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Summary

Graph Neural Networks (GNN5s) integrate machine learning models to understand graph-
structured data that characterize relationships, and have achieved exceptional utility in
various domains. The primary aim of this thesis is to study the prominent scalability issue:
as the graph size increases, common GNNs exhibit prohibitive computational overhead
and unsatisfactory performance. Therefore, scaling up GNNs is essential for processing

massive real-world data and broadening their practical applications.

The scope of this thesis focuses on large-scale GNN designs and improvements. State-
of-the-art methods are proposed for incorporating advanced graph data management
techniques and handling diverse graph patterns efficiently. Novel theoretical frameworks
and comprehensive benchmarks are also presented for understanding and tackling the

scalability issue.

Overall, this thesis delivers multiple new GNN models capable of processing up to
billion-scale graphs. It also contributes to fundamental analyses and practical insights

advancing GNN developments and deployments at large scale.






Abstract

Recent years have witnessed the burgeoning of services based on data represented by
graphs, which leads to rapid increase in the amount and complexity of such graph data.
Graph Neural Networks (GNNs) are specialized neural models designed to represent and
process graph data, and have emerged remarkably for their impressive performance on
a wide range of graph learning tasks. Most of these models, however, are known to be
difficult to apply to large-scale data. When the graph size increases, regular GNNs become
impractical due to the prohibitive computational overhead and unsatisfying performance.
Hence, understanding and enhancing the scalability of GNN models is a compelling and

prominent task for their broader application in handling real-world graph data.

In this thesis, we explore the scalability issue on different graph variants and GNN
designs, uncover the theoretical groundings from the perspective of graph processing, and

propose methods to scale up GNN to up to billion-scale graphs with top-tier performance.

In the first part, we propose novel GNN model designs by enhancing graph data man-
agement techniques. Our examination reveals that the scalability bottleneck of GNN
designs typically lies in repetitive graph-related computation and leads to a coupled
overhead with data scale. To apply GNNs to large graphs, it is crucial to specifically
managing the graph computation. Our first model, SCARA, is developed for efficiently
computing graph embedding from the dimension of node features. The other model,
LD?, is specialized for graphs under heterophily exhibiting distinct data distribution.
Theoretical analyses are offered for both models to assess their approximation precision,
graph expressiveness, and computational complexity. Experiment results demonstrate
that both designs achieve state-of-the-art scalability performance in terms of computation

speed and memory footprint without compromising accuracy.

In the second part, we extend the idea of boosting graph computations to broader graph
learning approaches. In HubGT, we examine the promising Transformer-based GNN
model, analyze its scalability issues, and propose dedicated graph processing algorithms
for fast and effective data retrieval. In GENTI, we introduce the strategy of decoupling

and accelerating graph element computation for the subgraph learning problem, which

xvii
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has particular use in handling dynamic graph links. These applications highlight the
utility of our intuition for scaling up graph learning through advanced graph management
techniques, especially decoupling on the computational device layer, graph-oriented stor-
age on the data structure layer, and approximation on the algorithmic layer. Both works
showcase practical efficiency in processing larger graphs at a faster speed, significantly

advancing the capabilities of these diverse graph learning approaches.

In the third part, we dive deep into understanding the GNN scalability issue concerning
graph data management. From the theoretical side, our UNIFEWS framework innovatively
integrates the graph signal processing framework with the graph sparsification mecha-
nism to provide an interpretation of the approximate graph propagation schemes, which
incorporate and generalize the scalable computations in SCARA and LD?. Our derivation
establishes a new framework for characterizing graph sparsification as an approximation
for the GNN learning process with a bounded error, offering solid theoretical support for
arange of scalable GNN designs. From the empirical side, we conduct a benchmark study
focusing on Spectral GNN models, which are unique for their scalable learning schemes.
Based on our characterization and taxonomy, we formulate and analyze over 30 GNNs as
spectral filters, including the SCARA and LD? paradigms, with a unified and scalable
implementation applicable to million-scale graphs. Within this framework, extensive
evaluations are conducted with comprehensive metrics on time efficiency, memory foot-
print, and effectiveness, where novel observations and practical guidelines are exclusively
available due to the benchmark scale and coverage. Challenging the prevailing belief,
our benchmark reveals an intricate landscape regarding the effectiveness and efficiency
of spectral graph filters, demonstrating the potential to achieve desirable performance

through tailored spectral manipulation of graph data.

In conclusion, this thesis aims to advance the design and implementation of scalable
GNNss, especially by identifying key performance bottlenecks and underpinning graph
management theories. Our contributions not only equip various graph learning systems
with the capability to operate on real-world, billion-scale graphs, but also provide pioneer-
ing theoretical foundations and practical guidelines that inspire future research regarding

GNN performance at large scale.
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Chapter 1

Introduction

Graph is a ubiquitous data structure for modeling entities and their relationships as nodes
and edges, which is particularly adept at revealing and characterizing complex interactions.
It functions as a universal tool for abstracting real-world objects and finds applications
in an extensive range of fields. Unlike ordinary structured data such as images and
text, graphs are highly irregular, which implies that the interconnected data is inherently
complicated and demands specialized management beyond common geometry-based
mathematical tools [14, 15, 16].

Deep learning methods in the form of neural networks have driven breakthroughs in
handling various types of data [17, 18, 19, 20, 21, 22, 23]. The marriage of deep learning
and graphs leads to Graph Neural Networks (GNNs), which describe a set of neural
networks dedicated to learning tasks on data represented in graph structures [24, 25,
26, 27, 28]. GNNs have been proven powerful for encapsulating entities as well as
interactions, and have been successfully applied to diverse scenarios and disciplines,
including social science [29, 30, 31], material science [32, 33, 34], neuroscience [35, 36,
37], and biomedical engineering [38, 39, 40].

In the era of big data, where unprecedented volumes of information are being generated,
scalability has become a prominent issue in graph data management. Typical industry-
level graphs can be composed of millions or billions of nodes and edges [41, 42, 43, 44].
While GNNs are effective in understanding graph information, they are known to be
resource-intensive, rendering them prohibitive for data on such a large scale [45, 46, 47].
When the graph size increases, GNN computational overhead escalates significantly due

to the tight coupling between its architecture and the graph data structure, which leads to

1



2 1.1. Background and Motivation

a even more compelling scalability issue. Empirical studies also observe that the data
management steps in GNNs are notably more time- and memory-consuming than those
in common deep neural networks [48, 49, 50]. Hence, scaling up GNNs to large graphs

becomes a challenging yet important problem when designing and utilizing these models.

In this thesis, we attempt to study the scalability issues in applying GNN models to
large graphs by designing and enhancing dedicated data management techniques. The
following part of this chapter first introduces relevant concepts in the context of data
management and graph learning, and subsequently identifies the scalability bottlenecks
of current GNN models. Then, specific research objectives are developed for addressing
the existing gaps in scaling up GNNs, and the contributions of the proposed methods are

summarized. Lastly, the outline of the thesis is presented.

1.1 Background and Motivation

Graph-structured Data. A graph, also known as a network, typically consists of a set
of nodes and a set of edges, as illustrated in Figure 1.1, and can be further categorized
into different variants by examining the properties of its components. For example,
graphs can be directed or undirected, homogeneous or heterogeneous, homophilous or
heterophilous, according to the divisions of edge directions, edge types, and neighborhood
similarity, respectively [51, 52]. Graph-structured data in particular variants usually carry

additional prior knowledge for better understanding the data, but also require careful and
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(a) An example graph. (b) Adjacency matrix. (c) Feature matrix.
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FIGURE 1.1: Example of a graph and its representations. (a) An example graph with
node features and labels. (b) The adjacency matrix of the graph. (c¢) The feature matrix
of the graph.
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Classic graph data management algorithms tend to focus on problems within the graph
structure itself, e.g., ranking nodes, finding paths, and identifying specific substructures.
In comparison, the discipline of graph learning attempts to build data-driven models
for extracting graph knowledge, representing the underlying information, and solving
particular graph-related problems [55, 56, 57, 58]. Depending on the granularity, graph
learning can be categorized into node-, edge-, and graph-level tasks; depending on
the output requirement, distinct models exist for analytical and generative tasks. We
characterize graph neural networks as analytical models with a distinctive neural network
architecture [16, 47, 59, 60].

Convolutional GNNs. Inspired by the emerging deep learning approaches, various
neural operations have been introduced to the field of graph learning to build GNN
models. Compared to previous neural networks, GNNs specifically feature the ability
of representing non-Euclidean data through dedicated architectures that integrate graph
topology, capturing not only instance identities but also their relationships [15, 61, 62].
The convolution operation is generalized from grid data to graphs and composes the core
of convolutional GNNs [25, 63, 27], while advantageous techniques such as the attention
mechanism and skip connection have also been incorporated to the convolutional network
architectures [28, 64, 65, 66, 67, 68].

The high-level idea of graph convolution is to represent a node by aggregating its own
features as well as those of its neighbors. Specifically, the fundamental GCN model [25]
represents each node’s state by a feature vector, successively propagates the state message
to its neighboring nodes, and updates the neighbors’ features using a neural network. This
interleaved process containing graph propagation and representation update can conducted
for multiple iterations, as depicted in Figure 1.2. By this means, the information of one
node is passed to another based on edge connections, and the process is named message
passing. By integrating graph operations such as sparsification and downsampling,
propagation edges can be reduced from the basic message-passing scheme [69, 70].
Conversely, graph rewiring and upsampling methods are able to augment the convolution
by appending global nodes [71, 72]. A unique array of models known as spectral GNN's
[24, 73, 26] invokes graph spectral theory [74, 75] for describing the convolution operator

in the frequency domain and inclines to the spectral filter designs.

A notorious scalability issue rooted in convolutional GNN architectures is the neighbor
explosion phenomenon, that the number of nodes included in convolution computa-

tion potentially grows exponentially when performing the iterative message-passing
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FIGURE 1.2: Message-passing for a graph node u. (a) Graph convolution and represen-
tation update for 1-hop neighbors. (b) Graph convolution and representation update for
2-hop neighbors.

operation [76, 77, 78, 79]. As a consequence, conventional solutions for ordinary data
structures, such as mini-batching, fail when deploying GNNs to large-scale data, and the
model scalability is critically limited [80, 81]. For advanced GNN models, the scalability
issue becomes increasingly prominent due to the complicated computations, especially

those correlated with the graph topology [82, 83, 84].

Sequential GNNs. Compared to convolutional models, sequential GNNs typically pro-
cess graphs as sequential data without explicitly passing messages through the graph
topology. These include the early works of recurrent GNNs, which compute and iterate
node information through the graph to learn a convergent state. Gate-based methods,
including Gated Recurrent Units (GRU) and Long Short-Term Memory (LSTM), are
employed as recursion optimizations [85, 86]. Recently, Graph Transformers (GTs) have
emerged as a class of promising sequential architectures, combining graph embedding
techniques and the Transformer architecture [87] to pursue substantial expressive power
[88, 89, 90]. These models rely less on the iterative graph convolution, but choose to
extract graph knowledge through alternative operations, such as representing node-pair

relationship by Shortest Path Distance (SPD).
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Subgraph GNNs. Subgraph GNNs, or alternatively known as Subgraph-based Graph
Representation Learning (SGRL), learn graph representation from a specified area around
nodes of interest, namely subgraphs [91, 92, 93]. Their design intuition is that, applying
neural network models to the substructure instead of the whole graph favorably captures
the underlying structural information. Compared to the canonical full-graph GNNSs,
subgraph models preserve expressiveness of the relative intra-node knowledge and offers
better scalability for graph learning tasks emphasizing graph structure, such as link
prediction [94, 95, 96].

1.2 Research Objectives

This thesis aims to mitigate the existing gap in graph data processing and neural network
research by addressing the issues in scaling up GNN models and providing a better
understanding in the lens of graph data management. The high-level objectives include
designing graph data management techniques to provide scalable solutions for various
GNN models, as well as investigating and characterizing the graph-relevant techniques

within these methods, and can be summarized by the following research goals:

* Analyze and design scalable GNN schemes: Versatile graph data processing
algorithms will be integrated with the GNN architecture to mitigate the graph
computational overhead of different model designs. Theories on approximate graph

computation will be established to characterize the scalable learning scheme.

* Develop scalable approaches for different scenarios: Diverse graph variants and
GNN architectures will be investigated to identify specific scalability bottlenecks.
Novel models utilizing dedicated data management techniques will be developed

to address the scalability issue.

* Harmonize effectiveness and efficiency performance: Model accuracy and
scalability will be evaluated to understand the comprehensive performance when
scaling up GNNs. Practical guidelines and solutions will be offered for improving

model scalability while ensuring efficacy.

In particular, we are motivated to tackle the following research questions:
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* What is the bottleneck of convolutional GNN architectures when applied to large-
scale data, and how to address the bottleneck by utilizing graph data management

techniques?

* What is the specific scalability issue for applying convolutional GNNs to graph
data under heterophily, and how to accommodate this challenge by augmenting the

data processing pipeline?

* How different are the efficiency limitations for Transformer-based GNNs, and how

to design dedicated graph data management techniques suitable for these models?

* What are the scalability issues in subgraph learning approaches, and how to boost

these methods by the idea of managing graph data efficiently?

* What is the underlying mechanism and theoretical guarantee of using data manage-

ment techniques for approximating GNN computation?

* What is the relationship between the effectiveness and efficiency in the context of

various scalable GNN designs and training schemes?

The scope of this study on scalable GNNs mainly focuses on theoretical contributions
to designing and improving GNN models, especially regarding their scalability and
efficiency performance. Issues raised during scaling up these models, e.g., the impact of
scalable solutions on model expressiveness and efficacy, will be explored as well. There
is another line of studies addressing the scalability issue by system-level approaches [97,
48, 98, 99, 100, 101, 102], especially by distributed computation [103, 104, 105, 106,
107, 108, 109, 110, 50], which is highly orthogonal to our study from the algorithmic

perspective.

1.3 Major Contributions

The straight-forward solution to scale up graph neural networks is to provide effective
graph data processing techniques for different types of models. From this perspective, we

elaborate our contributions in proposing two scalable model architectures.
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SCARA: Decoupled GNN with Feature-Oriented Optimization. We first examine the
decoupled architecture, which is a strategy for separating and specifically enhancing the
computation-intensive graph propagation without interfering representation learning in
graph convolution, and propose two algorithms exploiting the properties of node features,
namely FEATURE-PUSH and FEATURE-REUSE. The FEATURE-PUSH algorithm rethinks
the message-passing scheme and sparingly propagates graph information from the feature
dimension by evaluating the current status, successfully saving the need for iterative
operations. The FEATURE-REUSE mechanism further utilizes feature-wise similarity by
decomposing the base vectors to arrange feature propagations and reduce overlapped
computations while maintaining precision. Powered by these two approaches, SCARA
achieves a sub-linear time complexity for graph propagation, along with efficient network
training and inference implemented in a mini-batch manner. It also demonstrates scalable

memory usage when processing graphs up to the billion scale.

LD’: Heterophilous GNN with Decoupled Embeddings. Convolutional GNNs for
heterophilous graphs are unique for their non-local propagation architectures considering
the shifted graph inductive bias. However, this design also aggravates the GNN scalability
issue for including relatively coupled graph operations. We are among the pioneer works
to explore scalable solutions under heterophily and propose LD?, which is symbolized by
its low-dimension embeddings and long-distance aggregation. By utilizing the decoupled
architecture and performing learning on precomputed embeddings, the model removes
the reliance on iterative train-time full-graph computations in typical heterophilous GNNSs.
We design a set of feature and topology embeddings by applying multi-hop discriminative
propagation, encoding expressive node representation within a compact size. An end-
to-end precomputation is proposed for efficient embedding calculation. LD? achieves
optimized training performance, highlighting time complexity that is only linear to the

number of nodes and memory overhead independent of the graph scale.

Then, we extend the solution of boosting graph-related computation to more diverse graph
learning scenarios with distinctive model architectures and graph understanding tasks,

which leads to our contributions in broadening two scalable graph learning approaches.

HubGT: Hierarchy Labeling for Graph Transformer. While Graph Transformer has
emerged as a promising GNN architecture, it remains challenging in effectively repre-
senting graph information while ensuring learning efficiency. We specifically investigate

the scalability issues in current GT designs, and propose HubGT as an efficient Graph



8 1.3. Major Contributions

Transformer with novel hierarchical sampling based on the hub labels, effectively embed-
ding local and global graph topology. We also enable the powerful positional encoding
based on relative distance on large-scale graphs. For boosting graph computation, we
design a hierarchical index dedicated to HubGT graph processing, featuring construction
under linear complexity and O(1) query overhead. The decoupled precomputation and
simple training contribute to fast and scalable mini-batch GT training. HubGT is scalable
on up to million-scale graphs, achieving top-tier accuracy and demonstrating the fastest

inference speed.

GENTI: Walk-based Representation for Dynamic Subgraph GNN. Subgraph GNNs
have demonstrated scalability and expressiveness for large-scale tasks. The core challenge
of applying subgraph GNNs to dynamic graphs lies in accommodating the extraction
of subgraphs to evolving data with efficient computation. To address the efficiency
bottleneck, we propose GENTI as a scalable subgraph GNN on dynamic graphs with
GPU-oriented designs. On the algorithmic level, we decouple the resource-intensive
subgraph extraction stage to be separately conducted on CPUs and GPUs, which enables
full GPU utilization during subgraph processing and offers improved efficiency. On
system level, we design the data structure for maintaining subgraphs on GPU with
improved memory complexity and fast batch processing ability. We also enhance the
graph storage to render it applicable for scalable and dynamic updating and sampling.
GENTI is capable of applying to billion-scale dynamic graphs and achieves significant

speedups in empirical running time.

On top of novel model designs, properly scaling up GNNs also calls for deeper un-
derstanding regarding the underlying mechanism, especially the model performance at
large scale. To this end, we offer research in characterizing a range of models from two

data-centered perspectives.

Understanding GNN Approximation as Graph Sparsification. Graph sparsification
is a popular technique for efficiently performing graph operation with a lower amount
of components, therefore saving computational overhead and benefiting scalability. We
propose UNIFEWS as a general sparsification particularly for convolutional GNNs, which
is practical for many common models to reduce graph-scale computation and alleviate
computational cost. UNIFEWS employs a unified scheme involving both graph connection
reduction and model weight compression. In fact, the graph propagations in both SCARA

and LD? can be considered as special cases of the UNIFEWS scheme. We develop a novel
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theoretical analysis of the graph sparsification technique and bound the approximation
procedure through the comprehensive lens of graph spectral signal processing. The graph
sparsification approach characterized by UNIFEWS is effective in reaching high sparsity
without compromising accuracy, paving a promising solution towards efficient GNN

operations unifying graph edges and model parameters.

Benchmarking Performance of Spectral GNNs. In a broader sense, convolutional
models with the decoupled architecture including SCARA and LD? can be regarded
as spectral GNNs, where different graph filters in the frequency domain are utilized to
process graph signals, and subsequently represented by learnable network architectures.
We thereby benchmark GNNs under the umbrella of spectral models with dedicated
designs and analysis, as well as a unified framework for practical implementation. We
offer an open-source, plug-and-play collection for spectral models and filters. The
framework realizes integrated and efficient implementations covering a variety of spectral
GNN designs. Designed in a spectral-oriented manner, our implementation ensures that
most filters are easily adaptable to a wide range of GNN transformation, architecture,
and learning schemes. Based on the framework, we provide extensive study on the
effectiveness and efficiency of spectral filters across various common configurations.
We analyze the spectral properties of the filters and offer practical guidelines for using
spectral GNNs, especially highlighting the scalability characteristics of these models.
Experimental evaluations show that the model achieves improved minibatch training

performance especially on large graphs.

A broad range of realistic applications can benefit from GNNs with better scalability,
enabling effective learning on industry-level big data with millions or even billions of
graph components. Examining and enhancing GNN scalability also helps researchers
better understand the underlying mechanisms for integrating machine learning and graph
data, advancing research and applications in areas of data mining, data management,
and machine learning. Additionally, compared to mainstream models that demand
professional servers, some proposed GNNs are scalable enough to run on a single machine
with commercial-level hardware, which brings forward the possibility of deploying
scalable GNNs on customer-side machines with better data convenience, privacy, and

democratization.
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1.4 Organization of the Thesis

As outlined in Figure 1.3, the thesis is organized in the following structure.

Chapter 1 introduces the background and advances of graph neural networks for graph
representation learning, while specifying the current issues in scalability of common
GNN designs. It then outlines the research objectives, questions, and contributions for

scaling up GNNss to large graphs in this thesis.

Chapter 2 reviews the architectures of related GNN variants, including existing approaches
in efficient and scalable designs. We develop a comprehensive analysis on the scalability

bottleneck of these models on time and memory complexity.
The remaining chapters are divided into three parts:

Part I: Designing Scalable GNN Models. This part focuses on developing novel message-
passing GNN model designs for different scenarios utilizing dedicated graph data man-

agement techniques.

[ Scaling up Graph Neural Networks ]

[ Methods ] ( Contributions J
Chapter 3

Part1 e (Decoupled Homophilous > < Feature Ol'ientedj

[ Model Design H Chapter 4

(Decoupled Heterophilous ) < Long Rangcj
Part I1 Chapter 5
ar e Graph Transformer ) < Hierarchical Labclingj
[ Diverse Graphs Chanter 6
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—( Efficacy & Efficiency Balance j ( Adapt Graph Variants )—’

FIGURE 1.3: Overall framework of the thesis, including respective methods under
each parts and corresponding solutions and contributions. We further list the high-level
challenges as stated in Chapter 1 and future directions as in Chapter 9.
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Chapter 3 proposes the SCARA model as the scalable decoupled GNN with feature-
oriented optimization. We subsequently derive our methodology in performing graph
propagation as precomputation with algorithms manipulating node features, and provide

theoretical analysis on approximation precision and complexity.

Chapter 4 develops the LD? model as the scalable decoupled heterophilous GNN with low-
dimension embeddings and long-distance aggregation. We tackle the specific scenario
of graphs under heterophily and propose the multi-channel scheme to fully utilize the

embedding information.

Part II: Boosting Diverse Graph Learning Approaches. This part broadens the scalabil-
ity solutions based on graph computation acceleration to more diverse graph learning

approaches.

Chapter 5 designs the HubGT model as the fast Graph Transformer boosted by decoupled
graph computation and hierarchical graph representations. We uncover limitations in
current GT designs, then address them by the end-to-end hub labeling algorithm for fast

neighborhood generation and positional encoding.

Chapter 6 offers the GENTI model as the scalable subgraph GNN with GPU-powered
walk-based representation learning on dynamic graphs. We especially identify the system
and algorithmic bottlenecks in subgraph extraction and design new pipelines and data

structures facilitating more efficient graph processing.

Part II1: Evaluating GNN Scalability Performance. This part presents a theoretical and
empirical analysis of the performance of scalable GNN models from the perspective of

graph data processing and representation learning.

Chapter 7 relates approximate GNN propagation to spectral graph sparsification. It
highlights the theoretical explanation by formulating graph learning as an optimization

problem, as well as the empirical benefit of the unified model compression.

Chapter 8 presents a comprehensive benchmark for evaluating the effectiveness and
efficiency of spectral GNNs, covering theoretical formulation of model architectures,

taxonomy of filters, and a practical implementation and evaluation framework.

Chapter 9 concludes the thesis by reviewing the key results and contributions. We also
conduct further discussions and expectations regarding promising future research topics

under the topic of GNN scalability and graph data management.






Chapter 2

Literature Review

2.1 Graph Data and Notations

2.1.1 Simple Graph

In an undirected graph G = (V, &) with node set V and edge set &, the number of
nodes, the number of edges, and the average degree are denoted by n = |V|, m =
|&E|, and d = m/n, respectively. The neighborhood of an ego node u € V is the set
N(u) ={v | (u,0) € &}, and its degree d(u) = |N(u)|. The diagonal degree matrix is
D = diag(d(1),d(2),- - ,d(n)), and the self-looped variantis D = D + I.

The graph connectivity is represented by the adjacency matrix A € R™", and its variant
with self-loop edges is A = A + I. To balance the scale of values and facilitate further
calculations, it is more common to use the adjacency matrix normalized by node degree.
Here we adopt the graph normalization scheme [111, 112] with coefficient p € [0, 1]
denoting distinct considerations for in- and out-degrees, and the normalized adjacency is
A=Dr'AD".

2.1.2 Attributed Graph and Heterophily

Each node in the graph u € V is represented by an Fy-dimensional attribute vector X [u],

which composes the attribute matrix X € R™o, In other words, X[u] is a row of X.

13
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From the other perspective, we denote the feature-wise length-n attribute vector, i.e., a

column of X, as x.

For multiclass classification task on graph G, a node u € V is labeled by y(u) €
{0, 1,---, N, — 1}, where N. is the number of classes. The term homophily indicates that
connected nodes tend to be similar to each other in terms of classes, while in heterophily
scenarios the majority are different [113]. We measure the graph heterophily by node
homophily score [114], which is the average proportion of the neighbors with the same

class of each node:

g = L3 W0 EN @ 310) =y(@)] o

d(u)

uevV

Generally, Hpode € [0, 1]. A homophily score closer to 0 indicates higher heterophily,

and vice versa.

2.1.3 Spectral Graph Theory

Spectral graph theory [115] relates the graph with signal processing techniques, which
utilizes the graph Laplacian matrix L = D — A or its normalized counterpart L =
I — A. Consider an undirected graph whose adjacency matrix A is symmetric, the eigen-
decomposition of the normalized graph adjacency and Laplacian matrices respectively
as A = VMV and L = UAUT, where the graph spectrum M = diag(py,-- -, jn) is

the diagonal matrix of eigenvalues |uj| > |po| > --- > |un|, or equivalently A =
diag(Ay, -+ ,A,), 0 =41 < A < --- < A, < 2. V,U are the matrices of corresponding
eigenvectors.

The eigenvalues are also known as the signal frequencies. Intuitively, since L = I — A, the
leading eigenvalues i1, o, - - - of A correspond to the smallest of those A, Ay, - -+ of L.
These eigenvalues are known as the low-frequency spectrum of the graph that correlates
to graph connectivity. Specially, A, > 0 if and only if the graph is connected, which is
our case. Similarly, small values of y; and large values of A; represent the high frequency

part of the graph. Graph spectrum is a graph invariant despite the status of node labels.



Chapter 2. Literature Review 15

2.1.4 Dynamic Graph

A dynamic graph Gr = (V, &, T) consists of a series of graph instances over a time span
T. At each specific timestamp, a graph instance is similar to a static graph with respective
nodes and edges G; = (V};, &;). Depending on their representation with regard to time
intervals, dynamic graphs can be classified into two categories, namely Continuous-Time
Dynamic Graphs (CTDGs) and Discrete-Time Dynamic Graphs (DTDGs) [116]. In
particular, CTDGs possess continuous timestamps ¢t € [0, T], while DTDGs include a set
of discrete ones t € {ty,t1,-- -, tr}. CTDGs are generally more expressive in depicting
temporal information, since a DTDG can be equivalently considered as a CTDG in special
case [116, 117].

For dynamic graphs, the graph components of nodes and edges are changing overtime,
which are knows as events. A CTDG can be constructed by a series of edge additions
and deletions events. The graph G can thus be represented by an event sequence S =
{(u,0,t,0p)}. Each event implies that the edge from node u to v experiences the operation
denoted by op at timestamp t. The operation op can either be insertion or deletion of the

edge (u,v).

2.2 Convolutional GNN

2.2.1 Vanilla Spatial GNN and Operation

A GNN recurrently computes the node representation matrix H() as current state in the
I-th layer. For the vanilla L-layer GCN [25], the model input feature matrix is H® = X

in particular, and the (I + 1)-th representation matrix H*! is updated as:
HOD = (AHOWD), 1=0,1,--,L- 1, 2.2)

where W € RF*F is the trainable weight matrix of the I-th layer, A is the normalized
adjacency matrix, and o(-) is the activation function such as ReLLU or softmax. The
representation can be initialized by node attributes H®) = X. For simplicity in complexity

analysis, we assume the feature size F to be constant in all layers and Fy = F.
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TABLE 2.1: Precomputation, training, and inference time complexity of common spatial
convolutional GNN models.

Model \Precomp. Time Training Time Inference Time
GCN [25] - O(ILmF + ILnF*) O(LmF + LnF?)
Cluster-GCN [120] |O(m) O(ILmF + ILnF?) O(LmF + LnF?)
GraphSAINT [121] |- O(ILpLnF?) O(LmF + LnF?)
GAS [122] O(m + LnF) O(ILmF + ILnF?) O(nF)
APPNP [123] |O(m) O(ILpmF + ILnF?) O(LpmF + LnF?)
PPRGo [124] |O(m/5) O(IKnF + ILnF?) O(KnF + LnF?)
SGC [125] O(LpmF) O(ILnF?) O(LnF?)
GBP[111] O(LpF+/Lpmlog(Lpn)/e) O(ILnF?) O(LnF?)

TABLE 2.2: Precomputation, training, and inference memory complexity of common
spatial convolutional GNN models.

Model ‘Precomp. Mem. Training Mem. Inference Mem.

GCN [25] - O(LnF + LF?) O(LnF + LF?)

Cluster-GCN [120] |O(n) O(LnyF + LF?) O(LnF + LF?)
GraphSAINT [121]|- O(LpLnyF + LF?) O(LnF + LF?)

GAS [122] O(LnF) O(LdnyF + LF?) O(LdnyF + LF?)
APPNP [123] |O(m) O(LnyF + LF? + nny) O(LnyF + LF? + nny)
PPRGo [124] |0O(n/S) O(LnyF + LF* + Knp) O(LnyF + LF* + Kny)

SGC [125] O(m) O(LnyF + LF?) O(LnyF + LF?)

GBP[111] O(nF) O(LnyF + LF?) O(LnyF + LF?)

In order to generalize the expression of GCN in Eq. (2.2) to a broader range of message-
passing GNNs, we abstract the graph-related operation in the [-th layer as a propagation
function applying on the graph matrix f() : R™" — R™" then the recursive spatial
GNN update is:

D) ¢ (f(l)(ﬁ) . H(l)), I=0,1,---,L—1, 2.3)

where ¢ denotes the transformation consisting of learnable weights and non-linear ac-
tivations. More complex schemes such as jumping knowledge [65] and concatenation

[118, 119] have also been proposed, but the computational schemes remain similar.

Complexity Analysis. Summarized in Tables 2.1 and 2.2, we present an analysis on
the complexity bounds of GCN in Eq. (2.2) to explain the restraints of its efficiency
in computational time and memory, respectively. In the tables, training and inference
memory indicate the GPU usage for storing and updating representation and weight

matrices, while precomputation is usually conducted on RAM. The memory complexity
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indicates the usage of intermediate variables, and fixed storage such as the graph adjacency
matrices are omitted. Training and inference time complexity represent the forward-

passing computational operations on respective node sets.

One dominating part of the GNN learning overhead is the training phase, where the model
weights W are iteratively updated for I epochs and is resource-intensive. For the L-layer
GCN model training per epoch, it can be typically divided into two consecutive procedures
of matrix multiplications: Graph propagation computes the product P = f(A)-H, which
can be regarded as repetitive sparse-dense matrix multiplications. For each propagation
hop multiplying a graph matrix A, or similarly, a matrix f(A) derived from A with the
same level of sparsity with O(m) entries, upon representation H, the time complexity is

O(mF). Performing L-hop propagation leads to a time complexity of O(LmF).

The overhead for the second procedure feature transformation by multiplying W to H
is O(nF?), and increased to O(LnF?) by stacking L layers. In the inference phase, the
model performs a similar forward prediction, hence results in the same time complexity
of O(LmF + LnF?).

As discovered by previous studies [120, 111], the dominating term is O(LmF) when the
graph is large, while the latter transformation can be accelerated by GPU computation.
Hence, the full graph propagation becomes the scalability bottleneck with respect of
GNN learning time.

In terms of memory usage, GCN typically requires O(LnF + LF?) space to store layer-
wise node representations and weight matrices, respectively. For large-scale cases where
n > F, the overhead of dense node representations O(LnF) becomes the primary term
[49]. The memory space for a graph propagation matrix is O(m). If the matrix remains

static during propagation, we usually omit it in complexity analysis for simplicity.

Learning Schemes. The learning scheme describes how the model and data are deployed
to CPU and GPU for training and inference. Full-batch (FB) training loads all input data
onto the GPU, which suffices the need on small-scale graphs and is the de facto scheme
for most GNNs. However, for larger graphs, the critical scalability issue emerges, as the

full graph topology exceeds the GPU memory capacity.

To mitigate the overhead, a common model-agnostic solution is to employ graph parti-
tion (GP) algorithms to divide and train the graph data in batches. However, this process

impacts the graph topology and undermines GNN expressiveness [78, 79].
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In contrast, the mini-batch (MB) scheme depicts separating processing graph and model
learning, usually with decoupled architectures. It chooses to perform graph-related
operations to generate one or more node-wise representation matrices in a precomputation
stage on CPU. Then, only the intermediate representations with batch size n; are loaded
onto the GPU in batches during training, which prevents the memory footprint from being
coupled with the graph size and enjoys better scalability. Since the graph operation is
invariant across different model architectures and training schemes with varied efficiency
and scalability scenarios, it is possible to share the same formulation and implementation
in these scenarios, which can be further enhanced by dedicated graph data management

techniques.

2.2.2 Sampling-based GNN

The above analysis indicates that the scalability bottleneck of GCN lies in the time
complexity of graph propagation as well as the memory overhead of full-graph repre-
sentation. There is a large scope of GNNs attempting to address the issue by sampling
techniques, which simplify the propagation by replacing the entire graph with subgraphs
in mini-batches [27, 121, 120]. The message-passing scheme conducted in Eq. (2.2) is
hence not on the whole graph, but a sampled subgraph with corresponding adjacency and

embedding matrices.

Some studies utilize layer-wise sampling, where node samples are generated differently
in the propagation of each layer. GraphSAGE [27] typically perform random sampling to
generate a smaller neighbor set of each node with equal size, while FastGCN [126] and

LADIES [127] randomly samples nodes in the entire graph.

GAS [122] samples layer-wise neighbors and consumes great memory for historical em-
bedding. It has O(LmF + LnF?) training overhead, while the optimal inference complexity
is benefited by the cached embedding.

Another popular direction is graph-wise sampling with hierarchical consideration of the
whole graph structure. Cluster-GCN [120] divides a graph into subgraphs based on the
result of classical graph clustering algorithms. It requires O(m) precomputation time of

finding clusters, while the training time is bounded by O(LmF + LnF?).

GraphSAINT [121] proposes various schemes to utilize different levels of information.

The GraphSAINT model with L-step random walk considers O(Ln,) nodes in each
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training iteration, hence produces a total complexity of O(L?nF + L?nF?). Unfortunately,
the sampling approach is not applicable in the full graph inference stage, resulting in its

inference time and memory overhead being the same with GCN.

SGNN-LS [128] investigates the utilization of spectral sparsification for sampling GNNs
in the polynomial form, showcasing that graph sparsification process is useful in offering

bounded approximation for message-passing GNNs.

2.2.3 Decoupled GNN

As the graph propagation possesses the major computation overhead when the graph is
scaled-up, a straightforward idea is to simplify this step and prevent it from being repeti-
tively included in each layer. Such approaches are regarded as propagation decoupling
models [16, 72]. We further classify them into post- and pre-propagation variants based

on the presence stage of propagation relative to feature transformation.

The post-propagation decoupling methods apply propagation only on the last model
layer, enabling efficient and individual computation of the graph propagation matrix, as
well as the fast and simple model training. The iterative graph propagation in the GCN

updates is replaced by multiplying the PPR matrix after the feature transformation layers:

HED — 4 (H(l)W(l)), [=0,1,---,L -2, (2.4)

HD — o (HH(”W”)), I=1-1, (2.5)

n - ) ) . . _ vl il
IT € R™" is a matrix representing graph propagation, usually in the form IT = 3 7 a; A",
where Lp denotes the precomputed propagation hops and q; is the hop-dependent diffusion

weight.

The feature transformation in this case is Eq. (2.4), which only contains L layers of
consecutive weight multiplication, much similar to a simple Multi-Layer Perceptron
(MLP) and is sometimes simply noted as H'l) = MLP(X). The design is benefit from
the mini-batch scheme in both training and inference stages, hence reducing the demand

for GPU memory.

Eq. (2.5) corresponds to the graph propagation stage in common GNNs. Since it is after
the feature transformation, it is regarded as post-propagation. Compared to Eq. (2.2), it is

decoupled from the iterative calculation of multiple layers, and only conducted once per
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training epoch. However, it is worth noting that such post-propagation is only decoupled

from the iterative layer propagation, but still requires computation in the training iteration.

The APPNP model [123] introduces the personalized PageRank (PPR) [129] algorithm
in the propagation stage, where I1 = Zle pa(l - a)' Al is the PPR matrix of Lp hops.
APPNP performs the post-propagation on the PPR matrix by an Lp-round Power Iteration
[129], which leads to a computation speed of O(LpmF + LnF?) per epoch. By adapting
minibatch training, it does not need to load the full feature matrix into GPU memory, but
only the corresponding rows in matrix H and IT, hence is with a reduced complexity of

O(LnyF + LF? + nny), where n,, is the batch size.

The PPRGo model [124] further improves the efficiency of precomputing the PPR matrix
IT by the Forward Push algorithm [130, 131] with an error threshold é and only records

the top-K entries. However, it demands O(n/d) space to store the dense PPR matrix.

Another line of research, namely the pre-propagation models, chooses to propagate
graph information in advance and encode it to the attributes matrix X, forming an
embedding matrix P that is utilized as the input feature to the neural network layers. In a

nutshell, we summarize the model updates in the following scheme:

Lp

HO - p= Z aAl- X, (2.6)
1=0

D :G(H(I)W(l)), 1=0,1,--- . L—1, 2.7

where Lp denotes the precomputed propagation hops and q; is the hop-dependent diffusion

weight.

The line of Eq. (2.6) corresponds to the precomputation section performing the graph
propagation. As the embedding matrix is calculated only once for each graph, it saves the
propagation time in following L-layer model updates of feature transformation of multiple
epochs compared to GCN in Eq. (2.2). The complexity of this stage is completely free
from the training iteration and is solely related to the precomputation techniques applied

in the model.

Eq. (2.7) follows the neural network feature transformation, taking P as input feature.
Compared to Eq. (2.5), it completely removes the need for additional multiplication,
hence both training and inference are reduced to O(LnF?). The simple GNN provides

scalability in both resource-demanding training and frequently-queried inference, with
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the ease to employ techniques such as mini-batch training, parallel computation, and data

augmentation.

In SGC [125], the embedding matrix is given by a fix-hop multiplication of P = Al? . X.
S2GC [132] performs constant summation on the powers of graph adjacency to obtain a

low-frequency embedding P = Lip Zle 0 Al.X. GDC [133] formulates the generalized form

ot
I

Adapting different embedding schemes, these models calculates the propagation by

P = Zle 0 a;Al - X. It however mostly focuses on the Heat Kernel form where a; = e~

vanilla matrix calculation, hence all require O(LmF) precomputation time.

The model GBP [111] employs a PPR-based bidirectional propagation with hops Lp = L,
and tunable layer-wise coefficient a; and graph normalization p to optimize the precompu-
tation calculation. Under an approximation of relative error €, it improves precomputation
complexity to O(LF \/Wg(Ln) /€) in the best case. It is notable that since GBP contains
a node-based traverse scheme, it is sensitive to the scale of n in practice. The embedding

matrix in GBP is a dense matrix that requires O(nF) memory.

AGP [112] proposes further generalization in two aspects. First, it extends graph nor-
malization D™'/2AD~'/2 to arbitrary D"*AD~" with a, b € [0, 1]. Second, it efficiently
computes propagation with general coefficients g;. In the paper, it explores the SGC,
APPNP (PPR), and GDC (Heat Kernel) schemes.

2.2.4 Heterophilous GNN

In the context of GNNs under heterophily, most current models belong to the iterative
design, that they alter the vanilla propagation Eq. (2.2) for better performance but do
not change its iterative nature. Similarly, we compare the complexity of representative

heterophilous models in Tables 2.3 and 2.4.

Usually, heterophilous GNNs consider full-graph information, relying upon the complete
graph adjacency matrix to compute inter-node relationships. These high-order calcula-
tions are shown to be effective in retrieving information beyond immediate neighbors,

but come at the price of more complex propagation operations.

H,>GCN [71] examines the homophily-dominant property for 2-hop neighbors, and
simultaneously performs propagation on both 1-hop and 2-hop adjacency matrices A and

Aj,. Specifically, the 2-hop matrix A, is the adjacency matrix of the induced subgraph
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TABLE 2.3: Precomputation, training, and inference time complexity of heterophilous
GNN models.

Model ‘Precomp. Time Training Time Inference Time
GPRGNN [134]|0(m) O(ILpmF +ILnF?) O(LpmF + LnF?)
GCNIK [65] |- O(ILmF +ILnF*)  O(LmF + LnF?)
MixHop [135] |- O(ILpLmF + ILnF*) O(LpLmF + LnF?)
LINKX [136] |- O(ImF + ILnF*)  O(mF + LnF?)

TABLE 2.4: Precomputation, training, and inference memory complexity of het-
erophilous GNN models.

Model ‘Precomp. Mem. Training Mem. Inference Mem.
GPRGNN [134]|0(m) O(LnF + LF? + m) O(LnF + LF? + m)
GCNIK [65] |- O(LonF + LoF?) O(LgnF + LoF?)
MixHop [135] |- O(QLnF + QLF?) O(CLnF + CLF?)
LINKX [136] |- O(LgnyF + LoF? + nF) O(LonyF + LoF? + nF)

consisting of only strict 2-hop neighbors N> (u) = {v | t € N(u),v € N(t),0 ¢ N(u)}.

The two representations are usually aggregated by a jumping knowledge layer.

MixHop [135] concatenates identity, 1-hop, and 2-hop propagations in each of its layer
HD) = a(H(l)Wo(l) ||AH(I)W1(Z) ||A2H(Z)W2(l)), where (-]|-) denotes matrix concatenation.

Such aggregation results in expanding width of representations over multiple layers.

GeomGCN [114] incorporates geometric measures besides node connections to build the
overview of the entire graph, while GloGNN [72] considers global information during
message-passing, which is equivalent to a propagation of layer representations of nodes

from different hops.

Another common practice for non-homophilous design is altering transformation to learn
from multiple features constituted by different graph propagation functions f, which is
regarded as channels. Denote the number of channels as Q, employing multi-channel
learning per layer respectively increases the memory budget for node representations and

weight matrices by Q. In Table 2.4 we denote Ly = L + Q for simplicity.

GCNIK [65] records individual layer representations as channels, which is widely use
by following works such as HyGCN. MixHop also include a multi-channel design that
aggregating embeddings from different hops.
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FAGCN [137] introduces the high-frequency filter eI — A. In each layer, it respectively
applies low- and high-frequency filters to the layer representation and aggregates by

attention mechanism.

GGCN [138] proposes the process of assigning signs to edges based on inter- and intra-
node similarity. In practice, they utilize cosine similarity between node feature vectors.
Its aggregation is performed on the representations corresponding to the positive edges,
the negative edges, and the raw representation of previous layer, with weights of each

channel controlled by a learnable scalar factor.

ACM [139] explores the channel mixing mechanism, similarly applying multiple channels
to learn the layer representation. For each layer, low-frequency, high-frequency, and
identity channels are respectively applied to the current representation before a learnable
node-wise aggregation: AHW;, (I — A)HW,, IHW;

In spite of their advantageous capabilities, recent studies discover that heterophilous
GNN s are naturally unsuitable for sampling-based minibatching, since their distant or
full-graph information is heavily overlooked in batches built on locality [140]. Evaluations
show that simply fitting these models to learn from induced subgraph samples causes

performance degradation [136].

Applying the decoupling technique to heterophilous GNNs is non-trivial due to the
full-graph relationships. Very few models fall into this classification at the current stage.
To our knowledge, GPRGNN [134] and LINKX [136] are the only models conceptually

similar to this scheme, but both remain sensitive to the graph scale.

GPRGNN [134] performs learnable propagation on the output of feature transformation
HD = Zle 0 @Al - MLP(X). The adjacency matrix is inevitable for deriving weight
parameters aq;. Therefore, GPRGNN is still regarded as a full-batch model.

LINKX [136] alternatively exploits a simple architecture H®) = MLP(XWyx @ AW,),
where @ denotes representation fusion. Although it supports minibatching, the matrix A
is involved as an input feature in learning. Hence it still suffers from O(nF) model size

and O(mF) forward prediction time.
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2.3 Graph and GNN Simplification

2.3.1 [Iterative Graph Sparsification

The application of graph simplification techniques on GNN can be traced back to the
early stage of its development [69]. These studies modify the graph components, i.e.,
nodes and edges, in order to simplify the GNN learning process and bring performance
enhancement. Simplification techniques mainly aim to reduce GNN message-passing
operations while maintaining its scheme. Consequently, these methods usually enjoy
better expressiveness and generality to different model architectures. Among them, a
large portion of works sparsify edge connections for accuracy improvement, typically

through deleting edges.

DropEdge [141] randomly samples edges for GNN training to facilitate better efficiency
and alleviated over-smoothing. NeuralSparse [142] employs supervised learning to

sample k-neighbor for each node and achieves accuracy improvement.

LSP [143] removes edges based on local topology, while AdaptiveGCN [144] and SGCN

[145] choose to implement sparsity by learnable edge features and graph adjacency.

In comparison, FastGAT [146] and DSpar [147] relate graph modification to spectral
sparsification mainly as an attempt to boost efficiency. FastGAT eliminates the GAT
[28] model connections by calculating the Effective Resistance [148] metric, which
nonetheless requires an additional O(mlogn) computation time. DSpar employs a

degree-based approximate calculation and successfully applies to larger datasets.

2.3.2 Decoupled Propagation Personalization

A particularized branch emerges for simplifying decoupled GNNs. Since the graph
operation is isolated, it is more flexible for fine-grained modification, which replaces the
graph-level message-passing with separate maneuver on the edge connection for each
propagation hop. To make use of the model propagation and perform more adaptive
maneuvers, some studies design fine-grained optimizations on each diffusion step in a
node-dependent fashion to resolve GNN defects such as inefficiency [120, 111, 9] and

over-smoothing [149].
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NDLS [150] and NIGCN [151] personalize the hop number per node in the decou-
pled GNN design as an approach to acknowledge the local structure and mitigate over-
smoothing. Shadow-GNN [152] explicitly selects the appropriate node-wise aggregation
neighborhood.

Another set of works [153, 154, 155, 156] achieves customized diffusion by gradually
learning the hop-level importance of nodes at the price of introducing more overhead,

which are less relevant to the efficient GNN computation.

2.3.3 Architecture Compression

The concept of GNN pruning takes the neural network architecture into account and
exploits sparsification for efficiency without hindering effectiveness [157]. [158] consider
structural channel pruning by reducing the dimension of weight matrices, while CGP

[159] appends a prune-and-regrow scheme on the graph structure.

A line of research refers to the lottery ticket hypothesis [160, 161] in the context of
graph learning in search of a smaller yet effective substructure in the network. Among
these approaches, GEBT [162] finds the initial subnetwork with simple magnitude-
based pruning on both adjacency and weight matrices, whilst ICPG [163] learns the
importance of edges as an external task. GLT [164] and DGLT [165] employ an alternative

optimization strategy that progressively processes the graph and network components.

Other compression techniques such as quantization [166, 167, 168] are also investigated

as approaches to reduce the GNN model size.

2.3.4 Graph Coarsening

Different from simplification, modification techniques change the message-passing
scheme in GNNs, leading to new models with distinct expressiveness after modification.
Graph coarsening describes the modification approach that reduces the graph size by

contracting nodes into subsets.

GraphZoom [169], GOREN [170], and [171] explore various coarsening schemes and
enhance training scalability, while GCond [172] alternatively adopts an analogous con-

densation strategy.
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2.4 Sequential GNN

2.4.1 Vanilla Graph Transformer and Positional Encoding

A Transformer layer [87] first projects three representations given an input matrix H €
Ran .

Q=HW, K=HW, V=HW, (2.8)
where W € RFXFK Wi € RFXK Wy, € RFXFV are learnable weights.

For a multi-head self-attention module with Ny heads, each attention head possesses its
own representations Q;, K;, V;,i = 1,---, Ny, and then the output H across all heads is

calculated as:

. KT
H =0 (Q_l
VFx

where -||- denotes the matrix concatenation operation, and o is the softmax function. The

+ P) Vi = (F- [ Fx,) Wo, 2.9)

projection dimension is usually set as Fx = Fy = F/Ny.

Beside the representation H, positional encoding (PE) P in Eq. (2.9) can also incorporate
graph topology into the GT attention module by encoding pair-wise information. Typical
encoding approaches include graph proximity [89, 173, 174], Laplacian eigenvectors [88,
175, 176], and shortest path distance [177, 178, 179]. The complexity of such design

depends on the specific acquisition of the pair-wise encoding.

2.4.2 Kernal-based Sequential GNN

The majority of vanilla GTs [88, 89, 90] are typically proposed for graph-level learning
tasks on small graphs with full-batch training (FB). This is relevant to their quadratic
complexity as revealed by Table 2.6, that the critical scalability bottleneck lies in Eq. (2.9)

by representing n nodes with O(n?F) time and memory overhead.

To mitigate the quadratic complexity and foster scalable learning, scalable GTs employ
mini-batch training, which replaces the full representation H with batches containing n,
nodes and reduces memory complexity to O(nl%F ). Kernal-based GTs [181, 180, 182, 183]

generate batches by neighborhood sampling (NS) and utilize graph kernels, i.e., functions
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TABLE 2.5: Precomputation and training time complexity of sequential GNN models.

Taxonomy Model ‘ Precompute Time Train Time
Vanilla Graphormer [89] o(n?) O(Ln?F)
(FB) GRPE [177] o(n?) O(Ln*F)
Kernel. GraphGPS [180] o(n?) O(LnF? + LmF)
based NodeFormer [181] - O(LnF? + LmF)
(NS) DIFFormer [182] - O(LnF? + LmF)
PolyNormer [183] - O(LnF? + LmF)
NAGphormer [184] O(LmFy) O(LnF?)
Hierar- PolyFormer [185] O(LmFy) O(LnF?)
“hical ANS-GT [173] O(ns?® + md") O(LnF? + Lns*F + Lm)
RS) GOAT [186] O(nF) O(LnF? + LmF)
HSGT [187] O(n+ md") O(LnF? + LmF)

TABLE 2.6: Precomputation and training memory complexity of sequential GNN mod-

els.
Taxonomy Model | RAM Mem. GPU Mem.
Vanilla Graphormer [89] 0(n?) O(Ln?F)
(FB) GRPE [177] 0(n?) O(Ln?*F)
Kernel. GraphGPS [180] O(nF + n?) O(LnyF + m)
based NodeFormer [181] O(nF +m) O(LnyF + m)
(NS) DIFFormer [182] O(nF +m) O(LnyF + m)
PolyNormer [183] O(nF +m) O(LnyF + m)
NAGphormer [184] O(LnF) O(Lny,F?)
_ PolyFormer [185] O(LnF) O(LnyF?)
Hierar- 2 I 5
chical ANS-GT [173] O(nF + ns” + md") O(LnyF + nps~)
RS) GOAT [186] O(nF + m) O(Ln3 + LnyF + m)
HSGT [187] O(nF + md") O(Ln3 + LnyF + Lm)

modeling node-pair relations, for attention computation to exploit edge connections.
Typically, they necessitate iterative processing of graph data with O(LmF) complexity
throughout learning. When the graph scale is large, this term becomes dominant since
the edge size m is significantly larger than the node size n. Hence, we argue that such a

design is not sufficiently scalable.

GraphGPS [180] combines rich positional and structural encodings with interleaved
local message-passing and linear global attention to achieve both expressivity and linear
complexity in node and edge counts. However, its preprocessing stage (e.g., computing

structural encodings) incurs an O(n’) time complexity.
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NodeFormer [181] introduces a kernelized Gumbel-Softmax operator to enable linear-

time all-pair message passing for scalable graph structure learning.

DIFFormer [182] proposes an energy-constrained diffusion framework that derives closed-

form optimal diffusivity to build a diffusion-based Transformer encoder.

PolyNormer [183] presents a polynomial-expressive graph Transformer that learns high-

degree equivariant polynomials via a linear local-to-global attention scheme.

