matrix Ud and MR or ML. Take

MR as an example, MR acting on the left side of Ud can be expressed as

MR(θ ,φ) ·Ud =iei θ

2

eiφ sin θ

2 eiφ cos θ

2

cos θ

2 −sin θ

2

 ·
eiϕ1 0

0 eiϕ2



=iei θ

2

eiφ+iϕ1 sin θ

2 eiφ+iϕ2 cos θ

2

eiϕ1 cos θ

2 −eiϕ2 sin θ

2


(3.57)

68



CHAPTER 3. QUANTUM PHOTONIC CIRCUIT

and M′L acting on the right side of U ′d can be expressed as

U ′d ·ML(θ
′,φ ′) =

eiϕ ′1 0

0 eiϕ ′2

 · iei θ ′
2

eiφ ′ sin θ ′

2 cos θ ′

2

eiφ ′ cos θ ′

2 −sin θ ′

2



=iei θ ′
2

eiφ ′+iϕ ′1 sin θ ′

2 eiϕ ′1 cos θ ′

2

eiφ ′+iϕ ′2 cos θ ′

2 −eiϕ ′2 sin θ ′

2


(3.58)

where the parameter θ ′,φ ′,ϕ ′1,ϕ
′
2 can be solved as

θ
′ =θ (3.59a)

φ
′ =ϕ1−ϕ2 (3.59b)

ϕ
′
1 =φ +ϕ2 (3.59c)

ϕ
′
2 =ϕ2 (3.59d)

and the unitary matrix can be simplified as

U =U ′d ·ML2′ ·ML3′ ·ML1 ·ML4 ·ML5 ·ML6 (3.60)

The Ud can also swap with ML to the right side of the equation. However, the Ud at the

left side of the equation represents a series of phase shifter at the end of the circuit and

can be ignored under certain measurement conditions.

3.2.3 Circuit Calibration

The decomposition of an arbitrary unitary matrix into the phase parameters of each

MZI is analyzed in the last section. Another important analysis that needs to solved
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before any chip implementation is to find the relationship between the heater power

needed and induced phase change required for each MZI.

The calibration of phase shifter θ between two BS is first discussed. If the light is

input from top arm of the MZI, the output from the two ports can be expressed as

iei θ

2

sin θ

2 cos θ

2

cos θ

2 −sin θ

2

 ·
1

0

= iei θ

2

sin θ

2

cos θ

2

 (3.61a)

P1 = |sin
θ

2
|2 = 1

2
(1− cosθ) (3.61b)

P2 = |cos
θ

2
|2 = 1

2
(1+ cosθ) (3.61c)

The output power P1,P2 is determined by the phase change and interference fringe can

be observed by the increase of phase θ .

From previous analysis, the phase here is intrinsically the optical path difference

induced by the effective refractive index change. The thermal phase shifter modulates

the refractive index by heating up the TiN resistor and causes proportional temperature

change given by

θ =
∆ne f f L

λ
+θ0 =

L
λ
· k ·P+θ0, (3.62)

where L is the length of the waveguide affected by heater, λ is the wavelength, θ0

is the initial phase difference induced by the slight fabrication errors, P is the power

added on heater and k is the coefficient to describe the power difference and refractive

index change. It is decided by material, size, design and many other factors and can be

calibrated experimentally.

For phase shifter φ outside the two BS, the phase shifters θ1 and θ2 as shown in
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Figure 3.7: Schematic to calibration the phase shifter Φ outside a MZI. Tune

the two MZIs before and after the target φ to splitting ratio of 50:50 and monitor

the interference fringe.

Figure 3.7 are involved together to perform the calibration. By setting θ1 = θ2 = π/2,

the transformation matrix can be written as

T =iei θ2
2

sin θ2
2 cos θ2

2

cos θ2
2 −sin θ2

2

 ·
eiφ 0

0 1

 · iei θ1
2
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2 cos θ1

2

cos θ1
2 −sin θ1

2
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=− iei π

2
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2 isin φ

2

isin φ

2 cos φ

2


(3.63)

If light is inputted from the upper arm of the structure, the output of the two arm

can be expressed as

−iei φ

2

cos φ

2 isin φ

2

isin φ

2 cos φ

2

 ·
1

0

=−iei φ

2

cos φ
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2

 (3.64a)

P1 = |cos
φ

2
|2 = 1

2
(1+ cosφ) (3.64b)

P2 = |isin
φ

2
|2 = 1

2
(1− cosφ) (3.64c)

The output power P1,P2 is determined by the phase setting of φ . By adding current

on it, the interference fringe can be observed and the current-phase relationship can be

fitted accordingly.
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For the triangle circuit, the phase shifters, θ ’s, are all calibrated in diagonal line

order first as shown in Figure 3.6a. The light is inputted from port 1 and the output

power is measured at port 4, which is decided independently by three phase shifter

θ33,θ32,θ31. Then these three θ along the diagonal line 3 are set to identity matrix to

measure the light from port 2 to port 4 so that the power is solely decided by phase

shifter θ22,θ21 and finally θ11 can be calibrated using the same way to guide light from

input 3 to output 4. The phase shifter φ can be easily measured when the calibration for

θ is done. For example, the φ21 can be calibrated by setting θ21 = θ31 = π/2,θ32 = 0

and measure the fringe at output 4.

For the square circuit, a similar method is taken by measuring light from input port

1 to output 4 and observing the fringes by adding current on the phase shifters θ4,θ5,θ6.

The MZI 4,5,6 is implemented as identity matrix and phase shifter θ3,θ2 are calibrated

with light going from input 1 to output 3, θ1 is calibrated from input 3 to output 4. The

phase shifter φ can be done the same way as the previous technique for triangle model.

3.3 Experimental Results and Discussions

3.3.1 Experimental Setup

The experimental set up is shown in Figure 3.8. The pump laser is generated from

the Ultrafast Optical Clock device (PriTel) with repetition rate of 500 MHz, central

wavelength of 1550.116 nm and bandwidth of 1.9 nm.

For two mode squeeze (TMS) source to generate a pair of signal and idler photons

on chip using non-degenerated SFWM, the laser would first go through a 100G WDM
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Figure 3.8: Schematic of the experimental setup for quantum photonic circuit.

device and a filter to narrow down the linewidth to 0.5 nm and suppress the background

noise. Then another three-ring polarization controller is added for polarization control

of laser beam to optimize the grating coupler efficiency from fibre to chip.

For single mode squeeze (SMS) source to generate a pair of identical photons with

degenerated SFWM process, the spiral waveguide is excited with dual pump scheme.

The pulse laser would first go through a compressor to expand the bandwidth to about

10 nm. Then, the two pump wavelengths are selected with a 100G WDM device and

recombine them into a single mode fibre via another WDM. Next, an Erbium dope fibre

amplifier (EDFA) is connected to amplify the laser power as the wavelength selection

process would only keep the power at selected wavelength and suppress the most part

of the spectra. However, the EDFA would also increase much background light and

another pair of WDM is required to remove the noise. To balance the optical path

difference of two pump wavelength, a tunable delay lines are connected to one arm of

the channel to overlap the two pulses. Three-ring polarization controllers are added to
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(a) (b)

Figure 3.9: (a) Photo of the experimental setup. (b) Detailed photo of bonded

chip.

each path for grating coupler efficiency adjustment.

The pump laser on chip would generate photons via the SFWM process. Different

properties of these photon source would be measured by tuning the linear circuit after it.

The photon is coupled outside the chip via the grating array and go through some filters

and WDMs to remove the background photon. Another polarization controller is placed

for adjusting before each superconducting single photon detector channel (PhotonSpot)

as these detectors are also polarization-sensitive. The detected photon signal would be

converted to electrical signal and processed by Time Tagger (Swabian Instrument) and

computer. Finally the computer would send the control signal to each heater on chip

via a digital-to-analogue convertor (DAC) device (Qontrol) to manipulate photon for

another round of measurement.

Figure 3.9a shows the photo of experimental set up. The chip is set on an alignment

stage with 3 translation axis and 3 rotation axis at both sides. The fibre is well aligned to

chip via the fine adjustment of these axis. The chip can be monitored from an electrical

microscope. Figure 3.9b is the detailed photo of the chip packaging. The two metal

arms are for fibre holding and are controlled by the axis. The green board is designed
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PCB board for heater control. Gold wires are bonded from chip to PCB metal pad and

two 50-ch FFC cables (white flat cable with blue connector) are used to get connected

to a DAC. The DAC can be programmed by computer to supply current to each channel

individually. The blue wires are thermistor monitoring the temperature of the chip to

function as the input signal for a thermoelectric cooler (TEC) attached to the backpanel

of PCB, which maintains the temperature of the whole system.

3.3.2 Calibration of Quantum Photonic Circuit

The photon source is first characterized under both non-degenerated SFWM and

degenerated SFWM process. Figure 3.10a shows the single pump laser spectra for

the non-degenerated SFWM process for generating a two-mode squeezed state, which

is measured with an Optical Spectra Analyzer (OSA). The initial output laser spectra

has a bandwidth of 1.9 nm (blue line), the 100G WDM can reshape the bandwidth to

0.7 nm and supress the background noise to improve the source quality (orange line).

The generated photon pair wavelength are selected to be 1553.329 nm (C30) for signal

photon and 1546.917 nm (C38) for idler photon to match the channels of WDM, which

is defined by International Telecommunication Union (ITU). Figure 3.10b is the dual

pump spectra for degenerated SFWM to generate a single mode squeezed state. It is

selected from a broad band pump laser (blue line) with the C30 and C38 (orange line)

channel of the WDM and the generated identical photon pair wavelength is 1550.116

nm (C34).

The fiber is coupled with chip via the grating coupler structure and its spectra

is seen in Figure 3.10c. The testing structure includes a distance of waveguide with

ignorable loss and two grating couplers. By subtracting the output spectra (orange line)
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Figure 3.10: Spectra of different devices. (a) The spectra of single pump for

TMS state. (b) The spectra of dual pump scheme for SMS state. (c) The trans-

mission of grating coupler (yellow line) over the wavelength. (d) The combined

spectra of dual pump (blue line), single pump (orange line) and AMZI (yellow

line).

from the input spectra (blue line), the transmission of grating coupler with wavelength

can be calculated (yellow line). It has the best coupling efficiency of 5 dB loss at 1570

nm and around the working wavelength of 1550 nm, the efficiency is 6 dB loss.

The AMZI structure on chip functions as a filter to remove the pump laser in order

to reduce the spurious photons generated after the spiral waveguide. As can be seen in

Figure 3.10d, the free spectra range (FSR) of the AMZI is 6.4 nm (yellow line), which

76



CHAPTER 3. QUANTUM PHOTONIC CIRCUIT

0 1 2 3 4 5

Current (mA)

0

0.5

1

1.5

2

2.5

3

3.5
V

o
lt
a

g
e

 (
V

)

(a)

0 1 2 3 4 5 6

Current
2
 (mA

2
)

0

0.5

1

1.5

2

2.5

P
o

w
e

r 
(V

)

(b)

(c) (d)

Figure 3.11: Calibration of phase shifters. (a) Voltage-current characteristic of

each heaters. (b) Interference fringe of the phase shifter. Blue dots are mea-

sured data and orange line is the fitted function. (c) Histogram of the visibilities

for all heaters. (d) Histogram of initial phase θ0 caused by the fabrication het-

erogeneity.

equals to 8 WDM channels. Therefore, it can split the dual pump laser into one port

and SMS state into another (blue line) or split the single pump and TMS state into two

ports.

The calibration of phase shifters are shown in Figure 3.11. First, the voltage-

current characteristic of each resistance is measured as shown in Figure 3.11a, the

voltages are all highly linear with the current, which means the resistor defined as
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R = δV/∆I can be considered as a constant in the experiment. Most of the resistors

are around 500 Ω while some of them are smaller. This can be explained that the curve

is calibrated by measuring voltages and currents at each metal pad. The chip is designed

with multiple heaters sharing one ground pad for space conserving consideration. When

measuring from ground pad, the resistor can be considered as the parallel resistors of

all the heaters. Plus, the resistor measured here also includes other connection wires

including the bounding golden wires from PCB to chip, aluminum wires on chip for

conducting with different lengths and ordinary electrical wires.

Since the resistor is measured to be constant, the power added on it can be esti-

mated as P = I2R and the Equation 3.62 can be simplified as

θ =
L
λ
· k0 · I2R+θ0 = kI2 +θ0 (3.65)

Generally, the main variable here is the current added on the heater and all the other

parameters can be included into k and get calibrated experimentally. The variable I is

selected instead of V is because the power added on heater is not proportional to V , the

aluminum wire would share a part of the voltage.

A typical interference fringe of MZI is measured as shown in Figure 3.11b, the

coupled fiber is connected to a Photodiode (PD) to convert the light intensity to voltage

signal for processing. The blue dots are measured power with increase of current added

on heater and the orange fitting line is expressed as

P = y0V sin(kI2 +θ0)+ y0 (3.66)
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The visibility of the interference fringe is defined as

Visibility =
Pmax−Pmin

Pmax +Pmin
=

y0(1+V )− y0(1−V )

y0(1+V )+ y0(1−V )
=V (3.67)

where the visibility is exactly the fitting parameter V in the experiment. For all the

heaters in circuit, the histograms of the visibilities are shown in Figure 3.11c and 86%

of the heaters possess the visibility over 98%. A visibility higher than 1 is just a math-

ematical artefact due to the optimization of the fitting model. The high visibility can

ensure a high fidelity of quantum gate operation and guarantee a better quantum compu-

tation accuracy. The Figure 3.11d is the histogram for fitted initial phase θ0 of heaters.

The profile due to the initial phase difference between two arms induced from the fabri-

cation. An ideal MZI should have 0 initial phase and the measured histogram shows that

θ0 distribution is centralized around 0, which indicates that the fabrication difference

between two MZI arms is negligible. The θ0 can be compensated by adding specific

initial current on the heater based on the fitting data.

3.3.3 Experimental Results and Discussions

With each module of the chip well calibrated and the general theoretical part dis-

cussed, the photon source of the designed chip is then experimentally characterized.

The JSI is used to characterize the spectra correlation of the single photon source

and it is represented as the amplitude square of JSA. The measurement setup is shown

in Figure 3.12a that the spiral waveguide source is working under a single pump scheme

and the generated photon pair is diretcly coupled into a 100G WDM device. The

measurement range for signal and idler wavelength is each selected to be: signal:
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Figure 3.12: Joint spectra intensity of photon source for single pump scheme.

(a) Setup for JSI measurement. (b) Theoretical simulation of Joint Spectra

Intensity without filter. (c) Measured JSI by selecting different WDM channels.

1544.5 1547.7 nm and idler: 1552.5 1555.7 nm, which corresponds to 5 WDM channels.

Total 25 coincidence counts are measured for all possible combinations of 5 channels

and get normalized.

The theoretical value is calculated by Equation 3.10 as seen in Figure 3.12b and

the measured data are seen in Figure 3.12c. The discrete result is due to the limit of

WDM that the coincidence counts cannot be measured with a very narrow step.

In the weak pump regime, the multi-photon probability P(n) is relatively low and
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Figure 3.13: Schematic of g2(0) measurement setup for TMS. The generated

signal idler photon pair would be coupled into a WDM for analysis and the

idler photon is traced out without detection.

the purity P can be directly estimated as

P =
1
K

= g(2)(0)−1, (3.68)

where g(2)(0) is called the second order correlation. It is an experimentally measurable

value to describe the statistics of photon pairs correlations.

Its measurement setup is shown in Figure 3.13 that the photon pair first goes

through a WDM to get separated by wavelength. The signal photon is then split by

a fibre beamsplitter into two channels and coincidence counts with the delay ∆t is mea-

sured while the idler photon channel is discard. This is called the unheralded measure-

ment of photon source. The count data is then used to do self-correlation by adjusting

the time delay between them to calculate the unheralded g(2) accordingly. The second

order correlation g(2) can be written as [142]

g(2)(∆t) =
Pcc(∆t)
Ps1Ps2

=
Rcc(∆t)
Rs1Rs2

Rp, (3.69a)

g(2)(0) =
Ncc(0)

Ncc(∆t 6= 0)
(3.69b)

where Pc(∆t) is the probability of measuring coincidence count at the delay time of
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Figure 3.14: The measured g(2)(t) of signal photon source. (a)-(f) Measured

raw counting rate over different time delays ∆t and the corresponding g(2)(t)

under different pump powers.

