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Employing the multiple Davydov D2 Ansatz with the time-dependent variational principle, we
have investigated photon-assisted Landau-Zener (LZ) transitions and qubit manipulation in a hybrid
quantum electrodynamics device. Modelled as a Rabi dimer, the device comprises of two interacting
transmission-line resonators, each coupled to a qubit. The qubits, driven by independent harmonic
fields, are further modulated by a micromechanical resonator mimicked by a phonon mode. The
impacts of two independent driving fields on the qubit dynamics are carefully examined. The
energy diagram of the system and the photon number mobilization on the resonators are analyzed
to explain the behaviour of the LZ transitions and qubit dynamics while taking into account the
influence of the single phonon mode. Results show that low phonon frequencies can alter the qubit
dynamics, particularly in the absence of the driving fields, and a strong phonon coupling strength
can significantly perturb the qubit dynamics thanks to a high influx of phonon energy. Notably,
only the photon frequency affects the oscillation frequency of qubit polarization. This study unveils
the imperative roles that photons and phonons play in the Rabi dimer model.

I. INTRODUCTION

The Landau-Zener-Stuckelberg-Majorana model [1–
4], also known as the Landau-Zener (LZ) model, de-
scribes a two-level system that is driven externally and
has a time-dependent energy gap between its two dia-
batic states. As the energy separation switches signs,
the diabatic states, which are the Hamiltonian eigen-
states without tunneling, experience a level crossing.
Transitions between the diabatic states are denoted as
the LZ transitions. Conversely, the adiabatic states,
which are the Hamiltonian eigenstates with tunneling,
face an avoided crossing [5]. Characterizing both di-
abatic and adiabatic transitions, the LZ model has
been widely adopted to investigate fundamental physi-
cal problems in various fields, such as atomic and molec-
ular physics [6], condensed matter physics [7], quantum
information [8], and quantum simulation [9].
The LZ model can be formulated within the frame-

work of circuit quantum electrodynamics (QED) sys-
tems, where two-level objects are typically coupled to
resonators [10, 11]. Representing advanced QED appa-
ratuses, hybrid circuit QED devices [12–16] are among
the most promising candidates for realizing quantum in-
formation processing [17, 18] and quantum computation
[19–21]. Investigating the LZ dynamics on such hybrid
circuit QED platforms not only benefits fundamental
studies of light-matter interactions, but also facilitates
developments in quantum computation.

∗ fzheng@uni-bremen.de
† yzhao@ntu.edu.sg

In an advancement of a single-qubit QED model, hy-
brid QED devices, a system containing two coupled res-
onators each connected to one qubit could be an ideal
model to unveil underlying physical mechanisms from
both experimental and theoretical perspectives. The
exceptional capability of hybrid QED models to charac-
terize many-body quantum dynamics [16, 22–24] has at-
tracted great interest [25–30]. Such a minimalistic QED
lattice has been fabricated using transmission-line res-
onators and transmon qubits [31]. Applying the rotat-
ing wave approximation (RWA) to the qubit-resonator
interaction, one can use a pair of the Jaynes-Cummings
Hamiltonian [32] to model this system [33–35]. Never-
theless, the RWA may be invalid in the regime of ultra-
strong qubit-resonator coupling [36, 37]. In contrast, the
counter-rotating terms are considered in the Rabi model
[38, 39]. Hwang et al. constructed a Rabi dimer model
and studied the phase transition of photons in two cou-
pled resonators [40]. The combined effects of qubit-
photon coupling and photon tunnelling rate on the pho-
ton dynamics are reported. Recently, with the inten-
tion to mimic environmental modulations on the Rabi
dimer, we have proposed to couple the qubits to mi-
cromechanical resonators and investigated the photon-
qubit-phonon dynamics by explicitly treating all the de-
grees of freedom (DOFs) in the hybrid system [41–43].
The LZ transitions in such systems have also been stud-
ied by applying an external harmonic driving field to one
of the qubits [41]. Nonetheless, the dependence of the
qubit-photon dynamics on two independently controlled
driving fields and phonon frequencies remains obscure.

In this study, our objectives are to understand the
impacts of driving field amplitude and phase on the dy-
namics of LZ transition in a Rabi dimer and to elu-
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FIG. 1. A sketch of the hybrid QED system under study.
Photons can hop between two transmission-line resonators
with a tunneling rate of J . Driven by an external field,
the left (right) qubit is coupled to the photon mode in the
left(right) resonator with a coupling strength g. Both left
and right qubits are coupled to a common phonon mode
with a coupling strength α.

cidate the impacts of a common phonon mode on the
qubit and the photon dynamics. The state of the hy-
brid system is expressed with the Davydov D2 Ansatz
and derived using the time-dependent variational prin-
ciple. By tuning the external driving field amplitudes
and phases, the left and right qubit dynamics show dis-
tinct patterns of the LZ transitions. Additionally, the
presence of the photon tunnelling allows the photons to
hop between the left and right qubits. Thereafter, low
frequency phonons and qubit-phonon coupling will be
introduced to the Rabi Dimer system to emulate envi-
ronmental effects in the Rabi dimer system.
The remainder of this paper is structured as follows

Sec. II we present our methodology, including the sys-
tem Hamiltonian, the Multi D2 Ansatz, and the time-
dependent variational principle. In Sec. III, results and
discussions will be given. Finally, conclusions are drawn
in Sec. IV.