2.4.3 Hierarchical Sequential GNN

Alternatively, the category of hierarchical GTs aims to embed rich topological information
through the input data X so that the power of GT can be leveraged to learn the node identity
and relations simultaneously. In a nutshell, this is usually achieved by encoding multiple
levels of graph structures, e.g., node attributes, clusters, and global representations, as
hierarchical input features. Its core design involves crafting an effective embedding

scheme to comply with GT expressivity.

Since the graph topology is embedded in an permutation-invariant manner, mini-batching
can be performed through random sampling (RS). The model can enjoy better scalability
if the graph processing is fully independent of GT attention. Ideally, hierarchical GTs can
process graph topology in O(m) complexity in precomputation and employ RS during
training for better scalability. Nonetheless, we note that existing models, except for
NAGphormer and PolyFormer, still involve graph-level operations during training as in

Table 2.5, which hinders GPU utilization and causes additional overhead.

NAGphormer [184] aggregates multi-hop neighborhood features into a fixed-length token
sequence per node (via Hop2Token), enabling true mini-batch Transformer training on

large graphs.

PolyFormer [185] builds a hierarchical Transformer by progressively coarsening the graph

and exchanging information between levels to capture both local and global structure.

ANS-GT [173] uses an adversarial bandit to adaptively sample informative nodes and a
two-stage local/global attention scheme to capture long-range dependencies. its adaptive

sampling requires O(ns” + Lm) preprocessing, making it costly on large graphs.
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GOAT [186] implements approximate global self-attention via low-dimensional pro-
jection (K-Means) plus a local sampling module to support both homophilous and
heterophilous graphs. however, the projection and codebook updates add extra overhead

and approximation error.

HSGT [187] leverages multi-level graph coarsening and dedicated horizontal/vertical
Transformer blocks to fuse information across scales. yet it demands hierarchical sam-

pling and historical embedding maintenance, increasing implementation complexity.

2.5 Subgraph GNN

2.5.1 Vanilla Subgraph GNN

Subgraph GNN methods, i.e., subgraph-based graph representation learning (SGRL), have
been extensively applied to a variety of tasks on graph-structured data [104, 188, 189, 190,
191]. The intuition of SGRL is to extract and learn from a subgraph around queried nodes
to emphasize local structural information and enhance model expressiveness. Common
SGRL methods adopt a pipeline of extracting subgraphs for each queried node, generating

features from subgraph structure, and lastly learning predictions for the given task.

The representative SEAL [91, 92] displays the superiority of predicting links by rep-
resenting the subgraph. SUREL [96] and SUREL+ [93] propose a scalable co-design
framework enabling the online extraction and learning of the data. GDGNN [192]

alternatively chooses to decouple the pipeline and applies separated computations.

Being the core of SGRL, subgraph extraction has been accentuated through the design
of samplers, which can be further divided into two categories. Walk-based samplers
[91, 92, 193, 194] generate a certain number of random walks starting from each seed
node and encode such structural information as features. In comparison, metric-based
samplers [195, 196, 192, 93] rely on graph metrics such as personalized PageRank
(PPR) [197] for assessing the proximity between given nodes.
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2.5.2 Dynamic Subgraph GNN

In order to learn from graphs with dynamic updates, some GNNs are equipped with
techniques for obtaining and handling features for both temporal and topology informa-
tion [116].

Early studies commonly exploit sequential GNNs based on Recurrent Neural Networks
(RNNGs) structures to deal with the sequential data. For example, ROLAND [198] proposes
a learning strategy integrating RNN with the dynamic GNN, while D-DGNN [199]
incorporates structural metrics and a simplified GNN into LSTM [200]. TGL [201]

improves the graph storage for dynamic updates and network training.

Subgraph-based designs [202, 203] introduce specific metrics to sample representative
subgraphs and embed temporal information. In particular, SGRLs featuring walk-based
samplers represented by CAW [204] and NeurTWs [205] have the merit to extend random
walks into the temporal dimension and efficiently retrieve graph dynamics. Intuitively,
most recent updates of the graph have greater impact on the prediction result. Hence,
they tend to extract and model only the relevant nodes closest to the current timestamp,
greatly reducing the overhead in both structural and temporal domains. These dynamic
solutions entail an extra round of graph update computation for the whole time range,

which significantly impedes their deployment with streaming updates.

Particularly, since the temporal information is usually excessive for model learning, one
of the key components in these methods is the temporal sampling strategy. Conventional
models such as TGN [206], TGL [201], and GraphMixer [207] employ straightforward
schemes such as most recent truncation or uniform sampling. More effective sampling

based on temporal weights has also been explored in research such as FreeDyG [208].

2.6 Scalable GNN Design

2.6.1 Typical Scalable Methods

The scalable GNN is regarded as a family of model designs highlighting capability
in processing large graphs, typically by reducing time and memory overhead during

training and inference. Compared to GNNs focusing on efficacy, these designs prioritize
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enhancements in efficiency and scalability, usually orienting the management of graph
data [80, 8]. A general goal of scalable GNNs is to reduce or shift the computational
overhead of graph operations so that the critical GPU memory bottleneck can be addressed
by performing mini-batch training. From the perspective of graph operations, the majority

of scalable GNN designs can be categorized into the following approaches.

Graph Partition: Due to constraint of GPU memory when loading large-scale graph data,
a common model-agnostic solution is employing graph partition algorithms to divide
the graph into smaller subgraphs. The approach is especially suitable for distributed
learning, where subgraphs are allocated to multiple devices for training. Both classic
partition techniques based on graph topology and those tailored for GNNs are utilized,

and algorithmic goals include optimizing computational and communication overhead.

Graph Sampling: As introduced in Section 2.2.2, data sampling is one of the classical
approaches for addressing the scalability issue in machine learning. Graph sampling
implies randomly selecting specific graph nodes and edges according to certain metrics,
and forming them as batches to learn during training iterations. Based on the scope of
sample selection, strategies can be categorized into node-, layer-, and subgraph-level
[70]. While the sampling strategy reduces computational overhead through learning, the

iterative process ensures statistically similar learning outcomes.

Decoupled Graph Computation: As detailed in Section 2.2.3, the idea of decoupling
is to separate graph propagation and feature transformation apart in message-passing
GNNs. The implication of decoupling strategy is that, messages generated through graph
propagation can be disentangled from layer-by-layer updates and instead learned in an
aggregated fashion. By this means, graph operations can be conducted with dedicated
algorithmic and device optimizations, which addresses the scalability bottleneck while

retaining model capability.

System-level Optimization: Another prominent direction is to achieve scalability through
dedicated system optimizations for the GNN training and inference pipeline, usually
focusing on the canonical models [81]. These works look into the bottleneck operations
such as input data loading, intermediate data transfer, model training blocking, and
implement techniques including caching, streamlining, and batch processing to enhance
the computation and realize better capability in learning large-scale graph data. The
system-level optimization is largely orthogonal to algorithmic designs towards scalable

GNNs, while the integration between them is a long-lasting promising topic.
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2.6.2 Scalability Challenges and Objectives

Corresponding to the design goals and empirical observations, the scalability issue of
GNNss can be elaborated in different perspectives. We specifically identify the following
challenges under the topic of scalable GNNss.

Neighborhood Explosion: The intensive scale of neighborhoods in multi-layer model
learning is a persistent issue hindering GNN time complexity and empirical performance.
Various graph processing techniques have been proposed on the topic of how to conduct

the graph-scale computation efficiently without losing graph information.

Limited Memory: The realistic graphs also poses practical challenges in storing and
maintaining the large amount of data, especially in the highly-constrained GPU memory.
Therefore, an array of scalable GNNs explores efficient management of the data by

reducing or shifting the memory overhead.

Multi-scale: The graph property of heterophily is revealed to be dominant in tasks
such as anomaly detection. In this case, nodes are connected with dissimilar neighbors,
while conventional GNNs face difficulties due to their concentration on graph locality.
Multi-scale GNNs mitigate the issue by supplementing non-local graph information.
However, it comes into conflict with common scalable designs that tend to diminish
global dependency. How to provide multi-scale ability to scalable GNN models is thus a
challenging topic.

Fine-grained: While scalable GNNs are designed to retrieve information from a large
amount of data, it is uncovered that their prediction accuracy decreases on certain graph
nodes. Fine-grained operations are useful for elevating attention on specific nodes or
personalizing graph propagations. As the manipulation easily incurs additional time
and memory overhead, it also entails novel scalable solutions to adapt these particular

managements.
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Chapter 3

Decoupled Graph Neural Network with

Feature-Oriented Optimization

3.1 Introduction

The modern years have witnessed the burgeoning of online services based on data
represented by graphs, which leads to rapid increase in the amount and complexity of
such graph data. Graph Neural Networks (GNNs) describe a set of neural networks that
process data represented by graphs, and have achieved strong performance on graph
understanding tasks such as node classification [27, 25, 126, 120], link prediction [28,
91, 209, 45], and community detection [210, 211, 212]. Recent studies have attempted to
learn representations of large graphs such as the Microsoft Academic Graph (MAG) with
100 million entries [41, 46]. Nonetheless, directly fitting the basic models like GCN to

such data would easily cause unacceptable training time or out-of-memory error.

Several techniques have been proposed towards more efficient learning for GNN, address-

ing the scalability issues. One optimization is to decouple graph propagation from feature
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learning and employ simple model structures to speed up computation [125, 123], which
frees the GPU memory from storing entire graph data and reduces memory footprint.
Such methods typically integrate graph data management techniques such as Personal-
ized PageRank [129] to calculate the graph representation used in the model. Another
direction is easing node interdependence, which enables training on smaller batches and
is achieved by neighbor sampling [27, 213], layer sampling [126, 122], and subgraph
sampling [120, 121, 171]. Various sampling schemes have been applied to restrain the
number of nodes contained in GNN learning pipelines and reduce computational over-
head. Other algorithms are also utilized in simplifying graph propagation and learning
in order to improve efficiency and efficacy, including diffusion [123, 63], self-attention
[28, 214, 215], and quantization [166].

Unfortunately, such methods are nevertheless not efficient enough when applied to million-
scale or even larger graphs. According to [112], the very recent state-of-the-art algorithm
GBP [111] typically consumes more than 10* seconds solely for precomputation on
the PAPERS100M graph (111M nodes, 1.6B edges, generated from MAG) to reach proper
accuracy. In our experiments, the same model even exceeds the 192GB RAM bound
on a single worker during processing, implying that the cost of such an approach is still

prohibitively high to be applied in practice.

In this research, we propose SCARA, a scalable Graph Neural Network algorithm with
low time complexity and high scalability on very large datasets. On the theoretical side,
the time complexity of SCARA for precomputation/training/inference matches the same
sub-linear level with the state of the art. On the practical side, to our knowledge, SCARA
is the first GNN algorithm that can be applied to billion-scale graph PAPERS100M with a
precomputation time less than 13 seconds and complete training under a relatively strict

memory limit.

Particularly, SCARA employs several feature-oriented optimizations. First, we observe
that most current scalable methods repetitively compute the graph propagation informa-
tion from the node-based dimension, which results in complexity at least proportional to
the number of graph nodes. To address this issue, we design a FEATURE-PUSH method
that realizes the information propagation from the feature vectors, which removes the
linear dependency on the number of nodes in the complexity while maintaining the same
precision of corresponding graph propagation values. Second, as we mainly process the
feature vectors, we discover that there is significant room to reuse the computation results

across different feature dimensions. Hence we propose the FEATURE-REUSE algorithm.
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Through compositing the calculation results, SCARA efficiently adopts several feature-
based vector optimizations and prevents time-consuming repetitive propagation. By such
designs, SCARA outperforms all leading competitors in our experiments in all 6 GNN
learning tasks in regard to model convergence time, i.e., the sum of precomputation and
training time, with highly efficient inference speed, significantly better memory overhead,

and comparable or better accuracy.

3.2 Method

We propose our SCARA framework composing FEATURE-PUSH and FEATURE-REUSE.
The FEATURE-PUSH algorithm conducts graph propagation from the aspect of features,
while FEATURE-REUSE is a novel technique that reuses columns in the feature matrix.
We also present analysis on the algorithmic complexity and precision guarantee to

demonstrate the theoretical validity and effectiveness of SCARA.

3.2.1 SCARA Model Overview

To realize scalability in the network training and inference stage, and to better employ
advanced Personalized PageRank (PPR) algorithms to optimize graph diffusion, we apply
the backbone of propagation decoupling approach in our GNN design as illustrated in

Figure 3.1. Similar to previous models [125, 111], in precomputation stage we follow

Graph
Embeddings
High-
Base Pre. Push |y
—
D EEEEEEEE — [ [ [ ][]
. ecompose
Attributes 4
Residue Low- MLP ﬂ
Prc. Walk
—
] -
—
[ [ [ [ [ ] —
FEATURE-REUSE FEATURE-PUSH

FIGURE 3.1: SCARA framework: Two feature-oriented algorithms FEATURE-PUSH ad
FEATURE-REUSE for processing graph data.
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the idea of pre-propagation decoupling to compute the graph information P in advance

together with the node attributes X.

Then, a simple yet effective feature transformation is conducted as given in Eq. (2.7).
We enhance the model structure by incorporating skip connections [123] and dense
connections [111] in every intermediate layers. Thence, it enjoys a O(Ln,F + LF?)

memory footprint and O(LnF?) time complexity during training and inference.

Since the propagation stage is the complexity bottleneck as mentioned earlier, we focus
on reducing its computation complexity. We continue from Eq. (2.6) where graph
normalization is applied with factor p to distinguish in- and out-edges, and derive our

propagation as:
[o0] B [(o0] l
P=Ya(l-a)Al -X=3 a(l-a) (Dﬂ-lAD-P) X, G.1)
1=0 1=0

where « is the teleport probability as we set a; = a(1 — a)" to be associated with the form

in the PPR calculation, and utilize a graph normalization with factor p € [0, 1].

Our computation of Eq. (3.1) is displayed in Algorithm 3.1 (FEATURE-PUSH) and
explained in detail in Section 3.2.2. The highlight of FEATURE-PUSH is the application
of propagating from features, which differs from prior works. In many real-world tasks,
when a graph is scaled-up, its numbers of nodes (n) and edges (m) increase, but the node
attributes dimension (F) usually remains unchanged. Thus, an algorithm with complexity

mainly dependent on F enjoys better scalability than those dominated by n or m.

As the attribute matrix X is included in our computation, we then investigate how to fully
utilize its implicit information to further accelerate our algorithm, which leads to the
Algorithm 3.3 (FEATURE-REUSE). The motivation is to reduce the expensive iterative
computation of P components by exploiting the previous results based on attribute vectors
x on selected dimensions f. We apply a linear combination scheme with precision
guarantee to lighten the constraints of Algorithm 3.1 while improving speed. We further

describe this methodology in Section 3.2.3.

3.2.2 FEATURE-PUSH

Examining Eq. (3.1), the embedding matrix P is the composition of graph diffusion
matrix A(p) and node attributes X. Most scalable methods such as APPNP [123] and



Chapter 3. SCARA 39

SGC [125] compute the propagation part separately from network training, resulting in
a complexity at least proportional to edge size m. GBP [111] discusses a bidirectional
propagation with both node-side random walk on D! A and feature-side reverse push
on D7?X. Although the random walk step ensures precision guarantee, it requires long

running time when not being accelerated by other methods [216, 217].

We propose the FEATURE-PUSH approach that propagates graph information from the
feature dimension, which is capable to utilize efficient single-source PPR algorithms
through a simple but surprisingly effective transformation. Note that the graph propa-
gation term in Eq. (3.1) can be written as the following to rearrange the normalization
order:

Al X = (DP_IAD_p)l X = pr-! (AD‘I)I D'*X. (3.2)
Here, given the normalized features D!? X, single-source PPR algorithms can be al-
ternated to efficiently propagate information with (AD_I)I, one feature vector each
time, without doing the actual iterative matrix multiplications. In order to better derive
FEATURE-PUSH, we borrow the Personalized PageRank (PPR) notations to describe
our technique manipulating feature vectors. On a graph G, given a source node s € V
and a target node ¢t € V, the PPR 7 (s, t) represents the probability of a random walk
with teleport factor @ € (0, 1) which starts at node s and stops at t. In general, forward
PPR algorithms, often categorized as single-source PPR, start the computation from s,

contrasted to backward or reverse alternatives that are developed from ¢ [112].

When the PPR calculation is integrated with features, it shares similarities in forms but
with a different interpretation. Consider the PPR problem with regard to nodes in a set
U C “V as the source nodes. Let ny be the size of set U/. We call an ny-dimension vector
x with sum of elements ||x||; = 1 as a feature vector. In our context, the feature PPR
7 (x; t) represents the PPR for feature vector x, and can be defined as the probability of
the event that a random walk which starts at a node s € U with probability distribution x
and stops at . It can be derived from the definition that, each feature PPR 7 (x;t) can
be interpreted as a generalized integration of a series of the common single-source PPR
value 7 (s, t) with the source node s being any arbitrary nodes in . Hence the properties

and operations of common PPR are still valid.

The notation can be extended to the matrix form when computing multiple features. Let
F be the number of feature vector. The feature matrix is X = [x,---,xf] of shape

ny X Fand xr (1 < f < F) is the f-th column feature vector. Correspondingly, the
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embedding matrix is P = [, -, &p], where 7y = 7 (xy) is the f-th column of PPR
vector computed from feature x¢, and is composed by 7 = (n(xf; t), -, m(xp; tnU))T
on all nodes. Calculating P from feature X is achieved by separately applying FEATURE-
PUSH on each feature vector, which is exactly the implication of Eq. (3.1). Now that the
feature PPR is explained, we here look into its calculation. We define the problem of

feature PPR approximation:

Definition 3.1 (Approximate Feature PPR). Given an absolute error bound A > 0, a
PPR threshold 0 < § < 1, and a failure probability 0 < ¢ < 1, the approximate PPR query
for feature vector x computes an estimation 7 (x;t) for each t € U with n(x;t) > 6,
such that with probability at least 1 — ¢,

|7 (x;t) — #A(x;t)| < A (3.3)

Recognizing that GNN s require less precise propagation information to achieve proper
performance [218, 219], the approximate feature PPR enables employing efficient com-
putation based on forward PPR algorithms without loss in eventual model effectiveness
[216, 220]. We employ a scalable algorithm FEATURE-PUSH to compute the embedding

matrix combining Forward Push [131] and Random Walk techniques that both operate

ALGORITHM 3.1: FEATURE-PUSH

Input: Graph G, node set U, feature vector x, probability «, convolution factor p, push
parameter 5
Output: Approximate embedding vector 7 (x)
1 forallu € U do

L r'(x;u) — x(u) - d(u)'=°

Fxsu) — (6 0) ) Syeq ¥ (x:u)
#(x;t) « Oforallt € U
while exist u € U such that r(x; u) > rmex/d(u) do
for allv € N(u) do
r(x0) — r(x0) + (1 —a) - r(x;u)/d(u)
#(x;u) «— A(x;u) +a-r(x;u)
r(x;u) « 0
Fsum <— Zue%{ r(x;u), Nw < Trsum/B
for all u € U such that r(x;u) # 0 do

Perform rr(x—”) - Ny random walks from u

for all random walk stopping at ¢ do
L At e R + Toum/Niw
#(x;t) — #(x;t) -d(t)P~ forall t € U
return 7 (x) «— (#(x;t1),- -+, #(x; t,,U))T

o X N AN R WN

e
RN = O

—
A w»n A
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Feature x . | . ‘ ‘ ‘ ‘ ‘ ‘ r(x;u)

Residue r(x;u) . F
Reserve 7(x;u) \_ \—{ ‘

r(o;u)

7 (x;u)
r(x;u) '
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FIGURE 3.2: Illustration of the FEATURE-PUSH process. The input feature is trans-
formed into the residue vector through the initial normalization d(u)'~?. FEATURE-
PUSH performs two consecutive steps, namely Forward Push on Feature Value and
Random Walk on Feature Residue, to acquire the approximate feature PPR vector, which
is output as the embedding after the remaining normalization d(u)?~'. The two steps are
related by the push parameter .

feature vectors. The algorithm makes use of both approaches, that random walk is
accurate but less efficient, while forward push is fast with a loose precision guarantee.
Algorithms exploiting such combination have been the state of the arts in various PPR
benchmarks [216, 221]. We highlight that the differences between Algorithm 3.1 and
[216, 221] are three-fold. First, the push starts from the feature vector, which can be seen
as a generalized PPR operation taking probability distribution x into account. Unlike
single source PPR that starts from only one node in the graph, the feature vector x is
usually dense and hence requires specific processing. Second, the feature-based query
facilitates subsequent transformation in Eq. (3.2) and reusing in Eq. (3.8). This design
ensures that the computation result 7r satisfies the need of GNN propagation. Third, the
FEATURE-PUSH design minimizes the need of additional storage and conducts most

feature-wise operations in-place, which demonstrates excellent memory efficiency.

As shown in Algorithm 3.1, the FEATURE-PUSH algorithm outputs the approximation
of embedding vector 7t (x) for input feature x. Repeating it for F times with all features
x1,- -, xp produces all columns compositing the estimate of embedding matrix P. The
algorithm first computes the approximation 7 (x; t) for each node ¢t € U through forward
push (line 1-9 in Algorithm 3.1), then conducts compressed random walks to save
computation (line 10-14). A running example is illustrated in Figure 3.2. We analyze

each method and their combination respectively.
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Forward Push on Feature Value. Instead of calculating the PPR value 7(s, t), the
forward push method in FEATURE-PUSH maintains a reserve value 7 (x;t) directly for
node t € U and feature x as the estimation of 7(x; t). An auxiliary residue value r(x;t)
is recorded as the intermediate result for each node-feature pair. The residue is initialized
by the Li-normalized feature vector x, to convert node attributes to distributions in line
with 7(x;t) that stands for the probability with a sum of 1 for all nodes t € U. The
forward push algorithm subsequently updates the residue of target node t from the source
node s to propagate the information. The threshold r,,, controls the terminating condition
so that the process can stop early. Eventually, the forward push transfers « portion of
node residue r(x;t) into reserve value, while distributing the remaining (1 — «) to the

neighbors of s.

Random Walk on Feature Residue. FEATURE-PUSH then performs random walks with
decay factor « to propagate the residue feature value. Compared with the pure random
walk approach, FEATURE-PUSH only requires % - Ny number of walks per node with
the same precision guarantee, benefiting from the Forward Push results. As presented in
line 10, the total random walk number Ny is decided by the ratio ry,,, /S, hence a sparser
residue and lager parameter f result in less random walks required. The estimation of
7(x;t) is eventually achieved by implementing the Monte-Carlo method [222, 217], and

is updated according to the fraction of random walks terminating at ¢.

Combination and Normalization. The combination of forward push and random walk
generates the approximate PPR matrix % = a(1 - a) (AD‘1 )l for a certain [. To be
aligned with the embedding matrix P in Eq. (3.1), we apply the normalization by degree
vector (lines 2 and 15 in Algorithm 3.1) to achieve the transformation in Eq. (3.2). Itis
worth noting that Algorithm 3.1 is fully feature-oriented — it processes one feature vector
at a time. Such scheme has several merits, with the first is that a series of vectorization
techniques can be applied during processing each feature to accelerate computation. For
space optimization, the feature vector x and result vector 7 (x) can be computed in-place
and share the same memory, thus greatly reduces the overhead of storing such dense

vector and in the mean time ensures memory locality.

Approximation Precision. To depict the combination between forward push and random

walk processes, we define the push parameter f:

Definition 3.2 (Push Parameter). The push parameter f is the scale between the total

left residual rg,,, and the total number of sampled random walks Ny, in FEATURE-PUSH.
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The parameter f is named after its pivot role in determining the portion of forward push

conducted as shown later in Theorem 3.4. It is the key parameter of FEATURE-PUSH,

which balances absolute error guarantee and time complexity. Referencing the trade-off in
. 2

[216], we set f3 to a specific value, namely standard push parameter f; = W‘logﬂ/@’

to satisfy the guarantee of 7(x;t) in Definition 3.1. In Algorithm 3.1, the forward push

and random walk are combined in such form as line 14.

Derived from the single-source PPR analysis [131, 216], we state that our FEATURE-
PUSH algorithm provides an unbiased estimation 7(x;t) of the value 7(x;t) as the
following lemma. By running Algorithm 3.1 feature by feature, the approximate calcula-

tion is also applicable to the PPR matrix containing multiple vectors:

Lemma 3.1. Algorithm 3.1 produces an unbiased estimation 7 (x;t) of the value m(x;t)
satisfying Eq. (3.3). Repeating it for F times produces an unbiased estimation P of the

embedding matrix P.

Parallel Computation. Since Algorithm 3.1 processes one feature vector at a time, and
the execution of features is independent to each other, the acquisition on the estimation
matrix P can be safely parallelized to further celebrate efficiency. In implementation,
each thread can simultaneously perform Algorithm 3.1 to compute the propagation from
the feature vector x¢ to the result PPR 7 (xy), corresponding to the f-th column from
matrix X to P. As stated previously, the computation is localized to a single column

vector, hence performing parallel processing does not occur additional memory overhead.

3.2.3 FEATURE-REUSE

A key difference between the feature PPR and the classic single-source PPR is that,
in single-source PPR, queries on nodes are orthogonal to each other, while in feature
PPR there is similarity between different features. The feature-oriented calculation as
Algorithm 3.1 enables taking advantage of such property and utilizing computed values

to estimate the PPR of another similar feature.

We propose FEATURE-REUSE algorithm that speeds up the feature PPR computation by
leveraging and reusing the similarity between different feature vectors. We select a set of
vectors as the base vectors from all features and compute their PPR values by FEATURE-

PUSH. When querying the PPR value on a non-base feature vector, FEATURE-REUSE
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separates a segment of the vector that can be obtained by combining the base vectors, and
estimate the PPR value of this segment directly with the PPR value of the base vectors

without additional FEATURE-PUSH computation overhead.

As a toy example, if we have the PPR 7 (b) for base feature vector b = (0.5,0.5), and need
to compute the PPR for x = (0.4,0.6), we can firstly decompose x = (0.4,0.4) + (0,0.2).
We then acquire the PPR for (0.4,0.4) directly by 0.87(b), and just need to compute
the PPR value of the residue (0,0.2). Intuitively, the latter PPR calculation is faster
than directly processing the raw feature, thanks to the reduced dimension. We will later
elaborate in Theorem 3.4 that the computation complexity is actually positively related to

Li norm ||x||; of the residue vector.

We firstly present Algorithm 3.2 as a naive algorithm for reusing the features in a
greedy manner searching for selecting base vectors b; and approximating the feature

set. Particularly, for each feature xy, it iteratively projects the vector to the closest base

ALGORITHM 3.2: FEATURE-GREEDY

Input: Graph G, feature set X = [xy, - - -, xF], base set size Fg, decomposition threshold
do, reuse parameter y, error bound A
Output: Approximate embedding matrix P
/12

1 fs — masayogm

2 M(xy) « Oforallx; € X, Xg=10

3 for all xy € X do

4 L Xpe  arg minxf* ex lxpe = xpllh

5 M(xf*) <—M(Xf*)+1
6 for i from 1 to Fg do
7 L b; « argmaxy, . M(b;)
8 XB<—XBUbi, X(—X—bi
9 for i from 1 to Fg do
10 #; « Apply Alg. 3.1 on b; with * = yf;
1 for all xy € X do
12 0; « 0O fori from 1 to Fg
13 X' —xp, 61, 1
14 while ¢ - § > §y do

15 b; « argminy, .y [Ix" = b;;

16 ¥ < argming ||x" — 9b;|[1, 6 «— §/2

17 x’<—x’—3bl~, 0i<_0i+l9

18 n}’; «— Apply Alg. 3.1 on x’” with ' = (1 - YZ,-Ffl Gi) Bs

19 for i from 1 to Fg do

20 t ﬂf*(—ﬂ;'l‘gi'ﬁ'i
D _ % %

21 return P = [}, - - -, ;]
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by evaluating distance in vector norms, until reaching an approximation threshold &y.
Intuitively, it is less efficient due to the iterative computation of norm calculation and

vector reduction.

To better formulate the FEATURE-REUSE algorithm, we here derive it in the form of
an optimization problem under our matrix notation. On the input side, the algorithm
aims to represent the feature matrix X by a partial of selected feature columns called
base features. The number of base feature vectors is Fg < F and they compose the base
matrix Xg = [by, -+ ,br,|, by € X. Then, the entire feature matrix X can be written as
combinations of the bases:

X=Xp-0+7Z, (3.4)

where O is the base coefficient matrix with shape Fg X F, and Z = [zy, - - - , zp] represents
the left values in features. Eq. (3.4) can be interpreted as a rank-Fz decomposition on raw

matrix X plus a residue matrix.

To compute feature PPR, FEATURE-PUSH is applied to the column vectors of X3 and
Z instead of X. The feature PPR estimation on the two matrices are denoted as 133 and
P, respectively. Corresponding to Eq. (3.4), the approximate feature PPR on X can be

acquired by the combinations as:

13:133'®+132. (35)

Now that to accelerate the FEATURE-PUSH calculation especially on Z, we aim to
sparsify the residue vector by reducing the L; norm of its column vectors ||z¢[[;. This
is equivalent to minimizing the L; norm of matrix ||Z||; = 2?21 llz¢|l1 while ensuring
the low rank approximation Y = XgO is satisfied by selecting base features. Hence the

overall optimization goal is:

min rank(Y) +7n||Z||;, st Y+Z=X. (3.6)

Eq. (3.6) indicates that, FEATURE-REUSE actually seeks to decompose feature matrix X
as the sum of a low rank component Y plus a sparse component Z. Such optimization

problem falls exactly the same as Robust Principal-Component Analysis (RPCA) [223,

224] when n = =, which can be effectively solved by convex optimization methods

ﬁ bl
such as alternating direction [225]. In general, [223] discovers that the problem can be

transferred into a pair of convex problems when only one term in the derived form of
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Eq. (3.6) is variable and a generic Lagrange multiplier method can be applied. Such
algorithm requires only alternative matrix-wise operation and does not involve complex
calculations, making it highly efficient to execute. When the iteration converges, the

result matrices Y and Z are guaranteed to be low-rank and sparse, respectively.

However, there are two major difficulties in directly exploiting the RPCA optimization
for our reuse task. Examining Eq. (3.6), its low rank matrix Y does not guarantee
the decomposition of Xg® that includes base features Xp inherited from X. Also,
considering the scale of the feature matrix is as large as O(nF), it is inefficient to
employ the decomposition on the entire matrix. We hence propose several techniques to

specifically address these issues and achieve our FEATURE-REUSE algorithm.

Algorithm 3.3 shows the pseudo code of FEATURE-REUSE that utilizes a few base
features to efficiently compute the feature PPR on the entire matrix. In line 1-9, it first
leverages RPCA iterations on a sampled portion of the feature matrix to finds out base
features and corresponding combination coefficient. After concatenating the base feature

and PPR matrices (line 10-12), it reuses these calculation results on the other features

ALGORITHM 3.3: FEATURE-REUSE

Input: Graph G, feature matrix X = [xy,- - -, x|, base size Fg, reuse parameter y, error
bound A
Output: Approximate embedding matrix P
1 Sample feature matrix X’ on node set U’ c U
2 Y, ZE—0, p—1/ny
3 while | X' -Y — Z||; > A|X’||1 do
4 Z < Threshold, (X' -Y - E)
5 U,S,V « SVDp, (X' —Z+E), Y < USV
6 E—X -Y—-Z+puE
7
8

. ¥
Yi,e o Yy < argming g fofh ¢l

Xp [xlﬁw T ’xl//FB]’ Vg [vlﬁl’ T ’U‘//FB]
90 Vv, ﬁshm
10 for i from 1 to Fg do > [in parallel ]
11 #; « Apply Alg. 3.1 on b; with g = yfs
12 Pg o [#1, -, 7ip,)
13 for f from 1 to F do > [in parallel]

14 Or < colf O, zf « xp — XpOy

15 Osum = fo] gfl

16 7ty < Apply Alg. 3.1 on z¢ with iz = (1 = yOsum) s
17 5ty « fp+ Pgby

18 return P = [, - -, 5r]
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to form the approximate PPR matrix (line 13-17). We separately elaborate on these two

phases.

Base Selection on Matrix Portion. FEATURE-REUSE first optimizes the rank-Fg and
sparse components from feature matrix. Line 3-6 in Algorithm 3.3 corresponds to
the RPCA iterative solution [223], where Threshold,(x) = sgn(x) max(|x| — 7,0) is
shrinkage operation that zeros elements with absolute value smaller than threshold 7,
and SVD(-) is rank-k truncated singular value decomposition (truncated SVD). The
decomposition iteration is applied to a portion of feature matrix X’, containing only a
subset of nodes. Studies show that the sampling size ny can be as small as O(F?) while
preserving the precision of RPCA decomposition [226]. Hence the complexity of such
base selection scheme can be bounded by O(ny-FFg), which is free from the scale of the

whole graph.

When the decomposition components Y and Z are computed from X’, we utilize them
to estimate the feature reuse coefficient on the entire matrix. We first select the top-Fp
indices ¥ from all features with minimum decomposition error of respective residue
vector zy, i.e. columns of the sparse component Z. Features at these indices are hence
regarded as base features b; = x,,. Meanwhile, the coefficient matrix © is computed
from the low rank components corresponding to the selected indices. This is because
with neglectable approximation errors, there is Xp = USVj for bases and Y = Xz©O for
all features. Then in line 10-12, FEATURE-PUSH is invoked to acquire the feature PPR
7t (b;, fp) with input vector b; and push parameter fg. The calculation results are stored

to P as Eq. (3.5) for further reuse in the following phase.

Calculation Reuse on Sparse Residue. Algorithm 3.3 then computes the approximate
values of the rest features (line 13-17). For feature f, the f-th column vector 6y of ©
serves as the reuse coefficient of each bases. According to Eq. (3.4), values in the vector
xf that can be represented by base features are removed, and the residue vector is zf,
which is sparse as RPCA optimizes. We compute the feature PPR 7 (zy, fz) of such
sparse residue by FEATURE-PUSH. The push parameter 8 is dependent on the particular
reuse state of coefficient 6y. Finally, the feature PPR s7(xs) on raw feature x; can be

constituted as line 17, reusing the PPR computation results of base features.

Approximation Precision. In Algorithm 3.3, the result PPR of a base vector 7 (b;, ) is
directly computed by FEATURE-PUSH in line 11 and has its accuracy guarantee according

to Theorem 3.1. However, the PPR of non-base features is from the combination in
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line 17. How to assure that such approximation still satisfies the precision guarantee in
Definition 3.1? We demonstrate that the precision can be controlled by setting proper
value to the push parameters fp and 7 when calling FEATURE-PUSH in line 11 and
line 16.

We first write the reuse combination Eq. (3.4) and Eq. (3.5) in our vector notation for a

feature x¢. For simplicity we omit the subscript f:

Fp

x=> 0i-bi+z, (3.7)
i=1
Fp

7(x) = > 0;- (i, Bp) + 7 (2, B2). (3.8)
i=1

The following lemma depicts the precision constraint of sz(x) in Eq. (3.8).

Lemma 3.2. Given a feature vector x, the ground truth of PPR vector is 7 (x), and the
estimation output by Eq. (3.8) is 5t(x). For any respective element n(x;t) and 7 (x;t),

|7 (x;t) — 7t (x; t)| < A holds with probability at least 1 — ¢, for pz such that 7 > pp and

22/log(2/¢) =2 5.1, 0:ps
21/3+2 ‘

z < (3.9)

The proof of Lemma 3.2 can be found in Appendix A.

Lemma 3.2 draws to the conclusion that, when choosing a smaller push parameter
for base vectors, the parameter 7 can be larger and reduce the cost of PPR computation
on most feature vectors. Hence we are particular interested in the upper bound of f,
and set the actual value close to it. As Eq. (3.9) suggests, if iz are the same for all
base FEATURE-PUSH, then the upper bound of S, is dependent on the sum of reuse

coefficients Oy, = Zf £ 0:.

Based on Lemma 3.2, in FEATURE-REUSE algorithm we propose the reuse parameter y
as the indicator of the balance between base push parameter g and the one on residue
Bz. The following lemma states that by setting fg = ypfs, Bz = (1 — yOsum)fs as in

Algorithm 3.3, it satisfies the precision guarantee in Definition 3.1:

Lemma 3.3. Given a feature set X, for any feature vector xy € X, Algorithm 3.3 returns
an approximate PPR vector 7t(xy), that any of its elements 7t(xy;t) satisfies Eq. (3.3)
with at least 1 — ¢ probability.
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Proof. In FEATURE-REUSE, Oy, = Zf fl 0; denotes the proportion of the feature vector
x computed by the base vectors, and the L; length of the remaining part is 1 — 05,,,. Then

Bz satisfies:

Bz

_ (-ybum?®_ 2log(2/g) i g0y < 1 1102218) ~ 250 futs
“log(2/¢) - (24/3+2) T 21/3+2 = B = 21/3+2 ‘

Therefore, parameters fp for base vectors and S, for remaining vectors satisfy Eq. (3.9).

According to Lemma 3.2 this lemma follows. U

Parallel Computation. The parallelism of FEATURE-REUSE is based on that of FEATURE-
PUSH. Since it is fully feature-oriented, each feature can still be computed individually.
For the bulk of the loops in Algorithm 3.3, i.e. line 10 and line 13 containing PPR

calculations, the processing can be parallelized.

3.2.4 Complexity Analysis

We then develop theoretical analysis on the time and memory complexity of SCARA. For

a single run of Algorithm 3.1, we have the following lemma:

Lemma 3.4. When the input vector is x, the time complexity of FEATURE-PUSH is
bounded by O( %).

Proof. We analyze the two parts of Algorithm 3.1 separately. The forward push with

early termination threshold rp,,, runs in O(||x||1/rmax) as it iteratively propagates the

residue value in the vector [131]. For random walks on feature residue, we employ

the complexity derived by [216] as O(m - r,qx/f). Hence the overall running time of
llx]ls m

one query in Algorithm 3.1 is bounded by O (— + F'max * 3). By applying Lagrange

Tmax
Bllxlly

multipliers, the complexity is minimized when selecting ry,qx = \/T’ and the balanced

complexity is O( %). [

Utilizing Theorem 3.4, the time complexity of computing one feature PPR 7 (x, f) with
Algorithm 3.1 can be bounded by O(y/m||x||1/f). To get PPR value with absolute error

2
guarantee of A, Algorithm 3.1 requires a push parameter s = %. Then without
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FEATURE-REUSE, the time complexity for computing PPR value for each normalized
feature vector is bounded by O(+/m/f).

When FEATURE-REUSE applies, let 6, = Zf 2, 0; denote the proportion of a feature x
computed by base vectors, and the L; length of the rest x” is 1 — 6,. In Algorithm 3.3,
we compute the remaining part with push parameter of (1 — y60s,m)fs, where 0 < y < 1.

Recalling that the L; length of the feature vector is reduced by 6y, with FEATURE-
REUSE, we derive the time complexity of FEATURE-REUSE on x is O (,/%),

which is /f_}% times smaller than those without FEATURE-REUSE.

For example, if we compute 0, = 1/2 for a vector x¢ with the base vectors, and set
y = 1/4, then the complexity of computing the PPR for x is O(\/m), which is
substantially better than the consumption without FEATURE-REUSE O(m). The
overhead of each base vector is O(\/W), which is only twice slower than the original
complexity. As we select only a few base vectors, the additional overhead produced by

computing base vectors is neglectable compared with the acceleration gained.

When FEATURE-REUSE applies, the complexity of computing a feature vector is not
worse than the complexity without FEATURE-REUSE, and is equivalent to the latter
only when 6;,,, = O (i.e. the feature vector is completely orthogonal with the base
vectors). Therefore in the worst case, the complexity of SCARA on feature matrix X is
equivalent to repeating F queries of Algorithm 3.1. By setting ¢ = 1/n, we can derive
the time overhead of SCARA precomputation. For the complexity of memory, the usage
of a single-query FEATURE-PUSH can be denoted as O(n). Hence the precomputation
complexity of SCARA is given by the following theorem:

Theorem 3.5. Time complexity of SCARA precomputation is bounded by O (F ymlogn/ /1).
Memory complexity is O (nF).

3.3 Experimental Evaluation

We implement the SCARA model and evaluate its performance by experiments in the
aspects of both efficacy and scalability. From efficacy perspective, we compare the
SCARA performance with other scalable GNN competitors under similar parameter
settings. To demonstrate the scalability of our model, we further investigate its time and

memory overhead with these benchmarks.
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3.3.1 Experiment Setting

Datasets. We adopt benchmark datasets of different graph properties, feature dimensions,
and data splitting for large-scale node classification tasks. We present the dataset statistics
in Table 3.1. Among the datasets, PPI, YELP, and AMAZON are for inductive learning, where
the training and testing graphs are different and require separate graph precomputation
and propagation. The given original node splittings are in Table 3.1. The learning tasks
on the other datasets are fransductive and are performed on the same graph structure. For
a dataset with N, target classes, we refer to convention in [25, 124] to randomly sample
two sets of 20N, and 200N, nodes for training and validation, respectively, and the rest

labeled nodes in the graph as the testing set.

Metrics. Predictions on datasets PPI, YELP, and MAG are multi-label classification having
multiple targets for each node. The other tasks are multi-class with only one target class
per node. We uniformly utilize micro F1-score to assess the model prediction performance.
For efficiency metrics, we record the precomputation, training, and inference time of
each model. We also measure the peak RAM memory in the whole process, as the GPU
memory is mainly determined by training batch size and less relevant. The evaluation
is conducted on a machine with Ubuntu 20 operating system, with 192GB RAM, two
28-core Intel Xeon CPUs (2.2GHz), and an NVIDIA RTX A5000 GPU (24GB memory).
The implementation is by PyTorch and C++.

Baseline Models. We select the state-of-the-art models of different scalable GNN meth-
ods as our baselines. GraphSAINT-RW [121] and GAS [122] are representative of differ-
ent sampling-based algorithms. For post- and pre-propagation decoupling approaches,
we respectively employ the most advanced PPRGo [124] and GBP [111]. For a fair
comparison, we mostly retain the implementations and settings from original papers and

source codes. We uniformly apply the same 32-thread parallel executions, which is a

TABLE 3.1: Dataset statistics and parameters. “Split” is the percentage of nodes in
training/validation/testing set. “(i)” and “(t)” stand for inductive and transductive tasks.
“(m)” and “(s)” stand for multiple and single target classifications.

Dataset ‘ Nodes n Edges m Feat. F Class N, Split ‘Prob. a Conv. p Common
PPI [27] 56,944 818,716 50 121 (m) 79/11/10 ()| 0.3 0.0
YELP [121] 716,847 6,977,410 300 100 (m) 75/10/15 ()| 0.9 0.3 4
REDDIT [27] 232,965 114,615,892 602  41(s) 01/04/96 (t)| 0.5 05 A=1x10

AMAZON [120] 2,400,608 123,718,024 100 47(s) 70/15/15(@{@)| 0.2 0.2 Fg=0.02F
MAG [46] 27,394,820 366, 143,207 200 100 (m) 01/01/99 (| 0.5 0.5 y=02
PAPERS100M [43]| 111,059,956 1,615, 685,872 128 172 (s) 78/08/14 (t)| 0.5 0.5
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TABLE 3.2: Average results of SCARA and baselines on large-scale datasets for trans-
ductive and inductive learning. “Learn” and “Infer” columns are the learning (sum of
precomputation and training) and inference time (s), respectively. “Mem.” is the peak
RAM memory (GB). “F1” is the micro F1-score (%) on testing sets. “OOM” stands
for out of memory error. The respective models of first and second best performance in
“Learn”, “Infer”, “Mem.”, and “F1” columns are marked in bold and underlined fonts.

REDDIT MAG PAPERS100M

Transductive
Learn ( Pre.+ Train) Infer Mem. F1 Learn ( Pre+ Train) Infer Mem. F1 Learn (Pre. + Train) Infer Mem. F1

GSAINT | 144 ( - 14.4)166.2 13.741.6 +4.8| — - - —  oOM - - - - —  0OM -
GAS 1151 ( = 1151) 2.2 14.0382+03 - - - - ooM - - - - - 0OM -
PPRGo | 79.4 (62.3+17.1) 29.1 9.4 41.52.3| 711 (451+259)85240 130 17.0+1.5| - - - - 0OM -
GBP 138 (124+13.7) 13.5 7.9 38.8 £0.3| 663 (569494.4) 1452 173348 +0.1| - - - - 0OM

SCARA (ours)| 13.9 (0.07+13.8) 10.7 5.6 44.1 £0.4| 139 (11.6+127) 1208 67.7 34.9 £0.3| 1346 (12.7+1333) 4.7 71.4 35.7 £0.9

PPI YELP AMAZON
Learn ( Pre. + Train) Infer Mem. F1 Learn ( Pre+ Train) Infer Mem. F1 Learn (Pre. + Train) Infer Mem. F1

GSAINT | 297 ( - 297) 8.0 13.789.1 £0.3/1093 ( — 1093) 104 55.2 65.0 £0.0| 1890 ( — 1890) 515 165 81.9 +0.0
GAS 628 ( — 628) 5.6 10.099.4 £0.0/4844 ( — 4844) 45.6 48.0 57.2£0.520453 ( — 20453) 212 13076.3 +0.3
PPRGo 334( 74+326) 0.8 7.048.320.9/1310( 6.34304) 18.3 9.9 26.3 £0.5| 2560 (95.6+2464) 62.0 28.6 77.2 £1.6
GBP 60.1 ( 2.3457.8) 0.2 5399.2+0.1| 159 31.2+127) 1.9 13.761.6 0.1 1181 (84.9+1096) 4.9 18.5 88.3 +0.1

SCARA (ours)| 39.9 (0.05+39.8) 0.2 5.299.20.0| 137 ( 0.2+136) 2.3 6.462.9+0.1) 1132 ( 0.5+1132) 5.0 6.6 85.6 0.0

Inductive

common setting in practical application, for evaluations on all models unless specially

mentioned.

Hyperparameters. For neural network architecture, we set layer depth L = 4, layer width
W =2048 and W = 128 for inductive and transductive tasks, respectively, to be aligned
with optimal baseline results in [111]. In model optimization, we utilize Adam optimizer
with a learning rate of 0.005. Training is employed in the mini-batch manner when
applicable, with respective batch size 2048 and 64 for inductive and transductive learning.
We train the model for a maximum of 1000 epochs with early stopping and acquire the
best model weights based on validation. Propagation-related parameters including PPR
teleport probability «, convolution coefficient p, push parameter A, and FEATURE-REUSE
parameters including base size Fp and reuse parameter y are presented in Table 3.1 per

dataset. We further analyze the settings of these parameters in Section 3.3.3.

3.3.2 Performance Comparison

We evaluate the performance of SCARA and baselines in terms of both effectiveness and
efficiency. Table 3.2 shows the average results of repetitive experiments on 6 large datasets,
including the assessments on accuracy, memory, and the running time for different phases.

Among them the key metric is learning time, which is summed up by precomputation
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and training times and presents the efficiency through the information retrieving process

to acquire an effective model. The training curves are given in Figure 3.3.

As an overview, the experimental results demonstrate the superiority of our model
achieving scalability throughout the learning phase. On all datasets, SCARA reaches
30 — 800x acceleration in precomputation time than the best decoupling method, as well
as comparable or better training and inference speed, and significantly better memory
overhead. When the graphs are scaled-up, the time and memory footprints of SCARA
increase relatively slower than other GNN baselines, which is in line with our complexity
analysis. For prediction performance, SCARA converges stablely in all tasks and outputs

comparable or better accuracy than other scalable competitors.

In a more specific view from time efficiency, our SCARA model effectively speeds up
the learning process in all tasks, mostly thanks to the fast and scalable precomputation
for graph propagation. The simple neural model forwarding implemented in mini-batch
approach also contributes to the efficient computation of model training and inference.
On the largest available dataset PAPERS100M, our method efficiently completes precompu-
tation in 13 seconds, and finishes learning in an acceptable length of time, showing the
scalability of processing billion-scale graphs. In comparison among several datasets, the
sampling-based GraphSAINT and GAS achieve good performance, but the O(ILmF) term
in training complexity results in great slowdown when graphs are scaled-up. GraphSAINT
is costly for its full-batch prediction stage on the whole graph, which is usually only
executable on CPUs. GAS is particularly fast for transductive inference, but it comes with
the price of trading off memory expense and training time to manipulate its cache. The
propagation decoupling models PPRGo and GBP show better scalability, but take more
time than SCARA to converge, due to the graph information yielded by precomputation
algorithms. It can be seen that their node-based propagation computations become less
efficient when the graph sizes grow larger, which aligns with our complexity analysis.
Remarkably, SCARA achieves about 800x and 200x faster for precomputation than these

two competitors on REDDIT and AMAZON.

Regarding memory overhead, our method also demonstrates its efficiency benefit from
its scalable implementation. We discover that the major memory expense of SCARA
only increases proportional to the graph attribute matrix, while PPRGo and GBP usually
demand twice as large RAM, and GraphSAINT and GAS use even more for their samplers.
SCARA is the only method that finishes computation on the billion-scale PAPERS100M

graph, while all other baselines meet out of memory error on our 192GB machine.
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FIGURE 3.3: Validation F1 convergence curves of SCARA and baseline models on (a)
REDDIT, (b) PPI, and (c) YELP datasets. Curves only represents the process of training
phase. Shaded area is the result range of multiple runs.

For learning effectiveness, SCARA achieves similar or better F1-score compared with
current GNN baselines. For 4 out of 5 datasets with comparable results, our model
outperforms both the state-of-the-art pre-propagation approach GBP and the scalable
post-propagation baseline PPRGo. Among other methods, GraphSAINT and GAS have
generally good performance for certain settings, but face the price of resource-demanding

learning and poor consistency across datasets.

Figure 3.3 shows the validation F1-score versus training time on representative datasets
and corresponding GNN models. It can be observed that when comparing the time
consumption to convergence, the SCARA model is efficient in reaching the same precision
faster than most methods. The performances of GAS and PPRGo in the figure are
relatively suboptimal because they are relatively less stable and require more time to
converge beyond the display scopes in Figure 3.3. It is worth noting that some baselines

fail to or only partially converge before training terminates in tasks such as PPI.

3.3.3 Effect of Parameters

In this section we explain the selection of different parameters. For the three parameters
in FEATURE-PUSH, intuitively, « is the PPR teleport probability of FEATURE-PUSH,
which is dependent on graph adjacency. The factor p controls the normalization strength
of the degree matrix D as shown in Eq. (3.1). Especially, when p = 0.5, it degrades to the
normalized adjacency matrix A presented in APPNP [123] and PPRGo [124]. The error
bound A determines the approximation push coefficient § in Algorithm 3.1. Hence, A is
used to configure the trade-off between precision and speed in precomputation and tends

to be larger for better efficiency.
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FIGURE 3.4: Effect of propagation parameters teleport probability « and convolution
coefficient p on SCARA (a) efficiency and (b) testing accuracy on REDDIT dataset.
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FIGURE 3.5: Effect of reuse precision parameter y and base set size Fg on SCARA (a)
precomputation time and (b) average embedding value difference on REDDIT dataset.

Regarding the default selection in Table 3.1, we set the values of « and p for shared
datasets mainly in accordance to GBP [111, 112] in order to produce comparable results.
The rest REDDIT and MAG are employed with the following strategy: we use p = 0.5 for
better comparison and generality, while « is decided based on graph edge density [124].
The error bound A can be arbitrarily large as long as it does not reduce effectiveness, we

hence uniformly set it to A = 1 x 10~ for all datasets to provide aligned evaluations

across datasets.

We conduct a grid search in Figure 3.4 on the value ranges of teleport probability « and
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convolution coefficient p to examine their effect. In order to prevent potential influence,
we use the single-thread scheme for experiments in this section. It can be inferred that a
larger « has a slight improvement on precomputation efficiency, while p has no significant
impact. This is because in feature PPR, a larger « indicates a higher probability of the
propagation staying in the current node instead of further traveling to its neighbors. The
accuracy is relatively not sensitive with variance inside the error range (+1%) as long as
a and p values are not too extreme. It indicates that the model is robust to the changes
of both parameters, based on which we are able to conclude that the parameters can be

determined without requiring a sophisticated tuning.

For the base size Fp and push parameter y in FEATURE-REUSE, we conduct additional
experiments to empirically explore the algorithmic sensitivity. As above experiments
show that the neural network is relatively robust and patterns are hard to infer from the
testing accuracy, we thence particularly investigate the propagation stage. We use the
embedding difference, which is calculated by the average absolute difference of each
element in the embedding matrix P comparing with SCARA without FEATURE-REUSE,

as the indicator of the feature PPR precision.

