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Entanglement witnesses with variable number of local measurements

Wiestaw Laskowski,! Marcin Markiewicz,! Tomasz Paterek,> and Ryszard Weinar!
nstitute of Theoretical Physics and Astrophysics, University of Gdarisk, 80-952 Gdarisk, Poland
2School of Physical and Mathematical Sciences, Nanyang Technological University, Singapore
3Centre for Quantum Technologies, National University of Singapore, Singapore
(Received 5 April 2013; published 5 August 2013)

We present a class of entanglement identifiers which has the following experimentally friendly feature: once
the expectation value of the identifier exceeds some definite limit, we can conclude the state is entangled, even
if not all measurements defining the identifier have been performed. These identifiers are in the form of sums of
non-negative functions of correlations in a quantum state, mostly squares of correlations, and we illustrate their

use and strengths on various examples.
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I. INTRODUCTION

Entanglement witness is traditionally an observable with
an expectation value below a certain bound for all separable
states and exceeding the bound for some entangled states
[1,2]. Every entangled state can be detected in this way by
a suitably designed entanglement witness. Furthermore, the
witness operator can always be expressed in terms of local
measurements and therefore entanglement can be certified if
the corresponding linear combination of suitable correlations
and averages of local measurements exceeds the bound set by
separable states. Note however that usually all the correlations
defining the witness have to be measured. It may happen
that the bound is violated already for a subset of local
measurements defining the witness but together with its other
measurements the separability bound is not exceeded.

For this reason the entanglement identifiers that sum non-
negative functions of correlations in a quantum state are rele-
vant from practical perspective. As soon as their separability
bound is exceeded, even for a subset of measurements defining
the identifier, entanglement of the state is confirmed as any
future measurements can only add to the present value of the
identifier.

Here we utilize the general results on entanglement de-
tection presented in Ref. [3] in order to derive a set of
local measurements revealing entanglement of a state given
its closest separable state according to the Hilbert-Schmidt
distance. This approach is equivalent to the traditional en-
tanglement witnesses and next we propose a procedure to
obtain a quadratic criterion from the linear witness. This
criterion is different from the original linear one and in general
detects a different set of entangled states. Since finding the
closest separable state is known to be a hard problem even
in a bipartite scenario [4], we also discuss a simpler task in
which the closest separable state is replaced by the closest
state with positive partial transposition (PPT) [5]. Though it
should be noted that entangled PPT states exist which are
still very distant from the set of separable states [6]. We
utilize the algorithm for finding the closest PPT states [7] to
establish combinations of correlations revealing entanglement
in NPT states, i.e., states with negative partial transposition.
All this is illustrated with examples, some of which go beyond
the proposed procedure and sum other positive functions of
correlations as well as detect entanglement without knowledge
of the closest separable state.
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II. MOTIVATION

We begin with an explicit example of a linear entanglement
witness that illustrates the need for making all measurements
in its definition. It is sufficient to consider states of two
qubits (two-level quantum systems). All such states can be
represented in terms of expectation values of local Pauli
operators as follows:

3
1
P = Z Z T;/.va;/. & oy, (1)

=0

where o, € {1,0,,0y,0;} and T, = Tr[p(c, ® 0,)] is a di-
rectly experimentally accessible correlation function.

Consider the following linear combination of correlation
functions and local averages:

Tex + To; — T+ To: < 3. )

where the bound holds for separable two-qubit states, i.e.,
states that can be represented as psp = ) ; Pi piA ® piB with
pi’s being probabilities. Equation (2) is an entanglement
witness that, for example, detects the Bell state |¢+) =
\%(IOO) + |11)), where |0) (]1)) denotes the eigenstate of the
o, local Pauli operator with eigenvalue 41 (—1). The witness is
constructed in such a way that the product state | 11) violates the
bound of % if we measure correlations 7,, = 1 and T,p = —1
only, but of course the bound is satisfied if the remaining
correlations are taken into account. In this work we present
entanglement identifiers such that once the separability bound
is exceeded for a subset of measurements defining the identifier
the other measurements can be skipped.

