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Virtual multi-antenna array for estimating the
direction of a transmitter: system, bounds and

experimental results
François Quitin, Philippe De Doncker, François Horlin and Wee Peng Tay

Abstract—A method is proposed to estimate the direction of a
radio-frequency (RF) transmitter with a mobile, single-antenna
receiver. By considering the received signal at several points
along its trajectory, the receiver implicitly creates a virtual multi-
antenna array, which can be used to estimate the direction of
the transmitter. Virtual arrays differ from conventional multi-
antenna arrays in two ways: 1) the position and orientation of
each antenna in the virtual array depends on the movement of
the receiver and is not known a priori; and 2) the local oscillator
(LO) frequency offset between transmitter and receiver adds
a phase offset to the signal received by each antenna of the
virtual array, which must be estimated and compensated. The
first problem is solved by using an inertial measurement unit
(IMU), which can provide the relative position of the receiver
for short time durations. The second problem is solved by
estimating the LO frequency offset jointly with the direction of
the transmitter by extending the MUSIC algorithm for multi-
dimensional estimation. We investigate the Cramér-Rao lower
bound (CRLB) of the proposed estimator, which provides some
insights in the design of our system. We implement our system on
a software-defined radio testbed, and present some measurement
result obtained in a controlled environment.

Index Terms—Virtual antenna array, Direction of Arrival, RF
localization

I. INTRODUCTION

Localization of radio frequency (RF) transmitters is a crucial
component of modern wireless networks, with applications
in commercial and military fields, such as vehicular wire-
less networks, 5G cellular network, autonomous robotics and
navigation systems [1]. This is especially important when
Global Navigation Satellite System (GNSS) is not available,
such as in dense urban environments, tunnels or indoors. One
method for determining the location of the RF transmitter
is by estimating it’s bearing with respect to multiple access
points. Multi-antenna arrays have proven to be an efficient
method for estimating the Direction-of-Arrival (DoA) of a RF
transmitter. The main drawback of multi-antenna arrays is the
high cost and large form factors associated with such arrays,
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Fig. 1. Virtual DoA estimation concept.

making them unsuitable for portable consumer electronics. In
this paper we investigate the feasibility of DoA estimation
of a RF transmitter with a mobile, single-antenna receiver.
By considering successive received packets at different points
along the receiver trajectory, we implicitly recreate a virtual
antenna array which can be used to estimate the DoA of the
RF transmitter, as shown in Figure 1. These periodic received
packets could be the Primary Synchronization Signal (PSS)
sent by the base station in LTE, or the frames transmitted by
a roadside unit in a 802.11p vehicular scenario. The difficulty
of such a method is twofold: 1) the cumulative phase due to
local oscillator (LO) frequency offset needs to be removed
for DoA estimation to become feasible; and 2) the relative
positions of the receiver needs to be estimated with high
accuracy (a fraction of a wavelength) to know the location
of the “virtual” antenna elements. The significance of our
work lies in the feasibility of our DoA estimation method
with cheap, off-the-shelf hardware, which is already readily
available in modern smartphones. Our work has the potential
to revolutionize DoA estimation (and thus localization) of
portable consumer electronics.

Contributions: The contributions of this paper can be
summarized as follows.

• We propose a system to estimate the direction of a RF
transmitter using a mobile, single-antenna receiver. The
system proposes practical, realistic solutions to account
for hardware limitations;

• we deduce the Cramér-Rao lower bound (CRLB) of
the proposed estimator. It is shown that at high SNRs,
the CRLB of our system approaches the CRLB of a
conventional multi-antenna array;

• the proposed system is implemented on an proof-of-
concept experimental testbed, and results in a controlled
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environment show that the system behaves according to
the theoretical predictions.

Compared to our previous conference paper [2], we propose
a new estimator to evaluate the LO frequency offset and
DoA jointly, further building on our previous work The new
estimator is an extension of the MUSIC algorithm for multi-
dimensional estimation. It is more accurate and does not suffer
from the disadvantages of nonlinear optimization methods.
Additionally, we also calculate the CRLB of the proposed
estimator.

Related work: DoA estimation with multi-antenna array
has led to several DoA estimation techniques, such as beam-
forming [3], [4], [5], Multiple Signal Classification (MU-
SIC) [6], [7], [8], [9], [10], Estimation of Signal Parameters via
Rotational Invariance Techniques (ESPRIT) [11], [12], [13], or
unitary ESPRIT [14]. These different techniques offer different
trade-offs in complexity, accuracy and resolution [15], [16].
Note that DoA can also be used in combination with other
metrics to achieve accurate localization [17]. Another class
of DoA estimation methods are maximum likelihood (and
Bayesian methods for tracking), where different mulitpath
components of wireless channels are estimated [18],[19] and
tracked [20],[21].

Multi-antenna arrays, however, suffer from multiple dis-
advantages. One main disadvantage is the large form factor
that is required: antennas need to be separated by typically
half a wavelength [22], which results in physically large
systems unsuitable for portable consumer electronics. Another
disadvantage is the requirement to calibrate the antenna array,
which can be a difficult and cumbersome process [23]. A
final disadvantage is the cost associated to having multiple
RF and/or baseband chains for each antenna, significantly
increasing the overall cost of the DoA estimation system.

One method for DoA estimation with single-antenna sys-
tems was proposed in [24], [25], which uses a rotating direc-
tional antenna. The DoA is then determined as the direction
from which the received signal strength is maximized. The
drawback of such system is the need for a directional antenna,
which usually comes with large form factor, and the need to
rotate the antenna, which requires a servo motor or a dedicated
movement.

