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1 | INTRODUCTION

Iso-parametric element has been able to provide reliable performance for regular meshes. However, its performance deteriorates
dramatically or it encounters various locking problems"-** due to distorted mesh that can not be completely avoided in practice”.
For simple geometry of computational domain, regular meshes without distortion can be easily obtained while distorted element
cannot be completely avoided in case of complex geometry. Mesh distortion also occurs naturally during large deformation
processes such as forging, extrusion, cutting and other fields>®?, To solve the problem caused by mesh distortion, commercial
finite element analysis software adopts re-mesh strategy. However, the re-mesh technology involves much computation effort,
especially for three dimensional (3D) complex structures. In addition, the automatic division of hexahedral mesh for 3D problem
has not been solved completely. The second strategy is to use new analysis technologies that mesh conception is not included,
such as FE-Meshfree method®®"™, material point method ™" and iso-geometric method ™™ Tn the present work, an
unsymmeric 8-node element is developed to overcome the deteriorated results caused by mesh distortion in material non-linear
problems.

Although the problem of mesh distortion has been known to researchers for decades, it is still an open question in finite
element field. The conception of mesh distortion was first discovered in the 1970s™“+*. Stricklin presented some results for
a cantilever beam modelled with distorted and un-distorted elements and found that the 8-node iso-parametric elements (PP-
QUADS) performed badly when mesh was distorted”. Lee and Bathe attributed the decrease of accuracy caused by mesh
distortion to the loss of polynomial completeness of shape functions in case of distorted element geometries™. The shape
function loses its ability to accurately reproduce the Cartesian monomial terms in the displacement interpolation. Lautersztajn
and Samuelsson found that by increasing the order of the displacement field interpolation function, the element performance
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could be insensitive to certain types of mesh distortion*®. This research led researchers to develop new elements capable of
quadratic polynomial completeness in the global coordinate system.

Prathap et al. found that the absence of Jacobian in stiffness integral is a welcome feature because it helps to prevent mesh dis-
tortion effects from entering the element stiffness matrix through iso-parametric mapping of the element geometry”. In 2003,
the unsymmetric finite element method proposed by Rajendran and Liew showed excellent performance in the case of severe
mesh distortion in static analysis““. Under the linear bending problem, the 8-node unsymmetric finite element US-QUADS can
obtain accurate solutions under three types of distortion mesh, such as angular distortion, mid-side node distortion and curved
edge distortion. The unsymmetric finite element method was derived on the basis of Petrov-Galerkin formulation where test and
trial functions are different. The test function is the standard iso-parametric interpolation function defined in the local coordi-
nate system, which can meet the requirement of displacement continuity between elements. The trial function uses higher-order
Lagrangian basis that meets the quadratic completeness of displacement interpolation in the global coordinate system. More
importantly, the Jacobian determinant in the element stiffness matrix disappears. It directly avoids the influence of Jacobian
determinant on element performance in case of mesh distortion. In one word, the unsymmetric finite element method includes
three advantages: the continuity of the virtual displacement, the quadratic completeness of the real displacement and the elimina-
tion of the Jacobian. Ooi et al. extended the US-QUADS element to three dimensional US-HEXA?20 solid element for geometric
non-linear analysis””. The corresponding results showed better performance of US-HEXA20 than those obtained by classical
element. By introducing the analytical trial function method, Cen et al. established a new unsymmetric finite element method
that can overcome mesh distortion“*"*', A series of related elements has been proposed by Cen and his co-workers, such
as plane 4-node, 8-DOF quadrilateral element US-ATFQ4%%, 3D 8-node, 24-DOF hexahedral solid element US-ATFH8",
the 8-node, 24-DOF hexahedral solid-shell element US-ATFHS8535¢ and so on®*%*, These novel unsymmetric elements have
exhibited great advantages and showed excellent performance in case of anti-buckling edge distortion mesh and haven’t brought
significant additional computational effort. Although the developed distortion-immune elements have achieved great success
in linear and geometric non-linear problems***". However, up to now, only few elements have been applied in material non-
linear analysis to test their anti-distortion ability, such as US-ATFQ4 applied for hyperelastic analysis™'. In the present work,
US-QUADS element is extended into the framework of Updated Lagrangian (UL) formulation for linear isotropic hardening
material and three typical mesh distortions as well as their combination are discussed.

The outline of this paper is as follows. In section 2, the unsymmetric formulation of US-QUADS element for linear isotropic
hardening material problems is presented. In section 3, tip-moment and tip-shear examples with three types of mesh distortion
as well as their combination are studied by the proposed method and important conclusions are summarized in section 4.

2 | UNSYMMETRIC FORMULATION FOR LINEAR ISOTROPIC HARDENING MATERIAL

Firstly, the shape functions of the classic PP-QUADS and US-QUADS elements are reviewed briefly. Then, the govern equations
of the US-QUADS element for material non-linear problem are derived.