II. METHODOLOGY

A. Hamiltonian of the hybrid QED device

As illustrated in Fig. 1, the hybrid circuit QED sys-
tem explored in the current work comprises of two cou-
pled transmission-line resonators each interacting with a
qubit, and the qubits are modulated via external driving
fields and coupled to a micromechanical resonator. The
two transmission-line resonators coupled with qubits are
modelled by a Rabi dimer Hamiltonian (ℏ = 1)

HRD = HRabi
L +HRabi

R − J(a†LaR + a†RaL), (1)

where HRabi
L/R is a Rabi Hamiltonian describing the left

(L) or right (R) resonator coupled to a qubit, and J

refers to the tunnelling rate for photons hopping be-
tween the two resonators. Specifically, the Rabi Hamil-
tonian, [44–47]

HRabi
i=L,R =

Fi

2
cos(Ωit+Φi)σ

i
z + ωia

†
iai − gi(a

†
i + ai)σ

i
x,

(2)
presents a driven qubit coupled to a photon mode at
frequency ωi with a strength of gi in the ith (i = L,R)
resonator. The external harmonic driving field imposed
to the ith qubit is characterized by an amplitude Fi,
a frequency Ωi and an initial phase Φi. Here σi

x and

σi
z are Pauli matrices and ai (a†i ) is the annihilation

(creation) operator of the ith photon mode. Throughout
this work, it is assumed that the two photon modes have
the same frequencies ωL = ωR = ωr, and the qubit-
photon coupling strengths in two resonators are also the
same, gL = gR = g.

The micromechanical resonator is modelled by a sin-
gle phonon mode

Hph = ωphb
†b (3)

with a frequency of ωph and a creation (annihilation)
operator b† (b). The interaction between the microme-
chanical resonator and the two qubits is then expressed
as

Hph-q = α(b† + b)(σL
z + σR

z ), (4)

where α stands for the qubit-phonon coupling strength.
Combining the Hamiltonians for the Rabi dimer, the
phonon mode, and the qubit-phonon interaction yields
the total Hamiltonian for the hybrid system

H = HRD +Hph +Hq-ph. (5)

Considering the low working temperatures of the
modelled QED device, the micromechanical resonator
in the system is thermally inactive and thus the tem-
perature is set to zero in this work. Nevertheless, we
still would like to comment that quantum dynamics
at finite temperatures is also readily accessible within
the undermentioned framework via the integration of
methodologies, such as the Monte Carlo importance
sampling method [48], the thermal field method [49] and
the method of displaced number states [50, 51]

B. The multiple Davydov D2 Ansatz

To unveil the role of the phonon mode and driving
fields in manipulating the photon and qubit states, we
need a method which can explicitly depict all the DOFs
for the qubits, the photon and phonon modes. Den-
sity matrix-based approaches are, therefore, inadequate
for this purpose, as only the dynamics of the electronic
DOFs are resolved after tracing out the bosonic DOFs.
In contrast, the multiple Davydov D2 (multi-D2) Ansatz
combined with the time-dependent variational principle
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treats all the DOFs on an equal footing and can capture
the wave function propagation for all the DOFs[52, 53].
The outstanding performance of the multi D2 Ansatz
to deliver an exact solution to the Schrodinger equa-
tion even for complex many-body problems by using
high multiplicity[54–67]. Moreover, the approach has
been successfully employed in simulating the quantum
dynamics in similar hybrid QED systems with balanced
numerical accuracy and efficiency. In this work, the
multi-D2 Ansatz

|DM
2 (t)⟩ =

M∑
n=1

[
An(t)| ↑↑⟩+Bn(t)| ↑↓⟩+ Cn(t)| ↓↑⟩

+Dn(t)| ↓↓⟩
]⊗

|µn⟩L|νn⟩R|ηn⟩ph,(6)

with a multiplicity M is adopted to study the cou-
pled photon-qubit-phonon dynamics in the QED device.
Here | ↑↓⟩ = | ↑⟩L⊗ | ↓⟩R with ↑ (↓) representing the up
(down) state of the qubits, and |µn⟩L (|νn⟩R) and |ηn⟩B
are the coherent states for the left (right) photon mode
and the phonon mode, respectively. The coherent states
are

|µn⟩L = exp
[
µn(t)a

†
L − µ∗

n(t)aL

]
|0⟩L, (7)

|νn⟩R = exp
[
νn(t)a

†
R − ν∗n(t)aR

]
|0⟩R, (8)

|ηn⟩ph = exp
[
ηn(t)b

† − η∗n(t)b
]
|0⟩ph, (9)

where |0⟩L(R) and |0⟩B are the vacuum state of the
left (right) photon mode and the phonon mode, re-
spectively. The variational parameters An(t), Bn(t),
Cn(t), and Dn(t) represent the probability amplitudes
of corresponding qubit states. In addition, µn (νn)
and ηn are the displacements of the left (right) photon
mode and the phonon mode, respectively. These time-
dependent variational parameters can be evaluated via
the time-dependent variational principle, producing the
wave function propagating along time.

C. The time-dependent variational principle

The equations of motion for all the variational param-
eters are derived from

d

dt

(
∂L

∂α̇∗
n

)
− ∂L

∂α∗
n

= 0, (10)

where αn represents one of the aforementioned varia-
tional parameters, and L is the Lagrangian

L =
i

2
⟨DM

2 (t)|
−→
∂

∂t
−
←−
∂

∂t
|DM

2 (t)⟩ − ⟨DM
2 (t)|H|DM

2 (t)⟩.
(11)

The derivation details can be found in Appendix .

