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Abstract

In full-scale ambient vibration tests, multiple setups are often performed for measurement when
it is demanded to obtain a detailed mode shape with more measured degrees of freedom than
the available number of synchronous data channels. In a previous work, a Bayesian operational
modal analysis framework for the general case of multiple modes identified with ambient data
from multiple setups was developed, together with an Expectation-Maximisation algorithm for
efficiently calculating the most probable value (MPV) of modal parameters. Complementing
the previous effort, this work investigates the posterior uncertainty of the modal parameters in
terms of their posterior covariance matrix. Mathematically, the posterior covariance matrix is
equal to the inverse of the Hessian of negative log-likelihood function at the MPV. The
computational issues are investigated and analytical expressions for the Hessian matrix are
derived, allowing the covariance matrix to be determined efficiently and accurately without
resorting to the finite difference method. The proposed algorithm is verified with synthetic data,
where the Bayesian and frequentist statistics are compared, and the effect of reference location
is investigated. The developed computational tools are also applied to investigate identification

uncertainty with field data, where associated practical issues are also discussed.
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1 Introduction

Operational modal analysis (OMA) [1,2] aims at identifying structural modal properties (e.qg.,

natural frequencies, damping ratios and mode shapes) using ‘output-only’ ambient vibration
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response data. It has received considerable attention in the dynamic tests of civil structures for
its high implementation economy. An increasing number of ambient vibration tests [3-8] have
been performed over the last few decades. The identified modal parameters play an important
role in many downstream applications, e.g., model updating [9-12], damage detection [13-15]

and structural health monitoring [16-19].

In OMA, it is often required to obtain a detailed mode shape with a large number of degrees of
freedom (DOFs) but using a limited number of sensors (due to, e.g., limited instrumentation
budget or manpower). It is a common practice to plan multiple setups for the measurements.
In a multiple-setup setting, some reference sensors are placed at the same location in different
setups to allow them to share some common information. In contrast, the remaining sensors
are roved progressively to different locations over different setups until all the DOFs of interest
are measured. Different kinds of methods exist to analyse the data from multiple setups.
Conventionally, modal parameters in each setup are first identified using the corresponding
data. The ‘global mode shapes’ covering all the measured DOFs are then assembled from the
‘local mode shapes’ in different setups by, e.g., local least squares method or global least
squares method [20]. Such a strategy is referred as ‘post-identification approach’ in some
literature [21,22]. This kind of approach requires one to match the identified modes among
different setups before the mode shape assembly. The global mode shapes can also be
assembled by ‘pre-identification approach’. See, e.g., [23-25]. The datasets from multiple
setups are first merged to a global one that will be used for modal identification. This kind of
approach is convenient for analysis in implementation as the modal identification is only
performed once. However, it assumes that all modal parameters are time-invariant in all setups,

which could be a major modeling error source.

A Bayesian approach provides a fundamental means to process the data from multiple setups
and make the inference on modal parameters in a manner strictly consistent with probability
logic and modelling assumptions [26]. A Fast algorithm [27] has been recently developed based
on the Fast Fourier Transform (FFT) of OMA data in the previous work, allowing the modal
parameters to be determined efficiently in the general case of multiple (possibly close) modes
even with a large number of measured DOFs. The modal parameters other than mode shapes
need not be the same in different setups, allowing for more robustness in the identification
model. Comparison between the Bayesian and some existing methods [26,27] revealed that the
Bayesian method tends to be more robust to the data quality, giving physically reasonable mode

shapes in the case of low data quality where other methods failed to do so.
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Due to the absence of loading information in OMA, the identified modal properties often have
significantly higher uncertainty than their counterparts from free or forced vibration tests
(known input) where the signal-to-noise (s/n) ratio can be achieved to an adequate level.
Quantifying the identification uncertainty is therefore an essential task in OMA. The techniques
for uncertainty quantification have been developed from both frequentist and Bayesian
perspectives. In a frequentist context, uncertainty refers to the variance of the estimates over
hypothetical repeated experiments, often derived based on the first-order sensitivity of the
modal parameters to the perturbation of the measured data [28]. The uncertainty in the
stochastic subspace identification (SSI) method has been developed for both single-setup [29]
and multiple-setup data [30]. In [31], an efficient algorithm has been developed to facilitate the
computation of the uncertainty in SSI. Uncertainty quantification algorithm has also been
developed for the Eigensystem Realization Algorithm-based algorithm [32]. In a Bayesian
context, the modal parameters are modelled as random variables with a probability distribution.
The associated uncertainty depends on the datasets rather than the unknown ‘true’ modal
parameters. A Bayesian approach provides a fundamental means to explicitly address the
uncertainty, where the posterior distribution of modal parameters can be well approximated by
a Gaussian distribution for sufficiently long data [33]. The identification uncertainty is often
described by the posterior covariance matrix, which is mathematically equal to the inverse of
the Hessian of negative log-likelihood function (NLLF) at the most probable value of modal
parameters. The analytical expressions for quantifying the uncertainty have been developed in
different settings, e.g., well-separated modes with both single-setup [34] and multiple-setup
data [35], close modes with single-setup data [36] and asynchronous data [37]. The connection

between Bayesian and frequentist uncertainty is investigated in [38,39].

This work is concerned with Bayesian operational modal analysis in the general context for
multiple modes using ambient data from multiple setups. In a previous work [27], the problem
has been formulated mathematically and an efficient method based on the Expectation-
Maximisation algorithm has been developed to calculate the most probable value of modal
parameters (which is akin to the ‘best’ estimate in non-Bayesian methods). The method was
investigated with synthetic data and applied to field data, although the study was limited to the
most probable value only. Identification uncertainty was not investigated because efficient
computational tools had not yet been developed. Complementing the previous effort, this work
investigates the identification uncertainty, where an efficient method for calculating the
posterior covariance matrix of modal parameters is developed and investigated with synthetic



and field data. Analytical expressions for the posterior covariance matrix are derived, allowing
the uncertainty to be quantified in an accurate and efficient manner without resorting to the
finite difference method and brute-force matrix inverse (of Hessian matrix of NLLF, which is
numerically ill-conditioned). This work is organised as follows. Bayesian OMA formulation
with multiple-setup data is first reviewed in Section 2. Analytical investigations are performed
in Section 3. The computational issues are addressed and the expressions of the posterior
covariance matrix are derived. In Section 4, the proposed algorithm is verified with synthetic
data. It is then applied to field data in Section 5. The paper is concluded in Section 6.

2 Bayesian OMA for multiple setups
In this section, we briefly review the Bayesian OMA (BAYOMA) formulation with multiple-

o (nr xl)

j=0

setup data. One may refer to [1] for the general discussion of BAYOMA. Let {x([)}

be the measured ambient acceleration data in Setup r (r=1, ..., ns; ns is the number of setups)

with nr and Ny respectively being the number of measured DOFs and samples per data channel

in this setup. Its (one-sided) scaled FFT at frequency f.” =k/(N,At,)(Hz) is defined as
N -1 -

£ = J2at, /N, Y &e N where At, (sec) is the sampling time interval and i2 = -1. In
j=0

BAYOMA, linearly classically damped dynamics is assumed, which is the conventional
assumption in structural dynamic analysis and design. Having the same assumption can make
the identified results directly transferable. Assuming that there are m dominated modes within

the resonance band, referred as Modes 1, 2, ..., m, the scaled FFT of the measured data is

modelled as ") = ®,ij” +&! where ®_=[v,,,---,v,,]eR™" whose i-th column v is the

‘local mode shape’ of the i-th mode covering the measured DOFs only in Setup r; a(kr) eCm

denotes the scaled FFT of the prediction error (e.g., data noise and modelling error) assumed
to be independent and identically distributed (i.i.d.) among different DOFs with a common

power spectral density (PSD) S within the band; i\’ e C™ is the scaled FFT of modal
acceleration response at frequency f.” whose i-th entry time-domain counterpart satisfies
77 (1) + 20050 () + @ (1) = p) (t) where o =271 (radss); £ and ¢ are

respectively the natural frequency and damping ratio of Mode i in Setup r; pi(r) is the modal

force. In OMA, the modal forces {pi(”}m

. are not measured and assumed to be stochastic



stationary with a constant PSD matrix S e C™™ within the selected band (so only band-

limited white).