Figure 3.5 presents the result on precomputation time and precision on REDDIT dataset. For
comparison, single-thread repetitive FEATURE-PUSH precomputation without FEATURE-
REUSE uses 2.37s. It can be observed that both Fg and y influence FEATURE-REUSE
efficiency for less than +0.2s. Intuitively, a larger set of base features Fg requires more
additional calculation time, hence hinder the overall efficiency. On the contrary, the factor
y affects less on performance as the residue vectors are still processed by subsequent
calculations. The difference of embedding values is at the level of 1078, which is
significantly smaller than the algorithmic error bound A = 10™*. Generally, a more
aggressive reuse scheme results in relatively higher average approximation errors of the
embedding values. We hence conclude that our parameter settings Fg/F = 0.02 and

y = 0.2 are effective for the general evaluation of SCARA.

3.3.4 Effect of Parallel Computation

We then employ additional experiments to study the speed-up on precomputation time
brought by parallel processing. Particularly, we compare against the decoupling methods
PPRGo and GBP, since sampling-based baselines GraphSAINT and GAS cannot be fit
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FIGURE 3.6: Precomputation time of SCARA and decoupling baselines with different
parallel schemes on (a) REDDIT and (b) AMAZON datasets. Note that both axes are on a
log scale.

into the similar parallel scheme by design. Figure 3.6 displays the efficiency results with

the number of threads ranging from 1 to 32.

The experimental evaluation shows that SCARA achieves near-linear improvement when
the number of parallel workers increases, demonstrating its feasibility for parallelism.
Thanks to its feature-oriented design, each feature can be processed independently with
efficient cache performance. Generally, adopting parallelization accelerates the precom-
putation by up to 10x. However, employing 32 or more threads does not significantly
further improve the efficiency, especially on smaller datasets. We argue that in this case,

the main overhead becomes those non-parallelized operations.

In comparison, the two baselines PPRGo and GBP present both longer precomputation
time, as well as less relative speed-up in parallelism. For PPRGo, the processing time
on REDDIT keeps constant even when adding more threads, implying that most of its

computation expenses cannot be optimized by employing the parallel scheme.

3.3.5 Effect of FEATURE-REUSE

To examine the contribution of FEATURE-REUSE technique utilized in our SCARA
model, we conduct ablation study to compare the performance of the reuse scheme
proposed in Algorithm 3.3. In following notation, FEATURE-REUSE is SCARA with
FEATURE-REUSE in precomputation following Algorithm 3.3. We compare it with the
bare iterative full-precision FEATURE-PUSH without FEATURE-REUSE, and the naive
greedy-search based reuse scheme FEATURE-GREEDY. Similarly, we test all related

methods in single-thread execution to avoid noise.
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We here consider the feature size as a factor of particular interest, as FEATURE-REUSE
is a feature-oriented optimization design. We sample the node feature vectors x in the
REDDIT dataset to generate feature matrices X € R™F with different feature numbers F’.
Using these features as input, we respectively evaluate the performace of graph learning.
The results of average times and testing accuracies for the three variants are given in
Table 3.3. Element-wise embedding value differences with regard to the FEATURE-PUSH

result are also presented for the two reuse schemes.

By comparing the speed-up relative to FEATURE-PUSH without reuse, we state that
FEATURE-REUSE substantially reduces the precomputation time for different node feature
sizes. When the number of features increases, the algorithm benefits more acceleration
from adopting the optimization scheme and reusing previous computations. For the full-
size feature matrix with greatest improvement, FEATURE-REUSE achieves 3.6X speed-up

compared to FEATURE-PUSH, and 2.4X speed-up compared to FEATURE-GREEDY.

Examining the reuse precision, it is inferred from Table 3.3 that FEATURE-REUSE
produces less estimation error with regard to embedding values, which implies that
the convergent optimization solution is not only faster but also more precise than the
FEATURE-GREEDY search. Meanwhile, FEATURE-REUSE causes no significant differ-
ence on model effectiveness, as minor accuracy fluctuations are under the error bound
of repetitive experiments. Interestingly, even with a feature dimension of F’ = 100, the
model achieves 32.8% testing accuracy, indicating that our feature PPR embedding matrix

is capable to store adjacency and feature information that is sufficient for model learning.

TABLE 3.3: Performance of SCARA variants on precomputation time (s), testing
accuracy (%), and average embedding value difference (x10~%) for REDDIT dataset with
different feature dimensions F’.

Feature | 100 200 400 602

FEATURE-PUSH 038 0.77 152 237
Pre. Time FEATURE-GREEDY | 0.30 0.56 1.08 1.54
FEATURE-REUSE | 0.14 024 046 0.65

FEATURE-PUSH 327 36.6 420 439
Accuracy FEATURE-GREEDY | 32.8 36.6 42.0 43.6
FEATURE-REUSE | 32.8 36.6 420 44.1

FEATURE-GREEDY | 21.0 15.0 16,5 15.6
FEATURE-REUSE 0.4 0.3 0.6 2.4

Embed. Diff.
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3.4 Summary and Discussion

In this work, we propose SCARA, a scalable Graph Neural Network algorithm with
feature-oriented optimizations. Our theoretical contribution includes showing the SCARA
model has a sub-linear complexity that efficiently scales-up the graph propagation by
two algorithms, namely FEATURE-PUSH and FEATURE-REUSE. We conduct extensive
experiments on various datasets to demonstrate the time and memory scalability of
SCARA in learning and inference. Our model is efficient to process billion-scale graph
data and achieves up to 800x faster than the current state-of-the-art scalable GNNs in

precomputation, while maintaining comparable or better accuracy.

We also note two potential extensions of our current model. Firstly, the SCARA model is
designed for common homophilous graphs, where similar nodes tend to be connected with
each other, and the FEATURE-PUSH propagation based on node neighbors is beneficial
to the performance. However, not all graph datasets follow such assumption, and these
graphs under heterophily would require specific approaches. Secondly, SCARA focuses
on the precomputation improvement of pre-propagation decoupled model. Although
demonstrating strong performance, the decoupling scheme is fixed with regard to archi-
tectural design, resulting in limited flexibility when adapting to different downstream
tasks. It would be of potential interest to explore generalizing the SCARA optimization
to other types of GNN models. In the next chapter, we propose a model attempting to

address the first issue on heterophilous graphs.

Another promising future direction is applying the idea of decoupled computation and
efficient graph propagation to dynamic data. The intuition is that compact graph computa-
tions, such as PPR, can be efficiently updated under graph changes. Hence, it is possible
to partially update the graph representation and perform incremental model training.
[227] covers some of the ideas for dynamic graphs, while the effective and efficient
implementation of dynamic and scalable GNNs remains largely under-explored. An
alternative approach is Spatial-Temporal GNNs (STGNNs), which learn node attributes
and dependencies with sequential inputs changing dynamically over time [228]. The
general idea of STGNNSs is to aggregate spatial information with basic GNN layers and
extract temporal sequences with RNN structures simultaneously. However, these works
often cannot achieve the desired performance in an online fashion, as they are based on

classic GNNs known to have a high training cost.






Chapter 4

Heterophilous Graph Neural Network
with Decoupled Embeddings

4.1 Introduction

Graph Neural Networks (GNNs) combine graph processing techniques and neural net-
works to learn from graph-structured data, and have shown remarkable performance
in recent advances of graph learning. Common GNN models rely on the principle of
homophily, which assumes that connected nodes tend to be similar to each other in terms
of classes [53]. This inductive bias introduces additional information from the graph

structure and improves model performance in applicable tasks [54].

However, this assumption does not always hold in practice. A broad range of real-world
graphs are heterophilous, where class labels of neighboring nodes usually differ from the
ego node [113]. In such cases, the aggregation mechanism employed by conventional
GNNs, which only passes messages from a node to its neighbors, may mix the information
from non-homophilous nodes and cause them to be less discriminative. Consequently,
the locality-based design is considered less advantageous or even potentially harmful
in these applications [229, 140]. Various models have been proposed to address the
heterophily problem, giving rise to a class of specialized GNNs known as heterophilous

GNNs. Common strategies to address heterophily include discovering non-local or global

This work is published as: [3] Ningyi Liao, Sigiang Luo, Xiang Li, Jieming Shi. “LD?: Scalable
Heterophilous Graph Neural Network with Decoupled Embeddings”. In 36th Conference on Neural
Information Processing Systems (NeurIPS), pp. 10197-10209, 2023.
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graph relations [135, 71, 114, 71, 230, 134], and retrieving expressive node information
through enhanced network architectures [137, 138, 139, 65, 72, 118].

Scalability has become a prominent concern in GNN studies. The ever-increasing sizes
of graph data nowadays can easily exceed the memory limit of devices such as GPUs,
rendering these solutions impractical for large-scale tasks [49]. We observe that this issue
is particularly critical in the context of heterophilous GNNs, due to an inherent conflict
that most current models have not taken into account: heterophily-oriented designs usually
rely on non-local information calculated by certain types of whole-graph operations. As
the graph structure is involved, the time and memory overhead escalates substantially
with the graph size. A recent investigation [136] reveals that all the evaluated full-graph
GNNs run out of 24GB GPU memory when applied to the million-scale graph WIKI
(1.77M nodes, 244M edges). It is thus crucial to develop GNNs scalable to large graphs
while retaining the capability for heterophily.

In this work, we examine the scalability problem and propose LD?, a scalable GNN model
for heterophilous graphs with Low-Dimension embeddings and Long-Distance aggrega-
tion. The model highlights simplicity by decoupling graph dependency from iterative
computations and solely learning from multiple precomputed embeddings. Derived from
node attributes and graph topology, these novel embeddings are able to aggregate node
relations of varying objectives and distances in the graph into low-dimensional features.
To facilitate the decoupled scheme, we specifically propose an algorithm to efficiently
estimate all embeddings before training, which enjoys time complexity only linear to
the graph scale and a guaranteed precision bound. After the precomputation, a simple
but powerful multi-channel neural network is subsequently employed to learn from the
extracted node features. Theoretical and empirical results showcase that the combination
of embeddings effectively retrieves representations among heterophilous nodes. On the
efficiency aspect, LD? benefits from its scalable design, including a straightforward

minibatch scheme, optimal training and inference time, and superior memory utilization.

4.2 Method

In this section, we first present an overview of the LD? model in Section 4.2.1, then

respectively motivate the selection of the adjacency embedding and feature embedding in
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Sections 4.2.2 and 4.2.3. Lastly, an end-to-end scalable algorithm, namely A?Prop, is

proposed in Section 4.2.4 to efficiently and concurrently compute all the embeddings.

4.2.1 LD?: A Decoupled Heterophilous GNN

In order to achieve superior time and memory scalability for heterophilous GNNs, we
employ the concept of decoupling, which removes the dependency of graph adjacency
propagation in training iterations. The main idea of our model is first generating embed-
dings from raw features including node attributes and adjacency in a precomputation stage.
Then, these embeddings are taken as inputs to learn representations by a simple neural
network model. Since the decoupled design relies on fixed embeddings, we embrace
the multi-channel architecture [231, 139] to enhance flexibility, where the input data is
a list consisting of embedding matrices [Py, P, - - - , Pc]. Each embedding is separately

processed and then merged in the network.

LD? utilizes diverse embeddings based on pure graph adjacency and node attributes,
denoted as P4(A) and Px (X, A), respectively. Both types of embeddings can be produced
by our precomputation AZProp following Algorithm 4.1. The initial layer of the LD?
network applies a separate linear transformation to each embedding input, and the results
are concatenated to form the representation matrix. Lastly, an L-layer MLP is leveraged

for the classification task. The high-level framework of LD? is depicted in Figure 4.1 and

|«—Precomputation —»«———Training/Inference ———»|
Wy

\l\ MLP
¥ No=
/|

W,

Approximate Propagation » Feature Embedding » Feature Transformation

HO

FIGURE 4.1: LD? framework: decoupled precomputation and training.
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can be expressed as follow: The overall framework can be expressed as follow:

Precompute : Py, Py = A2Prop(A, X), 4.1)
Transform : HY) = MLP(P,W,||PxWy). 4.2)

The overall learning pipeline is as follows: Given an input graph, Algorithm 4.1 is applied
to compute the embeddings P4 and Px following Eq. (4.1) in the precomputation stage.
The computation is performed only once, and the static embeddings are saved for future
use. Second, the model parameters are trained, and the inference for node representation
follows Eq. (4.2).

Training/Inference Complexity. Our decoupled model design enables a simple on-
demand minibatch scheme in training and inference, that only nj, rows corresponding
to the batch nodes in the embedding matrices are loaded into GPU and processed by
the network transformation. For LD? with C channels, the GPU memory footprint is
therefore bounded by O(Lcny,F + LoF?). It is worth noting that such complexity does not
depend on the graph scale n or m. Consequently, the training is freely configurable with

an arbitrary GPU memory budget.

Regarding computation operations, the time complexity of forward inference through
the graph is O(LnF?), being just linear to n. As the memory and time complexity only
contain essential operations of MLP transformation with no additional expense, this is

the optimal scale with respect to the iterative training of GNN architectures.

4.2.2 Low-dimension Adjacency Embedding

In this study, we aim to explore node embeddings that can effectively retrieve graph
information under heterophily, while also being easily achieved through decoupled
graph computation. As Section 2.2.4 suggests, homophily-oriented graph propagation
is hindered by heterophilous graph connections. Therefore, we specifically seek to
incorporate information beyond local homophily from both graph structure and node

attributes into our embeddings under heterophily.

Several studies reveal that, despite the feature information of nodes, the pure graph
structure is equally or even more important in the context of heterophilous GNNs [113,

114, 136]. Particularly, the most informative aspects are often associated with 2-hop
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neighbors, i.e., “neighbors of neighbors” of ego nodes. [71] proves that even under
heterophily, the 2-hop neighborhood is expected to be homophily-dominant. We thence

intend to explicitly model such topological similarity.

The 2-hop relation can be described by the 2-hop adjacency matrix A2. Note that as
the sparse matrix A has m entries, the number of entries in AZ? is at the scale of O(md),
which indicates that directly applying 2-hop graph propagation in the training stage will
demand even more expensive time and memory overhead to be scaled up. We instead
propose an approximate scheme that seeks to prevent the 2-hop adjacency from repetitive
processing, and retrieves a low-dimensional but expressive embedding prior to training in
the precomputation stage. In other words, we utilize the embedding to resemble 2-hop
information which can be directly learned by the neural network transformation. Denote
the F-dimensional embedding as P4 € R™. We aim to minimize its approximation error

in Frobenius norm (|| - ||¢):

P, = arg min | A% - PPT||%. 4.3)

PeRnxF
The solution to Eq. (4.3) can be derived from the eigendecomposition of the symmetric
matrix A2, that P, = U|A|1/2, where A = diag(Ay, - -, Ap) is the diagonal matrix with
top-F eigenvalues A > Ay > --- > Ap, and U € R™F is the matrix consisting of
corresponding orthogonal eigenvectors. The eigenvalues are also called frequencies of
the graph, and large eigenvalues of the adjacency matrix refer to low-frequency signals in

the graph spectrum.

Spectral Analysis. Let A%(u,0) be the entry (u,0) of matrix A%. Its diagonal degree
matrix is D, = diag(dy(1),d2(2),--- ,da(n)), da(u) = Y,cv A%(1,0). Denote Pa(u) as
the F-dimensional embedding vector of node u. We show that the embedding P}, defined

by Eq. (4.3) is also the solution to the following optimization problem:

Py, = argmin Z A%(u,0)||P(u) — P(0)|%. (4.4)
PeR™F PTDyP=A /o2y

This is because:

D AW o)llPw) - PP =2 ) d@|P@I* -2 ) A*u,0)P(w)P) (4.5

=2tr(PTD,P — PTA%P). (4.6)
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As P"D,P is fixed, finding the minimum of Eq. (4.4) is equivalent to optimizing
maxp PT A?P, of which the solution is exactly P}, according to the property of eigenvec-
tors. Equation (4.4) implies that, 2-hop neighbors (u,v),t € N (u),v € N (t) in the graph

will share similar embeddings P4(u) and P4 (0).

In fact, the low-dimensional embedding P, can be interpreted as the adjacency spectral
embedding of the 2-hop graph A2. Graph spectral embedding is a technique concerning
the low-frequency spectrum of a graph, and is employed in tasks such as graph clustering
[232]. As P4 corresponds to the dominant eigenvalues of A2, the embedding provides
an approximate representation of the 2-hop neighborhoods based on the overall graph

topology.

Alternatively, if we regard the adjacency information solely as features input into the
network like LINKX [136] introduced in Section 2.2.4, P4 correlates to the uncentered
principal components of matrix A. Thus learning a linear transformation P4W, with
weight matrix Wy € RF*F is the low-rank approximation of AW,y where Wyq € R™¥F
but with less computational cost. Compared to other works attempting to generate graph
embeddings based on graph geometric or similarity measures [129, 233, 114, 230, 138],
our approach offers the advantages of lower dimensionality and efficient calculation as

demonstrated in Section 4.2.4.

4.2.3 Long-distance Feature Embedding

Decoupling the node features through approximate propagation has been extensively stud-
ied in regular GNNs with various schemes [123, 125, 133, 124, 132, 112]. Nonetheless,
these approaches are based on the homophily assumption and focus on local neighbor-
hoods. In order to apply decoupled propagation to heterophilous graphs and exploit
the multi-channel ability of our model, we formulate the general form of approximate
propagation as the weighted sum of powers of a propagation matrix applied to the input

feature:

Lp
Py = Z oT'X, 4.7)
=1

where examples of matrix T include A and L, which respectively correspond to aggrega-

tive and discriminative operations.

LD? jointly utilizes the following feature channels in Egs. (4.8) to (4.10):
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(1) Inverse summation of 1-hop Laplacian propagations where §; = 1, T = L:
- Fly.
Pen=17— ) L'x: (4.8)

(2) Constant summation of 2-hop adjacency propagations where 6; = 1, T = A%:

Lpo

1 <21
Pxpo=—o0 3 A2X; (4.9)
L Lpio ;

(3) raw node attributes where 0; = 1,0, =0(I > 1), T =1I:

Pxo = X. (4.10)

Intuitively, the first two channels perform distinct propagations on node feature X as
illustrated in Figure 4.2, and employ inverse or constant summation to aggregate multi-
hop information, in contrast to the local decaying summation (I — oo, §; — 0) commonly
adopted in homophilous GNNs. Hence, such summations are suitable for retrieving
long-range information under heterophily. The raw matrix X is also directly used as
one input channel to depict node identity, which is a ubiquitous practice known as skip

connection, identity mapping, or all-pass filter in heterophilous GNNs [135, 67, 139, 72].

Constant 2-hop Adjacency Propagation

- - - - -
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Inverse 1-hop Laplacian Propagation
FIGURE 4.2: Two types of LD? propagations under heterophily.

The inverse embedding Py g is based on the intuition that, as neighbors tend to be different

from the ego node, their features are also dissimilar. Hence in propagation, the embedding
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of the ego node should contain the previous embedding of itself, as well as the inverse of
adjacent embeddings, which is exactly the interpretation of propagating node features
by graph Laplacian matrix L = I — A. The second embedding Py 1, performs a 2-hop
propagation through the graph and aggregates the results of multi-scale neighbors. It
echoes the earlier statement on the importance of 2-hop adjacency A” from the feature
aspect. Note that for high-order propagation here, adjacency matrix A escaping self-loops

is shown to be advantageous in capturing non-local homophily [71, 118].

Spectral Analysis. Assume that || X (u)|| = ||P(w)|| = 1. We first examine the following

regularization problem optimizing P based on input X for homophilous graphs [132]:

Py, = argmin Z A(w,0)||P(w) - P()|I* +|IP - X||3. (4.11)
IP(w)ll=1YueV 2y

Differentiating the objective function with respect to P leads to:

(I-A)P-X=0. (4.12)
Therefore the solution is:
Py, =(I-A)'Xx= ZA’X. (4.13)
1=0

In the implementation, a limited Lp;-hop summation is used instead due to the over-
smoothing issue that the infinite form converges to identical embeddings across nodes.
This low-pass filter Py = ﬁ ZIL: o AlX is investigated in S?GC [132] as an approach for
balancing locality and multi-hop propagation. Its interpretation can be observed from its
objective function Eq. (4.11), that it simultaneously minimizes the embedding difference

of neighboring nodes as well as the approximation closeness to the input feature X.

To obtain our first channel, we preferably introduce the low-frequency regularization to
2-hop adjacency, as 1-hop neighbors exhibit heterophily. Therefore, replacing A(u, v)
in Eq. (4.11) with A%(u, v) yields our constant 2-hop embedding Py 15. It shares similar
spectral properties with S?GC for acting as a low-pass filter in 2-hop neighborhoods,

while maintaining certain long-distance knowledge thanks to the multi-scale aggregation.
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The other channel utilized in LD?, i.e. the inverse Laplacian propagation, can be derived

as:
Lp, Lpu

Z(IX—A’X) = X - Px;. (4.14)
=1

=

1
Lpu

1 -
Pxy=—o>» L'x=
Lpp 4

I
—_

From the above analysis, X is the feature from all-pass filters for each hop, while Px 1
being the low-frequency information. The embedding Py g thus acts as a high-pass
filter applied to the input feature, focusing on discriminative structures. In terms of
spatial domain interpretation, high-frequency information corresponds to the embedding
differences between the ego node and 1-hop neighbors [137]. It is noticeable that these
three channels Px 12, Px g, Px o respectively represent low-pass, high-pass, and all-pass
propagations through the graph while addressing heterophily. Combining them as inputs
to the neural network benefits model performance by expressive information at various

distances including identity, local, and global perspectives.

4.2.4 Approximate Propagation Precomputation

Conventionally, calculating the graph propagation A - P for an arbitrary feature matrix
P is conducted by sparse-dense matrix multiplication. However, such an approach does
not recognize the property of the adjacency matrix A, that it can be represented by the
adjacency list of nodes, and non-zero values in its data are solely determined by node
degrees. Furthermore, since the propagation result is subsequently processed by the
neural network, it is not necessary to be precise as the model is robust to handle noisy

data [234]. We first define the precision bound for approximate embedding:

Definition 4.1 (Approximate Vector Embedding). Given a relative error bound 0 < € <
1, a norm threshold § > 0, and a failure probability 0 < ¢ < 1, the estimation P(u) for
an arbitrary embedding vector P(u) should satisfy that, for each u € V with ||P(u)|| > 6,
such that with probability at least 1 — ¢,

IP(u) = Pw)l < € IPw)]. (4.15)

Graph power iteration algorithm is the variant of power iteration particularly applied for
calculating powers of adjacency matrix A. In essence, the algorithm can be derived by
maintaining a residue R (u) that holds the current [-hop propagation results for each

node, and iteratively updating the next-hop residues of neighboring nodes R (v),v €
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N (u) for all nodes u. For each iteration, the reserve PY) is also added up and converges

to an underestimation of P.

We propose Algorithm 4.1 for our specific scenario, namely Approximate Adjacency
Propagation (A%Prop). Based on power iteration, our algorithm is greatly generalized
to accommodate normalized adjacency, feature vectors for nodes, and a limited number
of hops. We show that the algorithmic output can be bounded by Definition 4.1. For Lp

iterations, denote the acceptable error per entry for push as dp, the matrix-wise absolute

L F
1P = Plliy < Z D). d(w)sp = LymFsp.

f=1 f=1uev

error is:

By setting 8p = €5/Lpm, the estimation P satisfies Definition 4.1.

Approximate Feature Embedding. The feature embedding in the form Py = Zle o T'X
can be computed by iteratively applying graph power iterations to the raw feature as
initial residue R = X. The implicit propagation behavior is described by the ma-
trix T. For example, for Laplacian propagation T = L, the ego node u residue is
updated by RV (u) = RED () + R (u), while its neighbors v € N (u) are affected as
RV (v) = RHD (v) = R (1) /d*(v)d® (u). Hence we introduce a propagation coefficient
oar(u,0), that ar (u, u) = d***(u), az (u,v) = —1,0 € N(u). For propagation A and A, the

coefficient is just a4 (u,v) = 1 with a4 (u, u) = 1,0, respectively.

ALGORITHM 4.1: A?Prop: Approximate Adjacency Propagation

Input: graph G, feature matrix X, max hop Lp, normalization factor a, b, propagation
factor ar, summation factor 6;, push threshold &p
Output: adjacency embedding P4, feature embedding Px
1 RY — N0, 1), RY « X
2 for [ fromOtoLp —1do
3 forall u € V such that |RY (u)|| > Sp do
4 for allv € N(u) N {u} do
5 RV (0) — RU™ (0) + aa(u,0) - RY (w)
6 RU™ (o) « RY™ (0) + 22210 R (1)

d?(v)d® (u)
7 Px(u) < Px(u) +6; - R (u)
8 if/lmod 2=1and! < Lp — 1 then
9 t Py — orthonormalize(RX))

10 empty RX),R;I)

11 Py Py |(RUP)T - P42
12 Py <—PX+9LP-R)((LP)

13 return P4, Py
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In each iteration [, the reserve is updated after propagation according to the coefficient 6,
to sum up corresponding embeddings. Intuitively, one multiplication of A? is equivalent
to two iterations of A propagation. Hence for Py 1 there is ;= mod 2 =0, 1,0,1,- -
under the summation scheme in Algorithm 4.1. Since all embeddings we consider are
constant, that is, 6; € {0, 1}, the reserve can be simply increased without the rescaling

terms in more general cases such as [112].

Approximate Adjacency Embedding. The adjacency embedding is represented by
leading eigenvectors P4 = U|A|!/2. This eigendecomposition of A% can be solved by
the truncated power iteration: Initialize the n X F residue by i.i.d. Gaussian noise
R = N(0, 1). For each iteration [, firstly multiply the residue by A as RU*D) = A2RD);
then, perform column-wise normalization to the residue orthonormal ize(R"D) so that
its columns are orthogonal to each other and of L2 norm 1. After convergence, the matrix
satisfies A2RUP) = RUP)A within the error bound, which leads to the estimated output
U = R P, = U|A|'/2.

Similarly, the 2-hop power iteration of P4 can be merged with those for Py with a
shared maximal iteration Lp, and orthonormalization is conducted every two A iterations.
When the algorithm converges with error bound §, the number of iteration follows
Lp = O(log(F/8)/(1 — |Ar+1/Ar|)). By selecting proper values for F and , the algorithm

produces satisfying results within Lp iterations.

Precomputation Complexity. Since A’Prop serves as a general approximation for
various adjacency-based propagations, the computation of all feature channels can be
performed simultaneously in a single run. The memory overhead of the algorithm is
mainly the residue and reserve matrices for C embedding channels, which is O(CnF) in
total. Note that AZProp precomputation is performed in the main memory, and benefits

from a less-constrained budget compared to GPU memory.

For each iteration, neighboring connections are accessed for at most m times. The time
complexity of Algorithm 4.1 can thus be bounded by O(LpmF). Its loops over nodes
and features can be parallelized and vectorized to reduce execution time. Moreover, the
power iteration design is also amendable for further enhancements, such as reduction to
sub-linear complexity, better cache performance, and precision-efficiency trade-offs. We

leave these potential improvements on AZProp for future work.
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4.3 Experimental Evaluation

We implement the LD? model and evaluate its performance from the perspectives of both
efficacy and scalability. We mainly highlight key empirical results compared to minibatch

GNN s on large-scale heterophilous graphs.

4.3.1 Experiment Setting

Datasets. We mainly perform experiments on large-scale heterophilous datasets [114,
136] for the transductive node classification task, with the largest available graph WIKI
(m = 244M) included. We leverage settings as per [136] such as the random train/test
splits and the induced subgraph testing for GSAINT-sampling models, while addressing
several issues revealed by [235] before assessments. Statistics of these datasets are listed
in Table 4.1, including the 1-hop and 2-hop node homophily scores for non-multilabel
datasets. The empirical results support our analysis that regardless of heterophily, 2-hop

neighbors in the graph tend to exhibit higher homophily.

Baselines. We focus on GNN models applicable to minibatch training in our evaluation
regarding scalability, and hence most full-batch networks are excluded in the main
experiments. Conventional baselines include MLP which only processes node attributes
without considering graph topology, as well as PPRGo [124] and SGC [125] representing
decoupled schemes for homophilous graphs. GCNJK [65] and MixHop [135] are GNNs
under non-homophily. GSAINT random walk sampling [121] is utilized to empower
them for minibatching. LINKX is the decoupled heterophilous GNN proposed by [136].

Simple i.i.d. node batching is adopted for decoupled networks.

TABLE 4.1: Dataset statistics and homophily scores. H,, ;| and H,,» are 1-hop and 2-hop
homophilous scores, respectively.

Dataset ‘ Nodes n Edges m d F N, Notes ‘ Ho1  Hun
SQUIRREL [114] 5,201 401,907 77.275 2,089 5 - 0.217 0.214
PENN94 [136] 41,536 1,403,756 33.796 4.814 2 - 0.504 0.478
ARXIV-YEAR [136] 169, 343 1,327,142  7.837 128 5 directed | 0.289 0.337
GENIUS [136] 421,858 1,344,722  3.188 12 2 - 0.368 0.823
TWITCH-GAMERS [136] | 168,114 6,965,671 41.434 7 2 - 0.562 0.531
POKEC [136] 1,632,803 23,934,767 14.659 65 2 - 0.454 0.605
SNAP-PATENTS [136] | 2,738,035 16,705,984  6.101 269 5 directed | 0.220 0.298

WIKI [136] 1,770,981 244,278,050 137.934 600 5 - 0.306 —
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Model and Training Hyperparameters. We particularly explore model hyperparam-
eters including the number of layers L, i.e. model depth, and the number of hidden
size, i.e. layer width, since these settings are mostly correlated with the efficacy and
efficiency performance of models. For minibatch training, we comprehensively tune the
hyperparameters of batch size and learning rate among baselines to produce comparable
performance. We exploit the validation set to select the training epoch with best validation

accuracy, and use early stopping if the model training converges.

We select above hyperparameters based on the following principle: We first refer to their
original papers and implementations and explore model depth and width, in order to
achieve relatively optimal reproduced performance. Then we select the largest batch size
applicable to the GPU while preventing out of memory error for efficiency consideration.
Other hyperparameters including weight decays and learning rates are tuned accordingly.
For other architectural and training settings, we mostly follow the implementation in

[136] when applicable, in order to produce similar evaluation to the benchmark.

Evaluation Metrics. We uniformly use classification accuracy on the test set to measure
network effectiveness. Note that since the datasets are updated and the minibatch scheme
is employed, results may be different from their original works. In order to evaluate
scalability performance, we conduct repeated experiments and record the network train-
ing/inference time and peak memory footprint as efficiency metrics. For precomputed
methods, we consider the learning process combining both precomputation and training.
Evaluations are conducted on a machine with 192GB RAM, two 28-core Intel Xeon
CPUs (2.2GHz), and an NVIDIA RTX A5000 GPU (24GB memory).

4.3.2 Performance Comparison

The main evaluations of LD? and baselines on 8 large heterophilous datasets are presented
in Tables 4.2 and 4.3 for effectiveness and efficiency metrics, respectively. As an overview,
our model demonstrates its scalability in completing training and inference with fast
running time and efficient memory utilization, especially on large graphs. At the same
time, it achieves comparable or superior prediction accuracy against the state-of-the-art

minibatch heterophilous GNNs in most datasets.

Time Efficiency. More specifically, compared to heterophilous benchmarks on the four

largest graphs with million-scale data, LD? speeds up the minibatch training process by



74 4.3. Experimental Evaluation

TABLE 4.2: Average test accuracy (%) of minibatch LD? and baselines on heterophilous
datasets. “> 12h” means the model requires more than 12h clock time to produce proper
results. Respective results of the first and second best performances on each dataset are

marked in

bold and underlined fonts.

Dataset ‘ SQUIRREL

GENIUS

PENN94 ARXIV-YEAR TWITCH

POKEC

SNAP-PATENTS WIKI

MLP
PPRGo
SGC
GCNIJK-GS
MixHop-GS

33.16 £0.59 82.47 +£0.06 74.41 +0.48
33.95 £0.49 79.81 +£0.00 58.75 +0.31
59.39 £0.62 79.85 £0.01 68.31 +0.27
27.63 £4.72 80.65 +0.07 65.91 +0.16
33.24 £2.44 80.63 +0.04 75.00 +0.37

37.23 £0.31 61.26 +0.19 61.81 +0.07
39.35£0.12 47.19 +2.26 50.61 +0.04
43.40 £0.16 57.05 £0.21 56.58 +0.06
48.26 £0.64 59.91 £0.42 59.38 +0.21
49.26 £0.16 61.80 £0.00 64.02 +0.02

23.03 £1.48 35.64 +0.10
(> 12h) (> 12h)
37.70 £0.06  28.12 +0.08
33.64 £0.05 42.95 +0.39
3473 £0.15 45.52 +0.11

52.69 £0.05 50.59 +0.12
58.58 £0.34 52.91 +0.16

LINKX
LD?2 (ours)

50.44 +£0.30 64.15 £0.18 68.64 +0.65
50.29 #0.11 64.33 +0.19 74.93 +0.10

60.14 £0.92 82.51 +0.10 78.63 +0.25
66.87 +0.02 85.31 +0.06 75.52 +0.10

TABLE 4.3: Time and memory overhead of LD? and baselines on large-scale datasets.
“Learn”, “Infer”, and “Mem.” respectively refer to minibatch learning and inference time
(s) and peak GPU memory (GB). Precomputation time is appended when applicable.
“> 12h” means the model requires more than 12h clock time to produce proper results.
Respective results of the first and second best performances among heterophilous models
per metric are marked in bold and underlined fonts.

Dataset TWITCH-GAMERS POKEC SNAP-PATENTS WIKI
Learn Infer Mem. Learn Infer Mem. Learn Infer Mem. Learn Infer Mem.

MLP 6.36 0.02 0.61 47.86 0.11 13.77| 27.39 0.28 9.33 133.55 0.62 18.15

PPRGo 10.46+15.88 0.41 9.64 |121.95+56.11 2.69 3.82 (> 12h) (> 12h)

SGC 0.09+0.74 0.01 0.28 | 1.05+8.08 0.01 0.28 |4.94+23.54 0.01 0.42 |12.66+7.98 0.01 0.52
GCNIJK-GS 71.48 0.02* 7.33 27.33 0.09* 9.03 19.02  0.23" 9.21 95.52  0.69* 16.36
MixHop-GS 52.12 0.01* 1.49 71.35 0.03" 1291 4524 0.16* 19.58| 84.22 0.23" 16.28

LINKX 10.99 0.19 2.35 28.77 0.33 9.03 39.80 0.22 21.53| 180.71 1.14 14.53
LD? (ours) | 0.85+1.96 0.01 1.44 | 17.95+6.18 0.01 3.82 |31.32+6.96 0.02 3.96 |28.12+6.50 0.01 4.47

* Inference time of GSAINT sampling is not precise since they are conducted on induced subgraphs smaller than the raw graph.

3—15 times, with an acceptable precomputation cost. Its inference time is also consistently
below 0.1 seconds. The outstanding efficiency of LD? is mainly attributed to the simple
model architecture that removes graph-scale operations while ensuring rapid convergence.
In contrast, the execution speeds of MixHop and LINKX are highly susceptible to node
and edge sizes, given their design dependency on the entire input graph. The extensive
parameter space also causes them to converge slower, necessitating relatively longer
training times. PPRGo shows limited scalability due to the costly post-transformation
propagation. The superiority of LD? efficiency even holds when compared to simple
methods such as MLP and SGC, indicating that the model is favorable for incorporating
additional heterophilous information with no significant training overhead. The empirical
results affirm that LD? exhibits optimized training and inference complexity at the same

level as simple models.



Chapter 4. LD? 75

50
60 i = (\
10
- A ———
— MLP GON-JK 4 V —MLP GON-JK

W PPRGo LinkX =30 Y PPRGo LinkX
Z = —sGC  —LD? r —SGC  —LD?

— MixHop — MixHop

)

¢

1 F1 Micro (%)

Val F1 Micro (

( 1 2 3 1 5 0 2 4 6 8 10 12 14
Train Time (s) Train Time (s)
(a) SQUIRREL (b) ARXIV-YEAR

Val F1 Micro (%)

/W —MLP GON-JK
PPRGo — LinkX S PPRGo — LinkX

—sGC  —LD? —scc  —LD?
— MixHop — MixHop

=
& 55 —MLP GON-JK
” ’

5

10 15 20 25 0 5 10 15 20 25 30 35 40
Train Time (s) Train Time (s)

(¢) TWITCH-GAMERS (d) POKEC

—MLP GCN-JK

20 WW —saGe LinkX 20

—MLP

GCN-JK

Val F1 Micro (%
.\
A
Val F1 Micro (%)
—

—SGC LinkX
— MixHop — LD? — MixHop = LD?
u 10 20 30 40 50 60 I ) 20 40 60 80 100 120
Train Time (s) Train Time (s)
(e) SNAP-PATENTS (f) Wikt

FIGURE 4.3: Validation accuracy convergence curves of minibatch LD? and baseline
models on 6 heterophilous datasets. Curves only represents the process of the training
phase. Shaded area is the result range of multiple runs.

Memory Footprint. LD? remarkably reduces run-time GPU memory consumption. As
the primary overhead only comprises the model parameters and batch representations,
it enables flexible configuration of the model size and batch size to facilitate powerful
training. Even for the largest graph WIKI with n = 1.77M and F = 600, the footprint
remains below 5GB under our hyperparameter settings. Other heterophilous GNN:ss,
though adopting the minibatch scheme, experience high memory requirements and even
occasionally encounter out-of-memory errors during experiments, as their space-intensive
graph propagations are executed on the GPU. Consequently, when the graph scales up,
they can only be applied with highly constrained model capacities to conserve space,

potentially resulting in compromised performance.

Test Accuracy. With regard to efficacy, LD? achieves top testing accuracy on 6 out of 8
heterophilous graphs and comparable performance on the remaining ones. It also con-
sistently outperforms the sampling-based GCNJK and MixHop, as well as conventional

GNN:ss. Particularly, by extracting embeddings from not only node features but pure graph
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topology as well, LD? obtains significant improvements over feature-based networks
on datasets such as SQUIRREL, GENIUS, and WIKI, demonstrating the importance of pure
graph information in heterophilous learning. We deduce that the relatively suboptimal
accuracy on PENN94 may be correlated with the difficulty of fitting one-hot encoding
features into informative embeddings. Consistent with the previous studies [136], regular
GNN baselines suffer from performance loss on most heterophilous graphs, while MLP
achieves comparably high accuracy when node attributes are discriminative enough. For
non-homophilous models GCNJK and MixHop, the minibatch scheme hinders them from

reaching higher results because of the neglect of their full-graph relationships.

Convergence Curve. To examine the effect of model and training settings, in Figure 4.3,
we display the model convergence curve, i.e. validation accuracy versus training time
on heterophilous datasets and minibatch models corresponding to Table 4.2. It can
be obviously observed that LD? outperforms other baseline methods on most datasets,
demonstrating more stable curve, faster convergence, and significantly shorter overall
training time. Due to the simple neural network structure, the model quickly leads to
overfitting on datasets such as TWITCH-GAMERS and ARXIV-YEAR. It is worth noting that

the convergence of some baselines is beyond the display scopes in Figure 4.3.

Among other baselines, on small graphs, LINKX is relatively fast compared to GCNJK
and MixHop which generally take more time per epoch. However, its large parameter
space results in unstable performance, and hence requires more epochs to converge.
When the graph scales larger, the efficiency of LINKX degrades due to its full-graph
dependency. For simple and non-heterophilous models, though the decoupling design
benefits them for less epoch time, their accuracies are suboptimal, and hence experience
more training epochs than LD?. Particularly, the PPRGo model is so large that it overfits

on validation sets of small graphs such as SQUIRREL.

4.3.3 Effect of Embedding Schemes

Embedding Schemes. We conduct additional exploration on validating the effectiveness
of utilizing A adjacency spectral embedding (ASE) as the LD? embedding scheme.
Experiments of other schemes are shown in Table 4.4, including the shortest path distance
used as spatial encodings in Graphormer SPD [89] and node2vec embedding [236]. There
are also rank-F approximations in Eq. (4.3) by replacing A> with A and A3, which are
respectively denoted as ASE(A) and ASE(A?Y).
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We compare the advantages of our proposed ASE(A?) with other structural embed-
dings such as SPD from three aspects. Regarding effectiveness, as we analyzed in
Section 4.2.2, the ASE embedding is able to capture structural information especially
on the homophilous components of the 2-hop graph, while SPD is more specific to
encode distance information of directly connected nodes and node2vec represents local

neighborhood, which are less suitable for heterophilous graphs.

As for memory efficiency, ASE is a low-dimensional embedding of shape n X F, where
the feature dimension F is generally much smaller than the graph scale. This implies
better scalability compared to SPD embedding which is a dense n X n matrix. Node2vec
requires additional O(nd?) space for storing the random walk results. As the average
degree d = m/n is at the scale of O(logn) to O(n), node2vec is less scalable especially

to large and dense graphs, which explains the OOM error on genius.

ASE also benefits from better time efficiency in our model as described in Section 4.2.4,
which can be computed along with feature embeddings with a complexity linear to edge
size m, while node2vec exhibits the same O(nd?) complexity. The node2vec design
is based on random walks, which is known to be less efficient for time efficiency and
cache locality, which further degrades its scalability. Additionally, our ASE and other
embeddings can be efficiently computed by an end-to-end algorithm as described in
Section 4.2.4.

Robustness under Noise. We also conduct experiments to evaluate the model perfor-
mance under different levels of noise and incompleteness. The results are shown in
Table 4.5. We mainly consider three types of noises, which are analyzed respectively as

following:

Push threshold: We vary the threshold dp in Algorithm 4.1 to control the precision of

propagation. A larger dp implies less precise propagation ignoring small feature values,

TABLE 4.4: Performance of LD? with alternative adjacency embeddings on selected
datasets. Particularly, P4 = ASE(A?) indicates the proposed LD? model with adjacency
spectral embedding denoted in Eq. (4.3). “Pre.” and “RAM?” respectively refer to
precomputation time (s) and peak GPU memory (GB).

Py
Dataset

ASE(A?) ASE(A) ASE(A3) node2vec SPD
Acc Pre. RAM| Acc Pre. RAM| Acc  Pre. RAM| Acc Pre. RAM| Acc Pre. RAM

66.87 3.87 0.64 (60.95 2.47 0.47 |62.26 3594.90 0.61 |50.19 1620.58 4.58 |54.50 323.30 0.99
75.52 27.19 0.53 |74.09 1.83 0.40 |74.36 306.85 0.72 |73.15 24654.00 22.82 (> 12h)
85.31 0.79 0.60 |84.68 0.63 0.58 |84.56 293.28 0.62 (OOM) (> 12h)

SQUIRREL
PENN94
GENIUS
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while §p = 1073 is the original setting. It can be seen that by improving the precision,
the final learning accuracy does not change significantly. It indicates that our setting of

Sp = 107 is sufficient for propagation and does not affect the learning performance.

Edge removal: We randomly remove a percentage of edges to generate an incomplete
variant of the graph. The LD? model is then applied to learn on the incomplete graph.
The removal causes a negative impact on the accuracy. However, as the node attributes
X are kept unchanged under the noise, the model is still able to achieve a reasonable

performance.

Attribute noise: We apply Gaussian noise with standard deviations proportional to
the deviation of each feature dimension to the raw node attribute matrix X before pre-
computation. This is more aggressive as the noise level is much larger than the scale
of propagation precision.Consequently, the model suffers a more significant accuracy
reduction. However, as the noise level increases, the model’s performance converges
towards the performance achieved by only learning the adjacency embedding P,4. This is

because the adjacency information is unaffected under such kind of noise.

4.3.4 Effect of Parameters

Propagation Channels and Hops. To gain deeper insights into the multi-channel em-
beddings of LD?, we specifically present the results of learning on separate inputs in
Figure 4.4, where we explore the range of Lp in [2,4,6, - - - ,20] for each each embed-
dings per dataset. To study the long-distance information retrieval ability of our model,
we also evaluate the effect on different embedding combinations, such as Px r2||Px m.,
Px = Pxol|Px.12||Px.m, and Px||P4. These partial combinations are similarly input into the
MLP for training following Eq. (4.2). Comparison among different channel combinations

is useful for studying the effect of each embedding channel.

TABLE 4.5: Performance of LD? with different noisy data on selected datasets. Particu-
larly, 6p = 1073 is the original LD? model result presented in main experiments.

Noise Push Threshold 6p Edge Removal Attribute Noise
Dataset | 107> 107® 1077 | 10% 20% 40% | 0.50¢ lo 20
PENN94 | 75.52 75.56 7557 | 72.63 72.11 71.53 | 69.39 6741 62.57
GENIUS | 85.31 85.29 85.16 | 84.98 84.77 84.30 | 81.29 81.22 81.18
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FIGURE 4.4: Effect of A>Prop propagation hops on the effectiveness of different
adjacency and feature embedding channels and their combinations on 6 heterophilous
datasets.

It can be observed that different graphs imply varying patterns when embedding channels
and propagation hops are changed. For the GENIUS dataset where raw node attributes
already achieve an accuracy above 82%, applying the other two feature embeddings
further improves the result. While the adjacency embedding alone shows secondary
performance, integrating it with other channels proves beneficial. In comparison, on
POKEC, it 1s the inverse embedding Py p that becomes the key contributor, and larger
hops produce better results. Generally, as the graph scale increases, employing more
propagation hops becomes advantageous in capturing distant information. The effect
of the inverse embedding Px y decreases when adding multiple hops in graphs such as
GENIUS, POKEC, PENN94, and ARXIV-YEAR. However, on the small heterophilous graph
SQUIRREL, it reaches maximum when Lp = 10, indicating that non-local inter-node
relationships are beneficial in this case. The observation supports our design that by

adopting multi-channel and long-distance embeddings, LD? is powerful in capturing
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FIGURE 4.5: Effect of propagation hops and feature dimensions on A?Prop precomputa-
tion time and memory overhead on 6 heterophilous datasets.

implicit information of various frequencies and scales that is important in the presence of

heterophily.

Propagation Efficiency. The maximal propagation hop Lp and feature dimension F also

affects the AZProp precomputation algorithmic efficiency. To study the effect, we change
Lpin [4,8,12,16,20] and the target dimension F in [F/5,2F/5,3F/5,4F/5, F] to perform

A”Prop computation. For precision related hyperparameters in A’Prop, we commonly

use relative error bound € = 0.1, norm threshold § = 1 x 1075, and failure probability

¢ =0.01.

Results on 6 datasets with respect to precomputation time and RAM memory are displayed

in Figure 4.5. As the graph and feature size scale up, the time and memory overhead

of A”Prop also increase, mostly linear to the scale of n and F, which is in consistent to
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FIGURE 4.6: Effect of A>Prop adjacency normalization on the effectiveness of different
feature embedding channels on 9 heterophilous datasets.

our complexity analysis. Figure 4.5 also implies that, when the graph scale is large, the
dominant factor affecting the precomputation time is the number of propagation hops Lp,
while the influence from F is relatively minor. When varying Lp and F, the RAM memory

overhead of A>Prop merely changes, indicating its efficient usage.

Graph Normalization. For graph adjacency normalization coefficients a,b € [0, 1]
applied to features, we uniformly use b = 1 — a and only tune the coefficient a for the
normalized feature embeddings Px 1> and Px . We explore the choices respectively for

each dataset.

Results of changing normalization are shown in Figure 4.6 on 9 heterophilous graphs.
Different graphs have various favors of adapting the normalization, considering the
varying implicit meanings of their features. In general, the accuracy gap is not significant
for most varying parameter values. Note that the entire LD? model comprehensively
extracts information from different inputs, we hence state that it is relatively not sensitive

to the normalization parameter value.
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4.3.5 Case Study

In order to intuitively illustrate the effect of approximate propagation used in LD?, here
we consider a toy example. Figure 4.7 depicts a graph with 9 nodes and 10 edges. Its

nodes belong to 3 classes, and the connections are mostly heterophilous.

@ Class 0
© Class 1
@ Class 2

FIGURE 4.7: An example heterophilous graph where H,,; = 0.204.

We specifically focus on the inverse Laplacian propagation Px g = ﬁ le IH L'X, as the

2-hop propagation is not suitable for such a small graph.

We first consider the F = 3 feature distribution with values in [—1, 0, 1] as shown in the
left side of Figure 4.8. Nodes inside the same class are of the same value in each feature
dimension. We then perform [ = 1 to 8 times of propagation and illustrate the embedding
in the figure. It can be interpreted that the propagation is useful in assigning inverse
values to neighboring nodes based on the current ego node embedding. When the number
of hops increases, the embedding gradually converges in each feature dimension. It is
intuitive in the figure that, with proper steps of propagation, such as [ = 3 or 4, it is easy
to distinguish nodes in different classes, that their embeddings show different patterns.
The Laplacian propagation procedure is hence useful for classifying heterophilous nodes

in this case.
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FIGURE 4.8: Progression of inverse Laplacian embedding with increasing propagation
hops on given positive-negative distribution raw feature.
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In another example, we investigate the one-hot style node feature, where nodes in the
same class are assigned with 1 for one feature, and O for others. No negative value exists
in the raw feature. In this case, the embedding produced by Laplacian propagation quickly
converges. When setting [ = 3 or 4, it is difficult to distinguish class 0 and 2, since all their
nodes exhibit a similar pattern of having negative values in feature dimension F = 0,2

and positive values in F = 1.

The example illustrates the propagation procedure of the heterophilous filter. We intend
to use the case study to explain the difficulty of LD? adapting to certain patterns of input
features, such as one-hot encoding. We believe this is partially the reason that LD? with
only feature embeddings achieves suboptimal accuracy on graphs with such one-hot

features including SQUIRREL and PENN94.
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FIGURE 4.9: Progression of inverse Laplacian embedding with increasing propagation
hops on given one-hot distribution raw feature.

4.4 Summary and Discussion

In this work, we propose LD?, a scalable GNN for heterophilous graphs, which lever-
ages long-distance propagation to capture non-local relationships among nodes, and
incorporates low-dimensional yet expressive embeddings for effective learning. The
model decouples full-graph dependency from iterative training, and adopts an efficient
precomputation algorithm for approximating multi-channel embeddings. Theoretical and
empirical evidence demonstrates its optimized training characteristics, including time
efficiency with complexity linear to O(n), and GPU memory independence from the
graph size n and m. As a noteworthy result, LD? successfully applies to million-scale
datasets under heterophily, with learning times as short as 1 minute and GPU memory

expense below 5GB.
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In the experiments, we observe that LD? exhibits varying performance on graphs with
different types of features.In Figure 4.4 we display the effects of these feature embeddings
when changing propagation steps, and in Section 4.3.5 we examine a toy model attempting
to explain the reason behind the varying propagations. We think that the propagation
of LD? may be less effective for generating expressive embeddings from certain types
of features. As mentioned in Section 4.2.4, the complexity of our precomputation
algorithm A%Prop is O(LpmF). The evidence indicates that the efficiency bottleneck of
the precomputation lies in the linear dependency on the graph and feature size in the

algorithm.

Given these current limitations, we believe that efforts towards more robust precom-
putation schemes and better adaptability to diverse features could further enhance the
non-homophilous model in the future. Although the A?Prop is efficient in implemen-
tation, we do recognize that there are graph centrality algorithms and decoupled GNN
precomputations reaching sub-linear complexity. A%Prop is potentially configurable for
these enhancements. Secondly, various data augmentation approaches are able to transfer
the one-hot features to other feature distributions, for instance, by using an embedding
model or a simple MLP. Applying LD? to propagate the augmented embeddings is a

promising way to address its limitation on feature distribution.
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Chapter 5

Hierarchy Labeling for Graph

Transformer

5.1 Introduction

Graph Transformers (GTs) characterize a family of neural networks that introduce the
advantageous Transformer architecture [87] to the realm of graph data learning. These
models have garnered increasing research interest for tasks such as knowledge graph
retrieval, molecule analysis, and Large Language Model alignment [89, 90, 176, 237].
Despite their achievements, vanilla GTs are highly limited to specific tasks because of the
full-graph attention mechanism, which has computational complexity at least quadratic
to the graph size, rendering it impractical for a single graph with more than thousands
of nodes. Enhancing the scalability of GTs is thus a prominent task for enabling these

powerful models to handle a wider range of graph data at large scales.