2.1 | The shape functions of the classical PP-QUADS

In this section, we briefly recall the shape functions of the classical iso-parametric PP-QUADS element. The corresponding
governing equation for linear problem is written as
KU=F (0

where U is the nodal displacement vector and F is the load vector. The global stiffness matrix, K, is written as
K= / B"DBdAQ )
Q

where B is the element strain-displacement matrix, D is the constitutive matrix and € is the computational domain. Usually, B
is constructed by using the classical 8-node iso-parametric shape functions

No=d (e e) (10m) (e m-1) ©
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=3 (1+85) (1-7) s)
where i, j and k refer to corner nodes, mid-side nodes along £=0 edges, and mid-side nodes along #=0 edges, respectively. The
shape function matrix is defined as
N, 0 N,0O N;O0 -+ NgO
0 NO N,O N;--0 Ng
where N, is the shape function at element node i and B matrix is given by

N = (6)

0N, 0 ON,
ox ox
0N, oN,
B=| 0 51 0 = )
ON, 0N, 0N, ON,
dy  ox dy  ox

where 0N, /dx and 0N, /0dy are the derivatives of shape functions with respect to x and y, respectively.

oN, oN, e
x| _ 1) o | _ AL oe
o (ST Y on (T o ®)
dy on on

where Adj[J] is adjugate matrix of J and |J| is the determinant of Jacobian matrix. So we can replace the strain-displacement
matrix with B = B*/|J|. B* is the adjoint matrix of B. And then, the elemental stiffness matrix K¢ is rewritten as

1 1
K¢ /BTDBdQe // 7 )|J|td§d // 7 DB*td:dn )

-1 S1 -
where ¢ is the thickness of the object and Q° is the elemental domain. It can be observed that the |J| is included in the integrand
of the element stiffness matrix. When the element shape is regular, the value of |J| is constant, but when the element shape is
irregular, the Jacobi changes and is hard to integrate accurately. In addition, when the |J| in the denominator is equal to zero
after mesh distortion, the element stiffness matrix cannot be integrated.

2.2 | The shape function of the unsymmetric element
The classical iso-parametric element displacement field could be written as
U= o+ ¢+ ayn + & + asén + agn”® + ;&2 + agén?
V= Py + Bod + By + Bu&” + Bsén + Ber” + B,&7n + Pyén’
where @; and f; are parameters to be determined. When the mesh is regular, the displacement field of classical element is
quadratic complete in both local and global coordinate systems. But when the mesh is distorted, only the linear completeness
of the displacement field is guaranteed in the global coordinate system. Therefore, in order to improve the performance of the

element, it is necessary to construct a new shape function to ensure the quadratic completeness of displacement field in the
global coordinate system under any meshes. Firstly, we write the displacement field as

(10)

ulx,y) =a, +ax +azy+ a4x2 +asxy + aGy2 + a7x2y + agxy2 (11
v(x,y) =b; + byx + byy + b4x2 + bsxy + b6y2 + b7x2y + ngy2

where a; and b; are parameters to be determined. To satisfy the quadratic completeness in the global coordinate system, a
new form function M, based on a Lagrangian higher-order interpolation basis function is adopted to ensure the quadratic
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completeness. M, is solved by equation ()

1 1 1 | 1 1 1 1 M [ 1
Xi—c Xo—¢ X3¢ X4—¢ X5-¢ X6—c X7-¢ X3¢ M2 X_c
Viee Ve Vie  Vae  Vse Yoo Y- Vs M; Ve
x%—c x%—c x%—c xézt—c xg—c xé—c x%—c x%—c M4 xic
Xi—eV1—c X¥2-cVa—¢ X3-¢V3—¢ X4—cVa—c X5-cV5-c X6—cV6-—c X7-cV7-c X8-cV3—c M5 (= X_¢V_¢ ( (12)
y?—c y%—c y%—c yézl—c yg—c yé—c y%—c yé—c M6 yzc
x%_cyl—c xg_cyZ—c xg_cy?)—c xi_cy4—c xg_cyS—c xé_cy6—c x%_cy7—c xé_cyS—c M7 x%cy_c
[ X1l XaeVs o X3 V3, XareVy, Xs oV, Xe-oVe o X1-V7_, Xs-oVg_o || My kx—cyic
and
Xie = Xj — X
Ve mVim Ve L1 21,2,3,...,8 (13)
X_,=X—X,
Ve=Y—Yc

where (x,, y.) is the centroid of the element, M, is obtained by solving the completeness conditions themselves. The shape
function matrix is then defined as

M= M0 M,0 M;0 - M0 (14)
0 M0 M0 M;-0 M
Bp matrix is given by
oM oM,
RS
oM N,
BR= a_yl 0_y (15)
M, oM, oM, oM,

dy ox ay ax
Based on the unsymmetric finite element method ”*2, two different B matrices are constructed by different shape functions
and the K¢ is rewritten as

N & 11
K¢ = / B DB dQ* = / / (II;JI) DB,|J|tdédn = / / (B*)TDBthgdn
Qe 21 21
Equation ([[A) satisfies the requirement of the quadratic completeness in the global coordinate system. Also, using of the two
different shape functions eliminates the |J| which is affected by mesh distortion. It is a good property for the element to be
immune to mesh distortions. Readers are referred to*? for more details.