III. ENTANGLEMENT CRITERIA

For simplicity of presentation we demonstrate the results
using states of qubits, but the techniques are applicable to
any systems. An arbitrary quantum state is represented by
a density operator p which can be regarded as an element
of a Hilbert-Schmidt vector space with trace inner product.
We call a standard basis in this space a basis composed of
vectors |e, ) = |m) (n]| for individual qubits, where m,n = 0,1
and u = 2m + n, i.e., the rounded kets denote vectors in the
Hilbert-Schmidt space of mixed states whereas the usual kets
denote vectors in the Hilbert space of pure single-qubit states.
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The elements of the standard basis in general do not admit
spectral decomposition and therefore they do not correspond to
directly measurable quantities. From an experimental perspec-
tive another basis plays a crucial role: | f,,) € {1,0,,0y,0.},
which is composed of Pauli operators. Note that the vectors
of this basis are not normalized, instead we have (f,|f,) =
Tr(o,0,) = 26,,. These correspond to physical observables
and since their averages uniquely define a quantum state of a
qubit we call this basis a tomographic basis.

Let us briefly describe the main result of Ref. [3] in a slightly
more general context than original. If a set S of quantum
states is convex and compact then the following necessary and
sufficient condition verifies whether p belongs to S:

r’pgg(plGlps)dplGlp) iff p ¢S, 3)

where G is a positive semidefinite metric acting in the Hilbert-
Schmidt space of mixed states. In Ref. [3] this condition has
been proved for the convex set of separable quantum states,
but the proof for any other convex set goes along the same
lines.

Here we focus on a specific choice of metric G that reduces
criterion (3) to entanglement witnesses. This happens for G
being a projector in the Hilbert-Schmidt space, G = |5§)(§|,
where § = p — py is the traceless operator with py being the
closest state in S to p. It was shown that (p|§) > 0, and
therefore this choice of metric transforms condition (3) into

Iglgg(p — polps) < (p—polp) iff p¢&S. 4)

In this form it is more transparent that the condition is
necessary and sufficient. If p belongs to S then the difference
0 — po vanishes and both sides of the criterion are equal to
zero. If p does not belong to S we briefly repeat the reasoning
of Ref. [3] for completeness. In this case the assumption
implies positivity of the length [|8]|> > 0, i.e., (8| po) < (8]p).
To derive (4) we have to show that (§]|p5) < (6]p0). To this
end, define the state p, = (1 — X)pp + Ap;. Since pg is the
closest state, we have ||p — p;||> = ||8]|*> with equality only
for A = 0. Therefore we require %Hp —p]>>0atr=0.
This is equivalent to the condition (6]ps) < (8]00)-

A. Measurements revealing entanglement

Suppose that the closest separable state, pp, to the state
p is known. In order to find measurements which confirm
entanglement we change the basis in which density operators
are written from standard to tomographic. For example, any
state of N qubits can be represented in the tensor product of
the tomographic bases as

3

1
=55 D

where | f,, - -+ fuy) shortly denotes |f,,)® ...® |fy,) and
the components are directly experimentally accessible cor-
relation functions and averages of local Pauli measurements
Ty = fuy -+ funlp) =Tr(poy, @ ... Q@ 0y, ). A set of
4N elements T, ..., forms the so-called extended correlation
tensor 7', which is just an alternative representation of a
quantum state p.

Ty | fiar =+ Sun)s )
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Any operator can be decomposed in the tomographic basis.
In particular, let us denote by D the extended correlation
tensor of the traceless operator § = p — pp. In this language,
the trace inner products of the entanglement criteria become
scalar products between correlation tensors. For example, in
criterion (4) for N qubits the products are of the form

3
1
=l =55 Do Dun T 6)

Since tensor D is present on both sides of the entanglement
criterion, its particular numerical values are not essential, only
the relative weights matter for the detection. Another important
message is that if D,,..,, vanishes for some indices, the
corresponding correlations are not relevant for entanglement
detection. Such measurements can be skipped in an experiment
verifying entanglement of state p.

B. Quadratic identifiers

In the previous section we showed how to construct a
linear entanglement witness from the knowledge of the closest
separable state. In order to construct a quadratic entanglement
identifier we propose the following procedure. Take the
linear witness of (3) with G = |§)(8]. When written in the
tomographic basis this metric has matrix elements:

(f/u T fuN|G|fu—’l T fu’,\,) = Dm---;LNDp_’]mu/N- @)

We now erase all off-diagonal elements of this metric and
define a new metric, H, being the diagonal part of the previous
one:

(/TR fu«zv|H|fu’1 e 'fu’N) = Dil---uN(Sum’] e '(SMN/A}V- (®)

Finally, we optimize the left-hand side of condition (3) with
metric H and 7P being the extended correlation tensor of pg:

3
R 2 sep
Max fsep E TMI"'MNDm--uNTm---;AN

s iy =0
3
2 : 2 2
< TMl"'MN DMl-“MN’ (9)
iy iy =0

in order to check if indeed entanglement can be detected.

