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Abstract

The problem of describing the surface information of a complex shaped object with a com-

puter is often encountered in the fields of computer aided design and computer graphics.

The surface of such an object could have arbitrary shape and is usually called the free-form

surface. T-splines are a recently developed generalization of non-uniform rational B-splines

(NURBS) technology enabling local refinement, which can overcome many drawbacks of

NURBS and offer a more flexible representation for free-form surfaces. T-splines have a

potential of becoming the next industry standard for free-form surfaces in high end ani-

mation and computer aided design industry. It is apparent that to permit this potential to

be fully realized, there must be developed solid mathematical theory and a comprehensive

set of supporting algorithms. The research of this thesis therefore aims to investigate some

fundamental algorithms of T-splines and to explore their use in surface approximation.

First, a very fundamental problem of T-splines, which is to remove control points from

a T-spline control grid while keeping the surface unchanged, is studied in the thesis. An

algorithm is presented to detect whether a specified control point can be removed and to

compute the new T-spline representation if the point is removable. The algorithm can be

viewed as a reverse process of the T-spline local knot insertion algorithm. The complexity

of removing more than one control point is also analyzed and the extensions of the algorithm

to remove many points are discussed. Compared to the B-spline knot removal in which a

whole row or column of control points needs to be removed, the presented T-spline control

point removal algorithm usually causes only local change to the T-spline control grid.

Second, the use of T-splines in surface approximation is investigated. Triangular meshes

and spline surfaces are currently two main representations for free-form surfaces. There

is a need to convert triangular meshes into spline surfaces. However, such conversion is

never a simple task especially when the shape is complicated. This thesis introduces a

new framework for adaptive surface fitting which achieves the conversion from a triangular

mesh that is topologically homeomorphic to a plane region to a spline surface. The new
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framework improves the conventional least squares approximation method by incorporat-

ing several novel ideas and components such as the adopting of T-splines for fitting, the

use of curvature to guide fitting, the re-placement of initial T-spline structure and a faithful

re-parameterization. As a result, the reconstructed T-spline surface can well respect ge-

ometric features of the original input model and is thus more compact compared to that

created by the traditional B-spline methods. Many examples are provided to demonstrate

the effectiveness of the proposed framework and algorithm.

Third, to better handle tubular meshes that have the same topology as a cylinder, peri-

odic T-splines are proposed and a convenient representation for periodic T-splines is pre-

sented. To parameterize a tubular triangular mesh, an edge based method is proposed, in

which the edges rather than the vertices of the mesh are treated as the target for param-

eterization. This method improves conventional cutting-based algorithms, which cut the

mesh to make it a disk topologically, and overcomes the problems of cutting paths that are

the zigzag paths leading to suboptimal parameterizations and the difficulty in finding good

cutting paths. After that, an adaptive surface fitting algorithm using periodic T-splines is

developed, which can effectively approximate tubular triangular meshes.

Fourth, the conversion between T-splines and hierarchical NURBS is considered. Hi-

erarchical B-splines is another generalization of NURBS with local refinement. They are

especially suitable for multiresolution editing. In the thesis, the concept of hierarchical

B-splines is extended to hierarchical NURBS and then two algorithms are constructed, by

which a T-spline surface can be converted into a hierarchical NURBS surface, and vice

versa. These algorithms take the structure of the original surface into consideration and

yield compact representations. With these algorithms, the user can flatten a hierarchical

NURBS surface to create a T-spline for interactive sculpturing or extract hierarchies from a

T-spline surface for multiresolution analysis.

xii
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Chapter 1

Introduction

1.1 Problem statement and motivation

The task of representing and constructing smooth surfaces is ubiquitous in geometric mod-

eling and computer graphics. However, how to efficiently describe, create and manipulate

complicated free-form surfaces even with advanced geometric modeling systems is still a

challenging work. T-splines [129, 128] are a recently developed surface modeling technol-

ogy which is a generalization of non-uniform rational B-splines (NURBS) by permitting

T-junction points in the control grid. T-splines permit truly local refinement—a very impor-

tant feature required by many theoretical and practical problems. The T-spline representa-

tion is fully compatible with NURBS, making it easier to use in conjunction with existing

commercial software systems such as ACIS modelers, Parasolid modelers, Rhino3D, and

Autodesk Maya. The T-spline representation also allows designers to focus on the regions

where more detail is called for and to model complicated shapes faster with fewer con-

trol points. All these features indicate that T-splines have a potential of becoming the next

industry standard for free-form surfaces in high end animation and computer aided design

(CAD) industry. It is clear that to permit this potential to be fully realized, both solid mathe-

matical theory and a comprehensive set of supporting algorithms must be developed. Many

1
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Chapter 1. Introduction

researches on the use of T-splines have been studied, examples of which include NURBS

surface simplification [128], trimmed NURBS surfaces merging [130], free-form deforma-

tion [143] and 3D mesh morphing [160]. This thesis aims to investigate some fundamental

problems of T-splines and explore their use in representing and approximating free-form

surfaces. Specifically, the research focuses on the following three problems:

The first problem is T-spline knot removal. In NURBS theory, knot insertion and knot

removal are two of the fundamental algorithms that can be used as mathematical tools for

understanding and analyzing B-splines and also as practical tools for manipulating and

rendering B-spline curves and surfaces [50]. Many applications can be developed based on

them. For example, knot insertion provides tools for straightforward evaluation of points on

the curves or surfaces, base conversion, and adding extra degrees of freedom for shape mod-

ification. Knot removal provides tools for data reduction, shape fairing, base conversion,

and wavelet decomposition. There exists several algorithms for B-spline knot insertion and

knot removal. For T-splines, one important feature is the permission of local refinement.

A knot insertion algorithm was first proposed in [129] and later a more efficient algorithm

was developed in [128]. Compared to B-spline knot insertion, T-spline knot insertion is

much more sophisticated. As the inverse of knot insertion, T-spline knot removal, which is

a process of removing a knot from a given T-spline surface, is not known yet. Therefore

there is a need to develop T-spline knot removal algorithm to enrich T-spline theory. Just

as T-spline knot insertion, it is expected that T-spline knot removal would be much more

complicated than B-spline knot removal.

The second problem is surface approximation. Though advanced modeling systems

have provided many tools to model highly detailed models, it is still difficult with these sys-

tems to directly create such surfaces as human faces and car-body panels. The advance of

laser range scanners or other 3D data acquisition equipments offers a promising alternative

means for capturing those surfaces which are generally difficult to create. Laser range scan-

ners usually produce large collections of points or triangular meshes. While scattered data

2
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1.1. Problem statement and motivation

or triangular meshes are an adequate representation for some applications such as visualiza-

tion, animation and interactive computer games, splines are the major format in computer

aided design and manufacture industry. Spline surfaces have parametric equations, which

can be used to define differential structure for shape analysis, and have a more compact rep-

resentation, facilitating the application of surface manipulation. Therefore there is a need

to convert scattered data or triangular meshes into spline surfaces. The problem of convert-

ing scattered data or triangular meshes into spline surfaces is often referred to assurface

approximation. By today’s technology, this kind of approximation is time consuming and

computationally expensive. Especially for surfaces with complicated geometry or topol-

ogy, the conversion is very challenging. Since T-splines is a generalization of NURBS and

allows truly local refinement, it is believed that the flexibility of T-splines would facilitate

the surface approximation process.

The third problem is the conversion between T-splines and hierarchical B-splines. In

CAD industry, NURBS are the dominant mathematical technique for modeling free-form

surfaces, but NURBS surfaces do not support local knot insertion, which is important for

locally editing and modifying the fine scale details of the surfaces. T-splines are one gen-

eralization of NURBS. Another well established method supporting local refinement is hi-

erarchical B-splines [48] which consist of a collection of B-splines at different levels and

enable local refinement of a free-form surface by representing it in a hierarchy. Hierarchi-

cal B-splines have become a powerful multiresolution representation. The main difference

between hierarchical B-splines and T-splines is really between a hierarchy and T-junctions.

With hierarchical B-splines, one could have a hierarchy which can be desirable for some

applications, especially for multiresolution modeling. With T-splines, one could work on

a single layer mesh, which contains substantially fewer points compared to the B-spline

control mesh. Both hierarchical B-splines and T-splines have their own strength. Therefore

it is useful in practice to be able to convert one representation into another. In particular,

flattening a hierarchical B-spline surface into a T-spline surface can avoid forcing a hierar-
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Chapter 1. Introduction

chy on the designer and provide a more direct interface, enabling the designer to focus on

the regions where more detail is called for. On the other hand, extracting hierarchies from

a T-spline surface can allow the user to perform multiresolution analysis.

1.2 Objectives and contributions

T-splines have shown to be a powerful and flexible free-form surface representation that

offers unique computational advantages over NURBS. This research aims to investigate

some fundamental issues of T-splines in representing and approximating free-form surfaces

and to develop some efficient techniques to enrich T-spline technology.

The first objective of the research is to deliver some fundamental algorithms for T-

splines. Since the local knot insertion algorithm plays a very important role in T-spline

theory, we first examine the algorithm, aiming to gain insights. We expect that the insights

may shed light on developing other fundamental algorithms. In particular, we expect to

develop a T-spline knot removal algorithm and T-spline/hierarchical NURBS conversion

algorithms in the same fashion of T-spline knot insertion. These algorithms should consider

the local geometric characteristics of the surface and the tasks can be done locally, directly

and quickly.

The second objective of the research is to present algorithms for converting triangular

meshes into T-splines. This could be achieved by surface approximation. In particular,

we focus on developing efficient techniques that fit a single T-spline surface to a triangular

mesh that is homeomorphic to a plane region or that has the same topology as a cylin-

der. Solutions to the problem of fitting surfaces to an arbitrarily topological mesh are also

proposed. Indeed, the research effort reported in this thesis initially aimed at the fitting

problem for an arbitrarily topological model. However, it was soon realized that even the

situation of simple topology had many open questions, such as how to make the algorithm

well fit the geometric features, how to properly place initial T-spline surface structure, and

4
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1.2. Objectives and contributions

how to re-parameterize the mesh faithfully. The algorithms developed for the situation of

simple topology will also serve as a base for designing algorithms for the arbitrary topology

situation.

To achieve these objectives, thorough research has been conducted and several novel

techniques have been proposed and developed. Briefly, contributions of the thesis include:

• the presentation of an algorithm to detect whether or not a specified control point can

be removed and also to compute the new T-spline representation if the point is remov-

able. Several possible extensions of the algorithm to remove more than one control

point are given. These algorithms perform in the fashion of T-spline knot insertion

and usually cause only local change to the T-spline control grid. It is also found that

T-spline knot removal is much more complicated than B-spline knot removal.

• the introduction of a new framework for adaptive surface fitting which accomplishes

the conversion from a triangular mesh to a spline surface. The new framework in-

corporates several new ideas and components into the conventional least squares ap-

proximation method. The new ideas or components include: 1) T-splines are used

for adaptive fitting; 2) Geometric feature (i.e. curvature) is used to guide fitting to

improve the fitting results; 3) An approach is given to set the placement of initial

T-spline structure; and 4) A faithful re-parameterization is proposed. These compo-

nents are efficiently integrated, forming a curvature guided adaptive T-spline surface

fitting algorithm which achieves high performance for surface fitting.

• the introduction of the concept of periodic T-splines and the proposal of a convenient

representation for them, in order to better handle tubular models that have the same

topology as a cylinder. A geometrically intrinsic method is proposed to parameterize

a tubular triangular mesh. The method improves conventional cutting-based algo-

rithms and overcomes the problems of cutting paths that are the zigzag paths leading

to suboptimal parameterizations and the difficulty in finding good cutting paths. Also,

5
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an adaptive surface fitting algorithm using periodic T-splines is developed, which can

effectively approximate tubular triangular meshes.

• the extension of the concept of hierarchical B-splines to hierarchical NURBS and

the construction of two algorithms, by which a T-spline surface can be converted

into a hierarchical NURBS surface, and vice versa. The geometric characteristics

of the surfaces are considered in these algorithms and they generally yield compact

representations.

1.3 Thesis organization

The rest of the thesis is organized as follows:

• Chapter 2 reviews related background and the state-of-the-arts of freeform surface

representation and approximation with emphasis on adaptive surface approximation.

• Chapter 3 first re-examines T-spline local knot insertion algorithm and then presents

an algorithms for T-spline knot removal. The complexity of removing more than

one control point from a T-spline surface is analyzed and possible extensions of the

algorithm to remove more than one control point are suggested.

• Chapter 4 proposes to use T-splines for surface fitting. A new framework is intro-

duced to perform adaptive T-spline surface fitting that achieves the conversion from a

triangular mesh to a spline surface. The framework includes several novel contribu-

tions such as curvature-guided adaptive T-spline fitting, initial T-mesh re-placement,

and faithful re-parameterization.

• Chapter 5 first gives the definition and representation of periodic T-splines. Then an

edge-based parameterization algorithm is presented. Finally an adaptive algorithm is

proposed to construct periodic T-splines for tubular triangular meshes.

6
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• Chapter 6 extends the concept of hierarchical B-spline surfaces to hierarchical NURBS

surfaces and presents algorithms for the conversion between a T-spline surface and a

hierarchical NURBS surface.

• Chapter 7 concludes the thesis and proposes potential future work of this research.

7
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Chapter 2

Background and Prior Work

2.1 Overview

This chapter provides some backgrounds for surface representations and reviews the state-

of-the-art methods for surface approximation.

The problem of describing the surface information of an object within the computer

is often encountered in the fields of computer aided design (CAD) and computer graphics

(CG). Surfaces that have an arbitrary shape are usually called free-form surfaces. Free-

form surfaces have vast applications in different areas, including computer games, com-

puter graphic animations, special effects in movies, virtual reality, CAD/CAM, engineering

simulation, scientific visualization, medical visualization, geographic information system

(GIS) and digital art, etc. It is important to have a suitable representation for freeform

surfaces in a particular application.

There have existed several major representations for free-form surfaces [77], such as

polygonal meshes, parametric surfaces [39], subdivision surfaces [18, 35], point based

surfaces [4, 60] and implicit surfaces [12]. Each of these surface representations has its

own strengths and weaknesses. Basically, a polygonal mesh is defined by a collection

of polygon faces with shared edges and vertices. When all the faces in a polygon mesh

9
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Chapter 2. Background and Prior Work

are triangles, the mesh is called a triangular mesh. A parametric surface is defined by a

mapping fromR2 to R3: each pointP = (x, y, z) on the parametric surface is written as

(x, y, z) = (f1(u, v), f2(u, v), f3(u, v)), where(u, v) are the two parameters of the point. A

subdivision surface is defined by a coarse control mesh and a set of subdividing rules. The

rules are used to recursively refine the mesh and finally a smooth surface is obtained. Dif-

ferent rules give subdivision schemes with different properties [168]. A point based surface

is represented by a set of discrete points and the surface is defined by local approximations

of these points. An implicit surface is defined by the iso-surface (usually the zero set sur-

face) of an implicit functionf(x, y, z), or in another word,f(x, y, z) = c for a constantc.

It is easy to determine whether a point is inside , outside or on an implicit surface by its

function value.

This thesis focuses on a special parametric surface representation, called T-splines, and

the conversion from other representations such as triangular meshes to T-splines. There-

fore, in the rest of this chapter, we first discuss triangular meshes in Section 2.2. Next, in

Section 2.3 we explain non-uniform rational B-splines (NURBS), which is important for

understanding T-splines. Then, T-splines are reviewed in Section 2.4. Finally, a survey on

the related work of surface approximation is given in Section 2.5.

2.2 Triangular meshes

A triangular mesh consists of vertices, edges and faces. Each vertex is a point in theR3

space. Each edge is a line segment with non-zero length that is bounded by two distinct

vertices. The two vertices connected by an edge are called neighbors. Each face is a triangle

comprising three distinct vertices and three edges connecting any two of them. The vertices

specify the geometric information (i.e., locations) of the triangular mesh, while the edges

and faces specify the topological information (i.e., how the vertices are connected). A

triangular mesh can be closed or have boundaries. An edge is a boundary edge if it belongs

10
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2.2. Triangular meshes

to only one face. The end points of a boundary edge are boundary vertices. Figure 2.1

shows a closed triangular mesh on the left and an open triangular mesh with boundary on

the right.

(a) A closed triangular mesh (b) An open triangular mesh with
boundary

Figure 2.1: Examples of triangular meshes.

In a manifold triangular mesh, each edge is shared by two adjacent faces (see Fig-

ure 2.2(a)), except for any boundary edge that resides only in one face. Each vertex can be

shared by several faces and edges (see Figure 2.2(b)). The faces that share the same vertex

should form a closed loop, or a single fan for a vertex on the boundary.

ie

(a)

id

(b)

Figure 2.2: Edge and vertex sharing.

A triangular mesh may have some irregularities. For example, irregularities occur if a

mesh includes a degenerated face whose three vertices are collinear (see Figure 2.3(a)), a

11
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Chapter 2. Background and Prior Work

self intersecting part (see the highlighted face in Figure 2.3(b)), an isolated edge or vertex

(see edgeei in Figure 2.3(c)), or a non-manifold structure where an edge is shared by more

than two faces (see edgeei in Figure 2.3(d)) or a loop is broken around a vertex (see vertex

di in Figure 2.3(e)). These irregular structures often compromise the integrity of triangular

meshes, complicate the problem and bring unnecessary troubles. In this thesis we assume

that the triangular meshes we discuss are regular.

id

j
d

k
d

(a) (b)

ie

(c)

ie

(d)

id

(e)

Figure 2.3: The irregularities in a triangular mesh.

Triangular meshes are now one of the most frequently used surface representations.

They are flexible to represent a very complicated shape and are supported by graphics pro-

cessing units. Due to the advances in the 3D laser scanners [11], triangular meshes can be

conveniently obtained for real world objects. There are excellent online model reposito-

ries such as the AIM@SHAPE shape repository [1] where a large number of models are

provided. Because of their popularity, researches have been actively carried out regarding

various applications based on triangular meshes in recent years [16].

12
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2.3. NURBS: Non-uniform rational B-splines

However, triangular meshes have certain drawbacks. Quite often, hundreds of thousands

of triangles are required for a model in order to achieve a relatively accurate representation,

making it expensive in both data storage and transmission. Another problem is that a surface

represented by a triangular mesh is piecewise linear, giving onlyC0 continuity among the

triangle faces. Thus it is inconvenient for a triangular mesh to represent a smooth shape

and to achieve high degrees of continuity, which are rather desirable in some industrial

applications where high precision is required.

There are several different approaches for storing and encoding a triangular mesh with

a computer. Among them, the simplest approach is the indexed-face list, in which the

coordinates of all the vertices are listed in a table and all the faces are listed in another

table. In the indexed-face list, the edge information is not explicitly included. Alternatively,

there are more advanced data structures to represent a triangular mesh, such as the winged-

edge [7], quad-edge [62] and widely adopted half-edge [155] data structures. In these data

structures, the edge information is explicitly maintained and therefore they are referred to as

edge based representations. A comparison for these edge based representations is available

in [85]. There are some open source Libraries in C++ that provide robust implementations

for the half-edge data structure such as CGAL [3] and OpenMesh [15], upon which the

user can build his/her own mesh processing algorithms. The choice of the data structure

really depends on the requirements of the application. For example, the indexed-face list

is efficient for the rendering of triangular meshes. If certain routines such as accessing the

neighboring edges or faces are frequently invoked, complex structures such as the half-edge

data structure would be preferred.

2.3 NURBS: Non-uniform rational B-splines

The term “spline” initially refers to a wooden batten which is used to draw smooth curves.

During the designing process, a spline can be bent at will and hold in place by several lead
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weights called ducks.

Adapting such concepts, Schoenberg first studied the mathematic theory of B-splines [127]

in 1940s and Riesenfeld introduced B-splines to geometric design community [120] in early

1970s. Later, Versprille discussed the rational B-splines for geometric modeling [152].

Since then, researches in B-splines have been actively carried out and by the 1990s, NURBS

had already become an industry standard for free-form curves and surfaces.

Unlike triangular meshes, NURBS are piecewise polynomials or rational functions

that offer great flexibility and precision for modeling applications and define truly smooth

shapes. Another strength of NURBS is that there exist many efficient and numerically sta-

ble algorithms and elegant theory for NURBS. For example, the de Boor algorithm can be

used for evaluating the NURBS at any parameter value. Polar forms or blossoming can

be used to explain or derive many operations of NURBS [117]. All these properties make

NURBS popular in the design and manufacturing industries where mathematically precise

equations are required. Thus NURBS are included in many industry standards, such as

IGES [80] and STEP [2]. Also, NURBS tools are incorporated into various commercial 3D

modeling softwares such as Maya and Rhino3D.

In the following we briefly review B-splines and NURBS with emphasis on the features

that are related to the research of this thesis.

2.3.1 B-spline basis functions

B-spline basis functions are important in B-spline theory and they are constructed from a

knot vector. A knot vector is a non-decreasing sequence of coordinates in the parameter

space, where each coordinate is called aknot and the interval bounded by two adjacent

coordinates is called aknot span. To define B-spline basis functions of degreep, a knot

vectorT = {t1, t2, · · · , tn+p+1} is required. Denoted byNk
i (t) the i-th B-spline basis

function of degreek, which can be defined using the Cox-de Boor recursive formula [25,
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29]:

N0
i (t) =











1 if t ∈ [ti, ti+1)

0 otherwise

Nk
i (t) =

t− ti
ti+p − ti

Nk−1
i (t) +

ti+p+1 − t

ti+p+1 − ti+1
Nk−1

i+1 (t), k = 1, . . . , p

(2.1)

In Figure 2.4, we show some B-spline basis functions from degree0 to degree3.

1it  it

(a) Degree 0

2it  1it  it

(b) Degree 1

3it  2it  1it  it

(c) Degree 2

3it  4it  2it  1it  it

(d) Degree 3

Figure 2.4: Some B-spline basis functions.

From the Cox-de Boor recursive formula, it is easy to derive some important properties

of the B-spline basis functions:

• Partition of unity :
n
∑

i=1

Np
i (t) ≡ 1.

• Positivity: Np
i (t) > 0 if t ∈ (ti, ti+p+1).

• Compact support: Np
i (t) = 0 if t /∈ (ti, ti+p+1).

• Continuity : Np
i (t) is a piecewise polynomial of degreep and isCp−1 continuous.

(provided that{ti, ti+1, · · · , ti+p+1} is strictly increasing.)

We can see that thei-th B-spline basis functionNp
i (t) just depends on knotsti, ti+1, · · · ,

ti+p+1. Thus to emphasize this dependence, the B-spline basis functionNp
i (t) is also de-

noted byNp[ti, ti+1, · · · , ti+p+1](t) in the thesis.
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2.3.2 NURBS curves

Here we begin with a discussion on B-spline curves and then extend it to NURBS curves.

Though any degree B-spline curves can be defined, we restrict our discussion to cubic B-

splines or NURBS for simplicity.

Givenn points{Pi}
i≤n
i=1 and a knot vectorT = {t1, t2, · · · , tn+4}, a cubic B-spline curve

is defined as follows:

C(t) =
n
∑

i=1

PiN
3
i (t), t ∈ [t4, tn+1] (2.2)

wherePi = (xi, yi, zi) are called thecontrol points. The line segments connecting each two

adjacent control points form thecontrol polygon. According to Equation (2.2), each control

pointPi is associated with a B-spline basis functionN3
i . It is also understood that eachPi

corresponds to knotti+2 and each line segmentPiPi+1 (except the first and last ones) in the

control polygon corresponds to a segment ofC(t) in [ti+2, ti+3].

When all the knot spans are of the same length, the knot vectorT is called a uniform

knot vector and the B-spline curve is called auniform B-spline curve. One example of

a uniform cubic B-spline curve defined by four control points, together with its control

polygon, is given in Figure 2.5(a). This curve has only one segment. The knot vector and

the associated basis functions of the control points are illustrated in Figure 2.5(b). The

parameter range for the curve is[t4, t5] as highlighted in green color, where all the four

basis functions have influence. WhenT is not a uniform knot vector, a B-spline curve

defined over it is called anon-uniform B-spline curve. For example, if we have multiple

knots: t0 = t1 = t2 = t3 andtn+1 = tn+2 = tn+3 = tn+4 in T , T is a non-uniform knot

vector. See Figure 2.6 for a non-uniform cubic B-spline curve defined over such a knot

vectorT . Each curve segment and its corresponding line segment are shown in an different

color. Note that the B-spline curve interpolates the two end points due to the triple knots in

T .

B-spline curves have many important properties which are appreciated in free-form
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1P

2P 3P

4P

(a)

1t 2t 3t 4t 5t 6t 7t 8t

3

1 ( )N t 3

4 ( )N t3

3 ( )N t3

2 ( )N t

(b)

Figure 2.5: A uniform B-spline curve and its basis functions.

Figure 2.6: A non-uniform B-spline curve.
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surface modeling and design. For example,

• Local modification: Moving one control pointPi only affects the curve segments in

knot span[ti, ti+4].

• Convex hull: The curve segment in knot span[ti, ti+1] lies within the convex hull of

control pointsPi−3, Pi−2, Pi−1, Pi.

• Affine invariance: Applying an affine transformation to a B-spline curve is equiva-

lent to applying the same affine transformation to the control points.

• Continuity : The cubic B-spline curve isC2 continuous provided thatT is strictly

increasing.

However, there are geometric entities that cannot be modeled exactly by piecewise poly-

nomials. Circles and hyperbolas are examples. This motivated the introduction of rational

curves. More generally, B-splines were extended to the non-uniform rational B-splines

(NURBS) [110, 122]. NURBS have better capability in shape representation and design

than polynomial B-splines. For example, we can use a NURBS curve to precisely define a

conic section. A cubic NURBS curve has the following equation:

R(t) =

n
∑

i=1

wiPiN
3
i (t)

n
∑

i=1

wiN
3
i (t)

, t ∈ [t4, tn+1] (2.3)

wherewi is the control point weight and it controls the impact ofPi on the shape of the

curve. When all thewi take the same value,R(t) degenerates to a polynomial B-spline

curve. LetQi = (wixi, wiyi, wizi, wi) be the homogeneous coordinates for control points

Pi, the NURBS curve of (2.3) can be concisely written in the homogeneous space:

RH(t) =
n
∑

i=1

QiN
3
i (t) (2.4)
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2.3. NURBS: Non-uniform rational B-splines

Figure 2.7: A NURBS Surface.

which is actually a polynomial B-spline curve in 4D space.

B-spline curves or NURBS curves allow an operation of knot insertion. The basic con-

cept of knot insertion for a NURBS curve is to add one or more knots into the current knot

vectorT , while keeping the curve unchanged. The increase of knots results in the increase

of control points and thus provides more degrees of freedom. In [14], Boehm presented an

algorithm for inserting the knots intoT sequentially, one knot at a time. The new control

points are computed by the linear combination of those old control points. Knot insertion

can also be achieved by Oslo algorithm [23] which allows to insert more than one knot into

T simultaneously.

2.3.3 NURBS surfaces

The concept and construction of NURBS curves can be extended to NURBS surfaces.

Given a set of control points{Pij}
i≤m,j≤n
i=1,j=1 arranged inm rows andn columns topologically,

and knot vectorsU = {u1, u2, · · · , um+4}, V = {v1, v2, · · · , vn+4}, a bicubic NURBS sur-

face is defined by

S(u, v) =

m
∑

i=1

n
∑

j=1

wijPijN
3
i (u)N3

j (v)

m
∑

i=1

n
∑

j=1

wijN3
i (u)N3

j (v)
, (u, v) ∈ Ω = [u4, um+1]× [v4, vn+1] (2.5)
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wherewij is the weight for control pointPij ,N3
i (u) andN3

j (v) are the cubic B-spline basis

functions in parametersu andv defined overU andV , respectively.Ω is the parameter

domain. Them × n control points are connected to form acontrol grid. Since the basis

functionsN3
i (u)N3

j (v) are the product of two univariate B-spline bases, sometimes NURBS

surfaces are also called tensor-product surfaces. Figure 2.7 shows a NURBS surface with a

control grid of6× 6 control points.

u

v

(a) Before insertion

u

v

(b) After insertion

Figure 2.8: Control point insertion for a NURBS surface.