(16)

2.3 | Framework of the US-QUADS element for linear isotropic hardening material

Updated Lagrangian formulation is adopted in the US-QUADS element for material non-linear analysis™. There are three differ-
ent configurations of the body in the formulation, namely the initial un-deformed configuration C, the last known configuration
C, in the previous time step and the unknown configuration in the current time step C,. The updated Lagrangian algorithm can
be obtained by virtual work principle

5W=/za,.ja‘(ze,.j)dZQ—/Zf,.au,.dm—/zt,.au,.dzr:o
2Q 2Q 2

r

a7

where %0, ; 1s Cauchys stress tensor, ,e;; is the infinitesimal strain tensor and éu; is the virtual displacement components. 2f, and
2t, are the body force and boundary traction components in configuration C,. However, C, is unknown, so the equation (I2) is

rewritten based on C,;
5W=/fs,.j5 (fgij)d'sz—/ffiauidlsz—/ft,.au,.dlr=o
Q

Q r

(18)
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% f; and %ti are the body force and boundary traction components referred to the configuration C;. %Si ; is the updated second

Piola-Kirchhoff stress tensor and %si ; 1s the updated Green-Lagrange strain tensor measured from C, to C,. %S,- ; 1s written as

18, ="0,+.5; (19)
and %sij is given by
) 1 Ou  Ouj  ou duy \ _, 1
== 4+ — 4+ — =‘e.+ n. 20
=2\ oly, Tty T alx oy, ) T 0T 0

where o, ;= }S,. ; 1s the Cauchy stress tensor in configuration C, and .S;; is the updated Kirchhoff stress increment tensor. le, ;
and 'z, ; are the linear and nonlinear incremental strains referred to configuration C;, respectively. Substitute Eqs. (I9) and (Z0)
into Eq. (), the governing formula is written as follows:

/ B] D Bd'QU = / N3 fd'Q+ / N"%td'T - / B) {'c}d'Q @21)
Ig Q T Q
Where U is the nodal displacement increment vector Equation (1) can be simplified by dropping the geometrical nonlinear
term
KU =1F - |F (22)

Following the steps provided in book*, the material tangent stiffness matrix D; = 0Ac /dAe is determined for Newton Raphson
method to solve the Eq. (£2). In the present work, the external force is added step by step. In each load step, the increment in
stress is calculated as follows

1S =A0 =2GAe® + ATAe® 1 1 (23)
where G' and A are the shear modulus and Lame constant, respectively. I is the identity tensor and the symbol : is double
contraction. The elastic strain increment is updated according to Ae® = Ae — Ae”. An implicit integration scheme with a plastic
correction is adopted to avoid stress draft from Mises yield surface™. With the technology called radial return method, the plastic
strain increment Ae” is obtained and then the elastic strain increment is calculated through the total strain Ae. The quantities in
equation (2) are expressed as below

T
{16} = { 10, 1O-yy lcrxy} 24
ON ON. oM oM.
ax 0o O o 0 o 0
ON. oN. oM, oM,
B, = 0 50 0 5| Bp=| 0 4 0 5% 25)
Iy ON, N, 0Ny oM, oMy oMy M,
dly d'x oad'y od'x dly d'x ad'y ad'x
fF:/NTffd'Q+/NT§td'r (26)
1Q r
}F:/B{{la}d‘sz @7
1Q

3 | NUMERICAL EXAMPLES

For comparison purpose, two typical elements are briefly introduced below.

(1) PP-QUADS: This is the classical iso-parametric symmetric 8-node quadrilateral element and widely used in ANSYS.
This element uses the same B; matrix on the left and right side of the tangent matrix D in the stiffness integral. The
prefix PP here signifies that the B; is constructed by parametric shape function. The element stiffness matrix is given
as

1 1
K¢ = / / BID B, |J|tdédn (28)

-1 -1
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(2) US-QUADS: This element uses the different B matrix in the integral of the stiffness matrix. The prefix US signifies
that B; and B matrices are obtained by parametric and metric shape functions, respectively. The element stiffness
matrix is given as