IV. EXAMPLES

Let us illustrate the methods discussed here with a few
concrete examples. We also utilize the algorithm by Verstraete
et al. [7] to find the closest PPT or separable states in some
new cases.

A. Werner state

Consider the Werner state of two qubits:
Pwemer = ploT) (@ + (1 = p)jLa, (10)

where |¢+> = Lz(|00) + |11))is the maximally entangled Bell

state and 14 denotes identity matrix for two qubits. Its closest
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separable state is known to be [8]

1 1
3 003
0 £ 00 ; 1 an
= , for > —,
=10 0 L o P=3
1 1
s 00 3

and py = p for p < % Note that the pg state is independent of
p assoonas p > % This is intuitively understood as follows:
the Werner states for different values of p lie on a line between
the completely mixed state and the maximally entangled state.

Calculation of tensor ﬁ, for the operator p — pp, reveals that
only three measurements are required to prove entanglement
for the whole family of Werner states. Namely, all the

correlations D, ,, vanish except for Dy = =D, = D, =
1

p— 3

In30rder to arrive at the linear witness we explicitly calculate
the maximum over separable states in criterion (4). Since
the scalar product is linear, it is sufficient to calculate the
maximum over pure product states. Further, since D is present
on both sides of (4) and p — % is positive for p > 1, we
divide both sides by this number and calculate the maximum
of the left-hand side tobe T}, Ty, — T, Ty, + T, T, < 1, where
the maximum follows once we write components of local
tensors (Bloch vectors) in spherical coordinates, (1%,7,,T;) =
(sin @ cos ¢, sin @ sin @, cos ). Finally, the Werner states (10)
are entangled if and only if

Tox — Ty, + T, > 1. (12)

The quadratic identifier also detects all the states of this
family. Since all the elements of the diagonal metric H are
the same and present on both sides of the condition (9)
they cancel out. The left-hand side therefore reads L =
T T, T, +7T,,T,T,, +T.T, T, and its maximum for the
Werner state is p. On the right-hand side we have the sum of
squared correlations. Therefore, the state is entangled if

T+ T+ T2 > p. (13)

which holds exactly for p > % Note that for many Werner
states only two measurements are sufficient to reveal entan-
glement.

B. Bell diagonal states

Consider any two-qubit state with completely mixed states
of individual qubits. Such states are diagonal in the Bell basis:

4
pep = Y il (W)l (14)

j=1
where p;’s are probabilities and |;)’s describe the Bell basis,
e.g., [¥1) = 75(100) + [11)), [2) = 5(100) — [11)), |y3) =

J5(101) +110)), and [y4) = 45(I01) — [10)). The closest

separable state to pgp has been found in Ref. [8] but for our
purposes it is better to present the difference:

i) (W)l — 11a), for j=1234.

15)

PBD — PO =
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It turns out that there are four ways of expressing the closest
separable state depending on which particular Bell state we
would like to use for description. These four ways lead to four
different tensors D ; given by
piT;, for j=1.234, (16)
where T denotes the correlation tensor of the Bell state ‘I/f i)
which in this case is a 3 x 3 matrix with elements given by
Ty for k,I = x,y,z. Since the positive factor % pj appears on
both sides of criterion (4) it cancels out and it is easy to verify
that the maximum of the left-hand side is then given by the
unity. Finally, a Bell diagonal state is entangled if any of the
following inequalities is satisfied:

T+ Ty + T, >1, T\ —T),+T; >1,

(17)
- T, > 1.

Tox +Tyy — T, >1, —Tx—T,

This example leads to an interesting criterion in which
nonnegative functions of correlations are being summed, but
they are not the squares of the correlations. Namely, we
now show that the four inequalities above are equivalent
to the Horodecki’s necessary and sufficient condition for
entanglement of Bell diagonal states [9]:

|Txx|+|Tyy|+|Tzz| > 1. (18)

Note that in order to introduce the absolute values of the
correlations the set of inequalities (17) has to be augmented
with the four inequalities obtained by multiplying only the
left-hand side of each inequality in (17) by — 1. We demonstrate
that for physical states these four new inequalities are never
satisfied and therefore entanglement is fully characterized
by (17) or equivalently (18).