In a multiple-setup test, different setups are often performed during different time periods and
hence possibly under different environmental conditions. The modal parameters other than

mode shapes need not be the same among different setups. Let 6 denote the modal parameters

e

to be identified. It comprises {{ fi(r)}_ml,{gi(’)}_m ,S(r),S(r)}s and ®=[g, -~ ¢,] where
1= r=1

@, e R™ is the i-th global mode shape covering all the DOFs measured, assumed to be
normalised to unity in BAYOMA. To relate the global mode shape to the local one in Setup r,

a selection matrix L, e R™" is defined [20], such that v,; =L@, ( i=1---,m). The (j, k)-entry

of Ly is 1 if the j-th data channel in Setup r measures DOF k in ¢, and zero otherwise.

Using Bayes’ theorem and assuming a uniform prior distribution for 0, the posterior probability

density function (PDF) of © given data @ = {{ﬁk(l)},---,{ﬁk(”s)}} is proportional to the likelihood

function, i.e., p(0|®)oc p(®|9). The latter is derived based on model assumptions and gives

the probability distribution of the possible values of data given 0. Assuming that the scaled
FFTs of the data collected in different setups are independent, then p(®|0) = H p({(ﬁk(')}|0). In
r=1

implementation, it is more convenient to work with the negative log-likelihood function (NLLF)
for computation and analysis, i.e., L(8)=—Inp(®|0), suchthat p(6|®)oexp(-L()). Itcan be

shown that [27]:
L(0)=—Inp(0l0)=>L, &)

r=

where

L =nN"Inz+>In \EQ) + Y ETESED )
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and the sums are over all frequencies in the selected band; N\ is the number of FFT points in

the selected band of Setup r; E(kr) is the theoretical PSD of the data, which is given by

r
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where  H!?=h{"sh(" and *> denotes the complex conjugate transpose;
hi" = diag(hl(kr),---, hr(nrk)) is a diagonal matrix with the i-th diagonal entry being the frequency

response function corresponding to Mode i and given by (for acceleration data)

o)
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The formulation of BAYOMA has made use of the result that for long data the scaled FFT of
a stationary stochastic process asymptotically follows a (circular symmetric) complex Gaussian
distribution and they are independent at different frequencies. The method is robust to non-
Gaussian excitations because in this case the FFT can still be practically Gaussian by virtue of
the Central Limit Theorem; see Section 10.2.1 of [1] for further details. By minimising the
NLLF in (1), one can obtain the most probable value (MPV) of modal parameters. However,
direct optimisation based on the original formulation is impractical, especially for the case with
a large number of DOFs and close modes. A fast algorithm has been proposed, allowing the
MPV to be determined efficiently. Details can be found in [27].

3 Posterior uncertainty

Besides MPV, posterior uncertainty is also of concern in OMA. In a Bayesian context, it can
be quantified in terms of the posterior covariance matrix of the modal parameters. For typical
data length in applications, modal identification is a globally identifiable problem. The

posterior PDF has a unique maximum at the MPV 6. Equivalently, the NLLF has a unique
minimum at the MPV. Without loss of generality, we arrange the set of modal parameters as a

one-dimensional vector:

0=[{1.¢",80 ULV, S i =1 <isr =1,---nYvec(®) | (5)

ij Vi) 9%
where s{" is the diagonal entry of S; U{" and V," denote the real and imaginary part of s\"
(i.e., the (i, j)-entry of S®), respectively; vec(®)=[@;;---;¢,]€R™*. The total number of
(real-valued) parameters in 0 is n, = n, (m +1)2 +nm. It can be shown that the posterior PDF

p(0|®) can be approximated by a Gaussian PDF [33]. The posterior covariance matrix of the

modal parameters given data is equal to the inverse of the Hessian of the NLLF at the MPV.

Note that the mode shapes are subjected to norm constraints, which must be accounted for in



the evaluation of the Hessian matrix. In [40], a theoretical framework was developed to
evaluate the Hessian matrix of a function under constraints in a systematic manner, which will

be used to handle the mode shape constraints in this work.

3.1  Norm constraints on mode shapes

In this section, we handle the norm constraints on mode shapes based on the theory developed

in [40]. Let {Gi (())}:m=1 be the norm constraint equations on mode shapes, i.e.,

G (9):1_(PiT(Pi (6)

Define a set of free parameters u and a function 0 = v¢(u) that maps u to 0 by

o (2
-1
U= qu v, (U) _ ”(pl”: ?, (7)
P _”(pm”&q)m_

where @ comprises the real-valued modal parameters other than mode shapes. With the

definition in (7), the constraints on mode shapes are always satisfied, i.e.,
G;(Vv,(u))=0(i=1---,m) for any u. The NLLF in (1) can then be formulated w.r.t. u by the
composite function L (u)= L(vC (u)) . In [40], it is shown that the posterior covariance matrix

of the set of modal parameters 0 is given by

A

C=(v¥,)C, (V¥,) (8)
where the hat *~” on the quantity denotes that it is evaluated at the MPV; VU, € R™™ denotes

the gradient of v¢(u); éu is the posterior covariance matrix of the set of free parameters u,

equal to the inverse of V2L, (Hessian of Lc w.r.t. u at the MPV). Note that V2L_ has m zero

eigenvalues with eigenvectors along the mode shape directions and is therefore not invertible
because L. is invariant to the scaling of the mode shapes @i. Nevertheless, this singularity is
immaterial to the posterior uncertainty of @ because the mode shape uncertainty is orthogonal

to the direction of the MPV of ¢,. Consequently, the inverse of VL, (hence C,) can be

evaluated via its eigen-basis representation ignoring the first m zero eigenvalues arising from

constraint singularity, i.e.,



C,= D A'ww/ (9)
i=m+1
where {xl,}i”jm+l are the non-zero eigenvalues of VZI:C at the MPV with the corresponding

Ny
i=m+1 "

eigenvectors {w, }

It is generally more complicated to derive VZI:C compared to the Hessian of L w.r.t @ because

Lc(u) is a composite function of u. Based on Lagrange multiplier concepts, VZI:C can be

calculated in terms of the gradients and Hessian of L(0), G(0) and v¢(u) [40]:

C

Vi =(v9,) (V2£+iﬂ;v2éiJ(v\7c) (10)
i=1

where V2L is the Hessian of the NLLF in (1) w.r.t. 8 (ignoring the mode shape constraints)

and
r=| :_[(VG)(VG)} (V&)(vE) (11)
A
VG,
VL=VL(), <R VESVLW), R VG| eR™ a2
VG,
V\?C:ch(u)uzﬂeR”"X”" véizvei(e)\ezéeRMs Vzéi=VZGi(e)\9=éeR”e*”e (13)

Based on (6), the derivatives of G(0) are given by
V,G =0 VG =0 V,G=-2p/6, VG =-203, (14)

i ~ij

where ¢jj is the Kronecker Delta (1 if i = j, zero otherwise). Substituting (14) into (11) and

rearranging gives
A=2(V,L)e (15)

Using (14), we can also obtain



S AV, = Al (16)

i=1

27,1,

where n_ =n (m +l)2 is the total number of (real-valued) parameters in @ . By noting that

v, (lod™ 0, ) =1, ~00] for flo|=1,

;
V\A/ — In (plq’l ) (17)
I, - 0,0,

In (10), it remains to determine VL and V2L, whose analytical expressions will be derived in

the next section.