NURBS surfaces have analogous properties and operations to NURBS curves. How-

ever, NURBS surfaces do not support local refinement which NURBS curves do. Refer to

Figure 2.8 for an example, where the control grid layout of a NURBS surface in the param-

eter domain is shown. Suppose we want to increase the control ability of the surface in the

highlighted areas in Figure 2.8(a). We add two new knotsū and v̄ to the respective knot

vectors. This results in a refined control grid shown in Figure 2.8(b), where an entire row

and an entire column of control points are added. Note that among the newly added con-

trol points, only the ones in green color that reside inside of the highlighted areas are truly

required and those control points in red color are not really needed from an application’s

perspective and they are added just due to the need to maintain the tensor product structure

of the NURBS surface control grid. Usually, the more complicated the surface is, the more
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Figure 2.9: A hierarchical B-spline surface.

unnecessary control points are introduced during the knot insertion. This is quite annoying

for applications. Besides this, NURBS surfaces have deficiencies that gaps and overlaps at

intersections of surfaces cannot be avoided, which complicates mesh generation, and it is

difficult to represent most shapes using a single, watertight NURBS surface.

2.3.4 Hierarchical B-spline surfaces

As shown above, for a tensor-product B-spline (or NURBS) surface, knot insertion is not a

local process. This is because when a knot is inserted into a B-spline surface, new control

points must be added row-wise or column wise. To overcome this drawback, Forsey and

Bartels introduced the concept of hierarchical B-splines [48]. A hierarchical B-spline sur-

face represents the surface in a fashion of hierarchy and it is comprised of a series of levels,

each of which has a collection of B-spline patches. Figure 2.9 shows an example of a hi-

erarchical B-spline surface. It has 3 levels and uses only 37 control points. The hierarchy

provides the capability for local refinement of surfaces and multiresolution surface editing.

Hierarchical B-splines have been successfully used in Forsey’s interactive modeller called

“Dragon” and facial animation. There is a gallery containing a number of models and ani-

mations created by hierarchical B-splines [144]. A modeler based on hierarchical B-spline
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surfaces [68] is implemented and the result can be outputted into POV-Ray for rendering.

Hierarchical B-splines have also been integrated into some modeling environments such as

Softimage 3D [142, 36].

2.4 T-splines

T-splines are a recently developed freeform surface technology [129, 128], which general-

izes NURBS to a more flexible control grid and corrects the deficiencies of NURBS. While

T-splines inherit most of the properties of NURBS, one important feature of T-splines is

that they support local refinement, which means adding a new control point into the T-mesh

usually would not cause the insertion of too many extra points. As a result, T-splines pro-

vide an more intuitive and natural way for users to design and edit the shape of a surface

by focusing on the areas where detailed are really needed. By using the T-spline represen-

tation, the number of control points needed for defining a surface is substantially reduced

compared to that of an equivalent NURBS surface. This makes the T-spline representation

more compact. In addition, a T-spline surface can be losslessly converted into a NURBS

surface, which makes T-splines fully compatible with the current CAD/CAM industry. In

the following some basic concepts of T-splines are reviewed. The review is restricted to

cubic T-splines although T-splines can be extended to any degree [40].

2.4.1 Knot vectors and knot intervals

In the definition of a NURBS surface, the knot information is given by two knot vectors in

theu− andv−directions. It can be understood that each control point is associated with

a pair of knot values. The pair of knot values comes from those two knot vectors. For

example, in Figure 2.10(a) where the pre-image of the4×4 control grid of a B-spline patch

in the parameter domain is shown, the control pointP32 has a knot pair(u5, v4).

For a T-spline surface, the structure of the control grid is much flexible. So it would be
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2.4. T-splines

more convenient and also more intuitive to use knot intervals to convey the knot information

of the surface. A knot interval is a non-negative number assigned to each edge of the

T-mesh. The notion of knot intervals was initially introduced in [131] and expanded in

[132, 129]. For a cubic B-spline curve, the knot interval is simply the difference of two

consecutive knots in a knot vector and thus a parameter length of one of the curve segments

that comprise the B-spline curve. Thus the knot interval of a cubic B-spline curve segment

is attached as a label to its corresponding control polygon edge. In this way, knot intervals

provide a method of conveying knot information for a B-spline curve and knot interval

representation is independent of the knot origin in the parameter space.
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(a) Knot vectors representation
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(b) Knot interval representation

Figure 2.10: Knot vectors and knot intervals.

The relationship between knot vectors and knot intervals for a B-spline surface is il-

lustrated in Figure 2.10. In Figure 2.10(a), the knot information is given by knot vectors

and in Figure 2.10(b), the knot information is given by knot intervals. The knot intervaldi

is for an edge that maps to a horizontal edge in the pre-image of the control grid and the

knot intervalei is for an edge that maps to a vertical edge in the pre-image. They can be
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Figure 2.11: The pre-image of a T-mesh (in black color).

computed from the knot vectors:

di = ui+2 − ui+1

ei = vi+2 − vi+1

(2.6)

On the other hand, if the knot intervals are given and a knot origin is chosen, we can also

infer knot vectors from (2.6).

2.4.2 T-spline surface equation

A T-spline surface is defined by a control grid called T-mesh. The T-mesh is similar to a

NURBS control grid except that in a T-mesh a partial row or column of control points is

permitted. The permission of existence of partial rows or columns makes it possible to add

a single control point to a T-mesh without propagating an entire row or column of control

points and without altering the surface. The final control point(s) in a partial row or column

are calledT-junctions. For example,P2 andP3 in the pre-image of a T-mesh shown in

Figure 2.11 are T-junctions.
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P

(a) T-junction

P

(b) L-junction

P

(c) V-junction

P

(d) I-junction

P

(e) Isolated point

Figure 2.12: Different types of T-junctions.

A T-mesh may contain different types of T-junctions which can be distinguished ac-

cording to their connectivity: rigorous T-junctions which are connected to exactly three

edges (see Figure 2.12(a)), L-junctions which are connected to one horizontal edge and

one vertical edge (see Figure 2.12(b)), V-junction which are connected by two horizontal

edges or two vertical edges (see Figure 2.12(c)), I-junctions which are only connected to

one edge (see Figure 2.12(d)), and isolated points which are not connected to any edge (see

Figure 2.12(e)). If a T-mesh does not contain T-junctions, it is a tensor product mesh and

the T-spline surface degenerates to a NURBS surface.

The knot information of a T-spline is expressed using knot intervals indicating the dif-

ference between two knots and assigned to the edges of the T-mesh. The assignment of the

knot intervals to a T-mesh edge is subject to some constraints:

Rule 1: The sum of the knot intervals on opposing edges of any face must be equal.

Rule 2: If two T-junction on opposing edges of a face can be connected without violating

the previous rule, that edge must be included in the T-mesh.
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For example, in faceF of Figure 2.11,d8 + d9 = d10 + d11 ande7 + e8 = e9 according

to Rule 1. Also, according to Rule 2, there should be an edge connectingP2 andP4 if

d3 = d12.

In order to derive an analytic equation for T-splines, a knot coordinates system should

be imposed and then the knot coordinates are inferred from the knot intervals. First, an

arbitrary point in the pre-image is designated to be the knot origin and is given coordinates

of (0, 0). Then, we assign anu knot value to each vertical edge in the pre-image of the

T-mesh and av knot value to each horizontal edge using the knot interval information.

Finally, each control point gets a pair of knot coordinates from the knot values of the vertical

and horizontal edges it lies on. For example in Figure 2.11, if we letP1 be (0, 0), then

the coordinates forP2 would be(d2 + d3, e2 + e3) and the coordinates forP3 would be

(d2 + d3 + d4, e2 + e3 − e7).

Based on the T-mesh and its knot information, the equation for a T-spline surface is:

S(u, v) =

n
∑

i=1

wiPiBi(u, v)

n
∑

i=1

wiBi(u, v)
(2.7)

where thePi are control points and thewi are control point weights. The T-spline blending

function corresponding to control pointPi isBi(u, v):

Bi(u, v) = N3[ui](u)N
3[vi](v) (2.8)

whereN3[ui](u), N
3[vi](v) are the cubic B-spline basis functions associated with the local

knot quintuplesui = [ui0, ui1, ui2, ui3, ui4] andvi = [vi0, vi1, vi2, vi3, vi4] respectively. For
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example,

N3[ui](u) =











































































































(u− ui0)
3

(ui1 − ui0)(ui3 − ui0)(ui2 − ui0)
, ui0 < u ≤ ui1

(u− ui0)
2(ui2 − u)

(ui2 − ui1)(ui3 − ui0)(ui2 − ui0)
+

(ui3 − u)(u− ui0)(u− ui1)

(ui2 − ui1)(ui3 − ui1)(ui3 − ui0)

+
(ui4 − u)(u− ui1)

2

(ui2 − ui1)(ui4 − ui1)(ui3 − ui1)
, ui1 < u ≤ ui2

(u− ui0)(ui3 − u)
2

(ui3 − ui2)(ui3 − ui1)(ui3 − ui0)
+

(ui4 − u)(ui3 − u)(u− ui1)
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+
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3
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0, u ≤ ui0 or u > ui4

The knot quintuplesui andvi that determine the blending functionBi(u, v) are extracted

from the T-mesh neighborhood ofPi according to the following rule:

Rule 3: Assume(ui2, vi2) is the knot coordinates ofPi. By casting a rayR(t) = (ui2 +

t, vi2), t > 0, ui3, ui4 are defined as the knot values of the first two vertical edges or

control points that intersect withR(t). Other knots inui andvi are found in a similar

manner.

For example, in Figure 2.11, the knot quintuples forB2(u, v) areu2 = [0, d2, d2 + d3, d2 +

d3+d4−d8, d2+d3+d4+d9] andv2 = [e2, e2+e3−e7, e2+e3, e2+e3+e4, e2+e3+e4+e5],

as visualized using orange color. Similarly, the knot quintuples forB3(u, v) are u3 =

[d2 + d3, d2 + d3 + d4 − d8, d2 + d3 + d4, d2 + d3 + d4 + d9, d2 + d3 + d4 + d9 + d5] and

v3 = [0, e2, e2 + e3 − e7, e2 + e3 + e8, e2 + e3 + e4], as visualized using blue color.

The T-spline equation can also be written in homogeneous form:

SH(u, v) =
n
∑

i=1

QiBi(u, v) (2.9)
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(a) (b) (c)

Figure 2.13: An example of a T-spline: the T-mesh, the pre-image, and the surface.

where theQi = (wiPi, wi) = (wixi, wiyi, wizi, wi) are homogeneous control points in the

4D space. Figure 2.13 shows an example of a T-spline surface: The left figure shows the

T-mesh; the middle one shows the pre-image of the T-mesh in the parameter domain; and

the right one is the T-spline surface.

2.4.3 T-spline classification

A T-spline surface would generally be rational except for a few special cases. A standard

T-spline surface is one for which all weightswi = 1, then
∑n

i=1wiBi(u, v) ≡ 1. A semi-

standard T-spline is one for which
∑n

i=1wiBi(u, v) ≡ 1 and not allwi = 1. A non-standard

T-spline is one for which the condition
∑n

i=1wiBi(u, v) ≡ 1 never holds. Both standard and

semi-standard T-splines define piecewise polynomial surfaces and non-standard T-splines

are rational. An important property of T-splines is that if we perform a local refinement

on a standard or semi-standard T-spline surface, the result will always be a standard or

semi-standard T-spline surface.

2.5 Surface approximation

Surface approximation, also known as surface fitting, has been widely studied and has appli-

cations in a number of fields. This term has different interpretations and here it is regarded
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2.5. Surface approximation

as the process of converting the discrete data such as point clouds or triangular meshes into

some smooth surface representations. The problem of surface approximation is usually

more complicated, compared to its opposite process that is calculating sampling points or

generating a polygonal mesh from a smooth surface [96, 121, 137, 113, 139, 150, 166].

Many approximation methods have been developed to generate various surfaces. For ex-

ample, some early approach addresses the problem of reconstructing explicit surfaces [138],

some other approaches generate implicit surfaces [17, 162, 106, 136], and there are also

surface approximation approaches that use subdivision surfaces [66, 70, 94, 102, 93]. This

thesis focuses on parametric spline surface approximation that is to find a parametric sur-

face expressed in spline representation.

Parametric spline surface approximation is an important step in reverse engineering [116].

Contrary to the traditional forward engineering which is also known as computer-aided en-

gineering (CAE), reverse engineering is a process of converting an existing real world object

to a computer-aided design (CAD) model. Usually, this is done by first obtaining a prelim-

inary data representation of point clouds from the object. Especially with the advances in

data acquisition techniques [149], many acquisition devices and systems are available dur-

ing the last decade [11, 27, 86, 123, 164] and now it is possible to collect huge and high

resolution data sets from the objects of large scale [90, 8, 79, 58, 63]. Since the point clouds

lack sufficient geometrical and topological information, it is quite often to construct a tri-

angular mesh from the dense point clouds. Many methods have been developed to convert

unorganized data points into a triangular mesh [71, 147, 26, 141, 9] and sometimes further

processing on triangular meshes, such as mesh fairing, mesh repairing, mesh simplification

and re-meshing, is needed [61, 105, 83, 32, 41, 82, 51]. Finally, parametric spline sur-

face approximation is required to convert the triangular models into a parametric surface

representation, for example, NURBS which is the standard form in the CAD/CAM indus-

try. Some typical usages of reverse engineering include recovering the digital model from

a mechanical product where the original manuscript is lost or unavailable, shortening the
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production period for computer animated movies by creating a digital model from a clay

sculpture, and protecting the masterpieces of artists by generating a digital copy.

In general, when a surface approximation method is constructed, the following criteria

should be considered:

• Accuracy: The geometrical error between the reconstructed surface and the original

surface should be small. The features of the original surface should be faithfully

preserved.

• Continuity : The reconstructed surface should have a desirable order of continuity. In

general, the surface should achieve at least tangent plane continuity and quite often

have curvature continuity as well.

• Fairness: The surface should be visually pleasing and avoid unnecessary fluctuations.

• Conciseness: The result surface representation should be concise and free of redun-

dancy.

• Automation: The approach should be able to find an eligible surface automatically

or with few user intervention.

The rest of this section will briefly discuss various surface approximation methods.

2.5.1 Categorization of parametric surface approximation

There is a large body of literatures on the parametric surface approximation. From differ-

ent points of view, these approaches can be categorized in several ways. The first type of

categorization is based on the precision of the resultant surface. If an approach generates a

surface whose error compared to the original data are within a given tolerance, it is known

as surface approximation or surface fitting [33, 165, 112]. If the result surface is required to

exactly pass all the input data, the approach is known as surface interpolation [46, 97, 89].

It can be understood that surface interpolation is a special case of surface approximation
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with zero error tolerance. Interpolation approaches ensure the accuracy at the input data

points, but they usually result in complicated and redundant surfaces when the input model

is densely sampled. Approximation approaches generate surfaces with more efficient rep-

resentation and they also have better performance in handling the noises in the data.

The second type of categorization can be made based on the form of input data. Some

approaches deal with point clouds [140, 103, 100], while the others deal with polygonal

meshes [38, 53, 73]. In point clouds, the connectivity information is not specified and there

may exist some ambiguities in the data. This could complicate the surface approximation

problem. By contrast, the polygonal meshes contain connectivity relations among the data

points, which can be exploited in surface approximation.

Also, the approaches can be classified according to the topology of the input data.

Specifically, there are surface fitting approaches that deal with the input data of height

fields [46, 126, 89], of disc homeomorphic topology [33, 53, 72], or of arbitrary topol-

ogy [87, 38, 91]. To fit data of height fields, the scalar value spline functions can be used

and the parameterization of the data naturally exists. The data that is homeomorphic to

a 2D disc can be approximated by a single chart of spline surface defined on a rectan-

gle domain. The approximation has a lot of applications in CAD and computer graphics

and it has been extensively studied. It is also the base for the problem of fitting arbitrary

topology data, in which the input data are normally segmented at the first stage so that

each segment can be approximated by a spline surface. Segmentation of the data can be

carried out manually/ semi-automatically [87, 92], automatically [38], or be inferred from

the quad re-mesh techniques [34, 146, 84, 76]. When there are several segments, atten-

tion must be taken to make sure that the adjacent surfaces are smoothly merged at the

common edges and corners. Conventional methods for this include stitching the neigh-

boring surfaces [103, 87, 52, 92] and using some spline schemes for arbitrary topology

structure [109, 95, 57, 114, 119, 129, 161, 59, 153] that guarantee the continuity between

patches automatically.
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The surface approximation approaches can be distinguished by whether they lead to a

linear problem [89, 53] or a nonlinear problem [125]. The computational cost for solving

a linear problem is generally much lower than that for solving a nonlinear problem. The

nonlinear approaches, however, may describe the problem in a more accurate way, but the

optimization cost is in general not affordable.

The surface approximation methods can be divided into non-adaptive methods and

adaptive methods. In the non-adaptive methods [75, 112, 73], the surface fitting space

where the optimal approximate surface is selected from will be globally changed in the

surface approximation process. The adaptive methods [49, 38, 53], on the other hand, lo-

cally change the surface fitting space based on the previous approximation results. Adaptive

methods can generate more meaningful and economic results, which makes them attractive

in handling complex free-form models.

Finally, a classification can be made based on the arrangement of the input data. If the

data points are arranged in a grid structure in the 3D space, they are called the gridded data;

if the data points do not have such a structure and are arbitrarily distributed, they are called

the scattered data. The surface approximation approaches that deal with the former data

type are known as the gridded data fitting techniques [125, 49, 108, 28] and the approaches

for the latter data type are known as the scattered data fitting techniques [53, 157, 73]. These

two types of methods usually involve quite different techniques. Therefore, we give more

detailed discussions on these two types of methods below.

2.5.2 Gridded data fitting

This subsection looks into the problem of gridded data fitting [6]. The data set is said to

be gridded if the data points are arranged in anM × N grid in the 3D space. Thus each

point Dij could be simply assigned to a parameter pair(ui, vj) for i = 1, 2, · · · ,M and

j = 1, 2, · · · , N by relatively simple parameterization schemes such as uniform, chordal

length or centripetal parameterization. For the other categories such as scattered data and
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triangular meshes, data points are not orderly arranged and their parameterization could not

be so straightforward.

In general, the problem of approximating a set of discrete data points can be converted

into a least squares problem, which turns out to solve a linear system. Usually when the

data set is huge, the size of the linear system would be large, leading to expensive compu-

tation. However, if the data is gridded, the situation could be simplified using the surface

construction technique known assurface skinning, or surface lofting[159]. The original

idea of surface skinning is to construct a B-spline surface through a collection of section

curves. By applying such an idea to surface approximation for gridded data, the problem

can be decomposed to a series of curve fitting problems. We first fit a spline curve to each

column of gridded data. Such curves can be regarded as the iso-parametric curves on the

surface because all the data points in a column have the samev parameter value. Then the

control points of the iso-parametric curves are treated as the gridded data points and we

perform further curve fittings on these points along theu direction. All the new control

points obtained from the above two steps form the control points for the B-spline surface.

Since the fitting processes for different columns or rows can be performed independently,

several parallel algorithms [19, 20, 21] were developed for surface skinning. When enough

processors were available, the method in [20, 21] can manage to reconstruct the surface in

a constant time.

The surface skinning technique can also be applied to a certain variant of gridded data,

which is called the row-wise data. That is, the data set is organized in rows except that the

number of points in each row may differ. Vergeest [151] proposed a method for row-wise

data, which fits the data points of each row by as fewest control points as possible, then

resamples points on these curves uniformly and approximates the sampling points, and

finally constructs a surface through the re-approximated curves using the surface skinning

method. Piegl and Tiller [111, 112] construct the knot vectors more carefully and proposed

to interpolate thei-th row of data by adopting as many knots that were used in the(i−1)-th
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curves as possible. In this way, the number of the control points in the final skinned surface

decreases significantly compared to that by the normal approach for row-wise data, which

just directly merges all the knots together.

2.5.3 Scattered data fitting

Comparing to fitting gridded data, fitting scattered data or triangular meshes using spline

surfaces is more challenging and there have been more research on this topic recently. As

pointed out in literature [75, 33, 72, 156, 157, 73], it is usually difficult to obtain a satis-

factory approximation result by only solving the least squares equations once. Instead, the

“approximation-checking-adjustment” cycle needs to be iteratively performed for a num-

ber of times before a satisfactory approximation result is obtained. The step “adjustment”

refers to parameter correction or control mesh refinement. Sometimes, to make the approx-

imation surface smoother, a surface fairness functional should be taken into account besides

the square distance between the surface and the data points. Moreover, if the data could not

be approximated by a single surface, segmentation is needed. After that, each segment is

approximated by a surface and care must be taken to make sure that the adjacent segments

are smoothly connected.

A basic requirement for surface fitting is that the distance from the data points to the

reconstructed surface should be within a given tolerance. The traditional methods using B-

splines are either to initiate the fitting process with a control mesh that is sufficiently dense

or to refine the control mesh globally when the approximation error is large. However, both

of these strategies often result in an over-refined control mesh. In fact, the refinement of the

control mesh is desired only in the areas where the fitting result is poor, but the B-spline

surfaces do not allow such local refinement due to their formulation.

To overcome this drawback, adaptive methods were proposed. Basically there are two

categories of adaptive methods. One is the hierarchical approach [49, 53, 89, 72, 165], and

the other is the patchwork approach [126, 10, 38]. Since these works are closely related to
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our research, below we examine them in details.

As the first category of adaptive approaches, Forsey and Bartels’ method [49] fitted a

hierarchical B-spline surface to the gridded data set. A B-spline surface with a coarse con-

trol mesh was first used to approximate the data set and it was treated as the base surface of

the hierarchy. If this surface already fitted the data set very well, the approximation process

stopped. Otherwise, the regions where the fitting error exceeded the tolerance were detected

and in each of these regions, the residue of the data points was re-approximated by an over-

lay with a finer control mesh. The construction of the overlays in higher levels continued

until the resulting hierarchical B-spline accurately fitted the data set. The limitation of this

method was that it was only applicable for gridded data. The idea of fitting a hierarchical B-

spline surface to gridded data was also adopted by Krishnamurthy and Levoy [87]. In their

approach to dealing with the complex triangular meshes, they first manually segmented the

mesh into several quadrilateral patches. By re-sampling of the mesh data in each patch into

a grid of points, the method in [49] was then applied.

The problem of adaptive surface fitting for scattered data was discussed by Lee et

al. [89], but the scattered data was restricted to bescalar. For scalar data, the param-

eterization problem becomes simple in that we can directly make the X-Y plane be the

parameter space. The scalar data approximation could be useful in the areas of geology,

oceanography and some experimental science, as shown in [64] and [10]. Its application

could also be seen in 3D object reconstruction and even image processing [89]. In [89], a

structure calledmultilevel B-splineswas defined, in which a hierarchy of control nets was

involved and the sum of the B-spline functions induced from these control nets determined

the final approximation function. The control net at levelk was a refinement of the one

at levelk − 1 and all the control nets shared the same domain. The Multilevel B-spline

Approximation (MBA) algorithm began by fitting a B-spline surface with a coarse control

net to the data set, then it recursively approximated the residues of the data points left by

the last fitted surface with finer control net, until the hierarchy of the control net reached the
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predefined levels. For every control mesh in the hierarchy, only its non-zero control points

were stored in a linear array. Since there were many zero control points in the higher levels,

this adaptive approach saved a lot of storage. Based on the ideas in [89], Zhang et al. [165]

improved the method by performing the refinement of the control mesh only in the regions

where the approximation error was larger than the specified tolerance. This resulted in the

representation of the surface in hierarchical B-splines. Lin and Huang [81] made another

extension of Lee et al’s method in which the non-uniform B-splines was adopted. In a re-

cent approach, Hjelle [69] provided the explicit expressions for control mesh refinement

which can result inC1 orC2 multilevel B-splines.

In [53] and [72], the approaches for adaptively approximating general scattered 3D data

were discussed, with the restriction that an underlying planar parametric surface existed.

To deal with such data, it was required to find a way to first assign parameter values to

the data points before the fitting process. After that, the methods followed a way similar

to [49] to construct a hierarchical B-spline surface. By using these methods, not only the

superfluous control points were eliminated, but the complexity of solving the corresponding

linear system for surface fitting was also reduced.

In the second category of adaptive methods, the patchwork surface usually consists of a

number of Bézier patches with their boundaries smoothly connected to each other. Schmitt

et al. [126] proposed an adaptive subdivision approach for surface fitting. In their method,

the gridded data set was fitted with a patchwork of Bézier patches which were smoothly

connected to achieveG1 continuity. A patch would be further subdivided into four smaller

patches and the corresponding control points were recalculated if the approximation error

was not small enough. By this method, the total computational complexity was largely

decreased. However, a number of constraints should be imposed to guarantee continuity

between the Bézier patches.

Bertram et al. [10] presented a method to approximate a large number of scalar terrain

data. The size of data is usually too large to be handled globally. In their method, the data
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set was first organized in an initial cluster. After that, the data points in each partition of

the cluster was fitted locally by a Bézier patch and the combination of the Bézier patches

by means of knot removal became aC1 continuous B-spline surface which was treated as

the base surface of the hierarchical B-splines. Next, the cluster was refined based on the

quadtreestructure, i.e., each partition in the original cluster was further divided into four

equal regions. For those partitions in the new cluster whose approximation residue exceeded

the tolerance, further approximations were carried out to fit these residues. These patches

constituted the overlays of the parent surface. The process continued until a satisfactory

result was achieved.

Eck and Hoppe [38] proposed a method to fit arbitrarily topological triangular meshes.

They constructed a patchwork of quadrilateral faces from the triangular mesh by using the

harmonic maps [37]. Then they approximated the data points of each face by constrained

Bézier patches in Peters’ scheme [109]. Peters’s scheme automatically assured theG1

continuity on the boundaries of the patches. The Bézier patches might be further combined

into a single B-spline patch which was more compact in representation. The adaptivity of

this method lies in that, when the resulting surface was not accurate enough, only selected

faces were chosen to be split and re-approximated.

Li et al. [91] also developed a method for fitting arbitrarily topological triangular meshes,

which was mainly based on their work of global periodical parameterization [118]. They

used T-NURCC as the surface scheme and achievedG1 continuity at the extraordinary

points andC2 continuity elsewhere. In their method, although the construction of the con-

trol mesh had certain adaptivity, the initial setting for the control mesh seemed to be over

refined and the control points in it were almost uniformly distributed.

Finally, it is worth pointing out that although the methods discussed above in both cat-

egories succeed in their specific applications, they are still not good and general enough.

They have some disadvantages. For example, the methods of the first category achieve only

partial optimization, which means that although the best solution is calculated at each level
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of the hierarchy, their sum does not necessarily give the best solution globally. The first cat-

egory maintains a hierarchy of control meshes which may not be so intuitive for interactive

applications. As for the second category, the cost for global optimization is expensive, if

all patches are re-approximated even though only a small part is not well fitted. In addition,

the disadvantages of the second category also includes the redundancy in the multiple knots

and the complication to maintain the continuity in the patchwork.
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Chapter 3

T-spline Control Point Removal

3.1 Introduction

It is well known that B-spline basis functions can be refined by linear transformation and

this property enables the important operation of B-spline knot insertion [14, 23]. By knot

insertion, the number of the knots in a B-spline surface is increased and the shape of the

surface can thus be modeled at a finer detail level. A reverse process of B-spline knot

insertion is B-spline knot removal [67, 50], which aims to eliminate redundant knots from

a B-spline surface without altering its shape. Knot removal is a fundamental operation for

spline surfaces. It serves as an underlying tool for many applications such as representation

reduction, shape fairing, base conversion and wavelet decomposition. While knot insertion

can always be performed without introducing errors, removing a knot without changing the

surface is possible only under certain circumstances. In general, approximation algorithms

will be used for B-spline knot removal [99, 98]. Due to the restriction on the topology of

B-spline surfaces, B-spline surface knot insertion and knot removal have a drawback: knots

can only be added or removed in a row-wise or column-wise fashion in order to make the

B-spline control mesh a regular grid.