11
K¢ = / / B D, Bgidédny (29)
S
In order to assess the performance of the classical and present elements under mesh distortion, three different types of geomet-
ric distortion as well as severe distortion are considered. Based on the classification of Lee and Bathe™, there are three different
types of distortion associated with the quadrilateral plane elements, namely angular distortion, curved-edge distortion and mid-
side node distortion shown in Fig. . Angular distortion occurs most frequently in the transition regions from sparse to intensive
meshes, next to the complicated boundaries, or is generated by automatic mesh algorithm which are usually unavoidable”.
Especially in non-linear large deformation problems, serious angular distortion happens commonly. Curved-edge distortion also
occurs very frequently when fit a curved boundary. It also appears when an initially straight edge becomes curved in large defor-
mation™. In the following tests, cantilever beams subjected to tip moment and shear loads are analysed and the above three mesh
distortions and mixed distortion are applied in the initial meshes to compare the performance of the two elements immunity to
distortion for material non-linear problems. All the objects are meshed with four elements.

n n
n
3
g
g
(a) angular distortion (b) curved-edge distortion (c) mid-side node distortion
FIGURE 1 Three different types of mesh distortion
AY s: symbol of integration point (2 x 2)
(0.2) (5,2) (10,2) A 21000
21000 ) : :
* | I I
$1(0,1) 1 ¢ 2 +(5,1) 3 ¢ 4 (10,1)
I I I
21000 | ) ) 21000
,0) (5,0) (10,0) 7 x

FIGURE 2 A tip-moment cantilever beam model with a regular mesh. The following material parameters and beam sizes are
used in this example. E = 5 X 10% Pa, v = 0.25, o, = 900 Pa and A = 50000 Pa, length of the beam / = 10 m, width w = 2 m,
depth t = 2 m. 2 X 2 Gaussian integration scheme is used.

3.1 | A cantilever beam with a moment load

A cantilever beam subjected to a tip moment involves a quadratic displacement field and hence is a good problem to test the
mesh distortion sensitivity of a quadratic element. The specific model and material properties are shown in Fig. D. The moment
force is distributed by applying equivalent nodal forces of —21000 N and 21000 N at points (10, 2) and (10, 0), respectively. The
reaction moment force at the fixed end is represented by 21000 N and —21000 N at points (0, 2) and (0, 0), respectively. Material



Xiaotian Chen ET AL | 7

parameters and beam sizes are given as E = 5 X 10% Pa, v = 0.25, o, = 900 Pa and A = 50000 Pa, length of the beam / = 10
m, width w = 2 m, depth # = 2 m. All the examples in this sub-section use the same material parameters.

In case of regular mesh, the contour plots of ¢, stress and the effective plastic strain obtained by the two elements are shown
in Fig. B. The contour lines of the o, stress and the effective plastic strain appear smooth and continuous across the element
boundaries. PP-QUADS and US-QUADS both reproduce good stress distributions when the elements are regular. The maximum
and minimum o, stresses are 21248 Pa and —21248 Pa, respectively. The maximum and minimum effective plastic strains are
0.276 and 0, respectively.

min __

Oz

o =21248.5534

o =21248.5534

omr = —21248.5534 -21248.5534

21248

21248

20000
10000

0

20000

10000
0

-10000 -10000
e 200 —m—m—mm————————— 20000
-21248 -21248

(a) 9z-stress contour of PP-QUADS (Regular mesh)
e =0.2756

—i

(c) Plastic strain contour of PP-QUADS (Regular mesh)

(b) 0ue-stress contour of US- QUAD8 (Regular mesh)
g™ =0. 2756

0.28 i
0

(d) Plastic strain contour of US-QUADS (Regular mesh)

mm —

FIGURE 3 Contours of ¢,
on the undeformed meshes

stress and effective plastic strain for the tip-moment cantilever beam with regular mesh are plotted

The curves of vertical displacement at point A and the o, stress at the fourth Gaussian integration point (see Fig. D) in the
first element versus the load step are shown in Fig. B. Obviously, the displacement undergoes two stages: linear static (load
steps from O to 20) and material nonlinear stages (load steps from 20 to 200). When the elements are regular, the curves of
displacement and stress at integration point for PP-QUADS and US-QUADS are identical. The maximum vertical displacement
is 12.268 m. The o, stress of the fourth integration point is —10600.151 Pa.

(a) 14 T T T T T (b) 0 T T T T T
—o—PP-QUADS, regular mesh _5 —o—PP-QUADS, regular mesh
g ol —x—US-QUADS, regular mesh & o —x— US-QUADS, regular mesh
3 5 -2000 1
R *
T 100 1 &
g £ -4000 -
< 2,
8 1 E
2 2 -6000
S 6l ] g
8 k<
2 Z 8000
g 4 =
= 5]
o 2
A 2t | £ -10000f ]
n 3
0 o> L L L L L _]2000 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
Load step Load step

FIGURE 4 (a) Curves of vertical displacement at point A and (b) o
versus the load step in cases of regular mesh

 Stress at the fourth integration point in the first element
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3.1.1 | Single distortion

