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Abstract

The computation of geodesic paths and distances on a 3D triangle mesh
is an important and fundamental problem in computer graphics domain.
Developing faster geodesic algorithms is the eternal pursuit of researchers.
We focus on developing parallel exact and approximate discrete geodesic
algorithms in this thesis. There are two main difficulties in parallelizing
discrete geodesic algorithms. One is the strong dependence of data, the
other one is the strict order of elements (windows or vertices) in sequential

Dijkstra-like geodesic algorithms.

First of all, we propose the Parallel Mitchell-Mount-Papadimitriou (PMMP)
algorithm, which extends the -classical Mitchell-Mount-Papadimitriou
(MMP) algorithm to the parallel framework. The classical MMP algorithm
takes windows as primitives and maintains a priority queue to control the or-
der of window propagation and window clipping to make sure that each win-
dow covers the shortest paths. To overcome the strong dependence of data,
we divide our framework into five main steps: window selection, window
propagation, window organization, window clipping, and window pushing.
There is no data conflict in our concurrent steps: window propagation and
window clipping. To concurrently propagate multi-windows and meanwhile
maintain wavefront with great quality, we adopt the “buckets” structure to
control windows in our implementation. Experimental results show that our

parallel MMP algorithm is 1.6-1.7 times faster than FWP-MMP (the fastest



version of sequential MMP) on 4 CPU cores.

Considering that the MMP algorithm occupies too much memory and the
major requirement of related applications is computing geodesic distance
instead of geodesic paths, we move towards developing a parallel frame-
work for vertex-oriented triangle propagation (VTP) algorithm, the fastest
sequential exact geodesic algorithm up to now. The VTP algorithm takes
vertices as primitives and maintains a priority queue to control the order
of window list propagation around the vertex to update wavefront. Our
parallel-VTP (PVTP) framework includes three main steps: K-window-list
selection, parallel window list propagation, vertex distance updating and
window list merging. Although there is only one concurrent step that win-
dow list propagation, the time complexity of other three steps is only O(n)
time complexity. Thus, our algorithm has an empirical O(”TQ) time complex-
ity, where n is the number of vertices and 7" is the number of threads. The
experimental results show expected performance that our parallel VTP is
2.5-3 times faster than sequential VTP on a 4-core CPU and 4-5 times faster
than sequential VTP algorithm on an 8-core CPU for most of regular triangle
meshes with over 1 million vertices. Subsequently, we propose an approx-
imate method based on VITP. Our approximate-VTP (AVTP) algorithm
controls the global precision by parameter A\. Once the radius of the new
wavefront achieves a multiple of Ak, we delete all windows on wavefront and
consider all vertices on the wavefront as new sources to reduce the number of
windows and maintain geodesic properties. A is a user-specified parameter
for accuracy and speed control and h is average edge length. AVTP has a
theoretical time complexity O(nA). The proposed parallelization and ap-

proximation techniques can be either used separately or combined together.

There are many applications requiring the query of geodesic distances be-

tween vertices on a given triangle mesh. Herein, we present an application

ii



of discrete geodesic problems. Near repetitive patterns are ubiquitous in
man-made and natural objects. Discovering their arrangement is helpful in
understanding and analyzing of model geometry. Observing that patterns
have consistent matching between the corresponding points, we propose a
local feature matching algorithm. Our method is able to work for isotropic,

anisotropic, and size varied patterns.

This thesis puts emphasis on developing faster discrete geodesic algorithms
by parallelizing existing fast sequential geodesic algorithms. Our parallel-
MMP algorithm is the fastest exact discrete geodesic algorithm that can
trace the geodesic paths. Our parallel-VTP algorithm is also the fastest
exact geodesic algorithm that can compute the geodesic distance. Our
approximate-VTP algorithm has better performance than other homoge-

neous approximate geodesic algorithms so far.

iii



Acknowledgements

Primarily, I'm really grateful to my supervisor, Prof. He Ying, for his consid-
erable guidance, encouragement to me in my pursuit of Doctor of Philosophy
Degree. Whenever I encounter the difficulties, he is always patient with me,

and inspires me to think creatively.

I also appreciate Dr. Zhang Mingi, Dr. Sun Qian, Dr. Yuen Shan Leung,
Dr. Le Tien Hung for their directions in my beginning years. Thanks to
the labmates, Dr. Fang Zheng, Ms. Fu Qian, Ms. Yao Sidan, Mr. Zhang
Dongbo, Dr. Ma Long, Dr. Lu Xuequan, Dr. Hou Fei for sharing their

knowledge and ideas with me.

Thanks to my friends, Ms. Sun Yidan, Mr. Zhou Chengju and Ms. Chen
Qian who always share happiness and consideration with me. Thanks to
my parents and my brother for their constant care and support. At last,
I sincerely express my gratitude to my boyfriend, Dr. Cai Weizheng, who

always sustains, enlightens and accompanies me.

iv



Publications

[1] Jie Du, Ying He, Zheng Fang, Wenlong Meng, and Shiging Xin. On
vertex-oriented triangle propagation algorithm: parallelization and ap-

proximation. Computer-Aided Design, accepted, 2020.

[2] Jie Du and Mingi Zhang. A novel method for repetitive pattern detec-

tion on 3d models. under review, 2020.



Contents

Abstract i
Acknowledgements iv
Publications \%
List of Figures xvi
List of Tables xvii
List of Algorithms xviii
1 Introduction 1
1.1 Motivations . . . . . . . .. ... 1
1.1.1 Geodesics . . . . . ... ... 1
1.1.2  The Discrete Geodesic Problem . . . . . . ... ... 3
1.1.3 Applications . . . .. ..o 5
1.2 Objectives and Contributions . . . . . . . .. ... .. ... 9
1.2.1  Parallel Mitchell-Mount-Papadimitriou Algorithm . . 9

1.2.2  Parallel Vertex-oriented Triangle Propagation Algo-
rithm . . ... ... 10
1.2.3  Repetitive Pattern Detection on 3D Models . . . . . 12
1.3 Report Organization . . . . .. .. ... ... ... ..... 12

vi



2 Related Work 14

2.1 Discrete Geodesic Algorithms . . . . . . .. ... ... ... 14
2.1.1 Sequential Algorithms . . . .. ... ... ... ... 14

2.1.2  Parallel Algorithms . . . . . . . . ... ... ... .. 22

2.2 The Repetitive Pattern Detection Problem . . . . . . . . .. 25
2.2.1 Pattern Detection for 2D Domain in Images . . . . . 25

2.2.2  Pattern Detection for 3D Domain in Meshes . . . . . 28

3 Parallel Mitchell-Mount-Papadimitriou Algorithm 31
3.1 Preliminaries . . . . . .. ... oo 32
3.1.1 Geodesic Paths . . . . ... ... ... L. 32
3.1.2 Windows . . .. ... oo 33

3.1.3 Window Propagation . . . . . . ... ... ... ... 35
3.1.4 Window Clipping . . . . . . . .. .. ... .. .... 35
3.1.5 The MMP Algorithm . . . . . ... ... ... .... 39

3.2 Parallelization . . . . . ... ... oo 40
321 Overview . . . . .. . ... 40

3.2.2 Data Structure . . . . .. ... L. 43
3.2.3 Imitialization . . . . ... ... 44
3.24 Window Selection . . . ... .. ... ... ... .. 45
3.2.5 Parallel Window Propagation . . . . . .. ... ... 46
3.2.6  Window Organization . . ... ... .. ... .... 47
3.2.7 Parallel Window Clipping . . . . ... ... ... .. 48
3.2.8 Window Pushing . . . .. ... ... ... ... ... 50
3.2.9 Correctness and Performance Analysis . . . . .. .. 51

3.3 Experimental Results . . . . . . ... ... ... ....... 52
3.3.1 Environment Setting . . . .. .. .. ... ... ... 52
3.3.2 Profiling . . .. ... 53
3.3.3 Workload and Imbalance . . . . . .. ... ... ... 53

3.4 Discussions . . . . . ..o 95

vii



4 Parallel Vertex-oriented Triangle Propagation Algorithm

4.1 Preliminaries . . . . . .. ... ... oo
4.1.1 Window Pruning . . . . ... ... ... ..
4.1.2  Synchronized Window Propagation in a Triangle
4.1.3 Vertex-oriented Triangle Propagation . . . . . . . ..

4.2 Parallel VTP . . .. ... .o
4.2.1 Overview . . . . . .. ...
4.2.2  Buckets for Maintaining Priorities of Vertices
4.2.3 K-Window-List Selection . . . ... ... ... ...
4.2.4 Parallel Window List Propagation . . .. .. .. ..
4.2.5 Correctness . . . . . . .. ..o
4.2.6 Complexity Analysis . . . ... ... ... ... ...
4.2.7 Implementation Details . . . . . ... ... ... ..

4.3 Approximate VIP . . . .. .. ...
4.3.1 Motivation . . . .. ... oL
432 Keyldeas . . . . .. .. ... oL
4.3.3 Complexity Analysis . . . ... ... ... ... ...

4.4 Experimental Results and Discussions . . . . .. ... ...
4.4.1 Parallel Algorithm . . . .. ... ... ... .....
4.4.2 Approximate Algorithm . . . . ... ... ... ...
4.4.3 Parallel and Approximate Algorithm . . . . . .. ..

4.5 SUMMATY .« .« . v v v v e e

Application: Repetitive Pattern Detection on 3D Models

5.1 Motivation . . . . . . ..o

5.2 Method . . . .. ...
5.2.1 Overview . . . . . . . ...
5.2.2  Preprocessing: Sampling and Feature Extraction
5.2.3 Match Clustering . . . . . . ... ... . ... ....
5.2.4  Energy Optimization . . . . . . ... ... ... ...

viii



5.3 Experimental Results & Comparison . . . .. ... ... .. 96

5.3.1 Performance Analysis . . . ... ... ... ... .. 96

5.3.2 Anisotropic Patterns . . . . . . ... ... ... ... 98

5.3.3 Adaptive Patterns . . . ... ... ... 99

5.3.4 Discussion . . . . . . ... 101

5.4 Summary . .o oL 101

6 Conclusion and Future Work 102
6.1 Conclusion. . . . . . . . ... 102
6.2 Future Work . . . . . . .. 104
References 105

X



List of Figures

1.1

1.2
1.3

1.4
1.5

2.1
2.2

2.3

3.1

3.2

3.3

[lustrations of geodesic path. (a) A geodesic path on Earth;
(b) A geodesic path on Bunny model. . . . . . . . ... ...
A geodesic curve on regular surface. . . . . . ... ... ...
Geodesic paths from source to all directions and correspond-
ing isolines. . . . . . . ...

15 points and their Voronoi Cells in a plane. . . . . . . . ..

10 points and their Geodesic Voronoi Cells on a sphere model.

Geodesic paths from the source S.. . . . .. ... ... ...
“One angle one split” filter rule. When two windows wy and
wy cover the same vertex Vj, only w; who provides shorter
distance do+ || IoVo || > di+ || I1Vp || to Vo has two children
(green), where d; denotes the shortest distance from source
S to pseudo-source I;. . . . . ...

“Checking with vertices” rule. . . . . . .. .. .. ... ...

A shortest path that the black polyline from the source S to
the destination T" on the face sequence F'. . . . .. .. ...
Three types of local geodesic path. (a) The shortest path
within one triangle; (b) The shortest path along unfolding
triangles; (c) The shortest path through a saddle vertex.

The illustration of windows. (a) Windows on local triangle

mesh; (b) The window structure. . . . . . . ... ... ...

15

17
18

32

33



3.4

3.5

3.6

3.7
3.8

3.9

3.10
3.11
3.12
3.13
3.14

Window propagation on the opposing edges. (a) Only one
new window wy is generated on the edge Tovg; (b) Two new
windows wy and w; are generated on the edge vyv; and vov7
respectively; (c) Special case as vy is a new pseudo-source,
wo, wy and wq are generated. . . . ... ...
(a) Windows wy and w; intersect at interval [bg, b1]; (b) One
clipping case at point p. It’s equal that the length of paths
which pass through different pseudo-source vertex sy and ver-
tex s, e, dgy + |So —pll =ds, + |l51—pl- - - - - ..
Window clipping strategies [1]. Assume that z,, < x5 and
Yso, Ys; > 0 in all situations. del(sbyb;) represents deleting
the window or sub-window defined by this three points. . . .
Pipeline of parallel-MMP algorithm. . . . .. ... ... ..
(a) Global memory to store windows on edges; (b) Buffer
to store temporary generated windows or active half-edges;
(c) Buckets to control the order of window propagation; (d)
Global halfedge-window mapping container. . . . . . . . ..
Create initial windows and push them into the buckets ac-
cording to geodesic distance. (a) The bold blue lines denote
the initial windows wy, wq, ws, w3, wy, ws which cover edges
opposite to source s; (b) The blue container stores windows’
information as global memory, the grey buckets stores the
pointer of windows. . . . . . . ...
Selection K windows from buckets. . . . . . ... ... ...

Concurrently propagate selected windows on multi threads. .

Organize newly-generated windows by the index of half-edge.

Concurrently clip overlapped windows on multi threads.

Push and update windows for WindowQueue. . . . . . . ..

pel

49



3.15

3.16

3.17

4.1

4.2

4.3

Two results of our parallel-MMP algorithm. The left image
represents a Bunny model with 500 thousand vertices; the
right image represents a FantasyDragon model with 2 million
vertices. . . ... Lo
The profiling of our parallel MMP algorithm under different
number of threads on FantasyDragon model with 2 million
triangles. The unit of time is second. . . . . . . . .. .. ..
The performance curve under different K parameter in 4
threads. (a) Hand model with 575 thousand vertices; (b)

Fantasy model with 2 million vertices. . . . . ... ... ..

Window pruning rules. (a) The ICH window filter [2]. (b),
(c) and (d) show three situations of pairwise pruning between
two overlapped windows [3] [4]. . . . .. ... ... .. ..
Window propagation rules in a triangle [3]. (a) Each side of
the edge e contains a window list. (b) The propagation of
window wie, to edge BC' is redundant when wieg.sp < wl.sp,
and the propagation of window wy;gn to edge AC' is redundant
when wyignt.sp > wl.sp. The redundant windows are drawn
in grey. (c) Pairwise windows pruning during window list
propagation. (d) Propagating window lists wixpg and wlpc
produces wixg_ac and wlgc_.ac respectively. Update win-
dow list wlac by merging wiag _ac and wlgcac. - - - - . .
Vertex-oriented triangle propagation. From (a) to (b): win-
dow propagation across triangles around vertex A; From (b)
to (¢): window propagation across triangles around vertex B.
The swept region is light-colored and the un-swept region is

dark-colored. . . . . . . . ...

Xii

61



4.4

4.5

Data structures of PVTP. (a) Buckets B store the soon-to-be
propagated vertices. (b) Dual arrays Agom and Ay, control
concurrent window list propagation alternately. . . . . . . .
A typical iteration of PVTP. The group of blue cylinders denotes the
buckets B and the red horizontal bars denote the dual arrays Agom
and Ay, to store the window lists alternately. (a) Create a window for
each edge opposite to the source s and store the windows into their
corresponding window lists. Then the updated vertices are pushed into
the buckets B. Green segments describe the current wavefront. (b) At
the beginning of 10th iteration, all to-be-propagated vertices are stored
in the buckets B according to their geodesic distances. (c) Select k,-
nearest vertices from buckets B so that K window lists can be handled
at the same time; See Section 4.2.3 for the choices of k, and K. (d)
Propagating and merging window lists: (d1) 229 window lists are se-
lected and stored into one of the dual arrays Agom; (d2) After parallel
propagation, there are 153 updated window lists inside the wavefront
and they are pushed into the other array A, for the next parallel prop-
agation; (d3,d4) Operate the data alternatively between Agom and Ay
until both the dual arrays are empty. At the moment, the new wave-
front are reshaped as the green segments. During performing (d1-d4),
the vertices with updated geodesic distances would be pushed into the

buckets B. (e) The 11th iteration. . . . . . . . . . . . . .. ...

xiii



4.6

4.7

4.8

4.9

[lustration of a typical iteration of AVTP on the Hand model
with A = 32. (a) Let A be the nearest vertex to the source
s. The edges containing active windows are drawn in green.
(b) When d(s,A) > Ah, all windows on the wavefront are
deleted. (c) Take the vertices on the current wavefront as
new sources, from which windows are propagated. (d) A new
wavefront is formed. (e) The isolines define the distance steps
where we reset windows. . . . .. .. ... L.
Window distribution of AVTP with A = 32 (red) and the
exact VTP (green) on an isotropic hand model with 2.3 mil-
lion vertices. The horizontal axis is the wavefront radius,
expressed as a multiple of the average edge length h. The
vertical axes in (a) and (b) are the number of windows on
the wavefront and the accumulated number of windows, re-
spectively. AVTP generates significantly fewer windows than
VTP. .
Performance statistics of PVTP (4 threads) on 300 models
with varying anisotropy degree 7, which are randomly se-
lected from the ThingilOk dataset. We plot the speedup fac-
tor in 3D diagrams. (a) Meshes with low, middle and high
degree of anisotropy are drawn in green, yellow and red, re-
spectively. (b) The horizontal plane denotes the speedup
factor 2.5. . ..o
The time complexity and speedup of PVTP with T = 1,
2, 4 and 8 on two representative models. The horizontal
axis shows the number of vertices and the vertical axis is the

running time/speedup factor. . . . . ... ... L.

Xiv



4.10

4.11

4.12

4.13

5.1

5.2

Profiling of PVTP on an isotropic model (Hand) and
an anisotropic model (Model 100339 from the ThingilOk
dataset). The yellow and blue parts are the running time
of the parallel step and the sequential steps respectively.
PVTP-i denotes the parallel-VTP algorithm with 7" = i
threads. . . . . . ..
Performance and accuracy trade-off. We select three rep-
resentative models with low, middle and high degree of
anisotropy for test. . . . . ... ... L.
Relative mean error distribution of AVTP (row 1) and AICH
(row 2). (a) Results of AVTP with A = 8,32, and 128, re-
spectively. (b) Models around average value z: are marked
in dark blue for AVTP. (c) Results of AICH with A4 = 0.1.
(d) Models around average value xz are marked in dark blue
for AICH. . . . . . . ..
Speedup factor of PAVTP with 77 = 4 over AVTP. (a)
Speedup factor under different A and anisotropy degree 7.
(b) Models whose speedup factor is bigger than 2 are marked
indark blue. . . ... oo

Near repetitive patterns are commonly found in man-made
and natural objects. Some patterns are isotropic and equally
spaced to each other as (a) and (b) shows, whereas others
may be anisotropy, different sizes, orientations and arranged
non-uniformly as (c) and (d) displays. . . . ... ... ...
The points p;, p; in pattern P and their images ¢(p;), ¢(p;) in
to-be-discovered pattern Q. g(p;, p;) =~ g(¢(pi), ¢(p;)), where

g(pi, p;) denotes the geodesic distance between points p; and

pj' ................................