T-splines were proposed to overcome the inflexibility of B-splines. T-splines allow local
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refinement or local knot (and control point) insertion. In this chapter, we study the reverse

process of inserting control point(s) into a T-spline surface, i.e., T-spline knot removal or

control point removal. Two questions will to be tackled: the first one is to detect whether

a specified T-spline control point could be removed; and the second one is to compute the

updated T-mesh structure and geometry of the T-spline surface after a removable control

point is removed. Compared to the B-spline knot removal in which a whole row (or column)

of control points needs to be removed, our control point removal for T-splines focuses on

the removal of a single control point, which usually causes only local change to the T-spline

control grid.

Previous work of T-spline control point removal was reported in [128] where the prob-

lem of T-spline surface simplification was considered. The method starts with a simple

B-spline surface defined by a4 × 4 control grid, and then adaptively refines the grid until

the least squares T-spline surface defined over the refined grid approximates the original

T-spline surface within the given tolerance. If the tolerance is chosen to be zero, then the

control point removal can be achieved. The method is global in nature and is useful for

eliminating as many control points as possible. In this chapter, however, we seek local knot

removal and try to eliminate a single point or a few points which is/are specified by a user.

Compared to the approach in [128], our approach is more intuitive and user controllable.

Therefore, it is more required in interactive applications.

Note that the local refinement algorithm is one of the most fundamental algorithms in

T-spline theory and technology and it also plays an important role in the research of this

thesis. Therefore in Section 3.2 we first re-examine T-spline’s local refinement algorithm,

aiming to gain some insights, and provide a simple detailed implementation of it. Then

in Section 3.3, we present a T-spline control point removal algorithm which removes one

control point from a T-spline surface. The possible extension of the algorithm for removing

more than one control point is discussed in Section 3.4.
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3.2. T-spline local knot insertion

3.2 T-spline local knot insertion

Consider a T-spline surface defined in the homogeneous form:

SH(u, v) =
n
∑

i=1

QiBi(u, v) (3.1)

where theQi = (wiPi, wi) = (wixi, wiyi, wizi, wi) are control points in homogeneous

space, thewi are control point weights and thePi are the control points in the 3D space.

TheBi(u, v) are T-spline blending functions corresponding to control pointQi and are

defined by Equation (2.8). The knot quintuplesui andvi are extracted from the T-mesh

based on certain rules given in Chapter 2.

By local knot insertion, we mean to insert one or more control points into a T-mesh

without changing the shape of the T-spline surface and without affecting too many existing

control points. Generally, if a control point is simply inserted into a T-mesh without any

adjustment, the shape of the surface would be likely altered. This is because some T-

spline blending functions associated to the control points have been changed since their knot

quintuples inferred from the T-mesh are now different (Refer to some detailed examples in

Figure 3.3 and Figure 3.4). However, if certain equivalent transformation from the original

blending functions to those indicated by the new T-mesh could be found, the geometry of

the surface would be correctly preserved. In the following we first discuss the T-spline

blending function transformation and then explore T-spline surface’s local control point

insertion.

3.2.1 Blending function refinement

A T-spline blending function is the product of two univariate B-spline basis functions deter-

mined by two knot quintuples. If some knots are added into a knot quintuple, the blending
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function can be decomposed into a linear combination of a few new blending functions that

have finer knot quintuples. We call such a blending function transformation the blending

function refinement.

We now demonstrate how such blending function refinement is achieved. Consider theu

direction B-spline basis function. Letk be a new knot to be inserted into the knot quintuple

u = [u0, u1, u2, u3, u4] of the basis functionN3[u](u). Depending on wherek is located,

we have the following result:

If u0 < k ≤ u1, then

N3[u](u) = aN3[u0, k, u1, u2, u3](u) +N3[k, u1, u2, u3, u4](u) (3.2)

If u1 < k ≤ u2, then

N3[u](u) = aN3[u0, u1, k, u2, u3](u) + bN3[u1, k, u2, u3, u4](u) (3.3)

If u2 < k ≤ u3, then

N3[u](u) = aN3[u0, u1, u2, k, u3](u) + bN3[u1, u2, k, u3, u4](u) (3.4)

If u3 < k < u4, then

N3[u](u) = N3[u0, u1, u2, u3, k](u) + bN3[u1, u2, u3, k, u4](u) (3.5)

If k ≤ u0 or k ≥ u4,N3[u](u) will not be refined.

In all the above cases,a = (k − u0)/(u3 − u0) andb = (u4 − k)/(u4 − u1). Figure 3.1

illustrates these situations, where the original basis function is shown in black color and the

new basis functions are shown in red color.

If more than one knot are inserted, the refinement can be achieved by repeatedly ap-
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0u 2u 3u 4u1uk

(a) u0 < k ≤ u1

0u 2u 3u 4u1u k

(b) u1 < k ≤ u2

0u 2u 3u 4u1u k

(c) u2 < k ≤ u3

0u 2u 3u 4u1u k

(d) u3 < k < u4

Figure 3.1: Basis function refinement.

plying the above equations. These results can also be applied to thev direction B-spline

basis functions. Therefore, from the transformation of both B-spline basis functions, we

can obtain the transformation equations for the T-spline blending functions. For example,

Figure 3.2(a) shows the knot quintuples of a blending functionB(u, v). If two new knotsū

andv̄ are inserted,B(u, v) then becomes the combination of four new blending functions

as shown in Figure 3.2(b):

B(u, v) = c1B1(u, v) + c2B2(u, v) + c3B3(u, v) + c4B4(u, v) (3.6)

where the coefficientsci are calculated by Equations (3.2)-(3.5).
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Figure 3.2: Blending function refinement.

3.2.2 Local knot insertion

In a T-spline surface, each knot corresponds to a control point. So the local knot insertion

is also known as the local control point insertion. The T-spline local control point insertion

algorithm was first proposed in [129] and the approach was improved in [128]. The local

refinement of T-splines means the capability of adding one or more control points into the

T-mesh without altering the surface. The surfaces before and after the refinement are thus

the same for any parameter values. That is,

SH(u, v) =

n
∑

i=1

QiBi(u, v) ≡

ñ
∑

i=1

Q̃iB̃i(u, v) = S̃H(u, v) (3.7)

whereS̃H(u, v) is the T-spline surface after the control point insertion, andQ̃i, ñ, B̃i(u, v)

are the new control points, the new control point number and the new blending functions.

The main idea of the T-spline control point insertion algorithm in [128] is that the orig-

inal T-spline surface equation can be reformulated by decomposing the basis functions and

recombining the control points afterwards if they correspond to the same basis function.

Eventually we have to maintain the validity of the T-mesh and to ensure that all the blend-

ing functions and the control points are properly associated while keeping the equivalence

between the new and original surface equations. During the processes of decomposition
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Table 3.1: Violations during T-spline control point insertion.

Violation Solution

1. A blending function is missing a knot
inferred from the current T-mesh.

Refine the blending function at
the missing knot.

2. A blending function has a knot that is
not indicated in the current T-mesh.

Insert the knot into the T-mesh.

3. A blending function has no associated
control point in the current T-mesh.

Insert an extra control point cor-
responding to the central knots
of the blending function’s knot
quintuples.

and re-arrangement, temporary discordances between the blending functions and the T-

mesh may occur. These mismatches are called the violations. We resolve the violations

either by applying blending function refinement or by adding an extra control point at a

certain location.

There are three types of violations, as tabulated in Table 3.1. Violation 1 is illustrated in

Figure 3.3(a) wherePk is a newly inserted control point at coordinates(uk, v3) andB1(u, v)

is an old T-spline blending function with knot quintuplesu1 = [u1, u2, u3, u4, u5] andv1 =

[v1, v2, v3, v4, v5]. Note that the knot quintupleu1 of B1(u, v) does not include knotuk

which is in the new T-mesh. We call such a situation violation 1. To resolve violation 1, we

split B1(u, v) using blending function refinement and obtain two new blending functions

B11(u, v) with knot quintuplesu11 = [u1, u2, u3, uk, u4] andv11 = [v1, v2, v3, v4, v5] and

B12(u, v) with knot quintuplesu12 = [u2, u3, uk, u4, u5] andv12 = [v1, v2, v3, v4, v5], as

shown in Figure 3.3(d).B11(u, v) andB12(u, v) are compatible to the new T-mesh.

Figure 3.3(b) explains violation 2. The blending functionB1(u, v) has knot quintuples

u1 = [u1, u2, u3, u4, u5] andv1 = [v2, v3, vk, v4, v5]. B1(u, v) might be the result of the

blending function refinement operation of a nearby blending function. While the knot quin-

tupleu1 contains the knotu2, the T-mesh has neither a corresponding control point nor a

corresponding vertical edge at(u2, vk). This results in violation 2. Violation 2 can be re-

solved by adding an extra control pointPk at (u2, vk), as shown in Figure 3.3(e). After that,
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Figure 3.3: Three possible violations during knot insertion and their solutions.

B1(u, v) would be in accordance with the T-mesh.

Violation 3 is explained by Figure 3.3(c). The blending functionB1(u, v) has knot

quintuplesu1 = [u1, u2, uk, u3, u4] andv1 = [v1, v2, vk, v3, v4] and is centered at(uk, vk),

but there is no corresponding control point in the T-mesh forB1(u, v). This violation is

resolved by inserting a control pointPk at (uk, vk), as shown in Figure 3.3(f).

In order to obtain the correct surface representation after the control point insertion, all

the violations between the blending functions and the T-mesh should be detected and fixed.

This can be done by examining all the blending functions associated to each control point

in the T-mesh. In general this is quite time consuming and inefficient especially when the

number of the control points is large. Due to the local support property of the blending

functions, actually only a few blending functions might be affected by the insertion of a

control point. Depending on where and how a new control point is inserted, it can be

estimated which blending functions might be affected. Thus it is sufficient to check only
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these blending functions for violations in actual implementation of the T-spline local knot

insertion algorithm.

Table 3.2: Situations on control point insertion.

Situation Possible influence region

1. A control point is inserted onto
an existing edge in the T-mesh.

The four immediate neighbor control
points of the inserted point in the same
parameter direction of the edge.

2. A control point is inserted into a
face in the T-mesh.

The four immediate neighbor control
points of the inserted control point in
both parameter directions.

3. The insertion of a control point
causes an edge to be added into
the T-mesh.

All the control points in the parameter
region that can be orthogonally pro-
jected onto the edge.

We propose to consider the following three situations, as listed in Table 3.2. The first

situation is illustrated in Figure 3.4(a), where a new control pointPk is being added into

a horizontal edge that connectsP2 andP3. In this case, violations might occur for those

blending functions associated to the four immediate neighbor points ofPk (two from either

side) in theu−parameter direction, i.e. the control pointsP1, P2, P3, P4 in the figure. It

is possible that some of the suspect blending functions are not affected, such as the one

associated toP4. Only the blending functions associated toP1, P2 andP3 actually contain

violations.

kP1P 2P 4P3P

(a) Situation 1

kP1P 2P 4P3P

5P

6P

8P

7P

(b) Situation 2

e

kP

(c) Situation 3

Figure 3.4: Different situations of control point insertion.
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The second situation is illustrated in Figure 3.4(b), where a control pointPk is being

added in a face of the T-mesh. In this situation, we check the blending functions asso-

ciated to the four immediate neighbors ofPk in both theu− and v−directions, namely

P1, P2, P3, P4 andP5, P6, P7, P8.

The third situation is illustrated in Figure 3.4(c), where the insertion of control point

Pk causes an edgee to be added into the T-mesh. In this situation, the blending functions

associated to all the control points that can be orthogonally projected onto the edge need to

be checked. The suspect area is highlighted in Figure 3.4(c).

Sometimes, the insertion of a knot can be categorized into more than one of these situa-

tions. In that case, we should check all the blending functions in the area indicated by each

matched situation.

Based on the above discussion, a detailed T-spline control point insertion algorithm is

described in Algorithm 3.1. The algorithm is quite self explanatory and we just make a few

more clarifications. A stackT is used in the algorithm to store all the blending functions that

contain violations, together with the associated control points. We search for the violating

blending functions in partial regions of the T-mesh, determined by where the points are

inserted. We useQi andBi(u, v) to denote the control points and blending functions in

the T-mesh and useRi andB̂i(u, v) to denote the control points and blending functions in

the stack. These blending functions and their associated control points are put back to the

T-mesh when the violations are resolved through the blending function refinement or the

insertion of extra control points. The algorithm terminates when the stackT is empty.

Since the procedure of the control point insertion does not change the values of the

surface equation and more specifically, we have
∑

wiBi(u, v) =
∑

w̃iB̃i(u, v), therefore a

standard/semi-standard T-spline surface would remain to be standard or semi-standard after

the control point insertion and a nonstandard T-spline surface remains to be nonstandard.

Also, the algorithm is guaranteed to terminate.

Finally, we use an example to demonstrate the T-spline control point insertion process.
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Algorithm 3.1 : T-spline knot insertion algorithm
Given: aT-spline surfaceSH(u, v) and a set of new points that are to be added
Goal: a new T-spline representatioñSH(u, v) of the same surface

1. Create an empty stackT
2. Add new control points at the specified locations and add new edges when necessary
3. Based on different situations, decide the collection ofBi(u, v) to be examined
4. for eachBi(u, v) in the collectiondo
5. if Bi(u, v) violates the current T-meshthen
6. LetRi = Qi andB̂i(u, v) = Bi(u, v)
7. Push the pair(Ri, B̂i(u, v)) into T
8. Update the control point in the T-mesh asQi = (0, 0, 0, 0)
9. Update the blending functionBi(u, v), making it compatible to the T-mesh

10. end if
11. end for
12. while T is not emptydo
13. Take the top element(Rj , B̂j(u, v)) out ofT
14. FindBi(u, v) in the T-mesh that has the same center knot asB̂j(u, v)
15. if there is no suchBi(u, v) in the T-meshthen {Violation 3}
16. Push the pair(Rj , B̂j(u, v)) back intoT
17. Insert a control point into the T-mesh at the center knot ofB̂j(u, v)
18. Add edges if necessary
19. Execute Line 3-11 to update the stackT and the T-mesh
20. else ifBi(u, v) has a knot that refineŝBj(u, v) then {Violation 1}
21. Carry out a proper blending function refinement:

B̂j(u, v) = c1B̂j1(u, v) + c2B̂j2(u, v)

22. Push the pairs(c1Rj , B̂j1(u, v)) and(c2Rj , B̂j2(u, v)) into T
23. else ifB̂j(u, v) has a knot thatBi(u, v) does not havethen {Violation 2}
24. Push the pair(Rj , B̂j(u, v)) back intoT
25. Insert a control point into the T-mesh at that knot
26. Add edges if necessary
27. Execute Line 3-11 to update the stackT and the T-mesh
28. else{no violation:B̂j(u, v) has the same knot quintuples asBi(u, v)}
29. Update the control point associated withBi(u, v) as:Qi = Qi +Rj

30. end if
31. end while
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We begin with a T-spline surface whose T-mesh pre-image is shown in Figure 3.5(a). After

inserting a pointP1 into the T-mesh, a new T-spline surface is obtained, whose T-mesh

pre-image is shown in Figure 3.5(b). We further add a pointP2 into the T-mesh and now

the T-mesh pre-image is the one shown in Figure 3.5(c). It can be seen that changes to the

T-mesh only take place in a local area, although a few extra control points are needed to be

added as well. The T-spline surfaces and the T-meshes for the pre-images in Figure 3.5(a)

to 3.5(c) are displayed in Figure 3.5(d) to 3.5(f), respectively. While the T-meshes are now

different, the T-spline surfaces are the same.

(a)

1P

(b)

1P

2P

(c)

(d) (e) (f)

Figure 3.5: An example of knot insertion.

3.3 Removing one control point from a T-spline surface

Now we present an algorithm for T-spline control point (knot) removal. The algorithm is

based on two fundamental operations. One is the blending function refinement that has
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already been explained in the preceding section. The other is the reverse blending function

transformation. In the following, we explain the reverse blending function transformation

first and then the T-spline control point removal algorithm.

3.3.1 Reverse blending function transformation

While the blending function refinement is used to split a basis function into two new ones

with finer knot quintuples, the reverse blending function transformation presented here

works in an opposite way.

Let u = [u0, u1, u2, u3, u4] denote a knot quintuple in whichu2 is the center knot.

N3[u](u) = N3[u0, u1, u2, u3, u4](u) is the associated B-spline basis function defined onu.

Now suppose that a new knot quintupleu′ is constructed fromu by eliminating a knotui

(i = 0, 1, 3 ,or 4) that is other than the center knot inu , inserting another knotuadd which

satisfiesuadd ≤ u0 or uadd ≥ u4, and meanwhile keeping the center knot ofu′ still to be

u2. Let the B-spline basis function corresponding tou′ be denoted asN3[u′](u). N3[u](u)

can be re-expressed in the form ofN3[u](u) plus another term. Since the knot span ofu′ is

larger than that ofu, such an operation is called the reverse basis function transformation

which is essentially derived from the equation of the basis function refinement. There are

four different types of reverse basis function transformation, depending on which knot inu

is replaced.

If uadd ≤ u0 andu′ = [uadd, u1, u2, u3, u4], then

N3[u0, u1, u2, u3, u4](u) = c0N
3[uadd, u1, u2, u3, u4](u) + d0N

3[uadd, u0, u1, u2, u3](u)

(3.8)

wherec0 = 1 andd0 = uadd−u0

u3−uadd
.
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If uadd ≤ u0 andu′ = [uadd, u0, u2, u3, u4], then

N3[u0, u1, u2, u3, u4](u) = c1N
3[uadd, u0, u2, u3, u4](u) + d1N

3[uadd, u0, u1, u2, u3](u)

(3.9)

wherec1 = u4−u0

u4−u1
andd1 = (uadd−u1)(u4−u0)

(u3−uadd)(u4−u1)
.

If uadd ≥ u4 andu′ = [u0, u1, u2, u4, uadd], then

N3[u0, u1, u2, u3, u4](u) = c2N
3[u0, u1, u2, u4, uadd](u) + d2N

3[u1, u2, u3, u4, uadd](u)

(3.10)

wherec2 = u4−u0

u3−u0
andd2 = (uadd−u3)(u4−u0)

(u1−uadd)(u3−u0)
.

If uadd ≥ u4 andu′ = [u0, u1, u2, u3, uadd], then

N3[u0, u1, u2, u3, u4](u) = c3N
3[u0, u1, u2, u3, uadd](u) + d3N

3[u1, u2, u3, u4, uadd](u)

(3.11)

wherec3 = 1 andd3 = uadd−u4

u1−uadd
.

The reverse blending function transformation for a T-spline blending functionB(u, v)

can be easily derived from the above four equations. In general, if bothN3[u](u) and

N3[v](v) are decomposed, we can rewriteB(u, v) by

B(u, v) = N3[u](u)N3[v](v) =
∑

i

ciN
3[ui](u) ·

∑

j

cjN
3[vj](v) =

∑

k

rkBk(u, v)

(3.12)

3.3.2 T-spline control point removal algorithm

Now let us look at how to eliminate a specified control point from the T-mesh without

altering the surface. This process is also called T-spline knot removal due to the fact that

removing a control point causes the corresponding knot to be removed from the T-spline

pre-image in the parameter domain as well.

52

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



3.3. Removing one control point from a T-spline surface

r
P

(a)

r
P

(b)

r
P

(c)

(d) (e) (f)

Figure 3.6: T-mesh structure change after removing control pointPr.

An immediate result of removing a control point is the change of the structure of the T-

mesh. Such change includes the disappearance of the control point, and possible removing

or adding of some edge(s) due to the removal of that point. Figure 3.6 shows three examples

of the structure change. Figure 3.6(d) to 3.6(f) are the results of removingPr from the

T-mesh shown in Figure 3.6(a) to 3.6(c), respectively. Sometimes the structure for the

new T-mesh is not unique. Refer to Figure 3.7 for a more complicated example, where

Figure 3.6(b) and Figure 3.6(c) are two possible topological structures when the control

pointPr is removed from the T-mesh shown in Figure 3.7(a). In such a case, both situations

could be checked or the user’s recommendation may be needed.

Another important component of the T-spline knot removal algorithm is to update the

geometry of the control points so as to keep the shape of the T-spline surface unchanged.

Assume we want to eliminate the control pointPr which corresponds to knot(ur, vr). Our

approach begins with the given T-spline surface. The T-spline surface equationSH(u, v) =
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r
P

(a) Original T-mesh (b) Removing vertical edges (c) Removing horizontal edges

Figure 3.7: Another T-mesh structure change example.

∑n

i=1QiBi(u, v) is split into two parts:
∑

i6=r QiBi(u, v) andQrBr(u, v) (Qr is the cor-

responding point ofPr in the homogeneous space). We call the second part a residue.

The first part defines a new T-spline surface whose control points one-to-one correspond

to those of the new T-mesh. However, the knot quintuples for the blending functions in
∑

i6=r QiBi(u, v) do not necessarily match those derived from the new T-mesh. It is im-

portant to keep in mind that the blending functions and the T-mesh are tightly coupled

in a valid T-spline surface. Therefore the main process of our algorithm is to use the re-

verse blending function transformation and the blending function refinement to update both
∑

i6=r QiBi(u, v) andQrBr(u, v) such that their blending functions gradually match the

new T-mesh except thatBr(u, v) has(ur, vr) as its center knots in the knot quintuples. Dur-

ing this process, local knot insertion may also be required (see a discussion in the end of

this section). As a result,
∑n

i=1QiBi(u, v) will eventually be decomposed into a T-spline

surface defined over the new T-mesh and a residue term whose blending function has knot

quintuples centered at(ur, vr). If the residue term becomes zero, a valid new T-spline

surface without the control pointPr has been found. Otherwise, the pointPr cannot be

removed.

The T-spline control point removal algorithm is thus given in Algorithm 3.2. Note that

this algorithm is in the similar fashion of the T-spline knot insertion algorithm proposed

in [128]. The main different step is step 3.2) which invokes the operation of reverse blend-
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Algorithm 3.2 : T-spline control point removal algorithm
Given: a T-spline surfaceSH(u, v) and a control pointPr corresponding to the knots

(ur, vr)
Goal: If possible, find a new T-spline representationS̃H(u, v) of the same surface which

does not containPr

1. Set the current T-spline surface in the homogeneous form to be
∑

i6=r QiBi(u, v) and
the residue to beQrBr(u, v)

2. repeat
3. if anyBi(u, v) in the current T-spline surface has the same knot quintuples as the

residue’s blending functionthen
4. Move it to the residue
5. else ifanyBi(u, v) in the current T-spline surface contains a knot(ur, vr) such that

at least one ofur andvr is not the center in the respective knot quintuplethen
6. Perform a proper reverse blending function transformation
7. else ifanyBi(u, v) in the current T-spline surface is missing a knot inferred from

the current T-meshthen
8. Perform a proper blending function refinement
9. else ifanyBi(u, v) in the current T-spline surface has a knot other than(ur, vr),

which is not indicated in the current T-meshthen
10. Add an appropriate control point into the T-mesh
11. end if
12. if the blending function of the residue is missing a knot inferred from the current

T-meshthen
13. Perform a proper blending function refinement and move the new generated

term whose corresponding knot quintuples are not centered at(ur, vr) to the
current T-spline surface

14. end if
15. until there is no new operation
16. if the final residue equals to zerothen
17. The control pointPr is successfully removed
18. else
19. The control pointPr cannot be removed
20. end if
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ing function transformation. Here we use an example to illustrate this step topologically.

Suppose we intend to remove the pointPr shown in Figure 3.8(a) from the T-mesh. After

removingPr, the T-mesh pre-image becomes Figure 3.8(b). However, the knot quintu-

ples for the blending functionB1(u, v) shown in Figure 3.8(a) areu1 = [u0, u1, u2, u3, u4]

andv1 = [v0, v1, v2, v3, v4]. It has a knot(u3, v2) that corresponds to the removed con-

trol pointPr. Therefore, according to step 3.2), a reverse blending function transformation

is performed and we obtain two new blending functions:B11(u, v) with knot quintuples

u11 = [u0, u1, u2, u4, u5] andv11 = [v0, v1, v2, v3, v4] andB12(u, v) with knot quintuples

u12 = [u1, u2, u3, u4, u5] andv12 = [v0, v1, v2, v3, v4]. as shown in Figure 3.8(b) and Fig-

ure 3.8(c). The former conforms with the current T-mesh, and the latter has the same knot

quintuple as the residue and thus is moved to the residue.

rP

3u1u 2u 4u 5u0u

4v
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(c)

Figure 3.8: Invoking the step of reverse blending function transformation.

3.3.3 Validity of the algorithm

For an algorithm described in a recursive manner, it is important that the algorithm termi-

nates after a finite number of steps. We examine the two basic operations in this T-spline

control point removal algorithm. Since the knot values involved in this procedure are those

that initially exist in the T-mesh, the blending function refinement would be called for only

a limited number of times if such a process is needed [128]. For the reverse blending

function transformation, it can be seen that each of those four reverse blending function
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3.3. Removing one control point from a T-spline surface

transformations replaces a blending function by two new functions. One of the new blend-

ing functions corresponds to the knot quintuples which do not contain the removed knot,

and the other one corresponds to the knot quintuples which are closer to the quintuples of

the removed control point. Once the center knot of the knot quintuples becomes the knot to

be removed, the reverse blending function transformation is completed. In this way, after a

finite number of steps of performing reverse blending function transformation and blending

function refinement, the T-spline surface is decomposed into a new T-spline surface which

is defined by the new T-mesh without the removed control point plus a residue term whose

blending function has knot quintuples centered at(ur, vr). If the coefficient of the residue

term is zero, then the removal algorithm succeeds and the new T-spline surface is the result.

Otherwise, the algorithm returns that the specified point cannot be removed. Therefore, the

algorithm for T-spline control point removal is always guaranteed to terminate.

3.3.4 Discussion

In the process of removing a control point, sometimes the algorithm will introduce a few

new control points into the T-mesh. The insertion of these control points is to make the

blending functions be properly associated with the control points. Figure 3.9 illustrates

such a situation. If the pointP1 shown in Figure 3.9(a) is removed from the T-mesh, then

a new control pointP4 will automatically be added into the T-mesh by our algorithm (see

Figure 3.9(b)), which ensures that the blending function corresponding toP3 is compatible

with the T-mesh.

It should be pointed out that in the situation where a knot removal causes the insertion

of extra point(s), the total number of the control points will not be reduced, and thus the

user may choose not to do knot removal of that point for applications such as surface sim-

plification. However, if the user’s concern is whether a specified point is removable and

how to remove it, our algorithm is attractive because the structure of the new T-mesh is

automatically determined by the algorithm. Some other possible approaches for knot re-
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Figure 3.9: Extra control point insertion in the removal process.

moval such as setting up a system of linear equation describing the relationship between

the blending functions (or control points) before the removal and after the removal need to

know the structure of the new T-mesh in advance.

3.4 Removing more than one control point

This section extends the algorithm developed in Section 3.3 to remove more than one con-

trol point.

If a user specifiesn control points in a T-mesh, we may extend the algorithm to detect

whether thesen control points can be removed simultaneously and to compute the new T-

mesh if they are removable. The possible modifications include: 1)n control points should

be removed in the new T-mesh; and 2) the residue should consist ofn terms. However, the

structure of the resulting T-mesh after removing several control points could generally have

many possibilities. This increases the complexity of the algorithm. In addition, it is unlikely

that arbitrarily specifiedn control points can be removed simultaneously. Therefore, if we

want to remove many control points (especially those generated by knot insertion), it is not

practical to identify them first and then to apply the extended algorithm.

An alternative approach could be based on the single control point removal algorithm.