∆t and Ps1,Ps2 are the probability of measuring signal photon at two detectors. Ncc(∆t)

is the coincidence counts of two detectors at delay ∆t. Figure 3.14 lists the measured

coincidence count rate and normalized count rate over Ncc(∆t 6= 0) with different time

delays and pump powers.

These two methods are intrinsically equivalent and Figure 3.15 shows the calcu-

lated g(0)2 using two equations with different pump power, the average variance over the

power difference is merely 0.7%. Thus, it is reasonable to say the g(0)2 remains con-

stant with the change of power. This is due to the properties of squeezed states that if

one mode of the photon is traced out, the remaining photon distribution statistic would
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Figure 3.15: g(2)(0) calculated from two equations in Equation 3.69 at dif-

ferent powers. It remains constant with a minor fluctuation due to the super-

Poissonian photon number distribution properties of unheralded source.

Figure 3.16: Schematic of g(2)h (t) setup. Coincidences of s1− i, s2− i and

s1− s2− i photons are measured for analysis. With the existence of herald idler

photon, the signal photon can be treated as a heralded single photon source.

become super-Poissonian, which corresponds to g(0)2 = 2 theoretically regardless of the

pump power. The experimental result is measured to be g(0)2 = 1.68 and the discrepancy

can be explained as the fact that the selected filter bandwidth is not narrow enough and

there exists different modes as described in Equation 3.17.

For the heralded photon source purity measurement, the setup is shown in Figure

3.16. The signal and idler photon pair from non-degenerated SFWM process is first

separated by a WDM, the idler photon functions as a trigger and the signal photon

would be further divided by a beamsplitter into two channels s1 and s2 for detection

and time delay ∆t is set at one of the signal channel electrically from the time tagger.
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Figure 3.17: Heralded correlation g(2)h measurement results for TMS state. (a)-

(f) The plot of measured signal1, signal2 and idler three photon coincidence

rate over the delay time at signal2 channel and the converted g(2)h (∆t) under

different input powers.

Thus the Equation 3.22 can be represented by the measured counts expressed as

g(2)h (∆t) =
Nssi(∆t)

Ns1i(t)Ns2i(∆t)
Ni. (3.70)

Nssi(∆t) is the three photon coincidence counts at delayed time ∆t, Nsi(∆t) is the two

photon coincidence counts at delayed time ∆t. Ni is the single channel counts for trig-

gered idler photon.

The measurement results are plotted in Figure 3.17 and the three-photon coinci-

dence counts are first shown with different delays and g(2)h (∆t) are plotted. By increas-
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ing of pump power, the g(2)h (0) increases, which means the purity as single photon

source decreases.
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Figure 3.18: Measured g(2)h (0) with the pump power, which indicates the qual-

ity as a heralded single photon source decreases by the increase of pump power.

The heralding process is to remove the zero photon probability for a TMS state,

which is expressed as

P(0)� P(2)� P(4) · · · � P(n),n = 2,4, · · · ,∞ (3.71)

and make the remaining photon distribution obey a sub-Poissonian statistics. The mea-

sured three photon count is accumulated from P(n > 4) and this term increases with

the pump power, thus the g(2)h (0) also increases accordingly as seen in Figure 3.18.

Experimentally, lower g(2)h (0) is preferred for qubit-based quantum computing as this

represents a better heralded single photon source (HSPS) quality and a higher fidelity.

The coincidence to accidental ratio (CAR) is to identify the level of noise for a

heralding photon source. The corresponding experimental set up is shown in Figure

3.19. The signal and idler photon pair from the TMS state can be directly measured

after splitting with the WDM.

The CAR defined in Equation 3.23 is the coincidence counts from the heralding
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Figure 3.19: Schematic of CAR setup under TMS state. The signal and idler

photon is split by a WDM device and the corresponding two channels are cou-

pled to detector for coincidence measurement.

source over the accidental counts. The total coincidence counts is directly measured as

Nsi(∆t) the accidental counts for the pulsed pumping scheme can be estimated as

Racc = Rs
Ri

Rp
=

RsRi

Rp
(3.72)

where Rs and Ri are single channel count rate of signal and idler photon, Rp is the

repetition rate of pulsed laser. This equation can be interpreted as the probability of

accidentally detect an idler photon with the existence of signal photon. Therefore, the

CAR in Equation 3.23 can be simplified as

CAR =
Rsi− RsRi

Rp

RsRi
Rp

=
RsiRp

RsRi
−1 = gsi(0)−1 (3.73a)

gsi(∆t) =
Rsi(∆t)Rp

RsRi
(3.73b)

The gsi(∆t) is called the signal-idler cross-correlation. Another simpler way to compute

the cross-correlation gsi(0) is

gsi(0) =
Rsi(0)

Rsi(∆t 6= 0)
(3.74)

where the Rsi(∆t 6= 0) is estimates to be the accidental counts. The CAR calculated
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from the two methods are very identical with only 1.8% difference. Figure 3.20 shows

the measured coincidence counts Nsi(∆t) and gsi(∆t) with different pump powers. The

trend of CAR and Rsi(0) over different pump powers are plotted in Figure 3.21a. The

CAR drops drastically while the Rsi increases as the pump power increase, which means

the accidental counts, as the noise part, would compromise the theoretical results at

high pump power conditions.

The squeeze parameter ξ of the TMS state as shown in Equation 3.13 can also be

estimated from the gsi given by

tanh2(ξ )

cosh2(ξ )
=

1
gsi(0)

(3.75a)

tanh2(ξ )≈ 1
gsi(0)

(3.75b)

where the cosh2(ξ ) is approximated to 1 to simplify the calculation at low pump

regime. Figure 3.21b shows the calculated squeeze parameter ξ at different pump pow-

ers with the two equation. The two results are similar at low pump power conditions but

the estimated squeeze parameter ξ of second equation would be smaller by the increase

of pump power.

The quantum circuit performs quantum computation by manipulating the photon

interference at the MZIs. The designed quantum circuit is simplified as an MZI to

study the interference of two spiral sources under non-degenerated SFWM process as

shown in Figure 3.22. The single pump laser at 1550.116 nm is injected into the circuit

to pump the two on-chip sources. Then the pump laser is filtered out by AMZI and

generated signal idler photon pair at 1553.329 nm and 1546.917 nm would go into the

following circuit. The phase shifter φ is added at top arm of the generated TMS state
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Figure 3.20: The measurement results of Nsi with different input powers. Co-

incidence counts of Nsi is measured at different time delays and the gsi(∆t) is

calculated accordingly. The ratio between side peak and main peak is increas-

ing with the increase in power.
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Figure 3.21: (a) CAR and coincidence count over the power increase. Higher

CAR means less noise while lower coincidence counts means longer data col-

lection process. (b) The estimated squeezing parameter with different powers

calculated from two equations in Equation 3.75.

Figure 3.22: Schematic of quantum interference setup. Two spiral waveguides

are pumped together to generate photons and interfere with each other at MZI

with their relative phase tuned by heater φ . The fringe is measured by coupling

the output photon to WDM A and B for further analysis as shown in red lines.

and the whole linear optical circuit is tuned to be a Hadamard gate for interference.

The equivalent optical circuit is represented in shaded red lines. Finally the output

from the two ports would each go to a WDM A and B to measure the signal and idler

photon counts with 4 channels of detectors. The corresponding results are denoted as

As,Ai,Bs,Bi [8].
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The quantum states at the end of the circuit evolution are then studied. The two

waveguide modes are labeled as mode A and mode B and the creation operator is sim-

plified as as,ai,bs,bi. The initial state of the two photon source is in a superposition

given by

|ψ〉= (e2iφ asai +bsbi) |0〉 (3.76)

The Hadamard gate changes the state as

|ψ〉= e2iφ (as +bs)(ai +bi) |0〉+(as−bs)(ai−bi) |0〉

= (e2iφ +1)(asai +bsbi) |0〉+(e2iφ −1)(asbi−bsai) |0〉

= cosφ |ψ〉bunch + sinφ |ψ〉split

(3.77)

where |ψ〉bunch = eiφ (asai+bsbi) |0〉 , |ψ〉split = ieiφ (asbi−bsai) |0〉. Therefore, the final

state is a superposition of the state |ψ〉bunch for two photons taking one mode A or B

and |ψ〉split for one photon at each mode. The interference of classical light is first

measured via a photo diode at mode A and B with the phase |phi〉 changing from π/2

to 5π/2. The blue dots are power at mode A and orange dots are power at mode B as

shown in Figure 3.23a. The power changes with |sin(φ/2)|2 = (1− cos(φ))/2 with a

period of 2π . The average visibility measured is V = 99.12%.

For quantum interference, the Figure 3.23b is the two photon coincidence count

rate of AsAi and BsBi with the change of phase φ . It represents the probability of mea-

suring the |ψ〉bunch state to be |cos(φ)|2 = (1+ cos(2φ))/2, which corresponds to a

period of π . The visibility is V = 98.46%. The measured results show the different

maximum count rates between fringes. This can be explained by the spurious photons

generated at short distance from the input port before entering the photon source. These
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Figure 3.23: Measurement results of classical interference and quantum inter-

ference for TMS state: (a) Interference fringe of classical light, the period is

2π . (b) Interference fringe of As×Ai and Bs×Bi for |ψ〉bunch, the period is

shrink to π due to the two photon interference and the relative phase change is

doubled. (c) Interference fringe of As×Bi and Bs×Ai for |ψ〉split .
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Figure 3.24: Measurement results of quantum interference for SMS state at

|ψ〉split condition, also known as the N00N state interference. |ψ〉bunch cannot

be observed here as the photon pair is identical and cannot be discriminated

efficiently.

spurious photons follow the interference fringe of classical light with a period of 2π .

Its valley does not contribute to the count rate of AsAi and BsBi while its peak causes an

increase in the count rate, which leads to the asymmetric interference fringe. The pho-

ton generation rate is proportional to P2
pupm and length of waveguide L. Since the input

port waveguide is relatively short, the two peaks only have a difference of 12.01%.

In Figure 3.23c, the coincidence of AsBi and AiBs is measured, which corresponds

to the state |ψ〉split . The probability is |sin(φ)|2 = (1− cos(2φ))/2 with a period of π .

The measured average visibility is V = 98.67%. The spurious photon does not change

the peak count rate here because at φ = π and φ = 2π points, the spurious photons are

all interfered into one of the ports thus there is no coincidence between mode A and B.

If the the quantum state is SMS state with dual pump scheme, similar results can

be obtained as seen in Figure 3.24. In SMS condition, the signal and idler photons are
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identical with the same wavelength and they cannot be distinguished by a WDM device.

The evolution process of TMS quantum state can be directly applied here by mixing the

signal and idler creation operator. In this case, only state |ψ〉split is observable. The

coincidence of CCAB is plot over the phase change with a visibility of V = 97.21%.

The difference in periods between quantum interference and classical light inter-

ference is due primarily to the difference in the nature of single photon and coherent

light. The phase shifter φ corresponds to a phase different eiφ . For the quantum state,

there exists two photons asai |0〉 (TMS) or a2 |0〉 (SMS) at the upper arm, thus the phase

difference is actually (eiφ as)(eiφ ai) |0〉 = e2iφ asai |0〉 or (eiφ a)2 |0〉 = e2iφ a2 |0〉, while

for coherent light, the general effect of phase shifter is eiφ . Thus, quantum state is more

sensitive to the phase change and has a smaller interference period. In addition, it is

also possible to obtain a kind of quantum state called N00N state, which is given by

|N00N〉= |n0〉+ |0n〉

φ−→eniφ |n0〉+ |0n〉
(3.78)

This state can have n times smaller periods than the classical light under photon number

basis. If there is a phase perturbation at one arm, it can be amplified n times by observ-

ing the interference change under N00N state. The state can be written as |nm〉+ |mn〉,

which would provide |n−m| times better resolution than coherent light.

For SMS state with dual pump scheme, another important factor to calibrate is the

delay time of the two laser pulses, which would affect the efficiency of the degenerated

SFWM process. The photon generation rate is first measured by directly connecting

the output ports to a detector. The on chip linear optical circuit is set to an identity

matrix, which means no photons are split into other ports. A tunable fibre delay line
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Figure 3.25: (a) Count rate over the delay between two pumps. The blue dots

are measured results and the orange line are Lorentz fit function. A maximum

count rate can be obtained with the optimized delay at -2.4 ps. (b) |ψ〉split state

interference with different delays.

is connected between one channel of the WDM device with its delay initialized to 0

so that it allows ±40ps tuning range. A fixed delay fibre is first added to ensure the

difference between two WDM channels are less than 1 cm, which corresponds to 50 ps.
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Figure 3.26: Schematic of dual pump squeeze parameter measurement setup.

The spiral waveguide is pumped to be SMS state and the photon pair would be

split for coincidence count measurement.

Then the delay time is manually adjusted by a tunable fibre delay line and the count rate

is measured accordingly. The photon rate is plot over the delay time between two pulses

as shown in Figure 3.25a. The blue dots are normalized count rate and the orange line

is the Lorentz fitting function. The optimized delay time is estimated to be -2.4 ps and

the FWHM bandwidth is about 15 ps. Figure 3.25b are the measured interference from

two photon sources. The linear optical circuit is configured as the set up in 3.22. The

maximum two photon coincidence rate for |ψ〉split occurs around 0 ps.

For SMS state, its squeeze parameter can be measured with the setup shown in

Figure 3.26. The generated identical photon pair would go through a beam splitter

to be measured in two single photon detectors. The coincidence count rate would be

processed by a time tagger with the delays set electrically at one of the data channel.

The squeeze parameter of a SMS state can be expressed as

2R =
tanh2(ξ )

cosh(ξ )
≈ tanh2(ξ ) (3.79a)

R≈ R(∆t 6= 0)
R(∆t = 0)

≈ R1R2

RpRcc
(3.79b)

The squeeze parameter estimation function is very similar to the TMS condition in

Equation 3.75. The coefficient 2 is due to the probabilistic splitting of the degenerated
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Figure 3.27: Measured count Ncc and count ratio 2R with time difference ∆t

are plotted at various input power conditions. The corresponding powers are

labeled beneath each figure.
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Figure 3.28: Estimated squeeze parameters from Equation 3.79. Blue dots are

direct calculation and orange dots are approximated calculation with cosh(ξ ) =

1.

mode with beam splitter. Figure 3.27 shows the measured coincidence rates and ratios

2R at some particular pump powers, both of them would increase by the pump power.

Figure 3.28 is the calculated squeeze parameter. The blue dots are original data while

the orange dots take the approximation of cosh(ξ ) = 1 at low pump regime. As can be

seen, the two results fit well when ξ < 0.5.

Finally, the interference visibility with different squeeze parameters is studied.

The measurement set up is the same as Figure 3.22 and squeeze parameters are tuned

by changing the pump powers. Figure 3.29 shows the interference fringes with different

squeeze parameter ξ in a phase range from φ = 0 to φ = 2π . Visibility and count rates

are plot over the squeeze parameters shown in Figure 3.30. By the increase of squeeze

parameter, non-zero photon probability would increase. This would cause the count rate

to increase and visibility to decrease. The photonic integrated digital quantum comput-

ing requires both accuracy and processing speed and these two points corresponds to

the high fidelity and more count rate. There should be a trade off of these two factors

in experiment. Usually for proof of principle demonstration, higher fidelity is preferred
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(c) ξ = 0.46, V = 85.18%
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(d) ξ = 0.62, V = 77.38%

Figure 3.29: Interference fringe of |ψ〉split at different squeeze parameters. The

squeeze parameter and visibility are labeled beneath each figure.

so that the squeeze parameter is set to be low in experimental conditions.

For the linear optical circuit, four different unitary matrices are implemented on

it by tuning the phase shifters according the square circuit decomposition model. The

classical light inputs from the port i can be represented as a column vector Iin with its

ith element being 1 and the four output port powers are expressed as

U · Iin =

[
U1i U2i U3i U4i

]T
(3.80)

which is the ith column vector of the U matrix. The target matrix implementation can
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Figure 3.30: Visibility and coincidence count rate over the squeeze parameter.

Photon generation probability for both single pair and multi pair would increase

and lead to lower interference quality and higher count rate.