XV



2.3

0.4

2.5
2.6
5.7

2.8
5.9

Pipeline of our method on a golfball model. (a) Input model
and user-specified patch; (b) Forming and Classifying candi-
date matches; (¢) Energy optimization; (d) Arrangement for
all patterns. . . . . . . . ... L
Feature extraction for each sample point.(a) Sampled radius
line on geodesic disk;(b) Feature descriptor of one sampled
radius. . . . ..
Repetitive pattern detection results on asian dragon model.
Repetitive pattern detection results on different models.
Schematic diagram for anisotropic pattern. Point p;, p;, pr
in pattern P and their mapping ¢;, ¢;, ¢ in pattern ). Local
isometry invariant as g(pi, p;) ~ 9(di> ), 9(pis k) = 9(dis 01)-
The result of our method for anisotropic patterns. . . . . . .
Schematic diagram of adaptive pattern. Point p; and py in

pattern P and @) respectively. . . . . .. .. ... ... ...

5.10 The result of our method for adaptive patterns. . . . . . . .

XVi



List of Tables

3.1

4.1

4.2

4.3

5.1

Performance comparison with MMP, FWP-MMP, VTP algo-
rithm, where the unit of time is second, 7' is the number of
threads. The contents in parentheses means the number of

vertices on a model. . . . .. ...

Performance comparison of VI'P and the proposed parallel
and approximate variants (PVTP, AVTP, PAVTP (T = 4)).
T is the anisotropy degree of the input meshes and error is
the relative mean error. . . . .. . ...
Memory consumption of PVTP (with 4 and 8 threads), PCH
and AWP-CH. Our method generates significantly fewer win-
dows and consumes much less memory than the other parallel
algorithms. . . . . . ... o
Performance comparison between AVTP and Heat method
under same mean error. T,. denotes the time of preprocess
step and T}, denotes the execution time of Heat method. T

denotes the time of AVTP. . . . . . . . . . . ... ... ...

Runtime for detecting repetitive patterns on different models.
T, denotes the runtime of spectral clustering, T, denotes the

runtime of optimization. . . . . . . ... ... ... ... ..

xXvii



List of Algorithms

1 Mitchell-Mount-Papadimitriou(MMP) algorithm . . . . . . .
2 Parallel-MMP algorithm . . . . . . ... ... ... ......

3 Vertex-oriented Triangle Propagation Algorithm [3] . . . . . .
4 Parallel VTP . . . . . . .. ...
5 Approximate VIP . . . . . ... ... o000

6 Find Clusters of candidate matches in embedding space R3. .

7 Search all neighboring patterns by region growing method. . .

Xviil



Chapter 1

Introduction

1.1 Motivations

1.1.1 Geodesics

(@) ()

Figure 1.1: Illustrations of geodesic path. (a) A geodesic path on Earth; (b)
A geodesic path on Bunny model.

Finding shortest paths and distance between given points is a primary and
crucial problem in geometry and computer graphics. A shortest path be-
tween two given points is a straight segment in Euclidean space. Under

non-Euclidean space, a shortest path from a source to a terminal point is

1



a geodesic curve. 2-manifold is an example of such a space that a curved
surface in 3D Euclidean space. See Figure 1.1 (a). The surface of Earth is a
curved surface of this kind in our familiar real world, and a part of one circle,
as the shortest path between two locations on the Earth, is an example of a
geodesic path. Figure 1.1 (b) exhibits a geodesic path between two vertices

on a Bunny model constructed by a triangle mesh.

Figure 1.2: A geodesic curve on regular surface.

In differential geometry [5,6], a geodesic can be considered as an extension
of a straight segment from plane to the regular surface. See Figure 1.2.
Given a regular surface S, let v(S) be a curve on S. If the curvature vector
Y'(S) =k - B + k, - N of any point P € 7(S) coincides with the normal
curvature vector k,, - N), namely the geodesic curvature £, is equal to zero,
v(S) is a geodesic curve. A geodesic curve is locally shortest, but may not
globally shortest. For example, the arcs between two points on a spherical
surface where one arc is relatively short and the other is relatively long. The

shorter and the longer arc both are geodesic curves.

In computational geometry, a geodesic curve is generally regarded as the
shortest path between two given points along a discrete surface, such as

a triangle mesh. Most of discrete geodesic algorithms [3,7, 8] computed



geodesics by unfolding 3D triangle mesh to 2D planes. [7] gave a definition
of a geodesic path as “a path that passes through an alternating sequence of
vertices and edge sequences such that the unfolded image of the path along
any edge sequence is a straight segment”. This thesis focuses on discrete

geodesic algorithms.

1.1.2 The Discrete Geodesic Problem

The discrete geodesic problem can be divided into three types by the number
of sources and destinations: (1) single source and single destination; (2)
single source and all destinations; (3) all pairs. Most of existing methods [2,

4

3,7-13] focus on solving the “ single source and all destinations” problem,
since the first type [9,14] is closely related to the second and all pairs problem
[15,16] is rarely studied due to high complexity. The solution of the “single
source and all destinations” problem usually exhibits the geodesic paths or
distances from one source to all vertices on a triangle mesh as Figure 1.3.

This thesis works on studying the “single-source-all-destinations” problem

as well.

Figure 1.3: Geodesic paths from source to all directions and corresponding
isolines.



The discrete geodesic algorithm also can be classified into exact geodesic
algorithm and approximate geodesic algorithm. The representative exact
geodesic algorithms includes Mitchell-Mount-Papadimitriou (MMP) algo-
rithm [7], Chen-Han (CH) algorithm [8], improved Chen-Han (ICH) algo-
rithm [2] and Vertex-oriented Triangle Propagation (VTP) algorithm [3].
The approximate geodesic algorithms, such as the fast marching method
(FMM) [17], the heat method(HM) [18,19], saddle vertex graph(SVG) [10]
and discrete geodesic graph(DGG) [13,20], aim at less practical time and
lower error. This thesis works on developing more efficient exact and ap-

proximate geodesic algorithms.

Mitchell-Mount-Papadimitrion (MMP) algorithm [7] was first proposed
as an efficient exact discrete geodesic algorithm with time complexity
O(n?*logn) and space complexity O(n?) for an arbitrary polyhedron in 1987.
MMP algorithm inherited the tenor of the Dijkstra algorithm [21] and trans-
ferred the windows on edges into the nodes of Dijkstra graph. Later, Chen-
Han (CH) algorithm [8] was proposed with a “one angle one split” method
to avoid generating too many windows in 1990. CH algorithm propagated
windows in breadth-first-search (BFS) order and stored windows by a tree
data structure, thus CH algorithm achieved O(n?) time complexity and
O(n) space complexity. However, [9] implemented the MMP algorithm and
demonstrated that the practical time complexity of the MMP algorithm
was sub-quadratic in 2005. MMP algorithm is much more efficient than
the CH algorithm since it propagates fewer windows. In 2009, [2] proposed
improved Chen-Han (ICH) algorithm by creating “checking with vertices”
filter to remove 99% redundant windows and adopting a priority queue to
store windows as MMP algorithm doing. The performance of the ICH algo-
rithm is comparable with the MMP algorithm. In 2015, [12] proposed the
fast wavefront propagation (FWP) framework with the help of “buckets”

data structure. They organized windows with “buckets” container instead



of priority queue so that reducing the time complexity of adding or deleting
operations to O(1). Their FWP-CH and FWP-MMP algorithms are 3-10
times faster than original ICH and MMP algorithms. In 2016, [3] proposed
the vertex-oriented triangle propagation (VTP) algorithm which considers
vertices instead of windows as primitives in the process of geodesic wave-
front expansion. Their experiment showed that the VTP algorithm is 2-3
times faster than FWP-CH and FWP-MMP algorithms. So far, the VTP
algorithm is the fastest sequential exact geodesic algorithm with O(n?) time

and O(n) space complexity.

In recent years, the performance of many algorithms can be remarkably im-
proved by developing a parallel framework. There are some parallel geodesic
algorithm as well, such as [11,22] based on ICH algorithm, [22,23] based on
fast marching method (FMM) and [24] based on Heat Method (HM). This
thesis focuses on developing parallel framework based on MMP and VTP

geodesic algorithms.

1.1.3 Applications

Geodesic is widely used in computational geometry and graphics because
its good properties [25]. Computing geodesic paths and distance is applied
to many fields, such as robot motion [26], terrain navigation [7], geographic
information systems [27], industrial design 28], image processing [29], shape
segmentation [30,31], remeshing [32,33], shape descriptor [34], sampling [35],

non-rigid registration [36] and so on. For more information, please see [6].

Herein, we exhibit two examples, Geodesic Voronoi Diagrams, and Geodesic

Surface Correspondence.



1.1.3.1 Geodesic Voronoi Diagram

Voronoi Diagram is a partition from the whole to local regions based on
the distances between all points in a plane as follows. S denotes a set of
all points in a plane. Given a set of points P = {po, p1, D2, ..., pn} C S and
suppose that p; # p, for any ¢ # j. The Voronoi Cell VCp; of p; consists of

each point whose distance to p; is less than or equal to other p;, i.e.,

VC(pi) = {alDp,(q) < Dy,(q),i # j,q € S},

where D,,(q) denotes the distance between point p; and point ¢. Figure 1.4

shows an example of a Voronoi Diagram in Euclidean space.

Figure 1.4: 15 points and their Voronoi Cells in a plane.

[33] describes a definition of Geodesic Voronoi Diagram (GVD) on triangle
mesh, which extends the domain to manifold. The Geodesic Voronoi Dia-
gram of a given set of points P = {pg, p1, P2, -.-, pn } On triangle mesh M is a
set VD(P) = {VC(p1),VC(p2),...,VC(pn)}, where VC(p;) = {q|D,,(q) <
D, (q),i # j,q € M}. Herein, D), (q) represents the geodesic distance be-
tween point ¢ to point p;. Figure 1.5 shows an example of the Geodesic

Voronoi Diagram on a 2-manifold sphere model with ten sources.



Figure 1.5: 10 points and their Geodesic Voronoi Cells on a sphere model.

There are two main challenges in the process of extending the Voronoi Di-
agram to 2-manifold. The first challenge is the performance of computing
geodesic distance. Existing exact geodesic algorithms including MMP [7,9],
CH [8], VTP [3]. Another challenge lies in the inherent structure in the
Voronoi Diagram on triangle mesh. Any three lines which intersect with
one another form a triangle in 2D space. However, not all three intersecting
geodesics could form a geodesic triangle on triangle mesh instead. Any three
points that are not on a line uniquely determine a circumcircle in a 2D plane,
whereas such kind of geodesic circumcircle may not exist or many geodesic
circumcircles exist on 2-manifolds [37]. [33] fully analyzed the structure
of the Geodesic Voronoi Diagram and presented an efficient algorithm to

compute the Geodesic Voronoi Diagram on triangle mesh.



1.1.3.2 Geodesic Surface Correspondence

Shape and surface comparisons are required to shape recognition, shape
retrieval, registration, pattern detection, biological morphology, etc. [38§]
gives a detailed description of the geodesic shape and surface correspondence
in these fields. A corresponding map is a bijective mapping function between

the manifolds 2y and €2; as follow
Q. Q() — Ql.

This function means that for any sampled point x € Q, it will exist corre-

sponding point p(z) € 4, vice versa.

To find robust correspondence between manifolds in practice, not only sam-
pled points’ signature but also geodesic consistency are considered [36] as

follows

da, (7,y) = do, (p(z), 0(v)),
f(x) = f(o(x)),
fly) = fle(y)),
)

z,y € QOaSO(x)7SO(y € Qh

where d(z,y) is defined as the geodesic distance between sampled points x
and y, f(z) is defined as the feature vector at sampled point x [39]. This the-
sis proposes a novel method for detecting repetitive patterns on 3D models,
which also adopts the key idea of Geodesic Voronoi Diagram and geodesic

surface Correspondence.



1.2 Objectives and Contributions

This thesis aims at developing more effective discrete geodesic algorithms
from one source to all destinations on a triangle mesh. First, we intend to
develop a faster exact geodesic algorithm by parallelizing the classical MMP
algorithm, an efficient geodesic algorithm preserving geodesic paths. And
then, we move to design more efficient geodesic algorithm by parallelizing
and approximating VTP, the fastest exact geodesic algorithm at present.
Besides, we present a novel method for repetitive pattern detection on 3D

models as an application of geodesic distance.

1.2.1 Parallel Mitchell-Mount-Papadimitriou Algo-

rithm

The classical Mitchell-Mount-Papadimitriou (MMP) algorithm [7] was first
proposed as an efficient exact discrete geodesic algorithm from one source
to all destinations that adopted Dijkstra-like [21] manner. [9] first imple-
mented the MMP algorithm by dividing each triangle edge into intervals
called “windows” in the process of geodesic paths extending. Herein, win-
dows replace nodes in the graph of Dijkstra’s algorithm and are propagated
as a wavefront. Observing the MMP algorithm is the most efficient algo-
rithm to preserve geodesic paths, we aim at developing a faster algorithm

by parallelizing the MMP algorithm.

There are two main difficulties in designing a parallel framework for the
MMP algorithm, global priority queue who stores windows and pruning over-
lapped windows during propagation. The classical MMP algorithm main-
tains windows in a priority queue. Herein, we adopt “buckets” structure
in FWP-MMP for efficiency. There exists data conflict when windows are
added, deleted or modified concurrently in the same bucket container on

multi-threads. To overcome this problem, we pre-allocate memory for pos-



sible window operations as PCH algorithm [11]. Unlike the independent
checking for each window in the PCH algorithm, MMP algorithm prunes
overlapped part for every two windows. To parallelize window pruning, we
classify all new-generated windows by the index of half-edge and then clip

overlapped windows in different edges synchronously.

Our parallel-MMP framework includes five main steps: window selection,
window propagation, window organization, window clipping, and window
pushing. Window propagation and window clipping are concurrent steps
and there is no data conflict. Our experimental results show that our paral-
lel framework is about 1.6-1.7 times faster than the sequential FWP-MMP
algorithm based on 4 threads and has a comparable performance with the

VTP algorithm.

1.2.2 Parallel Vertex-oriented Triangle Propagation
Algorithm

Since our parallel-MMP algorithm’s performance based on 4 threads is just
equivalent to the sequential Vertex-oriented Triangle Propagation (VTP)
algorithm and many applications only need geodesic distances instead of

geodesic paths, we shift our attention to developing parallel VTP algorithm.

1.2.2.1 Parallel Exact Geodesic Algorithm based on VTP

The VTP algorithm takes vertices as primitives and aggregates multi-
windows operation to a window list by a half-edge structure. In each it-
eration, VI'P pops a vertex with the nearest distance and propagates all
windows inside this vertex’s one-ring area to update the wavefront. Since
there would be data conflict on window lists selection if we design parallel
operations for vertices and window operations costs most of time, we directly

design the parallel framework for window lists. Our parallel-VTP framework
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includes three main steps: K-nearest window list selection, parallel window
list propagation, vertex distance updating and window list merging. The
parallel window list propagation inherits all window pruning strategies in
the sequential VTP algorithm. Although there is only one concurrent step,
window list propagation, the time complexity of the other three steps is
only O(n). Our algorithm has an empirical O(”%) time complexity, where
n is the number of vertices and T’ is the number of threads. Experimental
results show expected performance that our parallel VTP algorithm is over
2.5-3 times faster than sequential VTP algorithm based on 4 threads and
4-5 times based on 8 threads for most of regular triangle meshes with over

1 million vertices.

1.2.2.2 Parallel Approximate Geodesic Algorithm based on VTP

Subsequently, we also propose an approximate geodesic algorithm based
on VTP. Observing that wavefront propagation of exact algorithms slows
down when the wavefront has a long circumference, hereby containing a
large number of pending windows at a certain moment, we propose an ap-
proximate version for VTP (AVTP) by resetting the windows on the current
wavefront regularly. Once the radius of the geodesic wavefront achieves the
pre-determined value which is controlled by A, we delete all windows on
wavefront and consider all vertices on the wavefront as new sources to prop-
agate so that our approximate algorithm reduces the number of propagated
windows and meanwhile maintains geodesic properties. AVTP has a the-
oretical time complexity O(nA), which is also confirmed by computational
results. The proposed parallelization and approximation techniques can be

either used separately or combined together.
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1.2.3 Repetitive Pattern Detection on 3D Models

There are many applications of geodesic algorithms in computer graphics,
such as remeshing [32, 33|, non-rigid registration [36], shape analysis [38]
and shape descriptor [34], etc, which require the query of geodesic distance
on a given polygonal mesh. Herein, we propose a novel method for detect-
ing repetitive patterns on 3D models with the aid of computing geodesic

distance.

Observing that repetitive patterns have consistent matching between the
corresponding feature points, we tackle the problem by an efficient local
feature matching algorithm. Taking a 2D-manifold triangle mesh M and
the user-specified to-be-detected pattern P as input, our algorithm solves
the pattern detection problem in two main steps as follows. First, with the
extracted signature from sample points on pattern P and the area around
P, we match the sample points in pairs. Then we cluster the matches to
classify several reasonable patches around the original pattern P. Second,
we achieve the optimal correspondence between patterns via a continuous
optimization, which not only matches the corresponding features between
patterns but also considers the feature consistency within each patch. Fi-
nally, we build arrangement graph by computing the Voronoi diagram of de-
tected patterns. Our method doesn’t assume potential patterns are regular.
As a result, it works for both isotropic and anisotropic, even non-regularly
distributed patterns. Moreover, our method can be accelerated by a parallel

implementation.

1.3 Report Organization

This thesis is organized as the following: Chapter 2 presents the related
work of geodesic algorithms and pattern detection; Chapter 3 exhibits our

parallel exact geodesic algorithm based on MMP; Chapter 4 exhibits our

12



parallelization and approximation method based on VTP; Chapter 5 pro-
poses a novel framework for detecting repetitive patterns on 3D models;

Chapter 6 concludes this thesis and describe feasible future work.
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Chapter 2

Related Work

This chapter reviews related work in the discrete geodesic problem and pat-

tern detection problem.

2.1 Discrete Geodesic Algorithms

This section studies the discrete geodesic algorithm by its sequential or par-

allel manner. The comprehensive surveys are given in [26, 38, 40].