3.2  Derivatives of NLLF

The analytical derivatives of L(0) w.r.t. @ (ignoring the norm constraints on mode shapes) are
investigated in this section. Direct differentiation based on the original formulation in (1)
involves the matrix computation of dimension ny, which increases drastically with the number
of measured DOFs. In view of this, a condensed form of NLLF is employed in this work for

computing the derivatives:

L(9)2L9+LJ+LH+LQ (18)
with
L. =|nﬁ2nrN§r)+2(nr_m)N$r)|n SO (19
r=l r=1
L =330 Ly =YY in|He (20)
r=l k r=1 k
LQ = ise(r)fl(d(r) _Q(r)) Q(r) _ Zsﬁr)*\](kr)flsf(r) (21)
r=1 -
where d = > 7" s’ =@'L.%" and
k
30 =8 (HP) +@'LL,® 22)
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To facilitate the presentation of the derivatives, (18) has been divided into four terms. It is
derived from (1) by using the identities [41]:

(A+UCV) ' =A"-AU(Ct+VATU) VAS 23)
|A+UCV|=|Alc|c™ + VAU

for any matrices A, C, U, V of appropriate size with A and C invertible. Details can be found
in Appendix A of [27]. By writing the NLLF in this form, the matrices involved in the

computation have a dimension of m, which is generally much smaller than n, in implementation.

To facilitate the presentation of the derivatives, they are separated into three parts, namely, the
derivatives w.r.t. @ (i.e., the modal parameters other than mode shape), the cross derivatives

w.rt. @ and vec(®), and the derivatives w.r.t. vec(®). In a multiple-setup test, modal
parameters other than mode shapes could vary from one setup to another. The total number of
parameters in @ is equal to n (m +1)2. Mathematically, the NLLF with multiple setup data

(i.e., (1)) is equal to the summation of the NLLF with single setup data except that the mode
shapes are now replaced by the local ones confined to the measured DOFs in the corresponding
setup. As a result, the derivation of the derivatives w.r.t. @ is similar to the case of the single-
setup problem in Section 13.7.2 of [1], although it is presented for the present case of multiple

setup data for completeness. Details can be found in Appendix A.
The evaluation of the derivatives w.r.t. the mode shapes, however, is computationally
challenging as the number of variables in vec(®) (nm x 1) increases drastically with the total

number of measured DOFs, which could be quite large in a multiple-setup test. Direct

computation w.r.t. each variable in vec(®) is apparently inefficient and also inconvenient for
computer-coding. As derived in Appendix B, the gradient of L w.r.t. vec(®) can be expressed

in a compact form:

LT=U1+U2+U3 (24)
ovec(®)

U,=2>>Re [vec(Arth (-4 )T J U,=2>>Re [vec (—Se“)’lD(kr)(I)J - )T } (25)

10



Ns T
U,=2> > Re [vec(Se(r"lAr(I)J(k”‘lcl)TDf(')d)Jﬁ')‘l) } (26)

r=1 k

where Re[+] denotes the real part of the subject quantity; A, =L'L, and D{" = L'#"% "L, .

Taking the derivatives of aL/avec(cl))T in (24) w.r.t. @ then gives the cross derivatives of L(0)

w.r.t. vec(tl)) and @ . The details of the derivation can be found in Appendix C.

As derived in Appendix D, the second derivatives of NLLF w.r.t. vec(®) is given by

Vi@ = zzllzk“ Re| Hy, +Hg, + % Hys (27)
where
Hy =307 @[ L (1, ~C)RETL, | (28)
Ha. =B 55 B ®(LIEN L, ) (29)
H =L7CL7BY) ®(BYTL, )-(L1B)® | BY (1, ~RETRET)L, | (30)

where the superscripted symbol ‘T denotes the transpose of the inverse of the matrix; ‘®’
denotes Kronecker product; B! =@ Jtecv™ ; C)=glgTENeC

R = s("7E e C™™ s the ratio of the theoretical data PSD matrix E") to prediction error

e

PSD, reflecting the data s/n ratio in Setup r; R = S!"¢ "¢ e C™ also reflects data s/n

e

ratio but now w.r.t. sample PSD of the data. Note that R is generally not equal to R} due
to the existence of the statistical and modelling error. It is seen that the derivatives w.r.t
vec((I)) can be computed in a compact manner instead of looping through the variables in
vec((I)), hence significantly accelerating the computation especially when the number of

measured DOFs n is large.

3.3 Singularity from mode shape constraints

Based on the analysis in Section 3.2, one can assemble the Hessian matrix of NLLF w.r.t. 0

(ignoring the constraints on mode shapes), then the Hessian matrix VZI:c w.r.t. the free
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parameters u can be obtained using (10). As mentioned before, since L is invariant to the

scaling of the mode shapes, VZI:c has m zero eigenvalues along the mode shape directions and

hence cannot be inverted directly. The pseudo-inverse of VZI:C is evaluated using (9) via the

eigenvector representation, ignoring the zero eigenvalue components which are associated with
constraint singularity. In digital computation, the eigenvalues that are theoretically zero need

not be exactly so due to the round-off error. One primitive way is to take the m smallest
eigenvalues of VZI:C as the ones to be ignored. However, as recently discovered in the

uncertainty laws of close modes [42], there could be some eigenvalues that are theoretically
small and even smaller than round-off error, e.g., those associated with the uncertainty
perpendicular to the mode shape subspace. In such case, it may not be correct to identify the m
smallest eigenvalues as corresponding to the mode shape singularities to ignore. Note that the
eigenvectors theoretically corresponding to the zero eigenvalues should lie in the mode shape
subspace but need not be along a particular mode shape direction because any linear
combination of the null vectors is still a null vector. In view of this, a more fundamental and
robust way to identify these eigenvectors (null vectors) is to look for the first m eigenvectors
with the largest values of the sum of squares of modal assurance criteria (MAC) with the

theoretical null vectors along the mode shape directions. The latter can be expressed as

Z(ViTWJ' )2 where vi; is the null vector along the i-th mode shape direction and w; (j =1, ..., ne)
i=1

is the eigenvector of V2L_.

3.4 Overall procedure
Given the data, the MPV of modal parameters can be identified using the algorithm in [27].

Based on the analysis before, the posterior identification uncertainty can be obtained as follow:

1) Calculate the entries of gradient and Hessian matrix of the NLLF (ignoring the norm

constraints on mode shapes) with the help of the derivation in Section 3.2.

2) Calculate the Hessian matrix of the NLLF VZI:C(W.r.t. the free parameters u) using (10)
with the help of (11)-(17).