For concreteness consider the inequality obtained from the
lastexpressionin (17),1.e., Ty, + Tyy + T;; > 1. An argument
along the same lines applies to any other inequality. Assume
there exists a state n for which this inequality is satisfied and
calculate the probabilities to observe different measurement
outcomes when n is measured by a Bell-state analyzer. In
particular the probability to observe the result corresponding
to the singlet state reads }1(1 — Ty — Tyy — T;;) and it would
be negative for the hypothetical state 1. Thus, for all physical
states Ty, + Ty, + T, < 1.

C. Isotropic states

This example is similar to the Werner states in that there is
only one state pg closest to all the states of the family. This is a
one-parameter family of states for two d-level systems called
isotropic states [10,11]:

1
Prso = PIV W1+ (1 — P)Eﬂdz, 19)

where - L1 describes the completely mixed state of two qudits

and |1//d f Z =0 D Jjj)is amaximally entangled state. The
closest separable state is found to be of the same form having
P = d+1 [12].

We represent a state of two d-level systems in the
tomographic basis composed of generalised Pauli operators
Aj with j=1,... ,d%. &y is chosen as the identity and all
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others are chosem as traceless Hermitian observables that
satisfy Tr(A;A ;) = 24;; and have entries that are either purely
real or purely imaginary. For d =3 one may think about
Gell-Mann matrices and for any d about their generalizations.
The correlation tensor elements are the expansion coefficients
of a state in this tomographic basis:

d
T;; = ———Tr(pr; ® A;), 20
I = 5 =Tk © 1) (20)
where the factor of m is introduced in order to keep the

correlations in the range |T;;| < 1.
The state prs, has a diagonal correlation tensor, which apart
from the element T}, can be rewritten as
d
Ty = 5oy Wi s @ A1) = 57
Note that the precise location of plus and minus signs
cannot be inferred from this formula and indeed both signs
are compatible with the definition of A;’s given above. A
linear witness can be constructed if additional constraints
on the structure of A;’s are assumed. For example, taking
the matrices of Ref. [13] fixes the positions of pluses and
minuses and allows explicit construction of the linear witness.
In contradistinction, we offer here a quadratic identifier that
detects entanglement of the isotropic states in the full range
without any further restrictions on A ;’s.

Following our procedure, tensor D has the following non-
vanishing components, D;; = i(ﬁ - ﬁ), which squared
appear on both sides of condition (9) and cancel out. Maxi-
mization of the left-hand side gives the biggest correlation in
the state, Tiax, and the quadratic identifier simplifies to

8. (1)

d*—1
O TE > T (22)
j=1

where the unknown sign of correlations is no longer a problem.
For the isotropic states Tpma = 7%, and entanglement is

detected for p > which is exactly the same as in Ref. [12].

L
d+1°

D. Bound entanglement

To show the strength of the criterion that sums squares of
correlations we now apply it to detect bound entanglement.
Consider the PPT states proposed by Horodecki [14] and
generalized in Ref. [15]. For C3 ® C? (two qutrits) the state
can be written as

a a a
a
al -
pa—ga+1 a . .. a .. . al, (23)
-|b c
a
a . e a e . b

where b = 1#, c= —”2’“2, and a € [0,1]. The state is PPT in

the whole range of a, it is separable fora = 0 and @ = 1, and
entangled for a € (0,1) as shown in Ref. [14].

PHYSICAL REVIEW A 88, 022304 (2013)

FIG. 1. Detection of bound entanglement. The upper solid line
presents the sum of TI% for the state (23) as a function of state
parameter a. The lower dashed curve is the upper bound on maximal
correlation of this state. According to criterion (24) we detect
entanglement in the whole range of a € (0,1).

By taking the Gell-Mann matrices as a tomographic basis
for qutrits, the correlation tensor elements defined by 7;; =
%Tr(paki ® A ;) can be easily determined. The nonvanishing
elements are

3a
11 22 33 44 55 66 21 16a
30 —a) V3 = a) l—a
Ipp=—F——7—, Tgr=——F—F5—, Tgg = ——5—.
2+ 16a 44+ 32a 4+ 32a

As an entanglement criterion consider the following gener-
alization of (13) and (22):

d*—1
DT> T (24)

ij=1

where T is the biggest correlation in the state, i.e.,
the biggest overlap between the correlation tensor of the
state and the correlation tensor of a product state, Ty, =

maxyprod Zizj_:ll T;; Y}I;r()d. If (24) holds the state cannot be
separable. Figure 1 shows that the sum of squared correlation
tensor components of p, is greater than the maximal singular
value of the matrix composed of 7;; elements, foralla € (0,1).
Note that the maximal singular value might be greater than
the actual Ti,,x because the tensor product of the vectors for
which it is achieved might be unphysical. Surprisingly, this in
principle weaker condition detects all entangled states p,,.
This example also shows that we do not always have to look

for the nearest separable state to build an appropriate metric.