Three kinds of single distortions plotted in Fig. H have been used to verify the performance of this two elements. The coordinates
of nodes with this three different types of distortion are given as follows. The nodes with angular distortion are node 18 (3, 2),
node 19 (1.5,2), node 17 (4.25,2), node 15 (6.75,2), node 13 (9,2), node 3 (1,0), node 5 (3.25,0), node 7 (5.75,0), node 9
(8.5,0), node 16 (5.5, 2), node 14 (8, 2), node 4 (2,0), node 6 (4.5, 0), node 8 (7,0) and with curved-edge distortion are node 21
(1.8, 1), node 22 (4.3, 1) and node 23 (6.8, 1). For mid-side node distortion, the distorted nodal coordinates are node 19 (0.65, 2),
node 17 (3.15,2), node 15 (5.65,2), node 13 (8.15,2), node 3 (1.25,0), node 5 (3.75,0), node 7 (6.25,0) and node 9 (8.75, 0).

A A
12 19 18 17 16 15 14 13 10] |12 19 18 17 16 15 14 1310
20 1 2 2 22 3 23 4  1ls ¢20 1 2K 2 22 32 4 11
1 3 4 5 6 7 8 9 2 1 3 4 5 6 7 8 9 2

(a) Angular distortion A (b) Curved-edge distortion A
12 19 18 17 16 15 14 13 0] 12 19 8 17 16, 15 4 13 10
20 1 21 2 22 3 23 4 11 920 1 21 2 2 3 23 4 11
1 3 4 5 6 7 8 9 2 1 3 4 ) [§ 7 8 9 2

(c) Mid-side node distortion (d) Mixed distortion

FIGURE 5 Different types of distortion meshes for the tip-moment cantilever beam

From the contour plots in Fig. B, US-QUADS reproduces exact o, stress distributions in the three distortion cases which are
consistent with that obtained from regular mesh, while the PP-QUADS reproduces bad results. The maximum o, stress and
effective plastic strain for US-QUADS are 21248.553 Pa and 0.28 which are the same as those in case of regular mesh. However,
for PP-QUADS element, the stress contours and effective plastic strain are lack of continuity and smoothness. The distribution
of effective plastic strain for PP-QUADS seems similar with US-QUADS element, see Figs. B(c) and (d). Adjustment of the
maximum and minimum values in the colour bar for being equal to those in US-QUADS makes the plot more worse. So we
leave them as original values. The maximum o, stresses for PP-QUADS are 63907.850 Pa, 555284.657 Pa and 463669.667
Pa in the three cases of single distorted mesh. The corresponding relative errors of o,, stress are 200.763%, 2513.282% and
2082.123% comparing with the corresponding results in case of regular mesh. Table [ lists the relative errors of maximum o,
stress in the whole domain, displacement at point A in y direction and o, stress at the fourth Gaussian point in the first element.
The corresponding reference values are from those in case of regular mesh.

TABLE 1 Relative errors in case of tip moment example

Distortion type . . . . - . . . . .
P Angular distortion  Curved-edge distortion ~Mid-side node distortion ~ Mixed distortion
Element type

PP-QUADS (o) 200.763% 2513.282% 2082.123% -
US-QUADS (o) 0% 0% 0% 0%
PP-QUADS (U) 0.953% 7.829% 6.845% -
US-QUADS (U) 0% 0% 0% 0%
PP-QUADS (27 0.151% 5.884% 5.043% -

US-QUADS (6%

0%

0%

0%

0%

U the displacement at point A in y direction
o4 the stress at the fourth Gaussian point in the first element
-1 cannot converge

The graphs of vertical displacement and o, stress at the fourth integration point in the first element are plotted in Fig. [1. As
can be seen from the graphs, the curves of displacement and o, stress at integration point for PP-QUADS both deviate from the
exact result in cases of curved-edge distortion and mid-side node distortion. Although, there is little difference between the two
elements in the case of angular distortion, but the distribution of ¢, stress for US-QUADS is much better than PP-QUADS and
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on™ =63907.8494 omin = —-63262.09 63907 Cu = 21248.5534 omn=—-21248.5534 21248
50000 20000
25000 10000
%5000 0
: 2(3)8(6)(2) - %$§§§
(a) o.,-stress contour of PP-QUADS (Angular distortion) (b) 0., -stress contour of US-QUADS (Angular distortion)
max — () 9 2 min 0 gmax — 2 mm _
'5: 0.278 € _ 028 =0. 756 0.28
0.2 0.2
0.1 0.1
£ 0
(c) Plastic strain contour of PP-QUADS (Angular distortion) (d) Plastic strain contour of US-QUADS (Angular distortion)
o =555284.657 omin = —555284.657 555084 O =21248.5534 omt=—-21248.5534 21248
400000 20000
%00000 10000
-200000 N 1 0000
= \(— 209090 20000
(e) o, -stress contour of PP-QUADS (Curved-edge distortion) (f) 0 -stress contour of US- QUAD8 (Curved edge dlstortlon)
e™* =0.4519 e™»=0.0377 0.45 em™*=0.2756
i ] 04 0.28
E _ o
0.2 0.1
0.1
0.03 0
(g) Plastic strain contour of PP-QUADS (Curved-edge dlstomon) (h) Plastic strain contour of US-QUADS (Curved-edge distortion)
o™ = 463669.6674 oM = 3678184.9057 63660 O =21248.5534 0" = ~21248.5534 21248
0
> 2omon % i i
-2000000
-10000
-3000000
-20000
A EnN S N 3678184 30909
(i) 0..-stress contour of PP-QUADS (Mid-side node distortion) (j) 0., -stress contour of US-QUADS (Mid-side node distortion)
em™ =3.4432 e™»=0.0197 g™ =0.2756 g™ =0
3 44 0.28
0.2
0.1
0 01 ¢ 0