2.1.1 Sequential Algorithms

The discrete geodesic problem could be classified into three types by the
number of sources and destinations: one-source-all-destinations, one-source-
one-destination, all pairs. Herein, we review these three types of geodesic
problem and especially studies the algorithms compute geodesic distances
from one source to all destinations since our work focuses on this class as

well.
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2.1.1.1 Single Source and All destinations

Mitchell-Mount-Papadimitriou (MMP) Algorithm The shortest
path problem on a polyhedral surface was first proposed by [41] in 1984.
They presented an O(n®logn) time complexity and O(n?) space complexity
algorithm to compute geodesic distances from one source to all destinations
on a convex polyhedron. In 1985, [42] gave an improved algorithm that runs
in O(n%logn) time and stores in O(nlogn) space for a convex polyhedron.
[43] extended [41] to non-convex polyhedra with O(n°) time complexity
in 1985, which established that the problem can be solved in polynomial
time. In 1987, Mitchell, Mount, and Papadimitriou (MMP) [7] first pro-
posed an efficient exact algorithm for the single-source-all-destinations dis-
crete geodesic problem on arbitrary polyhedron which has O(n?logn) time
complexity, where n represents the number of vertices on a triangle mesh.

[9] presented an implementation of the MMP algorithm in 2005.

Figure 2.1: Geodesic paths from the source S.

Imagining that there is a light source on the location of source vertex S. See

Figure 2.1. Geodesic paths from one source vertex to all other vertices on a
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triangle mesh can be visualized as rays emitting from the light source in all
directions. Intuitively, the shortest path must be a straight segment when
all passed faces are unfolded into a coincide plane. The basic idea of the
MMP algorithm is to track bunches of shortest paths that can be parame-
terized as windows in a “continuous Dijkstra” manner. Figure 2.1 presents
some examples of window as wg, wy, ws. Finally, all vertices’ geodesic dis-
tance can be updated by their adjacent windows. There are O(n) windows
that would be generated at most for one edge, and all upcoming updated
windows are stored in a priority queue. Therefore, the time complexity of
the MMP algorithm is O(n?logn) in the worst case and the space complexity
is O(n?). In practice, [9] observed that each edge has an average O(\/n)
windows for regular models since the number of edges can be considered as
being proportional to surface area and the number of edges passed by the
shortest path is proportional to the diameter. Their experimental results
also were corresponded with their observation that the empirical time com-
plexity is sub-quadratic. The newly generated windows may intersect the
old generated windows on the same edge during window propagation. In or-
der to ensure all windows cover the shortest paths, the overlapped windows
have to be pruned. The clipping can be operated by solving a quadratic
equation. Since our work of parallel-MMP is based on the classical MMP
algorithm, the more detailed techniques of the MMP algorithm are shown
in Chapter 3.

There are two typical published variances of the MMP algorithm for improv-
ing the algorithm performance. One is an implementation using edge-based
data structures presented by [4] which optimizes the algorithm by decreasing
the number of generated windows. Their results showed that the edge-based
implementation reduces 44% running time and 29% storage on average when
compared with the classical half-edge structure. The other is Fast Wavefront

Propagation(FWP) proposed by [12], which uses “buckets” data structure
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to organize windows during propagation so that it can process a number of
windows at each iteration. Their experiment resulted that the implementa-
tion of MMP based on the FWP framework ran 3-10 times faster than the
classical MMP algorithm. Besides, Hung [1] presented an improving MMP
algorithm by optimizing the techniques of solving the quadratic equation
during window clipping. Surazhsky et al. [9] also proposed an approximate
geodesic algorithm with bounded error, which added a merging operation

into classical MMP.

Figure 2.2: “One angle one split” filter rule. When two windows wy and w;
cover the same vertex Vj, only w; who provides shorter distance do+ || 1oV ||
> di+ || LV, || to Vg has two children (green), where d; denotes the shortest
distance from source S to pseudo-source I;.

Chen-Han (CH) Algorithm Chen and Han (CH) [8] proposed an O(n?)
time complexity and O(n) space complexity algorithm in 1990, which has
better theoretical time complexity and space complexity than MMP algo-
rithm. CH algorithm also organizes distance information by “window” and
propagates them like “continuous Dijkstra” Unlike the MMP algorithm,
this algorithm stores windows in a tree data structure and propagates win-

dows in breadth-first-search order. To avoid an exponential explosion, they
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proposed a “One angle one split” filter that if two windows covered the
same vertex, at most one of them could have two children windows. See
Figure 2.2. Chen and Han [8] proved that the total number of generated
nodes was O(n?) rather than an exponential size. Their CH algorithm low-
ered the space complexity to O(n) by only storing leaf nodes and those nodes
which occupied an angle or a saddle vertex. [44] gave an implementation of

the CH algorithm in 2000.

S d
Figure 2.3: “Checking with vertices” rule.

Although the CH algorithm has lower time complexity than the MMP algo-
rithm, in practice, MMP algorithm [9] is much faster than CH algorithm [44],
since there are too many useless redundant windows generated in CH algo-
rithm. In 2009, [2] proposed a simple method “checking with vertices”
to prune most of redundant windows of CH. See Figure 2.3. The window
W = (d, I, e, AB) represents a bunch of shortest paths entering the triangle
AVyViVs by edge VoV and arriving the segment AB on edge VoVa. [2] pre-
sented the theorem as Equation 2.1, where d; is the current shortest distance

from source vertex S to vertex V;, i = 0,1, 2. If the Equation 2.1 is satisfied,
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the window W should be removed.

d+ | TB || > do+ | iB |
d+ | TA || > di+ || A | (2.1)
dt+ | TA || > dot || VA |

2] also adopted a priority queue to control the order of window propa-
gation, which could generate fewer windows and accelerate the practical
time. Their improved Chen-Han algorithm(ICH) has comparable perfor-
mance with MMP algorithm [2,3]. Furthermore, [12] also improved the CH
algorithm by their FWP framework. The FWP-CH algorithm is 2-5 times
faster than the ICH algorithm.

[14] also proposed an approximate method to compute geodesic distance,
which changes the parameter A so that over-filtering out windows as Equa-
tion 2.2.

d+ || IB || +A > do+ || LB ||
d+ || TA || XA > di+ || ViA | (2.2)

d+ [ TA | +A > dot || VoA |

Vertex-oriented Triangle Propagation (VIP) Algorithm In 2016,
[3] proposed an exact geodesic algorithm based on vertex-oriented instead of
window-oriented in MMP and CH. Their Vertex-oriented Triangle Propaga-
tion (VTP) algorithm gathers window clipping operations within one same

triangle with the aid of the window list structure.

At each iteration, the nearest vertex is popped from the priority queue and
the window lists within the one-ring area of this vertex would be propagated.
A new wavefront is formed after the propagation of window lists. Once the
vertices” distance on the new wavefront has been updated, they are pushed

into the priority queue. All vertices’ geodesic distance would be figured out
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when the priority queue is empty.

Besides inheriting the window clipping strategies in the ICH algorithm, VTP
also gives exhaustive filtering methods during window lists propagation.
Since the VTP algorithm organizes vertices instead of windows in the prior-
ity queue and only stores the windows on wavefront, it achieves O(n?) time
complexity and O(n) space complexity. Their experimental results showed
that their VTP algorithm was 6 times faster than both MMP and ICH,
more than 3 times faster than FWP-CH, and 2 times faster than FWP-
MMP. VTP algorithm is the fastest sequential exact geodesic algorithm so
far. Since our work of parallel-VTP is based on this sequential VTP algo-
rithm, more detailed techniques of the VTP algorithm are shown in Chapter
4.

Other Algorithms Except for the three mentioned classical geodesic al-
gorithms and their variance, there are also approximate algorithms that
aim at reducing the computing time dramatically and promising acceptable

error.

The fast marching method (FMM) [17,45] and heat method (HM) [18,19] are
PDE approach, which computes geodesic distance by solving discrete partial
differential equations. FMM [45] is a popular numerical algorithm for solving
the Eikonal equation on a regular grid in O(MlogM) time complexity, where
M is the number of grid points. [17] extended the fast marching method
to triangular domain. They computed geodesic distances with same time
complexity as the original FMM method by solving a discrete version of the
Eikonal equation. [18,19] proposed the heat method to compute geodesics,
which places heat at the source vertex and diffuses it to all vertices. It’s
simple to implement heat method with the aid of solving a pair of standard
linear elliptic problems [18]. The experiment showed that the HM method

could solve the geodesic problem in near-linear time apart from the pre-

20



processing steps.

The saddle vertex graph (SVG) [10] method and the discrete distance graph
(DGG) [13] method are based on graph and include pre-process steps. They
encoded geodesic information into a sparse graph in advance and then used
Dijkstra’s algorithm to compute geodesic distances. There is a trade-off

process between time and accuracy which is controlled by their parameters

in SVG and DGG.

2.1.1.2 Single Source and Single Destination

Except for the algorithms from one source to all destinations, there is some
research work focusing on computing geodesic path for the single-source-

single-destination problem.

In 1985, [46] firstly posed an approximate efficient algorithm with polyno-
mial time complexity to compute the shortest path between two given points
in three-dimensional space including polyhedral obstacles that the motion
planning problem. There are some 1 + € approximate algorithms proposed

with a trade-off between accuracy and time cost, such as [47-51].

In 2005, [9] proposed an exact algorithm by utilizing pruned searches with
narrowing distance bounds like a continuous A* search [52]. In 2007, [53]
proposed an efficient locally exact shortest path algorithm on triangle mesh,
which evolves an initial approximately shortest path into a local exact short-
est path by finite iterations. In 2010, [14] applied their ICH algorithm to

compute geodesic distance between two points in a heuristic method.

2.1.1.3 All Pairs

Besides, there are some published algorithms in computing geodesic distance
between all pairs of vertices. In 1997, [54] proposed a O((y/n/m'/*)logn)

time complexity algorithm for querying geodesic distance between any given
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two points on a convex polyhedron with O(nSm!'*°) preprocess step. Then,

[55] speedups the preprocess [54] time complexity a linear factor in 2009.

In 2009, [16] proposed an exact algorithm to solve the all-pairs geodesic
problem for convex and non-convex polyhedrons, which firstly constructs a
vertex-to-vertex graph with minimal geodesic distance and then computes
the shortest distance between any given two points by searching the graph.
Their algorithm has exponential time complexity in theory and runs less

than O(n?) time complexity in practice.

In 2012, [15] presented an approximate algorithm to compute all-pairs’
geodesic distance, which includes a O(mn?logn) time preprocess step and a
O(1) time query step for any pair of points, where m(<< n) is specified by

user.

There exists some research work on computing the shortest paths in a graph
for all pairs of nodes as well. [56,57] proposed algorithms for computing the
shortest paths between all pairs in a weighted graph. [58,59] committed to

compute shortest paths in an unweighted graph.

2.1.2 Parallel Algorithms
2.1.2.1 Parallel Chen-Han (PCH) Algorithm

In recent decades, a number of sequential geodesic algorithms have been
parallelized to remarkably speed up the performance for large models. [11]
firstly developed a parallelized version of the classical Chen-Han(PCH) algo-
rithm in 2013. At the beginning of their algorithm, windows for each edge
facing source vertex are created. And then, it iteratively operates these
windows in four steps. First, the algorithm selects K windows which are
nearest to the source vertex. Second, to distribute these K windows to T’

threads and then propagate them in parallel. Herein, if a window w can
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provide a shorter distance for a vertex v, the algorithm will not immediately
update its distance information but create an update event for processing
later. Third, to organize the newly-generated windows in the memory pool
such that there are no memory gaps between adjacent windows. Finally, it
handles the update events and updates the corresponding distance informa-
tion. These four steps are repeated until all new windows in the memory
pool have been processed. The experimental results showed that their PCH
algorithm improves the efficiency an order of magnitude than ICH algorithm
on GPUs (Nvidia GTX 580) and the performance improvement is consistent

with GPU double-precision performance.

2.1.2.2 Autonomous Wavefront Propagation

Although PCH algorithm shows great efficiency, [22] mentioned its draw-
back that PCH algorithm is not fully parallel and its sequential part be-
comes dominant when the mesh complexity increases. For overcome this
difficulty, [22] proposes a fully parallel framework called Autonomous Wave-
front Propagation(AWP) in 2019. They constructed the propagation depen-
dency graph that consists of half-edges and vertices. Then, they define the
half-edge or vertex node as active state when the half-edge contains to-be-
generated windows or the vertex to-be-generate new windows. Since there is
no data conflict during generating new windows and updating information
within their own memory space, all the read and write operations can be
fully paralleled. Their experimental results showed that AWP-CH runs in
nP empirical time complexity, where p € [1.25,1.35]. There is a disadvan-
tage of AWP framework that it produce too many windows during window
propagation because they adopt first-in-first-out queue instead of priority
queue to organize windows. And the performance of one GPU core is much
lower than a CPU core, as a result, their AWP algorithm (GPU: GTX Titan
XP with 3840 CUDA cores) is only 2 times faster than the sequential VTP
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(CPU: Intel i7-7700k Quad Core 4.2 GHz). [22] also implemented the par-
allel version of approximate ICH [14] (AICH), the approximate AWP-CH

outperforms approximate ICH 4-9 times for all A € [0.01,0.2].

2.1.2.3 Parallelization On Partial Differential Equation Method

There also exist several parallel approximate geodesic algorithms based on

the Partial Differential Equation (PDE) approaches.

Parallelization of the Fast Marching Method [23] proposed a paral-
leled fast marching algorithm(PMM) that a raster scan-based version of the
fast marching algorithm in 2008. Although the PMM algorithm is several
orders of magnitude faster than the sequential FMM based on GPU, its par-
alleled structure doesn’t apply to the complicated surface. There are many
parallel implementations based on FMM [60] [61] [62], but they do not ap-
ply to the surface. [22] also implemented the parallel version of FMM which
applies to a triangle mesh. They considered each half-edge as a window, and
then operate their AWP framework to parallel the fast marching algorithm.
Their experimental results show that AWP-FMM is 3-8 times faster than
the sequential FMM based.

Parallel Heat Method [24] proposed a parallel and scalable implemen-
tation of Heat Method (HM) based on CPU in 2019. The classical Heat
method adopts the Cholesky factorization consuming too much time and
occupying memory. As a result, it doesn’t work for large models. [24] im-
proved the Heat method with four main steps: heat diffusion from source
vertex, gradient normalization, optimizing an integrable gradient field, and
recovering geodesic distance. Different from the classical heat method, their
Gauss-Seidel solver and the geodesic distance integration can be easily paral-
lelized and scalable. Their experimental results showed that their improved

Heat method significantly outperformed the sequential HM under the same
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accuracy. Moreover, its memory consumption is much lower than the origi-
nal Heat method. Therefore, it can work on large models with 200 million
vertices on a PC with 128 GB memory. It should be noted that the accuracy
of their method is also sensitive to triangulation quality. This problem could
be improved by Delaunay triangulation. However, it costs much time as a

preprocessing step.

2.2 The Repetitive Pattern Detection Prob-

lem

2.2.1 Pattern Detection for 2D Domain in Images

The pattern detection problem for images is a long-standing problem in
computer vision. The related published work could be classified into lattice
and non-lattice by their detective objects. We exhibit a few representative

papers as follows.

2.2.1.1 Lattice

[63] pointed out the importance of detecting repetitive elements in an image
in 1996. They proposed an algorithm to detect repeated scene elements in
an image, which utilizes window matching and region growing. Given the
interesting windows in the image, they computed the feature of each pixel
and matched neighbor elements with affine transformation. Their method

used the brute-force searching for detecting the elements.

[64] detected the repeated elements and constructing their geometric group-
ing from a perspective image in 1999. First of all, it identifies the interest-
ing element and hypothesizes the grouping region by Harris corners detec-
tion [65] and cross-correlation between elements. Then, the hypothesized

grouping is verified by local affine transformations. At last, it extends the
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grouping region by conjectural parameterized transformation and greedy

scheme.

In 2006, [66] proposed a higher-order feature matching algorithm to dis-
cover the lattices of near-regular textures in real images. It finds a plausible
lattice by iterative executing four steps as follows. First, to propose tex-
els by correlating the region around the user-specified patch and selecting
the peaks in the correlation score map [67]. And then, based on these po-
tential texels, it finds out the lattice assignment with the aid of high-order
assignment. This stage computes a higher-order feature affinity matrix be-
tween all potential texels and utilizes the spectral techniques to clustering
the high-order matches. The third step refines the lattice by bringing in
a few topological constraints to discard false-positive texels. Finally, their
method parameterizes a regularized thin-plate spline warp in case of geo-

metric distortion.

In 2009, [68] proposed a method for automatically detecting deformed wall-
paper patterns. First, it clusters the interest points and votes for consistent
lattice unit proposals. The 2D lattice detection problem could be transferred
into a multi-target tracking problem. Therefore, based on the lattice unit
result, then it utilizes an efficient Mean-Shift Belief Propagation method to
solve this problem in the Markov Random Field. Moreover, in the process
of the iteration, it also brings in the thin-plate spline warping technique to
rectify the deformation of the original lattice so that make sure the stability

of Markov Random Field.

In 2017, [69] first proposed a CNN based method for detecting repeated
patterns on a grid. The deep CNN filters encode features at conceptual levels
(from low-level patches to high-level semantics) as well as scales (from local
to global). Thus, the detection of repeated patterns on the lattice is more

robust on the situation of appearance variations in contrast to traditional
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methods [68,70]. [71] proposed an end-to-end pipeline that could find the
minimal repeating pattern in the texture which simplified [69] and ensured

the precise.

2.2.1.2 Non-Lattice

In 2003, [72] presented a system to detect regular repetitive planar pat-
terns (not necessarily coplanar) under perspective skew. The geometric re-
lation between such repeated patterns is characterized by a planar homology.
Therefore, the main task is transferred into finding out the planar homol-
ogy. It first detects repeated patches by affinely invariant neighborhoods,
which are robust to oblique viewpoints and nonuniform illumination. Then,
it considers a cluster of these neighborhoods in feature space, following by
inputting the cluster to the Cascaded Hough Transform to produce fixed
structure candidates. Finally, based on these fixed candidates, it hypothe-
sizes and validates the planar homologies by comparing the original image

with its “warped” version.

In 2013, [73] proposed a new framework for repetitive pattern detection and
grouping in a 2D image, called higher-level segmentation. Their method
follows similar steps as the classical region growing segmentation [74] algo-
rithm, but results in a set of repetitive patches. Given a user-specified area,
it extracts a texton template initially. First, to detect new candidate patches
matching the texton template by region growing. Second, to refine the sub-
space grouping by a mean-shift-like clustering. All repetitive patterns could

be detected by iteratively operate these steps.

In 2014, [75] proposed a novel method of detection, rectification and segmen-
tation of coplanar repeated patterns. There are five stages in their method:
feature appearance matching, projective distortion removal, motif construc-

tion, affine distortion correction, and non-linear optimization. First, it uses
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Maximally Stable Extremal Regions (MSER) features [76] with the Local
Affine Frame (LAF) extension [77] to extract Scale Invariant Feature Trans-
form (SIFT) descriptors [78], and computes the spectral clustering of the
descriptor matches. Second, to estimate a rectifying homography so as to
delete the matching features after rectification. Third, the pattern is con-
structed by the largest clusters’ SIF'T which defines local coordinate systems
at the origin of SIF'T. Then, it upgrades an affine-rectified pattern by utiliz-
ing a length constraint to reduce the affine ambiguity. Finally, it adopts a
non-linear least squares optimizer to minimize the possible re-projection er-
ror. As a result, their method can detect reflection, rotation and translation

symmetry.