An unsophisticated attempt is described as follows: for every control point in the current
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T-mesh, check its removability; if it is removable, remove it. This method is quite simple.

However, the following example shows that this method may fail to remove some control

points although they are generated by knot insertion.

(a)

1
P

2
P

(b)

2
P

(c)

Figure 3.10: Example for identifying the removable control points.

Consider a T-mesh (pre-image) shown in Figure 3.10(b), which is the result of inserting

a pointP1 into a T-mesh whose pre-image is shown in Figure 3.10(a). PointP2 is a control

point automatically introduced by the knot insertion algorithm. Suppose no further geo-

metrical change is made to these control points. Obviously,P1 andP2 are two redundant

control points in the T-mesh and should be removable. However, if we apply the single con-

trol point removal algorithm to pointP2, it is surprisingto find thatP2 cannot be removed

from the T-mesh by carefully checking the removal algorithm!

Fortunately, in the above situation, pointP1 can be removed by the single control point

removal algorithm, and furthermore after that, pointP2 becomes removable for the single

control point removal algorithm (see Figure 3.10(c)).

The above example indicates that one control point may not be removed until some other

control points are removed. This observation motivates the following removal strategy for

removing as many control points in a T-mesh as possible:

1) Check each control point in the T-mesh. If it is removable, remove it and update the

T-mesh.

2) If at least one control point has been removed, execute step 1) again.
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(a) Initial T-mesh pre-image (b) Initial T-mesh (c) Initial T-spline surface

(d) First iteration (e) Second iteration (f) Third iteration

(g) Final T-mesh pre-image (h) Final T-mesh (i) Final T-spline surface

Figure 3.11: An example of removing many control points.

An example of removing many control points from a T-spline surface is provided here

in Figure 3.11. Figure 3.11(a) to Figure 3.11(c) are the pre-image, the T-mesh, and the

surface for the initial T-splines, respectively. The algorithm is then invoked to eliminate

the control points. Figure 3.11(d) is the pre-image of the resulting T-mesh after we apply

the single control point removal algorithm to all the points of the T-mesh once. We call

this process one iteration. We continue this process to the new T-mesh. Figure 3.11(e) and

Figure 3.11(f) are the pre-images of the T-mesh after the second and third iterations. It can

be seen that the number of control points in the T-spline surface is gradually reduced. The

final result is displayed in Figure 3.11(g) to Figure 3.11(i). During this removing process,

there are totally 37 control points that are removed. Thus the T-mesh is simplified while the
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T-spline surface remains the same.

3.5 Summary

This chapter investigates the problem of removing control points from a T-spline surface.

The T-spline knot removal is found to be much more complicated than the B-spline knot re-

moval, since the T-spline knot removal could lead to different result and sometimes the knot

removal could cause the insertion of extra control points. A single control point removal

algorithm is developed, which is in the style of the T-spline knot insertion algorithm [128].

The algorithm can be used to detect whether a user-specified control point can be removed

or not. If the control point is found to be removable, the algorithm returns the new T-mesh

with the control point removed. The algorithm can have applications in interactive editing.

The extension of the algorithm to remove more than one control point is also discussed

and several approaches are suggested. In many situations, the control points that are added

by knot insertion can be completely removed by these approaches. However, there still exist

some situations, in which some inserted control points cannot be removed. Therefore de-

veloping algorithms that are able to remove all those control points added by knot insertion

warrants further investigation.

Another direction for future work is to extend this algorithm to perform approximation

knot removal. In this case, the residue does not have to go to zero and can be controlled by

a given tolerance. Because usually in a complicated T-spline, it is unlikely to remove a lot

of control points exactly. By approximation knot removal, it is possible to remove a lot of

of control points, achieving the simplification purpose.
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Chapter 4

Curvature-Guided Adaptive T-spline

Surface Fitting

4.1 Introduction

This chapter studies the problem of fitting a T-spline surface to a triangular mesh that is

topologically homeomorphic to a plane set. Triangular meshes and splines are currently

two main representations for free-form surfaces. While triangular meshes are widely used

in visualization, animation and interactive computer games, splines are the major format in

CAD/CAM industry. Splines have parametric equations and have a more compact represen-

tation, facilitating many operations such as shape analysis and surface manipulation. There

is a need to convert triangular meshes into spline surface. The conversion can be achieved

by surface fitting. Since T-splines are a generalization of NURBS and the conversion from

a T-spline surface to a NURBS surface is straightforward, our surface fitting result would

be totally compatible to the current industry standards in CAD /CAM.

Basically, the problem is stated as follows: given a triangular mesh with a vertex setD =

{d1,d2, · · · ,dm}, we look for a T-spline surfaceS(u, v) such that the distance between the
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surface and each vertexdi is below a given error toleranceε

dist(di,S(u, v)) ≤ ε, i = 1, 2, · · · , m (4.1)

Many difficulties lie in this problem such as the enormous size of the data set and the

complexity of the underlying shape. Our objectives are to achieve the required fitting pre-

cision, to produce visually smooth T-spline surfaces, to preserve geometric features of the

input mesh and to output a concise and effective representation. Though some approaches

existed for tackling this problem, most of them only achieved the first two objectives and

usually resulted in surfaces with highly redundant representations. In this chapter, we pro-

pose a new fitting framework to accomplish these objectives. The framework is an iterative,

adaptive process that is an integration of several components such as feature detection,

parameterization, adaptive least squares surface approximation, initial surface structure re-

placement and mesh re-parameterization. The novelties in this framework include:

• We propose to use T-splines as the basic tool for surface approximation and to fit a

T-spline surface to the triangular mesh using an iterative procedure, where both the

topology and the geometry of T-spline surface are gradually improved. Due to the

power of the T-spline local refinement, T-splines can easily achieve adaptiveness in

that during each iteration step, the target surface is only refined locally at the areas

where the approximation error is higher than the tolerance. As a result, we are able

to obtain a more compact surface representation compared to those obtained by the

traditional methods. In addition, we use standard or semi-standard T-splines for the

fitting process and thus the computation cost is kept to be low.

• A good approximation should preserve the geometrical features of the model. This

means that the mesh and the surface need to have high resemblance in the feature ar-

eas. Feature areas usually refer to the regions where intense geometrical changes take

place and they are highly critical in that they reflect the major identities of a geomet-
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ric model. In geometry processing, features have become a concern recently. Some

approaches have been developed for detecting features on meshes [154, 107, 163].

Here we propose a scheme that examines the feature regions of the input triangular

mesh and gives the feature regions more emphases in surface fitting so as to guarantee

that the model is faithfully reconstructed. A feature sensitive method was also devel-

oped in [88] for surface fitting purpose. While the feature sensitive method considers

features in the parameterization phase, we deal with features in the fitting process.

• Since mesh parameterization and initial surface structure placement have important

influences on the final fitting surface, it is important to have a good parameterization

and initial surface structure placement. However, due to limited prior knowledge

about the reconstructed surface, it is difficult to find a very good parameterization and

initial surface structure placement at the beginning of the fitting process. Therefore,

in our framework, we propose a re-parameterization process and an initial surface

structure re-placement process, which use the knowledge obtained during the fitting

process to improve the parameterization and initial surface structure placement.

The rest of this chapter is organized as follows: Section 4.2 gives an overview of the

algorithm. Each step or component of the algorithm is explained in Sections 4.3-4.10. The

experimental results are provided in Section 4.11 and a summary is given in Section 4.12.

4.2 Overview of the algorithm

Given a triangular mesh and an error tolerance, an adaptive surface fitting generally works

in the following steps: 1). Parameterize the triangular mesh so that each vertex of the

mesh has a pair of parameter values; 2). Initialize the class of the surfaces, from which the

optimal surface is searched for; 3). Establish the objective function for the optimization

process, which usually combines the least squares distance and the fairness term with a

fairness factor, and then solve the optimization problem for the optimal surface; 4). Check
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the quality of the resulting surface. If the result is satisfactory, the process stops. Otherwise,

proceed to the next step; and 5). Enlarge the class of the surfaces and go back to step 3).

Curvature guided T-spline surface fitting

mesh

T-spline surface

( , )i iu vmean curvature

parameterization

T-spline pre-image

( , )i iu v

id

( , )i iu vS

Figure 4.1: Illustration of the curvature guided T-spline surface fitting.

It can be seen that the above fitting process is actually an iterative process. In our case,

we use T-splines to perform adaptive fitting. So some steps have to be customized. In step

2), to define the class of the T-spline surfaces, we have to specify the T-mesh topology (i.e.,

the T-mesh structure or the pre-image of the T-mesh) and the control point weights. This

step is usually referred to as the initial T-spline structure placement. In step 3), the least

squares objective function is eventually a function of the control point of the T-spline. To

simplify computations, we avoid using rational surfaces and thus let the class of the T-spline

surfaces be one that consists of polynomial T-splines. This can be implemented by initially

choosing standard or semi-standard T-spline structures. In step 5), the enlarging of the class

of the T-spline surfaces can be done using T-spline local refinement which produces a finer

T-mesh with a new set of control point weights. In this way, we have had an adaptive T-

66

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



4.2. Overview of the algorithm

spline surface fitting method. It could produce a smooth T-spline surface that fits the input

mesh within the given tolerance. However, this approach does not reflect the geometric

features of the initial mesh. To overcome this deficiency, we propose to improve this method

by incorporating features. We modify step 4) and let the features guide the quality checking

such that in the feature areas a better approximation is needed. In this research, we use

discrete mean curvatures to measure features. Thus we get our first version of adaptive T-

spline surface fitting which we callcurvature guided adaptive T-spline surface fitting(see

Algorithm 4.1). An illustration of this approach is shown in Figure 4.1.

Algorithm 4.1 : Curvature guided adaptive T-spline surface fitting
Given: atriangular meshT, error toleranceε, fairness factorσ, a parameterizationψ, a set

of mean curvaturesH
Goal: find a T-spline surface that is close to meshT (within ε deviation)

1. Initialize the T-mesh topology and control point weights
2. loop
3. Compute an optimal T-spline surface under current settings
4. Check the T-spline surface for approximation error
5. if not all the regions on the surface pass the checkthen
6. Refine the T-mesh by adding more control points and update the control point

weights
7. else{i.e., the surface is acceptable}
8. Exit from the loop
9. end if

10. end loop
11. return the final T-spline surface

In general, the curvature guided adaptive T-spline surface fitting is able to locate more

T-spline control points to the areas that have more features and details. However, the per-

formance of the algorithm could be further improved. Notice that both the mesh parame-

terization and the initial T-spline structure placement have an impact on the fitting result.

In Algorithm 4.1, these two steps are done only once at the beginning of the fitting process.

At that time, we do not have much knowledge about the reconstructed surface and thus

it is difficult to give an optimal parameterization and initial T-spline structure placement.

Based on this analysis, this chapter proposes a new framework for adaptive T-spline fitting.
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Besides the curvature guidance, in this new framework we also have two new components

which are the initial T-spline structure re-placement and the re-parameterization. These

two new components are introduced to improve the initial parameterization and placement.

They are carried out after Algorithm 4.1 has finished and we have got a reasonable fitting

T-spline surface. This fitting T-spline surface is used to provide more knowledge for re-

parameterization and re-placement and the surface itself will be improved next. So the new

framework includes Algorithm 4.1 within a loop and the initial T-spline structure placement

and the mesh parameterization are progressively updated. This results in the second version

of our adaptive T-spline fitting which we call curvature guided adaptive T-spline fitting with

progressively improved initial settings (see Algorithm 4.2).

Algorithm 4.2 : Curvature guided adaptive T-spline surface fitting with progressively
improved initial settings
Given: a triangular meshT, error toleranceε, fairness factorσ
Goal: find a T-spline surface that is close to meshT (within ε deviation)

1. Compute mean curvatureH for all vertices of the triangular mesh
2. Compute a parameterizationψ
3. Invoke Algorithm 4.1 and denote the resulting T-spline surface asS
4. repeat
5. S0 ⇐ S
6. Re-parameterize the triangular mesh based onS0, updateψ
7. Re-initialize the T-mesh topology based onS0 and set the control point weights
8. Invoke Algorithm 4.1 and denote the resulting T-spline surface asS
9. until The approximation byS is not improved compared to the approximation byS0

10. return the final T-spline surface

4.3 Feature detection

A free-form model can be rich of geometrical features, which are irregularly distributed over

the model. These features include but are not limited to valleys, ridges, creases, corners,

spines, and some fine details. Essentially, a feature area can be understood as the region

on the model that undergoes more rapid geometrical change than its adjacent regions and

hence that draws more attentions than the areas that do not contain features. For example,
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on the Stegosaurus model shown in Figure 4.2, the parts of the its head, tail, legs and spikes

on the back can be considered as features. We mark these features with red boxes.

Figure 4.2: Feature areas on a triangular mesh.

For many tasks in geometry processing including surface fitting, the overall perfor-

mance is to some extent evaluated by the fact that whether the features are properly han-

dled. In order to take care of all the features on a model, it should be first figured out where

these features are located.

The curvatures describe the amount by which a model deviates from a plane and is one

of the geometrical measures that are closely related to surface features. Generally, a surface

region that contains geometrical features would have high curvature values while the one

that has a relatively smooth shape would have low curvature values.

At a point on a surface, an infinite number of curvatures in various directions can be

defined. The mean curvatureh at a given point is the average of the maximal curvatureκ1

and the minimal curvatureκ2 at that point, and can be expressed ash = 1
2
(κ1 + κ2). Thus

the mean curvature can be a good representative of all the curvatures.

Traditionally, curvature is the concept for smooth and differentiable surfaces. In recent

years discrete differential geometry [13] was proposed for triangular meshes. In [32], Des-

brun et al. derived a formula for computing the mean curvature of a mesh at vertexdi using
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the information of its 1-ring neighborhood:

hi =‖
1

4A

vali
∑

j=1

(cotαj + cotβj)(dj − di) ‖ (4.2)

whereA is the sum of the area of the triangle faces adjacent todi, αj , βj are the two angles

opposite to the edge connectingdi anddj as illustrated in Figure 4.3, andvali is the valence

of di.

id

j
d

1 jd

1!jdj"

j#

Figure 4.3: The 1-ring neighborhood of vertexdi.

It is noticed that the above method for computing the mean curvature is only applicable

to a vertex that has the complete 1-ring neighbors. For the boundary vertices of an open

triangular mesh, the method would not work. Our strategy for a boundary vertex is to simply

let its mean curvature equal to that at any one of its one interior neighboring vertices.

For a given mesh, we compute the mean curvature for each vertex. Then based on the

curvature values, we can detect feature areas. Figure 4.4 shows the color plot of mean

curvatures of the Stegosaurus model, where red color represents high curvature values and

blue color represents low curvature values. It can be seen that the feature areas of the

Stegosaurus model are identified by having significantly higher curvature values than the

non-feature areas.

It is then feasible to associate the features on a model with the corresponding curvature

values.
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Figure 4.4: Visualization of the mean curvatures on a triangular mesh.

4.4 Parameter generation

To perform parametric surface fitting to a triangular mesh, a process called parameteriza-

tion which associates each vertex in the triangular mesh with a pair of parameter values

is usually needed, especially when the parametric distance is used. In particular, letT be

a triangular mesh inR3 space with a set of vertices{d1,d2, · · · ,dm} andΩ ⊂ R2 be a

planar domain. A parameterizationψ : Ω → R3 is a bijective mapping from the domain

to the surface of the triangular mesh. By the parameterization, each vertexdi of the mesh

has a pair of parameter values(ui, vi), which defines a pointui = (ui, vi) in the parameter

space. The set of points{u1,u2, · · · ,um} forms a planar triangulationP in the domain

by maintaining the same connectivity asT. P can be regarded as an embedding ofT in Ω

and the parameterization can be regarded as a process of flattening a triangular mesh onto a

plane, as illustrated in Figure 4.5.

Parameterization is also an important processing in the area of digital geometry pro-

cessing. Many methods have been developed [43, 44, 135]. Different applications may

require different parameterization methods. Since parameterization is a mapping between

spaces of different dimensions, generally distortions are inevitably incurred during the pro-

cess. Therefore most parameterization methods adopt some optimization processes that

minimize the distortion in certain criteria which are based on various geometrical proper-
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Figure 4.5: Flatten a triangular mesh fromR3 toR2.

ties. These geometrical properties include not only vertex information, but edge, angle or

face information as well. For example, some approaches try to preserve the area of tri-

angle faces after they are mapped to the parameter domain [30, 31] and some approaches

are angle-preserving [42, 45, 134] or edge length-preserving [101, 124]. There also exist

approaches that consider the optimization of two or more criteria at the same time [22].

In addition, no matter which criterion is chosen, one basic requirement for almost all the

parameterization methods is that in the parameter domain the triangulation should not self

intersect and no triangle face is degenerated (i.e., all the three vertices of a face should not

lie on a same line).

In the rest of this section, we describe a parameterization method that is basically a

variant of Floater’s mean value coordinates based approach [42] and is expected to provide

a good parameterization for the triangular mesh. The obtained parameterization will be

used in T-spline surface fitting. The quality of the parameterization result substantially

influences surface fitting.

For any triangular mesh that is of an open disk topology, a closed boundary which is

comprised of a group of boundary edges can be identified. A boundary edge is characterized

by belonging to only one face. The vertices on the boundary are referred to as the boundary

vertices and the remaining vertices in the mesh are called interior vertices. Without loss
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of generality, in the vertex set{d1,d2, · · · ,dm} we assume the subset{d1,d2, · · · ,dl}

are the interior vertices and the subset{dl+1, · · · ,dm} are the boundary vertices. We also

assume that these boundary vertices are ordered clockwise.

With parameterization, the boundary vertices are mapped onto the boundary of the pa-

rameter domain and the interior vertices are mapped onto the interior region of the param-

eter domain. There are a few options for the shape of the parameter domain. It could be a

rectangle, a circle, or a free form polygon. A rectanglar parameter domain would be prefer-

able in our application because that is also the parameter domain of the T-spline surface

we are going to construct. More specifically, we define the parameter domain to be a unit

square, e.g.[0, 1] × [0, 1]. This setting helps to avoid any extra trimming operation for the

fitting surface.

Usually parameterizing an open triangular mesh is performed in two steps. First, the

parameters for the boundary vertices are decided; after that, the parameters for the interior

vertices are then calculated. In the following, we describe these two steps in detail.

4.4.1 Computing parameters for boundary vertices

It is understandable that the parameters of the boundary vertices influence the result of the

overall parameterization. Cursory assignment of the boundary vertex parameters would

lead to a big overall distortion. Therefore here we discuss how to devise a reasonable

parameterization for the mesh boundary. Since the rectanglar parameter domain is chosen

in our case, four corner verticesdb1, db2, db3 anddb4, whereb1, b2, b3, b4 ∈ [l + 1, m],

should be first designated from the set of the boundary vertices. They are associated with

parameters(0, 0), (0, 1), (1, 1) and(1, 0), respectively. Next, the other boundary vertices

can be parameterized by approaches that take the geometrical properties of the boundary

edges into account. For example, for a boundary vertexdj that is between the two corners

db1 anddb2, its parameters are(uj, vj), whereuj = 0 andvj is decided using the chordal
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(a) (b)

Figure 4.6: Selection of the corner vertices based on different strategies.

length approach:

vi =

∑j−1
i=b1 ‖di+1 − di‖

∑b2−1
i=b1 ‖di+1 − di‖

(4.3)

Thus the remaining problem is how to carefully pick the four corner vertices so that a

good result can be generated. One possible approach is based on the idea that the accu-

mulated edge length between any two adjacent corner vertices should approximately be the

same. LetLsum =
∑m

i=l+1 ‖di+1 − di‖ denote the sum of all the lengths of the boundary

edges. First,b1 is arbitrary selected to be a number that is the subscript of a boundary ver-

tex. For the simplicity of the presentation, we letb1 = l + 1. Next,b2 is chosen to be the

number which satisfies
b2−1
∑

i=b1

‖di+1 − di‖ ≈
1

4
Lsum (4.4)

Similarly, b3 andb4 can also decided in such a way. Although it is widely adopted, some-

times the corner vertices picked by this approach can be undesirable (see the red circles in

Figure 4.6(a)).

The second approach is to pick the corner vertices by considering the geometrical fea-

ture of the boundary. In fact, many models such as the one shown in Figure 4.6(a) contain

some vertices on the boundary that naturally serve as corners. Therefore, we may make the

selections based on the angle∠di−1didi+1 for each boundary vertexdi which is formed by
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the vertex and its two adjacent boundary vertices. Usually, a vertex with a sharper angle is

more suitable to be the corner vertex. Also, in order to reduce the influence caused by the

noises in the triangular mesh, the mesh boundary is smoothed first using the following filter

several times before the angles are measured:

di ←
1

6
di−1 +

2

3
di +

1

6
di+1 (4.5)

Finally, we choose the four vertices on the smoothed boundary that have the smallest angles

as corners. The corners picked using this approach are highlighted in Figure 4.6(b). This

time the result is more desirable.

In practice, both approaches can be attempted and the one that leads to better result can

be adopted. Besides, user intervention could also be considered as one option here.

4.4.2 Computing parameters for interior vertices

Denote the index set of all the 1-ring neighboring vertices ofdi by Ni. For the parame-

ter ui of an interior vertexdi, we let it be a convex combination of the parameters of its

neighboring vertices, which can be formulated as:

ui =
∑

j∈Ni

λijuj, i = 1, 2, · · · , l (4.6)

whereλij are some non-negative weights. The choice of these weights would have consid-

erable influence on the parameterization result.

There arel such equations in total, one for each interior vertex. Some of the equations

do not involve any boundary vertex and some involve one or more boundary vertices. After

reorganizing the above equations by placing the boundary vertices and the interior vertices
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on the different sides, we have

ui +
∑

j∈Ni,j≤l

−λijuj =
∑

j∈Ni,j>l

λijuj, i = 1, 2, · · · , l (4.7)

Combining all thesel equation arrives at a linear system:

AU = U0 (4.8)

whereU = (u1, · · · ,ul)
T is a 1 × l vector of the unknown interior vertices andU0 =

(u0,1, · · · ,u0,l)
T is a1×l constant vector withu0,i =

∑

j∈Ni,j>l

λijuj. A is anl×l coefficient

matrix consisting of

aij =























1, i = j

−λij , i 6= j and j ∈ Ni

0, otherwise

(4.9)

By solving the linear system, the parametersu1,u2, · · · ,ul for the interior vertices can

then be determined and the whole triangular mesh is parameterized.

However, whether the linear system (4.8) has a unique and proper solution depends on

certain constraints. Consider the following three conditions:

1. λij > 0, for anyi, j;

2.
∑

j∈Ni

λij = 1, for i = 1 · · · l;

3.
∑

j∈Ni

λijdj = di, for i = 1 · · · l.

If all of these conditions are met, it is guaranteed that the linear system (4.8) is solvable.

Furthermore, there is no self-intersecting edges inP, provided that the boundary is mapped

to a convex polygon. Also, it has the property thatP would be identical toT if T is a planar

triangular mesh itself.
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Figure 4.7: Compute the mean value coordinates fordi.

To choose values forλij to satisfy the above three conditions, we adopt the mean value

coordinates. The mean value coordinates (MVC), proposed by Floater [42], is a set of

weights that can be used to represent a vertex in a 2D triangular mesh by convexly combin-

ing its neighboring vertices. Mean value coordinates is appreciated for depending not only

continuously but also smoothly on the vertices of the mesh. Therefore, it preserves some

intrinsic geometric properties of a triangular mesh and has applications in many geometry

processes including parametrization.

Supposedi is an interior vertex in the triangular mesh withvali neighboring vertices

(see Figure 4.7(a)). Without loss of generality, suppose the neighboring vertices ofdi are

d1,d2, · · · ,dvali. To compute the mean value coordinatesλij for vertexdi with respect

to its neighboring vertexdj (1 ≤ j ≤ vali), a planar star-shaped region centering atxi

is constructed by flattening the 1-ring neighborhood of vertexdi into a plane, as shown

in Figure 4.7(b). In this flattened star-shaped region, the edges that connectxi and its

neighbors remain the original length, i.e.,‖xj − xi‖ = ‖dj − di‖. The anglesαij between

two adjacent such edges are uniformly scaled so that the sum of these scaled angles equals
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2π:

αij =
∠djdidj+1

vali
∑

k=1

∠dkdidk+1

2π (4.10)

Then we compute the initial weightswij from these geometrical quantities as:

wij =
tan(

αij

2
) + tan(

αi(j−1)

2
)

‖xj − xi‖
(4.11)

After that, the mean value coordinatesλij can be calculated by normalizingwij using the

sum
∑

k wik:

λij =
wij

vali
∑

k=1

wik

(4.12)

It is apparent thatλij > 0 and
∑

k λik = 1. Also, it has been proved in [42] that
∑

k λikdk =

di.

Figure 4.8 shows parameterization using this approach for some triangular mesh mod-

els. The models are shown in the first column of the figure. In the second column, the

parameterization results onto the unit square domain are shown. For the models on which

the natural corners can be identified, we can always correctly pick those vertices to be the

corners of the parameter domain. In the third column, the results are further illustrated by

mapping the checkboard textures onto the triangular meshes. It can be seen that the check-

board patterns are in general evenly distributed over the models, which indicates the good

quality of the parameterization.

4.5 Initial T-spline structure placement

To set up the initial T-spline structure, we have to specify the parameter domain, the T-mesh

topology (i.e., structure), and the weights for points on the T-mesh.

The parameter domain of the T-spline surface to be reconstructed is set to be the domain
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k) (l)
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(m) (n) (o)

Figure 4.8: Parameterization of some triangular meshes using MVC.

that the triangular mesh is parameterized to, which is[0, 1] × [0, 1]. Since our fitting is

an adaptive approach, we begin with a relatively simple T-mesh structure for simplicity.

For example, we can choose the initial surface to be a bicubic B-spline patch with4 ×

4 control points. The knot vectors along theu− and v− directions are both set to be

{−2µ,−µ, 0, 1, 1 + µ, 1 + 2µ}, whereµ is a small positive value (for example,0.001).

In the parameter space the lines corresponding to these knots (except for the first and the

last one) form the pre-image of the control grid of the surface. Let us denote this structure

(or pre-image) byM . Figure 4.9 shows this initial pre-image. In the figure, the domain

of the surface is highlighted in yellow. The dash lines are phantom edges that provide

necessary information for the surface definition.

We also let all the control point weights be one. Denote byW the set of all weights

corresponding to the control points. ThenM andW define a class of T-splines that have

the same pre-imageM and the same weightsW . We denote this class bySM,W . Note

that each surface inSM,W is a standard T-spline no matter where the control points are

geometrically located.
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Figure 4.9: The pre-image of an initial T-mesh.

4.6 Least squares T-spline surface approximation

Once the T-mesh topology (i.e., the T-spline pre-imageM ) and the set of control point

weightsW are given, they define a classSM,W of T-spline surfaces. The pre-imageM

and the weight setW are the ones either set in the initialization or produced by the local

refinement of the initialM andW . In this class, all the T-spline surfaces have the same

T-mesh topology and weights; only their geometry is undecided. Here we seek to find the

geometrically optimal T-spline surface inSM,W , which best fits the triangular mesh under a

certain criterion. Note that any T-spline surface inSM,W is standard or semi-standard due to

our special initial T-spline structure placement and the use of T-spline local knot insertion

for T-spline structure refinement (see Section 4.8). Therefore the optimal surface we intend

to find is actually a polynomial surface, which can be written as follows:

S(u, v) =

n
∑

i=1

wiPiBi(u, v) (4.13)

We thus try to find a surfaceS(u, v) in the classSM,W that makes the sum of the squared

parametric distances between the vertices of the mesh and the surface be minimized. This

81

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 4. Curvature-Guided Adaptive T-spline Surface Fitting

is a least squares problem. In general, to generate a fair surface, we also include a fairness

functionalJfair(f) into the approximation. We choose the thin plate energy as the fairness

functional. The details will be described in Section 4.6.1. The optimization problem hence

becomes to minimize the following objective function:

F (P1, P2, · · · , Pn) =

m
∑

j=1

‖ S(uj , vj)− dj ‖
2 + σJfair(S) (4.14)

whereσ is a constant that balances the approximation accuracy and fairness. A largerσ

will lead to a smoother surface and a smallerσ will give a more accurate approximation.