3) Perform eigenvector decomposition of VZI:C and calculate its pseudo-inverse using (9) by

excluding the first m eigenvectors with the largest sum of squares of MAC with the mode shape

directions.
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4) Calculate the posterior covariance matrix of modal parameters using (8).

5) The posterior coefficient of variation (c.0.v.) of modal parameters other than mode shapes
can be evaluated as the ratio of the posterior standard deviation to the MPV. The former is

equal to the square root of the corresponding diagonal entry of the posterior covariance matrix.

6) The posterior c.o.v. of the global mode shape can be evaluated as the square root sum of the
eigenvalues of the mode shape covariance matrix, which is equal to the corresponding partition

of the mode shape in the full covariance matrix [33].

4 Verification with synthetic data
4.1  Shear building

Consider the horizontal vibration of a five-storied shear building with the floor plan measuring
22 m x 22 m, as shown in Fig. 1(a). The height of all stories is 4 m. Assuming rigid floor, the
interstory stiffness and mass are summarised in Table 1. The natural frequencies of the first
three modes are calculated to be 2.738 Hz, 2.779 Hz and 3.763 Hz, corresponding to the
fundamental translational modes along x- and y- directions, and the fundamental rotational
mode. Classical damping is assumed for all modes, with a damping ratio of 1%. This structure
is specially designed so that the mode shape values of the second translational and torsional
modes are close to zero at Level 4. The structure is subjected to independent and identically

distributed (i.i.d.) Gaussian excitations at all the floor levels, with a one-sided root PSD of
0.5N/~/Hz , 0.5N/+/Hz and 3N-m/+/Hz along x-, y- and rotational directions, respectively.

The structural response is calculated using the Newmark scheme. The acceleration response is

then assumed to be contaminated by i.i.d. Gaussian white noise at different channels with a

one-sided PSD of S, zl(pg)z/Hz. The noise is generated by e; =./S,/2At, Z; at time instant
t,=jAt, (j=12--,N) where N and Z;j are respectively the number of samples per data

channel and i.i.d. standard Gaussian vector sequence. The test plan is to measure the horizontal
vibration at the four corners of all the floors, as indicated by the dots in Fig. 1(a). The total
number of measured DOFs is 20 x 2 = 40. It is assumed that only five biaxial sensors are
available during the test, requiring five setups to cover all the DOFs of interest. One reference
sensor is put at Location 15 on the top floor. The other four sensors move from the first floor
to the top floor, as shown in Fig. 1(b). Acceleration data at each setup lasts for 10 minutes at a

sampling rate of 50 Hz.
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Fig. 1 (a) Shear building with measured DOFs numbered and indicated by dots; (b) measurement plan

Table 1 Properties of shear building

Story Stiffness Mass

X y Rotation X (tonne) y (tonne) Rotation
(KN/mm)  (KN/mm)  (GN m/rad) (ktonne

m?)

1 1000 1030 302 250 250 40

2 1000 1030 302 250 250 40

3 1000 1030 302 250 250 40

4 600 618 181 250 250 40

5 600 618 181 250 250 40

Fig. 2 shows the singular value spectrum calculated using the averaged PSD of the data in
Setup 5, where the number of lines significantly above the remaining ones in a resonance band
indicates the number of modes. Note that the averaging concept used here is merely for
producing a smooth spectrum for better visualisation. We focus on the first six modes, which
are labelled with their modal nature in the figure. The prefix ‘TX’, ‘TY” and ‘R’ represent the
translational modes along x- and y-directions, and rotational mode, respectively. The horizontal
bar indicates the selected band whose FFT data will be used for modal identification. The circle
indicates the initial guess of natural frequency. Modes TX1 and TY1 are quite close due to the
similar interstory stiffness. This is also the case for Modes TX2 and TY2.
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Fig. 2 Singular value spectrum, Setup 5, shear building

4.2  Modal identification

The modal parameters of the structure are identified using the Bayesian multiple-setup
algorithm in [27] and their uncertainties are quantified based on the algorithm developed in
this work. The MPVs of the modal parameters among different setups are close to each other
and they are also close to their exact values (details omitted here). Fig. 3 shows the posterior
c.0.v. of natural frequencies and damping ratios for different modes. Different colours indicate
the results in different setups. It is seen that the posterior c.0.v. of modal parameters varies
from one setup to another. The posterior c.o.v. of natural frequencies (around 0.1%) are much
smaller than those of damping ratios (around 10%), which is consistent with common
observations. The uncertainties of Modes TX2, TY2 and R2 are smaller than their counterparts
of Modes TX1, TY1 and R1. This can be explained by ‘uncertainty laws’ [43,44], which reveal
the relationship between posterior uncertainty and test configuration. It shows that the posterior
uncertainty depends on the effective amount of data, which is proportional to the number of
cycles of the mode (= natural frequency x data length) in the data. For the same data length,
the higher mode tends to be associated with smaller c.0.v. (hence more accurate) since the data

contains more cycles of modal oscillation.
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Fig. 3 Posterior c.o.v. of natural frequencies and damping ratios in different setups and different
modes

Fig. 4 shows the identified mode shapes where the red and black lines represent the undeformed
and deformed shapes, respectively. The natural frequencies and damping ratios are also
reported in the figure in terms of the sample mean among the setups. It is seen that the mode
shape values at Level 4 are quite small for TX2, TY2 and R2, suggesting that the measured
data at this floor may have a relatively lower s/n ratio for these modes. The second row of Table
2 shows the MAC between the identified and exact mode shapes. The values in this row are
very close to 1, suggesting that the identified mode shapes are close to the exact ones. Note
that these values cannot be calculated in real applications because the exact mode shape is
never known. The third row in Table 2 shows the posterior mode shape c.o.v., which can be
viewed as the standard deviation of the hyper angle (in radian) between the uncertain and most

probable mode shapes (see Section 11.3 in [1]). The last row gives the expected MAC between
the posterior uncertain mode shape and its MPV. It is defined as p, =(1+ 5e )_1/2 where ¢, is

the mode shape c.o.v. of the i-th mode [33]. The expected MAC is defined in a manner
analogous to the MAC in the deterministic case and can be used as a global measure for
assessing the mode shape quality; the higher, the better. The values of the expected MAC are

all close to 1 and consistent with the MAC values.
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TX2 (7.15Hz, 0.99%) TY2 (7.26Hz, 1.1%) R2 (9.83Hz, 1%)

Fig. 4 Identified mode shapes; shear building; values in parenthesis indicate the sample mean of
MPVs of natural frequencies and damping ratios among all setups

Table 2 MAC between the identified and exact mode shape, and mode shape c.o.v.

Mode TX1 TY1 R1 X2 TY2 R2
MAC 0.9994 0.9992  0.9982 0.9995 0.9997 0.9993
c.0.v. (%) 5.19 5.20 5.38 3.29 3.36 3.57
Expected MAC 0.9987 0.9987  0.9986 0.9995 0.9994 0.9994

4.3  Bayesian versus frequentist statistics

In a Bayesian context, the posterior c.o.v. reflects the remaining uncertainty of modal

parameters in the presence of the information from the given data. On the other hand, the

identification uncertainty can also be approached from a classical frequentist perspective in

terms of the ensemble variance of estimates over statistically identical experiment trials. In this

section, the proposed algorithm is verified from a statistical sense. For this purpose, 1000 i.i.d.
multiple-setup data sets (10 minutes each) are generated. Accordingly, 1000 results can be
obtained in terms of MPV and posterior c.0.v.. Fig. 5 shows the histogram of the MPVs of the

identified natural frequencies in Setup 1. It is seen that the shaded bars can be well-fitted by a
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Gaussian distribution (red line) with the mean value close to the exact value (dashed black line).