To scale up Graph Transformers, existing studies explore various strategies to divide and
represent the graph structure into smaller batches and employ mini-batch training. One
approach is to simplify the Transformer architecture with a specialized attention module
based on graph topology [181, 180, 182], which learns on existing edge connections

instead of all-pair interactions. Alternatively, sophisticated representations are developed

This work is based on: [4] Ningyi Liao*, Zihao Yu*, Sigiang Luo, Gao Cong. “HubGT: Fast Graph
Transformer with Decoupled Hierarchy Labeling”. In 39th Conference on Neural Information Processing
Systems (NeurIPS), 2025.

87
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for inputting graph information to GT models as node embeddings and positional encod-
ings (PEs). These works feature graph processing techniques such as adjacency-based
spatial propagation [184, 186], polynomial spectral transformation [185, 183], and hi-
erarchical graph coarsening [173, 187]. However, we identify two major drawbacks of
existing scalable GTs: in terms of efficacy, most models primarily concentrate on local
adjacency, which undermines GT expressivity in capturing full-graph information; in
terms of efficiency, graph-scale operations still persist throughout their training iterations,

and the overhead substantially increases as the graphs become larger.

In this work, we propose HubGT, a scalable Graph Transformer exploiting the hub
labeling technique to produce rich hierarchical graph information with efficient computa-
tion. HubGT is inspired by the well-studied concept of graph labeling, which identifies
important hubs in the graph structure and imparts fast computation of the shortest path
distance (SPD) for node pairs [238, 239, 240]. We innovatively introduce the graph label
hierarchy to enhance GT capability, which is superior to the conventional adjacency-based
scheme in establishing global connections to influential graph hubs. To further represent
node-pair interactions, HubGT is the pioneering work to employ SPD as positional en-
coding for large-scale GTs, which is only practicable under its efficient calculation. The
expressive representations empower HubGT to capture graph knowledge, especially the
local node-pair relationships and global connectivity beyond direct edges and excel in

complex graph data patterns ranging from homophily to heterophily.

To efficiently construct graph labels and calculate SPD for GT learning, we design a
three-level hierarchical index orienting the specific query requirement in HubGT, which
leverages both local connections and global hubs to facilitate distance computation.
Graph indexing can be fully decoupled as precomputation and constructed with O(m)
overhead. Then, querying SPD on the index can be performed in O(1) time, rendering
HubGT learning as simple as training normal Transformers under O(n) complexity
without interweaving graph topology, where m and n are the numbers of graph edges
and nodes, respectively. Both precomputation and training of HubGT achieve theoretical
complexities on par with the respective state-of-the-art GTs and are significantly faster in

practice thanks to the simplicity of hub labeling.
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5.2 Motivating Study

5.2.1 Graph Hierarchy beyond Adjacency

The expressiveness of GTs mainly stems from the full-graph attention formulated in
Eq. (2.9), which captures critical node pairs in the graph topology to learn node repre-
sentations [89, 181]. However, since the mini-batch scheme replaces it with in-batch
attention, its capability is potentially hindered. To compensate the information loss, scal-
able GTs usually invoke more powerful embedding and encoding techniques, enhancing
the global graph view for more candidate nodes by expanding the receptive field. In
canonical mini-batch GT models [89, 181, 180, 184], the graph information is typically
derived from the graph adjacency A, which symbolizes neighborhood information &. For
both kernel-based and hierarchical GT variants, their expressiveness in distinguishing
different graph structures is characterized by the substructure used in attention tokens
[179].

However, recent advances in message-passing GNNs reveal that, the adjacency alone is
insufficient for retrieving topological information in graph learning [241]. In complicated
scenarios such as heterophilous graphs, the local graph topology may be ambiguous or
even misleading [242, 243, 244]. To illustrate, Figure 5.1 shows the distribution of node
neighbors considering their classification labels depicted by the homophily score [114].
A lower homophily score implies high heterophily, where less neighbors share the same
label with the ego node. On graphs such as CHAMELEON and SQUIRREL, a large portion of
nodes exhibits zero homophily, indicating that substructures depending on graph edges &

barely include neighbors with the same label for GT to attend.

We are thence motivated to improve GT by augmenting the existing graph connections &
to an extended edge set & containing additional node interactions beyond the neighbor-
hood. As shown in Figure 5.1, establishing more edges enhances nodes of lower scores
with more homophilous connections, effectively addressing the zero-homophily issue.
Therefore, encompassing both local connections and global knowledge is capable of
forming a hierarchical structure beyond the original graph adjacency, which benefits the

model in retrieving a wide spectrum of information [173, 186, 187].
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5.2.2 Dense Positional Encoding for Large Graphs

While an array of Positional Encoding (PE) schemes are utilized for explicitly integrating
graph knowledge into GT learning, they are shown to possess various information aspects
and expressiveness [89, 180, 237]. In particular, shortest path distance (SPD) as a form
of pairwise PE [89] is revealed to be at least expressive as the Weisfeiler-Lehman (WL)
graph isomorphism test [237] and empirically superior in graph classification tasks
[245, 180, 246]. However, the conventional Floyd-Warshall algorithm for calculating
whole-graph SPD entails O(n?) time and O(n?) space, which is prohibitive to large

graphs.

On the other hand, scalable GTs commonly employ sparse PEs such as L-hop Adjacency
(D~'2(A+I)D™'/?)L, which is straightforward to acquire by sparse matrix multiplication
in O(md") complexity [173, 187]. However, since nodes in large graphs are loosely
connected, the in-batch PE under mini-batch training can be too sparse to represent
pairwise relationships. As observed in Figure 5.2, PE values are only significant between

the ego node and two direct neighbors, while diminishing to zero for more distant nodes
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in the same batch. The values for non-ego node pairs are also small, rendering the bias

ineffective in attending to node-pair interactions.

To this end, we attempt to apply the more effective pairwise SPD for encoding arbitrary
node pairs on large graphs. Figure 5.3 suggests that the scheme is superior in providing
rich information covering both positive and negative relationships, even for nodes that are
not directly connected. Therefore, it is also more suitable for the extended hierarchical

graph structure & involving global connections to distant nodes.

5.3 Efficient Hierarchical Labeling

In this section, we present how HubGT achieves the hierarchy including both local and
global graph structures beyond edge connections. In particular, we introduce the three
levels for graph indexing and querying with respective algorithms. Utilization of the
hierarchy for graph embedding and encoding during GT learning will be elaborated in

the next section.

5.3.1 Label Graph and Its Properties

Proposed for efficient calculation of node-pair SPD queries, representative hub labeling
approaches [247, 248] build a label index L (v) for node v in the graph, which is a set of
hub nodes u and corresponding shortest distances b(u, v) between the node pairs. The
label of graph nodes is said to form a 2-hop cover if for an arbitrary node pair u,0 € V,
there exists a node w € L(u) N L(v), and the SPD can be calculated by:

b(u,v) = b(u, w) + b(w,0), (5.1

where b(u, w) and b(w, v) are stored in labels £(u) and £L(v), respectively.

To build the labels for all nodes in the graph with efficient search space and minimal
index size, the Pruned Landmark Labeling (PLL) algorithm [249, 250] searches labels by
a pruned Breadth First Search (BFS) for each node. The algorithm replies on a particular
order of all nodes in V. Denoting each node by a unique index 1, --- , n, u < v indicates
that node u precedes node v in the sequence. During construction, PLL tends to regard

low-index nodes as hubs and connecting more edges to them, while eliminating the
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labeling from high-index nodes. Hence, a hierarchy of nodes are intrinsically formed by
labeling. Notably, the algorithm is agnostic to the search order. In this work, we follow
[238] to adopt the descending order of node degrees as it can be efficiently acquired and
offers decent performance. While other orders such as betweenness centrality are adopted

for labeling [251, 252], they nonetheless incur additional computational overhead.

In this part, we formally formulate the hierarchy in graph labels. Firstly, we leverage the
node labels to build an expander graph by considering the existence of labels as new edge
connections. The wholistic label set £ can be regarded as a derived graph G = (V, &)
with directed and weighted edges, namely the label graph. Its edge set depicts the
elements in node labels computed by graph labeling, that an edge (u,v) € & if and only
if (v,6,) € L(u), and the edge weight is exactly the distance in graph labels 8, = b(u, v).
The in- and out-neighborhoods based on edge directions are Ni,(v) = {u | (u,0) € &}
and Ny (v) = {u | (v,u) € &}, respectively. For simplicity, we assume that the original
graph G is undirected, while properties for a directed G can be acquired by separately

considering two label sets £;, and .L,,; for in- and out-edges in &.
We summarize the following three properties of the label hierarchy produced by PLL:

Property 5.1. For an edge (u,0) € &, there is (v,u) € & when u < v, and (u,0) € &

when u > v.

Referring to Algorithm 5.1, when the current node is v and v < u, §, = 1 holds since
u is the direct neighbor of v. Hence, (v, 1) is added to label £ (u) at this round, which
is equivalent to adding edge (u,v) to &. Similarly, (v,u) € & holds when v > u. For
example, the edge (1,4) in Figure 5.4(a) is represented by the directed edge (4, 1) in
Figure 5.4(b). Property 5.1 implies that N'(v) C Nj,(v) U Nyyi(0), i.e., the neighborhood

Input Graph Edge (4, 1) Edge (2, 1), (5, 1) NO Edge for (5, 6)
O 2 SO o O SO g € 28
OO, 1 5 1 5 1 5

3 A 3 A 3 A
—® ¢ 6) G 6) G 6) G
(a) Raw Graph (b) Property 5.1 (c) Property 5.2 (d) Property 5.3

FIGURE 5.4: Examples of properties of the label graph G corresponding to the
original graph G. Number inside each node denotes its index in descending order
of node degrees.
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of the original graph is also included in the label graph, and is further separated into two

sets according to the relative order of neighboring nodes.

Property 5.2. For a shortest path P (u,v) in G, there is (w,v) € & for each w € P (u,v)

satisfying w > v.

[249] proves that there is v € L(w) for w € P (u,v) and w > v. Therefore, considering
shortest paths starting with node v of a small index, i.e., v being a “landmark’ node, then
succeeding nodes w > v in the path are connected to v in G. In Figure 5.4(a), the shortest
path between (1, 5) passing node 2 results in edges (2, 1) and (5, 1) in Figure 5.4(c), since
nodes 2 and 5 are in the path and their indices are larger than node 1. When the order is
determined by node degree, high-degree nodes appear in shortest paths more frequently,
and consequently link to a majority of nodes, including those long-tailed low-degree

nodes in G.

Property 5.3. For a shortest path P (u,v) in G, if there is w € P(u,v) and w < v, then
(u,0) ¢ &.

According to the property of shortest path, there is b(u,v) = b(u, w) + b(w,v). Hence,
the condition of line 11 in Algorithm 5.1 is not met at the v-th round when visiting w.
In other words, the traversal from v is pruned at the preceding node w. By this means,
the in-neighborhood N;,(v) is limited in the local subgraph with shortest paths ending at
landmarks. As shown in Figure 5.4(d), the shortest path between (5, 6) passes node 1,
indicating that (5, 6) are not directly connected since their distance can be acquired by
edges (5,1) and (6, 1). As a consequence, the neighborhood of node 5 in G is constrained

by nodes 1 and 2, preventing connections to more distant nodes such as 3 or 6.

In brief, Theorem 5.1 ensures that neighboring nodes in the raw graph G are still connected
in G. Theorems 5.2 and 5.3 jointly imply that a small number of hub nodes, or landmarks,
naturally emerge when more shortest paths pass through these nodes, and reside in a large
number of node labels during the labeling process. On the contrary, for insignificant nodes
with higher indices, the pruned traversal constrains the visit to the local neighborhood and
limit their label size. Thus, we reckon that the PLL process builds a hierarchy embedded

in the node labels, distinguishing global hubs while preserving original adjacency.
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5.3.2 Problem Statement

In light of the limitations of existing scalable GTs on large graphs, our HubGT aims to
address the two challenges in Section 5.2 simultaneously while ensuring computational
efficiency: (1) The dedicated data structure provides expressive graph information for
generating node embeddings that represent the graph hierarchy beyond mere adjacency.
(2) Node-pair SPD can be efficiently calculated based on the hierarchy, which is then

used as positional encoding.

Unlike existing hierarchical GTs relying on the original graph, we are thence motivated
to extend the graph topology and incorporate hub labeling to represent graph information.
Given a graph G = (‘V, &), the graph labeling process [253] forms artificial edges & to
record the distance between nodes and stored as node labels. We consider this label graph

G = (V, &) containing additional directed and weighted edges for GT learning.

Once graph labels are built, we adopt them in generating batches for HubGT learning,

which can be formulated as the following problem for querying the index structure:

Problem Definition. Given a node r, we aim to exploit the label graph G to: (1) sample
a set of nodes S(r) such that (u,r) € & or (r,u) € & for u € S(r) solely based on the

built index; (2) at the same time, acquire SPDs b(u, v) for all node pairs u,0 € S(r).

Compared with traditional neighborhood-based batching, generating from the constructed
labels preserves local neighbors while adding global hubs according to Theorem 5.3. This
is preferable for GTs as it extends the receptive field beyond local neighbors described by
graph adjacency and highlights those distant but important hubs in the whole graph for
learning node interactions. Meanwhile, it maintains the form of 1-hop sampling, rather

than multi-hop operations with potentially higher overhead.

5.3.3 HubGT Indexing

Design Goals. The stated problem characterizes the query requirements for designing
our specific HubGT algorithms. In particular, we embrace the decoupling principle
in consideration of scalability, separating the GT workflow into precomputation and
training phases, as shown in Figure 5.5. Since graph labels are deterministic, they can be

computed in an individual indexing stage beforehand. The training stage, on the other
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hand, focuses on variable operations, including querying neighboring nodes and SPD, to

learn model weights through repetitive epochs.

As analyzed in Table 2.5, GT training usually dominates the learning overhead and
determines the deployment budget in practice. From the aspect of graph computation, a
training epoch sends queries from every nodes in the graph. In comparison, the index
is computed only once and used throughout training. Therefore, our primary design
objective is to minimize the repetitive overhead of querying nodes and distances during
training. The secondary goal is to achieve a reasonable time and space overhead for
indexing. To achieve this, we propose our novel HubGT indexing and corresponding
querying algorithms encompassing three levels of hierarchies, which are respectively

introduced as follows.

Hierarchy-1: Local hub labeling. Examining the problem definition in Section 5.3.2,
we observe that, unlike the conventional SPD query on an arbitrary node pair in the graph,
the query for b(u, v) in HubGT always orients an intermediary node r. In other words,
u, v are 2-hop neighbors in the label graph G disregarding edge directions. To leverage
this relevance, we broaden the derivation of 2-hop labeling in [249], that the distance

candidate orienting b, (u, v) can be acquired by utilizing the connectivity with r:
bﬁl)(u, v) =b(u,r)+b(r,0) — 6 (u,0), (5.2)

where §,(u,v) = 2,1, or 0 depending on the relative position between (u,r) and (o, r)
in G. Denote Mi(v) = {w € N(r) | b(r,0) — b(w,v) = i}, i = —1,0, or 1, where
N(r) = {w | (w,r) € E} is the neighborhood orienting r in G. The node sets M’ (v) of
different integers i effectively characterize the relative position of the node of interest v
with respect to the intermediary node r. When M/ (u) " M (v) # @, there is 6, (u,v) = 2;
when M?(u) N M!(v) # @ or M!(u) N M%(v) # @, there is §,(u,0) = 1; otherwise
6 (u,v) = 0.

We develop Algorithm 5.1 as the first level of hierarchy (H-1) based on PLL and Eq. (5.2).
During the pruned BFS, we record the neighbor sets M/ (v) and M?(v) for nodes added
to labels £ (u) along with their indices and distances. Additionally, we also maintain
an inverse label set £ (v) such that u € £’(v) if and only if v € L (u). Therefore, each
element in labels £(v) or £’(v) is a quadruple (u, b(u, v), M} (u), MO (u)).

Regarding computational overhead, Eq. (5.2) can be boosted by the bit-parallel computa-
tion similar to [249]: noting that all M’ (v) can be stored bit-wise in a 32- or 64-length
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word for each node o, the distance calculation and set intersection in Eq. (5.2) can
be performed as bit-parallel operations, efficiently handling all neighbors in one word.
Hence, constructing the H-1 index shares the same overhead with PLL, while offering

the extended distance information based on local computation orienting hubs.

In specific, we also explicitly impose a maximum capacity s for each node label £(v) in
Algorithm 5.1. This is because at most s neighbors are required to form the batch in our
problem. Notably, the algorithm is agnostic to the search order. In this work, we follow
[238] to adopt the descending order of node degrees as it can be efficiently acquired and
offers decent performance. While other orders such as betweenness centrality are adopted

for labeling [251, 252], they nonetheless incur additional computational overhead.

ALGORITHM 5.1: H-1 Indexing

Input: Graph G = (V, &), Max neighbor size s
Output: H-1 Labels £, L’

1 Sort V based on degree d(v)
L) « 2, L (v) — @forallo €V
3forr=1tondo

(]

4 (q(v), M} (v), M°(0)) « (o0, @, @) forall v € V

5 (q(v), M (v), M%(0)) « (1,{0},®) forallv € N (r)
6 Queue Q «— {(r.0)}, (q(r), M}(r), M(r)) < (0,2,)
7 while Q # @ do

8 Q «—2 Q0o

9 Pop the first element (o, b(v,r)) from Q

10 Get b9 (v, r) from Eq. (5.3) with existing labels
11 if b(v,r) < b (v,r) and | L(v)| < s then

12 L(v) « L(v) U (r,b(v, 1))

13 L'(r) « L' (r)U (v,b(v,1))

14 for all u € N(v) such that u > r do

15 if g(u) > q(v) then

16 Push (u, b(v,7) + 1) to the end of Q
17 Q' — Q' U{(1,0)}, q(u) « q(v) +1
18 else if g(u) = q(v) then

19 B Q"= QU {(u0)}

20 for all (1,0) € Q° do

21  MO(u) — MO(u) U ML (o)

2 for all (u,0) € Q' do

23 L ML) — M () u ML ()

24 MO (u) — MO(u) U M2(0)

25 return L(v), L' (v) forallv € V
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Hierarchy-2: Global hub labeling. H-1 index presents the idea of utilizing the relative
position orienting a given hub r to compute distances of 2-hop pairs present in the query.
It can be further extended to some global hubs by indexing their labels as another level of
hierarchy (H-2), which corresponds to the bit-parallel BES in [249]. More specifically, we
select a small set of nodes with low indices and perform BFS without pruning following
Algorithm 5.1. For each global node t, the label (b(v, t), /\/It1 (v), M?(v)) is computed
and stored for all v € V. Then, the distance of an arbitrary node pair bt(z) (u,v) can be

similarly computed by Eq. (5.2) orienting ¢.

In our implementation, the H-2 construction is performed prior to H-1 and H-2, offering
an additional condition for BFS pruning and cache saving. As demonstrated in [249],
the global index design is advantageous in reducing the overall label size and facilitat-
ing a faster indexing time. It also benefits from bit-parallel processing and fast SPD

computation similar to H-1.

Hierarchy-0: 2-hop pair caching. Although the H-1 query Eq. (5.2) produces the
shortest distance b(u, v) when bfl)(u, v) < b(u,v) + 6,(u,v), it is possible that the actual
shortest path #(u, v) does not pass through r or its neighbors. In this case, the query falls

back to the classic node labeling scheme:

b (u,0) = o min (b w) +b(w.0)}, (5.3)

where labels £ are computed by Algorithm 5.1. Note that b(v,v) = 0.

We regard the 2-hop labeling scheme as the fundamental hierarchy (H-0) as it guarantees
answer to any queries. However, calculation by Eq. (5.3) results in a complexity of
O(|L(w)| + |L(v)|) = O(s), which is still not satisfying under the repetitive querying
scenario in GT training. To further improve query speed, we choose to cache the
frequently queried 2-hop shortest distances b(u,v) and index them by the end node as
I,[u] for u < v. By employing a suitable data structure such as a hash map for each v,
checking the existence and acquiring J,[u] for a given node pair can be completed in
O(1).

The precomputation for building the H-0 index is in Algorithm 5.2. Examining Theo-
rems 5.2 and 5.3, it can be inferred that the intermediary node presents on the shortest
path r € P(u,v) if and only if r € L(u) N L(v). We hence equivalently rearrange the

traversal order of 2-hop pairs u € L'(r), r € L(v) for all possible presence of shortest
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paths, where £, £’ are produced by Algorithm 5.1. The search and 7, construction for

each node v can be performed in parallel since they are mutually independent.

In Algorithm 5.2, we utilize two structures IU(O) and Iv(l) to respectively record the
distances acquired by Eq. (5.3) and Eq. (5.2), and save the distance to index Z, only if
there exists a node r that cannot calculate the shortest distance using the H-1 index. In
this way, we effectively constrain the H-0 index size, and ensure that it only caches the

cases where H-1 may not produce the shortest distance.

5.3.4 HubGT Querying

After building the index H-2, H-1, and H-0 successively, querying label graph neighbors
S(r) and their distances as in Section 5.3.2 can be achieved solely on the £, £/, I without
resorting to the graph structure. In Algorithm 5.3, we showcase the sampling procedure
given an ego node r and respective sample sizes s,,; and s;, for out- and in-connections
stored in L(r) and L’(r), respectively. The node-pair distance inside S(r) is presented

as a symmetric matrix B,, and its entry value B, [u,v]| = B,[v,u] = b(u,v).

The distance query on (u, v) consecutively accesses H-0, H-1, and H-2 indices in Algo-
rithm 5.3. If the H-0 distance 7, [u] exists, it indicates the shortest distance according
to Algorithm 5.2. Otherwise, the distance is either achieved by the local or global hub

labeling following Eq. (5.2) orienting a particular intermediary node r or t. Notably,

ALGORITHM 5.2: H-0 Indexing

Input: Graph labels £, L’
Output: H-0 Index 1
1 foro=1tondo > [in parallel]
IU(O) [u] « oo, Iv(l) [u] « —coforallu € V
for all r € L(v) do
for all u € £’ (r) such that u < v do
Get bﬁl) (v,u) from Eq. (5.2)
it b1V (v,u) > 7V [u] then I,V [u] — b'" (0,u)
b (v,u) — b(v,r) + b(r,u)
B it 5©(v,u) < 7.9[u] then 7% [u] — b© (v, u)
for all u € V such that 7% [u] # oo do
it 7.9 [u] < 7'V [u] and |Z,| < s* then
o L~ 59

o XN N R W

[
=

12 return 7, for allv € V
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queries regarding the ego node S(r) can be performed by only accessing the index of r

without referring to others, which offers better memory locality and runtime efficiency.

Complexity Analysis. We respectively investigate the time and memory complexity of
each indexing and querying stages. For H-1 and H-2 indexing, the algorithm completes
the traversal of all nodes in O(ns + ms) time, considering the label size | L(v)| < s. The
total index size is therefore bounded by O(ns). For H-0 labeling in Algorithm 5.2, the
computational overhead is O(nss’), where s’ is the average size of £’. Empirically, we
enforce the index size to be less than s? for every 7,. In summary, the time and memory
complexities for the three-level indexing are O(ns” + ms) and O(ns?), respectively. We
particularly highlight that the empirical label sizes observed in experiments for both H-0
and H-1 are substantially smaller than the theoretical bound, thanks to the hierarchy that

effectively reduces redundant information.

Querying one node pair distance by Algorithm 5.3 can be achieved in O(1) time when
bit parallel and accessing hash map are both O(1) operations. By selecting sample sizes
such that s = s;, + sou: + 1, the subgraph size for each query node is |S(r)| = s. In
consequence, querying every node as r € ‘V in each training iteration, with each query
node possessing at most s? pair-wise distance computations, entails O(ns?) overhead.
Compared to the conventional full-graph SPD query under O(n®) complexity, this is a

significant improvement benefiting model scalability.

ALGORITHM 5.3: Query for node r

Input: Index £, £, I, Sample sizes sy, Sout

Qutput: Sampled subgraph nodes S(r) and SPD matrix B,
1 8(r) < {r}

Sample s,,; nodes from L(r) into S(r)

3 Sample s;;, nodes from L’ (r) into S(r)

4 for all (u,v) such that u € S(r),v € S(r),u < v do

5 if 7,[u] exists then

6 | b(uo) « Llul

7

8

9

[S)

else
Get bfl)(u, v) from Eq. (5.2)
Get b'?) (u,0) from Eq. (5.2) for all global t
10 b(u,0) — min{b" (u,v), b'* (u,0)}
11 B.[u,v] <« b(u,v), B;[v,u] < b(u,0)
12 return S(r) and B,
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FIGURE 5.5: HubGT framework with precomputation and training stages. The pre-
computation stage processes the input graph and constructs the label index. During
training, subgraph nodes and SPDs are queried from the index and applied as different
Transformer inputs. Querying on CPU and training on GPU are pipelined and conducted
simultaneously.

Comparison with Traditional Hub Labeling. We highlight that HubGT and canonical
hub labeling address distinct query scenarios and design goals, leading to different
performance of index construction and SPD querying. In HubGT, we prioritize querying
with O(1) overhead and local label access, in order to prevent the excessive queries from
blocking GT training. To this end, we adopt the H-0 cache with additional precomputation
and index size for fast distance access, while leveraging the neighboring property on
label graph to construct H-1 index. Contrarily, classic hierarchical labeling approaches
[249, 252] are designed for arbitrary node-pair queries, which is not applicable to the

intermediary node technique in our H-1 local labeling, and entails O(s) query time.

5.4 HubGT Model Design

To efficiently exploit the label graph in HubGT, in this section, we elaborate our end-
to-end design representing graph hierarchy as both graph embeddings and positional

encoding in GT learning. Figure 5.5 illustrates the overview of the HubGT pipeline.

5.4.1 Subgraph for Node Embeddings

In mini-batch GT training, both graph embeddings and positional encoding are essential
to represent graph information for model learning. Each embedding is also known as a

token, which is the minimum unit for model representation. Alternatively, the encoding
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P is used in attention layers in Eq. (2.9) for depicting pair-wise relationship within the
subgraph. Leveraging the label graph hierarchy in HubGT benefits both of these two
inputs: (1) The labels provide expressive graph information for generating embeddings,
encompassing both local neighbors and global hubs. (2) Node-pair SPD can be efficiently
calculated, which is then used as positional encoding for evaluating relevance between

nodes.

To generate embeddings of a node v in HubGT, we leverage the subgraph hierarchy in
the label graph, i.e., neighboring nodes in labels £(v) and £’ (v). Considering that the
neighborhood size is variable, we convert it into a fixed-length token S(v) by sampling
to align the GT architecture. When S(v) contains neighbors from £(v) and £L'(v), as
well as the ego node o itself, its length is s = s;; + s, + 1, which justifies the problem
definition in Section 5.3.2. The node embedding is generated by concatenating the raw

attributes X[u] of subgraph nodes u € S(v), denoted as X[S(v)].

The relative values of hyperparameters s;, and s,,; can be used to balance the ratio
between in-neighbors and out-neighbors in G, which correspond to local long-tailed
nodes and distant landmark nodes in G, respectively. Compared to canonical GT tokens
that represent the graph node in the context of the full graph, HubGT only relies on a
small but informative subgraph of fixed size s. When the graph scales up, HubGT enjoys

better scalability as its token size does not increase with the graph size.

Global Hubs. Section 5.3.3 signifies a set of global nodes used for H-2 labeling. For
generating node embeddings, we further leverage these nodes as global hubs, that we
consider these hubs connected to every nodes v € V and can be similarly sampled during
token generation. In HubGT training, we set their attributes to be learnable along with
model weights. This scheme actually generalizes the virtual node utilized in [89] to a set
of hubs. The learnable embeddings are able to aggregate information from connected
nodes throughout learning, which eventually offers a representation of the graph in a

higher level of hierarchy, and benefits GT for retrieving graph-level information.

5.4.2 Distance for Positional Encoding

For positional encoding, we specifically choose to use SPD, which depicts relative node
position in the graph by pair-wise distances. In the context of mini-batch GT training,

SPD is advantageous in providing dense representation for every node pairs regardless
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of their position in the graph, and can be efficiently acquired without auxiliary memory
overhead. In comparison, graph proximity and Laplacian encoding commonly used for
mini-batch GTs only possess meaningful values for local nodes within a limited hops,
and are usually too sparse in an RS batch with most entries as zeros, which limits its

expressivity in depicting global relationships.

Despite the strength of SPD encoding, it has not been employed for large-scale GTs due
to the impractical O(n’) overhead in naive calculation. Thanks to the efficient graph
labeling of HubGT, we are able to efficiently acquire SPD inside subgraphs by performing
queries on the index. For each node r, Algorithm 5.3 calculates the distances B, of all
node pairs inside the token S(r) under O(s?) complexity. A learnable embedding scheme
fs : N — R achieved by a linear layer is then employed to map the distance of each entry
in B, to the attention bias P used in Eq. (2.9), that P[u,v] = fz(B,[u,v]).

In implementation, querying a batch of ego nodes by Algorithm 5.3 can be conducted
in parallel. The SPD query on the CPU can be pipelined with GT training on the GPU,
so that training with the current batch of embeddings and encoding can be performed
simultaneously with fetching and loading the data of the next batch. Thanks to the fast
query design, the HubGT workflow ensures that accessing the index does not block the
computation-intensive GT training, allowing seamless training that can potentially be

enhanced by further acceleration techniques developed for the Transformer architecture.

5.4.3 Overall Architecture

HubGT adapts the scalable GT architecture [89, 173] incorporating subgraph precompu-
tation and mini-batch training. The token features of each node v are learned from the
subgraph embeddings as H[v] = MLPx(X[S(v)]), where MLPy : R0 — R*F with
hidden dimension F. Then, L Transformer layers characterized by Egs. (2.8) and (2.9) are
applied to predict the node representation H[v] with positional encoding P. Lastly, we
introduce a readout block to calculate attention within the token S(v) to aggregate the

output of each ego node:

Z[v] :MLPZ(H(L)[U]+ Z auH(L)[u]),
ueS(v)

(5.4)

exp ((HV[o] | H® [u])We )

Yues(w) exp (HE [o] [ HE [u])Wg)

where o, =
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and MLPy is the output classifier.

Data Batching and Transferring. Remarkably, HubGT inputs of embedding and encod-
ing can be manipulated in-place on X and B,, and no graph-scale computation is required
during learning iterations. Therefore, mini-batch training can be easily implemented by
randomly sampling batches of ego nodes, and only strides of X and batches of B, are
loaded onto GPUs.

Complexity Analysis. During model training, one epoch of L-layer feature transforma-
tion on all nodes entails O(LnF) complexity, while positional encoding is performed
under O(ns?). The RAM footprint is O(ns?) and O(nsF) for sampled tokens and features,
respectively. For mini-batch training with batch size n;, the VRAM overhead on GPU for
a batch of node representations and bias matrices is O(Ln,F) and nys?, respectively. It
can be observed that the GPU memory footprint is determined only by batch size and is

independent of the graph scale, ensuring favorable scalability.

5.5 Experimental Evaluation

We comprehensively evaluate the performance of HubGT with a wide range of datasets
and baselines. In Section 5.5.2, we highlight the model efficiency throughout learning
phases as well as its effectiveness under both homophily and heterophily. Section 5.5.4

provides in-depth insights into the HubGT design in exploiting graph hierarchy.

5.5.1 Experimental Settings

Tasks and Datasets. We focus on the node classification task on 14 benchmark datasets
covering both homophily [254, 255, 43] and heterophily [136, 235]. Compared to
conventional graph learning tasks used in GT studies, this task requires learning on large
single graphs, which is suitable for assessing model scalability. Evaluation is conducted
on a server with 32 Intel Xeon CPUs (2.4GHz), an Nvidia A30 GPU (24GB memory),
and 512GB RAM.

Table 5.1 displays the scales and heterophily status of graph datasets utilized in our work.

Undirected edges twice in the table. We follow common data processing and evaluation
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protocols. CHAMELEON and SQUIRREL are the filtered version from [235], while OGBN-MAG
is the homogeneous variant. We employ 60/20/20 random data splitting percentages
for training, validation, and testing sets, respectively, except for REDDIT and OGBN-MAG,

where the original split is used.

Baselines. Since the scope of this work lies in the efficacy and efficiency enhancement
of the GT architecture, we primarily compare against leading scalable Graph Trans-
former models with attention-based layers and mini-batch capability. Methods including
DIFFormer [182] and PolyNormer [183] are considered as kernel-based approaches.
NAGphormer [184], GOAT [186], HSGT [187], and ANS-GT [173] stand for hierarchi-
cal GTs. An state-of-the-art message-passing GNN SGFormer [256] is also included for
comparison.

TABLE 5.1: Statistics of graph datasets. f and N, are the numbers of input attributes
and label classes, respectively. “Train” is the portion of training set w.r.t. labeled nodes.

Heterophily Dataset ‘ Nodes n Edges m F N, Train
CHAMELEON 890 17,708 2325 5 60%

SQUIRREL 2,223 93,996 2089 5 60%

TOLOKERS 11,758 1,038,000 10 2 60%

Homophily PENN94 41,554 2,724,458 4814 2 60%
GENIUS 421,961 1,845,736 12 2 60%

TWITCH-GAMER 168,114 13,595,114 7 2 60%

POKEC 1,632,803 30,622,564 65 2 60%

CORA 2,708 10,556 1433 7  60%

CITESEER 3,279 9,104 3703 6 60%

PUBMED 19,717 88, 648 500 3 60%

Heterophily PHYSICS 34,493 495,924 8415 5 60%
OGBN-ARXIV 169, 343 2,315,598 128 40 54%

REDDIT 232,965 114,615,892 602 41 60%

OGBN-MAG 736,389 10,792,672 128 349 85%

Hyperparameters. Parameters regarding the precomputation stage for graph structures
are discussed in Section 5.5.4. For subgraph sampling, we perform parameter search for

relative ratio of in/out neighbors represented by s,,; in rage [0, 48].

For network architectural hyperparameters, we use L = 4 Transformer layers with Ny = 8
heads and F = 128 hidden dimension for our HubGT model across all experiments. The
dropout rates for inputs (features and bias) and intermediate representation are 0.1 and

0.5, respectively. The AdamW optimizer is used with a learning rate of 10~*. The model
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is trained with 300 epochs with early stopping. Since baseline GTs employ different
batching strategies, it is difficult to unify the batch size across all models. We set the
batch size to the largest value in the available range without incurring out of memory
exception on our 24GB GPU, intending for a fair efficiency evaluation considering both

learning speed and space.

Evaluation Metrics. We use Receiver Operating Characteristic Area Under the Curve
(ROC AUC) as the efficacy metric on TOLOKERS and classification accuracy on the
other datasets, following [235]. For a binary classification, AUC can be computed by
AUC = W Yore, 2o-e. 1(Z[0*] > Z[v™]), where o* and v~ are the positive and

negative predictions, respectively.

For efficiency evaluation, we notice that there is limited consensus due to the great variety
in GT training schemes. Therefore, we attempt to employ a comprehensive evaluation
considering processing times of different learning phases for a fair comparison. Model
speed is represented by the average training time per epoch and the inference time on the
testing set. For models with graph precomputation, the time for this process is separately

recorded.

5.5.2 Performance Comparison

Tables 5.2 and 5.3 presents the efficacy and efficiency evaluation results on 8 large-scale
graphs and 6 smaller graphs, respectively. As an overview, HubGT demonstrates fast
computation speed and favorable mini-batch scalability throughout the learning process
and is applicable to million-scale graphs. It also achieves top-tier accuracy on 11 out of
14 datasets.

Time Efficiency. Benefiting from the decoupled architecture, HubGT is powerful in
achieving competitive learning and inference speeds with existing efficiency-oriented
GTs. It consistently showcases the fastest inference, since Section 5.4.3 elaborates that
label querying can be pipelined in asynchronous execution, and the process is as simple

as Transformer operations without the interference of graph computation.

In comparison to other hierarchical GTs, HubGT excels with the fastest training and
overall learning time. Specifically, its precomputation is 250-1000x faster than ANS-GT,

which is also relatively fast in model training and inference. Aligned with our complexity
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TABLE 5.2: Effectiveness and efficiency results on large-scale graph datasets. “Pre.” , “Epoch”, and
“Infer” are precomputation, training epoch, and inference time (in seconds), respectively. “OOM”
implies that the model encounters the out-of-memory error. “TLE” means the learning process
exceeds the time limit of 24 hours before convergence. Respective results of the first and second
best performances are marked in bold and underlined fonts.

Homophilous PHYSICS OGBN-ARXIV REDDIT OGBN-MAG
Metrics Pre. Epoch Infer Acc Pre. Epoch Infer Acc Pre. Epoch Infer Acc Pre. Epoch Infer Acc
DIFFormer* - 1.7 3.8 96.10z0.11| - 0.89 4.1 55904823 - 2.4 21 94.96:037] - 1.7 9.7 31.13z048
PolyNormer* - 076 2.4 96.59:0.16| - 0.83 11 73.24:013| - 5.3 246 96.64:007] - 20 99232.420.15
SGFormer* - 0.52 2.6 96.33z029] - 0.82 1.9 72.552028) - 2.2 21 95.63z029| - 1.7 5.1 33.47x061
NAGphormer | 33 84 2.4 96.52:024| 18 4.4 2.2 67.85:017| 280 3.2 2.1 95.77=0.08| 89 10.3 2.2 33.23x0.06

ANS-GT |2203 63 35 96.31:028/16205109 2.7 71.06=0.48 (OOM) (OOM)

GOAT 45 14 12 96.24:0.15| 1823 48 61 69.66:073| 628 141 104 (TLE) (2673116 102 (TLE)
HSGT* 12 41 62 96.05:050 16 475 142 68.30:032| 614 453 482 (TLE) | 182 582 629 (TLE)
HubGT (ours)| 2.0 2.9 0.3196.38z025] 30 9.3 1.3 69.172033| 192 21 1.6 94.39:006| 523 62 1.2 33.74+0.24

Heterophilous PENN94 GENIUS TWITCH-GAMER POKEC
Metrics Pre. Epoch Infer Acc Pre. Epoch Infer Acc Pre. Epoch Infer Acc Pre. Epoch Infer Acc
DIFFormer* - 0.530.6561.77+341] - 0.77 5.5 84.52+036| - 0.61 5.1 60.812044| - 4.6 15 73.89:035
PolyNormer* - 0.58 18.479.87+006| - 0.77 28 85.64:052| - 1.45 89 64.72:065| - 4.2 67 81.03z0.08
SGFormer* - 0.950.5577.52+056| - 0.72 2.4 85.01x025| - 0.38 3.3 65.93z015] - 4.4 29 73.13z0.16
NAGphormer | 237 6.1 2.1 74.45:060, 38 5.4 1.0 83.88:0.13) 16 1.9 2.4 61.92:0.19) 70 16.1 3.1 73.06=0.05
ANS-GT |3889 42 4.9 67.76+1.32/34092 37 5.0 67.76+132/12924 19 6.7 61.55:045 (OOM)
GOAT 1332 33 18 71.42:044| 2664 28 39 80.12+2.32| 3348 37 63 61.38:0833855760 804 (TLE)
HSGT* 12 115 110 67.77+027 21 98 114 84.03:024| 68 235 253 61.600.09| 551 1420 1557 (TLE)
HubGT (ours)| 7.3 3.4 0.29 78.13<043| 125 23 2.5 89.68:048) 49 12 1.2 67.03:2.17(5422 99 13 Mﬁﬂ/ﬂ

* Inference of these models is performed on the CPU in a full-batch manner due to their requirement of the whole graph.

TABLE 5.3:

Effectiveness and efficiency results on small-scale datasets.

Homophilous

CORA

Pre. Epoch Infer Mem.

Acc Pre.

CITESEER

Epoch Infer Mem.

Acc

Pre. Epoch Infer Mem.

PUBMED
Acc

DIFFormer*
PolyNormer*
NAGphormer

ANS-GT
GOAT
HSGT*

HubGT (ours)

0.13
0.65
0.06
1.12
0.93
2.33
0.02

1.2
1.4
0.5
2.0
25
0.5
25

0.11
0.11
0.68 0.01
43 2.0
10.1 0.25
0.1 1.81
0.42 0.20

83.37x0.50
80.43+1.55
76.96+0.73
85.42+0.52
78.26+0.17
81.73+1.95
85.58:0.18

1.26

11.1
0.06
0.43

0.07 0.07 1.7 74.65:0.67
0.21 0.86 1.6 68.70:0.95
0.01 0.38 0.5 62.26:2.10
59.9 11.65 4.25 11.9 73.58+0.98
0.31 1.04 2.1 64.69+0.43
0.87 1.23 0.9 69.72:1.02
0.24 0.02 2.0

529

7547222

0.37 0.35
0.86 6.07
3.05 0.01 0.04

57.4 0.34 1.61
5.0 3.89 4.44
2.6 147 0.16

2.7
2.5
0.5
1.9
53
24
1.7

75.77+0.40
75.80+0.46
78.46+1.01
89.53+0.51
77.76=0.97
88.86:0.46
89.80:0.48

14 3.52

Heterophilous

CHAMELEON

Pre. Epoch Infer Mem.

Acc Pre.

SQUIRREL

Epoch Infer Mem.

Acc

TOLOKERS

Pre. Epoch Infer Mem. ROCAUC

DIFFormer*
PolyNormer*
NAGphormer

ANS-GT
GOAT
HSGT*

HubGT (ours)

0.09
0.03
0.27 0.03
11.2 1.98

0.38 0.50
0.17 1.1
0.03 0.5
0.78 2.8
1.99 0.34 0.44 04
0.01 0.34 0.73 0.3
0.04 0.08 0.007 1.6

37.83+4.54
40.70+3.38
33.18+4.30
41.19:0.69
35.02+1.15
32.28+2.43
43.63:234

0.05
0.07
0.08
4.48
6.66 0.37
0.01 0.42
0.24 0.18

0.85
28.1

0.05
0.49
0.08
1.95
0.58
0.74
0.01

0.7
1.2
0.5
6.6
0.6
0.4
2.6

35.73+1.37
38.40=1.10
32.02+3.93
37.15+1.10
30.78=0.1
34.324051
37.16+0.57

0.16 85.8 0.88 74.88+0.59
1.27 15.5 9.4 79.39:050
1.59 0.11 0.02 0.5 79.32+0.39
716 2.37 3.42 10.7 79.31x0.97
36.1 5.49 5.87 5.0 79.46:057
2.62 7.76 8.12 17.4 79.24+083
1.4 0.99 0.02 2.2 79.86:047

* Inference of these models is performed on the CPU in a full-batch manner due to their requirement of the whole graph.
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analysis in Table 2.5, the overhead of HubGT indexing is mainly relevant to the node
size n and is less affected by m and F compared to precomputation in other methods,
which ensures its efficiency on denser graphs such as REDDIT and PENN94. Baselines
models employing graph-altered learning schemes including DIFFormer, PolyNormer,
and SGFormer are empirically fast in training due to the simplified model architecture.
However, it is noticeable that their inference rely on the full-graph structure and can be
only performed on CPU without GPU computation, resulting in slower and less scalable

performance.

We additionally note that while some baselines claim to be applicable to million-scale
graphs, they exhibit excessive training time in our settings and fail to produce convergent
results in one day. Hence, we only record the efficiency evaluations in Table 5.2. In
particular, ANS-GT demands a high memory footprint for storing and adjusting its

subgraphs, which exceeds the memory limit of our platform for the largest graphs.

Memory Footprint. In modern computing platforms, GPU memory is usually highly
constrained and becomes the scalability bottleneck for the resource-intensive graph
learning. HubGT exhibits efficient utilization of GPU for training with larger batch
sizes while avoiding the out-of-memory issue. In comparison, drawbacks in several
model designs prevent them from efficiently performing GPU computation, which stems
from the adoption of graph operations. Notably, kernel-based models require full graph
message-passing in their inference stage, which is largely prohibitive on GPUs and can
only be conducted on CPUs. HSGT faces the similar issue caused by its graph coarsening
module. We note that these solutions are less scalable and hinder the GPU utilization

during training.

Prediction Efficacy. HubGT successfully achieves top or comparable accuracy on evalu-
ated datasets in Table 5.2 and Table 5.3, with significant accuracy improvement on several
graphs such as CHAMELEON and TWITCH-GAMER. We attribute the performance gain to
the application of the label graph hierarchy and SPD positional encoding in HubGT,
which offers global information and effectively addresses the heterophily issue of certain
graphs as analyzed in Section 5.3.2. The label sampling scheme also facilitates learning
on hierarchy throughout queries under a controlled overhead. Since the label graph also
preserves edges in the raw graph, the performance of HubGT is usually not lower than

learning on the latter.
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In comparison, baseline methods without hierarchical graph designs, including DIF-
Former, NAGphormer, and HSGT, perform relatively worse especially under heterophily.
This is because their models tend to rely on the raw adjacency or even promote it with
higher modularity. As a consequence, node connections retrieved by GT attention modules
are restrained in the local neighborhood and hardly produce accurate classifications. On
the other hand, while PolyNormer achieves remarkable accuracy on several graphs thanks
to its strong expressivity, its performance is largely suboptimal on small homophilous

graphs as we further evaluated in Table 5.3.

5.5.3 Ablation Study

Table 5.4 examines the respective effectiveness of the hierarchical modules in the HubGT
network architecture, where we separately present results on homophilous and het-
erophilous datasets. It can be observed that the model without SPD bias suffers the
greatest accuracy drop, since topological information represented by positional encod-
ing is necessary for GTs to retrieve the relative connection between nodes and gain

performance improvement over learning plain node-level features.

In HubGT, the learnable global hub representation is invoked to provide adaptive graph-
level context before Transformer layers, while the attention-based node-wise readout
module aims to distinguish nodes inside subgraphs and aggregate useful representation
after encoder transformation. As shown in Table 5.4, both modules achieve relatively
higher accuracy improvements on the heterophilous graph CHAMELEON, which validates
that the proposed designs are particularly suitable for addressing the heterophily issue by

recognizing hierarchical information.

TABLE 5.4: Ablation study of HubGT model components. The first line shows the
accuracy of the complete HubGT architecture. Each subsequent line indicates the
performance difference when the specified module is removed.

Dataset CITESEER A CHAMELEON A
HubGT 75.47 - 43.63 —
w/o Node Readout 72.21 -3.26 38.76 -4.87
w/o Global Hubs 71.15 -4.32 37.08 -6.55

w/o SPD Bias 68.55 -6.92 36.52 -7.11
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FIGURE 5.6: Effect of sample sizes on different datasets.

5.5.4 Effect of Hyperparameters

Sample Size. We then study the effectiveness of the label graph hierarchy in HubGT
featuring the subgraph generation process in Figure 5.6, which displays the impact of
sample sizes s and s,,; corresponding to Algorithm 5.3. Regarding the total subgraph
size s, it can be observed that a reasonably large s is essential for effectively representing
graph labels and achieving stable accuracy. In the main experiments, we uniformly
adopt a constant s = 48 token size across all datasets, as it is large enough to cover the
neighborhood of most nodes while maintaining computational efficiency. As a reference,
the actual average H-1 index sizes of | L (v) + £’ (v)| among all nodes are 40.6 on PHYSICS
and 47.7 on PENN94, while the average H-0 sizes |7 (v)| are 230.9 and 440.1, respectively.
Both are significantly smaller than the theoretical bounds of 2s and s?, which validates

the efficiency of our three-level hierarchical labeling.

Within the fixed token length, the relative size of s,,; indicates the preference of hubs with
lower node indices. Comparing Figures 5.6(a) and 5.6(b) of varying s,,; under s = 48,
it can be observed that the accuracy tends to increase on the homophilous CITESEER.
On the opposite, the performance on CHAMELEON decreases when introducing more out
labels under heterophily, showing that our Algorithm 5.3 sampling design is effective in

retrieving distinct graph information by adjusting the hyperparameters of s,,; and s;,.

Clustering Effect of Labeling. An exemplary illustration of 4 small graphs is displayed
in Figure 5.7. The original CHAMELEON graph is heterophilous, i.e., connected nodes
frequently belong to distinct classes. In Figure 5.7(e), different classes are mixed in
graph clusters, which pose a challenge for GTs to perform classification based on edge
connections. In contrast, nodes in the graph marked by graph labels in Figure 5.7(f)

clearly form multiple densely connected clusters, exhibiting a distinct hierarchy. Certain
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classes can be intuitively identified from the hierarchy, which empirically demonstrates

the effectiveness of our utilization of graph labeling.

(a) CORA Raw Graph (c) CITESEER Raw Graph (d) CITESEER Label Graph

A
F.

(e) CHAM. Raw Graph (f) cHAM. Label Graph (g) SQUIRREL Raw Graph (h) SQUIRREL Label Graph

FIGURE 5.7: Visualization of the hierarchy of original and label graphs on realistic
datasets. Color of each node denotes its class.

5.6 Summary and Discussion

In this work, we present HubGT, a novel PE calculation featuring the decoupled graph
hierarchy through hub labeling. Our analysis reveals that the label graph exhibits an
informative hierarchy and enhances GT attention learning on the interaction between
nodes. Regarding efficiency, construction and distance query of the label graph can be
accomplished with linear complexity and are decoupled from iterative model training.
Hence, the model benefits from scalability in computation speed and mini-batch training.
Empirical evaluation showcases the superiority of HubGT, including efficacy under both
homophily and heterophily, as well as efficient computation especially for inference on

large-scale graphs of up to millions of nodes.

Since this study focuses on the efficiency and effectiveness of PE calculation for GTs
on large graphs, we employ the classic Transformer architecture as introduced in Sec-
tion 5.4.3 because of its generality. However, the model architecture can be further

improved by advanced techniques, such as linear attention, for better speed and accuracy
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performance. The experimental evaluation, particularly the efficiency performance, may

be enhanced as well.






Chapter 6

Walk-based Representation for
Dynamic Subgraph Graph Neural
Network

6.1 Introduction

Subgraph GNN has recently garnered substantial attention for effectively understanding
graph-structured data in modeling entities and their relationships, especially for compli-
cated and large-scale graphs in real-world applications, such as recommender systems
[188, 257], anomaly detection [195, 258] and network modeling [204, 259]. In many use
cases, subgraph GNN aims to utilize neural networks to retrieve information from the
graph structure and map it into low-dimensional representations, which is then used to
generate predictions for downstream tasks such as node classification and link prediction

[260].

From the perspective of subgraph GNN system, its learning process exhibits a joint
utilization of CPU and GPU devices as shown in Figure 6.1. Typically, CPU is utilized to
compute the subgraph extraction and feature generation. Afterwards, the feature data is
learned by a neural network on the GPU in batches. However, most existing subgraph

GNN approaches are tailored for static graphs and overlook the dynamic perspective. In

This work is published as: [5] Zihao Yu*, Ningyi Liao*, Sigiang Luo. “GENTI: GPU-powered Walk-
based Subgraph Extraction for Scalable Representation Learning on Dynamic Graphs”. In Proceedings of
the VLDB Endowment (VLDB), vol. 17, no. 9, pp. 2269-2278, 2024. DOI: 10.14778/3665844.3665856.
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FIGURE 6.1: Experimental comparison on execution time of our GENTI pipeline against
SGRL methods CAW and NeurTWs. Each stage is either on the CPU or GPU device.
GENTI divides the subgraph extraction bottleneck into asynchronous CPU neighbor
sampling and GPU subgraph gathering to facilitate balanced and concurrent workloads.
Graph update procedures are not shown in CAW and NeurTWs as they are preprocessed
in an extra stage.

realistic scenarios such as financial transactions and recommender systems [261, 257],
graphs are actively evolving with frequent updates such as the establishment of new
connections. With the aim of transferring to dynamic graphs, recent subgraph GNN
models [204, 205] propose to utilize temporal variants of subgraph processing techniques

and achieve promising accuracy in the link prediction task.

Despite their prominent algorithmic solutions, the dynamic subgraph GNN scheme calls
for dedicated system designs with unique challenges: the subgraph data in extraction
requires streaming updates under the evolving graph structure, entailing a significant
computation and communication cost [262, 261]. As subgraph extraction is prerequi-
site for feature learning, it becomes the workload bottleneck between CPU and GPU
devices. Correspondingly, graph data structure needs to be specifically redesigned for
enhanced efficiency when undergoing dynamic amendments and subgraph sampling oper-
ations. These system-level issues pose practical difficulties when applying the advanced

algorithms to real-world scenarios, especially when computational resources are limited.

Figure 6.1 illustrates the time consumption of the three-stage pipeline of representative
dynamic SGRL methods CAW [204] and NeurTWs [205] in our experiment. It can be
observed that subgraph extraction and feature generation executed on CPU constitute

the majority of subgraph GNN overhead, and further delays GPU computation. The
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sequential execution also results in low CPU and GPU device utilization. Additionally,
in our evaluation, both current methods are prohibitive on the largest available dynamic

graph MAG with 1.3 billion edges, demanding prolonged learning time over months.