Another closely related technology is bistatic synthetic
aperture radar (SAR), where a (static) receiver uses the signal
transmitted by a satellite (and reflected by the environment) to
reconstruct a radar image of the illuminated environment [26],
[27], [28]. The direct signal between the satellite and the
receiver is used to calibrate for the LO frequency offset, and
can be separated from the environment-reflections by using
high bandwidth and high-gain directional antennas. The use of
virtual multi-antenna arrays has been widely adopted in wire-
less channel sounding for some time [29], [30], [31], [32], and
is usually performed by 1) synchronizing the transmitter and
receiver through RF cables and 2) using precise mechanical
devices to move the transmit and/or receive antenna to the
required positions in the virtual array.

More flexible virtual multi-antenna arrays have also been
considered for DoA estimation and positioning in [33], [34],
[35][36]. These works focus on estimating the DoA of mul-

tipath components with virtual arrays, and in [37] the CRLB
of the DoA estimated with a virtual array is computed. While
the use of inertial measurement units to determine the relative
position of the receiver is similar to our work, these papers
suppose very low values for the LO frequency offset (values
around 0.1 Hz). The experimental results are achieved by
using a high-end channel sounder, where both transmitter
and receiver are equipped with rubidium local oscillators so
that any LO frequency offset is negligible [38], [35][36]. By
contrast, the virtual array DoA estimation method presented
in this paper aims at being feasible with cheap, off-the-shelf
hardware, which typically has significant LO frequency offset
between the transmitter and the receiver. Moreover, the work
in [35] uses particle filters to perform long-term tracking of
the different states to observe (i.e. the DoA of the different
transmitters or multipath components). Such filters typically
take some time to converge (around ten seconds in [35]),
and are sensitive to successions of poor estimates (e.g. if
the transmitter is hidden by an obstacle). In this work, we
describe a method that uses a limited observation of the signal
to estimate the DoA, that is only conditioned on a short
observation (i.e. a few seconds) of the radio signal.

II. DOA ESTIMATION SYSTEM

A. Virtual antenna array

DoA algorithms rely on interferometry, i.e. analyzing the
phase differences between the multiple antenna elements of
the receiver. Therefore, our system model will include non-
idealities that affect the phase of the different “virtual” anten-
nas in our system. The non-idealities that affect the phase of a
received signal are the transmitter and receiver front-end phase
offset, as well as the frequency offset between transmitter and
receiver, both of which will be detailed below. We assume
that the receiver is operated in it’s linear regime, to avoid
any non-linear phase distortions. We ignore the effect of LO
phase noise [39], as it’s influence on the proposed estimator
is negligible.

We consider a transmitter sending an RF signal in the form
of digital data packets. The preamble of the packets is known
by both the transmitter and the receiver, and is determined by
the communication standard (e.g. the primary synchronization
sequence in 3G systems or the short/long preamble in 802.11
systems)1. The packets sent by the transmitter may or may
not be periodic. The receiver correlates its received baseband
samples with the known preamble in order to determine the
boundaries of the received packets.

Let us denote s[m] the baseband representation of the
transmitted packet header (for m = 1, ...,M ) and r[n,m] the
m-th baseband sample of the n-th received packet, which can
be represented as:

r[n,m] = h[n,m] ∗ s[m] · ej(ϕ0+2πf0(tn+mTs)) + w[n,m]
(1)

where h[n,m] is the wireless channel impulse response, ϕ0

is the phase of the initial received packet (which contains

1Note that the proposed system would also work for narrowband signals.
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the phase offset and accumulated frequency offset at time t0
between the transmitter and the receiver front-ends), f0 is the
frequency offset between the transmitter and the receiver due
to LO frequency offset, tn is the time elapsed between the
initial packet and the n-th packet, Ts is the receiver sample
time, and w[n,m] is an independent and identically distributed
(i.i.d.) Gaussian noise with distribution w[n,m] ∼ CN (0, σ2

n).
Note that (1) implicitly assumes that the frequency offset
f0 does not change over time, which is approximately true
for short periods of time: a few seconds for a temperature-
controlled crystal oscillator (TCXO), a few tens of seconds
for an oven-controlled crystal oscillator (OCXO). If the trans-
mitter up-conversion chain and the receiver down-conversion
chain (both analog and digital) are not turned off between the
considered packets (which is the case for modern transceivers),
the term ϕ0 will remain constant between multiple received
packets.

We focus on narrowband, line-of-sight channel, therefore
h[n,m] is defined as

h[n,m] = αej
~β·~r[n] (2)

where α is the amplitude of the channel, ~β is the wave vector
and ~r[n] are the receiver coordinates when receiving the n-th
packet with respect to (w.r.t.) the receiver coordinates when
receiving the initial packet.