2.2.2 Pattern Detection for 3D Domain in Meshes

There is some research work detecting intrinsic symmetry of 3D models [79-
83]. Since our work focuses on detecting repetitive patterns and explaining
the corresponding regularities beyond the symmetry detection requirement
on an input model, we list detailed techniques of existing repeated patches

detection as follows.

In 2007, [84] segmented periodic relief from a triangle mesh, and then ex-
tracted a single repeat unit from the relief. It utilizes a snake-based method
to detect the relief boundaries from a pair of user-drawn contours and seg-
ments away from the background. Taken the two points on one belief bound-
ary specified by the user, it computes the third point on the same boundary
and gets the coarse repeat unit by correspondences. Next, to refine the
matches by a surface registration strategy based on iterative closest point

(ICP) algorithm [85, 86].

In 2008, [87] proposed a computational framework for discovering regular

repeated 3D geometry. The detected shape is rigorously limited to consist
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of repeated elements in accord with the combination of Euclidean transfor-
mations which includes rotation, translation and scaling. Their framework
extracts regular patterns by three main steps as follows. First, to compose
the input model into small local patches and estimate similarity transforma-
tions between them. Then, this stage clusters the similarity transformations
to generate characteristic lattice patterns for shapes. The second stage es-
timates the parameters of the generative model by a global optimization
procedure in transformation space and outputs the regular structures at the
scale of the initial surface patches. Finally, it aggregates adjacent patches
and builds their larger repetitive structures by a simultaneous registration

method.

In 2010, [88] first attempted to detect intrinsic repeated geometries under
isometric deformations by generalizing [87]. It utilizes multidimensional
scaling (MDS) to map an intrinsic surface into a Euclidean one. Therefore,

the problem is transferred to the case of Euclidean regularities again.

In 2014, [89] proposed a novel method for discovering near-regular struc-
tures on 3D models, which formulated the repetitive pattern detection prob-
lem as a constrained optimization with both geometric and topological as-
pects. Taking a triangle mesh as input, it initially obtains the set of sam-
ple points on the surface and constructs near-regular geodesic subdivision
as follows. First, to connect geodesic curves whose length is smaller than
dmae between pairwise sample points so as to form a candidate curve set.
Moreover, it needs to assemble valid closed loops based on the graph con-
structed by geodesic curves and perturb the loops so as to move all geodesic
curves to the triangle edges. Second, to generate the candidate patches in-
side the nonempty valid closed loops. At last, their method extracts the
near-regular geodesic subdivision by selecting a subset of patches to mini-

mize combination constrained optimization by integer program formulation

29



and linear programming relaxation. They showed that this kind of mixed
discrete-continuous problem can be efficiently solved using linear program-
ming techniques. However, their method assumed the repeated patterns are
isotropic, of similar sizes, and regularly arranged on the surface. As a result,
it does not work for patterns with high degree of anisotropy or non-uniformly

distributed patterns with varying sizes.
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Chapter 3

Parallel
Mitchell-Mount-Papadimitriou
Algorithm

This chapter focuses on developing a parallel framework based on the classi-
cal Mitchell-Mount-Papadimitriou(MMP) algorithm. The MMP algorithm
takes windows as primitives and maintains a priority queue to control the
order of window propagation and window clipping to propagate geodesic
paths. The difficulty of parallelizing the MMP algorithm is to handle the
strong data dependency of window clipping during window propagation. To
overcome this problem, we set up five main steps: window selection, window
propagation, window organization, window clipping, and window pushing in
our parallel MMP framework. There is no data conflict in our concurrent

steps that window propagation and window clipping.
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Figure 3.1: A shortest path that the black polyline from the source S to the
destination 7" on the face sequence F'.

3.1 Preliminaries

3.1.1 Geodesic Paths

The shortest path in the 2D plane is a straight segment between two points.
A geodesic path on a triangle mesh is also a locally straight polyline along
with the unfolding image. See Figure 3.1. Herein, we cite the complete
definition of a geodesic path from [7] as Definition 3.1. A face sequence
F'is defined as a list of adjacent faces fi, fo, ..., f;, which f; and f;y; share
a common triangle edge e; as shown in Figure 3.1. The list of edges £ =
(e1,€9,...,em_1) is an edge sequence E. [7] also gave a definition of planar
un folding that is often used in the research of geodesic path on a triangle
mesh. An edge sequence E = (e, e, ..., €,) is unfolded as follows: rotate f;
around e; until its plane is coplanar to that of f5, rotate f; and fy around
eo until their plane is coplanar to that of f35, and repeat this way until all

the faces f1, f2, ..., fm_1 locate on the plane of f,, ;.

Definition 3.1. “The general form of a geodesic path is a path which
goes through an alternating sequence of vertices and (possibly empty) edge
sequences such that the unfolded image of the path along any edge sequence
s a straight line segment and the angle of the path passing through a vertex

is greater than or equal to m.”
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There are three possible situations of the local geodesic path between two
endpoints as shown in Figure 3.2. Figure 3.2 (a) (b) exhibit the shortest
path as a black segment within a (unfolding) 2D plane between S and 7.
Figure 3.2 (c) represents an shortest path through the saddle vertex D as a
black polyline from source S to termination 7. A vertex is called saddle if

its total angle is bigger than 2.

(a) (b) (c)

Figure 3.2: Three types of local geodesic path. (a) The shortest path within
one triangle; (b) The shortest path along unfolding triangles; (¢) The short-
est path through a saddle vertex.

3.1.2 Windows

Let M = (V,E,F) be a triangle mesh, where V', E| F represents the set
of vertices, edges, and faces respectively. Given a source vertex S, our
task is to find the geodesic paths from S to all vertices v; € V' on mesh
M. One example of the geodesic paths in local triangle mesh is illustrated
in Figure 3.3 (a). The geodesic paths emit from source vertex S to all
directions, MMP algorithm adopts the “window” structure to track groups
of shortest paths which share the same face-edge sequence. Suppose vy
and v, are saddle vertices, the geodesic path from source S to any point
p € wy and the geodesic path from source S to any point ¢ € wg must pass
through vy and vy respectively as Figure 3.3 (a). vy and v; are defined as

pseudo — source in this situation, namely, the geodesic path emits from a
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pseudo-source when it meets a saddle vertex.

S
y
v(Xy, Yy)
0 (xsta’ . (*enda, 0) -
p(xp' 0)

(a) (b)

Figure 3.3: The illustration of windows. (a) Windows on local triangle mesh;
(b) The window structure.

The window structure is denoted by a 6-tuple (Zsiare; Tend, Tos Yo, dv, T) in
MMP algorithm. Suppose that geodesic path starting from the source vertex
S passes through one or more saddle vertices on its way, the pseudo-source v
is the nearest saddle vertex to the window w, p is any point in window w. Let
d, represents the length of geodesic path from source S to pseudo-source v,
d(v, p) represents the geodesic distance between pseudo-source v and point
p, and d, represents the length of geodesic path from source S to point p.
Obviously, the value of d, equals to the sum of d, and d(v,p). In order
to compute conveniently, the window is transformed into a 2D coordinate
system as Figure 3.3 (b). The origin locates in (0,0), (Zgart,0) and (zeng, 0)
are the coordinates of window endpoints, the pseudo-source v is represented
by (z4,y,) and the point p is represented by (z,,0). The parameter 7 is a
binary direction that identifies the pseudo-source v lies in which side of the

window w. Then the geodesic distance d, can be computed as follow:

d, =d, + \/(:vv — )% 4+ Y2 (3.1)
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3.1.3 Window Propagation

In the process of window propagation, new windows would be generated on
the corresponding opposite edges. Suppose a window w lies on edge Tov; of
Avyv1vg, new windows will be found on edge 7703 and edge T51y. Broadly
speaking, new potential windows are generated in three ways. As shown in
Figure 3.4 (a), the rays from pseudo-source vg extend through old window
w towards one edge U505 and arrive on new window wy. The new window
wy can be represented by its 6-tuple, as vertex vy will represent its origin on
2D coordinates. The pseudo-source v, and the pseudo-source distance d,, are
unchanged, the parameter 7 is assigned to point into face Avgvivs. Likewise,
as shown in Figure 3.4 (b), two new windows w, and w; are generated when
the rays field covers the new intervals on edge U537y and edge vyv;. Figure 3.4
(c) shows a special case of window propagation when one of the endpoints of
old window w is a saddle vertex v; and meanwhile a part of triangle Avgvivy
lies to the right of ray(v,,v1). Since the shortest paths to the unilluminated
area must pass through vertex vy, v; will be a new pseudo-source. In this
case, new windows w; and ws are generated except for new window wy which
is illuminated by old pseudo-source at vertex v,. The definition of the new
window wg is similar to the two former cases. For the definition of new
windows w; and ws, the pseudo-source vy will be updated by new pseudo-
source vy, the pseudo-source distance d, will be updated by the geodesic

distance d,, between vertex v; and source.

3.1.4 Window Clipping

The new potential window may intersect the old window on the same edge
during the propagation. To ensure that all windows cover the shortest
paths, the overlapped windows have to be clipped. As shown in Fig-

ure 3.5 (a), windows wy and w; intersect at interval [bg, b1, vertex s
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Figure 3.4: Window propagation on the opposing edges. (a) Only one new
window wy is generated on the edge Tovz; (b) Two new windows wy and w;
are generated on the edge Tyv; and T307 respectively; (¢) Special case as vq
is a new pseudo-source, wy, wy and wy are generated.

y
So 21
/
/
0 wo by b wi

Figure 3.5: (a) Windows wy and w; intersect at interval [by, b1]; (b) One
clipping case at point p. It’s equal that the length of paths which pass
through different pseudo-source vertex so and vertex sy, i.e., ds, +||so — p|| =

dsy +[ls1 = pl-
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and vertex s; are pseudo-sources, ds, and d, represent the shortest dis-
tance from source to pseudo-sources sy and s; respectively. To clip the
overlapped interval [bg, b1], it’s the key to find splitting points with equal
distance defined by different windows. As shown in Figure 3.5 (b), the
length of path which passes through window wg,w; can be described as:
Do(p) = dsy + /(25 — 1p)2 + Y2 and 1(p) = dsy + /(w5, — )2 + Y, 2

respectively in the 2D coordinates.

Define ®(x) as the difference:

(z) = O1(z) — Po(7) = ds, —ds, + \/(x81 — )2+ Y% — \/(xs() — )2 + sy
(3.2)

The x-value of possible clipping point p must be the solution of ®(z) = 0

as:

ds; — dsy + \/(x81 - x)z + Ysy 2 — \/(5550 - x)z + Yso? = (3'3)

[9] showed that Equation 3.3 is able to be simplified to a quadratic equation

with one unknown in the required range, i.e., € [bg, by such that

Az’ + Br+C =0, (3.4)
where:
1
A=a’—f  B=rqat2m,0,  C=9"—|s8,
with:
2 2 2
Q= Ts — Ty, 6:d81_d807 ’7:H50|| _H51H _ﬁ )

Is0ll = Vzso? +4s0® sl = Vws® +ys,
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Finally, they find the reasonable x-value by judging the solutions whether
they exist in the intersection [by, b1]. Although the manner of solving the
quadratic Equation 3.4 is well-understood, the unnecessary square-root cal-
culations happen during computing delta/A and unreasonable solutions. To
avoid these disadvantages, [1] presented a method which checks whether the
solutions of Equation 3.3 exists inside the intersection [by, b1] before solving

its quadratic Equation 3.4 as below.

Situations P(x) Clipping Strategies
1Xgy = X0 Vsg = Yoy sy # s, ) = dy, —dy, 1) Ifdg, < d,, del(syboby); 2) If d, > d,, del(soboby).
O, = ¥s) O, +95,)
2.X5, = X5, Y5y E Vo,u s, = ds, D(x) = W 1) If yg, < ¥s,, delsyboby); 2) If s, > ys,, del{soboby).
3x. #x —y d =d Based on Equation 3.5 and 3.6, ®'(x) < 0 is a monotonic 1) Ifx* < by, del{soboby); 2) If x* > by, del(s;byby);
Kso F XYoo = Vs sy = sy decreasing function. Assume that ®(x*) = 0. 3) If x*e(bg, by), del(syhox*)(sox*by)

:,,,/f‘,\,,,,)&,:%su For case a) and case b):
_ o 1) If x* < by, del(sobob;);
Xy # sy oo # Yoy = dy 2) 1f x* > by, del(syboby);
""""""" 6 =) 3) If x"€(bo, by), del(sybox"){sox" by ).
@) Ys, < Vs,

For case a): (case b) could be analysed similarly.)
1) If ds, — ds, > 0, del(sybob, );
2) Ifds, —ds, + Y5, — ¥5, <0, del(sobyby);
d, — d, + Y5, — Vs, 3)If ds, — dg, < 0andds, —dg, +¥s, — ¥s, > 0, compute xg
5.Xg = Xgp Yy # Yorsdsy F s, | e e —— and x{ by Equation 3.3.

—_Xo._ | - D B 3.1) If x5 > by or xj < by, del{sobob,);
dg, —dg, 3.2) If x5 < by and x; > by, del{s,bob,);
@)y, <. 3.3) If x§ > by and by €(xg, x7), del{sobox§)(s1x5by );
0 7S 3.4) If x < by and bye(xg, x7), del(s; box})(soxiby);

3.5) If xg > by and xj < by, del(soboxg)(s1x5x; {sox; by)

®(x) has alocal extremum d;, —
x’”;x“, Equation 3.3

has two potential solutions x5 =

dg, at X = 1) Ifdg, — dg, + x5, — X5, < 0, del{soboby);

2) If dg, — ds, — (x5, — x5,) > 0, del{s; boby);

3) Ifdg, — dg, + x5, — x5, > Oand dg, — ds, — (Jcs1 - xsn) <0,
compute x* and clip wy, wy as Situation 4.

6.x5, # X5, Y5, = Vs,0 sy # ds, Vi . Vi
Xext — 50 X1 = Xext 51 Ifds, —
ds, > 0,x" = x{; Ifds, — dg, <0,
X" =x;

For case a): (case b) could be analysed similarly.)

1 Ifds, —dg, — (X:, 7)(;0) > 0, del(s; byby);

2) If @y < 0, del{soboby);

3) Ifdg, —ds, + (x51 7xsq) < 0and @, > 0, compute x5 and
x1 by Equation 3.3 and clip wy, w; as Situation 5. case a).3).

) Ifdg, — dg, + (x5, — x,) > 0and dg, — dg; — (x5, — %)) <O,
@) s, < Vs, b) ys, > ¥s, compute x* by Equation 3.3 and clip wo, w, as Situation 4.

7-Xsy # X510 Ysg F Yyr sy # ds,

Figure 3.6: Window clipping strategies [1]. Assume that z,, < x5, and
Yso» Us, > 0 in all situations. del(sbyb;) represents deleting the window or
sub-window defined by this three points.

[1] is based on the first order derivative of ®(z) and it’s transformation:

'(x) = I(x) = Iy(),
)

_ h@)a —21) = L)@ = a) (35)
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where:

Lo(@) = V(e — ) + 5% Ti(x) = V(s — ) + 4,2,
F(z) = (z — x,) *ysy + (x — Tsy) * Ysy,

G(7) = (T = 25,) % Yso — (T — Tg) * Yy,

H(z) = (z — xy,) x To(x) + (2 — 2) * [1().

Assume that zg, < xs,,ys, > 0,95, > 0, the monotonic of ®(x) can be
identified by judging whether the value of ®'(x) is positive or negative ac-
cording Equation 3.5 or Equation 3.6 under different situations. And then

the clipping strategies are generated as shown in Figure 3.6.

3.1.5 The MMP Algorithm

Algorithm 1: Mitchell-Mount-Papadimitriou(MMP) algorithm

Input: A triangle mesh M = (V, E, F'), source vertex s.

Output: The geodesic distance d; for each vertex v; € V.

Assign geodesic distance dg of source vertex with zero and all other
vertices’ d; with +oo.

2 Create a priority queue WindowQueue.

o N o o s w

©

Create windows for each edge opposite to the source points s and push
these windows into priority queue WindowQueue.
while WindowQueue is not empty do
Pop a window w,,;,, from WindowQueue.
Wnew = Propagate(wmin)-
Wres = Chpping(wneun wold)'
Update priority queue WindowQueue with the result windows w.;.
Update the geodesic distance d; for each vertex v; with shortest
distance information of adjacent windows.

The main steps of the MMP algorithm are given as Algorithm 1, please refer
to [7] [9] for more details. MMP algorithm first assigns the distance value of
source s with zero and other vertices” with infinity. To create the windows

for each edge opposite to source s which cover the whole edge, and to push
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them into the priority queue WindowQueue so that initializing the following
window propagation, where WindowQueue is sorted with window distance

from source vertex.

Firstly, to pop the window w,,; with the shortest distance from priority
queue WindowQueue. Secondly, to propagate window w,,;, and generate
new windows as Section 3.1.3. Thirdly, to clip overlapped part between
new-generated window and old window as Section 3.1.4. Fourthly, to push
the result window after window clipping into priority queue WindowQueue.
These four steps are repeated until WindowQueue is empty. Finally, to
update the geodesic distance d; for each vertex v; with shortest distance
information of adjacent windows. The basic idea of the MMP algorithm is
to propagate the groups of shortest paths, namely windows, through triangle

faces in Dijkstra-like [21] manner.

Let n be the number of vertices on the triangle mesh, the number of gen-
erated windows is O(n?) in worst case [7]. It consumes O(logn) time to
pop or push a window from or into a priority queue. Therefore, the time
complexity of the MMP is n2logn. MMP algorithm needs to store all win-
dows, so it has O(n?) space complexity in the worst case. [9] observed that
each edge has O(y/n) windows on average for uniform distributed triangle

meshes, therefore MMP algorithm has O(n'?®) empirical time complexity.

3.2 Parallelization

3.2.1 Overview

Our parallel-MMP algorithm includes five main steps: window selection,
window propagation, window organization, window clipping, and window
pushing as Algorithm 2. The two main time-consumed steps that window

propagation and window clipping are concurrent, others are sequential. Dif-
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ferent from the classical MMP algorithm, we adopt “buckets” structure [12]
instead of priority queue to control the order of window propagation in

parallel-MMP.

Algorithm 2: Parallel-MMP algorithm
Input: A triangle mesh M = (V, E, F'), source vertex s, the selection
parameter K and the number of CPU threads T

Output: The geodesic distance d; for each vertex v;.