In this work, we propose GENTI, a GPU-efficiENt Subgraph GNN on continuous-TIme
dynamic graphs. GENTI highlights the adaptation of GPU to better balance the workload
and improve efficiency. We primarily focus on the subgraph extraction procedure in light
of its pivotal role in affecting both the SGRL pipeline’s efficacy and efficiency. To this
end, algorithms, data structures, and operations related to this stage are thoroughly refined

for GPU processing and dynamic updates on billion-edge graphs.

To harness GPU acceleration and address imbalanced device workload, we devise a novel
subgraph extraction scheme by dissecting it into two phases respectively for neighbor
sampling and subgraph gathering. The first phase samples neighborhoods from the graph
structure by CPU and loads the data onto GPU. Then, subgraph gathering by performing
random walks is completely conducted on GPU thanks to its parallelism. A memory-
efficient pool is innovatively crafted to cache the sampled subgraph on GPU and support
gathering in batches. As shown in Figure 6.1, our overall subgraph extraction scheme
ensures that it is asynchronous to feature processing, effectively distributing the workload
between the two devices and preventing the pipeline from being blocked by the CPU
computation bottleneck. Moreover, we perform dedicated enhancements on the data
structure for graph storage in consideration of the dynamic SGRL pipeline, powering it

with capabilities including O(1) updating and search-free sampling.

We conduct comprehensive experiments to evaluate the efficiency and effectiveness of
GENTI on 7 real-world dynamic graphs with up to millions/billions of nodes/edges.
Concerning the comprehensive pipeline and specifically the subgraph extraction stage,
our approach respectively achieves up to 30x and 26x speedups in running time when

compared to state-of-the-art SGRL algorithms.

6.2 Temporal Walk-based Sampling

Walk-based SGRL employs the random walk procedure to sample connected nodes and
construct the subgraph. The temporal random walk serves as an extension tailored for
dynamic graphs, facilitating learning from the temporal dimension. A temporal random

walk at time ¢ is a traversal of G that initiates from the source node u € V and, at each
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step, advances to a randomly selected out-neighbor of the current node. Generating the
subgraph for a node of interest usually requires k independent temporal random walks.
At each step of these walks, the destination nodes are selected by the Weighted Neighbor
Sampling (WNS) technique [204, 205]. At time ¢, the weighted neighbor set of node
u is defined as N, = {(v, 7, w) | (1,0) € &, 7 < t}. Each node v is an out-neighbor of u
indicated by a specific 7 < t. In other words, the edge (u,v) is added to the graph at time
7 and maintained at time ¢. In GENTI, we employ an exponentially decaying weighting
scheme for sampling temporal edges, which is shown to be empirically effective and
enjoys efficient computation as introduced below. The associated sampling weight is
determined by w = exp(r/a), where o > 0 is a hyper-parameter controlling the effect of

temporal significance. The current degree of node u is denoted as d, = |N,,].

Different from previous GRL methods that directly implement WNS by performing
sampling from the entire neighborhood, we adopt an equivalence between WNS and the
technique for dynamic weighted set sampling (DWSS) [263, 264, 265, 266]. The DWSS
problem aims to perform k independent sampling with replacement from a dynamic set of
elements based on corresponding weights. Corresponding to our context, it is equivalent

to the WNS problem from the node neighborhood N,,.

Zhang et al. [266] propose a bucketing scheme [263, 265] for efficiently solving the
DWSS problem. Candidate elements are allocated into r buckets in total based on their
weights, where the b-th bucket is 7,;, = {(v,7,w) | (v,7,w) € N, exp(b) < w <
exp(b + 1)}, and the bucket index 0 < b < r. Fetching an element from the buckets
follows a rejection sampling scheme FETCH: when assessing an element v from bucket
1, p, the sampler either accepts it with a probability of w/exp(b + 1), or rejects it and
repeats the process until an element is accepted. [266] proves that the total complexity

for sampling k elements can be bounded by O(logd, + k).

6.3 The Framework of GENTI

In this section, we introduce GENTI by highlighting the GPU-oriented and streaming
update aspects of our method. First, we present the overall framework of GENTI in
Section 6.3.1 by introducing the relationship between different phases and data structures.
Then, we describe the designs related to graph storage, decoupled sampling, and subgraph

gathering in the following sections.
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FIGURE 6.2: Framework overview of GENTI and standard SGRL methods. Convention-
ally, the three-stage SGRL pipeline, including subgraph extraction, feature generation,
and feature learning, is conducted in a sequential manner. GENTI divides the critical
subgraph extraction stage into asynchronous neighbor sampling and subgraph gathering,
which enables the representation learning stages to commence in batches on GPU without
blockage. The overlap of neighbor sampling and subgraph gathering stages indicates that
they can be performed simultaneously in actual execution. Moreover, GENTI introduces
a bucketing scheme to enhance dynamic graph storage by supporting efficient update
and sampling.

6.3.1 GPU-powered Learning Pipeline

Figure 6.2 displays the overview of GENTI compared to typical walk-based SGRL
methods [204, 205]. Among the three consecutive stages of the SGRL pipeline, i.e.,
subgraph extraction, feature generation, and feature learning, the last one usually occurs
on GPU devices, enjoying efficient batch processing. In contrast, the former two stages
must be sequentially computed by the CPU. During subgraph extraction, canonical SGRL
performs random walk sampling directly from the stored graph structure. The frequent
graph access results in a relatively high cache miss ratio. This stage hence becomes the
efficiency bottleneck in the SGRL deployment as shown in Figure 6.1, even though its

theoretical time complexity appears to be low.

To mitigate the imbalanced workload, we intend to exploit parallel computation and
propose disentangling the subgraph extraction into two independent phases, one for
sampling and the other for gathering. By introducing new data structures and addressing
their dependency, the two stages can be executed in parallel on CPU and GPU, respectively.
In this way, we successfully transfer all subsequent stages onto the GPU for batch
processing. Our GPU-efficient pipeline of GENTI is shown in Algorithm 6.1. The tensor
P maintains the candidate pool for subgraph extraction, with each row P[u] representing

the sampled neighbors of node u. For each timestamp, we construct both the source and
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destination nodes of current link prediction queries as a single batch U; and perform the
batch subgraph gathering algorithm BSGATHER to construct the collection of subgraphs
R for all queried nodes based on current pool P. The usage of P is recorded in requests
A, and the pool is updated on demand by calling neighbor sampling algorithm SAMPLE
in a separate thread. Simultaneously, the graph storage is updated according to temporal
events, and the prediction of the query batch is composed by learning from the generated

features.

Among the operations, the SAMPLE and UPDATE are processed by CPU, while all other
stages are conducted by GPU utilizing the power of batch computation. It is noteworthy
that the two major data structures, i.e., the graph storage on RAM and the sampled
neighbor pool on GPU, are updated asynchronously. Therefore, the subgraph learning
on GPU is ensured to receive the up-to-date data to accommodate the dynamic graph
changes. Meanwhile, the workload is considerably balanced to prevent cross-device

blockage.

As GENTI focuses on the graph processing stages, it can be applied as the preprocessing
for various SGRL feature learning models. In this study, we leverage the backbone of
CAW [204] for downstream learning tasks. More specifically, it utilizes an Recurrent
Neural Network (RNN) to encode sampled walks, and an attention layer to capture mutual

relations.

ALGORITHM 6.1: GENTI

Input: Graph G(V, &, X), link prediction queries {(u,v,7)}
Output: Predictions ¥
1 forallu € V do
2 P[u] « SAMPLE(u k)
3 for each timestamp ¢ do
U — {u,0 | T=1t}
Append U, with negative queries if required
R, A «— BSGATHER(P, U;)
for each (u, k,) € A do > in separate thread
. Plu] < SAMPLE(u, k)
G <« UPDATE(U,;)
10 ¥ « PREDICT(R X)

11 return ¥

o N A B A
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FIGURE 6.3: (a) Bucket-based graph storage 7, for maintaining the neighbor set of
a node u in temporal order. Two pointers are maintained to track the top and bottom
indices of the current sliding window, ensuring that only buckets inside it are active, and
stale ones are removed. (b) Sampling is performed by successively fetching nodes from
corresponding buckets to construct the sampled neighborhood.

6.3.2 Bucket-based Dynamic Graph Storage

Conventional SGRL stores graph on RAM by sparse matrix structures such as the com-
pressed sparse row (CSR) format [201, 93]. We however note that it is not optimized for
performing walk-based sampling, as walking on the graph requires iteratively accessing
neighboring nodes. This process renders a time complexity of O(k¢d,,,,) when generating
k-many ¢-length random walks for each source node, where d,,, is the maximum degree
of visited nodes [267]. In addition, live update on the graph structure is also of prohibitive
overhead due to the continuous layout. As a consequence, dynamic SGRLs [204, 205]
have to preprocess all the timestamps and maintain the entire temporal information, which

inevitably causes computation and memory redundancy.

We mainly look into two abilities of the dynamic storage scheme: (1) efficient sampling
for the neighborhood of given nodes; (2) online update of edge addition and deletion.
Inspired by the DWSS process introduced in Section 6.2, we employ the bucketing scheme
as our graph storage on RAM. As illustrated in Figure 6.3, we store out-neighbors of each
node u by a linked list of non-empty buckets 7,,;. Inside each bucket, we also maintain a
lookup table for fast accessing the individual element. The index b of a bucket indicates
its time interval and determines the temporal sampling weight wyp = 3, r.w)ez,, W- The

total weight of all buckets with respect to node u is w, = >, w,,. Each traversal of
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the linked list starts from the most recent non-empty bucket with the largest index r.
Denote the hyperparameter representing duration length of a bucket as & and the current

timestamp as ¢, there is r = [t/a].

Bucket number A. An inherent merit of the bucketing storage is that, it is naturally
sorted in temporal order, and only a certain number of buckets representing most recent
updates are frequently accessed for sampling at the current timestamp. According to
[266], the desired samples are likely to exist with high probability in buckets with index
range r — 2[Ind, ] < b < r. Therefore, we can apply a sliding window scheme that only
maintains A = 2[Ind, ] buckets in this time frame and progressively drops those stale
ones. As a result, the memory usage in RAM remains O(m + 1), as each edge is added

only once and is deleted permanently upon expiration.

Sampling. As elaborated in Section 6.2, we innovatively utilize DWSS to implement the
walk-based sampling. Instead of conducting k independent sampling, our storage scheme
is capable of acquiring k samples at once as shown in Algorithm 6.2. To achieve this,
we generate k random numbers uniformly within the overall weight range z ~ U (0, wy,).
The amount of samples drawn from each bucket is decided by the amount of numbers z
falling in the corresponding bucket-wise weight range. Therefore, we are able to sample
all k neighbors of the given node in a single traverse of buckets, starting from the most
recent one and scanning through the maintained pointers. As the number of buckets is

A =2[Ind,], the total time complexity of SAMPLE is O(logd, + k).

Figure 6.3 illustrates a running example for the sampling request A = (u,4) enquiring

ALGORITHM 6.2: SAMPLE

Input: Storage 7, source node u, number of samples k
Output: Updated neighbor pool P[u]
1 Z—A{z1,- -,z | Zj ~U(0,wy,), 1 <j<k}
2 b —r, Waum — Wy
3 while Z # 0 do
4 Wsum €~ Wsum — Wu,b
5 ZbH{Z€Z|ZZWSum},Z<_Z\Zb
6 for i — 1to|Z| do
7 v « FETCH(Zp)
8 Cu,tail < (Cu,tail + 1) mod k
9 P[u: Cu,tail] 0
10 b« I,;.next
11 return P
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k = 4 neighbors of source node u. At the current timestamp, the index range of active
buckets is 1 < b < r. The time range and weight range of each bucket can be directly
derived from its index, and k = 4 random numbers are generated accordingly. Among
them, both z; and z; are within the weight range of 7,,,, while z3 and z4 correspond
to 7, ,—1 and 1,1, respectively. We perform 2, 1, 1 times of retrieval FETCH from these
buckets by successively accessing them in the linked list. Eventually, four neighbors are

sampled and loaded into the pool P[u].

Update. The dynamic UPDATE operation can be found in Algorithm 6.3. Thanks to
the temporal order of our bucket storage, the target bucket corresponding to incoming
and stale edges can be immediately indexed based on the timestamp. The lookup table
then locates and manages the specific neighbor within the bucket to perform neighbor
addition or deletion. At the end, stale buckets are removed since they are rarely accessed
in the future. This is implemented by accessing the bucket with the lowest index in the
linked list and setting its pointer to nil, marking its data as deleted. Overall, this scheme

completes a single update event in O(1) time.

6.3.3 Sampled Neighbor Pool

The sampled neighbor pool is a novel data structure we design to expedite the subgraph

extraction, which serves as an intermediate storage on GPU for the sampled neighbors

ALGORITHM 6.3: UPDATE

Input: Storage 7, update events S = {(u,0,t,0p)}
Output: Up-to-date storage J
1 for all (u,v,t,0p) € S do
b« |t/a]
if op = ‘insert’ then
if 7,, = 0 then
L insert 7, p,
Iu,b — ]u,b U {U}
W exp(t/a), Wyb < Wyp +W
if op = ‘delete’ then
Iu,b — Iu,b \ {U}
if 7,, = 0 then
L remove 7,5
L Wub < Wyp — exp(t/a)
. remove 3 for b’ <r —2[Ind,]
return 7
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FIGURE 6.4: Example of one step of BSGATHER by computing indices and accessing
the sampled neighbor pool. All operations are implemented on the GPU via batch
processing.

acquired by Section 6.3.2, and further supports asynchronous gathering and updating.
The pool is denoted as tensor P € R™*, where « is the width of the pool. Each row of the
tensor P[u] represents a queue containing out-neighbors with respect to source node u.
Two indices ¢, peqd, €y tqi Maintain the current access points of BSGATHER and SAMPLE

processes, respectively.

From the device perspective, subgraph sampling and gathering are performed on two
separated threads, and the CPU and GPU are loosely coordinated by leveraging the pool
storage. During subgraph extraction, the separate thread for SAMPLE loads the sampling
results onto GPU and append them to the end of the queue in a streaming fashion. In
contrast, the GPU process BSGATHER consumes neighbors stored in P to construct
subgraphs. Pool elements positioned between the two pointers ¢, heqq, Cutqil are available
for the following subgraph construction since they are freshly sampled and have not been
accessed by previous gathering. The disentangled read and write operations towards the
pool prevent BSGATHER from waiting for neighbor sampling to provide the updated data
and thereby enjoys better throughput.

Pool width k. The width k of queues in the pool has the following requirements: (1) it
should be as small as possible to save GPU memory usage; (2) it should be large enough
to accommodate the neighbor consumption by BSGATHER for applicable cases. As
described in Section 6.3.4, the gathering procedure carries out k-many £-length random
walks for each query node. A naive selection is thence x = k¢, resulting in a memory

expense of O(nk?) as in [96, 93] for the entire static graph.
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By referring to the cache strategy in the two-pass streaming random walk [268], we are
able to reduce the overhead with a tightened bound for k. We distinguish the storage
schemes into two types based on the consumption status of pool elements. Heavy nodes
are source nodes being likely to visit more than k neighbors. Hence we directly access
all the neighbors with size d, of these nodes during walks. On the contrary, candidate
neighbors for light nodes are handled by the pool since they will not exhaust the k-length

queue during gathering. [268] derive the following lemma:

Lemma 6.1 ([268]). Under the boundary k ~ O(N?), the sum of outgoing degrees of all
heavy nodes u is bounded by ¥, d, < O(nV?).

In our implementation, we set k = kV? as the pool width. Consequently, the total GPU
memory usage for all nodes in the graph, including both heavy and light ones, has a
complexity of O(nkV¥).

6.3.4 Batch Subgraph Gathering

In this section, we highlight the GPU-efficient batch subgraph gathering BSGATHER as
illustrated in Algorithm 6.4. It returns a shape |U;| X k X £ tensor R containing subgraphs
formed by k-many ¢-length random walks with respect to |U;| query nodes. The tensor R
can be directly used by the subsequent feature generation and learning pipeline, thereby

boosts the GPU batch processing.

According to the selective caching strategy adapted in Section 6.3.3, in each walk step,
we split the current nodes into heavy and light multisets Up,qoy and Uj;gn; by comparing
the pointers ¢, peqq and cy 441 Different from [268] requiring an individual round of walk
to identify heavy nodes, our splitting scheme of the multiset can be instantly completed
in O(1) time. We then perform discriminative sampling for these nodes as one step of
walk. For heavy source nodes, we gather all their neighbors directly from the graph
structure Z,. For light nodes, the sampled neighbor pool can be employed to provide
k,.; number of active neighboring nodes based on the multiplicity k, ;, i.e., occurrence of
source node u in the multiset. All the sampled neighbors are combined and recorded as
the i-th step random walk result R constituting the subgraph, and initiate the next step.
After the ¢-length walk is finished, nodes accessed during the process are marked as stale
and are accordingly updated by sending requests to the SAMPLE thread. This is to ensure

each pool element is used once so that the walks for subgraph extraction are mutually
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independent. Since there are ¢ iteration steps handling k-many random walks, the total

complexity of BSGATHER is O(k?).

Note that for each walk step i, all operations regarding the k walks are performed in
batches so that the GPU computation power is fully utilized. An example for conducting
a BSGATHER step is provided in Figure 6.4. We first calculate the occurrence k,; of
each individual element in current node set U, which is then used to update the head
pointer and generate neighbor indices, both by batch addition operation. As all of the
nodes belong to the light set, the algorithm constructs V by accessing entries in the pool

P based on the indices corresponding to source nodes.

6.4 Experimental Evaluation

In this section, we empirically evaluate the proposed framework GENTI, targeting the

following major questions:

RQ1. Can GENTI provide prediction performance comparable to other GRL methods
for CTDGs?

RQ2. What is efficiency gain of GENTI in the subgraph extraction stage and overall

training time?

ALGORITHM 6.4: BSGATHER

Input: Storage 7, sampled neighbor pool P, walk number k, walk length ¢, seed nodes
U,

Output: Random walks R of shape |U;| X k X ¢, requests A
1 Construct multiset V by repeating k times for each u € U;
2 fori < 1tofdo

3 (L{heavy — {u | ueV, Cu,head = Cu,tail}

4 (Vheaoy —{v|vel,,ue (Llheavy}

5 ﬂlight S 4 \wheavy, q/light —0

6 for all each identical u € Uy, do

7 ky; < BINCOUNT(u, (L{light)

s A = AU {(u k)

9 (Vlight — (Vlight U P[u, Cu,head - (Cu,head + ku,i)]

10 Cu,head < (cu,head + ku,i) mod x

1m VYV — (Vheaz)y U (Vlight, R[;i] «V

12 return R, A
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RQ3. How does our pipeline design affect the workloads on CPU and GPU, and can
they be fully parallelized?

RQ4. How does the performance of GENTI vary with changes in sampling settings

including the random walk number, length, and the neighbor pool size?

6.4.1 Experimental Setup

Task and Metric. We evaluate CTDG representation learning by the common task of
future link prediction in both transductive and inductive settings [204]. In the transductive
training, temporal links between all nodes in the graph are observed up to a specific
timestamp. The model is tested by predicting the existence of remaining links after
the time point. The inductive link prediction task involves predicting links associated
with nodes that were not observed in the training node set. For both settings, model
performance is assessed using average precision (AP) on the test set following previous
GRL works [204, 271, 202]. Particularly, GENTTI are able to apply for various other tasks
such as high-order patterns identification with minor modifications regarding to the input
nodes. We exclusively concentrate on the above tasks in this study, as there are currently

no dynamic datasets accessible for other tasks.

Datasets. We conduct experiments on 7 real-world dynamic datasets, including 3 small-
scale ones: UCI-MSG, WIKIPEDIA, and REDDIT; 4 large-scale ones: SUPERUSER, WIKI-TALK,
TGBL-COMMENT and MAG. The statistics of datasets are presented in Table 6.1. We
utilize the same chronological split with ratios 70%/15%/15% for train/validation/test
sets as [204]. In the inductive setting, we randomly select 10% of nodes and exclude the

corresponding temporal links from the training sets.

TABLE 6.1: Statistics of dynamic graph datasets including the number of nodes, temporal
edges, the dimension of node features, edge features, and timespan.

Dataset |V| |E] fo  fe T
UCI-MSG [269] 1,899 59,835 0 0 180 days
WIKIPEDIA [204] 9,227 157,474 172 172 30 days
REDDIT [204] 10,984 672,447 172 172 30 days
SUPERUSER [202] 194,085 1,443,339 172 0 2773 days

WIKI-TALK [202] 1,140,149 7,833,140 172 0 2320 days
TGBL-COMMENT [270] 994,790 44,314,507 172 0 1848 days
MAG [201] 121,751,665 1,297,748,926 768 0 1826 days
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TABLE 6.2: Comparison of SGRL methods on small CTDGs. We present model
performance metrics including transductive average precision (%), inductive average
precision (%), total training time (s) , and the number (#) of convergence epochs. The
best and second-best results in each column are marked with bold and underlined fonts,
respectively. Particularly, "TLE" indicates a time limit exceeded exception that one
epoch of model training exceeds 24 hours.

REDDIT
Trans AP Induct AP Time (#)

95.83 0.3 93.20 + 0.48320.4(12)
97.80 +0.2 96.08 + 0.311138(24)
98.66 + 0.1 97.55 + 0.1 8152(26)
98.50 0.2 97.62 + 0.7 7728(9)
98.73 £0.1 98.42 + 0.1 6207(25)

WIKIPEDIA
Trans AP Induct AP Time (#)

95.16 £ 0.4 93.13 £ 0.5 1985(18)
94.26 + 0.1 92.88 + 0.3 2428(29)
98.58 £ 0.1 98.05 + 0.1 1839(26)
96.41 + 0.5 96.06 + 0.4 1352(21)
98.63 + 0.1 98.65 + 0.1 1329(32)

UCI-MSG
Trans AP Induct AP Time (#)

80.27+0.1 71.64+ 0.6 431(12)
60.25£0.3 7527 2.3 689(25)
7891 0.1 7547+ 0.1 507(21)
84.02+0.3 83.14+ 0.5 266(25)
9274+0291.16+ 0.3 483(31)

Model

JODIE
TGAT
TGN
APAN
Zebra

D-DGNN

CAW

NeurTWs
GENTI

90.41 = 0.1 89.72 + 0.1 14467(30)
9533+0.3 95.19+0.2 1488(8)
95.46 + 0.3 95.70 = 0.2 44064(12)
95.36+ 0.3 9582+ 0.3 394(8)

99.16 + 0.3 98.54 +0.215173(30)
99.18 + 0.1 99.34 + 0.1 3720(5)
99.17 £ 0.1 99.32 + 0.1 65448(9)
99.18 + 0.1 99.37 + 0.1 739(8)

98.93 + 0.2 98.56 + 0.150342(30)
98.80 = 0.1 98.99 + 0.1 30912(8)
98.32+£0.298.05+0.1 TLE
98.87 0.1 99.18 + 0.1 5890(8)

TABLE 6.3: Comparison of representative SGRL methods on large CTDGs. We present
the same performance metrics as Table 6.2, but the training time are measured in hours.
Particularly, “OOM?” denotes the out-of-memory error, and "TLE" indicates a time limit
exceeded exception that one epoch of model training exceeds 24 hours.

Model

SUPERUSER
Trans AP Induct AP Time (#)

WIKI-TALK
Trans AP Induct AP Time (#)

TGBL-COMMENT
Trans AP Induct AP Time (#)

MAG
Trans AP Induct AP Time (#)

APAN

Zebra

CAW
GENTI

89.63 £ 0.5 86.32 + 0.4 5.18(16)
93.34 + 0.3 97.63 + 0.2 0.92(21)
93.12+0.2 97.36 £ 0.4 10.9(5)
94.05 + 0.2 98.27 + 0.3 0.66(8)

TLE TLE TLE
95.25 +0.1 97.56 + 0.3 4.65(18)
95.37 + 0.1 98.07 + 0.3 73.3(10)
95.53+0.1 98.58 +0.2 3.70(8)

TLE TLE TLE
91.32+0.5 95.15 + 0.3 18.4(10)

TLE TLE TLE
93.51+0.3 95.61 + 0.2 12.3(6)

TLE TLE TLE

OOM OOM OOM

TLE TLE TLE
94.88 + 0.4 99.45 + 0.1 192(10)

Baselines. We extensively evaluate 8 state-of-the-art GRL methods applicable on CT-
DGs with varying categories and designs. They are: (1) GNN-based: JODIE [272],
TGAT [273], TGN [206], APAN [271]; (2) Metric-based: Zebra [202], D-DGNN [199];
(3) Temporal walk-based: CAW [204], NeurTWs [205]. We mainly utilize their released
source code and training configuration with the best prediction performance, and perform
evaluation on our platform. For D-DGNN, we incorporate its preprocessing cost into the

training time in our experiment to take update efficiency into account.

Hyperparameters. For a fair comparison, GENTI keeps consistency in network settings
with [204, 205], except for fixing the encoder to correctly generate prediction on non-
attribute graphs. We employ a bucket length « = |T/100] based on the maximum
timestamp T. We set the batch size to 32 for small-scale datasets, 128 for million-
scale datasets, and 512 for MAG, as an effort to reproduce baselines without causing the

out-of-memor Yy €rror.
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Environment. Experiments are conducted on a server with 192GB RAM, two 28-
core Intel Xeon CPUs (2.2GHz), and an NVIDIA RTX A5000 GPU (24GB memory).
Our asynchronous SGRL pipeline is implemented by the PyTorch 2.0 multiprocessing
interface [274].

6.4.2 Main Results

Table 6.2 and Table 6.3 present our key results of model performance in the future link
prediction task on 7 real-world dynamic graphs. Due to the prolonged training times
of most baselines on larger graphs, we evaluate only efficient representatives on large
CTDGs in Table 6.3. We conduct a comparative analysis of GENTI against the baselines

in terms of both effectiveness and efficiency.

Prediction Accuracy. For GNN-based methods, the average precision is similar to the
evaluation in previous studies [202] since we inherit the same experimental settings. It
is worth noting that GNN-based methods exhibit relatively inferior performance due to
the constraint of their aggregation scheme, which marks the superiority of subgraph-
based approaches. Among SGRL methods, models with walk-based designs tend to
outperform metric-based ones with fewer epochs in most cases, particularly on non-
attribute graphs, where the ability to learn graph structural information is pivotal. This
superiority is brought by the employment of their expressive structural encoding technique
that utilizes the power of temporal random walk. Moreover, CAW and NeurTWs stand
out for requiring fewer epochs to achieve model convergence due to their anonymization

encoding strategy, which enhances their generalization capabilities.

In our approach, we focus on enhancing the subgraph extraction stage of walk-based
methods while adhering to their random walk encoding techniques. Therefore, we achieve
nearly equivalent model convergence speed and prediction accuracy. Similar observations
hold for other evaluation metrics, such as accuracy and AUC. As a result, GENTI
successfully achieves comparable or better model convergence speed and prediction
accuracy as our implementation yields equivalent subgraph extraction and feature learning

results and guarantees the model efficacy.

Efficiency and Scalability. According to Table 6.2 and Table 6.3, GENTI consistently
achieves either optimal or suboptimal total training time across all datasets compared

to other GRL methods. We highlight that GENTI exhibits notable improvements in
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FIGURE 6.5: (a) Breakdown running time of the forward subgraph extraction stage
of GENTI and walk-based SGRL methods with different subgraph size during single
prediction. Overhead of the common feature learning stage is also plotted. Note that
the time axis is on a log scale. (b) Line chart is the comparison on GPU utilization rate
between GENTI and baselines. Corresponding CPU and GPU running times in GENTI
forward pipeline are also plotted as bars.

the running time of each training epoch when compared to other walk-based methods,
especially on large-scale graphs. Compared to its predecessor CAW, it realizes approxi-
mately 3~26x speedups across all datasets. Benefiting from the GPU-oriented design that
addresses the pipeline bottleneck and boosts the subgraph extraction, GENTI is the first
walk-based method to complete training within 4 hours for the million-size WIKI-TALK and
accomplish a single training epoch within 24 hours for the largest MAG. Conversely, other
baselines face challenges related to either time constraints or memory issues particularly

on large-scale graphs.

Improvement of Subgraph Extraction. We specifically look into the GENTI improve-
ment on the subgraph extraction stage that comprises the majority of SGRL overhead.
Figure 6.5(a) illustrates the separate inference time of the subgraph extraction stage
among walk-based methods. The feature learning time is also plotted for reference. The
result highlights the scalability of GENTI, as it achieves significantly shorter extraction
latency and is less sensitive to the increase of subgraph size. When the subgraph size is
large, we observe near 30X acceleration compared to the best SGRL counterparts. GENTI
is thus more feasible on large-scale graphs thanks to the larger applicable batch size for

computation.

Device Usage. We examine the CPU and GPU workload in GENTI pipeline and compare
device utilization with other walk-based SGRL methods in Figure 6.5(b). It can be

observed that during GENTI execution, workload between the two devices is generally
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FIGURE 6.6: (a) Impact of the random walk number k and length £ on GENTI prediction
accuracy on WIKIPEDIA. (b) Impact of the pool width k on GENTI prediction accuracy
and single-query prediction time when k = 32 and ¢ = 4.

balanced, and the average device utilization reaches 80% even with a large subgraph size.
In comparison, the CPU workload becomes a bottleneck in the pipelines of CAW and
NeurTWs when extracting large subgraphs, leading to low device utilization. In summary,
our GENTI design contributes to balanced workloads and facilitates parallelism of the

streaming pipeline.

6.4.3 Effect of Parameters

In this section, we investigate the impact of important GENTI parameters on both
efficiency and prediction performance to evaluate our method design and provide guidance
on the parameter choice. Due to the page limit, we mainly discuss representative results

of transductive experiments on the WIKIPEDIA dataset.

Walk Number k. The value of k determines the extent of neighborhood information
extracted by SGRL for feature generation and learning. Figure 6.6(a) displays the effect of
k on GENTI transductive average precision. The prediction precision is positively related
to the value of kK when k < 64. We deduce the optimal performance when k = 64 indicates
that, generating such k-many random walks is adequate for constructing the expressive
subgraph of each seed node, while a larger number will further introduce redundancy and
negatively affect feature learning. As a general conclusion, choosing a small k is ideal
when embedding graphs with low-diversity interaction patterns. Otherwise, a larger value

can be applied for sufficiently sampling the nodes and representing the subgraph.
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Walk Length ¢. A larger value of ¢ implies using a longer random walk to form a
subgraph, allowing for the exploration of more distant information in the whole graph.
According to Figure 6.6(a), when £ is set to 3, we achieve the best performance in the
future link prediction task, which is a general observation across all datasets in our
experiment. Intuitively, this preference indicates that the local neighbors are greater
importance compared to those nodes at longer distances. We believe that a generally

small £ can be employed in scenarios of a similar graph structure and prediction task.

Pool size x. The pool size k¥ can impact both prediction accuracy and algorithmic ef-
ficiency since it decides the heavy-light splitting scheme in BSGATHER. A small x
can save GPU footprint but results in numerous heavy nodes that cannot be processed
efficiently in a single batch. A larger k tends to introduce more update and sampling
workload on CPU and undermines the balanced workload between the two devices. We
utilize the prediction time to specifically present the impact of k on the inference-time
efficiency of GENTI. According to our evaluation in Figure 6.6(b), when walking with
k = 32 and ¢ = 4, the optimal value with regard to both accuracy and efficiency is
achieved by k = 32. Comparing to the original selection x = kV/f in Section 6.3.3, it is
considerably smaller with a 4x reduction in memory overhead. The observation suggests
that, heavy nodes are uncommon in real-world graphs, and the sampled neighbor pool
scheme is competent as random walks rarely run out of its items. In practice, x can be

empirically set to a relatively low value to save GPU memory budget.

6.5 Summary and Discussion

In this work, we propose GENTI, a novel algorithm designed for scalable subgraph-
based graph representation learning on dynamic graphs. GENTI decouples the subgraph
extraction stage, commonly the bottleneck of SGRL methods, into two asynchronous
phases and boosts GPU utilization. In specific, GPU processing incorporates the efficient
BSGATHER for subgraph gathering in batches and subsequent feature generation and
learning. CPU is solely responsible for maintaining the dynamic graph structure with
SAMPLE and UPDATE operations in a streaming manner. We conduct extensive exper-
iments on various datasets to demonstrate GENTI’s scalability in subgraph extraction
and overall graph learning. GENTI achieves up to 26x faster training time than the
state-of-the-art walk-based SGRL methods, without sacrificing prediction performance.

Notably, GENTI efficiently processes the billion-scale graph MAG within 24 hours for
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each epoch, a significant improvement over existing solutions unable to complete a single

training epoch in the same timeframe.

In real-world applications, graphs are stored in distributed machines, potentially intro-
ducing additional communication latency to the neighbor sampling stage of GENTI.
Therefore, extending GENTI to scenarios with distributed graph storage stands as a
potential future direction, enhancing the applicability of GENTI for practical and general

purposes.
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Chapter 7

Understanding Graph Neural Networks
by Unified Entry-Wise Sparsification

7.1 Introduction

The performance bottleneck arises from the connection with graph size, as both graph
propagation and feature transformation can be viewed as multiplications on graph-scale
matrices, and lead to computational complexities proportional to the numbers of edges and
nodes in the graph, respectively [111]. Hence, the essence of improving GNN learning
efficiency lies in reducing the number of operations associated with graph diffusion and
model weights [69, 101].

Empirically, a diverse range of strategies have been explored for saving computational
cost by sparsifying the graph as well as the model. In efforts to simplify graph com-
putation, prior research utilizes graph sparsification techniques [275]. This typically
entails removing graph components based on either predetermined [142, 152, 147] or
learned [144, 145, 172] criteria. However, the persistence of a static graph through all
propagation hops causes a dilemma: the topology may become overly coarse, thereby
omitting crucial information for GNN feature extraction, or the graph structure may be

under-sparsified and model efficiency is scarcely improved.

This work is published as: [6] Ningyi Liao, Zihao Yu, Ruixiao Zeng, Sigiang Luo. “UNIFEWS: You
Need Fewer Operations for Efficient Graph Neural Networks”. In 42nd International Conference on
Machine Learning (ICML), vol. 267, pp. 37587-37609, 2025.

135
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FIGURE 7.1: (a) Within one hop of aggregation to the center node, messages from
neighbors with larger diffusion values are associated with greater importance. (b)
UNIFEWS jointly applies sparsification to both graph propagation and feature transforma-
tion stages in each GNN layer. Color intensity of an entry denotes its relative magnitude.
Unimportant entries of the diffusion and weight matrices are pruned in order to reduce
computational operations.

Another direction is to exploit compression on the model architecture by integrating
neural network pruning approaches [276], which gradually sparsifies weight elements
during GNN training based on performance assessments [158, 164, 162, 165]. Regardless
of the improved flexibility, their scalability for large graphs remains limited, as full-graph
computation is still necessary at certain stages of the pipeline. Moreover, there is a
noticeable gap in the theoretical interpretation of GNN sparsification despite its practical
utility. Existing works are either constrained to the layer-agnostic graph approximation
[126, 127], or only provide straightforward representation error analysis [146, 147]. The
impact of simplified graphs on the GNN learning process, particularly through multiple

layers, remains inadequately addressed.

To mitigate the above drawbacks of current compression solutions, we propose to rethink
both graph propagation and feature transformation from an entry-wise perspective, 1.e.,
examining individual matrix elements. As illustrated in Figure 7.1, the two operations
are performed by employing the diffusion and weight matrices, respectively. Directly

sparsifying entries in these two matrices enables us to reduce the number of entry
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operations. The entry-wise mechanism enjoys flexibility compared to conventional graph-
level sparsification techniques, while ensuring a deterministic graph topology for network

learning.

In this work, we propose UNIFEWS, a UNIFied Entry-Wise Sparsi-fication framework for

GNN graph and weights. Theoretically, we establish a quantitative framework featuring
UNIFEWS approximation with respect to the graph learning objective, and demonstrate
that the amount of reduced operations is at least linear to the sparsity. Our analysis
elucidates the effect of sparsification across iterative GNN layers, which differs from the

previous approach focusing on a particularized metric for approximation.

In practice, UNIFEWS is capable of jointly removing entry operations in both graph
propagation and feature transformation towards improved model efficiency. The simple
but effective strategy is adeptly integrated into matrix computations on the fly without
incurring additional overhead. The progressive sparsification across layers further fosters
an increase in sparsity for both stages, which reciprocally augments their efficiency.
Thanks to our unified interpretation, the theoretical and implementation framework
of UNIFEWS is applicable to a broad family of message-passing GNNs, covering the
representative models of both iterative and decoupled architectures, and benefits the

real-world model efficiency during training and inference.

7.2 Graph Smoothing under Sparsification

In this section, we first relate GNN learning with the graph smoothing process, which

enables us to characterize the process by our novel approximation bound.

GNN as Graph Smoothing. Generally, a broad scope of both iterative and decoupled
GNN s can be interpreted by a spectral graph smoothing process [277]. We adopt the

optimization framework as:

Definition 7.1 (Graph Laplacian Smoothing [234]). Given a weighted graph G =
(V, &) with Laplacian matrix L. Based on an input signal vector x € R", the Graph

Laplacian Smoothing problem aims to optimize vector p € R" with the goal:

pr=argminl, L=|p-x|®+c-p Lp, (7.1)
P
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where || - || is the vector L, norm and the regularization coefficient c is chosen from [0, 1].

In Eq. (7.1), L is the general Laplacian matrix, as normalization only causes a difference
in coefficient. The first term of £ reflects the closeness to the input signal, i.e., node
attributes representing their identity. The second term is associated with the graph struc-
ture, acting as a regularization that constrains the representation values of connected node
pairs to be similar. The closed-form solution p* = (I + cL)~'x can be inferred when the
derivative 9L /dp = 0. However, note that it is prohibitive to directly acquire the con-
verged solution due to the inverse calculation on large graph-scale matrix. Hence, GNN
models employ an iterative approach to learn the representation under this framework

with varying architectural designs. For example, GCN convolution corresponds to ¢ = 1.

Approximate Graph Smoothing. Next, we introduce graph sparsifiers as an approxima-
tion process of graph smoothing. In order to measure the extent of approximation and its

impact on learning outcomes, we consider the spectral similarity:

Definition 7.2 (e-Spectral Similarity). The approximate Laplacian matrix L is said to

be e-spectrally similar to the raw Laplacian matrix L if:
x (L-eDx <x"Lx <x' (L+el)x, Vx € R", (7.2)

or, equivalently:
|xT(L-L)x| < e-|lx]%, VxeR" (7.3)

Graph approximation satisfying Definition 7.2 can be regarded as spectral sparsification
[148, 278], which identifies operations that maintains certain spectral properties such
as eigenvalues during modification. Compared to the common multiplicative spectral
similarity [279, 280, 281], Definition 7.2 possesses an additive tolerance, which allows

for manipulating specific entries of L and suits our scenario.

Then, we are able to characterize the graph smoothing problem for sparsified graphs.

Under edge modifications, we intend to bound the optimization goal under approximation:

Lemma 7.1 (Approximate Graph Laplacian Smoothing). Given two graphs G =
(V,8) and G = (V, &), where & is the sparsified edge set. When the Laplacian L of
Q is e-similar to L of G, the solution p* to the problem Eq. (7.1) w.r.t L is called an

e-approximation of the solution p* w.rt. L, and:

18" = p7ll < cellp”ll. (7.4)
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The proof of Theorem 7.1 can be found in Appendix B.1. It establishes a novel inter-
pretation for characterizing the smoothing procedure under a sparsified graph, that if a
sparsifier complies with the spectral similarity Definition 7.2, it is capable of effectively
approximating the iterative graph optimization and achieving a close output with bounded
error. Compared to approximation bounds specifying feature values in previous GNN
sparsification theories [146, 157], our analysis highlights the impact of graph sparsi-
fier throughout the holistic learning process, which enjoys better expressiveness and

suitability.

7.3 Method

This section presents our UNIFEWS framework by respectively developing its application
to decoupled and iterative GNNs, where graph and weight sparsification are separately
performed in the former architecture, and are combined in the latter. Our key theoretical

insights are summarized as:

* Bridging sparsification and smoothing: UNIFEWS can be described as an spectral

sparsifier. Its sparsification strength is determined by the threshold of entry removal.

* Multi-layer bounds: UNIFEWS provides an approximation to the graph smoothing

optimization. Its representation error to the original objective is effectively bounded.

* Improvements on efficiency and efficacy: UNIFEWS is advantageous in enhancing
efficiency, mitigating the over-smoothing issue, and facilitating enhanced joint

sparsity.

7.3.1 UNIFEWS as Spectral Sparsification

Intuition: Entry Values Denote Importance in Graph Computation. As depicted in
Figure 7.2(b), conventional graph sparsification methods for GNNs only provide fixed
and uniform graph-level adjustments through the entire learning process. This lack of
flexibility hinders their performance when employing to the recurrent update design with
multiple GNN layers. Contrarily, node-wise models in Figure 7.2(a) aim to personalize

the graph-based propagation, but come with additional explicit calculations and impaired
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FIGURE 7.2: Comparison of GNN learning pipelines between conventional simpli-
fication techniques and our UNIFEWS framework. (a) The approach of personalized
propagation iteratively simplifies the node-dependent graph diffusion but is only appli-
cable to decoupled GNNs. (b) Joint model compression can sparsify both graph and
weight, whereas the same diffusion is uniformly utilized across all layers. (¢) In contrast,
our UNIFEWS framework implements on-the-fly unified sparsification of both graph and
weights for each layer. The adaptive entry-wise scheme enjoys fine-grained control and
improved sparsity.

runtime efficiency. We are hence motivated to design a sparsification approach that (1)
enables modifications in a fine-grained manner to further simplify the computation; and

(2) can be seamlessly integrated into the matrix operation with negligible overhead.

To this end, we first focus on the isolated graph propagation stage and express the

propagation of decoupled models in an entry-wise manner on node u as:

pasnlul = Z Ty [u,0] = Z Ty [w,0] - paylol, (7.5)

veN (u) veEN (u)

where the propagation message 7(;)[u, v] from node v to u is regarded as an entry. As
illustrated in Figure 7.1(a), in a single hop of GNN diffusion, edges carrying propagation
messages exert varying impacts on neighboring nodes, whose importance is dependent on
the graph topology. Messages with minor significance are usually considered redundant
and can be eliminated to facilitate sparsity. From the perspective of matrix computation,
this is achieved by omitting the particular message 7[u, v] in current aggregation based

on an importance indicator such as its magnitude.

Edge Pruning for Single Layer. In order to perform pruning on entry r{u,v], the
diffusion matrix T can be utilized to record the pruning information, which is exactly the
concept of graph sparsification. Given a universal magnitude threshold §,, zeroing out

entries |7[u,v]| < d, is equivalent to sparsifying T with a node-wise threshold &/, as:

T[u,0] = thry, (T[u,0]) - T[u,0], &, = &./Iplo]l, (7.6)
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where the pruning function with an arbitrary threshold § is thrs(x) = 1 if |x| > &,
and thrs(x) = 0 otherwise. Sparsification by Eq. (7.6) has two concurrent effects: for
graph computation, messages with small magnitudes are prevented from propagating to
neighbors and composing the output representation; for graph topology, corresponding

edges are removed from the diffusion process.

Next, we show that edge pruning in Eq. (7.6) for one layer can be considered as a spectral
sparsification following Definition 7.2, which enables us to derive its approximation
bound. Practically, the target sparsity 5, € [0, 1] is usually determined by the realistic
application. Let & be the edge set achieved by UNIFEWS sparsification and the corre-
sponding Laplacian is L, there is 7, = 1 — |&|/m. We first derive the following lemma as

a general guarantee associating sparsification and spectral similarity:

Lemma 7.2. Given graph G and embedding p, let & be the edge set achieved by graph
sparsification with threshold 8,. The sparsified Laplacian matrix L is e-similar to L when

qada < €l|pll, where q, is the number of edges removed.

The proof of Theorem 7.2 is detailed in Appendix B.2.

To derive more specific bounds of q,, we need to examine the actual distribution of
entry values. Regarding the assumption on edge distribution, we particularly investigate
the scale-free graph, which is common in realistic large-scale graphs [282]. For input
attribute values, we consider the Gaussian distribution, which is also commonly used
for depicting the feature distribution of neural networks as an extension of the central
limit theorem [283, 284]. With these two assumptions, the following theorem relates the

threshold and approximation bound with sparsification:

Theorem 7.3 (Bound for UNIFEWS). Given a graph G, embedding p, and required
edge sparsity n,, the threshold 6, can be decided by

8, =C(1 —ny)7, (7.7)
and the sparsified Laplacian L is e-similar to L with the approximation bound:
e=0 (n.(1-1,7), (7.8)

where C and t are positive constants. C > 0 is determined by the embedding values || p||,

and 0 < t < 1 depicts the degree distribution.
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FIGURE 7.3: Empirical evaluation on the SGC graph propagation and the effect of
UNIFEWS on CORA dataset. (a) Distribution of entries in the diffusion matrix T and
the message 7o) at hop I = 0. (b) The relative error margin ||f’(L) = Piyllr/|IPr)llF of
approximation to the raw embedding against the strength of UNIFEWS and propagation
hops. (c) The relative distance ||f’( 1) — P*||[r/||P*||F to the converged embedding against
the strength of UNIFEWS and propagation hops.

The proof of Theorem 7.3 and specific derivations of C and t can be found in Ap-

pendix B.3.

The significance of Theorem 7.3 lies in bridging the sparsification technique and Laplacian
smoothing with a specific precision bound for the first time to the best of our knowledge.
Its implication is that, the adaptive sparsification by UNIFEWS for a single layer qualifies
as a graph spectral sparsifier bounded by €. Its pivotal parameter, i.e., the sparsification
threshold, and its approximation bound can be determined once given the sparsity 7,. A

sparsity closer to 1 results in a larger threshold value as well as a loose error guarantee.

Entry Distribution. An example on the real-word graph CORA is shown in Figure 7.3(a),
which demonstrates that the distribution of node degree follows the power law, and the
distribution of message values is correlated with the diffusion entries. Hence, message
magnitude is effective in representing edge importance and determining entry removal.
Setting entries in the diffusion matrix T to zero according to Eq. (7.6) implies removing
the corresponding edges from the graph diffusion process. Consequently, messages with
small magnitudes are prevented from propagating to neighboring nodes and composing

the output embedding.

7.3.2 UNIFEWS for Graph Propagation

Thanks to the adaptive property of the entry-wise pruning scheme, we are able to further
perform fine-grained and gradual sparsification across propagation layers. Intuitively, a

message deemed of minor significance in the current propagation is unlikely to propagate
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further and influence more distant nodes in subsequent layers. UNIFEWS hence offers

progressively increasing sparsity throughout GNN layers.

As depicted in Figure 7.2(c), UNIFEWS iteratively applies sparsification to each layer,
and the pruned diffusion matrix T(l) is inherited to the next layer for further edge removal.
Denote the edge set corresponding to T(l) as 8(1), there is 8(1) - é(l_l) c---C 8(0) cé&,
which indicates a diminishing number of operations for deeper layers. Consequently,
Eq. (7.5) is modified as the following to represent entry-level diffusion on the sparsified
graph:

Panylul = Z T lu o] - paylo] = Z Ty lu, 0] = Z Toy[u, 0] - puylo], (7.9)

veN (u) veN( () veN() (u)

where the neighborhood composed by remaining connections is N(l) (u) ={v| (u,0) €
é(l)}.

We illustrate the application of UNIFEWS on decoupled graph propagation in Algo-
rithm 7.1 as highlighted components. Note that the nested loops starting from Line 5
are identical to the canonical graph propagation conducted by sparse-dense matrix multi-
plication in common GNNs. Compared to the normal propagation Line 11, it refrains the
value update and prunes the corresponding edge for insignificant entries in Line 9. Hence,

UNIFEWS can be implemented into the GNN computation to enhance efficiency without

ALGORITHM 7.1: UNIFEWS on Decoupled Propagation

Input: Graph G = (V, E), diffusion T(;), attribute X, propagation hop L, graph sparsifi-
cation threshold d,

Output: Approximate embedding 13( L)

13(0) — X, 8(_1) — &

—

2fori=0toL—-1do

3 IA)(H_]) «— ﬁ([)

4 En—Euy, Tuy — Ty

5 forallu € V do > [matrix op]
6 Ny (u) « {o | (u,0) € Egy, v # u}

7 for all v € N(l)(u) do

8 if [T [u,0]] < 8a/lIPry[0] ]| then

9 &y <&\ {wo)}, Toyluov] «0

10 else

n  Puany[ul & Puiny o] + Ty [w o] - Py [o]

12 return f’( L)
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additional matrix-wise overhead. For multi-dimensional feature matrix, the pruning
function Eq. (7.6) is performed by replacing | p[v]| with the specific norm ||P[v]|| across
feature dimensions. Note that to maintain node identity, we adopt skip connections to
each layer in the algorithm by initializing P(;,1) explicitly with the value in the previous
hop, in order to preserve at least one meaningful value for each node embedding in case

all connected edges are pruned.

Moreover, the feature transformation stage in decoupled GNNss is feasible to the weight
pruning described in the following section, which is similar to classical irregular pruning
with magnitude-based thresholds for MLP networks [285, 286].

Approximation Bound. From the theoretical perspective, the error introduced by multi-
hop propagation is more complicated than the single-layer case in Theorem 7.3, as it is
composed of both the diffusion and embedding values in approximation. By exploiting

the GNN graph smoothing process in Definition 7.1, we show that:

Ipas1) — pasnll < pay — poyll +O(e) - IIT = Tll2llpy Il

Therefore, as long as the sparsification satisfies Theorem 7.3 for each hop, the whole
process of pruning and accumulating the sparsified graph across multiple hops can
be regarded as the approximate smoothing in Theorem 7.1, as stated in the following

proposition:

Proposition 7.1 (Progressive UNIFEWS for graph propagation). For an L-hop graph
propagation under Algorithm 7.1, if the final sparsifier satisfies e-similarity, then the

overall process is an e-approximation to the original graph smoothing problem.

The proof of Proposition 7.1 is detailed in Appendix B.4.

An empirical evaluation of multi-hop UNIFEWS on CORA is shown in Figure 7.3(b), which
validates that the approximation error is affected by the sparsification threshold §, as well
as propagation hops L. Meanwhile, even under aggressive sparsification, the error is still

adequately bounded to yield meaningful learning outcomes.

Impact on Over-smoothing. Additionally, we note that the “error” induced in Algo-
rithm 7.1 is not necessarily harmful. Examining Eq. (7.1), excessive propagation of
common GNNs can lead to a decline in performance known as the over-smoothing is-

sue, where the graph regularization is dominant and meaningful node identity is lost
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[149]. By eliminating a portion of graph diffusion, UNIFEWS effectively alleviates the

over-smoothing issue.

We showcase the effect of alleviating over-smoothing in UNIFEWS by depicting the
embedding difference to optimization convergence in Figure 7.3(c). With an increased
number of hops, the output embedding tends towards an over-smoothed state. However,
a stronger sparsification prevents the rapid smoothing and hereby contributes to better

graph learning performance.

7.3.3 UNIFEWS for Iterative Update

Compared to decoupled designs, graph propagation and feature transformation in iterative
GNN models are tightly integrated in each layer. Traditionally, this poses a challenge
to GNN sparsification methods depicted in Figure 7.2(b), as specialized schemes are
necessary for simultaneously modifying the two components without impairing the
performance. On the contrary, our UNIFEWS approach takes advantage of this architecture

for jointly sparsifying the model towards a win-win situation in graph learning.

The sparsification of iterative UNIFEWS for the entire message-passing process is pre-
sented in Algorithm 7.2, where the difference from the common scheme is also highlighted .
Similarly, although presented as nested loops in the algorithm, the multiplication and spar-
sification are implemented as matrix operations. Its graph propagation stage is identical to
Algorithm 7.1, except that the embedding 13(1) is initialized by the previous representation
ﬁ(l). Meanwhile, sparsification for weights is relatively straightforward compared to
graph edges, since weight matrices are structured and their approximation is well-studied
as network pruning [285, 286, 276]. Given the embedding of the current layer P(;), we

similarly rewrite the iterative GNN update as:

f
Hn [ i] = G(ZWU) [j, 1] 'P(Z)[i,j]), (7.10)

Jj=1

where H(;,1)[:, i] denotes the i-th column vector of all nodes in H;,), and the weight
entry W(; [ j, i] symbolizes the neuron mapping the j-th embedding feature to the i-th
representation feature. UNIFEWS sparsification on the weight matrix can thus be presented

in the entry-wise manner following weight threshold 6,,:

W), i] = thrg, (W(jil) - Wjiil, 8, = 8u/IIPL 111 (7.11)
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Approximation Bound. To derive the precision bound for UNIFEWS on iterative models,

we investigate the difference of layer representation:
Hity = Huwy = (Pgy = Pay) Wy + Py (W) - Wo)).