Note that the objective function is quadratic in control points. To solve the optimization

problem, we differentiate the objective function with respect to each control pointPg and

let the partial derivative equal zero:
∂F

∂Pg

= 0. This leads to

n
∑

i=1

wi

(

m
∑

j=1

Bi(uj, vj)Bg(uj, vj) + σmig

)

Pi =

m
∑

j=1

djBg(uj, vj) (4.15)

for g = 1, · · · , n, wheremig come from the fairness functional and their computation is

given in Section 4.6.1.

If we introduce an × n matrixA = (agi), two n × 1 vectorsB = (bg) andP = (Pg)

with

agi = wi(
m
∑

j=1

Bi(uj, vj)Bg(uj, vj) + σmig) (4.16)

and

bg =
m
∑

j=1

djBg(uj, vj) (4.17)

then the above linear equations can be written as

A · P = B (4.18)
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The solutionP = A−1 · B of the linear system gives the control points that define the

T-spline surface.

The linear system can be solved by standard numerical methods such as the Gaussian

elimination if the system is relatively small. However, when the linear system is huge and

furthermore the system has a sparse coefficient matrix, simple methods like the Gaussian

elimination would be slow and even numerically unstable. Therefore alternative linear sys-

tem solvers should be used, for example, the preconditioned complex bi-conjugate gradient

(PCBCG) solver [115], the bi-conjugate gradient stabilized (Bi-CGSTAB) solver [148] or

the sparse direct linear solvers for which an implementation is available in the open source

library TAUCS [145]. In general these methods take much less computational time for large

scale sparse linear systems and also have stable behaviors.

4.6.1 Fairness functionals

Fairness is an important factor in surface approximation. In order for the reconstructed sur-

face shape to be fair, certain fairness functionals should be incorporated into the optimiza-

tion. A fairness functionalJfair(S) is a scalar-valued function of surfaces whose value is

the measure of fairness. Quite often,Jfair(S) is interpreted in a physical or geometric way,

e.g., describing the bending energy or the total curvature contained by a surface. Different

types of fairness functionals have been used in prior work [104, 158, 66, 65, 56, 55, 54].

What is in common is that almost all of these fairness functions involve integrating the

partial derivatives of the surface and the smaller the value of the fairness functional is, the

better the surface shape would be.

In our T-spline surface fitting, we choose the simple thin plate energy as the fairness

functional. Physically, thin plate energy represents the bending energy stored in a thin

sheet of metal that is being deformed to the shape of the surface. The simple thin plate
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energy is formulated as:

Jfair(S) =

∫∫

Ω

(S2
uu(u, v) + 2S2

uv(u, v) + S2
vv(u, v))dudv (4.19)

The reason why we choose the simple thin plate energy is that it is a good approximation to

the measure of fairness of the surface in most cases and that it is quadratic in the T-spline

control points and thus can be efficiently computed.

Next, we describe how to computeJfair(S) of (4.19). While it is possible to compute

Jfair(S) exactly, the computation is rather complicated. An alternative way of computing

Jfair(S) is to approximate it by sampling the parameter domainΩ with a stepu × stepv

rectanglar grid, which leads to:

J ′
fair(S) =

stepu
∑

a=1

stepv
∑

b=1

(S2
uu(ua, vb) + 2S2

uv(ua, vb) + S2
vv(ua, vb))∆ua∆vb (4.20)

whereua andvb are the sampled knot values at thea-th andb-th steps inu andv direction,

respectively, and∆ua and∆vb are the corresponding sampling intervals. However, this

approach has the drawback that to achieve a reasonable approximation accuracy, we need

the sampling stepsstepu andstepv to be sufficiently small. This could severely increase the

computation time and lower down the overall efficiency of the approach especially when

the surface is a T-spline with many locally refined regions. On the other hand, the sampling

method may fail to reflect the considerable amount of energies that are contained at the

locations between the sampling points and thus may lead to loss of accuracy, ifstepu and

stepv are big.

To avoid the above problem, we present a discrete method to compute the fairness func-
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tionalJfair(S) for a T-spline surface. For a polynomial T-spline surface of (4.13), we have

Suu(u, v) =
n
∑

i=1

wiPi

∂2Bi(u, v)

∂u2

Suv(u, v) =

n
∑

i=1

wiPi

∂2Bi(u, v)

∂u∂v

Svv(u, v) =

n
∑

i=1

wiPi

∂2Bi(u, v)

∂v2

(4.21)

Thus the simple thin plate energyJfair(S) of the T-spline surface can be written

Jfair(S) =
[

P1 · · · Pi · · · Pn

]


















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w2

1m11 · · · w1wjm1j · · · w1wnm1n
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. . .
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(4.22)

where

mij =
∫∫

Ω
(∂2Bi(u,v)

∂u2

∂2Bj(u,v)

∂u2 + 2∂2Bi(u,v)
∂u∂v

∂2Bj(u,v)

∂u∂v
+ ∂2Bi(u,v)

∂v2

∂2Bj(u,v)

∂v2 )dudv (4.23)

From Equation (4.23), it can be seen that the value formij depends on the two B-

spline basis functionsBi(u, v) andBj(u, v). Assume the two knot quintuplesBi(u, v) is

associated with areui = [ui0, ui1, ui2, ui3, ui4] andvi = [vi0, vi1, vi2, vi3, vi4] where the

knots in bothui andvi are strictly increasing, and the two knot quintuples thatBj(u, v) is

associated with areuj andvj . According to the compact support property of B-spline basis

functions, we have

Bi(u, v)











> 0 ui0 < u < ui4 and vi0 < v < vi4

= 0 otherwise.

(4.24)
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Therefore, Equation (4.23) can be rewritten as

mij =
∫∫

Ωij
(∂2Bi(u,v)

∂u2

∂2Bj(u,v)

∂u2 + 2∂2Bi(u,v)
∂u∂v

∂2Bj(u,v)

∂u∂v
+ ∂2Bi(u,v)

∂v2

∂2Bj(u,v)

∂v2 )dudv (4.25)

whereΩij is a rectanglar region[lij, rij] × [bij , tij] which is the intersection of the nonzero

regions ofBi(u, v) andBj(u, v), as shown in Figure 4.10(a).lij , rij, bij andtij are computed

from ui, vi, uj andvj :

lij = max(ui0, uj0)

rij = min(ui4, uj4)

bij = max(vi0, vj0)

tij = min(vi4, vj4)

(4.26)

ijl

0iu 0ju 4iu 4ju

ijr
ijb

ijt

0iv

0jv

4iv

4jv

ij 

(a) The nonzero support ofBi(u, v) and
Bj(u, v) are overlapping

ijl

0iu 0ju4iu 4ju

ijr
ijb

ijt

0iv
0jv

4iv

4jv

(b) The nonzero support ofBi(u, v) and
Bj(u, v) are separate

Figure 4.10: Domain for the integral to computemij .

If lij > rij or bij > tij , there is no intersection between the nonzero support ofBi(u, v)

andBj(u, v) (Figure 4.10(b)). In that case,mij = 0. Otherwise, we approximately compute

mij by samplingΩij with a a × b grid. To our experience, a value of 5 to 10 is enough for

a and b, depending on the size ofΩij . Thus, rather than uniformly sampling the whole

parameter domainΩ, eachmij is computed by adaptively sampling in its own nonzero

domainΩij . Moreover, due to the symmetry ofmij , we havemij = mji. Therefore, we

only have to compute
n(n + 1)

2
differentmij .
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4.7 Curvature guided surface quality check

Once the surface is computed, it should be checked whether the result is satisfactory. A

simple way of quality checking is to test whether the parametric distances of each vertex of

the triangular mesh to the T-spline surface are below a given toleranceε. However, using a

single (or global) error tolerance for all vertices has drawbacks. It is not easy to choose a

suitable global error tolerance for a model with a lot of geometrical features. For the task of

surface fitting, it is important for the resulting T-spline surface to include all the features of

the input mesh. Features actually reflect details on the model, which may be appropriately

approximated only when the error tolerance is considerably low. For non-feature areas, a

moderate error tolerance would be sufficient in order to get satisfactory fitting result. So if

we choose a smallε to capture features, the surface is likely to end up with a number of

unnecessary points in the non-feature areas even if the adaptive approach is used, which is

apparently inefficient for the representation. On the other hand, if a bigε is chosen, though

the overall geometry of the original mesh can be reproduced, some surface features are

simply missed out.

The above discussion, therefore, suggests that different tolerances should be adopted at

different areas on the surface. Because it is more difficult to achieve good approximation in

feature areas than in non-feature areas, we should pay more attentions to the feature areas.

Thus for a feature area, a high fitting precision and accordingly a low error tolerance would

be required in order to guarantee faithful reconstruction. On the other hand, for a non-

feature area, a moderate fitting precision and accordingly a moderate error tolerance would

be enough. In Section 4.3, we identify the features of a model by mean curvature values.

Thus here we let mean curvatures serve as a guidance for the error tolerance and introduce

curvature-guided individual error toleranceεi for vertexdi:

εi = kiε (4.27)
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whereki is acurvature guidance factordetermined by the discrete mean curvature at vertex

di:

ki = max(
h̄max − h̄i

h̄max − h̄min

, η) (4.28)

Hereh̄i = log(hi + 1) is the logarithm of the mean curvaturehi, the purpose of which is

to concentrate the curvature values.h̄max andh̄min are the maximum and minimum values

among all thēhj (j = 1, 2, · · · , m) which are used to normalize the mean curvature values

to the interval of[0, 1]. A small numberη is used as a threshold to filter the curvatures

values that are too big. In our experiment, we chooseη = 0.05. By this adjustment, we

would have a smaller toleranceεi for the vertex where the mean curvature is high.

So now whether a vertexdi passes the test depends on whether‖ S(ui, vi)− di ‖≤ εi.

When all the vertices of the mesh pass the test, the T-spline surface is considered acceptable.

Otherwise, we have to proceed another iteration. Figure 4.11 shows the result of a checking

process. In the figure, the red points represent the vertices that are not passed. It can be

seen that most vertices that are not passed are concentrated at the regions with features.

Figure 4.11: Visualization of the vertices that do not pass the checking.

After the above checking process, we also perform other checking for adjusting some

parameters we use in the algorithm. We compute the maximum distance between the mesh

and the T-spline surface and compare it against the one obtained in the previous iteration. In

some situations, though the objective function gets a smaller value, the maximum distance
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does not decrease substantially due to the complicated distribution of data. If the value is

not decreased by a certain extent, we adjust the fairness factorσ by tuning down in order to

increase the influence of fitting accuracy in the objective function. Besides, if the maximum

distance between the mesh and the surface is already below the global error toleranceε, that

means the general goal for surface fitting is reached. Then, the thresholdη for the curvature

guidance factors might be slightly raised to0.2 so as to speed up the fitting process.

4.8 T-spline structure refinement

So far we have described how to find the best approximate T-spline surface from a class

of surfacesSM,W by geometrically optimizing the control points of the surface and how

to check the quality of the obtained surface. However, if the T-mesh structure of the cur-

rent T-spline surface class is not appropriate, even the best surface in the class could not

well represent the shape of the input triangular mesh. Therefore, here we describe how to

improve the T-mesh structure when the preset error tolerance is not met, by adding more

control points or edges into the current T-mesh structure.

Generally, we refine the structure of the T-mesh at the offending regions which contain

points that fail the previous checking. These points are called the violating points and the

regions are called the offending regions. The violating points could be inside a region or

on the border of a region. For offending regions, our strategy is to split them. While there

are different ways to split a region, we follow the principle that an offending region should,

in general, be split in half in the direction where the region has a larger knot difference.

Specifically, assume a region is a rectanglar box whose lower-left corner has coordinates

(umin, vmin) and whose upper-right corner has coordinates(umax, vmax). If umax − umin >

vmax − vmin, then we split the region vertically atu = (umax + umin)/2. If umax − umin <

vmax − vmin, then we split the region horizontally atv = (vmax + vmin)/2. In case both the

knot differences are the same, then either direction could be chosen for splitting. Figure 4.12
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illustrates the splitting. The offending regions are highlighted in yellow color in the figures.

For the offending region in Figure 4.12(a), we split it with a horizontal edge; analogously,

for the one in Figure 4.12(b), we split it with a vertical edge.

(a) Horizontal split (b) Vertical split

Figure 4.12: Split offending regions.

The actual splitting of a region is accomplished by performing a local refinement in

which the two endpoints of the edge used to split the region are inserted into the T-mesh

using the T-spline local knot insertion algorithm. The knot insertion algorithm might in-

troduce a few extra points into the T-mesh. Sometimes this might result in L-junctions as

shown in Figure 4.13(a) and Figure 4.13(b), where pointQ is a newly formed L-junction

after we insert a control pointP at the demonstrated spot. The L-junctions may irregularize

the T-mesh and complicate the problem. Therefore we propose to eliminate L-junctions by

extending either one of their two related edges to the nearest knot line. Through experi-

ments, we are inclined to extend them in the direction that will yield a shorter edge in the

pre-image, as shown in Figure 4.13(c). As a result, a new control pointR is added at the

intersection of the knot line and the extended edge.

After the refinement is finished, a new T-mesh structureM and the corresponding

weight setW are updated and thus a new class of T-spline surfaces is presented. The new

class of T-spline surfaces has more degrees of freedom than the old one. Also, since the new

T-mesh structure and weights are obtained by the T-spline local knot insertion algorithm,

the new class of T-spline surfaces still consists of standard or semi-standard surfaces. What
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P

(a) P is being added to the T-
spline

P

Q

(b) An L-junction Q is intro-
duced

R

P

Q

(c) The L-junction is eliminated
by adding an extra pointR

Figure 4.13: Eliminate L-junctions.

remains to define a T-spline surface is to find the control points and thus our approach con-

tinues to compute the control points by least squares T-spline surface approximation step

described in Section 4.6.

4.9 Initial T-spline structure re-placement

Note that when we start the adaptive T-spline surface fitting, we need to place an initial T-

mesh structure. Since there is limited prior knowledge for the surface at the beginning, we

simply use a regular control grid without special customization in Section 4.5. However, a

carefully designed initial T-spline structure would be expected to give a better approxima-

tion result.

In addition, it can be observed that, although we keep adding new control points in a

local manner, sometimes the insertion of the control points still spreads to peripheral areas

during the process. Especially when the T-spline pre-image is complicated, local refinement

at different areas might interact with each other and thus causes unnecessary control points.

One straightforward cure to this problem is to narrow the influence of one local refinement

operation. This goal can be achieved by having a more reasonable initial T-mesh placement.

In this section we present a method to construct a better initial T-mesh structure, based

on the pre-image of the T-mesh of the previously generated T-spline surface. First we try
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to construct a tensor-product structureM ′. Let M be the pre-image of the control grid of

T-spline surfaceS(u, v) that approximates the input triangular mesh. InM , each vertical

edge corresponding to knot valueui is examined. Letlui
be the sum of parameter length

of all vertical edges inM with knot valueui. If lui
is larger than a certain threshold, say

80% of the total domain span in the vertical direction, we include the entire vertical line

corresponding toui in M ′. The same approach is carried out for horizontal edges. Thus,

we obtain a new T-spline pre-imageM ′ that has a tensor product structure. At the same

time, all the control point weights corresponding toM ′ are set to one. In this way, both

M ′ and the weights define a class of T-spline surfaces, which actually consists of standard

T-splines. NowM ′ is ready to be used as a new initial T-spline structure.

Second we further improveM ′ to better reflect those areas with details. We check all

vertices of the input triangular mesh and pick a few vertices (say,n vertices) that have the

largest mean curvatures, wheren is preferred to be a number between10 to 30, depending

on the scale of the mesh. Then, we insert thesen vertices into the initial T-mesh defined by

M ′ at their parameter coordinates, using the T-spline local refinement algorithm to update

M ′. In order to avoid the occurrence of two almost touching points or two almost touching

edges in the new initial T-mesh, we also make the following arrangements. Specify a small

thresholdν. If the distance between a selected vertex and a control point is belowν in the

pre-image, we choose not to insert that vertex. Also, if the distance between a selected ver-

tex and an edge inM ′ is belowν, we slightly change the position of knot insertion so that

the new point to be inserted resides on that edge. During this process, the corresponding

weights are also updated. The updatedM ′ and weights serve as the initial T-spline struc-

ture. In general, this approach gives a reasonable initial structure. Figure 4.14(a) shows

the pre-image of a new T-mesh. Just based on this initial T-mesh structure without any

further refinement, a pretty good T-spline surface can be reconstructed, which is shown on

Figure 4.14(b).
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(a) (b)

Figure 4.14: A new initial T-mesh structure and a T-spline surface defined from the new
structure.

4.10 Faithful re-parameterization

The performance of the surface fitting algorithm is closely related to the parameters as-

signed to the triangular mesh. A good spline fitting surface usually relies on a decent

parameterization. However, due to the limited intrinsic information about the triangular

mesh, generally no parameterization method could provide a perfect solution no matter

how advanced the method might be, especially when the triangular mesh has complicated

geometry. To overcome this weakness, an alternative approach is to improve the initial

parameters at a later stage, usually with the help of an intermediate result of a spline sur-

face. This step is often referred to as parameterization improvement or re-parameterization.

The modified parameters can then be used in the process of re-approximating the triangular

mesh.

In this section, we present a parameterization improvement method, which is carried out

after the first qualified T-spline fitting surface is obtained. Based on the current parameteri-

zation and the current T-spline surface, we compute for each vertex of the triangular mesh

a parameter offset vector and use the offset vector to update the original parameters. In this

re-parameterization process, we should keep the new parameterization from having any self

intersection. So we call the methodfaithful re-parameterization. The method consists of

two steps: the first step is to compute initial parameter correction vectors, and the second
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step is to adjust the corrections to make sure that there is no self intersection.

4.10.1 Computing initial parameter corrections

SupposeS(u, v) is a current T-spline surface that approximates a triangular meshT. For

each vertexdi in T, an error vector is defined as the directed edge fromdi to the cor-

responding pointS(ui, vi) on the T-spline surface, whereui = (ui, vi) is the associated

parameter pair fordi. For simplicity, we denotedi by P and the pointS(ui, vi) by S. We

examine whether the error vector
−→
PS is orthogonal to the T-spline surface. If it is not the

case, it implies that the parameter forP (or di) could be somehow improved. Generally,

there would be a point with parameter(u′i, v
′
i) on the T-spline surface such that the vector

fromP to this point is orthogonal to the surface. It can be seen that the approximation error

at P can further be lowered down if we correct the parameter ofP to (u′i, v
′
i). However,

locating such a point usually involves a nonlinear computation problem. Thus we linearize

the problem and then compute the correction term∆ui = (∆ui,∆vi) for parameterui.

Hoschek [74] proposed a similar technique to re-parameterize curves.

Let Su andSv denote the partial derivatives of the T-spline surface atS. S ′ is a point on

the tangent plane spanned bySu andSv such that
−−→
PS ′ is orthogonal to the tangent plane.

Then
−−→
PS ′ equalskn, wheren = Su×Sv is the normal vector of the plane andk is a scalar

factor. From the triangle△PQS ′ shown in Figure 4.15(a), we have the following equation:

(
−→
PS + ∆uiSu) · (n× Sv) = 0 (4.29)

Solving the equation gives∆ui:

∆ui = −
(S(ui, vi)− di) · (n× Sv)

Su · (n× Sv)
(4.30)
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Figure 4.15: Modify the parameter for one vertex.

Similarly, we have

∆vi = −
(S(ui, vi)− di) · (n× Su)

Sv · (n× Su)
(4.31)

If di is on the boundary of the mesh, one parameter should be fixed and thus a special

treatment is needed. Suppose a boundary vertexdi has parameterui = (ui, vb) wherevb is

fixed. We only need to correctui. This is to ensure that the corrected point is still on the

boundary. Refer to Figure 4.15(b). We find∆ui that makes
−→
SS ′⊥

−−→
PS ′, which leads to the

following equation:

(
−→
PS + ∆uiSu) · Su = 0 (4.32)

Thus

∆ui = −
(S(ui, vb)− di) · Su

Su · Su

∆vi = 0

(4.33)

Analogously, if a boundary vertexdi has a parameterui = (ub, vi) whoseub is fixed,

∆ui = (∆ui,∆vi) can be computed by:

∆ui = 0

∆vi = −
(S(ub, vi)− di) · Sv

Sv · Sv

(4.34)

Once∆ui is computed, we can then replace the parameterui of di by ũi = ui + ∆ui.
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Figure 4.16: Problem for updating the parameterization.

So far we have shown how to update the parameter of a single vertex in the triangular

mesh. However, simultaneously updating the parameters of all the vertices in the mesh

may cause a problem. Recall that when building up the original parameterizationP, it is

required that the connectivity relationship inP should be the same as that in the triangular

meshT. That is,P is a flattened 2D triangulation whose connectivity is exactly the same as

that ofT. Now if we updateui in P using the previously calculated correction term∆ui, it

might happen that in the new parameterizationP̃ some areas no longer preserve the original

connectivity. For example, in Figure 4.16(a) the local region of the parameterization con-

taining verticesui, uj anduk is shown, with three respective correction vectors also marked

on the figure. After applying these correction terms to the vertices (see Figure 4.16(b)), it

can be seen that new edgẽejk undesirably goes across the two other edges. This is unac-

ceptable and we should avoid it. Otherwise, due to the self-intersection, it is hard forP̃ to

continue to faithfully preserve the connectivity as before and it could bring distortions and

other unpredictable issues to the T-spline surface fitting if such parameterization is used.

4.10.2 Computing faithful parameter corrections

We have seen that the initial parameter correction terms may cause problems. It can be

understood that they give over-corrections and thus we may pull the parameter points back
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to avoid self-intersection. This suggests a approach described below to generate a faithful

new parameterizatioñP.

We introduce a scalar factorβi ∈ [0, 1] for each vertexdi and let the parameter correc-

tion for vertexdi be

ũi ← ui + βi∆ui (4.35)

Here, the correction vector∆ui is adjusted to beβi∆ui. The purpose of introducingβi is to

adjust the over-estimated correction vectors. Whenβi = 0, no correction is actually made

to the parameter for vertexdi andũi = ui. Since the original parameterization has no self

intersection, this implies that if allβi are small enough, the updated parameterization would

be faithful. On the other hand, we want the correction vectors to keep the original magnitude

as much as possible in order to have the effect of re-parameterization. Therefore, our goal

is to find the largest possible values forβ1, β2, · · · , βm under the condition that there is no

self-intersection in the new generated parameterizationP̃ through Equation (4.35).

Let gi denote an arbitrary triangle face inP whose vertices areui1, ui2 andui3. Let

g̃i be the corresponding face iñP, with verticesũi1, ũi2 andũi3. It can be seen that, the

occurrence of self intersection can be avoided if we make sure that for any faceg̃i (i =

1, 2, · · · , l) in the new parameterizatioñP, each vertex iñgi stays in the same side of the

opposing edge as it does ingi. This condition is equivalent to that the direction of the

normal vectors ofgi andg̃i are the same, which we can formulate as follows:

(ui1ui2 × ui1ui3) · (ũi1ũi2 × ũi1ũi3) ≥ 0, for i = 1, 2, · · · , l. (4.36)

whereujuk (or ũjũk) is the directional edge fromuj to uk (or from ũj to ũk). Replacing

ũik by uik + βik∆uik gives

(ui1ui2×ui1ui3) · ((ui1ui2−βi1∆ui1 + βi2∆ui2)× (ui1ui3−βi1∆ui1 + βi3∆ui3)) > 0

(4.37)
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The left side of (4.37) has only three unknownsβi1, βi2 and βi3 and we denote it by a

functionfi(βi1, βi2, βi3), which is typically a degree two polynomial inβi1, βi2 andβi3. If

we solve all thel inequalitiesfi(βi1, βi2, βi3) ≥ 0, we can get the values forβ1, β2, · · · , βm.

However, it is complicated to solve multi-variable quadratic inequalities. Thus we seek to

simplify the problem somehow. Rather than using an independentβi for each∆ui, we use

a globalβ for all the parameter correction terms. Thenfi(βi1, βi2, βi3) becomes a univariate

quadratic functionfi(β):

fi(β) = aiβ
2 + biβ + ci > 0 (4.38)

Now our task is to solvefi(β) > 0 for each triangle face and find the largest possibleβ

that satisfies all the inequalities within the valid domain ofβ, i.e.,β ∈ [0, 1]. The solution

to a quadratic inequality of (4.38) is determined by the coefficientsai, bi, ci. Note that when

β = 0, no parameter correction is made and thus the direction of the normal vectors for all

the triangle faces would obviously not be changed. That means,fi(0) is a positive value.

Based on the different values ofai, bi, ci, the parabola offi(β) would have different

shapes as illustrated in Figure 4.17. Sincefi(0) > 0, the shapes in Figures 4.17(b), 4.17(d),

and 4.17(e) are impossible. To discuss the solution of (4.38), let∆ = b2i − 4aici, r1 =

−bi−
√

∆
2ai

be the small root andr2 = −bi+
√

∆
2ai

be the large root, provided∆ > 0. The solution

of (4.38) could have the following possibilities:

1. ∆ ≤ 0:

As shown in Figure 4.17(a) and 4.17(b), if∆ ≤ 0, the whole parabola would be above

or below theβ axis, depending on whetherai > 0 or not. However, sincefi(0) > 0,

the situation in Figure 4.17(b) would not happen. Therefore, when∆ ≤ 0, fi(β)

would always be larger than0, andβ can take any value between0 and1.

2. ∆ > 0, r1 ∈ [0, 1]:

This case is illustrated by Figure 4.17(c). In order forfi(β) > 0, we have0 ≤ β < r1.

3. ∆ > 0, r1 6∈ [0, 1], r2 ∈ [0, 1]:
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Figure 4.17: Various situations forfi(β).

This case is illustrated by Figure 4.17(f). In order forfi(β) > 0, we have0 ≤ β < r2.

4. ∆ > 0, r1 6∈ [0, 1], r2 6∈ [0, 1]:

This case is illustrated by Figure 4.17(g)-4.17(j). It is obvious that in such case,β

can take any value between0 and1.

After solving each inequality, we combine the results and obtain a final value forβ.

Then we update the parameters usingũi = ui + β∆ui. With β being a factor for the

correction terms, there is now no need to concern about that the parameters would be over-

modified. The updated parameterizationP̃ would continue to have the same connectivity

asP, without any self intersection.

4.11 Experimental results

In this section, we evaluate our surface fitting method with several practical examples. The

geometrical information of the input models is given in Table 4.1.

In our T-spline surface fitting algorithm, the steps of parameterization and least squares

T-splines surface approximation need to solve a linear system. These linear systems usu-

ally have a sparse matrix. Therefore, a fast and stable linear system solver is sought. In
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Table 4.1: The geometric information of the models used in Section 4.11.

Model Name Vertex number Face number

Cat 3533 6975

Stegosaurus 12409 24672

Face 24155 47976

Stamp 35852 71442

Max-Planck 25445 50801

Fandisk 5051 9926

Bump 8181 16200

our implementation, we adopt the preconditioned complex bi-conjugate gradient (PCBCG)

solver [115].

Example 1

In Figure 4.18, a step by step illustration of the process of approximating the Stegosaurus

model is given. Figure 4.18(a) shows the input mesh. Using Algorithm 4.1, we begin with

a preliminary4×4 T-mesh topology and Figure 4.18(b) shows the T-mesh topology (or the

pre-image of the T-mesh) and the optimal surface fitting result under that T-mesh topology.

In the calculation of the least squares optimal surface, both the geometric error and the

fairness are considered. Unless explicitly specified, the fairness factorσ is set to10−4 in

this section. Once the optimal surface is found at each iteration, the surface is checked with

the curvature-guided individual error tolerance. For this model, the global error tolerance

ε is set to be0.5% of the scale of the triangular mesh. Obviously, the surface shown in

Figure 4.18(b) is not satisfactory and many vertices in the mesh violate the error tolerance.