This is also the case for damping ratios, as shown in Fig. 6.

Mode TX1 Mode TY1 Mode R1
100 100 100
| I I
80 I 80 80
o | | |
S 60 | 60 | 60 |
8 | | |
£ 40 | 40 I 40 I
m
| | |
20 | 20 | 20 |
| 0 | 0 l
2.73 2.74 2.75 277 278 279 3.75 3.76 3.77
Natural frequency (Hz) Natural frequency (Hz) Natural frequency (Hz)
Mode TX2 Mode TY2 Mode R2
100 | 100 I 100 |
80 80 80 |
@ | |
S 60 I 60 I 60 I
3 | | |
£ 40 I 40 | 40 I
m
| | |
20 | 20 | 20 |
0 ' 0 ' 0 '
714 715 7.16 7.17 7.24 7.26 7.28 9.81 9.82 9.83 9.84 9.85
Natural frequency (Hz) Natural frequency (Hz) Natural frequency (Hz)

Fig. 5 Histogram of natural frequencies among 1000 trials (shaded bar); red line: fitted Gaussian
distribution of histogram; dashed black line: exact value. Shear building
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Fig. 6 Histogram of damping ratios among 1000 trials (shaded bar); red line: fitted distribution of
histogram; dashed black line: exact value. Shear building

Fig. 7(a) and (b) compare the Bayesian and frequentist statistics of the identified natural
frequencies and damping ratios, respectively. The x-axis with the label of ‘Freq.” (short for
frequentist) shows the sample c.o.v. of the MPVs among the 1000 trials, which is defined as
the ratio of sample standard deviation to the sample mean of the MPV. The y-axis with the
label of ‘Bay.’ (short for Bayesian) shows the sample root mean square (RMS) value of the
posterior standard deviation divided by the sample mean of the MPV. The circles scatter along
the 1:1 (dashed) line, indicating that the posterior c.0.v.s in a Bayesian manner are consistent
with their frequentist counterpart. Fig. 7(c) compares the sample and Bayesian statistics of the
identified mode shapes. The x-axis shows the sample RMS value of the hyper angles between
the identified and exact mode shapes among the 1000 trials while the y-axis shows the RMS
value of the posterior mode shape c.o.v.. It is seen that they are also consistent. It should be
noted, however, that this is only true when there is no modelling error [39], as in this example
with synthetic data. The posterior MPV in a Bayesian context is mathematically equal to the
maximum likelihood estimator in classical statistics. For long data and assuming no modelling
error, its variance reaches the tightest Cramer Rao Bound value, which coincides with the

leading order of the posterior variance in the Bayesian method [39].
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Fig. 7 Comparison of Bayesian and frequentist statistics

4.4  Effect of reference sensor location

Planning the location of reference sensors is a basic essential task in a multiple-setup test. This
section investigates how the quality of identification results depends on the reference sensor
location through a parametric study. For this purpose, five cases are considered here. In each
case, the reference sensor is placed on different floors, from Location 11 at Level 1 in the first
case to Location 15 at Level 5 in the fifth case. In each case, the roving sensors move in the
same way in different setups as before (see Fig. 1(b)). Fig. 8 shows the mode shape c.o.v. versus
reference sensor location for different modes. It is seen that the mode shape c.0.v. of Modes
TX1, TY1 and R1 tend to be smaller when the reference sensor is placed on the higher floor.
As evidenced by the mode shapes in Fig. 4, the vibration level of these modes increases with
the floor number. Intuitively, placing the reference sensors at the higher floor provides better
quality information to be shared among different setups, hence improving the identification
precision of the identified mode shapes. On the other hand, when the reference sensor is placed
at Level 4, the mode shape c.0.v. of Modes TX2, TY2 and R2 are significantly higher than their
counterparts in other cases (around 4%). Fig. 9 shows the singular value spectrum based on the
data collected at Level 4. It is seen that the resonance band dominated by Modes TX2 and TY?2
is significantly narrower compared to that in Fig. 2 (based on the data at Level 5) and the peaks
are closer to the noise level, indicating lower modal s/n ratios for both modes. The resonance
peak of Mode R2 is even ‘buried’ by the noise and cannot be detected from the spectrum. The
low modal s/n ratio at the reference location (which may be unknown prior to the test) increases

the posterior uncertainty of the identified mode shapes.

In full-scale vibration tests, one often determines the reference sensor location(s) based on
experience. Whenever possible, a pre-test can be done to collect data at the possible reference

locations. The measured data can then be used to obtain the s/n ratios of the modes of interest.
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Generally, determining the reference location(s) is a trade-off among the s/n ratios of the modes
of interest since a location that has a high s/n ratio for one mode need not be so for another.
E.g., the midspan of a bridge is the location that has the highest s/n ratio for the first vertical
mode, but it is the node of the second mode. In practice, for robustness a common strategy in
full-scale vibration tests is to have more reference locations. Of course, this is at the expense

of reducing the number of rover sensors, which may in turn require more setups.
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Fig. 8 Mode shape c.0.v. versus reference sensor location for different modes

1074

Frequency (Hz)
Fig. 9 Singular value spectrum based on the data collected at Level 4

We next investigate how the reference sensor location affects the identified natural frequencies
and damping ratios. Fig. 10 shows the identified natural frequencies and damping ratios of
Mode TX1 versus reference sensor location. The results for each case are reported with a dot
at the MPV and an error bar covering £2 posterior standard deviation. The blue line indicates
the exact value. It is seen that the posterior c.0.v. of the modal parameters in Setup 1 decrease
with the reference floor number, although to a lesser extent compared to mode shape c.0.v..

Note that the roving sensors in Setup 1 are placed at Level 1. Putting the reference sensor at a
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higher floor can increase the modal s/n ratio in this setup, hence decreasing the identification
uncertainty. The posterior c.0.v. in other setups are insensitive to the reference sensor location,
as reflected by error bars of similar lengths. This is because the data measured by the roving
sensors in these setups already contributes to a sufficiently high modal s/n ratio; putting the
reference at higher floors has a diminishing marginal effect in reducing the identification
uncertainty of natural frequency or damping ratio. This is consistent with the saturating
behaviour of the posterior c.0.v. to modal s/n ratio, as revealed by uncertainty law [43]. The
results for Modes TY1 and R1 (omitted here) are qualitatively similar.