Figure 3.31: Measurement set up for matrix reconstruction. The amplitude is

directly measured with detector and relative phase is measured by observing

interference fringe with phase shifter φ .

be verified by measuring the amplitude and phase of the output classical light. The

unitary matrix satisfies the condition as

|U1i|2 + |U2i|2 + |U3i|2 + |U4i|2 = 1 (3.81)
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and the light intensity is proportional to the amplitude square, which is expressed as

I j ∝ |U ji|2 (3.82)

where j is the output port. The amplitude can be estimated as

Abs(U ji) =

√
I j

∑ I
(3.83)

For the phase term at each output port, it can be measured by interfering the target

light with the adjacent light at a MZI to retrieve the relative phase as shown in Figure

3.31. The output can be expressed as

1 1

1 −1

 ·
eiφ 0

0 1

 ·
U1i

U2i

=

eiφU1i +U2i

eiφU1i−U2i

 (3.84)

Therefore, the light intensity at upper port can be written as

I = |U1i|2 + |U2i|2 + eiφU1iU
†
2i + e−iφU†

1iU2i (3.85)

where the U1i and U2i are U1i = a1eiφ1 and U1i = a2eiφ2 , respectively. The intensity can

be simplified as

I = |a1|2 + |a2|2 +2|a1||a2|cos(φ +φ1−φ2) (3.86)

The phase shifter φ has been calibrated previously and the initial phase is solely decided

by the relative phase φ1−φ2 and can be fitted from the interference fringe by changing

the heater φ . In this way, the phase from output 2, 3, 4 relative to 1 can be measured.
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Figure 3.32: The 16 amplitudes and 12 phases from 4 different reconstructed

unitary matrices are plotted from (a)-(h). Blue bars are theoretical value, orange

bars are experimental value and the yellow bars are the error.
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Figure 3.33: The visualization of Identity matrix I =UExpU†
T h for (a) Real part

and (b) Imag part. (c) Measured similarities of 4 matrices with the theoretical

value. The average is F̄ = 98.44%.

By switching the input channel i from port 1 to 4, the full matrix of 16 amplitude

values and 12 relative phase values can be calibrated. The Figure 3.32 is the plotted

amplitude value and phase value from theoretical data (blue bar) and experimental data

(orange bar) and their difference (yellow bar) for all 4 sets of configurations.

The data matches very well, which proves the reliability of the circuit and cal-

ibration process. To quantify the similarity of the reconstructed unitary matrix and

theoretical one, the fidelity is defined as

F =
1
4

Abs(Trace(UExp ·U†
T h))

(3.87)

The optimal matrix product results should be an Identity matrix. Figure 3.33a and Fig-

ure 3.33b are the visualized matrix product for the first implementation. The diagonal

elements weigh most among all elements and the imaginary part takes almost no value

comparing with real part. The fidelities of 4 reconstructed unitary matrices are plot in

Figure 3.33c with an average of F̄ = 98.44%.

After calibrating all the components of the circuit, the boson sampling and perfect

102



CHAPTER 3. QUANTUM PHOTONIC CIRCUIT

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Output State 

0

10

20

30

40

50

C
o
in

c
id

e
n
c
e
 C

o
u
n
t

Figure 3.34: Gaussian boson sampling results. 15 combinations of 4 photon

clicks are measured from mode {0,1,2,3} to mode {2,3,4,5}. A total of 273

clicks are accumulated in 30 minutes.

matching for a graph is studied. A Gaussian boson sampling is first performed with

a 6 mode random unitary matrix and the obtained results are shown in Figure 3.34.

The 15 output states are sampling all 4-photon distributions from 6 waveguide modes

listed as {{0,1,2,3},{0,1,2,4}, · · · ,{2,3,4,5}}. 273 data points of 4-photon click are

accumulated in 30 minutes.

A graph with 6 vertexes are studied here as shown in Figure 3.35a. The connec-

tion of vertexes can be expressed with an adjacent matrix Mad j as shown in Figure

3.35b. It is a diagonally symmetric matrix with elements 0 and 1. If the two vertexes

are connected, the corresponding elements are labeled as 1, else it is 0. Taking SVD

decomposition of Mad j, it can be expressed as

Mad j =U ·diag(λ1,λ2, · · · ,λ6) ·U† (3.88)

The unitary matrix of the GBS circuit is set to U and the squeezing parameter at each
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Figure 3.35: GBS for perfect matching. (a) Schematic of a graph with 6 ver-

tex. (b) The adjacent matrix Mad j to describe the graph. (c) obtained GBS

circuit to calculate perfect matching. (d) Normalized photon distributions for

all measured output states.

mode is set to λi for mode i. By making measurements at the specific output ports, the

perfect matchings of this subgraph can be determined as shown in Figure 3.35c.

The measured results are shown in Figure 3.35d. The x axis is the allowed 15 com-

binations of 4-photon clicks and the y axis is the normalized count rate. Experimental

results Dexp are plotted in blue bar and the theoretical results Dthe are in orange bar. The

similarity of the distributions is defined as

F =
~Dexp · ~Dthe

| ~Dexp| · | ~Dthe|
= 0.9783 (3.89)
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Two dashed horizontal lines are y = 0.5 and y = 2 to separate the data into three

groups {0,1,4}, which maps to the perfect matching number of {0,1,2}. Under this

criteria, an accuracy of 100% is achieved for this simple graph.

3.4 Conclusions

In this chapter, the properties of on chip photon source and linear optical circuit is

carefully studied. First the SFWM process of on chip photon generation is discussed.

Different methods to realize the energy conservation and phase matching condition are

listed and calculated. Two matrix decomposition methods are shown as a guide towards

realizing arbitrary unitary matrix with linear photonic circuit. For the designed quan-

tum circuit, the photon source properties are carefully studied under both single pump

scheme for TMS state and dual pump scheme for SMS state such as the JSI, g2, CAR,

squeeze parameter and so on. Next, the circuit is used to implement unitary matrices

and the results are verified experimentally to get a similarity of 98.44%. Finally, a bo-

son sampling is measured with a random unitary set and a perfect matching problem is

studied for a 6-vertex graph. GBS circuit is configured to simulate the perfect matching

problem and the achieved photon distribution has a similarity of 0.9783 with the theo-

retical results. The subgraph perfect matching number is also calculated to be identical

with the theory.
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Chapter 4

Qubit Error Correction for Quantum

Computer

In this chapter, the fabrication and implementation of a quantum error correction

scheme on a silicon photonic chip is demonstrated. A single qubit quantum information

is encoded fully on chip with 4 physical qubits. Three tasks of qubit reconstruction, er-

ror type identification and fault-tolerant quantum teleportation are demonstrated with

chip scale control of qubits. The experimental results successfully show the functional-

ity of this error correction scheme with higher fidelities than previous demonstration on

bulk optics and fiber systems.
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4.1 Theory of Qubit Error Correction

Quantum information is fragile. On the one hand, individual subsystems requires

to interact sufficiently strongly to perform computations, and on the other hand, each

subsystems should be adequately insulated from its environment [16]. Yet, the discov-

ery of quantum error-correcting codes [17–20] convincingly demonstrate the possibility

of overcoming memory and transmission errors provided the noise level is below a cer-

tain threshold.

Cluster states is a highly entangled resources for one-way quantum computation.

Fault-tolerant thresholds for cluster states have been established [156] to ensure the

success of the computation. Recently, fault-tolerant one-way quantum computer using

cluster states in three dimensions have also been proposed [21]. Stabilizers of the cluster

state constitutes a sufficient backbone of fault-tolerant quantum computation [22, 23].

Most error correcting codes are stabilizer codes. There is a general approach to quan-

tum error correction called operator quantum error correction [24], and even for this

approach, a stabilizer formalism has also been formulated for it [157].

With the inspiration of previous work [158,159], a cluster state based quantum er-

ror correction code is implemented on an integrated silicon photonic platform to demon-

strate its capability to correct or detect a single qubit error. A four-physical-qubit state

is generated to encode one logical qubit and its performance against various errors is

proved in this section. This scheme also can be applied to identify the error types

by measuring the stabilizers and further get extended to demonstrate the fault tolerant

quantum teleportation process.
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4.1.1 Error-Correction Encoding

The error correction encoding scheme first begins from an experimentally feasible

initial state 1√
2
(|00〉+ |11〉) |0〉 that can be realized easily on photonic chip. By imple-

menting a fusion operation on qubit 2 and 3 and post selection on the result, a 3-qubit

GHZ state 1√
2
(|000〉+ |111〉) can be realized with a success probability 50%. Then

a Hadamard gate H is performed on qubit 2 and 3 to transfer the GHZ state into the

form of 1√
2
(|0++〉+ |1−−〉), which is a 3-qubit linear cluster state. The 3-photon

3-qubit state further expands to a higher dimension space of 4 waveguides modes as

|+〉 −→ |0〉+ |3〉, |−〉 −→ |0〉− |3〉 to mimic two qubits with one photon using the map-

ping given by

|0〉 −→ |00〉 , |1〉 −→ |01〉 , |2〉 −→ |10〉 , |3〉 −→ |11〉 (4.1)

Thus, the final state can be transformed into a 3-photon 5-qubit state, which is expressed

as

|L5〉=
1√
2
(
∣∣0φ

+
φ
+
〉
+
∣∣1φ
−

φ
−〉) (4.2)

where |φ+〉 = 1√
2
(|00〉+ |11〉) and |φ−〉 = 1√

2
(|00〉− |11〉) are the corresponding bell

states, and this state is also equivalent to a linear cluster state under local unitary trans-

108



CHAPTER 4. QUBIT ERROR CORRECTION FOR QUANTUM COMPUTER

formation. The whole process can be expressed as

|ψ〉= 1√
2
(|00〉+ |11〉) |0〉

−→1
2
(|00〉+ |11〉)(|0〉+ |1〉)

−→ 1√
2
(|000〉+ |111〉)

−→ 1
2
√

2
|0〉(|0〉+ |3〉)(|0〉+ |3〉)+ 1

2
√

2
|1〉(|0〉− |3〉)(|0〉− |3〉)

−→ 1√
2
|0〉1

∣∣φ+
23φ

+
45

〉
+

1√
2
|1〉1

∣∣φ−23φ
−
45

〉

(4.3)

In the quantum error correction code, the logical qubit |ψ〉L = α |0〉L +β |1〉L is

encoded in a 4-physical-qubit system, which is expressed as [158]

|0〉L =
1
2
(|00〉+ |11〉)12(|00〉+ |11〉)34 =

∣∣φ+
φ
+
〉

(4.4a)

|1〉L =
1
2
(|00〉− |11〉)12(|00〉− |11〉)34 =

∣∣φ−φ
−〉 (4.4b)

where the subscripts L and 1,2,3,4 each means logical qubit and physical qubit indices.

Quantum information is loaded into the error correction scheme by performing a single

qubit operation U , which is expressed as

U =

α β

β −α

 (4.5)

on the first physical qubit of state |L5〉, the evolved state is given by

U |L5〉=
1√
2
(U |0〉

∣∣φ+
φ
+
〉
+U |1〉

∣∣φ−φ
−〉)

=
1√
2
[|0〉(α

∣∣φ+
φ
+
〉
)+β

∣∣φ−φ
−〉+ |1〉(β ∣∣φ+

φ
+
〉
)−α

∣∣φ−φ
−〉] (4.6)
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and followed by a Z basis measurement to teleport information to the remaining four

physical qubits and the encoded state will collapse to the form expressed as

|ψ〉1234 =α
∣∣φ+

φ
+
〉
+β

∣∣φ−φ
−〉 (4.7)

for measurement result |0〉 on qubit 1 with the probability of p = | 1√
2
|2 = 0.5. This

2-photon 4-qubit encoding scheme is robust against single qubit error and how it works

on quantum information reconstruction and error type detection will be discussed.

4.1.2 State Reconstruction

For an arbitrary single qubit error at a given location, the encoded quantum infor-

mation can be reconstructed from the remaining three qubits by applying specific Pauli

matrices as correction. Take error at qubit 4 as an example: the quantum state |ψ〉1234

is expressed as

|ψ〉1234 =
1√
2

α
∣∣φ+

〉
(|00〉+ |11〉)+ 1√

2
β
∣∣φ−〉(|00〉− |11〉)

=
1√
2
(α
∣∣φ+

〉
+β

∣∣φ−〉) |00〉+ 1√
2
(α
∣∣φ+

〉
−β

∣∣φ−〉) |11〉
(4.8)

Due to the error signal at qubit 4, the measurement result is no longer reliable thus

the error qubit 4 is traced out, leaving the remaining three qubits to be a mixed state

with 50% probability in state |A〉 expressed as

50% : |A〉= (α
∣∣φ+

〉
+β

∣∣φ−〉)12 |0〉3

=
1√
2

[
α +β 0 0 α−β 0 0 0 0

]T (4.9)
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and 50% probability in state |B〉 expressed as

50% : |B〉= (α
∣∣φ+

〉
−β

∣∣φ−〉)12 |1〉3

=
1√
2

[
0 0 0 0 α−β 0 0 α +β

]T (4.10)

It has an equal probability of 50% to be in either state |A〉 or state |B〉 and density

matrix for the mixed state is expressed as

ρ =
1
2
(|A〉〈A|+ |B〉〈B|)

=
1
2



ρ11 0 0 ρ14 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

ρ41 0 0 ρ44 0 0 0 0

0 0 0 0 ρ55 0 0 ρ58

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 ρ85 0 0 ρ88



(4.11)
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where all these elements are defined as

ρ11 = |α|2 + |β |2 +αβ
∗+α

∗
β (4.12a)

ρ14 = |α|2−|β |2−αβ
∗+α

∗
β (4.12b)

ρ41 = |α|2−|β |2 +αβ
∗−α

∗
β (4.12c)

ρ44 = |α|2 + |β |2−αβ
∗−α

∗
β (4.12d)

ρ55 = |α|2 + |β |2−αβ
∗−α

∗
β (4.12e)

ρ58 = |α|2−|β |2 +αβ
∗−α

∗
β (4.12f)

ρ85 = |α|2−|β |2−αβ
∗+α

∗
β (4.12g)

ρ88 = |α|2 + |β |2 +αβ
∗+α

∗
β (4.12h)

Then, the Z measurement is performed on qubit 3 and the state can be expressed

as

|A〉 −→ α
∣∣φ+

〉
+β

∣∣φ−〉= 1√
2

[
α +β 0 0 α−β

]T

(4.13a)

|B〉 −→ α
∣∣φ+

〉
−β

∣∣φ−〉= 1√
2

[
α +β 0 0 β −α

]T

(4.13b)

|A/B〉=α
∣∣φ+

〉
+(−1)m3β

∣∣φ−〉 (4.13c)

The state can be unified given the measurement result m3 = 0/1 on qubit 3. Finally,

another X measurement is performed on qubit 2, which are given by

|A〉=H(α |0〉+β |1〉) |+〉+H(β |0〉+α |1〉) |−〉

−→HXm2(α |0〉+β |1〉)
(4.14a)
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|B〉=H(α |0〉−β |1〉) |+〉−H(β |0〉−α |1〉) |−〉

−→HXm2(α |0〉−β |1〉)
(4.14b)

|ϕ〉= HXm2Zm3(α |0〉+β |1〉) (4.14c)

where m2 = 0/1 is the measurement results of qubit 2. Therefore, the final state can be

simplified to the form of |ϕ〉 and the density matrix becomes pure again as ρ = |ϕ〉〈ϕ|

given the measurement results of m2 and m3. Thus, encoded qubit can be reconstructed

from the error with feed forward control on qubit 1. The same process can be applied

to arbitrary single qubit error at a known location and the corresponding correction

operations can be checked in the Table 4.1. Ei, mi and Qi each represents the error,

measurement result and correction operator at qubit i.