The first term is similar to graph propagation in Proposition 7.1, while the second term
can be bounded by the weight pruning scheme regarding J,,. Hence, we are able to
show that the representation under layer-progressive UNIFEWS for iterative networks

containing both graph and weight operations satisfies the following proposition:

Proposition 7.2 (Progressive UNIFEWS for iterative update). For an L-round iterative
update under Algorithm 7.2, the approximation error on output ||ﬁ( 1y—H)||r is bounded
by O(ellH)llF + Sw).

The detailed interpretation of Proposition 7.2 is discussed in Appendix B.5.

In brief, the approximation of layer representation is jointly bounded by factors depicting
graph and weight sparsification processes. Hence, the unified pruning produces an
advantageous approximation of the learned representations across GNN layers, which
completes our framework for characterizing the approximation bound of UNIFEWS for
general GNN schemes by examining the graph smoothing optimization throughout model

learning.

ALGORITHM 7.2: UNIFEWS on Iterative GNN

Input: Graph G = (V, &), diffusion T, attribute X, network layer L, graph sparsifica-
tion threshold §,, weight sparsification threshold &,,
Output: Approximate representation H (L)
1 I:I(()) — X, 8(_1) — &
2 forl=0toL—1do

3 H(l+1) — 0, 13(1) — H(l)

4 Acquire sparsified ﬁ(l), 8(1), f’(l) as in Algorithm 7.1

5 fori < 1to f do > [matrix op]
6 forj<—1tofandW(1)[j,i]¢0d0

7 if W) [, i1l < 8./l1Ppy[: 71| then

8 ‘ W(l) [j,i] <O

9 else

10 B Ay i) — Haen [ i+ Wy Ll - Py ]

1 Hipy < o(Hga)

12 return Hp)
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Complexity Analysis. As shown in Algorithms 7.1 and 7.2, entry-level operations
can be naturally inserted into the computation without additional overhead. For graph
propagation, when the graph sparsity is n, = q,/m, where g, is the number of removed
edges, the computation complexity for propagation in each layer is reduced from O(m)
to O((1 = ng)m). In particular, for iterative models, this applies to both time and memory
overhead. For weight pruning regarding matrices P, H € R™f and W e R/*f, let
the pruning ratio of weight matrix be n,,. The sparsification scheme at least reduces
complexity to O ( (1-ny)nf 2). The favorable merit of joint graph and weight sparsification
by UNIFEWS is that, both the propagation result P and the weight multiplication product
H enjoy sparsity from the previous input alternatively. In fact, as proven by [157],
the scale of reduced computational operation can be advanced to (1 — 7,,)? for certain

distribution.

7.4 Experimental Evaluation

We implement UNIFEWS for sparsifying various GNN architectures and evaluate its
performance against strong competitors in the scope of GNN graph and network simplifi-
cation. We first respectively highlight the accuracy and efficiency improvement of our
approach. Further discussions are provide regarding effects of the joint pruning and key

parameters.

7.4.1 Experiment Setting

Dataset. We adopt 3 representative small-scale datasets: CORA, CITESEER, and PUBMED
as well as 4 large-scale ones: PHYSICS, ARXIV, PRODUCTS, PAPERS100M. Statistics of the
datasets can be found in Table 7.1, where we follow the common settings including the
graph preparing and training set splitting pipeline in these benchmarks. In the table,
we incorporate self-loop edges and count undirected edges twice to better reflect the

propagation overhead.

Metrics. We uniformly utilize transductive node classification accuracy as the evaluation
metric of model prediction. To precisely observe and compare the number of operations
in GNN learning, the efficiency is assessed by computation time and floating-point opera-
tions (FLOPs), and 1FLOPs ~ 2MACs. The graph and weight sparsities are calculated
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as portions of pruned entries compared to the original matrices. For layer-dependent
methods, the average sparsity across all layers is used. Evaluation are conducted on a
server with 32 Intel Xeon CPUs (2.4GHz), an Nvidia A30 (24GB memory) GPU, and
512GB RAM.

Backbone Models. Since UNIFEWS is adaptable to a range of GNN architectures, we
select classic GNNs as our backbones, i.e., subject architectures of sparsification methods,
due to the consideration that most baselines are only applicable to a couple of classic
architectures such as GCN and GAT. In contrast, we demonstrate the generality of

UNIFEWS on more backbones including GraphSAGE and GCNII.

We divide them into two categories based on iterative and decoupled GNN designs.

Iterative backbone models include:

* GCN [25] is the representative message-passing GNN with a diffusion matrix

T = A across all layers.

* GAT [287] learns a variable diffusion T for each layer by multi-head attention. We

set the number of heads to 8 for hidden layers.

* GraphSAGE [27] performs more specialized message-passing aggregation and is

suitable for large graphs.

* GCNII [67] features residual connections and identity mapping. We use L = 32 for

demonstrating the effect of sparsification on deep GNNS.

For decoupled designs, we implement the pre-propagation version [112] of the following

models:

TABLE 7.1: Statistics of graph datasets. f and N, are the numbers of input attributes
and label classes, respectively. Numbers in the “Split” column are percentages of nodes
in training/validation/testing set w.r.t. labeled nodes, respectively

Dataset \ Nodes n Edges m Features f Classes N, Split
CORA [25] 2,485 12,623 1433 7 50/25/25
CITESEER [25] 3,327 9,228 3703 6 50/25/25
PUBMED [25] 19,717 88,648 500 3 50/25/25
PHYSICS [255] 34,493 495,924 8415 5 50/25/25
ARXIV [43] 169,343 2,315,598 128 40 54/18/29
PRODUCTS [43] 2,400,608 123,718,024 100 47 08/02/90
PAPERS100M [43] | 111,059,956 3,228,124,712 128 172 78/08/14
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* SGC [125] corresponds to GCN in spectral smoothing, but computes the propaga-

tion P = ALX separately in advance.

* APPNP [123] accumulates and propagates the embedding with a decay factor
P=y) a(l-a)AX.

Baseline Methods. Our selection of baselines is dependent on their applicable backbones.

We mostly utilize their public source codes and retain original implementations.

For iterative models, we consider state of the arts in graph and joint compression, which
are methods with the capability to produced sparsified graphs with smaller edge sets for

both GNN training and inference:

* GLT [164] proposes concurrently sparsifying GNN structure by gradient-based

masking on both adjacency and weights.

* GEBT [162] gradually discovers the small model during training. Its implementa-
tion is limited to the GCN backbone.

* CGP [159] iteratively prunes and regrows graph connections while exploiting

irregular compression on weights.

* DSpar [147] employs one-shot graph sparsification according to a degree-based
metric, which implies an upper bound for pruning rate. It does not perform weight

pruning.
* Random (RAN) refers to the sparsification method that removes entries with

uniform probability based on the specified sparsity.

For the decoupled scheme, we mainly evaluate the graph sparsification. There are two

propagation personalization techniques, both only available for the SGC backbone:
* NDLS [150] determines the hop number by calculating the distance to convergence,
which produces a customized propagation.

* NIGCN [151] offers better scalability by performing degree-based estimation on

the node-wise propagation depth.
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FIGURE 7.4: Accuracy results of UNIFEWS and baseline methods applied on iterative
backbone models GCN and GAT over three small datasets. Columns of “Edge” and
“Weight Sparsity” present the average results of models with solely edge and weight
sparsification, respectively. Black dashed lines are the performance of backbone models
with full graph and weights.

The graph and weight sparsities are calculated as portions of pruned entries compared to
the original matrices. For layer-dependent methods, the average sparsity across all layers
is used. For UNIFEWS, the pruning thresholds &, and é,, are determined by Theorem 7.3.
Note that as Algorithm 7.1 naturally preserve diagonal elements in T, a GCN layer with
na = 100% UNIFEWS pruning is equivalent to an MLP layer.

Hyperparameters. We commonly utilize graph normalization p = 0.5, model layer
depth L = 2, and layer width Fp;z4., = 512. For decoupled models, the number of
propagation hops is 20. We employ full-batch and mini-batch training for iterative and
decoupled methods, respectively. The total number of training epochs is uniformly 200
for all models, including pre-training or fine-tuning process in applicable methods. The
batch size is 512 for small datasets and 16384 for large ones. We tune the edge and
weight sparsity of evaluated models across their entire available ranges, and the pruning
ratio of UNIFEWS is controlled by adjusting , and §,,.
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7.4.2 Performance Comparison

We first separately apply only one part of sparsification, i.e., either edge or weight pruning,
for better comparison. Figure 7.4 presents accuracy results of iterative backbones and
compression methods over representative datasets. GEBT encounters out of memory
error on PUBMED. For larger graphs, most of the iterative baselines suffer from the out
of memory error due to the expense of trainable adjacency matrix design and full-graph

training process.

Edge Sparsification. For the iterative architecture in Figures 7.4(a) and 7.4(c), UNIFEWS
outperforms state-of-the-art graph and joint compression approaches in most backbone-
dataset combinations. Typically, for relatively small ratios , < 80%, models with
UNIFEWS pruning achieve comparable or exceeding accuracy, aligning with our approxi-
mation analysis. For higher sparsity, UNIFEWS benefits from the skip connection design,
which carries essential information of node identity and therefore retains accuracy no
worse than the trivial transformation. On the contrary, most of the competitors experience
significant accuracy drop on one or more datasets. CGP and DSpar exhibit poor utility
on the GAT backbone since its variable connections are more vulnerable to removal.
Additionally, the comparison with random sparsification indicates that, the entry-wise
scheme is particularly effective for small ratios, as the randomized pruning even surpasses
dedicated methods for some circumstances. For high edge sparsity, the UNIFEWS preser-
vation of dominant edges and identity mapping is critical to accuracy, which validates the

advantage of our design.

Additionally, we present the experimental results of UNIFEWS on larger datasets and
on more backbone architectures in Figure 7.5 and Figure 7.6, respectively. No baseline
method is available for these settings. It can be observed that UNIFEWS constantly
achieves satisfying performance in a large range of sparsity. The effect of graph spar-
sification on GCNII is relatively unstable, likely because the deeper layers amplify the

approximation error.

Similarly, for decoupled propagation in Figure 7.8, UNIFEWS is able to preserve remark-
able accuracy and outperform personalized propagation methods. On CITESEER, it raises
SGC accuracy by 2% through mitigating the over-smoothing issue. We hence conclude
that, compared to heuristic pruning schemes, UNIFEWS successfully removes unimportant

graph edges without sacrificing efficacy, thanks to its fine-grained and adaptive scheme.
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FIGURE 7.5: Accuracy of iterative UNIFEWS over medium-scale PHYSICS and ARXIV,
while all baseline methods meet OOM.
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FIGURE 7.6: Accuracy of iterative UNIFEWS for GCNII and GraphSAGE backbones,
while no baseline method is applicable.
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FIGURE 7.7: Accuracy and variance of iterative UNIFEWS over CORA.
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FIGURE 7.8: Accuracy results of UNIFEWS and baseline methods applying graph
sparsification on decoupled models over CORA and CITESEER. UNIFEWS is employed with
solely edge removal and 7,, = 0%. Black and brown dashed lines are the performance of
backbone SGC and APPNP models with full graph and weights, respectively.

Variance. The variance of UNIFEWS is particularly shown in Figure 7.7 corresponding
to Figure 7.4. Typically, the variance of iterative UNIFEWS models are between the range
of 1-3%, which is slightly larger than the backbone model due to the perturbation of edge

and weight sparsification.

Weight Sparsification. Figures 7.4(b) and 7.4(d) display the efficacy of network pruning.
For all combinations of models and graphs, UNIFEWS achieves top-tier accuracy with a
wide range of weight sparsity. For small ratios, the model produces up to 3% accuracy
gain over the bare GNN, resembling the benefit of neural network compression [288].
Most evaluated baselines also maintain low error rate compared to their performance in
graph pruning, indicating that the GNN weights are relatively redundant and are suitable
for substantial compression. Thanks to the redundancy in GNN architecture, baselines
including GEBT and CGP present strong performance in certain cases compared to edge
sparsification. Random removal fails for high weight sparsity, which implies that the

magnitude-based scheme is the key to maintain model effectiveness.

Joint Sparsification. For unified pruning on graph edges and network weights, accuracy
comparison is provided by Figure 7.9 with applicable methods. It is noticeable that
UNIFEWS retains comparable or better accuracy than the backbone GCN with up to
3% improvement. Most baseline methods only obtain suboptimal accuracy especially
for weight pruning, which is affected by their comparatively poor graph sparsification.

While GEBT mostly retains effectiveness on CORA, it is highly limited by the specific
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FIGURE 7.9: Accuracy results of joint UNIFEWS and baseline methods on GCN over
CORA. Columns of “Edge” and “Weight Sparsity” respectively present the results of
models with varying edge and weight sparsification, while fixing the other sparsity at
30%. Black dashed lines are the performance of backbone GCN with full graph and
weights.

architecture and high training overhead. The evaluation further highlights the advantage

of UNIFEWS in considering the two GNN operation stages in a unified manner.

7.4.3 Efficiency Analysis

FLOPs. As graph computation is the primary bottleneck for large-scale tasks, we par-
ticularly study the efficiency improvement utilizing decoupled models in Table 7.2.
Evaluation implies that, UNIFEWS is effective in producing operational reduction pro-
portional to the sparsity, i.e., saving 50% computation FLOPs. It also achieves higher
compression such as for APPNP over PRODUCTS, by recognizing more unnecessary edges
than required. Contrarily, NDLS suffers from out of memory error on large datasets due to
its complex calculation and implementation, while NIGCN does not guarantee decreased
computation because of its expansionary propagation design. Table 7.2 also presents the
transformation FLOPs for reference, where the sparsified embedding of UNIFEWS also
benefits the downstream computation. We remark that, although the FLOPs value for
transformation stage appears to be on the same level with propagation, in practice it can
be efficiently processed utilizing parallel computation on devices such as GPU [97, 49].
Hence the GNN scalability bottleneck, especially on large datasets, is still the graph
propagation. In this context, the ability of UNIFEWS in reducing propagation operations

is of unique importance.
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Runtime. Within each method in Table 7.2, the propagation time is correlated with its
FLOPs, and escalates rapidly with the data size due to the nature of graph operations.
Comparison across methods demonstrates that UNIFEWS excels in efficiently conducting
graph propagation with regard to both FLOPs and execution time. It realizes significant
acceleration on large graphs by favorably reducing the graph scale across all layers, which
benefits the system workload such as better entry-level access. The PAPERS100M result
highlights the superiority of UNIFEWS with 85 — 100x improvement over the backbone
and 9% speed-up over NIGCN.

Operation Breakdown. To specifically evaluate the efficiency enhancement, in Fig-
ure 7.10, we separately assess the FLOPs related to graph propagation and network
transformation for different backbone models and datasets under UNIFEWS sparsification.

For better presentation, model width is set to 64 in this experiment. Figures 7.10(a)

TABLE 7.2: Evaluation results of n, = 50% graph sparsification on decoupled models.
UNIFEWS is applicable to both SGC and APPNP backbones, while two baseline methods
are only available on the former one. “Acc” and “Time” are the prediction accuracy
(%) and propagation time (in seconds), respectively. “FLOPs” separately presents the
operational complexity (in GMACs) for propagation and transformation on all nodes.
“O0OM” stands for out of memory error. “Improvement” is the comparison between
UNIFEWS and the corresponding backbone model, where improved accuracy is marked

in bold fonts.

CORA CITESEER PUBMED
Dataset i . .
Acc Time FLOPs Acc Time FLOPs Acc  Time FLOPs
SGC 85.8 0.13 0.36+2.2 |67.7 0.44 0.68+2.8 [83.0 0.36 0.89+2.3
+NDLS 80.3 1362 0.19+2.7 |64.7 1940 0.33+4.3 |77.0 4717 0.42+42.0
+NIGCN 84.2 045 0.22+3.0 |70.4 0.47 0.28+2.1 [85.0 9.2 0.44+2.0
+UNIFEWS (Ours)|86.0 0.10 0.18+1.2 {73.0 0.26 0.35+1.7 |83.0 0.24 0.47+2.0
Improvement 0.2 1.3x 2.0x,19%x|53 1.7x 2.0x,1.7x [0.0 1.5x 1.9x,1.2x
APPNP 86.2 0.15 0.36+2.2 |71.6 043 0.68+2.8 [87.6 0.33 0.89+2.3
+UNIFEWS (Ours)|86.5 0.08 0.18+1.8 [73.7 0.21 0.31+2.3 |88.0 0.26 0.43+1.8
Improvement 04 1.8x 2.0x,1.2x|2.1 2.0x 2.2x,12x |04 13x 2.1x,1.3x
ARXIV PRODUCTS PAPERS100M
Dataset : ) ]
Acc Time  FLOPs Acc Time FLOPs Acc Time FLOPs
SGC 68.8 3.9 5.9+15.0 |79.1 289.6 247.4+434.4163.3 19212 17.7+253.6
+NDLS (OOM) (OOM) (OOM)
+NIGCN 63.7 87.6 15.6+14.7|77.9 1026 137.2+182.0|53.7 1770 110.7+238.6
+UNIFEWS (Ours)|69.4 1.5 3.0+13.3 {78.5 203.1 124.0+186.9|63.1 192.4 5.3+143.8
Improvement 0.6 2.6x 2.0x, 1.1x|-0.5 1.4x 2.0x,2.3x |-0.2 99.8x 3.3x, 1.8x
APPNP 64.8 2.6 5.9+20.9 |72.5 248.5 247.4+269.4|60.9 15305 17.7+247.7
+UNIFEWS (Ours)|65.0 0.93 3.0+15.0 |76.9 58.5 31.7+186.9 |62.8 178.5 8.9+241.8
Improvement 0.2 2.8x 1.9%,1.4x|4.5 42x 7.8x,1.4x | 1.9 85.7x 2.0x, 1.0x




156 7.4. Experimental Evaluation

Weight Threshold d,,

Weight Threshold 4, 5 =00 6.—=04 5 =08 8.=12
5,=00  6,=04 6,=08 §,=12 —— e
[ Tran 4 : ”}Eran
2.0 [ Prop — Or(l)lp
. [ Other 6\3 ther
T 15 -~
© @)
O = 2
< 1.0
= =
0.5 !
0.0 0
00 12 00 12 00 12 00 12 0.0 60 0060 0060 0060
Diffusion Threshold 4, Diffusion Threshold §,(x 1072)
(a) GCN on ARXIV (b) GAT on ARXIV
Weight Threshold 9, Weizht Threshold &
00=00  0,=03  0,=06  6,=0.9 “1e TeshOld O
< e d ) — ) — 8,=00  8,=01 6,=02  6,=0.3
0 Tran EE Prop B Tran B Prop
200
<)
3
<1,
= 100
000 12 00 1.2 00 12 00 12 0700 08 00 08 00 08 00 08
Diffusion Threshold §,(x1077) Diffusion Threshold §,(x1077)
(¢) SGC on ARXIV (d) SGC on PRODUCTS

FIGURE 7.10: Composition of full-graph inference FLOPs with respect to propagation
and transformation operations, under varying UNIFEWS edge and weight thresholds.
Iterative models: (a) GCN and (b) GAT over ARXIV. Decoupled models: SGC over
(¢) ARXIV and (d) PRODUCTS datasets. For better presentation, model width is set to 64 in
this experiment.

and 7.10(b) imply that the majority of computational overhead of iterative models is
network transformation, even on graphs as large as ARX1vV. Consequently, weight com-

pression is essential for reducing GNN operations.

On the other hand, graph propagation becomes the bottleneck in decoupled designs, and
is increasingly significant on graphs with greater scales. This is because of the larger
number of propagation hops L = 20 for these structures. In this case, UNIFEWS is
effective in saving computational cost by simplifying the propagation and bypassing
unnecessary operations, with over 20x and 5X joint reduction on ARXIV and PRODUCTS,
respectively. We also discover the benefit of joint pruning that a higher threshold results in
smaller FLOPs of both operations in Figures 7.10(c) and 7.10(d), which signifies the win-

win situation brought by increased sparsity. By combining these two sparsifications, we
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FIGURE 7.11: Sensitivity of joint sparsification thresholds on four models over CORA.
We respectively set the weight ratio J,, to 0 and 0.5, then evaluate the accuracy, edge
sparsity, and weight sparsity of the model. Note that the x-axis representing diffusion
threshold is on a logarithmic scale.

summarize that the unified scheme of UNIFEWS is capable of mitigating the computational

overhead for both propagation- and transformation-heavy tasks.

7.4.4 Effect of Joint Simplification

Thresholds. The thresholds controlling diffusion and weight sparsification are pivotal
to UNIFEWS compression, affecting both efficacy and efficiency of the produced model.
Figure 7.11 presents the changes of inference accuracy and dual sparsity of GNN models
under graph and joint sparsification with varying adjacency thresholds §,. Accuracy in
the plot follows the conclusion in previous evaluation, that it only degrades above extreme
sparsity n, > 95%. The experiment reveals that, the relation between edge sparsity and
adjacency threshold aligns with Theorem 7.3, and decoupled models typically require
a larger range of threshold to traverse the sparsity range, which is because of the wider

distribution of their entry values throughout the deeper propagation. Interestingly, the
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FIGURE 7.12: Relationship between edge threshold §, and sparsity 1, on synthetic
graphs generated by GENCAT. We also present the degree distribution of nodes in different
GENCAT graphs controlled by « to illustrate the power law.

weight sparsity when J,, = 0.5 also increases under high edge pruning ratios. The pattern
is also observed in the reverse case. We deduce that the reciprocal enhancement in graph
and model sparsity is brought by the unified sparsification of UNIFEWS, which conforms

to our analysis as well as previous studies [157].

Thresholds on Synthetic Graphs. We further utilize GENCAT [289, 290] to generate
synthetic graphs with randomized connections and features by varying its parameters.
GENCAT(a, 0) is the state-of-the-art graph generation approach that allows for configuring
the edge connections and node attributes synthesis by specifying their distributions, where
« is the coefficient of edge power law distribution P(d) = d™%, and o is the deviation
of attribute Gaussian distribution p[v] ~ N(0, ¢?), both sharing the definitions in our
paper. The remaining inputs of GENCAT, including label distribution and attribute-label
correlation, are set by mimicking the statistics from CORA. We utilize two groups of « and
o values to generate 4 graphs with different edge and attribute distributions and evaluate

UNIFEWS.

Then, we evaluate the relationship between the edge threshold §, and the edge sparsity
n, following the settings of Figure 7.11. The results are available in Figure 7.12. As

an overview, the pattern is similar to the one in Figure 7.11, while the constants are
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effectively affected by the changes of edge and feature distribution in the GENCAT graph.

For 6, not too close to 0, the relation with n, largely follows Theorem 7.3.

Effectiveness. For effectiveness, the impact of jointly changing J, and J,, is displayed in
Figure 7.13. Intuitively, GCN is more resilient to UNIFEWS sparsification, considering
its relatively high redundancy of the wide distribution of entry values. In comparison,
GAT is more sensitive to weight removal, that beyond a certain threshold §,,, its accuracy
drops significantly. This observation suggests that the value of learnable attention weights
in GAT are highly concentrated, and selecting an appropriate sparsity is critical to its

performance.
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Sparsity. Additionally, we investigate the entry-wise sparsity of specific intermediate
results in the process of GNN computation. Figure 7.14 displays the relative density
of the edge message and node representation matrices, respectively. It can be clearly
observed that the entry sparsity is enhanced with the increase of both two pruning ratios,
signifying our theoretical analysis that UNIFEWS not only directly shrinks edges and
weights, but promotes the sparsity of the product matrix as well. It also supports our
claim that UNIFEWS is superior in employing dual sparsification where the two stages

benefit each other alternatively and enjoy a win-win situation brought by the increased

sparsity.
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FIGURE 7.15: Sensitivity of propagation and network transformation layers evaluated
on SGC over CORA. (a) Impact on prediction accuracy and average edge sparsity of
varying numbers of propagation hops. (b) Impact on prediction accuracy and average
weight sparsity of varying numbers of network layers. Note that the x-axis representing
layers is on a logarithmic scale.
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7.4.5 Effect of Hyperparameters

Propagation and Network Layer. Since UNIFEWS adopts layer-dependent graphs with
incremental sparsity for GNN propagation, we additionally evaluate its performance on
models with varying layers. Figure 7.15(a) is the result of iteratively applying UNIFEWS
edge sparsification to SGC with different propagation depths. The backbone model
without pruning J, = 0 typically suffers from the over-smoothing issue under large hop
numbers. On the contrary, as elaborated in Section 7.3.2, UNIFEWS is powerful for iden-
tifying and eliminating unimportant propagations, especially for larger hops, and thereby
prevents information loss. With respect to architectural compression Figure 7.15(b), it is
noticeable that UNIFEWS promotes model performance and average weight sparsity at

the same time for deeper layers, effectively reducing network redundancy.

7.5 Summary and Discussion

In this work, we present UNIFEWS, an entry-wise GNN sparsification with a unified
framework for graph edges and model weights. UNIFEWS adaptively simplifies both graph
propagation and feature transformation throughout the GNN pipeline and remarkably
improves efficiency with little expense. In theory, we showcase that the layer-dependent
UNIFEWS provides an effective estimation on the graph learning process with a close
optimization objective, which is favorable for multi-layer GNN updates. Comprehensive
experiments underscore the superiority of UNIFEWS in terms of efficacy and efficiency,
including comparable or improved accuracy, 90 — 95% operational reduction, and up to

100x faster computation.

One potential limitation and future direction lies in the consideration of graph heterophily,
as the current strategy prunes insignificant messages. However, under heterophily, where
connected nodes have dissimilar labels, messages with large magnitudes may not be
beneficial to model inference. In this case, the graph smoothing objective Definition 7.1
needs to be refined, and consequently, the sparsification strategy should be adjusted.
While there are recent works on the spectral optimization process for heterophilic graphs,

how to apply sparsification is largely unexplored.






Chapter 8

Benchmarking Spectral Graph Neural

Networks

8.1 Introduction

Spectral GNNs denote a specialized set of GNN designs that are based on spectral graph
theory and apply graph signal filters in the spectral domain [24, 25, 63, 26]. In the
graph, such spectral information is powerful for characterizing various patterns, from
local edge connections to global clustering structures [243, 291]. Hence, spectral GNNs
have garnered exceptional utility for real-world applications encompassing specialized
graph topologies, such as multivariate time-series forecasting [292, 293] and point cloud
analysis [294, 295].

Particularly, spectral models are superior in addressing the notorious scalability issue of
common GNNs [45, 42, 81]. This merit stems from the unique graph data management
as illustrated in Figure 8.1. Conventionally, learning GNNs is achieved through the
full-batch scheme, where graph data and neural network weights are integrated, rendering
iterative computation and high GPU overhead. In comparison, the mini-batch setup
is uniquely available for spectral GNNs by dividing learning data into small batches,
thereby alleviating both efficiency bottlenecks and memory footprints [78, 47]. The

graph data and weights can be processed separately with tailored computations, enabling

This work is published as: [7] Ningyi Liao, Haoyu Liu, Zulun Zhu, Siqiang Luo, Laks V.S. Lak-
shmanan. “A Comprehensive Benchmark on Spectral GNNs: The Impact on Efficiency, Memory, and
Effectiveness”. In ACM SIGMOD International Conference on Management of Data (SIGMOD), vol. 3,
no. 4, 2026. DOI: 10.1145/3749156.
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FIGURE 8.1: The spectral filter remains the same between (a) full-batch learning, which
is the common setting of GNN training, and (b) mini-batch learning, which is specialized
for spectral GNNs. The invariability enables unified spectral filter implementation and
evaluation across different model architectures and learning schemes possessing varying
efficiency and scalability performance.

spectral GNNSs to excel in learning web-scale graphs with hundreds of millions of nodes
[296, 118].

The spectral domain of graphs has long been incorporated into graph learning tasks [297,
115]. Previous surveys on spectral GNNs [298, 299] primarily focus on deriving spectral
models and evaluating their accuracy on small datasets. Although the spectral design has
been shown to be promising in scaling up GNN:gs, there is a lack of comprehensive study,
especially on their efficiency and scalability performance. We note that implementing
and evaluating these models for large-scale graphs remains a demanding task considering

the following major challenges:

* Under-explored practical performance on large-scale graphs: For the interest of
fast and useful GNNs in a broader scope, it is crucial to understand the performance
of advanced solutions, extensively considering their time efficiency, memory over-
head, effectiveness, and the relationships among these aspects. However, it remains
unknown of such systematic insights regarding the feasibility and performance
characteristics of spectral GNNs at various data scales, rendering it difficult to

decide the appropriate model.

* Limited availability of efficient and scalable computation techniques: Most
existing scalable computations based on spectral GNNs, such as graph operation
accelerations [111, 112, 300, 1] and mini-batch training techniques [301, 302, 3]
are exclusively available for only a few models. While the spectral GNN design pro-
motes better scalability thanks to compact graph computation, the majority of them
have never been implemented or evaluated with these techniques, consequently

constraining their practical application in large-scale scenarios.
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* Varied implementations and inconsistent evaluations: Although a broad scope of
models can be regarded as spectral GNNS, their computational designs vary greatly
in terms of graph managements, network architectures, and training schemes. The
distinct settings and implementations lead to varied time and memory overheads and
complicate fair comparison among spectral models. For instance, while many are
inspired by Personalized PageRank (PPR), GLP [303] directly acquires the scores
by matrix inversion, whereas APPNP [123] employs an iterative process through

message passing, and GDC [133] relates the computation to spectral filtering.

In this research, we present a comprehensive benchmark on spectral GNNs, especially
targeting the above challenges. We extensively review existing GNN designs with
spectral interpretations, ranging from traditional to cutting-edge studies, and reach a
total of 35 models. To facilitate fair and versatile evaluations, we abstract the filters, i.e.,
the specialized graph management process, among these models. A novel taxonomy
(Table 8.2) is proposed to identify and categorize these filters into three categories, each

exhibiting distinct spectral capabilities and performances.

We implement the spectral filters in a unified manner applicable to a variety of settings
and tasks. Our framework embraces scalable graph processing techniques, especially
the dedicated mini-batch training scheme, and allows for widely applicable spectral
operations on million-scale graphs, which have not been achieved before. On top of our
taxonomy and implementation, we perform evaluation on efficiency, memory consump-
tion, and effectiveness of spectral filters. Our findings aim to provide new assessment
criteria, insightful observations, and useful guidelines, which are of pragmatic interest for
researching and deploying spectral GNNs. Compared to previous GNN evaluations, we

highlight the following specialties of this work:

* Unified Framework: We offer an open-source, plug-and-play collection for spec-
tral models and filters. The framework realizes unified and efficient implemen-
tations covering a variety of spectral GNN designs. Reproducible pipelines are

included for training and evaluating the provided models.

* Spectral-oriented Design: Our spectral framework is designed in a spectral-
oriented manner independent to spatial operations. Such implementation ensures
that most filters are easily adaptable to a wide range of model-level options on

transformation, architecture, and learning schemes. In this way, spectral GNNs
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can be constructed on-demand from various choices of modules and configurations

offering different precision, speed, and memory performances.

Comprehensive and Fair Evaluation: We provide extensive study on the effec-
tiveness and efficiency of spectral filters across various model architectures and
learning schemes under our framework. Particularly, most filters are applicable to
graphs beyond million-scale, which has never been achieved before. We analyze
the spectral properties of the filters and conclude practical guidelines for designing

and utilizing spectral models as well as open questions for future research.

Our benchmark settings cover an inclusive range of spectral GNN components, graph

filter designs, and training schemes. The observations feature diverse graph properties and

impact factors on the performance of spectral models, and reveal the intricate relationship

between efficiency and effectiveness across different scales of graphs, which is only

available by our unified framework highlighting scalability. In specific, we outline the

novel findings from benchmarking GNNs at scale as follows:

While the GNN efficiency bottleneck is commonly attributed to graph computation,
our evaluation indicates that it only dominates time and memory overheads on

graphs above the million scale.

Similarly, the efficiency enhancement brought by mini-batch learning is only

significant on larger graphs, where the graph computation overhead is considerable.

The effectiveness and efficiency of spectral GNNs are not mutually exclusive,
challenging the prevailing belief. With adequate configurations, simple filters can

excel in high accuracy and fast computation on most graphs.

The effectiveness of spectral filters primarily roots in their alignment with the graph
information; that is, preserving useful patterns while attenuating noise. Contrarily,

sophisticated designs do not guarantee improved accuracy.

As the approach to harmonizing effectiveness and efficiency in spectral GNN:gs, it is
recommended to employ simple but suitable filters through a better understanding

of the graph data.
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8.2 Formulation of Spectral GNN Paradigm

8.2.1 Polynomial Spectral GNN

Spectral GNNs view the graph information as a matrix to perform signal analysis tech-
niques such as eigen-decomposition. Although it is based on the distinct interpretation
with spatial GNNs, these two variants can be derived from each other, as revealed by
previous research [25, 298]. To demonstrate, we start from the spatial GNN formulation
by focusing on the graph-related components ) (A) in GNN and omitting the non-linear
transformation, i.e., let ¢(x) = x. We also utilize the graph Laplacian L instead of
adjacency to denote graph information, and use the F = 1 attribute vector x as node-wise
signal instead of the attribute matrix. In this case, the K-hop graph computation can be

characterized by a polynomial g(L):
K
g(L)-x=> 0, TV (D) x, 8.1)
k=0

where T (L) is the k-th term of the polynomial basis, and 6y is the corresponding
parameter. Combination of these two components determines the actual management of

graph signals [243].

In spectral domain, a filter § : [0,2] — R processes the input signal into response by
amplifying or attenuating certain frequencies. Denote the filtering operation on signal x

as g * x, its relationship with spatial operations is given by the Fourier transform:

G+ x=U§(AU x = Z GO uu] x. (8.2)

i=0
Eq. (8.2) can be understood by three consecutive stages: the Fourier transform y; = U x
which transfers the input signal to the spectral domain; the modulation y, = §(A)y; which
applies graph information through the filter; and lastly the inverse Fourier transform

x* = Uy, which transfers the output back from the spectral domain.

Eq. (8.2) implies that the spectral filtering operation can be achieved by iterative spatial
multiplications with the signal. Therefore, Eq. (8.1) provides a feasible approximation by
only considering K < n orders of those relatively important graph spectrum. In practice,

this polynomial form dominates the actual implementations in spectral GNNs, bypassing



168 8.2. Formulation of Spectral GNN Paradigm

the prohibitive eigen-decomposition through the well-established propagation based on
graph adjacency. As a consequence, spectral and spatial GNNs share the same elementary
operations, rendering the possibility to derive and evaluate a large family of GNNs under
the interpretation of spectral filters. Eq. (8.1) is said to be a K-order polynomial w.r.t.
spectral approximation order, or equivalently a K-hop polynomial w.r.t. the number of

graph operations.

8.2.2 Relation to Spatial Convolutions

Spatial methods are identified by their direct operation f on the graph topology A. A
line of studies have revealed the relationship between spatial and spectral operations in
the context of GNN learning, showing that spectral formulation can be derived from the
spatial one, and vice versa [25, 298, 299]. Without loss of generality, by expanding T(L)
and substituting L = I — A, the spectral filter defined in Eq. (8.1) can be written as a
polynomial based on A as f(A) = Z?:o £; A7, which exactly corresponds to the spatial
convolution under mean aggregation. In other words, the polynomial spectral filters can
be equivalently achieved by a series of recurrent graph propagations. In cases where the
spatial and spectral orders align with each other, there is J = K. Examples of deriving

between f(A) and g(L) formulations are given in Section 8.3.

In terms of multi-layer GNNSs, if for the k-th layer, the single-layer filter in spectral
domain is g, then the overall spectral filter is as expressive as g = g'F) x gk=D s . .5 g(©)
[304, 243]. Conversely, if the explicit polynomial is known, the model can be calculated
in the iterative form by recursively multiply the diffusion matrix (or matrices) to acquire
the k-order basis, and adding to the result with respective weight parameter. Hence, we

use iterative or explicit formulas interchangeably to express filters.

8.2.3 Relation to GNNs Surveys and Benchmarks

The broad area of graph neural networks has been extensively reviewed from different
aspects, while the spectral paradigm is a relatively unprecedented topic. We respectively

discuss the related benchmark studies:

* Surveys for general GNNs examine the algorithmic designs including architectural

selections, convolutional and sequential operations, and overall graph learning
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TABLE 8.1: Review of GNN frameworks and benchmarks literature having empirical evaluations.
“Scheme”: available learning schemes. “Eff.”: whether efficiency is evaluated. “Scale”: largest
dataset used in terms of the number of nodes.

Type  Study Spectral Models Scheme* Eff. Scale
PyG [305] GCN, ChebNet, SGC, APPNP, FB& GP X /
ARMA
Oleg Platonov et al. [235] | GCN, CPGNN, FAGCN, FB X 49K
GPRGNN, JacobiConv
General
OGB [43] GCN, SGC FB X 100M
LINKX [136] GCN, SGC, APPNP, GPRGNN FB & MB X 3M
Maekawa et al. [289] GCN, ChebNet, SGC, GPRGNN FB v 15K
. Dwivedi et al. [83] GCN FB& GP v 235K
Efficiency
Duan et al. [78] SGC FB&MB v 3M
SGL [79] SGC, S2GC, APPNP FB&MB v 3M
GAMMA-Spec [299] 14 FB X 20K
Spectral
Ours 35 FB&MB v 3M

* Scheme: FB = Full-Batch, GP = Graph Partition, MB = Mini-Batch.

pipelines [16, 61, 76]. Software frameworks [305, 306] and datasets [235, 43, 136]
have also been developed. Although a few classic spectral models are covered, they

are not distinguished from other spatial models.

* The GNN efficiency is especially surveyed in [84, 69, 101] and evaluated in [83,
289, 78, 79], focusing on the empirical performance of algorithmic designs in
GNN architectures. However, most of these techniques are limited to spatial

interpretations, which are orthogonal to the spectral perspective in our work.

* Two recent surveys target spectral GNNs: [298] derives the general connection
between typical spatial and spectral operators, advancing the unified interpretation.
Our definition of spectral GNNs is primarily based on this work. [299] reviews 14
spectral models identified by the eigen-decomposition. However, both frameworks

contain computation-intensive operations, which are prohibitive for large graphs.

Table 8.1 presents the literature containing empirical evaluations. Overall, we note a
lack of research encompassing a broad range of up-to-date spectral GNNs, particularly
in benchmarking graph operations and scalable implementations. This study hence
contributes by offering efficiency comparisons, performance on large-scale datasets, and

a comprehensive coverage of spectral filters.
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8.2.4 Relation to Spectral GNN Taxonomy

The spectral domain of graphs has long been incorporated into graph learning tasks
[297, 115, 107]. In this study, we mainly focus on the form of K-order polynomial
g(L) = 35, 0 T (L) as a feasible filter approximation for g, since directly acquiring
eigen-decomposition is prohibitive for graph-scale matrices in practice. Previous studies
show that the expressiveness of polynomial filters is satisfactory for estimating arbitrary
smooth signals [307, 308]. The formulation is also advantageous in representing filter

bank models in the same form.

Other taxonomies are also proposed for categorizing spectral filters. The most inclusive
description of spectral graph filters is derived from the full graph spectrum as presented in
Eq. (8.2). However, directly acquiring the graph spectrum through eigen-decomposition
is prohibitive due to computational cost, rendering this framework distant from the
practical graph filtering process in GNNs. As elaborated, Eq. (8.1) serves as a K-order

approximation to the full spectrum filtering. Relevant works are discussed in Section 8.2.5.

Three types in [298]. [298] develops a taxonomy containing linear, polynomial, and
rational functions. Intuitively, both its linear and polynomial functions can be expressed
by our polynomial formulation Eq. (8.1), as the linear function corresponds to the special
case where K = 1. The rational function is a more powerful filter formulation being
capable of learning non-smooth signals, typically discontinuous ones. Nonetheless,
computing the inverse of the graph matrix is impractical, and rational filters are also
reduced to the polynomial form in practical computation. This can be achieved by the
Neumann series on matrix inverse that (I — A)~! = P Ak, and truncate to K-order
approximation. In Appendix C, filters such as PPR, HK, and Horner showcase such

transformation.

Decomposition-based framework in [299]. [299] mostly identifies spectral GNNs by
the eigen-decomposition. In its theoretical framework and code implementation, this is
performed by explicitly acquiring the graph spectrum L = UAUT and applying graph
convolution §(A) accordingly. When applied to graph signals, the full n-order eigen-
decomposition performs the spectral convolution following Eq. (8.2). In Section 8.2.1,
we elaborate that the polynomial form in Eq. (8.1) serves as an effective truncated K-
order approximation. In fact, realistic graph information are largely available in the

low-frequency domain with small k-s, while high-frequency components are mostly
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noise. The spectral information is further compressed during spectral processing on the
F-dimension representation. These considerations render our framework based on the

polynomial form a practical and effective approach in characterizing spectral filters.

8.2.5 Other Relevant GNN Models

Spectral Decomposition. A range of works are only applicable to the full eigen-
decomposition. SpectralCNN [24] employs trainable weight matrices as filters on the
eigenspace, while LanczosNet [233] integrates simple spatial operations and appends
multi-scale capability. SIGN [309] employs a sign invariant and permutation equivariant
on the Laplacian eigenvectors, which are viewed as the positional encodings and added
as additional node features in the graphs. Alternatively, Specformer [310] exploits a
transformer model to establish expressive spectral filtering. Nonetheless, we note that the
full eigen-decomposition is largely prohibitive, resulting in weaker applicability of these
models, especially on large graphs. Hence, we do not include them in our benchmark

evaluation, while comparison for these models can be found in [299] and [298].

Alternative Spectral Filters. Signal processing techniques beyond the graph Fourier
transform have been introduced to build spectral models, such as the wavelet and pyramid
transforms [311, 312, 313]. Other research also sets the stage for adapting spectral
properties or filtering pipelines to specific tasks and graph variants [314, 315, 316,
242]. Although these methods expand the scope of spectral GNNS, they are less typical
considering their reliance on highly customized operations, usually without available

implementation for large-scale datasets.

Task-Specific Models. These methods set the stage for adapting the spectral properties
or filtering pipelines to particular tasks, instead of focusing on novel filter designs.
GHRN [314] explores the heterophily in the spatial domain and the frequency in the
spectral domain, which efficiently addresses the heterophily issue for graph anomaly
detection. StableGCNN [315] provides a theoretical spectral perspective of existing
GNN models which aims to analyze their stability and establish their generalization
guarantees. SpecGN [316] applies a smoothing function on the graph spectrum to
alleviate correlation among signals. 1i2021f [242] explores the utility of the spectrum of

both node and attribute affinity graphs.
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8.3 Taxonomy of Spectral GNNs

In this study, we propose a novel taxonomy for spectral GNNs based on their inherent pa-
rameterization schemes, and categorize them into three types in Table 8.2. Our taxonomy
is primarily based on the formation of the polynomial filter depicted by the basis T(L)
and the parameter 6, which is the pivotal component of spectral GNNs and determines the
actual response to graph signals [243]. We respectively introduce the filter types and their
representative models, while detailed derivations of filters within each type are presented

in Appendix C. A summary of filters covered in this study is provided in Table 8.2.

Selection and Naming of Filters. We extensively survey existing GNN designs that can
be represented in the polynomial form Eq. (8.1). In specific, we focus on works encom-
passing graph data and propagation operations, which signify the spectral formulations
g(L; 0) of the filter. The naming of the filters generally follows the cited original works in
Table 8.2, since most of the GNN models are inspired by traditional polynomial functions
or signal processing filters. Exceptional cases include the novel filters Cheblnterp and
OptBasis as well as filter bank models, which are named after the respective works in
Table 8.2.

8.3.1 Fixed Filter GNN

For spectral GNNs with polynomial filters in Eq. (8.1), the basis T(L) and the parameter
0 jointly determine the actual response to graph signals, and consequently dominate the
model performance [243]. It is pivotal for designing spectral GNNs to choose the basis
and parameter that are suitable for the task. We thereby categorize polynomial spectral
GNNs based on the acquisition schemes of bases and parameters into three types, as

respectively introduced in the following subsections.

For the first type of spectral GNNs, the basis and parameters are both constant during
learning, resulting in fixed filters g(L). In practice, these filters are usually predefined
simple schemes such as Monomial or PPR summation. Below we formulate several

representative fixed filters and corresponding spectral GNN models.

Impulse. SGC [125] adopts a decoupled architecture by removing non-linear transforma-

tions in intermediate layers. Its embedding in spatial domain is P = A/ X. By selecting
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TABLE 8.2: Taxonomy of spectral GNN filters with notable corresponding models
included in this work.

Type  Filter* Filter Function g(L) Model®
|dentity I MLP
Linear 2I -1 I: GCN [25]
Impulse (I- D)X D: SGC [125], gfNN [317],

Fixed Monomial

1 Zieo(I = Df

GZoom [169], GRAND+ [302]

D: S2GC [132], AGP [112], GRAND+ [302]
I: GLP [303], GCNII [67];

PPR Spa(l—a)k(I - Lk D: APPNP [123], GDC [133],
AGP [112], GRAND+ [302]
HK K (1 - ) D: GDC [133], AGP [112], DGC [318]
Gaussian = (2N D: G2CN [319]
Linear (1+0)I-L I: GIN [320], AKGNN [321]
Monomial Zf:o O (I - L)* D: DAGNN [322], GPRGNN [134]
Horner ZI,;O O (I - L)k I: ARMAGNN [323], HornerGCN [324]
Chebyshev I GkTéﬁib(I:) I: ChebNet [26]; D: ChebBase [301]
Cheblnterp 27 3K ) 2K 6. T, (x) TS, (L) D: ChebNedII [301]
Variable Clenshaw Zf:o Gch(ﬁl bz(I:) I: ClenshawGCN [324]
Bernstein K o % (X) (21 = DXkIk D: BernNet [325]
Legendre Zf:o Gk% (2I - L)*LF D: LegendreNet [326]
Jacobi KL 0TR () D: JacobiConv [243]
Favard K 6T (D) D: FavardGNN [327]
OptBasis 2 0 O Ty as (E) D: OptBasisGNN [327]
e 12, - y,D) D: AdaGNN [328]
(LLl'j‘eIf;) na-LD+pl I: FBGCN (I/I1) [329]
(L]ljig?jfrm) nI-L)+pl+pl I: ACMGNN (I/II) [139]
Bank (LLli;je;I',) B+ DI-L)+ya((B- DI+ L) D: FAGNN [137]
ffl‘,’sfl'f,’)‘ DD are % (14 )T - L) D: G2CN [319]
(L']’f]fp) 22, 2K ag(1 - a* (T + L) (I - DF D: GNN-LF/HF [277]
M%';?;]’legbs 2 2K o vl T (E) D: FiGURe [330]

* Filter: LP = Low-pass, HP = High-pass, ID = Identity.

" Model: I = Iterative architecture, D = Decoupled architecture.
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TABLE 8.3: Complexity analysis of spectral GNN filters. “Parameters” represents
learnable filter parameters acquired during model training, while “Hyperparameters” rep-
resents tunable filter hyperparameters acquired through hyperparameter search. “Time”
and “Memory” are time and space complexity for filter computation, respectively.

Type Filter Parameters Hyperparameters Time Memory
Identity / / O(KnF) O(nF)
Linear / / O(KmF) O(nF)
Impulse / / O(KmF) O(nF)
Fixed Monomial / / O(KmF) O(nF)
PPR / a O(KmF) O(nF)
HK / a O(KmF) O(nF)
Gaussian / a O(KmF) O(nF)
Linear O / O(KmF) O(nF)
Monomial O / O(KmF) O(nF)
Horner O / O(KmF) O(2nF)
Chebyshev O / O(KmF) O(2nF)
Cheblnterp Or / O(KmF + KF?) O(2nF)
Variable  Clenshaw Ok / O(KmF) O(3nF)
Bernstein O / O(K?*mF) O(nF)
Legendre O / O(KmF) O(2nF)
Jacobi O a, p O(KmF) O(2nF)
Favard O / O(KmF + KnF) O(2nF)
OptBasis O / O(KmF + KnF?)  O(2nF)
AdaGNN Yq / O(KmF) O(nF)
FBGCN Yq / O(QKmF + QKnF) O(QnF)
ACMGNN Ye / O(QKmF + QKnF)  O(QnF)
Bank FAGNN Yq B O(QKmF) O(QnF)
G*CN Yq ag. By O(QKmF) O(QnF)
GNN-LF/HF Ve g By O(QKmF) O(QnF)
FiGURe Yor Ok / O(QKmF) O(QnF)
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the basis T (L) = (I — L)*, the spectral filter is only activated on the K-th term:

K
gy =T -L}=> 0(I-DF =0=-=01=0 0c=1.
k=0

Personalized PageRank (PPR). APPNP [123] is a pioneering decoupled GNN that
iteratively applies a decaying graph propagation HU*V) = ¢((1 — a)AHY) + aH®),
where a € [0, 1] denotes the decay coefficient. It is revealed to be equivalent to the
well-studied PPR calculation [129], i.e., iteratively multiplying the signal with A¥, and
accumulating with a decaying coefficient a(1 — ). Recall that L = I — A, the spectral
basis for each iteration can be written as T¥)(L) = (I — L)¥, and the corresponding

parameter is 6, = a(1 — «)*. We name it as the PPR filter:

K
g(@D) =Y a(l - )" (T~ D¥ 6 =a(l- ).
k=0
Regarding computational complexity, calculating the K-order filter requires O(KmF)

time for the graph computation and O(nF) space for storing the representation matrix.

8.3.2 Variable Filter GNN

The second type of spectral GNN in our taxonomy also features a predetermined basis
T® (L) in Eq. (8.1). The series of parameters 6 is variable, usually acquired through
gradient descent during model training, leading to a variable filter g(L; §). Compared
to spectral GNNs with fixed filters, these models enjoy better capability, especially for
fitting high-frequency signals and capturing non-local graph information. The choice of
basis is the primary factor of the model performance on practical tasks [243, 327]. We

also present a few exemplars below.

Monomial. GRPGNN [134] is among the first works to invoke a learnable parameter
&; for each hop of the decoupled graph propagation, which is equivalent to Generalized
PageRank computation with arbitrary hop-wise coefficients &; [331, 332]. It establishes

connection between the learned values of parameters and the model adaptability on
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heterophilous graphs. We respectively formulate its spatial and spectral expressions as:

J K
fAH =) §A; g(L:0) = ) 61— D).
j=0 k=0

Chebyshev. ChebNet [26] is a representative spectral GNN that explicitly utilizes the
classical Chebyshev polynomial [333] as basis, which possesses orthogonal terms with
straightforward computation. Each term T (L) is expressed in the recursive form based
on the computation results T~V (L) and T*~2) (L) of previous hops. The Chebyshev filter

can be formulated as:

K
g(L:0) = > 0T (L), TW®(L) = 2LT* D (L)-1* (L), T(D) = L, TO(L) = I.
k=0

The computation scheme of ChebNet can be directly inferred from the filter formulation.
Initially, it employs X and LX as the 0- and 1-order terms. Then, the recursive equation is
followed to apply T®) (L) and results are accumulated by multiplying 6. Its complexity
for performing graph operations is O(KmF). We denote its memory footprint as M ~ 2nF,
that the dominant overhead is proportional to the cost of maintaining two n X F matrices

during the iterative filter computation.

8.3.3 Filter Bank GNN

Some studies argue that a single filter is limited in leveraging complex graph signals.
Hence, spectral GNNs with filter bank arise as an advantageous approach to provide
abundant information for learning. In this study, we innovatively incorporate these models
into the spectral GNN taxonomy as a mixture of Q fixed or variable filters gq(I:; 0), each

assigned a filter weight parameter y,:

Q K
gLy 0) =Py 9(L:0),  go(L:0) =) 0x T,V (D), (8.3)
q:l k=0

where € denotes an arbitrary fusion function such as summation or concatenation. By
this means, the filter bank is able to cover different channels, i.e., ranges of frequencies,

to generate more comprehensive embeddings of the graph. The filter parameter y can be
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either learned separately or along with GNN training, depending on the specific model

implementation.