Initialization: Create windows for edges opposite to source s and push
them into windows container WindowQueue.

while WindowQueue is not empty do

Select K windows from WindowQueue.

Concurrently Propagate K selected windows in 7" threads.

Organize the newly-generated windows by the index of half-edge.

Concurrently Clip overlapped windows in 7" threads.

Push the new and updated windows into WindowQueue.

Update the geodesic distance d; for each vertex v;.

At the beginning of our parallel-MMP algorithm, we create windows for
edges opposite to source s and push them into the buckets WindowQueue
so that initializing the following windows operations. Firstly, to select K
approximate nearest windows from the buckets WindowQueue. Secondly,
to concurrently propagate these K windows and generate new windows in
T threads. Thirdly, to classify the new-generated windows so that the win-
dows on the same half-edge could be aggregated. Fourthly, to concurrently
clip the overlapped windows in 7" threads. There is no data conflict since the
intersected windows on the same half-edge are clipped in the same thread.
Fifthly, to push the new-generated and updated windows after clipping into
the buckets WindowQueue. These five steps are repeated until the buckets
WindowQueue is empty. Finally, to update the geodesic distance d; for each
vertex v; with shortest distance information of adjacent windows. Figure 3.7
shows the pipeline of the parallel-MMP framework, the implementation de-

tails as following subsections.
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Initial windows

@ Push initial windows

@ [ Select K windows from WindowQueue ]

Concurrently propagate
Push K windows in T threads

new

windows
Organize new windows

by the index of half-edge

Concurrently clip overlapped
windows in T threads

4
a B B

1 EI EI Store new windows

T T T

Figure 3.7: Pipeline of parallel-MMP algorithm.
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3.2.2 Data Structure

WoWq

0o ! 2l . Eh
(d)

()

Figure 3.8: (a) Global memory to store windows on edges; (b) Buffer to
store temporary generated windows or active half-edges; (¢) Buckets to con-
trol the order of window propagation; (d) Global halfedge-window mapping
container.

Let M = (V,E,F) denote the input triangle mesh, where V, E and F
are the set of vertices, edges and faces respectively. We adopt half-edge
data structure to represent mesh M. Besides the window structure as Sec-
tion 3.1.2, there are four kinds of structures in our algorithm as shown in
Figure 3.8. Figure 3.8(a) is a global container to store all generated windows’
information which each thread can read and write. Figure 3.8(b) represents
the buffer during our algorithm. We utilize buffer queue to store temporar-
ily generated windows’ information or the index of active half-edges. Fig-
ure 3.8(c) is the “buckets” which consists of multi double linked lists. The
i-th double linked list stores the pointers of windows whose geodesic dis-
tance between [ix[, (i+ 1) * ], where we assign the [ as the average length of
edges on a triangle mesh. Our parallel-MMP algorithm adopts “buckets” to
store the windows which are about to propagate. Figure 3.8(d) is a global

container to store the mapping relationship between half-edge and their win-
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dows’ information so that we can classify all new windows. h; represents the
i-th half-edge and points to the queue of storing the windows that lie on this
half-edge. The details of utilizing these four structures are exhibited in the

following description of our five main steps.
3.2.3 Initialization

Wo W1 Wy W3 Wy Ws

@ Push initial windows
Ws
Wy
W3
wq
Wo w3
o 1 2 .

(a) (b)

Figure 3.9: Create initial windows and push them into the buckets according
to geodesic distance. (a) The bold blue lines denote the initial windows
W, w1, We, w3, Wy, ws which cover edges opposite to source s; (b) The blue
container stores windows’ information as global memory, the grey buckets
stores the pointer of windows.

Function Initialization(source s):

/* Create windows for covering each half-edge h;
opposite to source s and push them into buckets
WindowQueue. */

/* N is the number of edges opposite to source s. x/

for i <~ 0 to N do

Create a window 6-tuple w; = (Zgart, Tend, Ts, Ys, ds, T) for

half-edge h;.

Store w; into global window container W.

/* d; denotes the geodesic distance between source s
and window w;, ! denotes width of each bin. */

| Push the pointer of w; into the buckets WindowQueue.bin[| % |].

At the beginning of our algorithm, as Algorithm 2 line 1 shows, we plan
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to create windows for each edge opposite to source vertex s and push these
windows into the buckets WindowQueue to initial the whole algorithm. See
Function Initialization. As an example as Figure 3.9(a) that a local trian-
gle mesh, we create initial windows wy, w1, ws, w3, wy, w5 and store them in
global container W. Then we push these initial windows into WindowQueue
according to their geodesic distance. The buckets WindowQueue consists
of multi bins which are implemented by a double linked list. The i-th
bin contains the windows whose geodesic distance between [i [, (i + 1)I],
where [ represents the average length of edges on the input triangle mesh.
As shown in Figure 3.9(b), we push the pointers of wy, wy, ws, wy, ws into
WindowQueue.bin]0] and push the pointer of ws into WindowQueue.bin[1]

since its geodesic distance is bigger than the average length [.

3.2.4 Window Selection

Pop K windows

L IF 1 : 1
i G+ - i G+l -

Select K windows

[ |

Figure 3.10: Selection K windows from buckets.

In each iteration, we select K approximate nearest windows from
WindowQueue as shown in Figure 3.10 at first in order to parallelize win-
dow propagation next step. See Function Window Selection. As an example

of Figure 3.10, we pop 5 nearest windows except for ws and store these
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Function Window Selection(parameter K):

/* Keyrrent denotes the number of selected windows. */
Assign keyprent With zero.

/* WindowQueue.bin[first] is the first nonempty bin in

the buckets. x/

while k.yren: < K do
while WindowQueue.bin|first] is empty do

L first < first +1

Pop a window from the buckets WindowQueue.bin|first] and
store it into buffer T'oPropagateQueue.
L kcurrent < kcur’rent + 1

windows’ pointer into buffer queue ToPropagateQueue. In this step, we
also bring in the property of Fast Wavefront Propagation [12] that selecting

multi popped windows and meanwhile maintaining high-quality wavefront.

3.2.5 Parallel Window Propagation

Selected K windows

|
f )

T rl\[ TN T T§

Figure 3.11: Concurrently propagate selected windows on multi threads.

We regard the windows’ pointer container T'oPropagateQueue as the input
data in the Parallel Window Propagation Step. See Figure 3.11, the K
selected windows could be propagated concurrently as Section 3.1.3 on T
threads evenly and the newly-generated windows are stored into the buffer

queue NewWindowBuf fer for linking next step.
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Function Parallel Window Propagation(Selected windows
ToPropagateQueue):
/* Nyin is the size of ToPropagateQueue that the number
of selected windows. x/
Parallel For 7 < 0 to N, do
/* ToPropagateQueueli] denotes the pointer of
corresponding window. x/
Propagate T'oPropagateQueueli| as Section 3.1.3.
Store newly-generated windows into the buffer queue
NewWindowBuf fer.

3.2.6 Window Organization

In the sequential MMP algorithm, there is a window clipping operation fol-
lowing the window propagation to make sure all windows cover the shortest
paths. In our parallel framework, we add Window Organization step for
preparing to parallelize window clipping later. The newly-generated win-
dows are classified by the index of half-edge as shown in Figure 3.12. The
half-edge which includes newly-generated windows is called active. We store
the index of active half-edges into buffer queue Active Hal fedge Buf fer. By
accessing the new windows in NewWindowBuf fer, we store the pointer
of the newly-generated windows into the corresponding half-edge queue in

global mapping container Hal fedge.

Function Window Organization(Newly-generated windows
NewWindowBuf fer):
/* Nyin is the size of NewWindowBuf fer that the
number of newly-generated windows. */
for i + 0 to N, do
/* h; is the index of active half-edge where window
NewWindowBuf fer[i] 1ies on. */
Store h; into buffer queue ActiveHal fedgeBuf fer.
/* w; is the pointer of window NewWindowBuf ferli].
*/
Push w; into global mapping container Hal fedge[h;].
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Figure 3.12: Organize newly-generated windows by the index of half-edge.

3.2.7 Parallel Window Clipping

After window organization step, the clipping operation for newly-generated
windows could be parallelized as Figure 3.13 and Function Parallel Window
Clipping. There is no data conflict since the overlapped windows within the
same half-edge are clipped within the same thread. Note that there exist
possible window adding, deleting, modifying operations during parallelizing
window clipping. For preserving the parallelization of window clipping op-
eration, we pre-allocate sufficient global memory in advance to write new
windows without data conflict. As a result, the modifying, adding, deleting
operations both can be concurrently in global memory container since the
deleting operation is equivalent to re-allocate memory for new windows in
advance. In addition, we utilize buffer queues ActiveWindows[thread.id)
and RemoveWindows(thread.id] to record the added, updated and deleted

windows so that updating the buckets WindowQueue in next step.
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Figure 3.13: Concurrently clip overlapped windows on multi threads.
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1 Function Parallel Window Clipping(Active half-edges

10

ActiveHal fedge Buf fer):
/* Nj is the size of ActiveHalfedgeBuf fer that the
number of active half-edges. */
Parallel For 7 < 0 to N}, do

/* ActiveHal fedge Buf fer[i] denotes the pointer of
corresponding window. x/

h; < ActiveHal fedge Buf ferli].

while Hal fedgelh;] is not empty do

Pop a newly-generated window wy,,, from Hal fedge[h;].

/* Njs is the number of existing windows on this
half-edge in global memory. */

for j < 0 to N, do

if w; N Wyew # © then

Clipping(w;, Wpew)-

/* thread.id is the index of thread currently.
*/

Record possible added and updated windows as

ActiveWindows[thread.id).
Record possible deleted windows as
RemoveWindows[thread.id).

3.2.8 Window Pushing

RemoveWindows ActiveWindows

Figure 3.14: Push and update windows for WindowQueue.
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Function Window Pushing(Buffer queue ActiveWindows and
RemoveWindows):

/* T is the number of threads. */
for i < 0 to 7T do
/* N, is the size of RemoveWindowsli]. */

for j + 0 to N, do
Waelete <— RemoveWindows|i][j].
Delete the pointer of window wgeete from WindowQueue.

/* N, is the size of ActiveWindowsli]. */

for j + 0 to N, do

Wada < ActiveWindowsli][j].

/* duqq is the geodesic distance from wgyy to
source, [ denotes the width of each bin. x/

Push the pointer of window w,4q into the buckets

WindowQueue.bin|| 92 |].

At last, we delete the pointers of RemoveWindows from WindowQueue
and push the pointers of ActiveWindows into the buckets WindowQueue.
See Function Window Pushing and Figure 3.14, which it runs O(1) time
for per deleting or adding operation. The five steps are repeated until
WindowQueue is empty. Finally, we update the geodesic distance for each

vertex by its adjacent window with the shortest geodesic distance.

3.2.9 Correctness and Performance Analysis

Our parallel-MMP algorithm has the same results as the sequential MMP
algorithm in theory and practice because our parallel-MMP algorithm only
modifies the order of window propagation and avoids all possible existing

data conflict.

The classical MMP algorithm runs in O(n?logn) time complexity, for it
adopts the priority queue to store windows and control the order of win-
dows propagation. In fact, our parallel-MMP algorithm is a parallel version

based on the FWP-MMP algorithm with O(n?) time complexity, since we
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adopt the “buckets” data structure instead of priority queue to organize
windows. Since the number of windows is O(n?) [9], the parallel window
propagation and parallel window clipping have O(n?/T') time complexity,
where T' denotes the number of threads based on CPU. Other steps’ time
complexity is O(n?). In total, the complexity of our parallel MMP algorithm
is O(n?/T + n?).

3.3 Experimental Results

3.3.1 Environment Setting

Figure 3.15: Two results of our parallel-MMP algorithm. The left image
represents a Bunny model with 500 thousand vertices; the right image rep-
resents a FantasyDragon model with 2 million vertices.

We test our parallel-MMP algorithm on various models. Figure 3.15 shows
the geodesic isoline result of two models, where the blue vertices are nearer
than the read vertices to the source. To evaluate our parallel-MMP further,
we compare our algorithm with the state-of-the-art algorithms, MMP, FWP-
MMP, VTP. See Table 3.1. The whole parallel-MMP algorithm is 1.6-1.7
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Parallel-MMP

Model MMP | FWP-MMP VTP T=1 T—5 T—1
Fandisk(215k) 79.882 26.891 21.973 28.01 21.121 16.014
Block(315k) 128.893 37.973 27.328 | 40.521 29.803 23.15
Impeller(317k) 113.494 37.492 27.198 | 39.717 | 29.748 | 23.428
Bunny(500k) 374.026 89.894 58.433 | 94.017 | 69.936 | 53.543
Bimba(500k) 281.686 78.042 41.164 | 82.616 | 60.757 | 45.571
Hand(575k) 752.561 184.103 101.597 | 193.325 | 143.431 | 109.43

Rockarm(600k) 690.677 165.623 94.986 | 173.17 | 129.116 | 99.172

FantasyDragon(1lm) | 166.802 59.902 41.834 | 65.518 | 47.963 | 36.611

FantasyDragon(2m) | 592.696 175.734 95.296 | 200.61 | 139.998 | 100.199

Tricep(1m) 160.062 59.32 39.397 | 65.030 | 47.220 | 36.077

Tricep(2m) 925.891 167.058 89.961 | 191.334 | 136.711 | 102.977

Table 3.1: Performance comparison with MMP, FWP-MMP, VTP algo-
rithm, where the unit of time is second, T is the number of threads. The
contents in parentheses means the number of vertices on a model.

times faster than the FWP-MMP algorithm and 5-7 times faster than the
MMP algorithm.

3.3.2 Profiling

To observe the performance of our parallel-MMP algorithm under multi-
threads, we measure the execution time of each step in Figure 3.16. Taking
FantasyDragon with 2 million vertices, for example, we divide the whole
algorithm into four kinds of operations, where Pushing& Poping includes
window selection and window pushing. The two parallel steps, window prop-
agation, and window clipping obviously speed up as the number of threads

increase.

3.3.3 Workload and Imbalance

We test our parallel-MMP algorithm on a Hand model and Fantasy model
with different K parameter. K denotes the number of selected to-be-
propagated windows in the beginning for each iteration. Figure 3.17 il-
lustrates that when K is bigger than 1000, the performance of our parallel-
MMP becomes stable.
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Figure 3.16: The profiling of our parallel MMP algorithm under different

number of threads on FantasyDragon model with 2 million triangles. The

unit of time is second.
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Figure 3.17: The performance curve under different K parameter in 4
threads. (a) Hand model with 575 thousand vertices; (b) Fantasy model
with 2 million vertices.

The window propagation tasks for each thread are balanced, for the to-
be-propagated windows are distributed into all threads evenly. However,
the window clipping tasks is not as balanced as window propagation in
our parallel framework, since the number of possible pruned windows for
each half-edge is different. Thus, we adopt a dynamic scheduling type of
OpenMP [90] in parallel window clipping and slightly improve the effective

physical core utilization.

3.4 Discussions

The classical MMP algorithm runs as O(n?logn) time complexity since it
adopts the priority queue to store windows and control the order of win-
dows propagation. In fact, our parallel-MMP algorithm is a parallel version
based on the FWP-MMP algorithm with O(n?) time complexity since we
adopt the “buckets” data structure instead of priority queue to organize win-
dows. Our parallel-MMP preserves the same number of generated windows
with FWP-MMP and the 1-thread parallel-MMP has approximate perfor-
mance with the FWP-MMP algorithm. The main time-consumed steps of
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our parallel-MMP, window propagation, and window clipping could be paral-
lelized fully. Therefore, our parallel-MMP algorithm speedup as the number
of threads increases in general. Our parallel-MMP algorithm is the fastest
geodesic algorithm to preserve the geodesic paths from source to all desti-
nations. However, our parallel-MMP algorithm under 4 threads only has
comparable performance with Vertex-oriented Triangle Propagation(VTP)
algorithm that is the state-of-art sequential exact algorithm. Many applica-
tions only require the geodesic distance instead of the geodesic path, so we

move to develop a much faster geodesic algorithm based on VTP.
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Chapter 4

Parallel Vertex-oriented
Triangle Propagation
Algorithm

In this chapter, we develop a parallel version of VTP, called Parallel-VTP
or PVTP, that can propagate multiple window lists from multiple vertices
simultaneously. To avoid data conflicts, PVTP proceeds with 3 steps in each
iteration, which are K-window-list selection, parallel window list propaga-
tion, and vertex distance updating and window list merging. Our algorithm
has an empirical O(”Tg) time complexity, where n is the number of vertices
and T is the number of threads. Extensive evaluation shows that PVTP
improves the speed of the sequential VTP by a factor of 2.5~3 for T' = 4
and 4~5 for T' = 8 for triangular meshes with regular tessellation and over

1 million vertices.

We observe that wavefront propagation of exact algorithms slows down when
the wavefront has a long circumference, hereby containing a large number

of windows pending processing. To improve the efficiency of window prop-
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agation, we develop an approximate variant of VTP, called Approximate
VTP or AVTP, which trades speed for accuracy by resetting window on the
wavefront when its radius is a multiple of A\h, where A\ is a user-specified
parameter and h is average edge length. AVTP becomes Dijkstra’s algo-
rithm when Ah is less than the minimal edge length and becomes the exact
VTP when Ah is greater than the longest geodesic distance on the model.
We show that AVTP has a theoretical time complexity O(n), which is also
confirmed by computational results. The proposed parallelization and ap-
proximation techniques can be either used separately or combined together.

Our source code is available at https://github.com/djie-0329/PVTP.

4.1 Preliminaries

Our parallelization and approximation techniques are built upon the se-
quential VTP algorithm [3]. To make the paper self-contained, we briefly
introduce the core of VTP in this section. We refer the readers to [3] [91]

for details.

4.1.1 Window Pruning

There would be a lot of useless windows created during propagation, which
do not contribute the shortest distance. VTP detects redundant windows

by a set of distance-based filters.

Consider a window w = [ag, bg] with pseudo-source sy on the triangle edge
AB. Using the ICH filter [2], w is redundant if one of the following inequal-

ities is satisfied

d(s, s0)+ | 5obo [|> d(s, A)+ || B || (4.1)
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or

d(s, s0)+ || oo ||> d(s, B)+ || Bao |, (4.2)
where || PQ)|| is the Euclidean distance between P and (). See Figure 4.1(a).