(k) Plastic strain contour of PP-QUADS (Mid-side node distortion) ~ (I) Plastic strain contour of US-QUADS (M1d—s1de node dlstortion)

FIGURE 6 Contours of 6., stress and effective plastic strain for the tip-moment cantilever beam with angular distortion, curved-
edge distortion and mid-side node distortion are plotted on the undeformed meshes

is comparable with that in case of regular mesh. The maximum vertical displacements for PP-QUADS are 12.151 m, 11.308 m,
11.429 m, respectively, in the three distortion cases and are all 12.268 m for US-QUADS which is same as that in regular mesh.
The maximum o, stresses at integration point for PP-QUADS are —10584.112 Pa, —9976.416 Pa, —10065.567 Pa, respectively,
and for US-QUADS are all 10600.151 Pa which is identical with that in regular mesh.

3.1.2 | Mixed distortion

An extremely distorted mesh has been used to test the distortion resistance of the US-QUADS element in material non-linearity.
The extremely distorted mesh is complex since it combines the three single distortions mentioned above and plotted in Fig. B(d).
The distorted nodes are node 3 (0.85, 2), node 21 (2, 1), node 17 (4,2), node 16 (5.5,2), node 6 (4.5, 0), node 5 (3.5,0), node 7
(6,0), node 15 (6.5, 2), node 23 (8, 1) and node 9 (9.15, 0).

As shown in Fig. B, US-QUADS reproduces exact o, stress and effective plastic contours. In this severe distortion, the PP-
QUADS cannot converge after the 1874 load step while US-QUADS can converge at the final load step 200. In addition, the
contour lines of o, stress (Fig. B) and effective plastic strain for PP-QUADS are really bad. However, the corresponding contour
lines for US-QUADS are smooth and continuous across the element boundaries and the same as those obtained in case of regular



0| Xiaotian Chen ET AL

(a) 14 ‘ ‘ ‘ ‘ : ) 0
- -PP-QUADS, regular mesh
—* -PP-QUADS, angular distortion g
£ 12+~ -PP-QUADS, curved-edge distortion b= 2000 | ]
3 -4 -PP-QUADS, mid-side node distortion 4 £
8 —o—US-QUADS, regular mesh & S
3 1oL~ US-QUADS, angular distortion @ﬁ o=
I 7||—==US-QUADS, curved-edge distortion o .8 -4000 - B
& ||=0—US-QUADS, mid-side node distortion ¢ e
< gl 1 &
= 2 6000 :
= g 8000 —- ‘PP-QUADS, regular mesh
g 4 5 —+— PP-QUADS, angular distortion 8s
S 1 & —8--PP-QUADS, curved-edge distortion R§
E 5 -10000 |- ©— -PP-QUADS, mid-side node distortion| 9
= @ —<—US-QUADS, regular mesh d
A 2r 18 —+—US-QUADS, angular distortion
& 12000—=—US-QUADS, curved-edge distortion i
0 —v—US-QUADS, mid-side node distortion
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ 13000 ‘ i ‘ ‘ ‘ : ‘ ‘ ‘
0 20 40 60 80 100 120 140 160 180 200 0 20 40 60 80 100 120 140 160 180 200
Load step Load step

FIGURE 7 (a) Curves of vertical displacement at point A and (b) the o, stress at the fourth integration point in the first element
versus the load step in cases of single distortion. The curves of US-QUADS are consistent with that of PP-QUADS under regular
mesh.

mesh. As the graphs shown in Fig. B, the curves of vertical displacement and o, stress at Gaussian point for PP-QUADS can
only converge to 18t/ load step.
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FIGURE 8 Contours of o, stress and effective plastic strain for the tip-moment cantilever beam with mixed distortion are
plotted on the deformed meshes
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FIGURE 9 (a) Curves of vertical displacement at point A and (b) o, stress at the fourth integration point in the first element
versus the load step in cases of mixed distortion