Table 4.1: Qubit Correction Operator

E1 E2 E3 E4
m2 m3 Q4 m1 m3 Q4 m4 m2 Q1 m3 m2 Q1
0 0 H 0 0 H 0 0 H 0 0 H
0 1 HX 0 1 HX 0 1 HX 0 1 HX
1 0 HZ 1 0 HZ 1 0 HZ 1 0 HZ
1 1 HXZ 1 1 HXZ 1 1 HXZ 1 1 HXZ

4.1.3 Error Type Identification

Another function of the scheme is to identify the qubit error type at a given loca-

tion by measuring the stabilizers. If an operator S keeps the state |φ〉 unchanged after

performing on it or has an eigenvalue λi = 1, this operator is called the stabilizer of the

state |φ〉i, which is given by

S |φ〉= |φ〉 (4.15)
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For a cluster state, its stabilizer is represented as Si = Xi⊗∏ j Z j, where i is index

for qubit i and j are indices for all the other qubits connected with qubit i. Take |L3〉 in

Figure 2.4 for example, it has 3 stabilizers expressed as

S1 = X1⊗Z2⊗Z3 (4.16a)

S2 = X2⊗Z1 (4.16b)

S3 = X3⊗Z1 (4.16c)

In the encoding scheme, the state |ψ〉1234 in Equation 4.7 is composed of |φ+〉

and |φ−〉, which are equivalent to |L2〉 under local unitary transform. Therefore, their

stabilizers can be deducted as

∣∣φ+
〉
= H2 |L2〉= H2Z1X2 |L2〉= H2Z1X2H2

∣∣φ+
〉
= Z1Z2

∣∣φ+
〉

= H2X1Z2 |L2〉= H2X1Z2H2
∣∣φ+

〉
= X1X2

∣∣φ+
〉 (4.17a)

∣∣φ−〉= Z2
∣∣φ+

〉
= Z2Z1Z2

∣∣φ+
〉
= Z2Z1Z2Z2

∣∣φ−〉= Z1Z2
∣∣φ−〉

= Z2X1X2
∣∣φ+

〉
= Z2X1X2Z2

∣∣φ−〉=−X1X2
∣∣φ−〉 (4.17b)

It is obvious to see that operator Z1⊗Z2 is stabilizer for state |φ+〉 and |φ−〉 while

X1⊗X2 is not as it will generate a−1 sign when acting on |φ−〉, but this operator can be

performed on both
∣∣φ−12

〉
and

∣∣φ−34
〉

to cancel the−1 sign. Therefore, the three stabilizers
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Table 4.2: Expectation Value of Stabilizers.

Location 1 or 2 3 or 4
Type S1 S2 S3 S1 S2 S3

I 1 1 1 1 1 1
X -1 1 1 1 -1 1
Y -1 1 -1 1 -1 -1
Z 1 1 -1 1 1 -1

for |ψ〉1234 can be written as

S1 = Z1⊗Z2⊗ I3⊗ I4 (4.18a)

S2 = I1⊗ I2⊗Z3⊗Z4 (4.18b)

S3 = X1⊗X2⊗X3⊗X4 (4.18c)

The expectation value of state |ψ〉1234 under stabilizer operator is given by

〈Si〉= 〈ψ|Si |ψ〉1234 = 1 (4.19)

If there exists error on state |ψ〉1234, the expectation value of 〈Si〉 will be different based

on the error type. Take error type X at qubit 1 as an example, the expectation value of

〈S1〉 is expressed as

〈S1〉=〈ψ|X∗1 S1X1 |ψ〉1234 =−1 (4.20a)

〈S2〉=〈ψ|X∗1 S2X1 |ψ〉1234 = 1 (4.20b)

〈S3〉=〈ψ|X∗1 S3X1 |ψ〉1234 = 1 (4.20c)

All the corresponding theoretical values can be calculated similarly and their theo-

retical values can be obtained from the Table 4.2. All four expectation values are listed
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under Identity operator I (no error) and three basic error types X , Y , Z with error qubit

location from 1 to 4. It can be seen that the combination of the expectation values for

three stabilizers at a known qubit location are unique and this will map to an explicit

error type, which is the working principle of this encoding scheme to identify the error

types.

Experimentally, the expectation value is measured by counting the multi-photon

clicks under different basis. For a d-dimensional single qudit observable operator U ,

which is a Hermitian operator, the state |ψ〉 should be measured under the eigenvectors

|νi〉 of U to calculate the expectation value of 〈U〉. Since U is Hermitian, it always has

a real eigenvalue λi for its eigenvector |vi〉, so that the operator U can be expressed as

U =
d−1

∑
i=0

λi |νi〉〈νi| (4.21)

and the corresponding expectation value is given by

〈U〉=〈ψ|U |ψ〉

=
d−1

∑
i=0

λi 〈ψ|νi〉〈νi|ψ〉

=
d−1

∑
i=0

λi| 〈ψ|νi〉 |2

(4.22)

Then, the basis transformation matrix T between eigenvector basis νi and qudit basis

{|i〉} is defined as

T =
d−1

∑
i=0
|i〉〈νi| (4.23a)

〈νi|= 〈i|T (4.23b)
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The expectation value 〈U〉 can be expressed as

〈U〉=
d−1

∑
i=0

λi| 〈i|(T ψ)〉 |2 (4.24)

Therefore, a rotation matrix T is performed after state |ψ〉 and it is measured under

qudit basis {|i〉} to calculate the expectation values.

For the experimental 4-qubit system, take the expectation value 〈S3〉 for example,

the eigensystem of operator X is first calculated as

λ0 = 1, |ν0〉=
1√
2

[
1 1

]T

(4.25a)

λ1 =−1, |ν1〉=
1√
2

[
1 −1

]T

(4.25b)

Zn =
1

∑
i=0

λn,i |νn,i〉〈νn,i| (4.25c)

Thus, the stabilizer S3 can be expressed as

S3 = X1⊗X2⊗X3⊗X4 =
1

∑
i, j,k,l=0

λi, j,k,l ν̂i, j,k,l (4.26a)

λi, j,k,l =(−1)i+ j+k+l (4.26b)

ν̂i, j,k,l =
∣∣ν1,i

〉〈
ν1,i
∣∣⊗ ∣∣ν2, j

〉〈
ν2, j
∣∣⊗ ∣∣ν3,k

〉〈
ν3,k
∣∣⊗ ∣∣ν4,l

〉〈
ν4,l
∣∣ (4.26c)

The stabilizer S3 is expanded into 16 terms of 4-qubit operator combinations with

eigenvectors ν̂i, j,k,l from each operator and expectation value 〈S3〉 under state |ψ〉1234

117



CHAPTER 4. QUBIT ERROR CORRECTION FOR QUANTUM COMPUTER

is then expressed as

〈S3〉=
1

∑
i, j,k,l=0

λi, j,k,l 〈ψ| ν̂i, j,k,l |ψ〉1234

=
1

∑
i, j,k,l=0

λi, j,k,l|
〈
ν1,i⊗ν2, j⊗ν3,k⊗ν4,l

∣∣ψ〉 |21234.

(4.27)

To calculate the expectation value, each terms in experimental basis {|i, j,k, l〉}

should be measured and the corresponding basis transformation matrix is also the tensor

product of each basic operator expressed as

Tn = |0〉
〈
νn,0
∣∣+ |1〉〈νn,1

∣∣
=

1√
2

1 1

1 −1

= H
(4.28a)

T =T1⊗T2⊗T3⊗T4

=H⊗4

(4.28b)

Then, the H operation is performed on each qubit of state |ψ〉1234 and the mea-

surement basis of 4 qubits is changed to

∣∣ν1,i⊗ν2, j⊗ν3,k⊗ν4,l
〉
−→ |i, j,k, l〉 . (4.29)

The expectation value expression will be expressed as

〈S3〉=
1

∑
i, j,k,l=0

λi, j,k,l| 〈i, j,k, l|T ψ〉 |21234. (4.30)

Experimentally, the 4 qubit coincidence counts are recorded under the basis |i, j,k, l〉 as
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CCi, j,k,l and the corresponding expectation value is calculated as

〈S3〉exp =
1

∑
i, j,k,l=0

λi, j,k,lCCi, j,k,l. (4.31)

By changing the stabilizer Si and simulating different error types, the coincidence

counts can be measured and get normalized into expectation values as shown in Ta-

ble 4.2.

4.1.4 Error Corrected Quantum State Teleportation

Finally, the error correction scheme can be extended to fault tolerant quantum

teleportation. The idea of MBQC is to teleport the quantum information by performing

measurements on cluster state and the basic unit is a two qubit cluster state |L2〉 =

1√
2
(|0+〉+ |1−〉). An arbitrary single qubit operator U acting on one qubit can be

teleported to the other qubit by performing a Z basis measurement on that qubit and a

feed-forward control on the other qubit. The teleportation process can be expressed as

U =

α β

β −α

 (4.32a)

U |L2〉=
1√
2
|0〉HU |0〉+ 1√

2
|1〉HU |1〉

−→ 1√
2

HU |0〉+ 1√
2

HUX |0〉

−→HUXm1 |0〉

(4.32b)

where m1 = 0/1 is the measurement results of first qubit on Z basis. As can be seen that

operation U on first qubit is transferred to the second qubit with the measurement result
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m1 as feed forward information. This idea can be used in future quantum network

applications like two separate quantum nodes Alice and Bod who are far away from

each other would like to connect their quantum networks and perform some quantum

operation remotely. Instead of directly operating with each other, they can first share a

pair of entangled state |L2〉 and perform the target operation U locally. They just need to

share the measurement result m1 through the classical channel to teleport the quantum

operation to another side.

Here, a fault tolerant quantum teleportation is demonstrated. The scheme also

allows the teleportation process to be discarded or repeated if the measurement fails due

to some loss or error. The main idea of this fault tolerance scheme is that performing a

Z basis measurement can remove the qubit from the cluster state chain and disentangle

the remaining state by cutting the CZ entanglement operation. An n-qubit cluster state

can always be written as |Ln〉 = |0A〉+ |1B〉, where state |A〉 and |B〉 is defined by the

specific state form. Connecting 2 cluster states |Ln〉 to a vertex |+〉, a 2n+ 1 cluster

state is formed as shown in Figure 4.1a, which can be expressed as

(|A0〉+ |B1〉) |+〉(|0A〉+ |1B〉)

CZ1−−→(|A0+〉+ |B1−〉)(|0A〉+ |1B〉)

CZ2−−→|A0+0A〉+ |A0−1B〉+ |B1−0A〉+ |B1+1B〉

(4.33)
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(a)

(b)

(c)

Figure 4.1: (a) A cluster state can be disentangled by performing Z measure-

ment. (b) Schematic of fault tolerant MBQC. (c) The graph representation for

state |ϕ〉2n+1 that allows n−1 times teleportation redo.
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By performing Z measurement on the vertex, the state can be expressed as

|L2n+1〉= |A0+0A〉+ |A0−1b〉+ |B1−0A〉+ |B1+1B〉

=(|A0〉+ |B1〉)(|0A〉+ |1B〉) |0〉+

(|A0〉− |B1〉)(|0A〉− |1B〉) |1〉

−→(|A0〉+Zm |B1〉)(|0A〉+Zm |1B〉),

(4.34)

which is a separable state of two original cluster state |Ln〉 after correction operator and

the entanglement is efficiently removed by Z measurement.

For the error corrected quantum teleportation state |ψ〉 in Equation 4.3, it is equiv-

alent to a linear cluster state |L5〉 under local unitary transform and the similar idea can

be applied to disentangle the faulty operations from the state. The unitary operation U

can be performed on one of the qubit from 2 to 5 and teleport this qubit to qubit 1. If

the teleportation succeeds, the redundant qubits can be removed by some measurement

without affecting the current results. If the teleportation process fails, the remaining

qubit can be used to reconstruct the |L2〉 and perform the teleportation again. Take error

at qubit 2 for instance, as can be seen in Figure 4.1b that the target operation U acting

on qubit 2 can be expressed as

|ψ〉= 1√
2
|0〉1

∣∣φ+
23φ

+
45

〉
+

1√
2
|1〉1

∣∣φ−23φ
−
45

〉
−→1

2
U2 |00〉23 (

∣∣0φ
+
〉
+
∣∣1φ
−〉)145+

1
2

U2 |11〉23 (
∣∣0φ

+
〉
−
∣∣1φ
−〉)145

(4.35)

If there is no error, the X measurement can be performed on qubit 3, Z measurement

can be performed on qubit 4 and 5 to remove these redundant qubits, which can be
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expressed as

|ψ〉 4,5−→ 1
2
√

2
U2 |00〉23 (|000〉+ |011〉+ |100〉− |111〉)145+

1
2
√

2
U2 |11〉23 (|000〉+ |011〉− |100〉+ |111〉)145

=
1
2

U2 |00〉23 (|+00〉+ |−11〉)145+

1
2

U2 |11〉23 (|−00〉+ |+11〉)145

3−→ 1
2
√

2
U2(|0+〉+ |0−〉)23(|+00〉+ |−11〉)145+

1
2
√

2
U2(|1+〉− |1−〉)23(|−00〉+ |+11〉)145

=
1

2
√

2
U2(|0+〉+ |1−〉)21 |+00〉345+

1
2
√

2
U2(|0−〉+ |1+〉)21 |+11〉345+

1
2
√

2
U2(|0+〉− |1−〉)21 |−00〉345+

1
2
√

2
U2(|0−〉−|1+〉)21 |−11〉345

−→U2Zm3
2 Zm4+m5

1 (|0+〉+ |1−〉)21

(4.36)

It can be seen that the quantum state on qubit 1 and 2 can always be transformed to |L2〉

given the measurement results m3,m4,m5 and the operation U2 can be transferred from

qubit 2 to qubit 1 successfully.

Next, the encoding scheme will be used to recover the teleportation should the

operation on qubit 2 fails. Z measurement can be performed on qubit 3 to remove the
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U operation from the state, which is given by

|ψ〉 U2−→U2 |00〉23 (
∣∣0φ

+
〉
+
∣∣1φ
−〉)145+

U2 |11〉23 (
∣∣0φ

+
〉
−
∣∣1φ
−〉)145

3−→1
2

U2 |0〉2 |0〉3 (
∣∣0φ

+
〉
+
∣∣1φ
−〉)145+

1
2

U2 |1〉2 |1〉3 (
∣∣0φ

+
〉
−
∣∣1φ
−〉)145

m3−→ 1√
2

Zm3
1 (
∣∣0φ

+
〉
+
∣∣1φ
−〉)145

(4.37)

By tracing out the faulty qubit 2, the state |ψ〉 will become a mixed state. Then the

measurement on qubit 3 will correct the mixed state into a pure state |ψ〉= 1√
2
(|0φ+〉+

|1φ−〉)145. Next step of measuring qubit 5 under X basis will collapse the quantum

state, which is expressed as

|ψ〉= 1√
2

Zm3
1 (|+00〉+ |−11〉)145

5−→ 1
2
√

2
Zm3

1 (|+0+〉+ |+0−〉+ |−1+〉− |−1−〉)145

=
1
2

Zm3
1 (|+0〉+ |−1〉)14 |+〉5 +

1
2

Zm3
1 (|+0〉− |−1〉)14 |−〉5

m5−→ 1√
2

Xm5
1 Zm3

1 (|+0〉+ |−1〉)14

(4.38)

This process forms a linear cluster state |L2〉 between qubit 1 and 4 with corrections

applied at qubit 1, and further teleportation processes can be repeated as described in

Equation 4.32.

Therefore, the error correction encoding scheme allows the reconstruction of tele-

portation process should the qubit suffers any faulty during computation. Further more,

the initial 2-qubit cluster state |L2〉 can be expanded into a (2n+ 1)-qubit star shaped
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cluster state as

|L2n+1〉= |0〉
∣∣φ+

〉⊗n
+ |1〉

∣∣φ−〉⊗n (4.39)

so that the quantum teleportation process can be done for n times as seen in Figure

4.1c. This fault tolerant quantum state |L2n+1〉 contains n branches of copies and if the

quantum teleportation fails, the involved qubit can be disentangled by Z measurement

on the other qubit at the same branch and the operation will be repeated at the next

branch until the teleportation succeed, then the unused branch can be removed by the Z

measurement.

4.2 Design of Quantum Error Correction Circuits

The error correction encoding scheme has been theoretically modeled in qubit and

operator notation. To realize it experimentally on an photonic integrated platform, a sil-

icon photonic chip containing photon generation, qubit entanglement, error correction

encoding and measurement parts must be fabricated. The realization of these functions

on chip will be illustrated in this section.

4.2.1 Photon Source

The on-chip single photon source is generated via the SFWM process by induc-

ing the non-linearity of silicon waveguides. The laser is first injected into the silicon

waveguides (to interact with the silicon) and two pump photons are absorbed to create

a pair of signal and idler photon, which is called the two mode squeezed vacuum state.
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This process can be expressed as

|φ〉= S(ξ ) |0〉= eξ ∗âb̂−ξ â†b̂† |0〉 , (4.40)

and by writing ξ = reiφ , the state in photon number basis is given by

|φ〉= 1
coshr

∞

∑
n=0

(−eiφ tanhr)n |nn〉

=
1

coshr
(|00〉− eiφ tanhr |11〉+ e2iφ tanh2 r |22〉+ · · ·).