Therefore, the T-mesh is refined accordingly, followed by another iteration of calculating

the optimal surface.
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Figure 4.18(c) and Figure 4.18(d) show two of the subsequent intermediate results after

several fitting iterations. It can be observed that as the T-mesh is being gradually refined,

the optimal T-spline surface contains more and more geometrical details and gains more

resemblance to the input mesh. Some statistics for these T-spline surfaces are provided in

Table 4.2, which includes for each surface the number of elapsed iterations, the number

of control points, the number of knots in both parameter directions, the percentage of the

violating vertices, and the maximum and average approximation error. It can be seen that

the approximation error is gradually reduced while more control point are added to the

T-mesh.

Table 4.2: The statistics for the T-spline surfaces in Figure 4.18.

Initial Intermediate 1 Intermediate 2 Final
#iterations 1 5 7 11

#control points 16 389 1094 2554
#knots (u−direction) 4 26 55 174
#knots (v−direction) 4 24 44 75

violating vertices 90.41% 47.29% 35.15% 0%
εmax 11.30% 4.35% 2.88% 0.37%
εavg 1.62% 0.49% 0.31% 0.04%

Eventually, Figure 4.18(e) shows the final fitting T-spline surface, of which the maxi-

mum error is below0.37%. Figures 4.18(f)-4.18(h) display its corresponding pre-images in

2D and 3D, and the T-mesh, respectively. The average approximation error is even lower,

which is just0.04%. The surface is obtained after 11 iterations and the T-mesh has 2544

control points. The geometry of the triangular mesh is appropriately represented by the

T-spline surface and it can be seen that more control points are located in the regions where

surface details are present.
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There are 174 and 75 knots in the two knot vectors respectively and any B-spline surface

defined by these knot vectors has to host174×75 = 13050 control points. The permit of the

existence of T-junctions has brought a lot of flexibility into the construction of the T-mesh

and enables the resulting T-spline surface to keep only a small set of control points.

Example 2

In Figure 4.19, the performance of the re-placement of the initial T-mesh structure and the

re-parameterization of the triangular mesh is investigated. Based on the T-spline surface

fitting result shown in Figure 4.18(e), a new initial T-mesh topology (see Figure 4.19(a)) and

a new parameterization of the mesh (see Figure 4.19(b)) are computed, using the approaches

described in Section 4.9 and Section 4.10, respectively. Since now the initial T-mesh and the

parameterization are computed with the knowledge of an approximation T-spline surface,

they are expected to bring better fitting results.

In order to evaluate their effectiveness, we try to use them as the initial settings in sur-

face fitting, both individually and simultaneously. Figure 4.19(c) shows the surface fitting

result which uses the T-mesh topology in Figure 4.19(a) as the initialization. From the left

to the right in Figure 4.19(c) are the resulting T-spline surface, the T-mesh pre-image, the

surface with mapped pre-image and the T-mesh. Similarly, Figure 4.19(d) is the surface

fitting result that adopts the parameterization in Figure 4.19(b). Finally, the T-spline sur-

face in Figure 4.19(e) is obtained by using both the new T-mesh initialization and the new

parameterization. The information of the number of control points and the approximation

errors for these surfaces are given in Table 4.3. While the approximation errors remain

roughly at the same level as the T-spline surface shown in Figure 4.18(e), all of the newly

obtained surfaces involve fewer control points. When both the new T-mesh initialization

and the new parameterization are used, a surface with fewest number of control points is

achieved. Since the quality of the surface is not compromised, the new resulting surface

can be regarded as having higher efficiency in representation.
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(a) The new initial T-mesh topol-
ogy

(b) The re-parameterization of
the triangular mesh

(c) The surface fitting result with the new initial T-mesh topology

(d) The surface fitting result with the new parameterization

(e) The surface fitting result with both the new initial T-mesh and the new parameterization

Figure 4.19: Re-initialization, re-parameterization and their influence on surface fitting.
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Table 4.3: The statistics for the T-spline surfaces in Figure 4.19.

with re-initialization with re-parameterization with both
#control points 2053 2314 1788

εmax 0.36% 0.35% 0.35%
εavg 0.04% 0.03% 0.04%

Example 3

Now we demonstrate the performance of Algorithm 4.2. Basically, Algorithm 4.2 is done

by iteratively carrying out Algorithm 4.1 and computing new initial T-mesh topology and

new parameterization between each two iterations. In this process, a number of qualified

T-spline surfaces are generated, which are here denoted byS0, S1, S2, . . . . Specifically,S0

is the result of directly applying Algorithm 4.1 andSi is the surface fitting result after the

initial T-mesh topology and the parameterization are re-computedi times. Figure 4.20(b),

Figure 4.20(c) and Figure 4.20(d) show the surfaceS0, S1 andS2 that approximate the

triangular mesh in Figure 4.20(a). The corresponding T-meshes for them are displayed in

Figure 4.20(e) to Figure 4.20(g). Table 4.4 gives the statistics for these surfaces, from which

it can be seen that the numbers of control points are being gradually reduced, fromS0 to

S2. Moreover, it can be observed in Figure 4.20 that as the iterations go on, the distribution

of the control points in the T-mesh of the surface becomes more reasonable. In the T-mesh

for S2 (shown in Figure 4.20(g)), more control points are concentrated in the eye, nose and

mouth areas.

According to our experience, a good result can be obtained in 2-5 iterations of Algo-

rithm 4.2. Unlike Algorithm 4.1, the stop condition for Algorithm 4.2 is somehow differ-

ent. Here, we demand that the result from current iteration must show a improvement of

3% against the previous one. The improvement can be either in the approximation error or

the number of control points. When neither of these two targets are improved, we simply

terminate the whole algorithm.
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(a) The input mesh

(b) SurfaceS0 (c) SurfaceS1 (d) SurfaceS2

(e) T-mesh forS0 (f) T-mesh forS1 (g) T-mesh forS2

Figure 4.20: The performance of Algorithm 4.2.

Table 4.4: The statistics for the T-spline surfaces in Figure 4.20.

S0 S1 S2

#control points 1688 1603 1497
εmax 0.14% 0.17% 0.10%
εavg 0.01% 0.01% 0.01%

Example 4

In Figure 4.21, the influence of the value of the fairness factor is illustrated. The surfaces

shown in Figure 4.21(a), Figure 4.21(b) and Figure 4.21(c) are approximated withσ =

10−4, 5 × 10−2 and0, respectively. The T-mesh topologies of these surfaces are identical.

Figure 4.21(d) to Figure 4.21(f) show these surfaces in a different viewpoint. Whenσ =

10−4, the surface has a smooth look and the fitting quality is quite good. Whenσ = 5×10−2,

the surface is smooth, but the shape is blurred. Whenσ = 0, it means the fairness functional

is not involved during optimization. Unfortunately, the resulting surface does not have a

pleasing look and the surface quality is rather poor in the zoomed areas.
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(a) σ = 10−4, view 1 (b) σ = 5× 10−2, view 1 (c) σ = 0, view 1

(d) σ = 10−4, view 2 (e) σ = 5× 10−2, view 2 (f) σ = 0, view 2

Figure 4.21: The behavior of fairness factors.

Example 5

We analyze the effect of the curvature guidance in surface fitting. SurfaceS1 in Fig-

ure 4.22(a) is obtained with the curvature guidance switched on during the surface fitting

process and it has 1688 control point. SurfaceS2 in Figure 4.22(b) is computed using the

same global error tolerance asS1, but the curvature guidance is switched off during surface

fitting. S2 has less control points, but the surface quality is quite low, especially in the eye

and mouth areas where details are lost. If one wants to achieve the similar surface quality

asS1 without using the curvature guidance in surface fitting, the global error tolerance thus

has to be set to a very small value. This leads to surfaceS3 in Figure 4.22(c), which has

2024 control points that is 20% more than the control points ofS1. From Figure 4.22(f),

it can be seen that the distribution of the control points forS3 is quite uniform, placing as

many control points in the non-feature areas as in the feature areas. This would lower down

the efficiency of the surface representation which is quite undesirable.
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(a) SurfaceS1, with curva-
ture guidance, moderateε,
1688 control points

(b) Surface S2, without
curvature guidance, mod-
erateε, 798 control points

(c) Surface S3, without
curvature guidance, small
ε, 2024 control points

(d) S1 mapped with T-
spline pre-image

(e) S2 mapped with T-
spline pre-image

(f) S3 mapped with T-
spline pre-image

Figure 4.22: Surface fitting results with and without curvature guidance.

More examples

Finally, more examples of fitting various models are presented in Figure 4.23. From the

left column to the right column are the input meshes, the resulting T-spline surfaces, the

pre-images and the T-meshes. The number of control points and the approximation errors

for these surfaces are given in Table 4.5.

Table 4.5: The statistics for the T-spline surfaces in Figure 4.23.

Stamp Max-Planck Bump Fandisk
#control points 2506 3510 1081 2093

εmax 0.45% 0.23% 0.30% 0.57%
εavg 0.02% 0.04% 0.02% 0.04%
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(a)

(b)

(c)

(d)

Figure 4.23: More examples on T-spline surface fitting.
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4.12 Summary

In this chapter, a new framework for adaptively approximating a triangular mesh using a

T-spline surface is proposed, in which conventional surface fitting or adaptive surface fit-

ting methods are enhanced and new components are integrated. The conventional adaptive

surface fitting methods are enhanced by T-splines and geometric features. The new com-

ponents include initial T-spline structure re-placement and faithful re-parameterization. All

components or steps of the framework or algorithms are carefully designed to achieve the

best performance. In particular, by taking the advantage of the T-spline local refinement

property, the algorithm is able to output a surface that gives a good approximation to the tri-

angular mesh. Many examples have demonstrated the effectiveness of the proposed frame-

work and algorithms.

110

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



Chapter 5

Periodic T-spline Surface Representation

and Approximation

5.1 Introduction

Among various types of triangular meshes, tubular meshes are a special one. A tubular

mesh is characterized by having two boundary loops and one lateral surface between them.

The lateral surface is open along one direction (the axial direction) and closed along the

other direction (the sectional direction). The tubular mesh can be viewed as a deformation

of a cylinder. The upper and lower boundaries of the cylinder correspond to the two loops

and the interior of the cylinder surface corresponds to the lateral surface (see Figure 5.1). In

mechanical engineering and medical engineering, tubular surfaces are quite common. For

example, pipes and blood vessels are tubular surfaces. Therefore tubular meshes are useful

to represent these shapes. Some examples of tubular meshes are shown in Figure 5.2.

To convert a tubular mesh into a spline surface, one approach is to use the method

developed in the preceding chapter. Due to the difference between cylinder topology and

disc topology, the traditional way is to perform a pre-process step which cuts the tubular

mesh into a disc-like mesh. However, this cutting introduces discontinuities and distortions
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Figure 5.1: The upper and lower boundaries of the cylinder are mapped to two boundary
loops of the tubular mesh and the interior of the cylinder is mapped to the lateral surface of
the tubular mesh [78].

Figure 5.2: Some examples of tubular meshes.

into parameterization and surface fitting. Moreover, the topological structure and semantics

of the shape get lost by cutting. In this chapter, we investigate the techniques that directly

approximate tubular meshes without cutting. To this end, the following issues have to be

considered.

First, we have to choose an appropriate spline representation. Note that conventional

T-spline surfaces are defined over an rectanglar domain and tubular meshes have the same

topology as a cylinder. It might be more appropriate or natural to introduce periodic T-

splines to approximate tubular meshes. While T-splines are the generalization of NURBS,
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periodic T-splines generalize periodic NURBS by allowing existence of T-junction points.

This chapter presents the formulation for one type of periodic T-splines that are periodic in

one direction.

Second, we consider the problem of parameterizing tubular triangular meshes. Unlike

an open mesh that is of plane topological type, a tubular mesh gives rise to some special

issues in parameterization due to its mesh structure. In this chapter, we present an edge

based parameterization method, in which the edges rather than the vertices of the mesh

are treated as the target for parameterization. This approach improves conventional cutting-

based algorithms which cut the mesh to make it a disk topologically. The problem of cutting

paths is their zigzag shape that leads to suboptimal parameterizations and also finding good

cutting paths is very difficult. Our proposed method does not need cutting of the mesh. It

first parameterizes the edges on the two boundaries of the tubular mesh, then parameterizes

the internal edges based on the mean value coordinates, and finally computes the parameters

of the mesh vertices.

Third, we need to adapt our surface fitting method developed in the preceding chapter

to fit a periodic T-spline surface to a tubular mesh. The approach is designed in an adaptive

manner, which also takes into account the local features of the triangular mesh.

5.2 Periodic T-spline surface representation

5.2.1 Periodic B-splines

B-spline basis functions are piecewise polynomials with finite support. They are not pe-

riodic. To deal with closed shapes naturally and seamlessly, it is more appropriate to use

periodic functions. Therefore we begin by constructing periodic blending functions from

B-spline basis functions. For simplicity, we describe our construction for the degree three

case. The extension to any degree is straightforward.

Consider a cubic B-spline basis functionN3[ti](t) associated with knot vectorti =
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[ti−2, ti−1, · · · , ti+2]. N3[ti](t) is zero fort outside of interval(ti−2, ti+2). Given a period

T , we define

Ñ3[ti](t) =
+∞
∑

j=−∞
N3[ti](t+ jT ). (5.1)

In the above formula, eachN3[ti](t + jT ) is also a B-spline basis functionN3[ti − jT ](t)

associated with knot vector[ti−2− jT, ti−1− jT, · · · , ti+2− jT ]. Obviously,Ñ3[ti](t) is a

periodic function with periodT . WhenT ≥ ti+2 − ti−2, Ñ3[ti](t) coincides withN3[ti −

jT ](t) in [ti−2 − jT, ti+2 − jT ] for any integerj. Refer to Figure 5.3 for an illustration.

N3[0, 1, 2, 3, 4](t) is the same as̃N3[0, 1, 2, 3, 4](t) with T = 4 in [0, 4]. However, when

T = 3,N3[0, 1, 2, 3, 4](t) andÑ3[0, 1, 2, 3, 4](t) are different.

Periodic B-spline curves

With the periodic functionÑ3[ti](t), it is easy to define periodic B-spline curves.

With reference to Figure 5.4, (n + 1) pointsP0, P1, · · · , Pn are given, forming a closed

control polygon. For each edgePiP(i+1)mod(n+1)(i = 0, · · · , n) of the polygon, a knot in-

tervaldi is assigned for the purpose of conveying knot information. Knot intervaldi is the

difference between two consecutive knotsti andti+1 in the knot vector and thus the length

of parameter range of the curve segmentci(t) corresponding to the edgePiP(i+1)mod(n+1) in

cubic B-splines. Therefore, to generate a knot vector, we simply lett0 = 0 without loss of

generality. Then we iteratively computeti+1 = ti+dimod(n+1), i = 0, 1, · · · , andtj−1 = tj−

d(j−1)mod(n+1), j = 0, 1, · · · . As a result, we get a knot sequence{· · · , t−2, t−1, t0, t1, t2, · · · } =

{· · · ,−dn−1 − dn,−dn, 0, d0, d0 + d1, · · · }, from which we can extract a local knot vector

ti = [ti−2, ti−1, ti, ti+1, ti+2] for the B-spline functionN3[ti](t) associated withPi. If we

define the period

T = tn+1 − t0 = d0 + d1 + · · ·+ dn,
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(a) B-spline basis functionN3[0, 1, 2, 3, 4](t)
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(b) Periodic B-splineÑ3[0, 1, 2, 3, 4](t) with periodT = 4
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(c) Periodic B-splineÑ3[0, 1, 2, 3, 4](t) with periodT = 3

Figure 5.3: Illustration of a B-spline basis function and two periodic B-spline functions.
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Figure 5.4: A cubic periodic B-spline curve.

then a periodic B-spline curve is defined by

C(t) =
n
∑

i=0

PiÑ
3[ti](t), t ∈ (−∞,+∞).

Obviously, for anyt, C(t + T ) = C(t). That is, the shape of the curve is completely

defined byC(t) within a finite parameter interval[a, a + T ) for any numbera. Therefore

we constrain ourselves to the domain[t0, tn+1] = [0, T ):

C(t) =
n
∑

i=0

PiÑ
3[ti](t), t ∈ [0, T ). (5.2)

It is worthwhile to point out that though̃N3[ti](t) is a sum of a infinite number of

B-spline basis functions, no more than 3 terms do not vanish in domain[0, T ). In fact,

let us considerÑ3[ti](t) corresponding to the control pointPi. When the number of the

control points is greater than 1 (i.e.,n > 0), we haveti+2 − ti ≤ T andti − ti−2 ≤ T for

ti = [ti−2, ti−1, ti, ti+1, ti+2]. Then allN3[ti − jT ](t) andN3[ti + jT ](t) vanish in[0, T ]

for j > 1. Therefore we can writẽN3[ti](t) = N3[ti − T ](t) +N3[ti](t) +N3[ti + T ](t).
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Periodic NURBS surfaces

Analogously, we can define periodic NURBS surfaces. For example, given(n+ 1)× (m+

1) pointsPij, i = 0, · · · , n and j = 0, · · · , m, serving as the control points, and their

corresponding weightswij, we connect adjacent points vertically and horizontally and also

connectPnj to P0j for eachj. In this way, we form a control mesh which is close in the

horizontal direction. Next, a knot intervaldi is assigned to each horizontal edgePijP(i+1)j

for all j and a knot intervalej is assigned to each vertical edgePijPi(j+1) for all i. Since the

mesh along the vertical direction is open, we need to assign extra knot intervalse−1 andem

past each of the two end control points. From the knot intervals, we can construct two knot

sequences{· · · , u−2, u−1, u0, u1, u2, · · · } and{v−1, v0, v1, · · · , vm, vm+1} as follows:

u0 = 0; ui+1 = ui + dimod(n+1), i = 0, 1, · · · ; uj−1 = uj − u(j−1)mod(n+1), j = 0, 1, · · ·

v0 = 0; vi+1 = vi + ei, i = 0, · · · , m; v−1 = v0 − e−1.

Let ui = [ui−2, ui−1, ui, ui+1, ui+2] andvi = [vi−2, vi−1, vi, vi+1, vi+2] and we define the

u-directional period

Tu = un+1 − u0 = d0 + d1 + · · ·+ dn,

then a periodic NURBS surface is defined by

S(u, v) =

∑n

i=0

∑m

j=0wijPijÑ
3[ui](u)N

3[vj](v)
∑n

i=0

∑m

j=0wijÑ3[ui](u)N3[vj](v)
, u ∈ (−∞,+∞), v ∈ [v1, vm−1].

Since the shape of the surface is completely defined byS(u, v) within a finite parameter

interval [a, a + T )× [v1, vm−1] for any numbera, we can focus onS(u, v) only in domain

[0, T )×[v1, vm−1] in practice. Within this domain,̃N3[ui](u) = N3[ui−T ](u)+N3[ui](t)+

N3[ui + T ](u) as long asn > 0.
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T-mesh Periodic T-spline surface

Figure 5.5: A T-mesh and its periodic T-spline surface.

5.2.2 Periodic T-spline surfaces

Now we are ready to describe the formulation of periodic T-spline surfaces. Although we

can define T-spline surfaces that are periodic in eitheru or v parametric direction (univariate

periodic T-splines), or periodic in bothu andv directions (bivariate periodic T-splines), in

this chapter we focus on discussion of univariate periodic T-splines which are periodic in

theu direction. Such periodic T-spline surfaces are close in theu direction and open in the

v direction. They are of the same topological type as a cylinder surface. In the remainder

of this chapter the term “periodic T-splines” just refers tou-periodic T-splines.

A periodic T-spline surface is defined by a set of control points forming a control grid

called a T-mesh. A T-mesh is a basically a topologically cylinder-like rectangle grid that

is similar to a periodic NURBS control grid discussed in the preceding sub-section, but

allows T-junctions. In a T-mesh, a row or column of control points is permitted to terminate

interiorly. The final control point in a partial row or column is a T-junction. An example

of a T-mesh and its periodic T-spline surface is shown in Figure 5.5. When a T-mesh does

not contain any T-junction, it degenerates to a periodic NURBS control grid and thus the

periodic T-spline surface becomes a periodic NURBS surface.

Knot information for T-splines is given by knot intervals assigned to each edge in the

T-mesh. Figure 5.6 shows the pre-image of a T-mesh in(u, v) parameter space, with red

118

ATTENTION: The Singapore Copyright Act applies to the use of this document. Nanyang Technological University Library



5.2. Periodic T-spline surface representation

1c 2c

0P

1P 2P

3P

F

1r

2r

4P

1 'P

0e

1e

2e

3e

4e

0d 1d 2d

7d6e

5e

9e
6d

9d

10e

8e

7e

3d 4d

8d

5d

Figure 5.6: An example pre-image for a periodic T-spline surface.

edges containing boundary-condition knot intervals for thev direction. Since the T-mesh is

close in theu direction, we arbitrarily choose a column (for example,c1) as a virtual border

and unfold the T-mesh along the virtual border. Columnc2 is a virtual duplicate of column

c1 andP1, P ′
1 actually refer to the same control point in the T-mesh. Bothc1 andc2 are

called the left and right virtual borders.di andej denote the knot intervals. Note that in a

periodic NURBS control grid, all the edges between two columns of control points or two

rows of control points share a same knot interval due to the topologically tensor-product

structure of the mesh. In a periodic T-spline surface, the T-mesh generally does not have

such a structure and the assignment of knot intervals is more complicated. To specify an

unambiguous T-mesh for a periodic T-spline surface, some rules should be followed, such

as Rule 1 and Rule 2 in [129, 128].

Thus according to Rule 1, for faceF in Figure 5.6,d1 +d6 = d9 ande6 + e7 = e9 + e10.

It can also be seen that the sum of the knot intervals in rowr1 equals the sum of the knot

intervals in rowr2. This sum will be chosen as the periodTu for theu direction. Based

on Rule 2, for example, the edge betweenP3 andP4 should be included in the T-mesh.

Rule 2 is also applicable to the control point pairs on the leftmost and the rightmost sides

of Figure 5.6, which means that edges such as the one betweenP1 (orP ′
1) andP2 should be
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included in the T-mesh.

To introduce knots, we have to impose a knot coordinate system. This can be done

by arbitrarily designating the pre-image of a control point (sayP0 in Figure 5.6) to be the

knot origin with coordinates(0, 0) and then assigning au knot value to each vertical edge

and av value to each horizontal edge based on the knot interval information. After that,

each control point has knot coordinates. For example,P1, P2 andP3 have knot coordinates

(0, e1 + e2), (d0 + d1 + d7, e1 + e2) and(d0, e1 + e8), respectively.

Now we define the periodTu in the U parameter direction to be the difference of

the u knot at the right virtual border and theu knot at the left virtual border. For each

control pointPi, we need to extract its two knot vectorsui = [ui0, ui1, ui2, ui3, ui4] and

vi = [vi0, vi1, vi2, vi3, vi4], which are used to define the corresponding cubic B-spline basis

functionsN3[ui](u) andN3[vi](v) in theu andv directions, respectively. The Rule 3 used

in [129, 128] is adapted with modification for inferring these knot vectors in a periodic

T-mesh:

Rule 3 Assume(ui2, vi2) are the knot coordinates forPi. To find ui3 andui4, we cast a

ray fromPi in the parameter domain:R(t) = (ui2 + t, vi2), t > 0. Thenui3 and

ui4 are defined as theu coordinates of the first two vertical edges intersected by the

rayR(t). Note that when the ray crosses the right virtual border, it continues from

the left virtual border and then any knot obtained later should add the periodTu. The

other knots inui andvi are found likewise.

Thus, theu andv knot vectors forP1 are[−(d7 + d8),−d8, 0, d3, d3 + d4] and[0, e1, e1 +

e2, e1 + e2 + e3, e1 + e2 + e3 + e4]. Theu andv knot vector forP3 are[d3, d3 + d4, d0, d0 +

d1, d0 + d1 + d2] and[0, e1, e1 + e8, e1 + e5, e1 + e5 + e6 + e7].

Once the knot vectors for each control point are determined, the parametric equation of
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5.2. Periodic T-spline surface representation

the periodic T-spline surface is written:

S(u, v) =

n
∑

i=0

wiPiB
∗
i (u, v)

n
∑

i=0

wiB∗
i (u, v)

(5.3)

wherePi = (xi, yi, zi) are the control points inR3 space,wi are the control point weights,

andB∗
i (u, v) are the periodic T-spline blending functions which are defined by:

B∗
i (u, v) = Ñ3[ui](u) ·N

3[vi](v).

Apparently, this T-spline surface is periodic in theu direction. Similar to periodic

NURBS curves or surfaces, if we are just interested in the shape, we can limit the range

of parameteru to [0, Tu). Within this domain, mostN3[ui + kTu](u) vanish. Consider

Ñ3[ui](u) corresponding to the control pointPi. We haveui5 − ui3 ≤ 2Tu andui3 − ui1 ≤

2Tu for ui = [ui1, ui2, ui3, ui4, ui5]. Thus allN3[ui − kTu](u) andN3[ui + kTu](u) vanish

in [0, Tu) for k > 2 and at most 5 terms do not vanish in domain[0, Tu). Therefore we can

write:

B∗
i (u, v) =

(

2
∑

k=−2

N3[ui](u+ kTu)

)

·N3[vi](v) =

(

2
∑

k=−2

N3[ui + kTu](u)

)

·N3[vi](v)

(5.4)

Control point insertion

One important feature of T-splines is local refinement or local knot insertion. This is due to

the existence of T-junctions in the T-mesh, which makes it possible to add a single control

point to a T-mesh without propagating an entire row or column of control points and without

altering the surface. Periodic T-spline surfaces are also able to do local knot insertion. The

main idea of the T-spline local refinement algorithm [128] is to maintain the validity of the

T-mesh and to ensure that the B-spline basis functions and the control points are properly
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(a) A periodic T-spline surface and its T-mesh (b) The same periodic T-spline surface and its new T-
mesh after local insertion of two points

Figure 5.7: Control point insertion for periodic T-spline surfaces.

associated. In the periodic T-spline case, each control point may correspond to several B-

spline basis functions. Therefore the original T-spline local refinement algorithm could be

adapted to ensure that each control point is properly associated to each corresponding B-

spline basis function. Figure 5.7 shows an example of local knot insertion. Figure 5.7(a)

is a periodic T-spline surface together with its T-mesh. Figure 5.7(b) is the same periodic

T-spline surface but the T-mesh changes due to the local insertion of two points.

5.3 Parameterizing tubular meshes

In this section, we consider the problem of parameterizing triangular meshes that have

tubular shapes. The obtained parameterization should be suitable for the process of pe-

riodic T-spline surface fitting. Denote a tubular triangular mesh byT(V,E) whereV =

{d1,d2, · · · ,dm} is a vertex list andE = {e1, e2, · · · , en} is a directed edge list, and a

parameter domain byD corresponding to the lateral surface of a unit cylinder. Our goal is

to find a parameterizationψv which establishes a mapping between vertexdi = (xi, yi, zi)

and a parameter pair(ui, vi) that forms a pointti = (ui, vi) in D, i = 1, 2, · · · , m, and

thus a mapping between vertexdi and a point on the cylinder surface. The edges ofT

are correspondingly mapped as well. The mapping of the edges onto the cylinder surface
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Figure 5.8: The parameter domain for tubular meshes.

forms a curved triangular mesh on the surface. Here, we define the unit cylinder to be

a cylinder whose height and perimeter of the cross sectional circle are both1 and thus

D = [0, 1) × [0, 1]. Theu direction is closed and thev direction is open, as illustrated on

the left of Figure 5.8. Figure 5.8 (right) shows a part of domainD obtained by unfolding the

cylinder to a plane. For the parameter pair(ui, vi), it can be understood thatui corresponds

to the arc length along the rotational direction of the cylinder andvi corresponds to the

height value along the axial direction of the cylinder. Having two individual closed bound-

aries is one of the most salient characteristics that differentiate a cylinder domain from an

open disk domain. It is essential that the parameterization method should map the vertices

on the bottom boundary of the tubular mesh to the boundaryv = 0 in D and the vertices

on the top boundary to the boundaryv = 1 in D. The rest vertices of the mesh should be

mapped to the remainder part ofD, namely[0, 1)× (0, 1).