D. Physical observables of interest

As stated above, by combining the time-dependent
variational principle with the multi-D2 Ansatz, we can

obtain the accurate time-dependent wave function of the
entire system, which makes it straightforward to evalu-
ate all the physical observables to characterize the cou-
pled photon-qubit-phonon dynamics. The photon dy-
namics is presented by the time evolution of the photon
population in two resonators

NL(t) = ⟨DM
2 (t)|a†LaL|D

M
2 (t)⟩

=

M∑
l,n

[
A∗

l (t)An(t) +B∗
l (t)Bn(t) + C∗

l (t)Cn(t)

+D∗
l (t)Dn(t)

]
µ∗
l (t)µn(t)Sln(t), (12)

NR(t) = ⟨DM
2 (t)|a†RaR|D

M
2 (t)⟩

=

M∑
l,n

[
A∗

l (t)An(t) +B∗
l (t)Bn(t) + C∗

l (t)Cn(t)

+D∗
l (t)Dn(t)

]
ν∗l (t)νn(t)Sln(t), (13)

where Sln(t) is the Debye-Waller factor

Sln = exp

[
µ∗
l (t)µn(t)−

1

2
|µl(t)|2 −

1

2
|µn(t)|2

]
·

exp

[
ν∗l (t)νn(t)−

1

2
|νl(t)|2 −

1

2
|νn(t)|2

]
·

exp

[
η∗l (t)ηn(t)−

1

2
|ηl(t)|2 −

1

2
|ηn(t)|2

]
.

With NL(t) and NR(t), the time evolution of the total
photon number N(t) = NL(t) + NR(t) and photon im-
balance Z(t) = NL(t)−NR(t) can be directly obtained.
In addition to the photon dynamics, the time evo-

lution of the qubit states is recorded during the sim-
ulations by measuring the time evolution of the qubit
polarization

⟨σL
z (t)⟩ = ⟨DM

2 (t)|σL
z |DM

2 (t)⟩

=

M∑
l,n

[
A∗

l (t)An(t) +B∗
l (t)Bn(t)

−C∗
l (t)Cn(t)−D∗

l (t)Dn(t)
]
Sln(t), (14)

⟨σR
z (t)⟩ = ⟨DM

2 (t)|σR
z |DM

2 (t)⟩

=

M∑
l,n

[
A∗

l (t)An(t)−B∗
l (t)Bn(t)

+C∗
l (t)Cn(t)−D∗

l (t)Dn(t)
]
Sln(t). (15)

The LZ transition probabilities, quantifying the qubit
flipping probabilities from the down states to the up
states, are expressed as

PL
LZ(t) = |⟨↑L |DM

2 (t)⟩|2

=

M∑
l,n

[
A∗

l (t)An(t) +B∗
l (t)Bn(t)

]
Sln(t)(16)
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PR
LZ(t) = |⟨↑R |DM

2 (t)⟩|2

=

M∑
l,n

[
A∗

l (t)An(t) + C∗
l (t)Cn(t)

]
Sln(t).(17)

Similar to the photon number, the phonon population
can be monitored via

Nph(t) = ⟨DM
2 (t)|b†b|DM

2 (t)⟩

=

M∑
l,n

[
A∗

l (t)An(t) +B∗
l (t)Bn(t) + C∗

l (t)Cn(t)

+D∗
l (t)Dn(t)

]
η∗l (t)ηn(t)Sln(t). (18)

and the phonon energy Eph(t) = ωphNph(t) is obtained
in turn.

E. Parameter configurations and initial conditions

The photon-qubit coupling strength g and the photon
hopping rate J significantly impact the qubit dynamics
in our QED system. Hwang et al. found a critical pho-
ton tunnelling rate Jc = 0.03 ω0 in a bare resonant the
Rabi dimer (qubit bias is resonant to the photon fre-
quency ωr) [40], above which the photons are delocal-
ized over two resonators regardless of the photon-qubit
coupling strength. Here ω0 stands for the energy unit
in this study. An ultra-strong photon-qubit coupling
strength of g = 0.3 ω0 is adopted in the current work.
In order to unveil the effects of photon population on the
driven qubits, we consider two photon-tunnelling rates
J = 0.01 ω0 and J = 0.075 ω0, which lead to photon
localization and delocalization, respectively, in a bare
resonant Rabi dimer [40, 43].
The left and right photon modes have the same fre-

quency ωL = ωR = ωr = 10 ω0. The high photon fre-
quency makes the relaxation time of each LZ transition
shorter than the interval between two neighbouring LZ
transitions [41]. Initially, twenty photons NL(0) = 20
are pumped into the left resonator, while the right
resonator is at vacuum state with µ1(t = 0) =

√
20

and µn̸=1(t = 0) = νn(t = 0) = 0. Both the left
and right qubits are prepared in the down state with
An(t = 0) = Bn(t = 0) = Cn(t = 0) = Dn ̸=1(t = 0) = 0
and D1(t = 0) = 1. The single phonon mode is in the
vacuum state ηn(t = 0) = 0 initially. Based on exten-
sive convergence tests with respect to a multiplicity of
M = 6 is adopted in this study, which provides con-
verted results with excellent efficiency.

III. RESULTS AND DISCUSSION

Our study focuses on manipulating qubit states via
adjusting external driving fields and the coupling be-
tween qubits and a micromechanical resonator (g). In
Sec. III A, we examine the impact of the driving fields

on the qubit-photon dynamics in a Rabi dimer. In
Sec. III B, the qubit-phonon coupling is activated, and
its effect on the photon-qubit-phonon dynamics is ex-
amined.

A. Manipulating LZ transitions in a Rabi dimer
through tuning the external driving field

In Hamiltonian (2), two independent harmonic driv-
ing fields are applied to two qubits. This allows for
direct control of the qubit states [68]. We consider
the two driving fields having the same frequency of
(ΩL = ΩR = 0.05 ω0), but with varying amplitudes
(Fi) and initial phases (ϕi). The influence of these driv-
ing fields on the dynamics of the qubit-photon system
is analyzed in the subsequent two subsections.