(4.41)

Experimentally, the squeezing parameter is chosen to be around r = 0.1 and the proba-

bilities for 0 pair, 1 pair and 2 pairs of photons can be expressed as

P0 = |
1

coshr
|2 = 0.9901 (4.42a)

P1 = |
−eiφ tanhr

coshr
|2 = 9.8×10−3 (4.42b)

P2 = |
e2iφ tanh2 r

coshr
|2 = 9.8×10−5 (4.42c)

The higher multi-photon probability will drop about 100 times with every 2 additional

photon generated. Based on the squeezing parameter selected, it is reasonable to ignore

the multi-photon events and simplify the photon generation equation in photon number

basis, which is given by

|ψ〉= |00〉+0.1 |11〉+0.01 |22〉

=(1+0.1â1â2 +
0.01√

2
â2

1â2
2) |0〉

(4.43)
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(a)

(b)

(c)

Figure 4.2: (a) Schematic of the circuit. (b) Design of photonic integrated

circuit. (c) Microscope photograph of the fabricated chip.
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As seen in Figure 4.2a, the initial three photon source can be expressed as

|ψ〉1 |ψ〉2 |ψ〉3

=(2+0.1â2â4 +0.1â1â3 +
0.01√

2
â2

2â2
4 +

0.01√
2

â2
1â2

3+

0.001√
2

â1â2
2â3â2

4 +
0.001√

2
â2

1â2â2
3â4 +

0.0001
2

â2
1â2

2â2
3â2

4)

⊗ (1+0.1â5âtrig +
0.01√

2
â2

5â2
trig) |0〉

(4.44)

It is a complicated multi-photon state but it can be seen that the probability drops expo-

nentially with the increase of photon numbers. Thus, the effective terms in this state is

given by

|ψ〉= (0.1â2â4 +0.1â1â3)⊗ (0.1â5âtrig) |0〉 (4.45)

The qubit is represented by dual rail of waveguides thus the state can be mapped into

(|00〉+ |11〉) |0〉 |trig〉 with the last photon as trigger signal, which is the initial state in

Equation 4.3.

4.2.2 Entanglement Generation

The MZI followed with a swapping operation will evolve the state into the expres-

sion as

|ψ〉=(â1â3 + â2â4)⊗ â5 |0〉 |trig〉

MZI−−→(â1â3 + â2â4)⊗ (â5 + â6) |0〉 |trig〉

swap−−−→(â1â3 + â2â6)⊗ (â5 + â4) |0〉 |trig〉

=(â1â3â5 + â2â4â6 + â1â3â4 + â2â5â6) |0〉 |trig〉

−→(â1â3â5 + â2â4â6) |0〉 |trig〉

(4.46)
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The terms â1â3â5 + â2â4â6 represent the GHZ state |000〉+ |111〉 while the other two

term â1â3â4 + â2â5â6 represent three photons occupying mode 1,3,4 and 2,5,6, which

disobey the dual rail definition of qubit concept in the experimental scheme by having

two photos at two waveguide modes of a single qubit.

4.2.3 Error Correction Encoding

The error correction encoding part functions as an implementation of the error cor-

rection scheme including the simulation of qubit errors and the measurement of qubits

in different bases.

The two MZI will evolve the photon into a superposition state and the expansion

of waveguide mode to 4 dimension will add more degree of freedoms that allow the

single photon to represent more qubits given by

|ψ〉=(â1â3â5 + â2â4â6) |0〉 |trig〉

MZI−−→[â1(â3 + â4)(â5 + â6)+ â2(â3− â4)(â5− â6)] |0〉 |trig〉

4d−→[â1(â31 + â42)(â51 + â62)+ â2(â31− â42)(â51− â62)] |0〉 |trig〉

(4.47)

By taking the mapping of high dimension given by

â31 |0〉= |00〉 (4.48a)

â42 |0〉= |11〉 (4.48b)

â51 |0〉= |00〉 (4.48c)

â62 |0〉= |11〉 (4.48d)
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the final state can be expressed as

|ψ〉= |0〉(|00〉+ |11〉)(|00〉+ |11〉)+ |1〉(|00〉− |11〉)(|00〉− |11〉)

= |0〉
∣∣φ+

φ
+
〉
+ |1〉

∣∣φ−φ
−〉 (4.49)

and this is the initial state for the quantum error correction scheme described in Equation

4.2. Further implementations are realized by three unitary matrices U1, U2 and U3 to

manipulate qubits and select the appropriate measurement basis.

The schematics of quantum chip to demonstrate the error correction code is shown

in Figure 4.2b. It is a fully integrated platform to include the resource preparation,

information encoding and state measurement. Silicon photonic chip is used to real-

ize the control of qubits with structures like grating couplers, waveguides, multi-mode

interferometers (MMI) and heaters. The 500 MHz, 1550.116 nm pulsed laser is first

coupled into the chip using grating coupler structures with specially designed pitches

and duty cycles for the TE mode of light and waveguide cross section is also 220 nm

× 500 nm for TE mode propagation only. MMI is used to equally split a beam into

two for further process and heaters are working as phase shifters to change the refrac-

tive index of the material and cause phase difference between the photons. Two MMIs

and a phase shifter in between can form a Mach-Zehnder Interferometer (MZI), which

can realize arbitrary beam splitting ratio and function as a single qubit operator. On-

chip single photon source is realized by pumping the spiral waveguides to induce the

non-linearity properties of the silicon to generate a pair of signal (1555.747 nm, C27)

and idler (1544.526 nm, C41) photons in two modes with spontaneous four wave mix-

ing process. These two modes of photons are split by Asymmetric MZI into different

waveguides to form the dual-rail qubit. With single qubit operations and post selection,
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Figure 4.3: Flow chart of experiment setups for error correction encoding

scheme.

the error correction scheme can be demonstrated on chip. Then the photon couples out-

side the chip with another grating coupler and collected by the single photon detector.

The microscope photograph of the real chip is shown in Figure 4.2c that the whole scale

of the circuit is about 4.5 mm × 2.5 mm.

4.3 Experimental Results and Discussions

4.3.1 Experimental Set-up

The experimental setup is shown in Figure 4.3. 500MHz pulsed laser is generated

from Ultrafast Optical Clock device (PriTel) and go through a WDM device and a fil-

ter to adjust the line width of the laser pulse and suppress the unwanted background

photons. Then the shaped laser pulse is injected into the chip via fibre grating coupler

structures on chip and its polarization is carefully tuned by a three-ring polarization
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controller to realize the maximum efficiency. The pump laser will generate photons

on chip to perform the designed error correction scheme at circuit part. Next, multiple

channels of photons are coupled outside the chip via another set of fibre grating couplers

and these photons go through another set of filters and WDMs to remove the pump laser

and select the designed signal and idler wavelength channel to ensure the efficiency of

the whole system. Afterwards, these photons carrying the quantum information will

go through another three-ring polarization controller to realize the maximum detection

efficiency when they reaching the polarization sensitive superconducting photon detec-

tor array (PhotonSpot). The photons in detector array are converted from optical signal

to electrical pulse signal and get transferred to a time tagger (Swabian Instrument) to

record the number of pulses and their time tag. These data is processed by the com-

puter to record the coincidence counts of different channels of electrical signals, which

corresponds to the measured coincidence clicks of photons under the selected basis and

quantum information can be retrieved from these statistic data. Finally, the computer

sets another measurement basis by tuning the current in each heater channel via a DAC

and repeat the above process to get another results.

4.3.2 System Calibration

The spectra of the input pulsed laser (blue line) is shown in Figure 4.4 that the

spectra FWHM is 1.1 nm. To ensure a better photon purity, a 100 GHz WDM device

is added to select the C34 channel with central wavelength at 1550.116 nm and FWHM

bandwidth of 0.5 nm to narrow down the linewidth (orange line). Another advantage

is to suppress the background photon at signal and idler channel, The input spectra has

an extinction ratio of 40 dB and the background is around -77 dBm, with WDM added,
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Figure 4.4: Spectra of pump laser. The blue line indicates the pump laser

spectra from the laser and the orange line indicates the spectra after the WDM.

the background light is suppressed to the noise level of OSA and the extinction ratio is

measured up to 100 dB.

The fibre grating coupler is also calibrated with a broadband laser as seen in Figure

4.5. First, the spectra of the input laser (blue line) is measured and the laser is injected

into a simple structure of two grating couplers and a short distance of waveguide to

measure the output spectra (orange line). As the length of waveguide is only hundreds

of micrometer level, its noise is negligible and the loss of grating coupler is calibrated

(yellow line). It can be seen that the optimized centre wavelength is around 1570 nm

with loss around 5 dB (for single grating coupler), the loss at the working wavelength

1550 nm is around 6 dB.
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Figure 4.5: Grating coupler spectra. The spectra of input (blue line) and output

(orange line) broadband laser is measured from two grating couplers and yellow

line is calculated grating coupler spectra.

The AMZI spectra is shown in Figure 4.6.By designing the optical path difference

(OPD), it can function as a filter to select different wavelengths from two ports. Its free

spectra range is measured to be 22.4 nm, which is 28 WDM channels and the extinction

ratio to be over 25 dB. The signal and idler photon wavelength is designed accordingly

with a separtion of 11.2 nm, which is exactly half of the FSR. By tuning the heater

current at one arm of the AMZI to adjust the temperature, the refractive index of the

silicon waveguide is changed and induce the OPD to shift. The wavelength can be

adjusted to match the designed WDM channel so that the signal and idler wavelength

fall at the peak and valley of the spectra, which corresponds to the two output ports of

AMZI, to realize the separation of two photons.
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Figure 4.6: AMZI spectra with different heater current. The AMZI FSR is

designed to be 25.6 nm. By increasing the heater current, the spectra will shift

to longer wavelength.

Apart from WDM, extra filters are required to remove the pump laser after the

chip. Although its wavelength is fixed, it has the advantage of lower insertion loss. The

spectra of filters shown in Figure 4.7 are deducted by the input spectra (blue line) and

output spectra (orange line).

The loss of all parts is calibrated and the data is shown in Table 4.3. The propa-

gation loss of the waveguide is 2.3 dB/cm, the crossing structure is 0.024 dB each, the

MMI is 0.15 dB each. The WDM loss for each wavelength channel is different and a

mean value of 2 dB is assumed for estimation. The average detector efficiency calcu-

lated from test data by vendor is 85%. Therefore, the whole loss of the setup is 16.107
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Figure 4.7: Filter spectra. Broadband laser spectra is measured before and

after the filter as indicated by blue line and orange line. The spectra of filter is

calculated from them. It has the bandwidth of 3 nm and extinction ratio of 30

dB. The insertion loss is measured to be 0.9 dB.

Table 4.3: Loss estimation of the error correction circuit.

Loss dB No. dB
Grating Coupler 6 1 6
Waveguide 2.3 cm−1 1.75 cm 4.025
Crossing 0.024 3 0.072
MMI 0.15 10 1.5
WDM 2 1 2
Filter 0.9 2 1.8
Detector 0.71 1 0.71

16.107

dB, which corresponds to the system efficiency of 2.47%.
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Figure 4.8: HOM Interference of photons from two on chip source. The blue

dots are experimental data with error bars and dashed line is the fitting value.

Visibility is measured to be V = 0.89.

4.3.3 Experimental Results and Discussions

The quality of on chip heralded single photon source is first experimentally tested

by performing HOM interference and GHZ state tomography. Then, three main tasks of

this error correction scheme: (a) Reconstructing states from errors, (b) Identifying error

types and (c) Error protected quantum teleportation are demonstrated in this section.

For Hong-Ou-Mandel (HOM) effect interference, it is first measured to calibrate

the in indistinguishability of the photon source. Two signal photons from different spiral

structures are merged into a MZI to perform the interference and two idler photons are

coupled into detectors directly to function as triggers of signal photon. By tuning the

phase difference of the photon at two arm from 0 to π , the 4 photon coincidence count
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(a) Real (b) Imag

Figure 4.9: (a) Real and (b) imaginary part for density matrix of GHZ state. The

experimental results are in color bars while the theoretical results are transpar-

ent bars. The fidelity is F = 0.8524±0.0141.

fringe is observed to change from peak to valley and back to peak as seen in Figure 4.8.

The blue dots are measured results and dashed line is the fitting function. Interference

visibility is calculated to be

V =
Max−Min
Max+Min

= 0.89 (4.50)

After proving the feasibility of photon source, the tomography of 3-qubit GHZ

state |GHZ〉 = 1√
2
(|000〉+ |111〉), which is the key steps of initial state preparation

process in Equation 4.3, is performed with theoretical density matrix expressed as

ρ = |GHZ〉〈GHZ|

=


0.5 · · · 0.5

...
...

0.5 · · · 0.5


8×8

(4.51)
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(a) Imag (b) Real

Figure 4.10: (a) Real and (b) imaginary part for density matrix of the mixed

state with α = 1,β = 0. The experimental results are in color bars while the

theoretical results are transparent bars. The fidelity is F = 0.9625±0.0281.

Measured real parts and imaginary parts of the density matrix are shown in Figure 4.9a

and Figure 4.9b, where the color bars are for experimental results and the transparent

bars are for theoretical results. The fidelity recovered from the the tomography process

is F = 0.8524±0.0141.

For State Reconstruction from Error, reconstruction of quantum information from

error is demonstrated with this encoding scheme. The tomography of mixed state in

reconstruction process is first performed as seen in Equation (4.11). By taking α = 1,

β = 0, the density matrix can be expressed as

|A〉=
∣∣φ+0

〉
=

1√
2

[
1 0 0 1 0 0 0 0

]T
(4.52a)

|B〉=
∣∣φ+1

〉
=

1√
2

[
0 0 0 0 1 0 0 1

]T
(4.52b)
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ρ =
1
2
|A〉〈A|+ 1

2
|B〉〈B|

=
1
4



1 · · · 1 0 0 0

...
... 0 0 0

1 · · · 1 0 0 0

0 0 0 1 · · · 1

0 0 0
...

...

0 0 0 1 · · · 1



(4.52c)

The measured real part and imaginary part of the density matrix are shown in Figure

4.10a and Figure 4.10b with fidelity of F = 0.9625± 0.0281. The colored bars are

experimental results and the transparent bars are for theoretical results.

To test the performance of error correction scheme on the integrated platform, 6

initial basic states |φ〉 are selected as

|H〉= |0〉 |V 〉= |1〉 (4.53a)

|D〉= 1√
2
(|0〉+ |1〉) |A〉= 1√

2
(|0〉− |1〉) (4.53b)

|R〉= 1√
2
(|0〉+ i |1〉) |L〉= 1√

2
(|0〉− i |1〉) (4.53c)

which are the eigenvectors for Pauli X , Y , Z operators. The error qubit location is

tested on both qubit 1 and qubit 3. By taking Z basis and X basis measurement result

as mZ = mX = 0, the retrieved state from Equation 4.14 can be simplified as |φ〉 =

H(α |0〉+ β |1〉). The tomography on all 12 states are performed as shown in Figure

4.11 and the average fidelity is F̄ = 0.8630. The blue bars are for error at qubit 1, yellow

bars are for error at qubit 3.

140



CHAPTER 4. QUBIT ERROR CORRECTION FOR QUANTUM COMPUTER
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Figure 4.11: Fidelities of the reconstructed state from error qubit. Blue bars

E1 are for error at qubit 1 and yellow bars E3 are for error at qubit 3. The X

axis order is the encoded initial state described in Equation 4.53. An average

reconstruction fidelity F̄ = 0.8630 is achieved.

The detailed density matrix for error at qubit 1 and qubit 3 are shown in Figure

4.12 and Figure 4.13 with fidelities listed below each density matrix. Colored bars are

measured results and transparent bars are theoretical results.