Fig. 11 shows the identified natural frequencies and damping ratios of Modes TX2 and R2 in
Setup 4 (where the roving sensors are placed at Level 4). The results in other setups are
insensitive to the reference location and omitted here. The results of TY2 (omitted here) are
qualitatively similar to those of TX2. It is seen that the posterior uncertainties are significantly
higher when the reference sensor is placed at Level 4 because the data measured by all the
sensors in Setup 4 has low s/n ratios for these modes in this case (see Fig. 9). Significant
departure can be observed for the identified damping ratio of Mode R2 in Setup 4, with the

MPV and posterior c.0.v. being 7% and 84%, respectively.
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Fig. 10 Identified natural frequencies and damping ratios of Mode TX1 versus reference sensor
location. Blue line - exact value; dot: MPV; error bar: £2 posterior standard deviation
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5 Application to field data (Jiangyin Bridge)

The developed theory and computational algorithms are next applied to Jiangyin Bridge over
the Yangtze River in China [5], see Fig. 12(a). It is a suspension bridge with a main span of
1385 m and connects Jiangyin south of the river to Jingjiang to the North. One may refer to
[45] for the information on the design and construction of the bridge. An ambient vibration test
was carried out from 26™ to 28" April 2017. Thirteen setups were designed to cover 28
locations in total. The detailed plan can be found in Table 1 of [5]. Setups 1 - 5, Setups 6A —
6F and Setups 7 — 8 were performed on the first, second and third test day, respectively. Most
of the measured locations are distributed on the east side of the bridge while the remaining ones
are on the west side (to capture the torsional modes) and the tower (to characterise the tower
component of deck girder modes). The two reference locations were selected near the quarter
main span on the east side. In each setup, 3200s data was collected at a sampling rate of 25.6

Hz and used for analysis.

In [5], modal properties of the first twenty modes in each setup were identified separately based
on a Bayesian single-setup algorithm [36,46], and the global mode shapes were assembled
using the global least squares method [20]. With a Bayesian multiple-setup algorithm
developed previously for MPV [27] and in this work for posterior uncertainty, the modes have
also been analysed. The results are generally consistent with those in [5] and are omitted here.
The discussion here focuses on some close modes at higher frequencies. Fig. 12(b) shows the

singular value spectrum of the data in Setup 1. Six modes are identified here. These modes
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have also been used to verify the uncertainty laws of close modes in [44] based on the data
measured at the reference locations. The selected bands in this work are the same as those in

[44], as indicated by the horizontal bars in Fig. 12(b).

_[_._]. [6-6-] [—@—]

0.7 0.8 0.9 1 11

(b) Mode 2 (3.7%)

(d) Mode 4 (1.6%) (e) Mode 5 (2.0%) (f) Mode 6 (3.6%)
Fig. 13 Identified (most probable) mode shapes; mode shape c.o.v. in parenthesis
Fig. 13 shows the identified (most probable) mode shapes where the red and black lines indicate
the undeformed and deformed shapes, respectively. The posterior mode shape c.0.v. is also
reported in the figure. Modes 1, 3 and 6 are torsional modes while others are vertical modes.
The mode shape uncertainty of Mode 1 (10.2%) is significantly higher than those of others (<
5%). Fig. 14 shows the identified natural frequencies and damping ratios among the setups.
Both the MPVs (dots) and uncertainties (error bars) vary from one setup to another. A clear

increase can be observed for the natural frequencies from Setups 5 to 6A. Note that Setup 5 is
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the last setup performed on the first day while Setup 6A is the first setup on the second day.
The variation of the identification results over setups could be due to the change of environment.
Interestingly, the natural frequencies of Mode 1 are greater than those of Mode 2 in Setups 6A
and 6C, i.e., Modes 1 and 2 are swapped in the two setups. This is not common but can occur
especially for close modes. Since the Bayesian multiple-setup method directly optimises all the
modal parameters based on the data, the algorithm still applies for such case without the need
to match the modes in different setups manually. Table 3 summarises the sample and posterior
c.0.v. of the identified modal parameters. The rows with the title of ‘Freq. (%)’ and ‘Bay. (%)’
are defined in a similar manner as Fig. 7(a) except that they are now calculated based on the
data among different setups. These results serve to compare the frequentist and Bayesian
statistics with the real data. It is seen that the sample c.o.v. is generally larger than posterior
c.0.v., especially for modal force PSD and prediction error PSD. This is because the posterior
c.o.v. reflects only identification uncertainty while the sample c.o.v. reflects both the variability

of modal parameters (due to, e.g., environment change) and the identification uncertainty.
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Fig. 14 Identified natural frequencies and damping ratios among the setups. Dot - MPV; error bar: +2
posterior standard deviation. Red line - lower mode in the band; black line - higher mode in the band

Table 3 Sample and posterior c.0.v. of identified modal parameters among different setups
Mode 1 2 3 4 5 6
f Freq. (%) 0.41 0.23 0.45 0.24 0.23 0.41
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Bay. (%) 0.08 0.07 0.10 0.07 0.08 0.08

¢ Freq. (%) 31 17 31 17 14 19
Bay. (%) 15 15 13 13 12 12
Sii Freq. (%) 42 17 21 14 13 21
Bay. (%) 16 12 11 9 10 11
Se Freq. (%) 42 50 53
Bay. (%) 4 3 3

A previous study [27] revealed that the Bayesian multiple-setup algorithm is more robust to
data quality compared to other existing methods. Fig. 15 compares the identified mode shapes
of Modes 1 and 2 by the Bayesian multiple-setup algorithm and the global least squares method
based on Bayesian single-setup algorithm (i.e., the method used in the analysis of [5]). Note
that the latter method requires one to first match the modes manually in different setups (based
on, e.g., the MAC between the mode shape values at the reference locations) before assembling
the local mode shapes to form the global one. For Mode 1, the mode shape identified by the
latter method is ‘noiser’ with kinks at some measured locations while the Bayesian multiple-
setup algorithm gives a more physically reasonable mode shape. The mode shape of Mode 2
identified by both methods are consistent. This is also the case for Modes 3-6 (omitted here).
Taking the identified mode shapes by Bayesian multiple-setup algorithm as a benchmark, Fig.
16 shows the MAC between the mode shape values at the reference DOFs by the Bayesian
single-setup method and Bayesian multiple-setup algorithm among different setups. The MAC
values of Mode 2 (red dots) are generally close to 1 in all setups except that in Setup 6E. For
Mode 1 (black dots), differences do exist in some setups, e.g., Setups 4, 6B and 6F. The MAC
in Setup 6B is only around 0.25, departing significantly from 1. Such inconsistency leads to

challenges when assembling the mode shape of Mode 1 by the global least squares method.

Fig. 17 compares the MPV and posterior c.o.v. of natural frequencies and damping ratios of
Modes 1 and 2 by the Bayesian multiple-setup algorithm and Bayesian single-setup algorithm
(as is done in [5]). Generally, the results obtained by the two methods are consistent. Clear
differences exist in the damping ratios of both modes in Setups 6B and 6E; the uncertainties
calculated by the proposed algorithm (black error bars) are smaller than those by the Bayesian
single-setup algorithm (red error bars). This is because the mode shape values at the reference
locations of the two setups do not agree with those of other setups. The proposed algorithm

calculates the uncertainty by analysing the data in different setups together and hence may
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provide additional information from other setups. For Mode 2 in Setup 6B, the posterior c.0.v.
of damping ratio calculated by the proposed algorithm is smaller than that by the Bayesian
single-setup algorithm, although the mode shape values at the reference locations agree with
those in other setups (see Fig. 16). This could be relevant to the entangled effect from Mode 1

as they are quite close in this setup.
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(b) Global least squares method based on Bayesian single-setup algorithm

Fig. 15 Comparison of global mode shapes of Modes 1 and 2 by different methods
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Fig. 16 MAC between the mode shape values at the reference locations using the Bayesian single-
setup and multiple-setup algorithm. Black dot: Mode 1; Red dot: Mode 2
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6 Conclusions

For the general case with multiple (possibly close) modes and multiple setups, this paper
presents the work on uncertainty quantification of the modal parameters identified by a recently
developed Bayesian algorithm. Computational issues arising from the norm constraints on the
mode shapes in the calculation of the Hessian of negative log-likelihood function and its
pseudo-inverse have been addressed. Analytical expressions have been derived for the
posterior covariance matrix, allowing one to quantitatively assess the precision of the identified
results in an efficient and accurate manner. The proposed method has been verified using

synthetic data and applied to field data.