There are 3 pairwise window pruning strategies used in VTP [3] [4]. Con-
sider two windows wy = [ag,bo] and w; = [ay,b1] on the triangle edge
AB. sy and s; are the pseudo-sources of windows wy and w; respec-
tively. In Figure 4.1(b), let I be the intersection of 3yap and sib;. If
d(s,s0)+ || sol ||> d(s,s1)+ || siI ||, delete window wp; otherwise, delete
window w;. In Figure 4.1(c), if d(s, so)+ || Soao ||> d(s, s1)+ || 510 ||, delete
wp; otherwise, the part [a1, ag] of window w; is redundant. In Figure 4.1(d),
if d(s,s0)+ || sobo ||> d(s,s1)+ || s1bo ||, delete window wp; otherwise, the

part [bo, by] of window w; is redundant.

4.1.2 Synchronized Window Propagation in a Triangle

In order to thoroughly remove abundant windows at early stage, VTP [3]
groups the windows on a half-edge and propagates window lists in a syn-
chronized manner across triangles. See Figure 4.2(a). VTP adopts three

rules for window list propagation and window pruning in a triangle.

Rule 1, called “one angle two sides” rule, removes unnecessary propaga-
tion during window list splitting. Consider a window list wixg = {w;|i =
0,1,2....} on half-edge AB, which will propagate across AABC. For each

window w; € wl, VTP computes a separating point sp by minimizing

argmin{oy, + |[s; — sp|| + [[sp — C|}, (4.3)

SpEwW;

where s; is the pseudo-source of w;, o, is the geodesic distance between
source s and pseudo-source s;. Denote by ws the window which supports

shortest distance to vertex C'. wl.sp is the separating point of w,. Fig-
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Figure 4.1: Window pruning rules. (a) The ICH window filter [2]. (b), (¢)
and (d) show three situations of pairwise pruning between two overlapped
windows [3] [4].
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(c) (d)

Figure 4.2: Window propagation rules in a triangle [3]. (a) Each side of the
edge e contains a window list. (b) The propagation of window wieg to edge
BC' is redundant when wieg.sp < wl.sp, and the propagation of window
Wright to edge AC' is redundant when wyighe.sp > wl.sp. The redundant
windows are drawn in grey. (c) Pairwise windows pruning during window
list propagation. (d) Propagating window lists wilaxp and wlgc produces
wlapac and wilpc_ac respectively. Update window list wilyc by merging

wlap—ac and wipc_ac.
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ure 4.2(b) shows an example of the “one angle two sides” rule. For each
window w; € wl and w; # ws, the propagation of w; to edge BC' is redun-
dant if w;.sp < wl.sp, and the propagation of w; to edge AC' is redundant if

w;.sp > wl.sp [3].

Rule 2 performs the pairwise window pruning for window list wl. It traverses
all windows in the outer loop (red arrow) and checks each window against its
preceding windows in the inner loop (black arrow). See Figure 3(c). During
window list propagation, VTP utilizes the ICH filter and Rule 2 to prune or

remove redundant windows.

The newly generated window lists associated to a half-edge are merged by
Rule 3. As Figure 4.2(d) shows, for the half-edge (A, C), wlgc—ac is inserted

in front of wixc and wiag_.ac is appended after it.

4.1.3 Vertex-oriented Triangle Propagation

One of the key features of VTP is that it takes vertices as primitives and
propagates geodesic path across triangles around the vertex popped from a
priority queue iteratively. Algorithm 3 shows the pseudo code of VTP. Given
a source vertex s, VI'P initializes the distances d(s) = 0 and d(v) = oo for
v # s. It creates a window for each half-edge opposite to s and stores it
in the half-edge’s window list. It also pushes the adjacent vertices into a

priority queue Q according to their distances to s.

Denote by wf the wavefront and R the interior region it borders. At each
iteration, the VTP algorithm pops up a vertex v; with shortest geodesic
distance value from Q and extends its one-ring region as follows. First, the
wavefront wf and its enclosed area R are extended to the one-ring region
of v;. It pushes the window lists adjacent or opposite to v; into the FIFO
queue W if they are inside the swept region R. While the window list queue
W is not empty, VIP pops a window list wl; from W. Then it prunes
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Figure 4.3: Vertex-oriented triangle propagation. From (a) to (b): window
propagation across triangles around vertex A; From (b) to (¢): window
propagation across triangles around vertex B. The swept region is light-
colored and the un-swept region is dark-colored.

the redundant windows of wl; using the pruning rules in Section 4.1.1 and
Rule 2. Next it propagates the windows of wl; in a synchronized manner
and merge the newly-generated windows into the corresponding window lists
(Rule 1 and Rule 3 in Section 4.1.2). If the newly-generated windows are
inside the area R, push them into W. Finally, if there exist vertices whose
geodesic distances are updated during one-ring region growing of v;, push
the updated vertices into the priority queue Q. Repeat these steps until the
priority queue Q is empty.

In summary, the VTP algorithm iteratively extends the swept area R in a
Dijkstra-like manner with the aid of vertices in priority queue. Figure 4.3
shows examples of VTP iterations. Suppose A is the nearest vertex to
source s at the moment. The triangles incident to A are propagated in the
current iteration. Let B be next vertex popped up from the priority queue
Q. The triangles adjacent to B will be propagated in the next iteration.
After window list propagation, the updated vertices on the wavefront are

pushed into Q.
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Algorithm 3: Vertex-oriented Triangle Propagation Algorithm [3]

Input: A triangle mesh M = (V, E, F'), source vertex id
se{l,---,|V]}.
Output: The geodesic distance d; for each vertex v;.
Initialize distances dg <— 0 and d; < oo, Vi # s.
Create a priority queue Q for vertices.
Create a FIFO queue W for window lists.
Create a window for each edge opposite to s and store them into the
corresponding window lists.
Compute the geodesic distance for each vertex adjacent to s and push
the vertices into Q.
Update the wavefront wf and its swept area R using the one-ring
triangles of s.
while Q # () do
Pop a vertex v; from Q.
if v; is a saddle vertexr then
Create a window for each edge opposite to v; and store the
windows into the corresponding window lists.
Update the geodesic distances of vertices adjacent to v; and
push the updated vertices into Q.

Update the wavefront w f and its enclosed area R using the one-ring
triangles of v;.

Push the window lists into W if they are inside the swept area R
and adjacent or opposite to v;.

while W # ) do

Pop a window list wl; from W.

Prune the redundant windows of wl; (Rule 2).

Propagate wi; (Rule 1).

Push updated vertex into Q.

Merge newly-generated window lists (Rule 3).

Push the newly-generated window lists into W if they are inside
the swept area R.
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4.2 Parallel VTP

4.2.1 Overview

The original VTP propagates geodesic distances across triangles around the
vertex with the highest priority at a time, organizes windows located on
the same half-edge into a window list, and propagates one window list at
a time. PVTP aims at processing multiple vertices in each iteration and
propagating multiple window lists simultaneously. There are main technical
challenges including (a) dealing with data conflicts during concurrent prop-
agation across triangles; and (b) replacing the priority queue by a low-cost
alternative without compromising the wavefront quality too much. We use a
delayed-writing strategy to avoid data conflicts and borrow the bucket data
structure, which is used in the sequential FWP algorithm [12], to address

the second challenge.
0 1 2 3
(a)

Figure 4.4: Data structures of PVTP. (a) Buckets B store the soon-to-
be propagated vertices. (b) Dual arrays Agom and Ay, control concurrent
window list propagation alternately.
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ST
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We list the core data structures to facilitate the description of our algorithm:

o A window list wl, as achieved in the original VTP, to organize the

windows on a half-edge. See Figure 4.2(a).

o A list of buckets B to maintain the priority of soon-to-be propagated
vertices. See Figure 4.4(a).
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o A pair of arrays Ao and Ay, to facilitate parallel propagation of

window lists. See Figure 4.4(b).

o A buffer buf to temporarily store the generated window lists and up-

dated vertices. This delayed writing strategy can avoid data conflicts.

The pseudo code of PVTP is shown in Algorithm 4. Given a source vertex
s, we first create a window for each half-edge opposite to s and update the
geodesic distances of s’s neighboring vertices. We then insert the newly gen-
erated windows into the corresponding window lists and push the updated
vertices into buckets B. Denote by wf the wavefront and R the area it
encloses. At each iteration, PVTP selects top k, vertices from buckets B
and extends the wavefront by a range of one-ring: (a) selecting K window
lists around the k, vertices and storing them in Agom; (b) propagating the
selected K window lists in a parallel manner, and saving their child window
lists and the swept vertices' into buffer buf; (c) handling the data in buf
which includes merging window lists in buf by Rule 3, updating the dis-
tances of the recently-swept vertices, and pushing the merged window lists
into A, and the updated vertices into buckets B; and (d) swapping Agom
and Ay,. If array Agom is not empty, go to (b); otherwise go to (a). The
algorithm terminates when the buckets B become empty - at this moment,
the geodesic distances to all destination vertices have been computed. Fig-
ure 4.5 visualizes a typical PVTP iteration on the Bunny model with 72K

vertices.

4.2.2 Buckets for Maintaining Priorities of Vertices

In contrast to the original VTP algorithm, PVTP handles multiple vertices
at a time. Since the quality of the wavefront highly depends on the order

of vertex processing, we use a bucket data structure [12] to maintain the

!The swept vertices include both the vertices inside the wavefront and the ones on the
wavefront.
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Figure 4.5: A typical iteration of PVTP. The group of blue cylinders denotes the buckets
B and the red horizontal bars denote the dual arrays Agom and A, to store the window
lists alternately. (a) Create a window for each edge opposite to the source s and store the
windows into their corresponding window lists. Then the updated vertices are pushed
into the buckets B. Green segments describe the current wavefront. (b) At the beginning
of 10th iteration, all to-be-propagated vertices are stored in the buckets B according to
their geodesic distances. (c) Select k,-nearest vertices from buckets B so that K window
lists can be handled at the same time; See Section 4.2.3 for the choices of k, and K.
(d) Propagating and merging window lists: (d1) 229 window lists are selected and stored
into one of the dual arrays Agom; (d2) After parallel propagation, there are 153 updated
window lists inside the wavefront and they are pushed into the other array A, for the
next parallel propagation; (d3,d4) Operate the data alternatively between Agom and At
until both the dual arrays are empty. At the moment, the new wavefront are reshaped
as the green segments. During performing (d1-d4), the vertices with updated geodesic
distances would be pushed into the buckets B. (e) The 11th iteration.
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Algorithm 4: Parallel VTP

Input: A triangle mesh M = (V, E, F'), source vertex s € V, the
number of threads T’

Output: Geodesic distance d(v;) for each vertex v;

d(s) < 0 and d(v;) < oo, Vi # s.

Create buckets B for vertices.

Create dual arrays Agom and Ay, for window lists.

Create windows for each edge opposite to s and store them into the
corresponding window lists.

Compute the geodesic distance for each vertex adjacent to s and push
the vertices into B.

Update the wavefront wf and its enclosed area R using the one-ring
triangles of s.

while B # () do

Select k, vertices from B.

Update the wavefront w f and its enclosed area R using the one-ring
triangles of the k, selected vertices.

Push K window lists into Agem if they are inside R and are
adjacent or opposite to the k, selected vertices.

while Ay, # 0 do

Parallel propagate window lists in T" threads and save the
generated window lists and updated vertices in buf.

Merge newly-generated window lists and update vertices’
distance.

Push the newly-generated window lists into Ay, if they are
inside the swept area R.

Push updated vertices into B.

Swap Agom and Ayg,.

priority in which the vertices are processed. Let L be the maximum geodesic
distance, which shall be estimated later. We create | L7/h] buckets, where
h is the average edge length and 7 (> 1) is the anisotropy degree [92], which
measures how far the input triangulation is from isotropic. A complete
isotropic triangular mesh has 7 = 1. The ¢-th bucket records the distance
ranging from ih/7 to (i+1)h/7. When the distance of a vertex v; is updated

during the wavefront propagation, we push the vertex’s id into the |d;7/h]-

th bucket, where d; is the updated distance of v;.
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If the wavefront is close to a geodesic isocontour, it has good quality so that
many vertices can be processed simultaneously without producing too many
redundant windows. On the other hand, if the vertices on the wavefront have
distances with large variations, only a few vertices (i.e., the ones with short-
est distances to the source) can be processed. Therefore, the throughput of

parallel window propagation depends closely on the quality of wavefronts.

Let Ps(ti) and Pé? be the distances of the first and last buckets where vertices
)

rge

(resp. L ) the

are popped from in the current iteration. Denote by cl(; ol

number of updated vertices whose distances are greater (resp. less) than
PIE(?. Denote by k;g the number of vertices popped from the buckets B
in the i-th iteration. Then in the (i 4+ 1)-th iteration, k:;?n is adaptively
updated as

RO 0 0 (1.4)

large small*

Remark. Priority queue can guarantee the event with the highest prior-
ity is handled first, so it can minimize the total number of generated win-
dows. However, inserting or deleting an element from a priority queue takes
O(logn) time, which is expensive. In contrast, maintaining a bucket data
structure takes only O(1) time. Experimental results show that PVTP pro-
duces only slightly more windows than the original VTP algorithm, which
justifies the effectiveness of the bucket data structure and the adaptive pop-

ping strategy.

4.2.3 K-Window-List Selection

Window list selection is a trivial operation in the original VTP algorithm
since it considers window lists sequentially. However, PVTP is different since
it propagates K window lists simultaneously. We observe that choosing a
proper number of window lists for propagation is critical to the efficiency

of parallelization. Our goal is to select as many window lists as possible

69



to get better parallelization efficiency, and meanwhile not downgrade the
wavefront quality too much. We adopt the following strategy to determine

the value of K.

Given the kég vertices computed above, we count the number of window lists
around them, which is denoted by K ézl) Then, we determine the number of

window lists to be propagated K® by
K9 = min(K),1007), (4.5)

where T is the number of threads. We set an empirical threshold 1007
to balance the wavefront quality and throughput of parallel propagation.
Finally, we compute k) the number of actual popped vertices from buckets

B which corresponds to the K@ window lists.

The selected K window lists are stored in array Agom. The red segments
in Figure 4.5(d1) denote the selected window lists. It is worth noting that
if we encounter a saddle vertex that is popped from the buckets, we create
windows on the one-ring opposite edges and add them into the corresponding
window lists, which is due to the fact that a saddle vertex may serve as a

pseudo-source vertex.

4.2.4 Parallel Window List Propagation

After selecting K window lists, PVTP propagates window lists in parallel
with the aid of dual arrays Agom and Ay, as shown in Figure 4.5(d1-d4) and
Algorithm 4 (Line 12-16).

For each window list wl in Agom, we inherit the window pruning strate-
gies and propagation rules of the original VI'P algorithm that are summa-
rized in Section 3. During the propagation, if there is a vertex v gets a

smaller distance, we push it to the buckets. Let wl be a window list. If
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the newly-generated window lists wliers and wlyigns, the next generation of
wl, are located inside the newly wavefront as the red segments shown in
Figure 4.5(d2), we store wije, and wlygne into Ay,. Considering that there
may be possible data conflicts during the parallel window list propagation
(different window lists may generate new window lists on the same half-edge;
the distance of a vertex may be updated from different window lists), we
utilize a buffer buf to store the conflicts temporarily and process the events
in delay. After pushing the merged window lists into A, we swap Agom
and A,. In this way, we concurrently propagate window lists alternately

with the help of Agom and Ay, untill both of them become empty.

4.2.5 Correctness

A window-propagation-based algorithm is correct if it does not discard any
useful windows. The correctness is independent of the window processing
order. The central idea of all algorithms in the family is to effectively or-
ganize windows so that they can be propagated in a roughly near-to-far
order and prune as many redundant windows as possible. The algorithms
differ in the window organization and propagation strategies, and pruning
rules. Since PVTP adopts the same pruning rules as VTP, it keeps all the
useful windows and computes exact geodesic distances when the algorithm

terminates.

4.2.6 Complexity Analysis

Given a manifold triangle mesh with n vertices, there are O(n) half-edges
and faces. Since a half-edge contains at most O(n) windows, there are
O(n?) windows generated [7]. As a result, parallel window list propagation
takes empirical O(n?/T') time complexity, where T is the number of threads.

Inserting (resp. deleting) an element to (resp. from) buckets takes O(1)
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time. Therefore, both K-window list selection and pushing updated vertices
into buckets have O(n) time complexity. Window list merging in PVTP
is as order-free as the original VTP (taking O(1) time for each merging
operation), so it also runs in O(n) time. In summary, PVTP has an empirical

time complexity O(n?/T +n) = O(n?/T).

For regular models with uniform triangle faces, such as a sphere, the number
of windows on different half-edge is approximately equal, the time complex-
ity could be attained O(n) when the number of threads is bigger than n.
For anisotropic models with non-uniform triangle faces or extreme models,
such as a very thin rod, the time complexity would be O(n?). Because this
kind of models are not suitable for parallelization. In summary, the upper

bound of time complexity is O(n?), and the lower bound is O(n).

We adopt “buckets” structure in our parallel implementation, which could
maintain a smooth wavefront as sequential VTP algorithm. Thus, PVTP

has space complexity O(n?), which is the same as VTP.

4.2.7 Implementation Details

Adaptive choice of k,; The number of vertices popped from the buckets
k;gd) is a variable. Obviously, if K,4, the number of window lists selected for
parallel propagation, is less than 7', i.e. the number of threads, the parallel
processing cannot bring performance gains. Herein, we require the number
of selected vertices popped from the buckets, k,q, must be larger than 7. In
this case, the number of selected window lists for parallel processing must

be also larger than T'.

Updated vertices inside wavefront For the original VTP algorithm, if
an updated vertex v is a saddle vertex located in the area enclosed by the

wavefront, new windows are created on each one-ring edge opposite to v and
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these corresponding window lists have to be propagated until they arrive at
the wavefront. In fact, for an anisotropic model with a large amount of
obtuse triangles, it is quite often that the distance of a vertex v is updated
multiple times. Note that the buckets cannot guarantee that the vertices
are processed in a strictly ascending order of the distances. Therefore, in
our implementation, the buckets contain two types of vertices: vertices on

the wavefront and saddle vertices inside the swept region.

4.3 Approximate VTP

4.3.1 Motivation

Accuracy and speed are a pair of indicators for evaluating a geodesic al-
gorithm. In fact, it is necessary to make a balance between accuracy and
speed in practice. In this section, we aim at developing a fast and accuracy-
controllable approximate discrete geodesic algorithm that does not require

pre-computation.

Imagine that C' is an isoline of the geodesic distance field. Suppose that
the distances inside the area enclosed by C has been fixed. Now we take
sufficiently many samples on C' and continue propagating the distances. It
is easy to show that the final distance field is almost identical to the real
distance field. The observation motivates us to replace windows by vertices

on the wavefront when the propagation goes across an appropriate distance
gap.

Let L be the farthest geodesic distance from the source to all destinations,

and D be the prescribed distance gap. Then the number of steps is L%J
Once the minimum distance reported by wavefront climbs to a new step,
we clear all the windows and use the vertices on the wavefront as the new

sources to continue the distance propagation. In this way, we can trade
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accuracy for speed.