Without loss of generality, we consider two-dimensional
arrays (in the x-y plane), and propagation in the horizontal
plane, ignoring elevation. We can then make the following
simplification:

~β · ~r[n] = 2π

λ
(x[n] cos(θ) + y[n] sin(θ)) (3)

where θ is the azimuth-of-arrival of the transmitter, λ is the
wavelength at the carrier frequency, and x[n], y[n] are the x−
and y−coordinates of the receiver when receiving the n-th
packet (the origin of the coordinate system are the coordinates
of the receiver when receiving the initial packet). Combining
(1), (2) and (3), we have

r[n,m] = α · s[m]

· ej(ϕ0+2πf0(tn+mTs)+
2π
λ (x[n] cos(θ)+y[n] sin(θ)))

+ w[n,m] .
(4)

Our goal is to leverage on DoA estimation techniques that
are readily available for conventional multi-antenna arrays.
The main difference between (4) and the signal at each
antenna in a conventional multi-antenna system is the term
2πf0tn. Additionally, the position of the receiver (x[n], y[n])
at each packet receive time depends on the movement of the
receiver, unlike a conventional multi-antenna receiver where
the positions of the antennas in the array are fixed. Two main
tasks thus need to be performed to leverage on conventional
multi-antenna array processing results:
1) The position of the receiver at each period x[n], y[n] needs
to be estimated, with an accuracy of a fraction of a wavelength.
2) The frequency offset f0 needs to be estimated and compen-
sated for in the received signal.

The DoA can then be estimated using traditional multi-antenna
array processing techniques, such as MUSIC [6], ESPRIT [11]
or unitary ESPRIT [14].

B. Receiver position estimation
The first difficulty of virtual arrays lies in estimating the

relative position of the receiver along its trajectory. Besides
the relative position (which requires an accuracy of a fraction
of a wavelength), the orientation of the receiver also needs
to be estimated to account for non-isotropic antenna radiation
patterns. This rules out conventional GNSS systems, which do
not meet the required accuracy and do not provide orientation
information.

Note that the movement range (and hence duration) should
be quite limited, as to stay in the wide-sense stationary uncor-
related scattering (WSSUS) assumptions required for multi-
antenna array processing. Because of this short movement
constraint, it is sufficient to use a 3-dimensional (3D) inertial
measurement unit (IMU) to estimate the relative movement
of the receiver. A 3D IMU contains 3D accelerometers and
3D gyroscopes, which can be used to obtain the relative
position and orientation of the receiver through dead-reckoning
integration methods (as shown in Figure 2). Note that using
IMU processing requires to know the initial orientation of the
receiver, as well as the initial speed of the receiver. In this
work, we assume that these are available through continuous
tracking from an initial stand-still position [40]. The origins of
the coordinate system is considered to be the initial position,
as only the relative position is required. The conventional
methods for integrating IMU data is through an extended
Kalman filter (EKF) or Unscented Kalman filter (UKF), which
provides a 3D navigation solution [40].

Fig. 2. Steps of IMU dead-reckoning processing process.

Due to the integration of biases in the IMU processing,
the navigation solution obtained from IMU measurements will
drift from the real trajectory and the error of the navigation
solution will increase over time. However, for the WSSUS
assumption to hold, the time over which the receiver forms
the virtual array should be short, so that the navigation error
incurred by the IMU is usually small. For pedestrian or
vehicular speed, the movement duration is typically limited
to a few seconds.

C. LO frequency offset compensation
The second challenge of virtual antenna arrays is to estimate

and compensate the LO frequency offset in (4). In [2], we
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proposed a Stop-and-Start (SaS) approach, where the receiver
first stands still before starting to move. During standstill, only
the LO frequency offset causes the phase to change in (4),
and can easily be estimated. This estimated value is then used
during the movement of the receiver to compensate the LO
frequency offset. This method suffers from two disadvantages.
The most obvious disadvantage is that the SaS approach
restricts the movement of the receiver, as the receiver first
needs to stand still before moving. The second disadvantage
is that the LO frequency offset should not change too much
between the moment the receiver stands still and the moment
the receiver starts moving, which might not always be verified
in practice (especially for low-quality LOs). A method was
proposed in [2] to jointly estimate the LO frequency offset
and the DoA, but this relied on black-box optimization with
little convergence guarantees and poor accuracy.

In this paper, we extend the MUSIC algorithm to the
joint estimation of LO frequency offset and DoA. Note that
while we use the MUSIC algorithm in this paper, the signal
model below could be applied to any type of DoA estimation
algorithm, such as beamforming, ESPRIT, unitary ESPRIT,
etc. Also note that subspace based methods such as MUSIC
or ESPRIT are not statistically efficient [41], [42], and that
ML based method should provide better performances. We
apply the MUSIC algorithm with an adapted signal model,
that takes into account the LO frequency offset. Let us rewrite
(4) by stacking the N received packets in a column vector:

y[m] = a(f0, θ)x[m] + w[m] (5)

with a(f0, θ) the steering vector (containing the LO frequency
offset) defined as

a(f0, θ) =


ej(2πf0t1+

2π
λ (x[1] cos(θ)+y[1] sin(θ)))

ej(2πf0t2+
2π
λ (x[2] cos(θ)+y[2] sin(θ)))

...
ej(2πf0tN+ 2π

λ (x[N ] cos(θ)+y[N ] sin(θ)))

 (6)

and x[m] constant for all virtual antennas, defined as

x[m] = α · s[m] · ej(ϕ0+2πf0mTs) (7)

and w[m] = [w[1,m], w[2,m], . . . w[N,m]]
T the N×1 white

Gaussian noise vector, with covariance matrix Rn = σ2
nIN

Conventional DoA estimation algorithms, such as beam-
forming or MUSIC, can be used with the signal model (5). Let
us define S = E{yy∗} the N ×N covariance matrix, where
E{·} and (·)∗ are the expectation and the Hermitian operator,
respectively. In the case of the MUSIC algorithm, we search
for the K components orthogonal to the noise subspace [6]
(if there is only one signal source, K = 1). Let Ew be the
N × (N − K) matrix of eigenvectors corresponding to the
(N −K) smallest eigenvalues of S. The MUSIC spectrum is
defined as

PMU(f0, θ) =
1

a∗(f0, θ)EwEw
∗a(f0, θ)

(8)

Similarly to the beamforming case, f0 and θ can be estimated
with a two-dimensional search:(

f̂0, θ̂
)
= arg max

(f0,θ)

{
PMU(f0, θ)

}
(9)

Note that in the case of multiple signals (e.g. in the case of
multipath components), the MUSIC algorithm offers a much
better resolution than simple beamforming [6].