In the synthetic example where there is no modelling error, the MPVs obtained based on i.i.d.
trials can be well fitted by a Gaussian distribution with the mean close to the ‘exact’ values that
generate the data. The posterior uncertainty in a Bayesian context is consistent with that in a
frequentist context. The effect of reference location on the identification uncertainty has also
been investigated. The mode shape c.o.v. generally decreases with increasing modal s/n ratio
at the reference locations. The posterior c.0.v. of other parameters are less sensitive to the
reference location as long as the modal s/n ratio at the roving sensor locations in the
corresponding setup can be managed to an adequate level. A difficult situation in practice was
considered where the reference location and all the roving sensors in a particular setup were

placed at the nodes of some modes. In this case, the quality of the identified results in the
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corresponding setup has significantly higher posterior uncertainty since there is no sufficient

information for the inference.

The proposed algorithm has been applied to the ambient vibration data of Jiangyin bridge,
focusing on some challenging close modes. The order of modes changed in some setups, which
IS sometimes observed in multiple-setup tests for close modes. Nevertheless, the Bayesian
multiple-setup method is still applicable for such case without the need to match the modes
among the setups manually as far as the modes in the same band are concerned. Comparison
between the Bayesian single-setup method and the proposed algorithm shows that the
identification results by the two methods are generally consistent when the modal s/n ratio is
high in all setups. Difference exists when the data quality in some setups is poor. Incorporating
multiple setup data by the proposed method can reduce the posterior uncertainty, by virtue of
incorporating additional information available from other setups for inference. Since the
Bayesian multiple-setup algorithm developed in [27] (for determining the MPV) and the
proposed algorithm in this work (for uncertainty quantification) focus on the general scenario
with multiple setups and multiple modes, they are also applicable for the special cases
developed before, e.g., well-separated modes with single setup or multiple setup data, and close

modes with single setup data.
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8 Supplementary data

The synthetic data and computer code for implementing the Bayesian method is available upon

request by contacting zuo.zhu@hotmail.com.
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9 Appendix A the derivatives of L(0) w.r.t. @

In this appendix, we derive the derivatives of L(0) in (18) w.r.t. @ . Clearly, for any parameters

xandyin @,
L) = L(ex) n L(JX) n L(F):) n |_(QX) L) — L(exy) n L(ny) 4 L(I:Y) 4 L) (31)

where the superscripted symbol ‘®’ and ‘) denote the derivatives w.r.t. the corresponding
variables. Then the derivatives of L can be separated into four parts.
Derivatives of Le

Since Le depends only on S (r=1,---,n,), the derivatives are non-zero only when taken w.r.t.

S(’):

e
V= (n—m)NPs L -, —m)n s (32)

Derivatives of LH

For any parameter x and y in Setup r other than mode shapes:

L) = Zk:(ln HY )(X) L) Zk:(ln HY )(Xy) (33)

The derivatives of |n‘H(kr) can be expressed in terms of the derivatives of H\":

(34)

The derivatives of Hf:) are given in Table 4. The expressions depend on the derivatives of the

transfer function hi(kr) (i=1,2,...,m), which are given in Table 5 [1].

Derivatives of L;

The derivation for the derivatives of L; is similar to that of Ly. For any parameter x and y in

Setup r other than mode shape:
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)(Xy) (35)

L) = (Inag )(X) L =>"(In|a("
k k

The derivatives of In|J{"

can be obtained in a similar way as the derivatives of In‘H(kr) using

(34) (replacing H\” by J) in terms of the derivatives of J(”. The latter are given in Table 6,

where the derivatives of H" can be expressed in terms of H!" :

(H(k”*l)(m o {(Hﬁ') )(v) I (Y )<x> (D) )(x> Ho (H(k,))w) (np )(xy)} 0 (36)
Derivatives of Lg

The derivatives of Lq are given in Table 7 in terms of the derivatives of Q.

For any parameter x and y in Setup r other than the mode shape:

(Q(r) )(X) _ Zs(kr)* (J(kr),l )(X) Sﬁr) (Q(r) )(XY) _ Zs(kr)* (J(er )(XY) Sf(r) (37)

k k

where the derivatives of J(~* can be obtained by (36) (replacing H\"” by J() in terms of the

derivatives of J{".
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Table 5 Derivatives of h{’

= (1A ~2¢0 p0i)  where g = £ /£

(hy” )(Xy) y=
ik fi(r) é/i(r)
X = £ 2(n ) (3807 +1-4g w6ig ) g0 )L 2i(3(ﬂlkr ) 114+2ic0 A0 )(hfk))
é/i(r) Sym. g (ﬁi(kr) )2 (hi(kr) )3
(W) (7)Y 2 ()
Table 6 Derivatives of J” =S (H(" )71 +®'L'L ®
(Jﬁr) )(Xy) y =
IRV
X= 19, ¢80 U, v | s (Hﬁn_l)(xv) (H<kr>-1)< )
st Sym. 0
()" s () HY
Table 7 Derivatives of L, = isg)fl(d(r) _Q(r))
r=1
(LQ )(Xy) y=
£, g8y, S
U v
X= i, sy, _sng(Q(r) )(*y) g(n-2 (Q(r))(x> ~ S(r)fl(Q(r) )(ngr))
U, vy e e
Se(r) Sym. Zse(r)—S (d(r) _Q(r))
+2502(Q" )(Sé”) _s0(Q )(55”35”)
(LQ)(Y) _S(Er)—l (Q(r) )(X) —Sér)% (d(r) —Q(r))— Sé”il (Q(r) )(Se('))

In summary, Fig. 18 illustrates the information flow of derivative calculations w.rt. @ .
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Le
(32)
A > H > In|H}” > Ly
Table 5 Table 4 (34) (33)
- L . o L
H(k)l 'J(k) > L > 31)
(36) Table 6 (35)
3 —H> QY > Lo
(36) 37). Table 7

Fig. 18 Information flow of derivative calculations w.r.t. @

10 Appendix B the gradient of L () w.r.t. @

This appendix derives the condensed form of the gradient of L w.r.t. @ . First note that ® is
only involved in Ly and Lq in (18). Hence, the main task is to determine oL, /o® and oL, /0® .