4.3.2 Key Ideas

Algorithm 5: Approximate VTP

Input: A triangle mesh M = (V, E, F'), source vertex s € V, the speed
and accuracy control parameter \.
Output: The geodesic distance d; for each vertex v;.
Initialize as Algorithm 3: Line 1-6;
Compute the average edge length h.
R,um < 0.
while Q is not empty do
v; = Q.pop().
if d; > (Ryum + 1)Ah then
/* N: # of vertices on the current wavefront x/
for j < 0 to N do
if d; > (Ruum + 1)Ah + A h then
‘ Preserve the windows on the window lists adjacent to v;.
else
L Delete the windows on the window lists adjacent to v;.

Mark all vertices on the wavefront as pseudo-sources and push
them into Q.
L Rnum + +‘

| Propagate the wavefront as in Algorithm 3: Line 8-20.

The approximate geodesic algorithm is implemented by adding one step in
the VTP algorithm as shown in Algorithm 5 and Figure 4.6. If the geodesic
distance of the nearest vertex A on the current wavefront is larger than
(Ryum + 1)Ah, we delete all windows on the wavefront and take the vertices
on wavefront as pseudo-sources, where A\ denotes the prescribed distance
gap, R,um denotes the number of steps that were passed, and h denotes
the average edge length for input model. In order to avoid large errors for
anisotropic or non-uniform triangle meshes, we set A, as a threshold: If
the geodesic distance of a vertex on the current wavefront is larger than

(Rpum + 1)Ah 4+ Agh, the windows on the edges adjacent to it would be
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preserved. It is worth noting that AVTP can also be parallelized by the
PVTP framework.

Figure 4.6: Illustration of a typical iteration of AVTP on the Hand model
with A = 32. (a) Let A be the nearest vertex to the source s. The edges
containing active windows are drawn in green. (b) When d(s, A) > Ah, all
windows on the wavefront are deleted. (c) Take the vertices on the current
wavefront as new sources, from which windows are propagated. (d) A new
wavefront is formed. (e) The isolines define the distance steps where we
reset windows.

4.3.3 Complexity Analysis

Figure 4.7 gives comparison statistics on the number of windows on the Hand
model. By setting A = 32, the relative mean error of AVTP is 0.00497%
while the number of windows (red bar) is significantly reduced, thus greatly
improving the performance. It is worth noting that AVTP reduces to to
Dijkstra’s algorithm when Ah is less than the minimum edge length, while
becoming the exact VTP algorithm when Ah is greater than the maximum

geodesic distance L. The sequential AVTP algorithm has an O(n\) time
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Figure 4.7: Window distribution of AVTP with A = 32 (red) and the exact
VTP (green) on an isotropic hand model with 2.3 million vertices. The
horizontal axis is the wavefront radius, expressed as a multiple of the average
edge length h. The vertical axes in (a) and (b) are the number of windows on
the wavefront and the accumulated number of windows, respectively. AVTP
generates significantly fewer windows than VTP.

complexity because there are at most O(\) windows on each edge during
window propagation [9]. The parallel AVTP algorithm has an empirical
O(nA/T) time complexity.

4.4 Experimental Results and Discussions

4.4.1 Parallel Algorithm
4.4.1.1 Efficiency

To test the efficiency of PVTP, we compare it with the sequential VTP
on both isotropic and anisotropic meshes. Table 4.1 and Figure 4.8 report
the detailed statistics. We observe that for regularly tessellated models,
PVTP is 2~3 times faster than the sequential VTP on T" = 4 threads and
3~5 times faster when 7" = 8. Moveover, the memory consumption and
window complexity of PVTP is similar to VTP. As Table 4.1 shows, the
total propagated windows of PVTP is only 2.54% more than VTP under
4 threads and 3.16% more under 8 threads. The memory cost of PVTP is
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Algorithms

Model Performance PVTP A=38 A =32
VTP

T=4 T =238 AVTP PAVTP AVTP PAVTP

Armadillo Speedup 1 2.443 3.375 2.529 4.276 1.768 3.459

[V]: 692K Peak mem.(MB) 6.549 6.736 6.802 1.594 1.654 4.097 4.200
T: 1.347 #windows (K) 66,223 68,770 69,279 11,129 11,639 28,486 29,433
Error (%) 0 0 0 0.080564 0.080564 0.014819 0.014819

Bunny Speedup 1 2.189 2.526 2.400 3.243 1.590 2.748

|V]: 72K Peak mem.(MB) 1.519 1.594 1.643 0.466 0.492 1.195 1.238

T: 1.258 #windows (K) 4,879 5,086 5,186 1,004 1,058 2,445 2,540
Error (%) 0 0 0 0.086441 0.086441 0.013227 0.013227

Gargoyle Speedup 1 2.672 3.489 3.376 5.900 2.294 4.701
[V]: 3,200K Peak mem.(MB) 46.648 46.979 47.080 6.131 6.268 18.242 18.463
T: 1.407 #windows (K) 569,785 577,395 578,867 60,942 63,312 154,119 158,462
Error (%) 0 0 0 0.116999 0.116999 0.012781 0.012781

Golfball Speedup 1 2.912 4.017 16.130 29.299 10.343 21.928
[V]: 7,864K Peak mem.(MB) 203.751 206.407 206.645 5.225 5.388 16.778 17.250
T: 1.731 #windows (K) 8,749,979 8,907,732 8,922,047 169,496 178,567 451,940 470,661
Error (%) 0 0 0 0.045374 0.045374 0.003834 0.003834

Hand Speedup 1 3.073 5.176 17.559 27.973 11.363 22.960

[V]: 2,298K Peak mem.(MB) 75.562 75.644 75.776 2.847 2.892 9.455 9.500
T: 1.012 #windows (K) 1,481,158 1,484,110 1,485,675 31,252 31,883 85,861 86,690
Error (%) 0 0 0 0.059886 0.059886 0.00497 0.00497

Lucy Speedup 1 2.396 3.318 2.697 4.281 1.855 3.444

[V]: 1,052K Peak mem.(MB) 11.733 12.133 12.206 2.702 2.810 7.315 7.552
T: 1.604 #windows (K) 117,416 123,903 124,886 18,977 20,123 45,661 47,861
Error (%) 0 0 0 0.087376 0.087376 0.01201 0.01201

Rockerarm Speedup 1 2.943 4.267 9.599 17.212 6.207 13.252

[V]: 2,671K Peak mem.(MB) 70.588 70.917 70.949 2.822 2.909 8.657 8.849
T: 1.515 #windows (K) 1,447,435 1,459,454 1,461,652 57,004 59,759 147,407 153,163
Error (%) 0 0 0 0.139333 0.139333 0.011661 0.011661

Table 4.1: Performance comparison of VI'P and the proposed parallel and
approximate variants (PVTP, AVTP, PAVTP (T = 4)). 7 is the anisotropy

degree of the input meshes and error is the relative mean error.
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Algorithms
Model T Performance PVTP
PCH AWP-CH e TR
Armadillo 1.347 Peak mem.(MB) 134.783 167.343 6.736 6.802
[V]: 692K | Total Zwindows | 243,098,060 | 441,738,351 | 68,769,693 | 69,279,435
Bunny 1.958 Peak mem.(MB) 50.688 25.810 1.594 1.643
[V]: 72K ’ Total #windows 33,892,153 17,832,190 5,085,895 5,185,930
Fertility 1.267 Peak mem.(MB) 14.106 11.344 1.369 1.405
[V]: 30K : Total Zwindows | 7,446,507 1,224,471 2,025,663 2,050,153
Gargoyle 1.025 Peak mem.(MB) 68.822 66.331 2.882 2.922
|[V]: 247K ’ Total #windows | 110,457,175 67,589,361 13,287,453 13,385,292
Golfball 1.731 Peak mem.(MB) 35.945 49.625 2.601 2.676
[V]: 123K ’ Total #windows 46,999,069 52,180,166 14,016,515 14,270,891
Hand 1.017 Peak mem.(MB) 58.695 40.434 5.516 5.561
|[V]: 125K ’ Total #windows 66,360,823 26,118,914 16,215,356 16,300,920
Lucy 1.604 Peak mem.(MB) 186.742 228.298 12.133 12.206
[V]: 1052K ’ Total #windows | 238,212,237 | 222,127,471 | 123,902,626 | 124,886,259

Table 4.2: Memory consumption of PVTP (with 4 and 8 threads), PCH and
AWP-CH. Our method generates significantly fewer windows and consumes
much less memory than the other parallel algorithms.

1.97% higher than VTP under 4 threads and 2.74% higher under 8 threads.

It is no wonder that PVTP does not have a big advantage over the sequential
VTP if the model resolution is small since there is a large timing cost spent
on the sequential computation part; see the Bunny model with 72K vertices
in Table 4.1. Therefore, we subdivide the anisotropic models into at least
1M vertices and observe the improvement of the performance. We randomly
choose 300 models from the ThingilOk dataset?, including (a) 100 models
whose anisotropic degree 7 is less than 2, (b) 100 models whose 7 is between

2 and 10, and (c) 100 models whose 7 is larger than 10.

As an exact algorithm, PVTP produces the same numerical results on all
models as the sequential VTP with window interval threshold 107 [3]*. The
statistics in Figure 4.8 show that our parallel framework has an advantage
over the original VTP for anisotropic models with 7 < 10. In detail, our
parallel-VTP is at least 1.5~3 times faster than VTP under 4 threads on
the 300 models. If we consider the models with 7 < 2, the speedup amounts

to 2.5~3 times on 94% of the models. If we allow the anisotropic factor 7 to

Zhttps://ten-thousand-models.appspot.com/
3Windows whose lengths are less than the threshold are discarded.
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Figure 4.8: Performance statistics of PVTP (4 threads) on 300 models with
varying anisotropy degree 7, which are randomly selected from the ThingilOk
dataset. We plot the speedup factor in 3D diagrams. (a) Meshes with low,
middle and high degree of anisotropy are drawn in green, yellow and red,
respectively. (b) The horizontal plane denotes the speedup factor 2.5.

1 10

range between 2 and 10, a 2.5~3 times speedup can also be obtained on 72%
of the models. It is worth noting that the speedup effect decreases with the
increasing of anisotropic degree, which is due to the fact that a high-quality
wavefront (close to a isocontour) is difficult to achieve unless we rigorously

follow the priorities of vertices.

4.4.1.2 Scalability

We use the Fertility and the Lucy models to observe whether the perfor-
mance gain exists independent of specific shapes. As Figure 4.9 shows, the
speedup factor depends on the number of vertices and is insensitive to dif-

ferent geometric variations.

We also compare the total propagated windows and memory consumption
on commonly used models in Table 4.2. The total propagated windows of
PCH (resp. AWP-CH) is 4.46 (resp. 3.42) times more than PVTP with
T = 8 on average. The memory cost of PCH (resp. AWP-CH) is 17.65
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Figure 4.9: The time complexity and speedup of PVTP with T" =1, 2, 4
and 8 on two representative models. The horizontal axis shows the number
of vertices and the vertical axis is the running time/speedup factor.
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(resp. 16.52) times higher than PVTP with 7" = 8 on average.

4.4.1.3 Profiling

Hand, [V| = 2.3M,t = 1.012 100339, [V| = 2M, T = 432.652
250 200
200 150
150
100
100
50 50
0 0
VTP PVTP-1PVTP-2 PVTP-4PVTP-8 VTP PVTP-1PVTP-2PVTP-4PVTP-8

sequential cost concurrent cost

Figure 4.10: Profiling of PVTP on an isotropic model (Hand) and an
anisotropic model (Model 100339 from the ThingilOk dataset). The yellow
and blue parts are the running time of the parallel step and the sequential
steps respectively. PVTP-i denotes the parallel-VTP algorithm with T = ¢
threads.

In order to observe the parallelization effect, we divide the total running
time into two parts, one spent in sequential operations and the other spent
in parallelization operations. Based on the statistics given by Figure 4.10,
we can see that the timing cost of sequential steps (blue part of histogram)
under one thread is lower than 5%. The majority of the operations are
executed in a parallel style, which accounts for the fact that the performance
improvement of PVTP against VI'P correlates with the number of threads
in CPU.

4.4.2 Approximate Algorithm
4.4.2.1 Performance and Accuracy

We test our AVTP on regularly tessellated models as shown in Table 4.1 and
anisotropic models from ThingilOk. Recall that we use a single parameter

A to make the balance between performance and accuracy. Figure 4.11
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Figure 4.11: Performance and accuracy trade-off. We select three represen-
tative models with low, middle and high degree of anisotropy for test.

plots how A affects the trade off between performance and accuracy. Here
the three test models are with different anisotropic degrees. Based on the
experimental results, we find (1) the time complexity is roughly O(n\),
and (2) the accuracy could be improved to 2% times by doubling A\, where
a € [1,2]. The biggest advantage of AVTP/PAVTP is that they allow users

to balance performance and accuracy using \.

4.4.2.2 Comparison with Approximate-ICH

We compare AVTP with AICH [14], which is an approximate variant of the
ICH algorithm [2]. Both AVTP and AICH do not require pre-computation.
Using a user-specified parameter \, € [0, 1], AICH adopted an over-filtering
strategy to control the accuracy. Figure 4.12 shows the distribution of rel-
ative mean error for models with varying degrees of anisotropy. We com-
pute x: by averaging the mean errors of models with 7 < 10 and define
§ = xz x 0.8. We observe that 67.7% (resp. 69% and 71%) of the models
have an error in the range [z — d, 2z + ] when we set A = 8 (resp. 32
and 128) in AVTP. For the comparison purpose, we take A4 = 0.1 for the
AICH algorithm. With the parameter setting, AICH is not so accurate as
our AVTP but more timing consuming. In detail, the average error of AICH

is around xz for 41.3% models and even worse for the remaining models.
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Figure 4.12: Relative mean error distribution of AVTP (row 1) and AICH
(row 2). (a) Results of AVTP with A = 8,32, and 128, respectively. (b)
Models around average value z: are marked in dark blue for AVTP. (c)
Results of AICH with A4 = 0.1. (d) Models around average value xz are

marked in dark blue for AICH.
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4.4.2.3 Comparison with Heat Method

In addition, we compare our AVTP with Heat Method(HM) [18] [19], the
classical approximate geodesic algorithm. Heat method utilizes a partial dif-
ferential equation approach to compute approximate geodesic distance from
one source to all destinations. This approach doesn’t exist bounded error
and has a preprocessing step. Let HM attain the minimal average relative
error, Table 4.3 presents the performance comparison between AVTP and

HM under same precise.

The rules of precise - parameter m are parabolas in Heat method, whereas
accuracy is directly proportional to parameter A in our AVTP. As a result,
the precise of AVTP is more controllable. What’s more, our AVTP is more
effective than Heat method under same precise. See Table 4.3. For mod-
els with different anisotropy degree, our AVTP is much faster than Heat
method(T" < Tpre + Lrun)-

Heat Method AVTP (equal error)
Model [VI(K) T
m Mean error(%) | Tpre(s) | Trun(s) A T(s)
Hand 2298 1.012 3.409 0.221750 295.497 2.559 3.994 15.048
Bunny 72 1.258 1.257 0.489849 2.690 0.060 2.842 0.315
Lucy 1052 1.604 2.904 0.570717 100.453 2.205 2.743 7.148
Golfball 7864 1.731 110.876 0.049740 904.670 25.832 7.665 83.716
1063861 2750 3.785 581.859 1.554662 424.419 3.023 0.523 17.347
108771 1231 8.959 395.848 4.840904 68.871 0.993 0.976 11.3
1036316 1309 29.812 91.671 0.789807 86.275 1.150 8.037 29.548
100343 1256 172.550 23.236 0.885456 175.182 2.243 4.358 55.191

Table 4.3: Performance comparison between AVTP and Heat method under
same mean error. T),. denotes the time of preprocess step and 7}, denotes
the execution time of Heat method. T denotes the time of AVTP.

4.4.3 Parallel and Approximate Algorithm

It is worth noting that the proposed parallelization and approximation tech-

niques can be either applied separately or combined together. The previous
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Figure 4.13: Speedup factor of PAVTP with 7" = 4 over AVTP. (a) Speedup
factor under different A and anisotropy degree 7. (b) Models whose speedup
factor is bigger than 2 are marked in dark blue.

subsections report the performance of each technique separately. In this

subsection, we discuss the combination of the two techniques.

We test our parallel approximate VTP (PAVTP) for regularly tessellated
models. See Table 4.1. Herein, we list the performance of PAVTP with
A = 8,32 under 4 threads. The performance advantage of PAVTP is even
more significant on models with higher resolution or bulging shapes (with
a long wavefront during distance propagation). For example, PAVTP is 29
times faster than VTP on the Golfball model with A = 8. Figure 4.11 also
illustrates the performance of PAVTP under different A\, which shows that

PAVTP runs faster under the same accuracy requirement.

We compare the performance of PAVTP and AVTP on anisotropic models
in Figure 4.13. We observe that the speedup factor depends on the param-
eter A\: the larger the parameter A, the higher the speedup. For example,
77.7% models enjoy a speedup factor greater than 2 with A = 128. The per-
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formance improvement of PAVTP also depends on the triangulation quality
of the input meshes, which is similar to the observations of PVTP. See

Section 4.4.1.1.

4.5 Summary

We extend the vertex-oriented triangle propagation algorithm [3] - the state-
of-the-art method for exact discrete geodesics - via parallelization and ap-
proximation. To avoid conflicts in data writing, the parallel VTP algorithm
proceeds with 3 steps in each iteration: K-nearest window list selection,
parallel window list propagation, and vertex distance updating and window
list merging. PVTP has an empirical O(”TQ) time complexity, where 7' is
the number of threads. Experimental results show that PVTP runs 2.5~3
times faster than the sequential VTP algorithm using 4 threads and 4~5
times faster using 8 threads on triangle meshes with 1 million vertices and
fairly regular tessellations. For challenging anisotropic meshes, PVTP is
still 1.5~3 times faster than VTP. We also propose an approximate variant
of VTP that balances accuracy and speed by a global parameter A. Our
idea is to reset window on the wavefront when its radius is a multiple of Ah,
where h is the average length of mesh edges. AVTP becomes Dijkstra’s algo-
rithm when AA is less than the minimal edge length and becomes the exact
VTP algorithm when Ah is greater than the longest geodesic distance on the
model. We prove that AVTP has O(n)) time complexity. It is worth noting
that AVTP can also be parallelized under the same framework of PVTP.