D. Receiver movement constraints

Conventional multi-antenna systems need to satisfy the
spatial Nyquist criterion, i.e. the distance between antenna
elements must be smaller than λ/2 where λ is the wavelength
at the carrier frequency [22]. In a virtual multi-antenna system,
the distance traveled by the receiver between two successive
packets must be smaller than λ/2. This translates to the
constraint vr (tn − tn−1) < λ/2, where vr is the speed of
the receiver. In the following, we will consider transmitters
that send periodic packets, such that tn = nT0, where T0 is
the transmit period. In that case, the constraint becomes

vr <
λ

2T0
(10)

As an illustration, let us consider the case of a 3G signal.
A 3G base station sends a primary synchronization sequence
every 0.667 ms, and has a carrier frequency of 2.1 GHz.
This would lead to a maximum receiver speed of 107 m/s (or
385 km/h), showing that the virtual DoA estimation method is
applicable when the receiver is mounted on a typical ground
vehicle. Note that while this is true for all conventional RF
frequencies, this might no longer be true for millimeter-wave
systems. At 60 GHz, the wavelength is reduced to 5 mm.
Using equation (10) with a 0.667 ms packet period, we can see
that the maximum speed is reduced to 13.5 km/h. This means
that the proposed system would be unsuitable for mobile
millimeter-wave systems. Another constraint of our system is
that (similarly to conventional multi-antenna arrays), a linear
trajectory results in an DoA ambiguity: the real DoA will be
θ or π − θ. Finally note that non-stationary channels will
cause distortion of the multipath components, which cannot
be recovered with a virtual array. However, as long as the
transmitter remains static during the receiver movement, and
only the transmitter’s direction is estimated, this should not
cause any problem for the proposed system.

III. BOUNDS OF VIRTUAL ARRAY DOA ESTIMATION

We evaluate the CRLB for a virtual antenna array, when
the position of the virtual antennas are estimated through IMU
processing. We start by deriving the CRLB in section III-A,
and in section III-B we analyze the virtual antenna position
error resulting from IMU dead-reckoning processing. The aim
of deriving the CRLB is to provide a tool to be able to quickly
compare different configurations of system parameters and/or
receiver trajectories.



5

A. Derivation of the CRLB

Let us simplify the received signal (5) by considering
s[m] = 1 and ϕ0 = 0, and the LO frequency offset within
a single packet is compensated (using the packet header) such
that 2πf0mTs disappears from the phase term. Moreover,
we assume the transmitter sends a periodic signal, such that
tn = nT0, where T0 is the transmit period. While signal
periodicity is not a requirement for our virtual DoA estimation
method, it simplifies the derivation of the CRLB presented
in this section. Therefore, the CRLB derivation presented
below is only valid for periodic signals. With the previous
assumptions, the simplified received signal is given by

y = a(f0, θ)x+ w (11)

with x = α and

a(f0, θ) =


ej(2πf0T0+

2π
λ (x[1] cos(θ)+y[1] sin(θ)))

ej(2πf02T0+
2π
λ (x[2] cos(θ)+y[2] sin(θ)))

...
ej(2πf0NT0+

2π
λ (x[N ] cos(θ)+y[N ] sin(θ)))

 (12)

and w the N × 1 i.i.d. white Gaussian noise vector,
with covariance matrix Rn = σ2

nIN . The coordinates
[x[1], x[2], ..., x[N ]]

T and [y[1], y[2], ..., y[N ]]
T are the true

position of the virtual antennas
The estimated antenna position (after IMU dead-reckoning

processing) are given by (x[n] + δxn, y[n] + δyn), where δxn
and δyn are i.i.d. zero-mean white Gaussian noise processes
with variances σ2

xn and σ2
yn , respectively. The unknown pa-

rameters of our system are the frequency offset f0, the DoA θ,
and the antenna position errors δxn and δyn (for n = 1, ..., N ).
There are thus 2 + 2N unknown parameters, which can be
stacked in a vector Θ:

Θ = [f0, θ, δx1, δy1, δx2, δy2, ..., δxN , δyN ] (13)

The probability density function of the received signal can
be expressed as

p(y;Θ) =
1

πN det(Rn)
e−(y−a(f0,θ)x)

∗R−1
n (y−a(f0,θ)x) (14)

Note that Θ is composed of two deterministic unknown
parameters and 2N random unknown parameters. In this case,
the Fisher information matrix can be defined as [43], [37]

I (Θ)ij = I1 (Θ)ij + I2 (Θ)ij (15)

with 1 ≤ i, j ≤ 2 + 2N , and the two elements of the Fisher
information matrix defined as

I1 (Θ)ij = −Eys,Θ

[
∂2 ln p(y;Θ)

∂Θi∂Θj

]
(16)

I2 (Θ)ij = −EΘ

[
∂2 ln p(Θ)

∂Θi∂Θj

]
(17)