ACMGNN. ACMGNN [139] employs three simple filters as adaptive channel mixing
as an effort to address the heterophily issue by solely considering node-wise local infor-
mation without heavy full-graph computation. For each model layer, the propagation is
conducted by the graph adjacency T; = A, Laplacian T> = L, and identity matrices T3 = I
separately. It is underscored that these operations respectively correspond to low-pass,
high-pass, and all-pass filters that captures spectral signals of diverse frequencies. Filters
are combined as the weighted sum, where filter weights y are learned during training.

The single-layer spectral expression can be simplified as:

g(f,) =y (I- f,) +y2f,+ vl

FiGURe. FiGURe [330] is an exemplar filter bank GNN following exactly Eq. (8.3)
with summation fusion g (L;y, 0) = ZSZI Yq gq(f,; 0), where filter-level parameters y,
are learned to control the channel strength. It presents an unsupervised precomputation
process to learn the filter transformation y, as an approach to generate expressive graph
embeddings. The model is then capable of supervised representation learning for specific
tasks by tuning the model weights. Common variable filters including Monomial, Chebyshev,
and Bernstein bases are utilized to compose the filter bank. With a straightforward
implementation, the time and memory complexity of the combination are Q times that of

an individual filter.

8.4 Benchmark Design

Framework Implementation. Based on the paradigm of spectral GNNs, we develop
a unified framework oriented towards the invariable spectral filters in particular. Our
implementation embraces the modular design principle, offering plug-and-play filter
modules that can be seamlessly integrated into mainstream graph learning toolkits. It is
also easily extendable to new filter designs, as only the spectral formulation described in
Section 8.3 needs to be implemented. Then the filter enjoys a wide range of off-the-shelf
blocks for building a complete GNN.
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Our framework design is based on the popular graph learning library PyTorch Geometric
(PyG) [305] with the same arrangement of components. We list the following highlights

of our framework compared to PyTorch Geometric and similar works [78, 79]:

* Plug-and-play modules: The model and layer implementation in our framework
follows the same design as PyTorch Geometric, implying that they can be seam-
lessly integrated into PyG-based programs. Our rich collection of spectral models

and filters greatly extends the PyG model zoo.

* Separated spectral kernels: We decouple non-spectral designs and feature the
pivotal spectral filters being consistent throughout different settings. Most of the
filters are thence applicable to be combined with various network architectures,
learning schemes, and other toolkits, including those provided by PyG and PyG-

based frameworks.

* High scalability: As spectral GNNs are inherently suitable for large-scale learning,
our framework is feasible to common scalable learning schemes and acceleration

techniques. Several spectral-oriented approximation algorithms are also supported.

We further elaborate on our code structure in Figure 8.2 by comparing corresponding

components in PyG:

* We implement the spectral filters as nn . conv modules, which are pivotal and basic

blocks for building spectral GNNs. This is similar to the implementation of spatial

layers in PyG.
Our Framework & PyG
Benchmark ( )
enchmar . .
- models. Models |, | nn.models: Models Other Model Level
iterative, decoupled, ... .
Toolkits
Spectral ~ r: /
Analysis s ~ )
nn. conv: Filters . conv: Spatial Ops explain,
Train & Tune fixed, var, bank, ... : “SP 12 sample, ... Layer Level
- J
Config I 1
C++ Graph Com
. torch.sparse torch_sparse P p-
“#* Data Process SCARA, AGP, ... P P Backend

FIGURE 8.2: Code structure of our framework and relation to PyG.
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¢ On the model level, common architectures are included in nn.models. Since these
models are built in PyG style, they can seamlessly access other utility interfaces
offered by PyG and PyG-based toolkits.

* Regarding the underlying backend for sparse matrix multiplication in graph prop-
agation, we support PyTorch-based computations inherited from PyG, as well as
extendable interfaces for scalable C++-based algorithms specialized for spectral

filtering.

» Additionally, we include our reproducible benchmark pipeline for training and
evaluating the models, with a particular focus on spectral analysis as well as scalable

mini-batch training.

Tasks and Metrics. In main experiments, we focus on the semi-supervised learning for
node-classification task on a single graph, as it is the mainstream task for spectral GNNss.
In particular, the evaluation features some of the largest datasets available for graph
learning, which is ideal for assessing the scalability of spectral models. We follow the
dataset settings for using efficacy metrics including accuracy and ROC AUC. Efficiency
with respect to both running speed and CPU/GPU memory usage is measured for each
learning stage, including training, inference, and precomputation. We conduct 10, 10,
and 5 runs with different random seeds for small-, medium-, and large-scale evaluations
in the main experiment, respectively, and report the average metrics on test split with
standard deviation. Evaluation are conducted on a single machine with 32 Intel Xeon
CPUs (2.4GHz), an Nvidia A30 (24GB memory) GPU, and 512GB RAM.

Datasets. We comprehensively involve 22 datasets that are widely used in GNN node
classification detailed in Table 8.4. In the table, we incorporate self-loop edges and count
undirected edges twice to better reflect the graph computation overhead. We mainly
categorize the datasets from two aspects. We follow the unified dataset processing protocol
for common node classification task including edge direction, degree normalization, and
feature transformation in line with the original literature. Random 60%/20%/20% splits

for train/validation/test sets are used for graphs without predefined splits.

In efficacy evaluations, we separately investigate homophilous and heterophilous datasets
considering they exhibit different patterns of graph signals. For experiments on efficiency,
we alternatively distinguish the datasets into small, medium, and large categories. We

focus on medium and large datasets for efficiency analysis, with large graphs identified by
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empirical evaluation that at least some models are prohibitive due to the critical scalability

issue. The criteria is mainly as follows:

* Small-scale datasets: This set of datasets are mainly utilized for efficacy evaluation
of all models and schemes. Since the graph sizes are relatively small, results
regarding efficiency are omitted in this study, while they can be similarly produced

using the published codebase.

* Medium-scale datasets: Experiments on these datasets share the same settings with
small-scale ones. However, we include the efficiency study to provide comparable

results across different models and training schemes.

* Large-scale datasets: This category of graphs is mainly only applicable to the
mini-batch scheme, as most full-batch models occur out-of-memory error. Some

hyperparameters are also separated to ensure efficient learning performance.

TABLE 8.4: Dataset statistics. d, F, N, and H, are average degree, input attribute
dimension, number of label classed, and node homophily score, respectively.

Scale Hetero. Dataset Nodes n Edges m d F N. ‘H, Metric
CORA [254] 2,708 10,556  3.90 1,433 7 0.83 Accuracy

CITESEER [254] 3,327 9,104 2.74 3,703 6 0.72 Accuracy

PUBMED [254] 19,717 88,648 450 500 3 0.79 Accuracy
Homo.  \iNESWEEPER [235] 10,000 78,804  7.88 7 2 0.68 ROC AUC
QUESTIONS [235] 48,921 307,080 6.28 301 2 0.90 ROC AUC
Small TOLOKERS [235] 11,758 1,038,000 88.28 10 2 0.63 ROC AUC
CHAMELEON [114] 890 17,708 19.90 2,325 5 0.24 Accuracy

SQUIRREL [114] 2,223 93,996 42.28 2,089 5 0.19 Accuracy

Hetero. ACTOR [114] 7,600 30,019 395 932 5 0.22 Accuracy
ROMAN-EMPIRE [235] 22,662 65,854 291 300 18 0.05 Accuracy
AMAZON-RATINGS [235] 24,492 186,100 7.60 300 5 0.38 Accuracy

Homo, FLICKR [121] 89,250 899,756 10.08 500 7 0.32 Accuracy
OGBN-ARXIV [43] 169,343 1,166,243  6.89 128 40 0.63 Accuracy

Medium ARXIV-YEAR [136] 169,343 1,166,243  6.89 128 5 0.31 Accuracy
PENN94 [136] 41,554 2,724,458 65.56 4,814 2 0.48 Accuracy
Hetero. GENIUS [136] 421961 984979 233 12 2 0.83 ROC AUC
TWITCH-GAMER [136] 168,114 6,797,557 40.43 7 2 0.97 ROC AUC

Homo. OGBN-MAG [43] 736,389 5,416,271 736 128 349 0.32 Accuracy
OGBN-PRODUCTS [43] (2,449,029 123,718,280 50.52 100 47 0.83 Accuracy

Large POKEC [136] 1,632,803 30,622,564 18.76 65 2 0.45 Accuracy
Hetero.  SNAP-PATENTS [136] 12,923,922 13,972,555 478 269 5 0.27 Accuracy

WIKI [136] 1,925,342 303,434,860 157.60 600 5 0.28 Accuracy
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Learning Schemes. Figure 8.1 indicates that the spectral filter is invariable across
different training schemes. Full-batch training loads all input data onto the GPU, which
is the de facto scheme for most GNN models. In contrast, mini-batch scheme performs
graph-related operations in a precomputation stage on CPU. Then, only the intermediate
representations are loaded onto the GPU in batches during training, which prevents the
memory footprint to be coupled with the graph size and enjoys better scalability. Our
novel implementation enables the application of most filters to both schemes for fair and

comprehensive comparison.

Model Architecture. We utilize a unified architecture for all models in our evaluation,
which is scalable to larger graphs while maintaining efficacy. This mainly incorporates
the decoupled design, i.e., having fixed or learnable scalars 6y as parameters. In the
spatial interpretation, the decoupled architecture implies performing all graph propaga-
tions successively, and transformations conducted by learnable weight matrices are only

performed before or after all propagation operations, respectively denoted as ¢g and ¢ .

Hyperparameters. We unify the non-spectral aspects of architectures for all models
in our evaluation, as an approach to provide comparable performance while enhancing
scalability to larger graphs. This includes the same transformation operations, network

depth and width, propagation hops, batch size, and training epochs among all models

TABLE 8.5: Hyperparameter search scheme. Hyperparameters are explored based on the
combination of listed ranges, and underlined values in Stage 1 are the universal settings
used across main experiments.

. Full-batch Mini-batch Mini-batch
Stage 1 (Universal)
Small/medium-scale Small/medium-scale Large-scale
Propagation hop K 2,4,---,10,---,30 2,4,---,10,---,30 2,4,---,10,---,30
Hidden width F 16,32, 64,128,256 16,32, 64, 128,256 16, 32, 64, 128, 256
Linear layer of ¢g 1,2,3 0 0
Linear layer of ¢, 1,2,3 1,2,3 1,2,3
Batch size - 4,096 200,000
Stage 2 (Individual) |
Graph normalization p [0, 1] [0,1] [0, 1]
Learning rate of ¢, ¢ [1073,0.5] [1073,0.5] [1075,0.5]
Learning rate of 6, y [1073,0.5] [1073,0.5] [1073,0.5]
Weight decay of o, ¢ [1077,1073] [1077,107%] [1077,1073]
Weight decay of 6, y [1077,1073] [1077,1073] [1077,1073]
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in the main experiment. For other hyperparameters not affecting efficiency, we perform

individual hyperparameters tuning for each model and dataset.

In order to ensure a fair comparison of both effectiveness and efficiency, we employ
a two-step hyperparameter tuning scheme. The hyperparameters in each stage, search

ranges, and used values are listed in Table 8.5:

* First, we search for hyperparameters possessing significant impacts on the model
efficiency, including the number of hops K and hidden dimension F. To ensure

comparable total running times, the epoch number is kept constant at 500.

» Then, we utilize a fixed choice of these critical hyperparameters for experiments
across all models and datasets, and perform specific search on other hyperparame-

ters for each respective experiment.

8.5 Results: Efficiency and Effectiveness

In this section, we present primary research questions (RQs) and analysis on the per-
formance comparison among a total of 27 filters across three types, benchmarking their
effectiveness, efficiency, and memory overhead under different datasets and training

schemes.

8.5.1 Efficiency

Thanks to our unified implementation framework, the time and memory efficiency of
spectral GNNs can be compared across different graph scales under fair criteria. Figure 8.3
provides a detailed breakdown of full- and mini-batch schemes, separating learning stages

and devices for the time and memory evaluations, respectively.

Model Operations. We assess the performance from multiple perspectives of filter
operations and learning schemes, firstly comparing among the evaluated filters under the

same training settings, followed by a discussion on different learning schemes.

RQ1: What are the efficiency bottlenecks of filters under different graph scales?
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FIGURE 8.3: Comparison of filter time and memory efficiency under mini-batch (MB,

upper axis) and full-batch (FB, lower axis) training on four medium- to large-scale
datasets. Note that FB and MB axes may be on different scales. Empty bars are models

with OOM error.
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As analyzed in Section 8.2, the key operations of graph propagation and weight trans-
formation exhibit diverse computational overheads. Overall, it can be observed from
Figure 8.3 that filter efficiency can be effectively characterized by our taxonomy Ta-
ble 8.2. The three types of filters exhibit distinct performances, and the empirical time

and memory efficiency are in line with our complexity analysis.

Regarding specific operations, variable transformations come at the cost of additional

computational resources. In the FB scheme, this leads to reduced speed and increased

GPU memory footprint. While some simple variable filters (Monomial, Chebyshev) and
filter banks consisting of fixed filters (G?CN, GNN-LF/HF) attain favorable performance
when the graph scale is relatively small, models with complex transformations (Favard,
OptBasis) experience prolonged training times and poor GPU memory scalability, and
even result in out-of-memory (OOM) errors on large graphs. For MB training, the cost
is reflected in increased RAM usage. Compared to fixed filters, memory footprint of
variable designs is K times larger for separately storing results in each hop. Similarly, a

filter bank design with Q variable filters demands up to Q times more memory.

On the other hand, propagation becomes more computationally intensive on larger

graphs. In Figure 8.3, network transformation represented by MB training entails a
large portion of time overhead on medium-scale graphs (PENN94), while propagation in
precomputation dominates the MB training on larger graphs (POKEC, SNAP). Additional
propagation further increases learning time but barely affects memory scalability, which
is evident from variable filters with more graph-related propagations (CheblInterp, Bernstein).
Nonetheless, thanks to our scalable implementation, their memory footprints are on
par with other variable filters and are applicable to large-scale data even in memory-

constrained environments.

Learning Schemes. For investigating the efficiency difference between learning schemes,
we compare the full-batch and mini-batch learning performance in Figure 8.3 from the

perspective of both memory scalability and learning speed.

RQ2: What are the efficiency and scalability improvements brought by mini-batch train-

ing?

Figure 8.3 implies that filter scalability, i.e., whether filters can be applied to larger graphs,
is mainly constrained by GPU memory capacity. With FB, models typically encounter the
OOM issue on datasets larger than OGBN-MAG and POKEC due to the representation storage

proportional to node size n. In comparison, MB training benefits scalability by shifting
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the memory overhead from GPU to RAM, enabling the employment of memory-intensive

filters (Favard, OptBasis, FiGURe) on POKEC and even larger graphs. To the best of our
knowledge, our implementation is the first attempt to successfully scale up an array of
advanced spectral GNNs to these million-scale datasets and comprehensively characterize

the performance.

Another advantage of MB lie in time efficiency. Even though FB for some filters is
applicable to some million-scale graphs (POKEC, SNAP), the training time is excessively

long. MB achieves a significant 10 — 50x speedup by decoupling the computation-

intensive propagation operations and simplifying the iterative training. Moreover, the

speedup is mainly observable on large-scale datasets, while FB and MB present the same

level of overall time on medium-sized graphs (PENN94). This can be explained by RQI,
as the increase in efficiency stems from faster propagation and is only effective when

propagation is the bottleneck.

By summarizing RQ1&2, we conclude our guidelines for employing mini-batch training:

Firstly, MB is particularly suitable for filters without variable parameters, showcasing
faster computation and a smaller memory footprint thanks to better device utilization.
Another ideal use case arises when FB for complex filters is prohibitive due to memory
constraints. MB is capable of conducting graph filtering operations on CPU and storing
full-scale representations in RAM at the cost of increased CPU/RAM usage. Even so,
since GPU memory often has stricter constraints on practical platforms, MB with GPU
memory complexity independent of the graph scale is favorable for deploying spectral

GNNs across a wider range of environments.

8.5.2 Effectiveness

Our benchmark specifically features the filter effectiveness from the varied ancillary
settings, aiming to demystify their capability in processing graph signals with fair com-
parison. Table 8.6 displays the filter accuracy with decoupled architecture and full-batch
training. In particular, Identity represents the baseline without graph information. Our
results align with previous evaluations involving spectral GNNs such as [136, 235, 299]

and are mostly comparable to those in the original papers listed in Table 8.2.

Filter-level Comparison. As an overview, our results suggest that filter efficacy depends

on graph patterns, and no single filter consistently achieves dominant accuracy across
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TABLE 8.6: Effectiveness results (%) and standard deviations of spectral filters with
full-batch training on available datasets. For each dataset, results are highlighted based
on the relative effectiveness among filters, where green results are better.

Type  Filter ‘ CORA  CITESEER PUBMED MINE QUESTIONS TOLOKERS FLICKR — ARXIV MAG
Identity  |72.3712.02 72.24+1.51 87.7410.62 50.52+242 71.29+1.81 72.30£1.09 46.8320.30 53.46£049 25.43+1.21
Linear  |86.14zx1.15 74.07+1.91 85.1520.75 68.50+1.49 71.472070 72.74+1.55 50.5520.46 65.56+1.86 31.52+097
Impulse  |84.43:0.82 74.24+2.19 83.3820.54 64.0611.61 69.242137 56.75:2.13 49.92+023 63.8411.58 29.32+1.57
Fixed Monomial |86.28+1.72 75.21+1.62 89.07049 7021146 66.61+657 76.51x136 50.270.73 59.4120.55 32.41+057
PPR 86.58+1.96 76.09230 89.12+0.39 67.97+1.95 64.192385 76.82+237 49.45+0.72 65.14+x1.06 26.1820.96
HK 86.02+1.53 74.62+1.96 89.1520.66 72.95+1.15 70.71x1.64 76.72x1.91 47.15+0.06 69.26+037 23.5321.04
Gaussian  [86.44+1.02 75.36x1.64 88.97+0.73 72.61x1.00 66.25:371 78.32+1.69 46.67:030 63.72:083 27.87+3.45
Linear  |85.72+1.46 75.17+1.95 85.500.60 72.41+121 68.9713.02 72.0426.40 50.530.10 63.69+122 31.1120.60
Monomial [86.85+0.65 76.18=1.86 89.050.77 89.26+0.80 65.29+4.63 78.95:072 52.23+1.30 65.47+137 32.03+138
Horner  [86.3912.06 75.44+1.83 89.71+0.48 88.53+1.06 64.01£1.32 77.40:069 52.94+046 62.9412.40 29.712055
Chebyshev [85.95+1.13 75.38+2.13 89.140.61 89.92:0.78 62.65:421 78.85:083 55.1120.14 66.312061 30.90s1.42
Clenshaw [83.90x1.98 73.63x1.83 88.49+2.85 88.70+1.33 62.49+524 79.66:054 52.46+0.38 47.25+10.56 24.06+5.66
Variable Cheblnterp |83.52+5.59 66.96:6.76 89.72+0.87 89.4320.86 68.15+5.93 80.272091 54.9712.55 62.81+1.84 23.25+375
Bernstein  [71.032249 62.21:239 84.24+0.97 87.38x1.12 62.512289 76.36x1.24 47.95+0.56 48.86+0.73 13.832331
Legendre [87.68:0.96 74.75+2.13 89.72:0.36 89.8620.76 66.36:2.00 79.04+2.09 48.86+0.92 59.04+1.84 25.00+2.69
Jacobi  87.02+0.87 75.25+2.28 89.35:0.95 89.48+080 68.08+1.57 78.1322.62 49.09:055 38.92+273 28.58+1.78
Favard  |86.14x1.60 73.29+2.77 89.18+1.00 89.74+0.79 58.86+4.25 74.514.90 42.26+0.00 64.53£035 31.29:095
OptBasis [80.74+2.03 69.65+2.84 89.28+0.75 88.7320.51 56.31x7.84 79.93+1.25 44.81+121 58.67+192 (OOM)
AdaGNN  [85.45z1.25 74.52+2.09 89.82+0.65 85.8324.37 67.48x1.86 79.65+129 53.55+0.75 54.62+220 28.064525
FBGNNI |81.43+5.82 73.56+1.36 87.0620.85 89.60+3.13 61.14+356 76.63:2.09 51.08+0.66 63.73:391 (OOM)
FBGNNII |81.184.04 73.08x2.08 88.1220.91 84.3723.70 62.72+560 77.31x1.48 52.84+1.12 66.76+393 (OOM)
ACMGNNI |85.12+1.98 74.62+1.90 88.700.94 86.2124.93 56.29:+746 80.30x1.85 51.04+1.07 69.41:051 (OOM)
Bank ACMGNNII |84.1624.00 73.95:2.11 89.16:054 86.231350 52.9315.17 84.5121.09 52.83+1.65 54.49+239 (OOM)
FAGNN  |85.45:0.85 75.53+1.58 87.19+1.36 73.9812.10 66.95:4.62 74.99+120 50.06+1.75 67.5120.40 30.78+1.89
G2CN  |85.12+332 75.50+1.44 88.67+0.69 67.98x124 68.95:230 77.91+1.95 51.832021 68.96:092 29.72+2.17
GNN-LF/HF|86.83+0.98 75.53+1.67 89.0320.66 87.800.77 60.29:3.55 78.2722.02 52.34x0.19 60.9720.32 27.6320.48
FiGURe [87.04£0.99 74.49+1.71 88.22+0.95 89.7120.56 65.3828.16 79.76+1.39 53.02:0.65 67.572040 29.4322.18
Type Filter ‘CHAMELEON SQUIRREL ACTOR ROMAN RATINGS YEAR PENN94 GENIUS TWITCH POKEC
Identity 31.60+228 29.18+6.07 35.32+1.31 64.64+0.72 41.87x054 35.14+0.03 74.22+0.73 86.21x0.11 97.73£1.45 62.21:0.07
Linear 40.66+270 36.43+2.42 26.88+1.43 37.60+0.68 42.17+0.42 44.52+2.04 63.57+9.48 85.7123.76 96.9320.06 51.59+1.54
Impulse 37.57+371  35.48+2.12 25.67+1.13 27.37+3.27 31.67+3.94 40.6820.46 51.00+2.85 88.020.15 96.93x0.06 51.40+0.81
Fixed Monomial | 39.82:338 38.31:2.64 37.84+1.65 63.44x1.48 44.571.12 44.74+2.55 75.27+0.29 88.3020.07 96.99+0.10 60.06:0.22
PPR 38.20:382  35.73+1.45 36.77+1.29 63.78+1.72 39.38+0.49 41.2120.48 74.14+0.24 88.3120.16 97.15+0.35 59.91x0.22
HK 40.102477 37.894+227 37.57+1.04 65.08+1.08 41.40:091 44.62+0.98 74.59+0.34 88.3120.21 96.94+0.08 62.10x1.09
Gaussian 36.38+4.57 36.35+1.36 37.3521.22 64.04+0.90 41.68+0.40 46.1121.94 74.64+0.17 87.9320.21 97.6320.06 59.95:0.06
Linear 40.66357 37.61£22726.81£1.71 31.160.86 43.83+1.36 46.58+0.63 70.8120.00 88.42+0.11 97.18049 (OOM)
Monomial | 40.10:384 36.94+197 34.95+1.64 64.16+1.68 39.50+138 46.1920.50 75.230.99 88.42+0.06 96.910.07 59.101.49
Horner 40.5943.09 33.74+124 37.67+1.43 58.27+238 41.82+1.81 48.431048 74.56+0.39 88.43+0.99 96.9320.06 72.02+0.82
Chebyshev | 33.71:330 37.112239 35.76+1.03 67.92+2.22 39.70+1.17 42.91+1.42 84.312027 87.47+0.03 96.9320.06 54.26:0.43
Clenshaw | 30.62:291 34.6620.56 36.11+1.95 70.37+3.27 40.4443.20 43.72+2.00 82.5520.33 87.400.12 96.98+0.04 53.02:0.29
Variable Cheblinterp | 30.41+408 35.59+1.74 35.78+2.29 69.38+1.98 36.7020.14 46.500.06 82.26+1.37 79.65+7.86 96.9320.07 69.1520.10
Bernstein | 34.97:341 35.84+1.81 34.90£097 46.77+2.18 27.56+2.78 43.0820.21 81.3620.56 87.32+0.10 96.92+0.06 72.03+0.21
Legendre | 36.17:248 36.94+2.39 37.69+1.43 59.0016.53 42.90:0.22 44.64+3.46 84.4320.51 87.79:0.71 96.95+0.04 57.7620.21
Jacobi 37.432448 34.86+1.74 30.28+1.91 64.77+1.74 43.58+0.98 48.38+0.07 84.77+0.48 87.67+0.27 97.16£0.35 56.15+3.20
Favard 30.83+5.11  36.54+2.69 35.97+1.58 70.82+0.86 40.98+3.44 48.0520.20 79.59=9.46 86.82+0.24 97.67+0.66 (OOM)
OptBasis | 35.53:254 34.1311.09 36.88+1.13 72.76+1.06 41.65:0.73 48.98+0.08 80.72+4.70 87.80£0.69 97.39:0.44 (OOM)
AdaGNN | 36.10:405 38.62+2.19 36.77+1.23 64.62+0.89 39.39+1.48 46.412058 77.02+1.94 87.73+0.36 97.17x0.42 63.99+1.00
FBGNNI | 35.88:340 33.20:2.22 34.66+1.72 60.35+1.52 40.36+1.71 47.70+0.48 68.67+2.35 87.62+031 97.6320.14 (OOM)
FBGNNII | 39.97+430 34.05:1.66 36.02x1.18 58.82+2.97 42.91+0.41 45.14+253 72.22+035 82.112036 97.77:024 (OOM)
ACMGNNI | 38.83:4.15 22.78+6.72 35.7320.81 55.79+2.70 42.130.25 43.46+2.03 72.5020.27 85.731.86 96.932006 (OOM)
Bank ACMGNNII| 35.04+434 34.69x1.42 32.50+391 55.20+2.08 40.04+2.83 46.94+0.37 73.96+030 87.44+037 97.08:025 (OOM)
FAGNN 3771279 35.34+1.62 26.50+1.77 39.5020.36 43.28+0.77 48.2520.28 67.15+2.28 88.1320.16 97.06£0.21 53.55+0.28
GCN 40.45+275 34.6311.12 35.76+1.22 61.45+1.80 44.35+1.35 48.29+0.46 77.2620.65 88.37+0.27 97.4320.15 54.1320.04
GNN-LF/HF| 36.80:240 36.0422.04 34.2922.07 62.68+3.63 38.7210.04 41.2820.26 74.54+0.68 87.8120.11 97.0220.14 63.06:0.23
FiGURe 34.90:1.63 39.16+1.24 33.4521.00 62.84+1.45 41.6920.34 44.14+3.99 83.30=0.31 88.1920.83 97.15+0.38 (OOM)
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TABLE 8.7: Effectiveness results (%) and standard deviations of spectral filters with
mini-batch training on all datasets. For each dataset, results are highlighted based on the
relative effectiveness among filters, where green results are better.

Filter ‘

CORA  CITESEER PUBMED

MINE  QUESTIONS TOLOKERS ARXIV

MAG

PRODUCTS CHAMELEON SQUIRREL

Identity
Linear
Impulse
Monomial
PPR
HK
Gaussian

66.54:235 67.1021.79 87.48:0.56 50.18+2.13
85.29+1.27 74.66+1.11 84.96+0.50 65.64+2.16
86.04+1.76 74.14+1.04 84.0320.51 62.99:0.79
86.30=1.54 74.66+1.88 89.46+0.47 58.46+5.64
87.19x1.72 75.53+1.50 88.73+0.46 81.53+2.86
86.60+1.39 74.76:096 89.3920.41 68.48+1.02
67.86+1.81 74.44+1.23 88.70:0.55 82.16z1.65

66.39+1.49
63.13+2.83
67.53+1.31
73.70+2.08
65.36=1.91
71.99+1.90
57.80+1.95

74.39:0.31 47.0520.12 55.28+031 10.61:2nan
78.84+1.44 52.5810.63 68.24+0.21 13.0620.92
66.54+5.00 50.55+0.62 70.750.15 22.42+1.69
81.61+1.30 50.80+0.23 70.66:0.11 32.79:0.84
80.90=1.19 50.31x0.11 70.02x0.40 17.02+3.99
76.79:0.89 50.69:0.27 58.91x043 25.72:0.67
67.78+4.30 51.45+0.24 68.61x0.29 25.70+0.70

26.62:0.04
26.59=0.01
26.16=0.75
26.59:0.00
26.91x044
26.61x0.76
26.59:0.00

29.10+5.13
38.09=3.13
39.83+221
37.70:2.16
40.73+2.78
41.6313.14
39.08+2.93

Linear
Monomial
Horner
Chebyshev
Clenshaw
Cheblnterp
Bernstein
Legendre
Jacobi

OptBasis

76.36:0.79 71.79=1.40 87.60:0.47 50.57x1.89
87.41x1.24 76.26+1.35 89.8320.53 67.66:3.43
86.64+1.63 75.330.80 84.17+0.46 62.14+132
87.8920.87 75.71+1.63 90.06+0.33 88.36+4.03
80.83x2.22 72.60096 75.75+1.07 54.17x2.07
84.70+3.59 74.73+1.89 89.28+0.43 89.48:0.95
82.05+1.46 69.18+1.83 85.46+0.45 77.98+1.77
87.43+1.00 76.17+1.02 89.84+0.29 63.32:+1.81
87.17x1.50 75.34+1.26 89.75+0.33 89.84:091
82.20+2.46 73.11x1.23 88.231.10 88.56+1.13

65.34+4.59
63.67+4.81
63.35+2.36
68.64+4.79
63.99:1.80
58.05+1.94
62.56+3.79
64.14+2.24
71.42+3.01
57.705.70

71.50£035 46.63:0.18 54.8520.32 26.44:0.84
75.35+2.85 53.62:041 67.0520.47 33.1120.37
71.22+121 52.47030 65.5320.63 30.0420.47
80.33+1.35 47.99+1.14 71.052021 19.544550
75.03+1.64 41.35:099 54.34+0.15 29.74+0.94
68.83:0.97 53.79x0.64 65.73+0.89 28.26:0.84
74.01+1.19 44.58+2.06 39.92+0.71 16.07x0.32
75.78+1.02 50.53020 71.6520.13 34.74+0.45
76.80:0.72 53.29:0.17 71.4120.09 32.96=0.23
79.62:238 50.81:0.68 70.46+0.24 31.29+1.68

26.49:0.23
26.82+0.42
26.59:0.00
26.58=0.01
26.59:0.00
28.11x1.17
26.59=0.17
27.10z0.36
24.37+3.14
26.56+0.06

37.3623.17
33.99:3.79
36.40:2.74
34.27+339
35.06+2.57
28.37:3.09
39.61+3.21
38.70:2.49
38.54+3.73
38.09:2.54

FAGNN
GXCN
GNN-LF/HF
FiGURe

86.95:1.13 75.07+1.05 85.25+0.28 73.820.93
86.51+1.79 75.05+1.11 84.42+0.51 73.11+1.09
87.36+1.02 75.95+1.35 89.76+0.39 76.77+7.55
87.21£1.13 76.671.33 89.7320.49 57.93:3.80

62.01x2.39
72.65+2.74
73.70+1.52
70.88+1.87

77.91:059 53.941021 70.1120.33 35.55+0.37
69.70:6.19 51.0420.24 67.3410.41 29.6820.27
79.35:095 47.65:045 70.5120.06 29.41:022
77.36+3.03 52.51:036 71.87+0.18 34.43+1.13

26.59=0.01
26.65=0.13
25.80:0.91
26.24+1.03

39.66+247
40.79+3.47
40.6642.14
39.33+4.26

Filter

YEAR

PENN94  GENIUS TWITCH

POKEC

SNAP

WIKI

‘ ACTOR  ROMAN RATINGS FLICKR

[dentity
Linear
Impulse
Monomial
PPR
HK
Gaussian

24.98+2.41 34.8621.46 63.64+0.47 44.49+1.27 35.69:0.25 72.27x0.49 85.31+1.29 99.98+0.01 61.7120.08 30.3920.03 35.2120.13
38.3342.46 25.99+1.07 31.28+1.14 34.69+2.49 49.07+0.26 72.38+0.34 88.3710.15 72.77+2.62 54.98+0.38 45.3310.19 37.69+0.42
38.94+1.78 24.32+1.60 28.63+0.87 35.81+2.37 45.2320.15 60.52+0.49 88.380.34 77.5020.67 57.84+0.11 53.5620.18 32.88+1.47
34.91:0.89 32.64+1.41 64.1420.51 43.83+0.89 48.93031 75.0320.32 88.1520.25 94.3616.64 63.820.10 42.83+1.12 23.072.46
34.89+129 32.49+1.22 69.8120.59 39.72=+1.00 48.5620.31 75.03:0.36 89.0620.49 97.34+032 62.18:0.04 47.833.67 22.40+2.00
36.37+1.94 32.88+1.39 67.82+0.49 36.66+1.16 47.50+0.30 72.77+0.76 89.1020.14 97.79+1.10 62.04+0.08 50.9920.16 43.06+0.30
35.32+1.60 32.84+1.28 65.38=1.55 34.76+2.36 48.0320.21 73.9320.45 88.44+0.40 99.3240.10 62.20+0.05 52.58+0.04 42.8110.45

Linear
Monomial
Horner
Chebyshev
Clenshaw
Cheblnterp
Bernstein
Legendre
Jacobi
OptBasis

34.93+1.94 35.72+0.88 63.34+0.79 36.270.83 35.0320.50 74.6320.67 86.1020.15 89.90+5.42 62.2120.16 30.470.34 38.98=0.51
35.07+2.04 34.81:1.34 70.6321.80 30.84+4.82 47.92:0.41 82.6320.54 89.51:0.47 81.8716.42 78.1120.70 50.3520.07 31.3410.48
36.62:1.69 25.49+1.47 28.40+1.69 30.9124.71 44.84+0.19 47.0920.65 88.38:0.14 77.8210.67 62.87x0.25 38.73+1.71 31.42+0.37
34.23+121 29.89+1.82 35.06+2.65 37.1522.22 45.5440.49 83.4020.40 86.7020.19 99.9240.05 78.950.13 42.83+0.96 24.26+2.39
35.180.97 23.9320.55 21.42+0.60 45.63+1.05 44.64+2.77 48.39+2.59 86.980.07 74.34+4.28 52.79+2.66 47.180.20 31.25=0.10
34.62+1.98 30.36+1.22 70.9520.69 35.58+2.22 44.280.29 63.59+0.70 87.65:038 99.71:0.45 78.60=0.68 45.77+0.56 23.85+1.84
35.68+235 30.68+1.05 53.87+1.09 31.24+2.14 37.34+1.11 79.72+0.34 88.12:0.47 97.432055 73.61:0.02 48.67+0.28 24.54+1.95
36.1542.02 33.05+1.45 61.08+2.63 39.94+127 47.73£0.30 76.8820.41 89.1520.42 97.3244.52 72.60x1.49 42.94+0.54 31.1610.40
35.86+1.80 33.3242.14 71.0520.67 37.06+1.47 50.290.23 84.0620.43 89.7920.10 98.61+2.03 73.05+2.02 53.37+2.23 33.2513.10
35.00+1.62 29.34+1.61 56.85+2.90 42.15+1.08 40.87x0.89 81.8120.99 88.00+0.57 86.130.50 78.67=0.11 57.49+2.42 30.8713.11

FAGNN
GXCN
GNN-LF/HF
FiGURe

37.9142.05 28.23+1.78 46.59+1.97 41.440.75 45.8520.96 68.49:0.88 88.140.17 79.9221.70 62.6020.12 39.29:0.66 31.23=0.55
39.08+2.93 21.47+0.88 65.5320.74 33.84+1.18 49.85:036 80.55:0.45 89.50:0.46 78.72=1.21 50.6920.05 25.89:0.16 38.66+0.10
34.75+1.98 33.911.61 45.1125.00 38.04+1.84 49.470.38 75.72+0.44 88.7920.15 99.910.07 62.95+0.65 44.82+1.81 35.97+1.65
38.2142.33 33.45+2.07 63.48+6.27 39.09+1.17 50.2620.33 83.700.38 83.2120.18 71.26=3.64 73.58+2.53 41.7610.66 38.57+0.76
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all scenarios. In this section, we analyze the effectiveness among the filter variants,
particularly focusing on two aspects: filters under varying degrees of heterophily and

filters across different categories.
RQ3: How do the graph pattern of homophily/heterophily affect filter effectiveness?

As introduced in Section 8.2, under homophily, simple filters such as Linear can lever-
age graph inductive bias in low-frequency components and benefit effectiveness over
Identity [314]. On conventional homophilous graphs (CORA and PUBMED), it is common
that a large part of filters can achieve top-tier accuracy within the error interval. This
observation indicates that the graph signal is relatively easy to learn, and is in line with

other recent GNN evaluations [334, 335]. With proper settings, even conventional fixed

filters can deliver satisfying performance (PPR and HK). Contrarily, variable filters and

filter banks (AdaGNN and FiGURe) are superior on TOLOKERS and MINESWEEPER. Although
these graphs are also classified as homophilous, we deduce their graph patterns are more

complex than simple low-frequency clustering, and thus demands more adaptive filters.

The scenario of heterophily is more challenging, as the local graph structure does not
assist graph learning and entails advanced filters featuring high-frequency spectral signals,
i.e., filters emphasizing 6y for larger k-s under our polynomial formulation Eq. (8.1).
Empirical results in Table 8.6 support the design intuitive, as low-pass filters (Linear,
Impulse) fail on heterophilous graphs, sometimes performing even worse than Identity.

Filters incorporating high-pass components are effective in learning under heterophily.

This guideline applies to all filter categories: for fixed filters, this can be achieved by
increasing the hop number K (Monomial) or reducing the decay factor « (PPR, Gaussian).
For variable filters, it is usually beneficial to select bases that facilitate learning for high-
frequency parameters (Horner, Bernstein). Meanwhile, there are also critiques that some
variable bases, including Monomial and Bernstein, prioritize heterophilous accuracy and

sacrifice their capability under homophily [336].
RQ4: What is the impact of variable and filter bank designs on filter effectiveness?

In our taxonomy Table 8.2, we identify the different designs of filter parameterization,
typically discriminating fixed, variable, and filter bank designs. Our observation in

Table 8.6 suggests that, different designs do not guarantee improved accuracy on certain

graphs, but may benefit generality across various datasets.

In specific, the simple and fast fixed filters sufficiently achieve top-tier accuracy on

a number of datasets, as demonstrated in RQ3. Variable filters offer a more flexible
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FIGURE 8.4: Shift of filter effectiveness on homophilous datasets across different scales.
Effectiveness (y-axis) is presented by the relative accuracy to the highest filter in each
dataset. The graph scale (x-axis) is presented by node size n in log scale.

approach for approximating a wider range of the graph spectrum. This allows for
dynamically learning weight parameters from input signals, which is advantageous for
capturing and leveraging richer information in the frequency domain. In cases where
graph information is useful, these filters empirically produce better effectiveness, although
the level of improvement varies with different data distributions. The filter bank design
alternatively enhances model capacity by adopting multiple filters, usually spanning
diverse frequency ranges. This approach is effective in mitigating the failure of a single
filter and ensures reasonable accuracy in broad scenarios. On the other hand, this design
does not necessarily outperform a single filter since there is no inherent improvement in

filter expressiveness.

Relation to Efficiency. Then, we relate filter effectiveness and efficiency to deliver a
comprehensive discussion on choosing proper filters. We first investigate the impact
of learning schemes in RQS5, then discuss the relationship between effectiveness and

efficiency in our core research question RQ6.
RQS5: How do full-batch and mini-batch training schemes affect model efficacy?

Theoretically, mini-batch computation is identical to the full-batch scheme from the
aspect of spectral operations, and the only difference roots in the feature transformation
procedure, as MB models do not perform the pre-transformation on input attributes before
applying graph filters. Empirically, the majority results in Table 8.7 confirm that MB train-

ing delivers comparable accuracy to the corresponding FB results in Table 8.6, and our key

observations RQ3&4 on filter effectiveness still hold. It also supports our motivation for
extracting and benchmarking spectral filters, as they are generally applicable to different

training schemes without affecting the capability of GNN learning.
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Meanwhile, accuracy drops of MB can be observed on graphs with a small attribute
dimension F; (MINESWEEPER, TOLOKERS, RATINGS). This defect can be explained by the
over-squashing phenomenon [337], which stems from the information loss when encoding
the comprehensive graph topology into a small F; during the separate filtering process.
Variable filters are relatively prone to this issue since their filter parameters are not
sufficiently trained under these circumstances. In contrast, MB on heterophilous datasets
such as CHAMELEON and ROMAN achieves higher accuracy than full-batch models. This is
precisely the opposite outcome of over-squashing, where malignant graph information is

implicitly alleviated by the spectral filtering process on raw attributes.

RQ6: What is the relationship between filter effectiveness and efficiency? Moreover, how

to choose spectral filters that are both effective and efficient?

A prevailing trend in spectral GNN studies favors more sophisticated filter designs for
better effectiveness, which, as indicated by RQ1, compromise time and memory efficiency.
However, RQ3 demonstrates that these two techniques lead to distinctive outcomes
compared with fixed filters: Improving filter variability through learnable parameters
can expand model capability in some cases, though the impact largely depends on the
usefulness of graph signals. The design also incurs additional efficiency overhead related
to the feature transformation. The filter bank approach usually contributes to overall
filter adaptability across various graph signals, rather than improving accuracy of existing
filters. This comes at the cost of multiplying the computation time and memory by the

number of filters involved.

In other words, different from the common view of a straightforward trade-off between

efficacy and efficiency, our benchmark study uncovers a more intricate nature: these

two aspects are not mutually exclusive. The filter effectiveness is determined by its

inherent frequency response. Even with the same variability and complexity, different
filters yield varied accuracy, and filters appropriate to the graph signals results in better
accuracy. Alternatively, time and memory efficiency are relevant to the external designs
of graph computation and feature transformations, which can be explicitly inferred from
their complexity. For instance, when processing heterophilous graph topology, a fixed
high-order filter is more likely to achieve superior performance compared to a filter with

a large parameter size focusing on low-frequency components.

Thus, balancing effectiveness and efficiency preferably requires a comprehensive consid-

eration of graph knowledge and available environments. It is more important to find a
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suitable spectral expression by examining the particular graph input, instead of simply ex-
ploiting sophisticated designs. Significant factors affecting learning efficacy and spectral

expressiveness are thus explored more specifically in Section 8.6. We suggest the follow-

ing practice as an attempt toward effective and efficient spectral GNNs: When learning

on simple and homophilous graphs, one can stick to fixed filters for the best efficiency
and comparably superb precision. For tasks with complex graph signals, or when fixed
filters are inadequate, it is recommended to carefully choose an appropriate model that
fits the graph spectrum and producing satisfactory performance, while ensuring that the

time and memory overheads remain feasible in the given environment.

8.5.3 Result Stability

In this section, we especially investigate the statistical significance of our evaluation on
filter effectiveness and efficiency, ensuring that our conclusions are widely applicable to

general circumstances.

Efficacy Variance and Divergence. We further visualize the confidence intervals of filter
accuracy in Table 8.6 by box plot in Figure 8.5 with selected seeds. Particularly, CORA
and ARXIV represent the datasets with random and attribute-based splits, respectively,
and all filters learn on the same split for the same seed. Figure 8.5(a) implies that the
variance in datasets like CORA is largely caused by the split difference, as some seeds lead
to high accuracy for most filters while others greatly impede efficacy. This is a common
phenomenon in semi-supervised learning, where random splits may not be representative
of containing sufficient information, such as lacking minor label groups, which results in
large accuracy deviation. On ARXIV, where the splits are more stable, the filter accuracy

is more concentrated. Nonetheless, in both cases, the relative effectiveness among filters

can be effectively depicted by average accuracy, which supports our RQ3&4 based on
Table 8.6.

Our scalable implementation offer an unprecedented opportunity to study filter efficacy
across graphs with different scales, which is showcased in Figure 8.4 with representatives

in three categories. Together with Figure 8.5, we observe that the relative difference

among filters is more significant on larger graphs. On small-scale graphs (Figure 8.5(a)),

the accuracy difference among filters are marginal, and a broad range of filters can
achieve high accuracy. However, filter effectiveness becomes more divergent on larger

graphs where n > 10° (Figure 8.5(h)). While filters with suitable frequency responses,



8.5. Results: Efficiency and Effectiveness

90

S0

70

10

30

2

20

Acc (%) CORA Ace (%) CITESEER
Shlar s Let 2
s QHpdli®ed L &g iTTglgjg ald [l 4
#I[I°] 1g° g o I 1 187 8%
° G k3 I
° I H 70
o Split0 JJ o Split 0 °
o Split 1 13 651 o Split 1 H
o Split 2 &l . Split 2 B
60 \;nml\ﬂ
E ’ E =
= = =
=] =] =
S £ S S
(b) CITESEER (c) PUBMED
Ace (%) MINE A (%) QUESTIONS Ace (%) TOLOKERS
S o ® 13 B 8 &
Fotpagtess FIAl N T o Ly [ . g ) J#
EEy 0 LXQT o 3 Tﬁ &0 P T iT,i‘jT*: 8
[ “HIAT 1o &7 W 1 a0E%, " R F I L P ot
o &2l % [T 28l & T 516 o v &
gt o B el P W |
P 2 ; !
o Split 0 1 spiito ll ) ki Sl | e splico l
o Split 1 o Split 1 l "T e
. Split2 P10 Split2 el
0] Fixed

(d) MINESWEEPER

GNN-LF/HF

(f) TOLOKERS

GNN-LF/HF

(m) RATINGS

(0) GENIUS

Ace (%) FLICKR o Ace (%) ARXIV Ace (%) CHAMELEON
~ 7 - FRPR u B
& 3 ETL g * 5], . 1 .
* s, A A ) 11,0 11 ] i
- & & T H .0 . 3 RS o 7 - 2@l o ° H =
5 A 8| 00 ® & & 4015 -1 H $ ¥
T PSS ¢ y Tpofe TH8: 11l sifle |
Ty * . ¥oUcy | 8 3 GLUE i Iall g 12L8 4
Tig d= ~ 350 ° re s LD i I,
5l e Splito [ i 0 e Splico e o Split0 % ,T J 3 J LT TT ol
o Split 1 # . o Split g 0] ° S‘])]ni {HE a
- Split 2 & W Split 2 l ' o split2 1 J] /
5| Fixed Fixed Variable % Bank 21 Fixed Variable Bank
o = <) T EEEE =R =l )
= = )= =] A A4S
- B B - £2ggoczEey
; = 2 SEEREEE 7
= E <] o
.
(g) FLICKR (i) CHAMELEON
Acc (%) SQUIRREL Ace (%) ROMAN
7 ; o I T e ] 1 & : 0 fe %
BLTaddEs o LIEH. T, csaqp gite = T70 13 a s
AAJ; Tl gt QYR E Ao TEe 3| o0 é ° g 3¢ @
‘ Brereii]R Be 109 ; 7 ] Tel, 7l
1 i A w
2
o Split 1 T 300{ ° gl’:“ [1' 0] ° i:}::‘f -
< Split 2 ] o Split x
o 27511 o Split 2 ol o Split2 g
Variable ank 25.01 I BFixed Variable Tixed Variable Bank
g S FeEx g [SEE Y S EEEEE
zZz0= oz = =] Lz O
cz°s B 5 = 5o50=
il z £22° 2
9 |- =00
2 Q z Z =2 Z
] ] 5 5] J T
(j) SQUIRREL (k) ACTOR
Ace (%) RATINGS - Acc (%) YEAR Ace (%) GENIUS
& T *
o s ® 2 - = &5 SR A R g fs & &
& N st B e ﬁgl? Y&"zf? 175 T 1LY* [ = L F, s s 87.5{ @ * Toe 35'3*&3,% IS R
L 18 CltE X . P T’ il 85.0 g
& T3 l l [Nl l o| 450 g l . 0 T I
1 - 25 l N 1’: 1 J ) 825 %
o Spito ol & % s 00| [ o spit0 o
o Split 1 o Split 0 .| e Splitl
o Split 2 T T split 2
Variable7' ank D01 Fixed ;i l\ Bank
E =4 <) E ==
] Z2z7
EEN. 5 gggzvs
G 2 295" 2
< B ] < 5

FIGURE 8.5: Statistical significance of filter effectiveness on 8 homophilous and 7
heterophilous datasets. Parameter initialization and dataset split for all filters follow the
same set of random seeds. Results from three seeds are marked in the figure.
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FIGURE 8.6: Time efficiency comparison of FB (lower axis) and MB (upper axis)
training on medium- and large-scale datasets with different hardware.

e.g. the fixed Monomial, can still achieve leading performance on corresponding graphs,
inappropriate ones exhibit larger accuracy gaps from the best filters. The finding further
underscores the importance of our conclusion RQ3 especially on large-scale graphs, that

choosing filters that fit the graph spectrum is critical for effectiveness.

Efficiency on Different Hardware. To validate our efficiency observations on diverse
hardware platforms, we evaluate the filter efficiency on another server marked as S2,
which is with slower CPUs (Intel Xeon, 2.2GHz) and a faster GPU (NVIDIA RTX
AS5000). The time breakdown on the typical dataset PENN94 is in Figure 8.6. Notably,

the figure demonstrates varied bottlenecks for different filter types due to the hardware

difference. For MB fixed filters with transformation being the bottleneck, the overall
learning time on S2 is shorter thanks to faster GPU computation. In comparison, as
graph propagation dominates the efficiency of FB training and MB variable filters, the
empirical speed is relatively slower. The slowdown is more significant on datasets larger
than PENN94. The observation aligns with RQ1&2 regarding the efficiency of model
operations and learning schemes, verifying that they are generally applicable irrespective

of hardware settings.
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8.5.4 Key Conclusions

Cl1.

C2.

C3.

C4.

Cs.

Model time and memory efficiency are respectively dominated by graph propaga-
tion and weight transformation operations as indicated by our taxonomy. On graphs

above million-scale, propagation turns into the bottleneck of GNN training. (RQ1)

Mini-batch training is a unique learning scheme of spectral GNN models, offering
comparable efficacy and better scalability, especially on large graphs. In turn, it

falls short in flexibility and is more sensitive to raw graph attributes. (RQ2&5)

Model effectiveness mainly stems from the inherit filter property of frequency
response, i.e., the emphasis on low- and high-frequency signals. With proper

configurations, simple filters can also excel on suitable graphs. (RQ3)

While sophisticated filter designs are favored in common consensus, they are less
related to accuracy improvement, but potentially benefit generality across datasets.
Variable filters increase the capacity to deal complex input signals, while filter

banks can assemble the performance of individual filters. (RQ4)

Contrary to the prevailing belief, we reveal that efficacy and efficiency are not
mutually exclusive. We provide our practical guidelines for analyzing the graph

spectrum and choosing appropriate filters to achieve both efficacy and efficiency.

(RQ6)

8.6 Results: Specific Evaluations

In this section, we conduct in-depth evaluations regarding specific properties of individual

spectral filters, offering ancillary view on obtaining desired filter effectiveness and

efficiency. Further research questions are raised for evaluations leading to new findings.

8.6.1 Extended Tasks

In this section, we highlight the generalizability of our implementation and evaluation

by comparing to other graph processing methods and performing tasks other than node

classification.
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Implementation Comparison. To demonstrate the performance of our implementation,
especially regarding GNN efficiency and scalability, we conduct additional evaluation for
typical GNN models deployed in other popular frameworks. The baselines include spatial
message-passing GNNs (GraphSAGE [27]), spectral message-passing GNNs (GCN [25],
ChebNet [26]), as well as scalability-oriented Graph Transformers (NAGphormer [184],
ANS-GT [173]).

As comparison with other implementations, we evaluate these spatial, spectral, and
sequential models in the PyG framework [305] in Table 8.8. The models are evaluated
with iterative architecture K = J = 4 under available PyG graph backends. Spatial and
spectral models are in full-batch training, as PyG does not provide the mini-batch scheme.
Graph Transformers are learned in mini-batch training with random sampling. Especially,
the EI backend is the most common backend used in PyG by default with O(mF) space
footprint for graph propagation. The SP backend is more efficient and used as the default
backend in our main experiments, while only a handful of PyG models are compatible

with it.

TABLE 8.8: Effectiveness and efficiency of models outside our framework on
representative datasets. “Train” and “Infer” respectively refer to average training
time per epoch and inference time (s), while precomputation time is separated in
applicable models.