Our source code is available at https://github.com/djie-0329/PVTP.
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Chapter 5

Application: Repetitive
Pattern Detection on 3D
Models

This chapter introduces an application scene of computing geodesics in real
world. We present a new method for detecting repetitive patterns on 3D
models. Given a manifold triangle mesh M and the user-specified to-be-
detected pattern P, our method detects all nearby potential patterns in
two main steps. First, it forms and classifies matches between pattern P
and nearby potential patterns. Second, it refines the rough matches via
a continuous optimization. Every possible pattern could be detected by
iterating these two steps during region growing scheme. All steps require
the query of geodesic distance between vertices on triangular mesh M. In
contrast to the existing methods, our method does not assume the patterns
are (near) regular and of similar sizes. As a result, it works for both isotropic
and anisotropic patterns, non-regularly distributed patterns as well as mixed

patterns.
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5.1 Motivation

Near repetitive patterns are ubiquitous in man-made and natural objects.
Examples include wall decoration, animals’ scales and so on, as illustrated
in Figure 5.1. Many of these patterns have various sizes and degrees of
anisotropy, and they may be arranged non-uniformly. Discovering such pat-
terns and their arrangement is helpful in understanding and analyzing geo-
metric property which is desired to many applications, such as shape editing,

repairing , compression, etc.

Figure 5.1: Near repetitive patterns are commonly found in man-made and
natural objects. Some patterns are isotropic and equally spaced to each
other as (a) and (b) shows, whereas others may be anisotropy, different
sizes, orientations and arranged non-uniformly as (c¢) and (d) displays.

Although pattern detection in 2D domain has been studied extensively [66,
73,75,93], it is difficult to extend the existing 2D techniques to 3D models due
to two main reasons. First, 2D images are regular structures with a natural
coordinate system. Therefore, the pattern detection problem could be easily
formulated by adopting matrices and solved by the powerful optimization
tools. Except for some simple models(such as spheres, cylinders), regular
representation is a luxury for real-world 3D models. Therefore, there is no
global coordinate system on these models. Second, the 2D problem focuses
on the affine-invariant patterns, whereas the 3D counterpart must deal with
the scale and isometric-invariant patterns defined on highly curved geometry
with non-trivial topology. Thus, detecting near repetitive patterns on 3D

models is a challenging problem.
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Huang et al. [89] proposed a novel method for discovering near-regular struc-
ture on 3D models. They formulated the problem as a constrained optimiza-
tion with both geometric and topological aspects, where the former is to
determine the locations of the patterns required and the latter is to find the
connectivity relationship among the patterns. They showed that this kind
of mixed discrete-continuous problem can be efficiently solved using linear
programming techniques. Their method is theoretically sound and robust
with respect to geometric and topological noises which are commonly found
in real-world models. However, their method assumed the repeated pat-
terns are isotropic, of similar sizes, and regularly arranged on the surface.
As a result, it does not work for patterns with high degree of anisotropy or
non-uniformly distributed patterns with varying sizes. Herein, we present
a new method for detecting repetitive patterns on 3D models. Observing
that repetitive patterns have consistent matching between the corresponding
feature points, we tackle the above-mentioned challenges by a robust and

efficient local feature matching algorithm.

Given a manifold triangle mesh M and the user-specified pattern P, our
method then solves the pattern detection problem in two steps as follows.
First, with the extracted signature from P, it maps each sample point in-
side of pattern P to candidate points around P. And then, it clusters these
formed matches to find out respective correspondence of detected patterns.
Second, it refines the optimal correspondence around the pattern via a con-
tinuous energy optimization, which not only matches the corresponding fea-
tures between two patches but also considers the feature consistency within
each patch. Finally, the arrangement graph for all detected patterns are able
to built by computing the Voronoi diagram of the detected patterns. Our
method does not assume the patterns are (near) regular and of similar sizes,

thereby it can work for both isotropic, anisotropic and adaptive patterns.
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5.2 Method

5.2.1 Overview

Figure 5.2: The points p;, p; in pattern P and their images ¢(p;), ¢(p;) in to-

be-discovered pattern Q. g(p;,p;) = g(é(p:), #(p;)), where g(p;, p;) denotes
the geodesic distance between points p; and p;.

Our method is motivated by the following observation. Denote by Q C M
a patch on mesh M and P C M a known pattern. When () is an instance
of pattern P, there exists a (near) bijective mapping ¢ : P — @ such that
the salient features in P are mapped to the corresponding features in Q).
Such a mapping ¢ should also preserve the local isometry. See Figure 5.2.
Given two points p;, p; € P and their images ¢(p;), ¢(p;) € Q, the geodesic
distance g(p;, pj) between p; and p; is approximately equal to g(¢(p;), ¢(p;)).

The user-specified pattern covers a set of pre-defined samples, and there-
fore our method’s target is finding potential patterns by constructing dis-
crete mapping for samples. Obviously, a brutal force search is not practical
due to the huge computational cost. Our solution is inspired by a spec-
tral technique [94] [95] which can efficiently solve the shape correspondence
problem [36]. Our framework utilizes two steps to detect patterns around

user-specified patch.
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Figure 5.3: Pipeline of our method on a golfball model. (a) Input model
and user-specified patch; (b) Forming and Classifying candidate matches;
(c) Energy optimization; (d) Arrangement for all patterns.

First, it finds the sample points whose signature are similar to the sam-
ple points on fixed pattern so that constructing candidate matches. Then,
it transfers the matches into the match-sample-points and finds the clus-
ters among these match-sample-points to classify candidate matches. All
possible patterns would be detected with the aid of match-sample-points
clustering method and region growing scheme. It should be noted that the
distribution of these possible patches may deviate from real patterns be-
cause of the irregular distribution of patterns, the noisy of triangle mesh
and so on. In order to address this problem, we bring in energy optimiza-
tion for second step. After detecting all nearby potential patterns, it builds
the arrangement. Center points of all patterns are considered as the seeds
to compute the geodesic Voronoi diagram [30] and its dual graph Delaunay
triangulation network. Figure 5.3 visualizes the pipeline of our method on

a golfball model.
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5.2.2 Preprocessing: Sampling and Feature Extrac-
tion

There are two preprocessing steps before executing our method on input

model.

5.2.2.1 Sampling

It’s highly time-consuming to cluster matches linking each vertices for ad-
jacent patches. Therefore, we pre-compute sample points for input model.
Herein, we adopt Farthest Point Sampling(FPS) [38] algorithm with the help
of our Parallel-VTP geodesic algorithm. FPS takes the farthest vertex to
the already selected samples as a new sample point. Let V be the set of
vertices and S be the set of sample points on the mesh respectively. Assume

there are k chosen sample points pg, p1, ..., pr € S, we then fix pr,q as

Pr+1 = argmax min g(p;,p),
pev  0<i<k

where g(p;, p) denotes the geodesic distance between p; and p.

5.2.2.2 Feature Extraction

During matching samples with common saliency in our first step, we assume
that each sample point has a pre-computed signature. Therefore, there is
a preprocessing step of extracting feature for each sample on input trian-
gle mesh. Our method refers to [96]. For each point, we first compute
a geodesic disk and sample K geodesic paths. See Figure 5.4(a). Then,
for each sampled geodesic path, we averagely sample N points and utilize
the principle curvatures of these points to form a feature histogram. See
Figure 5.4(b). We adopt the average and variance histogram of these K

geodesic radiuses on behalf of each sample’s signature.
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(a) (b)

Figure 5.4: Feature extraction for each sample point.(a) Sampled radius line
on geodesic disk;(b) Feature descriptor of one sampled radius.

Given a sample point p, we use f(p, [0,7]) represents the signature based on
above geodesic disk whose geodesic radius is . Note that f(p,[0,71]) and
f(p, [0, r2]) have same signature histogram in interval [0, 7] when r; < 5. In
general, we choose larger radius to extract sample’s signature so as to avoid
repeatedly pre-computing signatures in the situation of different scale-level
patterns on same model. Without loss of generality, the signature of point

p is represented by f(p).

5.2.3 Match Clustering

Between the input pattern P and its nearby potential pattern (), there exist a
continuous bijective mapping ¢ : P — (). Herein, we discretize the mapping
by matching sample points whose signatures are similar. Given two samples
p,q € S, we call they are matched if their signatures are approximately equal
f(p) = f(q). Denote by pg the match. After finding local matches around
the input pattern P, we get a set of candidate matches. Then, we adopt the
spectral clustering method [95] to classify these candidate matches into the

correspondences for different potential patterns.
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Algorithm 6: Find Clusters of candidate matches in embedding space

R3.

Input: Candidate matches set M, the number of sample points on
input pattern k.

Output: Clusters C = {C;,1 =1,2,3..} in M.

Build similarity matrix W.

2 Compute the first three eigenvectors uy, us, us.

(9]

© w N o

10

Find spectral embedding coordinates for each match m; in M.

/* Ny : # of matches in M. x/
for i + 0 to Ny do

L Compute the weight w; for match-sample-point m;.

Sort VYm; € M by their weight w;.
for i + 0 to Ny do
Use mean shift algorithm to move m;.
if the nearest k match-sample-points of m; don’t belong to any
cluster then
L Create new cluster C; for e; and its k£ neighbors.

Let M = {m; = pigilpi € SN P,q; ¢ SN P} be the set of all candidate
matches, where P denotes fixed pattern, S denotes the set of sample points.

The similarity matrix W is constructed as

Cij_;CO’ ifci‘>607i7éj
Wi =4 7 ' (5.1)
0, otherwise.
Herein, we define the similarity value between two matches as
= min(g(piapj) Q(Qi, Qj) )’ (52)

9(¢i,45) " 9(pi, pj)

and ¢y denotes the cutoff value. Each match m; € M could be transferred
into a match-sample-point in the embedding space R? by computing the first
three eigenvectors of matrix W. See Figure 5.3(b).

Since the number of potential patterns is unknown, we adopt mean shift

clustering [97,98] algorithm to cluster points in embedding space. See Algo-
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Algorithm 7: Search all neighboring patterns by region growing
method.
Input: User-specified pattern P, model M
Output: The set T of all detected patterns
Insert pattern P into set T, T' = {P}.
Insert pattern P into set NewPatchSet, NewPatchSet = {P}.
while NewPatchSet is not empty do
Pop a patch P; from NewPatchSet.
Compute candidate matches set M for patch P.
Compute clusters set C' by Algorithm 6.
for VC; € C' do
Optimize the group matches.
if () is a new detected pattern then
L Insert () into NewPatchSet.

Insert @) into set T

rithm 6. In practice, it is more efficient to bring in weight function in mean
shift clustering, since the matches in the local correspondence have higher

similarity. We define the weight function of match-sample-point m as

Weight(m) = Z Z Cijs (5.3)

1ENk(m) jENk(m)
where Nk(m) denotes the set of k-nearest match-sample-points of m and k
is the number of sample points on the initial user-specified pattern. After
spectral clustering algorithm, the candidate matches are categorized to dif-
ferent possible patterns. Finally, we adopt region growing method to search

all candidate patches. See Algorithm 7.

5.2.4 Energy Optimization

Algorithm 6 remarkably indicates which matches may be local shape corre-
spondence between two patterns. However, the correspondences are coarse,

which requires more optimizations.
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We define the energy function as

FQ=a Y  [If(p)— @)l
SreQ
+8 3 Y (- i) o)

pi€P  p;eP
#(Pi)EQ ¢(p;)EQ

+91f () = flo(p))l; (5.4)

where P represents the fixed pattern and () represents the nearby possible
pattern, f(p;) denotes the signature of point p;, ¢(m;, m;) denotes the simi-
larity between m; and m;, p; denotes the landmark point in pattern P. «,

[ and vy are parameters to balance the weight.

In the ideal correspondence, for each sample point p;, f(p;) is equal to
f(¢(p;)); and for any two matches m;, m;, the similarity c is 1. Thereby, we
minimize the energy value for group matches during region growing. There
exist continuous iterations in the process of region growing. To avoid the
increasing of deviation, we amplify the landmark point in each patch. If
the patch is isotropic, we choose the center as its landmark point; if the
patch is anisotropic, we choose the midpoint of median axis. Finally, we
attain a group match M which is closer to the ideal discrete local shape

correspondence by minimizing 5.4. See Figure 5.3(c).

5.3 Experimental Results & Comparison

5.3.1 Performance Analysis

The consumption of our method focuses on its two main steps. See Ta-
ble 5.1. Note that the overall consumed time is linearly related to the num-

ber of patterns which could be detected as T'(overall) = (t(clustering) +
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Figure 5.5: Repetitive pattern detection results on asian dragon model.

Figure 5.6: Repetitive pattern detection results on different models.
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t(optimization)) * N,, where N, is the number of patterns.

Model # vertices | T.(s) | To(s) | T(s)
Ice dragon neck 50K 1 15 16
Ice dragon body 50K 1 47 48
5
3
4

Dragon 100K 20 25
Gargoyle tail 350K 30 33
Octopus 106K Y 61

Table 5.1: Runtime for detecting repetitive patterns on different models.
T, denotes the runtime of spectral clustering, 7, denotes the runtime of
optimization.

5.3.2 Anisotropic Patterns

Figure 5.7: Schematic diagram for anisotropic pattern. Point p;, p;, pi in
pattern P and their mapping ¢;, ¢;, g» in pattern ). Local isometry invariant

as g(pi,pj) =~ 9(¢i, ;) 9(pi, pr) ~ 9(q, @)

Figure 5.5 and 5.6 exhibits the experiments results on different models.
Apart from isotropic patterns, our method also be viable for anisotropic
patterns. See Figure 5.7. The matches between samples on two anisotropic
patches also preserve local isometry. There is no difference between isotropic
and anisotropic patterns by our scheme. Figure 5.8 displays the detection

result on a model with anisotropic patterns.

98



Figure 5.8: The result of our method for anisotropic patterns.

5.3.3 Adaptive Patterns

For the adaptive case, our method requires user to draw the stroke so as
to confirm the ratio value of density A\. Then, feature extraction method of
each point and the similarity computation between two matches need to be
adjusted accordingly. Suppose f(p,[0,7,]) denotes the signature of point p
in pattern P, f(q, [0,7,]) denotes the signature of point ¢ in pattern ), then

we consider p and ¢ are matched only if

1/ (P, [0, mp]) = f(g, [0,74] * M| <e, (5.5)

where \ = Z—:, pp denotes the density of point p and p, denotes the density

of q respectively. See Figure 5.9.

Equally, we bring in the factor A to Equation 5.2 as follows,

2% g(pi,p;) 9@, @) * (N + )
g s et Zegam) (5.6)

¢;; = min{

Figure 5.10 illustrates the detection result of adaptive patterns.
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Figure 5.9: Schematic diagram of adaptive pattern. Point p; and py in
pattern P and @) respectively.

Figure 5.10: The result of our method for adaptive patterns.
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5.3.4 Discussion

The proposed method with linear programming techniques in [89] imposes
restrictions on the input models that their patterns are near-regular and of
similar size. Our method works for both isotropic and anisotropic patterns,
non-regularly distributed patterns as well as adaptive patterns with the aid
of a user-interface. Moreover, as a localized approach, it does not require
any global numerical solver, therefore it is efficient and scales well on large

models, and can also be implemented in parallel.

5.4 Summary

We propose a novel framework for detecting repetitive patterns in this chap-
ter. There are two main steps in our key idea: detecting potential nearby
patterns by clustering match-sample-points and refining the correspondence
via optimizations. Finally, all potential patterns around user-specified patch
are discovered and their arrangement are constructed by computing geodesic
Voronoi diagram and dual graph Delaunay triangulation. Different from ex-
isting pattern detection method [89] on 3D models, our method does not
assume the potential patterns are regular. Our method works for both
isotropic, anisotropic, non-regularly distributed patterns as well as adaptive

patterns with a user-interface.
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Chapter 6

Conclusion and Future Work

6.1 Conclusion

In this thesis, we focus on the research of developing faster discrete geodesic

algorithms with the aid of parallel framework.

At first, we propose a parallel framework based on MMP algorithm. Our
parallel-MMP algorithm includes five main steps: window selection, window
propagation, window organization, window clipping and window pushing.
The two most time consuming steps are parallelized. Our experimental
results show that the speed of our parallel MMP algorithm is 1.6-1.7 times
faster than FWP-MMP algorithm and 5-7 times faster than MMP algorithm
based on 4 CPU threads. Our parallel-MMP algorithm is the fastest geodesic
algorithm to preserve the geodesic paths from source to all destinations so

far.

Then, we move to develop parallel framework based on VTP algorithm, the
fastest sequential exact geodesic algorithm so far. Our parallel-VTP frame-
work includes three main steps: K-window-list selection, parallel window

list propagation, vertex distance updating and window list merging. Al-
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though there is only one concurrent step, window list propagation, the time
complexity of other three steps is only O(n). Thus, our algorithm has an
empirical O("TQ) time complexity, where n is the number of vertices and T
is the number of threads. We evaluate PVTP on a wide range of 3D models
and observe that it improves the performance of the sequential VIP by a
factor of 2.5~3 on a 4-core CPU and 4~5 on an 8-core CPU for most of regu-
lar triangle meshes with over 1 million vertices. For challenging anisotropic
meshes, PVTP is also 1.5~3 times faster than VTP. We also propose an
approximate variant of VTP that controls accuracy and speed by a global
parameter \. The AVTP becomes Dijkstra’s algorithm when Ah is smaller
than minimal edge and becomes the exact VI'P when Ah is larger than the
farthest geodesic distance, where h is the average length of mesh edges. We
prove that AVTP has O(n)) time complexity. It is worth noting that AVTP

can also be parallelized under the same framework of PVTP.

At last, we present an application of discrete geodesic algorithm, that is
near repetitive pattern detection on 3D models. Taking a manifold triangle
mesh M and the user-specified to-be-detected pattern P as input, our al-
gorithm then solves the pattern detection problem in two steps: detecting
potential nearby patterns by clustering match-sample-points and refining
the correspondence via optimizations. Finally, all potential patterns around
user-specified patch are discovered and their arrangement are constructed
by computing geodesic Voronoi diagram and dual graph Delaunay trian-
gulation. Different from existing pattern detection method on 3D models,
our method does not assume the potential patterns are regular. As a re-
sult, our scheme works for both isotropic and anisotropic, even non-regularly

distributed patterns.
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6.2 Future Work

We implemented PVTP on CPUs, which have relatively few cores comparing
to GPUs. Since the bucket data structure and K-window-list selection are
effective to control the total number of propagated windows, we will explore

their potential on GPUs in the near future.

Though the study of discrete algorithms in this thesis focuses on the single-
source-all-destinations geodesics, applying PVTP locally can improve the
performance of constructing saddle vertex graphs [10] and discrete geodesic

graphs [13,20].

Motion planning problem in robotics domain is to find a feasible trace from
the source to destinations in real world which might include polyhedron
obstacles. This problem could be transferred into discrete geodesic problem
on manifold as well. Therefore, developing more efficient algorithms for
motion planning problem with our algorithms is also a valuable research

direction.

Besides, our parallel-VTP algorithm is able to improve the performance of

Geodesic Voronoi Diagram problem.
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