1. Impact of driving field amplitude on LZ transitions

In order to highlight the effects of the driving field
amplitude on the coupled qubit-photon dynamics in the
Rabi dimer, the two fields are first configured with an
identical initial phase ΦL = ΦR = 0, but with vary-
ing amplitudes. In a bare resonant Rabi dimer (λ = 0)
given by Hamiltonian (1) with a photon tunnelling rate
J = 0.01 ω0 and a qubit-photon coupling strength
g = 0.3 ω0, the photons initially pumped into the left
resonator will be localized in the resonator in the ab-
sence of the driving fields. Once the external fields
are imposed on the qubits, the photon distribution is
dramatically affected, as shown in Fig. 2, where the
driving field amplitudes of FL ∈ {10 ω0, 20 ω0} and
FR ∈ {10 ω0, 15 ω0, 20 ω0} are configured to show their
effects on the qubit-photon dynamics.

The results for FL = 10 ω0 and 20 ω0 are presented in
the left (panels a, c, and e) and right (panels b, d, and
f) columns of Fig. 2, respectively. The three panels in
each column contain the qubit-photon dynamics from
different amplitudes of the right driving field. One can
immediately find that the dynamics of the left (right)
qubit are dominated by the left (right) driving field by
comparing the results in each row (column) of Fig. 2.
For instance, in Fig. 2 (a, c and e), the left driving field
amplitude FL = 10 ω0 leads to similar LZ transition
patterns in the left qubit. There is a damped oscillation
in PL

LZ in the short time after ω0t = 0, as the hybrid
states | ↓, n⟩ and | ↑, n − 1⟩ intersect right at the start
(ω0t ≈ 0) with FL = 10 ω0 (see the energy diagram in
Fig. 2(g)). Here, | ↓ (↑)⟩ is the left qubit up (down)
state, and |n⟩ is the number state of the left photon
mode. Both the photons initially localized in the left
resonator and the vanishing facilitate energy gap be-
tween the above states at ω0t ≈ 0 the flipping of the
left qubit. Then, as the above hybrid states separate
in energy, PL

LZ approaches 0.5 with weak oscillations.
In comparison to the frequent flipping of the left qubit,
the right qubit remains on its initial down state due
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FIG. 2. Dynamics of the Rabi dimer system and energy diagrams with the initial phase of the driving field ΦL = ΦR = 0
and photon frequency ωL = ωR = ωr = 10 ω0. The panels have different driving field strengths parameterised in the following
way; a) FL = 10 ω0 and FR = 10 ω0; b) FL = 20 ω0 and FR = 10 ω0; c) FL = 10 ω0 and FR = 15 ω0; d) FL = 20 ω0

and FR = 15 ω0; e) FL = 15 ω0 and FR = 20 ω0; f) FL = 20 ω0 and FR = 20 ω0; g) Energy diagram of a qubit with
FL,R = 10 ω0; h) Energy diagram of a qubit with FL,R = 20 ω0. An avoided crossing happens whenever neighbouring
number states intersect one another. The energy diagrams only show the left qubit, and the photon number states n = 0, 1,
2, and 3 even though the number states could be infinite.

to the low photon population in the right resonator at
ω0t ≈ 0. With a driving amplitude of FR = 10 ω0,
there is no avoided crossing, as can be seen from the
energy diagram in Fig. 2(g). Therefore, there are no
sudden changes on the right qubit dynamics (see Fig. 2
(a) and (b)). Instead, the right qubit exhibits a gradual
population transfer to its up state as two neighboring
adiabatic states approach each other in energy. As the
two states separate in energy, the right qubit repopu-
lates in the down state, resulting in the pulses in PR

LZ
shown in Fig. 2 (a) and (b). During the intersection be-
tween two adjacent adiabatic states, PR

LZ is at the peak
of the pulse, and PL

LZ also shows pronounced oscillations
as highlighted by the black circles in Fig. 2.

In contrast to the dynamics of FL = 10 ω0, the left
qubit driven by a field of FL = 20 ω0 is localized in its
down state from the beginning until it meets the first
avoided crossing point, as illustrated in Fig. 2 (b), (d)

and (f). The detuning between | ↓, n⟩ and | ↑, n − 1⟩
at ω0t ≈ 0 hinders the flipping of the left qubit. With
the assistance from sufficient photons in the left res-
onator, the left qubit can realize complete population
inversion between its up and down states at the first
few avoided crossings, leading to the square-waved pat-
terns of PL

LZ in Fig. 2 (b), (d) and (f). The hybrid
qubit-photon subsystem in the left resonator evolves
adiabatically through these avoided crossings long paths
of | ↓, n + 2⟩ → | ↑, n + 1⟩ → | ↓, n⟩ → | ↑, n + 1⟩ · · · .
The energy diagram in Fig. 2 (h) provides a straightfor-
ward way to analyze such transition paths composed of
diabatic qubit-photon states.