Let @, denotes the (i, j)-entry of @. Taking the derivatives of Ly w.r.t. ®; and using (34)

(replacing H(” by J(") gives

_ —ZZU[JU) l(J(f)) i } ZZ”[J(” 1(q)TAreieJT+ejeiTAr<I))]

u
i i (38)
> Zk“(e}Jﬁ”*lqﬁs‘rei rel A, @I, )= zz;zk‘, Re(A,®3)

where (+)ij denotes the (i, j)-entry of the corresponding matrix and A, =L|L,. This indicates

o, o N
a—qJ):z;ZkIRe(Arqu) ") (39)

On the other hand, taking the derivatives of Lq w.r.t. ®; and using the cyclic property of the

trace gives
aLQ _ Zis(r) 12Re(e D (I)J (N-La ) zs(r z (r)*( Jo 1)( i) s (40)
oD, “ L
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where D" = LT L, . For the first term, assembling row-wise for i and column-wise for j

gives the matrix 225“) 1ZRe( J“H) Substituting s(” =@®"L'#" into the second term

r=1

and noting (J(kr)‘l)(q)") =30 (3 )(%) JI one can obtain

Z 1zsr)*(J(r ) )S(r nzssér)—lzs(kr)*\]ir)—l(‘]ir))(q’ij)Jf(r)—ls(kr)
r=1 k

r=1

=i ZS RN (GI)TLTrL,eleJ +ee/ L L d))J( s (41)
r=1
-2 ) 12 Re(e] A @3\ 0 D®I e )

=1

Then assembling this term row-wise for i and column-wise for j gives the matrix

ZZS(” 1ZRe(A ®J\" f)cpJﬁjH). Combing the first and second term gives

r=1
aI‘Q nZzs(r) -1 Re Z<D(r)q)J(r)fl —A q)J(r)*l(I)TD(")(DJ(r)*l) (42)
a(D - - k k r k k k

Combining (39) and (42), and after rearranging, one can obtain (24).

11 Appendix C Cross derivatives of L(0) w.r.t. = and vec(®)

In this appendix, we derive the cross derivatives of L(0) in (18) w.r.t. @ and vec((I)), i.e., the

derivatives of aL/avec((D)T in (24) w.r.t. @ . The following identities [48] will be used for the

computation:

For any matrix Y (p-by-q) and Z (g-by-r), which depend on matrix X (s-by-t)

ovec(YZ)" _ avec(2)' ( ®YT)+avec(Y)T (ze1,) 43)
ovec(X) ovec(X) %’f ovec(X) %
stx pr stxqr e stxpq pe

For an invertible matrix F(X) (p-by-p) which is a function of X

ovec(F(X)") ec T 1 i
a\(/ec((x)) ) :_Wavit((;())) [F(X)_ ®F(X) } (44)
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Note that except S{” the modal parameters in @ are only involved in J\"™ in (24). First

taking the derivatives of Uy w.r.t. @ and using (43) gives

ZHZZR {avec(J 01yt [Im®(Ar®)T}} 45)

P ow

Taking the derivatives of Uz w.r.t. @ and using (43) gives

= Z {M[lmc@(—sg)b@@f}} (46)

ow

Similarly,

(r) (-1 y
8U3 ~ ng 6veC(q)TDk (DJk ) (r)-1 (r-1 T
ow _ZrZ:;Zk:Re ow [|m®(3e A ) }

vec (s, @I
ow

(oD@ @1, )] (47)

N

=2 ZRe{

avec(J“) 1)

= ow

]
[Im ®(s"7A @) @ D'®) +o D '0I" ® (sA.@) }}

When deriving (46) and (47), the effect of the term S{”™" is ignored, which will be considered
later. In (45)-(47), the term ovec J(r /aw is required. Based on (44),
ovec (I )T ovec(J(" )T
- (30 @30 7) ] (48)

ow Ow

The term avec(Jﬁ” )T /8w can be obtained using Table 6 by stacking column-wise the columns

of the derivatives of J{"” and then taking the transpose.

Since S is not only involved in the term J{’*, an additional term should be added together
with (45)-(47) for the entries corresponding to S in the cross derivative matrix, which is

equal to

]
Uy =2> > Re [Se“)‘zvec ( Dyt - A,cI)Jf)-lq)TDS)cI)Jﬁ”‘l) } (49)

36



Then the cross derivatives of L w.r.t. @ and vec(®) can be obtained by summing (45)-(47)
and then adding (49) with the entries corresponding to S in the matrix. In summary, Fig. 19

shows the information flow of cross derivative calculations w.r.t. @ and vec(®).

h,(;] > HY'] vec(Ji"H )T » U1, Uy, Us
T Uad
H™ > 3 (49)
(36) Table 6

Fig. 19 Information flow of cross derivative calculations w.r.t. @ and vec(®)

12 Appendix D Second derivatives of L(0) w.r.t. vec(®)

In this section, we derive the second derivatives of L w.r.t. vec((I)), i.e., the derivative of (24)
w.r.t vec(®), which is equal to the sum of the derivatives of U1, Uz and Us. Taking the

derivatives of Uz in (25) w.r.t. vec(®) gives

3% ovec(®J S)’l)T

ovec (@) sz:Re ovec (@) (1. ®A) 0)

By using (43) and (44), one can obtain

ovec(®J SH)T _ ovec(J ﬁ”‘l)T

T (r)-1
ovec (D) B ovec (@) (Im ®0 )+Jk I, (51)
and
(1) .
% == —Jf(r)—l ®(Ar(DJ(kr)—T )_%[(Arqx]im—l)(@nmq ] (52)

with ovec(®' )T /avec(cp) being a sparse matrix whose (m(i-1) +j, n(j-1) +i)-entry (i=1, ..., n;

j=1,...,m)is 1and zero otherwise.
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Using (23), it can be shown that L @®J"*@"L] =1, —S{"E{)" where E\" is the theoretical

PSD of the data in Setup r. Substituting (52) into (51) and then into (50), after rearranging, one
obtains

T
L_ZZZRF} J(f)1®|:LTR§k) Lr]_avec(q) )

ovec(®) = W[( LT’BQ))@)(LTng) )T} (53)

where Bl =@ J"" eC™™ and R{) = S{""El" e C"*™ . In particular, R\ reflects the data

s/n ratio in Setup r.

Taking the derivatives of U2 w.r.t. vec(®) gives

ovec(@J)
_ (n-1 (T
Hvec(®) 2§ § Re| S! (@) (1,®D") (54)

Substituting (51) into (54), after rearranging, one can obtain

ng T\
_Y, 2y > Rey-30 @ (LiCL, )+ dvec(@”)

8vec(<I)) -k 8vec((1)) [(LTrBir))(@(BE‘r)TR(ZL)TLV)J (55)

where C" = £NgEM et RY = g0 0ED ¢ g

e

Taking the derivative of Us w.r.t. vec(®) gives

o ovec (@I 10 DYyt
WT—ZZZRe S oo (@) (1,®A,) (56)

where, by using (43),

8vec((I)J(k’)’ld)TD(kr)QJ(kr)’l)T ) ovec(@D{ Dy )T
ovec (®) - ovec (@)

1, (@) ]

. (57)

ovec(@J)
ovec(®)

(@'} )0y @1, |

In (57),
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ovec (@D @I )T

ovec(®)
.
_avec(thﬁ”‘l)T T\ a\/ec((I)TDf:)) (r)-1
- e (@) [|m®(q> D) }+ e (@) (@I ®1,) (58)
~ ovec(@J(* )T ovec (@' )T

) [Im®(<I)TDf('))T}+ () (Dl @1,

Substituting (58) and (51) into (57), and then into (56), one can obtain

aU < - r r)- r)* (r N*p(r r)-
avec(?’q))=2rz_l“zk:Re{Jﬁ”1®[LTrCf()T(Inr—ng)l)Lr}rBﬁ)Tk( )rFk“B(k)@(LT,E(k”L,)}

i
2)Y RE{%[QC&VB@ ®(BlL, ) -(UBy) o (BIRE (1, ~RETL, )

Based on (53), (55) and (59), after rearranging, the second derivatives of L w.r.t. vec((I)) is

given by (27).
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