The different terms of matrix I1 (Θ) can be determined,
and are derived in Appendix A. They depend on several
system parameters (e.g. T0, σ2

n, λ), the DoA θ and the receiver
trajectory (e.g. x[n] and y[n]). The second part of the Fisher

information matrix I2 (Θ) has a simpler structure, and only
depends on the position variances [43]:

I2 (Θ) =

[
02×2 02×2N

02N×2 Σ−1
2N×2N

]
(18)

where Σ is a diagonal matrix containing the variances of the
positioning errors on its diagonal, defined as

Σ = diag
(
σ2
x1
, σ2
y1 , σ

2
x2
, σ2
y2 , ..., σ

2
xN , σ

2
yN

)
(19)

The next section focuses on determining those positioning
error variances, based on the most important IMU errors. Note
that this derivation of the CRLB assumes uncorrelated errors
in the estimation of the receiver trajectory. IMU integration
produces correlated errors, which causes the CRLB to be
too optimistic. However, the relative comparison of different
receiver trajectories and/or system parameters remains ap-
plicable. Also note that the CRLB remains valid for other
types of receiver trajectory estimation methods (e.g. high-
accuracy differential GNSS systems), requiring only to update
the elements of I2 in (18).

B. IMU integration position error

The navigation solution provided by combining and pro-
cessing IMU signals (such as illustrated in Section II-B) is
plagued by several errors. The variance of these errors need
to be evaluated to fill the elements of Σ in (19). Given the
short integration times considered in this paper (typically a
few seconds), we only consider the following noise sources:

• white Gaussian noise on the accelerometers and gyro-
scopes;

• biases on the accelerometers and gyroscopes;
• errors in the estimation of the initial orientation.

While biases are present in any IMU (regardless of the
IMU quality), these can be measured quite accurately and
compensated for in the measured signals [44]. Estimating the
initial orientation of the IMU lies outside the scope of this
paper, but in practice, using the Earth’s gravitational field at
standstill can provide a good estimate of the orientation of
the receiver [45] (tracking filters can then be used to keep the
updated orientation of the receiver; as the gyroscope signals
are integrated only once, the orientation of the receiver stays
accurate for reasonably long periods).

The Gaussian noise errors in the accelerometers and gyro-
scopes result in two types of errors. Errors in the accelerom-
eter signals are double-integrated in the IMU dead-reckoning
process (as shown in Figure 2). The double-integration of a
white Gaussian noise results in a second-order random walk
process [46]. The error in the navigation solution then has a
variance given by

σ2
acc,n = σ2

aTi
(nT0)

3

3
(20)

where σ2
a is the accelerometer noise variance and Ti is the

IMU (and thus accelerometer) sampling time.
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Errors in the gyroscope signals are singly-integrated in the
IMU dead-reckoning process and cause a misorientation εn,
whose variance is given by

σ2
εn = σ2

gTi(nT0) (21)

where σ2
g is the gyroscope noise variance. An orientation error

of εn results in a component of the gravitation vector g to
be projected onto the horizontal axes when compensating for
g (see Figure 2). The component of g projected onto the
horizontal axes yields a bias error equal to g sin(εn), which
for small εn is approximately equal to g · εn. The double-
integration of an acceleration bias results in an error in the
horizontal plane equal to

εxy,n = εn · g ·
(nT0)

2
(22)

The variance of εxy,n is then given by

σ2
orien,n = σ2

gTi(nT0)

[
g
(nT0)

2

]2
(23)

Finally, the total positioning error of the IMU processing
due to accelerometer and gyroscope noises then has a total
variance of

σ2
xn = σ2

yn = σ2
acc,n +

1

2
σ2

orien,n (24)

where the error due to projection of the gravitation vector on
the horizontal plane is split equally between the x- and y-axes.
These values can be used to fill the elements of Σ in (19) to
compute our system’s CRLB.

C. CRLB results

The CRLB of our system (“Virtual array”) is evaluated and
compared to two situations: one where LO frequency offset
is still present, but the positions of the virtual antennas are
known exactly (“Virtual array, perfect IMU”); and one where
there is no LO frequency offset and the positions of the virtual
antennas are known exactly, corresponding to the situation
of an ideal multi-antenna array (“Multi-antenna array”). The
parameters of our system are described in Table I. The gener-
ated movements and system parameters are set to match our
experimental setup presented in Section IV. The receiver first
accelerates, then decelerates, along a semi-circle. The distance
between virtual antennas varies between a few millimeters
to at most 8 cm (depending on the phase of acceleration or
deceleration). The IMU parameters correspond to the XSens-
MTI 10 IMU, which will be used in our experiments, and can
be found in the IMU’s datasheet.

Figure 3 shows the CRLB of f0 and θ, and compares it
to the case with perfect IMU and of an ideal multi-antenna
array, for different movement sizes. Since the ideal multi-
antenna array does not have frequency offset between its
antenna elements, only the CRLB of θ is provided. It can
be seen that, for moderate to high SNR levels, the CRLB
of our estimator is only marginally higher than that of an
ideal multi-antenna array. Note that in the generated scenario,
there are 40 “virtual” antennas. The equivalent multi-antenna
array would require 40 antenna elements, which would be

TABLE I
SYSTEM PARAMETERS

Parameter Value
Movement Semi-circle, R = {30, 40, 50} cm

Movement duration 5 s
Center frequency 1 GHz

T0 100 ms
Accelerometer noise density 80 µg/

√
Hz

Accelerometer bandwidth 375 Hz
Gyroscope noise density 0.03 ◦/s/

√
Hz

Gyroscope bandwidth 415 Hz
IMU sample rate 200 Hz

Fig. 3. CRLB of the proposed system.