E. NPT witness

Since the set of PPT states is convex and compact, the
criterion (4) can be interpreted as an NPT witness. Moreover,
if the dimension of the total system is not greater than 6, the
sets of separable states and PPT states coincide [1].

A practical tool to reveal measurements showing entangle-
ment in NPT states consists of finding the closest PPT state and
then changing the basis to the tomographic one. The closest
PPT state with respect to the Hilbert-Schmidt distance can be
found using the algorithm of Verstraete et al. [7]. The algorithm
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returns the closest partially transposed matrix, which almost
always is positive semidefinite (if the dimension is not too
high) and therefore a valid PPT state.

The algorithm consists of the following steps [7].

(i) Calculate the eigenvalue decomposition of the partially
transposed state p: p'T = VDV, where D is a diagonal matrix
with entries d;.

(ii) Define diagonal positive semidefinite matrix D’ with
entries d! = d; + A if d; is non-negative and d; = 0 if d; is
negative.

(iii) Calculate A from normalization Tr(D') = 1.

(iv) The closest partially transposed matrix to p is given by
po = (VD'VHT,

If such defined p, is positive semidefinite, it is the closest
PPT state.

1. Colored noise

We apply this method to reveal entanglement of a pure
entangled state mixed with colored noise:

Poolor = Pl T ) (@ T + (1 — p)|01)(01]. (25)

To illustrate the steps we fix p = % and next discuss numerical
investigations in the whole range of p. For p = % the closest
separable state found using the abovementioned algorithm
reads

7-+/5 0 0 54245

2 5

1 0 15+7/5 0 0
p=sl o P s, | @

5425 0 1(;) 1—/5

2

The corresponding tensor D has the following nonvanishing
components:

—Dyy = Dyy = £(=5+5),

D..=3(5-1,
Dy, = —Dyo = 2(=5+/5).

27)

The maximal value of the left-hand side of condition (4) is
%(\/3 — 1) and the linear witness takes the form:
2Ty, — 2Ty 4+ V5T + Tog — Tp. > /5. (28)
It is easy to check that it indeed reveals entanglement of
state (25) with p = % Note that in addition to correlations
this witness takes advantage of nonvanishing local averages
for o, Pauli measurements. Entanglement of state (25) is also
revealed with the corresponding quadratic identifier:
AT? + 4T, + 5T + T+ Ty > 3. (29)
We have also verified numerically that the linear witness
detects entanglement of all the states of the family (29), i.e.,
for all positive p. The corresponding quadratic identifiers are

also quite powerful and detect the entanglement of all these

states for p > %
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F. W state

Finally, we give a multipartite example. Consider the three-
qubit W state [16]:

I
V3

Its closest separable state is given by [17]

|W) = —(|100) + |010) + |001)).

po = ZIW)(W|+ B31.

In this case tensor D has the following nonvanishing com-
4
ponents: Doo3 = Doz = D3oo = 55, Doz = D3z = D330 =

40
—1550 Dot = Do = Dio1 = Doo2 = Dyop = Do = D113 =

80
D131 = D311 = Dy3 = D32 = D3 = 155

— %. The linear condition takes the form

and D333 =

Toos + Tozo + T300 + 2T 101 + 2T110 + 27011 + 27022 + 2702

+2T50 — Tozz — Tz03 — T330 + 27113 + 27131 + 27314
23
+2T503 + 21030 + 21320 — 31333 > 3 (30)

which gives 21 > ? and proves entanglement.
The quadratic condition is given by

2 2 2 2 2 2 2 2
Toos + Toz0 + Taoo + 4T 0 + 4T + 4151 + 4155, + 415,
F4T50 + Tias + Taos + Tzo + 4T3 + 4T3, + 4T3,

29
FAT s 4+ 4T3, + 4T3, + 9T5 > —

3 €29

and it also detects entanglement, since in this case 31 > 23—9

V. CONCLUSIONS

We presented examples of entanglement identifiers which
sum only non-negative functions of correlations in a quantum
state. In this way, as soon as the bound of the identifier set
by separable states is exceeded, one can conclude the state
is entangled without a need for any further measurements.
These identifiers are quite powerful and easily detect bound
entangled states.
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