It is noteworthy that the sudden flipping of the left
qubit between its up and down states with FL = 20 ω0

is also known as the adiabatic rapid passage (ARP) [69],
which is typically adopted to achieve efficient population
transfer in driven quantum systems [70]. As the name
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FIG. 3. The dynamics of the Rabi dimer system in the presence of driving fields on both qubits with FL = FR = 20 ω0 and
photon frequency ωL = ωR = ωr = 10 ω0. The panels are characterised by the different initial phases of the driving fields:
a) ΦL = −ΦR = π/2, b) ΦL = −ΦR = π/6, and c) ΦL = ΦR = 2π/3.

suggests, a successful ARP only occurs when three con-
ditions are met. Firstly, the process has to be adiabatic,
i.e., field-induced sweep on the detuning is sufficiently
slow compared to the period of resonant Rabi oscilla-
tion. Secondly, the sweep should be more rapid than
the excited state relaxation. This condition is always
fulfilled in this section as the system is operating at zero
temperature. Thirdly, at the endpoints (both the start-
ing and ending points), field-induced detuning must be
far from resonance to the energy gap between the adia-
batic states of the quantum system.

The first condition for ARP requires that |υ|/∆≪ ∆
[69, 70]. Here the sweep rate υ is estimated using the
time derivative of the driving field υ = −ΩiFi sin(Ωit+
Φi)/2 at avoided crossings and ∆ = 2g

√
n+ 1 is ap-

proximately the energy gap between the adiabatic states
[71–73]. For the hybrid qubit-photon subsystem in the
left resonator with FL = 20 ω0 (see Fig. 2 (b), (d) and
(f)), this condition is satisfied at all avoided crossings

with |υ| =
√
3
4 ω2

0 and ∆2 = 0.36(n + 1)ω2
0 , as states

| ↓, n⟩ with n ≥ 1 will be populated initially. However,
this adiabaticity criterion cannot be fulfilled in the right
subsystem due to insufficient initial photons even if the
driving field has an amplitude of FR = 20 ω0 (see Fig. 2
(e) and (f)). Instead of a successful ARP with 100%
population transferred to the up state, the right qubit
exhibits a LZ at first avoided crossing with ∼ 40% of its
population adiabatically flows to the up state, as illus-
trated in Fig. 2 (e) and (f).

The third condition for ARP ensures that the system
is localized in an adiabatic state before and after the
ARP. As aforementioned and illustrated in the right col-
umn of Fig. 2, the initial large detuning between | ↓, n⟩
and | ↑, n − 1⟩ induced by FL = 20 ω0 confines the left
qubit on its initial down state before the first avoided
crossing. Therefore, multiple ARPs can be realized on
the left qubit with all three conditions satisfied. Tuning
the driving field amplitude to FL = 10 ω0 leads to close
energies for the above adiabatic states (see Fig. 2 (g))

and left qubit delocalization at ω0t ≈ 0, hindering ARP
on the left qubit. In addition to changing the driving
field amplitudes, initial detuning between the adiabatic
states and resulting ARP can be manipulated by tuning
the initial phases of the driving fields, as demonstrated
in the following section.

2. Effects of the initial driving field phase on LZ
transitions

Besides the driving field amplitude, the initial phase
of the driving field is another critical parameter that di-
rectly impacts the energy diagram of qubit-photon cou-
pling and the system dynamics. In this section, a photon
tunneling rate J = 0.075 ω0 is configured, which allows
the photons to hop between the two resonators even
with a strong qubit-photon coupling of g = 0.3 ω0. The
amplitude and frequency of the driving fields are set to
FL = FR = 20 ω0 and ΩL = ΩR = 0.05 ω0, respectively.
Therefore, delocalized photons over two resonators en-
sure that the adiabaticity criterion for ARP is fulfilled.
Tuning the initial phase of the driving fields can allow
control over the system dynamics, as presented in Fig. 3
with several examples.

With ϕL = −ϕR = π/2, the two fields lead to avoided
crossings at the same times for the left and right sub-
systems. Hence, the two qubits exhibit similar dynam-
ics containing a sequence of ARPs, as shown in Fig. 3
(a). It is detectable that there are some high-frequency
oscillations right before or after the ARPs occur, as
highlighted by the circles in Fig. 3 (a). These oscilla-
tions appear at different time points for the two qubits.
Comparing the qubit dynamics with the photon num-
ber evolution, one can find that these oscillations for a
qubit only arise when the photon number in the cor-
responding resonator arrives at a local maximum. This
phenomenon results from stronger effective tunneling as
the photon population is increased (see Eq.(2)), thus
leading to pronounced oscillations in PLZ.
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The synchronization of two qubits shown in Fig. 3 (a)
can be readily removed by parameterizing the two fields
with a different initial phase. For instance, presented
in Fig. 3 (b) is the situation with ϕL = −ϕR = π/6.
Avoided crossings of the left subsystem do not occur
at the same time as the right one. Therefore, the oc-
currence of the ARPs on the right qubit is delayed as
compared to the left qubit. It can be clearly seen from
Fig. 3 (a) and (b) that diverse ARPs on the qubits can
be achieved by adjusting the driving field phases.
It can also happen that a specific initial phase con-

figuration leads to neighboring adiabatic states having
a small energy gap at ω0t = 0. Then the qubit will be
immediately depolarized (PLZ → 0.5) after several flip-
ping with the assistance from sufficient photons, such as
the left qubit shown in Fig. 3 (c) with ϕL = ϕR = 2π/3.
Therefore, no ARP will take place at any of the avoided
crossings. The qubits then tend to change their states
at avoided crossings with the help of photons. This sce-
nario is predominant in the dynamics of the right qubit.
At the first avoided crossing, a LZ transition occurs with
∼ 30% population transferred to its up state due to a
small photon number in the right resonator. As the sec-
ond avoided crossing arrives, almost all the photons are
accumulated in the right resonator, which completely
pumps the right qubit to its up state.