prohibitive in realistic scenarios. Additionally, it can be ob-
served that larger movements yield lower CRLBs, which is
consistent with conventional multi-antenna array theory, where
physically larger array offer better resolution and improved
DoA estimation performance. Compared to a conventional
multi-antenna array, a virtual multi-antenna array (with perfect
IMU) has a systematic performance offset. This is due to the
fact that the frequency offset estimation contains some error,
which also decreases with increasing SNR. The CRLB of a
virtual antenna arrays with a realistic IMU, however, reaches
a performance floor at high SNRs. This is due to limited IMU
performances: if the position of the virtual antennas contains
some error, higher SNR levels will not help improve estimation
performances. This shows that limited IMU performances is a
main limiting factor of virtual multi-antenna arrays.

D. Multipath channels: simulation results

In this section, we evaluate the effect of multipath com-
ponents on our virtual multi-antenna array DoA estimation
through simulations. Similarly to Section III-C, the system
parameters (see Table I) and receiver movements are set to
match the experiments in Section IV. The line-of-sight (LoS)
component to the transmitter has a unit amplitude, and a
random DoA between 60◦ and 120◦. An additional NMPC

multipath components are added to the LoS, in which case (2)
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becomes

h[n,m] = ej
~β·~r[n] +

NMPC∑
k=1

αke
j(ϕk+ ~βk·~r[n]) (25)

where ϕk is a random phase term distributed uniformly over
[0, 2π[, βk is the wave vector of the k-th multipath compo-
nent (corresponding to a DoA that is distributed uniformly
over [0, 2π[), and αk is the amplitude of the k-th multipath
component. The amplitude of each multipath component is
distributed uniformly over [0, αmax]. The number of multipath
components NMPC was set to ten in our simulations. This
corresponds to a worst-case scenario, where the multipath
component’s DoAs are distributed evenly over all angles.

Monte-Carlo simulations are performed to determine the
effect of different levels of multipath power, i.e. by varying
αmax. The processing methods that are used to integrate the
IMU signals are described in Sections II-B and IV-B. We
compare the SaS approach and the joint estimator proposed in
Section II-C. Figure 4 shows the result of the simulation. As
can be expected, for low multipath powers the performances
of the system are very good (and close to the CLRB). When
the multipath power reaches within 10 dB of the LoS power,
the performances start to degrade, for both the SaS approach
and the joint estimator.

Fig. 4. DoA RMSE versus multipath component power.

IV. EXPERIMENTAL SETUP AND RESULTS

A. Experimental setup

The proposed system was tested on a hardware platform in
an anechoic chamber. Both the transmitter and receiver were
composed of USRP-N210 software-defined radios, equipped
with a WBX 50-2200 MHz daughterboard and a GPSDO
module. The GPSDO module is equipped with a high-accuracy
oven-controlled crystal oscillator (OCXO) that can bypass
the USRPs internal temperature-controlled crystal oscillator
(TCXO), increasing the LO accuracy from a few ppm (parts-
per-million) to 20 ppb (parts-per-billion). The transmitter
sends a periodic 3G primary synchronization sequence every

0.667 ms. The carrier frequency is set to 1 GHz. The receiver
performs correlation between the transmitted sequence and its
received baseband signal in real-time (in the USRP FPGA, as
this operation cannot be performed in real-time in software),
and accumulates the correlated signals over 3 packets to
increase the SNR of the correlated signal, yielding an SNR
of 15 to 20 dB. Finally, a peak detector function in the
host processor detects the peaks in the correlation function,
thereby finding the boundaries of the received packet, which
is recorded to a data file. The IMU used in this experiment
is an XSens-MTi 10, automotive-grade IMU. It contains 3D-
acellerometers, 3D-gyroscopes and 3D-magnetometers (the
latter are not used in this work). The data from the IMU
is recorded in the same data file as the received packets
by a separate thread. The receiver antenna and the IMU are

Fig. 5. Top view of the experimental setup in the anaechoic chamber.

attached to the turntable of the anechoic chamber as shown
in Figure 5. The IMU is placed with the z-axis parallel
to the vertical axis, although slight misorientation (typically
a few degrees) cannot be avoided in practice. During each
experiment run, the receiver is first standing still for 30 s. After
the standstill phase, the turntable (and thus the receiver and
IMU) is rotated by 180◦, which takes about 5 s. The receiver
and IMU have been placed at a radius of approximately 30,
40 and 50 cm of the turntable center. For each radius, the
experiment was repeated 10 times. Attaching the receiver to
the anechoic chamber turntable allows to know exactly which
movement was generated (the turntable has a precision that
is below 0.5◦). This allows us to evaluate the performance of
the IMU processing algorithms, described in the next section.
The anechoic chamber turntable did not allow us to modify
the rotation speed or the type of movement (e.g. translation)
of the receiver.