ARXIV MAG
Acc Train Infer GPU | Acc Train Infer GPU

GCN (SP) 53.2 0.05 003 1.1|274 031 0.11 7.8
GraphSAGE (SP) |50.3 0.04 0.005 1.2 1248 025 001 7.7

Model (Backend*)

GCN (EI) 53.0 0.06 0.06 3.2 (OOM)
GraphSAGE (EI) |54.1 0.09 0.03 2.7 (282 0.33 0.18 10.8
ChebNet (EI) 53.4 0.11 0.05 3.0 (OOM)
NAGphormer (EI) |67.8 280+3.2 2.1 23 (33.2 89+10.3 22 3.8
ANS-GT (EI) 71.1 16205+109 2.7 11.3 (OOM)
Model (Backend) | PENN94 POKEC

GCN (SP) 73.1 0.04 0.03 13]604 6633 0.35 0.01
GraphSAGE (SP) |74.2 0.08 0.003 23 (634 045 0.009 9.6

GCN (ED) 67.6 0.06 0.06 3.7 (OOM)
GraphSAGE (EI) (OOM) (OOM)
ChebNet (EI) (OOM) (OOM)
NAGphormer (EI) |74.4 237+6.1 2.1 23 |73.1 70+16.1 3.1 8.9
ANS-GT (EI) |67.8 34092+37 5.0 8.7 (OOM)

*Backend: SP = torch.sparse, El = torch_geometric.EdgeIndex.
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It can be observed that most accuracy are in line with our results in Table 8.6. Regarding
efficiency and scalability, message-passing models with the SP backend is more superior
than EI for faster training and less GPU memory footprint, while the most common EI
backend encounters OOM on large datasets. Graph Transformers are more computational
intensive for demanding significantly long precomputation, slower training speed, and

more memory overhead due to the complicated model architecture.

Link Prediction. Link prediction is another popular task that presents substantial chal-
lenges regarding GNN scalability [338, 339]. Compared to the node classification task in
Section 8.5, link prediction focuses on transformation operations, as identifying node-pair
correlation through neural networks is critical for prediction accuracy. Graph information
retrieved by the filters only serve as fundamental knowledge for the downstream transfor-
mation. Different from Table 8.3, the typical complexity for transformation is O(xmF?).
This is because for a graph with m ground-truth edges, the model needs to processes a

total of km positive and negative samples, where k is usually 2 — 10. Hence, performing

TABLE 8.9: Effectiveness results (%) of mini-batch filters for link prediction. For each
dataset, results are highlighted based on the relative effectiveness among filters, where
green results are better.

Dataset DDI COLLAB PPA CITATION2
Type Node n 4,267 235,868 576,289 2,926,620
Edgem | 1,334,889 1,285,465 30,326,273 30,561,187
Metric Hits@20 Hits@50 Hits@100 MRR
Linear 14.39 23.88 7.49 3.31
Impulse 10.37 22.19 26.77 14.24
Fixed Monomial 13.04 26.47 22.15 45.62
PPR 11.11 23.91 22.08 20.51
HK 16.77 23.27 21.15 69.92
Gaussian 25.65 28.06 4.76 61.09
Linear 12.26 4.20 1.35 21.63
Monomial 40.68 31.37 19.18 64.80
Horner 13.27 30.29 26.75 38.99
Chebyshev 18.66 17.86 9.04 69.67
Variable Clenshaw 5.43 18.80 14.92 44.40
Cheblnterp 34.59 35.71 18.02 58.63
Bernstein 21.06 3.42 1.16 9.97
Legendre 22.59 19.24 14.53 70.08
Jacobi 31.16 7.44 12.26 67.56
OptBasis 24.18 42.62 7.62 3.11
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FIGURE 8.7: Filter time and memory efficiency of mini-batch link prediction on PPA.
Note that the time axis is on log scale.

the link prediction task inevitably entails mini-batch training, as the full-scale memory

overhead is prohibitive.

The generalizability of our framework allows for utilizing the same set of spectral filters
to acquire graph representation in MB scheme. We do not attempt to design complicated
transformation networks and stick to a simple MLP network, while more sophisticated
downstream modules can be integrated in a plug-and-play manner as introduced in
Section 8.4. The OGBL datasets [43], including some of the largest available link
prediction graphs, are employed for evaluation. We similarly unify the experiment

settings and tune the hyperparameters as in Section 8.4.

Effectiveness results are shown in Table 8.9, while representative efficiency evaluations
are in Figure 8.7. Due to the intricate transformation parameters, some filters typically
fail to achieve reasonable results on most datasets (Linear, Bernstein). Our RQ3&4 still
hold, that filters suitable for graph signals, even some simple filters (HK, Gaussian) can
achieve satisfying performance. On COLLAB and CITATION2, this suggests low-frequency
components are effective, whereas the opposite is true for the other two datasets. Different

from RQ1, link prediction efficiency is dominated by the transformation operation on

larger graphs due to the considerable amount of iterative edge-wise computations, while
GPU memory can be controlled by the batch size. Nonetheless, such computational
bottleneck is less related to the topic of graph processing, and a range of dedicated

accelerations are available [91, 92].

Signal Regression. Spectral filtering also offers a regression task for fitting a given

signal encoded in the graph, which is intuitive in characterizing the frequency response to
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signals spanning diverse frequency components. We define the fully-supervised graph
regression task [325] by learning from the predefined pair of input x and the objective
z = g* = x, as an approach to approximate the given simple spectral filter function g*.
Table 8.10 presents the average R” score of five typical signal functions, where larger

scores indicate better regression precision.

The observation implies that most filters still highly focus on low-frequency components,
demonstrating higher precision on LOW and BAND REJECT. This is in line with our findings
in RQ4 that introducing variable bases does not necessarily strengthen filter capability, as
the performance is principally determined by its spectral formulation. On the contrary,

filters enforcing higher attention on high-frequency domains, including Monomial, Horner,

and OptBasis, achieve strong performance on high-frequency signals (BAND, COMBINE, and

HIGH), although Monomial and Horner sacrifice low-frequency ability to certain degrees.
OptBasis outperforms on all signals thanks to its flexible parameter acquisition. However,
it should be noted that the regression precision of simple signals does not guarantee node
classification effectiveness in our main experiment, as better utilization of graph signals

is not always beneficial due to the complex grounding of the realistic task.

TABLE 8.10: Average R? scores of graph regression on five signal functions. For each
dataset, results are highlighted based on the relative effectiveness among filters, where
green results are better.

Type Dataset BAND ) COMBINE HIGH . LOW2 REJECT .
Signal e~ 100=D" sin(nd)] 1 —e 1V 71047 _pm100A-D)

PPR 21.40 32.13 35.42 77.58 91.24

Linear 6.74 10.12 8.87 94.90 83.22

Fixed Impulse 6.73 9.99 8.79 93.27 82.25

Monomial 21.40 32.13 3542 77.58 91.24

HK 7.57 11.77 10.23 96.93 86.94

Gaussian 7.62 11.96 10.26 96.92 86.93

Monomial 6.87 10.21 8.87 94.80 79.75

Horner 48.98 69.10 78.87 89.14 78.96

Chebyshev 6.74 8.40 6.87 91.15 81.12

Clenshaw 6.77 8.06 8.14 76.68 81.49

Variable Cheblnterp 6.72 9.58 8.88 90.42 80.95

Bernstein 13.03 17.79 22.10 97.56 86.08

Legendre 6.68 9.82 8.59 94.00 72.86

Jacobi 6.69 9.73 8.62 93.99 82.14

Favard 5.23 8.89 7.46 67.57 67.68

OptBasis 82.88 79.73 93.69 99.19 99.06
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8.6.2 Spectral Capabilities

As analyzed in RQ3, the effectiveness of graph learning with different filters is related
to the compatibility between their spectral expressions and the graph data. Therefore,
we delve into the spectral properties to provide a thorough understanding of the spectral

capabilities concerning different filter formulations.

RQ7: What inherent spectral properties are impactful in determining filter effectiveness?

Effect of Propagation Hop. The number of propagation hops K is a critical hyperpa-
rameter governing both spectral expressiveness and empirical efficiency. Deciding the
value of K requires careful consideration in the spectral domain. A small K indicates a
limited number of polynomial terms in Eq. (8.1), leading to restricted filter capability.
Conversely, a large number of propagations may introduce excessive graph information,

which also implies linearly increased computational overhead.

The value of K in existing literature varies significantly due to non-spectral designs,
complicating the assessment of the filter capability. Our framework offers a unified
architecture for spectral GNNs, enabling a more thorough examination of the impact
of propagation hops on graph filters. Figures 8.8 and 8.9 illustrate the model accuracy
patterns when varying the number of hops in common the range K € [2,20] on ho-

mophilous and heterophilous graphs. Generally, a limited K is more favorable, especially

for homophilous graphs. Overall, our selection of K = 10 in the main experiments is

reasonable for maintaining the performance of most models across various datasets.

For low-pass filters (Linear and Impulse), the efficacy gradually decreases when the hop
number increases for both homophilous and heterophilous graphs. This corresponds to the
over-smoothing issue [149, 340, 138], where the signal is overwhelm by non-local noise
and loses useful information. Filters such as PPR and Gaussian can alleviate this issue
by tuning the decaying factor, while filters with high-frequency components, especially

those with orthogonal basis, are also more stable by manipulating those signals.

Clustering Visualization. The t-SNE method provides an intuitive way to understand
the decision boundary learned by spectral GNNs [341], which is essentially related to
their prediction performance in Table 8.6. Figures 8.10 and 8.11 showcases visualizations
of representative filters. Generally, embeddings for most filters on the homophilous CORA

are well-clustered with sharp boundaries, explaining the similar classification accuracy.
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On the heterophilous CHAMELEON, a few filters are able to maintain the ability to form
clear clusters and consequently satisfy prediction performance (Monomial, Chebyshev). In
comparison, the dispersed and overlapping clusters of PPR and Cheblnterp correspond to
the noise introduced by heterophilous graph topology, which undermines their effective-
ness. Filters such as Impulse and Jacobi generate scattered clusters with notable outliers,
rendering difficulties in fitting graph signals and producing meaningful representations.

In summary, the evaluation also implies that spectral expressiveness outweighs variable

designs in terms of filter efficacy when conducting classification tasks under different

graph patterns.

8.6.3 Degree-specific Effectiveness

A recent trend examines node-wise performance and discovers that the learning ef-
fectiveness of vanilla GNNs varies with respect to nodes of differing degree levels
[342, 138, 343, 344, 345, 346]. In this benchmark, we are motivated to offer a prelimi-
nary investigation into the degree-specific performance of spectral GNNs, including the

causative factors and impacts of the phenomenon.

Relation with Filter Effectiveness. Unlike previous investigations assuming homophily,
we extend the degree-wise evaluation to heterophilous graphs. Figure 8.12 displays the dif-
ference between prediction accuracy on high- and low-degree nodes across representative
datasets. The extended experimental evaluation enables us to relate the degree-specific

performance to overall model accuracy in Section 8.5.2.

RQ8: What is the degree-wise effectiveness under homophily and heterophily, and how
does it affect the filter efficacy?

It can be observed in Figure 8.12 that most filters behave distinctively on homophilous
and heterophilous datasets. On homophilous graphs (CITESEER in Figure 8.13(a)), the
performance of high-degree nodes is generally on par with or higher than low-degree
ones, which echoes earlier studies. From the spectral domain view, high-degree nodes
are commonly located in clusters, which is more related to low frequency in the graph
spectrum and is preferable for homophilous GNNs throughout learning. Contrarily, the
accuracy of high-degree nodes is usually significantly lower under heterophily, as shown
in Figure 8.13(b) for ROMAN. In this case, the hypothesis that higher degrees are naturally
favored by GNNs no longer holds true. Although these nodes aggregate more information

from the neighborhood, it is not necessarily beneficial, and heterophilous connections
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may carry destructive bias and hinder the prediction. As a more precise amendment to

the conclusion in prior works, we state that the degree-wise bias is more sensitive, but not

necessarily beneficial, to high-degree nodes with regard to varying graph conditions.

It is also notable in Figure 8.12 that the degree-specific difference is correlated with the
test accuracy of models within each dataset, especially under heterophily. For example, in
Figure 8.13(b) ROMAN, filters with greater bias achieve relatively better overall accuracy.
In comparison, filters such as Linear and Impulse fail to distinguish between high- and
low-degree nodes, resulting in lower test accuracy. From the observation, we deduce that

GNNs tend to recognize and adapt to the majority of low-degree nodes in order to achieve

higher performance. This preference is potentially exaggerated by the heterophily-
oriented filter design, which pays more attention to the high-frequency components
correlating to low-degree nodes while compromising the performance of high-degree
nodes. It is thus advisable to explore filter formulations balancing different frequency
ranges, which are promising for addressing the current drawback and further advancing

overall model accuracy.

Effect of Graph Normalization. Recall that the normalized adjacency A = D?~'AD="
explicitly encodes degree information during propagation, we are thence motivated to use

it to impact filter effectiveness.

RQ9: How to utilize the graph information to control degree-wise effectiveness, and

therefore affect overall accuracy?

In previous studies, it is revealed that the normalization in form of A = D' A affects
the node-wise performance on homophilous graphs [347, 345], while we extend to the
continuous range of p € [0, 1]. Specially, p = 1/2 is the symmetric normalization with

equal contributions from both in- and out-edges.

We present experimental result of the accuracy gap between high- and low-degree nodes
when varying the graph normalization hyperparameter p in Figure 8.14. It can be observed

that a larger p increases the difference value, i.e., improves the relative accuracy of high-

degree nodes for both fixed and variable filters on CITESEER and ROMAN. This suggests
that inbound information is preferred for model inference on high-degree nodes, and
adjusting the aggregation through p could be an practical attempt to alleviate degree-wise
differences and achieve favorable performance. On graphs such as CHAMELEON and
ACTOR, where connection utility is hindered by heterophily, this pattern is weaker, and

the performance gap becomes more unstable due to the complexity of graph conditions.
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8.6.4 Key Conclusions

Cé6. Filter effectiveness can be explained by their spectral properties, especially the
response on different frequencies. Sophisticated designs are only effective when

their frequency components match the graph signal. (RQ7)

C7. Spectral models exhibit dissimilar effectiveness on nodes of high and low degrees
under different graph conditions, challenging the assumptions in previous stud-
ies. The efficacy on high-degree nodes degrades under heterophily, potentially

indicating greater sensitivity to the graph learning process on these nodes. (RQS8)

C8. The degree-wise bias is also relevant to the overall effectiveness of filters and can be
controlled by altering the influence of graph topology. Dedicated filtering designs
that benefit both low- and high-degree performance remain underexplored. (RQ9)

8.7 Summary and Discussion

In this study, we conduct extensive evaluations of spectral GNNs concerning both ef-
fectiveness and efficiency. We first provide a thorough analysis of the graph kernels in
existing GNNs and categorize them by spectral designs. These filters are then imple-
mented under a unified framework with highly efficient learning schemes. Comprehensive
experiments are conducted to assess the model performance, with discussions covering

heterophily, graph scales, spectral properties, and degree-wise bias.

Our benchmark observations also identify several open questions worthy of further

research toward better spectral GNNs:

* How to properly obtain effective and efficient spectral filters? As analyzed in
RQ6, it is possible to achieve both effectiveness and efficiency for some graphs,
while finding the suitable filter is largely empirical. Our observation suggests that
despite heterophily, latent patterns of graph data distribution also affect the spectral
performance. Identifying and characterizing these factors is beneficial for designing

more powerful filters based on graph knowledge.

* How to further improve filter efficiency and scalability? In RQI, the spectral

GNN design outlines a solution for performing learning on large graphs, although
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existing variable and composed filter computations are far from optimized. The
GNN scalability issue calls for a persistent pursuit of more efficient designs, which
is of great practical interest. Our study is helpful in uncovering impact factors and
bottlenecks of large-scale deployment, and underscores the potential of spectral

GNNs s for achieving efficiency without compromising efficacy.

* How to address the degree-specific bias to enhance overall effectiveness? In RQS,
we discover that the degree-wise difference is related to graph heterophily and
affects model precision. As current endeavors to mitigate GNN bias largely assume
homophily, it is promising to search for specialized schemes that improve the
accuracy of both low- and high-degree nodes, considering various graph conditions,

which also benefits overall model performance.
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Conclusion and Future Work

9.1 Conclusion

Recent advances in data processing have stimulated the demand for learning graphs of
very large scales. In this work, we present our efforts towards scaling up GNNss to large

graph.

A literature review is firstly conducted in Chapter 2, where we start from the basic design
of vanilla GNN architectures, and perform a thorough analysis on the complexity and
computation bottleneck of such design. Then, we subsequently review various existing
approaches on improving the GNN efficiency and scalability, introducing the sampling
and decoupling techniques. Lastly, we investigate the scalability issue on different GNN

variants.

Chapters 3 and 4 constitutes the first part of this thesis, where we investigate and enhance
convolutional GNNs with novel graph algorithms. In Chapter 3, we propose SCARA,
a scalable Graph Neural Network algorithm with feature-oriented optimizations. Our
theoretical contribution includes showing SCARA has a sub-linear complexity that
efficiently scales-up the graph propagation by two algorithms, namely FEATURE-PUSH
and FEATURE-REUSE. In Chapter 4, we propose LD?, a scalable GNN design for
heterophilous graphs, that leverages long-distance propagation to capture non-local
relationships among nodes, and incorporates low-dimensional yet expressive embeddings

for effective learning. The model decouples full-graph dependency from the iterative

209
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training, and adopts an efficient precomputation algorithm for approximating multi-
channel embeddings. Theoretical and empirical evidence demonstrates its optimized
training characteristics, including time efficiency with a complexity linear to O(n), and

GPU memory independence from the graph size n and m.

In the second part encompassing Chapters 5 and 6, we incorporate the idea of scaling
up graph computations to broader graph learning variants. In Chapter 5, we present
HubGT for leveraging decoupled graph hierarchy by hub labeling. Our analysis reveals
that the label graph exhibits an informative hierarchy and enhances attention learning
on the interaction between nodes. Regarding efficiency, construction and distance query
of the label graph can be accomplished with linear complexity and are decoupled from
iterative model training. Hence, the model benefits from scalability in computation speed
and mini-batch training. In Chapter 6, we propose GENTI, a novel design for scalable
subgraph GNN on dynamic graphs. GENTI decouples the subgraph extraction stage
into two asynchronous phases and boosts GPU utilization. In specific, GPU processing
incorporates the efficient BSGATHER for subgraph gathering in batches and subsequent
feature generation and learning. CPU is solely responsible for maintaining the dynamic

graph structure with SAMPLE and UPDATE operations in a streaming manner.

We consolidate our approach in the third part, where we offer comprehensive theoretical
and empirical analysis regarding the GNN scalability issue. In Chapter 7, our UNIFEWS
framework unifies edge and weight sparsification as entry-wise GNN operations. By
bridging spectral graph smoothing and GNN sparsification, we showcase in theory that
the layer-progressive UNIFEWS provides an effective approximation on the graph learning
process with a close optimization objective, which is effective in depicting a range of
approximate GNN updates in both iterative and decoupled architectures. In Chapter 8,
we conduct extensive evaluations of spectral GNNs concerning both effectiveness and
efficiency. We first provide a thorough analysis of the graph kernels in existing GNNs
and categorize them by spectral designs. These filters are then implemented under a
unified framework with highly efficient learning schemes. Comprehensive experiments
are conducted to assess the model performance, with discussions covering heterophily,

graph scales, spectral properties, and degree-wise bias.
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9.2 Future Works

Supporting Large Model Inference and Retrieval. Large Language Models (LLMs)
have come into eclectic aspects, from assisting people’s daily lives to reshaping schemas in
academic and industrial production. The capability of processing more modalities of data
and the reliability of retrieving precise and faithful knowledge have been two important
topics where graph learning can be integrated to further empower and enhance LLMs.
For instance, Graph-powered Retrieval-Augmented Generation (RAG) [348, 349, 350]
has emerged as a powerful approach by organizing essential information as an external
graph database, where domain knowledge is provided as edge links between entities. This

information in graph form largely enriches the domain reasoning capabilities of LLMs.

However, the current development of graph-powered RAG remains challenging when
integrating graph data processing into LLM execution, as efficiency and scalability are
prominent issues. The heavy dependence on the full-scale graph structure of mainstream
graph-based RAGs becomes a critical efficiency bottleneck for deploying the technique
at scale. Due to the high cost of executing LLM on GPU, it is also essential to plan the
utilization of LLM reasonably and schedule the computation on GPU devices. These
challenges are respectively tackled for GNN learning in this thesis. Therefore, enhancing
the graph-based RAG pipeline by integrating scalable GNN techniques is a promising
approach for reducing computational costs and expanding the deployment of RAG on

massive data.

Addressing Fine-grained Performance. As demonstrated in Chapter 8, GNN models
exhibit biased prediction on graph nodes of different degrees. In particular, while the
majority of models are advantageous under homophily, the performance of high-degree
nodes significantly drops for heterophilous datasets. This phenomenon reveals a more
general consideration of GNN performance: while GNN capability is commonly evaluated
by the accuracy among nodes in the whole graph, the learning outcome of specific graph
nodes may be unsatisfactory. This direction is meaningful when some graph elements are

of particular interest, entailing more careful processing and more precise prediction.

Performing fine-grained operations for graph data at scale comes with diverse scalability
issues. Due to neighbor explosion, the computational overhead for representing a single
node intensifies to the graph scale, rendering no less time and memory resources than full-

graph learning. Additionally, the local, fine-grained information is easily overwhelmed
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by the large amount of data. These under-explored challenges call for specific solutions
on top of current scalable techniques, which may lead to further advances in better overall

GNN capability as well as more effective graph manipulations.

Exploring Graph Data Variants While canonical GNNs assume simple and labeled
graphs to perform learning, realistic conditions are more complicated and present new
requirements for designing proper scalable GNNs. This direction can be related to the
topics of data efficiency and elasticity in other realms of machine learning. For instance,
the issue of label insufficiency is common in real-world graph data mining due to the lack
of ground-truth labels, especially for large-scale graphs where the expense of manual
labeling is excessive. Certain graph processing and model embedding strategies are

uniquely useful in these challenging scenarios.

Practical deployments also mark other data variants, such as dynamic graphs characterized
by changes in topology over time, which pose a persistent challenge for many GNN
designs due to the additional temporal dimension. While a number of advantageous
techniques have been proposed for handling sequential data in both graph management
and neural network regimes, it deserves further investigation into how these algorithms
can integrate and accommodate the paradigm of scalable GNNs. Studies aimed at scaling

up these graphs are therefore welcomed by applications based on these variants.

Another widely used graph variant is the knowledge graph, in which graph elements are
associated with semantic type information. Typically, applying GNN operations such as
message passing requires distinct processing for each type of relation, which is similar to
processing respective homogeneous graphs. Then, the heterogeneous data is represented
by a fusion transformation across all types. This approach indicates more specialized and
data-specific design and implementation of graph learning methods, potentially expanding
the applicability of scalable GNN techniques, since the fundamental principles of scalable
algorithmic design are preserved while detailed implementations can be tailored for
diverse scenarios. Similar strategies are applicable to hypergraphs, where hyperedges

connect multiple nodes, enabling more complex message-passing mechanisms.



Appendix A

Supplementary for Chapter 3 SCARA

A.1 Proof of Lemma 3.2

Proof. Similar to the theory in [129], feature PPR can also be interpreted as the solution

of the following linear system:

m(x) = ax+ (1 - a)AD 'x(x),
which can be transformed to

(I-(1-a)AD Yz (x) = ax.
Denote non-singular matrix C = I — (1 — a)AD™!. Then

(x) = aC x.
The above equation indicates that feature PPR satisfies the associative law, which means
On(x) = mw(0x), m(x1)+ m(x) = mw(x1 +x2).

According to the associative law, the combination PPR st(x) expressed in Eq. (3.8)

satisfies
Fp

Fg Fp
E[(x)] = ) ;- Bl#(b;, f5)] + E[#(z, )] = ) Oi(by) + 2(2) = w( ) Oibi + 2) = m(x).
i=0 i=0

i=0
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214 A.l. Proof of Theorem 3.2

Therefore, 7z(x) is an unbiased estimation of 7z (x). For each base b;, we compute
7 (b;, Bg) with Algorithm 3.1. In each such computation of Algorithm 3.1, the left residue
on each node v before sampling random walks at line 10 is r(b;; v), the total left residue

iS rsum(b;), and Ny (b;) = rsum(b;)/Pp is the number of random walks sampled.

As each base PPR is computed independently, combining the PPR vectors by Zf 2, 617 (b, Bp)
is equivalent to push a vector 6;b; with the same pattern of the computing process of
7(bi, Bg), and then sample Ny, (b;) random walks on the remaining residues of 6,7, (b;)

in total.

For a such computing process on 6;b;, consider the Ny, (b;) random walks it generate
from all nodes. Let the random variable X;(b;; t) = 1 if the j-th random walk terminates

at t, and otherwise be X (b;; t) = 0. Associating with the single-source PPR (v, t), we

have
M@ rsum(bl)
j:EO Nuw () ————=X(b;; t) UEEV r(b;;v) - m(ov,t). (A.1)

Consider the summation of all base vectors,
Fg N ( .
0 irsum(bi) . ~ ‘
Z Z N (b) X'(bi,t) —Zzeir(bi’z)) .77;(0’ t).
=0 j=0 i=0 veV

As we have the PPR estimation expressed in the form of combination of residue and

random walk values:

&5, M) 0i7sum(bi) (B Tsum(2) (o
#(x; 1) —ZQr(b,,t)+r(z t)+Z Z Nl X;(bs; t) + e Xi(z:1).
i=0  j=0 .

By referring to Lemma 3.2 in [217], we can further acquire the precision guarantee of the
PPR as:

AZNsum
) (A2)

Pr[li(x;1) — n(a: )] > 2] < 2-exp(~5 =57),

where the number of walks Ny, = Ny (2) + Zf Zy Nw(by),

91rsum(b1) eFBrsum(bFB) rsum(z)}

a = Ng,, - max ,
s { Nw (b1) Ny (br,) ~ Nw(2)
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and
1 &, MRy girsum(bi)Nsum : N rsum(Z)Nsum g
V= Nsum ; = ( NW(bz) ) E[Xj(bls t)] + Sum < ( Nw(Z) ) E[XJ(Z, t)] (A3)

Recall that 8 < fg , therefore rs“"j(](;)(]:)s”m > rs“"j(](b()bN)S“m holds for any b;, thence a =
rsum(z)Nsum
Nw (2)

To simplify the expression of v, we substitute Eq. (A.1) into Eq. (A.3) as:

v :Nl Z 9 rsum(b) sum Zr(bi;?}) . JT(U, t) + 1 M Z T(Z; U) . 7T(U, t)

sum 75 NW(bl) eV Nsum N (Z) eV
Fp
2
< Z 91' ,BBNsum + ,BZNsum~

i=0

The last inequality is because of Definition 3.2, where the push coefficients are the scales
as B = rsum(bi) /Nw (bi), Bz = reum(z)/Nw(z). With the expressions on a and v, we are
able to derive Eq. (A.2) as:

)LZ

Pr[|7#(x;t) — ot Al <2 -
D) 701> ] S 2000 o)

By setting the value of Sz

2Jlog(2/¢) -2 278 Brb;
21/3+2 ’

YA

we hence prove that

Pr[|#(x:t) — 2(x;8)| > A] < 4.
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Supplementary for Chapter 7 Unifews

B.1 Proof of Theorem 7.1

Proof. By using the closed-form solution p* = (I +cL)™'x and the fact that A~! — B! =
B '(B—-A)A™!, we have:

p-p= ((I +cb) ' - (I+ cL)_l) x

=T +ch)y el —cL)(I+cL) 'x =c(I+cL)™ (L - L)p".

From Eq. (7.2), we can acquire the difference between the raw and approximate Laplacian

matrices based on the spectral property:

IL—L|l, = sup x"(L-L)x=x)(L-L)xo < exyIxo =, (B.1)
llxll=1
where || - ||2 is the matrix spectral norm, and the supremum is achieved when x = x.

The distance between p* and p* follows the consistency of spectral norm ||Ax| <

||Al|2]|x]||. By substituting Eq. (B.1) and utilizing the property of spectral norm, we have:

15" = p*ll < ellX+cL) o - IL = L2 - 1 p"l

B ) 1 _ cellptll ;
= ce||p*|| - max — = — = cel|p’]l,
i (A(I+cL) 1+cAi(L)

where A;(A) denotes the i-th smallest eigenvalue of matrix A. O
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Given the additive nature of the graph specifier, the bound for graph smoothing problem
Theorem 7.1 is dissimilar to the approximation setting with multiplicative similarity
bounded by the quadratic form O(cep™ Lp) [279, 280], but instead correlates with the
embedding vector norm || p*||. This correlation arises from the bias introduced by the

pruned entries in the diffusion matrix, which is associated with the embedding value.

B.2 Proof of Theorem 7.2

Proof. We outline the diffusion by the general graph adjacency T = A. The entry-wise
difference matrix for the sparsified diffusion can be derived as Y = A— A = [ — L.
Additionally, the pruned edges form the complement set &y = & \ &, and the number of
removed edges is g, = |&y|. If an edge is pruned (u,v) € Ey, the entry Y[u, 0] = Alu, v].

For a current embedding p, its product with the difference matrix Y p only correlates with
entries that have been pruned. Based on the Minkowski inequality and sparsification

scheme Eq. (7.6), the L; norm of the product vector satisfies:

Itplli= Y| >, Alwslplel|= Y| > cluo]

ueV veNy(u) u€eV veNy(u)
< Z Z ‘T[U,U]‘ < Z Z 0a = q40,.
u€V veNy(u) u€V veNy(u)

Employing the relationship between vector norms given by the Cauchy-Schwarz inequal-
ity ||x|| < ||x]||1, the difference of quadratic forms with regard to graph Laplacian can be

bounded as:

lp"Lp—p"Lpl=1p"Ypl < llpll - IYpll < qadallpll.

Referring to Eq. (7.3), when the condition ¢,8, < €||p|| is met, the sparsified L is

spectrally similar to L with approximation rate €. ]
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B.3 Proof of Theorem 7.3

Proof. Recall in Eq. (7.6) pruning, there is &y = {(u,0) | |7[u,v]| < 8,}. The fraction of
entries below the threshold is thence expressed by the probability:

9a = |Ex| =m - P(Afu,0] - [p[o]| < ba)

:Zm‘/O P(A[u,0] < 2)- folop (x)dx,

><|<>>

where f,[,](x) represents the probability distribution function of embedding values. As
Alu, 0] > xpin, we have P(A[u, 0]

changes to

< %) = 0, when x > . The integral upper bound

Sa

g = 2m / " p(A[w, 0] <
0

><|°°

2y . foloy (x)dx.

Acknowledging the assumptions, in scale-free graphs, the distribution of nodes follows
the power law P(d) = d~%, where P(d) is the fraction of nodes of degree d for large values,
and « is a constant typically within range 2 < a < 3. For the normalized adjacency

matrix A = D™'/2AD™!/2 its entry distribution also follows the power law as x®. The

embedding value p[o] ~ N(0, %). By substituting the distributions we have:

S
xmain 561 ol 1 x2
=2 - —= 4
1 m/o [ (xxmin) ] V2702 P ( 202) ¥
Sa_ —a+1 2
0 /xmm /xmin ( 5{,1 ) * 1 ( X )
= Zm[1 - exp | —-—=|dx
\/EO' ) 0 XXmin V o P 2 ]

1 (6, )1 /m ., ( x2 )
=2m(= — x* exp [-— | dx),
(2 V2ro (xmin 0 P 202 )

2 z X
where erf(z) = T/ e dt, y(s,x) = / ts~le ! dt.
0 0

T

The last term can be given by the lower incomplete Gamma function:

Sa b

Xmin a—1 X o a=2 a (5a/5(min)2
—_ d = 2 2 _—.
/0 x exp( 5 2) xX=0 y(z, 752
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Therefore,

a Sa
5a/xmin) (xmin)a_1 g%22 (a (E)Z
— . g

N 5 (B.2)
o a

Qa=m [erf(

To understand Eq. (B.2), we discuss it in two extreme cases.

Case 1. When §, — 0, only a small number of edges are affected. Considering the

Taylor Expansion with respect to d,, there is:

qa:c15+C353+-~-,

where ¢ = —— “—.

Case 2. When §, > 0 is sufficiently large, this is the main case we concerned where a

portion of edges are pruned. The formula will be approximated by:

Qa=m-—2m

27T (9) (6, \'°
ﬁO'“H >

Xmin

or equivalently, 7, = qo/m = 1 — C51~%. Therefore, the relative strength of sparsification
represented by the threshold §,/|| p|| and the relative sparsity 7, can be represented by

each other.

Referring to Theorem 7.2, the approximation bound is given as:

e =0 (na(1-n0)7), (B.3)

which corresponds to Theorem 7.3 for giving the approximation bound. ]

B.4 Proof Sketch of Proposition 7.1

Consider consecutively sparsifying the diffusion for each hop by Eq. (7.9). Intuitively,
as the edges are gradually removed from the original graph, there is g, ;) < qq 1) for
Iy < I, with the same relative threshold. If the sparsest graph T(;) satisfies Definition 7.1,

then the multi-layer update is also bounded.
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Recall that common GNN learning can be expressed by the graph smoothing process
Definition 7.1. Such optimization problem can be iteratively solved by employing
a gradient descent scheme [234], where each iteration derives the [-th hop of graph
propagation as in Eq. (7.1):
b oL
P =P~ 5 o = (1 =b)pa) = beLpq) +bx. (B.4)
P lp=pq)

where b/2 is the step size and initially there is p) = x. Eq. (B.4) is expressive to
represent various propagation operations in decoupled GNN models. For example,
APPNP [123] can be achieved by letting b = ¢ and ¢ = (1 — a)/a, while SGC [125] is

the edge case with only the graph regularization term.

Now consider the layer-wise graph sparsification under Eq. (B.4) updates. For the initial
state, there is p(o) = P(o) = x. If in the I-th hop, Eq. (7.6) edge sparsification is applied to
the graph L, then the approximation gap is:

a1y — Pasty = (1 =b)(puy — Py) + be(Lpuy — Lpgy)- (B.5)

To demonstrate that p(;,1) is an e-approximation, we use induction by assuming p(;) —

P = Dp, 1A/ pwyll ~ O(e). Then the bound for approximation follows:

lpasn) — Paspyll = | = (1 = b)A, + be(Lpyy + LA, — Lpy)||
< ||(beL = (1 = B)I)||21|A, |l + bel| L — L2l pay + Apll

< O(e) - llpwll + bee(1 + O(e)llpyll,

where the inequalities follows from the property of matrix spectral norm and Eq. (B.1).

Hence, the relative error of approximate representation p ;1) is constrained by O(e).

B.5 Proof Sketch of Proposition 7.2

To apply the approximation analysis to iterative GNNs, we first extend the analysis to
multi-feature input matrix. When there are f input vectors, i.e., the input matrix is
X € R™/, then the matrix form of graph Laplacian smoothing corresponding to Eq. (7.1)
1s:

P = arg;nin |P - X||%+c-tr(PTLP), (B.6)
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where || || is the matrix Frobenius norm and the closed-form solution is P* = (I+cL)™' X.

Since graph operations among feature dimensions are mutually independent, conclusion
from Theorem 7.3 and Proposition 7.1 are still valid in their matrix forms. In iterative
models, the gradient update similar to Eq. (B.4) is instead employed to the representation

matrix H(;) and derives each layer as:
P(l) = (1 - b)H(l) - bCLH(l) +bX.

As detailed in [234, 277], the update scheme above is able to describe an array of iterative
GNNs. For instance, when H;) = X and b = 1/c, it yields the GCN propagation
Py = AH(I). GAT convolution can be imitated by a node-wise ¢ depending on the
attention values [28, 287].

To interpret the effect of UNIFEWS sparsification, we first investigate the entry-wise graph
pruning in Algorithm 7.2 and its outcome, i.e., the embedding matrix f’(l). For simplicity,
we assume the sparsification is only employed upon the (I + 1)-th layer and PI(I) = Hy.
Invoking Eq. (B.1) and the fact that ||AB||r < ||Al2[|Bl|r, the margin of approximate

embeddings can be written as:

1Py — Py llr < bellL = L2 [[Hopy |l < beel | Hyp ||p-

Then, consider the weight pruning Eq. (7.11). The entry-wise error is a composition of

joint embedding and weight approximation:
O [, il — ouen [, il = Wy [, i1Pay [ 7] = Wy L, i) Pay [ 1

Let M) = W) — W(l). Recalling the iterative update scheme Eq. (7.10), the total

difference on linear transformation H” = P;W(;) is built up by:

f
- H =" (P[] - Pyl )Wy [, 1] + Py [ /1My [ 1)
i,j=1

Its first term corresponds to the embedding approximation:

Ap < |Pyy = Poyllr W |IF < beel| Ho || |W ]|,
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and the second term adheres to weight sparsification as per Eq. (7.11):
f

Aw <)

i=1

1

f
Z 1Py [ i1My 1, 11| < qu s
o

where q,, 1s the number of pruned weight entries. Finally, the representation matrix in the

(I + 1)-th layer can be bounded by:
1Hs1) = Hieny e < tobeel Hy lFIW I|F + €56, (B.7)

where £, 1s the Lipschitz constant representing the non-linearity of activation function o

[351]. The above equation corresponds to the one in Proposition 7.2.

The above analysis shows that UNIFEWS with unified graph and weight pruning produces
a good approximation of the learned representations across GNN layers, and the margin
of output representations is jointly bounded by the graph sparsification rate € and weight
threshold 8,,. A recent work [157] offers a theoretical evaluation specifically on model
weight pruning throughout training iterations, under more narrow assumptions and the
particular GCN scheme. We believe their results could be supplemental to our theory

whose focus is the graph perspective.






Appendix C

Supplementary for Chapter 8 Spectral
GNN Benchmark

C.1 Paradigm of Fixed Filters

Linear. A layer of GCN [25] propagation f(A) = I + A is equivalent to a single-hop of
spectral convolution, which represents a linear filter without high-order terms. Recall that

L = I — A, the filter can be expressed as:

g(L)=2I-1.

Impulse. SGC [125] and gfNN [317] adopt a pre-propagation decoupled architecture,
while GZoom [169] applies post-propagation to achieve expansion of the closed-form fil-
ter (I +L)~!. All these models result in a J-hop spatial diffusion operation as f(A) = A/,
which corresponds to the impulse signal with only the J-th term. By respectively examin-
ing bases T (L) = (I — L)* and T (L) = L*, we have two equivalent formulations of
the filter:

g(L) = (I - Dk, T(k)(f,) =(I- I:)k, Op=0,=--=0k_1 =0, O =1; or
N K

oD =Yl =T o= (f)eok
k=0 k

where (X) is the binomial coefficient.
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Monomial. S?’GC [132] summarizes K-hop propagation results with uniform weights
in decouple precomputation, which is classifies as the monomial propagation f(A) =
ZL & j;\j with equal parameters &; = 1/(J + 1). GRAND+ [302] examines an approxi-
mate propagation to acquire the filter. Similarly, there are two commonly used spectral

interpretations based on two bases:

K
3 3 3 3 1
D=>0d-Dfx ™™ME=a0-0DF 0= =0 = ——:
g(L) ;k< ), (L) = (I- D)X, 6 k= i o
K 1 J ]
=) o ik TO(L) = LF O = —1)k
9(L) ;k, @=L 6 K+1;km,

Personalized PageRank (PPR). GLP [303] derives a closed-form f (A) = (I+aL)™!
from the auto regressive (AR) filter [352], while PPNP [123] solves PPR [129] as f (A) =
a(I+(1- a)A)_l. While targeting at different problems, these two graph processing
techniques are equivalent in essence. a € [0, 1] is the coefficient for balancing the
strength of neighbor propagation, that a larger « results in stronger node identity and
weaker neighboring impact, and vice versa. In both works, the filter is approximated by
a recursive calculation HU*D = ¢((1 — ) AHY + o H), which is widely accepted in
later studies such as GCNII [67]. The explicit spatial and spectral interpretations of the

polynomial approximation are respectively:

K
a(l —a)/Al;  g(L) = ZQk(I —D¥ 6 =a(l-a).
k=0

f(A) =

J
j=0
In addition, approximate computations have been proposed by representative works
including GDC [133], PPRGo [124], GRAND+ [302]. GBP [111] and AGP [112]

explored the adjacency aggregation under graph normalization.

Heat Kemnel (HK). GDC [133] inspects the heat kernel PageRank (HKPR) [353] re-
placing the PPR calculation by an exponential parameter. Equivalent HK filters are also
studied in DGC [318] and AGP [112]. Let a > 0 be the temperature coefficient, the filter

f (A) = el is expanded in spatial and spectral forms as:

e %ak

k!

K
A=Y A gl =Y 0T - D 6=
j ) k=0

J

] - ]
=0
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Gaussian. G2CN [319] uses the Gaussian filter [354] for better flexibility on capturing
local information. When concentrating on low frequency, the closed-form propagation is

f(A) = e*2I-1) Inyoking Taylor expansion for the filter leads to:

- a = i N L «
FOA) =1 - F@I-D)y: g(D) = ;)ek(zr—L)k, O = -

C.2 Paradigm of Variable Filter

Linear. GIN [320] alters the iterative ridged adjacency propagation with a learnable
scaling parameter 6 > 0 controlling the strength of self loops, i.e., skip connections.
It proves that its propagation f(A) = (1 + &)I + A is more expressive with regard to
the Weisfeiler-Lehman (WL) test. AKGNN [321] elaborates the expression in spectral
domain, that the scaling parameter adaptively balances the threshold between high and

low frequency. We thereby obtain the linear spectral function for each layer as:

g(L:0)=(1+0)I-1L.

Monomial. The monomial scheme signifies the same operations on parameters of all
terms. DAGNN [322] studies the scheme of assigning learnable parameters to each hop of
the propagation, but implements a costly concatenation-based scheme. GPRGNN [134]
considers the iterative generalized PageRank computation [332] under heterophily, which
also produces the same variable monomial spectral filter formulated as f(A) = Zf:o EA.
We present two bases and corresponding relationship between spatial and spectral param-

eters when J = K:

K
g(L:0)= > 6 (I-DF TO(E) =T -D), 6 = &1 or

k=0
K J .

g(L;0) = > 6 I, @) =15 Ge=), (i)(—l)"fj.
k=0 j=k

[134] also inspects the effect of initialization of the parameters &;, 0 on fitting het-

erophilous graph signals.
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Horner. Horner’s method [355] is a recursive algorithm to compute the summation of
monomial bases with residual connections. Consider adding a residual term in the layer-
wise propagation corresponding to the Monomial filter HU*!) = o(AHY) + & H(®). When
the balancing parameter is fixed £; = /(1 — @), it is equivalent to the PPR computation
in Appendix C.1. When ¢; is variable, the model is regarded as HornerGCN which
is introduced by [324]. Alternatively, ARMAGNN [323] utilizes the Auto Regressive
Moving Average (ARMA) filter f(A) = S(I—aA)~"' [352] as an approach to describe the
residual connection learned by respective weights in iterative architecture. Their spectral
filter is:
K
g(L:0) = > 0 (1= D), 0k = & r.
k=0

Although it shares an identical spectral interpretation with the Monomial filter, the explicit
residual connection proves beneficial in guiding the learnable parameters to recognize

node identity and alleviate over-smoothing throughout propagation.

Chebyshev. The Chebyshev basis is widely accepted for graph signal processing, which
is powerful in producing a minimax polynomial approximation for the analytic functions
[356, 333]. ChebNet [26] utilizes it to replace the adjacency propagation in iterative
network architecture so that f)(A) = T (I — A). To adapt the basis to decoupled
propagation with explicit variable parameters, [301] proposes ChebBase. The spectral

expressiveness of these two models are the same, and the filter is:

K
g(L:0) = 3 67O (D), TW(E) =2LT* V(L) - 10D,
k=0

TW@) =L, TOL) =I.

The Chebyshev polynomial is expressed in the three-term recurrence relation, which is
favorable for the GNN iterative propagation. One can also write the Chebyshev basis of

the first kind as the closed-form expression T®) (1) = cos(k arccos 7).

Chebyshev Interpolation (Chebinterp). ChebNetII [301] utilizes Chebyshev interpolation
[357] to modify the Chebyshev filter parameter for better approximation with generally
decaying weights. For each Chebyshev basis T¥) (L), it appends the basis with K-order
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interpolation:
K K
. 2 - K+1/2
L;0) = > > 0T® (x) TO(D),  x, = :
9(L:0) K+1 4L (i) TH(L), i = cos |

where T (x,.), T®®) (L) follow the Chebyshev basis, and x, are the Chebyshev nodes of
T(K+1) )

Clenshaw. Similar to Horner’s method, ClenshawGCN [324] applies Clenshaw algo-
rithm on top of the Chebyshev filter to incorporate explicit residual connections. Its spatial
convolution is obtained as HU*D = ¢ (2AHY) - HUD + EHO) HED = H? = 0.
The form of spectral filter is related with Chebyshev polynomials of the second kind:

K
g(L:0) = Y 6:T® (D), T®(L) =201* V(L) - T*2 (D),
k=0

TW(@) =20, TOL) =1.

Alternatively, the closed-form definition of the Chebyshev basis of the second kind is

T® (cos 1) = W The relation to spatial parameters is 0y = Ex_k.

Bernstein. BernNet [325] pursues more interpretable spectral filters by thte Bernstein
polynomial approximation [358] and invokes constraints form prior knowledge to avoid
ill-posed variable parameters. The spatial propagation is special as it applies two graph

matrices instead of one. The filter with regard to Bernstein basis T is:
K Ok K
7.0y k) (7 k) (7Y — _ i\K—k fk
g(L;0) = /;—o Sk T, 1) = (k)(21 AL A

where learnable parameters are initialized as 6; = T*®) (k/K).

Legendre. LegendreNet [326] exploits the Legendre polynomials in an accumulation
form of calculation similar to BernNet:

N K N . (=D s
g(L;0) = Z 0, T® (L), TW(L)=-—=—(2I - L)* Ik

k=0 k! ( 2kk )



230 C.2. Paradigm of Variable Filter

Based on the relation of Bernstein bases and Legendre polynomials [359], we can also

express it in the recurrence form:

K
9(L:0) = ) 61O (@), TOD) =1 1) =L
k=0

o 2k-1. k-1 )
T® (L) = kTLT(k_l)(L) - kTT<’<—2>(L).

Jacobi. JacobiConv [243] utilizes the more general Jacobi basis, whereas Chebyshev
and Legendre polynomials can be regarded as special cases. Intuitively, it provides more
flexible weight functions with two hyperparameters «,  to adapt to different signals
of the spectral graphs. Each polynomial term of JacobiConv can be formulated by the
three-term recurrence as following:

K
g(L; 0) = Z 0, T L), T =1, TV(L) = @ ; p

k=0

a+pf+2

I+
2

(I-1),

TO(L) = §.(I - L)T* V(L) + 8, T* V(L) - 57 T*2(D),

where

_ Qk+a+p)k+a+p-1) s = Qk+a+p-1)(a* - p?)

- 2k(k+a+p) kT dk(k+a+ PRk +a+ f—-2)

(k+a-1D(k+p-1D2k+a+p)
k(k+a+p)2k+a+p-2)

Ok

5 = for k > 2.

Favard. FavardGNN [327] exploits the Favard’s Theorem [360] to learn the polynomial
basis from available space and ensure orthonormality. It is achieved by a three-term

recurrence form with multiple series of hop-dependent variable parameters 6, «, f5:

K
i:0)= eﬂ“ij*”i:QT@i:—LL
gl )ék (D) (L) @)= =
® iy — L (1 ivrk=D 7y _ g k=D (Y _ (k=2) (7
T (L)‘\/a—k(” DT (D) - T*D (D) - Ve T2 (D).

OptBasis. OptBasisGNN [327] considers a Basis to be Optimal with regard to conver-
gence rate in the graph signal denoising problem. By replacing the learnable parameters

in FavardGNN with parameters derived from the current input signal h¥), it can approach
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the optimal basis without occurring additional overhead.

K
g(L;0) =) 6T1%(L), T"V(@I)=0, TOX) = I,
,; |AO]|
5 1 P e _ o).+
TO) = me (1= DT®D (D) - e TED(E) - D T2 (D),

fre-1 = (I = DA%V RED),

C.3 Paradigm of Filter Banks

AdaGNN. AdaGNN [328] designs Q = F adaptive filters by assigning feature-specific
parameters to the Linear filter g4(L) = I — y,L,1 < q < F. The representation up-
date is performed in an iterative manner as HU*D = HU) — fHUOTOU) | where TV =
diag(yl(j), ;j)
Hence, considering a single layer, the corresponding aggregated filter in spectral do-

) containing the learnable feature-wise parameter for the j-th layer.

main is:
F

g(Liy) = || I -y,
q=1
where each filter gq(I:) is only applied to the g-th feature, and || is the concatenation

operator that combines filtering result tensors among all features.

FBGNN. FBGNN [329] introduces the concept of filter bank for combining multiple
filters [231] in spectral GNN under the context of graph heterophily. It designs a two-
channel scheme using graph adjacency T; = A as Linear low-pass filter (LP) and Laplacian
T, = L for Linear high-pass filter (HP) to learn the smooth and non-smooth components
together. FBGNN adopts an iterative form with scalar parameters y;,y> € [0, 1] for
weighted sum. By omitting components including transformation weights and non-linear

activation functions, we give the equivalent spectral function for each layer as:

g(L;y) =yi(I-L) + L.

ACMGNN. ACMGNN [139] extends FBGNN to three filters with the additional iden-
tity (ID) diffusion matrix T3 = I, which corresponds to an all-pass filter maintaining

node identity throughout propagation. It has two variants of applying different relative
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order between transformation and propagation, which are denoted as ACMGNN-I and

ACMGNN-II. Both of their single-layer spectral expressions can be simplified as:

g(I:;y) =y (I- f,) + yzf,+y31.

FAGCN. FAGCN [137] combines two Linear filters with bias for capturing low- and
high-frequency signals as T; = (8+ 1)I — Land T, = (8 — 1)I + L, where € [0, 1] is
the scaling coefficient. Since both filters are linear to L, the fused representation of each
layer can be computed using only one propagation by employing attention mechanism.
We generally write the channel-wise parameters as y1,y2 € [0, 1] and y; + y2» = 1. Then

the spectral expression for one layer is:

g(Liy) =n((B+ DI - L)+ p2((B - DI+ L).

G’CN. G?CN [319] derives the Gaussian filters for high- and low-frequency concentration
centers. Specifically, it adopts 2-hop propagation in each layer. Utilizing the decay
coefficient @ € [0, 1] and the scaling coefficient § € [0, 1], we rewrite the layer-wise
propagation as fU)(A) = I-a((1xp)I—L)?/J. The model integrates the Q = 2 channels

after the decoupled propagation, hence:

. Ew, e b £ 2k o
gLy =p D, 0TV +p Y 0T, TV = ((1+p)I-L)™, 0O = L
k=0 k=0 .

k
- [04
9 = (=g - D%, bx= 2.

GNN-LF/HF. GNN-LF/HF [277] proposes a pair of generalized GNN propagations
based on low- and high-passing filtering (LF/HF) on top of its unified optimization frame-
work depicting a range of GNN designs. Intuitively, its filter formulation is similar to the
PPR scheme, except a (I + SL) factor applying to the input signal for distinguishing low-
and high-frequency components. We transform the original dual filters into one model
with Q = 2 channels by learning the balancing coefficients yy, y» € [0, 1] which adjust the
relative strength between node identity and low/high frequency features. Consequently,

the channels can be implemented in a shared adjacency-based propagation. We formulate
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the filter bank version of GNN-LF/HF as:

K K
~ k ~ ~
gLy =y Y 0T 40 Y ot T = (U= DT - DY, 0= (1 - )k,
k=0 k=0

1Y = I+ DT - DY o = (1 - w),

where there are a1, ap € [0, 1], f1 € [0,1/2], p2 € (0, +c0) according to the optimization

objective.

FiGURe. FiGURe [330] suggests using filter bank to adapt the unsupervised settings
where the graph information can assist filter formation. It considers up to Q = 4 filters,
i.e., Identity I, Monomial I — L, Chebyshev, and Bernstein bases for the filter bank. In the
first unsupervised stage, an embedding function y; : R™F — R™F s learned for each
filter by maximizing the mutual information across all channels. The second stage of
supervised graph representation learning fine-tunes another scalar weight Yc} to tailor for
the downstream task, along with other trainable model parameters. Formulation of the

eventual FiGUREe filter can be written as:

Q K
g(Liy.0) = > Vivg-9q(L:0),  gq(E:0) = > 005 T,O(D),
q=1 k=0
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