As discussed above, both the driving field amplitude
and initial phase greatly influence the coupled qubit-
photon dynamics. Photon-assisted LZ transitions will
take place at avoided crossings. Specifically, a sequence
of ARPs can occur if the adiabaticity criterion is sat-
isfied and the initial gap between the adjacent states
| ↓, n⟩ and | ↑, n± 1⟩ is large. The state evolution paths
of the hybrid qubit-photon system can be uncovered by
analyzing the qubit-photon dynamics with the energy
diagram.

B. Combined field and phonon effects on the Rabi
dimer

Beyond the driving field effects on the LZ transitions
of the Rabi dimer, environmental modulations on the
hybrid qubit-photon dynamics are further investigated
in this subsection. As illustrated in Fig. 1, a phonon
mode (Hph) is coupled to the qubits via the interaction
Hamiltonian (Hq-ph), producing the total Hamiltonian
(H) in Eq. (5) for the composite system.

In order to understand the phononic perturbations in
the Rabi dimer system, prior knowledge of the coupled
qubit-photon dynamics in the absence of the phonon
mode is required. In a resonant Rabi dimer system with
g = 0.3 ω0 and J = 0.01 ω0, it has been discovered
that photons are trapped in the initial resonator, i.e.,
in the localized phase due to the frequent qubit flip-
ping [40, 43]. In contrast, high-frequency photons with
ωr = 10 ω0 will be delocalized over two resonators as
qubit flipping rarely occurs [41]. In the presence of en-
vironmental modulation, Zheng et al. discovered that

stronger qubit-phonon coupling causes PLZ to approach
0.5 in a shorter time [41]. It is also highlighted that
the phonon mode population depends on its frequency
and the strength of its coupling to the qubits. Com-
bined effects from the driving field and the phonon mode
on the coupled phonon-qubit-photon dynamics are ad-
dressed here by tuning the phonon frequency and the
qubit-phonon coupling strength. A parameter configu-
ration of FR = 0, FL = 20 ω0, ϕL = 0, ΩL = 0.05 ω0,
g = 0.3 ω0 and J = 0.01 ω0 is adopted in calculations to
follow unless otherwise specified. A driving field is only
applied to the left qubit to distinguish the field effects
from the ones of phonons on the LZ transitions.

A low-frequency phonon mode in the frequency range
of 0.001 ω0 ≤ ωph ≤ 0.5 ω0 is adopted to mimic the
experimental micromechanic resonator coupled to the
qubits. As illustrated in Fig. 4, three qubit-phonon
coupling strengths, α/ω0 = 0.1, 0.2 and 0.4, are used
to highlight the phonon mode effects on the system dy-
namics.

With a weak qubit-phonon coupling strength of α =
0.1 ω0, the phonon effects on Rabi dimer dynamics are
negligible, and the qubit-photon dynamics shown in the
upper row of Fig. 4 is very similar to the case in the ab-
sence of the phonons [41]. The photons are delocalized
over two resonators, and the right qubit is suppressed
in its down state due to the large detuning between
the right qubit and the photons. As time evolves, the
phonon mode is gradually populated with the energy
from the left qubit, which will effectively modulate the
bias of the right qubit via the qubit-phonon coupling. If
the phonon frequency is lower than 0.01 ω0, noticeable
phonon effects on the right qubit dynamics can be seen
after tω0 ≈ 200, as a phonon mode with lower frequency
is easier to be populated. In this regime, the right qubit
attempts to flip to its up state with the help of the
photons in the right resonator, which in turn traps the
photons in the right resonator. The phonon mode also
modulates the bias of the left qubit, but such a modu-
lation is weak compared to the driving field. Therefore,
the phonon mode effects on the left qubit dynamics are
negligible with a weak qubit-phonon coupling strength
of α = 0.1 ω0.

The phonon effects on the left qubit dynamics are
more pronounced with α = 0.2 ω0, as shown in the left
panel of the middle row of Fig. 4. The energy flowing
from the left qubit to the phonon mode is accelerated
by increasing α. Therefore, even the earlier ARPs in
the left qubit for tω0 < 100 can feel the phonon modu-
lation. With this stronger qubit-phonon coupling, more
significant phonon effects on the right qubit dynamics
are also seen from the advanced raising of PR

LZ com-
pared to the situation for α = 0.1 ω0. The right qubit
can flip to its up state and stay there for quite a long
time if the phonon frequency is lower than 0.01 ω0. The
photon delocalization is also affected by the phonon-
modulated qubit dynamics [43]. Increasing the qubit-
phonon coupling strength further to α = 0.4 ω0 also
spotlights the impacts of the phonon mode on the cou-
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FIG. 4. Time evolution of the LZ transition probability PLZ of the left (column 1) and right (column 2) qubits, photon
imbalance (column 3) and phonon energy (column 4). A phonon mode with a frequency ωph in 0.001 ω0 < ωph < 0.5 ω0 is
coupled to the qubits. The qubit-phonon coupling strength is set as α/ω0 = 0.1, 0.2 and 0.4, with the results for a α collected
in an individual row of the figure. The driving field is only applied on the left qubit with FL = 20 ω0 and ΦL = 0. The
photon frequency is ωr = 10 ω0 for all cases.

pled qubit-photon dynamics in the Rabi dimer, as illus-
trated in the lower row of Fig. 4. Compared to the re-
sults from weaker α shown in the top two rows of Fig. 4,
the four sets of ARPs of the left qubit in ω0t < 100 are
destroyed as the phonon energy increases tremendously
with α = 0.4 ω0.