3.2 | A cantilever beam with a shear load

The cantilever beam considered in section Bl is also used in this sub-section, but with a tip shear loading at the right end, as
shown in Fig. [d. The shear force is obtained by applying equivalent nodal forces of 350 N, 2800 N and 350 N at pints (10, 0),
(10,1) and (10, 2), respectively. The reaction shear force at the fixed end is represented by —350 N, —2800 N and —350 N at
points (0, 0), (0,1) and (0, 2), respectively. Material parameters and beam sizes in this sub-section are given as E = 6 X 10° Pa,
v=0.25, o, = 1500 Pa and A = 60000 Pa, length of the beam / = 10 m, width w = 2 m, depth t = 2 m. All the examples in
this sub-section use the same material parameters. This problem involves cubic displacement field that increases the difficulty
of getting exact solution. So neither US-QUADS nor PP-QUADS can be expected to reproduce exact solution because they are
all quadratic elements. Nevertheless, we notice that the results for the four types of distortion given by US-QUADS element,
are less sensitive to distortion as compared to the PP-QUADS. In order to improve the performance of the two elements, 4 X 4
integration scheme is applied™.

§ % : symbol of integration point (4 x 4) 350
0,2) (5,2) (10,2)
* * t A
350y | | I 2800
P1(0,1) 1 ¢ 2 t,1) 3 4 4 (10,1
2800y | | | 350
4 4 4 . >
350 y(0.0) (5,0) (10,00 'x

FIGURE 10 A tip-shear cantilever beam model with a regular mesh. Material parameters and beam sizes in this sub-section
are given as £ = 6 X 10° Pa, v = 0.25, 6, = 1500 Pa and h = 60000 Pa, length of the beam / = 10 m, width w = 2 m, depth
t =2 m, 4 X 4 Gaussian integration scheme is adopted.

For regular mesh, the contour plots of o, stress and effective plastic strain are shown in Fig. [I. PP-QUADS and US-QUADS
reproduce the same o, stress and effective plastic strain when the mesh is regular. The maximum and minimum o, stresses are
25756 Pa and —25756 Pa, respectively. The maximum and minimum effective plastic strains are 0.307 and 0.002, respectively.
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FIGURE 11 Contours of o, stress and effective plastic strain for the tip-shear cantilever beam with regular mesh are plotted
on the undeformed meshes

The curves of displacement at point A and the o stress at the first Gaussian integration point (see Fig. [[{) in the first element
are shown in Fig. . PP-QUADS and US-QUADS elements both produce the same results. The maximum vertical displacement
8.912 m and the maximum o, stress 21978.691 Pa are considered as reference for the following comparisons.
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FIGURE 12 (a) Curves of vertical displacement at point A and (b) o, stress at the first integration point in the first element
versus the load step in cases of regular mesh

3.2.1 | Single distortion

The same meshes with angular distortion, curved-edge distortion and mid-side node distortion plotted in Fig. B are chosen in
this example. From the contour plots in Fig. 3, PP-QUADS and US-QUADS both can not reproduce the same results obtained
by regular mesh. However, the stresses produced by US-QUADS are better than PP-QUADS since the magnitudes of maximum
and minimum o, are closer to the references got by regular mesh. The relative maximum error of o, stress is 22.800% by
US-QUADS which is much smaller than 214.915% by PP-QUADS in case of angular distortion. Table O lists the relative errors
of maximum o, stress in the whole domain, displacement at point A in y direction and o, stress at the first Gaussian point in
the first element. The corresponding reference values are from those in case of regular mesh. From the contour plots in Figs. [3
(e) and (f), for curved-edge distortion, US-QUADS can reproduce very similar contour lines obtained in case of regular mesh
while the results of PP-QUADS are poor. The o, stress and effective plastic strain distributions of US-QUADS are relatively
continuous and symmetric while the those of PP-QUADS are discontinuous and irregular. The maximum relative errors of o,
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FIGURE 13 Contours of 5,
undeformed meshes

stress for PP-QUADS and US-QUADS are 167.416% and 1.709%, respectively. In case of the mid-side node distortion, the same
conclusions can be obtained. The US-QUADS still shows better performance than PP-QUADS whether from the distributions of
o, stress and effective plastic strain, or the maximum relative errors. The maximum relative errors of o,

and US-QUADS are 6289.644% and 2.266%, respectively.
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TABLE 2 Relative errors in case of tip shear example

Di -
istortion type Angular distortion
Element type

Curved-edge distortion

Mid-side node distortion ~ Mixed distortion

PP-QUADS (o,,) 214.915% 167.416% 6289.644% 432.715%
US-QUADS (o,,) 22.800% 1.709% 2.266% 10.436%
PP-QUADS (U) 6.688% 51.114% 56.323% 50.377%
US-QUADS (U) 1.516% 1.120% 0.595% 0.994%
PP-QUADS (¢%) 132.743% 83.492% 280.015% 171.905%
US-QUADS (¢%9) 15.652% 0.439% 1.492% 1.863%