For error identification case, error type is identified by measuring expectation val-

ues of stabilizer as listed in Equation 4.18. Due to the symmetry of the encoded state

|ψ〉1234, qubit 1 and 2 share one group of stabilizer measurement results while qubit 3

and 4 share another. The stabilizer expectation value 〈S2〉 has a constant value 1 regard-

less of the error type at qubit 1 or 2, which can be explained by that S2 has no effect on

the first two qubits and there is no entanglement between first two qubits and last two

qubits in state |ψ〉1234. So do the results for 〈S1〉 on qubit 3 and 4. Thus, error at the

location of qubit 1 is taken as an example to see how the stabilizer expectation value
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(a) FH = 0.8256±0.0294 (b) FV = 0.9151±0.0527

(c) FD = 0.8818±0.0212 (d) FA = 0.8815±0.0218

(e) FR = 0.8432±0.0372 (f) FL = 0.8209±0.0361

Figure 4.12: Real part and imaginary part of density matrices of reconstructed

state for error at qubit 1 with initial state as H,V,D,A,R,L. The colored bars

are for theoretical data and the transparent bars are for theoretical data. The

corresponding fidelity of each state is listed beneath the density matrix.
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(a) FH = 0.7884±0.0276 (b) FV = 0.9589±0.0392

(c) FD = 0.8163±0.0259 (d) FA = 0.8583±0.0201

(e) FR = 0.8984±0.0368 (f) FL = 0.8706±0.0370

Figure 4.13: Real part and imaginary part of density matrices of reconstructed

state for error at qubit 3 with initial state as H,V,D,A,R,L. The colored bars

are for theoretical data and the transparent bars are for theoretical data. The

corresponding fidelity of each state is listed beneath the density matrix.
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〈S〉 vary with the error type as seen in Figure 4.14. Blue bars are for stabilizer 〈S1〉 and

yellow bars are for 〈S3〉 and the x axis is the corresponding error type I, X , Y , Z. It

can be noticed that the experimental results match very well as the theoretical results in

Table 4.2, which proves the feasibility of the error correction code to identify the error

types.

I X Y Z

Error Type
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Figure 4.14: Measured expectation values of stabilizer for identifying error

types. Errors types of I, X , Y , Z are simulated at qubit 1 as listed on x axis and

expectation value 〈S1〉 (blue bar) and 〈S3〉 (yellow bar) are measured accord-

ingly.

Finally, the experimental results of error corrected quantum teleportation are stud-

ied. The 2-qubit linear cluster state |L2〉 = 1√
2
(|0+〉+ |1−〉) at qubit 1-4 and 1-2 are

reconstructed by simulating errors at qubits 2 and 4. The theoretical density matrix is
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(a) Real part (b) Imag part

(c) Real part (d) Imag part

Figure 4.15: Tomography on state |L2〉 = 1√
2
(|0+〉+ |1−〉). (a) Real and (b)

imaginary part of density matrix for error at qubit 2. (c) Real and (d) imaginary

part of density matrix for error at qubit 4.
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calculated to be expressed as

ρ = |L2〉〈L2|

=
1
4

[
1 1 1 −1

]T [
1 1 1 −1

]

=
1
4



1 1 1 −1

1 1 1 −1

1 1 1 −1

−1 −1 −1 1



(4.54)

The measured density matrices are shown in Figure 4.15 for error at qubit 2 and

error at qubit 4. Similarly, the colored bars are measured results and transparent bars

are theoretical results and fidelities for this two results are F14 = 0.8522± 0.0232 and

F12 = 0.9656±0.0283.

4.4 Conclusions

In this section, the theoretical model of the quantum error correction scheme is

studied and its photonic implementation is designed. Then, an photonic integrated cir-

cuit is fabricated with on chip photon generation, initial state preparation and qubit

operation function to realize the prototype of this error correction encoding scheme.

Three applications of quantum state reconstruction, error type identification and error

corrected quantum teleportation have been demonstrated on this photonic integrated

circuit. The experimental result has proved that the encoding scheme is feasible for

protecting the quantum information from the propagation loss or quantum operation

error, an average state reconstruction fidelity of F̄ = 0.8630. Quantum error correction
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is a very important topic in the era of Noisy Intermediate Scale Quantum Computer as

the further scaling up of quantum circuit model to larger scales would require the error

rate level to be maintained beneath a certain threshold to avoid decoherence of quantum

states and loss of quantum information.
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Chapter 5

On-Chip Quantum Computing with

Autoencoder

In this chapter, an efficient method to transfer quantum information via teleporta-

tion between quantum photonic chips is proposed. The efficiency of this quantum state

transformation process relies on the quantum autoencoder model which is trained with

genetic algorithms to compressed a particular set of qutrits to qubits for teleportation

and to decode it to qutrit to retrieve the original information.
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5.1 Theory of Quantum Teleportation with Autoencoder

Quantum network has played a more and more important role in the development

of quantum technologies as it provides a way to build the connection between sepa-

rate quantum nodes for quantum information sharing and operations among different

quantum systems. To realize a practical quantum network, one of the key problems is

to deliver the quantum state between quantum nodes. With this motivation, quantum

teleportation is invented as a technique to transfer the unknown quantum state over a

long distance. However, the two nodes within the network needs a pair of entangled

states to share their own unknown quantum information via the quantum channel.

5.1.1 Quantum Teleportation and Bell State Measurement

The quantum teleportation has been demonstrated with many platforms ranging

from superconducting qubits [160], trapped atoms [161,162], Nitrogen-vacancy centres

[163], to continuous variable states [164, 165] and so on.

Photonic qubit is one of the most promising candidates to build the quantum chan-

nel in a quantum network since it is robust against noise environment and the ease of

manipulation under room temperature compared to other implementations. Moreover, it

can tolerate longer propagation distances without much disturbance from the surround-

ing environment. Photonic quantum teleportation has been proved experimentally in

many ways including free space [166] and fibre systems [167]. The state of the art

proof of quantum teleportation is between the Micius satellite and ground station over a

distance of 1400 km [168], which paves the way for an interconnected quantum network

globally.
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Figure 5.1: Schematic of quantum teleportation.

The fundamental idea of quantum teleportation is to make a joint projective mea-

surement of the unknown state and transmit the classical information of measurement

results to the remote party to reconstruct the target unknown state. The involved re-

sources are a pair of entangled photonic state |φ〉+ = |00〉+ |11〉, the unknown state

|ψ〉 to be transferred and the classical information of measurement results as shown

in Figure 5.1. The entangled photon pair |φ〉+23 is distributed to two quantum nodes

through a quantum channel and the target state to be transferred along with the qubit

from entangled photon pair undergo a bell state measurement. Then the measurement

result is sent through a classical channel to quantum node 2 where the other qubit of

the entangled pair locate and some modification is performed on the state based on this

classical information to retrieve the initial state |ψ〉1.

The initial state can be written as

|ψ〉1 |φ〉
+
23 = α |000〉+α |011〉+β |100〉+β |111〉 (5.1)

The Bell state measurement on qubit 1 and 2 projects the state into one of the four Bell
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pairs, which is expressed as

|φ〉+ = |00〉+ |11〉 (5.2a)

|φ〉− = |00〉− |11〉 (5.2b)

|ψ〉+ = |01〉+ |10〉 (5.2c)

|ψ〉− = |01〉− |10〉 (5.2d)

Thus, the basic two-qubit state is represented as

|00〉= |φ〉++ |φ〉− (5.3a)

|11〉= |φ〉+−|φ〉− (5.3b)

|01〉= |ψ〉++ |ψ〉− (5.3c)

|10〉= |ψ〉+−|ψ〉− (5.3d)

and the initial state is represented by Bell state, which is expressed as

|ψ〉1 |φ〉
+
23 =α |000〉+α |011〉+β |100〉+β |111〉

= |φ〉+ (α |0〉+β |1〉)3 + |φ〉− (α |0〉−β |1〉)3+

|ψ〉+ (α |1〉+β |0〉)3 + |ψ〉− (α |1〉−β |0〉)3

(5.4)

Given the measurement results of entangled state at qubit 1 and 2, the initial quantum

information is reconstructed at qubit 3 with an appropriate operator depending on the
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outcome of the measurement, which is expressed as

|φ〉+ : I3 (5.5a)

|φ〉− : Z3 (5.5b)

|ψ〉+ : X3 (5.5c)

|ψ〉− : Z3X3 (5.5d)

Finally, the quantum state at qubit 1 is teleported to qubit 3 with the aid of entangled

state and the measurement results.

The remaining problem is how to discriminate the four bell states |φ〉+, |φ〉−, |ψ〉+

and |ψ〉−. The state in vector form can be expressed as

|φ〉+ =



1√
2

0

0

1√
2


, |φ〉− =



1√
2

0

0

− 1√
2


, |ψ〉+ =



0

1√
2

1√
2

0


, |ψ〉− =



0

1√
2

− 1√
2

0


. (5.6)

It is easy to check that these states are orthogonal to each other with no overlap and

they can be discriminated perfectly theoretically. If the four states can be converted to

the vector form expressed as

|00〉=



1

0

0

0


, |11〉=



0

0

0

1


, |01〉=



0

1

0

0


, |10〉=



0

0

1

0


, (5.7)

152



CHAPTER 5. ON-CHIP QUANTUM COMPUTING WITH AUTOENCODER

Figure 5.2: Schematic of photonic BSM with 50% success probability.

they can be discriminated efficiently under the experimental basis and the corresponding

operator U for conversion is expressed as

U =
1√
2



1 0 0 1

0 1 1 0

0 1 −1 0

1 0 0 −1


(5.8)

This operator cannot be decomposed as tensor products of two separable 2× 2 sub-

matrices, thus it is not able to be performed on photonic integrated systems, but a partial

state discrimination can be done.

The partial discrimination scheme of the Bell states on photonic integrated system

is shown in Figure 5.2. The four waveguide modes form two dual-rail qubits and the

two MZI are set to be a Hadamard gate. If the creation operator on four modes is
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represented as â†, b̂†, ĉ†, d̂†, the four bell state can be expressed as

|φ〉+ = (â†ĉ† + b̂†d̂†) |0〉 (5.9a)

|φ〉− = (â†ĉ†− b̂†d̂†) |0〉 (5.9b)

|ψ〉+ = (â†d̂† + b̂†ĉ†) |0〉 (5.9c)

|ψ〉− = (â†d̂†− b̂†ĉ†) |0〉 (5.9d)

The evolution of the creation operator under this circuit is given by

â† = b̂† + d̂† (5.10a)

b̂† = â† + ĉ† (5.10b)

ĉ† = â†− ĉ† (5.10c)

d̂† = b̂†− d̂† (5.10d)

Thus, the four bell states after the circuit can be expressed as

|φ〉+ −→(â†b̂†− ĉ†d̂†) |0〉 (5.11a)

|φ〉− −→(â†d̂†− b̂†ĉ†) |0〉 (5.11b)

|ψ〉+ −→(â†2 + b̂†2− ĉ†2− d̂†2) |0〉 (5.11c)

|ψ〉− −→(b̂†2− â†2 + d̂†2− ĉ†2) |0〉 (5.11d)

For state |φ〉+ and |φ〉−, the evolution results will be two photons either occupying

the first two modes or the last two modes, which corresponds to a two photon coinci-

dence counts at mode a and b or mode c and d. For state |ψ〉+ and |ψ〉−, there will

154



CHAPTER 5. ON-CHIP QUANTUM COMPUTING WITH AUTOENCODER

Table 5.1: Measurement Results of Bell State

Bell State |φ〉+ |φ〉− |ψ〉+ |ψ〉−

Coincidence Clicks ab/cd ad/bc NA NA

Transferred State α |0〉+β |1〉 α |0〉−β |1〉 α |1〉+β |0〉 α |1〉−β |0〉

Correction Operators Identity Z X ZX

be photon bunching results that two photons appear in the same modes and cannot be

distinguished by the threshold detector, thus the corresponding bell states cannot be ef-

fectively discriminated. If the path swapping operation in the circuit model is modified,

the results may vary based on the similar deduction above.

So far only one pair of bell states can be discriminated using linear optical circuit

and the total successful probability is 50%. The general results for all measurement

conditions are listed in Table 5.1.

5.1.2 Autoencoder

To increase the capacity of quantum information transferred in the quantum chan-

nel, two schemes of multi qubit [169] and higher dimensional qudit [170, 171] telepor-

tation have been raised and demonstrated. However, these schemes require either more

quantum resources like multi-qubit entanglement as quantum channel or more sophisti-

cated measurement basis that scales exponentially with number of qubits or dimensions

comparing with the ordinary 2-level qubit teleportation. Thus, the efficient use of the

transferred quantum resources in quantum channel to allow more information loaded

on it is another optional way to release the stress of teleportation and the compression

of quantum information into smaller sizes seems to be a promising solution to save the
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Figure 5.3: Schematic of theoretical model for quantum autoencoder. The in-

put state entering into the autoencoder with free parameters {pi} will be trans-

formed into |ψ〉tsh⊗ |ψ〉cmp. The overlap between |ψ〉re f and |ψ〉tsh will be

measured as cost function to optimize the autoencoder parameter.

quantum resource.

Inspired from the classical autoencoder concept that a machine learning model can

be trained to map a higher-dimensional data set to a lower-dimensional data set so that

it is used as a compressor for classical information like images or files to save mem-

ory space, the quantum autoencoder model is thus proposed to compress the quantum

information at higher dimensions into lower dimensions [172–176].

A general quantum autoencoder model is shown in Figure 5.3 that the initial input

state is a (m+ n)-qubit state |ψ〉in and it first undergoes a compression operator U{pi}

with a series of tunable parameters {pi}. The output is a separable state with two parts,

the m-qubit trash state |ψ〉tsh and the n-qubit compressed state |ψ〉cmp, which is given

by

U{pi} |ψ〉in = |ψ〉tsh⊗|ψ〉cmp .
(5.12)

Then the trash state |ψ〉tsh and the reference state |ψ〉re f will go through a controlled

swap gate to measure the overlap of the two states. The degree of overlap is used as a
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cost function along with the optimization algorithm to update the compression operator

parameter sets {pi}. The iteration will be repeated until the cost function reaches a

convergence.

This process can be understood as the mapping of a (m+ n)-qubit state from a

larger Hilbert space into a smaller Hilbert space as a constant m-qubit state |ψ〉re f and

a compressed n-qubit state |ψ〉cmp. The optimization process is to compare the dif-

ference between trashed state and reference state until they reach a maximum overlap.

The |ψ〉cmp contains all the information on the original input state while it requires

fewer quantum resource to store the information. The initial state can be retrieved by a

reversed operation U†
{pi} acting on |ψ〉re f and |ψ〉cmp.

To demonstrate the quantum autoencoder experimentally, the theory is simpli-

fied to encode a 3-dimensional qutrit |3D〉 to a 2-dimensional qubit |2D〉 given the

assumption that the generated qutrit from this quantum node allows compression with-

out any information loss, which indicates that only a specific subset of the universal

qutrit Hilbert space can be compressed [175].

5.1.3 Qutrit State Tomography

The quality of the transferred qudit state can be justified by the qutrit state to-

mography [177], which is similar to qubit tomography with the Pauli Matrix being

replaced by 9 matrices under 3-dimensional space. These matrices form the special

unitary group of degree 3, denote as SU(3), which is the fundamental concept of Lie

group theory [178, 179]. It is also known as the GellMann matrices for the study of

strong interaction in physics [180].
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These matrices can be written as

λ0 =


1 0 0

0 1 0

0 0 1

 , λ1 =


0 1 0

1 0 0

0 0 0

 , λ2 =


0 −i 0

i 0 0

0 0 0

 ,

λ3 =


1 0 0

0 −1 0

0 0 0

 , λ4 =


0 0 1

0 0 0

1 0 0

 , λ5 =


0 0 −i

0 0 0

i 0 0

 ,

λ6 =


0 0 0

0 0 1

0 1 0

 , λ7 =


0 0 0

0 0 −i

0 i 0

 , λ8 =


1 0 0

0 1 0

0 0 −2

 .

(5.13)

The eigensystem of these matrices are calculated mathematically and represented as

λi ·
∣∣vi, j
〉
= si, j

∣∣vi, j
〉
, i = {0, · · · ,8}, j = {1,2,3}, (5.14)

where
∣∣vi, j
〉

is the j-th normalized eigenvector for matrix λi and si, j is the corresponding

eigenvalue. The density matrix of the target qutrit |φ〉 is represented as

ρ =
8

∑
i=0

riλi, (5.15)

the parameter ri is the coefficient determined by the eigensystem of λi expressed as

ri =
1

Tr(λiλi)

3

∑
j=1

si, j ·
〈
vi, j
∣∣ρ ∣∣vi, j

〉
=

1
Tr(λiλi)

3

∑
j=1

si, j · |
〈
vi, j
∣∣φ〉 |2 (5.16)

where |
〈
vi, j
∣∣φ〉 |2 is the projection of |φ〉 under the basis

∣∣vi, j
〉
.
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For example, for λ0, its eigensystem is calculated as

s0,1 = 1,
∣∣v0,1

〉
=

[
1 0 0

]T

(5.17a)

s0,2 = 1,
∣∣v0,2

〉
=

[
0 1 0

]T

(5.17b)

s0,3 = 1,
∣∣v0,3

〉
=

[
0 0 1

]T

(5.17c)

Assuming the qutrit is in the form of |φ〉= |0〉, the coefficient r0 is calculated as

r0 =
1

Tr(λ0λ0)
(s0,1|

〈
v0,1
∣∣φ〉 |2 + s0,2|

〈
v0,2
∣∣φ〉 |2 + s0,3|

〈
v0,3
∣∣φ〉 |2)

=
1
3
.