The key to understanding the significance of the
phonon frequency in relation to qubit dynamics is by
examining the population of the single phonon mode. A
phonon mode with a low frequency facilitates the growth
of the phonon population. However, it requires a long
time to accumulate sufficient energy to affect the qubit
dynamics. Interacting with both left and right qubits,
the phonon mode bridges the energy flow between the
two qubits. The left qubit distributes the energy from
the driving field to both the phonon and the left pho-
ton mode via diagonal and off-diagonal coupling, respec-
tively. The energy exchanges between the left qubit and
the left photon mode accompanies the qubit flipping.
This mechanism can be clearly seen by comparing the
dynamics of the left qubit and the photon. For instance,
with α = 0.1 ω0 (cf. the first row of Fig. 4), the first four
sets of ARPs of the left qubit occur with sudden changes
in the photon imbalance. In contrast, qubit polarization
(localized on one state) will stimulate the energy flow

between the qubit and the phonon. This phenomenon is
predominant when the qubit-phonon coupling is strong,
such as the region highlighted by the dashed circles in
the bottom row of Fig. 4 with α = 0.4 ω0.

It is noteworthy that the LZ transition probability
PLZ exhibits persistent high-frequency oscillations with
small amplitudes regardless of the presence or absence
of phonon mode. In order to gain deeper insight into
these oscillations, a Fourier transformation technique
is employed to unveil the frequencies of these oscil-
lations in PLZ. Calculations with various frequencies
for the photon and phonon modes are performed with
ωr/ω0 ∈ {9, 10, 11, 12} and ωph/ω0 ∈ {0.05, 0.09}. The
oscillation frequencies of PLZ from the calculations are
plotted versus the photon frequency and shown in Fig. 5.
It is clear that, with a specific photon frequency ωr, P

L
LZ

and PR
LZ have the same oscillation frequency, which is

independent on the phonon frequency ωph. In addition,
the oscillation frequency is linearly proportional to the
photon frequency. It indicates that the oscillation fre-
quency of PLZ is solely dependent on the frequency of
the photon mode and equal to ωr/π precisely speaking.
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FIG. 5. Oscillation frequency of the LZ transition probabil-
ity PLZ versus the photon frequency. Calculations were per-
formed with two different phonon frequencies (ωph = 0.05 ω0

and 0.09 ω0). The dashed line is a linear fitting.

IV. CONCLUSIONS

Employing the multi-D2 Ansatz to describe the cou-
pled qubit-photon dynamics in a Rabi dimer system con-
taining driven qubits, we explore the modulations of the
photon-assisted LZ transitions by tuning the amplitudes
and the initial phases of the driving fields. These two
parameters of the driving fields determine the energy
diagram of a coupled qubit-photon monomer, which in-
herently dominates the coupled qubit-photon dynamics.
It is found that photon-assisted ARPs can be achieved
once the driving fields are parameterized to fulfill cer-
tain criteria, i.e., the existence of avoided crossings (a
large enough driving field amplitude), the adiabaticity
of the process (a strong enough qubit-photon coupling
or the sufficient number of photons), and a large ini-
tial detuning between the neighbouring adiabatic states
with opposite qubit polarizations. Therefore, the time
points at which ARPs occur and the time stride be-
tween two adjacent ARPs can be precisely engineered
by tuning the driving field amplitude and initial phase.

Beyond the impacts from the driving field amplitudes
and initial phases, the effects of a micromechanical res-
onator (modelled as a low-frequency phonon mode cou-
pled to the two qubits) on the dynamics of the hybrid
QED system are further unveiled within the framework
of this study. Only the left qubit is driven by a driv-
ing field in this part in order to highlight the phonon
effects on the system dynamics. A phonon mode with
a lower frequency can be easily populated. However, it
needs a longer time to accumulate sufficient energy to
affect the qubits. Increasing the qubit-phonon coupling
strength α accelerates the energy flow from the driving
field through the left qubit to the phonon mode. Thus

the phonon effects on the coupled qubit-photon dynam-
ics emerge earlier with a stronger α, and can even de-
stroy the photon-assisted ARPs of the left qubit. In con-
trast to the phonon, which tends to confine the qubits in
one state, the photons are off-diagonally coupled to the
qubits and apt to flip the qubits. Therefore, the pho-
ton effects on the qubit dynamics can be clearly noticed
from the high-frequency oscillations of the LZ transition
probability PLZ of the qubits. The frequencies of these
oscillations are found solely dependent on the photon
frequencies.

It is expected that the knowledge gained in this work
on the controllable ARPs with driving fields and phonon
mode can benefit the quantum state preparation and
engineering in quantum information and quantum com-
puting with QED apparatus.
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Appendix: The time-dependent variational
approach

The variational principle results in equations of mo-
tion of the variational parameters as follows,

i

M∑
n=1

[
Ȧn +AnΘln

]
S̄ln

=

M∑
n=1

{
An

[
FL +FR + Ξln + 2λ(η∗l + ηn)

]
−g

[
Cn(µ

∗
l + µn)−Bn(ν

∗
l + νn)

]}
S̄ln, (A.1)

where
Θln = µ∗

l µ̇n + ν∗l ν̇n + η∗nη̇n,
S̄ln = exp [µ∗

l µn + ν∗l νn + η∗l ηn],
FL = FL cos(ΩLt+ΦL)/2,
FR = FR cos(ΩRt+ΦR)/2,
Ξln = ωLµ

∗
l µn+ωRν

∗
l νn−J (µ∗

l νn + µnν
∗
l )+ωphη

∗
l ηn.

i

M∑
n=1

[
Ḃn +BnΘln

]
S̄ln =

M∑
n=1

{
Bn(FL −FR + Ξln)

−g
[
Dn (µ

∗
l + µn) +An (ν

∗
l + νn)