B. IMU processing

The IMU measurements are converted to a relative position
by using the Unscented Kalman Filter (UKF) proposed in [40].
The UKF implements the steps shown in Figure 2, and requires
the initial pitch and roll of the receiver (the original yaw is
supposed to be at 0, and the DoA will be given w.r.t. the
original yaw)2. In our experiments, the initial pitch and roll

2in navigation literature, yaw represents the orientation around the z-axis,
pitch is the orientation around the x-axis and roll is the orientation around
the y-axis
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of the IMU are estimated using the technique proposed in
[45], which uses the observation that during standstill only
the gravitation vector is measured by the accelerometers. The
static biases of the accelerometers were estimated prior to the
experiment, while the biases of the gyroscopes are estimated
during the standstill phase. In all of the experimental results,
it is observed that towards the end of the movement, the
navigation solution drifts off from the ground truth. This is
mostly due to small errors in estimating the initial pitch/roll,
or due to small errors in the accelerometer bias calibration.
Figure 6 shows the IMU processing for one realization of the
experiment. The first two subfigures show the values measured
by the accelerometers and gyroscopes, respectively. It can be
seen that the accelerometer readings are dominated by the
gravitation vector (g = 9.78 m/s2 along the vertical axis), but
a slight acceleration and deceleration along the x−axis are
observed. The gyroscope clearly shows a rotation around the
z−axis. The third and fourth subfigures show the orientation

Fig. 6. IMU processing: (a) accelerometer measurements, (b) gyroscope
measurements, (c) UKF solution for the IMU orientation and (d) UKF solution
for the IMU speeds (in the body frame)

and speeds (in the body frame) of the IMU after running the
UKF. It can be seen that the IMU’s yaw changes from 180◦

to 0◦, which matches the movement that was generated with
the turntable. The speeds are mainly along the x−axis of the
IMU, which again is consistent with the movement generated
by the turntable. The slight speeds along the IMU y−axis are
due to the initial misorientation of the IMU and the integration
errors of the UKF. The position error of the navigation solution
provided by the IMU UKF (at the end of the movement) has
been measured, and is given in Table II. Note that this is
the error at the end of the movement, i.e. the error is usually
close to zero for the first few seconds of movement, and then
increases fast during the later instants of the movement.

C. Results and analysis

Two techniques are investigated for DoA estimation. The
first one is the SaS approach from [2], where the receiver
is first at standstill before moving. The received packets are

TABLE II
IMU UKF POSITION ERROR AT THE END OF THE MOVEMENT OVER 10

EXPERIMENT RUNS.

Movement Radius Mean error std. error
30 cm 25 cm 16 cm
40 cm 15 cm 8 cm
50 cm 14 cm 7 cm

used to estimate the frequency offset f0 during standstill, and
the received packets during movement are then compensated
for f0. The second technique is the joint estimation algorithm
presented in Section II-C, where the MUSIC algorithm is
applied using the adapted signal model.

Figure 7 shows the results of the SaS approach for one
realization of the experiment. Fig. 7(a) shows the phase of the
received packets before frequency offset compensation. Due to
the frequency offset, the phase shift due to the movement of
the receiver cannot be observed. However, after compensating
for the frequency offset, the phase shift due to the movement
can clearly be observed, as shown in Fig. 7(b). The phase
variations before the movement (0∼30 s) are mostly due to the
local oscillator drift between the transmitter and the receiver.
Fig. 7(c) shows the IMU-estimated navigation solution. It can
be seen that the navigation solution is not a perfect half-
circle, but drifts off towards the end of the movement, for the
reasons mentioned above. Finally, Fig. 7(d) shows the MUSIC
spectrum which is used to estimate the DoA. A clear peak is
observed at 94◦, which is close to the true DoA of 90◦.

Fig. 7. Experimental results of the SaS approach: (a) phase measurements
before frequency offset compensation, (b) phase measurements after frequency
offset compensation, (c) UKF solution for the IMU trajectory and (d) MUSIC
spectrum with an estimated DoA of 94◦

Figure 8 shows the results of the joint estimation approach
for one realization of the experiment. In this experiment, only
the received packets during receiver movement were used for
processing. Subfigure (a) shows the two-dimensional MUSIC
spectrum (versus f0 and θ). The peak of the spectrum indicates
the estimated values for f0 and θ. Subfigure (b) shows a
horizontal cut of the MUSIC spectrum at the value of f0
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TABLE III
DOA RMSE OVER 10 EXPERIMENT RUNS.

Movement Radius Stop-and-Start Joint estimation
30 cm 13.70◦ 28.22◦

40 cm 8.08◦ 16.55◦

50 cm 6.19◦ 6.18◦

corresponding to the peak. A clear peak (similar to the MUSIC
spectrum of the SaS approach) can be identified at 96◦, close
to the true DoA of 90◦. Finally, subfigure (c) shows the
estimated IMU trajectory. The circles indicate the location of
the “virtual” antennas.

Fig. 8. Experimental results of the joint estimation approach: (a) 2D-MUSIC
spectrum, (b) MUSIC spectrum at the LO frequency corresponding to the
peak, and (c) UKF solution for the IMU trajectory.

For both the SaS approach and the joint estimation ap-
proach, the mean of the DoA estimation over all measurement
runs is zero. The root mean square error (RMSE) for different
movement radiuses are shown in Table III. It can be seen that
better results are obtained for larger radiuses. This is consistent
with conventional multi-antenna array theory, where a better
resolution is obtained for physically larger arrays. Measure-
ments where the IMU UKF has a large positioning error tend
to have large DoA estimation error, but for measurements with
a positioning error smaller than 30 cm (at the end of the
movement) no strong correlation appears between the UKF
positioning error and the DoA error. The results of the joint
estimation are worse than those in the SaS case, especially for
small movement radiuses. This can be attributed to the fact that
the joint estimation uses less samples (it only uses the samples
from when the receiver is actually moving), but also due to
the lesser performance of the joint estimator. The advantage is
that there is no need to stop the receiver before the movement.
Such an usage flexibility comes at the cost of a decreased
estimation accuracy. Note that the joint estimator also requires
more computation power to perform the two-dimensional
search over f0 and θ. The estimation performance of the LO
frequency offset cannot be evaluated, as the real LO frequency
offset between transmitter and receiver is unknown. The SaS

approach estimates the LO frequency offset at standstill, which
is very reliable, but the true LO frequency offset might drift
between the standstill and the movement phase. However, the
difference in the estimated LO frequency offset between the
SaS and joint estimation approach can be evaluated. Both
methods provide LO frequency offsets that are very close, in
the order of 5 ∼ 10 Hz for our experiments, consistent with
the OCXO specifications, with a mean difference of 0.04 Hz
(and a standard deviation of the difference of 0.15 Hz).