(5.18)

Experimentally, |
〈
vi, j
∣∣φ〉 |2 is directly obtained by measuring the coincidence count of

state |φ〉 under the basis of
∣∣vi, j
〉

and normalizing the data at the end of the measure-

ments.

5.2 Design of Quantum Photonic Autoencoder Circuit

5.2.1 Encoder and Decoder Circuit

The schematic diagram of the chip design is shown in Figure 5.4. It contains two

parts: the encoder chip and the decoder chip connected with a quantum channel to

teleport the quantum state. The encoder chip generates a pair of entangled qubit and

distributes one of the branch to the decoder chip to establish the quantum channel be-

tween them. The generated qutrit |3D〉 is then compressed to the target qubit |2D〉 by

the quantum autoencoder. Along with another qubit from the entangled pair, the two
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Figure 5.4: Schematic of the teleportation with autoencoder circuit. The qutrit

state |3D〉 is compressed into a qubit state |2D〉 by autoencoder and get teleport

to the decoder chip. Then the original qutrit quantum information is recovered.

qubits go through a Bell state measurement process and the measurement results is com-

municated as classical information to the decoder chip to reconstruct the compressed

quantum state and the original quantum information can be decoded.

The whole system is implemented on an photonic integrated platform as shown in

Figure 5.5a. The qubit is encoded in dual rail with a single photon: a photon in one

wave guide represents 0 and a photon in another wave guide represents 1. Pump laser

is injected into the chip and split equally into three spiral structures to generate photon

pair via the SFWM process. The pump power is then filtered out by the first AMZI

and the signal/idler photon pair is split into two modes through the second AMZI. The

first two spiral sources form a pair of entangled state as |00〉+ |11〉. The photon pair

from the third spiral structure is used to simulate the quantum information from the

network node. The idler photon functions as a trigger to herald the signal photon as a
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(a)

(b)

Figure 5.5: (a) Schematic for integrated quantum photonic teleportation with

autoencoder circuit. The encoder and decoder parts are connected by a 10-

meter-long fiber to teleport the quantum information. (b) The microscope pho-

tograph of the fabricated chip.

single photon source. The following two MZIs encode the signal photon into a qutrit

defined in three waveguide modes. Another 3 MZIs in a triangle shape function as the

unitary matrix to realize arbitrary unitary transform of the single qutrit, which acts as an

autoencoder to compress the qutrit to a qubit. The autoencoder contains eight tunable

phase shifters as the free parameters for further training. The bell state measurement

is realized with three crossings for waveguide swap and two MZIs as Hadamard gate.

The four output is connected into a single photon detector array for coincidence counts

measurement. Figure 5.5b is the microscope photograph of the fabricated photonic

integrated circuit. The encoder and decoder are fabricated on one unit only for ease of

operation. There is no direct waveguide connection between them and the two separated

parts are connected with a 10-meter long fiber.
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Figure 5.6: Schematic of the PRS. It contains two parts, the polarization split-

ters and polarization rotator, to realize the conversion of qubit dual rail encod-

ing in chip to polarization encoding in fiber and free space.

5.2.2 Teleportation Channel

The qubit for teleportation at first two waveguides of the encoder chip will be

transferred to the decoder chip to deliver the quantum information. The most obvious

way is to connect the two waveguide at encoder chip directly to the decoder chip via

two fibres. However, the main concern here is to maintain the phase stability of two

fibres, which is rather sensitive to the environmental fluctuation.

This problem can be effectively solved if the quantum information can be trans-

ferred in a single fibre. Therefore, the on-chip polarization rotator and splitter (PRS) is

used to merge the two waveguides labeled with a and b into one and the implemented

information on two waveguides can be converted to the two propagation modes T E0

and T M0 in the same waveguide. It is a combination of polarization splitter and a po-

larization rotator. The cross section and coupling length is specially designed that the

input T E0 propagation mode at waveguide a is first converted to T E1 mode and coupled

to the waveguide b by a polarization splitter. The polarization rotator then rotates the

T E1 mode to T M0 mode by the asymmetry design of waveguide cross section. The

T E0 and T M0 are two orthogonal propagation modes in waveguide and when coupled

to single mode fibres, they can occupy the two orthogonal polarization of H and V so

that the quantum information will not merge with each other while their relative phase
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can still be maintained.

The evolution of a qubit under the structure of PRS can be written as

|ψ〉=α |0〉+β |1〉

=α |a〉 |T E0〉+β |b〉 |T E0〉

splitter−−−−→α |a〉 |T E0〉+β |a〉 |T E1〉

rotator−−−−→α |a〉 |T E0〉+β |a〉 |T M0〉

couple−−−−→α | f ibre〉 |H〉+β | f ibre〉 |V 〉 .

(5.19)

where qubit state |0/1〉 is converted from |a〉 |T E0〉/ |b〉 |T E0〉 with its waveguide po-

sition degree of freedom and propagation mode degree of freedom to the polarization

degree freedom |H〉/ |V 〉.

To couple the two propagation modes to fibre simultaneously, the 1D grating cou-

pler array is no longer appropriate as it will reject the TM mode with an extinction ratio

up to 20 dB, instead, a spot size converter (SSC) is used as a polarization independent

edge coupler structure to guide the light from waveguide to the the single mode fibre.

Then a three-ring polarization controller is added to adjust the input polarization to the

decoder chip. This can be done by sending a series of |0〉 and |1〉 as calibration signals to

align the two chips. The qubit coupled from fibre to decoder chip will undergo another

unitary matrix evolution to recover the original qudit and the implemented decoder uni-

tary matrix here is the inverse of encoder unitary operator. Finally, the quantum state

tomography is performed on the recovered qudit to calculate its fidelity and proves the

feasibility of designed circuit.
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5.2.3 Training Process

The quantum autoencoder implemented in the designed circuit is to compress a

qutrit to a qubit. The autoencoder is a 3× 3 linear optical circuit with 3 MZIs. It

contains 9 phase shifters but one of the phase shifter canset to be arbitrary phase and

functions as the reference of the others without any effect on final results. Thus, the

autoencoder model contains 8 free parameters, which are the current added on 8 heaters.

The cost function theoretically is the overlap between trash state and reference state as

|
〈
ψre f

∣∣ψtsh
〉
|. The optimization algorithm will maximize the overlap of two states by

tuning the free parameter sets. Experimentally, considering the state overlap requires

additional operations and the designed autoencoder only compress a qutrit to a qubit,

the experimental reference state can be selected as a vacuum state, which means the

occupancy of the trash mode will be 0. Therefore, the optimization process functions

to minimize the probability of detecting the photons at trash waveguide mode can be

expressed as

α0 |0〉+α1 |1〉+α2 |2〉
autoencoder−−−−−−−→ β0 |0〉+β1 |1〉+β2 |2〉 , (5.20a)

|β2|2
optimization−−−−−−−→ 0. (5.20b)

Note that the proposed quantum autoencoder is only functional for a particular

qutrit set where a universal lossless compression process exists. The initial dataset is

prepared by mathematically selecting a constant 3× 3 unitary matrix U and randomly

generating a large set of 2 dimensional complex vector {vi}. When acting the matrix

on the 2 dimensional vector U · vi, the initial qutrit space is prepared. The input qutrit

is first selected from this dataset and prepared by a heralded single photon source and
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(a)

(b)

Figure 5.7: (a) Trash state measurement process for cost function. The time

difference of gate start flag and first photon click labeled as ∆t is recorded

as cost function. (b) The training process is to optimize free parameters in

autoencoder and minimize the cost function f (∆t) using the genetic algorithm

classically.

two MZI structures. Then the qutrit will enter the autoencoder with the trash mode

measured to optimize the autoencoder.

Theoretically, the output qutrit from quantum node is unknown. Due to the con-

straint imposed by the non-cloning principle: a quantum bit cannot be measured twice,

a direct measurement of the count rate at trash mode by repeating the qutrit prepara-

tion process will violate the non-cloning principle so that it cannot be treated as a cost

function parameter for further optimization.

Instead, the time difference ∆t of the trigger signal and the first photon click is
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chosen to be the cost function parameter as illustrated in Figure 5.7a. The 500MHz

pump laser generates a synchronized electrical pulse and is inputted into one channel

of time tagger as a start trigger for gated detection. Only the photon signal inside the

detection gate is measured. The time difference between first photon and gate start

trigger is measured as ∆t and passed into the evaluation of the cost function. Twenty

different initial qutrits are prepared for each set of parameter {pi} to get the averaged

∆̄t. The optimization approach used is a genetic algorithm with the 20 individuals

initialized in the first generation. The mutation, crossover and selection process are

applied to generate the subsequent generations until one arrives at a convergence of the

cost function as shown in Figure 5.7b.

5.3 Experimental Results and Discussions

5.3.1 Experimental Setup

A schematic diagram of the experimental setup is shown in Figure 5.8a. The Ul-

trafast Optical Clock device (PriTel) is applied here as a laser source to generate a 500

MHz pulsed lasers with line width of around 1.1 nm. It is then sent to a WDM device

and a filter to narrow down the line width of the laser pulse to 0.7 nm to suppress the un-

wanted background photons for a better single-photon quality. The shaped laser pulse

is coupled into the chip via a single mode fibre aligning itself to the on-chip grating

coupler structure and its polarization is adjusted by a fiber-based three-ring polarization

controller to realize the maximum efficiency since the grating coupler is polarization-

sensitive. Multiple photon pairs are generated by equally splitting the input pump laser

into three spiral waveguides on chip to generate the SFWM process.
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(a)

(b) (c)

Figure 5.8: (a) The control flow chart of the experimental system. The qutrit on

the encoder chip will be compressed and transformed to the decoder chip via a

fiber. The qubit is decoded back to qutrit and get measured. (b) Photograph of

the experimental setup. (c) Photograph of the packaged quantum autoencoder

chip.

The qutrit compression training and Bell state measurement are performed on the

encoder chip and the entangled photon pair is sent to the decoder chip via a single mode

fibre by suspended spotsize converter (SSC) edge coupler. Another three-ring polariza-

tion controller is applied to align the polarization of two chips. The compressed qubit

is sent to decoder chip via this quantum channel and the original qutrit is recovered and
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state tomography is performed to verify that the scheme works. The output channels

of photons are coupled to a set of fibre arrays via the SSC and each fiber is connected

with a filter and a WDM to remove the pump laser and other background photons to

increase the fidelity of coincidence counts. Before the photons enter into the detectors,

another three-ring polarization controller is connected to maximize the detection effi-

ciency for the superconducting photon detector array (PhotonSpot). The photon signal

is then converted to electrical signal and transfers to a time tagger (Swabian Instrument)

to measure the coincidence count between the different channels. These data are then

processed by the computer to train the circuit or reconstruct the density matrix for cal-

culating the fidelity quantum quantum state. Finally, the computer sends instruction to

the DAC to apply the proper current on each heater to control the circuit for further

measurement.

A photographic illustration of the full system is shown in Figure 5.8b. The fiber

coupling array is controlled by a 12-axis alignment stage with a CCD camera to monitor

the chip for coupling adjustment. The chip is centralized at the stage as shown in Figure

5.8c. The copper pad function as a substrate to hold the chip and two PCB boards.

The thermalelectral cooler (TEC) pad is added beneath the substrate for temperature

stabilization. The chip lies between two PCB boards with golden wires bounded to

connect the on-chip heaters to PCB metal pad. The flat blue-white cables are FFC

connectors to send the electric signal from DAC to the bonded chip.

5.3.2 System Calibration

The circuit includes two AMZIs to remove the pump power and split the signal and

idler photons. The spectra of these two devices and their joint spectra are measured as
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Figure 5.9: The spectra of AMZI. Blue line is the pump AMZI. Its FSR is 11.2

nm to keep the signal and idler photon while rejecting the pump power. The

red line is the s-i AMZI with FSR of 22.4 nm to separate the signal and idler

photons into two output ports. The yellow line is the combined spectra of two

consecutive AMZI to show that the three wavelength can be well distinguished

with up to 20 dB extinction ratio. The shaded blue bars are the wavelength for

signal, idler and pump.

shown in Figure 5.9. The blue line is for the pump AMZI, the red line is for the signal-

idler AMZI and the yellow line is the spectra after passing through these two devices.

The three shaded vertical bars indicate the pump and the two photon wavelengths. The

average extinction ratio for AMZI is over 25 dB. Pump laser wavelength is selected to

be 1550.112 nm, which is the C34 channel of WDM. The photon pair wavelengths are

selected to be 1555.747 nm at C27 channel for signal and 1544.526 nm at C41 channel

for Idler. The first pump AMZI has a FSR of 11.2 nm to split the photon pair and pump

laser as illustrated with blue line. The pump wavelength (mid bar) falls at the valley of

spectra while the signal and idler wavelengths (left and right bars) fall at the peak of
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Figure 5.10: Measurement results of MZI on PRS at (a) encoder and (b) de-

coder chip. The loss difference of T E0 and T M0 mode can be used to calibrate

the MZI connecting to two arms of PRS. By measuring the intensity fluctua-

tions from PRS, the peak corresponds to the T E0 modes and valley is for T M0

mode.

the spectra, which indicates they can be separated into different output ports effectively.

The signal-idler AMZI has a FSR of 22.4 nm to separate the two photon wavelengths

by aligning them at the peak and valey of the spectra as shown in red line. It should

be noted again that the yellow line is the spectra after two AMZIs with proper phase

settings that three wavelengths are all at the peak or valley of the spectra with a high

extinction ratio.

The on-chip PRS is a passive structure used to convert the T E0 mode photon in

two waveguides into T E0 and T M0 photon in one waveguide. Although the theoretical

simulation indicates no loss in conversion, the waveguide cross section is designed for

T E0 mode propagation and T M0 would suffer slightly higher loss. The MZI connected

to PRS can be calibrated by observing the interference fringe of intensity at the single

waveguide output. Figure 5.10 is the measured fringe of MZI for PRS on encoder and
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(a) Real part (b) Imag part

Figure 5.11: (a) Real part and (b) imaginary part of density matrix for |00〉+

|11〉 with F = 0.9594±0.004. The colored bars are for measured results while

the transparent bars are theoretical results.

decoder chip. The visibilities are Ven = 0.030 and Vde = 0.056.

The quantum channel for teleportation is built with a pair of entangled state |00〉+

|11〉. The state is generated by pumping two spiral waveguides simultaneously and

generating entangled photon for the heralded single-photon source, and ignoring multi-

photon-pair events. In this experiment, the pump power is set to a low level to reduce the

effect of multi-photon events. Quantum state tomography is performed to reconstruct

the experimental density matrix and its fidelity is measured to be F = 0.9594±0.004 as

shown in Figure 5.11. The colored bars are for experimental results and the transparent

bars are theoretical value.

The estimated losses for the whole system are calibrated and the data is shown in

Table 5.2. For circuit part, the waveguide propagation loss is 2.3 dB/cm, the crossing

structure is 0.024 dB and the MMI loss is 0.15 dB. The SSC coupling loss is slightly

better than the grating coupler at 5 dB per facet. For PRS structure, it has a loss around
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Table 5.2: Loss estimation of the teleportation with autoencoder chip.

Components Loss dB No. Total dB
SSC Coupler 5 3 15
Waveguide 2.3 cm−1 2.5 cm 5.75
Crossing 0.024 1 0.024
MMI 0.15 20 3
PRS 2 2 4
WDM 2 1 2
Filter 0.9 2 1.8
Detector 0.71 1 0.71

32.284

1.5 dB and although it has lower propagation loss for T E0 than T M0 mode, the differ-

ence can be ignored comparing with its own loss. For the off chip devices, 20 channels

in WDM have a variant loss from 1 dB to 3 dB and a mean value of 2 dB is considered.