]}
S̄ln, (A.2)
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i

M∑
n=1

[
Ċn + CnΘln

]
S̄ln =

M∑
n=1

{
Cn(−FL +FR + Ξln)

−g
[
An (µ

∗
l + µn) +Dn (ν

∗
l + νn)

]}
S̄ln, (A.3)

i

M∑
n=1

[
Ḋn +DnΘln

]
S̄ln

=

M∑
n=1

{
Dn

[
−FL −FR + Ξln − 2λ (η∗l + ηn)

]
−g

[
Bn (µ

∗
l + µn) + Cn (ν

∗
l + νn)

]}
S̄ln. (A.4)

i

M∑
n=1

[(
A∗

l Ȧn +B∗
l Ḃn + C∗

l Ċn +D∗
l Ḋn

)
µn

+ (A∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn) µ̇n

+ (A∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (µ∗
l µ̇n + ν∗l ν̇n + η∗nη̇n)µn] S̄ln

= i

M∑
n=1

µn

2
[(A∗

lAn +B∗
l Bn − C∗

l Cn −D∗
l Dn)×FL] S̄ln

+ i

M∑
n=1

µn

2
[(A∗

lAn −B∗
l Bn + C∗

l Cn −D∗
l Dn)×FR] S̄ln

+

M∑
n=1

µnS̄ln (A
∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (ωLµ
∗
l µn + ωRν

∗
l νn − J (µ∗

l νn + µnν
∗
l ) + ωphη

∗
l ηn)

+

M∑
n=1

S̄ln (A
∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (ωLµn − Jνn)

− g

M∑
n=1

µn (A
∗
lCn +B∗

l Dn + C∗
l An +D∗

l Bn)

× (µ∗
l + µn) S̄ln

− g

M∑
n=1

µn (A
∗
lCn +B∗

l Dn + C∗
l An +D∗

l Bn) S̄ln

− g

M∑
n=1

µn (A
∗
lBn +B∗

l An + C∗
l Dn +D∗

l Cn)

× (ν∗l + νn) S̄ln

+

M∑
n=1

µn (2A
∗
lAn −D∗

l Dn)λ (η∗l + ηn) S̄ln, (A.5)

i

M∑
n=1

[(
A∗

l Ȧn +B∗
l Ḃn + C∗

l Ċn +D∗
l Ḋn

)
νn

+ (A∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn) ν̇n

+ (A∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (µ∗
l µ̇n + ν∗l ν̇n + η∗nη̇n) νn] S̄ln

= i

M∑
n=1

νn [(A
∗
lAn +B∗

l Bn − C∗
l Cn −D∗

l Dn)×FL] S̄ln

+ i

M∑
n=1

νn [(A
∗
lAn −B∗

l Bn + C∗
l Cn −D∗

l Dn)×FR] S̄ln

+

M∑
n=1

νnS̄ln (A
∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (ωLµ
∗
l µn + ωRν

∗
l νn − J (µ∗

l νn + µnν
∗
l ) + ωphη

∗
l ηn)

+

M∑
n=1

S̄ln (A
∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (ωRνn − Jµn)

− g

M∑
n=1

νn (A
∗
lCn +B∗

l Dn + C∗
l An +D∗

l Bn)

× (µ∗
l + µn) S̄ln

− g

M∑
n=1

νn (A
∗
lCn +B∗

l Dn + C∗
l An +D∗

l Bn) S̄ln

− g

M∑
n=1

νn (A
∗
lBn +B∗

l An + C∗
l Dn +D∗

l Cn)

× (ν∗l + νn) S̄ln

+

M∑
n=1

νn (2A
∗
lAn −D∗

l Dn)λ (η∗l + ηn) S̄ln, (A.6)

and

i

M∑
n=1

[(
A∗

l Ȧn +B∗
l Ḃn + C∗

l Ċn +D∗
l Ḋn

)
ηn

+ (A∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn) η̇n

+ (A∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (µ∗
l µ̇n + ν∗l ν̇n + η∗nη̇n) ηn] S̄ln =

i

M∑
n=1

ηn [(A
∗
lAn +B∗

l Bn − C∗
l Cn −D∗

l Dn)×FL] S̄ln

+ i

M∑
n=1

ηn [(A
∗
lAn −B∗

l Bn + C∗
l Cn −D∗

l Dn)×FR] S̄ln

+

M∑
n=1

ηnS̄ln (A
∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)

× (ωLµ
∗
l µn + ωRν

∗
l νn − J (µ∗

l νn + µnν
∗
l ) + ωphη

∗
l ηn)

+

M∑
n=1

(A∗
lAn +B∗

l Bn + C∗
l Cn +D∗

l Dn)ωphηnS̄ln

− g

M∑
n=1

ηn (A
∗
lCn +B∗

l Dn + C∗
l An +D∗

l Bn)
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× (µ∗
l + µn) S̄ln

− g

M∑
n=1

ηn (A
∗
lBn +B∗

l An + C∗
l Dn +D∗

l Cn)

× (ν∗l + νn) S̄ln

+

M∑
n=1

ηn (2A
∗
lAn − 2D∗

l Dn)λ (η∗l + ηn) S̄ln

+

M∑
n=1

(2A∗
lAn −D∗

l Dn)λS̄ln. (A.7)

By numerically solving these linear equations at each
time t, one can calculate the values of Ȧn, Ḃn, Ċn, Ḋn,
µ̇n, ν̇n, and η̇n accurately. The fourth-order Runge-
Kutta method is then adopted for the time evolution of
the tunable Rabi dimer, including the time-dependent
photon numbers, phonon number, qubit polarization,
LZ transition probability.
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