While this error can be considered high with respect to
conventional multi-antenna arrays, it needs to be reminded that
this is a fundamental shift from conventional multi-antenna
DoA estimation theory. We are trying to estimate DoA with
a single-antenna receiver, which requires to also estimate and
compensate LO frequency offset. In that respect, it can be
expected that performances would decrease. We believe that
further optimization of the LO offset/DoA estimation methods
is possible, and that better processing of the IMU data can be
performed to improve DoA estimation performances, but this
is beyond the scope of this paper.

Finally, it can be observed that the measurement error is
higher than the CRLB. The measurements were performed at
SNRs of 15 to 20 dB. The CRLB at these SNRs is 2◦ for a
movement radius of 50 cm, 2.5◦ for a movement radius of 40
cm, and 3◦ for a movement radius of 30 cm, all of which are
significantly lower than the measured RMSE (6◦, 16◦ and 28◦

respectively). This is mainly due because the CRLB assumes
uncorrelated errors, while errors in our case are correlated over
time. However, the relative comparison of different receiver
trajectories and/or system parameters remains applicable.

V. CONCLUSION

A promising method was proposed to estimate the DoA of
a RF transmitter with a mobile, single-antenna receiver. By
considering several packets along its trajectory, the receiver
creates a virtual multi-antenna array that can use conven-
tional DoA estimation algorithms. The relative position of
the receiver is estimated through IMU dead-reckoning, while
the phase rotation due to LO offset between transmitter and
receivers is estimated jointly with the DoA by adapting the
signal model. The CRLB of our virtual multi-antenna system
was evaluated, and shown to match closely to conventional
multi-antenna DoA systems. Experimental results in an ane-
choic chamber show the feasibility of the proposed method.
Our future work will focus on evaluating and improving the ro-
bustness of the proposed method, in order to account for low-
grade IMUs, low-quality LOs and multipath environments.

APPENDIX A
DERIVATION OF THE ELEMENTS OF MATRIX I1 (Θ)

Deriving (16) using (14) provides the following result:

I1 (Θ)ij = −Ey,Θ

[
∂2 ln p(y;Θ)

∂Θi∂Θj

]
(26)

=
∂aH

∂Θi
Rn

−1 ∂a

∂Θj
+
∂aH

∂Θj
Rn

−1 ∂a

∂Θi
(27)
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where Θi,Θj are the elements of Θ, a is the signal model
in (12), and Rn is the covariance matrix of the noise term in
(11).

Deriving for the different individual terms of I1 (Θ), we
obtain the following.

(28)−Ey,Θ

[
∂2 ln p(y;Θ)

∂f20

]
=

2

σ2
n

(2πT0)
2
N∑
k=1

k2

(29)−Ey,Θ

[
∂2 ln p(y;Θ)

∂θ2

]
=

2

σ2
n

(
2π

λ

)2 N∑
k=1

(x[k] sin(θ)

− y[k] cos(θ))2

−Ey,Θ

[
∂2 ln p(y;Θ)

∂f0∂θ

]
=

2

σ2
n

(2πT0)

(
2π

λ

) N∑
k=1

k (−x[k] sin(θ) + y[k] cos(θ))

(30)

−Ey,Θ

[
∂2 ln p(y;Θ)

∂δxn∂δxm

]
=

{
2
σ2
n

(
2π
λ

)2
cos2(θ) if n = m

0 if n 6= m

(31)

−Ey,Θ

[
∂2 ln p(y;Θ)

∂δyn∂δym

]
=

{
2
σ2
n

(
2π
λ

)2
sin2(θ) if n = m

0 if n 6= m

(32)

(33)
−Ey,Θ

[
∂2 ln p(y;Θ)

∂δxn∂δym

]
=

{
2
σ2
n

(
2π
λ

)2
sin(θ) cos(θ) if n = m

0 if n 6= m

(34)−Ey,Θ

[
∂2 ln p(y;Θ)

∂f0∂δxn

]
=

2

σ2
n

(2πT0)

(
2π

λ

)
n cos(θ)

(35)−Ey,Θ

[
∂2 ln p(y;Θ)

∂f0∂δyn

]
=

2

σ2
n

(2πT0)

(
2π

λ

)
n sin(θ)

(36)−Ey,Θ

[
∂2 ln p(y;Θ)

∂θ∂δxn

]
=

2

σ2
n

(
2π

λ

)2

(−x[n] sin(θ)

+ y[n] cos(θ)) cos(θ)

(37)−Ey,Θ

[
∂2 ln p(y;Θ)

∂θ∂δyn

]
=

2

σ2
n

(
2π

λ

)2

(−x[n] sin(θ)

+ y[n] cos(θ)) sin(θ)

The other elements can be obtained by noting that I1 (Θ)
is a symmetric matrix.
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