The filter has a smaller loss to be 0.9 dB. The average single photon detector effi-

ciency can be assumed to be 85% with the test data from vendor. Other losses like fiber

or connectors can be ignored or have been counted into other devices. Therefore, the

whole loss of the longest route is 32.284 dB, which corresponds to a system efficiency

of 0.052%.

5.3.3 Experimental Results and Discussions

After the calibration of circuit design, the teleportation of quantum state is first

tested with the 6 basis states |H/V 〉= |0/1〉, |D/A〉= 1√
2
(|0〉±|1〉), |R/L〉= 1√

2
(|0〉±

i |1〉). They are prepared from a heralded single photon state and tuning the phase infor-

mation at the following heaters. The target qubit along with the qubit from entangled

photon pair are subject to Bell states measurement (BSM). Due to the limitations of

feed forward control of quantum circuit, the BSM results are all post-selected to the

|φ〉+ and no correction operations are then required on the transferred qubit. A 10-
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(a) FH = 0.9551±0.009 (b) FV = 0.9355±0.011

(c) FD = 0.9235±0.025 (d) FA = 0.9167±0.031

(e) FR = 0.9415±0.024 (f) FL = 0.9109±0.030

Figure 5.12: Density matrices measured at the decoder circuit. The initial state

is selected to be (a) H, (b) V , (c) D, (d) A, (e) R, (f) L. The corresponding

fidelity of each state is listed beneath each plot with an average of F̄ = 0.935.
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meter-long single mode fiber is connected between encoder and decoder chip to send

the entangled qubits as a quantum channel. At the decoder chip, the MZI is set with

the state tomography basis and coincidence counts are measured correspondingly to re-

construct the density matrix as shown in Figure 5.12. Real parts and imaginary parts

of density for each state is plotted with colored bars for the experimental results and

transparent bar for the theoretical results. The fidelity is labeled beneath each plot and

the average fidelity is measured to be F̄ = 0.935.

The time tagger measures the time in the step of ps. The initial average photon

count rate without training is at the level of 104 Hz and the dark count of the detector

is less than 100 Hz, which corresponds to an average time step of 108 ps and 1010 ps.

The cost function is defined as

f (x) = 1− e
x−108

1010 −1
e−1

, (5.21)

so that the autoencoder is optimized for the compression of the higher dimensional

quantum states into a qubit subspace with the remaining components (the trashable part

of the state) reduced to the vacuum state. The measured photon rate is at dark count level

of 100 Hz and ∆t ≈ 1010ps. Also, f (∆t) converges to 0. Since the detection window is

selected to be 10 ms, if no photon click is detected in this window, the Deltat is defined

to be 1010 ps.

The training process is shown in Figure 5.13 that for the time difference between

trigger and first photon click ∆t, each generation consists of 20 individuals, and the ∆t

for each individual is the averaged results of 20 different qutrit input states selected from

some initial dataset. It is easy to see that the time difference convergence to ∆t = 1010
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Figure 5.13: Training Process of the autoencoder. (a) The time difference ∆t

increase by the generation. (b) The mean fitness (blue dots) converges at the

end of training. The shaded blue areas are the std in each generation. The

minimum fitness (orange dots) stays to be 0, indicating no photon detected at

the end of training.
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ps with each generation.

For the fitness function, the average fitness value for all 20 individuals (blue dots)

and the minimum of each generation (red dots) are plotted. The shaded area are the

standard deviation of fitness value. By the iteration of generation, the fitness converges

to 0, which indicates the trash state |φ〉tsh is closed to a vacuum state. The minimum

fitness value exhibits some discrete level because ∆t for each individual is the averaged

result of 20 different qutrits. The parameter for the minimum individual has been opti-

mized so that no click is measured inside the window for most of the qutrits and the ∆t

is set to be 1010 ps. The average can be approximated as ∆̄t ≈ n/20×1010 ps, where n

is the number of non-click qutrits.

The fitness function during the training process does not decrease continuously

and shows some fluctuations as in generation 40. The fluctuation is due to the genetic

algorithm training process itself and output will jump outside the local minimum via

the mutation process.

The comparison of training results at convergence condition with initial results is

shown in Figure 5.14. The blue bars are for first generation training results while the

orange bars are for last generation. The ∆t in all individuals show great increase from

109 ps level to 1010 ps level, the corresponding fitness value also decreases from 1 to

0.1.

The statistical distributions of 8 free parameters are also studied. Based on the

previous calibration results, 3 mA current is enough to induce a phase change of 2π

thus the tuning range of 8 heaters are all set to be slightly larger than 3 mA. In Figure

5.15, the red line for each parameter is the mid number value of 20 individuals. The
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Figure 5.14: Comparison between the first generation and the last generation

for (a) ∆t and (b) Fitness. The blue bars are for the first generation and the

orange bars are for the last generation.
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Figure 5.15: Statistics for 8 free parameters of the autoencoder over 20 indi-

viduals at (a) the first generation and (b) the last generation. Red line is the

mid number and the blue box covers 25% to 75% percentile. Dashed bar is the

upper and lower limit. Red ’+’ marker is the discarded data.
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(a) F1 = 0.9564±0.052

(b) F2 = 0.9134±0.047

(c) F3 = 0.8793±0.051

(d) F4 = 0.9036±0.046

Figure 5.16: Tomography results of 4 random qutrits using decoder chip for

reconstructed density matrices (a)-(d). Real and imag parts are plotted with

colored bars for experimental data and transparent bars for theoretical data.

Fidelity of each qutrit is labeled beneath the plot with an average of F̄ = 0.9132.
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blue box indicates the 25% to 75% percentile range of parameter value distribution in

20 individuals. The dashed lines are the maximum and minimum limit of all parameter

values and the red ’+’ mark is the omitted data are outliers and their values are too

far away from other points in the samples. At the first generation of training process,

the parameters are not optimized and the statistics of all eight parameters are randomly

distributed and their distributions are spread over the 3 mA range. At the last generation,

the fitness function has reached the convergence values and each free parameter pi in all

20 individuals also converges to a stable value with a very narrow distribution, which

proves the functionality of autoencoder.

Finally, four random qutrits are selected from the dataset to prove the full telepor-

tation process with autoencoder. With the autoencoder well trained, the current set on

each heater is known, thus the corresponding phase information is also decided based on

previous calibration process. The decoder is set as the inverse unitary matrix of encoder

and the transferred qubit is then decoded to the original qutrit with the decoder circuit.

Quantum state tomography is then performed as shown in Figure 5.16. Experimental

results for real part and imaginary part of the 4 qutrits are plotted in colored bars and

the corresponding theoretical results are plotted in transparent bars for comparison. The

fidelities are labeled beneath each plot and the average retrieved fidelity is F̄ = 0.9132.

5.4 Conclusions

In this chapter, a novel quantum information transferring method consuming less

quantum resources is proposed and demonstrated with photonic integrated circuit. The

proposed method focuses on a particular dataset of qutrit with an almost lossless com-
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pression process to train a quantum autoencoder model with genetic algorithm that

maps the qutrit subspace to a qubit space to save the quantum resource. The quan-

tum teleportation of qubit requires in general less quantum resources than qutrit and is

demonstrated by transferring the compressed qubit from one photonic integrated cir-

cuit to another via a 10-meter-long fiber. The original qutrit is recovered by the inverse

process of trained autoencoder and the quantum state tomography is performed with an

average fidelity of F̄ = 0.9132 for four random qutrits to prove the functionality of the

full system. This prototype can pave the way for the development of quantum network

and high efficiency quantum information sharing.
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Chapter 6

Finale

6.1 Recapitulation and Conclusions

In this thesis, the integrated quantum photonic computing circuit is carefully stud-

ied and three different quantum computing algorithms are demonstrated experimentally.

The theoretical modeling, photonic integrated circuit design and experimental imple-

mentation process are described in detail.

In GBS quantum computing section, the properties of on chip photon source and

linear optical circuit is carefully studied. First the SFWM process of on chip photon

generation is discussed. Different methods to realize the energy conservation and phase

matching condition are listed and calculated. Two matrix decomposition methods are

shown as a guidance to realize arbitrary unitary matrix with linear photonic circuit.

Then, for the designed quantum circuit, the photon source properties are carefully stud-

ied under both single pump scheme for TMS state and dual pump scheme for SMS

state such as the JSI, g2, CAR, squeeze parameter and so on. Next, the circuit is used to

182



CHAPTER 6. FINALE

implement unitary matrices and the results are verified experimentally to get a similar-

ity of 98.44%. Finally, a boson sampling is measured with a random unitary set and a

perfect matching problem is studied for a 6-vertex graph. GBS circuit is configured to

simulate the perfect matching problem and the achieved photon distribution has a sim-

ilarity of 0.9783 with the theoretical results. The subgraph perfect matching number is

also calculated to be identical with the theory.

In error correction encoding section, the theoretical model of this scheme is stud-

ied and its photonic implementation is designed. Next, a photonic integrated circuit is

fabricated with on chip photon generation, initial state preparation and qubit operation

function to realize the prototype of this error correction encoding scheme. Three ap-

plications of quantum information processing: quantum state reconstruction, error type

identification and error corrected quantum teleportation have been demonstrated on this

photonic integrated circuit. The experiment result has proved the encoding scheme to be

feasible for protecting the quantum information from the propagation loss or quantum

operation error, an average state reconstruction fidelity of F̄ = 0.8630. The success im-

plementation of the quantum error correction encoding on integrated photonic platform

is very important in the era of quantum information as it provides a demonstration to

maintain the qubit operation error beneath a certain threshold to avoid decoherence of

quantum states and loss of quantum information. This would pave the way for further

scaling up of quantum circuit model to larger scales.

In teleportation with autoencoder section, a novel quantum information transfer-

ring method consuming less quantum resources is proposed and demonstrated with pho-

tonic integrated circuit. The proposed method focuses on a particular dataset of qutrit

with an existent lossless compression process. A quantum autoencoder model is trained
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with genetic algorithm that maps the qutrit subspace to a qubit space. Thus, less quan-

tum resource is required to store the quantum information during the transformation

at the quantum network. The quantum teleportation of qubit also requires less quan-

tum resource than qutrit and is demonstrated by transferring the compressed qubit from

encoder chip to decoder chip via a 10-meter-long fiber. The original qutrit is recov-

ered by the inverse process of trained autoencoder and the quantum state tomography is

performed with an average fidelity of F̄ = 0.9132 for four random qutrits to prove the

functionality of the full system. This prototype can help the development of quantum

network and high efficiency quantum information sharing.

The demonstration of some of these quantum algorithms for computation offers

a possible solution for taking the advantage of quantum computation power, reducing

error rates in computation process and high efficiency quantum information transfor-

mation on integrated photonic platform. This would help the future development of

integrated quantum photonic computer and quantum network system.

6.2 Recommendations for future works

The demonstrations in thesis have the potential for further improvements. First, the

system can be scaled up with more photons and to larger linear optical circuits for more

realistic quantum simulation tasks. This may require the optimization of circuit design

of higher efficiency and photon number resolving detectors to unlock more computation

power.

Second, more general quantum error correction scheme that does not rely on the

prerequisite of error type or location but can tolerate more qubit errors should be stud-
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ied. Involving more physical qubits to protect a logic qubit and a more efficient way

to implement the error correction encoding to quantum algorithms still awaits further

exploration.

Third, the quantum autoencoder for quantum information compression should be

generalize to support complicated quantum information other than qutrit. Quantum

optimization would be studied to see whether it can provide more advantage in classical

training process of the autoencoder. The quantum teleportation process can be more

efficient with photon number resolving detectors and a quantum network with multiple

nodes can be considered.
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[13] Marta Arcari, Immo Söllner, Alisa Javadi, S Lindskov Hansen, Sahand Mah-

moodian, Jin Liu, Henri Thyrrestrup, Eun Hye Lee, Jin Dong Song, Søren Sto-

bbe, et al. Near-unity coupling efficiency of a quantum emitter to a photonic

crystal waveguide. Physical review letters, 113(9):093603, 2014.

[14] Emanuel Knill, Raymond Laflamme, and Gerald J Milburn. A scheme for effi-

cient quantum computation with linear optics. nature, 409(6816):46–52, 2001.

[15] Wolfram HP Pernice, C Schuck, O Minaeva, M Li, GN Goltsman, AV Sergienko,

and HX Tang. High-speed and high-efficiency travelling wave single-photon

detectors embedded in nanophotonic circuits. Nature communications, 3(1):1–

10, 2012.

[16] Emanuel Knill, Raymond Laflamme, and Wojciech H Zurek. Resilient quan-

tum computation: error models and thresholds. Proceedings of the Royal So-

ciety of London. Series A: Mathematical, Physical and Engineering Sciences,

454(1969):365–384, 1998.

[17] A Robert Calderbank and Peter W Shor. Good quantum error-correcting codes

exist. Physical Review A, 54(2):1098, 1996.

[18] David P DiVincenzo and Peter W Shor. Fault-tolerant error correction with effi-

cient quantum codes. Physical review letters, 77(15):3260, 1996.

[19] Andrew M Steane. Error correcting codes in quantum theory. Physical Review

Letters, 77(5):793, 1996.

[20] Andrew M Steane. Simple quantum error-correcting codes. Physical Review A,

54(6):4741, 1996.

190



BIBLIOGRAPHY

[21] Robert Raussendorf, Jim Harrington, and Kovid Goyal. Topological fault-

tolerance in cluster state quantum computation. New Journal of Physics,

9(6):199, 2007.

[22] Daniel Gottesman. Stabilizer codes and quantum error correction. arXiv preprint

quant-ph/9705052, 1997.

[23] Simon J Devitt, William J Munro, and Kae Nemoto. Quantum error correction

for beginners. Reports on Progress in Physics, 76(7):076001, 2013.

[24] David Kribs, Raymond Laflamme, and David Poulin. Unified and generalized

approach to quantum error correction. Physical Review Letters, 94(18):180501,

2005.

[25] Vahid Karimipour, Alireza Bahraminasab, and Saber Bagherinezhad. Entangle-

ment swapping of generalized cat states and secret sharing. Physical Review A,

65(4):042320, 2002.

[26] Zheng-Da Li, Rui Zhang, Xu-Fei Yin, Li-Zheng Liu, Yi Hu, Yu-Qiang Fang,

Yue-Yang Fei, Xiao Jiang, Jun Zhang, Li Li, et al. Experimental quantum re-

peater without quantum memory. Nature Photonics, 13(9):644–648, 2019.

[27] Koji Azuma, Kiyoshi Tamaki, and Hoi-Kwong Lo. All-photonic quantum re-

peaters. Nature communications, 6(1):1–7, 2015.

[28] Albert Einstein, Boris Podolsky, and Nathan Rosen. Can quantum-mechanical

description of physical reality be considered complete? Physical review,

47(10):777, 1935.

191



BIBLIOGRAPHY

[29] David Bohm. A suggested interpretation of the quantum theory in terms of”

hidden” variables. i. Physical review, 85(2):166, 1952.

[30] Albert Einstein. The Collected Papers of Albert Einstein, Volume 13: The Berlin

Years: Writings & Correspondence, January 1922-March 1923 (English Trans-

lation Supplement), volume 13. Princeton University Press, 1987.

[31] John S Bell. On the einstein podolsky rosen paradox. Physics Physique Fizika,

1(3):195, 1964.

[32] Stuart J Freedman and John F Clauser. Experimental test of local hidden-variable

theories. Physical Review Letters, 28(14):938, 1972.

[33] Gregor Weihs, Thomas Jennewein, Christoph Simon, Harald Weinfurter, and An-

ton Zeilinger. Violation of bell’s inequality under strict einstein locality condi-

tions. Physical Review Letters, 81(23):5039, 1998.

[34] Markus Ansmann, H Wang, Radoslaw C Bialczak, Max Hofheinz, Erik Lucero,

Matthew Neeley, Aaron D O’Connell, Daniel Sank, Martin Weides, James Wen-

ner, et al. Violation of bell’s inequality in josephson phase qubits. Nature,

461(7263):504–506, 2009.

[35] Marissa Giustina, Alexandra Mech, Sven Ramelow, Bernhard Wittmann, Jo-

hannes Kofler, Jörn Beyer, Adriana Lita, Brice Calkins, Thomas Gerrits, Sae Woo

Nam, et al. Bell violation using entangled photons without the fair-sampling as-

sumption. Nature, 497(7448):227–230, 2013.

[36] Bas Hensen, Hannes Bernien, Anaı̈s E Dréau, Andreas Reiserer, Norbert
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