To parameterize a tubular mesh, one possible solution could be first splitting the tubular

mesh along a path consisting of a set of vertices in the axial direction, making it home-

omorphic to a topological disk. The cutting path then becomes the boundary of the new

mesh. After that, the parameters for the new mesh could be obtained by applying one

of the existing parameterization techniques for open meshes. However, such an approach

would incur some inconveniences or troubles. The parameters for the vertices on the newly

formed boundary should be carefully chosen in order to avoid discontinuity of the param-
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eterization. The cutting path should also be properly selected, since some vertices might

be more suitable to be boundary vertices than the others. Cursory pick of the cutting path

would likely increase the distortion of the result parameterization. Furthermore, no matter

which cutting path is finally selected, it is usually mapped onto a straight line in the param-

eter domain. Given the fact that the cutting path on the mesh is usually in a zigzag shape,

it is likely to introduce undesirable effects when the cutting path is mapped to a straight

boundary of the parameter domain. There are a few works published for tubular mesh pa-

rameterization. Zöckler et al. provide a parameterization method in [167], which involves

first cutting the mesh and then stitching it together after a parameterization is calculated.

Although the parameters are optimized again after the stitching step, the performance of the

method still largely depends on finding a good cutting path. Huysmans et al. report another

approch [78], in which no cutting of the mesh is required; however, in order to compute

the parameterization, a group of progressive meshes have to be constructed, from which the

parameters are gradually optimized.

In addition, to generate a parameterization with low distortion, the vertices on either

boundary of the tubular mesh should be assigned with reasonable parameters. There has

to be certain correspondence between the parameters for the two boundaries. Both bound-

aries should have a consistent direction for the parameters, either clockwise or counter-

clockwise. Moreover, two vertices on the opposite boundaries should be assigned with

similar u parameters if they are almost along the same axis on the tubular mesh. As an

example, for the verticesdi anddj of the tubular mesh shown in the left of Figure 5.9, the

positions of their mappingsti andtj should generally be aligned in the parameter domain

shown in the middle of Figure 5.9. Otherwise, the result triangulation on the parameter do-

main would be twisted, as in the example given in the right of Figure 5.9. However, finding

correct correspondence between the two boundaries is not straightforward and the situation

could become quite complicated.

Another difficulty for tubular mesh parameterization, which the conventional open mesh
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Figure 5.9: A tubular triangular mesh (left), an expected parameterization (middle) and a
twisted parameterization (right).

parameterization does not have, is that when we construct equations for determining the

parameters of the vertices, the parameters(ui, vi) of some vertices should be replaced by

(ui + 1, vi) or (ui − 1, vi) to respect the continuity in a local area. Here 1 is the period for

theU parameter direction. However, it is not easy to determine whether(ui, vi), (ui +1, vi)

or (ui − 1, vi) should be used for constructing an equation.

5.3.1 Overview of edge based parameterization

To overcome the above-mentioned difficulties, we here propose a new parameterization

method. The main idea of our method is that the edges, rather than the vertices of a mesh,

are treated as the target for parameterization. Therefore we call our methodedge based

parameterization. Since each edge is a vector that represents the location offset between

two vertices, the offset values are unique no matter where the origin is. Therefore the

messy problems such as finding correspondence of vertices on two boundaries and deciding

the suitable parameters from a number of possibilities could be avoided. An edge base

parameterizationψe maps each directed edgeei in E to a curve segment on the cylinder

and thus a 2D edge vectorui(ui, vi) in the domainD, i = 1, 2, · · · , n. Note that hereui and

vi are theu andv components of vectorui. Onceψe is constructed, the conventional vertex

parameterizationψv for the vertices inV of the tubular mesh can be inferred by specifying

an arbitrary boundary vertex as the origin of the(u, v) coordinate system.
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Figure 5.10: A flowchart of our parameterization approach.

A flowchart for our parameterization approach is given in Figure 5.10. The whole pa-

rameterization process is divided into three steps. The first step is to determine parameters

for the edges on the two boundaries of the mesh. The second step is to calculate param-

eters of the internal edges. This step involves establishing and solving a linear equation

system based on the geometry relations that the internal edges should satisfy. To generate

a smooth parameterization that depends on the edges and vertices of the mesh, mean value

coordinates [42] are adopted as the weights for the linear combination of adjacent edges.

Moreover, strategies are also proposed to reduce the dimension of the equation system to

alleviate the computation load. The third step is to convert edge parameterization to vertex

parameterization. The details of these steps are elaborated in the next three subsections.

5.3.2 Parameterizing boundary edges

Our method first assigns parameters to the edges on two boundaries of the tubular mesh,

i.e. the boundary edges. The edges that are not on any boundary or only have one ver-

tex on the boundary are defined as internal edges. For clarification, in the directed edge

list E, we denotee1, e2, · · · , ed to be internal edges anded+1, ed+2, · · · , en to be bound-

ary edges without losing any generality. For each directed edge in the mesh, we have

two choices on its specific direction. An edgeei that connectsdi1 anddi2 can originate

from eitherdi1 or di2. For the internal edges, we let their direction be arbitrarily chosen.

For the boundary edges, we make some constraints such that edges belonging to the same

boundary have same direction, and edges belonging to different boundaries have opposite

directions. These constraints would simplify the description of our method. If certain mesh
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data structure such as half-edge [155] is adopted for representation, we can simply achieve

the above arrangements by letting the direction of the boundary edges conform with that of

the corresponding boundary half edges.

For the boundary edges, thev components would always be zero. We determine the

u components of the boundary edges using the chordal length approach. Because the rep-

resentations of vectors are invariant under translation, edge parameterization can be car-

ried out without specifying an origin for the coordinates system. Therefore, depending on

which boundary it belongs to, the boundary edgeei is parameterized as either(li/L1, 0)

or (−li/L2, 0), whereli is the length of the edge.L1 andL2 are the sum of lengths of

the edges on the two respective boundaries and are used to normalize the parameters for

boundary edges. This makes the lengths of parameter range for both boundaries the same

and equal1. Note that at the end of this stage, the parameters for either boundary have been

fixed but the relative position of the two boundaries is still undecided yet.

5.3.3 Computing internal edge parameters

We now describe how to compute the parameters for the internal edgese1, e2, · · · , ed.

We set up a system of linear equations that the edge parameters should satisfy. The edge

parameters are then obtained by solving the equations.

First, each triangle face in the tubular mesh corresponds to a triangle in the parameter

domain. Supposeui,uj,uk are the parameters for three directed edges that form a triangle

in the tubular mesh. Thenui,uj,uk form a triangle in the parameter domain, as shown on

the left part of Figure 5.11. Thusui,uj,uk should satisfy the following equation, which we

call the face related equation:

ui + [uj] + [uk] = 0 (5.5)

Here, the operator[ ] is introduced, which changes the direction of a vector to its opposite

when necessary, to make sure that after the adjustment, the edges corresponding to the three
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vectors have different starting vertices.
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Figure 5.11: Building equations from face relation and vertex relation.

Second, for each internal vertex, we look at its 1-ring neighborhood. To generate a good

parameterization, we use mean values coordinates [42]. That is, we let the parameter of the

internal vertex be represented as a linear combination of the parameters of its surrounding

vertices in the 1-ring neighborhood (See Equation (4.6)). After a simple arrangement, this

turns out to be a constraint on the edges incident todi (see the right part of Figure 5.11),

which we call the vertex related equation:

ki
∑

j=1

λij [ui,j] = 0 (5.6)

whereki is the valence of the interval vertexdi andλij is the mean value coordinates ofdi

with respect to itsj-th neighboring vertexdj. Again, hereui,j is first passed into operator

[ ] in order to guarantee that the edge corresponding to[ui,j] emits fromdi.

So far we have establishedn1 face related equations andn2 vertex related equations,

wheren1 is the number of faces andn2 is the number of internal vertices. These equations

containn3 unknowns, wheren3 is the number of internal edges. A careful analysis using

Euler’s formula shows thatn1 + n2 = n3, which means the number of the equations equals

the number of unknowns.

However, it can be found that the face related equations are linearly dependent. This is
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because the sums of the edge vectors of two boundaries have the same length but opposite

direction. To fix this problem, we select one internal edge, assign appropriate parameters to

it, and remove one equation derived from a face that contains the edge. To choose the edge,

we compute the angleθ between all the boundary edges and the edges adjacent to them and

pick the edgee∗ whoseθ is closest to1
2
π. The parameters fore∗ is set to be(cos θ, sin θ).

In this way, we will haven3 − 1 equations withn3 − 1 unknowns. Solving the equations

gives the parameters for all the edges.

Dimension reduction

In a triangular mesh, the number of edges is about three times of the number of vertices.

When the edges instead of the vertices become the unknown elements for parameterization,

the dimension of the optimization problem is inevitably increased. The scale of the equa-

tion system accordingly becomes three times larger and the computational cost is therefore

higher. Therefore we need a method that can be used to reduce the number of the equations

and the unknowns.

It is observed that the established equation system contains a number of equations,

each of which corresponds to a face and thus has at most three edges that have non-zero

coefficients. Supposeui is the parameter for an unknown edge in Equation (5.5). We can

always rearrange such a face related equation intoui = [uj] + [uk]. From this expression,

ui can be understood as depending onuj anduk. This expression makes it possible to

substitute the appearance ofui in all the other equations of the equation system by[uj] and

[uk]. Whenever such an unknown is substituted, the size of the linear system is reduced by

one.

Thus, by utilizing all the face related equations for unknown edge substitution, we ex-

pect to eliminate some of the unknowns as well as the equations from the original equation

system. We tagui (and its corresponding edge) as dependent if it is substituted by other

unknowns. Otherwise,ui is tagged as independent. After that, we solve a new equation
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system which contains only the independent unknowns. Then, the remaining problem is

how to tag each unknown edge in a triangular mesh as either dependent or independent.

While pure algebraic approaches could be difficult due to the complicated connectivity of

the mesh, in the following we present a geometric based approach.

We start from an initial mesh, where the parameters for the boundary edges and one

preset edgee∗ are given. All the unknown edges are untagged at this moment. Now we

examine all the triangle faces in the mesh. We search for any face that contains only one

untagged edge by priority. By reexpressing the face related equation, we tag such an edge

as a dependent edge that depends on the other two edges in the face. We establish a depen-

dency table in order to manage the relations among edges, in which we store for each edge

its tag and the edges it depends on. Whenever no more faces contain only one untagged

edge, we alternatively pick one face that contains two untagged edges. We set one of these

edges as independent, and the other edge as dependent. This process continues until each

unknown edge in the mesh is given a tag. We clarify this approach by an example given in

Figure 5.12, in which a part of a triangular mesh is shown. Supposee1, e2, e3 are already

tagged or their parameters are already given. Using the above strategy,e4, e5, e6, e7 can

then be given a tag respectively as well. A possible dependency table fore4, e5, e6, e7 is

given in Table 5.1.

3
e

5
e

7e

4e2e

1e

6e

Figure 5.12: A local part of a triangular mesh.

Sometimes, not all the face related equations are used during this process. It could
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Table 5.1: The dependency table for some edges in Figure 5.12.

edge tag dependency
e4 dependent e1, e2

e5 independent -
e6 dependent e4, e5

e7 dependent e3, e6

happen that all the three edges of a face are already tagged before the face is examined.

If we leave such faces untreated, the number of independent edges and the number of the

equations would be different in the resulting equation system. In order to fix this problem,

we iteratively substitute all the dependent unknowns in this face related equation using the

dependency table, until the equation no longer contains any dependent unknown. Then, we

re-tag an arbitrary independent edge in this equation as dependent and update the depen-

dency table using this equation.

Finally, we remove the face related equations from the equation system and substitute

all the dependent edges using the dependency table. Thus we obtain a much smaller linear

equation system, whose size is the same as the number of internal vertices. When this

equation system is solved, we can then calculate the parameters for those dependent edges.

Therefore all the edges in the mesh are parameterized.

5.3.4 Inferring vertex parameterization

Once we have obtained the edge parameterizationψe for a triangular mesh of tubular topo-

logical type, we can convert the edge parameterizationψe to an equivalent vertex parame-

terizationψv, where each vertexdi is associated with a pair of parameter values.

First we arbitrarily pick a vertex on either boundary of the mesh and assign to it pa-

rameters(0, 0). After that, parameters for the remaining vertices are obtained by traversing

the triangular mesh under the breadth-first search algorithm ([24]). We set the previously

picked vertex as the root vertex and put it into an empty queue structure. We then keep
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retrieving a vertex from the top of the queue and attempt to compute parameters for all of

its unattended neighboring vertices. From a vertexdi, the parameter for its neighboring

vertexdj is computed by either adding or subtracting to the parameter ofdi the parameter

of the edge that connectsdi anddj, depending on the direction of that edge. We require

that theu direction parameter for any vertex be in the[0, 1) domain. Ifui is outside[0, 1)

after being computed from its neighbor, we try to find an integerk such thatui +k ∈ [0, 1).

In that case, we useui + k as theu direction parameter fordi instead.

We put all the newly parameterized vertices into the bottom of the queue and repeatedly

deal with the top vertex in the queue. A vertex goes out of the queue when attempts have

been made to parameterize all of its neighboring vertices. We continues this process until

the queue finally becomes empty, which means that all the vertices of the triangular mesh

have been given proper parameters. Finally, after the above procedure stops, we normalize

thev coordinates of all the vertices by a translation or/and a scaling to make the range be

[0,1]. This yields a vertex parameterization in[0, 1)× [0, 1] for the tubular mesh.

5.3.5 Performance of the algorithm

We apply our algorithm to a tubular triangular mesh of the bimba model with two holes as

shown in Figure 5.13(a). The parameterization result is given in Figure 5.13(b). By textur-

ing the mesh with a checkboard pattern under the guidance of the resulting parameterization

(see Figure 5.14), we can see that the parameters are evenly distributed and have quite low

geometric distortion.

We have also tested models of different types to demonstrate the performance of the

edge based parameterization. The geometry information of the models is given in Table 5.2.

The experimental results are displayed in Figure 5.15. The first column of Figure 5.15

shows the surface view of the models. The second column shows the mesh view of the

models. All the triangular meshes used here have the same topological type as a cylinder

and there are two closed boundaries for each of these meshes.
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(a) A tubular mesh of the bimba
model with two holes

(b) The parameterization result
on a cylinder domain

Figure 5.13: An example of the edge based parameterization approach.

(a) Front view (b) Back view

Figure 5.14: Texture mapping with the checkboard pattern.

We apply the edge based parameterization method to these models, and the results of

parameterization are shown in the third column of Figure 5.15. We project the parame-

terization onto the cylinder through a function:(u, v) 7→ ( cos 2πu
2π

, sin 2πu
2π

, v) for a clearer

visualization. It can be seen that although we do not make any effort on aligning the pa-

rameters of the two boundaries, correct correspondence can be automatically obtained.

Another way of visualizing the result is provided in the fourth column of Figure. 5.15.

Here each parameterization is cut open along a path of vertices from one boundary to an-

other and then displayed in a plane. The edges shown in red lines connect a right-end vertex

to a left-end one. The edges shown in dash lines form the cutting path. Finally, in the fifth

column of Figure. 5.15, we demonstrate the effect of mapping a checkboard texture to the
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Surface Mesh On cylinder Unfolded Checkboard
view view parameterization parameterization pattern

Figure 5.15: Examples of edge based parameterization.
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Table 5.2: Information of the models.

Model Vertex number Face number Edge number
bimba 8414 16705 25119

mannequin 680 1328 2008
screw driver 514 999 1513

knot 234 456 690
Venus 710 1389 2099

bumpy sphere 5610 11181 16791

tubular meshes, using the resulting parameterization. It can be seen that the distortion of

the parameterizations is very low.

5.4 Periodic T-spline surface fitting

In this section, we discuss how to automatically fit a periodic T-spline surface to a tubular

mesh. Since a tubular mesh is of the same topological type as a periodic T-spline surface

defined in Equation (5.3), it is more suitable to approximate the tubular mesh by a periodic

T-spline surface. Figure 5.16(a) shows a piecewise linear tubular mesh, comprised of a

number of triangle faces. We want to find a smooth surface defined by a periodic T-spline

as shown in Figure 5.16(b) together with its T-mesh, which approximates the tubular mesh.

Mathematically, this problem can be formulated as follows: given a tubular triangular mesh

T which has a vertex setV = {d1,d2, · · · ,dm}, we want to find a periodic T-spline surface

S(u, v) that approximates each vertex of the tubular mesh within an error toleranceε, i.e.

dist(di,S(u, v)) ≤ ε, i = 1, 2, · · · , m.

Here we propose an algorithm to solve the above problem. The algorithm consists of

several steps (see Figure 5.17). First, in order to establish a relationship between the tubular

mesh and periodic T-spline surfaces, a parameterization step is required to map the tubu-

lar mesh to the parameter domain of the surface. Next, an initial T-mesh is constructed to

startup the adaptive surface fitting procedure. Then, the algorithm computes a geometri-

cally optimal T-spline surface that best approximates the tubular mesh under the topology
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(a) A tubular mesh (b) A periodic T-spline surface that
approximates the mesh

Figure 5.16: Fitting a periodic T-spline surface to a tubular mesh.

setting of the current T-mesh. After that, we check the quality of the obtained periodic T-

spline surface and further refine the T-mesh at the locations where the fitting quality is not

satisfactory. We keep improving the fitting result by iteratively carrying out the geometry

optimization and mesh structure refinement steps until the approximation error evaluated

at any vertex is not greater than the prescribed error tolerance. Once the error tolerance

is met, the whole process can be terminated at this stage, or we can optionally choose to

improve the previously calculated parameterization of the tubular mesh and start over the

fitting procedure again in order to probably achieve better periodic T-spline surface fitting.

In this proposed algorithm, we compute the parameterization for a tubular mesh using

the edge based parameterization method described in Section 5.3.1 and the reparameteriza-

tion using a technique described in Chapter 4. Therefore, in the remainder of this section,

we just describe the steps for surface initialization, geometry optimization and mesh refine-

ment. In addition, some examples are also provided at the end of the section.
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optimal T-spline 
surface 

computation
quality check /

adaptive adjustment
End

reparameterization

parameterizationBegin
initial periodic 

T-mesh construction

Figure 5.17: The flowchart of periodic T-spline surface fitting.

5.4.1 Initialization

In this step, we construct an initial T-mesh which the adaptive surface fitting process can

begin with. First a suitable domain for the surface should be decided. Using the edge

based parameterization approach, a mapping is established from the given tubular mesh to

a parameter domain[0, 1)× [0, 1], which is also the domain of the periodic T-spline surface.

Each vertexdi corresponds to a parameter pair(ui, vi) where0 ≤ ui < 1, 0 ≤ vi ≤ 1.

Second, we let the pre-image of the T-mesh in the parameter domain be a regulardimu×

dimv grid at the first stage. The knot vectors along theu− andv−directions associated

with the T-mesh are both uniformly divided in the domain. That is, theu knot vector is

{0, 1
dimu−1

, 2
dimu−1

, · · · , dimu−2
dimu−1

} and thev knot vector is{−0.02,−0.01, 0, 1
dimv−3

, 2
dimv−3

,

· · · , 1, 1.01, 1.02}. For simplicity, the sizes of the control grid,dimu anddimv, are often

set to a number between 4 and 10 depending on the complexity of the input tubular mesh.

An example of the pre-image of a4 × 4 periodic T-mesh is shown in Figure 5.18. The4

control points in the rightmost column are virtual duplicates of those in the leftmost column

and the domain of the surface is the region inside of the red bounding box.

Finally, we let the control point weight vectorW = (w0, w1, · · · , wn)
T take the initial

setting of(1, 1, · · · , 1)T . The initial pre-image of the T-mesh and the weight vector together

define a class of periodic T-spline surfaces that have the same T-mesh topological structure

and the same weight vector. On the other hand, the geometric coordinates of the control

points are still unassigned at this moment and are left to be optimized in the next step.
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U

V

0 0.25 0.5 0.75 1

1

0

1.01

0.01 

Figure 5.18: The pre-image of a4× 4 periodic T-mesh.

5.4.2 Optimizing the geometry of the surface

When the T-mesh topology (i.e. the layout and the connectivity of the control points in the

pre-image) and the control point weightsW are determined, a class of periodic T-spline

surfaces is defined. Each individual surface in this class differs from the others only in

the geometry of the control points. Therefore the problem is now becoming how to find

the surface within the class that best approximates the tubular mesh. This can be done by

finding the control points using the least-squares approach.

Note that our initial setting for the T-mesh and the control point weights guarantees that
n
∑

i=0

wiB
∗
i (u, v) ≡ 1. In fact, a periodic T-spline surface with such setting is a standard T-

spline and thus a parametric polynomial surface. During the fitting process we constrain the

surfaces to remain polynomial via the T-spline knot insertion algorithm and thus the surface

representation in Equation (5.3) can be simplified in this situation:

S(u, v) =
n
∑

i=0

wiPiB
∗
i (u, v) (5.7)
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The following objective function is used as the target for optimization:

F (P0, P1, · · · , Pn) =
m
∑

j=1

‖ S(uj, vj)− dj ‖
2 + σJfair(S) (5.8)

This function contains two parts. The first part controls the precision of the surface, which

is the squares of sum of the distances between the vertices of the mesh and the peri-

odic T-spline surface. We use the parametric distance‖ S(uj, vj) − dj ‖ to represent

dist(dj,S(u, v)). The second part is an energy term that measures the shape fairness of the

surface.σ is a factor that balances the two parts: precision and fairness. We choose the

simple thin plate energy asJfair(S), which is expressed as:

Jfair(S) =

∫ ∫

(S2
uu(u, v) + 2S2

uv(u, v) + S2
vv(u, v))dudv (5.9)

whereSuu, Suv, Svv are the second order partial derivatives ofS(u, v).

To findP0, P1, · · · , Pn that minimize the objective function, we let all the partial deriva-

tives of the objective function with respective to each control point equal to zero:

∂F

∂Pg

= 0, g = 0, 1, · · · , n (5.10)

which leads to

n
∑

i=0

wi





















m
∑

j=1

B∗
i (uj, vj)B

∗
g (uj, vj)+

+σ
∫ ∫













B∗
iuu(u, v)B

∗
guu(u, v)+

+2B∗
iuv(u, v)B

∗
guv(u, v)+

+B∗
ivv(u, v)B

∗
gvv(u, v)













dudv





















Pi

=
m
∑

j=1

djB
∗
g (uj, vj)

(5.11)

Combining these equations together forms a linear system whose solution gives the control
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points of the optimal T-spline surface.

5.4.3 T-mesh refinement

After a periodic T-spline surface is computed under the current setting, we need to check

whether the approximation meets the requirement. The approximation error, in term of the

parametric distance of each vertexdi of the mesh to the T-spline surface:‖S(ui, vi)− di‖,

is evaluated. If all the distances are below the toleranceε, the T-spline surface is considered

qualified and the algorithm moves to the next step. Otherwise, the regions that contain one

or more violating vertices whose distances are greater than the tolerance need to be refined.

We refine the faces of the T-mesh, which correspond to the regions containing violating

vertices, by adding a new edge into that face and splitting the face into two halves of equal

size. To add an edge, we simply insert two end points of the edge into the T-mesh, using the

local refinement method for periodic T-spline surfaces. The edge could be either horizontal

or vertical, depending on whether the height or the width of the region is larger.

After the T-mesh is updated, we obtain a new setting for the T-mesh and the control point

weights, which define a new class of T-spline surfaces. Since the new T-mesh structure

and the control point weights are generated by the T-spline local refinement algorithm,

the resulting class of periodic T-spline surfaces remains to be standard or semi-standard.

Therefore, surfaces in this class are still polynomial. The control points of the optimal T-

spline in this class can be computed using the geometry optimization step described in the

preceding subsection.

5.4.4 Examples and discussions

This section presents two examples to demonstrate the proposed periodic T-spline surface

fitting algorithm. The first example is a bumpy model (see Figure 5.19(a)) which is a tubu-
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lar triangular mesh and whose basic information is listed in Table 5.3. When we use the

fitting algorithm to approximate the bumpy model, the error tolerance for approximation

is set to be0.5% of the size of the model and the fairness factor is set to be0.00001.

Figure 5.19(b) and Figure 5.19(c) show two periodic T-spline surfaces which are the inter-

mediate results after 3 and 6 iterations respectively, with the pre-images mapped onto the

surfaces. It can be seen that the structures of the T-meshes are not sufficiently sophisticated

to represent all the geometrical features of the original tubular mesh and the surfaces are

not well approximated. After 11 iterations, a satisfactory result is obtained, which is shown

in Figure 5.19(d) with the pre-image mapped onto the surface. In Figure 5.19(d), a window

is drawn to highlight three T-junction points, which are shown in red color, to illustrate the

existence of T-junctions. Figure 5.19(e) and Figure 5.19(f) show the final periodic T-spline

surface without and with the T-mesh. Refer to Table 5.3 for the detailed information about

the final periodic T-spline surface.

(a) (b) (c)

(d) (e) (f)

Figure 5.19: Fitting a bumpy model.
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Table 5.3: Statistics of the tubular mesh in Figure 5.19(a) and the final resulting periodic
T-spline surface.

Mesh Number of vertices 5610
Number of faces 11181

Total iterations for fitting 10
Periodic Number of knot in theu−direction 33

T-spline surface Number of knot in thev−direction 32
fitting Number of control points 570

Maximum approximation error 0.44%
Average approximation error 0.03%

The second example is to demonstrate the algorithm in approximating tubular meshes

that have relatively low quality (i.e., the number of vertices is insufficient compared to the

complexity of the geometry they represent). It can be seen that the algorithm is capable of

handling these meshes by choosing a smaller error tolerance. The model we use in the sec-

ond example is the Venus shown in Figure 5.20(a), which has 710 vertices and 1389 faces.

If we choose the error tolerance to be0.5% of the scale of the model, the fitting periodic T-

spline surface can be quickly obtained. However, the resulting surface (see Figure 5.20(b))

does not respect the geometrical features of the mesh very well although the error tolerance

is already met at all the vertices. This is because merely achieving the approximation error

at the vertices of the mesh does not guarantee the overall surface quality, especially when

the density of the vertices of the model is not high enough. The resulting surface (shown

Figure 5.20(c)) could get better if the error tolerance is changed to0.05% of the scale of the

model, but it is still not good enough. Finally, if we adjust the error tolerance to be0.02%

of the scale of the model, this time we get a visually satisfactory result (see Figure 5.20(d)).

The final surface has 342 control points and is obtained in 10 iterations. Figure 5.20(e) and

Figure 5.20(f) show the surface with the mapped pre-image and the T-mesh, respectively.
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(a) (b) (c)

(d) (e) (f)

Figure 5.20: Fitting the Venus model.

5.5 Summary

This chapter discusses the definitions of periodic B-splines and the representation of peri-

odic T-spline surfaces. Periodic T-spline surfaces are a good geometry representation for

defining a tubular-shaped object in a single domain.

We then present an edge based parameterization method that is especially suitable for

parameterizing tubular triangular meshes. Instead of parameterizing vertices directly, we

first compute the parameters of the edges. The mean value coordinates are used to param-

eterize the edges. After that, the parameterization for the vertices is derived. Since our

method is based on intrinsic geometry of the mesh, there is no need to perform cutting for

parameterization and a low distortion can be achieved. We demonstrated our approach by

several examples of different types. The effectiveness of the method suggests that the idea

of treating edges as the main target may also be applicable in other mesh related problems
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in geometry processing. From the parameterization, further applications such as texture

mapping and surface fitting of the tubular meshes could be developed.