U the displacement at point A in y direction
o2 the stress at the first Gaussian point in the first element

stress and plastic strain for the tip-shear cantilever beam with angular distortion are plotted on the

stress for PP-QUADS
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FIGURE 14 (a) Curves of vertical displacement at point A and (b) o, stress at the first integration point in the first element
versus the load step in cases of single distortion

As we can see from Fig. [[4, as the increase of load step, the displacement and o, stress at the first integration point of PP-
QUADS deviate from the reference significantly, while those from US-QUADS coincide with the curves in case of regular mesh.
The maximum vertical displacements for PP-QUADS are 8.316 m, 4.357 m and 3.893 m in cases of the angular distortion,
curved-edge distortion and mid-side node distortion, respectively. Their relative errors reach 6.688%, 51.114% and 56.323%
while US-QUADS only generates a little. The maximum vertical displacements for US-QUADS are 9.047 m, 8.813 m and 8.965
m which are comparable with those in case of regular mesh. The relative errors are both very small, 1.516%, 1.120% and 0.595%,
respectively. It exhibits better performance of US-QUADS. Similar conclusions can be drawn for the o, stress at the integration
point. PP-QUADS produces the maximum relative errors of 132.743%, 83.492% and 280.015%, respectively, while 15.652%,
0.439% and 1.492% for US-QUADS.
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FIGURE 15 Contours of o stress for the tip-shear cantilever beam with mixed distortion are plotted on the deformed mesh
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3.2.2 | Mixed distortion

We choose the mixed distorted mesh in Fig. B(d) to test the mesh-distortion sensitivity of the present element. Under the meshes
combining three typical distortions, US-QUADS reproduces much better o, stress and effective plastic strain than PP-QUADS,
as shown in Fig. [3. The maximum relative errors of o, stress for PP-QUADS and US-QUADS are 432.715% and 10.436%,
respectively. In Fig. [[A, the curves of displacement and o stress at integration point for PP-QUADS both deviate far away after
entering into plastic stage. The maximum relative errors of displacement and o, stress at Gaussian point for PP-QUADS are
50.377% and 171.905% while these for US-QUADS are 0.994% and 1.863%, respectively.
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FIGURE 16 Curves of vertical displacement at point A and the o, stress at the first integration point in the first element versus
the load step in cases of mixed distortion

3.3 | CPU time comparison

Table B lists the computation time of the two elements under different distortion types for the tip moment example and tip shear
example. 2 X 2 Gaussian integration scheme is adopted for tip moment example. Due to the higher order of displacement field
involved, 4 X 4 Gaussian integration scheme is adopted for tip shear example. The specific information of the computer are
as follows: CPU: i7-9700, memory: 16GB, system: Windows 10. The same maximum iteration number is taken in each load
step. PP-QUADS element needs less computational time since extra calculation of metric shape function is required for US-
QUADS element in case of regular mesh for the two problems. However, US-QUADS element takes less iteration numbers
in cases of distorted mesh and shows better computational efficiency. Especially, PP-QUADS element cannot converge under
mixed distorted situation. We also notice that US-QUADS element spends similar CPU time in each case of mesh distortion. For
tip shear example, US-QUADS element takes less iteration numbers in cases of curved/mixed distorted mesh and shows much
better computational efficiency. In the other two distortion types, the two elements take similar computational efforts. Again,
we also observe that US-QUADS element spends similar CPU time in each case of mesh distortion.

TABLE 3 Computation time in case of tip moment and tip shear examples (Unit: second)

Distortion t L S S . . . -
\stortion type Regular mesh ~ Angular distortion ~ Curved-edge distortion ~Mid-side node distortion ~Mixed distortion
Element type

PP-QUAD(tip-moment) 7.5 10.6 30.9 75.4 -
US-QUADS(tip-moment) 12.1 12.3 124 12.3 123
PP-QUADS(tip-shear) 201.0 239.8 2201.3 291.8 1479.1

US-QUADS(tip-shear) 352.0 370.5 384.4 313.6 353.9
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4 | CONCLUSIONS

The unsymmetric US-QUADS element is successfully extended to material non-linear analysis and shows excellent distortion
immunity by comparing with the classical PP-QUADS element. Three typical distortions, namely angular distortion, curved-
edge distortion and mid-side node distortion, as well as their combination are adopted to test the performance of US-QUADS
element. Tip moment example where quadratic displacement field is involved exhibits good outcome of US-QUADS element that
the displacement and stress agree well with each other both in regular and distorted meshes while PP-QUADS element produces
poor results. The higher-order cubic displacement field involved tip shear example further verifies the excellent performance of
US-QUADS element in large deformation analysis.

The encouraging results of the present work suggest that the unsymmetric element demonstrates better resistance to mesh
distortion in material non-linear analysis. Therefore, our attention will focus on the application of the present element in the
engineering problems with non-linear hyperelastic and anisotropic materials.
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