Finally, we provide an algorithm to convert a tubular triangular mesh into a periodic

T-spline surface. In the algorithm, we parameterize the tubular mesh using the edge based

parameterization method and build the target periodic T-spline surface in an adaptive man-

ner. We start with an initial periodic T-spline of a simple mesh structure and iteratively

refine the T-mesh at locations where the T-spline approximation is poor and re-compute the

control points for the optimal T-spline surface. As a result, the output periodic T-spline

surface approximates the tubular mesh within the given error tolerance.
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Chapter 6

Conversion between T-splines and

Hierarchical NURBS

6.1 Introduction

This chapter discusses conversion between two parametric surface representations: T-splines

and hierarchical NURBS. T-splines and hierarchical NURBS are both the generalization of

NURBS and allow the surface to be refined locally. Hierarchical NURBS is desirable for

multiresolution modeling, and it is more intuitive to use T-splines for interactive designing.

Since each representation has its own strength, in practice it could be useful to be able to

convert one representation into another.

Note that it is always possible to convert a T-spline surface or a hierarchical NURBS

surface into a NURBS surface (called the underlying NURBS surface) with finer control

mesh. There are also algorithms to construct a hierarchical NURBS surface [47] or a T-

spline surface [128] to approximate a given NURBS surface. If we set the approximate

error to be zero, the approximate algorithms will lead to exact conversion from a NURBS

surface to a T-spline or hierarchical NURBS surface. Using these algorithms, one can

achieve the conversion between hierarchical NURBS and T-splines through the underlying
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NURBS surface. However, this is an indirect approach and lacks geometric insights. In

this chapter, we present direct conversion algorithms, which will take into consideration the

structure of the hierarchical NURBS or T-spline surface. The algorithms work in the same

fashion as the local knot insertion algorithm of T-splines.

Section 6.2 extends the concept of hierarchical B-splines to the rational case. The algo-

rithms for conversion back and forth of a surface between T-spline and hierarchical B-spline

representations are given in Section 6.3 and Section 6.4. Section 6.5 summarizes the chapter

and provides some further discussions.

6.2 Hierarchical NURBS

A hierarchical B-spline surface consists of a series of levels, each of which has a collection

of B-spline patches. The level 0 has the lowest resolution describing the basic shape of

the surface, and its children are called overlays describing some details of the surface.

The overlays correspond to refined areas of the parent surface. An overlay at levelk is

created by designating a patch on its parent at levelk − 1, executing a refinement step and

manipulating the control points of the refined patch. Therefore an overlay at levelk has

twice the resolution of its parent at levelk − 1. At the same level, the overlays do not

cross each other. Otherwise, they are made into a larger overlay. Figure 6.1(a) shows a

hierarchical B-spline surface consisting of a bicubic B-spline surface and an overlay. The

B-spline surface is defined by a6× 6 control grid whose pre-image in the parameter space

is shown in Figure 6.1(b). The overlay has a7 × 7 control grid whose pre-image is shown

in blue in Figure 6.1(c).

Note that to keepC2 continuity between the overlay and its parent the manipulation of

the control points should be restricted to the central control points and the peripheral con-

trol points should be kept static. For a bicubic B-spline surface, an overlay has a mesh of

at least7 × 7 and the control points on the three outer rings must remain unchanged. In
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(a) (b) (c)

Figure 6.1: A hierarchical B-spline surface consisting of a bicubic B-spline surface and an
overlay.

the hierarchical B-spline scheme, a convenient way to represent the overlay is to use the

reference-plus-offset form. That is, each control pointP (k) of an overlay at levelk is rep-

resented in offset form:P (k) = R(k) + O(k) whereR(k) is derived from the parent surface

at levelk − 1 by a (mid-point) refinement andO(k) is the offset vector. Any change to the

control points at levelk is represented in the offset vectors. For those control points that

remain unchanged, the offsetO(k) = 0. Offsets are responsible for the difference between

the shape of the surface at two levels of representation. In this way, any changes to the sur-

face at the lower level automatically propagate to the higher level and the editing movement

of O(k) causes local change of the surface to a restricted region of the surface. Moreover,

the reference-plus-offset form improves the economy of the representation because we only

need to store the non-zero offsets. For example, an overlay of dimension7×7 has only one

non-zero offset.

Now we extend the concept of hierarchical B-splines into hierarchical NURBS. The

generalization is done in two aspects. First, the refinement in the hierarchical B-spline

formulation is not necessarily mid-point refinement. Instead, the refinement can be achieved

by allowing insertion of knots at general positions. As a result, a knot in the knot sequences

of an overlay could be an arbitrary convex combination of two adjacent knots in the parent

surface’s knot sequences. See Figure 6.2 for an illustration: the left is the pre-image of a
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6 × 6 control grid that defines a bicubic B-spline surface; the middle is the pre-image of

a 7 × 7 control grid that defines an overlay; and the relation of the base and the overlay

is shown on the right. Apparently, this increases the ability of hierarchical B-splines for

representing the details. Second, the B-spline surfaces in the hierarchy should be allowed

to be rational. It is because that the T-spline surfaces are usually rational surfaces and thus

cannot be converted into hierarchical B-spline surfaces in the polynomial form. In this

case, we apply the idea of original hierarchical B-spline refinement to the homogeneous

representation of the rational B-splines. We still use the reference-plus-offset form for the

overlays. Thus the offset vectors are 4D vectors. To maintain the continuity between the

overlay and its parent, we restrict all the offset vectors corresponding to the three outermost

rings of control points of the overlay to be zero.

Figure 6.2: The relation between the base mesh and an overlay mesh.

6.3 Algorithm for converting a hierarchical NURBS to a

T-spline

Given a hierarchical NURBS surface, one can flatten the hierarchical structure by creating

the underlying NURBS surface, which usually contains a number of superfluous control

points that serve no purpose other than to satisfy topological requirements of the tensor-

product NURBS surface formulation. The conversion of a hierarchical NURBS surface

into a T-spline surface is to combine all overlays into a single layer surface with only a few
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superfluous points and also to keep the resulting surface identical to the original one. Our

approach to such a transformation is to use a recursive way to generate the T-spline surface:

we begin with the level 0 NURBS surface and add all the first level overlay(s) to it to form a

T-spline surface; then we add the second level overlay(s) into the formed T-spline to create

a more complicated T-spline surface; and this process continues until there is no overlay

left. Obviously, the key ingredient in this approach is the algorithm that adds an overlay

into a T-spline surface. In the following we describe the algorithm.

Now suppose we have a T-spline surfaceS(u, v) and an overlayV(u, v). Assume

S(u, v) is defined by Equation (2.9) and it is the result of combining all the overlays that

have lower level thanV(u, v) and some of the overlays that have the same level asV(u, v)

into the level 0 B-spline surface. The overlayV(u, v) is a bicubic rational B-spline surface,

whose equation in homogeneous form is

V(u, v) =

r+1
∑

i=l−1

t+1
∑

j=b−1

VijNi(u)Nj(v) (6.1)

whereVij are control points in 4D space,Ni(u) andNj(v) are cubic B-spline basis func-

tions defined over knot sequences{ul−2, ul−1, ul, · · · , ur, ur+1, ur+2} and{vb−2, vb−1, vb,

· · · , vt, vt+1, vt+2}. The parameter range of the overlay is[ul, ur] × [vb, vt]. From the for-

mulation of the hierarchical B-spline,ul, ur, vb andvt are also the knots ofV(u, v)’s parent

surface and thus correspond to certain edges in the T-mesh ofS(u, v).

Based on the reference-plus-offset form, we only store the offset for the overlay. In fact,

each pointVij of the overlay is the sum of reference pointRij and offset vectorOij. All the

reference pointsRij are specified from the parent surface. They form a surfaceR(u, v) =
r+1
∑

i=l−1

t+1
∑

j=b−1

RijNi(u)Nj(v) which is an exact re-representation of the parent surface or the

T-spline surfaceS(u, v) within domain[ul, ur] × [vb, vt]. If we use all the offset vectors

to define a 4D surfaceO(u, v) =
r+1
∑

i=l−1

t+1
∑

j=b−1

OijNi(u)Nj(v), thenV(u, v) = R(u, v) +

O(u, v). Also note that wheni < l + 2, i > r − 2, j < b + 2 or j > t − 2, Oij = 0.
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Therefore the overlayV(u, v) can be written

V(u, v) =
n
∑

i=1

PiBi(u, v) +
r−2
∑

i=l+2

t−2
∑

j=b+2

OijNi(u)Nj(v) (6.2)

If we treatOij as a control point associated with knots(ui, vj), Equation (6.2) gives a

PB-spline description of the overlay [129]. To make the PB-spline be a T-spline, we may

need to perform the necessary knot insertions into the basis functions or add new control

points into the mesh to make the mesh be a valid T-mesh. The insertion of a control point

Oij means not only to insert the associated knot(ui, vj) into the T-mesh, but to add the

corresponding term ofOijNi(u)Nj(v) into the T-spline as well. This leads to the following

algorithm (Algorithm 6.1) for composing an overlay into a T-spline.

Algorithm 6.1 : Composing an overlay into a T-spline surface
1. Insert pointsOij (i = l + 2, · · · , r − 2; j = b + 2, · · · , t − 2) into the T-mesh at the

locations inferred by their associated knots;
2. repeat
3. if (any basis function has a knot that is not indicated in the current T-mesh)then
4. Add an appropriate point into the T-mesh;
5. end if
6. if (any basis function is missing a knot inferred from the current T-mesh)then
7. Perform the necessary knot insertions into that basis function;
8. end if
9. if (any basis function has no control point associated to it)then

10. Add an appropriate control point into the T-mesh;
11. end if
12. until (there is no new operation)
13. if (any point has only one edge incident to it)then
14. Extend the edge and find the first intersection point of the edge and the T-mesh in

the pre-image space;
15. end if
16. Insert the intersection point and then go to step 2;

In Line 13-16, we perform knot insertion though the T-mesh is already valid. This is

to avoid the hanging edges and thus to preserve the geometrically pleasing shape of the

control mesh.
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6.3.1 Examples

(a) (b)

(c) (d)

Figure 6.3: Illustration of converting a hierarchical B-spline to a T-spline.

We illustrate the algorithm with an example. Figure 6.3(a) shows the pre-image of a

6 × 6 control mesh (in dash lines) of a B-spline surface, imposed by the pre-image of a

refined7× 7 mesh (in solid lines) that defines an overlay. We first insert the nonzero offset

point of the7× 7 mesh (that is the central point) into the6 × 6 B-spline mesh, generating

a mesh shown in Figure 6.3(b). However, the basis function corresponding to this nonzero

offset point has knots that are not indicated in the current mesh. We have to add four

control points around the nonzero offset point (see Figure 6.3(c)). Now every basis function
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properly associates with a control point in the mesh. But we have four hanging edges in the

mesh. To avoid hanging edges, we finally perform Line 13-16 of Algorithm 6.1, inserting

another 4 points, to create the T-mesh as shown in Figure 6.3(d). It can be seen that the

result T-mesh is quite compact.

Now we present another example of a hierarchical B-spline with its geometry (see Fig-

ure 6.4). The hierarchical B-spline has three levels. The level 0 is a part of thez = 0 plane,

defined by a B-spline with8 × 8 control grid (see Figure 6.5(a)). The level 1 consists of

3 B-spline patches (see Figure 6.5(b)): the red and green have7 × 7 control grid and only

the central point is nonzero; the blue has8 × 8 control grid and the central 4 points are

non-zero. The level 2 is shown in yellow (see Figure 6.5(c)): it is a B-spline with7×8 grid

and the 2 central points are nonzero.

Figure 6.4: A hierarchical B-spline surface.

(a) Level 0 (b) Levels 0+1 (c) Levels 0+1+2

Figure 6.5: The pre-image of the control meshes of a hierarchical B-spline surface.

After we apply our algorithm to combine the level 1 and level 0. We get a T-mesh.

The pre-image of the T-mesh is shown on Figure 6.6(a) and the surface is shown on Fig-
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ure 6.6(b). After we also combine the level 2 overlay, the pre-image becomes a new one

shown on Figure 6.7(a). The T-mesh and the final surface are shown on Figure 6.7(b).

(a) The pre-image of the T-mesh(b) The T-mesh and the surface

Figure 6.6: Combining level 0 and level 1.

Note that in Figure 6.7, some edges or vertices of the T-mesh coincide. This may cause

inconvenience for interactive editing. We can locally insert some vertices to eliminate such

coincidence. For example, after inserting some vertices into the T-mesh shown in Fig-

ure 6.7, we can get a new T-mesh which defines the same T-spline surface (see Figure 6.8).

This new T-mesh would be clearer than the previous one for interactive editing purpose.

(a) The pre-image of the T-mesh(b) The T-mesh and the surface

Figure 6.7: Combining level 0, level 1 and level 2.
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(a) The pre-image of the T-mesh(b) The T-mesh and the surface

Figure 6.8: Refined T-mesh for the hierarchical B-spline surface.

6.4 Algorithm for converting a T-spline to a hierarchical

NURBS

Compared to the transformation from a hierarchical NURBS surface to a T-spline surface,

the reverse transformation that converts a T-spline to a hierarchical NURBS is more chal-

lenging since we intend to create a hierarchy from a single layer T-mesh. The basic task

here is to generate a series of B-spline surfaces. These B-splines are organized in a hier-

archical manner. In the pre-image of the control grid in the parameter space, except for

the base B-spline, every B-spline is the refinement of another B-spline in the group. The

process for this task involves two aspects: the topological structure and the geometry. The

former identifies the control grid structure of the base B-spline surface and the overlays at

each level. The latter computes the coordinates of the control points for all the surfaces.

Our algorithm can roughly be described as follows in Algorithm 6.2:

The preprocess step is to use the T-spline local knot insertion algorithm to make the

three outmost rings of the T-mesh not contain any T-junction points. Refer to Figure 6.9

(left) for a given T-mesh. Figure 6.9 (right) shows the mesh after the preprocess step. The

next step just does some initialization. Now we present the details of the remaining steps

below.
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Algorithm 6.2 : Converting a T-spline to a hierarchical NURBS surface
1. Preprocess the given T-mesh;
2. Setk = 0, currentMesh = the preprocessed T-mesh;
3. Extract a B-spline surface at levelk from thecurrentMesh;
4. Determine the offset surfaces for levellev = k + 1;
5. for (the mesh of each offset surface at levellev) do
6. Process the mesh;
7. if (the processed mesh is not a B-spline mesh)then
8. SetcurrentMesh = the processed mesh;
9. Setk = lev;

10. Recursively callAlgorithm 6.2 starting from step 3;
11. end if
12. end for

Figure 6.9: Preprocess a given T-mesh.

6.4.1 Extracting a B-spline

While a T-mesh permits T-junctions so that lines of the T-mesh need not traverse the en-

tire control grid, a tensor-product B-spline mesh must be topologically a rectangular grid.

Therefore to extract a B-spline mesh from a T-mesh, we eliminate all partial rows and all

partial columns in the T-mesh. What remains after the removal of partial rows and columns

is anm×n mesh, which can be used as the topological specification of our B-spline control

mesh.

Once the topology of the B-spline mesh is specified, we have to compute the geometry

of the B-spline mesh. The formulae for the B-spline control points are derived based on

polar form of B-splines [117].

For each control pointP in the extracted B-spline mesh (see Figure 6.10(a)), we com-
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pute its polar labelPLP. DenotePLP = (u−1, u0, u1)× (v−1, v0, v1). PointP corresponds

to a control point, sayQ, in the T-mesh. We also computeQ’s polar labelPLQ in the

T-mesh. IfPLP = PLQ, then we just copyQ’s coordinates toP’s. Otherwise, we create a

temporary T-mesh by duplicating the existing T-mesh and use T-spline’s local knot insertion

algorithm to insert points in the temporary T-mesh, forming a5 × 5 grid centered around

Q. This 5 × 5 grid is part of the finest control mesh of the underlying B-spline surface.

We denote the points byQij , (i, j = −2, · · · , 2) with Q00 corresponding toQ. Refer to

Figure 6.10(b) for labels. ThenP can be computed by

P =

1
∑

i=−1

1
∑

j=−1

cidjQij

where

c−1 =
(a1 − u−1)(a1 − u1)

(a1 − a−2)(a1 − a−1)

c1 =
(a−1 − u−1)(a−1 − u1)

(a2 − a−1)(a1 − a−1)

c0 = 1− c−1 − c1

anddi are similar toci whereaj should be replaced bybj anduj should be replaced byvj .

P

u-1 u0 u1

v-1

v0

v1

(a)

Q00

Q-2,-2

Q22

Q20

Q2,-2

Q02

Q01

Q0,-1

Q-1,1Q01

a-2 a-1 a0 a1 a2

b-2

b-1

b0

b1

b2

(b)

Figure 6.10: Computing B-spline control pointP from Qij .
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6.4.2 Determining higher level offsets

When we have extracted a B-spline mesh from a T-mesh at levelk, both the B-spline mesh

and the T-mesh define two surfaces which are not necessarily the same. In this case, we

need higher level (offset) data to compensate the difference.

We first locate the regions for the higher level offset surfaces. For each pointP in

the pre-image of the T-mesh at levelk in (u, v) parameter space, we define four numbers

u min, v min, u max andv max such thatu min is theu coordinate of a new point which

is obtained by moving pointP left by two bays,u max is theu coordinate of a point

which is obtained by movingP right by two bays, andv min, v max are similarly defined.

For each partial row or column in the T-mesh, we define its box-2O(ul, vb, ur, vt) to be a

rectangle specified by the lower-left corner(ul, vb) and the upper-right corner(ur, vt) where

ul, vd are the minima ofu min andv min of all vertices lying on the partial row or column,

andur, vt are the maxima ofu max and v max of all vertices lying on the partial row or

column. Now we compute box-2 for all partial rows and columns. If any two box-2’s

overlap, we merge them to form a large box bounding them. We also call the large box a

box-2. This large box is used to replace the original two small boxes. After this, each box-2

stands for a region of an overlay.

Once the region of an offset surface in the next layer is identified, we have to determine

topology and geometry of the offset surface. We extend each box-2 by adding one more

ring. The pre-image corresponds one-to-one with the T-mesh. We take the portion of the T-

mesh at levelk, which corresponds with the extended box-2. It forms a temporary T-mesh

at levelk + 1 for the surface within the identified region. By the construction of box-2, it

can be verified that the levelk + 1 T-mesh has such characteristic that the three outermost

rings of the mesh do not contain T-junctions.
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The 4D surface defined by the T-mesh at levelk within the region is described by

S(k)(u, v) =
n
∑

i=1

P
(k)
i Bi(u, v) (6.3)

whereP
(k)
i are the control points in the T-mesh at levelk or in the temporary T-mesh at

level k + 1. In order to get the offset surface, we restrict the extracted B-spline surface

(from the T-mesh at levelk) within the region and write its equation to be

R(k)(u, v) =

r+1
∑

i=l−1

t+1
∑

j=b−1

R
(k)
ij Ni(u)Nj(v) (6.4)

Then the offset surface isS(k)(u, v) − R(k)(u, v). This gives the Algorithm 6.3 for deter-

mining the topology and geometry of the offset surface.

Algorithm 6.3 : Determining the topology and geometry of the offset surface

1. Insert points−R
(k)
ij (i = l − 1, · · · , r + 1; j = b − 1, · · · , t + 1) into the temporary

T-mesh at the locations inferred byR(k)
ij ’s associated knots;

2. repeat
3. if (any basis function is missing a knot inferred from the current T-mesh)then
4. Perform the necessary knot insertions into that basis function;
5. end if
6. if (any basis function has a knot that is not indicated in the current T-mesh)then
7. Add an appropriate point into the T-mesh;
8. end if
9. if (any basis function has no control point associated to it)then

10. Add an appropriate control point into the T-mesh;
11. end if
12. until there is no new operation
13. The output mesh is the required T-mesh at levelk + 1 which defines the offset surface;

6.4.3 Processing a layer

Now we have obtained the T-mesh at levelk + 1 for the offset surface. If it happens to be a

B-spline mesh, it is a leaf node in the hierarchical B-spline representation at levelk+1 and

we do not need to do further process. Otherwise, some further process is required. We can
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either extend all partial rows and columns all the way to create a B-spline or further extract

higher level of layers.

We take a strategy to balance the depth of the hierarchy and size of each offset. For each

partial row or column in the T-mesh at levelk+1, we calculate a number, calleddeficiency,

which measures how many knots in the underlying B-spline this partial row or column

needs to go through to reach the border. If the deficiency is large, the row or column needs

to take a long way to reach the border, which might mean that it depicts details and thus

would be better to be put in the overlay of the current layer. For this reason, we compute

the average of the deficiencies of all partial rows and columns. If any partial row or column

has a deficiency less than the average deficiency plusδ (usually we setδ = 3), we extend it

all the way to make it a complete row or column. Here,δ is a user’s option. Smallδ would

lead to more levels in the hierarchy, while largeδ would result in increased size of the offset

surfaces. If there is no T-junction after the extension, then a B-spline is formed and can be

treated as a leaf node attached to the parent surface. If there still exist T-junctions, then pass

the mesh for further decomposition in the next level.

6.4.4 Illustrations

We illustrate the algorithm topologically with an example. Figure 6.11(a) shows a T-mesh

which has four T-junctions. We wish to convert the T-spline to a hierarchical B-spline.

We first eliminate the partial row and column, yielding a B-spline mesh in Figure 6.11(b).

Of course, the geometry of the B-spline mesh should be computed carefully. Also from

the T-mesh, we construct two box-2’s for the partial row and column (see Figure 6.11(c)).

Combining the overlapped box-2’s generates one box as displayed in Figure 6.11(d). This

box identifies the range of the next level overlay. Expanding the range bounded by the box

one more ring gives a temporary T-mesh. Inserting thenegativeof the extracted B-spline

into this temporary T-mesh leads to a T-mesh for the offset, which topologically is the same

as the temporary mesh shown in Figure 6.11(e). Then we extend both partial row and partial
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column to the border, creating a11× 10 mesh in Figure 6.11(f), which defines the offset of

the overlay. The final hierarchical B-spline consists of the level 0 B-spline surface shown

in Figure 6.11(b) and the level 1 offset shown in Figure 6.11(f). It can be seen that by this

conversion algorithm, we still achieve compactness in the hierarchical B-spline to some

extent. Although the size of the level 1 surface is11× 10, the area of non-zero vectors that

needs to be stored is only5× 4.

(a) (b) (c)

(d) (e) (f)

Figure 6.11: A topological illustration.

Another example is given in Figure 6.12. A T-spline surface and its pre-image are shown

in Figure 6.12(a) and Figure 6.12(d), respectively. By using the algorithm, the surface can

be equivalently converted into a hierarchical NURBS surface. Figure 6.12(b) shows the

level 0 base surface of the result hierarchical NURBS, for which the control grid in the

parameter domain is displayed in Figure 6.12(e). Figure 6.12(c) is the level 0+1 hierarchical

NURBS, where the region of overlay is shown in red color. The red grid in Figure 6.12(f)

is the control grid for the overlay.
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(a) (b) (c)

(d) (e) (f)

Figure 6.12: Converting a T-spline to a hierarchical NURBS.

6.5 Summary

We have described two algorithms for performing conversion from a hierarchical NURBS

surface to a T-spline surface and from a T-spline surface to a hierarchical NURBS surface.

The algorithms are intuitive and are directly based on local knot insertion. They can gen-

erate quite compact representations. In applications such as free-form shape modeling and

design, both hierarchical B-spline surfaces and T-spline surfaces are useful tools. When

one of them is available, our algorithms make the other easier to use.

In order to make the conversion algorithms universal, we extend the concept of the

hierarchical B-splines to the rational case and we also allow the knot vector for the overlays

to be nonuniform.

There are still some remaining problems for future work. For example, so far we just
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discussed the surface with simple knots. The conversion for more general cases needs to

be extended. In Subsection 6.4.3, we gave a heuristic criterion to decide whether a partial

row or column should be extended. Finding an optimal criterion would be an interesting

question. Moreover, the current work in this chapter only considers accurate conversion

between the two representations. Approximation conversion may be more interesting from

practice perspective.
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Chapter 7

Conclusions and Future Work

7.1 Conclusions

The research in this thesis investigates the use of T-splines for free-form surface repre-

sentation and approximation, aiming to gain insights of T-spline theory and to present new

efficient algorithms for T-splines. Several fundamental problems have been studied. Novel

techniques have been successfully developed, which accomplishes the goal of the research.

First, we have presented an algorithm for T-spline local knot removal that is a very fun-

damental operation in T-spline theory. The algorithm is able to detect whether a specified

control point can be removed from a T-spline surface and to compute the new T-spline rep-

resentation if the point is removable. It works locally, in the fashion of T-spline local knot

insertion. The extension of the algorithm to remove more than one control point is possible

and several approaches have been suggested. However, our research has also shown that

the T-junction of the T-spline makes the T-spline knot removal problem much more compli-

cated than NURBS knot removal, especially in removing more than one control point from

a T-spline surface.

Second, we have studied the problem of surface fitting using T-splines deeply. We have

introduced a new framework for adaptive surface fitting which achieves the conversion
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from a triangular mesh that is topologically homeomorphic to a plane region to a spline

surface. The new framework is quite comprehensive and includes many new ideas and

algorithms. Extensive experiments have been conducted to evaluate the performance of the

new framework and algorithms. The examples have shown that the proposed adaptive T-

spline fitting does produce T-spline control meshes that exhibit a noticeable correspondence

between features and control point density. The algorithm is particularly suitable for fitting

those triangular meshes whose vertices are geometrically distributed unevenly in the space.

Third, we have presented several techniques for handling tubular models that have the

same topology as a cylinder. Periodic T-splines and their simple representations have been

proposed. A geometrically intrinsic method has been presented to parameterize tubular tri-

angular meshes. The algorithm overcomes some problems existing in conventional cutting-

based algorithms. An adaptive surface fitting algorithm using periodic T-splines has been

developed. These techniques can deal with tubular models very well.

Fourth, we have presented algorithms for conversion between a surface represented in

T-splines and hierarchical NURBS. These algorithms were well designed by considering

the characteristics of both representations. With these algorithms, the user can flatten a

hierarchical NURBS surface to create a T-spline which offers a more intuitive interface

for interactive sculpturing or extract hierarchies from a T-spline surface for multiresolution

analysis.

In summary, T-splines are relatively new and there are many problems that remain to

be solved. Our research has provided some new algorithms to the T-spline family. They

also demonstrate that T-splines are a flexible and powerful representation for free-form

surfaces. In particular, T-splines are an ideal surface representation for applications that

have unevenly distributed data or features and need some adaptive processing.
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7.2 Future work

The techniques in this research also contain some limitations, which bring some topics for

further studies:

• Some algorithms presented in the thesis (for example, the algorithms for the conver-

sion between T-splines and hierarchical NURBS) are heuristic. Although they might

not be the optimal solutions, the heuristic algorithms provide a good foundation for

future work in designing optimal algorithms that are of interest in both theoretical

and practical perspectives.

• We have shown the complexity of T-spline knot removal, especially in removing

more than one control point. However, the algorithm only considers exact removal

of control points and might not be efficient in handling complicated situations. An

interesting problem is to identify various situations and to give a neat solution to knot

removal. In addition, from the application’s viewpoint, it would be more interesting

to consider approximate knot removal. That is to remove the control point(s) such

that the surface is changed within a given tolerance.

• The surface fitting problem this thesis focused on is mainly for the models that have

relatively simple topology. In general, fitting arbitrarily topological triangular meshes

is more challenging, but it is more common in surface reconstruction. Our ultimate

goal is to develop techniques that can efficiently convert an arbitrarily topological

triangular mesh into spline surfaces. Obviously, the results produced in the thesis

provide a good base for the general situation. For example, to approximate a model

of arbitrary topology, we may first divide it into a number of disc homeomorphic parts

using segmentation [5, 133] techniques. Then, each of these parts can be individually

approximated using our proposed method under some continuity constraints on the

shared boundaries. Alternatively, we can join these parts together afterwards using

surface stitching techniques.
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